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1 Introduction

In this note, we will discuss some explicit design examples using a frequency
domain (skew Toeplilz) approach in the H* optimization of distributed
systems. We will concentrate on the computational aspects of this method-
ology which allows one to reduce infinite dimensional design problems to
finite dimensional matrix and polynomial operations.

First, we will give a very general outline of what is involved in skew
Toeplitz theory. This is based on the papers {1}, [4], [5], [11], [12], [14] to
which we refer the interested reader for all the details. Our main point
will be to show how the the solution of the H* optimization problem
for distributed plants may derived from a finite system of linear equations
called the singular system.

We will then apply this theory to a weighted two-block design for un-
stable plant models with delay. (One such model comes from the control
of the X-29; see [3].) This is based on the joint work [3], [12].

Finally, we will discuss a mixed sensitivity design for a flexible beam
modelled by the Euler-Bernoulli equation with Kelvin-Voigt damping. We
also include a delay in our model. Both the collocated and non-collocated
cases will be considered. This discussion is based on the paper [9].
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2 Brief Review of Skew Toeplitz Theory

In this section, we will give the relevant aspects of the skew Toeplitz
computational method as applied to the two block problem for unstable
distributed plants. In fact, we will show that several two block H*-
minimization problems reduce to the computation of the norm of a certain
skew Toeplitz operator. For applications of skew Toeplitz theory to other
types of H® problems (one block and four block); see [1], [4] [5], and [11].
For a general discussion on the two block problem see [2]. The discussion
given here is a summary of that given in Ozbay-Smith-Tannenbaum [12].

We begin with some notation. The Hardy spaces H? and H* are de-
fined on the unit disc in the standard way. We denote

{fen=F@ =1}

RH® = {rat,iona.l functions in ﬁm}
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We consider the standard feedback configuration with plant P = %"‘, with
Gn € H®, G4 € RH®. We assume that (i) G,, = m,G,,, where m, € H®
is inner (arbitrary) and Gno € He is outer, and (ii) Gn, Gg have no
common zeros in the closed unit disc. We also write G4 = mqGgq, where
my € RH® is inner and G4, € _Rf{w is outer. Under these assumptions
there exist X € RA® and Y € H* such that

XGn+YGa=1. (M
The set of all controllers which stabilize the plant can now be written in
the f
e form o X +QG.
TY-QG,

for some @ € H*®. Now let S := (1 + PC)~! and note that
S=1-XGn—-QG,Ga. (2)

In {12], we show that the computation of

#= [ Wz‘gf])]n

inf{
stabilizing C

where Wy, W, € RH® are given weighting functions with Wl", W{x €
RH> may be reduced to computing the norm of the “skew Toeplitz” op-
erator

A= [ Pirin.) (Wo(S) - Wo(S)m(s)) } ®)

Go(S)

where S : H? — H? denotes the unilateral shift, H(m,) := H*©m, H? and
Py (m,) the orthogonal projection onto H(m,), for m,m, inner functions
associated to the plant and weighting filters, and where WO,WD,GO are
rational H* functions computed from the plant and weighting filters. This
reduction is true for plants with arbitrary outer parts. We can do a similar
type of reduction for the following 2-block minimization problem in case the
outer part of the numerator of the plant is rational. (See [12] for details.)
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where Wy, W, € RH® are given weighting functions with W!, W, ! €
RH®>.

In {12], the following result is proven:

= inf
s stabilizing C

Theorem 1 Lei n denote the mazimum of the MacMillan degrees of the
weighting fillers Wy and W2, and let £ denote the number of unstable poles
of the plant P. Then the singular values of A may be derived from an
explicitly computable system of 3n + 2£ linear equations (the “singular sys-
tem.”) Moreover, from this system the corresponding singular vectors may
also be found.

The singular system of equations is written down in [12]. 1t is based onlthe
previous singular system derived in [4]. The computation of the mazimal
singular value and the associated singular vectors of A, then allows us to
find the optimal performance p of our original control problem and the
corresponding optimal compensator.

3 Delay Systems

In the skew Toeplitz methodology, we prefer to work in the unit disc and
then transform the solution to the right half plane via a linear fractional
transformation. Hence, we will begin with a more general design in the unit
disc D, and then at the end specialize to the delay case. Again, details of
the computations which follow below can be found in [12].

Consider a plant P(2) = m(2)/ma(z), where m is arbitrary inner (pos-
sibly infinite dimensional) and mq is a first order Blaschke function:

—a

z
ma(z) = 1—az

with a € D real and m(a) real. The Bezout identity for this system is
Xm+Ymg=1,

so we can choose X(z) = 1/m(a), constant. In this case the sensitivity and
the complementary sensitivity are

S(2) = 1= m(2)/m(a) - m(z)ma(2)Q(2),
T = 1- §(z) = m(z)/m(a) + m(z)ma()Q(2),

where Q is the free parameter coming from the Youla parametrization of
all stabilizing controllers. In the unweighted mixed sensitivity, S and T,
minimization problem we want to find

]co

‘ [1 - m<z)/m<n)] _ [ _11] o (2)Q

B= m(z)/m(a)

= inf
Qeft=
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where m,(z) = m(z)m(z). By employing inner/outer factorizations for
the constant matrix [I — 1]T, the above can be reduced to

i -]

T QeH=[| /2

Therefore

where
= ginf 1~ 2m(z)/m(a) ~ ma(2)Qlls -

So the problem is reduced to computing y,, and the corresponding optimal
interpolant.

By the C Lifting Th we have that u; = ||1-2m(T)/m(a)||,
with T = Py(mn,)Sla(m,). To compute the norm we form the singular-
value/singular-vector equation ’

(P1~ (1 2m(T) fm(@)(A - 2m(T)/m(@)) u=0  (5)

where p? is a singular value with corresponding singular vector u € H(m,).
From this, we can find that (see [12] for the details)

i = (s = D+ VI @

tly, for this le the optimal mixed sensitivity performance

Conseq P
level 4 = /(1 + p1)/2 can be computed as

p:#ﬂ\ll+\/l—m(a)7 .

The optimal sensitivity and controller can be computed to be

1 — m(z)m(a)(u?/p})

Sopt(z) = 1- m(z)m(a)(llz/lll)'
and
Com(z) = (%,,, - 1)'::((:))
= my(2) "l(“)(l‘2 - 1)"2/"3

- m(@ym{@)u /i

An important particular case of the above example is a plant (in con-
tinuous time) with a delay and one unstable pole:

_hs05+1
gs—1’

P(s)=e h,o > 0.
After transforming the data to the unit disc with the conformal map z =
-:;—i, we find that

z—a

patl
m(z) = e s-1 mgl2) =
(2) o omy(z) =g,

with @ = (1 — 0)/(1 + ). Then m(a) = e~*/? and hence

p=e"" 14+ V1—e-%lo,

It is interesting to note that as h — oo, and/or o — 0, the best achievable
performance increases exponentially, as expected.

In connection with the contro! of the X-29, in [3] we study the unstable

delay system
e-ln

ol

In the computation just performed above, we considered an unweighted
mixed sensitivity design. In [3] for the plant (6), we work out a controller
weighting two block design which is much more realistic. The choice of
weights in this problem is very important, for example, a particular choice
leads us to the robustness optimization in the gap metric, {7], [10], which
is essentially a 1-block problem. The issues are described in [3] where all
the details may be found.

P(s) = ho>0. (6)

4 Flexible Beams

2722

In this section, we would like to briefly sketch the application of the skew
Toeplitz computational technique to flexible beam design. This is based on
Lenz et al [9] which contains all the details.

We first consider an Euler-Bernoulli beam with free ends and Kelvin-
Voigt damping with damping coefficient ¢ > 0, uniform mass density p of
1, length 1, and stiffness parameter EI = 1. We denote the deflection of the
beam at time ¢ and location z along the length of the beam by w(z,t). We
suppose that a transverse force —u(t) is applied at the end of the beam,
z = 1. Then the beam dynamics are described by the linear PDE

w , Bw  dw
P2t T Bom T oE

with boundary conditions

Pw
8220t

8 & > é
500+ (0,0 =0, ZH(L1) + ez (1,1) = u(t).

i &
T%—';’(u,t) + 65;%(0,0 =0, -gl—‘:(l,t) 4o (1,8) =0

In [9], we consider two cases for the measurement of the beam. In the
first case, we take the measurement to be y(t) = w(l,t), where w(1,t) is
the deflection at the same end of the beam as the applied force, —u(t), and
in the second case we take y(t) = w(0,) the deflection at the opposite end
of the beam. .

One can work out explicit transfer function models in both cases, an
then use skew Toeplitz theory to do optimal two block designs. One can
even add a pure time delay to the system. We have also considered finite
dimensional approximations of the resulting infinite dimensional optimal
controllers. Again space limitations prevent us from writing down all the
formulas here.
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