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This research examines analytically and computationally the maximum strength 
behavior of curved and straight steel I-girders subjected to uniform vertical bending, high 
shear and low vertical bending moment, and high-shear and high-vertical bending 
moment, combined with lateral bending due to torsion and/or applied design loads. The 
theoretical and practical background, qualities, and limitations of existing design 
predictor equations are outlined. Key existing equations and new predictor equations 
developed as part of this research are evaluated based on the results of a reasonably 
comprehensive finite element parametric study, as well as the data from and finite 
element analyses of prior experimental tests. Based on consideration of the maximum 
strength predictions as well as pre- and post-peak load-deflection results, a unified set of 
strength equations is recommended that can be applied to both curved and straight I-
girders for all loading conditions, including lateral bending and torsion. 
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CHAPTER I 

INTRODUCTION 

1.1 BACKGROUND 

Due to the need to augment the traffic capacity of urban highways, restrictions on 
existing land use, and consideration of aesthetics, there has been a steady growth in the 
use of curved steel bridges in the past twenty-five years. Nevertheless, accurate 
prediction of the performance of these structures is a task of tremendous complexity. 
The behavior of curved steel bridges still is not clearly understood. 

1.1.1 Current American Specifications far Design of Curved I Girder Bridges 

The AASHTO Guide Specifications for Horizontally Curved Highway Bridges 
(AASHTO 1993) are the current (May 2001) basis for design of curved steel I girder 
bridges within the United States. These specifications are predominantly the result of 
research by the Consortium of University Research Teams (CURT) within the early 
1970s (Culver and Frampton 1970, Culver and Nasir 1971, McManus 1971, Culver 1972, 
Culver et al. 1972a, b and c, Culver et al.1973, Mariani et al. 1973, and Mozer et al. 
1970, 1971 and 1973), as well as subsequent research extending this work to Load Factor 
Design by Galambos (1978), although a number of their provisions have been updated 
since their original publication in 1980. 

Recently, Hall and Yoo (1998) have developed the Recommended Specifications for 
Steel Curved-Girder Bridges. These specifications are the result of NCHRP Project 
12-38. They reflect the state-of-the-art as of December 1998. Hall et al. (1999) provide 
an extensive discussion of the findings of NCHRP Project 12-38, the background to the 
provisions in the Recornmended Specifications, and design examples involving the use of 
these specifications. This project focused on a thorough review of the literature, existing 
guidelines, laboratory testing, analytical studies, and experience with state-of-the-art 
design and construction of curved steel bridges in the United States. Its primary goal and 
scope was to synthesize the state-of-the-art into updated design provisions. 

The developers of the Recommended Specifications recognized limits within the state 
of knowledge and practice, and key recommendations for new research were forwarded 
(Hall et al. 1999). However, execution of new research to repair flaws and to liberalize 
conservative equations and procedures was outside the scope of their effort. In a number 
of areas, Hall et al. (1999) state that the provisions in the Recommended Specifications 
are likely to be conservative, but that restrictive rules are implemented due to lack of 
complete knowledge of the underlying behavior and/or the broad implications on curved 
bridge performance. Some of the key limitations of the strength equations within the 
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Recommended Specifications are outlined below. A more comprehensive evaluation of 
various resistance equations for straight and curved I girders is provided in Chapter n. 

1.1.2 Design Equations for Flexural Strength 

It is important to recognize that the design equations within the current American-
specifications for curved steel bridge design (AASHTO 1993; Hall and Yoo 1998) 
represent significant engineering achievements. However, if fundamental improvements 
are to be sought, it is essential to understand their weaknesses. The equations for the 
flexural strength of I girders in these specifications are based largely on the research by 
McManus (1971). These equations have a number of limitations including: 

• They are incompatible with current AASHTO LRFD (2001) straight-girder design 
equations, that is, they do not reduce to the current AASHTO straight-girder 
equations in the limit that the radius of curvature goes to infinity. 

• They exhibit some minor anomalies as the radius of curvature approaches infinity. 

• They predict a significant discontinuity in the flexural strength of sections depending 
on whether the compression flange is classified as compact or noncompact. 

• Although they are believed to be adequate and safe for design of unsymmetrical 
noncomposite and composite girders, they are based predominantly on research 
focused only on doubly symmetric noncomposite steel I sections. The modifications 
to the base formulas aimed at addressing the strength of singly symmetric sections are 
simple and ad hoc. It is likely that the strength of unsymmetric I girders can be 
quantified in a simple but more rigorous fashion. 

• They focus only on the flexural strength of girders subjected to uniform vertical 
bending along their unbraced lengths; the potentially significant increases in flexural 
strength due to moment gradient for girders with intermediate to large unsupported 
lengths are not accounted for. It should be noted that the 2001 interims of the 
AASHTO LRFD Specifications (AASHTO 2001) detail a practical and conservative 
procedure that allows the engineer to account for moment gradient in straight bridge 
girder design, based on the use of moment envelopes. 

• They do not separate the analysis problem, i.e., the estimation of internal moments or 
stresses, from equations for the design resistance; as "a result, these equations depend 
on a combination of several strength reduction factors that are difficult to understand 
and properly apply. 

• The above mentioned strength reduction factors are based on approximate second-
order elastic analyses, which at the time of their development involved quite 
innovative research, but which subsequently have been shown to contain a number of 
interpretations that lead to significantly over-conservative estimates of the true 
second-order elastic stresses. 

2 



• They restrict the web flexural stresses to the elastic bend buckling stress under all 
loading conditions. This restriction may not be necessary when checking the 
maximum strength limit state. 

Hall et al. (1999) state in their discussion of new recommended research, "Better 
definition of local flange buckling is needed." For curved I girders, the implications of 
flange slendemess values larger than the traditional plastic design compactness limit 
(bf/tf = 14 for Fyc = 345 MPa (50 ksi)) are not fully understood. This compactness limit 
was developed in straight-beam research to allow large inelastic flange strains in flexure 
(i.e., inelastic rotations in straight beams with compact webs up to the onset of strain 
hardening at approximately 10 to 15 times the yield rotation (ASCE/WRC 1971, Salmon 
and Johnson 1996)) prior to the onset of significant stability effects. Much of the prior 
curved I girder research has migrated essentially to this straight-girder limit as a 
requirement for avoiding the influence of local buckling on the strength, e.g., (Culver and 
Nasir 1971; Kitda 1986). However, the detrimental influence of exceeding such a limit, 
for whatever bf/tf value at which a nonnegligible reduction in the maximum strength due 
to local buckling occurs, is certainly not that suddenly the flange can only support 
loadings up to first yield in vertical and lateral bending. This simplification was adopted 
in McManus's (1971) research. With new research and the use of modern research tools, 
it should be possible to quantify girder strengths more accurately and with greater 
simplicity. The influence of flange slendemess on both the strength as well as the extent 
and magnitude of the pre-peak nonlinear response and the post-collapse unloading 
characteristics of curved I girders needs to be better understood. 

1.1.3 Design Equations for Shear Strength 

In addition to the above limitations of the flexural strength equations within the 
Recommended Specifications, these specifications place significant restrictions on the 
web proportions of curved I girders. Due to the lack of test data on shear capacity of 
curved I girder webs with slendemess (D/tw) greater than about 70, the web slendemess is 
limited to 100 for curved girders with unstiffened web panels and a radius of curvature 
less than 213.5 m (700 ft). Also, the Recommended Specifications restrict the panel 
aspect ratio to dVD < 1 for girders designed with stiffened web panels. Hall et al. (1999) 
state in their discussion of recommended new research, 

"Relief from this requirement [the limit of d0/D < 1] for some curvatures can 
be justified with additional testing. Neither fatigue behavior nor strength of 
curved-girder webs is well understood at this time, and it would be risky to 
reduce the stiffening requirements without further analytical and 
experimental research.... Reduction of required web stiffening is one area 
where gains are possible.... Investigation of various types of web stiffening 
should be expanded for bending, shear, and combined bending and shear 
conditions.... The effect of stiffener spacing on the bend-buckling strength of 
curved girders with varying details is needed." 
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1.1.4 Design Equations for Moment-Shear Interaction 

In research on moment-shear interaction in straight hybrid and nonhybrid I girders 
(Aydemir 2000), parallel to the research presented in this report, it has been shown that: 

• It is incorrect to use the moment at a minimum of (D/2, do/2) from the maximum 
moment location in a web panel for checking moment-shear interaction, as suggested 
by Basler (1961c). The proper location for checking the flexural strength^?* 
conditions of low shear is the peak moment location. At regions subjected to high 
shear and high bending moment, the moment drops rapidly as we move away from 
this position. This drop is required for satisfaction of equilibrium, and is not due to 
M-V interaction. Therefore, use of the moment at a minimum of (D/2, do/2) to 
quantify the strength of regions that have high shear, and the maximum moment for 
definition of the strength in regions of low shear, leads to a false magnification of the 
true M-V interaction response. 

• Although some moment-shear interaction is evident at combined levels of high shear 
and high moment, the interaction between the moment and shear strengths is rather 
mild if the value of M at the maximum moment location in the panel is always used 
for the design check. In many cases, the conservatism of the nominal moment and/or 
shear strength design equations is such that the strengths from experimental tests and 
from refined finite element models exceed the controlling predicted flexure or shear 
strength, without the consideration of any moment-shear interaction effects. If the 
data from high-shear low-moment, high-shear high-moment and low-shear high-
moment tests and refined analyses is plotted in its entirety, it is evident that the 
maximum unconservative errors associated with neglecting M-V interaction are 
similar in magnitude to the maximum unconservative errors associated with 
approximations in the current AASHTO and in recommended modified AASHTO 
shear strength formulas in high-shear low-moment tests. In fact, the statistical 
distribution of the strength ratios (i.e., the "actual" divided by the controlling 
predicted nominal design strengths), neglecting any M-V strength interaction, is 
somewhat more conservative for the high-shear high-moment data than for the high-
shear low-moment data. 

Therefore, Aydemir (2000) recommends that, pending further experimental and 
analytical confirmation, the requirements for checking of moment-shear interaction in 
transversely-stiffened I girders may be eliminated from the AASHTO design 
specifications. This would simplify the design of new bridges, and it would lead to 
significant reduction in effort for rating of bridges containing girders subjected to high 
moment and high shear. The complexity associated with M-V interaction in the rating of 
bridges is highlighted in an eight-page section on handling of these checks for the 
AASHTO Manual for Condition Evaluation ofBridgesrecently prepared by Grubb and 
Ibrahim (2001). 

By a strict interpretation, correct checking of M-V interaction requires calculation of 
the concurrent shear and bending moment. This is not practical for the engineer to do 
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within most design contexts; rather, most designs are checked based on the maximum 
envelope values for both the moment and the shear. It is expected that the minor 
unconservative error that occurs in some cases, due to neglecting M-V interaction, is 
more than offset by the use of the maximum envelope values for the moment and shear. 
Furthermore, in composite I girders, there is an incidental contribution from the bridge 
deck to the shear strength. This contribution is generally not included in steel I girder 
design, but its influence on the shear strength can be significant. Experimental tests are 
underway at the University of Missouri at Columbia and at the University of Nebraska at 
Lincoln to validate Aydemir's findings in the context of straight bridge I girders. 

The Recommended Specifications currently do not require the checking of moment-
shear interaction. This is largely due to the fact that these specifications restrict the web 
stresses such that neither shear nor bend buckling can occur under all the design loading 
conditions, thus neglecting potentially significant reserve strength associated with web 
postbuckling response. If the provisions of the Recommended Specifications are to be 
liberalized, Aydemir's research needs to be extended to curved steel bridge I girders to 
ascertain the moment-shear interaction behavior in curved girder web panels. 

LI,5 Recent Research an Steel I Girder Bridge Behavior and Design 

There has been a large amount of research activity on curved steel I girder bridge 
behavior and design within the last ten years. Much of this research has centered around 
or has involved off-shoots from a comprehensive on-going multiyear Federal Highway 
Administration (FHWA) research program on horizontally-curved steel I girder bridges 
(Duwadi et al. 1994; Davidson 1996; Davidson and Yoo 1996; Davidson et al. 1996, 
1999a, 1999b, 1999c, 2000a, 2000b and 2000c; Grubb et al. 1993; Grubb and Hall 2001; 
Hall 1994 and 2000; Hall et al. 1999; Hall and Yoo 1995 and 1998; Hartmann and 
Wright 2001; Kang and Yoo 1994a and 1994b; Lee and Yoo 1998, 1999a and 1999b; 
Linzell 1999; Linzell et al. 1999; Phoawanich et al. 1999a, 1999b and 1999c; SSRC 1991 
and 1998; Yadlosky 1993; Yoo et al. 1993 and 1996; Yoo and Davidson 1997; Zureick et 
al. 1993; Zureick and Naqib 1999; Zureick et al. 2000 and 2001; Zureick and Kim 2000), 
although separate research by Galambos et al. (1996, 1999 and 2000), Hajjar et al. 
(1999), Huang (1996), Rudie (1997), Shanmugam et al. (1995), Simpson (2000), 
Simpson and Birkemoe (1997a and 1997b), and Thevendran et al. (1997, 1998,1999 and 
2000) has provided important contributions. Kitada et al. (1993) summarize some of the 
latest key research findings leading to development of design provisions for horizontally-
curved steel bridges in Japan. The above-mentioned FHWA research program is 
referred to in this report as the Curved Steel Bridge Research Project, or the CSBRP. 

The primary objectives of the FHWA-CSBRP are to conduct fundamental research on 
the behavior of curved I girders in flexure and shear and to directly address significant 
constructibility issues associated with curved I girder bridges. The initial task of the 
project was to develop a synthesis of all the available published research on horizontally-
curved girders. This synthesis by Zureick et al. (1993) contains approximately 750 
references. Publications on subsequent research conducted directly within the CSBRP 
and in related projects are listed above. 
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One of the significant decisions within the CSBRP was that the fundamental behavior 
of horizontally curved girders should be tested by inserting specimens within a complete 
bridge structure that resists vertical loads and torsion as a system. The bridge itself 
serves as the test frame. It was felt that this approach would provide the most 
representative idealization of boundary conditions that could exist on an actual critical 
unbraced length of a curved bridge I girder. All the previous tests on horizontally curved 
component specimens in the United States and Japan, except for the two-girder tests 
conducted by Mozer et al. (1973), did not accurately represent the behavior of the 
component within an actual bridge system (Hall et al. 1999). After extensive studies of 
alternative approaches, the FHWA project team decided that the testing of I girder 
component specimens within a full-scale, curved, three-girder test frame was the most 
rational and safest approach. Zureick et al. (2000) and Grubb and Hall (2001) discuss 
the design of these experiments. 

At the current time (May 2001), eight noncomposite I girder specimens have been 
inserted one at a time in the center of the convex outermost girder of the bridge test 
frame, and have been subjected to nearly uniform vertical bending up to and beyond their 
maximum strength. These tests have been conducted at the FHWA Turner-Fairbank 
highway research facility. It is expected that the results of this research will be published 
in various forms within the near future. 

In separate research as part of the CSBRP, tests of four single girders in high shear 
and low bending are being conducted at the Georgia Institute of Technology. These tests 
are discussed in (Zureick et al. 2001). Also, researchers at the Tumer-Fairbank 
laboratory are about to commence with the testing of several high-moment high-shear test 
specimens within the overall bridge test frame. Further investigations are planned to 
extend prior efforts within the CSBRP by Linzell (1999) and others regarding the 
erection of curved steel I girder bridges (Wasserman 2000). Finally, a concrete deck will 
be cast onto the frame, and the composite bridge system will be tested to failure 
(Wasserman 2000). 

Recently, NCHRP Project 12-52 has been initiated to prepare specifications for the 
design and construction of horizontally-curved steel bridges (for both I and box girders) 
in a calibrated load and resistance factor design format that can be recommended to 
AASHTO for adoption. These specifications are to be based on the Recommended 
Specifications developed under NCHRP 12-38, which are in a load factor design format, 
supplemented by the results of the FHWA large-scale curved I girder tests as they 
become available. This will greatly facilitate the design of curved steel I girder bridges, 
since at the present time (May 2001), the engineer often needs to use straight-girder 
provisions for certain portions of the structure and curved girder provisions for other 
portions of the same bridge. 

1.2 PROBLEM STATEMENT AND RESEARCH SCOPE 

This research investigates the maximum strength behavior of straight and curved steel 
I girders under a reasonably comprehensive range of loading and boundary conditions. 
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The primary focus is on the maximum strength of curved I girders. However, the 
strength of straight I girders subjected to both vertical arid lateral bending is also 
addressed. The ultimate goal of this work is to provide updated resistance equations that 
can be merged with the provisions of the Recommended Specifications developed within 
NCHRP 12-38, and subsequently incorporated into the development of updated LRFD 
provisions for both straight and curved steel I girder bridges within NCHRP 12-52. 

One requirement established at the onset of this research was that the recommended 
design equations should, to the maximum extent possible, take a unified approach to the 
prediction of the maximum strength of both straight and curved I girders. That is, the 
equations should apply to curved girders, but also they should reduce to appropriate 
design equations for straight girders in the limit that the radius of curvature goes to 
infinity. Furthermore, it was desired for the design equations to be able to handle the 
effects of lateral bending in the flanges of bridge I girders due to any source, including 
lateral bending and torsion due to horizontal curvature or to skew of the bridge (straight 
or curved), as well as torsion due to sources such as eccentricity of the deck weight on 
overhang brackets, deck forms, screed rails, sound barriers, utilities and sign posts, and 
lateral bending from sources such as wind loading on facia girders. Finally, it was 
required that both noncomposite and composite I girder design should be addressed 
within this research effort. 

Many detailed issues regarding the behavior and design of curved steel I girders have 
been addressed in prior research. However, prior investigations often have involved 
either a limited range of boundary and/or loading conditions, or in many cases, local 
behavioral issues have been addressed using simplified models in which these conditions 
have been heavily idealized. Also, although very realistic boundary conditions can be 
mimicked in tests such as the eight uniform vertical bending tests recently completed 
within the FHWA-CSBRP, such tests only represent a sparse sampling of the range of 
boundary conditions that may exist on critical unbraced lengths of curved I girders within 
actual bridges. This research seeks to test the strength of complete curved steel I girder 
assemblies under a wide range of representative loading and boundary conditions. 

This research focuses predominantly on issues pertaining to the maximum resistance 
of I girders in uniform vertical bending, high shear with low vertical bending moment, 
and high shear and high vertical moment, combined with lateral bending within the 
flanges due to torsion and lateral loading. The fatigue behavior and strength of curved-
girder webs is an important consideration that needs further research (Hall et al. 1999). 
The current state-of-the-art regarding web slenderness limits to avoid fatigue design 
problems is summarized, but consideration of fatigue behavior and strength is beyond the 
scope of this work. 

Furthermore, many of the issues that make the design of curved bridges challenging 
are associated with the overall analysis to determine the design forces on individual 
components within the bridge. The current study focuses on the maximum strength 
behavior, the development of new resistance equations, and the evaluation of these new 
equations as well as the most promising and well-known strength predictor equations that 
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have been proposed in prior research. This research assumes that first-order elastic 
forces or stresses within the subject unbraced length of an I girder have been evaluated 
accurately, and that appropriate amplification factors have been applied to these forces or 
stresses where necessary to estimate the corresponding amplified second-order elastic 
values. It is noted that only a first-order elastic analysis of the bridge superstructure is 
practical and necessary within the design of typical I girder bridges. Use of second-order 
elastic (i.e., geometric nonlinear) analysis generally would require extensive additional 
work since the analysis results for different loadings cannot be superposed. However, in 
order to remove the issue of analysis accuracy from the evaluation of design predictor 
equations, rigorous second-order shell finite element analyses are used for calculation of 
the design analysis elastic stresses in the majority of this research (unless the design 
predictor equations require first-order stresses). This allows the qualities and limitations 
of the equations for prediction of the design resistances to be evaluated directly, 
independent of the accuracy of the bridge analysis. 

Given the accurately determined second-order elastic design forces or stresses (or the 
first-order stresses if the design equations are based on these quantities, as in the case of 
the flexural resistance equations of the Recommended Specifications), this research 
evaluates the accuracy of the various strength predictor equations. Some information is 
provided about the magnitude of the second-order elastic amplification of lateral bending 
stresses obtained from rigorous geometric nonlinear finite element analyses. Also, 
simple equations are recommended for estimating the maximum second-order flange 
lateral bending stresses in uniform vertical bending cases, given the first-order stresses 
computed based on the moments at the cross frames. However, evaluation of the 
accuracy of various methods for estimating the elastic design analysis stresses in curved 
I-girder bridge superstructures is beyond the scope of this work. 

Prismatic unstiffened and transversely-stiffened steel bridge I girders are addressed in 
this research; no consideration is given to the design of longitudinally-stiffened I girders 
or to curved steel box or tub girders. Furthermore, the current research is focused on 
homogenous girders composed of Grade 345 steels (Fy = 345 MPa (50 ksi)). The 
performance of girders fabricated with high-performance steels of grades 480W or 690W, 
and the behavior of hybrid I girders are not addressed, although it is likely that many 
attributes of the maximum strength behavior will be similar for these girder types. The 
maximum limit on the subtended angle between the cross-frame locations of Lb/R = 0.10, 
as specified in the Guide Specifications (AASHTO 1993) and in the Recommended 
Specifications (Hall and Yoo 1998), is assumed. McManus (1971) explains that this 
value represents a practical upper limit for a range of curved bridges surveyed by an 
ASCE task subcommittee on curved girders (ASCE 1971)1. 

1 Actually, one set of experimental tests in which the web is effectively hybrid is reviewed and analyzed in 
this research. Also, several experimental tests in which Lj/R is greater than 0.10 are reviewed and 
analyzed. However, this research is focused predominantly on homogeneous I girders with Lb/R less than 
or equal to 0.10. 
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1.3 OVERALL RESEARCH APPROACH 

Experimental testing is an essential component of research to determine the 
maximum strength of structures. However, at the present time (May 2001), full nonlinear 
shell finite element analysis (FEA) has been established as a reliable tool for quantifying 
the complete elastic and inelastic stability limit-states behavior of a wide range of steel 
structures and components. The design of the pure vertical bending, shear, and high-
moment high-shear tests that have been completed and are on-going in the FHWA-
CSBRP has been accomplished with the extensive use of refined full nonlinear finite 
element models. The use of these tools was essential for the design of the three-girder 
bridge test frame utilized at the Tumer-Fairbank laboratory. Preliminary assessment of 
the test data has indicated excellent correlation between the FEA predictions and the 
experimental test results. 

Because of the expense of experimental tests, generally only a few key geometric and 
material configurations, loadings, and bouiidary conditions can be physically tested out of 
the extensive range of possible field conditions. However, due to the accuracy of 
carefully developed modern full nonlinear FEA models, researchers currently have an 
unprecedented opportunity to investigate the influence of a wide range of important 
design variables via numerical parametric studies. Experimental tests can be conducted 
to verify the predicted behavior and the accuracy of the finite element models for targeted 
benchmark cases, and subsequently the FEA models can be used to extend the test results 
to address more completely the parametric effects of different design variables. 

This report focuses on the design and execution of a large finite element parametric 
study to establish base maximum strength data for curved and straight steel I girders 
subjected to uniform vertical bending, high shear with low vertical bending moment, and 
high-shear with high-vertical bending moment, combined with lateral bending due to 
torsion and/or applied loads. This data is then utilized to assess various design strength 
predictor equations, including new equations that have developed as part of this research. 
Extensive interpretation of the experimental data from the tests conducted within the 
FHWA-CSBRP, and correlation of the data from these experimental tests with the results 
from refined finite element analyses, is to be addressed in other reports to be published by 
the CSBRP team. However, in order to provide some confirmation of the accuracy of the 
specific finite element models developed in this research, one chapter of this report is 
devoted to a comparison between analysis predictions and basic responses determined 
from preliminary reduction of the experimental test data for seven of the eight bending 
specimens tested at the FHWA Turner-Fairbank laboratory. Furthermore, this chapter 
compares the analysis predictions to the experimental results for a number of other 
representative tests conducted in recent and in prior curved steel bridge research within 
the United States. In addition to the comparisons between the data from full nonlinear 
analyses and experimental tests, the various strength predictor equations are evaluated 
against the results of the CSBRP and prior experimental tests. Based on the maximum 
strength data from the parametric study, as well as data from the experimental tests, a 
unified set of strength equations is recommended that can be applied to both curved and 
straight I girders for all loading conditions, including lateral bending and torsion. 
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1.4 KEY CONCEPTS IN THE DEVELOPMENT OF UNIFIED FLEXURAL 
STRENGTH DESIGN EQUATIONS 

1.4A Focus on Flange Vertical Bending Stress 

The Recommended Specifications focus solely on the stress conditions in the flanges 
for checking the flexural strength of curved I girders. Hall and Yoo (1995) state that by 
taking this approach, 

"... the proposed curved girder specifications permit a unified approach to 
noncomposite and composite sections. Girders may be unsymmetrical and 
noncomposite for some dead load and composite for some dead load and live 
load. If a doubly symmetric noncomposite girder bridge is designed, it is 
simply a special case and no separate provisions are heeded. Stresses for 
noncomposite and composite cases are always additive. Thus, the section 
may be evaluated at the top and bottom at any time using provisions that 
apply to the state of the flange at that time." 

This basic concept or approach is applied in the current research for the development of 
modified (AASHTO 2001) flexural strength equations that accommodate lateral flange 
bending associated with girder lateral bending moments and/or torsion. 

For composite noncompact girders in negative bending, the standard flexural strength 
equations in AASHTO LRFD (2001) are currently written in terms of the flange elastic 
bending stresses. Noncompact girders are defined as those for which the slenderness of 
the compression flange (bf/2tf) and/or the web (2Dcp/tw) and/or the lateral brace spacing 
are not sufficient for the girder to be able to develop the plastic moment capacity Mp. In 
this case, the AASHTO LRFD equations for checking the lateral stability of the 
compression flange are based on the fundamental lateral-torsional buckling equation of 
an I beam, but with the contribution of the St. Venant torsional stiffness taken as zero. 
This results in the following simple expression for the basic elastic lateral buckling 
capacity, in terms of the compression flange vertical bending stress: 

F » = c b R b R f c 7 r ! ^ F ^ R b R l , F y c ( l-l) 

where Fn is the nominal strength, Q, is the moment-gradient modifier, Rb is the load 
shedding factor associated with web bend buckling, Rh is the hybrid girder factor, Fyc is 
the yield strength of the compression flange, rt is the radius of gyration of a notional 
section composed of the compression flange plus one-third of the depth of the web in 
compression, Lb is the laterally-unsupported length, and Lb/rt is the lateral-torsional 
buckling slenderness parameter. 

Equation (1 -1) can be obtained by starting with the fundamental elastic lateral-
torsional buckling equation for a doubly-symmetric noncomposite I-beam, multiplying by 
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Rb and Rh, setting the St. Venant torsional stiffness parameter J equal to zero, and making 
the approximation that the distance between the mid-thickness of the flanges (h) is 
approximately equal to the total depth of the section (d) as well as the depth of the web 
(D). This is reviewed in Chapter II, and a proof is given that the proper definition of rt is 
indeed as specified above. Also in Chapter II, it is shown that this equation can be 
applied to accurately estimate the lateral-torsional buckling capacity of nonsymmetric I 
girders, if rt is still defined as the radius of gyration of the compression flange plus one-
third of the depth of the web in compression. In summary, the current (AASHTO 2001) 
equations for the lateral-torsional buckling strength of composite girders (in negative 
bending) are based on the strength of an equivalent all-steel girder that has the same 
depth of web in compression (Dc). The beneficial effect of any torsional restraint from 
the bridge deck is neglected. 

For noncomposite I girders that are not longitudinally-stiffened and in which the web 
load-shedding factor due to bend buckling (Rb) is less than one at fb = Fyc, the current 
AASHTO LRFD Specifications (AASHTO 2001) effectively check the lateral stability of 
the compression flange based on Eq. (1-1) ' . However, for these types of sections, the 
flexural capacity is expressed in terms of the vertical bending moment instead of the 
flange stress, and the Specifications define rt as just the radius of gyration of the 
compression flange ryc. The definition of rt = ryc for this case appears to be an error, since 
it is evident that the composite and noncomposite equations are based on the same 
fundamental lateral-torsional buckling relationship, and since the use of rt = ryc leads to a 
prediction that the lateral-torsional buckling strength of a composite girder is less than 
that of the corresponding equivalent all steel girder. By including one-third of the depth 
of the web in compression in computing rt, and by the subsequent use of this rt within the 
slenderness parameter for lateral-torsional buckling (X = Lb/rt), the lateral destabilizing 
effect that the compressed portion of the web has on the compression flange is always 
accounted for. Equation (1-1) can be viewed as a check of the compression flange plus a 
portion of the web as an equivalent axially compressed column. 

A linear transition equation is provided in (AASHTO 2001) for calculation of the 
inelastic lateral buckling strength of composite and transversely-stiffened noncomposite 
girders with Rb< 1 at ft, = Fyc, i.e., noncomposite slender-web sections. This equation can 
also be shown to be identical for both composite and noncomposite girders, and can be 
written in terms of the flange vertical bending stress. 

In noncomposite longitudinally-stiffened I girders, and in noncomposite transversely-
stiffened I girders when Rb = 1 at fb = Fyc, the current AAHSTO LRFD Specifications 
(2001) specify the lateral-torsional buckling strength as the fundamental lateral-torsional 
buckling equation for an I beam with the St. Venant torsional constant J included. 
Chapter II shows that this equation also can be written in a very simple and useful form 
in terms of the compression flange stress. The logic behind the approximation of J=0 for 

2 The term fb is the flange stress due to vertical bending moment, computed by an elastic design 
analysis. 

3 These types of girders are typically referred to as "slender-web" sections (AISC 1999). 
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other noncomposite situations is that, if the girder is not longitudinally stiffened or if web 
bend buckling occurs prior to development of the design condition, web distortion is 
likely to significantly degrade the lateral buckling resistance. It can be argued that if 
Rb = 1 at fb = Fyc for a noncompact composite girder in negative bending, J should be 
included within the calculation of its lateral-torsional bending resistance. It appears that 
the Specifications assume J = 0 for all cases involving noncompact composite girders in 
negative bending for reasons of simplicity of the design provisions. An alternative 
simple set of design equations is proposed in this research that allows the use of J > 0 for 
straight nonslender web composite I girders in negative bending. 

In summary, all the AASHTO LRFD (2001) formulas for the lateral stability of the 
compression flange can be expressed in terms of the flange vertical bending stress. In 
Chapter n, it is shown that this facilitates a unified treatment of composite and 
noncomposite beams subjected to combined vertical and lateral flange bending. 

1.4.2 Approximate Equivalency Between the Flanges of an I Girder and a General 
Beam-Column for Checking of Strength 

For a horizontally-curved I girder with a constant radius of curvature R, subjected to 
uniform vertical bending, if we assume that the horizontal curvature due to the initial 
geometry plus the girder deformations is small, then its effect can be expressed as an 
equivalent distributed lateral loading on the flanges of 

f A 
q = i £ ^ (1-2) 

R 

where Af is the area of the flange and fb is the average normal stress in the flange, 
computed from the vertical bending moment as 

f > - ^ a-3) 
X 

where Ix is the moment of inertia, which can be approximated as 

A h 2 

I,=^f- d-4) 

and h is the distance between the mid-thickness of the flanges. Furthermore, if we 
consider an internal unbraced segment of the curved girder and assume that the flange 
rotations are effectively fixed at the cross-frame locations due to approximate symmetry 
end-conditions, we can approximate the flange end lateral moments as 

M ( = ^ l (1-5) 
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where M£ is the lateral bending moment in the flange at the support. Then, by 
substituting Eqs. (1-2) through (1-4) into Eq. (1-5), we obtain 

MU 2
 n „ 

Mf= (1-6) 
' 12Rh 

This formula is a well-known approximate expression for the lateral flange bending 
moment in curved I girders, commonly referred to as the V-Load equation (Pbellot 1987; 
Fiechtl et al. 1987; Hall and Yoo 1998). The corresponding distribution of the flange 
lateral bending moments along the girder unsupported length is illustrated in Fig. 1.4.1. 
It should be noted that based on the above simple model, the moments within the top and 
bottom flanges of an I girder both have the distribution shown in this figure, but they are 
in opposite directions. The moments within the compression flange are associated with 
an increase in its horizontal curvature whereas the moments within the tension flange are 
associated with a straightening of its geometry. 

For the purposes of the discussion here, the important point is not the result of Eq. 
(1-6), but rather that the horizontal-curvature effects can be approximated by the 
equivalent horizontal load q given by Eq. (1-2). Conceptually, the flange may be 
designed approximately as an equivalent beam-column subjected to this loading as well 
as the constant flange axial force due to the equal and opposite bending moments applied 
at the ends of the unbraced length. This equivalent beam-column is loaded 
predominantly within the plane of the flange plate, and is effectively restrained by the 
remainder of the I girder in the direction of the plane of the web. The influence of any 
torsional shear stresses within the flange is neglected, and it is assumed that the overall 
torsion on the complete I girder cross-section is resisted entirely by lateral bending (or 
warping) of the flanges. 

If the vertical bending moment is not constant along the unbraced length due to the 
presence of vertical shear in the girder, then the effective loading on the compression 
flange is more complex. The influence of the horizontal curvature may still be 
represented approximately by Eq. (1-2) at any section along the length of the girder. 
However, due to the shear flow transferred between the web and the flange, the flange is 
also loaded effectively by a distributed tangential load along its length. Therefore, the 
corresponding equivalent beam-column is similar to that for the uniform vertical bending 
case, but the axial force varies along the length of the member. 

For a general straight or curved, composite or noncomposite I girder subjected to 
vertical bending as well as torsion and/or lateral bending from whatever the source 
(geometry and/or applied loading), it is assumed in this research that the elastic vertical 
bending stresses (ft,) and lateral bending stresses (Q within a steel flange can be 
computed accurately based on the analysis model selected by the engineer, e.g. from an 
approximate analysis equation (such as Eq. (1-6)) or from a direct elastic analysis of the 
bridge superstructure. The term "steel flange" is used here to distinguish the flanges that 
are unattached to the bridge deck from the top flange of a composite girder. It may be 
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Figure 1.4.1. Distribution of flange lateral bending moments along a girder 
unsupported length due to uniform vertical bending moment, based on the V-Load 

method. 
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assumed that the lateral bending is taken predominantly by the slab at the top flange of 
composite girders. Therefore, after the structural integrity of the deck is established, the 
top flange of a composite girder can be checked simply for the vertical bending stress fb. 

In the above general cases, it is assumed for the purposes of conducting a strength 
check that any steel flanges, loaded in tension or compression, can be considered as a 
general two-dimensional beam-column subjected to distributed axial and/or lateral forces 
as well as applied end axial forces and moments. Furthermore, it is assumed that if the 
flange stresses are amplified significantly due to second-order effects, an accurate 
estimate of the second-order elastic amplification has been determined within the analysis 
(typically by application of amplification factors to the first-order elastic stresses). 

If the above equivalent beam-column concept is accepted, then it is possible that the 
AASHTO LRFD (2001) beam-column interaction equations, which are the same as the 
beam-column interaction equations specified in the AISC LRFD Specification (1999), 
can be used for checking a flange subjected to a combined axial and lateral loading. Of 
course, these beam-column interaction equations are not directly intended for cases in 
which the axial force varies along the length of the member. This is handled within the 
conceptual approach suggested here by the inclusion of the moment gradient modifier Ct>. 
Furthermore, an appropriate (and the most transparent) way of visualizing the effect of 
the hybrid (Rh) and load shedding (Rb) factors in the design of I girders is that the 
estimated actual flange stress is equal to fb / RhRb- That is, the effect of making the web 
hybrid and/or slender is that the flange stresses (or the applied axial loads on the 
equivalent beam-column representing the steel flange) are increased. 

It can be shown that in certain cases, the (AASHTO 2001) and (AISC 1999) beam-
column interaction equations are a conservative representation of the strength. For 
example, if we consider a member loaded in tension and lateral bending, the theoretical 
full-plastic strength of the cross-section would give us a better representation of the 
member strength (ignoring any strength reduction due to holes within the cross-section or 
due to the introduction of the tension force to the member). This is illustrated for a 
beam-column with a rectangular cross-section, i.e., for the beam-column equivalent of 
the girder flanges, in Fig. 1.4.2. 

Furthermore, it can be shown that in certain cases involving weak-axis bending and 
axial compression of I or rectangular shapes, the slope of the actual beam-column 
interaction strength data in the vicinity of the maximum axial load capacity (i.e., for small 
lateral bending moments) is significantly smaller (flatter) than the slope of the (AASHTO 
2001; AISC 1999) interaction curve. Finally, a local buckling mode of failure of a 
compression flange would be analogous to the failure of a beam-column member in a 
torsional or torsional-flexural mode. It is possible that the strength in this mode of 
failure may also be represented conservatively by the (AASHTO 2001; AISC 1999) 
interaction curves. Therefore, a more liberal approximation of the effect of lateral 
bending on the axial strength of the flange, and hence on the vertical bending strength of 
an I girder, may be possible than simply a strict application of the (AASHTO 2001; AISC 
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1999) beam-column interaction curve to the equivalent beam-column. This issue is 
addressed further in Chapter II, and in the parametric investigations of this research. 

to 
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Figure 1.4.2. Comparison between the AISC LRFD/AASHTO LRFD beam-column 
interaction and the theoretical full plastic strength curves for a rectangular section. 

As a final note regarding the concept of treating the steel flanges as an equivalent 
beam-column, one quality of the (AASHTO 2001; AISC 1999) beam-column interaction 
equations is significant and should be discussed. The developers of these equations 
specified explicitly that the input to the design equations should be the maximum second-
order elastic moment (or equivalently, the maximum second-order elastic lateral bending 
stress) (Yura 1988; ASCE 1997). By doing this, they separated the analysis problem of 
determining the second-order forces within the system from the problem of checking the 
design resistances. This in turn allowed them to quantify the beam-column design 
resistances by the simple bi-linear relationship shown in Fig. 1.4.2. This philosophy is 
also adopted within the present research. It is assumed that the appropriate second-order 
elastic stresses are obtained within the analysis of the bridge system (typically by the use 
of a first-order elastic analysis along with appropriate amplification factors). 

The equivalent beam-column approach obviously is of limited validity for highly 
curved members in which the subtended angle between the lateral bracing locations is 
large. However, within the maximum limit of Lb/R = 0.10 adopted in this study (and 
based on limit studies, also significantly beyond this limit), it is believed that the 
equivalent beam-column analogy serves as a useful and accurate design approximation. 
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1.4.3 Use of All-Steel Tests for Quantifying the Strength of Composite I Girders 

Although the strength of the bottom flange in the negative moment region of a 
composite I girder may receive some benefit due to the torsional restraint provided by the 
bridge deck, this torsional restraint is neglected in this research. It is assumed that the 
steel flange strength in such a case (i.e., the strength of the bottom flange) can be 
represented sufficiently by studying an equivalent all-steel girder with the same depth of 
web in compression (Dc). This assumption is consistent with the approach for checking 
the steel flange stability in the AASHTO LRFD (2001) straight-girder strength 
provisions, and it is consistent with the approach taken in the Recommended 
Specifications (Hall and Yoo 1998) for handling the strength check of curved steel I 
girders (see Section 1.4.1). 

1.5 ORGANIZATION 

Chapter II provides a summary of a wide range of design equations for flexural 
strength, shear capacity and moment-shear interaction from current design standards as 
well as from prior research. The intent is to: (1) summarize the strength predictor 
equations in a consistent notation, such that the different equations can be easily 
compared, and (2) discuss the background and important qualities and limitations of the 
different equations. Also, this chapter summarizes the design predictor equations that are 
recommended based on this research. The studies leading to these recommendations, 
which include the evaluation of the most promising and well known existing equations as 
well as the recommended design equations, are then addressed within the subsequent 
chapters of the report. 

Chapter IE explains the details of the finite element models developed in this 
research. The various modeling assumptions and decisions, including the definition of 
stress-strain properties, initial geometric imperfections and residual stresses are 
discussed. 

In Chapter IV, the capabilities of the finite element models (as detailed in Chapter IH) 
as well as the most promising and well known design equations from Chapter II are 
evaluated versus experimental test results from prior and on-going research (Mozer et al. 
1970, 1971, and 1973; Zureick and Kim 2000; Hartmann 2000; Hartmann and Wright 
2001; and Zureick et al. 2001). 

In Chapter V, the overall design of the parametric studies conducted in this research 
is presented. These studies are utilized to evaluate the accuracy of the various strength 
predictor equations summarized in Chapter II as well as attributes of the maximum 
strength limit states behavior, particularly the extent and magnitude of the pre-peak 
nonlinearity and the post-collapse load-shedding characteristics as a function of the girder 
geometry. 

Chapter VI presents a sample of detailed results from the finite element parametric 
studies. The results for uniform vertical bending, high-moment low-shear, and high-
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moment high-shear cases are considered with an emphasis on synthesis of the overall pre-
and post-peak load-deflection characteristics, and the assessment of the deformed 
geometries and girder cross-section distortions at the peak load levels. Subsequently, 
Chapters VH and VDI focus on the synthesis of the parametric study results pertaining to 
the flexural and shear strengths of steel I girders. The analysis solutions for the 
maximum strength are evaluated and compared to selected design predictor equations 
described in Chapter n. 

Chapter IX investigates the interaction between flexural and shear strengths for high 
levels of combined bending (vertical and lateral) and shear, in which case, the magnitude 
of shear force may cause some reduction in the flexural capacity or vice-versa. This 
chapter deviates from the other chapters in that the elastic design analysis stresses are 
calculated using a curved first-order open-walled section beam finite element. By using 
this approach for calculation of the elastic design stresses, the implications of potentially 
neglecting second-order amplification and web distortion effects in the context of the 
proposed design rules are highlighted. By neglecting these effects in the elastic design 
analysis, the elastic lateral bending stresses are somewhat smaller, and therefore the 
capacities predicted by the recommended resistance equations are somewhat larger. First 
and second-order elastic design analysis stresses are computed using shell finite element 
models in all the other studies within this research, such that any effects of web distortion 
are accounted for. 

Chapter X provides summary observations and discusses further research needs. 

Appendices A, B and C provide detailed information from all of the individual 
parametric analyses conducted in this research. The intent of these appendices is to 
provide the data necessary for engineers and researchers to verify the design equation 
results presented in Chapters V through IX, and also to provide the data such that 
researchers can use the analysis results from this research to evaluate other potential 
design predictor equations. Appendix A provides detailed analysis and design results 
from the parametric studies that focus on flexural strength (Chapter VE), and Appendix B 
provides this information for the shear strength studies (Chapter VDI). Appendix C 
summarizes the key analysis results associated with the moment-shear interaction plots in 
Chapter IX. 

Appendix D summarizes parameters pertaining to the modeling of initial geometric 
imperfections in the full nonlinear finite element studies, and Appendix E details the 
Gauss point residual stresses defined for each of the cross-sections considered in this 
research. 

Finally, detailed miscellaneous cross-section plate lengths and thicknesses for the 
parametric test specimens studied in this research are summarized in Appendix F, while 
Appendix G provides the stiffener dimensions of all of the individual parametric study 
girders. 
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CHAPTER II 

OVERVIEW OF DESIGN EQUATIONS 

This chapter provides a summary of a wide range of design equations for flexural 
strength, shear capacity and moment-shear interaction from current design standards as 
well as from prior research. The intent is to: (1) summarize the different resistance 
equations within a consistent notation, such that the different approaches can be easily 
compared, and (2) discuss the background and important qualities and limitations of the 
various equations. This chapter also summarizes design predictor equations that are 
recommended based on this research. The research leading to these recommendations, 
which largely involves the evaluation of the recommended as well as the most promising 
and well known existing design equations, is then addressed within the subsequent 
chapters of the report. 

Section 2.1.1 gives an overview of a slightly modified form of the current AASHTO 
LRFD (2001) flexural design equations for straight I girders. The current AASHTO 
LRFD equations for design of composite and noncomposite I girders against lateral 
buckling are implicitly the same fundamental equations, but are expressed in different 
formats within separate sections of the Specifications. The straight-girder equations 
presented in this section are a unified and simplified statement of the AASHTO LRFD 
equations, consistent with the fundamental base lateral-torsional buckling formulas. 
Several modifications are suggested to ensure a more consistent application of the lateral-
torsional buckling formulas to all types of composite and noncomposite I girders. 

Furthermore, the proposed modified equations include a change in the flange local 
buckling (FLB) resistance formulas. This change makes the recommended FLB 
equations consistent with beam and plate girder strength equations within the AISC 
LRFD (1999) Specification, and provides significant improvements relative to the 
accuracy of the current AASHTO LRFD (2001) formulas. The AASHTO LRFD FLB 
equations are grossly conservative compared to experimental and analytical data for cases 
in which the flanges are close to the (AASHTO 2001) fabrication limit of bf/2tf < 12. 
Furthermore, the shape of the current .AASHTO FLB curve (Fn versus bf/2tf) is concave, 
whereas the trend in the data from analytical and experimental studies tends to be convex. 
The AISC LRFD (1999) Specification provides a more accurate linear transition curve 
for flange inelastic buckling strength. 

After the presentation of the proposed modified AASHTO straight-I girder equations, 
an extensive summary of key existing flexural design equations for curved steel I girders 
is provided. This summary includes the equations from the Recommended Specifications 
(Hall and Yoo 1998) and from recent comparable Japanese design standards (Hanshin 
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1988), as well as various key design equations that have been proposed in prior research. 
The qualities and limitations of the various equations are discussed. 

With the discussion of the qualities and limitations of all the above equations as a 
background, Section 2.1.9 gives the motivation for and summarizes a set of proposed 
extensions to the modified AASHTO straight I girder design formulas to account for 
lateral flange bending due to torsion and/or applied lateral loading. The recommended 
flexural strength equations can be studied by reading only Sections 2.1.1 and 2.1.9. 

Section 2.2 summarizes the shear strength equations and associated concepts from the 
Recommended (Hall and Yoo 1998) and the current AASHTO LRFD (2001) 
Specifications. Also, shear strength formulas recently proposed by Lee and Yoo (1998) 
are discussed, and a simple modification of the current AASHTO LRFD (2001) shear 
strength expressions, based on the research by Lee et al. (1996), is proposed. The 
recommendations of the current research regarding the calculation of shear capacity are 
summarized at the end of this section. 

Finally, Section 2.3 summarizes how potential interaction between the bending and 
shear strengths is addressed within the Recommended (Hall and Yoo 1998) and 
AASHTO LRFD (2001) Specifications, and explains the conclusions from this research 
regarding the consideration of moment-shear interaction within the context of the 
proposed flexure and shear strength equations. 

2.1 VERTICAL BENDING STRENGTH 

2.1.1 Modified AASHTO LRFD (2001) Equations for Straight Girders 

The proposed modified AASHTO LRFD (2001) equations for straight girders can be 
expressed in a simple succinct form as summarized below. Equations for the capacity of 
straight composite girders in positive vertical bending are not listed here. These 
equations should be the same as or similar to those specified in the current Specifications 
(AASHTO 2001). All of the flexural strength equations are written in terms of the elastic 
flange stresses due to vertical bending. As discussed in Chapter I, this facilitates the 
usage of the design equations for both composite and noncomposite design. 

2.1.1.1 General Equations 

For flanges subjected to tension and for compression flanges that meet compactness 
requirements for local and lateral buckling, the girder strength can be represented as 

—^— <Fy (2-1) 
RbRh

 y 

where Fy is the yield strength of either the compression flange (Fyc) or the tension flange 
(Fyt). Furthermore, if the girder slenderness X for either lateral-torsional or compression 

20 



flange local buckling falls between the compact limit (Xp) and the limit associated with 
the transition from inelastic to elastic buckling (^r), i.e., if ^p < X< XT, then the strength 
can be expressed by the following inelastic buckling linear transition equation: 

fb 

R„R„ 
^ C b 

i (F y c -F L ) fX-A ^ 
p Fyc<Fyc (2-2) 

where FL is the flexural stress corresponding to the onset of significant inelasticity, taken 
as the smaller of (Fyc - Frs) or Fyw, and Frs approximates the effect of residual stresses 
within the compression flange. For general application of the AASHTO flexural strength 
equations to plate girders with Fyc up to 690 MPa (100 ksi), Frs= 0.5 Fyc is recommended. 
This makes Eq. (2-2) consistent with the comparable equation for plate girder design 
within the AISC LRFD Specification (1999). However, the authors have found in this 
research that slightly better correlation with finite element and experimental test results is 
obtained if Frs is assumed equal to 114 MPa (16.5 ksi). This value of Frs is consistent 
with the provisions in (AISC 1999) for welded beams. For checking of rolled beams, 
Frs = 69 MPa (10 ksi) is recommended, which is consistent with the AISC LRFD 
Specifications (1999) for checking of rolled I sections. All the AASHTO LRFD based 
evaluations in this research are conducted with Frs = 114 MPa (16.5 ksi) and Fyc = 345 
MPa (50 ksi). For homogeneous Grade 345 girders, the use of Fre = 0.5Fyc makes Eq. 
(2-2) a maximum of less than two percent conservative for the local flange buckling 
checks and a maximum of approximately nine percent conservative for checking of 
lateral-torsional buckling relative to the use of Frs = 114 MPa (16.5 ksi). 

For slenderness values large enough such that the strength is governed by elastic 
buckling, i.e., for X > XT, the strength may be expressed in terms of the compression 
flange stress as 

4 
R b R h 

^ F e < F v c (2-3) 

where the symbol Fe represents the elastic vertical bending stress corresponding either to 
lateral-torsional or local flange buckling. 

Generally, Eqs. (2-1) through (2-3) must be applied to check both the local and lateral-
torsional buckling strengths. The nominal design strength is taken as the smaller of these 
separate checks. 

2.1.1.2 Flange Local Buckling Parameters 

For checking of local flange buckling, Eqs. (2-2) and (2-3) are expressed in terms of 
the compression flange slenderness 

A, = bf/2tf (2-4) 
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and the compact and noncompact flange slenderness limits are 

(2-5) 
Pyc 

and 

1=1.901 £ — (2-6) 

Equation (2-5) is the current compact-flange slenderness limit specified in both (AISC 
1999) and (AASHTO 2001). Equation (2-6) is the current noncompact flange 
slenderness limit provided in (AISC 1999), if FL is taken as 0.5 Fyc, and if the AISC 
flange buckling coefficient is expressed as1 

k c= , \ (2-7) 

Equation (2-6) is derived simply by setting the flange elastic local buckling strength, with 
the buckling coefficient kc specified by Eq. (2-7), equal to FL. Implications regarding the 
usage of Eq. (2-7) are discussed below. Finally, for checking of flange local buckling 

Cb = 1 (2-8) 

since Cb is the modifier that accounts for the effect of moment-gradient on lateral-
torsional buckling. The effect of moment gradient on flange local buckling (FLB) 
strength can be significant for cross-sections with highly compact flanges and webs, 
resulting in reliable maximum strengths as high as 0.5(FU/Fy + 1)MP (Lay and Galambos 
1967). However, the influence of moment gradient on the FLB strength of I sections 
with noncompact or slender webs is not well understood, and to the authors' knowledge, 
is not considered in any of the major international steel design standards. 

Figures 2.1.1 and 2.1.2 compare the flange local buckling strength as predicted by 
Eqs. (2-1), (2-2) and (2-3) with Frs = 114 MFa (16.5 ksi), to a CRC-type FLB strength 
equation proposed by Johnson (1985) based on experimental tests of symmetrical I-
beams with D/tw ratios ranging up to 245, and to the AISC LRFD (1999) and current 
AASHTO LRFD (2001) flange strength equations. Figure 2.1.1 shows the comparison 
for a web slenderness of 2Dc/tw of 140, and Figure 2.1.2 compares the flange strength 
predictions for 2Dc/tw =163. The value 2Bc/tw = 163 is the maximum web slenderness 
allowed for transversely stiffened Grade 345 girders in AASHTO (2001). 

1 AISC LRFD (AISC 1999) places upper and lower limits on IQ of 0.763 and 0.35 as explained 
subsequently. 
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Figure 2.1.1. Straight flange local buckling strengths (2Dc/tw = 140, Fyc = 345 MPa). 
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Figure 2.1.2. Straight flange local buckling strengths (2Dc/tw = 163, Fyc = 345 MPa). 
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It can be observed that the AASHTO LRFD (2001) flange local buckling strengths 
are quite conservative relative to the other strength curves. This is due to the fact that 
the current AASHTO strength equation is based on Eq. (2-6) but with FL equal to 1.9Fyc. 
Equation (2-6), with FL = 1.9Fyc, gives a reasonable compact flange slendemess limit that 
includes an approximation of the influence of the web on the flange stability. However, 
to obtain an expression for the flange local buckling strength, AASHTO sets Fyc in the 
resulting equation to the actual applied stress under the design loading, fb, and then solves 
the resulting equation for fb. This amounts to a requirement that the compression flange 
slendemess needs to satisfy a compactness limit, based on the assumption that fb is the 
flange yield strength. However, if fb is less than Fyc, the flange does not need to be 
subjected to this strict of a requirement on its slendemess, since lesser inelastic straining 
is required to reach fb than Fyc. As a result, the AASHTO LRFD expression for the 
flange strength is quite conservative for X == bf /2tf values approaching the maximum 
fabrication limit of 12 allowed by (AASHTO 2001). 

It should be noted that for Fyc < 480 MPa (70 ksi), the flange local buckling strengths 
specified by the proposed as well as the AISC LRFD (1999) equations are never 
controlled by elastic buckling (for flanges that satisfy the requirement of bf/2tf < 12). 
Nevertheless, the flange elastic local buckling strength can be specified as 

F = kc% E (2-9) 
e 12(l-v2)(b f/2t f)

2 v J 

The AISC LRFD (1999) strength curves shiown in Figs. 2.1.1 and 2.1.2 are 
approximately equal to the strength curves obtained based on Eqs. (2-1) through (2-7). 
The only differences are that the AISC LRFD strength curve is based on the equation 

k = . 4 , 0.35 <k < 0.763 (2-10) 
VDTC 

rather than Eq. (2-7), and Frs is taken as 0.5Fyc rather than 114 MPa (16.5 ksi). The 
differences between the kc values from the two equations for 2Dc/tw = D/tw =140 are 
practically negligible. However, for 2Dc/tw = D/tw = 163, Eq. (2-7) gives kc = 0.31 while 
Eq. (2-10) limits kc to 0.35. This causes a minor shift in the inelastic transition curve in 
Fig. 2.1.2; XT = 15.6 by Eq. (2-6) whereas Xr = 19.2 by the comparable AISC LRFD 
(1999) equation with kc defined by Eq. (2-10). The lower limit of kc = 0.35 specified in 
Eq. (2-10) is approximately the minimum value of kc that can be back-calculated from 
Johnson's (1985) experimental data. The web slendemess has to be smaller than D/tw = 
27.5 for the upper limit of kc = 0.763 in Eq. (2-10) to control. Therefore, the upper limit 
on kc in Eq. (2-10) applies for many of the heavy rolled beam and column wide flange 
shapes in (AISC 1993); however, this limit does not control for any practical welded 
plate girder sections. The AASHTO LRFD Specifications (2001) disregard these limits 
and use Eq. (2-7) implicitly in several of their equations. 
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It is useful to compare Eqs. (2-7) and (2-10) to the equation 

4.05 

(D/tJl K = , „ . ' . ...46 (2-") 

developed by Johnson (1985) based on curve-fitting to kc values back-calculated from his 
experimental tests. Johnson's back-calculation of kc values is based on equating the 
strength predicted by the CRC-based equation 

F = F 
( 

1-0.55 

\ 1.92" 

yc -0.46 
T~ e J 

(2-12) 

>xc where Fe is given by Eq. (2-9), to the computed elastic flange stress fbmax = Mmax / S, 
determined from the maximum bending moment Mmax achieved within his tests. Third-
point loading through gusset plates attached to the bottom flange, producing uniform 
bending moment within the center third of the span, was employed in one set of 
Johnson's tests, and the beams were loaded with four concentrated loads through gussets 
attached to the bottom flange in a second set of tests. 

Figure 2.1.3 compares Johnson's equation for kc (Eq. 2-11) to the corresponding 
explicit AISC LRFD and implicit AASHTO LRFD equations, Eqs. (2-10) and (2-7) 
respectively, and to the values for kc back-calculated from Johnson's data using Eqs. 
(2-11) and (2-12). It can be observed that the AASHTO and AISC equations are 
accurate to conservative relative to Johnson's data. If 2Dc/tw = D/tw values less than 27.5 
are neglected as being unrealistic for checking of flange local buckling in bridge beams 
and girders, then it can be argued that the simpler Eq. (2-7) implicitly utilized in 
(AASHTO 2001) is a suitable conservative representation of Johnson's test data. 

The above equations for kc are simple expressions that consider neither the influence 
of the compression flange slendemess, bf/2tf, nor the influence of the relative area of the 
compression flange to the area of the web. These parameters are certain to affect the 
flange local buckling stability coefficient in general. Formulations are available for 
calculating the "exact" elastic kc values, e.g., (Zureick and Shih 1995 and 1998). 
However, preliminary studies indicate that such formulations do not provide an 
improvement in the correlation with the test data for girders within the flange slendemess 
limits currently given in the AASHTO bridge-design specifications. In general, the local 
buckling limit state at the current flange slendemess limit of bf/2tf= 12 in the AASHTO 
Specifications always involves inelastic response (at least for Fyc < 480 MPa (70 ksi)). It 
can be stated that Eq. (2-7) gives an estimated lower-bound effect of interaction between 
the web and the compression flange on the flange local buckling resistance. 
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Figure 2.1.3. Straight flange local buckling stability coefficient, kc. 

2.1.1.3 Base Lateral-Torsional Buckling Equations 

For checking of lateral-torsional buckling, Eqs. (2-2) and (2-3) are expressed in terms 
of the slenderness parameter 

X= Lb/rt (2-13) 

where as discussed below, rt should be computed as the radius of gyration of a notional 
section comprised of the compression flange plus one-third of the depth of the web in 
compression, taken about the vertical axis. The compactness limit for lateral-torsional 
buckling is taken as 

(2-14) 

Equation (2.14) is the base compact lateral bracing limit (for uniform vertical bending 
and Cb = 1) specified in AISC LRFD (1999) for plate girders, and it is the base compact 
lateral bracing limit for I-shaped members that do not satisfy the requirements for 
development of moment capacities larger than the yield moment My in the current 
AASHTO LRFD Specifications (2001). AISC LRFD (1999) uses the same limit 
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(Eq. (2-14)) for all other types of I sections as well, but with X defined as Lt/ry (which is 
generally greater than Lb/rt). AASHTO LRFD (2001) specifies that members must 
satisfy the AISC LRFD (1999) plastic design lateral bracing limits as one requirement to 
be able to develop vertical bending capacities larger than the yield moment. 

Prior to discussing the noncompact limit for lateral-torsional buckling (A,r), it is useful 
to consider the fundamental elastic lateral-torsional buckling equation for a doubly 
symmetric I beam: 

I C + E T G J (2-15) 

where Cb is the magnifier which accounts for the effect of moment gradient on the lateral 
buckling capacity, Sxc is the elastic section modulus associated with the compression 
flange, Iy is the moment of inertia of the full cross-section about the vertical axis in the 
plane of the web, Cw is the cross-section warping constant, and J is the St. Venant 
torsional constant for the section. If we make the substitutions 

I y s 2 I y c (2-16a) 

G = — - — (2-16b) 
2(1 + v) 

ivh2 ^y 
C . s - ^ s - ^ - (2-16c) 

and 

S x c = — L (2-16d) 
xc (d/2) v } 

where Iyc is the moment of inertia of the compression flange taken about the vertical axis 
of the web, h is the distance between the mid-thickness of the flanges, and d is the total 
depth of the cross-section, we obtain, after some algebraic manipulation 

F e = 7 t E - ^ i ^ > 2 | — + — — — (2-17a) 
SM Lb V l L b J (l + v ) I , 

or 
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ÊVKI rzr_j_A.Ll (2.17b) 

b L2
b 21, V n2(l + v)SxchIyohd 

Also, we can write 

Iychd^ (AcbJ/12)hd _ Acb2/12 
2IX 2(Ach

212 + AWD2 /12) A ch/d + AWD2 /6 hd 
(2.18a) 

where D is the depth of the web plate. If we assume that h, d and D are approximately 
equal, Eq. (2-18a) is a close approximation of 

r2 = A c b f / 1 2
 (2.i8b) 

A c + A w / 6 

where rt is the radius of gyration of the compression flange plus one third of the depth of 
the web in compression. Therefore, if we make this substitution into Eq. (2-17b), we 
obtain 

JIJ_EL 1 J 
b ^2 *'" n\l + v)Sxch 

F . = C b - r - l + - r — — — - X (2-19) 

based on X = Lb/rt. This is a very useful, simple form of the fundamental elastic lateral-
torsional buckling equation for a doubly-symmetric I section, expressed in terms of the 
flange vertical bending stress. All of the terms in this equation are well known in terms 
of their physical significance, and are commonly calculated as part of the design process. 

It should be noted that separate equations are provided for the elastic lateral-torsional 
buckling strength of composite and noncomposite girders in the current AASHTO LRFD 
Specifications (2001). However, both of the AASHTO equations are based on the same 
fundamental equation, Eq. (2.15). They are simply written in different formats. For 
composite girders in negative bending and for noncomposite transversely-stiffened 
girders in which the web load-shedding factor Rb is less than one at fb=Fyc, the current 
AASHTO provisions discount the contribution to the strength from St. Venant torsion. 
Therefore, the second term under the radical in Eq. (2-19) is taken equal to zero. The 
rationale for this approximation (in the case of noncomposite girders) is that, when Rb is 
less than one at fb=Fyc, cross-section distortion is more likely and therefore the 
contribution from St. Venant torsion may tend to be heavily nullified. By taking J = 0 in 
Eq. (2-19), we obtain 

7t2E 
F e = C b ^ - (2-20) 

28 



Presently, the AASHTO LRFD (2001) Specifications effectively use this equation 
with rt defined as the radius of gyration of the compression flange plus one-third of the 
depth of the web in compression for composite I girders. However, the same equation is 
used with rt = ryc, the minimum radius of gyration of the compression flange taken about 
the vertical axis, for noncomposite "slender-web" I-sections (i.e., sections for which Rb is 
less than one at fb = Fyc). This obviously produces an opposite effect from the expected 
trend in the behavior, since if anything, the torsional restraint from the bridge deck would 
tend to increase the capacity of the composite girder in negative bending. Based on the 
above developments resulting in Eqs. (2-19) and (2-20), it can be argued that rt should be 
calculated including the area from one-third of the depth of the web in compression. 
These equations are equivalent to the current AASHTO (2001) elastic lateral-torsional 
buckling equations. 

2.1.1.4 Application of Lateral-Torsional Buckling Equations to Unsvmmetric 
Girders 

Although Eqs. (2-19) and (2-20) are derived strictly based only on a doubly-
symmetric I section, they can be extended to apply to unsymmetrical noncomposite 
girders - and to composite girders in general - simply by calculating rt as defined above. 
Figures 2.1.4 through 2.1.6 compare the ratio of the strengths obtained from Eq. (2-20) to 
the strengths obtained from more accurate but more complex formulas for the elastic 
lateral-torsional bucking capacity of unsymmetric noncomposite girders presented in 
(AISC 1999) and (Kitipornchai and Trahair 1980), versus the ratio Iyc/Iy. "Exact" 
versions of the (AISC 1999; Kitipornchai and Trahair 1980) formulas (SSRC 1998) are 
used with J = 0 in producing these plots, and Iyc +1^ is used as an accurate approximation 
ofIy. 

The AASHTO LRFD Specifications (2001) explicitly restrict the use of their 
provisions for I girder design to 0.1 < Iyc/Iy < 0.9. Also, the AASHTO provisions are 
strictly applicable only to I girders in vertical bending with negligible longitudinal axial 
compression. In contrast, the provisions for rolled and built-up I-sections within 
Appendix F of the AISC LRFD Specification (1999) address combined bending with 
axial tension or compression, although the plate girder provisions in Appendix G of the 
AISC LRFD Specification also do not apply to cases with axial loads. 

It can be observed from Figs. 2.1.4 to 2.1.6 that, within the range of Iyc/Iy permitted 
by the AASHTO Specifications, Eq. (2-20) gives a conservative approximation of the 
buckling strength well within 10 percent of the exact formulas. In Fig. 2.1.4, the 
comparisons are made for girders with 2Dc/tw =139, which is the transition point 
between the definition of a nonslender and a slender web in (AISC 1999). Also, the bf/tf 
values of both flanges are assumed to be the same in order to obtain practical girder 
proportions that meet (AASHTO 2001) restrictions. The curves are plotted for D/bf 
values of 2 and 5 and b{/tf values of 10 and 24. These are intended as extreme or 
bounding values for all practical girder proportions. From Fig. 2.1.4, it can be seen that 
Eq. (2-20) is approximately two to five percent conservative compared to the exact 
equations even for Iyc/Iy = 0.5 (i.e., for a symmetrical girder). This is due to the 
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assumption of d = h = D in Eq. (2-20). Figure 2.1.5 shows the result for the most 
conservative case in Fig. 2.1.4 (2Dc/tw = 139, D/bfC = 2, bfC/tfC = iVtft =10) when the 
"exact" equation (Eq. (2-18a)) is used for rt

2. Figure 2.1.6 shows the ratio of Eq. (2-20) 
to the exact strengths for an upper bound web slendemess of 2Dc/tw = 277, corresponding 
to the limit based on AASHTO (2001) for a longitudinally stiffened girder, with D/bfC = 5 
and bfc/tfc = bft/tft = 24. Figures 2.1.4 through 2.1.6 are representative of the range of 
errors obtained for any girders with 2Dc/tw from 139 to 277, D/bfc from 2 to 5, and bfC/tfC = 
10 to 24. 

Figures 2.1.7 through 2.1.9 are similar plots to those discussed above, but with 
J = 2 bt3/3 from all the cross-section plate components. AASHTO LRFD (2001) 
specifies that this value of the St. Venant torsional constant is to be included in the 
lateral-torsional buckling calculations for "nonslender web" girders, i.e., girders in which 
Rb = 1 at fb = Fyc. When J = 0, the ratio of the approximate and exact equations is 
independent of the girder length; however, this ratio is not independent of the length for 
J > 0. Therefore, the curves in Figs. 2.1.7 - 2.1.9 are plotted at X = Lb/rt = ̂ r. 

The design parameters specified in Fig. 2.1.7 are the same as those for the curves in 
Fig. 2.1.4. It can be observed that when the St. Venant torsional constant J is included, 
the beam-theory based elastic lateral-torsional buckling strength for girders with small 
D/bfC and Iyc/Iy values tends to be significantly underestimated by Eq. (2-19). This is due 
to the fact that the use of Eq. (2-19) with rt based on one-third of the depth of the web in 
compression does not fully capture the torsional restraint offered by the large tension 
flange in these girders. Nevertheless, it can be argued that the girder proportions are 
somewhat unrealistic for the curves that show larger than ten percent conservative error 
in Fig. 2.1.7, and that for most practical girders, the errors are less than ten percent 
conservative. Fig. 2.1.8 parallels Fig. 2.1.5, and shows the errors if the "exact" rt (Eq. 
2.18a) is utilized. This curve shows the largest unconservative error (approximately two 
percent) for all the parameters studied. Lastly, Fig. 2.1.9 shows the results for the 
combination of D/bfC and bf/tf from Fig. 2.1.7, i.e., D/bfC = 2 and bf/tf =10, but with a 
representative lower-bound value for the web slendemess 2Dc/tw of 30. This case 
represents a practical upper bound for the conservative error of Eq. (2-19) with J > 0. 
It can be seen that the conservative error in this plot is approximately the same as the 
error in the curve for 2Dc/tw = 139, D/bfC = 2 and bf/tf = 10 in Fig. 2.1.7. 

For composite girders in negative bending and in which web distortion effects may 
nullify the contributions from St. Venant torsion, Eq. (2-20) can be applied 
conservatively to estimate the lateral buckling capacity of the compression flange. This 
is based on the logic that the composite girder can be replaced by an equivalent 
noncomposite girder with the same depth of the web in compression, and that for these 
equivalent girders, the composite girder would always possess greater strength due to the 
torsional restraint provided by the bridge deck to the tension flange of the member. 
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Figure 2.1.4. Ratio of the elastic lateral-torsional buckling capacity predicted by Eq. 
(2-20) to the capacity predicted by the "exact" beam lateral-torsional buckling 
equations with J = 0 (SSRC 1998), plotted as a function of Iyc/Iy (2Dc/tw = 139, 

bfc/tfc = btt/tft). 
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(2-20) using the "exact" rt (Eq. (2-18a) to the capacity predicted by the "exact" 
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Figure 2.1.6. Ratio of the elastic lateral-torsional buckling capacity predicted by Eq. 
(2-20) to the capacity predicted by the "exact" beam lateral-torsional buckling 
equations with J = 0 (SSRC 1998), plotted as a function of Iyc/Iy (2Dc/tw = 277, 
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Figure 2.1.7. Ratio of the elastic lateral-torsional buckling capacity predicted by Eq. 
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(2-20) using the "exact" rt (Eq. (2-18a)) to the capacity predicted by the "exact" 
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2.1.1.5 Relationship of Lateral-Torsional Budding Strength to Lh/bf 

If it is recognized that the radius of gyration rt can be approximated as 

r'sriI^k = Vi2aIia r )
 (2"21) 

where 

2D t a r = - ^ ^ L (2-22) 
Vfc 

is the ratio of two times the area of the web in compression to the area of the compression 
flange, utilized in the calculation of the web load-shedding factor Rb in (AASHTO 2001), 
Eq. (2-20) can be restated in a form that is more useful for understanding the influence of 
the compression flange geometric proportions: 

7T2E 7T2E 1 
F - = C b M J F = Cb(L^f)

212(l + | a r )
 (2_23) 

The relationship between this equation and rules stated in the Recommended 
Specifications (Hall and Yoo 1998) for the maximum allowable Lt/bf in curved I girders 
is commented upon in the subsequent discussions. Equation (2-21) can be obtained by 
algebraic manipulation from Eq. (2-18b). 

2.1.1.6 Lateral-Torsional Buckling Compact and Noncompact Bracing Limits 

The compact bracing limit with respect to lateral-torsional buckling is specified by 
Eq. (2-14). If Eqs. (2-19) and (2-20) are accepted as appropriate expressions for the 
elastic lateral-torsional buckling capacity, then the associated noncompact lateral bracing 
limits can be determined as 

L95E _ J _ / L 6 _ 7 6 FLSxch 
T FL VSxch\j V I EJ 

(2-24a) 

and 

A.r=3.14J|- (2-24b) 
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respectively. These equations are derived simply by equating the elastic lateral buckling 
strength given by Eqs. (2-19) and (2-20) to FL. That is, ^r is the slenderness Wr t 

corresponding to the transition from the inelastic lateral buckling strength curve given by 
Eq. (2-2) to the elastic lateral buckling strength given by either Eq. (2-19) or (2-20). If 
0.5Fyc is substituted for FL, Eq. (2-24b) becomes the noncompact lateral-bracing limit for 
plate girders specified in (AISC 1999). Also, this equation with FL = 0.5Fyc is the 
noncompact lateral bracing limit for composite I girders within the current AASHTO 
LRFD Specifications (2001). For I-beams and girders in which the contribution from St. 
Venant torsion is included, Eq. (2-24a) is a close approximation to the noncompact limit 
stated in (AASHTO 2001) if FL is taken as 0.5Fyc. It is a close approximation to the 
noncompact limit stated in (AISC 1999) for general I-shapes with nonslender webs, if Frs 
is taken as 114 MPa (16.5 ksi) for welded sections and 69 MPa (10 ksi) for rolled beams. 

2.1.1.7 Summary Assessment of Proposed Lateral-Tor sional Buckling Equations 
and Application of these Equations in this Research 

Based on the precedent set by the Recommended Specifications (Hall and Yoo 1998) 
and discussions with engineers on AASHTO T14 and on the AISI Bridge Research Task 
Force advisory groups to this project, a decision was made early in this research to 
discount the beneficial effects of the St. Venant torsional stiffness J when checking the 
strength of I girders subjected to lateral bending and torsion. Therefore, all the design 
studies in this work involving the use of the modified AASHTO LRFD lateral buckling 
formulas utilize Eq. (2-20) or the equivalent Eq. (2-23) as the base elastic lateral buckling 
strength. The conservatism of this simplification, and the potential for use of Eq. (2-19) 
as the base elastic lateral buckling strength for certain cases is addressed within the 
discussion of the research results (see Chapter VII). 

As noted previously, the use of Frs = 0.5Fyc is recommended in this work for general 
application of the AASHTO flexural strength equations to plate girders with Fyc up to 690 
MPa (100 ksi). However, the value of Frs = 114 MPa (16.5 ksi) is found to produce 
better correlation with the finite element and experimental test results for the 
homogeneous Grade 345 girders considered within this research than Frs = 0.5Fyc. 
Therefore, Frs1 = 114 MPa is utilized in the aipplication of recommended design equations 
throughout this report. Based on further research, it may be possible to liberalize the Frs 

= 0.5Fyc limit for other grades of steel and for hybrid girders; however, this is outside of 
the scope of the present work. 

Figures 2.1.10 and 2.1.11 show comparisons of the predictions of the resulting 
equations to other design predictor equations within the literature. It can be observed 
that the transition from inelastic to elastic buckling in the proposed equations occurs 
approximately at Lt/bf = 25. Furthermore, it can be observed that the nominal strength 
limit on the flange stress obtained from traditional straight-girder lateral-torsional 
buckling equations, utilized within the Recommended Specifications (Hall and Yoo 
1998), are slightly liberal compared to the proposed equations for Lt/bf values close to 
this noncompact lateral-bracing limit. This is due to the fact that the traditional flange 

lateral strength equations are based on ryc = bf / V12 . It should be noted that ryc is the 
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Figure 2.1.10. Straight girder lateral-torsional buckling curves (ar = 1). 
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Figure 2.1.11. Straight girder lateral-torsional buckling curves (ar = 2). 
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same for all girders that have the same flange width, regardless of the proportions of the 
tension flange and web. The term ryc does not account for the potential destabilizing 
effects from compressive stresses in the web. 

It can be argued that the potential conservatism involved with neglecting any St. 
Venant torsional stiffness contribution to the lateral buckling capacity, and due to 
restraint from the deck in composite girders, compensates for the liberal assumption of 
the use of ryc in checking the lateral stability of the compression flange (rather than rt). 
The proposed equations are slightly liberal relative to the traditional flange lateral 
buckling strengths for Lb/bf values close to the compact bracing limit. This limit 
corresponds to Lb/bf values of about 11 to 12 in the figures (depending on the value of ar). 

The lateral buckling strength predictions using the current AASHTO LRFD (2001) 
equations for noncomposite slender-web and composite girders, but with the proposed 
interpretation of rt, are also shown within the plots in Figs. 2.1.10 and 2.1.11. As noted 
previously, these equations are based on Frs = 0.5 Fyc. Within the vicinity of the 
noncompact flange bracing limit (kT), the proposed equations are approximately a 
maximum of nine percent more liberal than the current AASHTO equations for 
homogeneous girders with Fyc = 345 MPa (50 ksi). 

Lastly, the proposed equations are also compared to the current AASHTO (2001) 
equations for noncomposite transversely stiffened I sections with Rb = 1 and for 
noncomposite longitudinally stiffened I sections, but with J taken conservatively equal to 
zero. The AASHTO (2001) Specifications allow the engineer to include J in calculating 
the capacity of these types of girders, but currently, to avoid the complexity of equations 
such as Eq. (2-24a), these Specifications do not include an inelastic buckling transition 
region. As a result, the corresponding equations, as plotted in Figs. 2.1.10 and 2.1.11, 
are more than 20 percent liberal compared to the proposed lateral buckling strength 
curves for girders with Lb/bf values close to 20. It can be shown that the corresponding 
equations also can be significantly liberal relative to the proposed equations when the 
St. Venant torsional stiffness parameter J is included. On this basis, the authors 
recommend that the AASHTO LRFD (2001) provisions for the flange lateral buckling 
capacity of longitudinally-stiffened girders and of transversely-stiffened girders with 
Rb = 1 should be modified to include the inelastic buckling transition region described by 
Eq. (2-2). 

2.1.1.8 Consideration of the Moment Gradient Magnifier Ch for Bridge Design 

The calculation of the moment-gradient magnifier Cb in bridge design merits some 
discussion. AASHTO LRFD (2001) specifies the following slightly modified version of 
the simple traditional definitions of this parameter: 

• for unbraced cantilevers, or for members where the moment within a significant 
portion of the unbraced segment exceeds the larger of the segment end moments: 

Cb = 1 (2-25) 
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• for all other cases: 

Cb = 1.75-1.05 
rn\ f P Y 

+ 0.3 _ _ i 

v p 
v 

p hj 
< 2.3 (2-26) 

where Pi is defined as the force in the compression flange at the brace point with the 
lower force due to the factored loading, and Ph is defined as the compression flange force 
at the brace point with the higher force due to the factored loading. For noncomposite I 
girders in single-curvature bending, or noncomposite I girders in reversed-curvature 
bending with Dc = D/2, Eq. (2-26) is the same as the traditional version of this equation 
specified in the commentary of (AISC 1999). However, for noncomposite I girders in 
reversed-curvature bending with Dc > 0.5D, Eq. (2-26) is more conservative than the 
traditional equation, and conversely, for these types of girders and Dc < 0.5D, Eq. (2-26) 
is liberal relative to the traditional equation. The rationale for use of Pi and Ph in Eq. 
(2-26) is that this better reflects the fact that the dead and live load vertical bending 
moments due to factored loads are applied to different sections in composite girders. 
Also, this modification of the traditional formulas is believed to better reflect the stability 
behavior of singly symmetric noncomposite girders (AASHTO 2001). Equation (2-26) is 
intended strictly only for application to girders in which the steel cross-section is 
prismatic along the unsupported length; also, this equation is valid strictly only for a 
linear variation of the flange force along the unbraced length. 

The commentary of the AASHTO LRFD (2001) Specifications states, "It is 
conservative and convenient to use the maximum moment envelope at both brace points 
in this ratio or in computing Pi / Ph, although the actual behavior depends on the 
concurrent moments at these points." It is useful for the engineer to understand the proof 
of this statement. 

Strict application of the Cb equation requires the calculation of the concurrent 
moments at adjacent brace points; that is, calculation of the governing value of Ph at the 
brace point with the higher force using the critical moment from the maximum moment 
envelope, along with the calculation of the value of Pj at the brace point with the lower 
force using the concurrent moment at that point. However, since concurrent moments 
are normally not tracked in bridge analysis, it is convenient and always conservative to 
use the worst-case moment envelope values in calculating Pj and Ph. The worst-case 
envelope value for calculation of Ph is the critical moment envelope value causing the 
largest Ph at the brace point with the higher force, and the worst-case envelope value used 
to calculate Pi is either the maximum or the minimum moment envelope value at the 
brace point with the lower force, whichever produces a lower value of Cb. The proof that 
the use of these worst-case moment values to compute Pi and Ph is always conservative is 
as follows. 

Consider an example worst-case distribution of flange force along a critical unbraced 
length, as defined above (see Fig. 2.1.12). 0>bviously, if both Pi and Ph are defined in the 
above way, the concurrent moment value at the location of Pi for the load combination 
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that produces Ph will always produce a value of Cb greater than or equal to that calculated 
based on the worst-case Pi/Ph- Therefore, it is obvious that the use of the worst-case 
moment envelope values for the moments at the brace points results in a conservative 
value of Cb and a conservative check of lateral-torsional bucklingyor the specific load 
combination that produces the maximum Ph. However, an important problem that must 
be considered is that in general, it is possible that a load combination may exist which 
produces a smaller force than Ph at the maximum moment location, but yet also has a 
concurrent value of the flange force at the location of Pi that results in a flatter moment 
gradient than in the above worst-case check (thus also producing a smaller value of Cb). 
It is possible that such a load combination may be more critical with respect to lateral-
torsional buckling than the load combination that produces Ph- For purposes of the 
discussion below, we will denote the smaller flange force at the maximum moment 
location for such a potential more critical moment diagram by the symbol P2. 

Figure 2.1.12. Worst-case flange force distribution (Pi to Ph) versus a conservative 
check of a potentially more-critical concurrent flange force distribution (Pi to P2). 

We can use the worst-case Pi, as defined above, along with the force P2 as a 
conservative check of the above potentially more critical situation. Also, we assume a 
worst-case situation in which the unsupported length is long enough such that the 
increase in the member capacity due to Cb does not exceed the member strength based on 
Eq. (2-1). If we denote the value of Cb determined based on the envelope-based 
values Pi and Ph as Cbe, if we denote the value of the moment gradient parameter based on 
Pi and P2 as Q,2, and if we denote the flange bending stresses corresponding to Phand P2 
as fbh and fb2 respectively, then for the worst-case check using Pi and Ph to always control 
the design, we must have 

fb2 < Cb2 Fe(Cb=l) (2-27) 

Furthermore, if we assume that fbh = Cbe Fe(cb=i> w e can substitute Fe(cb=i)= WCbe into 
Eq. (2-27) to obtain (after some minor algebraic manipulation) 

f C 

f C 
xbh ^ b 2 

(2-28) 
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If we assume only linear variations in the flange force between the two brace locations, 
we can show by varying Pi /Ph and fb2/fbh over a full range of their potential values that 
the above defined "worst case" check using the flange forces from the maximum and 
minimum design moment envelopes will always be conservative for any possible loading 
combination that the critical unsupported segment may see, including reversed-curvature 
bending. 

The above development allows the engineer to account for moment gradient effects in 
the design, whenever he or she deems that the moments may be assumed to vary linearly 
along the unsupported length. A separate more refined equation for calculation of Cb 
developed by Kirby and Nethercot (1979) is provided within the commentary of the 
AASHTO LRFD (2001) Specification for handling of cases in which the moment 
diagrams are significantly nonlinear along the unsupported length. Based on reasoning 
similar to that of the above discussion, it can be shown that Cb also can be calculated 
conservatively from this equation, using worst-case values of the flange forces obtained 
from the maximum or the maximum and minimum moment envelopes. Other more 
refined formulas for Cb are discussed in (SSRC 1998). In this research, we utilize Eqs. 
(2-25) and (2-26) for the calculation of Cb with the exception of one set of studies 
involving internal loading within a curved I girder segment, in which case the Kirby and 
Nethercot (1979) equation is employed. 

2.1.1.9 Summary 

The proposed straight I girder equations defined in this section may be used as a base 
set of equations for defining the capacity of straight or curved I girders subjected to 
vertical bending combined with torsion and lateral moments. Additional modifications of 
these equations to achieve a unified set of I girder design equations, which address 
torsion and lateral bending, are discussed in Section 2.1.9. However, before motivating 
and presenting the development of these equations, it is important to first consider a 
number of other key design equations that have been developed in prior research for 
predicting the flexural capacity of curved I girders. Sections 2.1.2 through 2.1.8 provide 
a detailed discussion of existing strength predictor equations for curved I girders. 

2.7.2 Flexural Strength Equations in the Recommended Specifications 
(Hall andYoo 1998) 

The vertical-bending strength equations for curved steel I girders in both the 
AASHTO Guide (AASHTO 1993) and the Recommended Specifications (Hall and Yoo 
1998) are based on a modified form of predictor equations developed by McManus 
(1971). In his doctoral work, McManus (1971) conducted approximate second-order 
elastic analyses of a large suite of doubly symmetric curved I girders configured as 
shown in Fig. 2.1.13. These models are subjected to equal and opposite moments (M) at 
their ends, producing near uniform vertical bending, as well as to end bimoments ( B), 
producing specified end flange moments (Mw = B / h ) and warping stresses fw . The 
girders are simply supported, and the web is held vertical at the girder ends. In his 
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approximate second-order analysis, McManus computed the compression flange vertical 
bending stress as 

- U 
Au — (2-29) 

where M is the applied end vertical bending moment and Sx is the elastic section 
modulus, and he calculated the applied end warping stress as 

- M j A b < ' 
f = 

BCD 2 2 
M ^ 

y _ w 2 
yc 

(2-30) 

M ^1^ = Radial Support M. 

Figure 2.1.13. McManms's idealized single span model. 

where B is the applied end bimoment, co is the principal sectorial coordinate at the flange 
tips, Cw is the warping constant of the cross-section, Mw = B / h gives the applied end 

lateral flange bending moments associated with B, h is the distance between the mid-
thickness of the flanges, bf is the flange width, and Iyc is the moment of inertia of the 
individual flanges about a vertical axis through the web. McManus considered a wide 
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range of values for fw /fb from -0.5 to +0.5. For purposes of discussion in this report, 

fw /fbis taken as positive when fw is compressive at the tip of the compression flange 

furthest away from the center of curvature of the beam. This is identical to the sign 
convention utilized for this ratio in the Guide and in the Recommended Specifications, 
but it is opposite to the sign convention utilized by McManus in his dissertation. 

McManus conducted two sets of parametric studies aimed at the development of 
design strength predictor equations, one set based on the assumption of "compact" cross-
section behavior and the other assuming "noncompact" cross-section response. In his 
compact-section studies, McManus defined the maximum strength as the minimum of: 
(1) the value of fb at which a fully-plastic condition is developed in the cross-section at 
either the mid-length or at the ends of his model, whichever occurs first, or (2) the value 
of fb associated with the parabolic CRC equation for inelastic lateral flange buckling that 

was in effect within the AASHTO straight girder design provisions at the time of his 
research. When the first of the above two conditions controlled, McManus assumed that 
the girder remains completely elastic until the fully plastic condition is developed at the 
critical cross-section. Furthermore, he considered the effects of estimated values for (1) 
internal second-order elastic bimoments, B2, (2) internal second-order elastic radial (i.e., 
lateral) bending moments, My2, and (3) additional internal flange lateral bending 

moments due to distortion of the cross-section, M^D, in addition to (4) the internal vertical 
bending moment M = M in determining the load level at which the full-plastic condition 
is reached at the most critical cross-section. In his noncompact section studies, McManus 
defined the maximum strength as the value of fb at the first occurrence of yielding within 

the beam, either at the mid-length or at the ends of the member, based on the estimated 
second-order elastic internal moments listed above. The effect of internal residual 
stresses is not included within McManus's first-yield check. 

Although he conducted other studies in which he considered a broader range of 
design parameters, for the specific development of his design predictor equations, 
McManus assumed the following values: Fyc = 250 MPa (36 ksi), Aw/Af = 1.0, h/tw = 
150, bf/tf = 16.7, and tw/tf = 3. He explains that the above geometric parameters are close 
to average values of Aw/Af = 1.3, h/tw = 147, bf/tf = 17.2 and tf/tw = 3 determined from a 
survey conducted of 28 curved girder bridges. Furthermore, he restricted his studies for 
development of design equations to 0 < Lt/R < 0.1, Wbf < 25, and -0.5 < fw /fb < +0.5. 

2.1.2.1 Recommended Specification Compact Section Equations 

McManus's resulting compact-section strength equations may be expressed as 

fb^FbsAcAvc^Fbs (2-31) 
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where FbS is the nominal vertical bending strength of the equivalent straight compression 
flange associated with inelastic lateral buckling, written in terms of the vertical bending 
stress fb = fb. This strength is given by 

Fbs - ^ y 
1-3 

(i V F 

v b f y T^E 
(2-32) 

This is the traditional parabolic CRC inelastic column strength equation, which was in 
use for straight-girder design at the time of McManus's research. It should be noted that 
this equation is valid only for Fbs > 0.5 Fy, i.e., for flanges in which the equivalent 
straight-girder capacity is limited by inelastic buckling; however, the potential of the 
flange being controlled by elastic lateral buckling is eliminated within the Recommended 
Specifications by a maximum limit on Lb/bf of 25. If Eq. (2-32) is set equal to 0.5 Fy and 
solved for Lb/bf, we obtain Lb/bf = 30.9 as the limit at which elastic lateral buckling 
would control the strength. The terms pbc and pwc are compact-section "strength 
reduction factors," which account explicitly for the effects of horizontal curvature and the 
applied end bimoments on the vertical bending strength, and account implicitly for the 
associated second-order elastic internal bimoments, radial bending moments, and 
amplified flange lateral bending moments due to cross-section distortion. McManus 
determined these factors by curve fitting to the strengths obtained from his parametric 
studies. The term pbc in Eq. (2-31) is a correction factor that accounts for the effect of 
horizontal curvature in reducing the flange vertical bending strength in the absence of any 
bimoment at the ends of the girder unsupported length, i.e., B = 0. This factor is 
specified as 

Pbc = 
1 

1 + 1 + 
bf I 6bf 

(2-33) 

Finally, the term pwc is a correction factor that accounts for the influence of the specified 
end bimoment B, but expressed in terms of the ratio fw / fb. This term may be written 
as 

P w =0.95 + 18 
f 
0.1 b-

R ; 

^ I 
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R bf 
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'be 

(2-34) 

It should be noted that Eqs. (2-33) and (2-34) are expressed with respect to the terms Lb 
and bf written in consistent units. The Recommended Specifications (Hall and Yoo 
1998) include a conversion factor for the ratio Lb/bf to convert Lb from feet to inches. 
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Also, it should be noted that Eq. (2-33) exhibits some minor anomalous behavior as L\/R 
goes to zero. It is evident that this equation was intended to be applied for Lt/R > 0.01. 

The proper calculation of fw / fb for correlation with McManus's idealized girder 

configuration shown in Fig. 2.2.1 is clear. The value fw /fb is the ratio of the end flange 

warping stress associated with the specified end bimoment B to the end vertical bending 
stress associated with the specified end moment M. However, the meaning of the stress 
fw in the context of the overall analysis of a curved bridge superstructure is somewhat 

ambiguous. McManus (1971) interprets fw as the first-order lateral-bending stress in the 

compression flange, computed at the brace points (i.e., at the cross-frame locations) 
within the overall analysis of the bridge superstructure. However, Hall and Yoo (1998) 
assign a different meaning to this stress term. To understand the difficulty in the 
interpretation of fw within the context of the analysis and design of a bridge, it is 
necessary to understand the details of McManus's approximate second-order elastic 
analysis procedure. However, before addressing this, it is useful to complete the 
discussion of McManus's strength predictor equations. 

The Recommended Specifications utilize Eqs. (2-31) through (2-34), albeit with a 
different interpretation of fw than adopted by McManus (1971). However, in the 

development of these specifications, it was recognized that in some cases Eq. (2-31) can 
exceed the theoretical plastic capacity of the compression flange in combined vertical and 
lateral bending, expressed in terms of the flange vertical bending force Pb = fbAc and 

lateral bending moment Mw , or the corresponding elastic stresses fb and fw (Hall et al. 

1999). Therefore, Hall and Yoo (1998) require a separate check for this fully plastic 
flange force condition. This check is given by the simple equation 

b y 3 (2-35) 

and is referred to in this report as the compact-section based one-third rule. The basis for 
the one-third rule is discussed later in Section 2.1.8. 

It should be noted that there are two basic reasons why Eq. (2-35) can be violated by 
Eq. (2-31): (1) Equation (2-31) is an approximate curve fit to McManus's parametric 
study results and (2) McManus assumed plastification of the full cross-section, not just 
the compression flange. Furthermore, one other subtlety regarding Eqs. (2-31) and 
(2-35) should be noted. Equation (2-31) implicitly accounts for an estimated second-
order amplification of the member internal forces both at the ends of the unbraced length 
as well as at the middle of the unbraced length, and is based on full plastification at either 
of these locations, whichever is more critical as per McManus's second-order elastic 
solution. However, Eq. (2-31) focuses only on the cross-sections at the ends of the 
subject unsupported segment, and by the use of the stresses fb and fw - which the 
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Recommended Specifications specify as being determined based on a first-order analysis 
of the bridge superstructure - this equation does not account for any potential second-
order amplification of the flange lateral bending moments at the cross-frame or mid-
length locations. 

2.1.2.2 Recommended Specification Noncompact Section Equations 

For cross-sections that are defined as behaving noncompactly, McManus (1971) 
derived the following first-yield strength predictor equation 

fh ^ FbAP bsfWi (2-36) 

where FbS is the nominal vertical bending strength of the equivalent straight compression 
flange as previously defined by Eq. (2-32). The terms pb and pw are noncompact section 
strength reduction factors, which work similarly to the previously defined factors pbc and 
pwc, but are based on the reduction in the strength defined by the first-yield limit. In the 
above equation, the strength reduction in the absence of any end bimoment, i.e., for B = 
0, may be written as 

Pb = 
1 

, Lh Lh 

R bf 

(2-37) 

and the correction factor, which accounts for the specified end bimoment through the 
ratio fw / fb, may be expressed as 

Pw = m m 
1 

i-i 
f L ^ 
1 - L b 

v 75bf 
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bf 
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1 + 0 . 6 ^ 

(2-38a) 

when fw / fb > 0 (i.e., compression due to fw at the brace point compression flange tips 

furthest from the center of curvature), and as simply 

48 



P w = , / • x (2-38b) 
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when fw / fb is negative (i.e., compression due to fw at the brace point compression flange 

tips closest to the center of curvature). Equation (2-37) is actually a simplification of 
McManus's original equation for pb, specified in (Hall and Yoo 1998). McManus (1971) 
included an additional term in this equation that is for all practical purposes equal to 1.0 
for Lb/bf < 25. For fw / fb = 0, Eq. (2-38a) can potentially give a value less than one, but 

for all practical purposes, this equation equates to 1.0 for fw /fb =0 . Similar to the 

treatment in Eqs. (2-33) and (2-34), Eqs. (2-37) and (2-38) are expressed with respect to 
the terms Lb and bf written in consistent units. 

Equations (2-36) through (2-38) are employed within the Recommended 
Specifications (Hall and Yoo 1998), again with a different interpretation of fw than 

adopted by McManus (1971). Furthermore, Hall et al. (1999) recognized in the 
development of these specifications that Eq. (2-36) could actually exceed a direct check 
of the cross-section first-yield strength based on the stresses fb and fw at the brace points. 

Also, for small Lb/R and Lb/bf and negative fw /fb (i.e., compression due to fw at the 

brace point compression flange tips closest to the center of curvature), pbPw can 
potentially be greater than one. Therefore, the Recommended Specifications limit the 
stress fb to the value associated with first yield within the compression flange, based on 

the magnitude of fw, i.e., 

f b * F , - f - (2-39) 

Similar to the attributes discussed previously for Eq. (2-35), this equation focuses only on 
the cross-sections at the ends of the subject unbraced length, and by the use of the first-
order stresses fb and fw, it does not account for any potential second-order amplification 
of the flange lateral bending moments at the cross-frame or mid-length locations. 

2.1.2.3 Trends in the Compact and Noncompact Section Predicted Strengths 

It is important for the engineer to understand the trends in the predicted strengths 
specified by the compact section Eqs. (2-31) through (2-35) and by the noncompact 
section Eqs. (2-36) through (2-39) as a function of fw / fb. If fw / fb is positive (i.e., 

compression due to fw at the brace point compression flange tips furthest from the center 
of curvature), the compact section Eq. (2-31) predicts that the girder has a greater 
capacity with increasing fw / fb. However, for this situation, the noncompact section Eq. 
(2-36) can predict either an increase or a decrease in the girder capacity with increasing 
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fw / fb. Conversely, if fw / fb is negative (i.e., compression due to fw at the brace point 
compression flange tips closest to the center of curvature), the compact section Eq. (2-31) 
always predicts a decrease in the capacity with increasingly negative fw / fb, and the 
noncompact section Eq. (2-36) always predicts an increase in the capacity with 
increasingly negative fw / fb. This trend for noncompact sections is apparently due to 
the fact that the first yield, according to McManus's approximate second-order elastic 
calculations, is always delayed further by an increasingly negative fw / fb. The trend in 

the behavior of the compact section equations is more intuitive in that, if fw /fbis 

positive, the compression flange lateral bending moment at the brace points (M w) 

counters the tendency of the flange to bend outward from the center of curvature, 

whereas if fw / fb is negative, the moments Mw tend to bend the flange in the same 

direction of the flange displacements due to the horizontal curvature. 

2.1.2.4 Recommended Specification Provisions for Singly-Symmetric I Sections 

For unsymmetrical I girders, the Recommended Specifications require the 
compression flange width to be taken as 0.9bf in Eq. (2-32). Hall et al (1999) explain that 
the factor 0.9 applied to the flange width was prescribed for singly symmetric sections in 
the AASHTO Specifications at the time of McManus's research, but was omitted in the 
Guide Specifications (AASHTO 1993). Therefore, Hall and Yoo (1998) decided to 
restore this factor in the Recommended Specifications. Furthermore, the Recommended 
Specifications specify a separate tension flange strength check to address singly 
symmetric girders. Since McManus focused on doubly symmetric sections, tension 
flanges were not specifically addressed in his research. This check is the combination of 
Eqs. (2-31) and (2-35), but with FbS set to Fy. This is conservative for tensile fb since the 
tension flange tends to straighten rather than increase in curvature. 

2.1.2.5 Recommended Specification Design Limits 

The Recommended Specifications specify the following limits of applicability for the 
above "modified McManus" design strength equations: 

(2.40a) 

(2.40b) 

(2.40c) 

(2.40d) 

f w <0.5F y 

|fw/fb l<0.5 

Lb/bf< 25 

and 

Lb/R< 0.1 
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2.1.2.6 Assessment of McManus's Approximate Second-Order Elastic Analysis 
Approach 

As noted in the above discussions of McManus's compact and noncompact section 
strength predictor equations, the meaning of the stress term fw in the context of the 
overall analysis of a curved bridge superstructure is somewhat ambiguous. McManus 
(1971) interprets fw as the first-order lateral-bending stress in the compression flange, 

computed at the brace points (i.e., at the cross-frame locations) within the overall analysis 
of the bridge superstructure. However, Hall and Yoo (1998) assign a different meaning 
to this stress term. To understand the difficulty in the interpretation of fw within the 

context of the analysis and design of a bridge, it is necessary to understand the details of 
McManus's approximate second-order elastic analysis procedure. This sub-section 
summarizes the essential attributes of McManus's second-order elastic analysis approach. 
The next sub-section then addresses the question of the appropriate calculation of fw 

from a bridge analysis. 

Given the girder shown in Fig. 2.1.13 with the applied end moments M and 
bimoments B as outlined in the above discussion, McManus calculates the vertical 
bending stress simply via Eq. (2-29) and assumes that this stress is constant along the 
length of the girder. However, he computes four separate contributions to the second-
order elastic lateral bending stress (f#) or the internal bending moment (M#) within the 
compression flange in his approximate analysis procedure. The variation of each of these 
contributions along the length of the girder, at the compression flange tip furthest away 
from the center of curvature, is illustrated in Fig. 2.1.14. 

McManus's four contributions to f# are: 

1. The stress fnM due to the bimoment induced by the vertical bending moment M and 

the effect of the horizontal curvature of the beam (see Fig. 2.1.14a). This stress and 
its associated bimoment are largest at the middle of the unbraced length and are equal 
to zero at the ends the member (based on the assumption of torsionally-simple end 
boundary conditions). McManus applies an approximate amplification factor AF 
(detailed below) to his computed first-order internal bimoments and the associated 
warping stresses to account for geometric nonlinear effects, i.e., to account for the 
effect of changes in the geometry, due to the applied loads, on the internal forces 
required for equilibrium. That is, we can write inU = AF f̂ lM, where fgm is the first-
order warping stresses calculated based on the internal bimoments determined by 
linear curved-beam theory for a simply-supported beam with the applied end vertical 
bending moments M and torsionally-simple end conditions. 
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(a) 

Figure 2.1.14. Variation of second-order elastic lateral bending stress contributions 
along the length of the girder at the compression flange tip furthest away from the 

center of curvature. 
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2. The stress fwl due to the applied end bimoments (see Fig. 2.1.14b and c). By first-
order curved-beam theory, these stresses are largest at the ends of the unbraced span 
and they are slightly smaller within the girder's unbraced length due to the effects of 
the horizontal curvature. McManus states that he also applies his amplification factor 
AF to these stresses, i.e., f<2S = AF fnl. It is not apparent whether AF was applied 
only to the mid-span stresses or to both the mid-span stress and the stresses at the end 
of the beam. Application of AF to the stresses at the member ends is conservative, 
since f̂ 2l should be equal to the specified fw at the ends of the girder. 

3. The stress fi2Uy due to the internal second-order "radial bending" moment (see Fig. 

2.1.14d). The radial bending moment is an internal moment about the vertical axis of 
the girder cross-section (My) caused by the internal vertical bending moment M 
acting through the twist of the girder plus the internal torque T acting through the 
girder rotation associated with vertical bending. This moment is approximated by 
McManus as 

My = -M <|>i - T dvi/dx (2-41) 

where (j>i is the first-order estimate of the girder twist, T is the internal torque, and vi 
is the first-order estimate of the vertical displacement at the cross-section under 
consideration. The stress faMy is largest at the middle of the unsupported length and 

is equal to - T dv\ /dx at the girder ends, where the overbars indicate end values of 
the torque and of the slope due to vertical bending. McManus applies his 
amplification factor AF to the first term in Eq. (2-41), but not to the second term. 
Torsionally simple end conditions are assumed also in the calculation of these 
stresses. 

4. The stress fnD, which is McManus's (first-order) estimate of the increase in the 
lateral flange bending stress due to cross-section distortion, i.e., due to the potential 
lack of ability of the web to maintain its original straight shape within the cross-
section profile. McManus uses the V-load equation (Eq. 1-6) to calculate this 
estimate at the member ends. The stress at the mid-span based on the simple V-load 
model is of opposite sign and has a magnitude equal to one-half of the magnitude of 
the corresponding stress at the member ends (see Fig. 2.1.14e). McManus does not 
apply his amplification factor AF to these stresses. It should be noted that McManus 
effectively assumes torsionally fixed end conditions for the calculation of f̂ 1D. 

The result of the above four contributions to the second-order elastic compression flange 
lateral bending stress are that, at the member ends, the computed lateral bending stress is 

^ 2 = ^ 2 B + *£2Uy + *i\T> (2-42a) 
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(since fn^ in McManus's calculations is equal to zero at the member ends) whereas at 

the middle of the unsupported length, 

^£2 ~ *nu + ^2B + ^ 2 M y + *HD ( 2 - 4 2 D) 

It should be noted that at the member ends, the stress contributions f̂ 2l and fnD are of 

opposite sign if fw / fb is negative (i.e., compression due fw at the brace point compression 

flange tips closest to the center of curvature), but that they are additive if fw / fb is 

positive. The contribution faMy is always opposite to fnD at the member ends. 

Furthermore, at the middle of the unsupported length, all the contributions are additive, 
unless fw / fb is positive, in which case fwS is opposite in sign to the other stresses. 
Equations (2-42) and the above descriptions also can be stated in the form of the second-
order internal flange lateral bending moment M#. 

It is inconsistent to calculate the stress contribution f,1D based on the assumption of 

end fixity while the other stress contributions are calculated based on torsionally simple 
end conditions. McManus appears to acknowledge this when he states that his estimate 
of fnD is intended to be conservative. Upon close inspection of McManus's procedure, it 

is apparent that by including bothf^ andf£1Din his calculation of the lateral bending 
stress (or the flange lateral bending moment) at the middle of the girder unbraced length, 
McManus is indeed double counting the action of the end moments M on the curved 
beam. The stress fnU is due to the torsion induced by the horizontal curvature and the 

application of M as per curved beam theory, and the stress i'eiD is due to the same effect 

but is an estimate based on the assumption that the torsion is effectively taken entirely by 
lateral bending in the flanges. However, f£2^ is the beam-theory based stress that occurs 

on a simply-supported span, whereas fnD is actually just a first-order V-load method 

estimate of the stress on a span in which torsionally-fixed or symmetry boundary 
conditions are assumed at the brace locations. As a result, McManus effectively obtains a 
first-order estimate of the lateral bending stress at the brace points due to M based on a 
model with torsionally-flxed end conditions (since the stress fi2^ is zero at the member 

ends), and a significantly over-estimated (double-counted) estimate of the lateral bending 
stress at the mid-span of his model. 

Furthermore, by assuming torsionally-simple end conditions in calculating faU, f£2l 

and f̂ 2My, McManus's mid-span lateral bending stresses are significantly higher than they 

would be if the end restraint from adjacent segments of an internal unsupported length of 
a curved bridge I girder were considered. In fact, the maximum f^ stress associated 

with torsionally-fixed or symmetric boundary conditions by beam theory is 
approximately three times smaller than the value calculated based on torsionally-simple 
end conditions. Therefore, it can be argued that in some cases McManus could be as 
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much as quadruple counting in his calculation of the lateral bending stress due to torsion 
at the middle of the unsupported length. Of course, it is important to consider the 
various potential boundary conditions (force and/or displacement) that may exist at the 
ends of an arbitrary unsupported segment within a curved bridge I girder. However, in 
the view of the authors, the nature of McManus's calculations is much too approximate 
and conservative to provide a reasonable representation of reality. Hall et al. (1999) 
observe a number of anomalies that are produced by these approximations in Fig. B-1 of 
their report. 

In addition to the calculation of his first-order stress contributions fem, f̂ 2l and 

fnMy based on torsionally simple end conditions, McManus derives his amplification 

factor AF also based on these conditions. McManus's amplification factor is 

M 
1-0 .86— + 0.4 

M 

M 
i M i 

A F = " c r V "J (2-43) 
1- — 

Mcr 

where Mcr = Fe Sxc is the elastic buckling moment determined based on Eq. (2-15). 
McManus determines this equation by curve fitting to the results of more rigorous, but 
still approximate, second-order beam-theory solutions that he develops within the early 
portions of his thesis. Due to the effects of continuity between adjacent unbraced 
lengths, and due to the tendency of the compression flange to bend outward from the 
center of curvature within each segment, the amplification of the lateral flange moments 
and stresses would tend to be smaller in nearly all practical design situations. 

2.1.2.7 Interpretation of fr and Assessment of Implications on Predicted Strengths 

It should be noted that based on the calculations summarized in the previous sub­
section, McManus's estimated second-order elastic lateral flange bending stress at the 
member ends, given by Eq. (2-42a), is incompatible with his specified flange end 
warping stress fw. Equivalently, his estimated internal flange lateral bending moment 

Mn at the member ends is different than the specified end flange moment Mw (see Eq. 
(2-30)). This leads to some difficulty in interpreting how fw should be determined from 
the results of a first-order analysis of a bridge superstructure. McManus (1971) 
interprets that fw is the calculated flange lateral bending stress at the cross-frame 
locations from a first-order bridge analysis. However, in recognizing that McManus's 
approximate analysis calculations involve some double counting, Hall et al. (1999) state 
that fw (denoted by fm in their report and in the Recommended Specifications) should be 
the actual calculated lateral bending stress at the bracing locations from the bridge 
analysis, minus the contribution to this stress due to the horizontal curvature. This 
conclusion is logical in the sense that it can be argued that the first-order lateral bending 
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stress due to the end moments M is estimated reasonably well by the V-load equation for 
internal unbraced lengths of girders subjected approximately to uniform bending, and in 
which the brace spacing is approximately uniform along the full girder length. 
Therefore, if (1) the stress contribution fnMy at the member ends is ignored, (2) it is 

assumed that f - = fw, and (3) it is recognized that McManus's calculated value of 

f/1D at the member ends is the lateral bending stress from the V-load equation, then Eq. 

(2-42a) can be re-written as 

f „ = f « - f « D (2-44) 

If we then assume that f# is approximated sufficiently based on the lateral flange bending 
moment determined at the brace points within a first-order analysis of the bridge 
superstructure, we arrive at the procedure that Hall and Yoo (1998) propose for 
calculation of fw (denoted as fm within the Recommended Specifications and in (Hall et 
al. 1999)). 

Hall et al. (1999) state that the above interpretation of fw leads to an improved 
prediction of the ultimate strength of curved test specimens. However, Tables B-5 and 
B-7, and Tables B-6 and B-8, of their report show that the predictions of the compact-
section equations of the Recommended Specifications are actually made worse by the use 
of this interpretation compared to the use of McManus's original interpretation. The 
results using the noncompact section equations of the Recommended Specifications are 
slightly improved; however, the average ratio of the predicted and the test strengths 
(Mn/Mtest) is 0.49 with a standard deviation of 0.18. 

Even for the test girders considered that have bf/tf values above 20, the average 
reported Mn/Mtest, using the noncompact section equations, is 0.57 with a standard 
deviation of 0.10 (Hall et al. 1999). For these same girders, the compact section 
equations with McManus's original interpretation of fw give an average Mn/Mtest of 0.98 

with a standard deviation of 0.06. It is likely that McManus's conservative calculation of 
the girder internal forces compensates for the unconservative nature of assuming compact 
section behavior for these test girders. The Mozer-Culver test girders evaluated by Hall 
et al. (1999) and the implications of the different interpretations of fw with respect to the 

Recommended Specification equations are studied further in Chapters IV and VII of this 
report. 

2.1.2.8 Compact and Noncompact Classification of Cross-Sections 

The Recommended Specifications (Hall and Yoo 1998) utilize McManus's compact-
section equations for I girders with bf/2tf < 9. This limit is liberalized from the 
corresponding limit suggested by McManus (1971) and specified in the Guide 
Specifications (AASHTO 1993) of 
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-^ - < 0.297 — (2-45) 
2tf VFy 

which gives a value of 7.15 for Fy = 345 MPa (50 ksi). Equation (2-45) is the traditional 
plastic design flange-slenderness limit for I sections, which theoretically permits inelastic 
flange deformation in flexure up to the onset of strain-hardening in straight beams (i.e., 
inelastic rotations in vertical bending of straight beams and girders with compact webs of 
approximately 10 to 15 times the yield rotation (ASCE/WRC 1971, Salmon and Johnson 
1996)) prior to loss of strength due to locail buckling. Culver and Nasir (1971) studied 
the behavior of curved I girder flanges analytically, and concluded that the influence of 
curvature is small for 1 x 106 < bf/R< 0.01. Based on the requirement that full yielding 
of the compression flange is necessary, such that flange strength equations which do not 
account for the effects of local flange buckling can be utilized, they recommended that 
the flange slendemess limits would need to be similar to those required for traditional 
plastic design. However, they suggest that if the flange stresses are limited, more liberal 
flange slendemess limits might be utilized. 

The new bf/tf limit specified in the Recommended Specifications corresponds 
approximately to the compact flange slendemess limit in the AASHTO LRFD straight-
girder Specifications (2001) given by Eq. (2-5) (for Fyc = 345 MPa). Equation (2-5) is 
based largely on the straight I-beam research by Lukey and Adams (1969). Lukey and 
Adams (1969) showed that I sections that satisfy this limit, and which also satisfy certain 
limits on the web slendemess and lateral brace spacing are able to develop a rotation 
capacity 

R u i t = ^ r - 1 (2-46) 

of three, where 9uu is defined as the maximum total rotation at which the resisting 
moment decreases back to the plastic moment Mp on the descending portion of the 
moment-rotation curve, and 9e is the total rotation at which a line extended through the 
linear-elastic portion of the curve intersects the Mp ordinate. Barth et al. (2000) review 
this and other plastic design slendemess limits that have been developed in prior research. 
Although the traditional plastic design flange slendemess limits include consideration of 
members subjected to uniform moment, the Lukey and Adams (1969) studies focus 
entirely on beams subjected to moment gradient. The implications of more liberal flange 
compactness limits, such as that of Eq. (2-5) need to be better understood for I girders 
subjected to uniform bending, particularly for curved I girders, which in the region near 
the middle of an unsupported length may be subjected to both near uniform vertical 
bending as well as lateral flange bending moments (Hall 2000b). Both the strength and 
the post-peak unloading characteristics of I girders with various flange slendemess values 
need to be investigated. These issues are addressed further in this report within Chapters 
IV and VI. 
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Nevertheless, it is clear from evaluation of the predictions by McManus's noncompact 
section equations versus test results, such as that conducted by Hall et al. (1999), that 
there is no sudden dramatic drop in the girder flexural strength when the flange 
slendemess is increased beyond a certain compactness limit, regardless of what that 
limit is. 

The Recommended Specifications (Hall and Yoo 1998) utilize McManus's 
noncompact section equations for girders with 

18<^-<1.02 - E - < 23 
tf ( f b + U 

(2-47a) 

The third term in this expression is based on the compactness limit of 

2U 
< 

Fk / E 
0.951 1 7C

 N = 0.557 ' 

F 
v yy 

95 
for Fy in units of ksi 

(2-47b) 

with kc= 0.70 and (Fy/Fe) = 0.49. This limit is required in (AISC 1999) for flanges of 
general I-shaped sections to be able to develop the yield stress Fy in uniform 
compression. The third term in Eq. (2-47a) is obtained by replacing Fy by fb + fw in Eq. 

(2-47b) and by factoring this equation by approximately 0.9. The 0.9 factor is consistent 
with the traditional practice in AASHTO of setting slendemess limits 10 percent smaller 
than the corresponding AISC limits. 

Equation (2-5) is a more rational limit than Eq. (2-47b) for ensuring that the flanges 
can develop their yield strength Fy in uniform compression prior to significant local 
buckling. A similar compact flange limit that explicitly includes an estimate of the effect 
of the web on the flange stability can be obtained by setting FL = 2Fy in Eq. (2-6), which 
gives 

^ < 1 . 3 4 
2L 2D, 

(2-47c) 

Equations (2-5) and (2-47c) are the same at a web slendemess, 2Dc/tw, of 150. 

If it is desired for the flange to be able to develop uniform compression at a stress less 
than Fy, then Eqs. (2-2) and (2-9) are a more rational means of achieving this goal (see 
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Figs. 2.1.1 and 2.1.2 and the discussion regarding the current AASHTO LRFD (2001) 
flange local buckling strength equations in Section 2.1.1.2). 

Of course, the compression flange of a curved I girder is subjected to both vertical 
and lateral bending stresses. In other words, the compression flange generally has a 
gradient in the longitudinal normal stress and the longitudinal normal strain across its 
width. Based on established research on compactness limits and deformation capacity of 
plates (ASCE/WRC 1971; Salmon and Johnson 1996; SSRC 1998), it is expected that the 
existence of such a gradient across the flange width is beneficial to the strength and 
deformation capacity. That is, since the stress fb + fw at elastic buckling of the flange 

plate is increased as fw is increased, it is expected that the longitudinal strain at the 
flange tip at the onset of significant inelastic local buckling, due to vertical and lateral 
bending, is increased with larger fw. However, the elastic vertical bending stress fb, i.e., 
the elastic stress at the web flange juncture, is reduced due to the existence of lateral 
bending stresses fw, and correspondingly, the vertical bending moment and any inelastic 

vertical bending deformations at the onset of significant inelastic local buckling of the 
compression flange are expected to be reduced due to increased lateral bending. It is 
expected that the third term in Eq. (2-47a) accounts for this detrimental effect 
conservatively, since it applies the traditional limit of Eq. (2-47b) as discussed above 

based on the maximum flange tip compression fb + fw , as if the flange were subjected to 

uniform axial compression at this value of the elastic stress. Furthermore, some benefit is 
expected due to the reduced compression and potential elastic unloading within the flange 
on the opposite side of the web from the peak compression. Section 2.1.9.3 reviews 
several methods that have been proposed to account for the stress gradient across the 
flange width, due to lateral flange bending, on the elastic buckling capacity of the 
compression flange, expressed in terms of the vertical bending stress fb. 

The limit of 23 on bf/tf in Eq. (2-47a) is based on experimental observations by Mozer 
et al. (1970) and analytical observations by Culver and Nasir (1971). Culver and Nasir 
(1971) observed that flange local buckling starts to have a significant detrimental effect 
on the strength in the vicinity of this limit. Mozer et al. (1970) tested two heat-curved 
and two cut-curved I girders with bf/tf = 23, and concluded that this limit was adequate if 
both vertical bending and lateral flange bending stresses are considered and the capacity 
is limited to initial yielding at the flange tips. The ratio bf/tf = 23 was the approximate 
limit within the AASHTO straight-girder specifications for Fy = 250 MPa (36 ksi) in 
effect at the time of Mozer's research. 

The current AASHTO LRFD (2001) Specifications limit bf/tf to a maximum value of 
24 "to avoid potential excessive distortion of the flange due to welding." Also, this limit 
may help to prevent damage to the flange during construction operations. This research 
investigates the implications of extending the bf/tf limit for curved girders up to the 
current maximum straight-girder limit. 
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2.1.2.9 Web Stress Limits 

Hall et al. (1999) evaluated the prior research on fatigue of curved I-girder webs, and 
concluded that fatigue problems do not occur if the web stresses are maintained below the 
elastic buckling strength (Hall 2000). There is precedent for limiting the web stresses to 
the elastic buckling stress to avoid, fatigue issues in straight I girder webs (Patterson et al. 
1970, Galambos et al. 1977, Fisher et al. 1979, Montgomery 1987, and Nowak et al. 
1993). The theoretical web elastic bend buckling stress can be expressed as 

f b w ^ 
7i2Ek 

12(1-v 2) 

0.9Ek 

R 
V*w J 

< E (2-48) 

where 

k = 7.2 
' D > 2 

v D c y 
>7.2 (2-49) 

for unstiffened webs and 

k = 9 ' D V 
vDcy 

>7.2 (2-50) 

for stiffened web panels. Also, the Recommended Specifications require do/D < 1 for a 
panel to be defined as stiffened. The multiplier 7.2 in Eq. (2-49) results in a bend-
buckling coefficient of 28.8 for doubly symmetric girders. This is close to the theoretical 
value of k = 24 for webs with Dc = D/2 and simply supported boundary conditions on 
their longitudinal edges. The multiplier 9 in Eq. (2-50) gives a k of 36 for a doubly 
symmetric girder, which is approximately 80 percent of the difference between the 
buckling coefficient for simply supported and fully restrained longitudinal edge 
conditions. Equation (2-49) is used implicitly in the current AASHTO LRFD (2001) 
Specifications for representation of the bend-buckling resistance within the load-shedding 
parameter Rb for sections with Dc > D/2, and Eq. (2-50) gives the bend-buckling 
coefficient implicitly used within Rb for sections with Dc < D/2. Hall et al. (1999) 
explain that the smaller bend-buckling coefficient is used for unstiffened webs in the 
Recommended Specifications to account conservatively for potential moment-shear 
interaction effects. Also, they explain that the more liberal value is utilized for stiffened 
web panels since the reserve postbuckling strength of the panel in bending and in shear is 
currently ignored. The lower limit of 7.2 on the value of k is approximately equal to the 
theoretical buckling coefficient for a web plate under uniform compression assuming 
clamped boundary conditions at the flanges (SSRC 1998). 
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Daniels and Herbein (1980) conducted the most recent experimental research 
regarding fatigue of curved steel I girder bridge elements. Based on this research, the 
following equation was proposed for load factor design (Daniels et al. 1980): 

< 192 (2-51) 

If the web strength provisions in the Recommended Specifications are liberalized, this 
equation, or a modified form of this equation based on new investigations, might be 
adopted to address fatigue issues. If Eq. (2-51) were adopted directly, the result is that 
the web slendemess D/tw would be restricted significantly relative to the requirements for 
strength. Alternately, it may be possible to avoid fatigue issues by restricting the web 
stresses to the elastic buckling stress only under fatigue loading conditions, at least up to 
some horizontal curvature limit. However, this type of limit would be significantly more 
liberal than the Daniels equation or the approach of the Recommended Specifications. It 
should be noted that the Recommended Specifications currently restrict the web stresses 
to the elastic buckling stress under all loading conditions. Both shear and bend buckling 
would likely need to be considered if fatigue issues were to be controlled based on an 
elastic buckling limit under fatigue loading conditions only. However, it is expected that 
moment-shear interaction would not need to be addressed in the calculation of web 
buckling if the current buckling coefficients for both shear and bending are employed. 
This is because the current AASHTO shear buckling equations are based on the 
assumption of simply supported boundary conditions at the web-flange juncture. 

The current AASHTO LRFD (2001) Specifications limit the web stresses in straight 
I-girders under fatigue loading conditions to the elastic bend buckling stress. The 
Recommended Specifications require that the web stresses should be maintained below 
the bend-buckling stress for all loading conditions. The Recommended Specifications 
also restrict the web slendemess D/tw of unstiffened girders (i.e., girders with oVD > 1) to 
100 for R < 213.5 m (700 ft) and 150 for R > 610 m (2000 ft), with a linear transition in 
D/tw between these limits. The D/tw < 150 limit is the maximum slendemess specified to 
facilitate the handling of straight girders with unstiffened webs in (AASHTO 2001). The 
Recommended Specifications do not place any other limit on the web slendemess for 
transversely stiffened webs, but d0/D is limited to a maximum value of one for these 
types of girders. 

For oVD < 1, the limit on D/tw based on Eq. (2-48), applied to all loading conditions, 
is typically more restrictive than the Daniels et al. (1979) equation (Eq. 2-51). However, 
for do/D > 1, the Daniels et al. equation can be more restrictive than the Recommended 
Specification limits on D/tw. The reader can verify these observations by assuming 
fbw = Fy under the maximum strength loading conditions along with Eq. (2-48), and 
comparing the result to Eq. (2-51). 
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2.1.2.10 Summary 

In summary, the flexural strength predictor equations in the Recommended 
Specifications (Hall and Yoo 1998) have the following limitations: 

• They are incompatible with current AASHTO straight-girder design equations, that is, 
they do not reduce to the current AASHTO straight-girder equations in the limit that 
the radius of curvature goes to infinity. 

• They exhibit some minor anomalies as the radius of curvature approaches infinity. 

• They predict a significant discontinuity in the flexural strength of sections depending 
on whether the compression flange is classified as compact or noncompact. 

• Although they are believed to be adequate and safe for design of unsymmetrical 
noncomposite and composite girders, they are based predominantly on research 
directed only at doubly symmetric noncomposite steel I girders. The modifications to 
the base formulas aimed at addressing the strength of singly symmetric sections are 
simple and ad hoc. It is likely that the strength of unsymmetric curved I girders can be 
quantified in a simple but more rigorous fashion. 

• They focus only on the flexural strength of girders subjected to uniform vertical 
bending along their unbraced lengths; the potentially significant increases in flexural 
strength due to moment gradient for girders with intermediate to large unsupported 
lengths are not accounted for. 

• They do not separate the analysis problem, i.e., the estimation of internal moments or 
stresses, from the statement of the design resistance; as a result, these equations 
depend on a combination of several strength reduction factors that are difficult to 
understand and properly apply. 

• The above mentioned strength reduction factors are based on approximate second-
order elastic analyses, which at the time of their development required quite 
innovative research, but which involve a number of approximations that lead to 
significantly over-conservative estimates of the true second-order elastic stresses. 

• They restrict the web flexural stresses to the elastic bend buckling stress under all 
loading conditions. This restriction may not be necessary when checking the 
maximum strength limit state. 

Therefore, it is worthwhile to investigate alternative approaches that can alleviate these 
shortcomings. 
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2.1.3 Fukumoto and Nishida 's Equation 

Fukumoto and Nishida (1981) established a second-order elastic analysis solution 
based on beam theory for simply-supported horizontally-curved I beams subjected to 
three loading conditions: (1) equal and opposite vertical end bending moment, (2) a mid-
span concentrated transverse vertical load, i.e., a three-point bending test configuration, 
and (3) a uniformly distributed transverse loading. Torsionally simple boundary 
conditions were assumed at the ends of the beams, and rigid lateral (radial) supports were 
provided only at the ends. No end bimoments or flange lateral bending moments were 
applied. Fukumoto and Nishida (1981) also determined a second-order rigid-plastic 
strength curve for these types of beams, based on the assumption of fully-plastic compact 
section behavior under combined internal vertical bending moment, radial bending 
moment, and bimoment. They then derived an equation for the strength of their beams 
by determining the point of intersection of the second-order elastic and second-order 
rigid-plastic solutions. The effect of load height was not included within their 
formulation. The resulting flexural strength predictor equation may be written as 
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(2-54) 

Mp is the plastic vertical bending capacity of the section, and Mn is the nominal moment 
capacity. It can be observed that Eq. (2-54) is the fundamental elastic lateral-torsional 
buckling strength equation with the modifier 1 - (L\JnR) , which accounts for the effect 
of the horizontal curvature on the buckling strength. For practical values of Lb/R < 0.1, 
this modifier is effectively equal to 1.0. 

Fukumoto et al. (1980) verified Eq. (2-52) against the results of experimental tests. 
This equation is useful for predicting the strength of compact section I-beams with 
torsionally simple end conditions. However, it is rare for bridge I girders to be laterally 
unsupported over the entire length of the bridge, and it is desirable to consider the 
potential benefits of continuity with adjacent unsupported lengths. Furthermore, 
Fukumoto and Nishida's equation is limited in that it does not address the potential 
reduction in strength due to inelastic lateral or local instability of the compression flange 
(which involves significant influence from residual stress effects and distributed yielding 
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through the cross-section and along the member length). This limitation can be important 
for typical unsupported lengths utilized in curved I girder bridges. Also, Fukumoto and 
Nishida do not consider the influence of load shedding from a thin web on the girder 
response. Therefore, Eq. (2-52) is not considered further in the current research. 

2.1.4 Simpson's Meth od 

Simpson (2000) proposed an improved and simplified (closed-form) expression for 
the strength of curved doubly symmetric I girders based on Fukumoto and Nishida's 
fundamental approach. He focused on the case of a simply supported beam subjected to 
pure vertical bending in his base equation development. Twisting is prevented at the 
member ends, but the section is free to warp at these locations. Simpson explained that 
he computes the flange lateral bending moment as the summation of three components: 
1) that caused by warping (due to bimoment induced by the vertical bending acting 
through the horizontal curvature of the beam); 2) that caused by the applied vertical 
bending moment acting through the deflected (twisted) geometry; and 3) that caused by 
the internal moment about the vertical axis of the girder cross-section (My) induced by 
lateral bending of the beam. He solved the governing differential equations of the 
uniform vertical bending problem considered by Fukumoto and Nishida (1981) to obtain 
the second-order elastic responses. Based on this solution, the maximum lateral bending 
moment in the compression flange (M,) can be written as 
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where D is the depth of the web, M is the applied vertical bending moment, 

0 R b,. 
(2-56) 

Pe is the elastic flexural buckling capacity of the cross-section defined in Eq. (2-52), Mp 

is the plastic bending capacity of the cross-section, Mn is the vertical bending strength (to 
be determined), and Me is the elastic lateral-torsional buckling capacity given by Eq. 
(2-54), except that Fukumoto's modifier that accounts for the effect of the horizontal 
curvature on the buckling strength is not included by Simpson. 

Simpson derived the following relationship to define the plastic flange lateral bending 
capacity (Mn^) as a function of plastic vertical bending capacity of the beam (Mp) and the 
applied vertical bending moment (M): 

64 



Mn£ = £—(M.2 + M 2 ) 
r n \ P / 4MpD 

(2-57) 

By equating Eqs. (2-55) and (2-57), and taking M = Mn, Simpson obtained the 
following expression, which can be solved to obtain the vertical bending strength M„: 
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Simpson then simplified Eq. (2-58) by neglecting the St. Venant torsional stiffness (i.e., 
assuming J = 0) such that he can write 
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where h is the distance between the centerline of the flanges, 
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The term K in Eq. (2-62) is a slenderness parameter, and can be written as 

K = 
F (L } 
•*• v J - ' U 

7i2E vbfCy 
(2-63) 

By substituting Eqs. (2-60) through (2-63) into Eq. (2-58), a simplified form of 
Simpson's equation is obtained as (Simpson 2000): 
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(2-65) 

Simpson (2000) applied a nonlinear regression analysis to Eq. (2-64), to further 
simplify this equation to the following form that can be used to compute the vertical 
bending capacity directly: 

M 

M 
*- = (l + KCl)C2 +C3 (2-66) 

where 

Cl = 0.0164 In3 (x) + 0.1957 In2 (x) + 0.2061 In (x) + 0.6996 

c2 = ( 1.312x2 - 1.767x - 0.00547) '* 

c3 = 2.125x +0.00253 

(2-67) 

(2-68) 

(2-69) 

Simpson (2000) states that the form of Eq. (2-66) was chosen because it resembles the 
column curve formula of CSA- SI 6.1 (1994) and because it is also suited for spreadsheet 
analysis. 

The design limits of Eq. (2-66) are specified by Simpson (2000) as: 

0 < K < 0 . 1 5 

0 < x < 0.5 

Lb/bf<25 

(2-70a) 

(2-70b) 

(2-70c) 

and 

WR<0.10 (2-70d) 

It can be observed that Eqs. (2-70c and d) effectively prevent the limit of Eq. (2-70b) 
from being violated. That is, Eq. (2-70b) is redundant. 
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The above equations are developed based on the analysis of a simply supported beam 
subjected to uniform vertical bending. However, an internal segment within a curved 
bridge does not have this boundary condition. The warping restraint due to continuity 
with adjacent unbraced segments causes a flange moment to develop at the ends of the 
unsupported length. To account for this behavior, Simpson (2000) suggested that, in the 
calculation of the vertical bending strength, an approximate effective length of Leff = 
0.6Lb, should be used instead of the full unsupported length. Simpson explained his 
rationale for this decision as follows: 

"Nakai showed that when a girder is changed from straight to curved, the 
lateral buckling mode changes from serpentine in shape to that resembling a 
fixed-fixed beam. A similar approach is considered here. If a girder's 
flange[s] are fixed against warping and the girder is subjected to a constant 
moment, the lateral flange bending moments distribute in the manner of the 
moments in a fixed-fixed beam subjected to a uniform load. Within the 
unbraced length, two points of inflection occur with respect to lateral 
bending. Between these two inflection points, the girder is loaded as assumed 
in the Fukumoto and Mshida, and Simpson equations, i.e., the strong axis 
bending moment is constant along the length of the beam and the end 
bimoments are equal to zero. Therefore, rather than use the entire beam 
length for the estimate of strength, the length between the points of inflection 
is used. For a fixed-fixed condition the distance between the points of 
inflection is equal to 0.577L, but for simplicity an approximate effective 
length, Leff = 0.6Lb has been adopted." 

It should be noted that the correct effective length for a girder in which warping is 
fully restrained at its ends is 0.5Lb. Although Simpson's developments provide 
significant improvements with respect to the ease of use and technical rigor of the 
original approach taken by Fukumoto and Nishida (1981), it can be observed that 
Simpson's final strength relationship, given by Eqs., (2-66) through (2-69), still involves a 
number of somewhat long expressions that would complicate its use within design 
practice. Furthermore, Simpson's strength equation is far removed from the current 
AASHTO LRFD (2001) expressions for the strength of a straight girder. 

Simpson (2000) concludes in his thesis that 

"In the end, "the improved" equation (herein called the Simpson method) 
yields strength results similar to Fukumoto and Nishida's equation for all 
ranges of curvature and slenderness." 

This is to be expected since the fundamental concepts behind both Simpson's and 
Fukumoto and Nishida's equations are quite close. Similar to Fukumoto and Nishida's 
approach, Simpson's solution focuses on the behavior of compact-section beams and 
does not address the influence of flange inelastic local buckling and/or web bend 
buckling on the strength. As a result, Eq. (2-66) predicts approximately the same 
normalized vertical bending strength Mn/Mp in parametric study cases considered in this 
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research where significant differences in the capacities exist (see Chapter V for a detailed 
discussion of the design of the parametric studies). Figure 2.1.15 compares the results of 
Simpson's and Fukumoto's equations versus the capacities predicted within these 
parametric studies for specimens with D/bf = 2.75, D/tw = 100, Lt/R = 0.05 and 0.10, and 
target f(l% = 0.35. It can be seen that Simpson's formulas and Fukumoto's equations give 
approximately the same prediction of the ratio of Mn/Mp for different bf/tf ratios. The 
FEA strengths for girders with W R = 0.05 are smaller than those for Lt/R = 0.10 because 
these girders have a larger Lb associated with the target f, /fb = 0.35. 
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Figure 2.1.15. Comparison between Simpson's and Fukumoto and Nishida's 
equations for specimens with D/bf = 2.75, D/tw = 100, W R = 0.05 and 0.10, and 

target f/fb = 0.35. 

Also, the handling of the flange inelastic lateral buckling capacity in Simpson's 
solution is based on the intersection between the second-order elastic load-deflection 
solution and an estimate of the cross-section plastic capacity. This approach is not 
capable of accurately capturing the lateral-torsional buckling strength behavior of I 
girders in the limit that the radius of curvature becomes large. Equation (2-64), upon 
which Simpson's final Eq. (2-66) is based, simplifies to Mn/Mp = 1 in the limit that the 
radius of curvature goes to infinity. Equation (2-66) becomes undefined for a straight 
girder. 
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Finally, the beneficial effect of a gradient in the vertical bending moment along the 
unsupported length is not addressed in Simpson's research., and Simpson's method does 
not accommodate lateral bending stresses from sources other than horizontal curvature. 
Therefore, Simpson's design predictor equation (Eq. 2-66) is not considered further 
within this research. 

2.1.5 Nakai 's Equation 

Nakai et al. (1984a) proposed a simple design equation to predict the ultimate 
bending strength of horizontally-curved I girders based on curve fitting to the results 
from 19 experimental tests of compact section I beams with transverse stiffeners spaced 
at do < D. This equation is of the form 

M„ = 
r L L A 

1.92 + 0.357-*—*-
V R b f y 

Mns (2-71) 

where Mns is the nominal bending strength of a straight girder of equal unsupported 
length, as per Japanese design standards. Equation (2-71) is intended for curved I girders 
with a curvature parameter d0

2/8Rtw < 1. The term within the brackets of Eq. (2-71) is 
intended as a strength reduction factor. However, it can be seen that this term actually 
predicts that Mn is increased relative to the equivalent straight girder capacity as L/R 
increases. This is obviously counter-intuitive and incorrect. The SSRC Guide (SSRC 
1998) shows example anomalous strength predictions using this equation. One 
possibility is that the sign within the strength reduction factor in Eq. (2-71) may be a 
typographical error. However, if this sign were intended to be negative, this equation still 
does not predict any reduction in the strength due to the horizontal curvature for practical 
Lb/R and Lb/bf values less than or equal to 0.10 and 25 respectively. Equation (2-71) is 
not considered any further within the current research. 

2.1.6 Hanshin Equations 

In addition to the Guide Specifications (AASHTO 1993) and the Recommended 
Specifications (Hall and Yoo 1998), to the authors' knowledge, there is only one other 
design standard for horizontally curved steel bridges worldwide. This is the Guidelines 
for the Design of Horizontally Curved Girder Bridges (Hanshin 1988). This document 
was developed by the Hanshin Expressway Public Corporation in Japan. Hence it is 
referred to here as the Hanshin Guidelines. Nakai and Yoo (1988) provide a detailed 
discussion of the background research resulting in the design predictor equations 
contained within these guidelines. The strength provisions within the Hanshin Guidelines 
were developed in part based on inelastic finite element analyses and curve fitting. 

The Hanshin Guidelines refer to the Specifications for Highway Bridges (Japan 
Road Association 1990) for their base requirements and primarily contain only provisions 
that pertain to the effects of horizontal curvature. Although these provisions, as well as 
the requirements in (Japan Road Association 1990) are written in an allowable stress 
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design format, the combined set of strength predictor formulas may be expressed in terms 
of a nominal maximum strength. These equations may be summarized as follows. The I 
girder strength predictor equation in the Hanshin Guidelines is a linear interaction 
equation relating the vertical bending stress (fb) and the flange lateral bending stress (Q, 
i.e., 

^ - + - ^ < 1.0 (2-72) 
Fbc Fy 

where 

F b c =F y i | / (2-73) 

is the vertical bending capacity in terms of the flange stress in the absence of any lateral 
flange bending, considering the potential reduction in strength due to lateral-torsional 
instability. It should be noted that if Fbc is equal to Fy, i.e., if \\f is equal to 1.0, then Eq. 
(2-72) amounts simply to a first yield check of the compression flange based on the 
vertical and lateral flange bending stresses, neglecting residual stresses. The term x\f is 
defined as 

\j/ = 1.0 if Lb/R < 0.02as (2-74a) 

and 

\\f = 1 .0-1 .05^(L b /R + 4.52(Lb/R)2) if 0.02as < Lb/R < 0.2 (2-74b) 

where 

(2-75) 
7T̂ | 2AC bf V E 

and 

otc = y as (2-76) 

The term y in Eq. (2-76) is defined as 

y = 1.0 if Lb/R < 0.02 a s (2-77a) 

and 

y = 1.0 - 1.97 (Lb/R)1/3 + 4.25 (Lb/R)2 - 26.3 (Lb/R)3 if 0.02 as < Lb/R < 0.2 (2-77b) 
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The application of the Hanshin equations is limited to girders with a compression 
flange slenderness satisfying the restriction 

(2-78) 

For Fy = 345 MPa (50 ksi), Eq. (2-78) limits bf/tf to 21, 

Equation (2-72) with FbC = Fy could be used to check the tension flange of a general 
unsymmetrical girder; however, this check would tend to be very conservative relative to 
the true tension flange capacity. An equation based on the true flange plastic capacity 
might be more appropriate for this situation. Furthermore, it can be questioned that the 
linear interaction between fb = FbC and f̂  = Fy may be somewhat conservative for the low 
values of f£ that are encountered in US design practice, based on the lateral bending stress 
restrictions in the Guide Specifications (AASHTO 1993) and the Recommended 
Specifications (Hall and Yoo 1998). Equation (2-72) is conservative relative to the use 
of the AASHTO LRFD (2001) beam-column interaction equations for checking of the 
compression flange, and as discussed in Chapter I, the AASHTO LRFD (2001) beam-
column interaction equations are likely to be conservative for checking of a rectangular 
flange in many cases (see Fig. 1.2). It should be noted that, based on Eqs. (2-74), FbC in 
Eq. (2-72) is taken equal to Fy whenever Lb/R < 0.02as. From the developments 
reviewed in Section 2.1.8.2, it can be observed that Eq. (2-72) is simply a nominal first 
yield limit in this situation (if f̂  and fb are located at the same cross-section). 
Furthermore, Eq. (2-72) does not include any terms that would account for the beneficial 
effects of moment gradient within the curved girder unbraced length. Finally, Eq. (2-72) 
does not account for potential reduction of the flange strength due to local buckling. It 
would appear that the limit specified by Eq. (2-78) is related to the resulting need to 
prevent any influence of flange local buckling on the design strength. 

In Chapter VII, the Hanshin Guidelines equations are evaluated in detail along with 
the predictor equations from the Recommended Specifications and new proposed 
equations that have been developed within the current research. 

2.1,7 Simplified Equation Proposed by Yoo 

Yoo (1996) and Yoo et al. (1996) propose a simple formula for determining the 
flexural capacity of a horizontally curved I girder that is based on the same general 
concept as that considered by Nakai et al. (1984a). This equation is referred to as a 
potential ultimate strength formula for design evaluation of curved I girders in Hall et al. 
(1999) (p. 82) and is compared versus other strength predictor equations in Yoo and 
Davidson (1997). Yoo et al. (1996) propose that the bending capacity of a horizontally-
curved girder can be calculated based on the bending capacity of the equivalent straight 
girder of equal unsupported length Lb, multiplied by a strength reduction factor. Their 
proposed strength reduction factor is developed as the reduction in the elastic lateral-
torsional buckling strength due to horizontal curvature, and is stated as a function only of 
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the parameter IVR. They obtain this reduction factor based on curve fitting to the results 
of a large number of elastic linear buckling analyses of curved I girders based on beam 
theory. The resulting proposed equation for the design strength can be written as 

Mn = 
f / T ^2.129 V' 1 5 2 

J-/ 
1-0.1058-2-

u, , 
Mns (2-79) 

where Mns is the flexural capacity of the equivalent straight girder. Although the strength 
reduction factor in Eq. (2-79) is an accurate fit to the reduction in the elastic lateral 
buckling strength due to horizontal curvature, this reduction is less than 0.5 percent at the 
maximum Lb/R of 0.10 permitted in the AASHTO Guide Specifications (AASHTO 1993) 
and in the Recommended Specifications (Hall and Yoo 1998). Inspection of the available 
test and analytical data for the flexural strength of curved I beams and girders indicates 
that: (1) the horizontally-curved girder problem is generally a load-deflection problem in 
which the maximum strength is reached, even for girders with large unsupported lengths, 
well before the elastic lateral-torsional buckling capacity is achieved, (2) in most 
practical cases, the maximum capacity is associated with some degree of inelastic 
response, and (3) the reduction in the vertical bending capacity due to horizontal 
curvature is generally much larger than 0.5 percent. Because of these discrepancies 
between Eq. (2-79) and observed results, this equation is not considered further within 
this research. 

2.1.8 Cross-Section Yield Interaction Equations Proposed by Yoo 

Yoo (1996) and Yoo and Davidson (1997) have developed a family of 17 sets of yield 
interaction equations which quantify the maximum strength of general noncomposite and 
composite I girders subjected to vertical bending moment (M) and lateral flange bending 
moments due to torsion (Me), with second-order (i.e., geometric nonlinear) effects 
neglected. These interaction equations are based directly on the static equilibrium of the 
cross-section at the most critically loaded location along the member length. As stated by 
Yoo and Davidson (1997), these "formulations offer a theoretically pure starting point for 
defining the strength of curved composite sections and offer distinct advantages over 
works previously presented by others involving the strength of noncomposite curved 
girders." Yoo and his colleagues base their cross-section analysis on the beam-theory 
based assumption that the lateral flange moments due to torsion (Me) within a general 
doubly- or singly-symmetric I section are self-equilibrating. That is, it is assumed that at 
any given location along the length of an I girder, the lateral bending moments in the top 
and bottom flanges are equal and opposite. In general, this assumption may be violated 
due to (1) distortion of the web and (2) the existence of second-order radial bending 
moments within the girder. Also, in general, the flexural stresses within I girders may 
deviate somewhat from the predictions of beam theory, due to web bend buckling. 
However, all of the above deviations from first-order beam theory are likely to be small 
in many practical cases. 
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Yoo and his colleagues also include approximate analysis equations for the lateral 
flange bending moments due to the torsion induced by horizontal curvature. These 
approximate equations are of the same form as the V-load equation (Eq. 1-6), which 
predicts the maximum M^to be at the ends of the unbraced length, but the coefficient 
"12" in the denominator of the V-load equation is replaced by a variable constant. Yoo 
(1996) suggests that a value of 10 should be used for this coefficient, instead of 12, to 
indirectly account for the omission of the web in the V-load calculations. Yoo and 
Davidson (1997) find that a value of 14 gives somewhat better correlation with the actual 
maximum lateral flange bending moments in 18 hypothetical horizontally curved bridges. 

It is important to note that the yield interaction equations developed by these 
researchers can be used more generally with the results of any bridge superstructure 
analysis that produces predicted values of the vertical and lateral flange bending 
moments, M and M^ (or the vertical bending moments M and bimoments B). In general, 
it is important to separate the analysis solution from the resistance equations since the 
actual internal forces within many bridge structures can vary significantly from the 
predictions of the V-load type equation due to many factors, including bridge skew and 
applied loadings on the girders. Yoo's interaction equations can give an estimate of the 
girder flexural capacity for any set of computed elastic moments M and Me. 

It is assumed implicitly in Yoo's cross-section strength analysis that the lateral (or 
radial) bending moment is equal to zero. Although this is a limitation of the existing 
yield interaction equations, this limitation can be removed by application of the basic 
principles established within Yoo's research. Yoo and Davidson (1997) state that 

"... the assumed stress states may not appropriately represent the actual 
conditions of the composite or noncoirmposite curved girder system at either 
first yield or ultimate strength. Furthermore, secondary amplification 
effects, residual stress effects and fabrication and erection concerns may be 
significant." 

However, it is possible that these issues may turn out to be minor upon further 
investigations, or adjustments to Yoo's procedures may be possible to account for these 
effects where they are important. 

2.1.8.1 Cross-Section Yield Interaction Equations for Composite Beams 

Yoo and Davidson (1997) detail the yield interaction equations for composite beams. 
These equations may be particularly useful in quantifying the strength of curved 
composite I girders in positive bending, where it is expected that some of the limitations 
discussed above are particularly minor. For composite girders in positive bending, the 
maximum vertical bending strength is typically significantly larger than Rh My, where My 

is the moment capacity at first yield of the short-term composite section, not including 
residual stress effects. The AASHTO LRFD (2001) straight girder specifications permit 
flexural capacities up to the plastic moment capacity Mp, in simple spans and in 
continuous spans with compact sections in the negative flexural regions over the interior 
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supports. They specify a maximum capacity of Mn = 1.3 Rh My by the most commonly 
used approach for continuous-span girders with noncompact interior support sections. 
Yoo and Davidson's (1997) yield interaction equations provide a particularly useful 
means for extending the AASHTO LRFD (2001) formulas for composite I girders in 
positive bending to include the effect of lateral bending within the bottom flange. If 
curved composite girder system studies can demonstrate that the nonlinearity associated 
with the development of these capacities is not detrimental to the overall bridge 
performance, these equations will provide a significant advance over current strength 
equations in the Guide and Recommended Specifications, and in the Hanshin Guidelines, 
which limit the girder vertical bending capacity to a maximum of My. 

2.1.8.2 Noncomposite Compact-Flange Section and Noncompact Section Formulas 

In the current research, the authors focus on the development of unified I girder 
strength equations that are based on consideration of the bottom flange of a composite I 
girder as an equivalent steel beam-column. This approach is believed to be an accurate 
idealization for composite girders in negative bending. It is expected to be conservative 
for the maximum strength of isolated composite girders in positive bending. Within this 
context, the predictions of two of Yoo's noncomposite yield interaction equations are 
evaluated in the subsequent chapters. These are the yield interaction equations that Yoo 
(1996) and Yoo and Davidson (1997) define as the "noncomposite compact-flange 
section" and the "noncomposite noncompact section" equations. Compact-flange 
sections are defined as all-steel sections in which the compression flange behaves 
compactly (i.e., the flange slenderness is sufficiently low such that full plastification of 
the flange on one side of the web can be achieved), but in which the web is not capable of 
developing strengths beyond its first yield strength. Noncompact sections are defined as 
those in which neither the flange nor the web is capable of developing combined stress 
states beyond first yield. 

As described in Chapter V, webs with D/tw = 160, 130 and 100 and flanges with 
bf/tf = 15, 20 and 25 are considered in the parametric studies of this research. Yoo's 
compact flange section equations are utilized in this research to estimate the capacities of 
the I girders with bf/tf = 15, and his noncompact section equations are utilized for all the 
other cases. In the experimental tests discussed in Chapter IV, Eq. (2-5) is utilized to 
define the slenderness corresponding to the transition between the compact-flange and 
noncompact section equations. 

Figures 2.1.16 and 2.1.17 illustrate the general states of internal stress that can exist 
within a noncomposite compact flange section and a noncomposite noncompact section 
respectively. The dark shaded stress blocks within the top and bottom flanges represent 
the stresses due to flange lateral bending and the white stress blocks correspond to the 
stresses due to vertical moment. The top flange is labeled as the compression flange in 
the figures; however, the section analysis is the same if the sign of the vertical bending 
moment is reversed. 
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Figure 2.1.16. Stress distribution at strength limit of a noncomposite compact-
flange I-section (Yoo 1996). 
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Figure 2.1.17. Stress distribution at strength limit of a noncomposite noncompact I-
section (Yoo 1996). 
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For the compact flange section (see Fig 2.1.16), the lateral flange bending moment 
(Me) is calculated from static equilibrium, the fact that the net axial force due to the 
lateral flange bending stress blocks (shaded in black) must equal zero, and from similar 
triangles. Based on the these considerations, the lateral flange bending moment in the 
smaller top flange (Me) for the compact flange section is obtained as 

M , = ^ ( l - x ) b f c A f c F y (2-80a) 

This equation can be written in terms of a flange elastic lateral bending stress by dividing 
through by the elastic section modulus of the flange to obtain 

f ' = l i ( l " x ) F y (2-80b) 

This equation can in turn be solved for x, resulting in 

192 f 1 f 

X = 1_IZ±ILSI_±IL (2-gOc) 
390 Fy 2 Fy 

For noncompact sections, Yoo (1996) assumes that the cross-section cannot sustain 
any nominal yielding when subjected to the vertical and lateral flange bending moments 
obtained from the overall bridge analysis. That is, the combined stress state, neglecting 
initial residual stresses, is limited to first yield. Based on this limit and the consideration 
of static equilibrium, i.e., no net axial force in the flanges due to vertical bending 
moment, and the use of the classical elastic bending formulas, the lateral flange bending 
moment in the smaller top flange of the noncompact section is obtained as 

M,=i ( l -x )b f c A f c F y ( M i a ) 
o 

or if written in terms of a flange elastic lateral bending stress 

f, =( l -x )F y (2-8 lb) 

If we solve this equation for x, we obtain simply 

x = l - -^- (2-8 lc) 
F 

y 

It is important for the engineer to understand the meaning of the parameters "x", "z" 
and "P" shown in Figs. 2.1.16 and 2.1.17. Both of these figures illustrate a general 
singly symmetric I section in which the top flange is smaller than the bottom flange. Due 
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to the smaller top flange, the depth of the web in compression Dc = zD is larger than D/2, 
i.e., z>0.5. 

In Fig. 2.1.16, the strength of the cross-section is defined as the loading at which the 
maximum flexural stress in the web, located at the top of the web in this case, becomes 
equal to Fy. Therefore, the strain at the top of the web is exactly equal to the yield strain 
ey at this state. Yoo and his colleagues assume in their cross-section analysis that the 
stresses and strains at the mid width of the I girder flanges are identical to the stresses and 
strains at the top or at the bottom of the web (i.e., the differences between the depth of the 
web D, the distance between the mid-thickness of the flanges h, and the total depth of the 
section d are neglected in their cross-section analyses). Therefore, based on the 
assumption of a homogenous I section, the top flange is also at incipient yielding at its 
mid width. 

If we continue with the consideration of the effects of the lateral flange bending 
moments, it can be observed that due to the lateral bending within the top flange, and due 
to the top flange being at incipient yield at its mid width, the stresses on the right-hand 
side of the top flange are all equal to Fy. Also, due to the fact that the total axial force 
due to the lateral flange bending is zero, the total area under the dark shaded part of the 
stress distribution due to M^ must integrate to zero. Therefore, if we assume that a 
certain fraction of the total stress at the mid width of the top flange xFy is due to vertical 
bending, we can then calculate the corresponding stress (3Fy that must exist at the left-
hand tip of the top flange. Yoo and his colleagues assume that this flange tip does not 
yield, which is a sufficient assumption for practical values of x. Given the 
corresponding lateral bending stress distribution, shown in black within Fig. 2.1.16, we 
obtain Eq. (2-80a). 

Based on the above cross-section analysis, it can be seen that the girder vertical 
bending capacity associated with the stress state in Fig. 2.1.16 can be approximated as 

Mn s xMy (2-82a) 

(the actual moment is slightly larger, due to the maximum stress in the web being larger 
than xFy; however, the increase in the capacity resulting from these additional web 
stresses is small). In terms of an elastic vertical bending stress, the strength may be 
written as 

Fn = x Fy (2-82b) 

These equations may be applied in design practice by determining x from Eq. (2-80c) 
based on a value of fe computed from an elastic analysis of the bridge superstructure. 

The calculations pertaining to Fig. 2.1.17 are simpler to describe since there is no 
yielding anywhere within the cross-section. In this case, the strength is controlled by 
reaching Fy at the right-hand tip of the top flange (assuming additive compressive stresses 
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on this side of the top flange). If we then assume that the average stress in the top 
flange, which is equal to the stress at the flange mid width since the cross-section is 
elastic, is equal to xFy, we obtain Eqs. (2-82) exactly for the vertical bending capacity, 
and Eqs. (2-8la) and (b) for the flange lateral bending moment or stress. Similar to the 
above developments for compact flange sections, Eqs. (2-82) may be applied in practice 
for noncompact sections by determining x from Eq. (2-8 lc) based on a value of f̂  
computed from an elastic analysis of the bridge superstructure. 

2.1.8.3 Implications With Respect to Hybrid I Girder Design 

Yoo and Davidson (1997) state that there is little benefit to making the web hybrid in 
compact-flange and noncompact I girders. It appears that their reasoning on this issue is 
based on the cross-section analysis shown in Fig. 2.1.16. However, it is well known that 
in the design of hybrid I girders, the web is allowed to yield under the maximum design 
loading conditions, regardless of whether it is compact or not (Schilling and Frost 1964; 
Schilling 1968; ASCE 1968). The reduction in the flexural capacity due to web yielding 
and web bend buckling is accounted for within the hybrid Rh and load-shedding Rb 
factors of the AASHTO (2001) Specifications. The capacity of a hybrid girder does not 
need to be limited to first yielding of the web based on a beam-theory analysis. 

Similarly, there is no reason why a noncompact or slender homogeneous I girder web 
needs to be limited to first yield under the loading conditions for maximum strength 
evaluation. It can be shown that generally, the overall contribution of the web to both 
vertical and lateral bending is relatively small compared to that of the flanges of an I 
girder. It should be possible to allow some yielding within a noncompact or slender web 
at the maximum load levels without any significant detriment to the overall girder 
vertical and/or lateral bending capacity. This issue is considered within the context of 
homogenous I girders in the parametric studies of this research. 

For horizontally-curved hybrid I girders, the extent of yielding in the web at the 
maximum strength limit state will typically be less than in straight hybrid I girders, since 
part of the girder flexural capacity is "used up" by the lateral bending in the flanges. 
Therefore, the influence of a hybrid web on the girder flexural strength may be of lesser 
consequence in curved than in straight I girder design. The consideration of hybrid 
horizontally-curved I girders is beyond the scope of the current research. However, one 
set of experimental tests considered in Chapter IV involves I girders that are effectively 
hybrid. 

2.1,9 Proposed Unified Vertical Bending Strength Equations for Design of I Girders 
Subjected to Vertical Bending, Lateral Bending and Torsion 

2.1.9.1 Motivation 

Section 1.4 explains the key concepts adopted in the current research for development 
of a set of unified vertical bending strength equations for design of I girders subjected to 
vertical bending, lateral bending and torsion. Briefly, these concepts are: (1) use of an 
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equation format based on the flange vertical bending stress in order to facilitate both 
composite and noncomposite I girder design, (2) focusing on the tension and compression 
flanges as equivalent beam-columns, subjected to loadings produced by horizontal 
curvature as well as other internal loadings induced by the geometry of the bridge 
superstructure or directly applied loadings, and (3) conservatively neglecting the torsional 
restraint provided to the top flange of the I girder from the bridge deck, thus permitting 
the development and verification of formulas by studies of all-steel girders. 

Section 2.1.1 addresses modifications to the current AASHTO LRFD (2001) 
Specifications that significantly improve the accuracy of their flexural strength prediction 
equations for certain situations, and which improve the simplicity and ease of use of the 
associated AASHTO provisions. 

This section provides further specifics on the logic behind, and the motivation for, the 
proposed extension of these equations to handle lateral flange bending. Section 2.1.9.2 
then summarizes the proposed equations for handling of flange lateral bending moments 
due to lateral bending and torsion. 

Flange Plastic Capacity 

Consider one of the flanges of an I girder subjected to combined vertical and lateral 
bending. The lateral moment in the flange is related to the flange elastic lateral bending 
stress, fe, by the equation 

M , = ^ i (2-83) 

If the flange behaves compactly, it can develop the strengths associated with the idealized 
fully plastic stress distribution shown in Fig. 2,1.18. 

Within this idealized fully plastic stress distribution, the lateral moment is generated 
by the strips of width c at the tips of the flange, and the remaining width of the flange 
(bf- 2c) develops the flange force associated with the vertical bending moment. By 
equating the elastic flange force due to vertical bending, fb bf tf = fb bf tf / (Rb Rh), to this 

fully plastic flange force, Fy tf(bf — 2c), the elastic vertical bending stress associated with 
the flange plastic strength may be expressed as 

bf - 2 c 
f b = F y ^ r — - (2-84) 

b f 

where fb = fb/(RbRh) is the elastic flange vertical bending stress, accounting for load­
shedding from the web due to hybrid and/or web bend-buckling behavior. Similarly, by 
equating the right-hand side of Eq. (2-83) to the lateral flange moment associated with 
Fig. 2.1.18, we obtain 

80 



f,bjc = Fyc(b f-c) (2-85) 

This quadratic equation can be solved for the width c shown in Fig. 2.1.18 to obtain 

c = 
b, 

( 
1- 1 - ^ 

I 3 F
y y 

(2-86) 

Figure 2.1.18. Idealized plastic stress distribution in a flange due to lateral and 
vertical bending. 

Finally, by substituting Eq. (2-86) into Eq. (2-84), an expression for the elastic flange 
vertical bending stress (fb) associated with the plastic strength of the flange is obtained 
as a function of the elastic lateral bending stress at the flange tips (Q as 

f = F h - - ^ -
b yA 3F„ 

(2-87) 

If we consider the practical design of bridge I girders, in which the elastic stress f̂  is 
generally much smaller than Fy, e.g., f̂  < 0.5 Fy, Eq. (2-87) is accurately approximated by 
the following simple linear equation 

f> =F - I f 
R„Rh 

(2-88) 
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The accuracy of this approximation is illustrated in Fig. 2.1.19. As noted in Section 
2.1.2.1, Hall and Yoo (1998) originally developed this formula as a restriction on the 
flange capacity predicted by McManus's strength equations. However, if we neglect any 
conditions such as holes fabricated within the section for field splice connections, etc., 
this equation can potentially serve more generally as a specific limit for the vertical 
bending capacity of a tension flange subjected to whatever lateral bending moments (and 
corresponding elastic lateral bending stresses) are encountered within the overall analysis 
of a bridge superstructure. Equation (2-88) would need to be checked for the most 
critical combination of fb and fe at any cross-section along the length of the girder, where 

fb and f£ are the computed second-order elastic stresses within the flange, including the 

effect of load-shedding from the web due to bend buckling. This is consistent with the 
AISC LRFD (1999) and AASHTO LRFD (2001) philosophies for checking of beam-
columns loaded in tension. Furthermore, in practical design situations, it is commonly 
assumed that the above second-order elastic stresses are estimated sufficiently well based 
on a first-order elastic analysis of the structure, since axial tension tends to make the 
stresses smaller than the first-order elastic values. Equation (2-88) is referred to in this 
report as the compact-section based one-third rule. 

1.00 

0.80 
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0.40 

0.20 

0.00 

f from Eq. 2-87 

- -Fy-l/3f, 

0.3 0.5 0.6 

Figure 2.1.19. Comparison of the "exact" flange plastic strength and the compact-
section based one-third rule. 

Equation (2-88) would tend to give an upper-bound estimate of the strength of a 
compression flange as an equivalent beam-column, since the strength in compression 
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may be limited by local and/or lateral instability. The consideration of an appropriate 
representation of the effect of lateral bending on compression flange strength is discussed 
in the following sub-section. 

Consideration of Flange Local and Lateral Stability 

Obviously, the above compact-section based one-third rule does not account for the 
reduction in girder vertical bending capacity due to local flange or lateral-torsional 
buckling. However, as discussed in Section 1.4.2, it is expected that the compression 
flange of a curved I girder can be treated adequately as an equivalent beam-column. 
Therefore, based on this hypothesis, the (AISC 1999; AASHTO 2001) beam-column 
interaction equations should provide a conservative check of the compression flange 
strength, if the maximum second-order elastic lateral bending moment is utilized along 
with the compression flange axial force due to vertical bending. If the AISC (1999) and 
AASHTO (2001) beam-column checks are expressed in terms of the second-order elastic 
stresses fb and f, (calculated based on a first-order analysis of the bridge superstructure 
along with appropriate approximate second-order amplification factors), and if the flange 
vertical bending strength from the straight girder specifications is taken as the equivalent 
column strength, then we obtain compression flange design strength interaction curves 
such as those illustrated in Fig. 2.1.20. 
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Figure 2.1.20. Comparison between the strengths predicted by the proposed one-
third rule and the AISC LRFD (1999) - AASHTO LRFD (2001) beam-column 

interaction curves. 
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As noted in Chapter I, for small f,/Fy, the AISC LRFD (1999) and AASHTO LRFD 
(2001) beam-column strength interaction curves are often quite conservative for checking 
of I-shape members in weak-axis bending (ASCE 1997; Yura 1988), or more relevant to 
the case at hand in this research, beam-columns with rectangular or T shaped cross-
sections. For a compact flange with an unsupported length such that the vertical bending 
strength of the compression flange is equal to or approximately Fy, it would be expected 
that the compact-section based one-third rule equation (Eq. 2-88) should work well as a 
design strength approximation. Furthermore, for a compression flange that is at the 
transition between the elastic and inelastic buckling strength, i.e., Fn = 0.667 Fyc in the 
straight-girder specification (for Fyc = 345 MPa (50 ksi) and Frs = 114 MPa (16.5 ksi)), 
Fig. 2.1.20 shows that the one-third rule, with Fyc replaced by Fn, and the direct usage of 
the Specification beam-column interaction equations are nearly equivalent. 

For the intermediate case, it can be observed from Fig. 2.1.20 that the one third rule -
expressed as Fn - 1/3 is - 0.854 F y - 1/3 f£ in the figure - is significantly liberal 
compared to the direct usage of the beam-column interaction equations. However, as 
explained above and in Chapter I, it is possible that this liberal estimate of the equivalent 
beam-column strength, relative to current AISC LRFD (1999) and AASHTO LRFD 
(2001) beam-column strength equations, is justified. Studies need to be conducted to 
verify this hypothesis. This is the subject of a large portion of this report. It should be 
noted that Fn = 0.854 Fy is obtained from the proposed modified AASHTO straight-girder 
strength equations based on the local buckling strength of a flange with bf/tf = 25 along 
with a corresponding web slenderness of 2Dc/tw of 130 (see Sections 2.1.1.1 and 2.1.1.2). 
Also, this is the flange lateral buckling strength obtained from the proposed straight 
girder strength formulas for L/bf = 16.13 at ar = 2 and L/bf = 17.24 at ar = 1 (see Sections 
2.1.1.1, 2.1.1.3 and 2.1.1.6). 

It is interesting to note that, based on Yoo's (1996) yield interaction equations for a 
compact flange section (see Eqs. (2-80c) and (2-82b) and Fig. 2.1.16), it can be stated 
that web yielding will never occur in a non-hybrid member (based on the beam theory 
assumptions employed within the yield interaction equation derivations, neglecting the 
effect of residual stresses) if the flange vertical bending stresses are limited to 

ir=Fy4f< <2-89) 
Kb I 

It should be noted that this equation is a reasonably close approximation of the AISC 
LRFD (1999) - AASHTO LRFD (2001) interaction equations for Fn = Fy in Fig. 2.1.20. 
Therefore, it can be stated that the use of the AASHTO LRFD (2001) beam-column 
interaction equations would limit the maximum average vertical bending strain within 
the compression flange approximately to the yield strain of the material ey (neglecting 
residual stress effects). However, Eq. (2-89), with Fy replaced by Fn, becomes 
significantly conservative relative to the use of the AASHTO LRFD (2001) beam-column 
interaction equations as Fn/Fy reduces below one. Nevertheless, all of the interaction 
relationships discussed here are significantly liberal relative to the simple linear 
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interaction equation specified by the Hanshin Guidelines (Japan Road Association 1990) 
(see Eq. 2-72). As noted previously, in many cases, this equation is equivalent to the use 
of Yoo's (1996) yield interaction equation for a noncompact section member (see Eqs. 
(2-8lc) and (2-82b) and Fig. 2.1.17). In summary, the 1/3 rule (with Fy replaced by Fn) is 
proposed in this research because this rule gives the best correlation in general with the 
strength data from experimental tests as well as with the results of the parametric studies 
conducted by the authors (see Chapters IV through IX). 

2.1.9.2 Recommended Equations 

The one-third rule equations proposed in this research for handling the effects of 
lateral flange bending, based on a modification of straight-girder vertical bending 
strengths, can be expressed as follows: 

• For flanges in tension, or for flanges in compression with X < Xp 

~^—< F - - f , 
RbRh

 y 3 
(2-90a) 

For flanges in compression with XP<X< Xr 

R b R h 

< C 
\ (Fy c-FL)f\-\ . 

yc 
X, - X 

pj 
F y c - - f . 

>c 3 i 

< E 
yc 

(2-90b) 

where all of the parameters with the exception of f, are defined within the straight-girder 

design provisions (see Section 2.1.1). The term f£ is the maximum second-order elastic 
flange lateral bending stress within the unsupported length under consideration. As in 
the straight-girder design provisions, the smaller of the local and lateral-torsional 
buckling strengths determined from these equations controls. Equations (2-90) are 
shown here in the form of a limit on the flange stresses due to vertical bending, amplified 
by the inverse of the factors Rb and Rh to account for load shedding from slender and/or 
hybrid webs. They may be written directly as flange vertical bending-lateral bending 
interaction equations simply by moving the term f£ I 3 to the left-hand side of these 
formulas. 

The hybrid-girder factor Rh is included within Eqs. (2-90). However, hybrid girders 
are not specifically addressed within this research. Based on this and the fact that the 
Recommended Specifications do not permit the use of hybrid-curved girders, the authors 
do not recommend the use of these equations for hybrid curved I girders at the present 
time (May 2001). However, engineers need some way of checking lateral bending in 
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straight hybrid I girders. It is likely that the format of Eqs. (2-90a) and (2-90b) is 
applicable for these cases and for curved hybrid I girders, but there is a possibility that 
the form of the factor Rh might need to be modified. It should be noted that the Guide 
Specifications (AASHTO 1993) do permit the design of hybrid curved I girders, and that 
there has been some limited evaluation of these types of girders by Culver (1972). 
Several of the experimental tests considered with Chapter IV are effectively hybrid 
girders. 

A one-third rule modification of elastic local and/or lateral buckling strengths is not 
shown in Eqs. (2-90). This is because, if the flanges are limited to a maximum bf/tf of 
24, as is required in the current AASHTO LRFD (2001) Specifications, elastic flange 
local buckling never controls for Fy < 480 MPa (70 ksi). Furthermore, the corresponding 
elastic lateral-torsional buckling based equations are not shown either because it is 
expected that the lateral flange bending stresses will tend to be dramatically amplified by 
second-order effects for bridge girders designed beyond the inelastic-elastic lateral-
torsional buckling transition limit. Therefore, in the view of the authors, it is wise to 
limit the design of bridge girders subjected to significant combined vertical and lateral 
flange bending to X < XT with respect to the straight-girder lateral-torsional buckling limit 
state. It is interesting that this corresponds approximately to the Wbf < 25 limit required 
by McManus (1971), the AASHTO Guide Specifications (AASHTO 1993), and the 
Recommended Specifications (Hall and Yoo 1998). 

It is possible that under construction loading conditions, I girders that have large 
unsupported lengths within the elastic buckling realm may need to be checked for 
combined vertical and lateral bending. In these cases, the elastic lateral-torsional 
buckling based one-third rule equation may be used. It is important to note that this 
equation is typically more restrictive than a first-yield check for these types of conditions, 
i.e., use of a first yield check with the results of elastic analysis can be significantly 
unconservative, unless an accurate second-order elastic analysis is employed that is 
capable of capturing the large amplification of the lateral bending stresses as the lateral-
torsional buckling load is approached. 

The proposed one-third rule equations are based on the following design limits: 

bf/tf < 24 (2-9la) 

f, <.0.5Fy (2-91b) 

Lb/R < 0.1 (2-9 lc) 

and 

Lb/rt < A,r (2-9Id) 

86 



Figure 2.1.21 shows a sample comparison of the proposed one-third rule to results 
from the parametric studies conducted in this research for girders with bf/tf = 25, and in 
which the strengths are controlled by the inelastic flange-local buckling based design 
equations. Two design curves are shown in the figure, one corresponding to 2Dc/tw =130 
and one corresponding to 2Dc/tw = 160. The design strengths for these cases differ only 
slightly. Also, the values of fb/Rb/Fy corresponding to elastic flange buckling are shown 
for each of these cases. These curves are discussed within the next subsection. 
Furthermore, the limit on fb/Rb/Fy imposed by the current conservative AASHTO (2001) 
flange local buckling strength equation (see Figs. 2.1.1 and 2.1.2) is shown in the figure. 

Figure 2.1.22 shows sample predictions relative to the results from parametric studies 
in this research for girders that are controlled by inelastic lateral-torsional buckling and 
which have (X - Xp) I (XT - Xp) = 0.4 with respect to lateral-torsional buckling. Detailed 
discussion of the results of the parametric studies (with respect to the flexural capacity) is 
provided in Chapter VII. 

The proposed equations do not utilize an effective length for girder lateral-torsional 
buckling. The actual unsupported lengths are to be used. It is expected that this leads to 
a conservative representation of the strength within interior unsupported segments of 
bridge girders, due to the continuity with adjacent unbraced segments. Also, this helps to 
prevent the second-order amplification of the flange lateral bending stresses from 
becoming large. However, for an unbraced length at the end of a bridge, it is possible 
that the physical boundary conditions at one end of the unsupported length may actually 
be close to torsionally simple. This type of situation is considered within the parametric 
studies of this research (see Section 5.11). It is expected that the use of the actual 
unsupported length within the design equations is conservative with respect to the use of 
an effective length for these cases as well. 

2.9.1.3 Calculation of Flange Elastic Local Buckling Strengths 

In addition to the results of the one-third rule based equations shown in Figure 2.1.21, 
the flange elastic buckling strengths are also shown. These strengths are based on Eq. 
(2-9) with the buckling coefficient given by Eq. (2-7), combined with a reduction 
coefficient developed by Davidson and Yoo (1996). This reduction coefficient accounts 
for the effect of lateral bending (due to horizontal curvature) on the elastic buckling 
capacity, and can be written as: 

(Fe)cv - (Fe)st 1.0643 °'15f< 
0.35 fb 

< (Fe)st (2-92) 

where 

(Fe)cv = elastic buckling stress of the curved plate 

(Fe)st
 = elastic buckling stress of the equivalent straight plate 

87 



0.2 

0.0 

Elastic Buck)ing Strength - AASBTO kc w/ 

(Davidson an;d Yoo 1996) reduction due to f, 

F y - f , / 3 

0.854Fy - 1F/3 (2DAv = 130) 
0.835Fy - f/3 (20,./^ = 160) 

f, = 0.5 Fy 

SK 
Primary suite with D/bf = 2.25 and 

° tytf = 25 

A Internal loading suite with /̂fb = 0.60 _ Modified uniform vertical bending 

Modified uniform vertical bending 
suite with f^ = 0.60 and L ^ = 0.05 4 

Flange Plastic 
Strength 

and L./R = 0.10 suite with yfh = 0.60 and Lb/R = 0.10 N 
0.0 0.2 0.4 0.6 0.8 1.0 

ff,/Fy 

1.2 1.4 1.6 

Figure 2.1.21. Local flange buckling strengths for bf/tf =25 (2Dc/tw = 130 and 160). 
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It should be noted that these buckling stresses should be compared against the vertical 
bending stress at the web-flange juncture, ft, not to the total longitudinal normal stress at 
the flange tip (ft + fe). Davidson and Yoo (1996) developed this equation as a lower-
bound fit to finite element elastic buckling analysis results for a range of horizontal 
curvatures. It is interesting that the slope of the elastic buckling strength curves in Fig. 
2.1.21, as per Davidson and Yoo's reduction formula, is slightly larger than the slope of 
the one-third rule curves. 

The buckling of plates subjected to a gradient in stress is often written in terms of the 
maximum elastic stress. Eurocode 3 (GEN 1992) provides the following formula for the 
buckling coefficient corresponding to the flange tip stress in flanges subjected to 
longitudinal compression and a constant gradient in stress across the flange width: 

kmin = 0.57 - 0.21(|-) + 0.07(^-)2 (2-93a) 
f2 f2 

where fi = ft + fe is the larger stress, located at the flange tip, and f2 = ft is the smaller 
stress located at the web-flange juncture. This equation is based on the assumption of 
simply supported boundary conditions at the edge connected to the web. It is interesting 
to compare the result of this equation to the prediction determined by Davidson and 
Yoo's (1996) formula. The equivalent fonn of Eq. (2-93a) that corresponds to the stress 
at the web-flange juncture, f2 = ft, is obtained simply by multiplying this equation by 
f2/fi, and after some minor algebraic manipulation may be expressed as 

kmin = 0.43 - 0.57 —&— + 0.07 -f (2-93b) 
rb + ^ *b 

Figure 2.1.23 compares (2-93b) to the corresponding flange buckling coefficient based on 
Eq. (2-92) combined with a buckling coefficient of 0.43 corresponding to simply 
supported conditions at the web-flange juncture. It should be noted that Davidson and 
Yoo (1996) do not provide any information about the actual buckling strengths calculated 
in their studies. They only provide information pertaining to the reduction in the elastic 
buckling capacity due to lateral bending associated with horizontal curvature. 

2.1.9.4 Summary 

The proposed one-third rule equations have the following advantages relative to other 
predictor equations that have been evaluated by the authors: 

• They are very simple, but they also have a strong conceptual basis in that they allow 
the engineer to conceptualize the flexural strength of I girder based on the strength of 
the flanges as equivalent beam columns. 
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Figure 2.1.23. Flange elastic buckling coefficients based on simply supported 
conditions at the web-flange juncture versus f/fb. 

They reduce to recommended AASHTO1 LRFD formulas for the strength of straight I 
girders in the limit that R approaches infinity. The recommended modifications to the 
AASHTO straight-girder design strength equations provide more rational and realistic 
limits for the local buckling strength of compression flanges, and are essentially the 
same equations as provided in the AISC LRFD (1999) Specification for doubly-
symmetric noncomposite plate girders. Also, these equations provide a simpler and 
more consistent treatment of flange lateral stability for all types of composite and 
noncomposite I girders than the current AASHTO LRFD (2001) Specifications. 

They do not exhibit any anomalies as the radius of curvature of a curved I girder 
approaches infinity. 

They do not have any discontinuity in the predicted design strength at the transition 
between a compact and a noncompact flange, i.e., at X = X? pertaining to local flange 
buckling. 

They are applicable to doubly- and singly-symmetric as well as noncomposite and 
composite I girders, although as noted in Sections 2.1.1 and 2.1.8.1, other formulas 
based on cross-section plastic strength may provide a better characterization of the 
strength for straight and curved composite I girders in positive vertical bending. The 
proposed formulas adopt the same idealization as the current AASHTO LRFD (2001) 
approach with respect to composite I girders in negative bending, i.e., they neglect the 
potential beneficial effect of the torsional restraint provided to the tension flange from 
the bridge deck. 
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• They account for the potential increase in vertical bending strength due to gradients in 
the vertical bending moment. 

• They allow flange b/tf values up to 24, which is the limit on the flange slenderness in 
the current AASHTO (2001) straight-girder LRFD provisions. This may lead to 
significant advantages in terms of the overall economy of the design for resistance to 
lateral bending and torsion effects, since it allows the flanges to be made wider 
without increasing the amount of material to satisfy more restrictive bf/tf limits. 

• They separate the structural analysis problem, i.e., the calculation of the elastic 
stresses fb and f̂ , from the characterization of the structural resistance. This 
significantly improves the clarity and transparency of the formulas compared to 
approaches in which approximate analysis solutions have been "built inside" of the 
design resistance equations. 

• They unify the AASHTO LRFD flexure equations for design of curved and straight I 
girder design, and handle lateral bending from all potential sources. Furthermore, 
they maintain a format of the design predictor equations that is close to that of the 
AISC LRFD (1999) Specification. This should make it easier for young engineers 
that first learn structural steel design with the AISC LRFD Specification to 
understand the background behind the fundamental strength prediction equations 
utilized for bridge design. 

• In general, they offer significant improvements in the strength predictions compared 
to the other flexural strength predictor equations that are evaluated in this research 
(see Chapters IV, VII, and IX). 

2.2 SHEAR STRENGTH 

The shear strength of curved I girders has been studied in prior research both 
analytically and experimentally (Mozer et al. 1970, 1971 and 1975; Mariani et al. 1973, 
Abdel-Sayed 1973; Davidson 1996; and Lee and Yoo 1999b). It is generally agreed that 
horizontal curvature has an influence on both the elastic shear buckling strength as well 
as the maximum strength. The elastic buckling strength of a curved web panel is greater 
than that of a straight girder panel with the same aspect ratio, material properties, web 
slenderness ratio, and boundary conditions (Davidson 1996; Mariani et al. 1973; Abdel-
Sayed 1973). Both the AASHTO Guide Specifications (AASHTO 1993) and the 
Recommended Specifications (1998) ignore this benefit and calculate the shear buckling 
strength based on the current AASHTO equations for straight girders. 

Regarding the influence of horizontal curvature on maximum shear strength, results 
obtained from the experiments conducted by Mozer et al. (1970, 1971, and 1975) indicate 
that tension field action can indeed be developed in curved girder webs with transverse 
stiffeners. These investigators observed that the magnitude of the postbuckling strength 
is reduced by the curvature effects. However, they found that there appears to be no 
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significant reduction in the web shear strength for practical values of horizontal curvature 
(e.g., Lb/R < 0.10). Lee and Yoo (1999) have confirmed these observations. Similar 
observations have been made in experimental shear tests conducted under the Curved 
Steel Bridge Research Project (Zuireick et al. 2001). It is apparent from these tests that 
significant postbuckling strength can be developed in web panels of curved I girders. 

In this section, four methods of calculating the nominal shear strength of curved and 
straight steel I girders are discussed and a recommended approach is outlined. First, the 
method suggested in the Recommended Specifications (1998), which utilizes only the 
shear buckling strength based on research by Timoshenko (1910), Bergmann and 
Reissner (1932), Seydel (1933), Bleich (1952) and Basler (1961b), is presented in 
Section 2.2.1. Next, the approach adopted in the current AASHTO LRFD Specifications 
for straight girders (AASHTO 2001), which includes the postbuckling reserve strength 
from Basler's (1961b) tension-field theory in addition to the web buckling strength, is 
outlined in Section 2.2.2. This is followed by an explanation of ultimate shear strength 
equations recently proposed by Lee and Yoo (1998) in Section 2.2.3. In Section 2.2.4, a 
procedure is described that utilizes the shear buckling coefficients proposed by Lee et al. 
(1996) along with the fundamental shear buckling equations and Basler's tension-field 
theory for the postbuckling strength. This approach is referred to in this research as the 
modified AASHTO method. Finally, based on the current and prior research, equations 
for calculating the shear strength of straight and curved I girders are recommended. 

2.2,1 Recommended Specifications (Hall and Yoo 1998) 

The Recommended Specifications suggest that, based on prior experimental research 
on curved girders, Basler's (1961b) analytical model for the buckling strength of flat 
webs can be used safely for the design of curved webs within stated limitations. The 
Recommended Specification formulas for the web shear strength are the same as the 
shear strength equations in the AASHTO Guide Specifications (AASHTO 1993). 

To calculate the web shear strength, the Recommended Specifications classify curved 
web panels into two categories, unstiffened and transversely stiffened. The maximum 
spacing of transverse stiffeners in stiffened webs is limited to the web depth D, which is 
the same as that specified in the AASHTO Guide Specifications (AASHTO 1993). 
Furthermore, the maximum stiffener spacing is limited to D/2 at simple supports. 
Apparently, this is intended to allow the girder to develop postbuckling shear strength, 
although this strength is not included in the shear capacity calculations. The web shear 
strengths for both stiffened and unstiffened girders are calculated based on shear buckling 
alone; the postbuckling reserve strength is ignored. The boundary conditions at the web-
flange juncture are conservatively assumed to be simply supported. On this basis, the 
shear strength of a curved web panel, Vcr, can be calculated as: 

Vcr= CVP (2-94) 

where 
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C = 1.0 f D 1 m E k 
for — < 1.10 — 

t„, V F„ 
(2-95a) 

C = — for U 0 H ^ , L 3 8 Ek 
V Fy tw V Fy 

(2-95b) 

C = 
1.52Ek 

(D 

V ^ y 

^ D 1 ™ E k 

for — > 1.38 — (2-95c) 

and Vp is the web plastic shear strength 

Vp = 0.58 Fy D tw (2-95d) 

Equation (2.95a) corresponds to a web that can develop the mil plastic shear strength, Eq. 
(2-95b) gives the strength for a web that buckles inelastically, and Eq. (2.95c) is the web 
strength corresponding to elastic buckling. The elastic to inelastic buckling transition 
occurs at 0.8VP. The buckling coefficient in these equations (based on simply-supported 
edge conditions) is specified as 

k = 5 (2-96a) 

for unstiffened webs and 

k = 5 + 
' d . ^ 

(2-96b) 

v D / 

for transversely stiffened webs (i.e., webs with do/D < 1). It should be noted that Eqs. 
(2-95) and (2-96) are also utilized to quantify the web shear buckling strength of straight 
I girders in the AASHTO LRFD (2001) Specifications. However, these specifications 
consider girders as transversely stiffened for d0/D < 3. Equations (2-96) are simplified 
from other approximate equations for the shear buckling coefficient utilized by Bleich 
(1952) and Basler (1961b). 

2.2.2 Current AASHTO LRFD Equations 

The current AASHTO LRFD equations (AASHTO 2001) subdivide the shear strength 
into the buckling resistance plus a contribution from postbuckling strength. The buckling 
resistance equations are the same as those in the Recommended Specifications. As noted 
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in the previous section, these strengths are based on the assumption of simply supported 
longitudinal edge conditions. The full set of AASHTO LRFD equations, which are based 
on the research by Basler (1961b), allow webs with a panel aspect ratio (do/D) up to three 
to be considered as stiffened. Basler initiates the development of his equations by 
assuming that the plate bending stiffness of the flanges is sufficiently small such that they 
are not capable of withstanding transverse normal stresses from the web. Based on this 
assumption, he postulates that the postbuckling strength is developed by constant 
additional normal stresses at within the diagonal band shown in Fig. 2.2.1. 

D 

TriangularWedge outside. 
of the tension 
field 

do 

Figure 2.2.1. Assumed tension field in the original and true Basler solutions. 

The corresponding contribution to the postbuckling shear resistance is therefore 

VPB = at s tw sin 0 (2-97) 

where 

s = D cos 0 - do sin 0 (2-98a) 

from the geometry of the panel. Basler then assumes that VPB is maximized with respect 
to 0 to obtain (Salmon and Johnson 1996) 

tan 20 = D/do (2-98b) 

After some trigonometric and algebraic manipulation, the sum of the buckling and 
postbuckling resistances may be written as 

V„=rc rDtw+o- t 
Dt. 1 

d ^ 2 

, 1 + 1 ^ D 

(2-99) 
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where xcr is the web shear buckling stress. This equation has become known as the "true" 
or "correct" Basler solution (Gaylord 1963; Porter et al. 1975; SSRC 1998). It implicitly 
assumes that the state of stress within the triangular wedges outside of the tension band 
remains constant at xcr once the shear buckling stress is reached. 

However, in the next step of his derivation, Basler deviates from this assumption. He 
considers the free-body diagram shown in Fig. 2.2.2, which is extracted from the girder 
by making cuts at the mid-depth of the web and at the mid width of the web panels on 
each side of one of the transverse stiffeners. Based on the previous derivation, it can be 
shown that the mid-depth cut in this free-body diagram is always inside of the tension 
band, i.e., the tension band always intersects the transverse stiffeners at a position closer 
than D/2 from the flanges. Therefore, the horizontal shear force on the mid-depth cut, 
due to the tension field action, is at tw d0 sin 9 cos 6. Basler neglects the increment in the 
web force Fw due to the girder shear or moment gradient, and assumes that the moment 
gradient effect is dominated by the increment in the flange force AFf. Given these 
assumptions, Basler obtains the sum of the buckling and postbuckling contributions to the 
shear strength as 

V„ = x„Dtw + a, gj=- • ' , (2-100a) 

f® 
or 

Figure 2.2.2. Free-body diagram at stiffener location. 
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V„ = x„Dt, + a tDtwsin0cos0 (2-100b) 

where the postbuckling contribution is based on horizontal force and moment equilibrium 
of the free-body diagram in Fig. 2.2.2. Equations (2-100) are the basis for the (AASHTO 
2001) shear strength formulas, and are referred to here as the "original" Basler shear 
strength. It is apparent from these equations that the panel aspect ratio d0/D plays an 
important role in the development of tension-field action and postbuckling strength. 

If one considers the possibility that the stresses c t can be developed over the full 
height of the web at any given location along the length of the girder, as shown in Fig. 
2.2.3, the contribution of the tension-field membrane stresses to the postbuckling shear 
resistance is obtained as 

VPB = crt D tw sin 0 cos 0 (2-101) 

X D 

Figure 2.2.3. Membrane stresses associated with a complete tension field. 

This postbuckling shear strength contribution is identical to the second term in Eq. 
(2-100b). In other words, based on the idealized free-body diagram showhiin Fig. 2.2.2, 
Basler implicitly violates his initial assumption that the stresses oi are only developed 
within the tension band of width s. Basler's original shear strength equation is based on 
the optimum angle 0 determined in the context of his initial assumption (Eq? 2-98b), but 
his final shear strength expression is implicitly based on the stresses a t being developed 
at this angle throughout the entire web panel. That is, Basler's original shear strength 
formula corresponds to a "complete" tension field. This fact was first noted by Gaylord 
(1963), and subsequently by Fujii (1968a) and Selberg (1973). 

Porter et al. (1975) present an alternative tension field theory that has become known 
as the Cardiff model. This model explicitly accounts for the contribution of the flanges 
to the postbuckling resistance, and is possibly the most popular shear strength model 
outside of the United States. Porter et al. (1975) explain that if the contribution of the 
flanges to the resistance is neglected, the Cardiff model reduces to the true Basler 
strength equation, although there is a minor typographical error in the expression for the 
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true Basler strength in their paper. Therefore, it can be stated that Basler's original 
formula overestimates the postbuckling strength of a girder whose flanges are incapable 
of supporting lateral load from the tension field. Gaylord (1963) suggested that this 
partly explains the tendency of Basler's equations to overestimate his experimental shear 
strengths as the panel aspect ratio is decreased. Basler (1963) acknowledged Gaylord's 
observations, but indicated that the stress state in the triangular wedge outside of tension 
field does not exceed that of the primary tension field, which satisfies the yield condition. 

To obtain a simple final solution, either for the original or the true Basler shear 
strength, it is necessary to make an additional conservative assumption that the angle 6 is 
45 degrees, such that a principal stress of at + xcr can be assumed along the tension 
diagonal direction (which is still otherwise assumed to be oriented at the optimum value 
of 6) and such that the other principal stress can be assumed to be at -xcr. Based on this 
estimate, along with a straight-line approximation of the Mises yield condition within the 
possible range of these principal stresses (Salmon and Johnson 1996), the tension field 
membrane stress is obtained as 

a t = F y w 

r \ 
I _ vcr 

V 

(2-102) 
' ywy 

where Fyw is the yield stress of the web plate and Tyw is the shear yield stress, which is 
typically taken as Fyw /V3 . By substituting Eq. (2-102) into Eq. (2-100a), the web shear 
strength equation is obtained in the following form stated with the AASHTO 
Specifications (2001): 

V =0.58F Dt c + 
0.87(1-C) 

'1+ 
vDy ; 

(2-103) 

To clarify the shear strength predictions based on the original and true Basler 
solutions, Figs. 2.2.4 and 2.2.5 compare the ratios of these strengths to the web plastic 
strength, as a function of the web slenderness ratio, for do/D = 1 and 3 respectively. It 
can be seen that for do/D = 1, the ratio of the shear capacity based on the original Basler 
solution to that based on the true Basler solution varies from 1.04 to 1.30 as D/tw varies 
from 100 to 160, whereas for do/D = 3, this ratio varies from 1.13 to 1.32. 

Aydemir (2000) studies a practical range of straight hybrid I girders. He considers I 
shapes that are practical as bridge girders, but which have relatively small flanges. In his 
most extreme cases, his flanges have a slenderness bf/2tf of 8.75 and the ratio of the area 
of the web to the average area of the flanges 2Aw/(Afc + Aft) is equal to 2.4. It is believed 
that these parameters represent a reasonable extreme for practical bridge I girder design. 
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Figure 2.2.4. Shear strengths by Basler's original equations (equivalent to 
(AASHTO 2001)), the true Basler solution, and the web shear buckling formulas for 

girders with d0/D = 1 — shear buckling strength calculated by Basler's equations 
(Eqs. 2-95) with the (AASHTO 2001) buckling coefficients (Eqs. 2-96). 

100 110 120 130 

D/t, 

140 150 160 

Figure 2.2.5. Shear strengths by Basler's original equations (equivalent to 
(AASHTO 2001)), the true Basler solution, and the web shear buckling formulas for 

girders with d0/D = 3 — shear buckling strength calculated by Basler's equations 
(Eqs. 2-95) with the (AASHTO 2001) buckling coefficients (Eqs. 2-96). 
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It is interesting to note that Aydemir observes the same trends in the behavior of 
Basler's original shear strength equation versus the results of refined full nonlinear shell 
finite element analyses that Basler (1961b) observes in comparisons to his experimental 
results. For web panels with large do/D, the shear strengths are predicted accurately to 
conservatively; however, for small d0/D, Basler's original formula tends to overestimate 
the capacities somewhat. The maximum unconservative error in Eq. (2-103) observed by 
Aydemir is 6.2 % for low moment cases, i.e., M < 0.75 Mn, and 10 % for high-shear 
high-moment cases. This supports Basler's claims that the results of his ten ultimate 
load tests in shear were sufficient to substantiate his equations, and justify their use 
within American design practice, e.g., (AISC 1999) and (AASHTO 2001). Basler's 
(1961b) maximum unconservative error for Eq. (2-103) versus his experimental shear test 
data is 12%. 

Since Basler (1961b), many alternative tension field theories have been proposed by 
various researchers (SSRC 1998). Although better accuracy is achievable with some of 
the alternative models, such as the Cardiff model (Porter et al. 1975), it can be argued 
that none of the other models retain the combined simplicity and accuracy of Basler's 
shear strength equations. The more accurate alternative models typically include explicit 
contributions from the girder flanges both in postulating the stress distribution (e.g., the 
extent of a tension field) in the web at failure, as well as in providing resistance due to 
frame action (i.e., plate bending of the flanges) after the web capacity is exhausted. 
These developments tend to complicate the strength prediction equations substantially. 

2.2.3 Lee and Yoo's Equations (1998) 

Lee and Yoo (1998) propose shear strength equations that are also based on the 
summation of an elastic buckling strength (Vcr) and a postbuckling strength (VPB). 

However, they consider the restraint provided by the flanges in calculating the web 
elastic buckling strength by using simplified equations for the shear buckling coefficient 
developed by Lee et al. (1996)2. Lee et al. (1996) determine that the buckling restraint 
from the flanges can be quantified sufficiently based on the geometric parameters do/D 
and tf/tw- Lee and Yoo's (1998) representation of the postbuckling strength is explained 
later in this section. 

Lee et al. (1996) studied the degree of restraint at the web-flange juncture numerically 
using elastic finite element models. Figure 2.2.6 shows an idealized model of a plate 
girder segment between two adjacent transverse stiffeners utilized by Lee et al. (1996) in 
their research. In order to simulate a state of pure shear, Lee et al. (1996) applied the 
shearing forces V and V(D/do) as shown in figure. Also, they imposed the displacement 
boundary conditions illustrated in Fig. 2.2.6. The variables studied in their research 
include do/D, D/tw, D/bf, and tf/tw. Lee et al. (1996) found that the mode shapes of web 
panels with relatively low values of tf/tw are essentially identical to the mode shapes of a 

2 Lee and Yoo (1998) also use a form of the elastic shear buckling equation with the coefficient 1.55 rather 

than 1.52 as shown in Eq. (2-95c). The coefficient of 1.55 is obtained when Tyw is taken as Fyw / V3 instead 
Of 0.6 Fyw. 
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plate with simply supported boundary conditions at the web-flange juncture. However, 
as the value of tf/tw increases, the mode shapes change from the simply supported case 
toward that associated with fixed support at the web-flange juncture. They also found 
that the buckling characteristics are identical in models with the two extreme values of 
D/tw examined in their study (D/tw =80 and 200). Based on these results, Lee et al (1996) 
concluded that the boundary condition at the web-flange juncture is close to a fixed 
support for high tf/tw ratios, and that the web slenderness ratio does not affect the 
buckling coefficient significantly. 

Constrained dofs, t 
left end of flanges (Typ) 

T 
Constrained dofs, / 
left end of web ^ 

V(D/do) 

Constrained dofs, 
right end of flanges (Typ) 

t 

Constrained dofs, / 
right end of web v " 

V(D/dQ) / 

D 

Figure 2.2.6. Typical segment of a plate girder web; panel between two adjacent 
transverse stiffeners, subjected to pure shear edge loading and with zero 

displacement boundary conditions (Lee et al. 1996). 

Lee et al. (1996) propose two equations to be used in the determination of the shear 

buckling coefficient. For — < —- < 2, they suggest 

k = k s s + j ( k s f - k j l - - 9 _ tf (2-104) 

tf and for —- > 2, they specify 

k = k s s + - ( k s f - k s s ) (2-105) 
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where kss and ksf are the regression formulas for the shear buckling coefficient provided 
in (SSRC 1998) for a plate simply supported on all sides, and for a plate fully fixed on its 
longitudinal edges and simply supported on its transverse boundaries: 

kss = 4 + 
5.34 fori. < i 

D 

= 5.34 + 
do 

vDy 

for-^->l 
D 

(2-106a) 

ksf = « 4 _ + 2 ^ _ 3.44 + 8 . 3 9 ^ fori <1 
2 fA\ J) J) (d } 

o 

vDy 

= 8.98 + 
5.61 

fd 
o 

iDy 

1.99 for ^2. > i 
D 

(2-106b) 

Bradford (1996) also studies the effect of restraint from the flanges on the web elastic 
shear buckling capacity, and develops charts for the shear buckling coefficient that give 
values very close to those predicted by Eqs. (2-104) through (2-106). 

For the contribution from postbuckling strength, Lee and Yoo (1998) conclude that, 
when the plastic shear force (Vp) is greater than the elastic shear buckling strength (Vcr), 
the postbuckling strength (VPB) is approximately equal to 40% of the difference between 
Vp and Vcr. Therefore, they suggest that the postbuckling strength can be predicted by 

VpB = 0.40(VP-Vcr) (2-107) 

They then obtain the nominal shear strength by adding VPB to Vcr. By introducing C, 
defined as the ratio of shear buckling strength to plastic shear strength (see Eqs. (2-94) 
and (2-95)), the base nominal shear strength equations proposed by Lee and Yoo can be 
expressed as 

Vn = VP(C + 0.4[1-C]) (2-108) 

Lee and Yoo (1998) state that the above equation is applicable only for web panels 
with relatively small initial out-of-fla.tness (equal to D/120000). Furthermore, they 
observe that due to web initial out-of-flatness and the postbuckling response, significant 
plate bending occurs within the web prior to the development of the maximum shear 
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strength. They conclude that a significant limitation of prior web strength models is that 
these plate bending stresses are not considered, and that their effects should be accounted 
for directly. To account for these effects, Lee and Yoo evaluate the shear strengths via 
finite element analysis for web panels with an initial out-of-flatness equal to D/120, 
which is within the fabrication tolerances for transversely-stiffened girders specified by 
AWS/AASHTO (1996). They find from their analysis results that, when the elastic 
shear buckling strength is greater than the 80 percent of the shear yield strength (i.e., 
when the web slenderness is smaller than that associated with the elastic to inelastic 
buckling web transition from Eq. (2-95b), D/tw < l . lOJEk/F^ ), the ultimate shear 

strength is reduced by approximately 20 percent due to initial out-of-flatness. On the 
other hand, the strength reduction due to initial imperfections for web panels with 
D/tw > 2.20JEk/Fyw is found to be insignificant. Furthermore, for the range of web 

slenderness ratios between these two limits, Lee and Yoo report that the strength 
reduction varies almost linearly from 20 to zero percent. Therefore, they propose a 
reduction factor to represent the influence of initial imperfections as 

R = 0.8 for — <1.10 — (2-109a) 

R = 0.8 + 0 . 2 - 4 ^ for 1.10 p ^ < — < 2.20 p ^ (2-109b) 
y yw w V yw 

and 

D Fk 
R=1.0 for — >2.20 — (2-109c) 

yw 

The final form of the shear strength equation proposed by Lee and Yoo (1998) is thus 

Vn = R VP(C + 0.4 [1 - C]) (2-110) 

Based on the results of the current research, the authors find that the use of the shear 
buckling coefficient from Eq. (2-104) generally gives an improvement in the prediction 
of elastic shear buckling strength (see Section 8.2); however, Eq. (2-110) yields 
nonintuitive results for the postbuckling strength. Figure 2.2.7 plots VPB/VP and 
(Vn - Vcr)/Vp from Eqs. (2-107) and (2-110) versus the panel aspect ratio for an I girder 
with Fyw = 345 MPa (50 ksi), D/tw =160 and Vtw >2. It can be stated that VPB in these 
equations is the unreduced postbuckling resistance, and that (Vn - Vcr) is the actual 
postbuckling resistance after the imperfection factor R is applied. It can be seen that Eq. 
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(2-107) predicts a slight increase in VPB as the panel aspect ratio is increased, and that 
when the postbuckling strength is interpreted as (Vn - Vcr), this increase is accentuated. 

Figure 2.2.7. Predicted ratio of VPB/VP and (V„ - Vcr)/Vp from Eqs. (2-107) and 
(2-108) as a function of d</D for a girder with D/tw =160 and tf/tw > 2. 

Equation (2-107), i.e., the assertion that the postbuckling resistance VPB is constant at 
40 percent of the difference between the plastic shear and elastic buckling strengths, is 
simply a coarse approximation of the postbuckling strengths observed in full nonlinear 
finite element analyses of nearly flat web panels (out-of-flatness of D/120,000) with the 
idealized load and displacement boundary conditions shown in Fig. 2.2.6 (Lee and Yoo 
1998). It does not have a theoretical basis. However, the buckling load Vcr generally 
decreases with increasing panel aspect ratio; therefore, the postbuckling resistance 
estimated by Eq. (2-107) (or based on (Vn - Vcr), with Vn obtained from Eq. (2-108)) 
tends to increase with increasing d</D. This is contradictory to prior experimental and 
analytical research (e.g., Basler 1961b and Porter et al. 1975) as well as results from this 
research presented in Chapter VIE. The correct contribution from the postbuckling 
strength tends to decrease as the panel aspect ratio is increased. 

Nevertheless, the observation by Lee and. Yoo (1998; 1999a) that significant plate 
bending exists in web panels at their shear strength limit state, and that these actions may 
influence the web shear capacity, are in the view of the authors important new 
developments. Furthermore, Lee and Yoo provide evidence in their papers that 
anchorage of a tension field by the flanges is not necessary for the development of 
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postbuckling strength. They observe in their finite element and experimental studies that 
the flange plate-bending stresses do not increase noticeably to any degree after the 
buckling strength of the web is exceeded. Furthermore, they show that at the maximum 
shear capacity of the web, the plate bending stresses in their flanges are typically small 
(i.e., much smaller than that required to initiate a flange plastic collapse mechanism), and 
that the flange rigidity appears to have little effect on the postbuckling strength of web 
panels. 

Lee and Yoo provide the theoretical sketch shown in Fig. 2.2.8a to explain that, after 
buckling, additional shear stresses equal to x - xCT can equilibrate the diagonal tension, at; 
therefore, there is no need for any anchoring system from the flanges. However, their 
argument via this sketch requires an equal compressive stress due to tension-field action 
on the other diagonal of the differential element. Conversely, additional diagonal 
membrane compressive stresses (if any) must be smaller than the incremental diagonal 
tension stresses after shear buckling occurs. Therefore, some transverse loading on the 
flanges would still be expected within the postbuckling range of the behavior based on 
this sketch. 

Marsh and Ajam (1987) and Marsh et al. (1988) provide a more precise theoretical 
argument for development of postbuckling strength without anchorage from the flanges. 
Fig. 2.2.8b summarizes their explanation. Based; on Mohr's circle, it can be concluded 
that significant diagonal tension, along with a smaller diagonal compression in the other 
principal direction, can be developed at the web-flange boundary without the 
development of any transverse loading on the flanges. Marsh and Ajam (1987) further 
explain that 

"In practice, for an imperfect panel, the stress is never uniform and, as the 
panel distorts after the bifurcation stress is reached, the distribution is 
radically modified. The diagonal strips in compression are shorter the closer 
they are to the 'tension corner' and thus can sustain higher stresses before 
buckling. In the corner, where the strips are very short, the yield stress in 
shear can be resisted along the boundary. At this stage, in the corner, the 
principal tension and compression stresses are then equal to half the yield 
stress in tension [based on the Tresca yield criterion]. In this limiting 
condition, the shear stress varies along the boundary from a value close to 
the initial critical shear stress at one end, to the yield stress in shear at the 
other. The system is elastic and requires only that the flanges have axial 
rigidity, as no stress normal to the boundary is postulated.... For long panels 
with end stiffeners only, the direction of the principal stresses is rotated in 
such a manner that an increasing shear force can be sustained with a 
constant principal compressive stress equal to the critical shear stress...." 

Unfortunately, the strength prediction model proposed by Ajam and Marsh (1991) 
requires consideration of the flange proportions and loading due to vertical bending in 
order to attain good accuracy relative to experimental results. 
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Figure 2.2.8. Diagonal tension and lack of a need for anchorage from the flanges: 
(a) Differential element in the web, at the web-flange juncture, after buckling (Lee 

and Yoo 1998) and (b) Stress state illustrated by Ajam and Marsh (1991). 

It is clear from Lee and Yoo's (1999) experimental research that the failure of a web 
panel in shear can occur prior to the development of plastic hinges in the girder flanges. 
However, it should be noted that the girders studied experimentally by Lee and Yoo 
(1999a) have a small ratio of the area of the web to the average area of the flanges 
(2Aw/(AfC + Aft) in their ten experimental tests ranges from 0.60 to 1.23), four of these 
tests have quite stocky flanges with bf/2tf < 5, and seven have compact flanges with bf/2tf 
< 6.65. For girders with smaller and more slender flanges, the bending of the flanges 
may be more significant. Furthermore, Marsh and Ajam (1987), Marsh et al. (1988) and 
Ajam and Marsh (1991) show significant enhancement in the shear capacity due to frame 
action in girders with heavy flanges. 

Lee and Yoo (1998) consider a wide range of flange sizes (i.e., flange rigidities) in 
numerical studies of the maximum shear strength of web panels. However, these studies 
are based on the idealized boundary conditions along the edges of the web panel shown 
in Fig. 2.2.6. It is suspected that their numerical results, particularly within the 
postbuckling range of the response, could be falsely skewed by the idealized applied pure 
shear loading along the web boundaries. This difficulty is circumvented within the 
current research by modeling complete girders with support and loading conditions 
exactly as would be utilized in experimental laboratory shear tests. Also, since the 
rotations are not restrained about a horizontal axis at the ends of the flanges in their finite 
element model (see Fig. 2.2.6), the development of frame action would be limited in their 
analysis predictions. 

Basler (1961b) also recognizes the behavior discussed above regarding anchorage 
from the flanges. He states regarding his experimental results, "Strain gages mounted on 
the flanges of the test girders confirm that the plate bending effect prior to ultimate load 
is negligibly small." Furthermore, Basler argues that although Eq. (2-103) would 
indicate that the flanges in his tests would be loaded substantially beyond their yield 
stress in plate bending, his theory is still acceptable. Gaylord (1961) also states that, 
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"The good correlation between predicted values and experimental results 
cannot be dismissed. For this reason, the author's analysis may be an 
acceptable prediction of the postbuckling behavior of thin-webbed girders 
for the practicable range of parameters in civil engineering practice." 

It should be noted that 2Aw/(Afc + Aft) is relatively low also in Basler's ten shear tests 
(ranging from 0.72 to 1.09, including the area of cover plates welded to the flanges in 
two of the tests) (Basler et al. 1960), and all of his flanges have bf/2tf = 8. As noted in 
Section 2.2.2, Aydemir (2000) considers larger 2 Aw/(AfC + Aft) and bf/2tf values in his 
finite element studies. These studies confirm the adequacy of Basler's (1961b) shear 
strength equations for straight girders up to 2Aw/(Afc + Aft) = 2.4. 

It should be noted that the shear strength equations proposed by Lee and Yoo (1998) 
are somewhat more complex than the corresponding current AASHTO LRFD (2001) 
equations, due to the calculation of the more accurate shear buckling coefficient, and due 
to the application of the imperfection factor R in the nominal capacity equations. 
Nevertheless, if these equations provide significantly more accurate results, their minor 
additional complexity may be merited. Unfortunately, the results of this research, the 
research reported in (Zureick et al. 2001), and Aydemir's (2000) research indicate that 
Eq. (2-110) does not perform as well as the current AASHTO LRFD (2001) equations. 

2.2 J Modified AASHTO LRFD Equations 

It is desirable to maintain the simplicity of the current AASHTO equations as much 
as possible in considering any potential enhancements in predictors of the shear capacity. 
One possible approach considered in this research is the use of the shear buckling 
coefficient equations proposed by Lee et al. (1996) for calculation of the buckling 
strength, along with Basler's model for the postbuckling strength, within the present 
AASHTO shear strength equation (Eq. 2-103). As shown later in Chapter VIII, Lee and 
Yoo's shear buckling coefficient gives significantly improved predictions of the shear 
buckling load for the girders studied in this research, compared to the use of the current 
AASHTO shear buckling coefficient (Eqs. 2-96). The resulting shear strength equations 
are referred to here as the modified AASHTO equations. Also, Chapter VIII shows that, 
of the equations considered in this research, the best predictions of the maximum shear 
capacities are obtained from this approach. 

It is interesting to evaluate the application of Lee and Yoo's shear buckling 
coefficient in conjunction with the true as well as the original Basler equations. Figures 
2.2.9 and 2.2.10 compare the results for both of these models for panel aspect ratios 
(do/D) of 1 and 3. A value of tf/tw > 2 is assumed. These figures parallel Figs. 2.2.4 and 
2.2.5 so that the effect of the modified shear buckling coefficient also can be ascertained. 
The term Vn(onginai Basler) represents the modified AASHTO equations using Basler's 
original solution for tension field action, as adopted in the current AASHTO LRFD 
equations, whereas the term Vn(True Basler) represents the modified AASHTO equations 
using the true Basler solution for tension field action. 
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Figure 2.2.9. Shear strengths by Raster's original equations, the true Basler 
solution, and the web shear buckling formulas for girders with d0/D = 1 and tf/tw > 2 

— shear buckling strength calculated by Basler's equations (Eqs. 2-95) using the 
shear buckling coefficients by Lee et al. (1996). 
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Figure 2.2.10. Shear strengths by Basler's original equations, the true Basler 
solution, and the web shear buckling formulas for girders with do/D = 3 and tf/tw > 2 

— shear buckling strength calculated by Basler's equations (Eqs. 2-95) using the 
shear buckling coefficients by Lee et al. (1996). 
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It can be observed that the modified AASHTO equations based on the true Basler 
solution yield significantly conservative predictions compared to the modified AASHTO 
equations with Basler's original tension field equation. The ratio of the shear capacity 
obtained from the modified equations using the original Basler solution to that using the 
true Basler strength ranges from 1.02 to 1.24 for do/D = 1 as D/tw varies from 100 to 160, 
and from 1.04 to 1.24 for do/D = 3. Based on the significantly higher strengths associated 
with the original Basler solution, and based on the lack of significantly unconservative 
results with Basler's original equation (Eq. 2-103) relative to tests and finite element 
analyses considered in this research, only the original Basler postbuckling strength 
contribution is considered further in this research. However, both the corresponding 
AASHTO (2001) and modified AASHTO equations are evaluated. 

By comparing the results based on the original Basler postbuckling strength in Fig. 
2.2.9 to those in Fig. 2.2.4, it can be observed that the increase in the predicted shear 
capacities for do/D = 1 associated with the use of Lee and Yoo's (1996) shear buckling 
coefficient ranges only from 1.03 to 1.06. In other words, for small transverse stiffener 
spacing (do/D < 1), the difference in the maximum shear strengths predicted assuming 
simply-supported boundary conditions at the web-flange junctures versus assuming 
substantial restraint from the flanges is small. However, by comparing Figs. 2.2.10 and 
2.2.5, it can be determined that the corresponding increase in capacities for do/D = 3 
ranges from 1.33 (at D/tw = 100) to 1.19 (at D/tw = 160). These comparisons are shown 
for several values of do/D in Fig. 2.2.11. 

2.2.5 Recommended Equations 

Based on the results of this and other contemporary iresiearph, it is recommended that 
as a minimum the AASHTO LRFD (2001) equations, including tension-field action, 
should be adopted to quantify the maximum shear strength of ibjpth straight and 
horizontally-curved I girders. These equations provide a simple and acceptable 
prediction of the shear strength. From consideration of maximum strength alone (other 
issues are addressed below), the current research shows that the limits on the web 
slenderness and panel aspect ratios in the Recommended Specifications can be relaxed. 
The limit of do/D < 3 for designing girders as transversely stiffened, as required by the 
current AASHTO LRFD (2001) straight-girder Specifications, is found to be adequate 
also for curved I girders with LD/R < 0.10. Since the shear strength data for transversely-
stiffened I girders with a large ratio of the area of the web to the area of the flanges is 
very scarce, it is suggested that 2Aw/(Afc + Aft) = 2.4 be taken as a practical upper limit 
for including the contribution of tension field action to the shear strength. 

The modified AASHTO LRFD equations (see Section 2.2.4) are found to provide the 
best accuracy of the equations considered. The improvement in accuracy and the 
increase in the nominal shear strength relative to the current equations are minor for small 
do/D values, but they are significant for large panel aspect ratios. Therefore, the modified 
AASHTO equations should be given serious consideration. The current AASHTO LRFD 
(2001) shear strength equations tend to give liberal predictions for small do/D values (see 
Section 2.2.2). The modified AASHTO LRFD equations tend to give liberal strength 
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predictions for some cases with intermediate tiVB values (see Section 8.1.1). When 
combined with appropriately derived resistance § factors, it is expected that the factored 
design shear strengths with the modified AASTHO equations will be slightly more 
conservative than the current AASHTO equations for small dJD. However, the factored 
shear strengths will likely be significantly larger than the values predicted by the current 
AASHTO equations for large do/D values. 

100 110 120 130 140 150 160 

D/tw 

Figure 2.2.11. Ratio of Vra from modified AASHTO equations to Vn based on 
current AASHTO equations for girders with tf/tw > 2. 

The above recommendations are focused on transversely stiffened I girders of Grade 
345 steel, with D/tw values up to 160. It should be noted that Lee and Yoo (1998) show 
substantial overprediction of the web shear capacity by Basler's (1961b) equations for 
larger web slenderness and dVD < 1.5. Further discussion of these recommendations is 
provided in Section 8.4. 

There is one major issue that still needs to be addressed before the more accurate 
shear buckling coefficients from the research by Lee et al. (1986) can be adopted 
universally within the AASHTO LRFD (2001) Specifications. The current specifications 
restrict the shear stresses within I girder webs to the elastic buckling stress under fatigue 
loading conditions, based on the assumption of simply-supported boundary conditions at 
the flanges. Montgomery (1987) observed that girders tested under fatigue loading above 
the elastic shear buckling capacity - based on the current AASHTO LRFD (2001) 
equations - generated cracks along the welds connecting the web to the flange and also to 
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the stiffeners. The implications of the use of the more accurate shear buckling 
coefficients on this check needs to be investigated before these coefficients can be 
applied to these provisions. However, short of reinvestigating these fatigue limits, the 
shear buckling coefficients based on simply-supported boundary conditions at the flanges 
can be utilized for the fatigue provisions, and the more accurate shear buckling 
coefficients can be utilized for checking of maximum strength. 

Prior to liberalizing the shear strength provisions as described above, further research 
on the fatigue strength of curved girder webs would be useful. As noted previously, the 
most recent experimental research regarding fatigue of curved I girder webs was 
conducted by Daniels and Herbein (1980). Based on this research, limits on web 
slenderness were proposed as summarized in Section 2.2.2 (see (Eq. 2-51)). If the 
Recommended Specification provisions for web design are liberalized, this equation, or a 
modified form of this formula based on further research, might be adopted to address 
fatigue issues. Alternatively, it is possible that checks based on web buckling under 
fatigue loading conditions might be sufficient up to some limit on the horizontal 
curvature. The reader is referred to Section 2.2.2 for a discussion of these issues. 

2.3 MOMENT-SHEAR INTERACTION 

2.3.1 Recommended Specifications 

Interaction between moment and shear is not considered in the Recommended 
Specifications (Hall and Yoo 1998) for neither stiffened nor unstiffened curved I girders. 
This is also the practice in the AASHTO Guide Specifications (AASHTO 1993). Hall 
and Yoo (1998) explain that, for unstiffened webs, the bend-buckling coefficient is 
lowered to 7.2 to provide some conservatism for cases where unstiffened web panels are 
subjected to both high shear and high moment (note that (AASHTO 2001) also assumes 
k = 7.2 for calculation of Rb in girders with Dc > D/2). Also, for stiffened webs, the 
postbuckling strength in bending and shear is not included within the member design 
equations. As a result, there is no need to check moment-shear interaction for either 
stiffened or unstiffened webs. 

2.3.2 AASHTO LRFD (2001) 

The design strength curve for moment-shear interaction in the current AASHTO 
LRFD Specifications (2001) is shown in Fig. 2.3.1. This curve is based largely on the 
research by Basler (1961c). Reduction in the shear capacity due to bending moment is 
assumed to be negligible when M < 0.75 Mn. Similarly, the reduction in bending 
capacity resulting from coincident shear is ignored when V < 0.60Vn,. However, when 
either of these limits is exceeded, plate girders with webs designed for tension-field 
action must satisfy the following flexure-shear interaction check: 

M V 
— + 0.625— < 1.375 (2-111) 
Mn Vn 
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For unstiffened girders and for other girders designed based only on the shear buckling 
strength, AASHTO LRFD (2001) does not require any moment-shear interaction check. 

Equation (2-111) is a conservative fit to analytical moment-shear interaction curves 
developed by Basler (1961c), and to Basler's experimental test data, feasler bases his 
conclusions regarding moment-shear interaction largely on a theoretical lower-bound 
plastic analysis of the web, considering possible states of stress that are in equilibrium 
with the applied moment and shear, yet nowhere violate the yield condition. In this 
analysis, he assumes that the section can attain the plastic moment capacity in the 
absence of shear, and that the plastic flanges, by themselves, resist the moment at the 
maximum shear capacity of the section (associated with uniform shear yielding within the 
web). He takes the cross-section yield moment My as the design moment capacity. 

0.0 0.2 0.4 0.6 

M/M„ 

0.8 1.0 1.2 

Figure 2.3.1. AASHTO LRFD (2001) moment-shear interaction for panels designed 
based on tension-field action versus theoretical M-V interaction curves from 

Basler's (1961c) developments. 

Figure 2.3.2 shows the stress distributions associated with the moments used in 
Basler's derivation. Based on the assumption of a homogeneous doubly-symmetric I 
section, the moment resisted by the flanges when they are fully yielded is computed as 

Mf=AfFyD (2-112) 
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Furthermore, Basler calculates the corresponding contribution of the web to the yield 
moment as 

FyAwD 
M,„ = — (2-113) 

such that the yield moment can be approximated as 

( 
Mv = M f +MW =A f F D 

1 A, \ 
1 + -11IW 

6 A f J 

(2-114) 

D / J 

M Mf M. H 
Figure 2.3.2. Reference moments utilized by Basler (1961c). 

Basler develops his theoretical moment-shear interaction relationship by assuming 
that a central portion of the web of depth Dwy yields in shear as shown in Fig. 2.3.3. The 
remaining plastic section is assumed to be available to resist the moment. The nominal 
shear resisted by the middle portion of the web is taken as 

V -L'wy t\y Ty (2-115) 

Therefore, Basler obtains 

P. 

(2-116) 

Basler's remaining flexural capacity is thus 
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M n '=A f F y D + 

which can be written as 

D 'D> 
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( D^A 
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(2-117a) 
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Figure 2.3.3. Shear and moment strengths under combined bending and shear. 

Finally, if we divide Eq. (2-117b) by Eq. (2-114), we obtain 

A, 

M ' 1VAn _ 

M „ 
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i + i 
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^-w 

v A f y 

(2-118) 

Based on Eq. (2-118), it can be observed that the theoretical reduction in the moment 
capacity due to shear depends on the ratio of the applied web shear force to the web shear 
capacity (V/Vp) and on the ratio Aw/Af. Easier then considers that for practical girders, 
Aw/Af will be less than or equal to two. This analysis has subsequently been 
extrapolated to represent a theoretical M-V strength interaction curve for plate girders by 
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replacing My in Eq. (2-118) by the nominal moment capacity in the absence of shearing, 
Mn < My, and by replacing Vp in this equation by the nominal shear capacity (including 
the postbuckling strength) in the absence of bending moment, Vn < Vp. The resulting 
curves are shown in Fig. 2.3.1 for Aw/Af =1,1.5 and 2. It can be seen that when 
Aw/Af = 2, M n ' = 0.75My at V/Vp = 1 in Eq. (2-118). 

There are several places where potentially conservative assumptions are introduced in 
the above developments: 

• In the lower-bound plastic analysis of the web. Basler (1961 c) shows an alternative 
lower-bound solution that produces less severe moment-shear interaction for the 
compact-section assumptions utilized in his derivation. 

• In the selection of Aw/Af = 2 as a practical upper-bound value for substitution into Eq. 
(2-118). Note that for Aw/Af > 2, Eq. (2-111) is unconservative relative to the 
theoretical M-V interaction equations. 

• In setting Vp to Vn and My to Mn in Eq. (2-118). In a typical plate girder, Vn is 
significantly smaller than Vp and Mn is somewhat smaller than My. As a result, it is 
possible that the interaction effects are less severe than inferred by Basler's lower-
bound plastic analysis. The actual stress state in the web of a slender-web plate girder 
subjected to high moment and high shear is of course very different than the simple 
stress-distribution assumed in Basler's derivation. 

• In neglecting the potential benefit of localized strain-hardening within the web panel. 
For the only type of cross-section that Basler's analysis strictly applies (i.e., a 
compact web section), plastic design research has shown that the corresponding 
moment-shear interaction can be neglected (ASCE-WRC 1971). 

• In approximating the lower-bound plastic analysis results for the moment-shear 
interaction by a linear equation (although it can be observed from Fig. 2.3.1 that a 
linear relationship between 0.6Vn and Mf represents Basler's theoretical predictions 
rather well). 

• In the conservatism of the nominal design Mn and Vn values relative to the actual 
girder capacities for many (but not all) cases. In many girders, even though there is 
some small reduction in strengths due to high moment and high shear, all the data 
points for the strengths (M, V) fall outside of the rectangular box defined by the 
nominal girder moment and shear capacities. 

Therefore, it is to be expected that in many practical situations, the actual strength under 
the action of high moment and high shear is significantly greater than implied by the 
AASHTO LRFD (2001) M-V interaction equation (Eq. 2-111). 
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Furthermore, as noted in Chapter I, Aydemir (2000) observes that Easier introduces 
conservative assumptions in comparisons of his experimental test data to his moment-
shear interaction curves. Basler (1961c) discusses that, based on the fact that local 
buckling does not occur at the maximum moment location in his tests (due to the 
presence of a transverse stiffener at that location), the proper position for calculating the 
applied moment for the M-V interaction check is at a minimum of (D/2, d0/2) from the 
maximum moment point. This interpretation is incorrect. The proper location for 
checking the flexural s t rength^ conditions of low shear is the peak moment location. 
At regions subjected to high shear and high bending moment, the moment drops rapidly 
as we move away from this position. This drop is required for satisfaction of 
equilibrium, and is not due to M-V interaction. Therefore, by using the moment at min 
(D/2, do/2) for checking moment-shear interaction, Basler inadvertently introduces a false 
magnification of the M-V interaction behavior for high moment and high shear. Basler 
(1961c) shows data points on moment-shear interaction plots using both the moment at 
min(D/2, dJ2) and Mmax. His data points based on the moment at min(D/2, do/2) show 
only minor reduction in the moment capacity due to the presence of high shear, relative to 
the AASHTO LRFD (2001) bending strength Mn, and his data points based on Mmax 

clearly show negligible M-V interaction. 

Aydemir (2000) surveys the literature for other M-V interaction tests of transversely-
stiffened girders and concludes that the available test data is sparse, but that of the tests in 
the literature, no significant moment-shear interaction is found if the maximum panel 
moment is used3. Aydemir then conducts refined finite element studies of a number of 
straight hybrid I girders, and shows that if the maximum panel moment is always used, 
the resulting finite element based capacities are reduced below the nominal design shear 
capacities - without consideration of any moment-shear interaction - by a maximum that 
is about the same magnitude as for the largest unconservative predictions associated with 
the shear strength equations (both with the current AASHTO (2001) and the modified 
AASHTO shear strength formulas). It can be shown that if the value of M at the 
maximum moment location in the panel is always used in the design checks, the 
statistical distribution of the strengths obtained in experimental and finite element based 
high-moment high-shear tests, relative to either the nominal moment capacity or the 
nominal shear capacity, whichever controls (without the consideration of any moment 
shear interaction), is actually better than the statistical distribution of the strengths 
relative to the nominal capacity predicted by the current AASHTO and recommended 
modified AASHTO shear strength formulas for high-shear low-moment tests. These 
conclusions are considered to be valid for girders with 2Aw/(Afc + Aft) up to 2.4. 

3 Lee and Yoo (1999a) present results for one high-moment high-shear test (G10) that exhibits some of the 
largest strength reduction due to M-V interaction of the transversely-stiffened girder tests documented in 
the literature. They report a maximum shear strength in their test of 0.93 of the shear strength predicted by 
Basler's original equations, which is consistent with the observations by Aydemir. Based on the equations 
presented in this report and the material data reported by Lee and Yoo, the authors obtain a ratio of the 
shear strength in this experimental test to that predicted by the AASHTO LRFD (2001) equations of 1.03. 
The ratio of the measured test capacity to the predicted flexural strength from the modified AASHTO 
LRFD (2001) strength equations recommended in this research (see Section 2.1.1) is 1.00. 
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Based on Aydemir's work, it can be inferred that the M-V interaction effects might be 
absorbed into the calculation of the resistance factors in LRFD, thus eliminating the need 
for M-V interaction checks within the I girder design process. Unfortunately, Aydemir 
(2000) did not include residual stresses in many of his analyses pertaining to M-V 
interaction. His analyses with residual stresses included show slightly more rounding of 
the moment-shear strength interaction for high moment and high shear, and lower 
flexural strength. It can still be concluded from these analyses that M-V interaction in 
straight hybrid I girders is minor. However, further finite element studies are needed to 
consider the effect of residual stresses on the moment-shear interaction behavior for a 
wide range of girder geometries, and further experimental tests are needed to confirm the 
finite element predictions. In this research, a large number of finite element solutions are 
generated for curved homogeneous I girders, including the consideration of residual 
stresses. 

One aspect of bridge design that should be factored into the consideration of the 
recommended potential changes is that in most (if not all) cases, engineers check M-V 
interaction based on maximum envelope values for the shear and moment. This 
introduces further conservatism into the M-V interaction check, since the true strength is 
influenced only by the concurrent values of the moment and shear. It is expected that the 
over-prediction of the combined moment and shear values based on the moment and 
shear envelopes more than compensates for the minor unconservatism that occurs for 
some cases due to neglecting M-V interaction. Furthermore, in composite I girders, 
there is an incidental contribution from the bridge deck to the shear strength. This 
contribution is generally not included in steel I girder design, but its influence on the 
shear strength can be significant. 

2.3.3 Recommendations 

Figure 2.3.4 summarizes the analysis results from all of the tests within the primary 
suite of the parametric studies conducted in this research (see Section 5.3). These studies 
include uniform vertical bending tests, shear strength tests with loadings applied to 
produce the maximum possible V/M within the test segment, and high-shear high-
moment tests in which the ratio of V to M is reduced from that of the shear strength tests. 
All the girders in the primary test suite are doubly symmetric. Test results for 
monosymmetric I girders are discussed later in the report; these results are similar to 
those shown in the figure. 

In Fig. 2.3.4, the nominal moment capacity based on the proposed one-third rule is 
used for Mn, and the nominal shear capacity based on the modified AASHTO shear 
strength equations (see Section 2.2) is used for Vn. The term V is the shear within the 
critical test length when the capacity of the specimen is reached, and M is the maximum 
vertical bending moment within the critical unsupported length at the limit load of the 
test, based on full nonlinear finite element analyses as specified in Chapter III. 

Since in the one-third rule, Mn depends on the flange elastic lateral bending stress f̂ , 
it is important to explain the procedure for determining the M/Mn values for the data 
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points in Fig. 2.3.4. Subsequent to the execution of the full nonlinear analyses to 
determine the capacities M and V, each of the specimens is subjected to a first-order 
elastic analysis with the same ratio of th6 applied loadings (as well as MTV) as employed 
within the corresponding full nonlinear analysis. An open-walled section curved beam 
finite element is utilized for these analyses4. These first-order elastic analyses are used 
to calculate the maximum ratio of f/fb within the test segment, which is a constant for all 
load levels in each test (since the analysis is first-order). This ratio is then substituted 
into Eqs. (2-90), and these equations are solved for the single unknown, fb, corresponding 
to the nominal vertical bending strength. This value of fb is then multiplied by the elastic 
section modulus to obtain Mn. The above design analysis lateral bending stresses are a 
lower-bound estimate of the second-order elastic stresses that would exist in the actual 
girders, including the effects of web distortion. Therefore, the vertical bending strengths 
Mn computed using these f/fb values tend to be liberal relative to the strengths computed 
with accurate second-order elastic stresses, and the M/Mn values within Fig. 2.3.4 tend to 
be slightly underestimated. 

1.4 

1.2 

1 
o 
H 
X 
(/} 

3 0.8 

> 

0.6 

0.4 

0.2 

0 

0.0 

x * ^c ** I V ' ^ / * 1 ' * * : 
x Y / x x£ 

• Uniform Vertical Bending 

xMaxV/M 

A High-Shear High-Moiment 

• Max V/M tests that fail by lat. bending 

**x xx 

0.2 0.4 0.6 0. 1.0 1.2 1.4 1.6 

M/M n(l/3 rule) 

Figure 2.3.4. Moment-shear interaction results from the primary finite element 
parametric studies conducted in this research. 

4 As noted in Sections 1.2 and 1.5, second-order elastic shell finite element models are utilized for 
calculation of the elastic design analysis stresses in the majority of this research, to account for potential 
web distortion effects. ' 
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