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SUMMARY 

Since a theory applicable to the design of conical rad ia l and 

thrust bearings does not appear to e x i s t , the invest igat ion reported in 

th i s thes is attempts to develop such a theory. To accomplish the develop­

ment, mathematical equations were derived to re la te the involved var iables , 

then suff ic ient experimentation was carried out to attempt ver i f ica t ion 

of the derived equations. 

The conical bearing was assumed to operate hyarodynainically; 

therefore Reynolds' d i f fe ren t i a l pressure d i s t r ibu t ion equation was con­

sidered appl icable . This equation was applied to the bearing and solved 

to yield an expression for pressure in the o i l f i lm. This pressure was 

then used to derive the bearing operating equations for rad ia l load, 

th rus t load, and f r i c t i on . 

The experimental ver i f ica t ion of the derived equations was made 

using a setup that measured f r i c t ion in the bearing while holding se t 

quant i t ies for the other va r iab les . This setup also provided means to 

introduce o i l to the bearing under external pressure . Data were taken 

for conditions of external press aire with varying speed, varying rad ia l 

load, varying thrus t load, and varying r ad ia l clearance between the 

bearing and the journal . To determine the significance of these data , 

they were combined in to dimensionless fac tors ; then the factors were 

plot ted and represented by an average curve. 

The comparison between the theoret ical and experimental work was 

made using conventional HcKee type graphs .of dimensionless fac tors , î rom 



VI1 

the comparison, reasonable agreement "was obtained considering the deviation 

between the curves attributed to end flow. End flow was neglected in 

deriving the theoretical equations thereby justifying the attribution. 

An important result found from this investigation is that a conical 

bearing will not hydrodynamically support a radial load unless external 

oil pressure is supplied to support the thrust load. This fact is in­

dicated from an analysis of the thrust load equation and was fully con­

firmed experimentally. From this result and from the comparison curves, 

there is considerable indication that the derived operating equations 

for radial load and friction are verified* However, before definite 

conclusions can be reached, more experimental data are needed. To com­

plete the investigation, correction factors for end flow in the bearing 

should be determined. 
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CHAPTER I 

INTRODUCTION 

Since a theory applicable to the design of conical radial and 

thrust bearings does not appear to exist} the investigation reported, in 

this thesis attempts to develop such a theory, First j mathematical 

equations were derived relating the bearing variables; then the proposed 

theory was verified experimentally. 

Reynolds1 differential equation (l) for pressure distribution 

constituted the starting point for the investigation. To solve it, how­

ever, it was first necessary to describe mathematically the geometry of 

the oil filin in the bearing. The substitution of this relation converted 

Re3,molds' equation into one that specifically applied to the bearing 

under study. The specific differential equation then iad to be solved by 

means of some mathematical technique. 

Difficulty arose immediately because the complexity of the equa­

tion is such that exact methods of solution of differential equations 

cannot- be applied. This difficulty necessitated approximations which do 

not permit an exact solution and which in turn affect the computed operat­

ing equations. Due to the complexity Reynolds' equation has only been 

applied to relatively simple bearings, the most common being the plane 

slider type and the cylindrical journal type. Even with these simple 

"""Numbers in parenthesis identify references given in Bibliography. 
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bearings, it is possible to impose operating conditions that are incon­

sistent with the computed equations by a considerable amount. 

To verify the analytical work experimentally, a setup was used 

that permitted accurate measurement of the friction in a bearing while 

maintaining fixed values for the other variables involved. The variables 

were then combined and plotted in conventional dimensionless groups for 

comparison with the theory. 

In the technical literature the words conical a.nd pivot are used 

synonymously in describing bearings of the point-contact type found in 

such things as watches and instruments. These are not the same as the 

conical bearings with full surface contact investigated here. The two 

types appear to possess entirely different characteristics and are there­

fore mentioned here to avoid confusion later, 
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CHAPTER I I 

THEORETICAL DEVELOPMENT 

General liydrodyiiainic Th:ory 

The so-called "perfectly" lubricated bearing is one tha t operates 

IiT/drodynainically. This means tha t during operation, the journal sh i f t s 

i t s e l f to run eccentr ica l ly -with the bearing and by so doing is able to 

folia a pressure within the lubricant tha t m i l support an external load, 

During th i s kind of operation the journal and bearing are always sepa­

rated by a f luid film of lubr icant , the f r i c t ion thus resul t ing from the 

viscous drag within the f i lm. 

A bearing tha t does not operate hydrodynamically must be i n the 

so-called boundary range of lubr ica t ion . Here factors are such tha t 

i n t e rna l pressure i s not generated within the lubricant and consequently 

metal-to-metal contact occurs and increases f r i c t i o n and po_,/;er l o s s . 

Certain dimensionless combinations can be used to dis t inguish the two 

operating ranges. 

Derivation of the Operating Equations 

Analysis of the Problem.—In th i s inves t iga t ion , i t ?jas assumed that i f 

the conical bearing operates Irydrodynamically, the journal under a rad ia l 

load must shi f t i t s e l f to a posi t ion eccentric with the bearing. In order 

to do t h i s , however, the journal must also r i s e since at r e s t wider a 

thrus t load the journal and bearing are in f u l l contact (see Figure l ) . 



Figure 1. Diagram of Bearing 
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To analyze the bearing it was necessary to determine the internal pressure 

developed under this condition and use it to determine if or hern mch 

thrust and radial load could be supported. To determine the frictional 

drag, it was also necessary to know the shear stress within the lubricant. 

Whether or not the actual frictional drag is due to shear stress in the 

lubricant, of course, depends on the bearing operating bydrodynamically; 

that is, "whether the radial and thrust loads can be supported by the 

pressure• 

Derivation of Pressure Distribution Equation.—The pressure distribution 

relation -was derived from Reynolds' equation a.s mentioned in Chapter J-» 

The equation gtTen in generalized form is (2) 

_̂ A.3 if ) + 2 f k 3 5 f V ^ r « ; Hi) , 
3><V 2>x/ ^Z\ 3>ZJ S * 

where p = pressure in Ib./sq. in.; 

U - viscosity in Reyns (lb.-sec./sq. in*); 

h = oil thickness at any point in inches; 

r = radius of the journal at any cross section in inches; 

O) =3 angular velocity of the journal in radians per second; 

x, z = coordinates as shown in Figure 1. 

In the equation, JA and u) are considered constant; h is a function of x 

only (see Figure l); and p is a function of x and z. 

In order to obtain an expression for p, the equation was simplified 

by introducing the approximation that ^ P / 3 z m 0. This simplification 

in effect assumes that there is no pressure change in the oil in the z 
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direction or that it is negligible in comparison to the pressure change 

in the x direction. In the case of the previously analyzed bearings 

(cylindrical- journal and plane slider), this approximation was used and 

justified on the assumption of no end flow. The conical bearing, however, 

does not strictly permit justification even in the case of no end flow 

because of the pressure change due to the varying radius r. The approxi­

mation as used here pernits the only presently known simple solution to 

Reynolds• e quati on• 

The simplified equation is rewritten as 

2- A 3 Hf. ^ » £vu »-*«> 2 L , 
•aeV ^<V 3e 

where ^x has been replaced by r ̂ ©. To solve this equation an ex­

pression for h in terms of 0 was substituted into it. Then the equation 

was integrated and simplified, to obtain the following (see Appendix A, 

Derivation 1, for the complete derivation): 

p _ &>u.u>r 

where p o = constant external supplied pressure in p s i ; 

c r = r ad ia l clearance between the journal and bearing in inches; 

n = a t t i tude of the journal ~ eccentr ic i ty /c learance; 

^ = one-half of the included angle describing the conical shape 

(degrees); 

© = angle around the bearing circumference as measured in Figure 1 

in degrees. 

W (%+ Y\ CJOS &) %mO P o , 
( i ) 
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Radial Loading.—To determine the radial capacity of the bearing, the 

forces on the journal acting along the mutually perpendicular axes aa 

and bb were summed, and equated to zero (see Figure 1). To accomplish 

this purpose the pressure at any point on the journal was multiplied by 

an infinitesimal area and integrated over the entire conic surface to 

get the total normal force. Then the radial and aa components of the 

force were taken and set equal to the aa components of the load Wp (see 

Figure l). dimming forces along aa gives the following equation: 

V/r cos <4> = \ P co?> e cos. e r d i - d e 

Jo * ' " * 

where H = maximum value of r ; 

<j> = angle between the load and ax i s aa i n degrees (see Figure l ) . 

From t h i s r e l a t i o n i t was found t h a t Wr (cos 4> ) = 0, which meant t h a t 

cos 4 ^aust be zero and t h e r e f o r e $ w 90° . 

S i m i l a r l y summing fo rces along ax i s bb g i v e s : 

Wr ^>i*4 - \ ( p >̂*vie co-sf* r j r -c le 
X Jo S m e 

Hence (see Appendix A, Derivation 2, for the complete derivation), 

Wy = A^K4, Stm 

C^CCTS*̂  lizMffr+^x^y*. 
(2) 



Thrust Loading.—To determine the thrust capacity of the bearing, the 

components of forces on the journal acting along the axis dd (see Figure 

l) "were summed and equated to zero as in the radial load case. Slimming 

the forces along this axis gives the equation 

^.aTr^-K 

w ^ ( ( Psvna r dv-je ̂  

X 1 ^l*f 

from which (see Appendix A, Derivation 33 for the complete derivation) 

v*t= R,KV. (3) 

Journal Friction.—To determine the frictional drag on the journal, the 

shear stress in the lubricant in the direction of motion "was multiplied 

by the area of the journal. There were two components to this shear, 

I\CY and i*Z- • However, in the pressure derivation "w-z, was assumed 

negligible in comparison to ̂ xY . This assumption in effect neglects 

the velocity gradient of oil in the z direction, saying that it is very 

small in comparison to the velocity gradient of the oil in the y direction. 

In the conical bearing it is possible that such an assumption is not 

justified; however, since Reynolds1 equation was the oasis for this 

whole analysis, the assumption is at least consistent. The simplified 

shear stress is given as (3) 

u 2 s>x 

At the journal surface, where the stress was wanted, y - 0 and x • r&, 
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This gave the shear on the journal as 

Tj - M^± + V_ 2Z . 

Upon multiplying this expression by an infinitesimal area and integrating 

over the entire conic surface, the friction on the journal was found to 

be (see Appendix A, Derivation U, for the complete derivation) 

pr,. /A.U>& 

~£ svwe c^c^sa 

4 T T ( » + 2».X> 

(•2+"aXl-"a)Vit 
(h) 

Preliminary Check and Analysis 

Cylindrical bearing theory was used to obtain a preliminary check 

on the ffr and F- equations by forming conical bearings of different sizes 

from a series of cylindrical bearings• For a given set of conditions, 

WL. and F- were computed for each of the cylinders forming the bearing and 
o 

their total compared to the W r and FA obtained from the derived equations. 

Cones made up by using 32 cylinders were formed with included angles 

varying from 20° to 160°, In all cases the derived equations checked 

the comparison to within 1.2 per cent. 

The W^ equation could not be checked by using theory for a cylin­

drical bearing since loading of that kind cannot exist in a cylinder. 

This equation says in effect, however, that the thrust load must equal 

the external pressure tines the projected area of the cone. 

Assuming that the derived equations are correct, an analysis shows 

that the conical bearing will not support a thrust load except by external 

pressure. If external pressure is supplied to support the thrust load, 
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however, a radial load can be imposed that will be supported hydrody-

namically. Looking at It another way, it can be said that unless an 

external pressure is supplied, the bearing operates completely in the 

boundary lubrication range. 
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CHAPTER III 

EXPERIMENTAL APPARATUS ATID PROCEDURE 

Instrumentation and Equipment 

The apparatus used for the experimental verification of the theory 

was a bearing testing machine perfected and built In 1953 hy R« D# Ohever-

ton (h), a graduate student at the Georgia Institute of Technology. The 

machine was originally used in connection with a thesis investigation on 

a textile spindle. However, with several modifications it was adapted 

to the conical bearing investigation. 

In generals the setup used enabled one to vary the load, speed or 

clearance on the journal for a particular oil and at the same time measure 

trie friction force exerted on the bearing. The following paragraphs 

describe how these controls were accomplished. 

The journal -was a vertically mounted spindle with a conical point. 

A pulley was pressed on for driving. The bearing had a matching conical 

surface and was fastened to a cylindrical shell that extended approxi­

mately four inches up the spindle; this shell acted as a container for 

the oil used. The shell and bearing in turn were mounted on ball and 

roller bearings in a heavy aluminum casting. The assembly is shown in 

Figure 2; a closeup of the bearing and spindle components is shown in 

Figure 3. 

In order to measure the frictional force generated by the journal 

during operation, the shell and bearing were prevented from turning on 
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FIGURE 2 

Spindle Dynamometer-Assembly 

1. Aluminum casting housing spindle components 

2 . Dial indica tor for clearance measurement 

3 . Nine-speed transmission 

U. Id le r pulley 



Figure 2. Spindle Dynamometer-Assembly 
H 
Ui 



FIGURE 3 

Spindle Dynamometer-Component P a r t s 

1 . Aluminum c a n t i l e v e r beam f o r f r i c t i o n measurement 

2 . Spindle Ki th the con ica l j o u r n a l a t lower end 

3 . C y l i n d r i c a l s h e l l -with mounting bea r ing 

h» Conical bea r ing wi th mounting bea r ing 

5 > . Trough t o o i l r e t u r n l i n e 



Figure 3. Spindle Dynamometer-Component Parts 
K 
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the roller and ball bearings by a thread connected from the shell to the 

free end of a small aluminum cantilever beam (see Figure 3)» This beam 

was mounted on the heavy aluminum casting (Figure h) and had cemented to 

it two SR-li electrical strain gages vjhich -were comiecoed to a Foxboro 

strain recording instrument {?jee Figure $). Though the instrument 

actually measured strain on the beam, it could be calibrated to read the 

frictional force on the bearing. For a constant power supply, the strain 

recorder was connected to a voltage regulator shown in Figure 6. 

The heavy aluminum casting housing the conical bearing and spindle 

was itself mounted to a castiron table through a large ball type thrust 

bearing (see Figure 2). The thrust bearing was positioned eccentric to 

the spindle and thus allowed a. load to be applied to the aluminum casting 

that would create a tension force in the spindle drive belt. This force 

or load was applied by a cord which, attached to the base, passed over a 

pulley and was hung with various weights as shown in Figure 7» •& portion 

of this force was directly carried by the conical bearing as a radial 

load. 

The bottom race of the thrust bearing could be moved parallel to 

the load line by means of a screw adjustment shown in Figure U« This 

adjustment allowed the external force from the cord to be lined up with 

the tension force from the belt, thereby keeping the forces in the same 

vertical plane. 

Since the equation derived in the previous chapter indicated that 

a thrust load could not be supported by internal pressure, a means of 

introducing oil under pressure was deemed necessary. The problem was 
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Spindle Dynamometer-Assembly 

1 . Thrust bea r ing adjustment handwheel 

2. ITine-speed t r ansmiss ion 

3 . Aluminum c a s t i n g housing sp ind l e components 

lu Can t i l eve r beam mounting assembly 



oo 

Figure k» Spindle Dynamometer-Assembly 
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FIGURE S 

Spindle Dynamometer-Measuring Equipment 

1. Uhroiioinetric tachometer 

2« Foxboro temperature indicator 

3 . Foxboro s t r a in recorder 



ro 
• -

Figure 5 . Spindle Dynamometer-Measuring Equipment 
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FIGURE 6 

Spindle Dynamometer-Operating Equipment 

1. Gear reduction unit 

2. Driving motor 

3• Voltage regulator 



B 
Figure 6, Spindle Dynamometer-Operating Equipment 



FIGURE 7 

•3 

Spindle Dynamometer-Pump Assembly 

1. Pump motor 

2 . Pump 

3 . P ressure gage on supply l i n e 

Lu By-pass va lve 

5 . Oil reservoir 

6 , Cord f o r r a d i a l load a p p l i c a t i o n 



£ 
Figure 7. Spindle Dynamometer-Pump Assembly 
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solved by a small positive displacement gear pump which introduced oil 

to the bearing through a hole in the center of the cone. The oil was 

removed from the bearing by a spout in the cylindrical shell and dumped 

into a trough; from here the oil flowed back to the reservoir by gravity. 

The pressure of oil flowing to the bearing was controlled by means of a 

by-pass valve between the pump and the reservoir. Figures 3 and 7 show 

the pump assembly and detail components of the flow circuit. 

ilie weight of the vertically mounted spindle provided the thrust 

load on the hearing for which the external pressure was needed. The 

thrust load was essentially fixed at this value but could be slightly 

varied by adding small coils of solder to the spindle. 

To determine the viscosity of the oil used, thermocouples were 

installed in the bearing entrance at the top of the cone and also in the 

exit at the trough. A Foxboro temperature indicator (Figure 5/ 'was used 

with the thermocouples. 

To measure the radial clearance between the bearing and journal 

produced by a given flow of oil, a Starrett dial indicator set was used 

as shown in Fi;rure 2. This indicator actually measured the vertical 

clearance between the bearing and journal, but radial clearance was 

easily computed from it. 

Speed control on the journal was accomplished by a synchronous 

motor that was geared through a nine to one reduction unit to a tine-

speed transmission (see Figures 2 and 6). This reduction unit was a 

modification of the original apparatus necessary to limit speeds to a 

range where data were needed. The speeds used ranged from yOQ to 900 

Ear. 
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Test Procedure 

Calibration of Aluminum Beam,—Before tests were run, it was necessary/ 

to calibrate the aluminum cantilever beam with known weights so that a 

curve could be drawn relating the recorder readings to forces on the 

beam. For this purpose, the thread connecting the shell and bearing to 

the cantilever beam was extended around the shell and over a ball, bearing 

pulley attached to the aluminum base as shown in Figures 2 and !_•. Known 

weights were applied to the thread to cover the expected range of forces. 

In Figure Ij., the weights used to form the calibration are shown lying 

on the castiron table. The data for the calibration are tabulated in 

Appendix B, Table 5> the conversion curve plotted from this data is in 

Figure 11, Appendix C. 

It was very important during the calibration to have the driving 

motor running. The motor produced a vibration in the castiron table 

that was carried to the ball and roller mounting bearings, thereby helping 

to reduce the static friction in them. In an effort to reduce further 

this friction after the weights were applied, the shell 7/as set in 

torsional vibration b:y hand and allowed to damp itself to an equilibrium 

position. 

It was found later during the runs that small particles of dirt 

and dust accumulated in the bearings and tended to increase their fric-

tional resistance. This difficulty was overcome by frequent cleaning 

with a solvent but necessitated frequent checks on the calibration. 

Speed Determination.—The speed of the spindle for each run was determined 

directly by using a chronometric tachometer. This instrument timed the 
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revolutions of the spindle for a period of five seconds and then gave a 

corrected reading in ftPM. The need for frequent speed measurement arose 

from the fact that slippage occurred in the drive belt and varied as 

loading on the bearing was changed. 

Data Talcing.—To begin a run, loads, speed, and clearance was set on the 

bearing and then the driving motor was started. First, the dial indi­

cator on top of the spindle that read the vertical clearance was removed 

so that the speed could be determined by the tachometer. With the in­

dicator replaced, the chart motor on the strain recorder was activated, 

and a friction reading was recorded for approximately one minute . During 

this time, the thermocouple readings on the temperatures of the entering 

and leaving oil were recorded. A total of thirteen runs were made on the 

bearing, and the above data were taken for the.following conditions: 

1. Varying speed with constant clearance and load, Four different 

oils were used for this condition. 

2. Varying radial load with constant clearance, speed and thrust 

load. Four different oils were used for tills condition. 

3. Varying clearance with constant speed and loads. Four different 

oils were used for this condition. 

h* Varying thrust load with constant clearance, speed and radial 

load. One oil was used for this condition. 

The data as recorded are tabulated in Tables 1, 2, 3, h of Appendix 

B. 
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CHAPTER IV 

EVALUATION OF DATA 

The evaluation of the data was made by a graphical representation 

involving as many of the bearing variables as possible. To accomplish 

this purposej the variables were combined into two dimensionless factors 

which could be computed from the data, and then plotted as coordinates. 

A single continuous curve drawn through the plot was then used as the 

basis for all further experimental computations. 

Determination of Dimensionless Factors 

The dimensionless factors used were determined from equations 1 

and 2. They -ivere formed by dividing the respective equations through hj 

WT and F-j and then removing the following quantities: 

K/l * JLLaJ E J = fflif! !E 
Cy^COS^ V/y. Cy.OO'G,^ FJ 

All of the bearing variables are represented here except ̂ . However, 

since the major part of the data was taken with W^ constant, this omission 

becomes unimportant. The one run taken with variable Vf-f. will be evalu­

ated separately in the next chapter. 

Determination of Bearing Variables from Data 

Before the dimensionless factors M and J could 03 computed} it was 

first necessary to determine the bearing variables from the observed and 



29 

me as Tared data. ;lth the exception of H and cO which, "were found directly, 

they were determined as follows: 

Viscosity Detemination.—The viscosity (}**) of the oils used was found 

from the curves on Figure 12 (see Appendix C) by reading the viscosity 

value corresponding to each oil temperature. The oils used in the in­

vestigation were obtained through the courtesy of Gulf Oil Corporation, 

and the curves of Figure 12 were computed from information supplied by 

Gulf on the oils. 

Since the oil was circulating at all times, its temperature re­

mained approximately constant. Temperatures were taken as the oil entered 

and left the bearing, but no appreciable difference was noted in the 

readings. 

Radial Clearance Detenidnation.—Hue radial clearance (cr) can be related 

to the vertical clearance (cv) by a trigonometric function. The relation 

is: 

Cr = Cy X tan 6 

In t h i s case the angle 6 for the bearing investigated was h$°j t he re ­

fore the rad ia l clearance equaled the v e r t i c a l clearance. 

Radial Load Determination.—By considering the aluminum casting and 

spindle as simply supported beams, the force on the conical bearing (7J~) 

could be related to the external force applied by the core! (llc) by 

elementary mechanics. To determine th i s r e l a t i on , i t was necessary to 

measure along the so-called "beams" and find the points Y/here the 
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different forces act. These points were readily found for all the loads 

except tb.e an on the conical bearing; and there the point -must be derived 

Tising equation 2. The point was assumed to act at the centroid of loading 

and was found to be at r = .5liR by computation (see Appendix A, Deriva­

tion £). Then by a summation of moments, U r was determined to be .U83 

times 1_. 

Friction Determination,—The friction force on the journal (Fj) could be 

related to the measured force on the cantilever beam (f^) by a summation 

of torque around the spindle. To determine this relation, no?/ever, as 

for the radial load, it was necessary to compute the point on the cone 

surface where FJ could be considered acting. This point was found by 

assuming that the torque exerted by the journal during running must equal 

the torque to restrain the bearing. It was then found to be at r = .75>R 

by -.eans of equation h (see Appendix A, Derivation 6). Then by simm.ng 

torques about the spindle, F± was determined to be 2.L5 times F-.Q. 

To convert the arbitrary reading (Q) of the strain recorder to 

the actual F^ measured, the calibration curve on Figure 11 (see Appendix 

C) was used. This curve was obtained hj the method described earlier in 

Chapter III. 

Representation of Plotted Points by Average Curve 

After the dimensionless factors were computed (see Appendix D, 

Sample Calculation l) and plotted for all of the data, a representative 

curve was drawn through the plotted points. Before this curve could be 

drawn, however, it was necessary to narrow the dispersion ox points by 
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averaging the J values in the range of a particular LI. If a point in the 

average had a residual from the average of more than twice the probable 

error at that point, then that point was discarded as accidental and the 

remaining points reaveraged (see Appendix D, Sample Calculation 2). Once 

this dispersion v/as narrowed, a representative curve was drawn by eye, 

The curve obtained by this method is shown in Figure 8. Also shown is 

the theoretical curve which was computed from equations 2 and lj. by 

assuming values for n. 
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CHAPTER V 

DISCUSSION OF RESULTS 

To compare the theoretical and experimental performance of the 

bearing, McKee type graphs were used. This type of graph employs certain 

dimensionless factors that when plotted enable one to identify regions 

of hydrodynamic and boundary lubrication in the bearing. The factors 

that produced this effect for the conical bearing are J 

K*-f JL *> M - e±L g4" • 
<v c^cosy W** 

F-i where t a coefficient of friction = «J 
W r cos ^ ¥ W^ sin ^ 

These factors are somewhat similar to those used by Sommerfeld (£) to 

denote the performance of a cylindrical bearing, the factor M being 

analogous to the Sommerfeld number. 

In order to compute the value f needed to determine K9 it was 

necessary in the experimental case to use the curve on Figure 8. From 

this curve the "corrected" J corresponding to a particular K was read 

and then used with the original data to compute the corrected F.. By 
j 

knowing F* and the loads enabled the factor f to be computed (see 

Appendix D, Sample Calculations 1 and 3)« 

Curves with Varying Load and Positive Pressure.—A curve of K vs. U 

plotted from all data taken with constant loads is shown in Figure 9 

along with the theoretical curve. The curves are similar to those for 
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a cylindrical bearing with the respective regions of boundary and hydro-

dynamic lubrication clearly defined to the left and right of the minimum 

or critical joints. Comparing the curves shows that the deviation be­

tween the theoretical and experimental cases increases as the factor M 

increases • 

The deviation between the two curves can be attributed to end flow 

which occurs in the actual bearing and results in pressure leakage and 

a consequent load reduction. In the theoretical bearing this leakage 

was neglected in deriving a press'are solution to Reynolds1 equation; 

thus equations for pressure and load were obtained that gave much higher 

values than those in the actual bearing. The effect of correcting for 

this leakagej in the theory, would be to bring the curves closer together. 

Neglecting end flow in effect also dropped a term in the friction 

equation that was concerned with the velocity gradient of the oil on the 

face of the cone. This force is directly proportional to viscosity and 

therefore will increase as U increases (assuming other variables constant), 

This velocity gradient is theoretically negligible as pointed out in 

Chapter II; however, a high rate of flow produced by the positive pressure 

may make this term significant, 

Curves with Varying Load and Positive Pressure.—A plot of K vs. II for 

data taken with varying load produced the family of curves shown in 

Figure 10. These curves ..ore plotted from data obtained with a constant 

thrust load and a varying radial load using four different oils. 

The curve for the most viscous oil shows that typical UcKee curve 

Is obtained up to M - 9 with the critical operating point at 3' a .25 
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dividing the regions of boundary and hydrodynamic operation. To the 

right of LI • 93 however, the curve gradually begins to flatten out and 

approach a range where all the lubrication is due to the initial pressure 

of the oil. This region is analogous to that obtained from a hydrostatic 

bearing and. results from an essentially constant friction force and a 

constant thrust load. It occurs when M is such that h is negligible 

in comparison to VĴ . As the viscosity decreases, curves are obtained 

with the flat region closer and closer to the critical point until 

finally there is no hydrodynamic region at all. This condition is the 

limiting case. 

Though not shown, the theoretical curves for varying load have the 

same deviation from the experimental as the constant load curves in 

Figure 9. The reasons for the deviation are also the same as those for 

the constant loads and were explained in the previous section. 

liydrodynâ iic Lubrication Related to Positive Pressure*—In Chapter IT it 

was shown that the conical bearing could not operate hydrodynamically 

unless a measurable vertical clearance was produced between the journal 

and the bearing. To check this observation, the bearing was set with a 

given load, clearance, and speed, and then the driving motor was started. 

Y/hile running, the pressure was cut off and the supply hose clamped, 

thereby limiting the bearing to a static quantity of oil with comparatively 

no pressure. The result was that the clearance immediately dropped to 

sero and the friction increased sharply. The same results were obtained 

by starting the bearing from rest with sero clearance. This performance 

agreed exactly with the theoretical derivation. 



38 

Effect of Varying Thrust Load on friction,—The equation derived, for 

friction in Chapter II showed friction to be independent of thrust 

load. To check this observation, one run was taken in which the speed, 

clearance, viscosity, and radial load were maintained constant while .̂3 

thrust load was varied. The result was that F.- increased as tij. increased. 

This is an apparent discrepancy but can be explained by the fact that 

increased Wl necessitated increased oil pressure to maintain constant 

clearance. The greater pressure increased end flow from the bearing 

and consequently increased friction as explained previously. 
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CHAPTKR VI 

CONCLUSIONS 

Since all of the variables involved in the investigation were not 

extensively studied^ complete generalization is not possible. However^ 

insofar as the conditions of operating described herein are concerned^ 

the following can be concluded. 

1. A conical radial and thrust bearing of the type analyzed in 

this thesis will not hydrodynarnically support a thrust load without 

positive oil pressure. 

2. If positive oil pressure is supplied to the bearing to 

equalize the thrust load, a radial load can be applied that will operate 

hydrodynarnically. 

3. If condition 2 is net, then the equations derived for lf„ and 
J. 

J?J can be used to obtain re l i ab le resu l t s concerning the expected per­

formance of the bearing. 
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CHAPTER TOI 

HEGOKMEHDlTrOSS 

All of the variables involved in the derived operating equations 

vjere studied sufficiently except the cone angle £ and the thrust load 

W-£« Before definite conclusions are made regarding verification of the 

equationsj hovvever, it is recommended that these vari.ables be studied. 

To complete the investigation, it is also recommended that an attempt 

be made to determine correction factors for end flea? in the bearing, 

A raore general conical bearing than the one studied here is one 

that has unequal cone angles on the journal and bearing, it is recom­

mended that tliis case be studied both analytically and experimentally 

in order to establish more general conica3. bearing operating equations. 
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DERIVATIONS 

Derivation of pressure distribution equation.—The pressiû e equation 

for the conical bearing is derived frem Reynolds' equation in exactly 

the same way as the pressure equation for a cylindrical bearing is 

derived. The method of Sommerfeld (see reference 5) is used for this 

purpose and proceeds as follows. 

The simplified Reynolds equation is 

J 5 / U * ~ZF_\ - Copu^r^^U , 
^e\ sej De 

This equation must be integrated twice to obtain a solution for p. 

Perform the first integration and obtain: 

lA+- p, 

where I) is some constant of integration. 

Simplifying yields 

"5P ~ Gjuso*^ + j>_ 

^ e L x U3 " 

An expression for h in terms of © must be obtained and substituted 

into this equation. This expression is found to be (see Figure l) 

U~ ^cos/§(uv\ose). 
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Subs t i tu te . 

"^P _ £>ju<oo\ 

~£e C^cvsfe L 0 + w c * s e ) a CrO*Sf{HY\Cm*&) J 

n 
Eie 

C^oosfe J ^ V + n t o S e ^ V C+.C*S^(\4:V\G0Se>) 

where E i s some new constant . 

In order to evaluate the in t eg ra l in the r ight member of the equal i ty , 

s u b s t i t u t i o n i s made t h a t was devised and "used by SoiUiuerTeld i n t h e 

case of a cyl indrical , bearing. This subs t i tu t ion is 

I-VI 

Irri/ICJDS Y 

i \ -f- yv oe> £> ©x 

whence 

<L&- Ci-w^dr 

( © and V have the same l i m i t s , 0 to 2Tr). 

S u b s t i t u t e . 

r. c^c**^ j o 0~*rt**-

-4- E^Q-v^s 
Cr-cos^ 0 - » * ^ ^ 
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Wow integrate and obtain p as a function of Y . 

ftr^^ (&juui>\ ^ -HSm Y 

4-

C ^ s ^ L Or **)*>• 

Elf lT-2^<>ti4>r+.S(vî -f l ^ s i n ^ j 

where p = some i n i t i a l p r e s s u r e . 

Evaluate E by knowing t h a t p a t 0 and 2TT must be the s a n e . 

O - "3-TT _̂ •'ElCa-^^^Tr 

C i- ̂ H cvcsfd-^Vi 
EI * - 2 C r a s f ( | - ^ 

-2.+ i* *-

Substitute £ and .© back into the equation and obtain the required 

expression for p. 

C y ^ t C S 

- H P o 

Derivation of Radial Loading Equation.—The radial capacity of the 

bearing is determined by summing forces along the axes aa and bb of 

Figure 1. Firstj find the normal force against the cone that is 

exerted by the pressure; then take the radial and directional, com­

ponents of this force and set it equal to the radial and directional 

components of the load W_. 
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First-sum forces along axis .aa in Figure 1. 

VvC COS CP - \ P GeSjS <-*>•&& Ak} 

where p = pressure as' derived in Derivation 1; 

dA = element of surface area of the cone 

(see Figure l ) = r d r d O / s i n t t . 

Substi tute for dA. 

VvC co 
fc /-"2TT 

r r 
§ -=- ( I P ofte a?^e> m<i(S>cli 

'O "O 

Before in tegrat ing th is expression^ a s implif icat ion can be obtained 

by usinfi; the method of in tegrat ion by p a r t s . 

Let u a p; du = dp; 

-.17 m cos© d0; v = s i n © . 

( "P a>i"5/%\v\i 

Jo I <±e 

• 1 * . X - t : 

w£ ĉ s<̂ > - ( f* o>1" /̂%xvie> r J-r 

where 

i r (o>ct^i^ ^ t - " x ) 
<Â> <^os'(sL(i+ KCOS©")3" (a+K^O+^^s©^ 

J 

from Derivation X» 

Substi tute far dp/d© 



r̂  ^ i + r^' 
W^c*>£c(>+ ( CoM-<*> r a-*- c*\^ f •sttA^'Q 

Jo Cr a c^s Z (S J o O * * ^ 5 

(a+^Xt+^^sey* 

C. Integrate "with respect to @ and obtain 

V/rOo^ty* C G/S-Cf^dir-Oetf 

J o Cr^CeS^f Jrt(l + HCi>Se>} 

-, 2-rr 

wC^+n^Cl + K C o s ^ ^ J _ 

On evalua^ingj i t i s found tha t the bracketed te rn equals 0.. 

Therefore 

V/r cos<j> 3 0 a n d <J> a $>0°. 

D. rTow sum forces alone: the axis bb in Figure 1 

wt lA Cf> - I 
• v / o 

r ^ i w - ^ 6 C S G 

Substi tute for dA and < j > . 

K / - a i r 

Jo -Jo 
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E. lief ore integrat ing th i s expression, as before, a s implif icat ion i s 

possible using the oethod of in tegra t ion by p a r t s . , 

Let u = p; d u = dp; 

dv = s i n e d e v m - cos<9 

1 -X.TT 

Wr r [ - P C*+p/JP-S& vAr 4. 

»o ^ o 

rcWiv-

Substi tute for dp/d© . 

ZTT 

V/^ f (p/^rciy- c*t$ f cc^eia 
C r t£»s 4 O + v a c o s © ^ 

+ •Zp-w^cose die 
(Q.4- * XX t + n co^©) 3 

F. Integrate vri-th respect to © and evaluate . 

(a) Simplify and break down by p a r t i a l f r ac t ions . 

v£* - C GJUMJ \r?Ar<*tp C i 
C^s© C l^WC**^ ) * 

a*** LC^^o^^)1 0+n <*«©}* 
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(b) Integrate and evaluate by complex variables (theory of res idues) . 

K 

X ^ C - s ^ W 
'Z.TT ITT 

&-»*)*> o-^y/i 

U^X^)* "G-**)**•_ 
r rv 

l2 /uor 3cU-cg£f Kl 

,o Cr*c~**f ICZ+^XI-"*)*1. 
Q, NOT; integrate with respect to r^ evaluate and get the required 

equation for W . 

V/v = JU-W 1Z4 
3 T T » 

C,X OS *(S t *~ f [ ( X + ^ C l - M *) «-

3. Derivation of Thrust Loading.—The thrust capacity of the bearing is 
/ 

determined by summing forces along axis dd of Figure 1. First, find 

the normal force against the cone that is exerted by the pressure; 

then take its upward component and set it equal to the thrust load Wl 

A. Sum forces along axis dd in Figure 1. 

Vv4~ P u*& A/^ 

wliere p - pressure as determined in Derivation 1; 

dA = element of surface area of the cone 

(see Figure l ) = r d r d © / s i n g . 

Substi tute for dA and p . 

w+* (D/^CO Y\(2+ nCe>-s>&)<jLvi$> 

COS^ (2 + Y\:j(\±Y\CO'S&) 
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B. Integrate with respect to r and evaluate. 

1 l ^ < c*>^p [Ci-*-«:LX\+'46^s ©i^j 

t - SJStl J 
-

<s> 

C. Integrate with respect to 

(a) Simply by p a r t i a l f r ac t ions . 

W^= S^c<J R * 
.27T 

•Sin© && 

2 ( 2 + M a X c r
3 " c « s a

( s ) J ( ( - f y K ^ ^ ) * l + t f £ ~ S < £ ? 

rzrr 

Ef? x d e 

(b) In t eg ra te . 
~ 

Vvl- 3 U * ^ o ^ * l 1 0 ^ log O"**^**^ 
- l2n 

K i ? a ^ 
J o 

XTT 

D. Evaluate and obtain the required expression for W .̂ 

W* = V0 tfSr 

l|* Derivation of Friction Equation.—The frictional drag on the journal 

is found by multiplying the shear stress at the journal surface by 

the journal area. 

A. Shear stress at the journal surface is 

TJ = u-ru> + h 2JP 
K 2*- ^ e 
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7/here h = c rcos fi ( l + n cos © ) (see Derivation l ] } 

~2P ~ <ojuuu?r' 

"2e c^rcosy 

20-"*) 
( i + m c o s e ) 1 C^+»a)(l+wcoS€>)3 

Substi tute and simplify. 

f^r ̂ / r 4- GG-vi*) 
Crc^»i p>[(l4KO>se) ( Z ^ ^ ^ ' + W . 0 0 * ^ ) ^ 

B. The friction force equals the shear stress times the journal 

area. 

- (TjAk, 
•4% 

where dA - element of surf ace. are a of a cone 

= rclrdo/sin £ (see Figure l ) . 

-ubstituts for TJ , dA» 

2Tf / -R 

F;* /*x^ h' 

'© Jo c C - c © s 

(iO-r**) 
C2.+ w*XJ+Hce*«L>,1 

Jwd, 
S t "f 

Integrate with respect to r and evaluate . 

•ZTT 

Fi* JULCO^ 

IBcv-ce?*^ [(|+Hccse) 

s t *p 
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D. Integrate with respect-to S and evaluate using complex variables 

(theory of residues), 

8TT \z(\thz)ir 
3 ^ ^ ^ smp[(i-n*)fc " (z+n^O-H*)**-

E. oimplify and o b t a i n the r e q u i r e d express ion f o r F* . 

Fj=_i£ to R 

5c»-Cos^ s i n f 
4tr(U:Zr>*) 

(2*naXl-»»*)J4. 

5 . Der iva t ion of the Po in t of Action of the Radia l Lead.—The p o i n t of 

a c t i o n of ..' along the face of the cone i s assumed t o be a t the 

cen t ro id of l o a d i n g . I t i s der ived using the liT equat ion as f o l l o w s . 

A. The t o t a l Wr was shown i n Der iva t i on 2 to be 

y/ - [ jjjLU> r*dv- Cotf 1^2-TTn  

B. The above i n t e g r a l can be expressed as the sum of two o ther i n ­

t e g r a l s . 

- ^ 

VvC - M^fj gg]5g 
OY- COS (S 

\lJ\t\ 

c*t »•»-')* 
•j r 6Y~ + r 

:4. 

C. To separate the total loading at its centroid^ the following 

must hold: 

C I V J r s: O I r Otr 

file:///lJ/t/
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where C a 
JUL CO Gotp 

C^-^c^s^p 

l-ZTrn 

L(^+«2)6-n*)H 

D. Integrate and evaluate the two expressions 

r _ R r 
-4-

E. Solve for r and get the point of assumed action for the load. 

r-.S4 R 

6* Derivation of the i'oint of Action of the Fr ic t ion J orce«—To determine 

the point of action of WAS i t i s assumed tha t the f r i c t i on torque 

exerted by the journal must equal the f r i c t ion torque to ro3tra in the 

bearing. This point i s computed by using the F- equation as follows. 

A, The t o t a l F- could be shown in Derivation k to be: 
J 

Fi-U= r a 

Cr-Ooef *l*p 

4 T r ( t + 2n*) 

"1. The toroue exerted on the bearing by th i s fores i s 

T , - - l ^ _ rM- 4TT()+2n*) 
cos^-s.r.^ [(2+M2Xl--w^)^J 

C. The restraining torque must equal the total FA tines some 

radius x. 

TT= F;OO = [ **>r - • ^ 4ir(\+2**) 
C-Ozp Si"^L(24na)(l-n2-)^J 



53 

Assuming the torque equal ( "Tj = T i ) , the following equation 

must hold 

bCr'Ar =.D frMr(x)3 

"*0 Jo 

where 13 = JUs oo 

in tegrate and evaluate the two expressions 

4- 3 

Solve for x and obtain the point of assumed action for the 

f r i c t i o n . 

X r . 7 S R 
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