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SUMMARY 

Heterodyne detection of optical signals offers, potentially, 

several advantages over other methods of detection, including inherent 

gain and high discrimination against noise. In many cases, to realize 

these advantages, the optical heterodyning must: be done efficiently. 

This places some rather stringent requirements on the alignment of the 

optical system and the coherence of the signal and local oscillator 

fields. 

This research is a s~:udy of the effects of partial coherence of 

the signal and local oscillator fields on the performance of an optical 

heterodyne receiver; the heterodyne receiver efficiency and signal-to-

noise ratio are taken as performance indicators. An analytical approach 

is taken where the heterodyne receiver efficiency and signal-to-noise 

ratio are defined mathematically for a general heterodyne system. Each 

is, then, related to the signal and. local oscillator field coherence 

in a single expression. These expressions are applied to three specific 

heterodyne systems: (1) a communications link through a turbulent 

atmosphere, (2) a laser heterodyne rough surface velocity measuring 

system, and (3) a laser heterodyne fluid flow velocity measuring system. 

In each system, the signal field coherence function is derived based on 

a statistical description of the system, and the heterodyne efficiency 

and signal-to-noise ratio are calculated and studied as functions of 

the receiver variables such as receiver aperture size and shape, local 
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oscillator field intensity distribution, and local oscillator coherence. 

From this study, the conclusions made are that for the heterodyne 

systems studied, efficient operation and good signal-to-noise ratios 

cannot be obtained simultaneously; the most important parameters are 

the size of the local oscillator intensity distribution and the size 

of the receiver aperture. The shape of the local oscillator intensity 

distribution and the shape of the receiver aperture have little effect 

on system performance, nor do slight reductions in local oscillator 

coherence. 

The performance of the surface velocity and fluid flow velocity 

measuring systems was studied experimentally. The experimentally 

measured efficiency and signal-to-noise ratio were compared to that 

predicted theoretically and found to be in close agreement. 
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CHAPTER I 

INTRODUCTION 

Heterodyne detection has been used in many communication and 

measurement systems for some time and Its principles and advantages have 

long been understood. Prior to the availability of a coherent light 

source, the use of heterodyning was confined to RF and microwave fre­

quencies. With the development of the laser, a coherent source of 

light, an almost immediate extension of heterodyne principles to optical 

frequencies was attempted by many in the hope of realizing the advantages 

heterodyning has in certain applications. It was soon apparent, however, 

that heterodyning at optical frequencies presented many unexpected and 

previously unencountered problems. These problems lay primarily in the 

stringent requirements made on the alignment of the optical system and 

on the incoming signal field coherence. In some systems, these problems 

were severe enough to make heterodyning Impractical. 

These problems originate from the fact that heterodyning at 

optical frequencies is basically a distributed phenomenon; an incoming 

signal and a locally produced signal (called a local oscillator) exist 

as fields that are superimposed over a photoelectric detector surface. 

The heterodyne signal In the photodetector output current arises from 

the mutual interference of the signal and local oscillator fields on 

the photosurface. The Interference pattern formed will fluctuate in 

intensity at a rate equal to the frequency difference in the two fields. 
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The output current Is proportional to the intensity and will likewise 

fluctuate at the difference frequency. 

The total photodetector current is the sum of contributions from 

each elemental area of the photosurface. Therefore, for a maximum 

heterodyne signal, these currents and hence the intensity fluctuations 

at each point on the photosurface must all be exactly in phase. This 

requires the two interfering fields to have the same relative phase 

relationship over the photosurface; that is, the wavefronts of both 

fields must be coincident. This, in turn, requires two things: 

1. The signal and Local oscillator fields must have the same 

direction of propagation. 

2. The signal and local oscillator fields must be individually 

spatially coherent over the photosurface. 

The first condition is met by proper alignment of the two fields. 

The second is met by the use of spatially coherent signal and local 

oscillator fields. Due to the smallness of an optical wavelength, both 

conditions are frequently very difficult if not impossible to achieve. 

The alignment problems have been extensively studied and by now 

are very well understood. The coherence problems have received only 

minor attention, however, and none using the terminology of coherence 

theory. There are many systems where the signal field coherence Is a 

limiting factor In the performance of the system: in an earthbound 

optical communications link or radar system where the signal field 

Except in a special case where both beams are distorted in the 
same way, i.e. individually incoherent but coherent with each other. 
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coherence is degraded by propagating through a turbulent atmosphere; 

in a measurement system employing light scattering from a random medium 

as a signal. Because heterodyning can provide improved signal-to-noise 

ratios in the communication uses and improved sensitivity and selec­

tivity in certain measurement systems, it is important to know the 

effects of signal field coherence on the heterodyne system operation. 

This research is a study of the effects of partial coherence of 

the signal and local oscillator fields on the performance of an optical 

heterodyne detector. The heterodyne system efficiency and the output 

signal-to-noise ratio serve as performance indicators. An analytical 

approach is taken where the heterodyne efficiency and signal-to-noise 

ratio are each defined for a general system and related to the signal 

and local oscillator field coherence in single expressions. These 

expressions are applied to three specific systems in which coherence is 

a problem: (1) an optical communications link through a turbulent 

atmosphere, (2) a laser heterodyne fluid flow measuring system, and 

(3) a laser heterodyne rough surface measuring system. In each system, 

the signal field coherence function is derived based on a statistical 

description of the system and the heterodyne efficiency and signal-to-

noise ratio are calculated and studied as functions of receiver vari­

ables such as receiver aperture size and shape, local oscillator inten­

sity function, etc. 

Some of these results are studied experimentally in the fluid 

flow and rough surface measuring systems. The principle objective is 

to verify the applicability of the analytical work. 
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The organization is as follows: The necessary background 

material on coherence, interference, and heterodyne detection theory 

is presented In Chapter II. The derivation of the heterodyne effi­

ciency and signal-to-noise ratio expressions in terms of the signal 

and local oscillator coherence functions is made in Chapter III. The 

three systems mentioned above are studied as examples in Chapter IV, 

the experimental work Is presented in Chapter Y, and general conclusions 

as well as some suggestions for future work are presented in Chapter YI. 
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CHAPTER II 

BACKGROUND 

Introduction 

The interrelation of the coherence of radiation, its inter­

ference, and heterodyne detection form the basis of this study. In 

this chapter, the central concepts of the coherence and interference 

of radiation and optical heterodyne detection are presented and dis­

cussed. The theory of coherence is first discussed, then the theory 

of interference and its relation to coherence theory. Finally hetero­

dyne detection is discussed in terms of interference and coherence 

theory. Only the theory necessary to the understanding of this problem 

and its development is presented. For a more detailed study, the 

reader is referred to the literature cited. 

The Coherence of Optical Fields 

The concept of a monochromatic wave is very useful in electro­

magnetic field theory and optics. A necessary starting point in many 

problems is the examination of the monochromatic case. For such fields, 

the amplitude and phase of the wave are deterministic functions of 

space and time. 

Every physical optical field., however, has some fluctuations 

associated with it. These fluctuations may be small and slow so that 

the field is essentially constant in amplitude and phase over several 
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optical periods. In this case, the field looks like a monochromatic 

field except for small fluctuations about an average amplitude and 

phase. For this reason, this type of field is called quasi-

monochromatic. On the other hand, these fluctuations may be large 

and rapid. In this case, no average amplitude or phase is discernible. 

This type of field is called polychromatic. 

Optical coherence theory Is concerned, in general, with a sta­

tistical description of these fields. Most of the work to date has 

been on second order effects that is, on the correlation between these 

fluctuations In the field at two different points. These second order 

effects are related to the interference phenomenon and, therefore, are 

of central Importance in this work. 

Consider a real classical wave function V(R,t) characterizing 

the field at a point R in space at time t. V can describe, for example 

the electric field, the magnetic field, or the vector potential of the 

field. V(R,t) will be a fluctuating function of time due to random 

effect in the source, along its path of propagation, or both. It can, 

therefore, be considered as a member of the ensemble of all possible 

realizations of the field. Now, as is usually done in electromagnetic 

field theory, we can associate a complex field l/(R,t) with this field 

for which V = Refl*}. Generally for quasi-monochromatic fields 

V(R,t) = A(R,t)cos(aJ- f cj)(R,t)) 

In most approaches, the complex analytic signal is used here 
for which V = 2 Re{(/} but this simpler notation is used here. 
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and 

l/(R5t) = A(R,t)eja)t, 

where 

A(R,r) = A(R,t)ej(f)(^5t) 

is the complex envelope of 1/ and y is the average of center radian 

frequency of the wave. The field, thus, looks like a narrow band ran­

dom process in R and t. No such simple characterization exists for 

polychromatic fields in general but they may still be represented by 

the more general form (/(R,t). 

Next, for simplicity, consider a linearly polarized field so 

that it may be represented as 

(/(R,t) = a l/(R,t)3 
u 

where a i s a un i t vector in the d i r e c t i o n of V and l/(R,t) i s a s c a l a r 
u 

q u a n t i t y . The c o r r e l a t i o n in the f l u c t u a t i o n s of t he f i e l d a t two 

space-t ime p o i n t s R , t and R ,t then i s 

re(R1,R2,t1,t2) = ECV(Rlft1)lT(R2,t2)], (2-1) 

The definition varies and depends on what literature source is 
used. 



where E[ ] denotes the expectation or ensemble average over all possible 

realizations of the field. This function is called the mutual coherence 

1-3 
function. v For the case of quasi-monochromatic fields, the mutual 

coherence function can be written more simply as the correlation of 

the complex envelopes 

re(R1,R2,t1,t2) = E[A(R1,t1)A"(R2,t2)]. 

One is often concerned with stationary fields in which case, the 

ensemble average is independent of time origin. For such fields 

re(R1,R2,t1,t2) = E[l/(R1,t1)l/ (R2,t1-x)] - re(RlSR2,T), 

where T = t - t . 

A normalized coherence function can be defined as 

r (R19R ,T) 
Y (R ,R ,T) = — ^ r- , (2-2) 

[r (R R o)r (R R o)r 

for which 0<|y |<1. This function is called the complex degree of 

coherence or sometimes just the degree of coherence and provides a 

measure of the correlation in the field at the two space-time points 

Values of Y near one indicate good correlation in the field at the 
' e 

two points, values near zero indicate poor correlation. For mono­

chromatic fields, the correlation will be perfect for all points and 

y | = 1 since the amplitude and phase are completely deterministic. 
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3 
A monochromatic field is, therefore, completely coherent. For most 

practical fields, however, there will be a region of space-time 

points R9»t about the point R-,t, for which |y| will be significantly 

greater than zero. The size of this region depends on the character­

istics of the fluctuations and the random effects producing them. But 

within this region, the flu.ctuarj.ons are correlated to some degree 

while outside the region, the fluctuations are in general uncorrelated. 

For each member of the ensemble of wave functions, a time corre­

lation can be defined as 

rt(R1,R2,T) = <l/(Ri,t)H (R2,t-r)>, (2-3) 

where the brackets < > indicate an infinite time average defined as 

1 ,T 

:f(t)> = lim f- ! f(t)dt. 
T->-°° _T 

In normalized form, the time correlation is 

T (R R T ) 
Y_(Rn , R O 9 T ) 

[rt(R1,Rr,u)rt(R2,R2,o)]
i5 

where again CKJY |<1. 

They are referred to as the time mutual coherence function and 

degree of coherence, respectively. If the fields are ergodic then 

re(R,,R2,T) = r (s R , t ) 

flu.ctuarj.ons
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and 

Ye:'R1,R2,T) - Yt(R1,R2,T). 

This is useful in physical situations where it may be easier to measure 

one average, but more convenient to worx analytically with the other. 

The results for a linearly polarized wave are easily generalized 

2 3 
to non-linearly polarized fields. ' The mutual coherence function and 

degree of coherence can be defined to represent the correlation between 

various Cartesian components of the vector fields. For the purposes of 

this work, however, the scalar definition is suitable since linearly 

polarized fields will be usee for the most part. Also, the electric 

field will be used throughout, rather than the Ft field or vector poten­

tial so the coherence functions will be defined in terms of the E 

field. That is 

re(R1,R2,x) = E[E(R1,t)E
:C(R2,t-T)], 

etc., where E is the complex representation of the real field E. 

The Interference of Two Waves 

The concept of second order coherence has -ong been associated 

with the. interference phenomenon, for it is from interference that 

coherence can best be under-stood and physically described. The corre­

lation in two fields can best be exhibited in an interference experi­

ment. To see this, let us examine the interference between two waves; 
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first, consider the ideal case of monochromatic waves to establish some 

basic results, then, the mere practical case of quasi-monochromatic 

waves. 

Interference of Monochromatic Waves 

Consider the superposition of two linearly polarized monochromatic 

waves whose electric fields at some observation point R are 

E1(R,t) = A (R)COS(LO t-k (R)«R) 

and 

E2(R,t) = A2(R)cos(w2t-k2(R)*R), (2-4) 

where k\ and k are the wave vectors of magnitudes to./c and to /c, 

respectively, and in the direction of the propagation of E, and E , 

respectively. The associated magnetic fields are 

k x E (R,t) 
H.(R,t) = 

CO U 

and 

k9 x E (R,f) 
H (R,t) = — . (2-5) 
2 co„y 

The total fields resulting from the superposition of these fields are 
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E(R,t) = E^R.t) + E2(R,t) (2-6) 

and 

H(R,t) = Ha(R,t) + H2(R,t), (2-7) 

The intensity at the observation point R is defined in terms of the 

1 
average power flow per unit time to be" 

I(R,t) = <S(R,t)T>-n. (2-8) 

S(R,t) is the Poynting vector at R and n is a unit vector normal to the 

observation surface. The brackets < > represent an average over a 

resolving time T of the observer which is long compared to a period, 

2TT/UK or 27T/OJ9. The exact nature of this average depends on the 

observer but will, in general, be approximately of the form 

t+T 
<f(t)> S ~ / f<t')dt\ 

t 

The vectors k , k , and n are illustrated in Figure 1. 

Substituting equations 2-6 and 2-7 into equation 2-8 results in 

I(R,t) = <(E1+E2) x (H1+H2)>T-n (2-9) 

= <E1_xH1 + E xH2 + E2xH1 + E2xH2>T*n 
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Figure 1. An Illustration of the Vector's k , k , and n 

O 

Source 

Opaque 
Screen 

Observation 
Screen 

Figure 2. Young's Interference Experiment 
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4 
Using equations 2-5 for the H fields along with the vector identity, 

A x (Bxc) = (A'C)B - (A-B)C, 

we can s i m p l i f y e q u a t i o n 2-9 t o 

k -n (k -E )(E -n) 
I ( R , t ) = <E - E + E -E" > — + • 

1 1 1 2 T 03xy \ U32y 

(k -E ){E -n ) k -n 

" ^ ) T
 +
 < W V V T — • (2"10) 

In g e n e r a l , k-, , k , E , and E a r e a l l f u n c t i o n s of R. For s m a l l 6 

and 6 ( s e e F i g u r e 1 ) , however , t h e q u a n t i t i e s 

k
±'E2 = ° ' E2*n = ° ' 

k
2 " E i = °> E r n = °' 

CO (jj 

V" = T' V5 s •# ' ( 2"u ) 

Using e q u a t i o n s 2 -11 i n e q u a t i o n 2 - 1 0 , we can s i m p l i f y 

KR,t) = -^ < : V E 1 + 2 V E 2 + VVT 

= /7J^ < E ( R , t ) - E ( R , t ) > . ( 2 - 1 2 ) 
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Now, let us look for the moment at the use of a complex repre­

sentation for E. That Is, 

or 

E1(R,t) = i5[E1(R,t) + E1(R,t)] 

E1(R,t) = Re{E. (R,t)}3 

where 

E1(R,t) = A1(R)e 
]w]_t 

and 

A1(R) = A1(R)e 
:k1(R)-R 

and similarly for E . Using these in equation 2-12, we get 

I (R, t ) = /IT] 
E l + E l + E 2 + E 2 

2 
h+K*h+K 

/E -E E -E E -E E -E 
/—i- ( 1 1 A 2 2 1 2 1 2 
ve/\x \—-— + — - — + 2 2 2 2 

V E 1 E l " E l V E 2 E2-E2 
+ • + — + : + 4 L+ 4 

E l - E 2 . E l - E 2 v 
+ 7. + 

2 A 



16 

Examination of t h e f i r s t four terms shows t h a t they are of z e r o , z e r o , 

oo, - OJ9, and -(to. - co0) frequency v a r i a t i o n , r e s p e c t i v e l y , while the 

l a s t s ix a re of 2tu ,-2co ,2co^.-20)^,0) +a3„, and -(OJ + u)„) frequency v a r i ­

a t i o n . The averaging process w i l l e l imina te the l a s t s ix terms but 

not a f f ec t the f i r s t four i f 2lr/jw -OJ | >> T. This equat ion can be 

r e w r i t t e n as 

I ( R , t ) = h/T/V (E 1 +E 2 ) - (^+E*) = V 7 / y E ( R , t ) - E * ( R , t ) . (2-13) 

The use of the complex r e p r e s e n t a t i o n for the f i e l d s , t h e r e f o r e , 

e l imina tes the need t o r e t a i n the time average i f 

27T „ 2TT 2TT 
>> T >> — or 

03, (i)„ 
0 3 1 - 0 3 2 | 1 2 

The r e s u l t s of equat ions 2-12 and 2-13 a re approximately the same. 

S u b s t i t u t i n g the complex forms of equation 2-4- i n t o equat ion 

2-13 , we get 

I (R, t ) = hSUv ^ - 1 * + l2-l
U

2 + 2Re{E 1 -^} ] 

= I 1 ( R ) + I 2 ( R ) + /iTy" R e { E 1 ( R , t ) - E " 2 ( R , t ) } , ( 2 - 1 4 ) 

where I, and I9 are the intensity at R due to E and E„ alone, 

respectively. Looking just at the last term in this equation, we can 

simplify it to 
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_ _,. _ _ j[(co - w 0 ) t + ( k -k ) -R] 
SI/V Re{E -E^} = / i / y R e U ^ A ^ " Z } 

= / e / y AX 'A cos [ (ca 1 -co 2 ) t + (k - k ^ R ] . 

This is a time varying term of radian frequency OJ -co . The amplitude 

depends on A *A . If E, and E are mutually orthogonal, then A *A = 0 

On the other hand, if E-, and E_ are both polarized in the same direc­

tion, then A *A = A A . For this case, we have 

/e7y~ AXA2 - /v^Ty" (t^Z^) ^7y" (E2-E2) = 2/ I (R)I2(R). 

Two monochromatic waves linearly polarized in the same direction, will 

therefore interact or interfere to produce a time varying intensity of 

I(R,t) - I1(R) + I2(R) + 2/ I1(R)I2(R) cos[(^1-w2) + (k^k^-R] 

at a frequency of to -co„ about an average of I +1 . Since the amplitude 

and phase of this term are functions of R only, the complex amplitude 

A1(R)A (R) 

is a stationary function. 

When the interfering waves are of the same frequency (w =OJ^) 

the intensity expression becomes 
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I(R) = I (R) + I2(R) + 2/l1(R)I2(R) cosCO^-k-^-R] (2-15) 

and is no longer time variable. The intensity is solely a function of 

R and can be any value between 

I = li + I2 + 2/1^2 

and 

I = I + I2 - 2v
/Tl2 

The result will be a standing interference pattern whose bright and 

dark fringe intensities are given by these equations. 

These results are directly applicable to Young's interference 

1-3 
experiment. In this experiment, the radiation from a monochromatic 

source is incident on an opaque screen with two pinholes (see Figure 2) 

The interaction of the radiation passing through these pinholes is 

observed on a screen located some distance from the pinhole. 

For a linearly polarized source, the fields from pinholes P and 

PQ will be polarized in the same direction. Thus, only the magnitudes 

are significant and the fields may be considered as scalar quantities. 

The complex fields at points P, and P~ in Figure 2 can be represented 

by 

E(R1?t) anr E(R2»t), 
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respectively. At P on the observation screen, the resulting field is 

given by 

E(R,t) = K1E(R],t-t1) + K2E(R2,t-t2), 

where K, and K are complex constants which depend on the pinhole size 

and the geometry. The times t, = s /c and t„ = ŝ /c are the propagation 

times for the radiation in going from P.. to P and P9 to P, respectively. 

The intensity at P is given by 

I(R) = hST/v E(R,t)£*(R,t) 

h/I/v [K1K^E(R1,t-t1)E
:C(R1,t-t1) + K2tCE(R2,t-t2)E

::(R2,t-t2) 

+ 2Re{K1K2E(R1,t-t1)E (R2,t-t2)}-] 

= I1(R) + I2(R) + v̂ /u Re{K1K2E(R1,t-t1)E"(R2,t-t2)}. (2-16) 

Now, f o r t h e geomet ry in F i g u r e 2> K = K„ = K and 

jcot 
E ( R 1 9 t ) = E ( R 2 , t ) = Ae 

so t h a t 

j " ta t -ks ] 
E ( R 1 , t - t 1 ) = KAe 
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and 

j O t - k s ] 
E ( R 2 , t - t 2 ) = KAe 

where k = oo/c. P u t t i n g t h e s e i n t o e q u a t i o n 2 - 1 6 , we g e t 

j k ( s - s ) 
I ( R ) = I 1 ( R ) + I (R) t Re{/T/~M |K| A^e } 

= I 1 ( R ) + I 2 ( R ) + 2 / l 1 ( R ) I 2 ( R ) c o s k ( s 2 - S l ) . ( 2 - 1 7 ) 

Equations 2-17 and 2-15 correspond exactly with 

(k2-k1)-R = k(s2-s1). 

We can see that depending on sQ-s , we will get bright or dark inter­

ference fringes. 

A quantity related to the fringe contrast can be defined. The 

fringe visibility, first introduced by Michelson, is defined as 

I - I . 
max m m 

V 
I + I . 
max m m 

where I and I . a r e t h e i n t e n s i t i e s of a d i a c e n t b r i g h t and d a r k 
max mm 

fringes, in the vicinity of point P. For the interference pattern 

given by equation 2-17, v becomes 
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lA (R)I (R) 
v = ~ ^ - — . (2-18) 

I1(R) + I2(R) 

As we shall later see, this is the maximum visibility we can expect. 

The Interference of Non-monochromatic Radiation 

As we have seen, two beams of monochromatic radiation will 

always interfere as long as they are not mutually orthogonally 

polarized. When more than one frequency is present in the radiation, 

the conditions for interference are more severe. These conditions are 

determined primarily by the spectral width of the radiation, and the 

correlation between the fluctuations in amplitude and phase of the 

interfering waves. 

The position of the bright and dark fringes in an interference 

experiment are frequency dependent as can be seen from equation 2-17. 

Therefore, when the radiation is composed of many frequencies, the 

bright fringes produced by one frequency component may coincide with 

the dark fringes produced by another. r"he visibility of the fringes 

may, therefore, be seriously reduced. 

Consider the superposition of two linearly polarized quasi-

monochromatic waves whose complex representations are 

- _ iu-t 

E1(R,t) = A1(R,t)e 

and 
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- _ - ^ o 1 

E2(R,t) - A2(R,t)e 

where A and A„ are the complex envelopes and 00 and co are the radian 

center frequencies of E and E , respectively. The total field is 

E(R,t) = E1(R,t) + E2(R,t). 

For quasi-monochromatic fields the magnetic field is approxi­

mately orthogonally polarized to the electric field so equation 2-13 

can be used to compute the intensity if the fields are nearly normal 

to the observer. It is given by 

l(R,t) = vTTy" (E1+E2WEj+^) 

- h/7h [E^E* + E2-?l + 2Re{E1-E2) 

= I 1 ( R , t ) + I 2 ( R , t ) + /TAT R e { E 1 ( R , t ) - E 2 ( R , t ) } , (2-19) 

where I and I« are the intensities at point R due to E, and E?, 

individually. Looking just at the last term we :an simplify 

, - - A j (OJ, -o> ) t _ „ f t 

/I7vTRe{E -E'^} = v^7y~Re{e ^ A ^ R ^ . A ^ R , ! ) } 

= / e /y An (R, t ) -A 0 (R, t )cos[(w 1 -a) r . )t + (k0 (R,t )-k1 ( R , t ) ) -R] 
1 2 L I 1 1 
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When E-. and E are polarized in the same direction, this is maximized 

to 

ZiTvT A1(R,t)A2(Rst)co3[(»1-(p )t + Ck (R,t)-k (R,t))-R] 

= 2 A (R,t)I2(Rst) cos[(co1-^2)t + (k2(R9t) - k1(R,t))-R]. 

This is a time varying term of radian frequency co -co whose amplitude 

and phase fluctuates with time. 

Unlike the monochromatic case, the complex magnitude of this 

oscillating term is time varying. It is given by 

A1(R,t)A2(R,t). 

In general A and A will both contain some fluctuations in value about 

an average magnitude and phase. If E, and E are generated separately, 

these fluctuations will not be correlated. 

In order for there to be an average stationary pattern in A A 

over some region, as there was in the monochromatic case, its fluctu­

ations at two points R and R within this region must be correlated. 

This means the fluctuations in A at R and ^ must be correlated to 

some extent and likewise for A9 at FL and R . In other words, the two 

fields must be nearly perfectly coherent within this region. If the 

fields were not coherent, the intensity fluctuations from point-to-point 

would not be correlated. 
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Next let us consider Young's interference experiment using a 

non-monochromatic source. In this case, the intensity at the observa­

tion point P is given by 

I(R,t) = I1(R,t) + I2(R,t) + /T/V Re{K1K2E(R1,t-t1)E'
V(R2,t-t2)}, 

where 

and 

where 

E(R1,t-t1) = A(R1,t-t1)e 
jojt 

j[wt-k(R ,t)-(R-R )] 
A(R1,t-t1)e 

j[a)t-ks -a(R ,t)] 
A(R ,t-t )e 

E(R2,t-t2) - A(R2,t-t2)e
:]Wt 

j[ttt-k(R ,t)-(R-R )] 
A(R2,t-t2)e 

j[urt-ks -ct(R ,t)] 
A(R2,t-t2)e 

a(R.,t) = k(R.,t) • (R-R.) - ks. for i=l,2, 
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and k is an average wave vector. The expected value of the intensity 

is given by 

E[I(R,t)] = E[E1(R,t)] + E[I.2(R,t)] 

+ /i7y"Re{K1K2E[E(R1,t-t1)E"'
:(R2,t-t2)]}, 

which from equation 2-1 is 

E[I(R,t)] = E[I1(R,t)] + E[I2(R,t)] 

+ /^7iI"Re{K1K2re(R1,R2,t-t1,t-t2)}. 

For the case of a stationary field, this is 

E[I(R)] = E[I1(R)] + E[I2(R)] 

+ fZfc Re{K1K2re(R1,R2,T)}, 

which using equation 2-2 is 

E(I(R)] = EEI^R)] + E[I2(R)] 

+ /iT^ReCK^/TCR^TK. ,0)rJTR2,R2,0)" Y ^ R ^ R ^ T )} . 
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Now for the geometry in Figure 2, K, = K9 and 

K1K2/re(R1,R1,0)re;R2,R2,0) = /| K^ |
 2T& (R± ,R._ , 0) | K? \

 2? ^ ,R2 , 0 ) 

= 2/E[I 1(R)]E[I 2(R)] (2-20) 

E[I(R)] = E[I1(R)] + E[I2(R)] + 2V€[I1(R)]E[I2(R)] ReCy^R^R^ ,x ) } . (2-21) 

Using the results of equation 2-20, we can rewrite equation 2-21 as 

E[I(R)] = E[I1(R)] + E[I2(R)] 

+ 2 / E [ I 1 ( R ) ] E [ I 2 ( R > ] ! y e ( R 1 , R 2 ? x ) | c o s [ k ( s 2 - s 1 ) - a ' ( R 1 , R 2 , x ) ] 

where 

a ? ( R 1 5 R 2 , x ) = a ( R 2 , t - t 2 ) - a d - ^ t - t ^ . 

The maximum and minimum intensities around R are 

I = E[I.(R)] + E[I_(R)] + 2/E[T (R)]E[I0(R)] | y JR. ,R._T ) max l /- i d. e l z. 

and 

Imin= E[I1(R)] +F,[I2(R)] - 2v^[I1(R)]E[I2(R)] jŷ CRj ,R2,T.)'|, (2-22) 



27 

so the fringe visibility is 

2/ECl (R)]E[I (R)] 
v = - \y (R.,R 9t)\. 

ECLAIR)] + E[I2(R)] 

This corresponds to equation 2-18 for the monochromatic case but with 

the added factor of |y (R-, SR0 >T ) | . If the field is non-monochromatic, 

the field variations at R, and R will not be perfectly correlated thus 

causing a reduction in fringe contrast or visibility from the mono­

chromatic case. If the field variations are not correlated, then no 

average interference pattern will result. Young's interference experi­

ment can therefore be used to measure the coherence of a particular 

field. 

Principles of Optical Heterodyning 

In this section, a discussion of the theory of optical hetero­

dyning is presented along with the development of the equations 

describing its operation. In addition, heterodyning will be compared 

to ordinary optical photodetectIon and the relative merits of each are 

discussed. 

A basic heterodyne system shewn in block diagram In Figure 3 

consists of a signal field on which a local oscillator field is super­

imposed usually by a beam splitter, noth being made incident on a 

photoelectric detector surface. Under appropriate conditions discussed 

later, the fields interact with the photosurface to produce a signal of 

intermediate frequency In the phot©detector output. This intermediate 
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Figure 3. A Basic Optical Heterodyne System 
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intermediate frequency is equal to the difference in frequency between 

the local oscillator and signal fields. 

There are several different optical configurations used for 

optical heterodyning. Three of the most common ones are shown in 

Figure 4-. The first employs just a beam splitter and aperture before 

photodetection, the second, a lens to focus the 'radiation after super­

position but before photodetection, and the third, focussing before 

superposition and photodetection. The last two have the advantage of 

being easier to align optically, but all three have been shown to be 

5 6 
equivalent. For analysis purposes, however, the configuration of 

Figure 4a is the simplest and will be used here 

The incident electric field E at a point R on the photosurface 

is given by 

E(R,t) = ET(R,t) + E (R,t), 
J_i S 

where E (R,t) and E (R,t) are the local oscillator field and signal 
L s 

field at R, respectively. If E and E are quasi-monochromatic and 
Li S 

near normal t o t h e photosur face , the i n t e n s i t y a t R as defined by 

equation 2-13 Is 

I ( R , t ) = ^ / e77 ET(R, t ) • E"(R,t) + hfeJv E (R , t ) • E (R , t ) 
Li L S S 

+ / e 7 7 Re{ET (R , t ) • E"(R, t )} 
J_i S 
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Figure 4. Three Optical Configurations for Optical Heterodyning 
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= I T ( R , t ) + I (R , t ) + /T/y ReiE T (R s t ) • E ( R , t ) } . 
Li S Li S 

For quasi-monochromatic fields 

jw t 
EL(R,t) - AL(R,t)e 

and 

jo) t 
E (R,t) = A (R,t)e S , 

where A and A , w and oa are the complex envelopes and radian center 
Li S J_i S 

frequencies of the local oscillator and signal fields. Putting equation 

2M- into 23 gives us 

, i^t 
I(R,t) = IT(R,t) + I (R,t) + /e/y Re{e KT (R,t) • A (R,t)}, (2-23N 

where câ  = wT - a) . This corresponds to equation 2-19 derived in the 
D L s r * 

last section describing the interference between E and E . The first 
J_i S 

two terms, as we have seen, are the constant components of the total 

intensity due to the local oscillator and signal fields individually, 

while the last is the fluctuating component varying at frequency 

m = w - OJ , the difference frequency due to interference. 
D L s' 

The photodetector, although basically a quantum device providing 

a current output proportional to the incident photon flux, can be con­

sidered from a classical viewpoint. The output current has been shown 
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to be proportional to the average intensity of the fields incident on 

7 
its photosensitive surface. That is 

i(t) = ^ | / I(R,t)dA, (2-24) 

where I(R,t) = /e/y <E(R,t)*E(R,t)> is the intensity at R on the 

photosurface S, and T is the response time of the photodetector (usu-

_o 

ally less than 10 s e c ) . For analysis purposes, S is taken to be 

that portion of the photosurface that is exposed to incident radiation 

as limited by the receiving aperture. The constant q is the quantum 

efficiency of the photosurface (electrons/incident proton), e is the 

magnitude of the electronic charge, h is Planck's constant and f is the 

frequency of the field. The average o^er T eliminates any optical fre­

quency variations in i(t). Now we have 

i(t) = ̂ | /e/u / <E(R,t)-E(R,t)> dA 

= ^^- /e/y / E(R,t)-r(R,t)dA 

Pu t t i ng equation 2-23 in to 2-24, we get 

i ( t ) = ^ /eTTT / EL (R, t ) -EL (R, t )dA 

t T ^ T ^e /y / E s ( R , t ) - E ^ ( R , t ) d A 
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+ ^/U^Re{e U f £L(R:,t)-As(R*t)dA} 

= iDCT
 + Sc + i s ( t ) ' C2-25) 
L s 

The first two terms are DC or low frequency components of the photo-

current due to the field intensities of the signal and local oscillator 

individually. The last term is the heterodyne signal current of the 

difference frequency OJ . Note that any amplitude or phase modulation 

in the signal field will result in proportional changes in A • A and 
J_i S 

hence in i . The heterodyne detection system Is, therefore best 

suited for processing of signals containing amplitude, phase or fre­

quency modulation. The amplitude, phase, or frequency modulation of 

the signal is preserved in the conversion of the signal down to the 

lower difference frequency. 

The integral in the last term of equation 2-25 gives the comple 

amplitude of the heterodyne signal. The integrand gives the complex 

amplitude of fluctuating intensity of the interfering waves. We see 

that for interference to take place, the fields must overlap (E ^ 0 

and E ^ 0 at all R over S) and not be mutually orthogonally polarized. 

For maximum interference effect, the signal and local oscillator beams 
o 

must be coaxial and if they are linearly polarized, they should be 

polarized in the same direction. 

For a maximum value of the integral and hence a maximum hetero­

dyne signal, the integrand must, in addition to satisfying the above 
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requirements, be of constant phase for all R on S. This requires a 

constant phase difference between A (R,t) and A (R,t) for all R on S, 
Li S 

a condition satisfied only when the fluctuations of A A are correlated 
L s 

over S and when the wavefronts of the signal and local oscillator 

fields have identical shape and are perfectly aligned. This requires 

the fields to be nearly coherent over S and to have the same direction 

of propagation. 

This last requirement is equivalent to that of having the inten­

sity fluctuations produced by the interfering wave to all be in phase. 

If the wavefronts were distorted or tilted with respect to each other, 

the resulting intensity fluctuations at different points on S will not 

be in phase and in some cases not be correlated and, hence, may cancel, 

a condition that clearly will not yield a maximum heterodyne signal. 

In summary, therefore, there, are four requirements for efficient 

heterodyning. The signal and local oscillator fields must 

(1) be identically polarized, 

(2) overlap on the photosurface, 

(3) have the same direction of propagation sometimes 

referred to as angular alignment, and 

(4) be nearly perfectly coherent, i.e. approximately mono­

chromatic. 

These four requirements are not easily satisfied and are sometimes so 

difficult as to make heterodyne detection of doubtful advantage. 

As a standard for comparing all heterodyne systems, let us 

consider the simple ideal case of uniform plane, linearly polarized, 



35 

monochromatic signal and local oscillator fields superimposed and 

normally incident on the photosurface so that all four requirements 

are ideally satisfied. The incident field is given by 

jw t j& t 
E(R,t) = Are~ + A e S , 

L s 

where A and A are the amplitudes of the local oscillator and signal 
Li S 

carrier fields and are real (taking the photosurface as a phase refer­

ence). The resulting intensity on S is 

I(R,t) = T + I + /e/p ATA cosunt, L s L s D 

9 2 
where OL = wT -us and I r = A_/2 and I = A / 2 . The i n t e n s i t y f luc tu-D L s L L s s J 

at ions a t a l l po in t s on S a re in phase . The photocurrent i s 

i ( t ) = M XLA + hf V + i- ^ \ ' s
t o s \ : = x + V + V^-

L s 

where A is the photosurface area. The carrier signal power delivered 

to a unit resistance after amplification is 

2 2 2 2 
9 9 a e c- ° 9 2 2 9 no 9 

S, = <G i (t)> = *-g-J G 1 X A = 2G'- %-^-TI A , (2-26) 
n s _,2r-z L S , 2. s-2. L s 

2h f y h f 
where G is the gain of the following amplifier. Tie RMS shot noise 

14 
current is given after amplification by 
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i = <GV(t)>
!5 = G/2iB(, +i D C ) , 

rms Li s 

where B is the equivalent rectangular bandwidth of the amplifier. The 

shot noise power is therefore given by 

2 2 
N, = 2G eB(i_p +inr, ) = =%f (IT+I )A. (2-27) 
h DCT DC hr L s 

L s 

The carrier signal-to-shot noise ratio (SNR), then, is 

Sv II A 
5NR, = J- = ̂ e L S 

h N. hfB I.. + I 
h ^ ; 

As the local oscillator intensity is increased 

N, 
2 2 

2qe BG 
hf LA 

and 

^ h ^ i ^ - V - (2"28) 

This results in a signal-to-noise ratio dependent on the signal power 

only, not on local oscillator power. I can therefore be increased to 
Li 

the point that the shot noise produced by it completely predominates 

over any other source of noise generated in the detection process. 

The signal-to-noise ratio is unaffected because the signal power 

increases at the same rate with I as the noise. 
LA 
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To examine the performance of a heterodyne system in comparison 

to other detection systems, let us consider a direct detection such as 

the one shown in Figure 5. In this system, the signal field E (R,t) is 

incident on a photodetector. The photocurrent is given by 

is(t) = ̂ ~ /i77 / Es(R,t)-E*(fi,t)dA. 

Any intensity modulation of the signal field will, therefore, result 

in proportional changes in i . The direct detection system is, thus, 

best suited for detection of intensity modulated signals. Since there 

is no local oscillator, there are no alignment requirements in a direct 

detection system. 

Examine the ideal case of a uniform plane, linearly polarized 

signal carrier normally incident on the photosurface. The incident 

field is given by 

jw t 
E (R,t) = A e S 

s s 

where A is amplitude of the signal field and is real. The signal out-

put is 

i = ̂  /T/7 A = | H , 

s 2hf s hf s * 

The carrier signal power, thus, is given by 
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Figure 5. A Basic Direct Detection System 
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2 2 2 
S, = <G ij(t)> = q I % I T . (2-29) 
Q S . Z f-Z S 

n r 

The signal shot noise power is given by 

Nd - ̂ ^ D C = ̂ ^ V - (2-30> 

where again B is the bandwidth of the photodetection process or the 

signal amplifier that follows. The ideal signal-to-noise ratio is 

SNRa = i r = 2 i B I s A - ( 2-3 1 ) 

d 

Comparing this with equation 2-28 we note a twofold improvement, in 

signal-to-noise ratio for the heterodyne case, an advantage for hetero­

dyning but not a distinct one. In comparing equation 2-29 to 2-26 we 

have 

n IL 

s7 = 2 I" ' 
d s 

a conversion gain in the heterodyne process not exhibited by direct 

detection that increases with I . The shot noise also increases with 
Li 

I however, since from equations 2-27 and 2-30, we have 
L 

N, I + I I 
h L s L ^^ 

= — y tor >> 
IT, I I L s' 
d s s 



40 

but only at half the rate of the signal power, hence the twofold 

improvement in signal-to-noise ratio. 

The real advantage of heterodyning is more obvious, however, 

when one considers the effects of other sources of noise. In practice,, 

the noise for the direct detection case is usually much greater than 

the signal shot noise due to noise created by background light, photo-

detector dark current, and most important, thermal effects. The 

signal-to-noise ratio, in this case, will be much less than that given 

in equation 2-31. Such reductions even for Ideal signals are typical 

in many direct detection sy.~ terns and. can limit the usefulness for cer­

tain applications. 

In a heterodyne system, I can be made large enough for the 

local oscillator shot noise to predominate over these other noise 

sources. Because of the conversion gain in signal that accompanies 

a large I , the signal-to-nolse ratio will still be given by equation 

2-28 and, therefore, will not be affected by these other noise sources. 

Heterodyne Efficiency 

Heterodyne detection, as we have just seen, is generally more 

advantageous than direct defection provided it is efficient, that is, 

when its performance is comparable to that theoretically possible under 

ideal conditions. This Is possible only with the exact fulfillment 

of the four requirements. Should any or all of these requirements not 

be exactly fulfilled, a reduction in efficiency and a subsequent 

reduction in signal-to-noise ratio from the ideal case will result. 

This reduction is customarily measured by a parameter r\ usually called 

the heterodyne efficiency. It Is usually given by 
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<i2(t)> + . 
r, - s actual , 
T) - — 5 , (2-32 J 

<i'-(t)> . 
s ideal 

that is, the ratio of the signal power obtainable under actual operating 

conditions to the signal power obtainable under ideal conditions. 

Values near one indicate high efficiency heterodyning (near ideal opera­

tion); values near zero indicate low efficiency heterodyning. 

The obtainable SNR ratio is given in terms of the ideal SNR by 

SNR . _ '--- Ti.SSR., n-actual h ._deal 

Therefore, for realization of near ideal signal-to-noise ratios, the 

heterodyne detector must operate efficiently. 

The effects of polarization, overlap, and propagation direction 

misalignments on heterodyne operation have been studied extensive-

O TO TO 

ly. ' ' The general conclusions are that these alignment require­

ments are very strict and sometimes cannot be met. The effects of 

the reductions in signal or local oscillator field coherence, however, 

have received little attention. This is the performance limiting 

factor in many systems. 



M- : 

CHAPTER III 

THE DERIVATION OF IDE HETERODYNE 

EFFICIENCY AND SNR EQUATIONS 

The equations describing Ideal operation of a heterodyne 

detection system are given in the preceding chapter. In this chapter, 

the equations for the efficiency and signal-to-noise ratio are derived 

for a non-ideal system where the amplitude and phase variations of the 

signal and local oscillator fields are not perfectly correlated. This 

will be shown to be mathematically related to the degree of coherence 

of each field. 

Consider a heterodyne system where the signal and local oscil­

lator fields are polarized linearly in the same direction. The signal 

current is given from equation 2-25 by 

i (t) = £|/^Ai Re{/ ET(R,t)E"(R,t)dA}9 
s nt _ L s 

where 

jw t 
EL(R,t) - AL(R,t)e 

and 

]co t 
E (R,t) = A (R,t)e S , (3-1) 
s s 
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so t h a t the average power de l ive red by the pho tode tec to r to a u n i t 

r e s i s t a n c e i s given by 

9 P "I2 

<ig(t)> = (V^SeTvteif EL(R,t)E;jR,t)dA} 

The squared integral can be written as an iterated integral; 

2 2 
lsM =(WRe{K(R~l>t)Es(Vt)dV 

h f y S 1 

Re{/ E (R ,t)E"(R ,t)dA,} 
'Lv 2' ' sv 2 

2 2 

( V F - i" RQ^1xCR1»t)^CR1«t»dA 
h f M S 

1 

/ Re{ET(R0,t)E^(R ,t)}dA ) 
"LN T s 2 2/ 

( S i J Re(EL(R1,t)E;(RlJt)} 
h f y b S2 

Re{EL(R2,t)Es(R »t)}dAidA2V 

where S, = S = S. 

The time average is given by the integral 

<i2(t)> = lim ~- / i2(t)dt. 

T*« 2T -T S 

Only the integrand is a function of time so the order of integration 

may be interchanged to give 
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\ M = W / / <Re{EL(R1>t)E
4
s(E1,t)} 

h f u S1 S2 

Re{EL(R2,t)Es(R2,t)}>dA1dA2. 

Let us consider just the integrand for the moment 

< R e { E L ( R 1 , t ) E ^ ( R 1 , t ) } R e { E L ( R 2 , t ) E ' \ R 2 , t ) } > 

= < i 5 ( E L ( R 1 , t ) E ^ ( R 1 , t ) + E ^ ( R 1 , t ) E s ( R 1 , t ) ) 

^ ( E L ( R 2 , t ) E " ( R 2 , t ) + E ^ ( R 2 , t ) E s ( R 2 , t ) ) > 

^ [ < E L ( R 1 , t ) E L ( R 2 , t ) E ^ ( R 1 , t ) E s ( R 2 , t ) > 

+ < E L ( R 1 , t ) E L ( R 2 , t ) E s ( R 1 , t ) E s ( R 2 , t ) > 

+ <ET(Rn , t ) E T ( R 0 , t ) E (R , t ) E ( R . , t ) > 
L I L 2 s i s 2 

+ < E £ ( R a , t ) E L ( R 2 , t ) E s ( R 1 , t ) E s ( R 2 , t ) > ] 

By substituting equations 3-1 into this, we see that before the time 

average is performed, the first two terms are of low frequency varia­

tion while the last two are of 2m variation. The time average, 

therefore, eliminates the last two terms and 
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< R e { E T ( R 1 , t ) E " ( R 1 , t ) } R 9 { E _ ( R _ , t ) E ( R 0 , t ) } > 
L I s i L 2 s 2 

= ^ [ < E L ( R 1 , t ) E L ( R 2 > t ) E s ( R 1 , t ) E c , ( R 2 , t ) > 

+ < E L ( R 1 , t ) E L ( R 2 , t ) E s ( R 1 , t ) E ^ ( R 2 , t ) > ] 

= h R e { < E L ( R 1 , t ) E L ( R 2 , t ) E s ( R 1 , t ) E s ( R 2 , t ) > } 

In many p r a c t i c a l s y s t e m s , _:he f i e l d p r o c e s s e s can be assumed 

2 t o be e r g o d i c . Making t h i s a s s u m p t i o n h e r e , vve have 

h Re{<ET(R -,t)ET ( R 0 , t ) E (R. , t ) E ( R _ , t ) > } 
J - i l Li Z S I S ^ 

= h R e { E [ E L ( R 1 , t ) E L ( R 2 , t ) E s ( R 1 , t ) E s ( R 2 , t ) ] } 

In addition, if the signal and local oscillator fields are statistically 

independent, as they would be if generated separately, this equation 

becomes 

h Re{E[EL(R1,t)EL(R2,t)]E[Es(R1,t)Es(R2,t)]} 

= h Re{<EL(R1,t)E^(R2,t)><E^CR1,t)Es(R2,t)>}. 

Comparing the time average in tviis last term to those of equation 2-3, 

we see that 
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<EL(R1,t)EjR2,t)> = rL (R 1,R 2,O) = rL ( R I 9 R 2 , O ) 

t e 

= vvv 
and 

<E (Rl9t)Es(R2,t)> = rg (R 1,R 2,O) - rs (R X,R 2,O) 

t e 

= r CRlfR ), 

the mutual coherence functions for the local oscillator and signal 

field. The t and e subscripts are dropped since the averages are 

equivalent under the ergodic assumptions and the x variable is dropped 

since it is always zero. The expression for the average signal power, 

therefore, is 

2 2 
< i : ( t ) > = q t e ! ! Re{T (R R )r"(R R )}dA dA_. s 2 h 2 f 2 ^ ^ ^ L 1 2 s 1 2 1 2 

The mutual coherence func t i ons , in terms of the degree of 

coherence funct ions a re given from equat ions 2-2 and 2-13 by 

WV = CrL (R 1 ,R 1 ) rL (R 2 ,R 2 ) ] \L (R 1 ,R 2 ) 

= 2 i/jT/e [ I L (R 1 ) I L (R 2 )3 \ L (R 1 ,R 2 ) 

and 
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r s (R l 9 R 2 ) = [ r s ( R 1 , R 1 ) r s ( R 2 , R 2 ) ] S s ( R 1 , R 2 ) 

2 (^7FCls(Ra)Is(R2)]Ss(R1,R2)> 

so 

^s^-^l J C V W W W V 3 ' 
h f s 1 s 2 

R e { Y L ( R 1 , R 2 ) Y g ( R 1 , R 2 ) } d A 1 d A 2 . ( 3 - 2 ) 

The signal power is thus related to the respective degree of coherence 

of the signal and local oscillator fields through the above integral. 

In the ideal case, the signal and local oscillator must be per­

fectly coherent. In addition, if the signal and local oscillator are 

perfectly aligned and normal to the photosurface. 

YL ( R1 , R2 ) = Ys C Rl , R2 ) = 1 f ° r RL'R2 ° n S* 

This is because E and E are perfectly monochromatic and R and R 
J_i s ~ 1 2 

lies along an equiphase front. The signal power for this case is 

<is(t>>ideal = f t ¥ n " ^ V V V V V M V ^ V V 
hi S bn 

The heterodyne efficiency, therefore, is given from equation 2-32 by 
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n, ~ 
<i2(t)> . . 

s actual 

<i (t)>., n 

s ideal 

/ J [IL(R1)IL(R2)Is(R1)Is(R2)]'
5Re{YL(R1,R2)YgCRl5R2)}dA1dA2 

_ Sl S2 _ _ _ 

/ J [IJRJIJ^)!^^)!^:^)]^^ 
bl b2 

The numerator and denominator are identical except for the coherence 

functions whose maximum values are unity. The heterodyne efficiency 

for the perfect coherence case is, as might be expected, equal to one. 

Since 

"i/WWWV^ 

is always positive and 0<|y |<1 and 0<iy \<1, reduction in either the 
Li ' S 

signal field coherence or the local oscillator coherence result in a 

decrease in efficiency. 

The SNR for this case assuming local oscillator shot noise 

limited operation is given by 

< i 2 ( t ) > 

< i ( t ) > 
n 

J / [ I L ( R 1 ) I L ( R 2 ) I s ( R 1 ) I s ( R 2 ) ] i l R e { > . (R^ ,R2 ) y \ \ >%2 ) }dA dA 
S 1 S 2 _ 1 _ 

* • • • • — — — •• 

/ I T (R)dA 
S 

( 3 - 4 ) 
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Both the heterodyne efficiency and signal-to-noise ratio of a hetero­

dyne system can, thus, be determined as functions of the signal and 

local oscillator field coherence functions, yT
 aTi(^ Y » a~t "the photo-

Li S 

surface, the intensity distribution, I and I , of the local oscillator 
Li S 

and signal field, and the photosurface size and shape S. We see that 

with everything else fixed, a reduction in the coherence of either the 

signal or local oscillator will cause a reduction in n and SNR. 

In summary, the efficiency and SNR of any heterodyne detection 

system are given by equation 3-3 and 3-U-. The only conditions placed 

on the system are : 

1. The system is ergodic in the mean and correlation. 

2. The local oscillator and signal are statistically Independent. 

These are not severe restrictions and aopiy to many practical and useful 

heterodyne systems. Although the effects of imperfect overlap and 

angular alignment are not included in this study, their effects can be 

studied from these equations. These equations can, therefore, be very 

useful in a thorough analysis of most heterodyne systems regardless of 

their structure. 
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CHAPTER IV 

THE ANALYTICAL STUDY 

Thus far, only the most general type of heterodyne system has 

been considered. In this chapter, the general equations that have been 

developed are applied to three specific systems to evaluate their per­

formance as heterodyne systems. The systems are (1) a communications 

link through a turbulent atmosphere, (2) a laser Doppler surface motion 

measuring system, and (3) a laser Doppler fluid flow measuring system. 

The basic approach, for each system, is to (1) calculate the signal 

field coherence function based on a statistical description of the 

system, and (2) calculate the heterodyne efficiency and signal-to-

noise ratio from equation 3-3 and 3-4 for different receiving apertures, 

different local oscillator Intensity functions, and different degrees 

of local oscillator coherence. The main objective is to determine con­

ditions at the receiver for efficient operation and maximum SNR, The 

effects of changing signal parameters are not considered here. 

An Optical Communications Link 

The development of the laser has established a great new interest 

in coherent light as a carrier for information in communications sys­

tems. Not only does this provide-wider bandwidth and greater informa­

tion capacity in a highly colimated beam, but also the possibility of 

the use of coherent detection techniques and. the resulting improved 
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noise immunity. Ironically, for earthbound communication links, the 

coherence of such a signal can be seriously reduced by random atmos­

pheric effects, limiting the usefulness of this type of optical com­

munication system. 

The random atmospheric effects are primarily of the form of 

random variations in the index of refraction from point-to-point caused 

by atmospheric turbulence. These variations produce, in turn, random 

fluctuations in amplitude and phase in an optical signal propagating 

through the atmosphere. This is Illustrated In Figure 6. The subse­

quent reduction In signal coherence can severely reduce the effective­

ness of the optical heterodyne receiver as a coherent detector. 

The performance of an optical heterodyne communications system 

as it is affected by atmospheric turbulence has been investigated by 

many authors in different ways. Gardner studied power loss In hetero­

dyne signal due to turbulence compared to no turbulence for various 

r-

size circular receiver apertures. Fried studied the signal-to-noise 

ratio as a function of the turbulence intensity and receiver aperture 

diameter. Rosner investigates the IF signal power for various 

15 
receiver aperture diameters. In this thesis, the heterodyne system 

will be re-examined in terms of heterodyne efficiency and signal-to-

noise ratio as defined in equations 3-3 and 3-4. 

Derivation of the Coherence Function 

In deriving the degree of coherence function for the signal 

field, the second order statistics of the amplitude and phase fluctu­

ations must be known. These depend on the statistics of the refractive 
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Perfectly Coherent 
Signal Waves 

Signal Waves 
Distorted by Turbulence 

Beam 

Splitter) P h o t o d e t e c t o r 

Turbulent Atmosphere 

Figure 6. Optical Heterodyne Communications Link 
Through a Turbulent Atmosphere 
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index fluctuations. These statistics have been the subject of investi-

gations by many authors , most notably, Kolrnogoroff and Tatarski. 

They have found that the. mcst convenient way tc describe these fluctua­

tions is with a structure function given by 

Dn(|R2--R1h = E[(.An(R2)-An(R1))
2], 

where An is the variation in index of refraction from the average, i.e., 

An = n - E[n]. The structure function in contrast to the correlation 

function, is stationary over a certain period of time (usually an hour 

or two) and largely unaffected by changes in the variance of An from 

point-to-point. Kolrnogoroff has shown that the structure function for 

separations |R -R | up to a few meters is given by 

VlV S l l ) = C nlV\ l ? / 3 

2 
where C is known as the structure constant and depends primarily on 

the variance of the refractive index fluctuation. It is usually deter-

5 mined experimentally. 

The corresponding variations in amplitude and phase of an 

optical wave are also described by a structure function. This is given 

17 
by Tartarski as 

D C I R ^ R J ) = D 1(|R 2-R 1|) t D^( |R2-R1| ) 

5/3 

= PIR2"
R11 » (^1} 
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where V is a constant determined by the path of propagation, turbulence 

along the path, and wavelength of the optical wave. It is given for 

paths just above ground level by 

-'J"] LC£: 

where X is the wavelength of the light, L is the communication path 

2 . length and C is the structure constant. In a typical example of 

2 -15 
X - 0.63 ym (He-Ne laser wavelength), L = 1 km, and C =10 (mid-day 

turbulence), V = 291. D, and D. are the log-amplitude and phase struc-
1 0 

ture functions and are given by 

D1(|R2-R1|) = E[(ln(A(Rj)/ECA
2(R-2)3* " In(A(R1)/E[A

2(Ri)]
32)2] 

E[(1(R2) - KR^))
2] 

and 

D MP^-Rj) - E[(0(R2)-0(R2))
2], 

where 

1(R) - ln(A(R)/E[A2(R)j^) 

These functions are also stationary for a period of about an hour 

or two, homogeneous, and isotropic. In addition, the log-amplitude 

5 17 
and phase variations are Gaussian in nature. With these results, 
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the ensemble degree of coherence function can be derived in terms of 

this structure function. 

Let us assume that the structure function is ergodic. This 

assumption is not always justifiable because the constant V in equation 

M--1 varies with the intensity of the turbulence which, in turn, varies 

with time of day. Over a short time, however, the structure function 

as stated above, is stationary, and one might expect to see all possi­

ble configurations of refractive index variation along the propagation 

path. Under these conditions, the ergodic assumption is reasonable, 

The degree of coherence of a. linearly polarized signal carrier 

field is given from equation 2-2 by 

E[E g (R 1 9 t )E ( R 2 , t ) ] 

[£[E ( i L , t ) E ( R l 9 t ) ] E [ E ( R 0 , t ) E " ( R 0 , t ) ] ] ' 5 

s i s i s 2 s 2 

where 

jw t 
E s (R , t ) = A s (R , t ) e S , 

and 

A (R , t ) = A ( R 5 t ) e ^ ( R ' t } 

s " s 

in this case. This may be rewritten, dropping the t, as 

Vsi'V 


