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SWTARY

Since a theory anplicable to the design of conical radial and
thrust bearings does not appesar to exist, the investigation reported in
this thesis attempts to develop such a theory. To accomplish the develop-
ment, mathematical equations were derived to relate the involved variables,
then sufficient experimentation was carried out to attempt verification
of the derived eguations.

The conical bearing was assweed Lo operate hydrodynamically;
therefore Reymolds!' differential pressure distribution equation was con-
sidered applicable. This equation was applied to the bearing and solved
to yleld an expression for pressure in the oil film. This presswre was
then used to derive the bearing operating equations for radial load,
thrust load, and friction.

The experimental verification of the derived equations was made
using a setup that measured friction in the bearing while holding set
guantities for the other variables. This setup also provided means to
introduce o0il to the bearing under external pressure. Data were taken
for conditions of external pressure with varying speed, varying radial
load, varying thrust load, and varying radial clearance between the
bearing and the journal. To determine the significance of these data,
they were combined into dimensionless factorss then the factors were
plotted and represented by an average curve.

The comparison between the theoretical and experimental work was

made using conventional licKee type graphs .of dimensionless factors. From



the camparison, reasonable agreement was obtained considering the deviation
between the curves attributed to end flow. £Lnd flow was neglected in
deriving the theoretical equations thereby justifying the attribution.

An important result found from this investigation is that a conical
bearinz will not hydrodynamically support a radial load unless external
oil pressure is supplied to support the thrust load., This fact is in-
dicated from an analysis of the thrust load equation and was fully con-
firmed experimentally. From this result and from the comparison curves,
there is considerable indication that the derived operatingz equations
for radial load and friction are verified. However, before definite
conclusions can be reached, nmore experimental data are needed. To com-
plete the investigation, correction factors for end flow in the bearing

should be determined.



CHAPTER T
INTRODUCTION

Since a theory applicable to the design of conical radial and
thrust bearings does not appear to exist, the investigation reported in
this thesis attempts to develop such a theory. First, mathematical
equations were derived relating the bearing variables; then the proposed
theory was verified experimentally.

Reynolds' differential equation (1)¥ for pressure distribution
constituted the starting point for the investigation. To solve it, how-
ever, it was first necessary to describe mathematically the geometry of
the oil film in the bearing. The substitution of this relation converted
Reynolds' equation into one that specifically applied to the bearing
under study. The specific differential equation.then had to be solved by
means ﬁf some mathematical technique.

Difficulty arose immediately because the complexity of the equa-
tion is such that exact methods of solution of differential equations
cannot be applied. This difficulty necessitated approximations which do
not permit an exact solution and which in turn affect the computed operat-
ing equations. Due toc the complexity Reynolds' eguation has only been
applied to relatively simple bearings, the most common being the plane

slider type and the cylindrical journal type. LEven with these simple

*Nunbers in parenthesis identify references ziven in Bibliography.



bearings, it is possible to impose operating conditions that are incon-
sistent with the computed equations by a considerable amount,

To verify the analytical work experimentally, a setup was used
that permitted accurate measurement of the friction in a bearing while
maintaining fixed values for the other wvariables involved. The variables
were then combined and plotted in conventional dimensionless groups for
comparison with the theory.

In the technical literature the words conical and pivot are used
synonymously in describing bearings of the point-contact type found in
such things as watches and instruments. These are not the same as the
conical bearings with full surface contact investigated here. The two
types appear to possess entirely different characteristics and are there-

fore mentioned here to avoid confusion later.



CHAPTER II

THECRETICAL DEVELOPMENT

General Hydrodynamic Theory

The so-called "perfectly" lubricated bearing is one that operates
hydrodynamically. This means that during operation, the journal shifts
itself to run eccentrically with the bearing and by so doing is able to
form a pressure within the lubricant that will support an external load.
During this kind of operation the journal and bearing are always sepa-—
rated by a fluid film of lubricant, the friction thus resulting from the
viscous drag within the film.

A bearing that does not operate hydrodynamically must be in the
so-called boundary range of lubrication. Here factors are such that
internal pressure is not generated within the lubricant and consequently
metal-to-metal contact occurs and increases friction and power loss.
Certain dimensionless combinations can be used to distinguish the two

operating ranges.

Derivation of the Operating Equations

Analysis of the Problem.--In this investigation, it was assumed that if

the conical bearing operates hydrodynamically, the jouwrnal under a radial
load must shift itself to a position eccentric with the bearing. In order
to do this, however, the journal must also rise since at rest under a

thrust load the journal and bearing are in full contact (see Figure 1).



Figure 1. Diagram of Bearing



To analyze the bearing it was necessary to determine the internal pressure
developed under this condition and use it to determine if or how much
thrust and radial load could be supported. To determine the frictional
drag, it was also necessary to know the shear stress within the lubricant.
Whether or not the actual frictional drag is due to shear stress in the
lubricant, of course, depends on the bearing operating hydrodynamically;
that is, whether the radial and thrust loads can be supported by the

pressure.

Derivation of Pressure Distribution Equation.--The pressure distribution

relation was derived from Reynolds' equation as mentioned in Chapter I,

The equation given in generalized form is (2)

% 173 =) 4 SZ oX

2 (W2P ), 2/1L32P ). Curw 2h

where p = pressure in 1b./sq. in.;

4 = viscosity in Reyns (1b.-sec./sq. in.);

h = oil thickness at any point in inches;

r = radius of the Jjournal at any cross section in inches;

W = angular velocity of the Jjournal in radians per second;

X, 2 = coordinates as shown in figure l.

In the equation, M and w are considered constant; h is a function of x
only (see Figure 1); and p is a function of x and z,

In order to obtain an expression for p, the equation was simplified
by introducing the approximation that 2P /2Z . 0. This simplification

in effect assumes that there is no pressure change in the oil in the =z



direction or that it is negligible in comparison to the pressure change
in the X direction. In the case of the previously analyzed bearings
(eylindrical journal and plane siider) , this approximation was used and
justified on the assumpbtion of no end flow. The conical bearing, however,
does not strictly permit justification even in the case of no end flow
because of the pressure change due to the varying radius r. The approxi-
mation as used here permits the only presently known simple solution to
Reynolds! equation,
The simplified equation is rewritten as

3(u3 BN L Gure Bk,

286 26 26
where 9x has been replaced by v @€, To solve this equation an ex-
pression for h in terms of € was substituted into it. Then the equation
was integrated and simplified to obtain the following (see Appendix A,

Derivation 1, for the complete derivation):

pP. buwr n(Z4ncose) sine
G2 eos’@ (2+n")(l+hwse)z

-+ Pﬂ ) (1)

where p_ = constant external supplied pressure in psi;

radial clearance between the Jjournal and bearing in inches:

o
1}

'n = attitude of the journal = eccentricity/clearance;

6 = one-half of the included angle describing “the conical shape
(degrees);

© = angle around the bearing circunference as measured in Migure 1

in degrees.



Radial Loading.--To determine the radial capacity of the bearing, the

forces on the journal acting along the mutually perpendicular axes aa
and bb were sumed and equated to zero (see Figure 1). To accomplish
this purpose the pressure at any point on the journal was multiplied by
an infinitesimal area and integrated over the entire conic surface to
get the total normal force. Then the radial and aa components of the
force were taken and set equal to the aa components of the load Wp (see
Figure 1). Suming forces along aa gives the following equation:

FA e

W, cos P = P cose cos g rdrde
sing

where R = maximum value of 13

¢

From this relation it was found that W, (cos ¢ ) = 0, which meant that

|

angle between the load and axis aa in degrees (see Figure 1).

cos ¢ must be zero and therefore § = 90°.

Similarly sumning forces along axis bb gives:

2T ~R '
We -:smc#‘: g gP SIne cos@ rdrde
o =]

S\n(e.

Hence (see Appendix A, Derivation 2, for the complete derivation),

W, = uwr? Sl (2)
a a 2 2\ V2 '
G ocos g | tang (Z+n?)(1-n )




Thrust Loading.--To determine the thrust capacity of the bearing, the
components of forces on the journal acting along the axis dd (see Figure
1) were summed and equated £o zero as in the radial load case. Summing

the forces along this axis gives the equation

2w ~-R
V\({-: Psme v-clrcle’
b Sing
)

from which (see Appendix A, Derivation 3, for the complete derivation)
=
\'\4: F%R T. (3)

Journal Friction.--To determine the frictional drag on the jouuhal, the

shear stress in the lubricant in the direction of motion was multiplied

by the area of the journal. There were two components to this shear,

‘T;y and T;(,z.-. » However, in the pressure derivation Tz was assumed
negligible in comparison to‘T;Y . This assumption in effect neglects

the velocity gradient of oil in the z direction, saying that it is very
small in comparison %o the wvelocity gradient of the oll in the y direction.
In the conical bearing it is possible that such an assumption is not
justified; however, since Reynolds' equation was the basis for this
whole analysis, the assumption is at least consistent. The simplified

shear stress is given as (3)

.,‘-:F(v':.."i'...':i"_-l. _b-—_?.&i?_F_’
h 2 I

At the journal surface, where the stress was wanted, y = 0 and x = r @,



This gzave the shear on the journal as

T=2r® L h 2P
h R 28

Upon multiplying this expression by an infinitesimal area and integrating
over the entire conic surface, the friction on the journal was found to

be (see Appendix A, Derivation L, for the complete derivation)

F;z yrues Rg - 4ﬂ(l+2h1> ' (Ll)
S swmgcpcesg (2+n"‘)(l-h")y1

Preliminary Check and Analysis
Cylindrical bearing theory was used to obtain a preliminary check

on the W, and .

3 equations by forming conical bearings of different sizes

from a series of cylindrical bearingé. For a given set of conditions,
- W, and Fj‘were computed for each of the cylinders forming the bearing and
their total compared to the W, and Fj obtained from the derived equations,
Cones made up by using 32 cylinders were formed ﬁith included ancles
varying from 20° to 160°, In all cases the derived equations checked
the comparison to within 1.2 per cent. | |

The Wy equation could not be checked by using theory for a cylin-
drical bearing since loading of that kind cannot exist in a cylinder,
This equation says in effect, howefer, that the thrust load aust equal
the external pressure times the projected area of the cone,

Assuning that the derived equations are correct, an analysis shows
that the conical bearing will noﬁ support a thrust load except by external

pressure. If external pressure is supplied to support the thrust load,



however, a radial load can be imposed that will be supported hydrody-
namically. Looking at it another way, it can be said that unless an
external pressure is supplied, the bearing operates completely in the

boundary lubrication range.

10
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CHAPTER IIT
BEXPERTMENTAL APPARATUS AID PROCEDURE

Instrumentation and Equipment

The apparatus used for the experimental verification of the theory
was a bearing testing machine perfected and built in 1953 by R. D. Chever—
ton (L), a graduate student at the Georgia Institute of Technology. The
machine was originally used in comnection with a thesis investigation on
a textile spindle. However, with several modifications it was adapted
to the conical bearing investigation.

In general, the setup used enabled one to vary the load, speed or
clearance on the journal for a particular oil and at the same time measure
the friction force exerted on the bearing. The following varagraphs
describe how these controls were accomplished,

The journal was a vertically mounted spindle with a conical point.
A pulley was pressed on for driving. The bearing had a matching conlcal
surface and was fastened to a cylindrical shell that extended approxi-
mately four inches up the spindle; this shell acted as a container for
the oil used. The shell and bearing in turn were mounted on ball and
roller bearings in a heavy aluminum casting. The assembly is shown in
Migure 23 a closeup of the bearing and spindle components is shown in
Figure 3.

In order to measure the frictional force generated by the journal

during operation, the shell and bearing were prevented from turning on
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FIGURE 2

Spindle Dymamometer—Assembly

Aluminum casting housing spindle components
Dial indicator for clearance measurement
Nine-speed transmission

Idler pulley

12
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Figure 2., Spindle Dynamometer-Assembly
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FIGURE 3

Spindle Dynamometer-Component Parts

Aluminum cantilever beam for friction measurement
Spindle with the conical journal at lower end
Cylindrical shell with mounting bearing

Conical bearing with mounting bearing

Trough to oil return line

1l



Figure 3. Spindle Dynamometer-Component Parts
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the roller and ball bearings by a thread connected from the shell to the
free end of a small alupinun cantilever beam (see Figure 3). This beanm
was mounted on the heavy aluminum casting (Figure L) and had cemented to
it two SR-l electrical strain gages which were connected to a Foxboro
strain recording instrument (see Figure 5). Though the instrument
actually measured strain on the beam, it could be calibrated to read the
frictional force on the bearing. For a constant power supply, the strain
recorder was connected to a voltage regulator shown iﬁ Figure 6,

The heavy aluninum casting housing the conical bearing and spindle
was itself mounted to a castiron table throush a large-ball tyne thrust
bearing (see Figure 2). The thrust bearing was positioned eccentric to
the spindle and thus allowed a load to be applied to the aluminum casting
that would create a tension force in the spindle drive belt. This force
or load was applied by a cord which, attached to the base, passed over a
pulley and was hung with various weights as shown in Figure 7. A portion
of this force was directly carried by the conical bearing as a radial
load.

The bottom race of the thrust bearing could be moved parallel to
the load line by means of a screw adjustment shown in Ffigure L. This
adjustment allowed the external force from the cord to be lined up with
the tension force from the belt, thereby keeping the forces in the same
vertical plane.

Since the equation derived in the previous chapter indicated that
a thrust load could not be swported by internal pressure, a means of

introducing oil under pressure was deemed necessary, The problem was
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FIGURE

Spindle Dynamometer-Assembly

Thrust bearing adjustment handwheel
line-speed transmission
Alvminum casting housing spindle components

Cantilever beam mounting assembly
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FIGURE 5
Spindle Dynamometer-lleasuring Lquipment

1. Chronometric tachometer
2+ Foxboro temperature indicator

3. Foxboro strain recorder

19



Figure 5. Snindle I

Jynamometer=Measuring Equipment
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FIGURE 6

Spindle Dymamometer-Operating Equipnment

Gear reduction unit
Driving motor

Toltage regulator

21



Figure 6. Spindle Dynamometer-Cperating Equipment



MIGURE 7

Spindle Dynamometer-runp Assembly

Pump motor

Pump

Pressure zage on supply line
By-pass valve

0il reservoir

Cord for radial load application

23
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Figure 7. Spindle Dynamometer-Pump Assembly
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solved by a small positive displacement gear pump which introduced oil
to the bearing through a hole in the center of the cone. The oil was
removed from the bearing by a spout in the cylindrical shell and dumped
inte a trough; from here the oil flowed back to the reservoir by gravity.
The pressure of oll flowing to the bearing was controlled by means of a
by-pass valve between the pump and the reservoir, Figures 3 and 7 show
the punp assembly and detail components of the flow circuit.

The weight of the wvertically mounted spindle provided the thrust
load on the bearing for which the external pressure was needed. The
thrust load was essentially fixed at this value but could be slightly
varied by adding small coils of solder to the spindle.

To determine the viscosity of the oll used, thermocouples were
installed in the bearing entrance at the top of the cone and alsc in the
exit at the trough. A Foxboro temperature indicator (Figure 5) was used
with the thermocouples.

To measure the radial clearance between the bearing and Jjournal
produced by a given flow of oil, a Starrett dial indicator set was used
as shown in Figure 2. This indicator actually measured the vertical
clearance between the bearing and journal, but radial clearance was
easily computed fram it.

Speed control on the journal was accomplished by a synchronous
motor that was geared through a nine to one reduction unit to a nine-
speed transmission (see Figures 2 and 6). This reduction unit was a
modification of the original apparatus necessary to limit speeds to a
range where data were needed. The speeds used ranged from 300 to 900

RPL.
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Test Procedure

Calibration of Aluminum Beam.--Before tests were run, it was necessary

to calibrate the aluninum cantilever beam with known weights so that a
curve could be drawn relating the recorder readings to forces on the
beam. For this purpose, the thread connecting the shell and bearing to
the cantilever beam was extended around the shell and over a ball bearing
pulley attached to the aluminum base as shown in Figures 2 and L. Xnown
weights were applied to the thread to cover the expected range of forces.
In Figure L, the weights used to form the calibration are shown lying
on the castiron table. The data for the calibration are tabulated in
Appendix B, Table 5; the conversion curve plotted from this data is in
Figure 11, Appendix C,

It was very important during thelcalibration to have the driving
motor running. The motor produced a vibration in the castiron table
that was carried to the ball and roller mounting bearings, thereby helping
to reduce the static friction in them. In an effort to reduce further
this friction after the weights were applied, the shell was set in
torsional vibration by hand and allowed to damp itself to an equilibrium
position.

It was found later during the runé that small particles of dirt
and dust accunulated in the bearings and tended to increase their fric-
tional resistance. Thig difficulty was overcome by freguent cleaning

with a solvent but necessitated frequent checks on the calibration.

Speed Determination.—-The speed of the spindle for each run was determined

directly by using a chronometric tachometer. This instrument timed the
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revolutions of the spindle for a period of five seconds and then gave a
corrected reading in RPM. The need for frequent speed measurement arose
from the fact that slippage occurred in the drive belt and varied as

loading on the Bearing was changed.

Data Taking.--To begin a run, loads, speed, and clearance was set on the
bearing and then the driving motor was started, First, the dial indi-
cator on top of the spindle that read the vertical clearance was removed
so that the speed could be determined by the tachometer, With the in-
dicator replaced, the chart motor on the strain recorder was activated,
and a friction reading was recorded for approximately one minute., During
this time, the thermocouple readings on the temperatures of the entering
and leaving oil were recorded. A total of thirteen runs were made on the
bearing, and the above data were taken for the following conditions:

l. Varying speed with constant clearance and load. LIour different
oils were used for this condition,

2, Varying radial load with constant clearance, speed and thrust
load. Four different oils were used for this condition.

3. Varying clearance with constant speed and loads. Four different
olls were used for this condition.

L. Varying thrust load with constant clearance, speed and radial
load, One oil was used for this condition.

The data as recorded are tabulated in Tables 1, 2, 3, L of Appendix

B.
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CHAPTER IV
EVALUATION OF DATA

The evaluation of the data was made by a graphical representation
involving as many of the bearing variables as vossible. To accomplish
this purpose, the variables were combined into two dimensionless factors
which could be computed from the data, and then plotted as coordinates.
A single continuous curve drawn throuzh the plot was then used as the

basis for all further experimental computations.

Determination of Dimensionless Factors
The dimensionless factors used were determined from eqguations 1
and 2. They were formed by dividing the respective equations through by

Wy and Fj and then removing the following quantities:

Mo sw R J= _sew R

Cy cos’@ Wi Cr cosg Fy

All of the bearing variables are represented here except Wy. However,
since the major part of the data was talcen with Wy constant, this omission
becomes unimportant. The one run taken with variable Wy will be evalu-

ated separately in the next chapter.

Determination of Bearing Variables from Data
Before the dimensionless factors I and J could bs computed, it was

first necessary to determine the bearing variables from the observed and
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measured data. With the exception of R and @ which were found directly,

they were determined as follows:

Viscosity Detemination.--The viscosity (p) of the oils used was found

from the curves on Figure 12 (see Appendix C) by reading the viscosity
value corresponding to .each oil temperature. The oils used in the in-
vestization were obtained through the courtesy of Gulf 0il Corporation,
and the curves of Figure 12 were compubted from information supplied by
Culf on the oils.

Since the oil was circulating at all times, its temﬁerature re-
mained approximabtely constant. Temperatures were taken as the oll entered
and left the bearing, but no appreciable difference was noted in the

readings.

Radial Clearance Determination.—~The radial clearance (c,) can be related

to the vertical clearance (cv} by a trigonometric function. The relation

is:
Cr= ch ta.n@

In this case the angle Q for the bearing investigated was h5°; there-

fore the radial clearance equaled the vertical clearance.

Radial Load Determination,--By considering the alwninum casting and

spindle as simply supported beams, the force on the conical bearing (Wf)
could be related to the external force appolied by the cord Cﬁc) by
elementary mechanics. To determine this relation, it was necessary to

measure along the so-called "beams" and find the points where the



30

different forces act. These points were readily found for all the loads
except the one on the conical bearing; and there the point must be derived
using equation 2. The point was assumed to act at the centroid of loading
and was found to be at r = .OLR by computation (see Appendix A, Deriva-
tion 5). Then by a swmation of moments, W, was determined to be .L83

times'ﬁc.

Friction Determination.-~The friction force on the journal (Fj) could be

related to the measured force on the cantilever beam (Fb) by a sumation
of torque around the spindle. To determine this relation, however, as
for the radial load, it was necessary to compute the point on the cone
surface where Fj could be considered acting. This point was found by
assuming that the torque exerted by the journal during running must egual
the torque to restrain the bearing. It was then found to be at r = .75R
by means of equation L (see Appendix A, Derivation 6). Then by suming
torques about the spindle, I's was determined to be 2,15 times Fy.

To convert the arbitrary reading (Q) of the strain recorder to
the actual I}, measured, the calibration curve on Figure 11 (see Appendix

C) was used. This curve was obtained by the method described earlier in

Chapter III.

Hepresentation of Plotted Points by Average Curve

After the dimensionless factors were computed (see Appendix D,
Sample Calculation 1) and plotted for all of the data, a representative
curve was drawn through the plotted points. Before this curve could be

drawn, however, it was necessary to narrow the dispersion of points by
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averaging the dJ values in the range of a particular i, If a point in the
average had a residual from the'average of more than twice the probable
error at that point, then that point was discarded as accidental and the
remaining points reaveraged (see Appendix D, Sample Calculation 2). Omnce
this dispersion was narrowed, a representative curve was drawn by eye.
The curve obtained by this method is shown in Figure 8. Also shown is
the theoretical curve which was computed from equations 2 and | by

assuming values for n.
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CHAPTER V

DISCUSSION OF RESULTS

To compare the theoretical and experimental performance of the
bearing, lickee type graphs were used, This type of graph employs certain
dimensionless factors that when plotted enable one to identify regions
of hydrodynamic and boundary lubrication in the bearing. The factors

that produced this effect for the conical bearing are:

4.
K=f R SR L
< C-‘-LCO‘S "6 M—
F.
where f = coefficient of friction = o

Wecos@ & Wy sin@
These factors are somewhat similar to those used by Sommerfeld (5) to

denote the performance of a cylindrical bearing, the factor 1T being
analozous to the Sommerfeld number.

In order to compute the value f needed to determine K, it was
necessary in the experimental case to use the curve on Fizure 8, TFrom
this curve the "corrected" J corresponding to a particular M was read
and then used with the original data to compute the corrected Fj. By'
knowing F: and the loads enabled the factor f to be computed (see

J
Appendix D, Sample Calculations 1 and 3).

Curves with Varying Load and Positive Pressure.--i curve of K vs, Il

plotted from all data taken with constant loads is shown in Figure 2

along with the theoretical curve. The curves are similar to those for
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a cylindrical bearing with the respective regions of boundary and hydro-
dynamic lubrication clearly defined to the left and right of the minimum
or critical points. Comparing the curves shows that the deviation be-
tween the theoretical and experimental cases increases as the factor U
increases.
The deviation between the two curves can be attributed to end flow
which occurs in the actual bearing and results in pressure leakaze and
a consequent load reduction. In the theoretical bearing this leakage
was neglected in deriving a preésure solution to Heynolds! equation;
thus equations for pressure and load were obtained that gave much higher
values than those in the actual bearing. The effect of correcting for
this leakage, in the theory, would be to bring the curves closer together.
Neglecting end flow in effect also dropped a term in the friection
equation that was concernsd with the velocity gradient of the oll on the
face of the cone, This force is directly proportional to viscosity and
therefore will increase as M increases (assuning other variables constant),
This velocity gradient is theoretically negligible as pointed out in
Chapter II; however, a high rate of flow produced by the positive pressure

may make this term significant.

Curves with Varying Load and Positive Pressure.——A plot of K vs. I for

data taken with varying load produced the family of curves shown in
Pigure 10, These curves were plotted from data ovbtained with a constant
thrust load and a varying radial load using four different oils,

The curve for the most viscous oll shows that typical licKee curve

is obtained up to I = 9 with the critical operating point at M = .25
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dividing the regions of boundary and hydrodynamic operation. To the
right of Il = 9, however, the curve gradually begins té flatten out and
approach a range where all the lubrication is due to the initial pressure
of the oil, This region is analegous to that obtained from a hydrostatic
bearing and results from an essentially constant friction force and a
constant thrust load., It occurs when M is such that W} is negligible
in comparison to Wy. As the viscosity decreases, curves are obtained
with the flat region closer and closer to the critical point until
finally there is no hydrodynamic region at all. This condition is the
limiting case.

Though not shown, the theoretical cwrves feor varying load have the
sane deviation from the experimental as the constant load curves in
Figure 9. The reasons for the deviation are also the same as those for

the constant loads and were explained in the previocus section.

Hydrodynamic Lubrication Related to Positive Pressure.——In Chapter II it

was shown that the conical bearing could not operate hydrodynamically
unless a measurable vertical clearance was produced between the Journal

and the bearing. To check this observation, the bearing was set with a
given load, clearance, and speed, and then the driving motor was started.
While running, the pressure was cut off and the supply hose clamped,
thereby limiting the bearing to a static quantity of oil with comparatively
no pressure. The result was that the clearance immediately dropped to

zero and the friction increased sharply. The same results were obtained
by starting the bearing from rest with zero clearance. This performance

agreed exactly with the theoretical derivation,
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Effect of Varying Thrust Load on Friction.--The equation derived for

friction in Chapfnr IT showed friction to be independent of thrust

load. To check this observation, one run was taken in which the speed,
clearance, viscosity, and radial load were maintained constant while the
thrust load was varied. The result was that Fj increased as Wy increased.
This is an apparent discrepancy but can be explained by the fact that
increased'ﬂt necessitated increased oil pressure to maintain constant

clearance. The greater pressure increased end flow from the bearing

and consequently increased friction as explained previously.
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CHAPTER VI
CONCLUSIONS

Since all of the variables involved in the investigation were not
extensively studied, camplete generalization is not possible, However,
insofar as the conditions of operating described herein are concerned,
the following can be concluded.

l. A conical radial and thrust bearing of the type analyzed in
this thesis will not hydrodynamically support a thrust locad without
positive oll pressure.

2. If positive oil pressure is supplied to the bearing to
equalize the thrust load, a radial load can be applied that will operate
hydrodynamically.,

3« If condition 2 is met, then the equations derived for W, and
Fj can be used to obtain reliable results concerning the expected per-

formance of the bearing.
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CHAPTER VII
RECONMETNDATIONS

A11 of the variables involved in the derived operating equations
were studied sufficiently except the cone angle @ and the thrust load
Wy. DBefore definite conclusions are made regarding verification of the
equations, however, it is recommended that these variables be studied.
To complete the investigation, it is also recommended that an attempt
be made to determine correction factors for end flow in the bearing.

A more general conical bearing than the one studied here is one
that has unequal cone angles on the journal and bearing. It is recom—
mended that this case be studied both analytically and experimentally

in order to establish more general conical bearing operating equations,
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DERTVATTONS

Derivation of pressure distribution equation.--The pressure equation

for the comical bearing is derived from Reynolds' equation in exactly
the same way as the pressure equation for a ¢ylindrical bearing is
derived. The method of Sommerfeld (see reference 5) is used for this
purpose and proceeds as follows.

The simplified Heynolds equation is

2 (WP Guwr>dh.
26 26 =)

This equation must be integrated twice to obtain a solution for p.

Perform the first integration and obtain:

Lg%% = Grwrh + D

where D is some constant of integration.

Simplifying yields

2F - é/""‘"r & L.
D@ !nl ,n3

An expression for h in terms of © must be obtained and substituted

into this equation., This expression is found to be (gsee Fizure 1)

h= Cr Cos @ (1+ vces e).



Substitute.

2.

2P _ Guwr \ 5 E
- > 3
2@ ¢ tos ¢ (14 nees e)* osg(l+ N s O)

i 3
AP = Guwr de " E de
e Cy o 51(3 0' (\+ neose)™ c...c.pse(u- nwse)>

where E is some new constent.
« In order to evaluate the integral in the right member of the equality,

substitution is made that was devised and used by Sommerfeld in the

case of a cylindrical bearing, This substitution is

2
-0 = l+nees o,

l=nces Y

whence

de = (i-ml)‘%'ch'

\—nC-GSY

(® and ¥ have the same limits, O to 2¥r),

Substitute.

P L
EAP = buwr (\—nwsk')cl.l’
g Creese ), Gend)¥a

4 E(l— nees ¥)* dy
Cﬁr~CDS€ ((—nlbﬁ/:'
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F.

G

Now integrate and obtain p as a function of ¥ .

| o 7L é,u.azrzl- Y-nsin¥
crees’@ | (\-n)¥>

+ E{ Y- 2nsiny+. S(hll’—!- H"‘Slnl)’)-@
c:.rc,ose(l n")%/'*

where D, = some initial pressure,

Evaluate E by knowing that p at 0 and 2% must be the same.

O = 2T £ E::(:2:+IA§)TT—
C1-wd)% Crcosg(-n) ¥
E s, 2=t @ll-n>)
_'2-{- n*

Substitute E and © back into the equation ard obtain the required

expression for p.

P= C:,a.u)r'l' h(’l—l—mp.se) .'Sl.n.e 4 Po
Ceos'@ (Z+ )+ ncosd*

Derivation of Radial Loading Equation.--The radial capacity of the

bearing is determined by swmming fﬁrces along the axes aa and bb of
Figufe 1. First, find the normal force against the cone that is
exerted by the pressure; then take the radial and directional com-
ponents of this force and set it equal to the radial and directional

components of the load W..
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First .sun forces along axis .aa in Figure 1.

A
Wi wSCb = g'P cos@ cosO AAB

where p = pressure ag derived in Derivation 1;
dA = element of surface area of the cone
(see Figure 1) = rdrd&/sin@ "

Substitute for dA.

'?.TT

R
We cosd :.g P w‘f’e wse rdodr

o

Before integrating this expression, a simplification can be obtained

by using the method of integration by parts.
Iet u = p; du = dp;

dv = cos©® d@; Vv = sin® .,

W, cosd - LP u‘l‘%e k]

f Y dr S sl r-cLecir

where

clf? GMV‘ [ 2(1-n %)
cl-é’ Cycos (e (\-r hwse‘) (2+u‘)(l+mcose)

from Derivation 1.

Substitute far dp/de .



e :
V\/.,.c_pscb . g Qp,u.wrgcl.r- u’flﬁ (nﬂ‘sw\ede
| | o Crices’g o (\*tnewse)*

- '2(1—M1‘)‘Slue¢[e = O
(2t w2 |t nwseds

C. Integrate with respect to © and obtain

e .
M.CQS4>+ f@ﬁwr—?dr—cof(‘?[ |

o Cr;c.oslﬁ n(l+nes o)
- = O.
n(2+ n?)(l+ncose) > &

On evaluating, it is found that the bracketed term equals O, .

Therefore
T . = 9oQ°
Wecos = 0 and ¢ = 90°.
D. Now sum forces along the axis bb in Ficure 1.

A

Wi s :f? SO osg dA

Substitute for dA and ¢ »

R ~2m ' _
\n/r-zj /( P sino ot rde::\.r-.
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E. Before integrating this expression, as before, a simplification is

possible using the method of integration by parts. .

let u = p; du = dp;
dv = sinede Vo= - CO5@®
K 2m
M,. = {-P ca‘t'es <6 vdr S
€ R jam

AP co‘t'e s rc.‘.er:lr-

Substitute for dp/de.

Faly
W= g Grwr dy cote cos® de
Cr cos @ - (\+ncosa)?
201~ w)cose de

+
2+n(1+ ncose)?

Fo Intezrate with respect to © and evaluate.

(a) Simplify and break down by partial fractions.

20
W = g 6 FPdrcot lo  __ do
Cr*wos’@ ») o \tnecose (I+nces=)?
_ 2(l—142) de _ de ;
24n* (l-t— n(psﬁ)l (l-l'-ld 6059)3
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(b) Intezrate and evaluate by complex variables (theory of residues).

Wi-= Réw-w r’clvufs[ 2w _ 2w
remsig (W) [(-n)2 (-n3)32
_ A (1-n%) ¢ AT
(2+n?)(1-n¥)2 - U-n¥)32
74
W= 12 uw rdr r.a'fﬁ TN

2 2 2 — )ﬁ
L Grees’@ (200
G. Now integrate with respect to r, evaluate and get the required

equation for '.’JI_ .

W= _ wpwC? 3rn ]
& eos’g tong (24nD(-n?) ’iJ

3. Derivation of Thrust Loading.—The thrust capacity of the bearing is
. ‘f 1
determined by swming forces along axis dd of Figure 1, First, find

- the normal force against the cone that is exerted by the pressure;

then take its upward component and set it equal to the thrust load V.

A. Sum forces along axis dd in Figure 1,

A
M’IP Sm€ clA)

where p = pressure as determined in Derivation 1;

dA

"

element of surface area of the cone
(see FMigure 1) = rlirde/sing .

Substitute for dA and p.
rFE i

R
W= éwwr‘g n(2+“50$9)9“@ +F3r}c:|r- cle

o Jg (GTeos (2+n 1+ nwse)?
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B. Integrate with respect to r and evaluate,

\A[t - ar Spw R‘. n(2+ vlcos%e) st we-]
2c,2eos™g| (2+ niX\-{- neos B‘JZJ

+BR | do

=
C. Integrate with respect to -
(a) Simply by partial fractions.
' 4 am
W, = Suw K'n simede . swme de

2(24-"")(&,,1@3"‘3) o((+ nm.-,a)z |+ Ncese

2T '
+ PC,R:L de

o 2—
(b) Integrate.
4 ader
W, = Sxw R™n | _ log (\+ncoss)

' 2(2+n2) e eesg) | n(1+ neos o) n 1.

2, |2
+feK'®
2 Jo

D. Evaluate and obtain the required expression for Wi.

We= BB R™r

Derivation of Friction Equation.—The frictional drag on the journal

is found by multiplying the shear stress at the journal surface by
the journal area.
A. OShear stress at the journal surface iz

’rj: mred +lq oF
h 2r 2©

b)



where h = cncos e (1L+ ncos ®) Eee Derivation l] 5

P _ Guwr? l | Z(1=v")
26 cicosE |(\+nwse)r (2+n?)(l+ncose)3|

Substitute and simplify.

T = pwr [ 4 o(i-n?) ]

crcos Bl(14+nwse) " (26w Y1+ ncose)?

B, The friction force equals the shear stress times the journal

ared, A
F.l = JfrJ AA)

where dA

1]

element of surface area of a cone

H

rdrd@/sin @ (see Migure 1).

Substitute Tor T , dA.

‘( ,u.zu -* [ 4
e rov——

(90“"1) dvde

(24 n?)([+ neos @) | smfé

e Integrate with respect to r and evaluate.
' T
=4
F = o B [ 4
o Scrcosg | (j+ncos 6)

—

c(1-n?) } de

(240314 nwose)™ sing

50
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D. Integrate with respect to © and evaluate using complex variables

(theory of residues).

6=_ wwR® 8w 12(l=p*)w
3(.,.-@0'56 Sln@ (\-nl)yz (21-”1)('“‘?]1);6-

E. Simplify and obtain the required expression for Fj.

F=_wwRS  [4am(+20?) |
Rercosg sing | (2+n2)(1-n?) % |

Derivation of the FPoint of Action of the Radial Lcad.--The point of

action of ‘.'Jr along the face of the cone is assumed to be at the
centroid of loading. It is derived using the 'L'Ir equation as follows.
A, The total W, was shown in Derivation 2 to be

R -
yyan. rxclv- c.o'tﬁ | 2TTn

, Cr cos™ @ (2+n°)(\-n°‘)y"'

"

Wr

B, The above integral can be expressed as the sum of two other in-

tegrals.

. ¥ R
W, = mweote| 12mn o
Cy-ansag (2_‘_"1)(1_“:)}5
(o) r

Ce To separate the total loading at its centroid, the following

must hold:

T .
C(r clr':C- 'Fcllr-
o Jr


file:///lJ/t/

M co‘tp 127t n
> cos B _(:2+n2)(l—n°-)yz-

where C =

D. Integrate and evaluate the two expressions:

4 <4 4
_'Z,-_-B_-_‘:
2 4 =

E. Solve for r and get the point of assumed action for the load,

r=_ 84 K

Derivation of the loint of Action of the [riction Force.~~To determine

the point of action of li‘j, it is assumed that the friction torque
exerted by the journal must equal the friction torgue to restrain the
bearing. This point is computed by using the Fj equation as follows.

Ao, The total Fj could be shown in Derivation L to be:

R
F - pwridie | 4m(+2n?)
ocrw‘e ilﬂﬁ (2+ nz)(|—n:)yz

B, The torque exerted on the bearing by this force is

X
‘."J-; ,u.wr'zc‘r 41-r(l+2n’)
| crcosgsing | (2+n3)(1-n*) Y2

C. The restraining torque must equal the total Fj times some

radius x.

R 2 .
‘_|L= F—J(_K)’-' o dr 41T(l+2n ) X

G cosg sng | (z4nD(1-n D)%




Assuming the torque equal (T = TL ), the following equation

must hold !
4 R
D/(f‘zclr .‘—', Dg\“lclr- (X))
where D = p O [4W(l+2na) i
Ccosg smg | (2+ n2)(i-n3)ra

Integrate and evaluate the two expressions.

_E_‘:-_,-_E_Bx_
4 3

Solve for x and obtain the point of assumed action far the

frietion.

x =.75 R
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