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9.3 (Left) Compound LiL produced from two coarse lattices and a ne lattice
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11.4 A Mobius steady pattern of &bius frames. Le® be the Mdbius transform
that takesP[0] to P[1]. The transformation between the displayed consec-
utive frames isG*™. The two xed pointsF, andF, of G are shown. The
pattern appears to emerge frdfp and converge towards,. Three loxo-
dromes are shown in green, and each passes through corresponding points
of the Mobius frames. If we were to transform this pattern by an inversion
about a circle centered at eitHer or F», then the result would be a similar-
ity steady pattern of frames, and the loxodromes would become logarithmic
Spirals. . . . . 124

11.5 (Left) A Mobius steady 2-pattern of circles. Each node-group contains 4
circles. The template node-group is on the bottom-left. Theansforma-
tion creates the steady pattern from left to right, &dreates the pattern
from bottom to top. The Nbius frames associated with each node-group
are also shown. (Right) A bbius steady recti ed slab lattice. Notice that
the global shapes of both patterns cannot be modelled as similarity steady
slabpatterns. . . . . . . .. e 128

11.6 (Left) A TMI map controlled by 5 points. The iso-curves are loxodromes,
and all tiles are related by adbius transformation. (Right) A TMI pattern
of circles. Each circle is related by a translation in the parameter space
(which is a Mbbius transformation intheimage). . . .. .. ... ... .. 130

XViii



LIST OF ACRONYMS

BeCOTS Bent Corner-Operated Tran-Similar
BIQ Ball Interference Query

CAD Computer Aided Design

CLG Constructive Lattice Geometry
COTS Corner-Operated Trans-Similar
CSG Constructive Solid Geometry
DoF Degrees of Freedom

GPU Graphics Processing Unit

GUI Graphical User Interface

IPC Integral Property Calculation

LiL Lattice-in-Lattice

PLE Programmed Lattice Editor

PMC Point Membership Classi cation

TMI Trans-Mbius Interpolant

XiX



SUMMARY

Lattice structures are widespread in product and architectural design. Recent work
has demonstrated the printing of nano-scale lattices. However, an anticipated increase in
product complexity will require the storage, processing, and design of lattices with orders
of magnitude more elements than current Computer-Aided Design (CAD) software can
manage.

To address this, we propose a class of highly regular lattices called Steady Lattices,
which due to their regularity, provide opportunities for highly compressed storage, accel-
erated processing, and intuitive design. Special cases of steady lattices are also presented,
which provide varying degrees of compromise between design freedom and geometric reg-
ularity. For example, the commonly used regular lattices, which provide little design free-
dom but offer maximum regularity, are the least general form of steady lattice. We propose
the 2-directional, Bent Corner-Operated Trans-Similar (BeCOTS) lattices as a useful com-
promise between regular lattices and fully general steady lattices. A BeCOTS lattice may
be controlled by four non-coplanar points, which represent four corners of the lattice. The
Trans-Similar property ensures that a BeCOTS lattice is composed of groups of beams such
that each consecutive pair of groups of beams along a particular direction is related by the
same similarity. Trans-Similarity also enables constant-time queries such as surface area
calculation, volume calculation, and point-membership classi cation.

We take advantage of the regularity in steady lattices to ef ciently produce and query
highly complex lattice structures that we call Constructive Lattice Geometry (CLG), where
CLG is an extension of traditional Constructive Solid Geometry (CSG). CLG models are
periodic CSG models for which regular patterns of primitives are combined into many re-
peating CSG microstructures that are ultimately combined into one CSG macrostructure.
We provide strategies for designing and processing recursively de ned CLG models to en-

able the creation of CLG models composed of smaller CLG models. Parameterized steady

XX



lattices and CLG models may be de ned by a few lines of code, which facilitates lazy
(on-demand) evaluation, massively parallel processing, interactive editing, and algorithmic

optimization.
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CHAPTER 1
INTRODUCTION AND MOTIVATION

1.1 Motivation and problem statement

New additive manufacturing techniques are enabling the fabrication of structures with un-
precedentedly complexity. These provide an opportunity for engineering structures and
materials with useful and novel physical properties [39] including light weight [40], re-
coverability from compression [40], energy absorption [11], and negative Poisson's ratio
[48].

Standard Computer Aided Design (CAD) software is not capable of modeling on the
scale of the microstructure for a fully manufactured object [2]. In fact, modeling mi-
crostructure is not even necessary to exceed the capabilities of fully evaluated CAD models.
A cubic meter of material with just 1 structural element per cubic millimeter contains one
billion total elements.

To support the engineering of such complex structures, CAD tools must be able to rep-
resent them in their entirety and must provide intuitive user interfaces for manual structure
design. Additionally, CAD tools must provide ef cient analysis of physical properties to
support structure optimization.

The naive way to represent a structure would be to explicitly list each individual ele-
ment that composes the structure. The storage requirements for this representation grow in
proportion with the number of elements. For example, a structuremitim  m elements
has a storage cost &f(m?). Form = 1000, one billion elements must be explicitly stored.

Similarly, for many important queries, a naive implementation has a time cost that
grows at the same rate @f(m®). For example, computing the volume of a structure by

explicitly computing and summing the volume of each element, assuming the elements are



pairwise disjoint.

If the structure is truly random, then improving storage and query costs compared to
these naive implementations may be dif cult. However, engineered structures are typically
not random. Patterns in the structures can be exploited to improve both representation and
query costs.

Existing geometric modeling techniques exploit translation-based periodicity to ef -
ciently represent a limited but useful set of engineered structures that also support ef cient
queries [32]. These techniques store a single geometric element and then treate &
grid of identical copies of the element such that each consecutive pair of elements along a
single direction is related by the same translation. A structure modelled with this approach
is called a Regular Structure. Regular structures only require a constant amount of storage
relative to the repetition counts v, andw, and useful queries on regular structures can
be performed with a constant amount of time relative to the repetition counts. However,
regular structures are very limited in the variety of geometries that can be modeled. For
example, we are interested in increasing design freedom to model curved and graded pe-
riodic structures such that consecutive pairs of elements are not necessarily related by a
translation. Curved and graded periodic structures have been modeled by deforming regu-
lar structures [32], but we wish to avoid deforming our structural elements. Furthermore,
guerying a deformed structure is more computationally dif cult than querying the regular

structures, and we want our models to support ef cient geometric queries.

1.2 Overview

The key idea of our approach is to start with a simple geometric element (which we may
call thetemplate) that is to be repeated (possibly in multiple directions) to form an un-
connected large-scale pattern of elements. The repetition of the element is such that the
transformation between consecutive pairs along a direction of elements is constant, so all

elements can be reconstructed if only the template and the few transformations are stored.



Figure 1.1: (Left) A regular lattice withOCG cells. (Right) A similarity steady lattice with

10C cells. Note that the balls and beams are not deformed in either lattice (i.e., the balls
are round and the beams are conical frustums). A zoom for both lattices is shown in the
top-right corners.

Note that a transformation between consecutive elements need not be a translation. Finally,
neighboring elements are connected (with beams) using the same process for each element,
so the connectivity information from only one element to its neighbors must be stored. Fig-
ure 1.1-Left shows an example of this approach when the consecutive transformations are
translations. Figure 1.1-Right shows a more general example where the consecutive trans-
formations are general similarities instead of translations.

Besides the reduced storage cost, the particular way in which we repeat the geometry,
which we refer to as similarity steady, allows for accelerated queries, which may improve
structure optimization and design.

Of course, this representation requires that the designed structure be periodic. Struc-
tures such as stochastic foams [26] and those resulting from topology optimization are
typically not periodic [3]. Hence, it makes no sense to try to represent aperiodic structures
using a template and repetition recipe, so other representations may be more suitable. For
example, Voronoi foams have been used successfully to represent some stochastic foams

[26].



The queries we primarily address are surface area calculation, volume calculation, and
Point Membership Classi cation (PMC). A surface area calculation query returns the sur-
face area of either the entire structure or of a selected portion of it. Calculating surface area
is useful for optimizing heat transfer. Similarly, a volume calculation query returns the vol-
ume of either the entire structure or of a selected portion of it. Calculating volume is useful
for optimizing material use and weight. We group the surface area calculation and volume
calculation into one query groumtegral Property Calculation (IPC) , because, for our
structures, both have the same acceleration strategies and therefore the same computational
complexity.

A Point Membership Classi cation (PMC) query takes as input a poi@tand returns
true if and only ifQ is contained by the queried structure. PMC may be useful for voxeliza-
tion and for determining where to place material for 3D printing. We also discuss a useful
generalization of PMC called thBall Interference Query (BIQ) in chapter 7. A BIQ
takes as input a query b&Jl and returns true if and only ® has a non-empty intersection
with the queried structure. A BIQ with@ of radiusO represents a PMC query. The BIQ
may be used to implement distance queries and ray intersection queries.

We validate the proposed approach experimentally, using Graphical User Interface
(GUI) prototypes for creating and editing complex, periodic structures, using key queries,

and discussing asymptotic and practical performance improvements.

1.3 Contributions

The goal set forth for this work was to explore novel ideas that may help us to improve
our ability to design, optimize, and print large material micro-structures of unprecedented
complexity.

We achieved this by proposing and validating through prototype implementations: (1)
concise, parameterized, procedural representations for such structures, (2) an interactive

design environment for creating and editing them, (3) and ef cient algorithms that support



gueries that are important for analysis, optimization, and manufacturing.

The novelty of the proposed solution includes: (1) the proposal of a new combination
of simple, previously known concepts and (2) the invention of new concepts and algorithms
that simplify and/or accelerate the representation, design, and processing mentioned above.

Some of the material presented in this thesis has appeared in the following peer-reviewed
conferences and journal papers, and the work was performed in collaboration with listed

colleagues.

Programmed-Lattice Editor and accelerated processing of parametric
program-representations of steady lattices (Ashish Gupta, Kelsey Kurzeja,

Jarek Rossignac, George Allen, Pranav Srinivas Kumar, Suraj Musuvathy) [14]

RangeFinder: Accelerating ball-interference queries against steady lattices (Kelsey

Kurzeja, Jarek Rossignac) [19]

BeCOTS: Bent Corner-Operated Tran-Similar Maps and Lattices (Kelsey Kurzeja,

Jarek Rossignac) [20]

CHoCC: Convex Hull of Cospherical Circles and Applications to Lattices (Yaohong

Wu, Ashish Gupta, Kelsey Kurzeja, Jarek Rossignac) [47]

We list speci ¢ contributions along with relevant chapters and citations of relevant pub-

lished work:

» The introduction of the multidirectional similarity steady patterns, maps, and elds

(chapter 2 and [14]).

» The application of similarity steady patterns to modeling recti ed, periodic lattices

(chapter 3, chapter 6, [14], and [47]).

» Acceleration of integral property calculations (IPCs{Xu V) timeforu v W

steady patterns and lattices (chapter 3, chapter 6, and [14])



» The RangeFinder algorithm for accelerating Point Membership Classi cation (PMC)
queries and Ball Interference Queries (BIQsPi@ V) timeforu v W similarity
steady patterns and lattices. Special cases can be further acceler&@y) @and

O(1) (chapter 7 and [19]).

* The introduction of Bent Corner-Operated Tran-Similar (BeCOTS) maps, which are
a special case of 2-directional similarity steady maps and are a 3D, non-planar gen-

eralization of the planar COTS maps [35] (chapter 4 and [20]).

» The application of BeCOTS maps to the modeling of BeCOTS patterns and lattices
(chapter 4 and [20]).

* Improved PMC and IPC queries to constant-time for BeCOTS patterns and lattices

(chapter 4 and [20]).

» Constant-radius BeCOTS lattices, which are a novel application of BeCOTS to the
modeling of lattices for which all beams have the same thickness and all beams may
be joined by congruent connectors. This may be useful for reducing manufacturing

costs of some architectural structures (chapter 4 and [20]).

* The BeCOTS Stacks generalization of BeCOTS maps and lattices to preserve some
of the useful properties of BeCOTS lattices while modeling 3-directional structures.
In particular, BeCOTS stacks may support constant-time PMC queries (chapter 6 and

[20]).

* Filter-based methods of modeling hierarchical lattices by procedurally removing
beams from an initial, non-hierarchical lattice. This lItering work is unpublished

but was done in collaboration with Ashish Gupta (chapter 9).

» The Programmed Lattice Editor (PLE) for designing parameterized and programmed
models of steady lattices through a code and graphical user interface combination

(chapter 6 and [14]).



* We introduce Constructive Lattice Geometry (CLG), which is a extension of Con-
structive Solid Geometry (CSG) to support the design of periodic structures. CLG
is also generalization of BeCOTS lattices to support the creation of periodic lattice
structures where each beam is a more complex solid than just a ball or a cone-beam

(chapter 5).

* We introduce Recursive CLG as a generalization of CLG for which each beam of a

CLG structure may itself be a CLG structure (chapter 10).

» We propose ideas for how the similarity steady patterns, maps, and lattices may be

generalized by using bbius transformations in place of similarities (chapter 11).

* We introduce the Trans-bbius Interpolant (TMI) generalization of COTS and spe-

cial case of Mbius steady slab lattices (chapter 11).



CHAPTER 2
PRELIMINARIES

2.1 Lattices

2.1.1 Balls,beamsandhubs

Modeling with lattices allows the creation of complex geometry and topologies from simple
primitives. These simple primitives simplify structure representation and analysis.

We de ne alattice as the union of a set of nodes and a set of beamsodeis a ball
de ned by its center and radius. And, for simplicitypaamis de ned as the convex hull
of two nodes that it connects. However, for some applications, more complex beam shapes,
such as a QUADric-Of-Revolution (QUADOR), may also be used [13].

This de nition of a beam, as the convex hull of two nodes, yields beams that are a union
of two balls and of the conical frustum that smoothly connects the balls. Hence, we refer
to these beams a®ne beams The conical frustum degenerates into a cylinder when the
balls have equal radius.

De ning a lattice to be the union of nodes and beams is often suf cient for most appli-
cations. However, in chapter 5 we propose a useful generalization. It is sometimes useful
to decompose a lattice into disjoint solids. For example, to facilitate computing the volume
or surface area of an entire lattice. However, the beams of a lattice are not pairwise disjoint,
and several beams may meet at a node, where the intersection between two or more beams
may be complex.

So, we choose to decompose a lattice into disjoint solids chlieg. A hub is de ned
as the union of a node with all of tHealf-beamsincident on it, where a half-beam is a
portion of a beam obtained when the beam is cut by the plane equidistant from the beam's

nodes. We de ne alean lattice to be a lattice for which the interiors of all hubs are



pairwise disjoint, and we assume our lattices are clean. Decomposing a clean lattice into
disjoint hubs is relatively simple, because neighboring hubs are connected only by a disk
interface (a beam cross section). Note that we have also previously de ned a half-beam as

the cutting of a beam with the radical plane of its nodes.

2.1.2 Periodiclattices

The implicit de nition of a beam in terms of two nodes allows the connectivity and the
global geometry of a lattice to be de ned separately. By specifying a set of beams as
connecting certain nodes, the connectivity of a lattice may be preserved even when some
of its nodes have been transformed. Similarly, the global geometry may be preserved when
local connectivity is changed. By extension, the periodicity in connectivity between nodes
and the periodicity of node geometry do not rely on each other and are de ned separately.

A periodic lattice is a lattice for which both the connectivity and the node geome-
try is periodic. This thesis is primarily concerned with periodic lattices, so unless stated
otherwise, the term lattice will refer to a periodic lattice.

The nodes of a periodic lattice are organized into an aafu v W node-groups
where each integer, v, andw is arepetition count. The total number of node-groups is
uvw. Each node-group contains the same nurmbafrnodes, so a node in groyi; j; K ]
with ID n may be referenced ds[i;j;k;n]. We refer to the hub constructed on node
NTi;j; k;n ] asHTIi;j; k;n ]. Similarly, we may refer to the union of hubs in a node-group
N i;J; k ] as thehub-group H [i; j; k ].

A lattice organized into an array of Vv W node-groups is referred to adack. As
special cases, a lattice organized into an arraly off node-groups is alab and a lattice
organized into an array af node-groups is aow. Alternatively, brick, slab, and row
lattices may be referred to &sdirectional, 2-directional, and1-directional, respectively.

The beams of a periodic lattice are organized into aBisif b beam-patterns For

example, the statemeBfb] = BeamPattern(ny;i ;j ;k ;ny) means that th&" beam-



Figure 2.1: A regular slab lattice with two nodes (red and blue) per node-group. The grey
beams connect nodes within a node-group, and the cyan and green beams connect nodes
between node-groups. Beams with the same color belong to the same beam-pattern.

pattern ofB is the set of beams that connects all pairs of nadpeg; k;n x] andN[i +
i ;] +] ;k+ k ;ny]forallvalid (i;]; k ) triplets such that both nodes exist.

An example slab is shown in Figure 2.1 with two nodes per node-group and three beam-
patterns.

For clarity and because of their exceptional properties, this thesis primarily focuses on
slabs. But, we also discuss extensions to bricks in chapter 6. Our statements about slabs
generally extend easily to bricks. We will state when statements made about slabs do not

extend to bricks.

2.1.3 Regularslabs

A common type of periodic lattice is thregular slab (or its extension, thesgular brick)

[32]. A regular slab is a 2-directional periodic lattice for which each consecutive pair of
node-groups along a particular direction is related by the same unit length translation, and
the two translation unit vector§) = <1;0> andV = <0;1>, correspond to the two

orthogonal directions.
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Figure 2.2: A regular lattice that is represented as a repetition of a single unit cell, Where
andV are orthogonal unit-length translations. Although a unit cell typically contains most

of the template node-group, the positioning of the unit cell is arbitrary. Here, the green
beam is centered in the unit cell, but other choices of unit cell are possible. Some beams
are cut at the grid boundary, and some applications treat the boundary cells as special cases
and remove the cut beams.

The node-groups of a regular slab have the form:

N[i;j]=N[0;0]+i0+jV (2.1)

A regular slab may be partitioned into a gridf v cellsC, each ofL 1 units such
that each pair of cells contains congruent sections of the lattice.GJI0] is called the
unit cell and has arange ;1) [0O; 1). Typically, the unit cell contains all or most of the
template node-groupNJ[0; 0], so we associate the unit cell with the template node-group.
We reference a cell with index pdir;j ) asCl[i;j ]. See Figure 2.2.

One of the main bene ts of modeling lattices using regular slabs is that they allow the
storage cost to be reduced to a constant with respect to the repetition counts. Instead of
storing all node-groups, only the template node-group must be stored, along with the two
repetition counts. All other node-groups may be recovered using Equation 2.1. Pasko et al.
use regular bricks to model highly complex lattices with a small storage cost [32].

Another bene t of regular slabs is that they enable the implementation of a constant-

11



time PMC query with respect to the repetition counts [32]. This is accomplished by ex-
ploiting the fact that the lattice geometry contained by each cell is congruent. A query
pointQ = (x;y) may be mapped into the unit cell @ = (x mod 1;y mod 1) such thaQ
andQ?have the same relationship with their corresponding cell geometry. So, PMC tests
need only be performed betwe@dand the geometry contained by the unit cell.

Integral properties such as volume and surface area may also be computed in constant
time. For example, to compute the volume of a regular slab, simply multiply the total
repetition count by the volume of the geometry contained by the unit cell.

Physical properties of regular lattices, for example the response to an applied force, may
be ef ciently approximated for regular lattices by material homogenization techniques,
which for simulation purposes, replace a complex lattice-based material with a homoge-
neous material that has approximately equivalent physical properties [29]. This method
depends on the regular repetition of cells throughout the simulated object.

The main drawback of modeling lattices using regular slabs is their lack of design
freedom. All regular slabs have a box-shaped global geometry and a rectilinear-grid-based
repetition. The limitation of having a global box-shape is sometimes addressed by “cutting”
the box-shaped lattice into a different shape [4]. The cutting may be implemented with a
Constructive Solid Geometry (CSG) intersection operation between the box-shaped lattice
and a non-box-shaped solid. However, this only affects the global, boundary shape and not
the local, internal shape of a lattice.

For simplicity, the formulation presented here assumes that each cell of a regular slab

is a square. This formulation may easily be extended to allow rectangular cells [32].

2.1.4 Warpedregularslabs

To address the main drawback of regular slabs, space warping techniques have been used
to deform regular slabs both globally and locally. That is, space warping can modify both

the boundary and the interior of a lattice. The result of such a deformatiowa@zed
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Figure 2.3: A warped regular lattice formed by a taper and bend warp of the regular lattice
in Figure 2.1. Notice that the nodes are no longer circular and that the beams are no longer
straight. The iso-curves of the slab map used to warp the lattice are shown.

regular slab.

Simple space warps, such as tapers, bends, and twists [6], were used by Pasko et al.
to deform complex brick lattices [32]. These warps have ef cient, closed-form inverses
which preserve the ability to perform constant-time PMC queries on the warped lattices.
The simple warps provide only a small amount of design freedom however and cannot
model complex global or local shapes.

To model warped lattices with more complex global and local shapes, free-form defor-
mations [42] may be used. For example, trivariate B-splines have been used for modeling
microstructures [10]. Computing the inverse of free-form deformations is in general more
dif cult than for the simple space warps, which may make PMC less ef cient and more dif-
cult to implement. Iterative subdivision-based solvers may be used to compute the inverse
of B-spline warps [33].

The primary drawback of modeling with warped regular lattices is that not only is the
global shape deformed, but the local details throughout the lattice are also deformed. The
local shapes in a regular lattice are all balls and cone beams, but after warping, the local
shapes may become distorted. An example warped slab lattice, with deformed nodes and

beams, is shown in Figure 2.3.
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The deformation may have several negative effects on the ability to process the lattice.
For example, computing the surface area or the volume of a lattice composed of balls
and cone beams is already non-trivial, and the deformation only further complicates these
computations, because the simplicity of the undeformed ball and cone composition helps
to accelerate and improve the results for integral property computations on lattices [14].
Furthermore, regular lattices allow these integral property computations to be completed
in constant-time. For a deformed lattice, this is generally not possible because the integral
properties of the lattice cells are not related to each other in any simple way, so the integral
properties must each be computed for each cell separately. We do however present, in
chapter 4, a class of deformed slab lattices for which constant-time IPC is possible.

Lastly, for deformed lattices, predicting physical properties such as the stiffness of a
manufactured part may be much more dif cult than for regular lattices. To evaluate such
properties in a regular lattice, homogenization techniques [29] may be used to exploit the
fact that all parts of the lattice have the same local structure. However, any two different
portions of a deformed lattice will likely have a different local structure, making the use
of homogenization more dif cult. Often, the entire lattice will have to be considered dur-
ing analysis. And, since the local shapes are complex, full blown nite element analysis

techniques must be used.

2.2 Space warps as maps

Warping is commonly formulated in terms of a map, so we formulate our warps as maps.
When warping a 2D slab lattice, we usslab map M(u; v) = P, that takes the parameter-
space coordinatega; v) to a pointP,, either in 2D or 3D space depending on the appli-
cation. So, a 2D regular slab lattiteis warped by transforming every point bf with
coordinatequ; v), by the mapM (u;v). For simplicity, we typically assume the coordi-
natesu andv are in the rang4¢0; 1) and that the regular lattice has been scaled to t in

the range. The parameter space is divided ihto v congruent cells, and the image of a
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map is divided intar v tiles that are the image of the cells. The sides of the tiles are the
iso-curves of the map. An example slab map warping of the regular lattice from Figure 2.1
is shown in Figure 2.3 with the tiles of the map overlaid. Similarly, for a 3D brick lattice, a
brick map M (u; v; w) = P53 takes(u; v; w) to a 3D pointPs.

Note that, for this map formulation of a warp, it does not make sense to try to warp a 3D
slab lattice by a slab map, because the slab map requires at least 3 coordinates to describe
each point of a 3D lattice. And, our formulation of brick maps (described in chapter 6)
do not make sense for warping 3D slab lattices. However, the inability to warp a 3D slab
lattice by these maps is not an issue for us, because, in practice, we never actually warp the
balls or beams of a regular lattice. As will be discussed in chapter 3, we only use the form
of a slab map as inspiration for constructing non-regular, steady slab lattices, and later, we
take inspiration from the form of a brick map for constructing brick lattices.

When a map is planar, we choose to demonstrate it in 2D space, for simplicity. A
lattice in such a 2D space (before it is warped) is a union of disks (nodes) and of isosceles
trapezoids (beams). However, some of our maps may be non-planar, so we will of course
demonstrate lattices based on these non-planar maps as a union of balls (nodes) and cone

frustums (beams) in 3D space.

2.3 Recti ed warped lattices

The most glaring aw of the warped lattices is that the local geometry, of nodes and of
beams, is no longer a union of balls and conical frustums. So, in fact, the warped lattices
do not adhere to our original de nition of a lattice.

It may be desirable to correct these local warps without removing the global warp.
Such a correction results inracti ed warped lattice , which is a union of balls and of
conical frustums produced byracti cation process. These meet our original de nition
of a lattice. Such a post-processing recti cation has been used by Wang and Rosen for

lattices warped by trivariate Bezier solids [45].
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Unfortunately, it is not clear how to choose the appropriate recti cation for a lattice
under a general warp, let alone perform (or even de ne) the best recti cation. In fact, it is
not clear what it would mean to have a good recti cation for a lattice under a simple warp,
such as a bilinear map. Under a bilinear map, the local geometry may fold over itself and
it may be stretched in wildly different ways for different parts of the map. In essence, the
recti cation problem is to t a perfect ball to a distorted version of a ball, for all nodes in a
lattice, then to join the recti ed nodes with straight beams. This may violate some design
constraints, for example, minimum beam length.

For a general warp, recti cation is a global problem. For example, adjusting the length
of one beam (to correct a design constraint that was violated after recti cation) requires
adjusting at least one node, which affects the lengths of other beams. However, some
special lattices have a regularity that ensures global constraint satisfaction given constraint
satisfaction on only a small piece of the lattice. For example, in a regular lattice, all beams
are longer than a minimum lengthf the beams associated with the unit cell are longer
thanl. In this thesis, we propose special types of lattices that have such a nice regularity

and that are more general than the regular lattices.

2.4 2D Similarities

We use the termsimilarity to refer to a similarity transformation. Similarities are assumed
to be orientation-preserving, unless stated otherwise. That is, we assume that similarities
do not change the directions of angles.

Similarities play a central role in this thesis because they provide us with a means
of generating more general regularities than the repeating translations, of regular lattices,

without deforming the local geometry of nodes and beams.
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2.4.1 A compositionof 2D primitive similarities

In 2D, a similarity may either be 1) &anslation, Translation(T), by vectorT or 2)
a composition of aotation, Rotation( ;F ), by angle around xed pointF with a
dilation, Dilation(s; F), by scaling factos onF .

The rotation and the dilation are commutative because they share the same xed point
F. For conciseness, we refer to the composition of a rotation and a dilation about the same

xed point as aspiral transformation,

Spiral( ;s;F ) = Dilation(s;F) Rotation( ;F )

(2.2)

Rotation( ;F ) Dilation(s;F)

because a repeated application of a constant spiral transformation generates logarithmic
spiral patterns.

A spiral transformation may degenerate into a pure rotation or a pure dilation. Likewise,
a translation may degenerate into an identity wiian the zero vector.

We refer to translations, rotations, and dilationgasitive similarities because all

similarities may be formulated as a composition of them.

2.4.2 Framerepresentatioof 2D similarities

A similarity transformation may be represented by an orthogonal coordirzae
fO; X; YgwhereO is an origin point andX andY are vectors with the constraiiit =
Rotate( =2) X, whereRotate( ) denotes a vector rotation by angle
A pointP = (x;y) is mapped into the frame &= O+ xX +yY, whereP°represents
the transformation oP by a similarity.
Note, however, that this representation has an ambiguity such that the frame may rep-
resent multiple different spiral transformations that differ in rotation angle by an integer

multiple of 2 .
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2.4.3 Pointpairrepresentationf 2D similarities

A simpler yet equivalent representation of similarities is as a pair of pédirdedB . This
representation has the bene t of facilitating an intuitive GUI for manipulating similarities.
The point pair representation can be converted into the frame representation by letting
O=AX= !AB,andY = Rotate( =2) X.
Likewise, the frame representation may easily be converted into a point pair represen-

tation by lettingA = OandB = O + X.

2.4.4 Canonicakepresentatioof 2D similarities

Although the point pair representation doubles as a convenient control scheme, we prefer a
different representation for computation.

When representing a translation, we simply store the translation VEct@/'hen rep-
resenting a spiral transformation, we store the xed pdintthe rotation angle , and
the scaling factos. This representation allows representing rotations of greaterzhan
radians.

Additionally, this representation is convenient because it enables the following simple,

closed-form formulas for computing real powers of similarities,

Translation(T)! = Translation(tT) (2.3)

Spiral(;s;F )! = Spiral(t;s ';F) (2.4)

With this formulation, computing the inverse of a power of a similarity is as simple as

substitutingt with  t. A continuous variation df yields a continuously varying similarity.
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2.4.5 Degreesf freedomin a 2D similarity

The 2D similarities have 4 Degrees of Freedom (DoF). This may be seen either 1) in the
point pair where each point has 2 DoF or 2) in the canonical representation iinae 2

DoF and both ands have 1 DoF.

2.4.6 Computingthe 2D similarity betweertwo point pairs

As a GUI control scheme, it is useful to compute the similarity between two ordered-pairs
of points. We want the similarity) that takes paif A;Bgto pairfC;Dg, i.e. fC;Dg =
U f A;Bg. We refer to such a similarity asSimilarity (fA;Bg;fC; Dg).

It is easy to detect and handle the case wlre a translation (Whe;!th =! CD and
T = EAC). However, handling the spiral transformation case is not as straightforward, so
here we focus on this case.

! !
WhenAB 6 CD, U = Spiral( ;s;F ) with

Lo
= Angle(AB; CD)

[ !
s=jCDj5ABj 25

| ! I
F = Dilation(jBDj5jBGj;B) Rotation(Angle(BG;BD);B) A

R | |
Spiral(Angle(BG; BD);jBDj5BGj;B) A

whereG = A +! CD.

The forumlae for ands are simply justi ed, respectively, as the change in angle
and as the scaling factor betwekA; B g andf C; Dg. The formula forF may be intu-
itively understood as the result of transformiAgby the spiral transformation that takes
triangle T, = fA;B;Ggto triangleT, = fF;B;Dg. T, andT, are similar because
Angle(!AB; !AG) = Angle!(F B;! FD) andj,!ABj=jEAGj = !jF Bj=!jF Dj. These relationships

are visualized in Figure 2.4.
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Figure 2.4: The triangleBAG andBFD are similar, which allows$- to be constructed
by rotating and dilating poin&A aroundB such that the same transformation would align
BAG toBFD.

2.5 3D similarities

2.5.1 A compositionof 3D primitive similarities

So far, we have several useful representations of planar similarities, and we have a useful
control scheme for graphically specifying them. However, similarities need not be lim-
ited to the plane, so here we generalize the planar similarity representations, and related
computations, to non-planar 3D similarities.

In 3D, like in 2D, all similarities may be formulated as a composition of the primitive
similarities: 1)Translation(T) by a 3D vectolT, 2) Dilation(s; F) by a scaling factos
and a 3D xed pointF, and 3)Rotation( ; Q; R) by a rotation angle around the axis
through pointQ in directionR.

Then, the composition of a 3D similarity has a strong parallel to the composition of a

2D similarity. A 3D similarity may either be
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1. ascrew transformation,

Screw(T; ;Q ) = Translation(T) Rotation(; Q;T) 2.6)

= Rotation(;Q; T) Translation(T)

2. aswirl transformation ,

Swirl(s; ;F; R) = Dilation(s;F) Rotation(;F; R)
(2.7)
= Rotation( ;F; R) Dilation(s;F)

where we use underline to denote vector normalizatiorT; sothe normalized translation
vector.

Notice that both cases are a commutative composition of two primitive similarities, one
of which is always a rotation and the other is either a translation or a dilation. Interest-
ingly, the translation may be viewed as a special case of a dilation where the xed point
approaches in nity, and this viewpoint uni es the screw case with the swirl case.

A screw may degenerate into a pure translation, and a swirl may degenerate into a pure

dilation. Either may degenerate into a pure rotation or into an identity.

2.5.2 Framerepresentationf 3D primitive similarities

A 3D similarity may also be represented by an orthogonal coordinate fr@mg; Y ;Zg,
whereO is a 3D origin point and, Y, andZ are 3D vectors with the constraifi§j =
j¥j=jzj,X Y=0andZ=X Y.

The pointP® = O + xX + yY + zZ represents the transformation of a 3D point

P = (x;y;z) by a similarity.
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2.5.3 An attemptatapoint pair representationf 3D primitive similarities

It would be useful to have an 3D analogue of the 2D point pair representation of similarities.
As a naive attempt, we might try to compute a unique frame representation from only two
pointsA andB. However, this does not work. If we |&@ = A andX = ,!AB, then we
would quickly nd that a validY could point in any direction orthogonal ¥ with length
j,!ABj.

The attempt at a point pair representation is lacking one degree of freedom, so a 3D
similarity has 7 DoF. Although it is not as nice as the 2D case, this 7th DoF could be
exposed to someone specifying a similarity, along with a 3D point pair, as a reasonable

control scheme.

2.5.4 Canonicakepresentationf 3D primitive similarities

Like for the 2D case, our canonical representation stores only the necessary parameters for
either the screw or swirl, depending on the case, and enables the following closed-form

formulas for computing powers of similarities,

Screw(T; ;Q )! = Screw(tT;t;Q )) (2.8)

Swirl(s; ;F; R)"

Swirl(s';t; F; R)) (2.9)

2.5.5 Computingthe 3D similarity betweertwo frames

Given two similar 3D framesA andB, it is useful to be able to compute the similarBy

that takesA to B. Rossignac and Vinacua solve the more general problem of computing
the af ne transformation between two 3D af ne frames [36]. However, implementing the
general af ne solution is tricky, so we present a simpler (but non-trivial) solution for the

useful special case of two frames related by a similarity. Here, we describe how to compute
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the canonical representation where we explicitly store the screw and swirl parameters.

Let fOa; Xa; Ya; Zag represent framé\. Likewise letf Og; Xg; Yg;ZgQ represent
frameB. Sis a screw transformation if the scaling factor jXgj5Xa] = 1, otherwiseS
is a swirl transformation with scaling facter First, we consider the screw case. Then, we
consider the swirl case, where we reuse some of the values computed for the screw case.
The following computation of the direction of the axis of rotatRms inspired by Kim and

Rossignac [18].

(2.10)

Let P be any plane with normaR, and letProject(Q;P) denote the closest pro-
jection of a pointQ onto P. Consider the following pointsU, = Project(Oa;P),
Va = Project(Op + Xa; P), Ug = Project(Og; P), andVs = Project(Og + X3 ; P). No-
tice that the point®, andOx + X4 project to the same point dhif X is parallel withR.
For this special case, consider the alternative projection chajcesProject(Op + Ya; P)
andVg = Project(Og + Yg ; P). We compute the rotation angleand the planar xed point
F, for the planar transformatid@imilarity (f Ua; Vag; f Ug; Vg g). The computedr,, when
placed on plan®, is a point on the axis through whi@rotates, and is the rotation an-
gle by whichS rotates. T = (IOAOB R)R is the translation component of the screw
transformation.

Now we consider the swirl case, assuming that we have already computed everything
needed for the screw case (except Torwhich is not needed). Although, the computed
xed point F, is the xed point for the planar spiral, it is not the xed point for the non-

planar swirl. Howeverf, does lie on the axis of rotation, and the swirl xed poktalso
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lies on the axis of rotation. We compute the swirl xed pointlas= F, hR, where
h= (IOAOB R)=(s 1).

If R is the zero vector, then the screw case degenerates into a translation and the swirl
case degenerates into a dilation. The translation is by vé‘cto!rOA Og, and the dilation

is by scaling factos about xed pointF = (sO, Og)=(s 1).

2.6 Similarity steady patterns, maps, and elds

2.6.1 Steadypatterngrows)

As mentioned at the beginning of this section, similarities are central to this thesis because
they provide a method of generating useful regularities in non-regular lattices.

Consider an initial shape[0]. If we apply a similarityU to it, we getP[1] = U P[0].

If we repeat this, we ge®[2] = U U P[0] = U? PJ[0], and so on. We call the pattePn

of shapes &imilarity Steady Pattern, where thé'" instance of the pattern may be written
asP[i] = U' P[0]. We have provided a closed-form expression for computing powers of
similarities, so this is a closed-form expression for generating any instance of a similarity
steady pattern. Any arbitrary instance can be generated ef ciently in constant time.

For conciseness, we will usgteady pattern to refer to a similarity steady pattern,
unless stated otherwise.

A steady pattern may be designed by two framrAeand B with an initial shapeP[0]
registered to framé. Let Similarity (A; B) be the similarity that takeé to B, soU =
Similarity (A; B). Then, for a given repetition coumt, a steady pattern may be extrap-
olated asP[i] = U' PJ[0], fori 2 [0;U). However, this control scheme is not the most
intuitive interface. Whei is large, a small change of eith&ror B could result in a drastic
change for the last shapyu] of the pattern.

A more intuitive control scheme using two frames would be to create a pattern that
interpolates betweeA andB. To do this, letl = U¥" Y pe a portion ofU such that

|" 1= U. Then, let the steady pattern BEi] = I' PJ[0], fori 2 [0;T). With this interface,
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each individual transformation between consecutive instances represents a relatively small
change compared td, allowing for manual manipulation without drastic or unintuitive

changes.

2.6.2 Steady2-patterngslabs)

A steady pattern provides a 1-variable family of shapes with a nice regularity. To model
slabs, we introduce here a 2-variable family extension of steady patterns catisabs 2-
pattern. Let instancdi;j ) of a steady 2-patter be de ned asP[i;j]= V! U' P[0;0],
fori 2 [0;0) and] 2 [O;V), whereP[0; 0] is the initial shapet andv are the repetition
counts, andJ andV are similarities.

P may be considered a steady 1-pattern of steady 1-patterns. To understand this, con-
sider a steady 1-pattern with an initial shape equal to the union of the sRapé$ =
U' P[0; 0], for all validi, that is transformed by powers Wt

The layout of a steady 2-pattern can be represented and controlled by 3 #arBes
andC and by repetition counts andv. Consider that the shapes in the steady 2-pattern
are frames, which may later be replaced by some other shape, such as a ball or a beam.
The three frames represent three of the four corners of the pattern such th&{0; 0],
B =P[u 1,0], andC = P[0;v 1]. Therefore,U = Similarity (A;B)*" Y and
V = Similarity (A; C)¥(V D,

The layout of a 2D planar steady 2-pattern has 12 DoF, assuming the repetition counts
are xed. These 12 DoF account for the 3 frames at 4 DoF per frame. Similarly, the layout
of a 3D non-planar steady 2-pattern has 21 DoF due to being controlled by 3 frames at 7

DoF per frame.

2.6.3 Steady?- elds

In a steady 2-pattern, the initial shap§0; 0] is transformed into its instances by a 2-

variable family of similaritiesS(i;j ) = V! U'. We callS asteady 2- eld of similarities.
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In general,U andV do not commute, so theU transformations must be performed
before thg V transformations.

We have de ned steady 2-patterns in terms of a discrete number of instances. However,
a steady 2- eld may be de ned in terms of continuous variabl@sadv such thaS(u; v) =

vYouY.

2.6.4 Steady2-mapsand2-warps

Consider a continuous steady 2- e{u;v). We de ne asteady 2-map Mu;v) =
S(u;v) P tobe aparameterized surface generated by carrying an originfhaini (0; 0)
by the steady 2- eld5. A steady 2-map may be used to de nstaady 2-warp for which

the iso-curves are distorted into helices or conchospirals.

2.6.5 Controlof a2D planarsteady2-mapby 5 points

A 2D planar steady 2-map! in the domain0; 1) [0; 1) can be controlled by 5 points
such thatA = P = M(0;0), B = M(1;0), C = M(0:1), D = M(1;1), andE

M (:5;0). To satisfy these constraints, we l@t= Similarity (fA;Eg;fE;Bg)? andV =
Similarity (f A; B g;fC; Dg). The 2D planar steady 2-map has 10 DoF, because it is con-
trolled by 5 points at 2 DoF per point.

We cannot control a non-planar, 3D steady 2-map by 5 points. This is because 5 3D
points only represent a total of 15 DoF, but a non-planar, 3D steady 2-map has 17 DoF (7

DoF per similarityU andV plus 3 DoF for the origin poin®).

2.6.6 Controlof anon-planaisteady?-mapby by 3 frames

A non-planar, 3D steady 2-map can be controlled by 3 fraeB(andC), by considering
the 3 frames as part of a steady 2-pattern (wliexre2 andv = 2). Then, the steady 2- eld
S of the steady 2-pattern may used to specify the steady 2Miapv) = S(u;v) O,

whereO = M(0; 0) is the origin of framéA. In this control scheme, the origins Bfand
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C also represent the cornévy(1; 0) andM (0; 1) respectively.

Note that a 3D steady 2-pattern has 4 DoF more than a 3D steady 2-map (21 vs 17), so
the steady 2-pattern (de ned by 3 frames) encodes more information than needed to rep-
resent the steady 2-map. In other words, multiple different con gurations of the 3 frames
may represent the same steady 2-map. These extra DoF represent the steady 2-pattern's
ability to encode a rotation and a dilation (relative to the origin p@intfor the initial

shape in the pattern
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CHAPTER 3
STEADY SLAB LATTICES

In section 2.4, we introduced the steady 2-map, which we use here to produce steady 2-
patterns of warped nodes and beams, which westaddy warped slab lattices Then,
we suggest a strategy for rectifying the warped nodes and beams to prosteeela slab
lattice. Finally, we discuss the steadiness properties of the recti ed nodes, beams, and
hubs of steady slab lattices, and we discuss ef cient algorithms for PMC queries and the

IPC queries on steady slabs.

3.1 Steady warping of a regular slab lattice

Consider a regular slab lattice with v node-groups of the form+[i;j ] = N1[0; 0] +

i0r + | Vg, for translation vector§r = <1=U;0> andV; = <0;1=v>. Then consider

its warping by a steady 2-mad (u;v) = VY U" O, whereO = M(0;0) is the origin
point andU andV are similarities. Figure 3.1 shows an example of a steady warped slab
lattice with the iso-curves of the may overlaid. Notice that the tiles of the map are not
all pairwise similar. However, all tiles in a common row along Yhdirection are pairwise

similar.

3.2 Rectifying a steady warped slab lattice

The form of the warfM suggests an interesting strategy for rectifying the nodes of a regular
lattice warped by . The idea is to simply replace the origin pofdtwith an “origin node-
group” (i.e., a recti ed template node-group).

Imagine that we have already computed the recti ed template node-id0p0] using

some black box process that produces round balls or that a designer has directly speci ed
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Figure 3.1: A steady warped slab lattice and the iso-curves of the steady slab map used to
create it. Due to the warp, the nodes are not circular and the beams are not straight.

the recti ed nodes ol [0; 0] in the warped space. We may then transform the recti ed
template node-group via the steady 2- eld to compute the recti ed version of any other
node-groupN,[i;j]= V! U' N,[0;0], fori 2 [0;T) and] 2 [O; V).

Given the set of recti ed node-groups, the lattice's nodes may be connected with straight
beams using the beam pattern approach described in subsection 2.1.2. An example of such

a recti ed lattice is shown in Figure 3.2.

3.3 Steadiness of the recti ed nodes, beams, and hubs

The proposed recti cation strategy works well becausendV are similarities. The steady
2- eld is a composition of parameterized powers of similarities, the result of which is
a parameterized similarity. For any given values for indicesdj, N.[i;j ] is N,[O; O]
transformed by a similarity. In other words, all recti ed node groups are similar and their
nodes are non-warped balls.

Even better, each recti ed node-grotp[i;j ] belongs to a steady 1-pattern in both the

U andV directions. This is easy to see for tedirection because Equation 3.1 has the
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Figure 3.2: A similarity steady slab lattice that has a similar taper and bend as the warped
lattice in Figure 3.1 but has been recti ed to have circular nodes and straight beams. Node-
groupN(0; O]is circled in in dashed magenta aN{lL; 2] is circled in dashed orange. Notice

that all node-groups are similar.

form of a steady 1-pattern when thendex is constant.

Ne[i;j1= V' (U NJO;0]) = V' N[i; 0] (3.1)

To see thaN, [i;j ] belongs to a steady 1-pattern in telirection, consider that Equa-
tion 3.2, for a constarjt, has the form of a steady 1-pattern that has been transformed by

the similarityS= V'

N [i;j1=V (U N[0;0)) =S (U N[0;0]) (3.2)

Now, do a steady slab lattice's beams also belong to steady 1-patterns lihahd
V directions? First consider the case of beams that connect nodes within the same node-
group. If a node-group is transformed by either similatitpr V (or any other similarity),
then all beams connecting nodes within the group are transformed by the same similarity.
Thus, beams with both nodes in the same node-group do belong to a steady 1-pattern in
both theU andV directions, because all node-groups belong to a steady 1-pattern in both

theU andV directions.
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Next, consider the case of beams that connect nodes in different node-groups. Such
beams do belong to a steady 1-pattern in Vhelirection. Let beanB connect nodes
Ni = N.[i;jix] = VI (U NJ[O;Ox])) = VI Ni;0;x] andN, = N [m;n;y] =
V" (U™ N([0;0;y]) = V" N;[m;0;y], for some indices, j, m, andn and for node IDs
x andy. The beanV/V B is a beam that smoothly conne®t$ N, [i;j;x ] = N [i;j + v;x]
andV¥ N;[m;n;y] = N,[m;n + v;y]. Therefore, all beams belong to a steady 1-pattern
in theV direction, because incrementing both fhendn indices byv results in a common
transformation by".

However, beams that connect nodes in different node-groups do not belong to a steady
1-pattern in the direction. Consider the possibility of transformiBgoy U". This yields
two nodesU" V' U N,[0;0;x] andU" V" U™ N,[0;0;y]. In general, similarities
do not commute, so these forms cannot be simpli ed, and the resulting nodes are not equiv-
alenttoN, [i+ u; j; x ] andN, [m+ u; n; y], respectively. Therefore, beams that connect nodes
in different node-groups do not generally belong to a steady 1-pattern h diection.

Finally, let us consider the steadiness of hubs in a steady slab. A hub is a union of
half-beams incident on the same node, so the existing steadiness properties for beams can
be trivially generalized to hubs. If a hub is constructed entirely from beams that connect
nodes in one node-group, then the hub belongs to a steady 1-pattern in bbkiatild/
directions. However, if the hub is constructed from one or more beams that connect nodes
in different node-groups, then the hub generally only belongs to a steady 1-pattervin the

direction.

3.4 Strategy for rectifying the template node-group

Although it is easy to rectify an entire steady slab after the template node-group has been
recti ed, there is not an obviously correct method for rectifying the template node-group.
This is because the image of a ball under the wdrmay have a bean shape. This bean

shape may be long and thin, or it may twist into a spiral shape. The goal of recti cation is
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to replace the bean with the ball that “best” represents some desired design constraints. We
do not believe that there is any automated recti cation that is best for all scenarios, so our
system uses a simple recti cation strategy and then we allow a human designer to tweak
the result as desired.

The simple recti cation strategy we use is to rectify each node in the template node-
group independently of the others, where a single node is recti ed by rst arbitrarily pick-
ing four equally spaced points on the pre-warp node, mapping the four points by the warp
map, and letting the recti ed node be the sphere through the mapped points. Note that a
different choice of four points on the pre-warp node will result in a different recti ed node.
An alternative strategy might be to sample many points on the pre-warp node and use a
sphere- tting procedure [1] on the warped sample points. Using more sample points may
yield a better sphere t, but we prefer to use the simple approach with four points, because
we expect that no automatic recti cation will be perfect and that a designer will prefer to
manually adjust the result.

If some quanti able design constraints are known, then an automated strategy could be

implemented to optimize for a good choice of recti cation for a witp

3.5 Point Membership Classi cation (PMC) on steady slab lattices

PMC can be performed on a steady slab lattic®{m) time using ouiRangeFinderalgo-
rithm (see chapter 7). For slab lattices with many beams, this is a signi cant improvement
from the naive approach, which tests PMC on every beam of the slab lattice and takes
O(uv) time. For example, in a slab lattice wiftoO0 1000node-groups, the naive ap-
proach tests PMC ofh;000000node-groups worth of beams. However, if the slab lattice
is steady, RangeFinder can be used to reduce the work to testing PMC on an egpétted
node-groups worth of beams.

Note that we do not include the number of beamis the time-complexity of queries,

becausdtends to be small and does not grow with the size of a lattice.
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The steady 2-mall does not have a known closed-form inverse. A closed-form inverse
would enable constant-time PMC on non-recti ed steady lattices. However, it is not clear

how such an inverse could improve PMC on recti ed steady lattices be@gnjl time.

3.6 Integral Property Calculation (IPC) on steady slab lattices

IPC queries can also be performed on a steady slab lattic@&intime. In particular, we
focus on surface area and volume calculations.

The naive approach computes either the surface area or the volume for each hub in the
slab lattice and adds it to a running total, which tak€s v) time.

Our approach relies on the fact that all hubs belong to a steady 1-pattern \h the
direction, so in th&/ direction, consecutive hubs differ by the constant scaling fes;tof
V. As a consequence, the surface area of consecutive hubsVhdhection also differs
by a constant factas, ?, and the volume differs by a constant facspt.

In fact, consider the parameterized unidp of hub-groupsH[i;j ], for all i 2 [0;T).
H; belongs to a steady 1-pattern such tHat= V' Hy. So, if we have already computed
the surface are@rea(H,), then the surface arealdf is Area(H;) = s,2 Area(Ho). Simi-
larly, if we have computed the volunelume(Ho), then the volume dff; is Volume(H;) =
sy¥ Volume(H,). BothArea(Ho) andVolume(H,) can be computed i@(T) time by com-
puting and summing the respective values for hub-gréi[pL], for alli 2 [0;T).

In the case whers, = 1, the total surface areaAyea(H) = v Area(H) and the total
volume isVolume(H) = v Volume(Hy).

Otherwise, the formulas fakrea(H) andVolume(H) are geometric progressions, and
sums of geometric progressions can be expressed in closed-form, yielding the following

expressions,
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Xix?

Area(H) = Area(H[i;j ])
j=0 i=0
1 SVZV X 1 )
= A HIt;
1 52 B rea(H[i; 0])
_ 1 SVZV
=1 sz Area(Ho)
Xix1
Volume(H) = Volume(H[i;j 1)
j=0 i=0
1 SV3V X 1 .
= Volume(H[i; O
[ e Volume(H[; O]
1 3V
= 1 83 Volume(Ho)

3.7 IPC for the special case of steady 2-patterns

For steady 2-patterns and for special steady slab lattices that are a steady 2-pattern (for ex-
ample if no beams connect nodes in different node-groups), IPC queries can be performed
in O(1) time. Lets, be the scaling factor dJ and lets, be the scaling factor o¢. As-
sumings, 6 1 ands, 6 1, the total area and the total volume of a steady 2-paRemmay

be expressed as,

SVZV 1 S 2u

— 1 u .
Area(P) = 1T 521 52 Area(P[0; 0])
Svgvl SUSU
Vol P)= Vol P[0; 0
olume(P) 1T 521 s olume(P[0; 0])
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3.8 Handling edge cases

When engineering a lattice, it may be desirable to remove the beams that “stick out” of the
edge if a lattice. l.e., remove the beams for which at least one node belongs to an out-of-
range node-group. However, removing these beams means that some hub-groups on the
boundary of the lattice will be different than the other hub-groups. Such edge cases must
be kept in mind when implementing the above algorithms. For example, care must be taken
to not compute the volume of beams that have been removed. Handling these edge cases is
not elegant, so we do not explain it here, but the required changes do not change our stated

asymptotic computational complexities.
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CHAPTER 4
BECOTS SLABS

4.1 Motivation

TheBent Corner-Operated Tran-Similar (BeCOTS) eld andmap, discussed here, may
be used to produce bent (hon-planar) BeCOTS versions of the previously proposed planar
COTS lattices[35] while retaining their tran-similarity property and the associated com-
putational bene ts.

The BeCOTS lattice presented here offers the same computational complexity (PMC
and IPC queries in constant time) as the regular lattices and the planar COTS lattices but
without their planarity constraint. It is controlled by four non-coplanar points, and hence

has 12 DoF (i.e., one more than the planar COTS that it generalizes).

Figure 4.1: (Left) Rang® of a BeCOTS ma , where the colored spheres indicate the
4 corners ofR: A = M(0;0)inred,B = M(0;1) in green,C = M (1;1) in blue, and

D = M(1;0) in magenta. (Right) Any twd | blocks of tiles are similar (we outline
1 1blocksin black an@ 2 blocks in cyan).
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4.2 Corner-Operated Tran-Similar (COTS) maps

Before discussing our non-planar Bent Corner-Operated Tran-Similar (BeCOTS) maps, we
rst review the planar Corner-Operated Trans-Similar (COTS) maps [35]. Both COTS and
BeCOTS are 2-directional, so here we simply use eld, map, pattern, and lattice to refer
to a 2- eld, 2-map, 2-pattern, and slab lattice. The two most important properties of the
COTS maps are being Corner-Operated and Tran-Similar.

We say that a eld,S, (or a map, pattern, or lattice de ned in terms&)fis Corner-
Operated (CO) whenSis fully controlled by four control-pointd,A; B; C; D g, such that,
S0;0) A=A,90;1) A=B,51;1) A=C,¥1,00 A= D. Note thatthese four
control-points are the corners of the range of a CO map (Figure 4.1), hence, we call them
corners.

We say that a steady eld, (or a map, pattern, or lattice de ned in termsS)fis Tran-
Similar (TS) if it maps translations into similarities. More formallg,is TS if and only
if, for any vector<u;v> , there exists a similarityl, such that, for any, S(x + tu;y +
tv) = T' S(x;y). Note thatSis TS if and only if its similarities commute (i.e., when
V U=U V).Inthatcasey’ U*=U* V.

The COTS map [35] takes parameter-gairy) to a pointP = M(x;y) in the plane.

It maps the unit-square parametric dom@nonto a rangeR that is bounded by four
curved (logarithmic spiral) edges. The unique aspect of the COTS map iMibay)
may be expressed &(x;y) A, in terms of a planar similarity steady el&,(x;y)
and cornerA = M(0;0). Finally, Sy(x;y) is the commutative produdt V3 of non-
trivial (i.e., not pure translation) planar similariti€s andV,. The case wheré&, and
V, are pure translations can be detected and handled as a special case. Sidghilarity
Similarity (fA;Bg;fD; Cg) mapsA to D andB to C and is represented by the triplet

<F;m;w,>, whereF is the common xed point ofJ, andV,, m, is the dilation factor,
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andw, is the rotation angleU} A may be evaluated as

US A = Rotationy(w;F) Dilation,(m;F) A (4.1)

whereRotation, is a 2D rotation by anglev around xed pointF andDilation; is a 2D
dilation by factorm aboutF. Similarity V, = Similarity (f A; D g;fB;Cg) mapsA to

B andD to C. All COTS parameterssF; m;wy; my; wW,>, may be computed from the

four coplanar cornersA; B; C; D g using closed-form expressions [35]. Hence, COTS

is Corner-Operated, i.e., fully de ned by the four cornéis; B; C; D g of R. The pre-
image,(x;y) = M (Q), of a pointQ may be computed in closed form. The COTS eld

is Tran-Similar. Therefore, the COTS map has uniform distortion (see [35] for the proof
of Tran-Similarity and for a discussion of the bene ts of tran-similarity and of distortion
uniformity). Hence, regular cells of domald map onto tiles that are all similar to each
other. Several planar maps that are not Tran-Similar are compared in [23], to the Four Point

Interpolant (FPI) map which is quasi-conformal but not TS.

4.3 3D generalization of COTS

We propose here a 3D generalization of the planar COTS eld [35] and of the maps, pat-
terns, or lattices de ned in terms of such a eld. The proposed BeCOTS eld de nes a
two-parameter eld of 3D similarities. A BeCOTS map (which is de ned by a BeCOTS
eld) is not at, but bent; its range lies on a curved surface controlled by the designer.
We conjecture that this generalization will enable a variety of 3D applications in design,
texturing, and animation.

Note that we often refer to a BeCOTS eld even when the property of being Corner-
Operated (CO) is not required. Perhaps the term BeTS eld would be more accurate in
such cases, but for simplicity, we do not use it. Similarly, when discussing planar maps, we

may write COTS in place of TS.
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A BeCOTS eld (and hence a map, pattern, or lattice de ned in terms of it) is Tran-
Similar. Note that steady elds are not generally TS. Tran-Similarity has many bene ts,
such as accelerating IPC and PMC.

The isocurves of a BeCOTS map are conchospirals, a 3D generalization of logarithmic
spiral. All lines in domairD map to conchospirals in the ranBe The conchospirals may
degenerate into lines or circles.

The COTS eld is a commutative product of four transformations,

Sy(x;y) = Rotationy(xwy; F)  Dilation,(my; F)
(4.2)

Rotation,(yw,; F) Dilation,(mY; F)

The BeCOTS eld proposed here is a 3D extension of the COTS eld. It is a commu-
tative product of 3D versions of these four transformations. The key difference is that, in
the formulation of BeCOTS, the 3D rotations have not only the same xed point, but also
the same axis. It is remarkable that their parameters may be computed from only the four

non-coplanar corneffsA; B; C; D g of the rangeR of a map de ned by that eld.

Figure 4.2: (Left) Two patterns (green and brown) of nodes, (Center) and three patterns
(lime, cyan, orange) of cone-beams each smoothly connecting two balls. These beams
form a lattice having these balls as nodes. (Right) This lattice is the union of two patterns
of hubs, which are each the union of a node with its incident half-beams. This lattice is
clean (the interiors of the hubs are pairwise-disjoint).
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4.3.1 Raisingfrom andprojectingto aCOTSmap

Consider a planar but 3D formulation of the COTS eld. It is the commutative product of
four 3D transformations:
S(x;y) = Rotation(xwy; F; T) Dilation(m};F)

(4.3)
Rotation(yw,; F; T)  Dilation(m¥;F)

Here T is the (unit vector) direction of the axis of rotatioRptation(w; F;T) is a 3D
rotation by anglev around the axis through with directionT, andDilation(m;F) is a
3D dilation (uniform scaling) by factan aboutF . The expression fd may be simpli ed

to
S(x;y) = Rotation(xwy + yw,;F; T) Dilation(mXm?;F) (4.4)

When pointA lies on the plane that passes through and has normar (i.e., when
i:A T =0), this eld degenerates to a planar COTS mMdfx;y) = S(X;y) A.

Wheni:A T 6 0, the above formulation produces thent (non-planar) rang® of a
BeCOTS map (see Fig. Figure 4.3).

This BeCOTS map is thRaisedversion,Raisgz) M(x;y), of the COTS mapM.
Height-parameter z = i:A T may be used to control the amount of raising.

The range of the BeCOTS maps lies on a cEnwith apexF and axis directioT. As
justi cation, simply remember that the dilation operations move a pBitdward or away
from F, leaving the image somewhere on the Yafrom F throughP, and that the rotation
operations rotate the ray around the axis through with directionT, sweeping out the
conekK.

The fact that the range of a BeCOTS map lies on a cone makes it a developable surface,
which may bene t applications in manufacturing and architecture.

Although a BeCOTS map may be controlled by four corner points, four points are not

40



(@) (b)

Figure 4.3: (a) A COTS map in a planewith normalT is produced when contains both
A andF. (b) RaisingA outside of produces a BeCOTS map. The grey shadow is the
closest projection of the BeCOTS ontand is equal to the original COTS.

enough to uniquely de ne an interpolating cone. Even when given six distinct points, there
may exist up to 12 distinct cones that interpolate the points [8]. However, for the four corner
points of a BeCOTS, we compute a particular, unique cone that interpolates the corners, as
will be discussed in subsection 4.3.4.

The one-parametdRaise-family of BeCOTS maps may be useful for animation (see
Figure 4.6) and for creating three-dimensional maps or structures, such as the BeCOTS
Stack lattices described in section 6.3.

The Project operator, which we de ne as the inverse of Raise, is simply the closest
projection onto the plane throughF with normalT. Hence, Project maps a BeCOTS
map to a COTS map (see Figure 4.3).

The geometric formulations of the Raise and Project operators are trivial. Additionally,
the simple correspondence between a BeCOTS and its projected COTS, makes the Project
operator particularly useful for analyzing BeCOTS maps and lattices.

Note that, in general, a bending of a planar COTS map onto the surface of a cone does

not produce a Tran-Similar map.
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4.3.2 BendingaCOTSmap

The Raise operator discussed above does not preserve local geodesic distances. For appli-
cations where preserving geodesic distances is important, we de rigetieof a COTS

map. The intuitive idea is to consider that the COTS map is drawn on a sheet of paper that
lies on the table and that its xed poift is a corner of that sheet. KeepikRgandA xed

on the table, we bend (roll) the sheet into a right-circular cone of &pésee Figure 4.4).

(@) (b)

Figure 4.4: (a) BeCOTS formed by rolling a paper cone, and (b) a different positioning of
the cone. To produce this contraption, the images on the at and on the rolled sheets should
be mirror images of each other to show the top and the bottom of the surfaces respectively.

Note that, because of the physical constraint, the cone remains tangent to the table.
Hence, the bending preserves the surface normal along the contact line thraunglA.

Also note that, instead @&, we could have picked an arbitrary point on the sheet. We
pickedA because doing so simpli es the formulation of the Bend operation.

However, we could not have picked a different point tirato be the apex of the cone.
A dilation transforms a poir® so that it is mapped onto the ray frdmthroughP . Imagine
a planar COTS with all such rays extending fréim After the bending operation, all of
these rays must remain straight if they are to continue representing a dilation. For a bend
that map$ onto a point other than the apex, these rays will also become bent around the

cone, instead of remaining straight. Hence, in general, a bending of a planar COTS map
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onto the surface of a cone does not produce a Tran-Similar map.
Observe that we can control the amount of bending by the angktween the axis of
the cone, which has directiéff, and the vecto'FA (see Figure 4.5).
Given a pointP = M(x;y) on the plane of the rand® of the COTS maM, the bend-
ing of P may be computed using the composition of commutative rotations and dilations,

as discussed in subsection 4.3.1, however with modi ed parameters such that:

|
T?= Rotation(=2 ;F; T FA) T

w? = w,=sin( )

(4.5)

WO

v = Wy=sin( )

Bend(P) = Rotation(xw? + yw2;F; T9 Dilation(mXm¥;F) A

In our notation,ji:Aj is a vector length anIE_A is a vector normalizatiori?Azji:Aj.
TOrepresents the axis direction of the bent cone, which has an angleittf i:A. w? and
w? are the rotation angles aroufdwhich are scaled versions of, andw,. Observe that
when = =2, the bending leaves COTS unchanged.

Figure 4.6 shows a planar COTS map and several of its Bent versions. Observe that
tightening the Bend (i.e., reducing will eventually produce a bent version Bfthat not
only self-overlaps but wraps several times around the cone.

Unbend, the inverse of bend, attens a BeCOTS by unrolling it onto a plane. Given the
parameters describing a BeCOTS map F, m,, my, w2, w2, andT9, we compute the

parametersw,, Wy, andT) of its unbent COTS version as follows:

| |
FA~TO the angle fronF A to T°

wy = wlsin( )
(4.6)

w, = wlsin( )

| |
H,wherel = (FA T9% FA

—
1
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Figure 4.5: Using the parameteya user can control the bend of the planar COTS onto the
cone with apeX, axis directionT? and apex angle.

Now, given a poinfQ on a BeCOTS map, we want to compute its unbent vergibon
the corresponding planar COTS. The bend operation may map multiple points to a single
one, when the map self-overlaps from wrapping around the cone. So, for self-overlapping
BeCOTS, the Unbend @ may return multiple valid point®° (see Figure 4.10).

The key observation for computin@®is that the domain space coordinatesy) of
both Q andQ° are the same. So, we rst compute the (possibly multiple) domain space
coordinategx; y) of Q with respect to the BeCOTS mdy' , using the inverse BeCOTS
mapM' (Q) = (x;y), which is discussed later in subsection 4.3.5. Then, we map the

(x;y) coordinates into the attened map with the following expression:

Unbend(Q) = Rotation(xw, + yw,; F; T) Dilation(m;m};F) A
(4.7)
where(x;y) = M' *(Q)

Sheet-bending is discussed in [41], including con gurations controlled by four corners.

We conjecture that the BeCOTS bending proposed here may correspond to the physical
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Figure 4.6: Families of BeCOTS maps produced by bending (left) and by raising (right).

bending of homogeneous sheets without gravity or constraints. Hence, the cone construc-
tion from four points proposed here may be useful in the following pipeline (1) The user
speci es four non-coplanar points which de ne a cone; (2) He/she obtains the preimages
of these points on the plane; (3) He/she can translate, rotate, and scale these preimages
with respect to a planar shape that needs to be bent; (4) We provide a closed-form confor-
mal map that preserves geodesic distances that takes the shape onto the cone. This map
is the composition of the BeCOTS map with the inverse of the COTS map de ned by the

preimages of these four points.

4.3.3 Controlof thewarp,bend,andplacement

Here we discuss thBegrees of Freedom(DoF) of a BeCOTS map by considering a
pipeline of operations that de nes a BeCOTS eld and map: (1) the plewap, which is
independent of scale, position, and orientation and controls the distortion of the tiles of the
corresponding COTS map; (2) thend, which is the amount of bending applied to trans-
form that COTS map onto a BeCOTS; and (3) flacement which is a similarity that

de nes the nal position, size, and orientation of the BeCOTS eld. When the BeCOTS

eld is used to de ne a BeCOTS map, which is CO and hence has 12 DoF, the placement
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has 7 DoF, the bend has 1 DoF (tip anglef the cone), and the warp has 4 DoF. In

Figure 4.7 we illustrate the effect of the warp and bend operations.

Figure 4.7: The domaib and its warp (left). The result of its bending (right). Notice that
the xed pointF is the apex of the cone.

4.3.4 BeCOTSeld from four points

Here we explain how the similaritiesandV of a BeCOTS eld may be de ned using non-
coplanar points A; B; C; D g and constraintsM (0;0) = A, M(0;1) = B, M(1;1) = C,
andM(1;0) = D.

We de neU = SIM(A;B;D;C)andV = SIM(A;D;B;C),whereSIM(A;B;C;D)
is a similarity that map# to C andB to D. There is not a unique similarity that maps a
pair of 3D points to another pair of 3D points (see subsection 2.5.3), so the fustkibis
not the same as the functi@milarity that de nes the 2D similarity that takes a 2D edge

to another 2D edge. However, remember BB has the additional constraint tHatand
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V be commutative, which makes it well de ned.
We propose to compute the parametefs T; m; w> of SIM(A;B; C; D) as follows:
N
m = JCDj5AB|

[ [ [ [ (4.8)
T = N;whereN =(AB 'CD) (AC 'BD)

Let B% C% andD°be the closest projections Bf, C, andD onto the plane through

with normalT. Then,

! !
w = ABN"CD% where0”V denotes the angle from vectorto V

|
G=A+CD°
iBDY L (4.9)
FO= Dilationz(-!?;B() Rotation,(B'G*"BD%BY A
1BG]

|
F=F° hT;whereh=AC T5m 1)

The construction o8IM (A; B; C; D) requires that no two input points coincide. Ad-
ditionally, j}ABj must not equa%jICDj, or elseF will be unde ned andSIM will not have
a dilation component. An&B,\B must not be parallel wi!tIG:D, or elseT will be unde ned
andSIM will either not have a rotation component or the rotation will be36¢ around
an ambiguous axis. These situations may be detected and handled as special cases.

Now, we justify the above construction of the parameters.

We start by justifying the construction @f. Consider applying = SIM(A;B;C;D)
to the vectoéAB . The resulting vector will t!JétD =S ,!AB , which is,!AB transformed by a
composition of a dilation and a rotation around direcffanf we consider the normalized
versions of these vectors (see Figure 4.8), !t@ (green) is simply,!A_B (red) rotated
aroundT (cyan). The tip oi’ﬁ rotates in a plane perpendicular‘ltoso,!ﬁ | CD (yellow)
is a vector perpendicular {D. Similarly,}ﬂ !@ (grey) is a vector perpendicular T

so the direction o may be computed as the cross product of the two differences. This

47



construction is inspired by the construction of the axis of a screw motion in [37].

Now, we justify the construction df° The projection of the BeCOTS into the plane,
throughA with normal T, is a COTS with corneré\, B® C° andD? and with scaling
factorm and rotation angla. The construction of the parameters for a planar spiral trans-
formation were described in subsection 2.4.6, but we also include the justi cation here for
convenience. Consider the diagram in Figure 4.9a, which shows these corners, the planar
xed point F° and the poinG = A + !CODO. Triangle BAG is similar toBF D so
Fis constructed by rotating and dilati®’AG aroundB°so thatedggB® G) becomes
edgdB%DY. FPis the image of after this transformation.

Finally, we justify the construction df. F is on the line througlr °with directionT,
so we need to compute such thaF°= F + hT. FCis the closest projection & on this
line. LetY be the closest projection &f on the Iine.EAC T is the distance fronk°to Y .

|
Consider the relatioh + AC T = mh, which we solve foh. See Figure 4.9b.

4.3.5 Inversion

Given a poiniQ that lies on the range of a BeCOTS map/(x;y), we compute théx;y)

parameters for whicM (x;y) = Q by solving the following system of linear equations:

xInmyg+ylnm, =Inm
(4.10)

XWy + YW, = W

wherem = i;% = !i{%, W = !FA‘){F Q%+ 2 k , A’andQPare the closest projections of
A andQ onto the plane throughF with normalT, and integek de nes thebranching
option of the number of full rotations in angie.
This is the same formula as the one given in [35]. This reuse is justi ed because an
application of the Raise operator (and therefore also Project) (subsection 4.3.1) does not

change any parameters of a planar COTS iMdexcept for the heights of the corners of

R. So, the parameters and formula for computing the inver€@ with respect tavl are
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|

Figurq 4.8: Shovyn here are §everal arrows tha‘t represent| impprtant vectorsABRed=
Green€D, Blue=AC, MagentaBD, Yellow=AB "CD, Grey-AC 'BD, and Cyan¥.
Note, the corner orderingABDC ) here is used for computing the parameters of
SIM(A; B; D; C), and this ordering differs from the orderingBCD ) around a BeCOTS
map.
the same as for computing the inverseQ@ffwith respect tavi®>. The cornerA is used in
Equation 4.10 despite its height changing, but this is not an issue, because under Raise and
Project, the ratios of distances frdmare preserved and the angles around the axis through
F with directionT are preserved.

The linear system (Equation 4.10) has an in nite number of solutions, corresponding
to each value of branching optidn(see Figure 4.10). We are only concerned with maps
of the unit square and therefore only concerned with valuésloét correspond tg andy

values that are both ij®; 1].

So, to compute all valid solutions (there may be more than one if R self-overlaps), we

49



@) (b)

Figure 4.9: The triangleB°AG andB % D are similar, which allow$ °to be constructed
by rotating and dilating poinA aroundB°such that the same transformation would align
BPAG to BF DO This diagram is a modi ed version of Figure 2.4, included here for con-
venience (a). A diagram that, for simplicity, assuns® (A; B; C; D) is a pure dilation,
which demonstrates how may be computed (b).

compute the range

W = [ Wmin ; Wmax ]
whereWmin = min(0; wy; Wy Wy + Wy) (4.11)

andWmax = max(0; wy; Wy; Wy + W)

Then, for eaclk value for whichw 2 W, we compute:

x=(wyInm winmy)=w,Inmy, w,Inm,)
(4.12)

y=(w  xwy)=w

If both x andy are in[0; 1] then the inverséx;y) is valid.
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Figure 4.10: A self-overlapping BeCOTS map. Consider the pQimivhich is equal to
cornerB. Unbend(Q) maps to two points, shown in green on the attened COTS. Simi-
larly, M (Q) maps to two points, also shown in green on the image of domaihthe
top.

4.4 BeCOTS Patterns

Here we discuss the design of patterns and tilings with BeCOTS, and we discuss the com-
putation of Point Membership Classi cation (PMC) and Integral Property Computations

(IPCs) on patterns designed with BeCOTS.

4.4.1 BeCOTSPatternandTiling

Given a template-shapé,o, a BeCOTS eld,S(x;y), and two repetition counts,andj,
we de ne theBeCOTS Patternas the set of instancéX;; = S(i=i;j=j) Xo.00, where
0 i<iand0 j<j.

Let Ty, be the image of the rectangle with corner{@t0), (1; 0), (1=i; 15), and
(0; 15). We callT oo thetemplate-tile. The BeCOTS pattern df.q is a tiling of the range
R.

Given a query poinfQ on the cone containing, the (x;y) parameter pair(s) corre-
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sponding toQ may be computed as discussed in subsection 4.3.5. The tile containing the

pair (X;y) is T ey Wherebxic denotes the oor oki.

4.4.2 Tilesof BeCOTSmapsaresimilarto eachother

The tiles of a BeCOTS map (for givdnand] repetition counts) are all similar to each
other. This is also true fa2 2 and other blocks of tiles. However, a single tile is not
similar to a block of tiles nor to the entire ranBe Such tile-similarity was proven for the
planar tiles of a COTS map. Tile-similarity in BeCOTS maps is a direct consequence of
its eld's Tran-Similarity. The cells of the domaiD are mapped into the tiles of the range
R, and since each pair of cells is related by a translation, each pair of tiles is related by a
similarity.

Figure 4.11 demonstrates tile similarity by overlaying two similar copies of a BeCOTS

map. Figure 4.1 also demonstrates tile similarity by showing two views of different tiles.

Figure 4.11: A tiled BeCOTS map partly overlaid on a similar version of itself so that
the two tilings match seamlessly. The second map is an offset of the rst by vector
<1=2;1=2> in the domainD. This corresponds to a transformation of the rst map by
similarity U™ V172,
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4.4.3 Seamlesself-overlapandannulusrange

By extending the domain, by reducing the apex (opening) angiethe cone when bend-

ing, or by a non-zero branching, one can create BeCOTS maps that self-overlap. For a
given tiling (i.e. repetition counts), the BeCOTS warp can be adjusted so as to align the tile
vertices and the border edges perfectly and to produce a seamless tiling that has two border

loops (Figure 4.12).

Figure 4.12: A seamless COTS tiling that was created by aligning c@neith grid-
vertex(1; 3) (top-left). A BeCOTS Kagome was lattice created by raising it (top-right).
A seamless BeCOTS tiling that forms an annulus with two border loops (bottom-left). A
BeCOTS honeycomb lattice along its eld (bottom-right).

4.4.4 Point-MembershifClassi cation

In chapter 8, we discuss how to perform Ball Interference Queries (BIQs) against BeCOTS
patterns and lattices in constant-time. A BIQ takes a query®al$ input and returns the

shapes of a BeCOTS pattern that interfere (have a non-empty intersectiorQ).witbint
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Membership Classi cation (PMC) is a special case of BIQ where the queryiadls zero

radius.

4.4.5 IntegralPropertyComputation

We are interested in the ef cient computation of various integral properties for BeCOTS
patterns. Here, we focus on total volume computation and total surface area computation,
both in constant-time. Though, we conjecture that other integral properties, the centroid

for example [14], may be computed in a similar manner.

Total Surface Area Computation

Given a BeCOTS pattern with disjoint shajfe§; g. A naive,O(i j ) complexity, approach
would be to compute and sum up the surface area of each shXpezfpta et al. present
an O(i) approach to total surface area computation [14] of steady pattekiere, we
present af©(1) approach.

First, compute the surface arag, of the template-shapég.o.

Then, letd, = mﬁz(r Y pe the surface area ratio between consecutive shapes such that
dy = &+1.0=8 0. Similarly computed, = m20 Y,
The surface area of the pattern may then be written as a double sum of geometric

progressions, which simpli es to a constant time computation.

Xt o Xt d 1 d 1
d, 1 d 1

<

(4.13)

j=0 =0
This closed-form expression may be more accurate than the double sum, because it

avoids accumulating error over many repeated operations.

1They also preser®(i | ) algorithms fori ]  k steady bricks.
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Total Volume Computation

Equation 4.13 can be trivially modi ed to support the computation of the total volume of a
pattern with disjoint shapes. Start by letting the syn@@present the total volume agagly
represent the volume of the template-shape. Them,let mﬁz(T Y pe the volume ratio
between consecutive shapes such tQat a.1.0=a.0. Similarly computed, = ms0 2.
These substitutions form the total volume computation, which has the same justi cation as

for the area computation.

45 BeCOTS Lattices

The BeCOTS lattices proposed here may be used to address several design and performance
issues that limit the usefulness and scalability of previously proposed steady (chapter 3) and
non-steady lattices.

Here, we discuss applications of BeCOTS to the design of an interesting subclass of
Steady Lattices.

A BeCOTS lattice is a union of BeCOTS patterns where each pattern is a set of shapes
X; thatare each a hub. We assume the lattice is clean, meaning that all hubs have pairwise
disjoint interiors.

Because a BeCOTS lattice is the union of one or more BeCOTS patterns of hubs, the

constant time PMC and IPC algorithms discussed in section 4.4 apply here.

4.5.1 Controloverthelattice connectivity

The BeCOTS formulation supports a variety of lattice connectivities (Figure 4.13), includ-
ing a ltered (multi-level) structure (discussed in chapter 9). These can be easily pro-
grammed. When combined with the exibility of selecting the anglef the supporting

cone and the orientation and spacing of swirling beam-patterns, BeCOTS lattices may of-

fer a useful tool for designing and optimizing the support structures or cooling systems for
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