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XIV 

SUMMARY 

The relevance of "boundary conditions to structural behavior has 

long "been recognized, and much experimental work in this regard has 

"been done. A history of attempts to achieve in the laboratory the 

boundary conditions prescribed by analysis is thus presented, and 

the various techniques are critically compared. It is shown, however, 

that the general thrust of these efforts has been misdirected, and that 

a more pertinent goal of experimental investigations must be the 

understanding and evaluation of boundary effects in practical structures. 

Accordingly, this research highlights the necessity of non-destructive 

test techniques and the inadequacy of current methods in buckling load, 

or end fixity coefficient, prediction. A new approach, also useful 

from an analytical point of view, is developed for columns of practical 

interest. The basic method uses a single concentrated non-destabilizing 

lateral load at a specified location and makes use of the fact that 

there is a relationship between boundary effects in destabilizing and 

non-destabilizing environments. 
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CHAPTER I 

INTRODUCTION 

Interest in the ability of structures to carry load has existed 

since man's earliest realization that his health and safety depended on 

that ability. In fashioning his own structures, man's faculties could 

never have matured beyond the most embryonic stages without the remark­

able trait of being able to learn from past mistakes and extrapolate from 

prior successes. Trial and error being the only available design method, 

however, progress was necessarily slow. Nonetheless, the skills and 

knowledge acquired this way were considerable; indeed, who among us has 

failed to marvel at the beauty and grace still present in ancient ruins? 

There comes a time, however, when trial and error is not suffi­

cient, and, for structural design, such a time was the era of the 

Industrial Revolution. The introduction of Iron and steel as building 

materials brought enormous Improvements in design and construction. 

The increasing capability of the builders was matched stride for 

stride by the increasing demands of industry, resulting in designs of 

comparatively spare geometry and high flexibility. The result was a 

change in failure mode from material rupture to a condition of excessive 

deformation that generally rendered a structure unable to carry 

its full load. With this new phenomenon came a greater urgency to 

understand it and thus anticipate Its occurrence before lives and 

property were lost. The stage was set for the development of the theory 
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of elastic stability. 

Due to the ease and simplicity of obtaining a solution, and due 

to its wide use in architecture, the first structural member to be 

treated by this theory was the column. More complicated members could 

be dealt with by the extrapolation of column results. 

Both theory and experiment indicated from the outset that the 

effects of boundary conditions were of primary importance. It is perhaps 

due to the fact that the theory preceded the experiment by a century 

that the boundary conditions arrived at via the calculus of variations 

served as the ideal toward which the experimentalist has striven in his 

testing. That much ingenuity has been exercised by the experimentalist 

in attempts to duplicate in the laboratory the boundary conditions 

prescribed by analysis is evident from a perusal of the literature on 

the subject. 

The shortcoming of this approach is the fact that however clever 

the experimentalist, however closely he is able to approximate these 

ideal boundary conditions, his results are of little help to the engineer 

working with a structure of practical interest. Given a lack of know­

ledge of the boundary restraint present in the actual structure, it is 

pointless to insert this ignorance into analytical calculations. All 

the engineer can do from a theoretical point of view is to make an 

educated guess; analysis is thus reduced to idle speculation. 

At this point the need for a practical non-destructive test should 

be clear. To date the only experimental technique for the determination 

of buckling loads has been the well-known Southwell plot approach, which 

depends on the occurrence of lateral displacements when destabilizing 



loads are applied to the structure. In the case of the circular 

cylindrical shell under axial compression, however, the interpretation 

that should "be given to the Southwell plot is not entirely clear. 

Furthermore, the fact that the specimen, regardless of structural form, 

may buckle unexpectedly implies that the term "non-destructive" should 

not be applied to this test. 

Apparently the flaw in the Southwell method is the use of a 

destabilizing load; a successful non-destructive test must use a non-

destabilizing load to energize the structure. It is important to 

note that the set of boundary conditions is often unchanged regardless of 

the load environment. A pertinent question can now be raised: are the 

boundary effects in the two cases related; if so, can this relationship 

be used to develop a non-destructive test, using non-destabilizing load, 

to predict the onset of Instability? The aim of the present research 

is to answer that question. 
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CHAPTER II 

END FIXITY DEVICES 

Historical Summary 

In the discussion of structural testing, the existence of the 

test machine is generally assumed. Obviously this cannot always have 

been the case; the development of the test machine was an extremely 

significant occurrence. The first such device for the determination 

of the strength of columns was built in 1729 by Musschenbroek (l). It 

is interesting to observe that he was able to propose, as a result of 

his investigations, an empirical formula in which the strength of a 

column was proportional to the square of the ratio of the cross-section 

dimension divided by the length. This was a correct conclusion and 

represented the latest thinking until Euler1s (2) classic memoir of 

17 ̂-t-• The next significant contribution occurred in 1807 when Thomas 

Young (3) developed a formula which associated the applied load, the 

Euler critical load, the initial bow, and the elastic deformation under 

load. This is essentially the same hyperbolic law proposed subsequently 

by Ayrton and Perry (k) and, later, by Southwell (5)-

In 1840 a long paper describing an investigation involving many 

carefully-executed column tests was published by Hodgkinson (6). The 

purpose of the study was, in Hodgkinson's own words, "to supply the 

deficiencies of Euler's theory of the strength of pillars, if it should 

appear capable of being rendered practically useful; and, If not, to 



endeavour to adapt the experiments so as to lead to useful results." 

In many respects this work set the pattern for much which has 

followed. It must be remembered that Euler's theory was derived as an 

example of the power of the calculus of variations and was merely an 

appendix to a paper written on the latter subject. Hodgkinson sub­

sequently set out to determine whether the mathematical development 

had a basis in fact, and the use of experimental work to verify analysis 

has persisted to this day. It is interesting to note that Hodgkinson's 

was the first contracted research. 

It is clear from Hodgkinson's paper that he appreciated the 

importance of end conditions, and in his tests he attempted to achieve 

the limiting cases derived by the calculus of variations with homo­

geneous end conditions. In fact, his first series of experiments were a 

comparison of the strengths of columns with rounded and flat ends. With 

regard to round-end tests of short columns Hodgkinson noted that "It 

became necessary to render those which were rounded at the ends more 

flat there than if the ends had been hemispheres." This action was 

necessitated by bearing failure at the contact surfaces, a consideration 

that has continued to plague experimentalists. The test machine and the 

end shapes of the columns developed for this study are illustrated in 

Figures 1 and 2. 

In 1879 "the Watertown Arsenal (7) Installed a test machine that 

did much to further experimental column research. It was a noteworthy 

pioneer, having a capacity of one million pounds compression and being 

the forerunner of the modern hydraulic test machine. It was in connection 

with work being done In this machine that the end fixity device pictured 



Figure 1. Hodgkinson's Test Machine 
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Figure 2. Hodgkinson's Specimens, Illustrating End Shapes 



in Figure 3 was developed. It is apparent that it was this device 

which led to the description of columns as "pinned1' when it was desired 

to convey the idea of zero rotational restraint and infinite lateral 

restraint at the ends. Unfortunately, the pinned fixture conveys the 

idea but does not deliver the performance. When the diameter of the pin 

is large enough to prevent bearing failure, friction can cause the 

rotational restraint to be effectively infinite unless great care is 

exercised in lubrication, surface finish, and fit. Generally, tests with 

this type of device are not repeatable. 

Around lQQk- Christie (8), in an attempt to build a device based 

on the same general principle but having three degrees of freedom, 

developed a fixture with a spherical seat, as shown in Figure k. How­

ever, the shortcomings of the pin device are also present in the 

spherical seat. 

In 1887 Bauschinger (9) reported on a series of reliable tests 

he had carried out using a device having a conical seat, the first use 

of such a configuration. In 189O Tetmajer (lO) used a similar device, 

illustrated in Figure 5• In theory the device has three degrees of 

freedom and ensures central load application, but In practice a bearing 

failure occurs at the tip of the cone, resulting in considerable 

friction. 

Around the turn of the century Lilly (11,12) performed roundend 

and eccentrically-loaded column tests; to achieve the latter condition 

he devised a knife-edge fixture as shown in Figure 6. A knife-edge 

device was also used by von Karman (13) in his well-known 1910 work on 

the plastic buckling of columns. 



SPECIMEN 

Figure 3. Watertown Arsenal End Fixture 
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Figure 4. Christie's End Fitting 
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/ SPECIMEN 

114° CONICAL SURFACED 

Figure 5. Tetmajer's Conical Seat 
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SPECIMEN 

Figure 6. Lilly's Knife Edge Fixture 
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The knife-edge fixture is probably the best of all those mentioned 

so far. It does share with the Watertown Arsenal pin device the short­

coming of having only one degree of freedom, but many column cross-

sections are such that no torsion occurs; furthermore, the knife edge 

can be positioned such that the hinge operates in the plane in which 

buckling is desired or anticipated. In the perpendicular direction, 

the rotational restraint is nearly infinite. 

It might be assumed that the case of Infinite rotational restraint 

would be easily achieved, but this is not the case. Generally the 

approach has been to make the ends of the specimen either flat or 

flanged, as did Hodgkinson. See Figures 7 a^d 8. In practice, trouble 

can be encountered owing to the difficulty of straightening the columns 

and of getting the end surfaces to be very flat, parallel, and normal 

to the axis of the column. This is particularly true of large specimens. 

Thus it is that all specimens start their experimental lives in a state 

similar to some degree to the condition portrayed In Figure 9- It is 

clear that small deviations in geometry can lead to large deviations in 

loading. To compound the situation, even if the specimen could be 

perfectly prepared, any lateral motion or rocking of the test machine 

platens would again lead to a situation equivalent to that in Figure 9« 

In practice, the case of zero rotational restraint, the "pin-end" 

condition, has received by far the most attention. It is clear that, 

if bearing failure is avoided, the problem of producing a satisfactory 

fixture is largely one of minimizing friction. Toward this end many 

improvements have been introduced. 

One of the improvements on the Watertown Arsenal device was 
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SPECIMEN 

Figure 7. Flat End Arrangement 



SPECIMEN 

Figure 8. Flange Arrangement 
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SPECIMEN 

Figure 9. Tilt of Specimen with Flat Ends 



developed at the University of Washington in 1926. It is shown in 

Figure 10, and it has a capacity of 500;000 pounds. It Is clear from 

the figure that the device consists mainly of a semi-cylindrical 

loading block and a concave base, the radius being such that the inter­

section of the neutral axis with the plane of the column end was at 

the center of curvature of the fixture. The annular space between the 

base and the loading block was filled with a single layer of steel 

rollers whose diameters were 1.5 inches. The radius of the loading 

block was 6 inches. A friction test indicated a coefficient of friction 

of .002, and the device performed very satisfactorily. Tests show, 

however, that extreme care should result in a reduction in the 

friction coefficient to .0006. 

It is apparent that friction could be reduced very much more if 

the steel rollers were replaced by a thin film of oil under pressure. 

Such a device is shown in Figure 11. 

In 1938 Osgood (15) carried out an Investigation of the column 

strength of tubes elastlcally restrained against rotation at their 

ends. This fixture consisted of essentially a carrier with a knife 

edge which bore on a seat on a stationary support clamped to one of the 

test machine platens, as shown in Figure 12. Rotation about the knife 

edge was restrained by the helical springs, the degree of restraint 

being adjustable by changing the active lengths of the springs. Since 

the springs were active only In compression, they were pre-loaded by 

means of wing nuts. The fixture was provided with means for holding the 

end of the test specimen in position in the carrier and moving It hori­

zontally under low loads in a direction perpendicular to the knife edge. 



SPECIMEN 

ROLLERS 

-CYLINDER RADIUS 

Figure 10. University of Washington Roller System 
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SPECIMEN 

OIL PRESSURE 

CYLINDER RADIUS 

Figure 11. Hydraulic End Fixture 



WING NUT 

Figure 12. Diagram of the Apparatus for Procuring Elastic Restraint at End of Column 

O 



This is the well-known "centering under load" technique, which has the 

purpose of ensuring that the load is centrally applied and that the 

condition shown in Figure 9 does not occur. 

In 1939 Barlow (l6) made a logical and simple device for testing 

light columns. From Figure 13, it is seen that each unit consisted of a 

round hardened steel bar supported between two ball bearing assemblies. 

At the mid-point of the bar was ground a flat in whose surface lay the 

axis of rotation of the assembly. The flexural rigidity of the loading 

bar was such that an angular deflection of 1.2 degrees could occur under 

a load of 2^,000 pounds, while the bearing would not bind until this 

angle reached 1-5 degrees. Since the maximum test load was 8000 pounds, 

the device worked well. Like the majority of knife edge or roller 

assemblies, this end fixity device was restricted to a single degree 

of freedom. However, in addition to the lower rotational restraint 

achieved, the device had other advantages. The first of these was that 

no corrections for effective free length were necessary; the second 

was that the pivot axis could be statically balanced for precision 

tests. Thirdly, the use of commercial ball bearing assemblies permitted 

the use of high-quality parts at very low cost. 

The restriction to a single degree of freedom was lifted in 

subsequent research (17)- Two sets of half bearings resulted in a 

fixture having two degrees of freedom. The new device was entirely 

similar to the old, with the important exception that the half bearings 

enabled the testing of specimens of essentially zero length via the 

simple expedient of assembling the base castings and the accompanying 

half bearings around a cylindrical steel bar. In this way the friction 



Figure 13. Barlow's End System for Light Loads (Single Degree of Freedom) 
ro 
ro 



characteristics of the device could "be evaluated "by determining the 

torque required to start rotation of the bar under various compressive 

loads of the assembly. This test was performed about one axis only, 

owing to the extreme freedom of movement of the assembly. Friction in 

the fixture is manifested in an eccentricity of loading, and Barlow 

reports that eccentricities of .0039 inch at 100 pounds and .00595 inch 

at 6000 pounds were measured, concluding that these were negligible. 

This device is shown in Figure lk. 

The next major development appears to have been due to Templin 

(l8), who devised a system of hydraulically-supported spherically-seated 

compression test machine platens. The design was done with an eye to 

six basic requirements set forth by Templin for suitable fixtures for 

making round-end tests of column specimens: 

1. There should be three degrees of freedom, 

2. The device should possess as low resistance to rotation as 

possible, 

3- The method should be applicable to large total load systems, 

k-. Distortion should be minimal during use, 

5. The device should apply either uniform axial loads or loads 

with prescribed eccentricities, 

6. It should be reasonable in cost, simple to install, and easy 

to maintain. 

A drawing of the resulting device is shown in Figure 15• 

In addition to satisfying the above requirements, the Templin 

device had some other interesting features. The fixture could be 

changed from near-zero to near-infinite rotational restraint through 



Figure 1^. Barlow's Two Degree of Freedom Pin End Fixture 
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Figure 15. Assembly Drawing of Templin's Device 
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the simple expedient of inserting four distance pieces between the base 

plate and the platen; errors in parallelism between upper and lower 

platens could be corrected readily by making the distance pieces 

adjustable. Furthermore, it was found that the testing machine, being 

of the hydraulic type, could supply the oil to the test fixture at 

the proper pressure, thus eliminating the need for a separate hydraulic 

system. Driving the test fixture with the test machine hydraulic 

system decreased the strain rate capability of the machine, but this is 

of little consequence in quasi-static testing. The platens had 

attachments for positioning specimens with respect to the platens, 

as well as attachment points for transducers. 

To evaluate the frictional characteristics of his device 

Templin performed a test essentially the same as that done by Barlow. 

The results are shown in Figure l6. The differences in behavior in 

the two directions are ascribed to slight errors in centering the 

fixtures. There can be little doubt that the device was of good 

quality compared with most others which preceded it. 

In 1959 Goldberg and Ienzen (19) published the description 

of a roller fixture for pin-end column tests. The geometric details 

are clear from Figure 18. The rollers and base blocks were made of 

Ryalloy tool steel tempered to a Rockwell "C" scale hardness of 57-

Foppl's (20) formula indicates that under a compressive load of 300,000 

pounds and a contact length of 8 inches, the maximum bearing stress was 

215,000 psi, considerably less than the ultimate stress of 300,000 psi 

arrived at by conversion from the Rockwell hardness. Thus bearing 

failure was avoided. The rollers were keyed to the blocks by a tooth 
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at each end, these teeth being involute curves of zero pressure angle. 

They resisted relative translation as long as the angular displacement 

of the roller was less than 22.5 degrees. 

It is interesting to compare this device's rotational restraint, 

shown in Figure YJ, with that of Templin's fixture. Scatter in the 

data precludes any definite conclusions, but it may be said that this 

apparatus was at least competitive with that of Templin, particularly 

at lower load levels. 

More recently, Lehigh University carried out considerable 

research on steel structures for large civil engineering applications. 

The latest standard column end fixture used at their Fritz Engineering 

Laboratory (21,22) is shown schematically in Figure 19. The device 

was basically similar to that of Goldberg and Lenzen, but being designed 

specifically for large structures, its load capacity was considerably 

higher; viz., two million pounds. The material used in the roller and 

base block was special tool steel heat-treated to 7O-8O Scleroscope 

surface hardness. The geometry was again dictated by the necessity 

of avoiding bearing failure; with a roller radius of ten inches, the 

cylinder length came out to be 2k- inches . 

It is evident from Figure 19 that the apparatus consists 

essentially of a column base plate (to which the column was welded), 

a fixture platen that connects the column base plate to the cylindrical 

bearing block, the flat bearing block, an adjusting assembly composed 

of sliding height-adjustment wedges and a small cylindrical bearing, 

and a base. Top and bottom fixtures were identical. The need for 

obtaining uniform contact pressure along the cylinder-bearing block 
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interface and for neutralizing lack of normality "between the column 

axis and the testing machine table was satisfied "by the adjusting 

assembly. As the height of the wedge adjustment changed, the end 

plane of the column rotated around the cylindrical hearing. The 

column base plate could be slid relative to the fixture platen, per­

mitting the use of the well-known "centering under load" technique 

to minimize eccentricity. 

Tests were carried out to evaluate the rotational restraint 

actually present under axial load. For low load ranges, a hysteresis 

check was made in a load-unload cycle. No hysteresis was observed. 

For high load ranges, a hydraulic jack was mounted parallel to the 

column between the base plates, such that additional bending and 

axial stresses could be superposed on the existing load states. The 

results are shown in Figure 20. 

In methods of adjustment and alignment, the above fixture was 

quite similar to one used earlier at Iehigh University and described 

in lucid detail by Adams and Galambos (23) and by Beedle, Ready, and 

Johnston (2^). Only the means of allowing rotation was dissimilar; 

this device utilized a double knife edge. The test assembly is shown 

schematically in Figure 21 and pictorially in Figure 22. Steel 

structural members of full-scale building size were tested in the 

machine, the point of departure from previous methods being that end 

moments were applied rather than minimized. The chief criterion 

regulating the geometry of the end fixture was that the point of end 

rotation and application of axial load, the center of moment, the point 

of lateral support (the support being necessary to equilibrate the 
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applied end moments), and the end of the actual test specimen lie as 

nearly as possible in the same plane. This condition was reasonably 

satisfied in all but the last requirement, the end of the column being 

almost six inches above the knife edge. It was thus necessary to use 

an adjusted column length in the data analysis. 

Application of moments to the end of the column was accomplished 

via an arm mounted at the end of the specimen, perpendicular to its 

axis. Each arm was driven at the outboard end by a tension-compression 

hydraulic jack that was mounted on the test frame. Alignment was 

accomplished by centering the column carefully on the end fixtures and 

then positioning the fixtures equidistantly from the vertical screws 

of the testing machine. The knife edge seats tended to automatically 

position the knife edge blocks, which could be moved with respect to 

the adjusting wedges. Alignment was checked with strain gages and 

levels; leveling under load was used sparingly. It was deemed that 

alignment was not as critical as in other tests because of the presence 

of the applied end moments. 

Displacements were initially measured by observing the relative 

motion of a graduated scale fixed to the column and a taut wire hanging 

from a fixed point. Subsequently, dial gages were used for both lateral 

deflection and, in conjunction with a micrometer lead screw and a 

leveling bar, end rotation measurement. 

Three different tests were described: axial load alone, with 

both ends free to rotate; axial load in combination with a moment 

applied at one end, with the opposite end pinned; and axial load with 

one applied end moment, with the opposite end clamped. In the last 



37 

case, clamping was obtained "by having the hydraulic jack supply enough 

force to the end of the moment arm to drive the measured end rotation 

to zero. The general testing technique was to apply a given axial 

load and to hold it constant while varying the applied end moment. 

Since the application of end moments altered the axial load in the 

column, the two quantities were alternately adjusted until each attained 

the desired values. Then the moment was incremented and the process 

repeated. Lateral displacements at the end of the "beam were neutralized 

by applying appropriate forces to the lateral supports. 

One of the main objectives of the test series was to compare 

measured carry-over moments with those predicted by analysis. Inasmuch 

as the agreement was good, the authors concluded that friction in the 

knife edges was minimal. To verify this conclusion they conducted 

moment-reversal tests at the upper knife edge and observed no detectable 

hysteresis. Their results are given in Figure 23. 

At this point there exists a natural inclination to extend the 

results of column tests to two-dimensional structures -- plates and 

shells. The complication, of course, is that boundary conditions are 

now prescribed along a line, rather than at a point. Nevertheless, 

some experimental studies (25-36) have been undertaken, and they amply 

illustrate the difficulties that exist in treating even the simplest 

of cases: uniform, homogeneous, isotropic, flat rectangular plates 

simply-supported along two edges. When sandwich plates are considered, 

the complexity of boundary restraint is greatly compounded, a point 

that is strongly made by Benson and Mayers (37)- For thin shells, 

moreover, this approach of trying to duplicate in the laboratory all the 
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boundary conditions obtained by analysis meets with staggering 

difficulties, since at least some of the boundaries are curved lines. 

Thus, boundary condition studies for shells have tended to be 

analytical in nature. While most of these investigations are fairly 

recent (38-42), the earlier recognition of the significance of boundary 

effects by Love (43) and Southwell (44) cannot be ignored. 

Expanded Disucssion of Problems Associated with Fin End Fixtures 

Let us consider the case of a spherical column fixture bearing 

on a plane surface. The first issue of importance is that of the 

contact stresses. These can cause rupture of the ball or bearing 

failure of the surface or both. We may recall that Hodgkinson noted 

difficulties in this regard. Some information on the contact stress 

levels can be obtained from the work of Hertz (20). If we assume the 

following material properties; viz., 

6 
Modulus of elasticity = E = 30x10 (l) 

Poisson's ratio = v = -3 

Maximum compressive stress = a = 210,000 psi 
max ' * 

then, following Hertz, we may compute that the spherical diameter must 

be 82.5 inches for an applied load of 300,000 pounds. Such a large 

diameter presents problems both with regard to manufacture and to 

operation. Furthermore, there are difficulties with the precise 

definition of effective length, and with sideslip during relatively 

large rotations. In addition, at higher load levels the rotational 
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resistance due to flattening of the spherical surface becomes so high 

that Infinite, rather than zero; rotational restraint is approached. 

According to Wagner (V?) agreement with the Euler curve is thus pre­

cluded. In fact, the resulting error may be as high as 100 per cent 

if the effective length is assumed to be the distance between the 

centers of the hemispherical ends. 

It is apparent from the Hertz equation that one method of 

reducing the high contact stresses is to make the bearing block a 

hemispherical surface rather than a plane. In this case, if the 

diameter of the ball and socket are equal, the contact stresses are 

reduced for a given diameter so that the ball size can become reason­

able. However, the frictional forces become prohibitive. It Is for 

precisely this reason that the hydraulic fluid bearing becomes so 

attractive when a hemispherical seating is used. In this case, the 

hemisphere size can be substantially reduced, and error in determination 

of the effective column length is similarly minimized. 

Another means of reducing the contact stress is to replace the 

hemispherical surface, when used with a plane, with a semi-cylindrical 

rolling surface. In this case, we compute from Hertz' equations that a 

diameter of 8.88 inches suffices. This is far more reasonable from a 

manufacturing point of view than the 82.5 inch diameter hemisphere. 

There remain the problems of sideslip and friction, but these can be 

overcome, as is evident in the work of G-oldberg and Lenzen. Their roller 

fixture and that of the University of Washington appear to be superior 

to the Lehigh device in that sideslip was prevented, thus greatly 

simplifying the question of effective strut length. 


