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SUMMARY 

This investigation was undertaken for the purpose of 

extending the design methods for hydrodynamic bearings using 

multiphase lubricants. These multiphase lubricants were 

obtained from mixtures of solid, liquid, and gas constituents. 

Hydrodynamic design theories were developed for com­

pressible and incompressible lubricant mixtures. Solutions 

of the non-linear, coupled, partial differential equations 

for the temperature and pressure distribution in these bearings 

were obtained by the use of numercial analysis and a large 

digital computer. These solutions not only provided a means 

for design with hydrodynamic multiphase lubricants but also 

provided a means for extended study of single phase lubricants 

with variable boundary conditions. 

Three separate experimental programs were conducted to 

obtain the physical properties of several multiphase lubri­

cant mixtures and to obtain some verification of the design 

theories in an actual bearing. The compressibility of gas-

lqiuid and gas-solid mixtures was obtained in a piston com­

pressor. Measurements of density, viscosity, and phase 

equilibrium conditions were obtained as functions of the 

mixture ratio, temperature, and pressure in a constant volume 

test cylinder. Actual bearing tests were made in a universal 

bearing test machine with liquid and liquid-solid mixtures. 
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The scope of the compressibility tests was quite 

limited in that the only results sought were values of the 

exponent n as used in the equation of state 

pV = constant. 

With a i r - o i l mixtures the value of n varied from 1.34 for 

a i r to 1.62 for a r a t i o of 14 pounds of o i l to one pound of 

a i r . Tests with air-molybdenum d i su l f i de and a i r -Tef lon 

mixtures produced a value of n = 1.34 for a l l weight r a t i o s 

of so l id to a i r up to 0.016. 

Liquid-gas mixtures of the "incompressible" type were 

produced by forcing gas into the l iquid under p r e s su re . The 

gas was absorbed by the l iquid with large changes in the 

v i scos i ty of the l iquid and only neg l ig ib le changes in the 

densi ty of the l i qu id . A pa ra f f i n i c o i l was used with carbon 

d iox ide , e thane, methane, hydrogen and helium a t pressures 

to 1000 psig and temperatures to 250F. Polypheny1 e ther was 

tested with carbon d ioxide . Accurate measurements of the 

v i s c o s i t y , dens i ty , and weight of gas absorbed were made for 

a wide range of equil ibr ium temperatures and p r e s su re s . 

Liquid-gas s t a b i l i t y t e s t s were made with carbon dioxide gas . 

Tests in an actual bearing were compared with the 

t heo re t i c a l so lu t ions for c lean o i l and l i qu id - so l i d l u b r i c a n t s . 

A close agreement was obtained between the t h e o r e t i c a l solu­

t ions and experimental values for f r i c t i o n and load capac i ty . 
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Experimental values of the solid particle shear strength 

were determined in the test bearings. The particle shear 

strength was found to be a function of the shaft speed. 

Design methods for the use of multiphase lubricants 

were outlined using the results of experimentally determined 

physical data combined with theoretical solutions for the 

friction torque, temperature distribution, load capacity, 

bearing eccentricity, and lubricant flow rates. 
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CHAPTER I 

INTRODUCTION 

The study of hydrodynamic lubrication has continued 

to grow in scope and interest since the classical experiment 

of Beauchamp Tower*(24) in 1883 and the formulation of the 

differential equation for pressure distribution by Osborne 

Reynolds (17) in 1886. Mathematical theory, at present, 

consists of various solutions based upon some form of the 

Navier-Stokes equations. Each of these solutions is a 

function of temperature and pressure. In order to avoid 

the very difficult problem of solutions with variable 

viscosity, nearly all are based upon an assumption of 

constant viscosity. 

A very significant advance in the analysis of bearing 

lubrication characteristics was made by Christropherson (4) 

when he applied the relaxation techniques of Southwell (23) , 

to solve an energy equation for the temperature distribution 

in a journal bearing. With the temperature and pressure 

known, Christropherson corrected the viscosity for the 

effects of both temperature and pressure at each station 

in his relaxation grid. From these hand-relaxed calculations 

^Numbers within parenthesis designate references, p. 216. 
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for load capacity and friction force, he found that the re­

sults were almost identical to those obtained by using an 

average viscosity for calculations. This close agreement is 

certain to have come from the consideration of lightly-

loaded , low-speed bearings where the pressures are low and 

the temperature rise is small. 

Although Christropherson set the stage for future 

solution of many difficult partial differential equations, 

his methods were never widely used for analysis or design 

because of the tedious calculations involved in the hand-

relaxation solutions. Perhaps this was fortunate as Cope 

(5) and others discovered that Christropherson neglected 

the flow work in his energy equations. 

The development of high speed digital computers has 

greatly enhanced the relaxation technique for the solution 

of lubrication problems. One of the best publications of 

computer solutions is by Boyd (2). In this volume of journal 

bearing characteristics, the computer solutions were made for 

constant viscosity. However, he did include one article on 

temperature distribution for an infinite bearing (16). 

Recently, there has been an increased interest in the 

use of compressible lubricants such as air because of low 

friction at high speed, abundant and inexpensive supply, 

constant composition at elevated temperature, and ability to 

operate with small clearance. Gross (6) and Michael (8) 
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solved the Reynolds' equation for compressible fluid lubri­

cation of slider bearings with the aid of relaxation tech­

niques and a digital computer. Again, they assumed constant 

viscosity since the viscosity variation in a gas is small 

for the normal range of bearing temperature rise. 

The use of multiphase lubricants such as grease, 

air-oil mist, graphite-oil and molybdenum disulfide-oil 

has pushed design beyond the presently available theory. 

At present, only a small amount of work has been done toward 

theoretical bearing design with such lubricants. A small 

amount of work has been published on grease treated as a 

Bingham plastic. Milne (9), (11), and Osterle (12), (13), 

have been the principal investigators for most of this work. 

No provision has been made to correct the shear stress for 

the solid phase or to correct for temperature variations in 

any direction. 

Bearing designs have always been pushed to the limit 

with small margins of safety. Present design needs are no 

exception with demands for higher loads, higher speeds, 

higher and lower temperatures, and lower friction. Both 

theoretical and practical studies show a need for lubricants 

with viscosities between those for liquids and gases since 

the liquid viscosities are approximately one thousand times 

the viscosity of gases. The use of solid-liquid-gas lubricant 

mixtures satisfies, in part, the challenge to the designer 

with special needs beyond the capabilities of the individual 



4 

solid, liquid, or gas constituents. 

Two-phase lubrication systems are now common, and 

three-phase systems will be used in the future; however, 

present bearing designs are being limited by the lack of 

information regarding the physical properties of multiphase 

lubricants and a corresponding lack of hydrodynamic theory 

to back up these designs . This research is directed toward 

filling the need for basic design information pertaining 

to the physical properties of multiphase lubricants and to 

the establishment of design theories suitable for design or 

analysis of bearings operating with these lubricants. 

Statement of the Problem 

Useful design methods normally encompass theoretical 

design, experimental verification and extension of theory, 

and experimental determination of the physical properties 

of all materials. The basic problem of this research is to 

establish useful design methods for sleeve type bearings 

operating with multiphase lubricants. In order to isolate 

the important design parameters, this problem is approached 

by separating the problem into the following parts: 

(1) Starting with basic physical relations, derive 

theoretical expressions for the temperature, pressure, load, 

friction torque, film thickness, and lubricant flows in a 

journal bearing using compressible multiphase lubricant 

mixtures. It should be noted that some of these mixtures 

are non-Newtonian. 
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(2) Determine the density of several of these mixtures 

and try to establish an empirical relation to relate the 

density of the mixture to the density of its constituents 

and some function of temperature and pressure. 

(3) Determine the compressibility characteristics of 

several multiphase lubricants and again try to relate the 

compressibility to the properties of each constituent and 

some function of temperature and pressure. 

(4) Determine the viscosity of the liquid phase with 

absorbed gas. Establish a relationship between percent gas 

absorbed, viscosity, temperature, and pressure. 

(5) Determine the shear characteristics of certain 

solid lubricants. 

(6) Determine the time stability for the gas-liquid 

mixtures. 

(7) Test the theories of part (1) above along with 

the physical properties of the lubricants in an actual 

bearing. Compare the results of theory and experiment. 

(8) Derive design relations for sleeve bearings 

using multiphase lubricants. 
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CHAPTER II 

THEORY OF MULTIPHASE LUBRICANTS 

Formulation of Equations for Elemental Velocity 

and Frictional Stress 

In order to determine the velocity and frictional 

stress in the lubricant film} it is desirable to consider an 

element of fluid between two plates as shown in Fig. 1. 

u = 0 at: z = h 

u = U at z = 0 

Figure 1. X-Direction Forces on a Fluid Element 

All of the forces considered in the x -d i rec t ion are shown on 

the f luid element. A s imi la r s e t of forces would also occur 

in the y -d i r ec t ion and in the z - d i r e c t i o n . These are not 

shown on th is element for c l a r i t y . 

The assumptions involved in reducing the forces in 

the x -d i rec t ion to those shown on the f luid element of F ig . 
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1 are: 

(1) No external body forces such as gravity act on 

the film. 

(2) Inertia forces of all types are neglected. These 

include forces from acceleration in a curved flow passage and 

from solid particles in the fluid. 

Additional assumptions used in the derivation of basic 

differential equations are: 

(1) The pressure is constant in the z-direction. 

Since this dimension is very much smaller than the x and y-

dimensions, the pressure would be essentially constant even 

with large pressure gradients. 

(2) Boundary conditions are to be such that no slip 

occurs between the moving or fixed surfaces in contact with 

the liquid. Slip will occur between the solids and the bear­

ing surfaces. 

(3) Curvature of the fluid film may be neglected 

since the thickness of the film is very much less than the 

radius of curvature. 

(4) Velocities in the x and y-directions are assumed 

to be very much larger than the velocity in the z-direction. 

Thus the only velocity gradients of importance are du/dz and 

dv/dz. All other velocity gradients are assumed to be 

negligible. 

These assumptions are the ones normally made in the 

derivation of the basic differential equations for the 
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t h e o r y of h y d r o d y n a m i c l u b r i c a t i o n ( 1 5 ) . They do n o t c o n ­

f l i c t w i t h t h e t h e o r y of c o m p r e s s i b l e o r non-Newton ian 

f l u i d s ; t h e r e f o r e , t h e y s h o u l d be s a t i s f a c t o r y f o r m u l t i ­

p h a s e l u b r i c a n t s . Summing t h e x - d i r e c t i o n f o r c e s and e q u a t i n g 

to z e r o y i e l d s t h e f o l l o w i n g e q u a t i o n : 

p •+• -r^ dx ) dydz + pdydz - T dxdy 

r 3T n 
+ T + — dz dxdy - T dxdz 

L zx oz J J yx 

+ LT x + "T^ dy] dxdz = ° ' ^2,1) 

Adding i d e n t i c a l t e rms of o p p o s i t e s i g n and d i v i d i n g by 

d x d y d z , e q u a t i o n ( 2 . 1 ) becomes™ 

a S T 3 T 
- | £ + _ 2 x _x* = 0 ( 2 2 ) 

dx dz dy ' x ' 

Thus it is possible to relate the pressure gradient to two 

shear gradients. At this point it is necessary to consider 

a deviation from the classical derivations of fluid mechanics 

(20) in order to consider the physical properties of multi­

phase lubricants . 

Certain physical phenomena occur which make it possible 

to obtain a realistic empirical expression for the shear 

stress. From experimental investigations, these multiphase 

lubricants fall into three basic classes: 
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(1) Newtonian Incompressible 

This class of lubricants has shear stresses propor­

tional to the rate of shear, 

thus: T z x=^(T ) P)f. (2.3) 

(2) Newtonian Compressible 

This class of lubricants also (can be a mixture) 

has shear stresses proportional to the rate of. shear but 

viscosity is a function of mixture, temperature, and pressure, 

thus: T Z X - H(M,T,P) || . (2.4) 

(3) Non-Newtonian 

The type considered herein will be a type en­

countered with gas-solid and liquid-solid lubricant mixtures. 

Experimental investigations (7) have shown that particles 

smaller than the minimum film thickness will simply pass 

through the bearing with only slight increases in the 

effective viscosity of the liquid or gas phase of the 

lubricant (19). However, when the minimum film thickness 

is less than the size of the solid particles, there may be 

large changes in the shearing forces. For this condition 

the shear stress is taken as one of the following, depending 

upon the zone of operation: 

T Z X = KM.T.p) |f where h m . n > h p (2.5) 
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or 

T = u(M,T,p) — ± HT where h > h . (2.6) 
zx v J 'K/ bz p p m m N ' 

and N = Concentration Number 

T = Shear Stress of Particles. 
P 

The classification of lubricants as suggested above 

would also cover the rheodynamic bearings using grease 

considered as a Bingham plastic provided equation (2.6) is 

used with a test to determine whether NT occurs at -~ equal 

to zero or not. Milne (10), Osterle (12), Saibel (13), and 

Silbar (22) have published experimental and theoretical work 

on bearings using a Bingham plastic lubricant. The character­

istic shear stress curves for the three classes of lubricants 

are given in Fig. 3. 

One may observe from Fig. 3 that Class 1 and Class 2 

lubricants are the same as Class 3 lubricants provided the 

Su point where h = h . is beyond the range of -r—. From this ^ p m m " ° dz 

it is concluded that only Class 3 lubricants need be consid­

ered in the derivations. 

From the theory of elasticity the general form of 

Hooke's law for an elastic solid body is given in matrix form 

by the following equation (20) : 
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cr T T 
x xy xz 

T a T 
xy y yz 

T T a 
x z yz z 

By 

ID 
ay 

1£ 
ay 

a 0 0 

0 "a 0 

0 0 "a 

+ 

l i Hi is. 
Bx Sx Bx 

i£ ID 1£ 
ay ay ay 

M ID 1£ az az az 

d i v S 0 0 

h, 
3° 

c d i v S 0 

0 0 d i v S ( 2 .7 ) 

w h e r e : 

and 

S = Si + f t f+ Ck 

d i v S = | 5 i + | 3 j | £ k 
ax ay J az 

a =» i l a + a + a ; = - p 3 V x y zs (2 .8 ) 
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Bingham Plastic 

CO 

CO 

CD 
5-1 
• U 

c/> 

M 
03 
CD 

en 

Velocity Gradient, — 

Figure 3. Characteristic Shear Stress Curve for Class 
1, Class 2, and Class 3 Multiphase 
Lubricants. 
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Thus the fluid pressure is equal to the arithmetical mean 

of the three normal stresses. This fluid pressure is an 

invariant of the stress tensor. 

Matrix (2.7) may be written in the form of the follow­

ing equations: 

CTx - ° + 2G H " ! G div s (2 .9a) 

(2 .9b) 

(2 .9c) 

( 2 . 10a) 

( 2 . 10b) 

( 2 . 10c) 

ay = ° + 2G ^ " 1 G d i v s 

a = 7 + 2 G 4 £ - # G div S 
z 3z 3 

xy \ B x dy y 

T = G r | £ + !in 
yz v oy o z y 

zx V Sz B x / 

S t o k e s ' Law of F r i c t i o n 

The s u r f a c e fo r ce s a c t i n g on an element of a s o l i d 

depend upon the magnitude of the s t r a i n , wh i l e the su r face 

f o r c e s a c t i n g on a l i q u i d or gas depend upon the time r a t e 

of s t r a i n . T h e r e f o r e , Hooke's law may be changed to S tokes ' 

law by making the s t r e s s e s p r o p o r t i o n a l to the time r a t e of 

s t r a i n . This may be accomplished by r e p l a c i n g the shear 

2 2 

modulus G(lb/in. ) with the viscosity |-i(lb-sec/in. ) , re­

placing the mean normal stress a with the fluid pressure -p, 
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Using a 2.168 inch d i ame te r s h a f t o p e r a t i n g a t 3500 rpm w i t h 
— f\ 

an o i l having an ave rage v i s c o s i t y of 3 .0 x 10 Reyns i n a 

1.0 inch long b e a r i n g , the t o r q u e , T , e q u a l s 8.83 inch-

pounds wi th a shea r s t r e s s of only 1.20 p s i when the r a d i a l 

bea r ing c l e a r a n c e i s 0 .001 i n c h . This s h e a r s t r e s s i s much 

l e s s than the shea r s t r e n g t h of a s o f t s o l i d m a t e r i a l such 

as molybdenum d i s u l f i d e which has a s h e a r s t r e n g t h of approx­

imate ly 100 p s i , as used in a b e a r i n g . From t h i s i t i s seen 

t h a t the s o l i d l u b r i c a n t p a r t i c l e s a r e n o t broken down u n t i l 

they r e a c h an i n t e r f e r e n c e s t a t e where the f i l m th ickness i s 

l e s s than the p a r t i c l e s i z e (h<h ) . F i g . 4 shows the s t e p s 

p a r t i c l e s must go through in o r d e r to pas s through a b e a r i n g . 

W 

Zone 1 

Zone 3 

Zone 2 mm 

Figure 4 . I l l u s t r a t i o n of So l id P a r t i c l e s P a s s i n g Through 
a Bear ing 

A s o l i d l u b r i c a n t w i l l be sub j ec t ed to the following 

p roces se s when p a s s i n g through the t h r e e b e a r i n g zones: 
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(1) Zone 1 (h>h ) - In this zone the particles flow 

with the fluid, producing only small changes in the bearing 

friction and load capacity. A Newtonian fluid will remain 

Newtonian with only slight increases in effective viscosity. 

(2) Zone 2 (h>h) - In this zone the solid particle 

is in intimate contact with both bearing surfaces and will 

almost instantaneously be stressed beyond the yield stress 

of the material. For small particle concentrations (less 

than 5% by weight), the shear stress may be accurately pre­

dicted by equation 2.6 when the particles are suspended in 

a liquid carrier. 

(3) Zone 3 (particles past minimum clearance point) -

In this zone the particles and fluid both lose contact when 

the absolute pressure falls to zero. The short zone of 

positive pressure will be characterized by Newtonian flow, 

Applying Stoke's law to equations (2.9) and (2.10) 

assumes Newtonian flow, and these equations become: 

sx = -p + 2u |^ - | n div W (2.13a) 

cjy = -p + 2u |E - | u div W (2.13b) 

az = -p + 2u |^ - | M div W (2.13c) 

v f̂i + 3 P (2-14a) 
T 

yz=-(g
 + ID <2-14b> 
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T = u (2a + is") 
zx V3z dxy 

(2.14c) 

where: 

W - ui + vj + wk (2.15) 

Equations (2.13) are good for all zones of operation since 

they do not directly contain the shear stress, but equations 

(2.14) are effected by operation in zone 2. 

If the pressure is subtracted from the normal stresses , 

the frictional components of the normal stresses a1 are 

a1 = a - (-p) x x x Vi 

a* = o - (-p) 
y y v F/ 

*z - °z - <-P> 

(2.16a) 

(2.16b) 

(2.16c) 

In terms of the frictional stresses of equations 

(2.16), equations (2.13) become 

*x = H 0 § " f "v »] 

<; • •» [2 # - ! d i v w 

(2.17a) 

(2.17b) 

a' = M 0 Sw 2 ,. TT 

dz 3 
(2.17c) 

In terms of equations (2.10), equations (2.14) for 
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operations in zone 2 become 

T - n Q a + |H) ± N T . (2.18c) 
ZX vOZ dX/ p v ' 

Equations (2.18a) and (2.18b) do not contain the particle 

shear term since there is no shear motion of the surfaces 

in these directions. 

If —, — , and -r— are assumed negligible compared 

I n 

with •§—, the resul t ing s t ress on the element is 

Tzx= ^ l i ± N T p (2 '^) 

T - 0 . (2 .20) 
yx v / 

Differentiation of equation (2.19) with respect to z gives 

dT 2 
zx _ .. o u ,0 01 v 

-55- - H — J • (2.21a) 
oz 

Differentiation of equation (2.20) with respect to y gives 

BT 

-*££ = 0 . (2.21b) 
By 



Substitution of equations (2.21) into (2.2) gives 

$-ift- < 2 - 2 2 > 
Integrating equation (2.22) twice with respect to z yields 

| u = I | £ 2 + c ( 2 _ 2 3 ) 

" = ^ X + C 1 Z + C 2 • C2.24) 

Using the boundary conditions shown in Fig. 1, 

u = U for z = 0 (2.25a) 

and 

u = 0 for z == h, (2.25b) 

the constants of i n t eg ra t i on of equation (2.24) may be 

evaluated. Using the cons t an t s , the x-component of the 

ve loc i ty becomes 

u = illz(z_h) + j 2 i r u- (2-26) 

A simi lar ana lys i s y ie lds the y-component of v e l o c i t y . 

_1_ d£ 
2u 3y v = ^ T ^ (*-h)z (2.27) 

Equations (2.26) and (2.27) are identical to those 
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obtained from using a Newtonian fluid. This results from 

using boundary conditions (2.25) which are not applicable 

for Coulomb type friction. Errors from this assumption 

are small due to the use of low particle concentrations and 

the fact that the particles do have velocities approximately 

equal to the average fluid velocity. 

Differentiating equations (2.26) and (2.27) gives the 

velocity gradients 

M = -L l£ (2z-h) - - (2 28} 
dz 2u dx KAZ n) h J K*-**) 

§ = 2* l£ <2-*> . <2-2^ 

across the lubricant fluid. 

Substitution of equation (2.28) into equation (2.19) 

gives the shearing stress at any point in the lubricating 

fluid. This shear stress is 

T . I i£ (2z-h) - -^ ± NT . (2.30) 
zx 2 3x h p 

From equation (2.30), the frictional shear stress at the 

moving surface can be determined by evaluating this function 

at z = 0. Thus, the shearing stress at the moving surface 

is 

T = r h | E - Jffi ± NTD . (2.31) 
zx 2 dx h P v ' 
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From equation (2.31) the friction torque on a bearing journal 

may be calculated by integrating the radius times the differ­

ential force. Thus the torque is 

A 
rf zx T = p rT_ dA , (2.32) 

where the lubricant film is thin compared to the radius. 

Pressure Distribution 

The Reynolds r equation is based upon a derivation 

using Newtonian fluids and is satisfactory for the portion 

of a bearing using multiphase lubricants of class 1 or class 

2. Since the original derivations were based upon incom­

pressible fluids, it is necessary to modify this derivation 

to make it valid for compressible Newtonian fluids. 

For a class 3 lubricant considering only forces in 

the x direction, 

T - ^ - g ± N T p . (2.33) 

Using equations (2.21) and (2.22), -sp> = -r̂ . This expression 

may be integrated to obtain 

Si 
T * z !x- + c i > <2-34) 

which leads to the same type of argument Milne (9) presented 

and was later introduced by Pinkus and Sternlicht (15) for 

Bingham plast ics . 
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If some function of the shear stress is defined as 

F(T) , then 

F(T) = ||. (2.35) 

Then by placing T from equation (2.34) into equation (2.35) 

«ft + ci bu 
bz 

(2.36) 

From which u may be determined by integration. 

u = Bx r F [ z • i j dz + a (2.37) 

0 

If F(T) = — + K, as indicated in Fig. 3, is substituted into 
M 

e q u a t i o n ( 2 . 3 5 ) and d i f f e r e n t i a t e d w i t h r e s p e c t t o z , the 

s h e a r g r a d i e n t i n t h e z - d i r e c t i o n i s e q u a l t o t h e p r e s s u r e 

. 2 
o u g r a d i e n t i n t h e x - d i r e c t i o n and a l s o e q u a l t o M. —~ Thus 
az' 

*i = iE = a i-g 
bz bx * 7 ^ 3z 

(2.38) 

When u s i n g a N e w t o n i a n f l u i d 

T = LL 
bu 
dz 

( 2 . 3 9 ) 

* 2 

S T . g u (2.40) 
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Equation (2 .40) for Newtonian fluids is the same expression 

as equation (2.38) for non-Newtonian class 3 fluids. 

Equations (2.38) or (2.40) are the basis for the deri 

vation of Reynolds' partial differential equation which can 

be used to determine the pressure distribution for any of 

the three classes of lubricants discussed. A derivation of 

the Reynolds' equation appears in a number of published 

works. Of these, one of the most straightforward and easily 

followed derivations was presented by J. S. Ausman (1). The 

resulting partial differential equation is: 

3x 

•h J p 3x i , a — J + 
by 

K3 n i£ 
,-h p -g*Z-. ., 

-JT-*] " 6U £ [h p] 
(2.41) 

With the equation of state for a perfect gas 

P 

or, 

P = 

1 
n 

1. 
.̂n 

(2.42) 

and with the assumption that the viscosity is not a direct 

function of the x and y coordinates, equation (2.41) may be 

written 



axL 
, 3 n dpi , 3 Tu3 n dp 
h p a^J + s7Lh p a?J 

6 r f J - ^ h p (2 .43) 

D i f f e r e n t i a t i o n of e q u a t i o n (2 .43) y i e l d s 

A 2 
1 + Sn 1 n 3 

3x 

1 (J" i £ l + 3 p
n i£ h

2 ill + 
Bx_ dx 3x 

i 2 ' n dz 

i a l n o p , i a-a H 1 + 3 p n ^ h 2 ^ = Sy J ^ dy By 

6MU H pI1 + 6MUh n 
i-1 

1 ^n Vdp 
Sx " 

3-n " ^ D iv id ing equa t ion (2 .44) by h p g ives 

(2.44) 

'ifi 
d p , ^dx 

P —J + 
IE. ill 
dx dx r&y 

dx n 

d p _L vdyy 3p — — + p — | - — z — + 
By' n 

in $k 
3 p iy_dy. 

1^ 6MU-|^ 6MU|H 
dx 

+ 
nh ' 

(2 .45) 

C o l l e c t i n g terms of p and i t s d e r i v a t i v e s , the d i f f e r e n t i a l 

equa t i on of p r e s s u r e d i s t r i b u t i o n may be w r i t t e n a s : 

dh o dh 
3P ~ n a« r^P I--L d 7 d / J Lrf? h J dx L h J Sy 
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Equation (2.46) is the same equation as that presented by 

Gross (6) for compressible lubricants. 
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CHAPTER III 

THEORETICAL TEMPERATURE DISTRIBUTION 
IN THE LUBRICANT 

General Energy Balance 

The temperature of the lubricant film can be calcu­

lated by establishing an energy balance on a control volume. 

In studying this control volume, there are three methods in 

which energy may be transported into and out of the control 

volume: by conduction, by transport of fluid containing 

kinetic and internal energy, and by radiation. In this 

analysis, radiation will be neglected due to the relatively 

low temperatures involved. 

In making this theoretical analysis it is important 

to realize that its usefulness depends upon the ability to 

obtain an accurate analysis of a hydrodynamic bearing using 

multiphase lubricants. General energy equations for Newtonian 

fluids have been developed in a number of books and papers. 

Of these, Sternlicht and Pinkus (15) and Schlichting (20) 

have outlined a method of solution which can be extended to 

derive an expression for the temperature distribution in a 

hydrodynamic bearing using a multiphase lubricant. Any use­

ful solution must consider compressible lubricants with 

viscosity dependent upon temperature, pressure, rate of shear, 

film thickness, and phase proportions. Density must be 
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considered as a function of pressure, temperature, and phase 

proportions. In order to make a meaningful solution including 

these variables, it is necessary to use a three dimensional 

analysis. 

An energy balance will be made on an element of fluid 

of volume AV, where 

AV = AxAyAz (3.1) 

of weight 

AWf = pgAV • (3.2) 

External heat added to the control volume plus mechanical 

energy will increase the internal energy and perform ex­

pansion work of amount dQ where 

dQ = AWfCydt + pd(AV) . (3.3) 

The term AWrC dt is the change in internal energy, and the 

term pd(AV) is the amount of expansion work. 

The quantity of heat dQ is also equal to the heat 

added through conduction plus the heat added by friction 

or shear work. 

dQ = dQc + dQf (3.4) 

Fig. 5 shows a control volume with the f r i c t i o n a l s t r e s se s 

act ing on the faces perpendicular to the x - d i r e c t i o n . 
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V 
x 

= dydz -CT 'U + cr 'u + cr' ~r d x + - s - 2 u d x + 
X X X OX OX 

d(? -. o 

dx ox v ' 
( 3 . 8 ) 

WT = dydz 
xy 

T V + T V + T | ^ d x + —~L V dx + 
xy xy xy ox ox 

dT 

P£«*>2} (3.9) 

W. 
xz 

= dydz f - T w + T w + T | H + 
^ I xz xz xz ox 

dT 
xz wdx + 

OT 

| ? (dx ) 2 

dx dx 
(3.10) 

If the second order d i f ferent ia ls are neglected, and dxdydz 

is replaced by AV , the above equations become: 

W , = AV [a* | H + u _ £ ] 
CJ L x dx dx J 

x 

(3.11) 

w =AV Tr | ^ + v^Jff i ] 
xy L ^ ^ d x J 

(3.12) 

WT =AV 
xz 

-s dT 
ow , xz 

I T "=T~ + W — 5 i • 
L xz dx dx J 

(3.13) 

In a similar manner, the f r ic t ional work done on the other 
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faces will be found to be 
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W G , =AV 

y 

W = AV 
T 
y x 

a ' |2L + v _ 3 L 
L y ay dy _ 

a S T 

T | H + u - ^ 
y x ay a y 

(3.14) 

(3.15) 

W =AV 
T yz 

_ dw i y z 
T — 1- W —r 2 — 

L yz dy ay 

(3.16) 

r a da' -| 
w , = A V [ a * | 2 4- w -5-2. 

a l_ z dz dz J 
(3.17) 

wT =AV 
z x 

T | » + u ZX 
L zx dz 8z . 

(3.18) 

W, =AV 
T 

zy 

_ ov , zy 
_. zy az az (3.19) 

The summation of equations (3,11) through (3.19) is the total 

work (W.) done on the volume element by frict ional stresses 

per unit of time. 

r a a - ' 
W =AV a ' -§H + u v - 2 + T 

t L x ax ax xy ax 

* v + v __JSZ 
ax 

+ T | H + w xz + a , | y + v _ ^ + T | u + 

xz ax ax y ay ay y x ay 

aT aT aa 
u _jrx + T |w + w ^ + cr« | 2 + w ^ 

ay y z 3y ay z az dz 
+ 

A aT ^ aT 
Su zx , av , zy 

T -̂ S + a — (- T •— + v —r—L 

zx ĉ z az zy az az j 

( 3 . 2 0 ) 
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Mechanical Energy 

A portion of the frictlonal energy of equation (3.20) 

will go to mechanical energy which will not increase the 

temperature of the fluid in the control volume. In order to 

determine the mechanical energy, the equations of motion 

will be used. These equations are: 

D ̂  = X p Dt X dx v 

da' 
x 

dT 

dx + dy 
SL + 

dT 
xz 
dz 

M Dt 

P D^ - Z " 

^ / 3 T da' dT 
l£ + ( xy + y_ + yz.) 
5y ^ ?̂ v ^tr n"7 • dx ay 

« ẑ dT dT 3a' 
i£ + ( xz + yz + . ?. 
dz v dx dy dz 

(3.21) 

(3.22) 

(3.23) 

Body forces X, Y, and Z are assumed as negligible. 

Multiplying the above equations by AV and by their respective 

velocities, u, v, and w and summing the three gives: 

p 4 ^ + ^ + „^]+Avru|E + v|£ + w | |] 

= UAV 
da, 

L"dx~ 
X 

dT dT -, 

+ xy + xz 
dy dz 

dT da dT 
+vAV[ XZ + _ £ + 

L dx dy dz _ 
j r z 

^dT 
+ WAV x z 

dT 

L dx + dy 
X£ + 

d a ' n z 
dz . (3 .24) 

The f i r s t group of terms on the left-hand s ide of 

equation (3.24) i s the time r a t e of change of the k ine t i c 

energy. The second group of terms is the time r a t e of change 
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of p r e s s u r e e n e r g y . S i n c e b o t h of t h e s e t e r m s a r e m e c h a n i c a l 

e n e r g y , t h e y do n o t c o n t r i b u t e t o t h e t e m p e r a t u r e of the 

f l u i d e l e m e n t . S u b t r a c t i n g t h e r i g h t - h a n d s i d e o f e q u a t i o n 

( 3 . 2 4 ) from e q u a t i o n ( 3 . 2 0 ) g i v e s t h e q u a n t i t y o f e n e r g y 

(DQ f /Dt ) c o n v e r t e d i n t o i n t e r n a l e n e r g y and c o m p r e s s i o n work 

i n t h e e l e m e n t . 

DQf 

Dt 
ff« |M + T | v + T 

L x ox xy ox 
38. + a « | v + T | u + 

xz ox y dy y x oy 

o w _i_ ~ i ^w , d u 
T rr— -r a -r— + T -r— 
yz oy z oz zx oz 

+ T 
zy (3 .25) 

In t e rms of e q u a t i o n s ( 2 . 1 7 ) and ( 2 . 1 8 ) e q u a t i o n 

( 3 . 2 5 ) becomes 

DQ 

Dt 
= uAV|2 iu)2 +r&j + r&f i | u d l v v 

1 ou j . TT 1 dw j . T7~l ov ou , ^ov"Y 

. _ d l v w . _ _ d l v wj + _ _ + ̂ —j 

, 9w ^ u + 9w 1 j . . C—^f + — — 
V OX^ 9X 9Z - ?X li p ^ a y y ^y 0 X 

| w | v + ^ | w . y | u | w f | i A 2 | u 1 N T 
oy dz Voyy dz ox Vozy — dz u p 

o v ^ , _dv ow" 
dz^ oz by. (3 .26) 

Substituting div W = -r̂  + -~ + — and collecting terms, 

equation (3.26) becomes 
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DQ 

D?-HX(ffi + ( f ) + ( t ) ] - § [ ^ + lf + 

dwlfdu + _Bv , _Sw 
azJLBx By BzJ + ® • m2 * cfi)2 • ct)2 • ay-

_Bw^ 1 _| o 5 v du + 2 5 w ^ v I 2 d u ^ w j . 
ax- ax ay By az az ax 

| 2 l NT 
3x H 1 3z u D J (3 .27) 

which is the heat added by friction per unit of time, and 

may be written 

DQ 

uT -*42[ rOHT + r^r) + ^J + ^ ) . aw' 
2-, 

+ [% + W{2 + 

•_aw , _av~|2 r_Bu , _aw"]2 2 rau , av , awi2 

Lay azJ "*" Laz axJ " 3 Lax ay azJ 

+ 7; NT 
^ P 

aw 
dx + 

_Bu 
az ]] (3.28) 

where the absolute value of the coulomb f r i c t i o n terms -r^ and 
dx 

-r̂  insures the addition of this quantity of heat to the 

element irrespective of the direction of the motion causing 

this friction. 

Heat Added by Conduction 

Fourier's equation of heat flux equates the heat 

flux (q) crossing an area A to the temperature gradient in 
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the d i r e c t i o n perpendicular to the surface of the area 

times a p r o p o r t i o n a l i t y cons tan t . Thus: 

dQ 
kc _ 

ADt 
= q = - K II 

dn » 3 
(3.29) 

where K = thermal conduct ivi ty 

n ' = dimension in d i r e c t i o n perpendicular 
to the surface . 

The heat flow in the x -d i rec t ion a t s t a t i o n x in an element 

would be 

DQ, 

Dt 
- K g dydz , (3 .30) 

x 

and a t s t a t i o n (xH-dx) 

DQ, 
Dt 

x+dx -*«*fc(*©*< dydz (3.31) 

The heat gain by conductive flow in the x -d i rec t ion along 

the space i n t e r v a l dx may be obtained by sub t rac t ing equation 

(3.31) from equat ion (3 .30 ) . The heat gain i s : 

DQ 

Dt 
25 - fe C« fi> «W« "AV | j (K g ) . ( 3 . 3 2 a ) 

The heat" °;ains i n t h e v find 7. - H i T p r h ' n n q p>-r& -r^c-noo »--< "Qi ^ 
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^f-v%Of)> < 3 - 3 2 b > 
and 

^f^VliCKID- (3.32c) 
Summing equations (3.32) gives the total heat added to the 

element by conduction per unit of time. The total heat gain 

is : 

l_rK|r) + |_fK^) + |_rK |r)i (3.33) DQc 
L =AV 

Dt v Ldx V. W hy V x ay.y 3z V v 3z7J' 

Dissipation of Total Heat 

The total heat added to the element from equation 

(3.33) will do compression work and increase the internal 

energy of the element. This total is: 

-£&_ = £_ DUV) , £J2 D ( Cv T ) (3.34) 
AVDt AV Dt + AV Dt ' ^ - ^ 

If it is assumed that 

AV Dt P Dt ' V.J.JJ; 

and 

fr^-pp^- (3-36) 
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Taking the to ta l derivative of -5 as i dicated 

n l * 1 . 1 . 1 
n n _ P - nrk r _ B dx , a P d y , a 7 dzl ,„ „ . 
p p D T _ pp L"dx~ d t + TT dt + "aT" T tJ ( 3*37) 

and noting that 

dx dy dz 

dt = u ; dt = v> f t • w- (3-38) 

In a similar manner taking the to ta l derivative of C T, 

D(C T) r d(C T) S(C T) S(C T) -

g 3 J ^ 2 =gp [u ^ _ + v _ ^ _ + w. _ £ _ ] (3.39) 

Substitution of equations (3.37), (3.38), and (3.39) into 

equation (3.34) gives the dissipation of total heat, 

AvtE =&lu —ST" + v ~sT" + 

a(c T)-. r
 3 - a •* a 7;-, 

w -s-] + pp [> * r + v w + w * * ] • (3-40) 

The general energy equation for this type of multi­

phase lubricant under steady laminar flow conditions is 

obtained by equating the right side of equation (3.40), which 

is the total heat dissipation, to the sum of the right side 

of equations (3.28) and (3.33) which are the heat added by 

friction and the heat added by conduction. Thus the general 

energy equation is: 
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gP [u 
a(C T) a(C T) a(c T) 

ax + v V . " V 
-*——r w 

a i 
3y 3z 

] + PP [u - ^ + 

V li 
3y 

a + "^J-[fcC«fi> &0O + 

fe (K I ) ] + H>[(D2 + (f)2 • © 2 ] + 

[|v + | u i 2 rjw + |v-i2 r|u + |wi2 2 r|u + | v + 
Lax ay J Lay SzJ Ldz ax J 3 Lax By 

ai + H NT
P 

dw 
ax 

au 
az j] (3.41) 
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CHAPTER IV 

SOLUTION OF COUPLED PARTIAL DIFFERENTIAL 
EQUATIONS BY FINITE - DIFFERENCES 

Form of Equations for Temperature and Pressure 

Distribution 

A lubricant film is so thin compared to the other 

two dimensions that many of the terms in equation (3.41) 

are negligible. One of the best discussions of the 

relative importance of these terms is given by Cope (5) 

in which he gives calculated values of the magnitudes of 

terms for a set of representative conditions . Pirikus and 

Sternlicht (15) also give a good discussion of the order of 

magnitude of these terms in the first chapter of their 

book. The use of multiphase lubricants of the type suggested 

does not invalidate their order analysis. Using the original 

assumptions stated in the derivation of the velocity and 

frictional stresses, the following terms are either constant 

or negligible: 

w(velocity in z-direction) - - negligible 

I 
C • constant v 

K = constant 


