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SUMMARY

Lattice structures are widespread in product and architectural design. Recent work

has demonstrated the printing of nano-scale lattices. However, an anticipated increase in

product complexity will require the storage, processing, and design of lattices with orders

of magnitude more elements than current Computer-Aided Design (CAD) software can

manage.

To address this, we propose a class of highly regular lattices called Steady Lattices,

which due to their regularity, provide opportunities for highly compressed storage, accel-

erated processing, and intuitive design. Special cases of steady lattices are also presented,

which provide varying degrees of compromise between design freedom and geometric reg-

ularity. For example, the commonly used regular lattices, which provide little design free-

dom but offer maximum regularity, are the least general form of steady lattice. We propose

the 2-directional, Bent Corner-Operated Trans-Similar (BeCOTS) lattices as a useful com-

promise between regular lattices and fully general steady lattices. A BeCOTS lattice may

be controlled by four non-coplanar points, which represent four corners of the lattice. The

Trans-Similar property ensures that a BeCOTS lattice is composed of groups of beams such

that each consecutive pair of groups of beams along a particular direction is related by the

same similarity. Trans-Similarity also enables constant-time queries such as surface area

calculation, volume calculation, and point-membership classi�cation.

We take advantage of the regularity in steady lattices to ef�ciently produce and query

highly complex lattice structures that we call Constructive Lattice Geometry (CLG), where

CLG is an extension of traditional Constructive Solid Geometry (CSG). CLG models are

periodic CSG models for which regular patterns of primitives are combined into many re-

peating CSG microstructures that are ultimately combined into one CSG macrostructure.

We provide strategies for designing and processing recursively de�ned CLG models to en-

able the creation of CLG models composed of smaller CLG models. Parameterized steady

xx



lattices and CLG models may be de�ned by a few lines of code, which facilitates lazy

(on-demand) evaluation, massively parallel processing, interactive editing, and algorithmic

optimization.
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CHAPTER 1

INTRODUCTION AND MOTIVATION

1.1 Motivation and problem statement

New additive manufacturing techniques are enabling the fabrication of structures with un-

precedentedly complexity. These provide an opportunity for engineering structures and

materials with useful and novel physical properties [39] including light weight [40], re-

coverability from compression [40], energy absorption [11], and negative Poisson's ratio

[48].

Standard Computer Aided Design (CAD) software is not capable of modeling on the

scale of the microstructure for a fully manufactured object [2]. In fact, modeling mi-

crostructure is not even necessary to exceed the capabilities of fully evaluated CAD models.

A cubic meter of material with just 1 structural element per cubic millimeter contains one

billion total elements.

To support the engineering of such complex structures, CAD tools must be able to rep-

resent them in their entirety and must provide intuitive user interfaces for manual structure

design. Additionally, CAD tools must provide ef�cient analysis of physical properties to

support structure optimization.

The naive way to represent a structure would be to explicitly list each individual ele-

ment that composes the structure. The storage requirements for this representation grow in

proportion with the number of elements. For example, a structure withm� m� m elements

has a storage cost ofO(m3). Form = 1000, one billion elements must be explicitly stored.

Similarly, for many important queries, a naive implementation has a time cost that

grows at the same rate ofO(m3). For example, computing the volume of a structure by

explicitly computing and summing the volume of each element, assuming the elements are
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pairwise disjoint.

If the structure is truly random, then improving storage and query costs compared to

these naive implementations may be dif�cult. However, engineered structures are typically

not random. Patterns in the structures can be exploited to improve both representation and

query costs.

Existing geometric modeling techniques exploit translation-based periodicity to ef�-

ciently represent a limited but useful set of engineered structures that also support ef�cient

queries [32]. These techniques store a single geometric element and then create au� v � w

grid of identical copies of the element such that each consecutive pair of elements along a

single direction is related by the same translation. A structure modelled with this approach

is called a Regular Structure. Regular structures only require a constant amount of storage

relative to the repetition countsu, v, andw, and useful queries on regular structures can

be performed with a constant amount of time relative to the repetition counts. However,

regular structures are very limited in the variety of geometries that can be modeled. For

example, we are interested in increasing design freedom to model curved and graded pe-

riodic structures such that consecutive pairs of elements are not necessarily related by a

translation. Curved and graded periodic structures have been modeled by deforming regu-

lar structures [32], but we wish to avoid deforming our structural elements. Furthermore,

querying a deformed structure is more computationally dif�cult than querying the regular

structures, and we want our models to support ef�cient geometric queries.

1.2 Overview

The key idea of our approach is to start with a simple geometric element (which we may

call thetemplate) that is to be repeated (possibly in multiple directions) to form an un-

connected large-scale pattern of elements. The repetition of the element is such that the

transformation between consecutive pairs along a direction of elements is constant, so all

elements can be reconstructed if only the template and the few transformations are stored.
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Figure 1.1: (Left) A regular lattice with1003 cells. (Right) A similarity steady lattice with
1003 cells. Note that the balls and beams are not deformed in either lattice (i.e., the balls
are round and the beams are conical frustums). A zoom for both lattices is shown in the
top-right corners.

Note that a transformation between consecutive elements need not be a translation. Finally,

neighboring elements are connected (with beams) using the same process for each element,

so the connectivity information from only one element to its neighbors must be stored. Fig-

ure 1.1-Left shows an example of this approach when the consecutive transformations are

translations. Figure 1.1-Right shows a more general example where the consecutive trans-

formations are general similarities instead of translations.

Besides the reduced storage cost, the particular way in which we repeat the geometry,

which we refer to as similarity steady, allows for accelerated queries, which may improve

structure optimization and design.

Of course, this representation requires that the designed structure be periodic. Struc-

tures such as stochastic foams [26] and those resulting from topology optimization are

typically not periodic [3]. Hence, it makes no sense to try to represent aperiodic structures

using a template and repetition recipe, so other representations may be more suitable. For

example, Voronoi foams have been used successfully to represent some stochastic foams

[26].

3



The queries we primarily address are surface area calculation, volume calculation, and

Point Membership Classi�cation (PMC). A surface area calculation query returns the sur-

face area of either the entire structure or of a selected portion of it. Calculating surface area

is useful for optimizing heat transfer. Similarly, a volume calculation query returns the vol-

ume of either the entire structure or of a selected portion of it. Calculating volume is useful

for optimizing material use and weight. We group the surface area calculation and volume

calculation into one query group,Integral Property Calculation (IPC) , because, for our

structures, both have the same acceleration strategies and therefore the same computational

complexity.

A Point Membership Classi�cation (PMC) query takes as input a pointQ and returns

true if and only ifQ is contained by the queried structure. PMC may be useful for voxeliza-

tion and for determining where to place material for 3D printing. We also discuss a useful

generalization of PMC called theBall Interference Query (BIQ) in chapter 7. A BIQ

takes as input a query ballQ and returns true if and only ifQ has a non-empty intersection

with the queried structure. A BIQ with aQ of radius0 represents a PMC query. The BIQ

may be used to implement distance queries and ray intersection queries.

We validate the proposed approach experimentally, using Graphical User Interface

(GUI) prototypes for creating and editing complex, periodic structures, using key queries,

and discussing asymptotic and practical performance improvements.

1.3 Contributions

The goal set forth for this work was to explore novel ideas that may help us to improve

our ability to design, optimize, and print large material micro-structures of unprecedented

complexity.

We achieved this by proposing and validating through prototype implementations: (1)

concise, parameterized, procedural representations for such structures, (2) an interactive

design environment for creating and editing them, (3) and ef�cient algorithms that support
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queries that are important for analysis, optimization, and manufacturing.

The novelty of the proposed solution includes: (1) the proposal of a new combination

of simple, previously known concepts and (2) the invention of new concepts and algorithms

that simplify and/or accelerate the representation, design, and processing mentioned above.

Some of the material presented in this thesis has appeared in the following peer-reviewed

conferences and journal papers, and the work was performed in collaboration with listed

colleagues.

• Programmed-Lattice Editor and accelerated processing of parametric

program-representations of steady lattices (Ashish Gupta, Kelsey Kurzeja,

Jarek Rossignac, George Allen, Pranav Srinivas Kumar, Suraj Musuvathy) [14]

• RangeFinder: Accelerating ball-interference queries against steady lattices (Kelsey

Kurzeja, Jarek Rossignac) [19]

• BeCOTS: Bent Corner-Operated Tran-Similar Maps and Lattices (Kelsey Kurzeja,

Jarek Rossignac) [20]

• CHoCC: Convex Hull of Cospherical Circles and Applications to Lattices (Yaohong

Wu, Ashish Gupta, Kelsey Kurzeja, Jarek Rossignac) [47]

We list speci�c contributions along with relevant chapters and citations of relevant pub-

lished work:

• The introduction of the multidirectional similarity steady patterns, maps, and �elds

(chapter 2 and [14]).

• The application of similarity steady patterns to modeling recti�ed, periodic lattices

(chapter 3, chapter 6, [14], and [47]).

• Acceleration of integral property calculations (IPCs) toO(u � v) time foru � v � w

steady patterns and lattices (chapter 3, chapter 6, and [14])
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• The RangeFinder algorithm for accelerating Point Membership Classi�cation (PMC)

queries and Ball Interference Queries (BIQs) toO(u� v) time foru� v� w similarity

steady patterns and lattices. Special cases can be further accelerated toO(u) and

O(1) (chapter 7 and [19]).

• The introduction of Bent Corner-Operated Tran-Similar (BeCOTS) maps, which are

a special case of 2-directional similarity steady maps and are a 3D, non-planar gen-

eralization of the planar COTS maps [35] (chapter 4 and [20]).

• The application of BeCOTS maps to the modeling of BeCOTS patterns and lattices

(chapter 4 and [20]).

• Improved PMC and IPC queries to constant-time for BeCOTS patterns and lattices

(chapter 4 and [20]).

• Constant-radius BeCOTS lattices, which are a novel application of BeCOTS to the

modeling of lattices for which all beams have the same thickness and all beams may

be joined by congruent connectors. This may be useful for reducing manufacturing

costs of some architectural structures (chapter 4 and [20]).

• The BeCOTS Stacks generalization of BeCOTS maps and lattices to preserve some

of the useful properties of BeCOTS lattices while modeling 3-directional structures.

In particular, BeCOTS stacks may support constant-time PMC queries (chapter 6 and

[20]).

• Filter-based methods of modeling hierarchical lattices by procedurally removing

beams from an initial, non-hierarchical lattice. This �ltering work is unpublished

but was done in collaboration with Ashish Gupta (chapter 9).

• The Programmed Lattice Editor (PLE) for designing parameterized and programmed

models of steady lattices through a code and graphical user interface combination

(chapter 6 and [14]).
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• We introduce Constructive Lattice Geometry (CLG), which is a extension of Con-

structive Solid Geometry (CSG) to support the design of periodic structures. CLG

is also generalization of BeCOTS lattices to support the creation of periodic lattice

structures where each beam is a more complex solid than just a ball or a cone-beam

(chapter 5).

• We introduce Recursive CLG as a generalization of CLG for which each beam of a

CLG structure may itself be a CLG structure (chapter 10).

• We propose ideas for how the similarity steady patterns, maps, and lattices may be

generalized by using M̈obius transformations in place of similarities (chapter 11).

• We introduce the Trans-M̈obius Interpolant (TMI) generalization of COTS and spe-

cial case of M̈obius steady slab lattices (chapter 11).
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CHAPTER 2

PRELIMINARIES

2.1 Lattices

2.1.1 Balls,beams,andhubs

Modeling with lattices allows the creation of complex geometry and topologies from simple

primitives. These simple primitives simplify structure representation and analysis.

We de�ne alattice as the union of a set of nodes and a set of beams. Anodeis a ball

de�ned by its center and radius. And, for simplicity, abeamis de�ned as the convex hull

of two nodes that it connects. However, for some applications, more complex beam shapes,

such as a QUADric-Of-Revolution (QUADOR), may also be used [13].

This de�nition of a beam, as the convex hull of two nodes, yields beams that are a union

of two balls and of the conical frustum that smoothly connects the balls. Hence, we refer

to these beams ascone beams. The conical frustum degenerates into a cylinder when the

balls have equal radius.

De�ning a lattice to be the union of nodes and beams is often suf�cient for most appli-

cations. However, in chapter 5 we propose a useful generalization. It is sometimes useful

to decompose a lattice into disjoint solids. For example, to facilitate computing the volume

or surface area of an entire lattice. However, the beams of a lattice are not pairwise disjoint,

and several beams may meet at a node, where the intersection between two or more beams

may be complex.

So, we choose to decompose a lattice into disjoint solids calledhubs. A hub is de�ned

as the union of a node with all of thehalf-beamsincident on it, where a half-beam is a

portion of a beam obtained when the beam is cut by the plane equidistant from the beam's

nodes. We de�ne aclean lattice to be a lattice for which the interiors of all hubs are
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pairwise disjoint, and we assume our lattices are clean. Decomposing a clean lattice into

disjoint hubs is relatively simple, because neighboring hubs are connected only by a disk

interface (a beam cross section). Note that we have also previously de�ned a half-beam as

the cutting of a beam with the radical plane of its nodes.

2.1.2 Periodiclattices

The implicit de�nition of a beam in terms of two nodes allows the connectivity and the

global geometry of a lattice to be de�ned separately. By specifying a set of beams as

connecting certain nodes, the connectivity of a lattice may be preserved even when some

of its nodes have been transformed. Similarly, the global geometry may be preserved when

local connectivity is changed. By extension, the periodicity in connectivity between nodes

and the periodicity of node geometry do not rely on each other and are de�ned separately.

A periodic lattice is a lattice for which both the connectivity and the node geome-

try is periodic. This thesis is primarily concerned with periodic lattices, so unless stated

otherwise, the term lattice will refer to a periodic lattice.

The nodes of a periodic lattice are organized into an arrayN of u� v� w node-groups,

where each integeru, v, andw is arepetition count. The total number of node-groups is

u v w. Each node-group contains the same numbern of nodes, so a node in groupN [i; j; k ]

with ID n may be referenced asN [i; j; k; n ]. We refer to the hub constructed on node

N [i; j; k; n ] asH [i; j; k; n ]. Similarly, we may refer to the union of hubs in a node-group

N [i; j; k ] as thehub-group H [i; j; k ].

A lattice organized into an array ofu� v� w node-groups is referred to as abrick . As

special cases, a lattice organized into an array ofu� v node-groups is aslab and a lattice

organized into an array ofu node-groups is arow. Alternatively, brick, slab, and row

lattices may be referred to as3-directional, 2-directional, and1-directional, respectively.

The beams of a periodic lattice are organized into a listB of b beam-patterns. For

example, the statementB[b] = BeamPattern(nx ; i � ; j � ; k� ; ny) means that thebth beam-
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Figure 2.1: A regular slab lattice with two nodes (red and blue) per node-group. The grey
beams connect nodes within a node-group, and the cyan and green beams connect nodes
between node-groups. Beams with the same color belong to the same beam-pattern.

pattern ofB is the set of beams that connects all pairs of nodesN[i; j; k; n x ] andN[i +

i � ; j + j � ; k + k� ; ny] for all valid (i; j; k ) triplets such that both nodes exist.

An example slab is shown in Figure 2.1 with two nodes per node-group and three beam-

patterns.

For clarity and because of their exceptional properties, this thesis primarily focuses on

slabs. But, we also discuss extensions to bricks in chapter 6. Our statements about slabs

generally extend easily to bricks. We will state when statements made about slabs do not

extend to bricks.

2.1.3 Regularslabs

A common type of periodic lattice is theregular slab (or its extension, theregular brick )

[32]. A regular slab is a 2-directional periodic lattice for which each consecutive pair of

node-groups along a particular direction is related by the same unit length translation, and

the two translation unit vectors,~U = < 1; 0> and ~V = < 0; 1> , correspond to the two

orthogonal directions.
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Figure 2.2: A regular lattice that is represented as a repetition of a single unit cell, whereU
andV are orthogonal unit-length translations. Although a unit cell typically contains most
of the template node-group, the positioning of the unit cell is arbitrary. Here, the green
beam is centered in the unit cell, but other choices of unit cell are possible. Some beams
are cut at the grid boundary, and some applications treat the boundary cells as special cases
and remove the cut beams.

The node-groups of a regular slab have the form:

N[i; j ] = N[0; 0] + i ~U + j ~V (2.1)

A regular slab may be partitioned into a grid ofu � v cellsC, each of1 � 1 units such

that each pair of cells contains congruent sections of the lattice. CellC[0; 0] is called the

unit cell and has a range of[0; 1) � [0; 1). Typically, the unit cell contains all or most of the

template node-groupN[0; 0], so we associate the unit cell with the template node-group.

We reference a cell with index pair(i; j ) asC[i; j ]. See Figure 2.2.

One of the main bene�ts of modeling lattices using regular slabs is that they allow the

storage cost to be reduced to a constant with respect to the repetition counts. Instead of

storing all node-groups, only the template node-group must be stored, along with the two

repetition counts. All other node-groups may be recovered using Equation 2.1. Pasko et al.

use regular bricks to model highly complex lattices with a small storage cost [32].

Another bene�t of regular slabs is that they enable the implementation of a constant-
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time PMC query with respect to the repetition counts [32]. This is accomplished by ex-

ploiting the fact that the lattice geometry contained by each cell is congruent. A query

pointQ = ( x; y) may be mapped into the unit cell asQ0 = ( x mod 1; y mod 1)such thatQ

andQ0 have the same relationship with their corresponding cell geometry. So, PMC tests

need only be performed betweenQ0and the geometry contained by the unit cell.

Integral properties such as volume and surface area may also be computed in constant

time. For example, to compute the volume of a regular slab, simply multiply the total

repetition count by the volume of the geometry contained by the unit cell.

Physical properties of regular lattices, for example the response to an applied force, may

be ef�ciently approximated for regular lattices by material homogenization techniques,

which for simulation purposes, replace a complex lattice-based material with a homoge-

neous material that has approximately equivalent physical properties [29]. This method

depends on the regular repetition of cells throughout the simulated object.

The main drawback of modeling lattices using regular slabs is their lack of design

freedom. All regular slabs have a box-shaped global geometry and a rectilinear-grid-based

repetition. The limitation of having a global box-shape is sometimes addressed by “cutting”

the box-shaped lattice into a different shape [4]. The cutting may be implemented with a

Constructive Solid Geometry (CSG) intersection operation between the box-shaped lattice

and a non-box-shaped solid. However, this only affects the global, boundary shape and not

the local, internal shape of a lattice.

For simplicity, the formulation presented here assumes that each cell of a regular slab

is a square. This formulation may easily be extended to allow rectangular cells [32].

2.1.4 Warpedregularslabs

To address the main drawback of regular slabs, space warping techniques have been used

to deform regular slabs both globally and locally. That is, space warping can modify both

the boundary and the interior of a lattice. The result of such a deformation is awarped
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Figure 2.3: A warped regular lattice formed by a taper and bend warp of the regular lattice
in Figure 2.1. Notice that the nodes are no longer circular and that the beams are no longer
straight. The iso-curves of the slab map used to warp the lattice are shown.

regular slab.

Simple space warps, such as tapers, bends, and twists [6], were used by Pasko et al.

to deform complex brick lattices [32]. These warps have ef�cient, closed-form inverses

which preserve the ability to perform constant-time PMC queries on the warped lattices.

The simple warps provide only a small amount of design freedom however and cannot

model complex global or local shapes.

To model warped lattices with more complex global and local shapes, free-form defor-

mations [42] may be used. For example, trivariate B-splines have been used for modeling

microstructures [10]. Computing the inverse of free-form deformations is in general more

dif�cult than for the simple space warps, which may make PMC less ef�cient and more dif-

�cult to implement. Iterative subdivision-based solvers may be used to compute the inverse

of B-spline warps [33].

The primary drawback of modeling with warped regular lattices is that not only is the

global shape deformed, but the local details throughout the lattice are also deformed. The

local shapes in a regular lattice are all balls and cone beams, but after warping, the local

shapes may become distorted. An example warped slab lattice, with deformed nodes and

beams, is shown in Figure 2.3.
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The deformation may have several negative effects on the ability to process the lattice.

For example, computing the surface area or the volume of a lattice composed of balls

and cone beams is already non-trivial, and the deformation only further complicates these

computations, because the simplicity of the undeformed ball and cone composition helps

to accelerate and improve the results for integral property computations on lattices [14].

Furthermore, regular lattices allow these integral property computations to be completed

in constant-time. For a deformed lattice, this is generally not possible because the integral

properties of the lattice cells are not related to each other in any simple way, so the integral

properties must each be computed for each cell separately. We do however present, in

chapter 4, a class of deformed slab lattices for which constant-time IPC is possible.

Lastly, for deformed lattices, predicting physical properties such as the stiffness of a

manufactured part may be much more dif�cult than for regular lattices. To evaluate such

properties in a regular lattice, homogenization techniques [29] may be used to exploit the

fact that all parts of the lattice have the same local structure. However, any two different

portions of a deformed lattice will likely have a different local structure, making the use

of homogenization more dif�cult. Often, the entire lattice will have to be considered dur-

ing analysis. And, since the local shapes are complex, full blown �nite element analysis

techniques must be used.

2.2 Space warps as maps

Warping is commonly formulated in terms of a map, so we formulate our warps as maps.

When warping a 2D slab lattice, we use aslab map M(u; v) = P2 that takes the parameter-

space coordinates(u; v) to a pointP2, either in 2D or 3D space depending on the appli-

cation. So, a 2D regular slab latticeL is warped by transforming every point ofL, with

coordinates(u; v), by the mapM(u; v). For simplicity, we typically assume the coordi-

natesu andv are in the range[0; 1) and that the regular lattice has been scaled to �t in

the range. The parameter space is divided intou � v congruent cells, and the image of a
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map is divided intou � v tiles that are the image of the cells. The sides of the tiles are the

iso-curves of the map. An example slab map warping of the regular lattice from Figure 2.1

is shown in Figure 2.3 with the tiles of the map overlaid. Similarly, for a 3D brick lattice, a

brick map M (u; v; w) = P3 takes(u; v; w) to a 3D pointP3.

Note that, for this map formulation of a warp, it does not make sense to try to warp a 3D

slab lattice by a slab map, because the slab map requires at least 3 coordinates to describe

each point of a 3D lattice. And, our formulation of brick maps (described in chapter 6)

do not make sense for warping 3D slab lattices. However, the inability to warp a 3D slab

lattice by these maps is not an issue for us, because, in practice, we never actually warp the

balls or beams of a regular lattice. As will be discussed in chapter 3, we only use the form

of a slab map as inspiration for constructing non-regular, steady slab lattices, and later, we

take inspiration from the form of a brick map for constructing brick lattices.

When a map is planar, we choose to demonstrate it in 2D space, for simplicity. A

lattice in such a 2D space (before it is warped) is a union of disks (nodes) and of isosceles

trapezoids (beams). However, some of our maps may be non-planar, so we will of course

demonstrate lattices based on these non-planar maps as a union of balls (nodes) and cone

frustums (beams) in 3D space.

2.3 Recti�ed warped lattices

The most glaring �aw of the warped lattices is that the local geometry, of nodes and of

beams, is no longer a union of balls and conical frustums. So, in fact, the warped lattices

do not adhere to our original de�nition of a lattice.

It may be desirable to correct these local warps without removing the global warp.

Such a correction results in arecti�ed warped lattice , which is a union of balls and of

conical frustums produced by arecti�cation process. These meet our original de�nition

of a lattice. Such a post-processing recti�cation has been used by Wang and Rosen for

lattices warped by trivariate Bezier solids [45].
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Unfortunately, it is not clear how to choose the appropriate recti�cation for a lattice

under a general warp, let alone perform (or even de�ne) the best recti�cation. In fact, it is

not clear what it would mean to have a good recti�cation for a lattice under a simple warp,

such as a bilinear map. Under a bilinear map, the local geometry may fold over itself and

it may be stretched in wildly different ways for different parts of the map. In essence, the

recti�cation problem is to �t a perfect ball to a distorted version of a ball, for all nodes in a

lattice, then to join the recti�ed nodes with straight beams. This may violate some design

constraints, for example, minimum beam length.

For a general warp, recti�cation is a global problem. For example, adjusting the length

of one beam (to correct a design constraint that was violated after recti�cation) requires

adjusting at least one node, which affects the lengths of other beams. However, some

special lattices have a regularity that ensures global constraint satisfaction given constraint

satisfaction on only a small piece of the lattice. For example, in a regular lattice, all beams

are longer than a minimum lengthl if the beams associated with the unit cell are longer

thanl. In this thesis, we propose special types of lattices that have such a nice regularity

and that are more general than the regular lattices.

2.4 2D Similarities

We use the termsimilarity to refer to a similarity transformation. Similarities are assumed

to be orientation-preserving, unless stated otherwise. That is, we assume that similarities

do not change the directions of angles.

Similarities play a central role in this thesis because they provide us with a means

of generating more general regularities than the repeating translations, of regular lattices,

without deforming the local geometry of nodes and beams.
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2.4.1 A compositionof 2D primitive similarities

In 2D, a similarity may either be 1) atranslation, Translation( ~T), by vector ~T or 2)

a composition of arotation, Rotation(�; F ), by angle� around �xed pointF with a

dilation, Dilation(s; F), by scaling factors onF .

The rotation and the dilation are commutative because they share the same �xed point

F . For conciseness, we refer to the composition of a rotation and a dilation about the same

�xed point as aspiral transformation ,

Spiral(�; s; F ) = Dilation(s; F) � Rotation(�; F )

= Rotation(�; F ) � Dilation(s; F)
(2.2)

because a repeated application of a constant spiral transformation generates logarithmic

spiral patterns.

A spiral transformation may degenerate into a pure rotation or a pure dilation. Likewise,

a translation may degenerate into an identity when~T is the zero vector.

We refer to translations, rotations, and dilations asprimitive similarities because all

similarities may be formulated as a composition of them.

2.4.2 Framerepresentationof 2D similarities

A similarity transformation may be represented by an orthogonal coordinateframe

f O; ~X; ~Yg whereO is an origin point and~X and ~Y are vectors with the constraint~Y =

Rotate(�= 2) � ~X , whereRotate(� ) denotes a vector rotation by angle� .

A point P = ( x; y) is mapped into the frame asP0 = O+ x ~X + y~Y, whereP0represents

the transformation ofP by a similarity.

Note, however, that this representation has an ambiguity such that the frame may rep-

resent multiple different spiral transformations that differ in rotation angle by an integer

multiple of2� .
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2.4.3 Pointpair representationof 2D similarities

A simpler yet equivalent representation of similarities is as a pair of pointsA andB. This

representation has the bene�t of facilitating an intuitive GUI for manipulating similarities.

The point pair representation can be converted into the frame representation by letting

O = A, ~X =
�!
AB , and~Y = Rotate(�= 2) � ~X .

Likewise, the frame representation may easily be converted into a point pair represen-

tation by lettingA = O andB = O + ~X .

2.4.4 Canonicalrepresentationof 2D similarities

Although the point pair representation doubles as a convenient control scheme, we prefer a

different representation for computation.

When representing a translation, we simply store the translation vector~T. When rep-

resenting a spiral transformation, we store the �xed pointF , the rotation angle� , and

the scaling factors. This representation allows representing rotations of greater than2�

radians.

Additionally, this representation is convenient because it enables the following simple,

closed-form formulas for computing real powers of similarities,

Translation( ~T)t = Translation(t ~T) (2.3)

Spiral(�; s; F )t = Spiral(t�; s t ; F ) (2.4)

With this formulation, computing the inverse of a power of a similarity is as simple as

substitutingt with � t. A continuous variation oft yields a continuously varying similarity.
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2.4.5 Degreesof freedomin a2D similarity

The 2D similarities have 4 Degrees of Freedom (DoF). This may be seen either 1) in the

point pair where each point has 2 DoF or 2) in the canonical representation whereF has 2

DoF and both� ands have 1 DoF.

2.4.6 Computingthe2D similarity betweentwo pointpairs

As a GUI control scheme, it is useful to compute the similarity between two ordered-pairs

of points. We want the similarityU that takes pairf A; B g to pair f C; Dg, i.e. f C; Dg =

U �f A; B g. We refer to such a similarityU asSimilarity (f A; B g; f C; Dg).

It is easy to detect and handle the case whereU is a translation (when
�!
AB =

��!
CD and

~T =
�!
AC). However, handling the spiral transformation case is not as straightforward, so

here we focus on this case.

When
�!
AB 6=

��!
CD, U = Spiral(�; s; F ) with

� = Angle(
�!
AB;

��!
CD)

s = j
��!
CDj=j

�!
AB j

F = Dilation(j
��!
BD j=j

��!
BGj; B) � Rotation(Angle(

��!
BG;

��!
BD ); B) � A

= Spiral(Angle(
��!
BG;

��!
BD ); j

��!
BD j=j

��!
BGj; B) � A

(2.5)

whereG = A +
��!
CD.

The forumlae for� and s are simply justi�ed, respectively, as the change in angle

and as the scaling factor betweenf A; B g andf C; Dg. The formula forF may be intu-

itively understood as the result of transformingA by the spiral transformation that takes

triangle T1 = f A; B; Gg to triangleT2 = f F; B; D g. T1 and T2 are similar because

Angle(
�!
AB;

�!
AG) = Angle(

��!
FB;

��!
FD ) andj

�!
AB j=j

�!
AGj = j

��!
FB j=j

��!
FD j. These relationships

are visualized in Figure 2.4.
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Figure 2.4: The trianglesBAG andBFD are similar, which allowsF to be constructed
by rotating and dilating pointA aroundB such that the same transformation would align
BAG to BFD .

2.5 3D similarities

2.5.1 A compositionof 3D primitive similarities

So far, we have several useful representations of planar similarities, and we have a useful

control scheme for graphically specifying them. However, similarities need not be lim-

ited to the plane, so here we generalize the planar similarity representations, and related

computations, to non-planar 3D similarities.

In 3D, like in 2D, all similarities may be formulated as a composition of the primitive

similarities: 1)Translation( ~T) by a 3D vector~T, 2) Dilation(s; F) by a scaling factors

and a 3D �xed pointF , and 3)Rotation(�; Q; ~R) by a rotation angle� around the axis

through pointQ in direction ~R.

Then, the composition of a 3D similarity has a strong parallel to the composition of a

2D similarity. A 3D similarity may either be
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1. ascrew transformation,

Screw( ~T ; �; Q ) = Translation( ~T) � Rotation(�; ~Q; ~T)

= Rotation(�; Q; ~T) � Translation( ~T)
(2.6)

2. aswirl transformation ,

Swirl (s; �; F; ~R) = Dilation(s; F) � Rotation(�; F; ~R)

= Rotation(�; F; ~R) � Dilation(s; F)
(2.7)

where we use underline to denote vector normalization, so~T is the normalized translation

vector.

Notice that both cases are a commutative composition of two primitive similarities, one

of which is always a rotation and the other is either a translation or a dilation. Interest-

ingly, the translation may be viewed as a special case of a dilation where the �xed point

approaches in�nity, and this viewpoint uni�es the screw case with the swirl case.

A screw may degenerate into a pure translation, and a swirl may degenerate into a pure

dilation. Either may degenerate into a pure rotation or into an identity.

2.5.2 Framerepresentationof 3D primitive similarities

A 3D similarity may also be represented by an orthogonal coordinate framef O; ~X; ~Y ; ~Zg,

whereO is a 3D origin point and~X , ~Y, and ~Z are 3D vectors with the constraintsj ~X j =

j~Y j = j ~Z j, ~X � ~Y = 0 and ~Z = ~X � ~Y.

The pointP0 = O + x ~X + y~Y + z~Z represents the transformation of a 3D point

P = ( x; y; z) by a similarity.
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2.5.3 An attemptatapointpair representationof 3D primitive similarities

It would be useful to have an 3D analogue of the 2D point pair representation of similarities.

As a naive attempt, we might try to compute a unique frame representation from only two

pointsA andB. However, this does not work. If we letO = A and ~X =
�!
AB , then we

would quickly �nd that a valid~Y could point in any direction orthogonal to~X with length

j
�!
AB j.

The attempt at a point pair representation is lacking one degree of freedom, so a 3D

similarity has 7 DoF. Although it is not as nice as the 2D case, this 7th DoF could be

exposed to someone specifying a similarity, along with a 3D point pair, as a reasonable

control scheme.

2.5.4 Canonicalrepresentationof 3D primitive similarities

Like for the 2D case, our canonical representation stores only the necessary parameters for

either the screw or swirl, depending on the case, and enables the following closed-form

formulas for computing powers of similarities,

Screw( ~T ; �; Q )t = Screw(t ~T ; t�; Q )) (2.8)

Swirl (s; �; F; ~R)t = Swirl (st ; t�; F; ~R)) (2.9)

2.5.5 Computingthe3D similarity betweentwo frames

Given two similar 3D frames,A andB, it is useful to be able to compute the similarityS

that takesA to B. Rossignac and Vinacua solve the more general problem of computing

the af�ne transformation between two 3D af�ne frames [36]. However, implementing the

general af�ne solution is tricky, so we present a simpler (but non-trivial) solution for the

useful special case of two frames related by a similarity. Here, we describe how to compute
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the canonical representation where we explicitly store the screw and swirl parameters.

Let f OA ; ~X A ; ~YA ; ~ZA g represent frameA. Likewise let f OB ; ~X B ; ~YB ; ~ZB g represent

frameB. S is a screw transformation if the scaling factors = j ~X B j=j ~X A j = 1, otherwiseS

is a swirl transformation with scaling factors. First, we consider the screw case. Then, we

consider the swirl case, where we reuse some of the values computed for the screw case.

The following computation of the direction of the axis of rotation~R is inspired by Kim and

Rossignac [18].

~N1 = ( ~X B � ~X A ) � (~YB � ~YA )

~N2 = ( ~YB � ~YA ) � ( ~ZB � ~ZA )

~N3 = ( ~ZB � ~ZA ) � ( ~X B � ~X A )

~R = ~N1 + ~N2 + ~N3

(2.10)

Let P be any plane with normal~R, and letProject(Q; P) denote the closest pro-

jection of a pointQ onto P. Consider the following points:UA = Project(OA ; P),

VA = Project(OA + ~X A ; P), UB = Project(OB ; P), andVB = Project(OB + ~X B ; P). No-

tice that the pointsOA andOA + ~X A project to the same point onP if ~X A is parallel with~R.

For this special case, consider the alternative projection choicesVA = Project(OA + ~YA ; P)

andVB = Project(OB + ~YB ; P). We compute the rotation angle� and the planar �xed point

F2 for the planar transformationSimilarity (f UA ; VA g; f UB ; VB g). The computedF2, when

placed on planeP, is a point on the axis through whichS rotates, and� is the rotation an-

gle by whichS rotates. ~T = (
����!
OA OB � ~R) ~R is the translation component of the screw

transformation.

Now we consider the swirl case, assuming that we have already computed everything

needed for the screw case (except for~T, which is not needed). Although, the computed

�xed point F2 is the �xed point for the planar spiral, it is not the �xed point for the non-

planar swirl. However,F2 does lie on the axis of rotation, and the swirl �xed pointF also

23



lies on the axis of rotation. We compute the swirl �xed point asF = F2 � h ~R, where

h = (
����!
OA OB � ~R)=(s � 1).

If ~R is the zero vector, then the screw case degenerates into a translation and the swirl

case degenerates into a dilation. The translation is by vector~T =
����!
OA OB , and the dilation

is by scaling factors about �xed pointF = ( sOA � OB )=(s � 1).

2.6 Similarity steady patterns, maps, and �elds

2.6.1 Steadypatterns(rows)

As mentioned at the beginning of this section, similarities are central to this thesis because

they provide a method of generating useful regularities in non-regular lattices.

Consider an initial shapeP[0]. If we apply a similarityU to it, we getP[1] = U � P[0].

If we repeat this, we getP[2] = U � U � P[0] = U2 � P[0], and so on. We call the patternP

of shapes aSimilarity Steady Pattern, where thei th instance of the pattern may be written

asP[i ] = Ui � P[0]. We have provided a closed-form expression for computing powers of

similarities, so this is a closed-form expression for generating any instance of a similarity

steady pattern. Any arbitrary instance can be generated ef�ciently in constant time.

For conciseness, we will usesteady pattern to refer to a similarity steady pattern,

unless stated otherwise.

A steady pattern may be designed by two framesA andB with an initial shapeP[0]

registered to frameA. Let Similarity (A; B) be the similarity that takesA to B, soU =

Similarity (A; B ). Then, for a given repetition countu, a steady pattern may be extrap-

olated asP[i ] = Ui � P[0], for i 2 [0; u). However, this control scheme is not the most

intuitive interface. Whenu is large, a small change of eitherA or B could result in a drastic

change for the last shapeP[u] of the pattern.

A more intuitive control scheme using two frames would be to create a pattern that

interpolates betweenA andB. To do this, letI = U1=(u� 1) be a portion ofU such that

Iu� 1 = U. Then, let the steady pattern beP[i ] = I i � P[0], for i 2 [0; u). With this interface,
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each individual transformation between consecutive instances represents a relatively small

change compared toU, allowing for manual manipulation without drastic or unintuitive

changes.

2.6.2 Steady2-patterns(slabs)

A steady pattern provides a 1-variable family of shapes with a nice regularity. To model

slabs, we introduce here a 2-variable family extension of steady patterns called asteady 2-

pattern. Let instance(i; j ) of a steady 2-patternP be de�ned asP[i; j ] = V j � Ui � P[0; 0],

for i 2 [0; u) andj 2 [0; v), whereP[0; 0] is the initial shape,u andv are the repetition

counts, andU andV are similarities.

P may be considered a steady 1-pattern of steady 1-patterns. To understand this, con-

sider a steady 1-pattern with an initial shape equal to the union of the shapesP[i; 0] =

Ui � P[0; 0], for all valid i , that is transformed by powers ofV.

The layout of a steady 2-pattern can be represented and controlled by 3 framesA, B,

andC and by repetition countsu andv. Consider that the shapes in the steady 2-pattern

are frames, which may later be replaced by some other shape, such as a ball or a beam.

The three frames represent three of the four corners of the pattern such thatA = P[0; 0],

B = P[ u � 1; 0], andC = P[0; v � 1]. Therefore,U = Similarity (A; B)1=(u� 1) and

V = Similarity (A; C)1=(v� 1).

The layout of a 2D planar steady 2-pattern has 12 DoF, assuming the repetition counts

are �xed. These 12 DoF account for the 3 frames at 4 DoF per frame. Similarly, the layout

of a 3D non-planar steady 2-pattern has 21 DoF due to being controlled by 3 frames at 7

DoF per frame.

2.6.3 Steady2-�elds

In a steady 2-pattern, the initial shapeP[0; 0] is transformed into its instances by a 2-

variable family of similaritiesS(i; j ) = V j � Ui . We callS asteady 2-�eld of similarities.
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In general,U andV do not commute, so thei U transformations must be performed

before thej V transformations.

We have de�ned steady 2-patterns in terms of a discrete number of instances. However,

a steady 2-�eld may be de�ned in terms of continuous variablesu andv such thatS(u; v) =

Vv � Uu.

2.6.4 Steady2-mapsand2-warps

Consider a continuous steady 2-�eldS(u; v). We de�ne a steady 2-map M(u; v) =

S(u; v)� P to be a parameterized surface generated by carrying an origin pointP = M(0; 0)

by the steady 2-�eldS. A steady 2-map may be used to de�ne asteady 2-warp, for which

the iso-curves are distorted into helices or conchospirals.

2.6.5 Controlof a2D planarsteady2-mapby 5 points

A 2D planar steady 2-mapM in the domain[0; 1) � [0; 1) can be controlled by 5 points

such thatA = P = M(0; 0), B = M(1; 0), C = M(0; 1), D = M(1; 1), andE =

M(:5; 0). To satisfy these constraints, we letU = Similarity (f A; E g; f E; B g)2 andV =

Similarity (f A; B g; f C; Dg). The 2D planar steady 2-map has 10 DoF, because it is con-

trolled by 5 points at 2 DoF per point.

We cannot control a non-planar, 3D steady 2-map by 5 points. This is because 5 3D

points only represent a total of 15 DoF, but a non-planar, 3D steady 2-map has 17 DoF (7

DoF per similarityU andV plus 3 DoF for the origin pointP).

2.6.6 Controlof anon-planarsteady2-mapby by 3 frames

A non-planar, 3D steady 2-map can be controlled by 3 frames (A, B, andC), by considering

the 3 frames as part of a steady 2-pattern (whereu = 2 andv = 2). Then, the steady 2-�eld

S of the steady 2-pattern may used to specify the steady 2-mapM(u; v) = S(u; v) � O,

whereO = M(0; 0) is the origin of frameA. In this control scheme, the origins ofB and
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C also represent the cornersM(1; 0) andM(0; 1) respectively.

Note that a 3D steady 2-pattern has 4 DoF more than a 3D steady 2-map (21 vs 17), so

the steady 2-pattern (de�ned by 3 frames) encodes more information than needed to rep-

resent the steady 2-map. In other words, multiple different con�gurations of the 3 frames

may represent the same steady 2-map. These extra DoF represent the steady 2-pattern's

ability to encode a rotation and a dilation (relative to the origin pointO) for the initial

shape in the pattern
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CHAPTER 3

STEADY SLAB LATTICES

In section 2.4, we introduced the steady 2-map, which we use here to produce steady 2-

patterns of warped nodes and beams, which we callsteady warped slab lattices. Then,

we suggest a strategy for rectifying the warped nodes and beams to produce asteady slab

lattice. Finally, we discuss the steadiness properties of the recti�ed nodes, beams, and

hubs of steady slab lattices, and we discuss ef�cient algorithms for PMC queries and the

IPC queries on steady slabs.

3.1 Steady warping of a regular slab lattice

Consider a regular slab lattice withu � v node-groups of the formNT [i; j ] = N T [0; 0] +

i ~UT + j ~VT , for translation vectors~UT = < 1=u; 0> and ~VT = < 0; 1=v> . Then consider

its warping by a steady 2-mapM(u; v) = Vv � Uu � O, whereO = M(0; 0) is the origin

point andU andV are similarities. Figure 3.1 shows an example of a steady warped slab

lattice with the iso-curves of the mapM overlaid. Notice that the tiles of the map are not

all pairwise similar. However, all tiles in a common row along theV direction are pairwise

similar.

3.2 Rectifying a steady warped slab lattice

The form of the warpM suggests an interesting strategy for rectifying the nodes of a regular

lattice warped byM. The idea is to simply replace the origin pointO with an “origin node-

group” (i.e., a recti�ed template node-group).

Imagine that we have already computed the recti�ed template node-groupNr [0; 0]using

some black box process that produces round balls or that a designer has directly speci�ed
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Figure 3.1: A steady warped slab lattice and the iso-curves of the steady slab map used to
create it. Due to the warp, the nodes are not circular and the beams are not straight.

the recti�ed nodes ofNr [0; 0] in the warped space. We may then transform the recti�ed

template node-group via the steady 2-�eld to compute the recti�ed version of any other

node-groupNr [i; j ] = V j � Ui � Nr [0; 0], for i 2 [0; u) andj 2 [0; v).

Given the set of recti�ed node-groups, the lattice's nodes may be connected with straight

beams using the beam pattern approach described in subsection 2.1.2. An example of such

a recti�ed lattice is shown in Figure 3.2.

3.3 Steadiness of the recti�ed nodes, beams, and hubs

The proposed recti�cation strategy works well becauseU andV are similarities. The steady

2-�eld is a composition of parameterized powers of similarities, the result of which is

a parameterized similarity. For any given values for indicesi and j , Nr [i; j ] is Nr [0; 0]

transformed by a similarity. In other words, all recti�ed node groups are similar and their

nodes are non-warped balls.

Even better, each recti�ed node-groupNr [i; j ] belongs to a steady 1-pattern in both the

U andV directions. This is easy to see for theV direction because Equation 3.1 has the
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Figure 3.2: A similarity steady slab lattice that has a similar taper and bend as the warped
lattice in Figure 3.1 but has been recti�ed to have circular nodes and straight beams. Node-
groupN[0; 0] is circled in in dashed magenta andN[1; 2] is circled in dashed orange. Notice
that all node-groups are similar.

form of a steady 1-pattern when thei index is constant.

Nr [i; j ] = V j � (Ui � Nr [0; 0]) = V j � Nr [i; 0] (3.1)

To see thatNr [i; j ] belongs to a steady 1-pattern in theU direction, consider that Equa-

tion 3.2, for a constantj , has the form of a steady 1-pattern that has been transformed by

the similarityS = V j .

Nr [i; j ] = V j � (Ui � Nr [0; 0]) = S� (Ui � Nr [0; 0]) (3.2)

Now, do a steady slab lattice's beams also belong to steady 1-patterns in theU and

V directions? First consider the case of beams that connect nodes within the same node-

group. If a node-group is transformed by either similarityU or V (or any other similarity),

then all beams connecting nodes within the group are transformed by the same similarity.

Thus, beams with both nodes in the same node-group do belong to a steady 1-pattern in

both theU andV directions, because all node-groups belong to a steady 1-pattern in both

theU andV directions.
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Next, consider the case of beams that connect nodes in different node-groups. Such

beams do belong to a steady 1-pattern in theV direction. Let beamB connect nodes

N1 = N r [i; j; x ] = V j � (Ui � Nr [0; 0; x]) = V j � Nr [i; 0; x] and N2 = N r [m; n; y] =

Vn � (Um � Nr [0; 0; y]) = Vn � Nr [m; 0; y], for some indicesi , j , m, andn and for node IDs

x andy. The beamVv � B is a beam that smoothly connectsVv � Nr [i; j; x ] = N r [i; j + v; x]

andVv � Nr [m; n; y] = N r [m; n + v; y]. Therefore, all beams belong to a steady 1-pattern

in theV direction, because incrementing both thej andn indices byv results in a common

transformation byVv.

However, beams that connect nodes in different node-groups do not belong to a steady

1-pattern in theU direction. Consider the possibility of transformingB by Uu. This yields

two nodesUu � V j � Ui � Nr [0; 0; x] andUu � Vn � Um � Nr [0; 0; y]. In general, similarities

do not commute, so these forms cannot be simpli�ed, and the resulting nodes are not equiv-

alent toNr [i+ u; j; x ] andNr [m+ u; n; y], respectively. Therefore, beams that connect nodes

in different node-groups do not generally belong to a steady 1-pattern in theU direction.

Finally, let us consider the steadiness of hubs in a steady slab. A hub is a union of

half-beams incident on the same node, so the existing steadiness properties for beams can

be trivially generalized to hubs. If a hub is constructed entirely from beams that connect

nodes in one node-group, then the hub belongs to a steady 1-pattern in both theU andV

directions. However, if the hub is constructed from one or more beams that connect nodes

in different node-groups, then the hub generally only belongs to a steady 1-pattern in theV

direction.

3.4 Strategy for rectifying the template node-group

Although it is easy to rectify an entire steady slab after the template node-group has been

recti�ed, there is not an obviously correct method for rectifying the template node-group.

This is because the image of a ball under the warpM may have a bean shape. This bean

shape may be long and thin, or it may twist into a spiral shape. The goal of recti�cation is
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to replace the bean with the ball that “best” represents some desired design constraints. We

do not believe that there is any automated recti�cation that is best for all scenarios, so our

system uses a simple recti�cation strategy and then we allow a human designer to tweak

the result as desired.

The simple recti�cation strategy we use is to rectify each node in the template node-

group independently of the others, where a single node is recti�ed by �rst arbitrarily pick-

ing four equally spaced points on the pre-warp node, mapping the four points by the warp

map, and letting the recti�ed node be the sphere through the mapped points. Note that a

different choice of four points on the pre-warp node will result in a different recti�ed node.

An alternative strategy might be to sample many points on the pre-warp node and use a

sphere-�tting procedure [1] on the warped sample points. Using more sample points may

yield a better sphere �t, but we prefer to use the simple approach with four points, because

we expect that no automatic recti�cation will be perfect and that a designer will prefer to

manually adjust the result.

If some quanti�able design constraints are known, then an automated strategy could be

implemented to optimize for a good choice of recti�cation for a warpM.

3.5 Point Membership Classi�cation (PMC) on steady slab lattices

PMC can be performed on a steady slab lattice inO(u) time using ourRangeFinderalgo-

rithm (see chapter 7). For slab lattices with many beams, this is a signi�cant improvement

from the naive approach, which tests PMC on every beam of the slab lattice and takes

O(u v) time. For example, in a slab lattice with1000� 1000node-groups, the naive ap-

proach tests PMC on1;000;000node-groups worth of beams. However, if the slab lattice

is steady, RangeFinder can be used to reduce the work to testing PMC on an expected1000

node-groups worth of beams.

Note that we do not include the number of beamsb in the time-complexity of queries,

becausebtends to be small and does not grow with the size of a lattice.
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The steady 2-mapM does not have a known closed-form inverse. A closed-form inverse

would enable constant-time PMC on non-recti�ed steady lattices. However, it is not clear

how such an inverse could improve PMC on recti�ed steady lattices beyondO(u) time.

3.6 Integral Property Calculation (IPC) on steady slab lattices

IPC queries can also be performed on a steady slab lattices inO(u) time. In particular, we

focus on surface area and volume calculations.

The naive approach computes either the surface area or the volume for each hub in the

slab lattice and adds it to a running total, which takesO(u v) time.

Our approach relies on the fact that all hubs belong to a steady 1-pattern in theV

direction, so in theV direction, consecutive hubs differ by the constant scaling factorsv of

V. As a consequence, the surface area of consecutive hubs in theV direction also differs

by a constant factorsv
2, and the volume differs by a constant factorsv

3.

In fact, consider the parameterized unionHj of hub-groupsH[i; j ], for all i 2 [0; u).

Hj belongs to a steady 1-pattern such thatHj = V j � H0. So, if we have already computed

the surface areaArea(H0), then the surface area ofHj is Area(H j ) = sv
2j Area(H0). Simi-

larly, if we have computed the volumeVolume(H0), then the volume ofHj isVolume(H j ) =

sv
3j Volume(H0). BothArea(H0) andVolume(H0) can be computed inO(u) time by com-

puting and summing the respective values for hub-groupsH[i; 0], for all i 2 [0; u).

In the case wheresv = 1, the total surface area isArea(H) = v Area(H0) and the total

volume isVolume(H) = v Volume(H0).

Otherwise, the formulas forArea(H) andVolume(H) are geometric progressions, and

sums of geometric progressions can be expressed in closed-form, yielding the following

expressions,
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Area(H) =
v� 1X

j =0

u� 1X

i =0

Area(H[i; j ])

=
1 � sv

2v

1 � sv
2

u� 1X

i =0

Area(H[i; 0])

=
1 � sv

2v

1 � sv
2

Area(H0)

Volume(H) =
v� 1X

j =0

u� 1X

i =0

Volume(H[i; j ])

=
1 � sv

3v

1 � sv
3

u� 1X

i =0

Volume(H[i; 0])

=
1 � sv

3v

1 � sv
3

Volume(H0)

3.7 IPC for the special case of steady 2-patterns

For steady 2-patterns and for special steady slab lattices that are a steady 2-pattern (for ex-

ample if no beams connect nodes in different node-groups), IPC queries can be performed

in O(1) time. Letsu be the scaling factor ofU and letsv be the scaling factor ofV. As-

sumingsu 6= 1 andsv 6= 1, the total area and the total volume of a steady 2-patternP may

be expressed as,

Area(P) =
1 � sv

2v

1 � sv
2

1 � su
2u

1 � su
2

Area(P[0; 0])

Volume(P) =
1 � sv

3v

1 � sv
3

1 � su
3u

1 � su
3

Volume(P[0; 0])
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3.8 Handling edge cases

When engineering a lattice, it may be desirable to remove the beams that “stick out” of the

edge if a lattice. I.e., remove the beams for which at least one node belongs to an out-of-

range node-group. However, removing these beams means that some hub-groups on the

boundary of the lattice will be different than the other hub-groups. Such edge cases must

be kept in mind when implementing the above algorithms. For example, care must be taken

to not compute the volume of beams that have been removed. Handling these edge cases is

not elegant, so we do not explain it here, but the required changes do not change our stated

asymptotic computational complexities.
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CHAPTER 4

BECOTS SLABS

4.1 Motivation

TheBent Corner-Operated Tran-Similar (BeCOTS) �eld andmap, discussed here, may

be used to produce bent (non-planar) BeCOTS versions of the previously proposed planar

COTS lattices [35] while retaining their tran-similarity property and the associated com-

putational bene�ts.

The BeCOTS lattice presented here offers the same computational complexity (PMC

and IPC queries in constant time) as the regular lattices and the planar COTS lattices but

without their planarity constraint. It is controlled by four non-coplanar points, and hence

has 12 DoF (i.e., one more than the planar COTS that it generalizes).

Figure 4.1: (Left) RangeR of a BeCOTS mapM , where the colored spheres indicate the
4 corners ofR: A = M (0; 0) in red, B = M (0; 1) in green,C = M (1; 1) in blue, and
D = M (1; 0) in magenta. (Right) Any twoi � j blocks of tiles are similar (we outline
1 � 1 blocks in black and2 � 2 blocks in cyan).
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4.2 Corner-Operated Tran-Similar (COTS) maps

Before discussing our non-planar Bent Corner-Operated Tran-Similar (BeCOTS) maps, we

�rst review the planar Corner-Operated Trans-Similar (COTS) maps [35]. Both COTS and

BeCOTS are 2-directional, so here we simply use �eld, map, pattern, and lattice to refer

to a 2-�eld, 2-map, 2-pattern, and slab lattice. The two most important properties of the

COTS maps are being Corner-Operated and Tran-Similar.

We say that a �eld,S, (or a map, pattern, or lattice de�ned in terms ofS) is Corner-

Operated(CO) whenSis fully controlled by four control-points,f A; B; C; D g, such that,

S(0; 0) � A = A, S(0; 1) � A = B, S(1; 1) � A = C, S(1; 0) � A = D. Note that these four

control-points are the corners of the range of a CO map (Figure 4.1), hence, we call them

corners.

We say that a steady �eld,S, (or a map, pattern, or lattice de�ned in terms ofS) is Tran-

Similar (TS) if it maps translations into similarities. More formally,S is TS if and only

if, for any vector<u; v> , there exists a similarity,T, such that, for anyt, S(x + tu; y +

tv) = T t � S(x; y). Note thatS is TS if and only if its similarities commute (i.e., when

V � U = U � V). In that case,Vy � Ux = Ux � Vy.

The COTS map [35] takes parameter-pair(x; y) to a pointP = M(x; y) in the plane.

It maps the unit-square parametric domainD onto a rangeR that is bounded by four

curved (logarithmic spiral) edges. The unique aspect of the COTS map is thatM(x; y)

may be expressed asS2(x; y) � A, in terms of a planar similarity steady �eldS2(x; y)

and cornerA = M(0; 0). Finally, S2(x; y) is the commutative productUx
2 � Vy

2 of non-

trivial (i.e., not pure translation) planar similaritiesU2 andV2. The case whereU2 and

V2 are pure translations can be detected and handled as a special case. SimilarityU2 =

Similarity (f A; B g; f D; Cg) mapsA to D andB to C and is represented by the triplet

<F; m u; wu> , whereF is the common �xed point ofU2 andV2, mu is the dilation factor,
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andwu is the rotation angle.Ux
2 � A may be evaluated as

Ux
2 � A = Rotation2(w; F ) � Dilation2(m; F ) � A (4.1)

whereRotation2 is a 2D rotation by anglew around �xed pointF andDilation2 is a 2D

dilation by factorm aboutF . Similarity V2 = Similarity (f A; D g; f B; Cg) mapsA to

B andD to C. All COTS parameters,<F; m u; wu; mv; wv> , may be computed from the

four coplanar cornersf A; B; C; D g using closed-form expressions [35]. Hence, COTS

is Corner-Operated, i.e., fully de�ned by the four cornersf A; B; C; D g of R. The pre-

image,(x; y) = M � 1(Q), of a pointQ may be computed in closed form. The COTS �eld

is Tran-Similar. Therefore, the COTS map has uniform distortion (see [35] for the proof

of Tran-Similarity and for a discussion of the bene�ts of tran-similarity and of distortion

uniformity). Hence, regular cells of domainD map onto tiles that are all similar to each

other. Several planar maps that are not Tran-Similar are compared in [23], to the Four Point

Interpolant (FPI) map which is quasi-conformal but not TS.

4.3 3D generalization of COTS

We propose here a 3D generalization of the planar COTS �eld [35] and of the maps, pat-

terns, or lattices de�ned in terms of such a �eld. The proposed BeCOTS �eld de�nes a

two-parameter �eld of 3D similarities. A BeCOTS map (which is de�ned by a BeCOTS

�eld) is not �at, but bent; its range lies on a curved surface controlled by the designer.

We conjecture that this generalization will enable a variety of 3D applications in design,

texturing, and animation.

Note that we often refer to a BeCOTS �eld even when the property of being Corner-

Operated (CO) is not required. Perhaps the term BeTS �eld would be more accurate in

such cases, but for simplicity, we do not use it. Similarly, when discussing planar maps, we

may write COTS in place of TS.
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A BeCOTS �eld (and hence a map, pattern, or lattice de�ned in terms of it) is Tran-

Similar. Note that steady �elds are not generally TS. Tran-Similarity has many bene�ts,

such as accelerating IPC and PMC.

The isocurves of a BeCOTS map are conchospirals, a 3D generalization of logarithmic

spiral. All lines in domainD map to conchospirals in the rangeR. The conchospirals may

degenerate into lines or circles.

The COTS �eld is a commutative product of four transformations,

S2(x; y) = Rotation2(xwu; F ) � Dilation2(mx
u; F ) �

Rotation2(ywv; F ) � Dilation2(my
v; F )

(4.2)

The BeCOTS �eld proposed here is a 3D extension of the COTS �eld. It is a commu-

tative product of 3D versions of these four transformations. The key difference is that, in

the formulation of BeCOTS, the 3D rotations have not only the same �xed point, but also

the same axis. It is remarkable that their parameters may be computed from only the four

non-coplanar cornersf A; B; C; D g of the rangeR of a map de�ned by that �eld.

Figure 4.2: (Left) Two patterns (green and brown) of nodes, (Center) and three patterns
(lime, cyan, orange) of cone-beams each smoothly connecting two balls. These beams
form a lattice having these balls as nodes. (Right) This lattice is the union of two patterns
of hubs, which are each the union of a node with its incident half-beams. This lattice is
clean (the interiors of the hubs are pairwise-disjoint).
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4.3.1 Raisingfrom andprojectingto aCOTSmap

Consider a planar but 3D formulation of the COTS �eld. It is the commutative product of

four 3D transformations:

S(x; y) = Rotation(xwu; F; ~T) � Dilation(mx
u; F ) �

Rotation(ywv; F; ~T) � Dilation(my
v; F )

(4.3)

Here ~T is the (unit vector) direction of the axis of rotation,Rotation(w; F; ~T) is a 3D

rotation by anglew around the axis throughF with direction ~T, andDilation(m; F ) is a

3D dilation (uniform scaling) by factorm aboutF . The expression forSmay be simpli�ed

to

S(x; y) = Rotation(xwu + ywv; F; ~T) � Dilation(mx
umy

v; F ) (4.4)

When pointA lies on the plane� that passes throughF and has normal~T (i.e., when
�!
FA � ~T = 0), this �eld degenerates to a planar COTS mapM(x; y) = S2(x; y) � A.

When
�!
FA � ~T 6= 0, the above formulation produces thebent (non-planar) rangeR of a

BeCOTS map (see Fig. Figure 4.3).

This BeCOTS map is theRaisedversion,Raise(z) � M(x; y), of the COTS mapM.

Height-parameter z =
�!
FA � ~T may be used to control the amount of raising.

The range of the BeCOTS maps lies on a coneK with apexF and axis direction~T. As

justi�cation, simply remember that the dilation operations move a pointP toward or away

from F , leaving the image somewhere on the rayY from F throughP, and that the rotation

operations rotate the rayY around the axis throughF with direction ~T, sweeping out the

coneK.

The fact that the range of a BeCOTS map lies on a cone makes it a developable surface,

which may bene�t applications in manufacturing and architecture.

Although a BeCOTS map may be controlled by four corner points, four points are not
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(a) (b)

Figure 4.3: (a) A COTS map in a plane� with normal~T is produced when� contains both
A andF . (b) RaisingA outside of� produces a BeCOTS map. The grey shadow is the
closest projection of the BeCOTS onto� and is equal to the original COTS.

enough to uniquely de�ne an interpolating cone. Even when given six distinct points, there

may exist up to 12 distinct cones that interpolate the points [8]. However, for the four corner

points of a BeCOTS, we compute a particular, unique cone that interpolates the corners, as

will be discussed in subsection 4.3.4.

The one-parameterRaise-family of BeCOTS maps may be useful for animation (see

Figure 4.6) and for creating three-dimensional maps or structures, such as the BeCOTS

Stack lattices described in section 6.3.

The Project operator, which we de�ne as the inverse of Raise, is simply the closest

projection onto the plane� throughF with normal ~T. Hence, Project maps a BeCOTS

map to a COTS map (see Figure 4.3).

The geometric formulations of the Raise and Project operators are trivial. Additionally,

the simple correspondence between a BeCOTS and its projected COTS, makes the Project

operator particularly useful for analyzing BeCOTS maps and lattices.

Note that, in general, a bending of a planar COTS map onto the surface of a cone does

not produce a Tran-Similar map.
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4.3.2 BendingaCOTSmap

The Raise operator discussed above does not preserve local geodesic distances. For appli-

cations where preserving geodesic distances is important, we de�ne theBend of a COTS

map. The intuitive idea is to consider that the COTS map is drawn on a sheet of paper that

lies on the table and that its �xed pointF is a corner of that sheet. KeepingF andA �xed

on the table, we bend (roll) the sheet into a right-circular cone of apexF (see Figure 4.4).

(a) (b)

Figure 4.4: (a) BeCOTS formed by rolling a paper cone, and (b) a different positioning of
the cone. To produce this contraption, the images on the �at and on the rolled sheets should
be mirror images of each other to show the top and the bottom of the surfaces respectively.

Note that, because of the physical constraint, the cone remains tangent to the table.

Hence, the bending preserves the surface normal along the contact line throughF andA.

Also note that, instead ofA, we could have picked an arbitrary point on the sheet. We

pickedA because doing so simpli�es the formulation of the Bend operation.

However, we could not have picked a different point thanF to be the apex of the cone.

A dilation transforms a pointP so that it is mapped onto the ray fromF throughP. Imagine

a planar COTS with all such rays extending fromF . After the bending operation, all of

these rays must remain straight if they are to continue representing a dilation. For a bend

that mapsF onto a point other than the apex, these rays will also become bent around the

cone, instead of remaining straight. Hence, in general, a bending of a planar COTS map
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onto the surface of a cone does not produce a Tran-Similar map.

Observe that we can control the amount of bending by the angle� between the axis of

the cone, which has direction~T0, and the vector
�!
FA (see Figure 4.5).

Given a pointP = M(x; y) on the plane of the rangeR of the COTS mapM, the bend-

ing of P may be computed using the composition of commutative rotations and dilations,

as discussed in subsection 4.3.1, however with modi�ed parameters such that:

~T0 = Rotation(�= 2 � �; F; ~T �
�!
FA) � ~T

w0
u = wu=sin(� )

w0
v = wv=sin(� )

Bend(P) = Rotation(xw0
u + yw0

v; F; ~T0) � Dilation(mx
umy

v; F ) � A

(4.5)

In our notation,j
�!
FAj is a vector length and

�!
FA is a vector normalization,

�!
FA=j

�!
FAj.

~T0 represents the axis direction of the bent cone, which has an angle of� with
�!
FA. w0

u and

w0
v are the rotation angles around~T0which are scaled versions ofwu andwv. Observe that

when� = �= 2, the bending leaves COTS unchanged.

Figure 4.6 shows a planar COTS map and several of its Bent versions. Observe that

tightening the Bend (i.e., reducing� ) will eventually produce a bent version ofR that not

only self-overlaps but wraps several times around the cone.

Unbend, the inverse of bend, �attens a BeCOTS by unrolling it onto a plane. Given the

parameters describing a BeCOTS map (A, F , mu, mv, w0
u, w0

v, and ~T0), we compute the

parameters (wu, wv, and~T) of its unbent COTS version as follows:

� =
�!
FA^~T0, the angle from

�!
FA to ~T0

wu = w0
u sin(� )

wv = w0
v sin(� )

~T = ~H , where~H = (
�!
FA � ~T0) �

�!
FA

(4.6)
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Figure 4.5: Using the parameter� , a user can control the bend of the planar COTS onto the
cone with apexF , axis direction~T0, and apex angle� .

Now, given a pointQ on a BeCOTS map, we want to compute its unbent versionQ0on

the corresponding planar COTS. The bend operation may map multiple points to a single

one, when the map self-overlaps from wrapping around the cone. So, for self-overlapping

BeCOTS, the Unbend ofQ may return multiple valid pointsQ0 (see Figure 4.10).

The key observation for computingQ0 is that the domain space coordinates(x; y) of

both Q andQ0 are the same. So, we �rst compute the (possibly multiple) domain space

coordinates(x; y) of Q with respect to the BeCOTS mapM' , using the inverse BeCOTS

mapM' � 1(Q) = ( x; y), which is discussed later in subsection 4.3.5. Then, we map the

(x; y) coordinates into the �attened map with the following expression:

Unbend(Q) = Rotation(xwu + ywv; F; ~T) � Dilation(mx
umy

v; F ) � A

where(x; y) = M' � 1(Q)
(4.7)

Sheet-bending is discussed in [41], including con�gurations controlled by four corners.

We conjecture that the BeCOTS bending proposed here may correspond to the physical
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Figure 4.6: Families of BeCOTS maps produced by bending (left) and by raising (right).

bending of homogeneous sheets without gravity or constraints. Hence, the cone construc-

tion from four points proposed here may be useful in the following pipeline (1) The user

speci�es four non-coplanar points which de�ne a cone; (2) He/she obtains the preimages

of these points on the plane; (3) He/she can translate, rotate, and scale these preimages

with respect to a planar shape that needs to be bent; (4) We provide a closed-form confor-

mal map that preserves geodesic distances that takes the shape onto the cone. This map

is the composition of the BeCOTS map with the inverse of the COTS map de�ned by the

preimages of these four points.

4.3.3 Controlof thewarp,bend,andplacement

Here we discuss theDegrees of Freedom(DoF) of a BeCOTS map by considering a

pipeline of operations that de�nes a BeCOTS �eld and map: (1) the planarwarp, which is

independent of scale, position, and orientation and controls the distortion of the tiles of the

corresponding COTS map; (2) thebend, which is the amount of bending applied to trans-

form that COTS map onto a BeCOTS; and (3) theplacement, which is a similarity that

de�nes the �nal position, size, and orientation of the BeCOTS �eld. When the BeCOTS

�eld is used to de�ne a BeCOTS map, which is CO and hence has 12 DoF, the placement
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has 7 DoF, the bend has 1 DoF (tip angle� of the cone), and the warp has 4 DoF. In

Figure 4.7 we illustrate the effect of the warp and bend operations.

Figure 4.7: The domainD and its warp (left). The result of its bending (right). Notice that
the �xed pointF is the apex of the cone.

4.3.4 BeCOTS�eld from four points

Here we explain how the similaritiesU andV of a BeCOTS �eld may be de�ned using non-

coplanar pointsf A; B; C; D g and constraints:M(0; 0) = A, M(0; 1) = B, M(1; 1) = C,

andM(1; 0) = D.

We de�neU = SIM(A; B; D; C ) andV = SIM(A; D; B; C ) , whereSIM(A; B; C; D )

is a similarity that mapsA to C andB to D. There is not a unique similarity that maps a

pair of 3D points to another pair of 3D points (see subsection 2.5.3), so the functionSIM is

not the same as the functionSimilarity that de�nes the 2D similarity that takes a 2D edge

to another 2D edge. However, remember thatSIM has the additional constraint thatU and
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V be commutative, which makes it well de�ned.

We propose to compute the parameters<F; ~T ; m; w> of SIM(A; B; C; D ) as follows:

m = j
��!
CDj=j

�!
AB j

~T = ~N ; where ~N = (
�!
AB �

��!
CD) � (

�!
AC �

��!
BD )

(4.8)

Let B 0, C0, andD 0 be the closest projections ofB , C, andD onto the plane throughA

with normal ~T. Then,

w =
��!
AB 0^

��!
C0D 0; where~U^~V denotes the angle from vector~U to ~V

G = A +
��!
C0D 0

F 0 = Dilation2(
j
��!
B 0D 0j

j
��!
B 0Gj

; B 0) � Rotation2(
��!
B 0G^

��!
B 0D 0; B 0) � A

F = F 0 � h~T ;whereh =
�!
AC � ~T=(m � 1)

(4.9)

The construction ofSIM(A; B; C; D ) requires that no two input points coincide. Ad-

ditionally, j
�!
AB j must not equalj

��!
CDj, or elseF will be unde�ned andSIM will not have

a dilation component. And,
�!
AB must not be parallel with

��!
CD, or else~T will be unde�ned

andSIM will either not have a rotation component or the rotation will be by360° around

an ambiguous axis. These situations may be detected and handled as special cases.

Now, we justify the above construction of the parameters.

We start by justifying the construction of~T. Consider applyingS = SIM(A; B; C; D )

to the vector
�!
AB . The resulting vector will be

��!
CD = S�

�!
AB , which is

�!
AB transformed by a

composition of a dilation and a rotation around direction~T. If we consider the normalized

versions of these vectors (see Figure 4.8), then
��!
CD (green) is simply

�!
AB (red) rotated

around~T (cyan). The tip of
�!
AB rotates in a plane perpendicular to~T, so

�!
AB �

��!
CD (yellow)

is a vector perpendicular to~T. Similarly,
�!
AC �

��!
BD (grey) is a vector perpendicular to~T,

so the direction of~T may be computed as the cross product of the two differences. This
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construction is inspired by the construction of the axis of a screw motion in [37].

Now, we justify the construction ofF 0. The projection of the BeCOTS into the plane,

throughA with normal ~T, is a COTS with cornersA, B 0, C0, andD 0 and with scaling

factorm and rotation anglew. The construction of the parameters for a planar spiral trans-

formation were described in subsection 2.4.6, but we also include the justi�cation here for

convenience. Consider the diagram in Figure 4.9a, which shows these corners, the planar

�xed point F 0, and the pointG = A +
��!
C0D 0. TriangleB 0AG is similar toB 0F 0D 0, so

F 0 is constructed by rotating and dilatingB 0AG aroundB 0 so thatedge(B 0; G) becomes

edge(B 0; D 0). F 0 is the image ofA after this transformation.

Finally, we justify the construction ofF . F is on the line throughF 0 with directionT,

so we need to computeh, such thatF 0 = F + h~T. F 0 is the closest projection ofA on this

line. LetY be the closest projection ofC on the line.
�!
AC � ~T is the distance fromF 0 to Y.

Consider the relationh +
�!
AC � ~T = mh, which we solve forh. See Figure 4.9b.

4.3.5 Inversion

Given a pointQ that lies on the rangeR of a BeCOTS mapM(x; y), we compute the(x; y)

parameters for whichM(x; y) = Q by solving the following system of linear equations:

x ln mu + y ln mv = ln m

xwu + ywv = w
(4.10)

wherem = j
��!
F Q0j

j
��!
F A 0j

= j
��!
F Qj

j
�!
F A j

, w =
��!
FA 0̂ ��!

FQ0+ 2�k , A0 andQ0 are the closest projections of

A andQ onto the plane� throughF with normal ~T, and integerk de�nes thebranching

option of the number of full rotations in anglew.

This is the same formula as the one given in [35]. This reuse is justi�ed because an

application of the Raise operator (and therefore also Project) (subsection 4.3.1) does not

change any parameters of a planar COTS mapM0 except for the heights of the corners of

R. So, the parameters and formula for computing the inverse ofQ with respect toM are
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Figure 4.8: Shown here are several arrows that represent important vectors. Red=
�!
AB ,

Green=
��!
CD, Blue=

�!
AC, Magenta=

��!
BD , Yellow=

�!
AB �

��!
CD, Grey=

�!
AC �

��!
BD , and Cyan=~T.

Note, the corner ordering (ABDC ) here is used for computing the parameters of
SIM(A; B; D; C ), and this ordering differs from the ordering (ABCD ) around a BeCOTS
map.

the same as for computing the inverse ofQ0 with respect toM0. The cornerA is used in

Equation 4.10 despite its height changing, but this is not an issue, because under Raise and

Project, the ratios of distances fromF are preserved and the angles around the axis through

F with direction ~T are preserved.

The linear system (Equation 4.10) has an in�nite number of solutions, corresponding

to each value of branching optionk (see Figure 4.10). We are only concerned with maps

of the unit square and therefore only concerned with values ofk that correspond tox andy

values that are both in[0; 1].

So, to compute all valid solutions (there may be more than one if R self-overlaps), we
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(a) (b)

Figure 4.9: The trianglesB 0AG andB 0F 0D 0are similar, which allowsF 0 to be constructed
by rotating and dilating pointA aroundB 0 such that the same transformation would align
B 0AG to B 0F 0D 0. This diagram is a modi�ed version of Figure 2.4, included here for con-
venience (a). A diagram that, for simplicity, assumesSIM(A; B; C; D ) is a pure dilation,
which demonstrates howF may be computed (b).

compute the range

W = [ wmin ; wmax ]

wherewmin = min(0; wu; wv; wu + wv)

andwmax = max(0; wu; wv; wu + wv)

(4.11)

Then, for eachk value for whichw 2 W, we compute:

x = ( wv ln m � w ln mv)=(wv ln mu � wu ln mv)

y = ( w � xwu)=wv

(4.12)

If both x andy are in[0; 1] then the inverse(x; y) is valid.
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Figure 4.10: A self-overlapping BeCOTS map. Consider the pointQ, which is equal to
cornerB . Unbend(Q) maps to two points, shown in green on the �attened COTS. Simi-
larly, M � 1(Q) maps to two points, also shown in green on the image of domainD at the
top.

4.4 BeCOTS Patterns

Here we discuss the design of patterns and tilings with BeCOTS, and we discuss the com-

putation of Point Membership Classi�cation (PMC) and Integral Property Computations

(IPCs) on patterns designed with BeCOTS.

4.4.1 BeCOTSPatternandTiling

Given a template-shapeX0;0, a BeCOTS �eld,S(x; y), and two repetition counts,i andj ,

we de�ne theBeCOTS Patternas the set of instancesf X i;j = S(i=i; j= j ) � X0;0g, where

0 � i < i and0 � j < j .

Let T0;0 be the image of the rectangle with corners at(0; 0), (1=i; 0), (1=i; 1=j ), and

(0; 1=j ). We callT0;0 thetemplate-tile. The BeCOTS pattern ofT0;0 is a tiling of the range

R.

Given a query pointQ on the cone containingR, the (x; y) parameter pair(s) corre-
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sponding toQ may be computed as discussed in subsection 4.3.5. The tile containing the

pair (x; y) is Tbxi c;byj c, wherebxic denotes the �oor ofxi .

4.4.2 Tilesof BeCOTSmapsaresimilar to eachother

The tiles of a BeCOTS map (for giveni and j repetition counts) are all similar to each

other. This is also true for2 � 2 and other blocks of tiles. However, a single tile is not

similar to a block of tiles nor to the entire rangeR. Such tile-similarity was proven for the

planar tiles of a COTS map. Tile-similarity in BeCOTS maps is a direct consequence of

its �eld's Tran-Similarity. The cells of the domainD are mapped into the tiles of the range

R, and since each pair of cells is related by a translation, each pair of tiles is related by a

similarity.

Figure 4.11 demonstrates tile similarity by overlaying two similar copies of a BeCOTS

map. Figure 4.1 also demonstrates tile similarity by showing two views of different tiles.

Figure 4.11: A tiled BeCOTS map partly overlaid on a similar version of itself so that
the two tilings match seamlessly. The second map is an offset of the �rst by vector
< 1=2; 1=2> in the domainD. This corresponds to a transformation of the �rst map by
similarity U1=2 � V1=2.
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4.4.3 Seamlessself-overlapandannulusrange

By extending the domain, by reducing the apex (opening) angle� of the cone when bend-

ing, or by a non-zero branching, one can create BeCOTS maps that self-overlap. For a

given tiling (i.e. repetition counts), the BeCOTS warp can be adjusted so as to align the tile

vertices and the border edges perfectly and to produce a seamless tiling that has two border

loops (Figure 4.12).

Figure 4.12: A seamless COTS tiling that was created by aligning cornerD with grid-
vertex(1; 3) (top-left). A BeCOTS Kagome was lattice created by raising it (top-right).
A seamless BeCOTS tiling that forms an annulus with two border loops (bottom-left). A
BeCOTS honeycomb lattice along its �eld (bottom-right).

4.4.4 Point-MembershipClassi�cation

In chapter 8, we discuss how to perform Ball Interference Queries (BIQs) against BeCOTS

patterns and lattices in constant-time. A BIQ takes a query ballQ as input and returns the

shapes of a BeCOTS pattern that interfere (have a non-empty intersection) withQ. Point
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Membership Classi�cation (PMC) is a special case of BIQ where the query ballQ has zero

radius.

4.4.5 IntegralPropertyComputation

We are interested in the ef�cient computation of various integral properties for BeCOTS

patterns. Here, we focus on total volume computation and total surface area computation,

both in constant-time. Though, we conjecture that other integral properties, the centroid

for example [14], may be computed in a similar manner.

Total Surface Area Computation

Given a BeCOTS pattern with disjoint shapesf X i;j g. A naive,O(i j ) complexity, approach

would be to compute and sum up the surface area of each shape ofX. Gupta et al. present

an O(i ) approach to total surface area computation [14] of steady patterns1. Here, we

present anO(1) approach.

First, compute the surface areaa0;0 of the template-shapeX0;0.

Then, letdu = m2=(i � 1)
u be the surface area ratio between consecutive shapes such that

du = ai +1 ;0=ai; 0. Similarly computedv = m2=(j � 1)
v .

The surface areaa of the pattern may then be written as a double sum of geometric

progressions, which simpli�es to a constant time computation.

a =
j � 1X

j =0

dj
v(

i � 1X

i =0

di
u � a0;0) = a0;0 �

di
u � 1

du � 1
�

dj
v � 1

dv � 1
(4.13)

This closed-form expression may be more accurate than the double sum, because it

avoids accumulating error over many repeated operations.

1They also presentO(i j ) algorithms fori � j � k steady bricks.
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Total Volume Computation

Equation 4.13 can be trivially modi�ed to support the computation of the total volume of a

pattern with disjoint shapes. Start by letting the symbola represent the total volume anda0;0

represent the volume of the template-shape. Then, letdu = m3=(i � 1)
u be the volume ratio

between consecutive shapes such thatdu = ai +1 ;0=ai; 0. Similarly computedv = m3=(j � 1)
v .

These substitutions form the total volume computation, which has the same justi�cation as

for the area computation.

4.5 BeCOTS Lattices

The BeCOTS lattices proposed here may be used to address several design and performance

issues that limit the usefulness and scalability of previously proposed steady (chapter 3) and

non-steady lattices.

Here, we discuss applications of BeCOTS to the design of an interesting subclass of

Steady Lattices.

A BeCOTS lattice is a union of BeCOTS patterns where each pattern is a set of shapes

X i;j that are each a hub. We assume the lattice is clean, meaning that all hubs have pairwise

disjoint interiors.

Because a BeCOTS lattice is the union of one or more BeCOTS patterns of hubs, the

constant time PMC and IPC algorithms discussed in section 4.4 apply here.

4.5.1 Controloverthelatticeconnectivity

The BeCOTS formulation supports a variety of lattice connectivities (Figure 4.13), includ-

ing a �ltered (multi-level) structure (discussed in chapter 9). These can be easily pro-

grammed. When combined with the �exibility of selecting the angle� of the supporting

cone and the orientation and spacing of swirling beam-patterns, BeCOTS lattices may of-

fer a useful tool for designing and optimizing the support structures or cooling systems for
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