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Abstract— Heterogeneous multiagent systems are useful for 8 must interact with at least one node from bathand y
performing various .complex distributed tasks. The effecﬂleness types. In such a scenario, the underlying network along with
and scope of service such systems provide, can be attributed {he |ocation of agents in it, needs to be analysed to figure out
to the distribution of agents of different types through the . . .
network. This paper deals with the development of methods if there are nodes, that are not capable of doing the reqwreg
and techniques to analyse heterogeneity distributions inuch ~ heterogeneous task. Understanding the effect of a certain
networks, both qualitatively and quantitatively. These dereloped node failure or a communication link failure on the overall
tools are used to establish information pertaining to the rées  functionality is also an important step in the design preces
and significance of individual agents. Moreover, the notiorof ¢ gy systems. Further, these notions can be extended to th
heterogeneity is formalized in terms of the underlying netvwark .
topology. more general hete.zroggneous.systerr_ls where a task completion

by an agent requires interactions with agents of other types
I. INTRODUCTION that may not be found in the immediate neighborhood, but

Heterogeneous multiagent systems can provide solutiok4thin a certain distance from that node.
to various complex group level tasks that cannot be accom-The underlying inter-connection infrastructure of a mul-
plished by teams of homogeneous agents alone as pointed B@@ent system can be modelled by a gr&pv,E), where
in [1]. Several applications of such heterogeneous systerffte set of verticesy, represents the agents and the set of
have been studied in areas ranging from multirobot systerg@élgesfE, models the communication links among the agents.
[2], task allocation schemes and sensor networks [3], infhe heterogeneity in a multiagent system is attributed ¢o th
cluding power efficient sensor networks [4], better coverag'difference” among the agents. This difference can be in
[5], stability and efficiency in distributed systems [6]sjuo  their functional capabilities, communication methodabsy
name a few. But heterogeneity in multiagent systems bring®ntrol laws they implement, complexities, power consump-
with it complexities in terms of the problem formulation,tions, hardware and software, or any other aspect that plays
intricate communication schemes and more involved netwogk significant role in the overall behavior of a system, e.g.
topologies as pointed out in [7]. Here, we provide a way td6]. By letting agents belong to different types, the reisgt
characterize heterogeneity in multiagent systems, based u Structure can be modelled bygsaph coloringnotion from
the topological properties of the underlying network. graph theory, where the vertices (or edges) in the graph are

The distribution of agents in such systems makes certapfrtitioned into various classes based on some constraints
nodes more crucial and significant than others, in the sen@ch class in the partition is assigned a color and all the
that an abnormality in their functionality adversely affethe  vertices in one class have the same color. Depending on the
overall behavior of the system. Similar is the case with theonditions and coloring constraints, many variants of grap
communication links among the agents, where certain linkgploring problem exist and have been extensively studied,
have a greater significance over the other. Thus, a mechani€8- [8]-
is required to quantify the significance of the nodes and This paper is organized as follows: In Section II, the
the links between them, in the context of distribution ofotion of heterogeneous coloring is given. Section Il pro-
heterogeneous agents. This paper aims to achieve this ggigles a method for analysing a distribution of agents in a
along with providing other information regarding distrilmn ~ heterogeneous multiagent system. Various applications of
of agents in heterogeneous multiagent systems. this method, including an algorithm for figuring out the

This investigation turns out to be helpful not only in themost important communication links in the network, are
analysis, but also for the design of heterogeneous mutiiagegiven in Section IV. The notion of heterogeneous coloring
and multirobot systems. Consider an example of such ia generalized in Section V to deal with more realistic and
system where each agent in the network belongs to one prfactical scenarios. The methods of Section Ill are exténde
the following types,a, B andy. Moreover, each agent is in Section VI for the generalized heterogeneous coloring,
expected to accomplish a task by interacting locally with affollowed by the concluding remarks in Section VII.
other types of agents, i.e. if a node in the network is of type
a, then it needs to interact with at least one node of type
B andy to complete a task. Similarly, every node of type In a heterogeneous multiagent system, an agent interacts

locally with other agents of different types, to perform a
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local interactions among the agents of various types, thatA node having a deficiencg(v) > 0 is referred to as a

is to say how many different types of agents are presedtficient node

in the neighborhood of an agent. In a network with The inter-connection infrastructure among agents in a
different types of agents, if an agent can interact with atheterogeneous multiagent system, plays a vital role in the
Ch types in its closed neighborhood, then the heterogeneityerall heterogeneity distribution in the system. In facime

of the task performed by that agent will be maximal. Thidinks tend to have a greater impact on overall heterogeneity
is so because it can exploit &y different functionalities of the system.

available in its closed neighborhood. If all the nodes in a Definition 2.5: (Redundant and Crucial Edge): An edge
network are capable of performing a maximally heterogee € E(G) is a redundant edge if its removal from a network
neous task, that is every node has@ll types of nodes in does not increase the deficiency of any node in a network.
its closed neighborhood, then, the network will be maxignall An edge is crucial if its deletion increases the deficiency of
heterogeneous witBy types, in terms of the heterogeneityat least one node in that network.

distribution, based on the underlying network topologyisTh  Throughout this paper, an undirected edge between ver-
can be modelled by the notion of heterogeneous coloringtesv; andv; will be denoted by(vi,vj). Also, it should be
defined below. noted here that the notions of deficiency and redundancy are

Throughout this paper, by a grag(V,E), we mean an in the context of heterogeneous coloring.
undirected graph having a vertex set represente¥ bgnd Definition 2.6: (Completely Heterogeneous Graph): A
an edge set given b¥. Also, we use vertex and node graph G(V,E) is completely heterogeneous under a given
interchangeably. coloring ofV, if none ofveV is a deficient node.

Definition 2.1: (Open and Closed Neighborhoods): The Remark It should be pointed out here, that the notion of
open neighborhood of a vertexc V(G), denoted by4'(v)  heterogeneous coloring has been adapted from the concept of
is the set of vertices adjacent W Its closed neighborhood, domatic partition in the theory of domination in graphs. A
denoted by /||, is A (V) U{v}. domatic partition of a graph is a partitioning of its vertex

Definition 2.2: (Heterogeneous Coloring): Given a graphset into a maximum number of disjoint dominating sets.
G(V,E) and a set of color€y = {1,2,--- ,H}. A heteroge- Interested readers are referred to [9] and [10] for details.
neous coloring of5(V,E) is an assignment of a color from
Cy to everyv e V(G), such that the closed neighborhood ofExample:

everyv € V(G) contains every color fronCy. An industrial process requires a monitoring of various
The setCy is called theColoring Set All vertices having manufacturing parameters for its successful completi@. L
the same color belong to the samelor classand will be us, in particular, consider a manufacturing locality where
denoted by C V(G), wherei € C4. a specific climatic conditior#'(t,h, p,1), depending on the
Another way to state the above coloring is that, givetemperaturét), humidity (h), air pressurép), and light(l)
a graphG(V,E) and a coloring se€y = {1,2,--- ,H}, a availability, needs to be maintained. The valuegdt, h, p, 1)
Heterogeneous Colorings a functionc:V(G) — Cy such is monitored by deploying four types of sensors (tempeeatur
thatc(A4[v]) =Ch, YWeV(G). humidity, air pressure and light sensors), at diverse lonat
It should be noted that not all graphs can be heterogéalled data collection points, such that, only one sensor is
neously colored by a given set of colors. In fact, the numbéecated at each data collection point.
of colors that can heterogeneously color a gi@is bounded ~ The network and the distribution of sensors within the
by the heterogeneous chromatic number for that network, are designed to ensure the availability of all eens
Definition 2.3: (Heterogeneous Chromatic Number): Thelypes in the closed neighborhood of every data collection
heterogeneous chromatic number ®f denoted byx,(G), point. The €’(t,h,p,1) at every such point, can then be
is the maximum number of colors that can heterogeneousdptained by the local coordinations of every sensor with
color a given graplG. its neighbors. An example of such a sensor configuration
If a network is not maximally heterogeneous, then itS Shown in the Fig. 1. Another configuration, having some
will always contain nodes that do not have all node typedeficient nodes (data collection points) is also shown.
available in their closed neighborhood. We refer to such

nodes as the deficient nodes and their deficiencies are defildd A NALYZING A NETWORK FOR THEHETEROGENEOUS
as following COLORING OF ITSNODES

Definition 2.4: (Deficiency of the node and the network): In this section, we provide a method to analyse a distri-
The deficiency of a node € V(G) denoted byd(v), is bution of heterogeneous agents in a network in terms of the
the number of colors from the coloring s€y that are most deficient agent type, deficiency of the nodes and the

missing from the.#"[v], i.e. d(v) =|Cq | — | c(#]v]) |, network. Here, a network is modelled by a heterogeneous
wherec(.#[v]) is the set of colors available in the closedcolored graph with each color representing an agent type.
neighborhood of. We start with the adjacency matriof the given graplG

Deficiency of the network, denoted k¥, is the sum of with n nodes. ThusA € R™". Every vertexv € G is colored
deficiencies of all the nodes in the network. with a unique color from the coloring s€y = {1,2,--- ,h}



Lemma 3.1: The (i, )" entry of ® matrix, denoted by
[®]i is the number of vertices with coloy in the closed
neighborhood of;

Proof: The entries in thé'™ column of A, denoted byA;,
are 1 only for the vertices in#’(v;), and O otherwise. The
entries in thej" column ofC, denoted byCj, are 1 only
for the vertices with colorj and O otherwise. SoA'C; is
_ _ the number of vertices in the open neighborhoodsioénd
e o e o e P 8 el (G  With colorJ. Now, (0 ~ ATC; +G, is he fotal number of
circled nodes are deficient as they do not have a sensor of{fyjpi their vertices with colorj in the closedneighborhood of;. This
closed neighborhoods. is truevv e V(G). ™

Corollary 3.2: A graph G with the given coloring is

with | C4 |=h. Now, a matrixC called a color matrix is completely heterogeneous if and only{®Jij 0, ¥, j.  m

constructed. We defin€ as follows, In terms of the color matrix and the color distribution
Definition 3.1: (Color Matrix):C € R™" is a color matrix matrix, the problem of finding the heterogeneous chromatic

of a graph G(V,E) whose vertices are colored from anumber of a grapl(V,E) with n vertices is,

coloring setCy, where,

nxh ;
Clij = 1 if c(vi) =], wherej €Cy mcaxh S.t. { ([:¢T-R> N Siaj color matrix and )
& 0 otherwise =" "0
It is to be noted here that the columinof C matrix Here, h will be the heterogeneous chromatic numlygrof
represents vertices with the colprfrom Cy, as only those the givenG.
enteries in thef™™ column ofC are 1 that correspond to the  Another representation for the number of vertices of a
vertex indices with the coloj. Also, every element in a row particular color in the closed neighborhood of some
of C will be O except one. Fig 2 illustrates an example of/(G), can be given as,
constructingC for the given coloring of a grapt.
Now we define a color distribution matrix containing d=0 — L(nxh)
information about the distribution of colors in the closed . o , ~
neighborhood of any vertexe V(G). Here,1lis ann x h matrix Wlth. all 1 S. [qb]ij =0=[D];; <
Definition 3.2: (Color Distribution Matrixd) 0, thus negativg®};; meansy; is deficient of the color].
Similarly, [®];; > 1= [®];; > 0, thus implying that4 [vi] has
®—AC + C [®];; extravertices of colorj. Finally, [®];; = 1= [®];; =0,
meaning that; has exactly one vertex of colgrin .4 [vi].
where,A is the adjacency matrix an@ is the color matrix. Thus, the sign of®];; is sufficient to check for the deficiency

Here® ¢ R™h, status of any node in a network.
v 1 V. INFORMATION FROM THE COLOR DISTRIBUTION
MATRIX, ®
vy Vo % 3 5 In this section, it is shown how the color distribution
matrix @, can be be used to gather useful information about
C the coloring related notions of the overall network and its
Py ={1,2,3} 1 nodes.
(1) (1) 8 ; } (1] A. Redundant and Crucial Edges
=14 00 e @ contains information of both the redundant and the cru-
001 2 01 cial edges and an algorithm is presented here that separates

the redundant and crucial edges for the given heterogeneous
Fig. 2. An example illustrating a color matri& and a color distribution  coloring. An important observation here is th[g@]ij > 2
matrix ®. means that; has more than one vertices of colprin its
closed neighborhood. K(v;) # j 1, then among the edges
It can be seen in Fig. 2 thag is missing color{3} in  petweeny; and its j colored neighbors, there will be at
A[V2], so it is a deficient node with a deficienaivz) =1.  |east one crucial edge that will ensure the presence of a
Similarly, v4 is also a deficient node as col¢2} is missing yertex with colorj in .4 (V). Rest of the edges may be

from .#"[v4]. It turns out that the color distribution mati®  requndant and their redundancy can be figured out as follows.
contains a complete information about the available colofsyok at the the vertice¥, = {ve ¥ (v) s.t.c(v) = j}, if

in the closed neighborhood of any vertex in a given graph
as stated in the Lemma 3.1 IHere, c(v;) means the color of vertex



all the vertices in\/iJ havev; as the only vertex in their 1 (v; andvs) in its closed neighborhood. Since(v,) = 2,
closed neighborhood with colaxv;), then clearly the edges so 1 = 2. Now V/’ = V4 = {1,5}. From here, we ge®’ =
between them ang; are not redundant. Also, i(vi) = j, {®1p,®s2} = {1,2}. ®1, shows thatv; has onlyv, as the
then all the edges betweenand itsj colored neighbors are vertex with the colorr = 2 in its neighborhood, s¢vi,V,)
redundant. Algorithm | deletes all the redundant edges fés a crucial edge. On the other hartls, = 2 shows the
the given coloring ofG from its adjacency matriA. existence of more than one vertices with color 2.#(vs),
The algorithm below is initialized witlb1;. Here, V) is  thus,(v2,vs) is a redundant edge. So, in adjacency mafvix
the set of indices of the vertices that areiti(v;) and have we can makeys = as» = 0. This change will also be updated
color j. Everyv e V(G) is assigned a distinct color from a in the ® matrix, by making®,; = @5 = 1.
coloring setCy = {1,2--- ,h}.

011000 100 111
101110 010 212
] 110011 oot 221
Algorithm | Slotootol oo =11
011101 100 122
Require: Update the adjacency matri of a graphG(V,E) 001010 010 111
by deleting redundant edges for a given coloring.
1:9=AC+C Fig. 3. Adjacency matrix A, Color matriC and ® matrix for a given
2 for all [ ]” >2do heterogeneous coloring of the gragh
3: et V) = set of indices offve .4 (v) s.tc(v) = j}
4 let c(vi) =T
5: ifr=j ) 011000 100 111
6 aKzaKizo;[CD]Kr:[@]Kr—l;VKEViJ 1of[ 1o 010 111
7- [q)]__:]_ 11000 0101 001 111
N ,— 010010 C=go1|Pm=|1,
8 elseif at least one but not a[lp|; > 2, Vk €V, 000101 100 T
9: aix = axi =0; iff [P >2 001010 010 111
10: [q)]KT = [(D]K'[ - 1, |ff [(D]K'[ 2 2
11: [cb]ii = [q)]ij — | {[(D]_KT L[ @kr > 2} | Fig. 4. Adjacency, Color ane matrices ofG after the application of an
12 elseif [CD]KT >2,VK € ViJ algo_rithm. The redundant edges are shown in grey, while theial edges
13: repeat lines (9-11yk € V/\ {1 elt. of V'} are in black.
14: end if , . .
15 end for It should be observed that ¥ =1, i.e. [®];; =1, Vi, ],
16 - return A then clearly every edgec E(G) is a crucial edge. But the

existence ofi®];j > 1 in the color distribution matrix does
_ not necessarily mean the existence of redundant edges. In
At each step of the algorithm, the status of the edgegct,

betweenv; and the vertices of a certain colgrin .4 (v;) Lemma 4.2: If [®];; > 1 and also[®],, = 1Va,b, where
is evaluated for redundancy, and if found redundant, thg_ o(vi) anda — index of a vertex from the s . ve

edges are removed by making the corresponding entries Ow(v) “¢(v) = j}, then there is no redundant edge between
the adjacency matrix. The final result is the new adjacengy andvev'
matrix containing only the crucial edges. Kew is the Proof: @] 1 implies that all the vertices € V! has
adjacency matrix after the algorithm ardis the original - [Flab = P ) . L

only v; as theb colored vertex in their respective closed

adjacency matrix, thefArequndanixy=1, whereAvequndant= i s
A— Anew Will indicate a redundant edge between the veruce'ge'ghborhOOdS Savi,v), wherev e V" are all the crucial

vy andy in the originalG. edges. Since, aUeVJ have a color] and they are also the
These observations can be summarized in the Prop03|t|!§}ﬁ"~:]hborS o, thus[ Jij > 1. u
4.1.
Proposition 4.1: For the given adjacency matri& and
the color matrixC, Algorithm | updatesA such thataj; = )

aj =1, iff (v,vj) is a crucial edge in the given graph 1
G(V,E). o=
For illustration, consider a network shown in the Fig. 3 2@ )2

with a givenC. The updated adjacency matrix with only
crucial edges and the new color distribution matrix obtdinerig. 5. All edges are crucial edges, > 1 andc(vi) = 1. Also, V2 =
after the application of an algorithm |, are shown in the Fig{vz,va}. Since, ®;; =1 and @41 =1, thus, by lemma 4.2(v1,v,) and
4. Looking at one iteration of the above scheme, considéY:V4) are crucial edges, thoughyz > 1.

5, = 2, which means that, has two vertices of the color

This is shown in the example in Fig. 5.

e
=

N =N



B. Most Deficient Color in a Network with this extended notion of neighborhood, it can be ensured
Definition 4.1: The most deficient color in a network is that more tha + 1 colors are available to every= V within

the one that is missing from the closed neighborhood & SPecific distance from. o _
maximum number of vertices M (G). As an example of such a situation, consider a group of

The jth column of ® tells about the availability of the villages that are connected through a network of roads (the

color j in the closed neighborhood of all the verticesGn interconnection network). It is intended to provide certai
By Lemma 3.1,[®];; = 0 meansy; does not have a color facilities (e.g. hospitals, banks, universities, etc.)these
i in vl So ’the]column index o with the maximum Villages with the condition that every village can be predd

number of zerowvill be the most deficient color in the given With only one facility. The goal is to distribute these féteais
coloring of G. among them in such a way that every village has an access to

every facility in its closed neighborhood (i.e. at a maximum

C. Extra Edges to Make G Completely Heterogeneous distance of one path length). But, if this is not possible due

Number of extra edges required to magecompletely to the underlying network topology (of roads), the next best
heterogeneous, is equal to the number of O's in the coldfing is to distribute these facilities such that everyagi
distribution matrix®. [®];; = 0 implies that, to get a com- 9€ts an access to all of them at a maximum distance of two
plete heterogeneous coloring, must be directly connected Path lengths from it. This is illustrated in the Fig. 6.
to some vertexy such that(vy) = j. Thisx can be any index " — o]
such thatlClyj = 1, as thej'" column of the color matrixC I
contain indices of the vertices with colgr

C D C
D. Deficiency of the Nodes and the Network I

In terms of the® matrix, the number of zeros in thi@ row D —
of ® will give the deficiency of the vertey. The deficiency Fig. 6. The facilities from the se# = {A,B,C,D} are distributed such
of the whole network will be the sum of deficiencies of allthat every village gets exactly one from the set, with an s&¢e all others

; ; ; ; inali at a maximum distance of two path lengths from it. For exampiléage
the vertices or equivalently, it will be the cardinality dfet Vi has 71 — [AB.C) in its closed neighborhood, WhigFs - (D} at a

Set{[q)]ii : [(D]ii =0}. distance of two path lengths from it.

E. Critical Node This extended neighborhood notion is useful in hetero-
A critical nodeis the one whose removal from the networkgeneous multiagent systems from their design perspectives

increases the deficiency of the network by most. If a networgpecifically in the scenarios where greater number of agent

represented with a grapB(V,E) is colored withCy colors, types need to be distributed throughout the network. This

let Gnew(V,E’) be a graph with the same vertex $e8sG, |eads towards the generalization of the notion of hetero-

and edge seE’ C E containing only the crucial edgeE’ geneous coloring to thie— heterogeneousoloring defined

can be obtained by the application of algorithm | in Sectiope|ow.

IV-A Definition 5.1: (Distance between Vertices): L&tV €
Definition 4.2: (Critical Node): It is a nodev € V, that V(G), then the distancé(v,V') betweerv andV is the length

will maximize the deficiency of the networkGnew/{V}) of the shortest path fromto V' in G.

upon its deletion fromG, i.e. v eV : 2(Gpew/{V}) is Definition 5.2: (Open and Close#-Neighborhood): The

maximium. open k-neighborhood of a vertex’ € V(G), denoted by
From ®pey, Obtained from®, the critical node can be _#(V), is the set of vertice§ve V : d(V,v) <k}. The closed

figured out. Thé'" row sum of®ney is equal to the number k-neighborhood, denoted byg[V], is Ak (V) U {V'}.

of vertices that have only; as thec(v;) colored vertex, in Based on thisk-neighborhood notion, heterogeneous col-

their respective closed neighborhood&ifew. Thus, deleting oring can be generalized teheterogeneous coloring.

v; from Gpew Will increase the deficiency of the network by Definition 5.3: (k-Heterogeneous Coloring): Given a

an amount equal to theiff row sum of ®pey)-1]. So, it graph G(V,E) and a set of colorCy = {1,2,--- ,H}. A

implies that the vertex; is the critical node, whemis the k- heterogeneous coloring @&(V,E) is an assignment of

index of the row in®ney With the maximum row sum. a color fromCy to everyv € V(G), such that the closekt
neighborhood of every € V(G) contains every color from
V. GENERALIZING HETEROGENEOUSCOLORING Cu

There are many scenarios where all the colors from tHEhe maximum number of colors that carheterogeneously
coloring setCy are not available in the closed neighborhoodolor the givenG is thek — heterogeneouschromaticnumber
of a vertexv. In such situations, the notion of neighborhood It is clear that thé&-heterogeneous coloring is exactly same
can be generalized and extended to ensure that all the colaksthe heterogeneous coloring defined in Section llk ferl.
are available within some specific distance from the vevtex Also, based on these definitions, the notion of deficiency in
in G, Ywe V. If & is the minimum degree of a given graphDefinition 2.4 can also be extended to tkeeficiency.

G, then clearlyx, < d + 1, implying thatG can never be  Definition 5.4: (k-Deficiency of a node and a network):
heterogeneously colored with more thaén+ 1 colors. But Thek-deficiency of a node € V(G), denoted byiy(v), is the



number of colors from the coloring s€} that are missing are two vertices with the coldi} (v4 andvs) at a maximum
from the k-closed neighborhoodi[v] of v. k-deficiency of distance of two path lengths (sinke- 2) fromvs, thus®:4=
a network, %, is the sum ofk-deficiencies of all the nodes 2.

in that network.

VI. ANALYZING A NETWORK FOR THE ; ; ; ; i i ; (1)
k-HETEROGENEOUSCOLORING OF ITSNODES A . 2 2 9 2 1211

. . s - 2 2 21
Here, we will present a way of analyzing a distribution.. D e =5 55 0 ®=]0 1 1
of colors in thek-heterogeneous coloring, through a matrix 3Q 2 2 2 2 1211
. . . . h . 2 2 2 2 11 21
operation similar to the one introduced in Section Ill. This 15 2 9 1110

will give a systematic way of collecting information about
colors available in the close#-neighborhood of all the
vertices inV.

It is known that (i, )" entry of the kK" power of the
adjacency matrixA¥, gives the the number dflength paths
betweenv; andv;. Thus, in order to know if there is &
length path between two distinct vertices in givén we
define

Definition 6.1: If A is the k" power of an adjacency
matrix of the graptG, then.«7X is

an _{ 1 if [AK)ij; >0 and i# |
"1 0 otherwise

Here, /¥ tells if there is ak length path betweex; and
vj, Vi # j. Also, note thatA = o71.

Lemma 6.1: If & is an element-wiser operation and

2K = oo a* 2)
then,

- [1 iff d(vi,vj) <k, Vi#]
20l =1 o otherwise
Proof: Whenever d(vi,vj) < k, Vi # j, 3", r €
{1,2,---K}, such thati, )" entry of <", denoted by.«/"];j,
is 1. Also, by the definition ofer", [«/"];j = 0, whenever
d(vi,vj) >kori#j,vre{1,2, -k} m

Thus [2(K)]ij =1 iff v and v; are in the closedk-
neighborhood of each other.

Now, similar to the color distribution matrix, we define a
k-color distribution matrix.

Definition 6.2: (k-Color Distribution Matrix®(k)):

oK) = 2(KC + C

where, 2(K) is defined in (2) andC is the color matrix.

This k-color distribution matrix contains exactly the sim-
ilar information related to th&-heterogeneous coloring, as
the color distribution matrix contain about the heterogerse
coloring. Also, note tha®(1) = ®.

Lemma 6.2: [O(K)];j is the number of vertices with color
j in the closedk-neighborhood o

Proof: The proof is exactly similar to that of Lemma 3.1,
with the only change that closdeneighborhood is used here
instead of the closed neighborhood. m

An example in the Fig. 7 demonstrates an application o
O(k) in knowing a distribution of colors among the vertices

in a graph. In Fig. 7y; does not have any vertex with the
color {4} in its closed neighborhood, sb;4 = 0. But there

Fig. 7. © and® matrices for 2-heterogeneous coloring and heterogeneous
coloring respectively, for the given graph.

Thus, © allows us to figure outk-deficiencies of the
nodes and the network, the mdsdeficient color, crucial
and redundant edges with respect to thbeterogeneous
coloring, in a similar way asb is used in the Section IV
to get all this information for the heterogeneous coloring.

VII. CONCLUSIONS

The distribution of agents in heterogeneous multiagent
systems is investigated from a network topology view point.
The importance of certain nodes and communication links
in such networks is analysed and an algorithm is presented
to find these significant nodes and links within a network.
Graph coloring notions are used to characterize heterdtyene
in multiagent systems. This characterization providessa sy
tematic way to exploit the capabilities of different ageints
a network for accomplishing complex distributed tasks.sThi
framework also captures the capability of a network topglog
to incorporate various heterogeneous entities, thusngiai
useful information for designing heterogeneous multiagen
systems.
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