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SUMMARY

The intricate beauty and complexity of turbulent �uid �ow has captivated humans for

untold generations. The �rst detailed depiction of turbulence is found six centuries ago in

the illustrated writings of Leonardo da Vinci, and the subject has received intense scrutiny

for over a century. The presence of turbulent �ow affects myriad aspects of our lives,

from the dissemination of viral particles to vehicle transportation, to the circulation of

ocean pollution. It can help or hinder various practical engineering tasks depending on

the scenario; for example, turbulent mixing on average produces a more homogeneous

distribution of energy throughout a volume than laminar �ow (which might be desirable),

but simultaneously increases drag throughout the �ow (which might not be ideal).

Yet despite the fact that the equations governing �uid �ow (the Navier-Stokes equa-

tions) have been established for well over 150 years, the problem of �uid turbulence has

long been intractable. The main challenge of this problem lies in the fact that the Navier-

Stokes equations are non-linear, and are sensitive to initial conditions at all but the lowest

Reynolds numbers. Statistical theories of turbulence [1, 2] have proven useful for describ-

ing certain aspects of fully turbulent �ow, such as average momentum and energy transport,

but offer little power to describe dynamics, and fail to describe the behavior of coherent

structures that appear in turbulent �ow. Crucially, the transition to turbulence is a regime

where the statistical theory is least effective since the assumption of homogeneous isotropic

turbulence underpinning these theories [3] is signi�cantly violated by the presence of co-

herent structures.

A dynamical systems approach provides a different perspective, offering a dynami-

cal description of turbulent �ow. A dynamical systems theoretic approach posits that the

complicated turbulent �ow of a �uid is governed by special solutions to the Navier-Stokes

equations known as exact coherent structures (ECSs). These solutions correspond to non-

chaotic trajectories in a high-dimensional state space, forming travelling waves [4], peri-
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odic orbits [5], and quasiperiodic orbits [6] in this state space. When the turbulent �ow is

close in state space to an ECS, the �ow follows (or shadows) that ECS for some time before

transitioning to another ECS. This approach has borne fruit in experimental investigations

of quasi-2D �ow [7], and evidence of dynamical shadowing of ECSs in 3D Taylor-Couette

�ow has recently been reported [8, 9].

This dissertation extends this latter work in 3D experimental �ow by examining the

effectiveness of an ECS description to �ow states near the onset of chaos. To identify the

onset of chaos, a parameter sweep is carried out near the turbulent transition in counter-

rotating small-aspect Taylor-Couette �ow. A turbulent �ow that exhibits temporalintermit-

tency- wherein the �ow exhibits a high degree of regularity for certain intervals punctuated

at other times by signi�cant increase in spatial and temporal variation of the �ow - is found

very near the transition. A library of ECSs is then found that is observed to describe the

behavior of the �ow for almost the entire duration of the �ow, in both experimental and

numerical investigations, for both quiescent and active behaviors of the �ow. It is also

demonstrated that the transition of �ow behavior between quiescent and active regions is

mediated by a speci�c ECS that connects both regions. Finally, observables of the �ow

are shown to be well-represented by a Markov model generated by shadowing statistics to

the ECS library in this system, thereby demonstrating the connection between dynamical

shadowing of ECSs and average observables in a 3-dimensional experimental �ow.
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CHAPTER 1

BACKGROUND

“I have dream'pt of bloudy turbulence,

and this whole night hath nothing seen

but shapes and forms...”

Shakespeare,Troilus and Cressida

Turbulence is everywhere. It manifests across diverse physical environments, and wide-

ranging spatial and temporal scales. Turbulence drives the chaotic patterns of atmospheric

jet streams, in�uencing weather systems and climate dynamics [10]. On a smaller scale,

turbulence is present in the human body, where the blood �ow through arteries can become

turbulent and impact cardiovascular health [11]. In engineered systems, turbulent air�ow

affects aerodynamics and fuel ef�ciency.

Despite its ubiquity, turbulent �ow has historically resisted characterization, and presently

remains a challenging problem, even though the Navier-Stokes equations were recognized

as the fundamental equations governing �uid �ow since before the 20th century [12]. The

nonlinearity of the Navier-Stokes equations precludes analytical solutions at all but the low-

est Reynolds numbers, necessitating computationally intensive direct numerical simulation

(DNS) to integrate the �uid �ow and construct the full dynamics.

In light of these complexities, statistical approaches emerged [13, 1] to address the tur-

bulence problem and have since dominated turbulence studies. But while standard statisti-

cal approaches help elucidate mechanisms like energy and momentum transport, they fall

short in quantitative predictions. These methods typically rely on simplifying assumptions

such as isotropy and impose symmetry constraints, neglecting the full spatial and tempo-

ral behavior of the �ow [14]. Consequently, they lack the ability to provide the detailed
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dynamical information necessary for predictions and control.

The historical identi�cation of coherent structures in turbulent �ow highlights the lim-

itations of traditional statistical approaches. In the earliest studies of turbulent �ow, per-

sistent �ow features in the form of organized structures and eddies were identi�ed. These

features, �rst depicted in the ”turbolenza” studies of Leonardo da Vinci [15], persist in time

and have spatially recognizable features. Coherent structures abound in nature, at widely

disparate scales, from eddies in a river to von Karman vortex streets that form behind island

chains. These structures inherently break the assumptions of isotropy and homogeneity that

underpin historical statistical methods. As the 20th century progressed, the importance of

incorporating coherent structures into the dynamics of turbulent �ow became increasingly

recognized (see [16, 17, 18] for selected reviews).

Towards the end of the 20th century, advancements in computational power made it fea-

sible to perform direct numerical simulations of the governing equations of �uid �ow, en-

abling the resolution of �uid �ows at realistic spatial and temporal scales. Simultaneously,

ef�cient techniques for extracting velocity �elds from experimental �ows began to bear

fruit [19], so that joint numerical and experimental investigations into spatially resolved

�uid �ows became feasible. The possibility emerged of extracting a dynamical description

of coherent structures that was directly tied to the underlying equations, shedding light into

the intrinsic structure underlying the complexities of turbulent �ow. This description of co-

herent structures is based on the premise that coherent structures in real �ows are related to

invariant solutions to the NS equations known as exact coherent structures (ECSs), which

are non-chaotic and temporally simple solutions to the governing equations.

The goal of this dissertation is to establish a connection between ECSs and the behav-

ior of experimental turbulent �ow near the onset of chaos, where intermittency arises. We

study this in the environment of Taylor-Couette �ow (TCF), so our discussion begins with

a brief discussion of the geometry and history of TCF. We then review the nature and his-

tory of ECSs (introduced through the invariant solutions in low-dimensional chaos that are
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analogues of ECSs in �uid turbulence), paying special attention to recent work in using

ECSs to describe turbulent �ow in TCF. We follow by discussing intermittency — a com-

mon phenomenon that is closely connected to the development of turbulence in many �uid

systems — and emphasize studies of spatiotemporal and temporal intermittency in TCF.

We conclude with a summary of studies to date that have applied the study of ECSs to

intermittency.

1.1 Introduction to Taylor-Couette �ow

Taylor-Couette �ow is a �uid system long studied for its diverse �ow states and rich transi-

tional behavior that is easily accessible in experiment. In TCF, two concentric, independently-

rotating cylinders contain an annulus of �uid between them. Flat endcaps establish the

upper and lower boundaries and typically rotate with the outer cylinder (although in some

rarer studies, the endcaps may remain motionless [20] or may be �xed to the inner cylinder

rotation [21]). The �uid volume itself is equivalent to an annulus in the horizontal plane

that is swept up vertically, with inner and outer radii denotedr i andro, respectively, and

height of swept volume denotedh. These 3 geometric values may be reduced to two pa-

rameters de�ning the geometry:� = h=dand� = r i =ro, whered = ro � r i . The TC system

has two Reynolds numbers because of the dual length and velocity scales associated with

the system. These take the form

Rei =
r i ! i d

�
; Reo =

ro! od
�

;

where! i and! o are the angular velocities of the inner and outer cylinders respectively, and

� is the kinematic viscosity. The �ow behavior of TCF may depend on all 4 parameters of

the system.

The history of TCF is a storied one. Although attempts at analytical solutions reach

as far back as Newton [23], it �rst began to be studied experimentally in the late 1800's.
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Figure 1.1: Example of Taylor-Couette setup from Taylor's 1923 paper [22]. A very high-
aspect ratio �ow was used here (� � 90). The �ow is visualized here by injecting dye into
the �ow.

M. Couette studied the �ow between concentric cylinders with the inner cylinder rotating,

focusing on the torque required to rotate one cylinder in a viscous �uid as a way to char-

acterize viscosity [24] (note that Mallock independently developed this viscometer setup

several years prior [25]). G.I. Taylor famously used a similar con�guration (Figure 1.1) to

con�rm the utility of linear stability analysis in predicting onset of instability [22], and his

work came to be seen as a compelling con�rmation of the Navier-Stokes equations and the

no-slip boundary condition in wall-bounded �ows [25].

Over time, it was discovered that a rich diversity of �ow states was possible when the

outer cylinder was allowed to rotate independently. Coles [26] and Andereck et al [27]

surveyed large swaths of parameter space using large-aspect Taylor-Couette setups and

discovered a veritable zoo of states (see Figure 1.2). Over the years, TCF has been used to

study a plethora of hydrodynamic concepts, from pattern formation [27] to drag reduction

[28] to torque scaling in high-Reynolds turbulence [29]. TCF was also used as an early test

bed for investigating concepts of chaos theory in hydrodynamic systems [30, 31, 32].

We are especially interested in the role TCF has played to date in the study of exact
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Figure 1.2: Example of diverse �ow regimes found in Taylor-Couette �ow in high-aspect
ratio �ow ( � > 20), including both co-rotating and counter-rotating con�gurations. Note
the intermittency that exists around[Ri ; Ro] = [590; � 1500]. Taken from [27].

coherent structures (Section 1.3.1) and of intermittency (Section 1.4.1-1.4.2); thus we will

pay particular attention in turn to the corresponding literature.

1.2 Invariant solutions in low-dimensional chaos

Many of the concepts applied to ECSs in �uid turbulence are borrowed and extended from

the study of invariant solutions in low-dimensional chaotic systems [33, 34, 35, 36, 37].

Therefore, it is appropriate to develop some intuition for the behavior of ECSs by consid-

ering their analogues in low-dimensional chaos, describing a conceptual framework that is

then applied to high-dimensional chaotic systems like �uid turbulence.

In low-dimensional chaos, different kinds of invariant solutions may be embedded in

the chaotic set. For time-continuous systems, �xed points, or equilibria, are states of the

system that produce no change in the state variables with respect to time, such that

f (r ; t) = f (r ; t + t0)
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wheref represents the state of the system and the equation holds for any choice oft0.

Periodic orbits (POs) form closed trajectories in the state space of the dynamical system,

such that

f (r ; t) = f (r ; t + T);

whereT denotes the period of the orbit. Thus the structure of a �xed point does not change

in time, whereas the structure of a periodic orbit exactly recurs after some period of time

T.

These invariant solutions can be either stable or unstable: small perturbations to the

stable solutions will not cause the dynamics to diverge signi�cantly from the solution,

while small perturbations to unstable solutions will cause the dynamics to diverge rapidly.

Stable and unstable invariant manifolds are associated with these solutions, and collectively

the invariant solutions and their invariant manifolds comprise the building blocks that shape

the complicated dynamics of low-dimensional chaotic systems [38].

Examples of both FPs and POs can be seen in a simple model of chaos. The Lorenz

system [39] is a system of 3 differential equations that was originally developed as a simple

model for atmospheric convection. The governing equations are:

_x = � (y � x);

_y = x(� � z) � y;

_z = xy � �z;

where�; �; and� are parameters of the system, and the overdot represents a time derivative.

The typical values for chaos studies of this system are[�; �; � ] = [10; 28; 8=3], and are used

here.

At these parameter values, Lorenz exhibits chaotic behavior, and typical solutions rapidly

collapse onto the butter�y-shaped chaotic attractor. There are many non-chaotic invariant

6



solutions that are embedded on this attractor. In this system, there are only 3 FPs, which

are easily derived from the underlying equations. In contrast, there are in�nitely many pe-

riodic orbits; � 106 periodic orbits with periods less than 20 have been found to exist at

these parameters [40]. To �nd POs for ourselves in this illustration, we borrow code from

[41], which uses a Newton-GMRES/hookstep solver to converge invariant solutions. To

�nd initial conditions for the solver, the self-recurrence function may be used, which in the

case of POs takes the form:

Dself(t0; t) = kr (t + t0) � r (t)k2; (1.1)

wherer = [ x; y; z], t is the time along the chaotic trajectory andt0 is a corresponding

lag time; the maximum allowed value oft0 effectively sets the longest period that is being

searched for. Minima of this function provide locations at which the trajectory is nearly

recurrent. Using this method to generate initial conditions, the shortest POs in Lorenz are

easily converged.

The dynamical relevance of POs in this system can be seen by examining the similarity

of a PO to the chaotic trajectory. Figure 1.3a shows the state space structure of the shortest

periodic orbit in this system, compared to the structure of a long trajectory that approxi-

mates the full structure of the attractor. It is apparent from this �gure that the periodic orbit

plotted is co-located with trajectories on the chaotic attractor. Figure 1.3b demonstrates a

chaotic interval that resembles the shortest PO for some time. This resemblance of a PO

(or any invariant solution) for a �nite interval of time is referred to asshadowing.

To quantify this property, we take a periodic orbit and, parameterizing time along the

orbit as� , we compare each state along the orbit to each state at timet along the chaotic

trajectory time, using some distance metric to compare states (the L2-norm is used here).

Segments of the chaotic trajectory that evolve in time like the PO are said to be shadowing
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(a)

Figure 1.3: Illustration of shadowing in Lorenz system. a) State space plot of Lorenz
attractor and shortest periodic orbit (T = 1.559). The �xed points of the system are also
shown. b) Plot of chaotic trajectory that is initially shadowing a PO at t = 0. c) Shadowing
diagram of shortest periodic orbit to a chaotic trajectory.� represents time parameterized
along the curve, andt is time along the chaotic trajectory. Deep minima that lie along a
line of slope�=t � 1 represent a shadowing event.
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that orbit. Figure 1.3c demonstrates a ”shadowing diagram” which show the minima along

the PO (vertical) and along the the chaotic trajectory (horizontal).

shadowing events manifest as minima features in the diagram, whose slope�=t � 1

(the solution and the chaotic interval are evolving at the same rate) [7].

In order to consider the chaotic trajectory to be shadowing a particular orbit, it is neces-

sary to characterize a minimum time that the trajectory must be close to the PO. It is possi-

ble to de�ne shadowing over any �nite time scale, and if a solution is unstable enough, the

characteristic time that a solution is shadowed may be less than a period. In this illustration,

as well as our de�nition of shadowing later in �uid �ow, stability is characterized by the

escape rate


 i =
X

k

Re(� i;k );

where� i;k are the unstable Floquet exponents of POi . The Floquet exponents are found

from the eigenvalues of the Jacobian of the orbit, known as Floquet multipliers. (In higher-

dimensional systems it is rarely practical to form the Jacobian explicitly, so an approxima-

tion to the Jacobian is found using Krylov methods [42].) The inverse of the escape rate,

termed theescape time, then gives the characteristic shadowing time. In the case of Lorenz,

the PO shown in Figure 1.3 has an escape time of
 � 1 = 0:1298, which is � 8% of the

period of the PO.

The purpose of this illustration is not to fully characterize all the nuances of the dy-

namics of the Lorenz system, but rather to highlight the aspects of this system that have

analogues in �uid turbulence. The presence of invariant solutions, POs in this case, that are

embedded in the chaotic attractor, are mirrored by ECSs embedded in a turbulent attrac-

tor. The numerical methods used to �nd initial conditions (self-recurrence function) and

converge these invariant solutions (Newton-Krylov solver), stability analysis of these solu-

tions, and characterizing shadowing of solutions by the chaotic trajectory, all are concepts

and techniques that may be applied to �uid turbulence.
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1.3 Exact coherent structures in �uid turbulence

The special invariant structures that are crucial to understand low-dimensional chaotic dy-

namics can also be identi�ed in high-dimensional systems, in particular �uid turbulence.

The state space of a �uid �ow may be characterized by the velocities of each �uid element

in the volume, and so the dimensionality is much greater than the Lorenz system. The

smallest spatial scales are damped out by viscosity so the state space dimension is not in-

�nite but still very high [43]; as an example, the �uid system under consideration in this

work has dimensionality of O(106), where the dimensionality quoted here is the number

of values needed to specify the velocities at every point in the numerical grid in DNS.

Nonetheless, in these high-dimensional systems the same kinds of invariant solutions may

be found. Equilibria, periodic orbits, and more topologically complex invariant solutions

exist in �uid �ow. In analogy to the long-observed ”coherent structures” which exhibit

approximately recurrent behavior in experimental �uid �ows, these special solutions are

termed ”exact coherent structures” (ECSs) in �uid turbulence. Due to the inherent com-

plexities of the Navier-Stokes equations, it is only in very special cases that ECSs may be

analytically obtained; in general the structures are converged numerically.

The history of the study of ECSs proper begins in the 1990s. The earliest example

of an exact coherent structure can be traced to Nagata [4], who found a travelling wave

solution to plane Couette �ow (PCF) (shear �ow between in�nite parallel plates) that was

distinct from the laminar �ow state. Periodic orbits with 3-dimensional structure were also

�rst found in PCF [44, 5] in PCF, and relative periodic orbits, which are invariant solutions

with 2 incommensurate frequencies, were �rst identi�ed by Viswanath [6] in PCF as well.

Advances in this area were in part driven by the discovery of robust, ef�cient methods to

converge ECSs [45, 6].

Over time, the existence and relevance of ECSs to various canonical �uid �ows has been

studied: in channel �ow [46, 47, 48], pipe �ow [49, 50], and Taylor-Couette �ow [20, 9], to
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name a few examples. They have been shown to exist even at very high Reynolds numbers

[51]. They are present in a diversity of systems and at a wide range of Reynolds numbers,

so that it is appropriate to consider them a generic feature of turbulence. A theory utilizing

ECSs (and relations between them) is therefore a promising candidate for prediction of

turbulent �ow.

ECSs may indeed provide a crucial connection between the governing equations of �uid

�ow and the transient patterns observed in turbulence. The turbulent �ow may be viewed

as a sequenced walk in state space between the neighborhoods of different ECSs, where

the structure of these invariant solutions and their stable and unstable manifolds shape

the turbulent dynamics. The origin of this conceptual framework is somewhat uncertain:

Eberhard Hopf has been credited by some as being the �rst to picture turbulence as a

wandering walk between �eeting �ow patterns, although this attribution is at least partly

reliant on oral tradition since Hopf's extant works make no such explicit claim. Less-

disputed contributions to establish this framework were made by Moore and Spiegel [52]

and Christiansen et al [53]. For a fascinating account of this slice of scienti�c history,

please see [54].

Understanding and identifying ECSs offers profound insights into the underlying order

within the chaotic behavior of turbulent �ows [55], and as such much numerical work has

been done to established the validity of this framework [56, 57, 58, 59, 60]. Of partic-

ular import to this work, recent progress has been made to elucidate the role of ECSs in

experimental �ows. The �rst successful observation of ECSs in experiment occurred in

pipe �ow, where Hof et al demonstrated that turbulent pipe �ow occasionally mimicked the

structure of traveling wave solutions [50]. The work by de Lozar and colleagues [61] used

initial conditions taken from experiment to numerically converge so-called ”edge states”

that lie on the laminar-turbulent basin boundary in pipe �ow. Subsequent studies explored

the utility of equilibria, periodic orbits (POs), and their unstable manifolds to characterize

turbulent behavior in experimental 2D Kolmogorov �ow [62, 63, 7].

11



1.3.1 ECSsin Taylor-Couette�ow

Some signi�cant ECS studies have taken place in Taylor-Couette �ow in particular. Much

initial focus was on travelling wave solutions; Meseguer et al �rst identi�ed spiral-wave

TWs [64] in counter-rotating TCF, followed by Deguchi et al [65, 66]. Quite recently,

Wang et al converged ECSs (TWs and RPOs) in numerical parallelogram-shaped periodic

domains, identifying the self-sustaining process in spiral turbulence using ECS [67]. It is

worth noting that each of these solutions was computed using arti�cially imposed periodic

boundary conditions.

Examining directly the role of ECSs in turbulent �ow, Krygier et al [20] established the

relevance of RPOs and TWs inDNS. Here the ECSs were computed over the full domain

without arti�cial periodicity imposed. And in a system with� = 1 ; � = 0:5 with stationary

end-caps, they observed turbulence to shadow multiple members of a library of ECSs in

that system.

The �rst experimentalevidence of ECSs in turbulent Taylor-Couette �ow is found in

the work of Crowley and colleagues [8, 9]. This work was carried out in small-aspect-ratio

TCF (� = 1 ; � = 0:71). The investigators demonstrated the dynamical relevance of rel-

ative periodic orbits (RPOs) in 3D experimental Taylor-Couette �ow (TCF), showing that

turbulence repeatedly shadows these RPOs, and advanced a technique to identify shadow-

ing to ECSs that exhibit continuous symmetries (this method is described in Chapter 3).

An illustration of turbulence shadowing RPOs from this work is shown in Figure 1.4. This

work provided compelling evidence that ECSs shape the dynamics of turbulence in 3D

experimental �ow.

Building on this latter work in TCF, the goal of this thesis is to identify a turbulent �ow

1) where ECSs can be found with relative ease and of suf�cient number to capture well

the statistics of turbulent �ow; and 2) that is easily accessible in experiment. The approach

taken in this work is to consider �ow states very close to the onset of chaos in TCF; it is in

these circumstances that intermittency frequently emerges.
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(a)

Figure 1.4: Experimental observations of turbulence shadowing ECSs in Taylor-Couette
�ow. The vertical band represents experimental data missing because of nonuniform illu-
mination. In each example, time advances from left to right, where the separation between
each column is approximately 6.4 s, or about one eighth of the typical period. No two
events shown here are simultaneous. Figure taken with permission from [9].
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1.4 Intermittency

For the purposes of this work, intermittency may be de�ned as �uid behavior that exhibits

a high degree of regularity for certain intervals punctuated at other times by signi�cant

increase in spatial and/or temporal variation of the �ow.Temporal intermittencyprimar-

ily varies in time; the system alternates irregularly between periods of regular (laminar)

behavior and periods of chaotic (turbulent) activity over time.

Temporal intermittency was �rst studied in low-dimensional chaos. Some early exam-

ples of intermittency were identi�ed in low-dimensional chaotic systems such as Lorenz

[68] and iterated maps [69, 68]. An example of temporal intermittency in the logistic map

is shown in Figure 1.5.

Figure 1.5: Example of temporal intermittency in iterated map. The logistic map is de�ned
by xn+1 = Rxn (1� xn ). Rc = 1+

p
8marks the onset of a stable 3-cycle orbit [69]; a stable

cycle exists for values ofR slightly above this threshold (top plot), while intermittency
appears at values slightly below the threshold (bottom plot).x0 = 0:7 was used as the
initial condition in this example.
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Although temporal intermittency is common in the transition to chaos in low-dimensional

systems, it is hard to resolve in extended physical systems, although systems with suf�cient

spatial con�nement may manifest this behavior [70].

A more common form of intermittency isspatiotemporal intermittency (STI), which is

characterized by turbulent spots, patches, or bursts, on an otherwise laminar / regular back-

ground. The intermittency �rst reported by Reynolds in his classic pipe �ow experiments

[71] is an example of STI, since the turbulent features are localized in space, separated by

laminar regions; these features may be distinguished into ”puffs” and ”slugs” based on their

spatial characteristics [72, 73]. These structures in pipe �ow are thought to be connected

to the self-sustaining process in turbulence [74]. In pipe �ow this turbulent intermittency

emerges from perturbations to the �ow (since the laminar state is linearly stable) and is

transient, but turbulence can nonetheless be sustained for long intervals [75].

Intermittency has been observed in many other canonical �ows. Intermittency in wall-

bounded channel �ow shares features with pipe �ow, for instance that plugs of localized

turbulent regions can form and grow throughout the channel [76, 77]. In Rayleigh-Bénard

�ow spatiotemporal intermittency is identi�ed as a route to turbulent convection [78]. Plane

Couette �ow is another early example of the study of spatiotemporal laminar-turbulent

patterns [79], and has continued to be a popular context for the study of these patterns'

formation [80, 81, 82].

In the case of Taylor-Couette �ow, both spatiotemporal and temporal intermittency may

be realized depending on the parameter values.

1.4.1 Spatiotemporalintermittencyin Taylor-Couette�ow

Spatiotemporal intermittency emerges in high-� TCF �ow when the cylinders are counter-

rotating. Intermittency in TCF was �rst observed by Coles in 1965 [26], who identi�ed

alternating bands in the axial direction of turbulent and ”laminar” behavior (famously de-

scribed by Feynman in his lectures as ”barber pole” turbulence [83]). Andereck et al [27]
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identi�ed a range of Reynolds numbers that could exhibit spatiotemporal intermittency; an

example of turbulent spots on a ”laminar” background is shown in Figure 1.6.

Figure 1.6: Example of turbulent spots on a ”laminar” interpenetrating spiral background.
Taken from [27], which used a TCF setup of� = 30 , � = 0:883. The particular �ow states
were acquired at[Ri ; Ro] = [590; � 1500](counter-rotating �ow).

The behavior of intermittent bursting in large-aspect TCF was interrogated in greater

detail by Hamill [84] and Colovas and Andereck [85], and Coughlin and Marcus used

numerical simulation to propose a possible mechanism for the cyclic turbulent bursting

[86]. Goharzadeh and Mutabazi further examined the effect of Reynolds number on the

formation of turbulent spots [87]. More recently, some DNS studies have been carried out

examining the 3-dimensional structure of laminar-turbulent bands in spiral turbulence [88,

89].
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Most studies of STI in TCF have taken place at� > 20. However, Mesequer et al [90]

demonstrated that spatiotemporal intermittency can occur at aspect ratios lower than 20, or

more precisely, at lower computational box aspect ratios, since their numerical simulations

were constructed to enforce axial periodicity and ignore end cap effects. Crowley et al [91]

also examined the behavior of counter-rotating TCF and identi�ed a region of spatiotem-

poral intermittency at� = 5 :26; � = 0:905, that was mediated by an interpenetrating spiral

wave. Interestingly, Czarny et al [92] examined medium-aspect-ratio (� = 5 � 6; � = 0:75)

counter-rotating �ow via DNS without enforcing axial periodicity and found interpenetrat-

ing spirals which serves as the ”laminar” background of spatiotemporal intermittency in

many studies, but did not examine intermittent behavior in this �ow.

1.4.2 Temporalintermittencyin Taylor-Couette�ow

Although extended systems necessarily have a spatial aspect, it is possible to realize tem-

poral intermittency, of a sort, in extended systems like Taylor-Couette �ow. There are

circumstances in which the intermittency formed is global, rather than local, so that while

there may still be a spatial character to the switching between calm and chaotic phases,

turbulence and laminar / regular �ow do not coexist spatially and the temporal behavior

dominates.

To realize temporal intermittency properly requires imposing greater con�nement to the

system. This may be accomplished by reducing the value of� suf�ciently. The con�gura-

tions under which temporal intermittency can exist as opposed to spatiotemporal intermit-

tency has not been studied in detail. However, there are some studies that have produced

temporal intermittency-like behavior, with the caveat that most have been observed using

single-point measurement so that spatial variation at an instant in time may not be captured.

Results consistent with temporal intermittency in variants of the standard TCF have

been reported. One variant, endcaps rotating with inner cylinder and stationary outer cylin-

der, identi�ed intermittency in the ranges of� = 3 :6 � 4:9; the measurements were not
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spatial-resolved, but the point measurements of velocity produced by laser Doppler ve-

locimetry (LDV) were consistent with temporal intermittency [21, 93]. Buzug et al [94]

examined TCF with a different variant (one endcap was slightly inclined) and discovered

intermittency for� � 0:4, with stationary outer cylinders.

There are a couple of studies of temporal intermittency in a standard (endcaps �xed to

outer cylinder) Taylor-Couette setup as well. Mullin et al [95] reported phenomena that is

consistent with temporal intermittency using a point measurement of the �ow velocity in

� = 5 :512; � = 0:5 con�guration, stating that ”the oscillation observed in the experiment is

initially regular but becomes irregular upon increase of [Re]. The irregularity takes the form

of occasional bursts in the velocity-time trace superposed on the regular oscillation.” This

particular work took place with the outer cylinder stationary. Another work by P�ster et al

[96] found intermittent behavior at� � 1:2; � = 0:5. These results are perhaps best taken

with a grain of salt as evidence of temporal intermittency, since spatially resolved �ow

�elds were not taken; but taking the results of Mullin et al at face value, it is interesting that

at similar values of� to Crowley et al 2020 (� = 5 :512vs5:26), temporal intermittency is

realized instead of spatiotemporal intermittency; the value of� may not be the only factor

relevant to the development of temporal intermittency. One feature, of course, separates all

of these studies from the spatiotemporal intermittency studies: the ”temporal” intermittency

studies presented here all held the outer cylinder stationary, as opposed to the counter-

rotation present in all the spatiotemporal studies.

In this study, we examine intermittency in the context of small-aspect TCF, using values

of � = 1 and� = 0:71 (see Figure 1.7 for an illustration of the geometry of our setup).

Unlike the small-� examples above, we will examine intermittency in thecounter-rotating

regime. We will see in our current study that in small-aspect ratio TCF, the spatial aspect

of the intermittency is suppressed to such a degree that the intermittency is dominated by

the temporal aspect of intermittency, so it is appropriate to refer to this system as exhibiting

temporal intermittency.
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Figure 1.7: Illustration of Taylor-Couette setup. Full experimental access to the �ow is
possible because of the transparent inner and outer walls. A horizontal laser sheet is used
to illuminate the �ow, so time-resolved 2D-2C velocity �elds may be reconstructed at the
axial midplane. Radii and height are drawn to scale for the parameters of our system
(� = 1 ; � = 0:71).

1.5 Small-aspect TCF: bene�ts and challenges

Outside the study of temporal intermittency, the geometry of small-aspect TCF offers sev-

eral experimental and numerical bene�ts over its taller cousin, or for that matter over other

canonical �ows. Many canonical �ows such as pipe �ow and channel �ow are open �ows,

which have the disadvantage of advecting features of interest away from the region that is

being interrogated experimentally. Also, since instantiation of a �ow with in�nite extent is

experimentally impossible, in�ow and out�ow effects need to be considered in such cases.

Neither of these are the case in TCF, since the �ow is streamwise-periodic by construc-

tion, and has no inlet. Another bene�t is numerical �delity to the experimental setup. In

numerical simulation for many canonical �ows, minimal �ow units are usually used, with

the aim to capture dominant dynamical features while reducing computational cost. This

simpli�cation may introduce deviations from the behavior of the full system, and care is

needed to ensure that the minimal �ow unit chosen does a reasonable job of capturing the

true dynamics. In contrast, the relatively small domain of small-aspect TCF allows more

rapid numerical simulations, and allows numerical simulation in a physically realizable

setup without simplifying assumptions.

A challenge of choosing counter-rotating small-aspect TCF to study intermittency is
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that it is not a regime that is well-studied. Most studies have examined the �uid behavior

for rotating inner cylinder and stationary outer cylinder [97, 98, 99, 100, 101, 102, 103,

104]). Schulz et al [105] and Altmeyer et al [106] both examined the bifurcation structure

in small-aspect counter-rotating �ow, but both were below the turbulent transition. Small-

aspect counter-rotating �ow in turbulence is limited to 4 publications to date, one of which

has a non-standard TCF con�guration (stationary endcaps) [20] and two of which are at

a single pair of Reynolds numbers ([Rei ; Reo] = [500; � 200]) [8, 9]. The 4th is the PhD

thesis of M. Krygier [107], who examined two additional pairs of Reynold numbers in

� = 1 ; � = 0:71 but did not report intermittency. Therefore the �rst task to accomplish is

identifying a region of intermittency in� = 1 ; � = 0:71.

1.6 Outlook: the role of ECSs in intermittency

We have seen that Taylor-Couette �ow has been used to study ECSs and intermittency

individually. In this current study, we combine these ideas and examine the ability of ECSs

to describe the behavior of intermittency in TCF.

Some previous forays have been made into connecting the structure of ECSs to the

phenomenon of intermittency in numerical simulations. Gibson and Schneider applied lo-

calized invariant solutions to banded turbulent-laminar pattern in plane Couette �ow, and

found an equilibrium solution that appeared to underlay the turbulent-laminar stripes [82].

Perhaps most closely connected to the vision of our current work, Park and Graham [108]

established that intermittency in minimal �ow units of channel �ow resembled one or the

other of two families of solutions during ”active” and ”hibernating” phases of intermit-

tency. In a follow-up work, Kushwaha et al sought to relate the temporal intermittency that

arose in minimal �ow units of channel �ow to spatiotemporal intermittency in larger spatial

domains [109].

Closer to home in Taylor-Couette �ow, the families of TW spiral waves found numeri-

cally by Meseguer et al [64] exist in parameter values at which spatiotemporal intermittency
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exists, and it was hypothesized that they may be relevant to the structure of the intermittent

turbulent �ow. Similar claims were posed by [65] and [66] in their TW results.

To the author's knowledge, only one experimental work in �uid �ow brie�y addressed

intermittency as pertaining to an ECS. In an experimental quasi-2D Kolmogorov-like �ow,

R. Pallantla observed that at certain parameter values, temporal intermittency was observed

to have similar temporal behavior to an unstable periodic orbit that existed at the same

parameter value [70].

An extensive study in experimental �uid �ow of the relationship of the dynamics of

temporal intermittency to ECSs has not been carried out in any system. It is to this task that

we turn now.
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CHAPTER 2

NUMERICAL TECHNIQUES

In order to investigate the role of exact coherent structures in intermittent turbulence, the

ability to numerically simulate the �ow and to utilize ECSs in that �ow needs to be ex-

plicated. This chapter highlights the tools needed to produce direct numerical simulation

(DNS) of our system, converge ECSs from DNS, and to continue ECSs in parameter space.

Finally, we describe the method used to detect shadowing of ECSs in turbulent �ow.

The particular experimental setup that is used in this dissertation is of small aspect and

wide gap, speci�cally� = 1 , � = 0:71, and the endcaps rotate with the outer cylinder. The

numerical codes use the same con�guration.

2.1 Numerical integration of TCF

The Navier–Stokes equation and the incompressibility condition control the �ow dynam-

ics in this system. By using the gapd as the characteristic length and the diffusive time

scaletd = d2

� as the characteristic time, these equations can be transformed into a non-

dimensional form,
@u
@t

+ ( u � r )u = �r p + r 2u; (2.1)

r � u = 0: (2.2)

whereu = ( ur ; u� ; uz) andp are the non-dimensional velocity and pressure. Boundary

conditions at the walls are considered no-slip:
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u(r i ; �; z; t ) = (0 ; Rei ; 0); (2.3)

u(ro; �; z; t ) = (0 ; Reo; 0); (2.4)

u(r; �; � h=2; t) = (0 ; Reor=r o; 0): (2.5)

Note that Equation 2.5 constrains the endcaps to co-rotate with the outer cylinder wall.

To perform direct numerical simulation of Taylor-Couette �ow, we utilize a pseu-

dospectral solver ([110, 111, 112]) that solves the governing equations in cylindrical coor-

dinate(r; �; z ). The velocity �eldu at location(r; �; z ) and timet is given by

u(r; �; z; t ) = <
N zX

k=0

N � =2X

l=0

X

m=0

Uklm (t)Tk(� )Tl (� )eim� ; (2.6)

where� = (2 r � r i � ro)=dand� = 2z=h. Nr , Nz, andN � are the number of spectral

modes in the three coordinate directions,Tk(�) is the Chebyshev polynomial of orderk,

and< denotes the real part. The solution is integrated forward in time using a second-order

stif�y stable time-splitting scheme [113]. Advection terms are evaluated on the spatial grid

(r k ; zl ; � m ) in physical space, where

r k =
(ro � r i ) cos

�
k�
N r

�
+ r i + ro

2
; k = 0; : : : ; Nr ; (2.7)

zl =
� cos

�
l�
N z

�

2
; l = 0; : : : ; Nz; (2.8)

are Chebyshev collocation points, and� m = 2�m
N �

with m = 0; : : : ; N� � 1.

Consistent with [20], we foundNr = 32, Nz = 48, andN � = 128 to be suf�cient to

resolve velocities adequately for this geometry. We also performed a time-step sensitivity

analysis for the chosen Reynolds numbers of this exploration and found thatdt = 1e � 5

was suf�cient for numerical stability of resultant trajectories.
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2.2 Convergence of ECSs in TC �ow

The symmetries of ECSs that exist in a given �ow are dependent on the symmetries of the

�ow geometry being considered. The continuous rotational symmetry of Taylor-Couette

admits two common classes of ECSs: traveling wave (TW) solutions and relative periodic

orbits (RPOs). Both these types of ECS satisfy the condition

u(r; �; z; t ) = u(r; � + � ; z; t + T): (2.9)

For RPOsT is the period of the solution and� is the angle by which the solution drifts

in the azimuthal direction over one period. The constant angular speed of the co-moving

frame is then
 = � =T. For TW's, Equation 2.9 is satis�ed for any� andT whose ratio


is a property of the solution. In other words, a TW is a stationary solution in a co-moving

reference frame that is rotating with a constant angular velocity
 , and an RPO is a solution

that is periodic in time when viewed in the co-moving frame.

For the purposes of the present analysis, the search for solutions was primarily limited

to RPOs. In this approach, direct numerical simulation of the �ow for a long time series is

produced. Nearly recurrent segments of the simulated turbulent trajectory were found by

examining minima of the residual,

Dself(� 0; t0; t) = ku(r; � � � 0; z; t + t0) � u(r; �; z; t )k2; (2.10)

wherekuk2
2 =

R
V u � u dV.

Convergence of ECSs in the Taylor-Couette system is accomplished by a custom Newton-

GMRES solver ([107] that takes advantage of a hookstep algorithm ([6, 114]). Using the

nearly recurrent segments identi�ed from minima of the residual, the Newton-GMRES

24



solver converges these to solutions of equation Equation 2.9, i.e., exactly recurring �ow

�elds. The residual is calculated as

� =
jju(T ) � R � u(0)jj 2

jju(0)jj 2
;

whereR� is the rotation operator that adjusts for the drift angle. In this work,� < 10� 10.

It is also possible to converge ECSs that are not POs or RPOs. Although not the pri-

mary focus of this study, we also converged TWs and �xed points (FPs) in this geometry.

However, TWs were typically converged at parameters where they were stable where ap-

propriate shift guesses could be easily established by inspection, and thencontinued(see

next section) to parameter values where the solutions became unstable. FPs were also easy

to converge, as no inputs are needed other than an initial �ow state.

It is worth emphasizing again that all these ECSs exist in the full space of the �uid

volume; since Taylor-Couette �ow is wall-bounded with a continuous spatial symmetry, no

simplifying assumptions are needed to converge these solutions globally. The ECSs exactly

match the boundary conditions of experiment.

2.3 Continuation of ECSs

It is often instructive to observe how a given ECS changes as a function of order parameter

(Rei ,Reo, etc.). Bifurcations can provide insight into the formation of instabilities, as well

as the discovery of new solution branches. To do this, we use parameter continuation of

ECSs.

At its most basic,simple parameter continuationincrementally changes a parameter

while solving an equations iteratively, using the previous solution as a starting point. How-

ever, this naive implementation may fail at turning points where the system's extended Ja-

cobian becomes singular. To improve on this,pseudo-arclength continuationreparameter-

izes the problem in terms of solution branch arc length, enabling smooth traversal through
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Figure 2.1: Example of convergence of RPO. At each Newton step represented, the output is
integrated for a length of time equal to the best guess of the period at that step that is outputted
by the algorithm, then the resultant trajectory is plotted in projections of global energy and global
dissipation. This choice of projection coordinate means that RPOs show up as closed loops. In this
example, numerical convergence has been reached by step 15.

turning points without encountering singularities [115]. For this work, we use an imple-

mentation of the pseudo-arclength continuation method from [107].

2.4 Shadowing of RPOs

One of the key aspects of this work relies on the shadowing of ECSs by (intermittent) turbu-

lent �ow. In particular, examining shadowing of RPOs in TCF requires a shadowing metric

that properly incorporates the quasiperiodic nature of the RPOs and the continuous sym-

metries of the system. A shadowing metric to accomplish this was designed and published

in [9], and is reported here in somewhat truncated detail.
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2.4.1 Cyclic coordinates

When a system has continuous symmetry, for each ECS in the system there is a contin-

uum of symmetry-related versions of that ECS. For an RPO described by the velocity �eld

u(r; �; z; t ), the symmetry-related versionsu(r; � + �; z; t + � ) also satisfy the governing

equations and the condition (Equation 2.9) for any� and � . These parameters� and �

correspond to translations in time and angular orientation, respectively.

Because of the two symmetries in� and� , a quasi-periodic �ow is topologically equiv-

alent to a torus in state space. This torus can be parameterized by the velocity �eld

u(r; � + �; z; t + � ) with � 2 [0; T) and � 2 [0; 2� ). When� n is an irrational multi-

ple of 2� , all distinct translations cover the surface of this torus. Every point on the torus

can be described by the cyclic temporal coordinate� and angular coordinate� , making

these coordinates a natural parameterization for RPOs.

On the torus, temporal evolution is simple in� and� :

� = t + � 0 � T

� = � 0 + � ; (2.11)

for t 2 [0; T) and constants� 0; � 0.

2.4.2 StateSpaceGeometryandShadowing

For an observer, a time-dependent velocity �eld is the most natural way to observe changes

in �uid �ow. Geometrically, the same �ow can be described by a one-dimensional trajec-

tory in a high-dimensional state space. State space can be constructed from the full velocity

�eld with any smooth, invertible mapping, such as a Fourier or proper orthogonal decom-

position. For each instant in time the entire �ow �eld corresponds to a single point in the

state space, tracing out a trajectory in state space as time evolves. The resulting trajectory
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as a function of time often resembles a tangled, spaghetti-like structure. These tangled

trajectories are direct analogues of chaotic solutions to the Lorenz equations that were de-

scribed in Chapter 1 to be con�ned to the Lorenz attractor. Here, the trajectory describing

a turbulent �ow is thought to be con�ned to a relatively low-dimensional manifold which

contains unstable recurrent solutions of the Navier-Stokes equations (ECSs).

A geometrical representation of turbulence is particularly helpful for both understand-

ing and quantifying the relation between turbulence and recurrent solutions. Dynamical

similarity between any two evolving �ows is described by the shape and proximity of the

corresponding trajectories in state space. Points that are close in state space, as charac-

terized by Euclidean distanceku � vk, correspond to �owsu andv with similar velocity

�elds, where

kuk =
� Z

S
(u � u) dS

� 1
2

: (2.12)

In this systemS corresponds to a horizontal slice,S = [0; 2� ) � [r i ; ro], at the axial

mid-plane, since the experimental �ow �elds are observed at that location rather than over

the full volume. Similarity in the shape of portions of a pair of trajectories in the full state

space implies similarity in the evolution of the corresponding �ows.

Trouble emerges when we try to construct these trajectories visually, however, because

a choice of projection is required. Projections can be helpful in gaining intuition about a

system's behavior, but generic low-dimensional projections frequently used in the literature

can be misleading. In global projection coordinates, a portion of the turbulent trajectory

might have a shape qualitatively similar to that describing the RPO, and the corresponding

turbulent �ow might indeed be similar to this RPO with a very particular orientation. How-

ever, the exact same projection would also describe an RPO with a completely different

orientation that is not at all similar to the turbulent �ow (i.e., lies far from it in the full state

space). Using global state space projections can be a useful tool, but over-reliance on them
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for quantitative comparison can be problematic.

A more appropriate choice of coordinates to represent a �ow trajectory near an RPO is

local rather than global and is chosen with the symmetries of the problem in view. In the

neighborhood of an RPO, every trajectoryu(t) can be well-parameterized [20] using the

distance transverse to the torus

� ? (t) = min
�;�

� n (t; �; � )

and the two phases along its surface,

f � k(t); � k(t)g = arg min �;� � n (t; �; � )

de�ned relative to the RPO, where

� n (t; �; � ) = ku(r; �; z; t ) � un (r; � + �; z; � )k; (2.13)

wheren indicates a particular RPO andun is the corresponding �ow �eld of that RPO.

We will drop the subscriptn when it is clear which solution is being considered.

For a trajectory lying on the torus representing the RPO,� ? (t) = 0 and its evolution

is described by Equation 2.11 exactly. For� ? (t)-small, Equation 2.11 is expected to be

satis�ed approximately. That is to say, the temporal phase� k(t) should follow a diagonal,

straight line, indicating that turbulent �ow evolves at the same rate as the RPO; and the

azimuthal phase� k(t) should remain nearly constant over the same interval.

2.4.3 Incorporatingnoiseandnormalizingthedistance

In experiment, time-dependent noise unrelated to the dynamics may create unreliability

in the phases that correspond to the minima of the distance� (t; �; � ). To address this,

we instead quantify dynamical similarity by time-averaging the distance over a �nite time
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intervalt 2 [t0 � I=2; t0 + I=2]

�� (t0; � 0; � 0) =
1
I

Z t0+ I=2

t0 � I=2
� (t; � (t); � (t)) dt; (2.14)

where the two phases are assumed to satisfy Equation 2.11 at all times. Shadowing of the

respective RPO over this interval is expected for�� suf�ciently small. The natural time scale

associated with a close pass to an RPO is given by the inverse of the escape rate de�ned by

[116],


 n =
X

i

Re(� n;i );

where� n;i are the unstable Floquet exponents of RPOn . Therefore we setI = 
 � 1
n for

detecting shadowing of the corresponding RPO.

In �� we now have a metric that captures when the RPO and the turbulent interval are

evolving in a similar fashion. Smaller values of�� imply more similar evolution, while

larger values imply the opposite. But a measuring stick is needed, an appropriate distance

scale that determines whether�� is ”small” or ”large”.

Generically, a characteristic distance scale,L, can vary substantially throughout state

space, as the density of trajectories in state space itself varies. This characteristic distance

can even vary along a single recurrent solution. As a result, intervals of shadowing that

occur in regions whereL is large will result in a larger value of�� compared with shadowing

events of similar quality in regions whereL is small. Thus, to compensate for this intrinsic

variation in distanceL within state space, we de�ne a normalized average distance

dn (t0; � 0; � 0) =
1
I

Z t0+ I=2

t0 � I=2

� n (t; � (t); � (t))
L(� (t); � (t))

dt (2.15)

whereL(�; � ) is the characteristic distance scale of state space in the vicinity of the

RPO,u(�; � ). In TCF, rotational symmetry implies thatL should be independent of� .

Thus, we de�ne the characteristic distance scale
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L(� ) =
�

1
2�T

Z 2�

0
d�

Z T

0

1
� (t; �; � )

dt
� � 1

; (2.16)

as the harmonic mean distance between turbulent �ow and a given RPO, whereT is the

duration of the turbulent trajectory. A harmonic mean weighs small distances more than

would an arithmetic mean, which provides a more local measure of the characteristic dis-

tance to the RPO.

The normalized distanced provides a more uniform measure of the quality of shadow-

ing than�� . Low values correspond to intervals when both the turbulent �ow �eld evolution

is well captured by the speci�c recurrent solution, while for larger values ofd, the appar-

ent similarity of the two �ow �elds and dynamics is less striking (see Figure 4.11 for an

example in our system).

The task of identifying shadowing is now entirely automated using this method, re-

quiring only a single input, which is the upper threshold ond that is considered to be

appropriately close (termedd0). In Chapter 4 we will address the choice of threshold for

the particular system we study.

2.5 Summary

In this chapter, we have described a set of tools that are used to perform DNS, �nd and con-

tinue ECSs, and automatically identify shadowing of ECSs in Taylor-Couette �ow. In the

next chapter, we describe the experimental setup and techniques to reproduce the boundary

conditions of DNS, and to generate velocity �elds to make quantitative comparisons.
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CHAPTER 3

EXPERIMENTAL TECHNIQUES

DNS is a powerful tool for analysis of �uid �ow, and much insight can be gained into

the value of ECSs by using DNS. However, there is nothing like the con�dence gained

by joint numerical / experimental explorations. Therefore, in this chapter we describe

the experimental setup used to reproduce the boundary conditions of DNS, so that direct

comparison between DNS and experimental �ow may be carried out.

The experimental setup matches the boundary conditions and geometry of the DNS

exactly:� = 1 ; � = 0:71, with endcaps that rotate with the outer cylinder.

3.1 Experimental details

Most aspects of the Taylor-Couette setup used in this analysis were established in our lab

by Chris Crowley, who fabricated the bulk of this setup, and as such the experimental

procedure is detailed quite thoroughly in his thesis [117]. Reproduced here are the main

aspects of preparing the experiment, as well as relevant details for producing velocity �elds

to compare to numerics.

Optical access to the �ow is achieved by constructing the walls of the Taylor-Couette

cell out of transparent acrylic. The working �uid is index-matched to acrylic to minimize

optical distortions. The illumination source is a pulsed laser with a peak wavelength of 537

nm, formed into a laser sheet that cuts through the �uid volume in the r� -plane, at a �xed

axial height in the middle of the volume. To capture images, a camera is mounted so that

the line of sight of the camera is aligned to the axis of rotation of the cylinders. The working

�uid is seeded with neutrally buoyant particles that are impregnated with a �ourescent dye,

and �lters af�xed to the front of the camera lens allow the �uoresced wavelength to pass

while blocking the incident laser light, effectively isolating the signal of the particles from
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the background.

Similarity between velocity �elds is how closeness is quanti�ed in this study, and there-

fore reconstruction of time-resolved velocity �elds from experiment is critical. There are

various methods to obtain time-resolved velocity �elds from time-series images of a �ow;

two common techniques are particle tracking velocimetry (PTV) [118] and particle image

velocimetry (PIV) [119]. PTV seeks to track particles in a �ow over time. The result is a

set ofLagrangian tracks, where the sample locations of the velocity of the �ow follows an

individual particle (the particle being a proxy for a given �uid element in its neighborhood).

PIV takes the approach of examining a region of an image and �nding via correlation the

best translation to match that region to a portion of the adjacent image in time; from the re-

sulting displacement �eld the velocity may be calculated. The result of PIV is anEulerian

grid, where the sample positions of the velocity are �xed in time. Since PIV acts on the

scale of clusters of particles instead of individual particles, PIV tends to produce data that

is less noisy than PTV, but the tradeoff is that the individual velocities exhibit some spa-

tial averaging. We chose PIV for our analysis, utilizing the implementation of PIV within

LaVision's DaVis software.

3.1.1 Quantitativecomparisonof experimental�ow �elds to numerical�ow �elds

In order to make quantitative comparisons between experimental and numerical velocity

�elds, the experimental �elds must be transformed to the same coordinate system and grid

spacing as the numerical velocity �elds. The PIV algorithm produces velocity �elds that

are on a Cartesian grid, whereas the numerical velocities are in a cylindrical coordinate

system with a grid that is spaced evenly in� and utilizes Chebyshev spacing in the radial

dimension. It is natural to choose a cylindrical coordinate system for this data, therefore we

chose to transform the experimental coordinates into a uniform grid in polar coordinates.

The �rst step is to get the experimental velocity �elds from pixel space to calibrated spa-

tial coordinates using the boundaries of the inner and outer cylinders as features of known
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size (this procedure is outlined in detail in Section 3.3.1 of [117]). Once this operation is

complete, the offset (in pixels) and scaling (in pixels per mm) are known, which are then

used to center and scale the experimental data and provide physical units to the images.

The experiment now has the same origin as the origin of the cylindrical coordinate system.

Next, the experimental is put into polar coordinates via the coordinate transformation

r = x2 + y2;

� = atan2(y; x):

While each point is now located in the coordinate space, the grid spacing of the experiment

is still spaced evenly in xy-coordinates, so the spacing of the grid needs to be put on the

same footing. This is done by interpolating the velocity vectors onto a grid that is uniformly

spaced inr and� . Finally, the result is scaled into non-dimensional velocities (Reynolds

number) via the non-dimensional constants; the length scale isd, and the time scale isd2=� .

An example of the transformation of the experimental velocity �elds is shown in Fig-

ure 3.1.

3.1.2 Validity of using2D sliceto de�ne shadowing

One might certainly ask whether measuring the velocity �elds at a 2D slice of a 3D �ow is

suf�cient to determine the dynamical behavior that we study; that this is a valid approach

needs to be demonstrated. To measure the spatial and temporal dynamics of RPOs in the

�ow, the experimental measurements certainly need to capture the velocity �eld along a

large portion of the continuous symmetry in the azimuthal direction. However, the amount

of the �ow that needs to be captured in the axial direction to characterize the �ow is sig-

ni�cantly reduced due to the con�nement effects from the top and bottom end caps. For

the purposes of determining distances, it was determined that acquiring velocity �elds con-

�ned to a plane was suf�cient to identify shadowing events. To illustrate this point, the
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Figure 3.1: Example of experimental pipeline to get velocity �elds on correct grid. a) shows raw
images of tracer particles, that is used to produce Cartesian grid velocities. b) show the resultant
velocity vectors;u� is plotted here, but still on a Cartesian grid. Note the missing data on the right
hand side of the annulus; this is caused by the laser sheet being obscured at that place by the inner
shaft's shadow. c) is the result of using linear interpolation to ”unwrap” the velocity �eld onto a
uniform grid inr and� ; the vertical dimension isr location, and horizontal is� location. In addition,
masking has been applied (dark blue regions) to remove erroneous data near the shadow and near
the walls.

distance between a numerically integrated turbulent trajectory and an RPO minimized over

both � and� (the symmetry directions of the RPO) is shown in Figure 3.2. In this �gure,

a clear correlation exists between distances computed over the entire volume and distances

computed with only in-plane velocities obtained from the mid-plane. Therefore, the illu-

mination of the r-� plane is suf�cient for this study.

3.2 Experimental pipeline

Preparing the experimental setup to acquire velocity �elds of the �ow requires 4 main steps.

1. Prepare working �uid.
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Figure 3.2: The distance of the simulated turbulence trajectory to RPO01 in the intervalt 2 (0; 9),
using various Euclidean norms. The full, 3D-3C volumetric distance (blue) is compared against the
2D-2C distance restricted to thez = 0 plane of the �uid (red), as well as the 2D-1C distance using
only u� in that samez-plane. Since one norm scales with volume and the other two with surface
area, both signals were normalized for proper comparison. These normalized signals maintain a
correlation coef�cient of over:99 in the case of zero delay. Figure taken with permission from [8].

2. Assemble TC cell.

3. Calibrate laser sheet / camera position.

4. Acquire image sequence.

5. Process velocity �elds.

Each step will be covered at a high level in turn, giving greater detail as needed.

3.2.1 Preparingworking �uid

The choice of working �uid is governed by two considerations. First, to minimize optical

distortions the working �uid needs to be tuned so that its refractive index (RI) matches

the RI of the acrylic cell walls. Second, the working �uid needs to be tuned so that the

�ourescent particles used as tracers are neutrally buoyant. To incorporate both, two salts

were chosen, NaI and NH4SCN. Each may be added in solution to water to produce two

solutions with the same RI as acrylic (RI� 1.488 for the acrylic block from which the TC

cell was machined [117]), and with densities that bound the density of the tracer particles.
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For an approximate recipe for the working �uid, see [117]. Impurities can cause the work-

ing �uid to discolor rapidly; I recommend �ltering each solution with a high-grade �lter

after index-matching to remove small particulate.

Since the Reynolds number is a function of viscosity, the viscosity must be established.

We use a Cannon-Fenske viscometer to characterize the viscosity at a range of temper-

atures. This must be done before density-matching, since the �uorescent particles will

adversely affect viscosity measurements. Because of this, the viscosity of the NH4SCN

solution alone is typically characterized; since it comprise� 95% of the volume of the

working �uid, this simpli�cation is justi�ed.

To perform the density matching, it is necessary to iteratively adjust the ratios of the salt

solutions until the particles remained neutrally buoyant in the �ow over suf�ciently long

time scales (< 3 hours). The tracer particles are typically stored in water so their interior

is infused with water, but over time they absorb the working �uid, so the density of the

particles themselves will take time to stabilize. For this reason, I found it bene�cial to

match the density inside the cell. The method I chose to adopt was to err on the side of a

working �uid that was less dense than the particles, and then slowly add the heavier of the

two solutions (NaI+water) to balance over time.

3.3 Assembling the TC cell

The TC cell is comprised of several main pieces. There is an upper �ange and a lower

�ange, machined out of acrylic that �t together to make up the outer cylinder wall and end

caps, which are held together by 8 bolts with washers and nuts. These bolts and nuts are

made of 316 corrosion-resistant stainless steel, which is crucial as the ammonium thiocy-

nate solution in the working �uid is quite caustic. The inner cylinder is made of acrylic,

with a stainless steel shaft press-�tted into the cylinder to turn it. For drawings of TC cell

and parts, see [117].

Note that there is an O-ring that belongs in a grooved region shared by upper and lower
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�ange, and must be seated correctly to maintain a good seal. Thread-sealing plumber's tape

is also laid in the groove to help keep the seal. A tell-tale sign of a poor seal is the presence

of large new bubbles forming after the bolts have been tightened.

Bubbles are the nemeses of careful �uid dynamics work (unless of course you intend to

study bubble dynamics). There are access holes in the top of the TC cell to get bubbles out.

When preparing the �uid cell, I aim to extract all visible bubbles, however small, from the

volume. This is very doable, but requires care. There is some art to bubble extraction that

needs to be developed over time. Aggregation is key: small bubbles are hard to wrangle,

but large bubbles move more readily and may be siphoned out. Therefore, combining small

bubbles into large ones before extraction is advised.

A common source of bubbles is from air that gets trapped in the walls of the acrylic

housing and leaches out over time. After assembling the cell with working �uid inside,

lightly (lightly) tapping on the side walls with a �at-headed hammer can help release them

from the walls so that they may be aggregated into larger bubbles for extraction via the

access holes in the upper �ange. Note that the access holes should be covered with trans-

parent tape except when bubble extraction is being performed (Scotch tape works well and

doesn't leave a residue on acrylic).

3.3.1 Calibratinglasersheet/ cameraposition

Correct alignment of the laser sheet is needed to establish a proper horizontal orientation

and minimal thickness, as well as correct axial height. The process to con�gure the optical

setup is discussed in detail in [117], but a few additional details are provided here. It is de-

sirable to set the height of the laser sheet exactly at the axial midplane of the �uid volume.

To expedite this process, spacers were manufactured at a thickness ofd=2 � 10:21mm.

The mechanism to raise and lower the �uid cell assembly is supported by hydraulics con-

taining pins that secure the orientation of the hydraulics when the cell is fully lowered. The

approach here is to place the spacers on those pins (see Figure 3.7 for an example), and
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then lower the TC assembly until the spacers are �rmly trapped. Then, the laser sheet is ad-

justed to pass under the bottom of the inner cylinder but above the bottom endcap; a small

�uid volume with a thickness of less than 1 mm is trapped in between those two surfaces,

and successful alignment of the laser sheet between those surfaces ensures that once the

spacers are removed and the TC cell is lower all the way down, the laser sheet will then lie

at the mid-plane.

3.3.2 Acquiring imagesequenceandvelocity �elds

We use the software StreamPix to acquire images. A few details unique to our setup.

The camera is triggered to acquire frames during the laser pulse; the same square wave

signal goes from a signal generator to camera and laser driver. Therefore, in StreamPix

it is important to ensure that the external trigger is con�gured, rather than relying on the

internal trigger of the camera.

The appropriate camera frame rate / laser pulse frequency is determined by the velocity

scales of the �uid �ow. For our purposes, 50 Hz acquisition was adequate.

Once the image sequence is acquired, we use the DaVis software by LaVision to process

the vector �elds. Applying proper masking to isolate the annulus. We found that PIV

interrogation windows of 24 x 24 pixels with 75% overlap gave good results for our system.

For further recommendations on PIV processing for this system, please see [117].

3.4 Summary

In this chapter, we described the basic elements of the experimental setup for TCF, includ-

ing preparation of working �uid, relevant details of mechanical assembly, illumination and

calibration procedures, and velocity reconstruction. In the following chapters, we will use

this system to study intermittent �ow in TCF.
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Figure 3.3: Components of the TC cell / shaft assembly. The components on the top sheet
comprise the shaft assembly, along with gears and bearings needed for assembly. The
bottom sheet has several components: on the left is pictured the bottom �ange �lled with
liquid, and the inner cylinder/shaft in position (note black o-ring installed in groove); and
on the right, the top �ange of the TC cell.
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