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SUMMARY

In this thesis, we study the normally elliptic singular perturbation problems
including both finite and infinite dimensional cases, which could also be nonau-
tonomous. In particular, we establish the existence and smoothness of O(1) local
invariant manifolds and provide various estimates which are independent of small
singular parameters. We also use our results on local invariant manifolds to study
the persistence of homoclinic solutions under weakly dissipative and conservative per-
turbations.

We apply Semi-group Theory and Lyapunov-Perron Integral Equations with some
careful estimates to handle the O(1) driving force in the system so that we can ap-
proximate the full system through some simpler limiting system. In the investigation
of homoclinics, a diagonalization procedure and some normal form transformation
should be first carried out. Such diagonalization procedure is not trivial at all. We
discuss this issue in the appendix. We use Melnikov type analysis to study the weakly
dissipative case, while the conservative case is based on some energy methods.

As a concrete example, we have shown rigrously the persistence of homoclinic
solutions of an elastic pendulum model which may be affected by damping, external

forcing and other potential fields.
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CHAPTER I

INTRODUCTION

A singular perturbation system usually involves different temporal or spatial scales.
Here we focus on multiple time scales in which case the system takes the abstract
form of

T = F(]}7y, 6) ) Cy = G(Zﬁ,y,G). (11)

The fast motions in the y direction are often some noise or transient behaviors and
the slow motions in the x direction are more of the focus of the problem. In the
singular limit as € — 0, we obtain G(z,y,0) = 0. Suppose y = ¢(x) (without loss of

generality, assuming ¢ = 0) solves this equation, the limit motion of x is given by
&= F(x,0,0). (1.2)

Let 7 = ¥, the y equation in (1.1) takes the form

Gy(2,0,0) _

j= T2 g g (13)

The singular perturbation system (1.1) is called normally hyperbolic if, for each

tGy(@0.0) on the y space is hyperbolic, i.e. it is exponentially

x, the linear flow e
contracting on one closed subspace and exponentially expanding in a complementary
subspace. In this case, the standard normally hyperbolic invariant manifold theory
[F1, HPS, He, BLZ1, BLZ2] applies to yield a persistent normally hyperbolic invariant
slow manifold M, given by a graph y = e¢(x,€). In the fast (and hyperbolic in nature)
motions outside M., solutions usually approach a neighborhood of M, exponentially
along its stable direction. After some time moving along the slow manifold, the

solutions leave the neighborhood exponentially along the unstable directions. These

motions of multiple scales can be connected by tools such as invariant foliations



[F2, F3, HPS, CLL, BLZ3] and this geometric approach has led to a huge success
in the study of the dynamics of singular perturbation system (1.1). See for example
[F4, Jo, JK, BLZ4].

Gy(@0.0) ig oscillatory instead of hyperbolic,

In the normally elliptic case, i.e. e
the persistence of the slow manifold is not always guaranteed [GL1, GL2]. Moreover,
solutions starting near {y = 0} should stay there at least for some O(1) time period
due to the lack of strong exponential instability in the y direction. One typical
situation of this type is when Gy (z,0,0) is anti-self-adjoint.

In this thesis, with applications to both ODEs and PDEs in mind, we study these
normally elliptic singular perturbation problems in an infinite dimensional dynamical
system and possibly non-autonomous framework. Assuming G,(z,0,0) = J, a con-
stant anti-self-adjoint operator, we first justify the limit equation (1.2) of the slow
variable x through a careful averaging.

A more important question is how much of the dynamical structure of the limit
slow system (1.2) remains in the singularly perturbed system (1.1). Elliptic type
motions in the slow directions such as periodic or quasi-periodic solutions may be
resonant with the oscillatory fast motions in the y direction. Some results have been
obtained on the persistence of periodic orbits for nonresonant ¢ << 1 [GL1, GL2,
Lo, Ma, SZ2|. Here instead we focus on the basic hyperbolic structure — the local
invariant manifolds near a steady state. Suppose (0,0) persists as a steady state
of (1.1) for ¢ << 1. Assume the linearization of the limit slow system (1.2) has
invariant stable, unstable, and center subspaces X*“®¢. For the expanded system
(1.1), the normal directions — the Y space — with the oscillatory linearized flow e/
should obviously be considered as additional center directions. The first observation
is, even though system (1.1) is singular, the existence of local invariant manifolds of

(0,0) is guaranteed by the standard theory (see, for example, [BJ, Ha, CL]) after a

rescaling of the time by a factor of e. However, since the exponential growth/decay



rates in the unstable/stable direction are O(¢) after the rescaling, this approach would
only yield local invariant manifolds of the size of O(e), which is far from being useful
in most applications, such as studying the persistence of homoclinic orbits.

Our main result in the thesis is to prove the existence and smoothness and the
leading order approximation of invariant manifold of the steady state of size O(1)
based on a combination of the averaging and Lyapunov-Perron integral equation
methods.

As an application which is also an fundamental problem itself, suppose there ex-
ists a homoclinic orbits in the limit slow system (1.2) and we study its persistence
in the singular perturbation system (1.1) which can be either weakly dissipative or
conservative. In the former, we derive the Melnikov function, which include an addi-
tional term coming from the fast directions, whose simple zero indicates a persistent
homoclinic orbit to (0,0). In the latter, when the system is analytic in reasonably low
dimensions, along with some other structures such as the Hamiltonian setting or the
reversibility, it has been shown that the stable and unstable manifold miss each other
by an error like O(e‘g) [Sun, Ge, Lo, To]. Without these assumptions, we prove that
there always exist orbits homoclinic to the center-manifold, forming a tube homoclinic
to the center manifold. While we follow the well-developed geometric ideas in the fi-
nite or infinite dimensional regular perturbation problems [GH, HM, LMSW, SZ3],
the proof heavily depends on the invariant manifolds we studied.

Before finishing the introduction, we would like to give two simple examples which
partially motivated us to study this subject, while it is also easy to come up with
examples in infinite dimensions. One is an elastic pendulum with fast and slow
frequencies itself and the other one is a bifurcation problem which does not appear
to have any singular parameter.

A pendulum of unit length with a fixed end is described by the Duffing equation.

In a more careful model, the pendulum, usually considered as rigid, may have some



small elasticity — meaning large elastic constant Ei? — allowing the pendulum to be
stretched or contracted slightly in the radial direction. Let x be the angular and
1 + y be the radial coordinates, respectively, then the system takes of the form of a
normally elliptic singular perturbation problem

€

(1 +y)& + 249 + gsina + 2ey(1 + y)& — Fi(z,y,¢6t) =0,

1 I+y (1.4)
i = (1+9)#* + 5y — gcosw + 267y — eFa(w,y,€,1) = 0,
where we also included the small damping and forcing. Formally, as € — 0, i. e. the
pendulum converges to be rigid, the corresponding singular limit (1.2) for the above
system becomes

y =0, T+ gsinx = 0. (1.5)

When there is no damping and the force is conservative, the problem is in the La-
grangian setting and the limit equation is justified in [RU, Ar, Tal. In the dynamics,
the state (m,0) is a hyperbolic steady state of (1.5) with a homoclinic orbit which
often leads to chaos even under small regular perturbation [GH]. One may easily
change the variables in the singular equation of y and make it anti-self-adjoint. Our
general results apply to (1.4) and give the criterion when the homolcinics persist un-
der either dissipative or conservative perturbation. This example will be revisited in
Chapter 5.

The singular perturbation theory also applies to problems which may not be ex-
plicitly in the form of (1.1). Consider an autonomous 4-dim ODE system with a
parameter € which has the origin O as a fixed point for all ¢ << 1. Assume, at
e = 0, the linearized systems has simple eigenvalues +i and a double eigenvalue 0.
While the unfolding of the focal point has been studied thoroughly (see, for example
[CLW]), we note that the oscillatory motions are essentially at a much faster scale
in the directions of the pair of elliptic eigenvalues. Under these assumptions, some

simple normal forms transformations and near identity time rescaling, the generic



form of the system looks like

. ayi(€) 1+ a(e) . ble) 1
i = 2+ O0(z)2 + |y?) §= y + O(|z|* + |y]?)

asi(€)  ags(e) —1 b(e)
where z, y € R? and ay,(0) = b(0) = 0,1,m = 1,2. Rescaling the system again by

3
2

- - - _1
T| = €Ty, Ty = €2T9, Y =€y, L =€ 27,

we obtain a singularly perturbed system in the form of (1.1) of normally elliptic type
with the singular parameter y = ez. If %(0) > 0, the origin becomes hyperbolic in
the = directions and we obtain the local center manifolds of order O(1) size in the
rescaled variables. If 22(0) # 0 in addition, we are in the right position to study the
Hopf bifurcation from the eigenvalues +i in this rather degenerate case. (See [F5] for
an approach essentially different from the Hopf bifurcation.)

The rest of the thesis is organized as the following. In Chapter 2 we present the
general framework in Section 2.1 and give the justification of the limit slow equations
and its linearization as well as the outline of the main results on invariant manifolds
and foliations in Section 2.2. In Chapter 3 and 4 we study invariant manifolds and
foliations and focus on their leading order approximations. Finally, the homoclinic
orbits are considered in Chapter 5. In the Appendix, we outline a process to block-

diagonalize the linearized system of (1.1) at a steady state.



CHAPTER 11

SET UP AND MAIN RESULTS

2.1 Set Up

Let Z1, Z be Banach spaces and Z be an open subset of Z;. We use | - |z, to denote
the norm of an element in a Banach space which is prescribed by the subscript. For
simplicity, we will sometimes just use | - | provided this will not cause confusion.

For any integer k£ > 1, let
C*(Z,25) = {h|h : Z — Zj k-times differentiable and

sup |D' f(2)|L,(z1,2,) < o0 for 0 < i <k},

z2€Z

with norm

k
[Blox = > sup | D'A(2) Lz, )5

o €2
where D' is the ith differentiation operator with respect to variables in the phase
space and we will use 0, and 0, for derivatives with respect to ¢t and €. Let L;(Z1, Z5)
be the Banach space of all bounded multi-linear operators from Z; into Z5 of order
i, where Lo(Z1, Z2) = Zy and Ly(Zy, Zs) = L(Z1, Zs).

We use | - |co to the denote the Cjy norm of some quantity with respect to all its

variables.

Let X be a Banach space and Y be a Hilbert space, for z € X,y € Y, we consider

the equations

= Az + f(z,y,t,€) 2.1)

o J
Y= E?/‘i‘g(%?/,tae)

and

i’o = AI‘O + f(Io, 0, t, 0) (22)

We assume for some constants Cjy:



(A1) A: X; — X, where X is a Banach space endowed with graph norm | - |x,,

which is continuously embedded into X and X; is dense in X.
(A2) A generates a Cp-semigroup e on X such that |e*4]| < Met for t > 0.

(A3) J is an anti-selfadjoint operator on Y with domain D(.J) = Y}, which generates
a unitary group e'z. Assume 0 € p(J) and | T Livvy) < Co. We denote the

graph norm on Y; by | - |y;-
(A4) For k > 1,

(D'f, Dig) € C°(X; x Y1 x R* Li(X; x Y1, X, x V1)), 0<i <k,
(D'f, D'g) € C°(X; x Y1 x R?,

LX x V)@ (X; x Y1), X xY)), 1<i <k
All of the quantities have a uniform bound Cj.
(A5) |- |x € C*(X\{0},R*), where R denotes all positive real numbers.

(A6) O.f € C°(X, x Y] x R? X,), D,O0.f € C°%X, x Yy x R* L(X1,X))), D,O.f €
CUX, x Yy xR* L(Y, X)), 0,9 € C°(X; x Yy x R2Y), Ddyg € C°(X; x Yy %
R? L(X; x Y1, X x Y)). Moreover, their norms are bounded by Cj.

Remark 2.1. In fact we can replace J by J(€) for each small €, then all results in

this manuscript still hold except Theorem 3.21 and 3.23.

Remark 2.2. The above assumptions may look complicated which s only due to
our intention to make the result applicable to PDEs where unbounded operators and
different function spaces are involved. For ODE systems, these assumption would

simply be

e J is an anti-symmetric matriz and (f,g) are smooth functions.



Let C be a generic constant, possibly with subscripts, which may have different
values as it appears in different places, and it only depends on the quantities involved
in (A1)-(A6). Let C" be another generic constant, possibly with subscripts, and the

dependence will be specified in the context.

2.2 Mawn Results

Before we introduce our main result, we first prove the following two theorems which
show that (2.2) is a good approximation of (2.1), so we can view (2.1) as a perturbation

of (2.2).

Theorem 2.3. For any ty € R, let T > 0 and (x(t),y(t)), xo(t) be solutions of (2.1)
and (2.2) on [to,to + T]. Suppose |x(to) — xo(to)|x, + |y(to)|ly; < Cie, then for any
t € [to,to+T), there exists a constant C" which depends on M,w, T, Cy, C1, |xo(to)|x,,

such that

|2 (t) — zo(t)|x, + y(t)ly < C'e. (2:3)

Proof. The idea of the proof is basically averaging in time which appears in the

estimate as integration by parts. By (2.1), (2.2) and variation of parameters formula

(JZ - xO)(t) = e(t_tO)A(x - {L‘o)(to) + / e(t_T)A(f(‘Ta Y, T, 6) - f(ZL‘(), 07 T, 0)) dT,

to

t
y(t) - e(t_tO)%y(tO) + / e(t_T)% (g(l', Y, T, 6) - g(xlb 07 T, 0)) dr

to

t
—l—/ e(t’T)%g(a:O,O,T, 0) dr.

to

Due to the oscillatory nature of et%, we can write
t J
/ e=%g(x0,0,7,0) dr
to
= _ejilg(‘r(h 07 t7 0) + e(titO)%Ejilg(x()? 07 th O)
t
—i—/ e(t_T)%eJ_latg(xo, 0,7,0) dr

to

t
+ / e(t*‘f)%ejfll)gcg(q;o7 O7 T, O) (Axo —+ f(x07 07 T, O)) dT’

to



where we also use assumption (A4) to assure the last term on the right hand side is

well defined. Therefore,
t J
‘ / e g(x0,0,7,0) dr| < Ce,
to Y
where C” depends on M,w, T, Cy, |xo(to)|x,. Consequently,

(|2 = zolx, + |ylvi)(t) < C(lz = olx, + |ylvi)(to) + C'e

T / Ol — o, (7) + [y — ol (7) + ) dr

to

Then, by applying Gronwall’s inequality, we can get the desired estimate. O]

In addition to the convergence of solution on finite time interval, we will also need

the convergence of solution of the linearized equations. We linearize (2.1) and (2.2)

to have
ox = Adx + D, f(z,y,t,€)0x + D, f(z,y,t,€)dy
2.4)
. (
0y = —0y + Dug(2,y,¢, )0z + Dyg(x, y, 1, €)y,
and
dxg = Adzo + Dy f(o,0,t,0)0z0
(2.5)

: J
5y0 = Eéyo + Dyg(xm 07 ta O>5y0
Theorem 2.4. Assume k = 2 in (A4). Let (6z(t),0y(t)) and (dzo(t),0yo(t)) be

solutions of (2.4) and (2.5), respectively. Suppose that

162 (to)|x, + [6y(to)lvy <1, [0z0(to)|x, + [0y0(to)ly: < 1, (2.6)

and
[z(to) — wo(to)|x, + [y(to)|lv, < Cie, (2.7)
0x(ty) — 0xo(to)|x + [0y(to) — dyo(to)]y; < Che. (2.8)

Then there exists a constant C" which depends on M,w, T, Cy, Cy, |x(to)|x,, such that
|62:(t) — 0xo(t)|x + [0y (t) — dyo(t)]y, < C'e

for all t € [to,to + 1.



Proof. By standard semigroup theory in Banach space and (A3), we have

(|0x(-)| + |6370<')|)CO([to,t0+T]vX1) =G

(1851 + 1690()]) o eorz1vy < C-

(2.9)

First we use (2.4) and (2.5) to obtain

(5 — 620 =A(6x — 620) + (Duf (.1, €) — Do f(20,0,1,0)) bz
+ D, f(2,y,t,€)(0x — dx0) + Dy f (2, y,t, €)(0y — dyo)
+ Dy f(z,y,t,€)0yo
S = B0 =( + Dy (0, 0,£,0))(3y = 690) + Dag(0,0,1,0)3z

+ (ng(a:, y,t,€) — D,g(x0,0,t, O))c?z

+ (Dyg(z,y,t,€) — Dyg(zo(t),0,t,0))dy.

\
By using (2.4), we have
ox — 0w = A(6x — dx0) + ha(t,€) + D, f(x,y,t, €)dyo,
. ) J
6y - 5y0 = (E + Dyg(xo(t)7 07 t’ 0))(5y - 5y0) + hQ(t7 6)
+ng(x0707t70>5x7

where
’hllX S C/(G + ‘(527 — (5.170‘)( + ](53/ — 5@}0‘3/) s |h2’y1 § CIE.

By assumptions (A3) and (A4), %—I—Dyg(aso(t), 0,t,0) generates an evolution operator

E(t,s;x0(s), €) which satisfies for ¢ > s,

|E(t, s320(5), €)|Liviy),noviy) < eColt=9),

10



For D,g(x¢,0,t,0)0x, we use (2.9) and integrate by parts to obtain

t
/zﬂunmwmoDwmmanm&:m

to Y
J
= | = (= + Dyglanlt), 0,1,0)) " Daglro(t), 0.2, 0)d(1
J
+E(t, to, l’o(to), 6)(; + Dyg(l'o(t()), 0, to, O))_IDIQ(.CEO(tQ), 0, to, O)(Sl‘(t())
t
J
+ [ Bt (). + Dyglao. 0,7, 0)
to

[Da:yg(x()a 07 T, 0) (A‘TO + f(x()v 07 T, O)) + Dyatg(l‘(b 07 ta O)]

<

(Z + Dyg(mm 07 T, O))ileg(xm 07 T, 0)5‘% dr

t
J
+/ E(t,’i’;.%o(’i'),e)(z + Dyg(x0,0, T, 0))"'D,g(z0,0,7,0)

to

(Aéx + D, f(z,y,1,€)0x + Dy f(x,y,T, e)éy) dr

t
J
+ [ Bt rian(r). O + Dyglao. 0,7, 0)

to

D?cg(x(b 07 T, 0) (A-TO + f(x()? 07 T, 0)7 53:) dr

¢
J
-I—/ E(t,T;ZL’Q(T),E)(E + Dyg(70,0,7,0)) ' D,0:g(0,0,7,0)0x dr

to Y;
< (e
For D, f(x,y,t, €)dyo, we use (2.5) to obtain
dyo(t) = eJ’lé'yO(t) —eJ ' Dyg(wo(t),0,t,0)5y0(t).
Consequently,
t
\/ e""TAD, f(w,y, 7, €)0yo dr]
to
t
:e| / e(t’T)ADyf(x, y, 7, €)(J 0y, — J ' Dyg(wo,0,7,0)y0) dT}X
t
0 td (t—7)A 1
/ -7 —
<C'e + 6| /to E(e D, f(z,y,1,€))J  dyo dT‘X.
One can use (2.4) and (A6) to show
"d o ema 1
_r - /
|/t E(e( ) Dy, f(z,y,1,€))J  dyo dT‘X < (e. (2.10)
0

11



Therefore,
(162 — dzolx + [0y — dyolwi ) (1)
t
<C'e +/ C(|6x — dzo|x + |6y — dyo|) (1) dr.
to

Then Gronwall’s inequality shows the desired result. O]

Remark 2.5. We cannot achieve the estimate on |dx — dxo|x, even if we assume

|02 (to) — dzo(to)|x, < Che, since the left hand side of (2.10) contains a term

¢
/ Ae(t_T)ADyf(x,y,T, e)J_15y0 dr,

to

which is only in X under current assumptions. In fact, if we assume

|02 (to) — dxo(to)|x, + [0y(to)ly: < Cie, [0yo(to)ly, < Che,

we can prove |dz(t) — dxo(t)|x, + |0y (t)|y; < Chie for all t € [to,to + T.

Remark 2.6. Let ®(t, tg,x,y,€) be the flow of (2.1). Higher order derivatives of ®

m x,y can be obtained in a similar way.

Corollary 2.7. Assume the same condition as in Theorem 2.4 and replace (2.6) and
(2.8) by
[00(t0)[x, + [0%0(to) v <1,

]§x(t0) — 5560(t0)|X + ’6y<t0) — (Sy()(t())h/ < 016.
Then there exists C' such that for all t € [ty,ty + T,

162(t) — 5o(t) x + I8y() — Syo(B)ly < Ce

Remark 2.8. In fact, one can also consider a more careful approximation

$:A$+f(x7yvt76) 5'U0:A$0+f($07?/0at70)
J and 7
Y= Ey +9g(z,y,t,€) Yo = Eyo + g(x0, yo,t,0) — g(x0,0,t,0)

Similar estimates can also be obtained.

12



To study the local invariant manifolds, suppose (0, 0) is always a steady state and

the limit systems is autonomous, i.e.
O f(x,y,t,0) = Og(z,y,t,0) =0 £(0,0,t,¢) = g(0,0,t,¢) = 0.

We assume linearized (2.2) at 0 has the exponential trichotomy, i.e. there exist closed
subspaces X™®¢ such that there exist constants a; < min{as, 0} and a, > max{0, a}}

and for t > 0,

|€t(A+fm(0)) o < Cletllt |6_t(A+f””(0))|Xu < C’le—aét

|et(A+fz(0))|Xc < O et |e—t(A+fz(0))|XC < Cre

. . z : .
Moreover, we assume the linearized flow e'(c9() satisfies the same assumption as

oA+ 2(0))

xe and thus the expanded center space of (2.1) should be X¢@® Y. Along
with a few other technical assumptions, rough our main results on invariant manifolds

and foliations in the phase space X; X Y] is
Main Theorem. For e << 1, in the space X; X Y7,

1. There exists smooth invariant stable, unstable, center-stable, center-unstable,
and center integral manifolds of (0,0) which can be written as graphs of smooth
mappings from a d-neighborhood of the corresponding subspaces to the comple-
ments whose norms and § are independent of €. Moveover their derivatives in
to, the time parameter of integral manifolds, is O(e) when evaluated in the norm

x4+ v

2. The center-stable and center-unstable manifolds are foliated into the disjoint
union of smooth families of smooth stable and unstable fibers which also written

as graphs of mappings whose norms are bounded independent of €.

3. The stable and unstable manifolds are O(e€) close to those of (2.2).
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4. The center-stable, center-unstable, and the center manifolds at {y = 0} are O(e)
close to those of (2.2) and their tangent spaces there are O(e) close to the direct

sum of the unperturbed ones and Y, respectively.

Here by the term an integral manifold, we mean a family of manifold M (¢) param-
eterized by ¢ so that the solution map of (2.1) starting at initial time ¢, and ending
at t; maps M (ty) into M (t1). They are independent of ¢ if the system is autonomous.
The precise statement of these results of the invariant manifolds are given in Chapter

3 and 4.
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CHAPTER III

INVARIANT MANIFOLD

In this chapter, we will study the local integral manifold of a stationary solution of
(2.1), namely, the center-unstable (stable) manifold, unstable (stable) manifold and

ect.

3.1 Preliminary

In this section, we will introduce our main assumptions and some basic quantities
that will be used to construct various invariant manifolds. Until Theorem 3.14, we

only assume (A1)-(A5). In addition, we assume
(BL) Of(2,y,1,0) = dig(x,y,t,0) = 0,
(B2) £(0,0,t,¢) = g(0,0,t,¢) =0,

(B3) (Df,Dg) are equicontinuous functions in x,y and e with respect to ¢ at © =
0,y = 0,e = 0, i.e. for any s > 0, there exists § > 0 such that if |z|x, <

3, |yly, <6, el <4, for any t € R,

|Df(z,y,t,€) — Df(0,0,t,0

)|L(X1><Y1,X1),L(X><Y,X) <,

}Dg(z,y, t,e) — Dg(0,0,t,0 < s.

>‘L(X1 xY1,Y1),L(X xY,Y)
We will write D, , f(0,0,t,0) as f,,, and such notation is also applied to g.

For (z,y) € X; x Y7, let

Fl(mayata‘E) = f($7y7t7€> - fxm - fyy
(3.1)

Gl(l‘,y,t,E) - g(x,y,t,e) = Gz — GylY
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and A\(r) € C(R) such that

1
1, r< -
Ar) = 3 N ()] < 3.
0, »r>1
Let
Fley.t,e) = M Wy p 0o,
r (3.2)

Gy t,e) = AW 6y g )
then by assumption (A4), (A6) and (B2), F' and G satisfy:
F(0,0,t,¢) = G(0,0,t,€) =0,
|F(z,y,t,€)|x, <Tr, |G(x,y,t, €|y, <Tr,

|D$F<x>y7t7€)|L(X1,X1) <T, |DwG<ﬂ7,y,t, 6)|L(X1,Y1) <, (3 3)

|DacF<x7yat7€)|L(X,X) < T, |Da:G(x7yat7€>|L(X,Y) < T,
|D?IF($7 y7 t’ 6)‘L(Y1»X1) S F? |DyG(x7 y7 t) 6)‘L(Y1,Y1) S F)
|DZ/F(‘T7 yvta €)|L(Y,X) S Fv ‘DyG(‘Ta yvta 6)|L(Y,Y) S Fa

where 7 = 7(r, €) is given by the product of ¥ and a constant C' depending only on

Cy, and

r=7(r &)

)

p
|D$F1(x7y7 t, 6/)|L(X17X1)7 |DyF1<'r7y7t7 6/>|L(X1,Y1)7

|D:tG1 (ZL’, Y, t? 6,) |L(Y1,X1)7 |DyG1 (l‘, Y, t? 6,) |L(Y1,Y1)a (34)
gt = Do Ry (g, €)oo, [ Dy i@y, €) ey,

\ |D.G1(x,y,t,€)|Livx), | DyGi(z, y,t,€) | Liviyy )

Clearly, (A4) implies lim 7 = 0.

r,e0g—0
Define Ay = A+ f,, we will construct the global invariant manifold for the modified
system:

B(t) = Apr + F(x,y,t,¢) + fuy
(3.5)

. J

We further assume
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(B4) There exists a pair of continuous projections (P;, P.,) on X, such that P+ P,, =
Ix !, clearly X = P,X x P,,X and

P ., X are positively invariant under et ,

tA;

e can be extended to a group on P, X.

(B5) There exist constants a; < 0 and a; < ag, such that

eV Py < Ke™z|xy for t>0, xe€X,
e x|y < Ke®'|z|x for t<0, z¢cX,

|et(%+9y)y|y < Ke®yly for t<0, yeY.

Remark 3.1. Let P,X; = X{ and P.,X, = X, (B4) and (B5) imply 7 and
et(+aw) satisfy the same estimates with all norms replaced by |- |x, and |- |y,, respec-

tively.

Motivated by the exponential dichotomy of the linear part of (3.5), we construct

the center-unstable manifold. More precisely, we look for a submanifold,

ME = {(Eaus &y to) + halEonr €510, )| (€eun €5 10) € (X7 X Yy X R) }

in X; x Y] xR, which is positively invariant under the augmented flow on X; x Y] xR,

where the last dimension correspond to t. Moreover, we expect that

e Every point p € M has a backward solution (X(£),Y(t)) € M for t < ¢

with (X (t9),Y (to),to) = p.2

!Throughout this manuscript, we will use notations Ix, Iy for identity maps on X, Y, re-
spectively. With slight abuse of notation, we also use the projections Ps and P, to denote their
composition with the projection from X x Y to X.

2To avoid confusion, we remark that for the rest of this manuscript, we will use z(-) and y(-) to
denote an element in certain Banach spaces. And we use X (-) and Y'(-) to denote the solution of
(3.5).
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o (IX(®)|x, +|Y()|y,) < Ce™ for some 1 € (a1, a2) and ¢ < .

In general, let n € R, Z be a Banach space, we introduce the following space:

C,(Z) = {z(t) € Z|supe "|z(t)|z < +o0, 2(t) is continuous}
t<0

with norm |- |, ,, where €, is a parameter
_ w1202
12() e 2 supe "=
Let

By (o) = { (e,9) €C; (X1) x C; ()] (3.6)

@), = 2 + Weows + lEx < 2}
where we also use B, (00) to denote the corresponding linear space.
For any n € (aj,az), there exists € > 0 such that for any €, € [0,¢), there exist

70, €0 > 0 satisfying that for any € € [0, ¢y) and r € (0,79), it holds

o(n) = min{o1,02(n),03(n)} > 0, (3.7)
where
1
o1 = 3~ C’ge,
K K
oo(n) =1 —3( + + 1)(7-1- Coﬁ*),

Qg —1 N —a1

K = 2
+ K +1)(7 4+ 2C%¢
03(17):1—3(a2_n ) ‘ ).

€x

In the rest of this whole chapter, we always assume (3.7).

3.2 Construction of local invariant manifolds

In order to construct the invariant center-unstable manifold, we start with solving
the following integral equation by contraction mapping principle. Intuitively, these

integral equations are derived by imposing appropriate decay conditions at £ = —oc in
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the variation of parameter formula and their solutions after certain time translation
will be verified to satisfy (3.5).

To simplify notation, we write F'(z(7),y(7), T +to,€) = F(x,y, 7 +to,€), fy(T) =
fyy and such notation also applies to G' and g.

Consider the following integral equations with parameters (., &,,t) € (X x
Y1 x R) for z € C (X) and y € C (Y1)
2

t
.T(t) :etAfgcu + / e(tiT)Achu (F(SE, Y, T+ 1o, 6) + fyy) dr
0

¢
i / Y P (F(z,y, 7 +to,€) + fuy) dr,
L o (3.8)
y(t) =e!E g, +/ TG (1, y, T + to,€) dr
0

t
_I_ / e(t_T)(%J'_gy)gx'r dT
0

\

If (z,y) satisfy (3.8), one can compute

d t
— t=As p, (F(x, Y, T+ to, €) + fyy) dr

1 t+h
~ lim ~ ( / DA P (F(x,y, 7+ to, €) + fyy) dr

—00

t
_/ e(t—T)AfPS<F($,y,T+tO>E)+fyy) dT)

1 t
= }lllr% ﬁ / e(t_T)Af <€hAf - I)Ps (F(ﬂf,y, T+ th 6) + fyy) dT

+ li 1
hlg(l)h

t
= Af/ e(t=mAs p, (F(x,y,r + o, €) + fyy) dr

—00

t+h
/ DA PF(2,y, 7 + to, €) + fyy) dr
t

+P(F(z(t),y(t),t +to, €) + fuy(1)).

The last equality follows from the facts that e*4/x is a continuous function in ¢ and
(x(t),y(t)) € X1 x Y1, which implies the integrand is in X; by (A4). Here we also
use the assumption z(t) € C, (X;) and y(t) € C, (Y1) to guarantee the convergence

of the improper integrals.
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Similarly,

t
%/ e(t_T)Achu(F(.r,y,T—i—to,e) + fyy) dr
0

t
= Af/ =14 p (F(m,y,T + to, €) + fyy) dr
0

+P., (F(x(t), y(t),t +to,€) + fyy(t)),

and
d t
dt J

J t
_ (z N gy)/ e(t—T)(%"rgy)(G(x,y?T +to,€) + gox) dr
0

(=) (E+9y) (G(:zc7 Y, T+ to, €) + gx:p) dr

+G(x(t),y(t),t + to, €) + goz(1).

Now, let (X (- 4+ t0),Y (- + to)) = (x(-),y(+)), then from the above computation, we
have (X (- +to),Y (- + to)) satisty (3.5) with (P, X (t9),Y (t0)) = (cu,&y). Therefore,
we prove that after a time translation a solution of (3.8) in C, (X;) x C (Y1) is a

solution of (3.5).
On the other hand, if (X(t +t9),Y(t +t0)) = (z(t),y(t)) € C, (X1) x C;7 (V1)
satisfy (3.5) with ((0),y(0)) = §o = (§eus &y &s), by variation of parameters formula,

we get

t
Pcu.’ll'(t) = etAfgcu + / e(tiT)Achu (F(l’, Yy, T + th E)
0

—i—fyy) dr,
t
Px(t) = e(tfn)AfPsx(tl) + / e(t—f)AfPs (F(:c, Y, T + to, €)
t1
—i—fyy) dr,

t
y(t) _ 6t(%+9y)€y + / e(t—T)(%""gy) (G(fl:, Y, T+ to, 6)
0
—i—ggﬁ) dr.
for any t; < 0.
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Since P,z (-) € C, (X;) and by the exponential dichotomy,

lim ‘e(t_tl)AfPsx(tl)‘ = 0.

t1——00 X1

Consequently,

t
Px(t) = lim [e(t_tl)AfPsx(t1)+/ e(t_T)AfPs(F(x,y,T+t0,e)

t1——0o0 t

+ fyy) dTi|

t
= / e(t_T)AfPS (F(JZ, Yy, T + o, 6) + fyy) dr.

—0o0

Therefore, (z,y) satisfy (3.8) with parameters (£.,,&,).

otAs

0
Let U(t,e) = , , and for any (7,y) € B, (p) and § = (e, &) €
0 etl=+ay)

X x 1,
c%u(ma y7£7t07 6)<t) = U(t7 6)6

: Pos(F(a, .7+ to, ) + fyy)
+/ U(t—T,¢€) ( 0 €)+ fy dr
0 G(x,y,T+t0,€)+ng

Ut —7,¢)

T.

/t P, (F(x, Y, T+ to, €) + fyy>
_l’_

Lemma 3.2. For any n with ay < n < ay and €,,1, €y satisfy (3.7), there ezists po
depending on |Eeul x5 |Eylvis IS €x, 0, such that for any € € [0, €) and p € [py, 0|, Teu
defines a contraction mapping on B, (p) under the norm |- |, . Here o is defined in

(3.7).

Proof. For any (&, &y, to, €) € (X5 x Yy x R?), since they are fixed, we will skip them

in 7. It is easy to obtain from the definition,

supe "
<0

(Ps + Peu) Teu(, y)(t)

K K _
< Kl + (= + 7= ) (DFleo + el 1)) |(z,9)], ..

X3
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Since (z,y) € C, (X1) x C (Y1) and Ay is a closed operator, one can verify (P +

PCU)‘%U(x7y7£7t07 6) € Ol((_oo, 0),X) and

Tl )0

—Ape e, + Fa(t),y(t), t +to,€) + fy(t)

(P5+Pcu)

t
+ Af/ e(t’T)Achu(F(a:, Y, T+ to, €) + fyy) dr
0

t
+ Af/ Y P (F(z,y,7 +to,€) + f,y) dr,

—00

Therefore,

supe "
<0

(Put Pu) 5 Tl ) (1)

K
+
-n n—a

SK‘Scu‘X1+(a2 +1)(’DF’C'0+€*’fy|)|($’y)‘i

7776*'
Again, by the definition of 7,
t
_ et(g+gy)€y+/ I (Gl y, 7+ o, €) + o) d
0
t
_ 6t({+gy)€y +/ 6(t—T)(%+9y)G(x’y’7—+t07€) dr
0

J t t J .
I (4 g) Mgl / M 4 g,) et dr.
0

Consequently, we obtain

sup le_”t (I — Py — Pou) Teu(,y)(t)

t<0 €x

Y

K&, |y, K DGleo + 2€|J7Y|gs
€x Qg — 1 €x

7,€x

Using (3.7), clearly, there exists py > 0 determined by |&,|y;, |§cul x,, K, €« and o such

that for any p € (po, +00], the above three inequalities imply that 7, maps B, (p)
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to B, (p). To prove it is a contraction, we can estimate in a similar fashion

supe "|(P, + Pcu)(f%u(xlayl) — Teu(2, y2>)(t)
t<0 X1
K K
<( + )(|DF|CO+€*|fy|)X

Cay—n N—a

(Jo1 — 96’2!;,1,;(1 + |y — 3/2’;,6*,1/1),

d
sup e—nt (Ps + Pcu)a(’%u(xlhyl) - 2U<x27 y2>)(t)‘
t<0 X
K K
<(—— + —— + 1) (IDFleo + el ]) x (3.10)

Qg —1 N —a1

(|331 - 1‘2’;,1,;(1 +ly1 — 3/2’;6*,1/1)7

sup e—nt (-[ - Ps - Pcu)(zu(‘rhyl) - C?(.1“(‘/’627 y2))(t>

<0 e
D 2¢|J 7|92

az — 1 €x

(lzr = ol x, + 181 = Zalyy x + o1 — ol va)-
Therefore, 7, defines a contraction mapping from B, (p) to itself under the norm
|- | O

7,€x "

For any (&,t0,€) € X{* x Y7 x R?, let (z(t),y(t)) be the fixed point of .7, and

0
hs(&, to, €) = Psx(0) = / e A1 P, (F (x,y, T+ to,€) + fyy> dr, (3.11)

—0o0

M = {(& to) + ha(& o, €)| (€, t0) € X[ x Y1 x R},

where M¢" is independent of 1 € (aj,az). We will prove M is invariant under the

augmented flow defined by (3.5).

Theorem 3.3. For any (£, ty) € M

€ 7

its unique solution (X (t),Y (t)),t > to of (3.5)

belongs to M. Moreover, (X (t),Y (t)) € M is also a backward solution for t < t.
PTOOf' Let (507t0) = (€CU7§y7 hs(gcuygyat(% 6), t()) € M§u7 and (l‘, y) SatiSfy

(@(), y(t)) = Teulw,y, &, o, €)(1)
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with parameter (., &,). By definition, (X (¢),Y(t)) = (z(t—to),y(t—to)) is a solution
of (3.5).
If t; < tog, we need to show that (x(t; — to),y(t1 — to),t1) € M. Let £ =

(écmg ) ( cu«r(tl L ),y(tl - t0>)7 we have
t
.I‘(t) = 6Mfgcu + / e(t_T)Achu (F(I, Y, T + to, 6) + fyy) dr
0

t
+/ =145 p. (F(:L", Y, T+ to, €) + fyy) dr

— 00

— et t1 to))Af< (tl to Afg

t1—to
+/ et DAr P (F(z,y, 7 + to, €) + f,y) dT)

[e=]

+

/ =45 p. (F(x Y, T+ to, € )—I—fyy) dr
tl to

+ et="Ar p, (F(x, Y, T+ to, €) + fyy) dr

—0o0
t

= elt=(i=todAsre’ 4 / AP (F(2,y, 7+ to,€) + fy) dr

t1—to

t
+ et=m4s p, (F(x, Y, T+ to, €) + fyy) dr

and similarly,

t

y(t) = e(t—(tl—to))(fﬂy)gz’; +/ eECEHW G2, y, T + to, €) dr

t1—to

t
+ / =Tt g o dr.
t

1—to
Let ¢! =t — (t1 —to) and (Z(¥'),y(t)) = (z(t' +t1 —to), y(t' +t1 —to)). Plugging (7, 7)
into the above equalities and make some change of variables, we find that (z,y) =
(T, Y, € 11, €). By the definition of M, we have (z(t; — to), y(t1 — to)) € M.
. F(z,y,t,€) + fyy _ .
For t; > tg, since as a mapping from X; x Y to itself has
G(x7 y’ t? E) + g:(/‘aj

a globally Lipschitz constant independent of ¢, the solution (X(¢),Y (¢)) of (3.5) is

defined for all ¢t > ty. Moreover, let

W0 = (X0l + b x(0) ).

X1
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we have

sup W (t) <max{ sup W(t),supW(t)} < +oo,

i<ty to<t<ty t<to

which follows that (7,7) € C, (X1) x C,/(Y1). Clearly,

(2(0),4(0)) = (X(t1), Y (t1)) € M.

Remark 3.4. Note that X{"* x Y| # ToM*

€ )

we cannot prove hg 1s bounded.

By the exponential dichotomy, we can also construct the stable integral manifold.
For a Banach space Z, we use C;7(Z) to denote
Cr(Z)= {z(t) € Z|supe ™|z(t)|z < o0, 2(t) is Continuous},
>0

We use | - [, , to denote the norm in C;f(Z), where ¢, is a parameter and

o

z
+ _ —nt ‘
7z = Ssupe
t>0 €x

2.,

Similar to B, (p) introduced in (3.6), let

B () = { (z.) €C (X)) x €} ()

! (3.12)
+ .
(@)l =l + Wl + Elax < o)
where we also use B,J]r (00) to denote the corresponding linear space.
For ¢, € X7 and (z,y) € B,f(00), we define
f%(x7 Y, 587 t07 €>(t)
t Py(Fi(z,y, 7+ to,€) + fyy
:U(t,e)fs—i-/U(t—T,e) (i 0:€) + Juy) dr
0 0 (3.13)
¢ P.(Fi(z,y, T+ tg, €) +
+/ S (F1(w,y, 7+ to, €) + fyy) o
+oo Gi(z,y, 7+ to, €) + gox
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where Fj,G; are introduced in (3.1). One may note that we do not cut off Fy, Gy
in 7. It is due to the following fact. To construct the stable integral manifold, we
need 7 < 0, which makes the functions in B, (c0) exponentially decay as t — +oo0.
If we choose |&|x, to be sufficiently small, we can work on sufficiently small ball in
B(o0). Consequently, DFy, DGy will be automatically small by continuity. This
subtle difference would imply the local stable integral manifold for (2.1) is unique,
which is not true for the local center-unstable integral manifold.

Following the same proof as in Lemma 3.2, one can see that if (3.7) is satisfied, .7
defines a contraction on B, (p), where p is sufficiently small, under the norm | - [}

which is given in (3.12). Let (x5, ys) be the fixed point of .7; with parameters (s, to, €).
Define

M = {(&to) + heu(Es, 10, €)[ (€, 0, €) € (X x R},
where

heu(&s: to, €) =(I = Py)(25(0),4(0))

dr.

0 Po(Fi (g, Yo, T + to, €) + fyys) (3.14)
= / U(—r,¢)
+oo Gl(iﬂs;ys,T—i‘to,E)—i-gxxs
In fact, all the previous estimates apply to .7;. Hence one may go through the

same procedure to prove the existence of the stable integral manifold.

Theorem 3.5. Letr, be a positive real number and assume €, €, and rs are sufficiently
small. There exists p depending only on €, €., rs such that for each & with || x, < rs,
T which is defined in (3.13) has a unique solution on B/ (p). Therefore, we have the

unique stable integral manifold M? in a neighborhood of the origin.

Now, we will state the results on center-stable integral manifold. To do that, we

need the following assumption and notation.

(C1) There exists a pair of continuous projections (P.s, P,) on X, such that P.,+P, =

Ix and P, X are positively invariant under etds
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C2) There exist constants a), > 0, and a} < ab,
2 1< Gy

]etAfPCSx|X < Ke“llt|:1:|X for t>0, ze€lX,
e Pyl x < Ke®|z|x for t<0, ze€X,

|et(%+9y)y|y < Keullyly for t<0, yeVY.

Compared with (B4) and (B5), we know that €4/ and e!(7+%) satisfy the same
estimates with norms replaced by |- |x, and | - |y;.

Let P.sX; = X{® and P,X; = X}". For any & = (&,&y) € X{® x Y] and (z,y) €
B (p) define

L%s(x7 Y, 57 tOv 6) (t)

Pcs<F('r7y7T +t07€) + fyy>
T

t
:U(t,e)§+/ Ut —T,¢€)
0 G(z,y, T+ to, €) + gox (3.15)

Ut —T,¢)
400 0

T.

/t Pu(F(l.ayaT_'_the)—i_fyy)
+

It’s not hard to see that 7., satisfies estimates similar to 7. Let (x(t),y(t)) be the

fixed point of Z(-, -, &, to, €)(t), and define

0
h’u(gvt()a E) = PU.TJ(O) = / e_TAfPu<F(x7yaT + to,E) + fyy) dTa

—+00

ME = {(&,10) + (€ o, )] (&, to) € (X* x Vi x R) |-

Theorem 3.6. Assume (A1)—(A5) for k =1, (B1)—(B3) and (C1)—(C2). For

sufficiently small T, e, €, there exists a center-stable integral manifold M.

By taking the intersection of M and M¢*

€

we obtain a center manifold. Let

X¢=X"NXe=(Ix —P,— P,)X, = P.X).

Theorem 3.7. Assume (A1)—(A5) for k =1, (B1)—(B5) and (C1)—(C2). For

sufficiently small 7, €., €, there exists a center manifold M¢ which is parameterized by
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(&, &y, to) such that

M = {(60:y0t0) + (o W) (€er &y 0, )| (600 fo) € XT X Vi X R}
Moreover, ¥* and ¥* satisfy
hs(\pu(gca gyu th 6)7 507 gyu th 6) :\Ils(gm £y7 tOv 6)7

hu(xps(gw gya th 6)7 gca gya th 6) :\I/u(gca §y7 t07 6)'

Proof. Since we fix (tg, €), we will suppress the arguments in h and h,. To construct

(3.16)

the center manifold, it’s equivalent to solve the following system:

gu = hu<£s7 567 fy)v

gs = hs(&m gca gy)
By the definition of h, and h,, we have

(3.17)

hu(gslv gca fy) - hu(§§7 gca gy)

X1
e —abT (= 3K 1 2
< ( ; Ke <T+CO€*)H dT)‘gs _gs’XN
hS(&lu 507 gy) - hs (527 gav fy) X
0
< ([ Koo Gt )i - €.

K
where % is the supremum of Lipschitz constants of fixed points of 7., and
—0
T, With respect to & and ., respectively. Thus, for each (&.,&,) € X{ x Y,
(hs(-,gc,gy), hu(-,gc,gy)) defines a contraction on (Ps; + P,)X;. Thus, there exists a

unique pair (U, ¥,,) that satisty (3.16). O

3.3 Smoothness of invariant manifolds

In this section, we will prove some regularity results of invariant manifolds constructed
in the previous chapter. More precisely, we will prove there smoothness with respect
to spatial variables, ty and other external parameters. And we will only give detailed
proof for M while other results can be proved in a similar way. We start with the

following lemmas.
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Lemma 3.8. Let X, Y1, Y5, Z be Banach spaces such that X is continuously embedded
into Yy and Yy is continuously embedded into Y. Let 0 <0 <1 and F : X x Z — X,
such that for any x1,29 € X and z € Z,

‘}"(:vl,z) — .7-"(:162,2)|X < 9‘1’1 — .:1:2|X.
Moreover, D,F € C°(X x Z, L(Z, X)) with |D,F|co < co. For everyn >0,

(D, F)" € C°(X x Z,L(X, 1)), (D.F)" € C°(X x Z, L(Y3,Y2)),

satzsfymg |(Dxf>n|CO(X><Z,L(X,Y1)) S 0™ and |<Dxf)n|co(X><Z’L(y1’y2)) S 0. Then,

there exists a unique mapping x : Z — X, such that F(z(z),z) = z(z) and
v Lip(Z,X) , x€CYZ L(ZY>)).

Proof. Since for each z € Z, F is a contraction mapping on X, there exists a unique

x(z), such that F(z(z), z) = x(z). Note that

‘x(zl) — x(zo)|X
=|F(z(z1),21) — F(2(20), 20)|
S‘}"(:c(zl), z1) — F(x(20), z1)|X + ’]—“(x(zo), z1) — F(x(2p), ZO)‘X

SQ‘x(zl) — a:(zo)’X + ‘D]:}ct)’zl — 20

A

which implies

DF
|[2(21) — 2(20)[x < | 1 _|go |21 — 20| 2- (3.18)

Therefore, we have z(+) is Lipschitz in z, in particular,
r€CZ,X)CCUZ,Ys).

Let Ixy, be the inclusion map from X to Y; and Iy, y, be the inclusion map from

Y] to Y5. To prove the second part, first we have

(Ixyi = DaF(2(20), 20)) (2(21) — 2(20)) € V1 (3.19)

=D,F(x(21),20)(21 — 20) + F1(21) + Fa(z1) € Y7.
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where
Fi(z1) = F(x(21), 20) — F(2(20), 20) — Do F(2(20), 20) (2(21) — 2(20)),
Fy(z1) = F(x(z1),21) — F(2(21),20) — DF(2(z1), 20)(21 — 20)-
Since x(+) is continuous in z and F € CY(X x Z,Y}),
|Fy(21) |1 /|2(21) — 2(20)|x — 0 as 2z — 2.
By (3.18), we have
|Fi(z)lv /|71 — 20lz = 0 as 2z — 2. (3.20)

Since DF € C%(X x Z,L(Z, X)),

]Fg(zl)\X/|zl — 20|z =0 as 2z — 2. (3.21)
Define
k
T(z0) = Ivyys + Y (DaF(2(20), 20))",  T(20) = lim T*(z0).
n=1

Since z(-) is continuous in z, TF € C°Z,L(Y1,Ys)). For any n and k and z,
n+1

[T (29) — T"(20)] < 1 ¢ which implies T* converges to T uniformly in z5. So

T € COZ, L(Y;,Yy)) and | T|eo < ﬁ Multiply (3.19) by T(zo), we get
z(z1) — ()
=T'(20) DF (2(21), 20) (21 — 20) + T'(20)(Fi(21) + F2(21))
=T'(20) DF (2(20), 20) (21 — 20) + T'(20)(F1(21) + F2(21)) (3.22)
+ T'(20) (DF (2(21), 20) — DF(x(20), 20)) (21 — 20)
=T(20)D,F(x(20), 20)(21 — 20) + R(z1, 20).
By (3.20), (3.21) and continuity of DF, x, |R(21, 20)|(z,v5) = 0(|21 — 20|z). Therefore,
x is Fréchet differentiable, and

D.x(2) = T(20)D.F(z(2), 20) € C*(Z, L(Z,Y3)). (3.23)

O
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Lemma 3.9. Let Z, A be Banach spaces and A=

loc

((—00,0),A), which is a topo-

logical vector space. Forl > 1, p1 +ps+ -+ + pm = [, where p; > 0, suppose
Be C'(A xR, Ly,(X1 x Y1, X; x Y1),

with |Blco < 0o. For X € A, define

\Ij (Zlf ’ Zp1)( ) o ?\D (ZP1+~~+pm—1+1>' ce azl)(T)) dT?

EZ(X7 tO)(’Zlu 29y 7Zl>(t)
t ~
= / U(t —7,€)PsB(A(T), T + to)
(\Ijl(zla R Zp1)<7_)7 ) \Ilm(zp1+~“+pm—1+l7 ) Zl)(T)) dTa
where z; € Z,V; € L, (Z, Bp_jn(oo)), i=1,2,---,1,j=1,2,--- ,m. Then,
Bi(\ to), Ba(\ to) € Li(Z, By, (00)), (3.24)
B1,By € C°(A x R, Li(Z, By, ())), (3.25)

for any v’ < n with a; < Iy’ <lIn < as.

Proof. Obviously, (3.24) follows from the definition of By, (o0) in (3.6) and the as-
sumptions of U in (B5).

To prove (3.25), we fix Xo € A and to € R and take any sequence Xn — Xo,
t, — to. Given any s > 0, T} < 0, we claim that there exists N > 0, such that for

any t € [T1,0], if n > N
| B(An(t), T+ tn) — B(Ao(t),t + t0)|Lm(X1Xy1’X1XyI) < s. (3.26)
By the continuity of B, for any ¢ € [T7, 0], there exists S; > 0 such that
[BOLE) = B(u(t), ¢ +10)]| < 3,
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if [t — (£ + to)],|A — No(t)] < S,. Since [T7,0] is compact and A, — Ao, there exists
S! < S, and N, such that [\, (#') — Xo(t)| < S, for n > N, and |t/ —t| < S/. Again, by
the compactness of [T7, 0], there exist ¢, --- ,#" such that [T},0] C ‘01(15" — 24 ),
where S; = SJ;. Let s = min{!,---, %}, Since ¢, — to, Xa(t) : Xo(t) uniformly
on [T3,0], there exists N’ > 0, such that for every n > N’| |t, — to] < s and
Au(t) — Ao(t)| < & for t € [T},0]. Now, let N = max{N’, Ny, ---, Ny}, for every

n > N and t € [T1,0], there exists some #' such that ¢ € (£ — 2, + ), thus
|BOW(t),t + ) — B(Ao(t),t + to)|
<IBOW(),t +t,) — Bo(t), £ + o))
+ [ BOu(t), 1 +to) — B(Ao(t), t + o).

Note that |t — #/] < 5 < S; and [t +1, — (' +t0)] < 5 +5' < 5,
Y Y s S

Therefore, (3.26) is proved.

Let U = (U, , W) and [[®|[ime, = TT Vi, (255, (0c))- Without loss of gen-
i=1 A
erality in the following proof, we choose ||¥||;,., = 1. For any ' < 7, clearly

we have ||U|;ye, < 1. Define b} (t) = B1(An, ta)(t) — B1(Xo, to)(t) and we choose
log s
l(n—1')

7
elnt

T, = . Forn > N,if T} <t <0, using (3.26)

0

/ K

5711(,5)| < (/ Kelaz—tn)(t=7) ¢ dT)H‘I’Hln’,e* <s .
¢ as — In

Since £b}(t) has a similar form to (3.9),
d

P.,—bl(t ‘ <
(1)) < s(

K
as — In'

et + K).

For t < Ty, since || V||, =1

Y

g
elnt

0
b}l(t)} < el(nnl)Tl(/ Ke(azfln)(tff)g‘B,CO dT)H\I]Hlmﬁ*
t

K
< S( 2|B|CO>,
as —In

d
Pcu_ , ) <
- bn(D)] < s(

1/
e In't

+ K)2|B|co.

as —In
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Since s is arbitrary, we have proved By € C°(A x R, L;(Z, By, (00)).

Let b2 (t) = Bo(An, tn) — Ba(Xo, to), if t < T}, again we use | W 1|16, =1 to have

t
e~ 't bi(t)‘ < el(nn’)Tl(/ Ke(“lfl")(t77)2|B|Co dT)”\IIHln,e*
K
< 2|B
= S(ln—a1 | |C°)7
nld
—l"t—b%)< K)2|B|co.
| G| < s+ )2 Blen

Ty t
It 77 <t <0, we split the integral into / and / . First we have
—00 T

T _ ~
e it / Ut —7,6)Ps(B(Mn, T+ tn) — B(Xo, T + to))V d7
’ 7OOT1
< eln=n"t Ke(“l’l")(t’T)Q\B]CoH\IIHZW* dr
< K yBleaen < o
In—a;
/ d 7 g g
et E/ Ut —7,€)Ps(B(A, T+ t,) — B(Xo, T + 1))V dT‘ < (C's.
t
where C” depends on K,l,7,a1,|B|co. The estimate of part is similar to the
T
estimate of bl (¢) for 77 <t < 0. Therefore, we obtain
7[77% b2 t < ( C/)
e |”()’_Sln’—a1+ ,
nld
—““—th‘< ( K C’)
¢ dt"()_sln’—a1+ )
Therefore, By € C°(A x R, Li(Z, By, (0))). O

Theorem 3.10. Suppose f,g are CF functions and there exists some 1y with a; <
Mo, kno < as. Choose 1o, €, € and 0 to be small enough such that o(n') > 0 for any
n' € a1 + d,ay — 0], where o(n') is given in (3.7). Then, the center-unstable integral
manifold M of (3.5) is C* in (€, &,). Moreover, the norm of all derivatives of h
for1 <i <k are bounded in X{" XY, with an upper bound p independent of € € [0, €)

and tg.
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Proof. From assumptions, if such 7y exists, then ing € (ay,aq) fori =1,2,--- k. For

1 <i <k, define
Q= {n|in € (a1 +,a2 — 8), o(in) >din (3.7),i=1,2,---,5},

where § is a positive but sufficiently small quantity. Clearly, each €2; is open and
HQGQkCQk_l C - C Q.
We will first prove the case for £ = 1, and the higher order case can be proved

inductively.

For n € Q, ., is a contraction mapping on B;(oo) under the norm | - |n7€*

according to the proof of Lemma 3.2. Since we do not change tg, € in this proof, to

simply notations, we use Z.,(x,y,&) to denote T, (z,y,&, to, €). We also write

F(a,y) = Fz(t),y(t), t + o, €),

DF(z,y) = (D F(x(t),y(t), t + to,€), Dy F(x(t),y(t), t + Lo, €)).

and such notations also apply to G.

For any (7,y) and (¢,v) € B, (00), define

70 g)(60) /t Ui Po(DF(z,y)(8,%) + f,) "
0 DG(z,y)(),¢) + 9o ¢

U(t—T,€) dr.

) /t P, (DF(CL’, y)(9, ) + fyw)
oo 0
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A basic estimate on 7! are obtained below,

sup ™| (Py + Pa) o (:9) (9, 9)
K K
(G5 =) (IPFles +6*|fy|)|(¢ Oy
sup—e (1 = P, = Pa) T ) 0,0)],
= 1 (3.27)
1, K
S;(GQ_n+K+1)(’DG|CO+’( +9,) a0 )],
supe (P + Pu) 5 T )00
K K
g(a2 et 1)(IDF|co + el fl)[(6,9)], .,

where we recall | - |¢o is the CY norm with respect to z,y,t,e. From (3.3) and (3.7),

we have | 7|1 (5- (o0), py < 1.

By, (o0
From (3.7) and the proof of Lemma 3.2, the Lipschitz constant of 7, on B, (c0)
is uniform in 7. By (3.10) and (3.27), there exists 0 < # < 1 such that for any n € Q,

£ € X" x Yy and (z,y) € B, (00),
max { Lip, , &), | Tz y)|} <6< 1. (3.28)
By Lemma 3.9 and (3.28), for any n < 7/, where ', € Oy,

|7 ‘CO(B ).L(B, (), By (0))) <0<l (3.29)

which implies
Ty € C°(B, (00) X By (00), B;,(00)). (3.30)

In fact, if we choose a positive decreasing sequence {0;};>1 such that n+ d; €

for all 4, (3.30) shows for every n,
(Ze)" € C(B,(00) X By (00), B, 5,(00)),

which implies

(T € OO(B;(OO) x B,,(00), B, (00)).

cu
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Clearly, D.7,, = 9} and D¢.7,, = U(t,¢€). By (3.29),

1\n n
‘(’Zu) ‘CO(B;(oo)xB;(oo),B;,(oo)) <0

(3.31)

In the rest of this proof, we let Z = X{* x Y;. For any n € ; choose 11,12 €

such that n < 7y < 1, let X = B, (00),Y; = B, (0),Ys = B, (c0) and F(z,§) =

T (2,€). We have

2K

)
a2 — To

|DF|co(xxz,1(2,x) <

|(DeF)" | coxxz,nixyyy < 0" 0 [(DeF)|coxxz,Liv,ve)) < 0"

By Lemma 3.8, we obtain a unique mapping z, such that

and z € C'(Z, B; (00)). From (3.20), we also have

2K 2K

Peler < b)) = T )0

By the integral equation which defines hg in (3.11),

2K 2K3(7 * ~
7+ Coes) T+ Coc)

Dehglco < < .
[Dehslo Tn—m (1-6) = (1-06)s? P

(3.32)

For | > 2, let z be the fixed point of 7, by differentiating (3.5) formally, we have

t Po(DF (2(€)) Dtz + fy Dy + -+ -
Déz(t):/ Ut —T,€) ( (2(6)) Dez + fyDey )
’ D,G(2(€))Diz + go D + - -
t Py(DF(2(£))Dtz + f,Diy + - - -
+/ U(t—T,¢) ( (2(6)) D yle )
o .
Here the skipped terms are in the form of
S (Hiin(2)) (D2, D),
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where each H;, ... ;, () = D™F(z) or D™G(z) is a multi-linear operator and C*~™ in
z. Moreover, we have here m > 1 and 1 <i; <[l for j =1,2,--- ,m.

We will prove by induction that for any [ < k and n € €,
z € C’l(Z, Bl;(oo)),
and there exists p; which depends on K, ay, as, 0,1, d, such that
|Déz|co < .

For | = 1, this has been proved in the above. For [y < k, we assume the result

holds for [ < ly. Let

TN E)(a, B) = /t Ut —T,€) P (DEO) @)+ £5) dr
’ DG(2(€)) (e, ) + gaar

) / Uit =0 | POFEO @A+ L0))

o0 0

Flol(g) =] + Z Flo-L(

and (3.33) shows
D™ 2(€) = F°7 (€)D" 2(€) + R(€),
where R(§) includes all skipped terms in (3.34) for [ = Iy — 1 which contain Dgz for
j<ly—2.
By Lemma 3.9 with m = 1, for any n,1 < j <k, and n < 7’ such that ', n € Q;,

we have

(FI7)" € C°(Z x Li(Z, B}y (00)), Ls(Z, By ().
Obviously, |[(F{°~")"|co < ™. It implies

Flh-1 ¢ OO(Z x L;(Z, B;,,(0)), L(Z, Bj_n(oo))). (3.35)

For 2 < ly < k, denote S; = {jn‘n € Qj}, we claim that S; C S;_;. We recall

that a; < 0 by assumption, so we need to prove two cases.
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If a1 < as <0, then

)
Sj_1 = {(] - 1)7]‘C;I_+1 <n<ay—o,n€ Qj—1}

={(—-Dnlas+6<(G—-Dn<(—1laz—6),n€ 1}

On the other hand,

a1—|—5
J

S; = {jn| <n<az—6n€Q}t={jnla+<jn<jlaz—0),neQ;}

By our assumption, a; < kag, so S; and S;_; are not empty. Clearly, S; C S;_;.

If a; < 0 < ao, then

Siaa={0-nja+d<(G—-1)n<ay—dne .}

- {jn|a1—|—5<j77<a2—5,77€9j} =5,

This fact implies for any lon € S, , there exists (lp — 1)7 C Sj,—1 such that

lon = (lo — 1)77. Therefore, with slight abuse of notation
DP™12(€) = FTHE DL 2(€) + R(E) € Liy—1(Z, By, (00)). (3.36)

So we have

De™'2(&) — DE™'2(&)
=F1 N (&) DET (&) — FPTH (&) DE (&) + R(&) — R(&)
=T (&) (DE ™ 2(&r) — DE™2(%))

+(ZP7H &) = FP7 (&) DT 2(&) + R(&) — R(&) (3.37)
=T (&) (DE ™ 2(&) — DE™'2(%))

+ DTN (&) (& — &) D™ 2(&) + DeR (&) (&1 — &)

+ Ri(&1,60) + Ra(&1,60),
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where

Ry (517 gO)
:(Cg‘llo—l@l) _ yllo—l(fo))Déo—lz(&)
— D (&) (61— &0) D 2(60) (3.38)

=(F17 &) = FL (&) — DeF (&) (& — &) PP 2(%)
+ (F17H &) = FTH&)) (PP 2(6) — DT (&)

and
Ry(&1,&0) = R(&1) — R(&o) — DeR(&o) (&1 — &o)- (3.39)

For any n € €, there exits ' > n with ' € €, such that

DY12(6) = FNODE () + RIE) € L (2, By, (o0).

For1l < j <ly—1,sincen € , C Q;, Dgz € C'(Z,L;(Z, B;?,(oo))). let " =

by Lemma 3.9 and the fact that R consists of terms given in (3.34), we have
R e CY(Z, Liy-1(Z, By, ())), (3.40)

which implies
|R2 £ &) |Ll 1(ZBy1(20))

lim — 0
&1—%0 &1 — &olz

By differentiating .7 lO ! Lemma 3.9 also shows,

P € O (2% Ly a(2, B3y (09), Lo 1(Z By (00)),
FP e (Z X Liy-1(Z, Bigy 1y (00)), Lip-1(2, 860—1)W(OO)))'

which follows

(17 (&) = #176) — DeP (@6 — &) D (&)

LZO_l(Z’Bl_On” (00))

= o(|&1 — &ol2),
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and along with the continuity of Dé"_lz,

(07 &) = 7€) (DR 2(60) — DE2(6))

Llofl(Z7Bl:)n//(°O))
= O(|&1 — &olz) x O(|&1 — &ol2)
= o(|& — &olz).

Therefore,
|R1 (67 60) |Llo—1(Z’Bl;77”(oo))

lim — 0
€1—€0 &1 — &olz

Then, by using (3.37), we have

D '2(&) — D (%)
=771 (&) (DeF P (€)DE T 2(60) + DeR(&) ) (€1 — &)
+o(|§1 — &olz2),
where Flo~1 (Dg?fole?*lz + DgR) = Dé"z € C%(Z, Ly (Z, Bl;n(oo))).
Moreover, from (3.33), there exists p; which depends on K, aq,as, 0,1, such that

|Dé°z\co < p; which follows

AN

Pr,

l
|D£h5’00 < 1077 —a

((? + Coex)pr + Q(p1, pa, - - 701—1))
where Q(p1, p2,- -+, p—1) is a polynomial of degree .
Finally, let p = lnsllaé pi, we have ‘D2h5|00 < C'(F+e€)pfor 1 <i <k, where '

depends on K, ay,n,1,Cy. By the definition of M, M is C* in €. n

Remark 3.11. The C* center-unstable integral manifold we obtained is unique for
(3.5). However, it’s not unique for the original system (2.1), which is due to different

cut-off functions \.

If f, g depend on some other parameter o € A, which is a Banach space, we replace

(A4) and (B1)-(B3) by

40



(A4") For k> 1and 0 <i <k,
(sz7 ng) S CO(XI X Yl X A X R2aLi(X1 X }/1 X AaXl X 3/1))7
(D'f,D'g) € C°(X; x Y1 x AxR% Li(X x Y x A, X x Y)).

where D is the differentiation in X; x Y} x A space. And all of the quantities

have a uniform bound Cj for 0 < i < k.
(Bl/) atf(ma Yy, o, ta O) = atg<x7 Y, «, t? 0) = 07
(B2") £(0,0,a,t,€) = g(0,0,a,t,€) =0,

(B3") (Df, Dg) are equicontinuous functions in z, y, a, € with respect tot at x = 0,y =

0, = ay,e=0.
Then, we have the following corollary

Corollary 3.12. Assume (B4)-(B5) for some o, € A and the same conditions as in

Theorem 3.10 except (A4), (B1)-(B3) replaced by (A4 ), (BI')-(B3), then

i) There exists a neighborhood U C A of a, such that M is C* in o € U and

there exists p such that |D'hs| < p on X; x Yy x U.

i) If in addition (O f,0ig) € C* (X, x Yy x A x R?, X x Y}) with uniform bound
Co, then hy € CF(X x Yy x U x R, X3) for sufficiently small € > 0.

Proof. We consider the augmented system

p

t
:U(t) :etAfé-cu + / e(tiT)Achu (F(l'a Y, T+ th Q, 6) + fyy) dr
0

t
i / =4 p, (F(a:, Y, T +to, i, €) + fyy) dr,
O[(t) =Qy,

¢
y(t) :et(%ﬂy)gy +/ e(t*T)(%Jrgy)G(x,y, T+ to, a, €) dT
0

t
+/ et g g dr.
0
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where f, = £,(0,0,a,,t,0), Dg = D;g(0,0, o, t,0) and F, G are defined in a similar

way as in (3.2)-(3.4). Then, we can apply Theorem 3.10 to obtain i). For ii), we

define
f(x7y7 &7t7t07 6) = f(xu Y, Oé,t + tO? 6)7
§<x7y7a7t7t07€> = 9(1'7%%75 +t0a€)'
Then, we can apply i) to obtain ii). ]

Next we will look at the dependence of M on t;. We still assume (Al)-(A5),
(B1)-(B3) and replace (A6) by

(A6") (Oif,0i9) € CO(Xy x Y1 xR?, X xY), (DO, f, Ddyg) € C°(X; x Y1 x R* L(X; x
Y1, X xY)), (DO, f, DO.Og) € C°(X; x Yy xR? L(X, x Y1, X xY)) Moreover,

their norms are bounded by Cj,.

Remark 3.13. In fact, the assumptions in (A6') on DO,f and D0O,g are only needed
when one has to work with n > 0 and here our following theorem still holds without
the second part in (A6 ). However, we still assume it and the proof of the theorem

also works for the case when n < 0.

Before we state next theorem, we will first introduce another transformation and

relating properties which will be used in the proofs of the following theorems.
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For fixedz = (z,y), we define Ty 0N Co(Xy) x G (V1) as

Teu(2, 1) (1)

t P F(z, )
:U(t,e)f—l—/U(t—T,e) ( (Z T+ 19 €>+fyy> ir
0 G(z, T+ tg,€)
t PS F b )
+/ Ut —7.0) ( (z, 7+t e)+fyy) _
—oo 0 (3.41)

0
—(% + gy) gL (t) + (% + gy)—let(%gy)gﬂ(o)

0

+ bty
/ (E +g,) tetERN g (Apx + F(z,7 4 to,€) + fy) dr
0
where the norm on C, (X;) x C (Y1) is given by

|y(t)|Y1)

*

2l = sup e (ja(t) x, + 20, (342)

and we will also use || - ||, to denote

1]l = sup e™" (|2(t)|x +
t<0 *

Much as in Lemma 3.2, 7, is still a contraction on C,”(X1) x C;" (Y1) under the norm
in (3.42). Clearly, i?:u and 7, have the same unique fixed point. Moreover, by the

same proof as in Lemma 3.2, one has

—~

| Zeatz1t0) = a2 10)

, < =)l =2l (3.43)
where 0 < ¢/ < 1 and has a similar form as o.
Theorem 3.14. Assume the conditions in Theorem 3.10 for k =1, then
hs(-, - €) € COUX x V] x R, X7).
If we further assume (A6'),

Ophs(-, - €) € CUX™ x V] x R, X¥).
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Proof. To simplify notation, we will also ignore € argument in F,G. We first claim

that

1
— 0, (3.44)

n

lim 2U<Z,t1) - t%u(zat())

t1—to

for any a; <n<n <agand z € E;(oo), where Eg(oo) = {z‘HzH}?, < oo}.

1
For any s > 0, we choose T, = logs . By (A4), DF(pz(t),t), DG(pz(t),t') are
m—=n

uniformly continuous on (p,t,t') € [0,1] x [T5,0] x [Ty + to — 1,tg + 1]. Therefore,

there exists s’ > 0 such that if |t; — ¢y] < &,

|DF(pz(t),t + t1) — DF (pz(t),t + tg < s,

)‘L(Xl ><Y1,X1)

‘DG(pz(t),t +t1) — DG(p=z(t),t + t0)|L(X1xy1,Y1) < s,
for (p,t) € [0,1] x [T5,0].
We write F(z(t),t +t1) — F(z(t),t + o) as
F(z(t),t +t1) — F(2(t),t + to)

=F(z(t),t+t1) — F(0,t +t1) — F(2(t),t +to) — F(0,t + o) (3.45)
1
— ([ DF@aO.+ ) = DF).t+ )dp) 200
0
and such operation also applies to G. It follows that for |t; — to| < ¢/,

}F(Z(t)vt +t1) - F(Z(t),t+t0)‘xl < 5|Z(t)|X1><Y1’
(3.46)
G2(t),t +t1) = G(2(t),t + to) |y, < sl2(t)xyxvs-

Following the same procedure in the proof of Lemma 3.9 and using (3.46), we

obtain (3.44). Moreover, we can prove the following stronger statements,
T € C°(By(00) x R, B, (c0)), (3.47)
DJ., € C°(B,(00) x R, L(B,,(00), B, (c0)), (3.48)
where a; <1 <n' <ayand D is the differentiation with respect to z.

Remark 3.15. In the follow, when we use (3.44), (3.47) and (3.48) at fized points,

since they belong to En’(oo) for any n € (ay,as), the loss of n decay is harmless.
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Let z; be the fixed point of :7\;@(, t;) for i = 0,1. Since T, (-, 1) is a contraction
in z,

1

21— 20y < [ Teulz1,t1) — Teu(20, 1)

1 — —
| Faulzont) = Tl to)

1
— — 1
< (1= o)1 = zol} + [ aulzo 1) = Feulz0,t0)|
"
together with (3.44), it implies
1 —
lim |Z(t1> - Z(t0)|,;6 S — lim L%u(ZO,tl) - %U(ZO,to) = O, (349)
t1—to T o ti—to 7€

Since |hs(&,t1,€) — hs(&, to, €)|x, = | Ps(2(t1) — 2(t0))(0)|x, and hs is Lipschitz in &, we
have

hs(-, - €) € CUX{" x Yy x R, X7).

To prove the second part, by our assumptions in (A4) and (A6’) involving X and

Y, one may also prove

DJ., € C°(B(00) x R, L(B,,(c0), B, (c0)), (3.50)

Oty Teu € C°(B,(00) x R, B, (0)), (3.51)
where B, (00) = {z!Han < oo}. Since (B2) implies F(0,t) = G(0,t) = 0, we obtain

F(Z(), t+ tl) - F(Zo,t + to) - 8t0F(zo, t+ to)(tl - to)

1
s~ t0) ([ 0ot 4 pti + (L= p)to) = O (ot + 1))
0

1 1 (3.52)
~(t, —t0)</ / Déy, Flgz0,t + pti + (1 — p)to)
o Jo
— DO F(qzo,t + to)dqdp> (20(t)).
Assumptions (A6') and (3.52), (3.51) yield that
10 Teu ()l < "Izl
which implies
| Ttz t0) = Tealz0)| < C'lta = toll12113, (3.53)
1
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where C” depends on C, ay, as,n.

Since

zZ1— 29 = iu(zlytO) — Teu(20, t0) + Tew(21, t1) — Teu(21, to),

using (3.50) and (3.53), we obtain

lA
21 = 20lly < ?||21||71;|t1 — tol.

We continue to write z; — zp as

21— 2 = 8to§;u(z()7t0)(t1 —to) + Diu(zo,to)(zl —29) + Ry + Ry,

where

Ry = T(21,t1) — Teu(21, to) — Oy Tou (20, t0) (1 — to),

—~

Ry = Toul21,t0) — Teul20.t0) — D Tu(20,10) (21 — 20).

By (3.49) and (3.51),

(3.54)

(3.55)

(3.56)

1 —_— —~—
| Rl =t: — tol| / Oty Teu(21, pt1 + (1 = p)to) — ato’%'u(ZOutO)den
0

<[ty —too(1) < o[t — to|).

Using (3.50), we have

[1Bally = o(ll21 = z0lln) = o([t1 = to])-

Finally, by (3.56),

__ 1
020 = (I — Df%u<207t0)) Oty Teu(20, t0)-

Therefore, one has 9y hs(+, -, €) € CO(X{* x Y7 x R, X*).

For M?, M and M¢, we have the following results.
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Theorem 3.16. Let k be a positive integer and assume €, € are sufficiently small. If
f,g are C* functions and there exists ny < 0 with a; < kng < 0y < ag, then we have
the unique stable integral manifold M? defined in a small neighborhood of the origin,
which is C* in &,. Moreover, all the derivatives of he, defined in (3.14) with respect

to & are uniformly bounded in (to,€).

Theorem 3.17. Let k be a positive integer and assume T, €,, € are sufficiently small.
If f,g are C* functions and there exists n with a} < in < dab fori = 1,2,--- k.
Then there exists a center-stable integral manifold M which is C* in (&, &, &y) €
X7 x Xy x Y.

Theorem 3.18. Assume the conditions in Theorems 3.10 and 3.17 are both satisfied.

Then the center integral manifold M¢ is C* in (€., ¢,) € X{ x ;.

Proof. From Theorem 3.10 and Theorem 3.16, we know that h, and h,, are C* map-
pings in (§.,&,). Uniform contraction principle shows (¥, ¥,) are C* in (£, ¢&,).
Therefore, by the definition of M¢, which is given in Theorem 3.7, we can finish the

proof. O

3.4 Asymptotics of Invariant Manifolds

In Theorems 2.4 and 2.4, we have demonstrated that (2.2) can be viewed as the
singular limit of (2.1) as € — 0. Therefore, one may expect the perturbed invariant
manifolds should be close to the unperturbed ones. In this section, we will prove their
closeness. Moreover, we will give asymptotic expansions of some invariant manifolds.

As in Theorem 2.4, equation
to(t) = Asxo(t) + F(xo(t),0,t,0), (3.58)
can be viewed as the singular limit of (3.5). For &., € X{* and x € C, (X)), let

_ t

To(x)(t) =€ €y + / e Py F(x(7),0,7 + 19, 0) dr
.Y (3.59)

+ / e(t’T)AfPsF(x(T), 0,7+ to,0) dr.

—00
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By the exponential dichotomy property in (B5), one may construct the center-unstable
manifold M§" of (3.58) from the fixed point of T, which is a contraction on C, (X1).

For &, € X, let xo(t) be the fixed point of 5. Define

0

B (€)= Parg(0) = / e~ PuF (0, 0,7 + to,0) dr,

—00

= { fou + WG €eu € XT",

which is the center-unstable manifold of the modified unperturbed system. By as-
sumption (B1), the system (3.58) is autonomous, so M is independent of #;. A

natural question is that if M converges to M* as € — 0.

Theorem 3.19. Assume the conditions in Theorem 3.10 for k =1 and (A6), (A6).

Then

|hs<£cu7 Oa t07 6) - hg(écu) }Xl S CIG.
If in addition to the conditions in Theorem 3.10 hold for k = 2, then
0
|D§cuhs(§cu7 07 to, 6> - ‘Dgcuhs (SCU) }L(Xfu’Xf) S 0/67
|D§yh5 <€CU7 07 tO) 6) |L(Y1,XS) S Cle,

where C' depends on K, ay,a,m, |l xy, €, T-

Proof. Let (z,y) is the fixed point of :7; with parameter .,,&, = 0,%p,€ and x
be the fixed point of % with parameter &.,. In the rest of the proof, we will use

%(x, Yy, €) to denote :7;(2, to), which is introduced in (3.41). Note that

I — 20, YIIE < || T, Y, €) = Toul(o, 0, €)[|E + || T (0, 0, €) — T ()|}

< (L=0")|[(z = zo,y) |, + | T (0,0, €) — %@O)H}W

which implies

1 —
I =20 9)lly < 31l Teul20,0, €) = Fo(wo)
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By assumptions (A6) and (B2), 0.F(0,0,7 4 to,€) = 0 for any e. It implies
|F<x07 07 T+ tO? 6) o F(x[b 07 T+ th O)|X1
1 (3.60)
:E‘ / aeF(meaT—}_thpe)dp’Xl < C106|'1”0(7—)|X1'
0

Then, using (3.41), (3.59) and (3.60),

| Teu(0, 0, €) — Fo (o)}

1
=supe | —
t<0 €

¢
J
—i—/ (—+gy) 1e(t77)(%+gy)gx(Afxo + F(x0,0,t + tg,€)) dr

J B J 1oyl
- (z + gy) Yg.70(t) + <E +gy) 1€t(e+gy)9x$0(0)

Y1

)
K K

1+7))2C C — ),
42+ (k) ) Colauleg i,y

+’/ (t= TAfp (I’0,0 T+t0, ) F(.’Eo,O,T—Fto,O)) dr

‘|‘/ (t T)AfPS(F(x0a07T+tO7E) - F(ZEo,O,T‘I‘tO,O)) dr

Se(;(leK—i-

which implies
!

C
Iz = 2o, y);; < =+ (3.61)

o'e,

/

Therefore, |h$(§w,0,t0,e) — hg(ﬁw)b{l = |(z — 20,¥)(0)| x, < 0',61*6'

To prove the second part, choose 7 such that a; < n,2n < so. Let (¢(¢),¥<(t)) be

the derivative of (z(t),y(t)) with respect to &, at (£.,,0) and ¢°(t) be the derivative

of zo(t) with respect to &, so we have
(6°,0°) = DTl (¢ 0) + M, 9" = DFy(ao) (¢) + . (3.62)

As in Theorem 3.10, we can show ¢° is uniformly bounded in X¢“. And we choose p;
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which is independent of z( so that |¢0|L(X1w c-(xy < o for i =1,2. By (3.62),
"in

(6" — o, 0°)

L(X{", By, (0))

S’D:_?:u(‘r7 Y, €)<¢E - ¢0’ 1/}6)

L(X§*,B3, (0))

N N (3.63)
+| (DTl y. ) = DTa(0,0,)(6",0)|

(X5, B;,,(c0))

-+ ‘Dr?c/u(x()v 07 6) (¢07 O) - D%<IO)¢O‘

L(X{" By, (00))

Since (F,G) are C* with respect to (z,y) and by (3.61),

Df?cu x, 1, € —Diux,o,e ¢0,O’ N
(DTeu(,y,0) (@0 0. N0 o ) o
K K ) '

+ +2Ce

< Cop1Cle.
=\ g — 21 )0/01 1€

ag — 2n
For D, (x0,0)(¢°,0) — DJp(20)¢°, we have
D (0,0, €)(¢",0) — D Fy(0)¢"
— /Ot A P (D F (0,0, 7 + to, €) — Dy F(2,0,7 + t9,0)) ¢ dr
+ /t =4 P (D, F(x0,0,7 + to, €) — D, F(20,0,7 +1,0)) 8" dr
+ /Ot e(t_T)(%Jrgy)DxG(:ro, 0,7 +to,€)¢° dr
(L +0) 70 0) + (L o+ ) 190,600

t
J
+ / (= +g,) 71T, (4760 4+ DoF (20,0,7 + o, €)°) dr.
0

Except the third integral, the estimates of other integrals are straightforward. we
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integrate by parts for the third one to obtain
t J
/ e=IEH9) DG (20,0, + to, €)¢° dr
0
J _
=~ (= +g) 'D,G(wo(t),0,t + to, €) " ()
J
(5 4 g,) 7 DL w0(0), 0, 0, €)6° (0)
t
J
+ / (= + g,) et D2G (4,0, 7 + to, €)
0 €
(Ajzo + F(20,0,7 +10,0),¢°) dr
¢
J
+ / (—+ gy)_le(t_T)(%J’gy)Dxf)tG(xo, 0,7 + to, €)¢" dr
0 €
b J
+ / (% 4 g,) LT DG 20,0, 7 + to, €)
0 €

(A;¢° + D, F(z0,0,7 + to,0)8") dr.

Therefore,
1 t J C
sup —e 2 / eEIEEH9) DG (20,0, + to, €)¢° dr| < —2e.
t<0 €x 0 €x
Consequently,
N — c!
(Dﬁw(xo, 0)(¢°,0) — DFy(x0)¢" < 2, (3.65)

L(X§",Bj, (00)) €

where C} depends on K, ag,n, Co, || x,, p1- The first term of (3.63) can be estimated
by the fact that D,f?\;u(a:, y) is a linear contraction with Lipschitz constant (1 — o).

Combining (3.63), (3.64) and (3.65), we obtain

Cle, (3.66)

(6° — ¢6°,u°) <

L(X§%,By, () — 06,

where C} depends on K, aq,as,n, Co, |Eeul x, -

With slight abuse of notation, we still use (¢, 1) to denote the derivative of (x,y)
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with respect to &, at {, = 0. We have (¢, 1) satisfy

t
(be(t) - / e(tiT)AchquF(‘rj Yy, T + tO? €)¢E(T) dr
0

t
+/ A P.DF (2, y, T + to, €)¢(T) dr

t

+/ e P (DyF(x,y, 7 + to,€) + f,) < (7) dr
0
t

+/ DA P(DF(x,y, 7+ to, €) + f,) 0 (1) dr,

9(0) = (5 gy DGyt + 0, )0 (1)

—|—(D$G(l’, Y, L+ to, 6) + g$)¢e<t>
By rewriting (3.68), we have

U = e — e ((gy + DyG)U + (DG + g2)¢°).

(3.67)

(3.68)

(3.69)

Substituting (3.69) into (3.67). Since the first two integrals in (3.67) define a con-

traction mapping for ¢, once we prove

sup e 2m

t<0

t
/ et="Arp (DyF(x, Y, T+ to, €) + fy)
0

eJ 1 dT) < (e,
L(Y1,Xeu)
—2nt

t
sup e / elt=mAs p, (DyF(% Yy, T+ to. €) + fy)

t<0 oo

eJ 1) dT’ < (e,

L(Y1,X%)

we obtain the estimate on ¢¢ and thus complete the proof. Here we only prove the
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first inequality. Integrating by parts, we have

t
sup e 2™ / et=nArp (DyF<I,y,T + to, €) + fy)ej_ldf dT)
£<0 0
t
<supe 2| p,, (DyF(x, Yy, T +to, €) + fy)EJ_IW(T)’ ‘
<0 0
td
T supe2m / — (e(t*T)Achu (DyF(x, Y, T+ to, €) + fy)>eJ’1w6 dT‘
t<0 0 dT
<C K K) (7 + Cp)|y°
< 0€(a2 Y + K) (7 + Co)|v ’L(Yl,égn(oo))
td
+supe 2 / — (e(t_T)Achu (DyF(w, Y, T+ to, €) + fy)>eJ_lwE dr|,
t<0 0 dT

where we recall that in Theorem 3.10 we proved |¢¢| + |¢| are uniformly bounded.
Since &, = 0, by (3.61), |y(¢t)]y, < Chele, where C% depends on constants in assump-
tions and 0. Using this fact, assumption (A6’) and a straight forward computation,

we obtain

2nt

td
_ (t—T)Af —1
/0 o (e P., (DyF(:E, Y, T+ to, €) + fy)>eJ P dT‘
K
as — 2n

supe
<0

K . ¢
<Cye 2 (7 + Co) |2 ‘L(Yl,égn(oo)) + Coe ¥ ‘L(Yl,EQW(OO))

a9 —

K - €
5 (T + Co + D[]y x) + Wler 01 L, By (o0

+ Cge
Qg — 471

+ Co%a2 “ o (C3+ (T + Co)(|lem (x,) + ’y\c;(yl)))WE‘L(YLE;(OO))

<Cle.
G G

Let ¢ = max{ , ,C5,C}, we complete the proof. ]
o'e, o'e,

Let ®(T, ty, &, €) and ®Y(T, tg, ') be solutions of (2.1) and (2.2) at terminal time T
with ®(tg,to, &, €) = £ and P(tg, to, &) = ¢'. Combining with Theorem 2.4, Theorem

2.4 and Corollary 2.7, we have

Theorem 3.20. If the conditions in Theorem 3.10 hold for k = 2, then there exists
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C" which depends on C, K, n,ay,as,T, €, T — to, |Eculx, such that

‘(I)(Tv t07 gcu + hS(éCU? 07 t07 6)7 6) - (I)()(TJ tO? fcu + hg(gcu))

X1 ><Y1

‘chu ((I)<T7 t07 5cu + hs(fcua 07 tO) 6), 6))

_Décu ((I)O(T7 Lo, gcu + hg(gcu))) ‘ < CIE,

L(X§",X1xY1)

]PX(D@ (D(T o, Eu + & + ha(bous &y tor €),6)))

§y—0’L(Y1,X) -
’PY (ny ((I)<T7 tO?&CU + é'y + hs(fcuagya tOu 6)7 6))

< (e

_E(T7 to; Seu + hg(gcu), 6))

ﬁy:O‘L(Yl,Yl)
where E(T, to; cuth®(Ee), €) is the evolution operator generated by 24D, g(P°(t, to, Eut
h%(€e)),0,t,0) and Px, Py denote the projection map from X XY to X and Y, re-

spectively.

Proof. From Theorem 3.19, since we have

’(I)(to, t07 gcu + hs(gmu 07 th 6)7 6) - (I)O(t07 th gcu =+ hg(gcu)) X XY,

Scu + hs(fcua O, th 6) - gcu - h(s)(gcu) S C/6~

X1 ><Y1

And thus we obtain the first part which follows from Theorem 2.4. To prove the

second inequality, first we have

’D&u (’Scu + hs(£0u7 Oa th 6)) - Décu (gcu + hg(gcu» }

L(X7*,X7)

< (e
L(X{,X7)

- ‘chuhs(gcua 07 th E) - D§cuhg(€cu)

Since the range of I + D¢  hy is in X;, by (2.6) and the remark after Theorem 2.4,

we obtain the second part. Finally, from Theorem 3.19 we have

ny hs (fcua £y> tO; E) ‘§y=0 ‘L(Yl x¢) S CIE,

we can apply Theorem 2.4 to finish the proof. O

o4



In fact, we can calculate the leading order of hg(&eu, &y, to, €) — h2(En) in X* ex-

plicitly. Let zo(¢) be the fixed point of Z, defined in (3.59),

(LAZ)(t) = DTy (o) (Az)(t)

t
= / AP D F (20,0, 7 + to,0)Az(7) dr
0

t
_|_/ e"AI P D, F (20,0, T + to,0)Ax(7) dr.

Clearly, £ defines a linear operator from C,"(X) to C, (X) with norm strictly less

than 1.

Theorem 3.21. Assume (A4) for k=1, (A6), and

sup |DymF(l’0, 0, t+ to, 0)|L(X®Y1,X) < C().

t<0

Let (z,y) be the fized point of :?:u with parameter (e, €y) and |&yly, < Chre. If there

exists n with ay < n,2n < ag, then

2 (2 — 2o)(t) + (I — L)

sup e
<0

t
{ / et=DAp,, (aEF — (DyF + f,)J (G + gzxo>) dr

0

= o(e),

t
+ / el=mAs p, (BEF +(DyF + f,) (G + gzrvo)> dT}
X

—0o0

where O.F, D,F and G are evaluated at (xo(7),0,7 + to,0).

Remark 3.22. Theorem 3.16 shows the difference between hs (e, &y, to, €) and hO(Eq)
s small in X7, but we can only calculate the leading order of the difference in X*. If
we further assume xo € CY(R™, X;), the above theorem can be proved in Xi. If g =0,
then = equation and y equation are decoupled. So we recover the formula for O.hs in
the regular perturbation case. The term (DyF + f,)J (G + g,x0) is the contribution

from y equation after averaging.

25



Proof. First, we note

(1) = wo(?)

t
- / e(tiT)AfPCu (F(.ﬁl}', Yy, T + th 6) - F(x(]? 07 T+ to’ O) + fyy) dr
0

t
+/ " P (F(x,y, 7 + to, €) — F(20,0,7 +t5,0) + fyy) dr

t t
=L(x—x0) +¢€ ((/ tArp 4+ / e(t_T)AfPS) 0. F d7'>
0 —00

t t
n ( |eemra | e“-ﬂf‘fPs) ((DF + f,)y) dr+ R
0

—00

where 0.F, D, F,G are evaluated at (z(7),0,7 + to,0) and R is the remainder. The

explicit form of R is

t t
R — (/ e(tiT)Afpcu +/ e(tT)AfPs)
0 —00

m—xmw+e(AVaF@»—@Fm»@)[

([ wrw - proya)

where

DF(p) = DF(pr + (1 — p)xo, py, T + to, pe),

aﬁF(p) = aGF(px + (1 _p)x()apy’T + t07p€)'

When we estimate R, we will lose some exponential weight 1. Since we only work on
fixed points, as in the remark in the proof of Theorem 3.10, the loss of 1 does not
cause any problem. From the C'! assumption on F, (3.61) and the proof of Theorem
3.10, for any n < 7', by choosing (z,y) and zo in Cy,,(X1) x Cy,, (Y1) and Cy,,(X1),
respectively, one can show

supe 2" |R|x = ofe).
£<0
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Moreover, by assumptions (A6) and (B2),

t t
( / et=NArp.+ / b= AfP) O.F dr
0 —00
t t
(/ et p. o, + / e(t—T)Afps>
0 —00

(&F(xo, 0,7 + to,0) — . F(0,0,7 + to, 0)) dr

sup e 2™

t<0

X

<supe 2"

<0

X

K . K
as—2n  2n—a

<(

)ColTolg, 1 x, < 0.

For simplicity of notation, we let w(t) = D, F(z((t), 0, 7+%o,0)+ f,, which satisfies

w € COR, L(Y1, X)) with w|co < oo and w € C, (L(Y1, X)). We claim that

¢ t
t<0 0 0
(3.70)
w(T)J_l (G('an 07 T+ t07 0) + g:vl'()) dT) = O<E2)a
X
and
t t
supe 27 / e DA Paw(T)y(T) dr — e(/ elt=MAr p,
t<0 —0o0 —0o0
(3.71)
w(7)J 1 (G(20,0,7 + 10,0) + goo) d7)| = O(€%).
X
Clearly, |€,|y; < Cie along with integration by parts implies
t t i
sup e~ 2" (/ et="4srp,, +/ e(t_T)Af) w(r)e e, dr| = O(é?).
t<0 0 —c0 X

It implies that when [§,]y; < Cie, it doesn’t contribute anything to the e order of
x — xo. In the rest of the proof, we will take &, = 0.

To prove (3.70), we use (3.8) and interchange of the order of integrals to deduce

t
/ e(t_T)Achuw(T)y(T) dr
0

t t
:/ (/ e(t_T)Achuw(T)e(T $)(Z+9y) dT) (G(x,y,s—l—to,e) —i—gmx)ds.
0 s
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Since

t
/ =4S Py ()T iy
J J
= Pao(t)(= 4 g,) el 700 — I Pu(s) (5 4 g,)7!
€ €

td J
‘/ (M Pow(n) (4 gy) el ar,
s T €

by (3.61) and assumption (A6),

sup e 2"

t<0

t
J
[ Pact 4 gt
0

(G(z,y,5+to,€) + gxa:)ds‘X

t J (3.72)

1 (t—s)(L4gy

/ Pao(t)( -+ g,) el
0

<supe 2"

<0

(G(x0,0,s + tg,€) + gx:pg)ds‘x +0() < O(e?),

where we integrated by parts to get the second inequality. Moreover, by assumptions

(A6) and (B2)

supe 2"

t<0

t
/ —e(”Mchuw(s)(% +9,) (G, y, 5+ to, €) + go)ds
0

t
+e/ e DA Pw(s) NG (w0, 0,5 4 to, €) + gato)ds| = O(€?).
0

X

We note that

t t
sup 6—27715‘/ / eag(t—'r)—i-az(r—s)—i-?ns deS| < 00,
0 Js

t<0

t t
Supe—Qnt‘/ / eaz(t—T)+T]T+a2(T—S)+T]S deS‘ < 0.
0 Js

t<0

o8



Consequently, by (3.61)

- [ ([ e P} )7

o(T=5) (£ +gy) dT) (G(m, Y, s+ to, €) + gxx> ds

sup e~ 2
t<0

X
. - J (3.73)
| e P ([ g et

o dr 0 €

< sup e~

t<0

+ O(?) < O(é?).
b's
where we integrate by parts with respect to s to obtain the last inequality. Also, in

(G(.To, O, s + to, 6) + gxa:g>ds> dr

d
the above estimate when = applies to w(7), we use |- [, | , norm for o, and while
T b

- applies to ¢4/ we use | - |5, x, norm for zy. Therefore, (3.70) is proved.
-

t
For / e=DA Paw(r)y(7) dr, we recall that €, = 0 and write

o0

t T
/ =04 Pao(r) ( / e<TS><i+gy>(G(a:,y,s+to,e>+gxx>d8) dr
0

—0o0

t t
_/ e(t—T)AfPSw<7—> (/ e(T—S)(%‘l'gy) (G(l’, Y, s + to, 6) + ga:l') dS) dr
0

—0o0

t T
+/ =147 Pay(r) (/ T (G, y, 5 + to, €) + go) dS) dr
t
t t J
:/ (/ e=TAs Py (r)elT=5)(E4ow) d7> (G(z,y, s +to, €) + go) ds
0

t s
_|_/ (/ e(t—T)Afpsw(T)e(r—s)(%Jrgy) d7-> (G(x,y, s+ to, €) + gu) ds.

t
/ =741 (7)) gy

—00

J
= Pa(t)( +g,) eIt

tq J
- / (M Pa(r)) (S 4 g,) e ) dr,
T €

—00

we can use the same argument as in (3.77) to obtain

t
—2nt / psw(t)(i+gy)—1e(t—s)(%+gy)
0 €

sup e
<0

(G(z,y,s+to,€) + gxx)ds)x = O(é?).
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Similar to (3.73), we have

[e.e]

sup e~ 2
<0

(7o) (< tay) dT) <G(3:, y,s +to,€) + gxfE) ds

X

D e p ey [ (g gyt
o AT STy Ve T e

< supe ™

t<0 0o

+0(e) < 0(e),

(G(:co, 0,5+ to, €) + gxx()) ds) dr
X

where we use the facts

t t
sup 6277t‘/‘ / eal(tf‘r)Jrag(Tfs)JrQns de8| < o0,
0 J—oo

t<0

t t
sup 2| / / e (=T a4 4] < oo,
0 J—oco

<0
Consequently,
sup e 27 /t (/t e(t_T)AfPsw<7)€(7—8)(f+gy) d7'>
t<0 0 o
(G(x, Y, s+ to, €) + gxm> ds‘X = 0(é%).
Meanwhile,

/ T A Py (1)el ) g
(t—S)Af J -1
=ec PS’U}(S>(€ + gy)
s d J
B / E(e(t_T)Af Psw(T»(z + gy)_le(T_S)(%Jrgy) dr.

Again similar to (3.73), we have

-/ ; (] G Pum)E 4,

e(T=) (7 +ay) dT) (G(a:, Y, s+ to, €) + gx$> ds

sup e 2™

t<0

X

/t (=141 P () /t(J+ ) Le(r=s)(F4a)
- (e w (T G gy) e

+0(e") < O(e),

X

< supe 2™

t<0

(G(xo, 0,5+ to,€) + gmx()) ds) dr
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where we also use the facts
sup e~ / /
<0

al(t T)4az(T—s)+2ns deS| < o0,

al(t T)+nT+az(T—s)+ns deS’ < 00.

supe-
<0
Moreover,
—2nt ! (t—s)A J -1
s - ' Y 05 T
Stl<1]5)e e T Pyw(s)( ; +9y) (G(z,y, s+ tg,€) + gyx)ds

t
—e/ e =4 Paw(s)JH(G(20,0, s + to, €) + gazo)ds| = O(€).
0
b'e

Therefore, (3.71) is proved.
Multiplying both sides of the above equality by (I — £)~!, we complete the proof.
]

For & € X7 let xq(t) satisfy
¢
Jfo(t) - etAfgs + / e(t_T)AfPSFl (x07 Oa T+ th O) dr
0

¢
+/ e(t_T)AchuFl(xo,O,T + t9,0) dr.

—+00

and let
0
R (&) z/ e T P Fy (9,0, T + to,0) dr.

—+00

Similarly, we can compute the leading order of h.,(&;, to, €) — h2,(&s). Let
t
(L'Ax)(t) = / e A P D, Fy (20,0, 7 + to, 0)Az(7) dr
0

t
+/ e(tiT)AchuD:vFl (x()’ 07 T+ to, O)AI’(T) dr.
+00

Theorem 3.23. Assume the conditions in Theorem 3.16 for k = 2, where the
differentiation D also includes €. There exists a constant C' which depends on

K,n,a),0,Cy, such that

< C'e, (3.74)

hcu (687 th E) - hgu (58)

X1 ><Y1

< (e (3.75)

L(X35,X{"xY1)

’Dgshcu<fsa to, 6) - Dfsh(c)u(gs)
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Moreover, if we further assume
0.0,Dg € C*'(X; x V1 x R* L(X; x Y1,Y))
and for everyt € R,z € X;,
J'D,g(x,0,t,0)A € L(X,Y) , J 'D2g(x,0,t,0) € Ly(X,Y).
We have

hcu(gm th E) - hgu(fs)

0
(I L)t / e TP, <6€F1 + (D, Fy + f,)J 1 Gy + gx:po)) dr

“+00

7 (Ga(€ B (6,0,10,0) + g (6 + 1, (6)) )

= €

+0(é?),

where Dy, Fy, 0.F1, Gy in the integral are evaluated at (zo(7),0,7 + t,0). And O(€?)

is measured in Cq,(X1) x Cqp (Y1).
Proof. Let (x,y) be the fixed point of .7; with parameter (&, tg,€). Since

r — Xy

(t)

t P.(Fi(x,y,m+1tg,e) — Fi(xg,0,7 +t5,0) +
_/ Ut — 7.0 (Fi(z,y 0,€) — Fi(zo 0,0) + fyv) "
0

0
t P (Fi(x,y, T+ ty,€) — Fi(2zg,0,7 +19,0) +
+/ U(t—T,¢) ( ey 0€) 1@ 0.0) fyy) dr
oo Gl(x7y77—+t07€)_Gl(‘r07077—+t076>
¢ 0
+/ U(t—T,¢) dr.
+o0 Gl(l’o, 0, T+ to, 6) + g.x

Following a similar argument in the proof of Theorem 3.19, we have
|(z — :100,y)||717 < (e, (3.76)
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where C” depends on K, ay,as,n,|&|x,, €, |DF1|co, |DG1|co, |0 F1|co. This proves
(3.74). Let (¢, v¢°) be the derivative of (z,y) with respect to & and ¢° be the

derivative of xy with respect to &. We have

t
o — ¢° :/ et="As p (DFl(:c, Y, T + to, €)(¢, V)
0
- DmFl(an 07 T + to, 0)¢0 + fy,le)E) dr

t
n / DA B (DF (2,9, 7 + to, €)(¢¢, )

—+00

- DmFl(xm 07 T+ tO? 0)¢0 + fywe) dT?

t
" :/ Ut — T)e(t*T)(%”y) (DyGl(J:,y, T+ to, €)1)°

+o00

+ (D:J:Gl(a:a Yy, T + tO; 6) - D:L‘Gl(wOa Oa T+ th O))(be
+ (D,G1(20,0,7 + to,0) + gx)gﬁe) dr.

Integration by parts and boundedness of ¢¢ from Theorem 3.16 shows

t
] /m Ut — 7, ¢)(DyG (0,0, 7 + L, 0) + g,;)df) dT‘L(XiYI) < (e,

while (3.76) implies
t
‘ Ut —7,€)(D.Gi(z,y, 7 + to, €)
+o00
— D,Gy (20,0, 7 + 19, 0)) ¢* dT‘ < (e
L(X3,X5%xY7)
By using the smallness DG4, we obtain
sup 6_2nt|¢€|L(X157y1) S 0/6.
>0
One can substitute this estimate into the integral equation for ¢¢ — ¢° and use (3.76)

to obtain

sup ™ 19" — ¢l pxp xp < O
t>

which finishes the proof of (3.75).
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To find the exact asymptotic expansion of h.,, we use the equation of y(¢) and

integrate by parts
y(H) = —(5 +g,) (G1<x hot+to,€) + gua(t))

J
_|_/ +gy) _|_ gy>71 <(DIG1 + g:p)ZC + DyGl (Gl + gxx>) dr
+00

t
+/ (t=7)(<+9y) (J+e€gy)” 1DyG1(J+ €gy)y dt

+o00o
t
J
+/ G(t_T)(?—i_gy)(E + gy>_18tG1 dr £ ]0 + Il + IQ + ]3.
+o00

We start to show that

—2nt

< C'é, (3.77)

Yi

1
sup —e
t>0 €x

y(t) +eJ <G1 (20(t),0, ¢ + to,0) + gxxo(t)>

where C” depends on K, ag,n, |£5|x,, €, | DG1]co.

From (3.76), it’s clear that

J

2| = (24 g) 7 (Gilw,yt + o, ) + gaa()

sup —e
t>0 €x

<C'e,
Y1

+eJ <G1 (2o(t),0,t +to,0) + gzlfo(t)>

where we use the fact that 0. DG, exists and (3.76).

Next, we observe that the rest of the terms are oscillatory. The key ingredients in
the proof of (3.77) are integration by parts and (3.76). In general, to improve their
smallness, we first replace every function evaluated at (z,y, t+to, €) by (0,0, t+1¢,0)
and then apply integration by parts. The O(e?) smallness of the difference is given

by (% + g,)"! and (3.76). More precisely, by assumptions
J DGy (x0(t),0,t +t9,0)A € L(X,Y),

JleiGl(Io(tL 0,1+ to, O) S LQ(X, Y),

which ensures

o 1
sup e 2" —

t>0 €x

t
J
/ (L g g)

—+00

D,G(xo(7),0,7 4+ to,0)Arxo(r) dr| < C'é.

Y;
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Consequently, I; is of order €* in C’;%(Yl) and I3 can be proved in a similar way. For

15, we write y in the integral as

y(r) = y(7) + €1 (Ga(awo(r), 0,7 + to,€) + gao(7))

—eJ ! <G1(x0(7'), 0,7+ to, €) + g$x0(7)>.

Consequently, one can show that

1
sup —e 2
t>0 €x

y(t) +eJ ! (Gl(xo(t), 0,t,€) + gzxo(t)>

Yy

<C'é® + C'|D,G1|co

1
sup —e 2™
t>0 €x

y(t) + e <G1 (2o(t), 0,1, €) + gxaro(t)>

W)

By taking advantage of the smallness of DG, one can move the second term on the

right hand side to the left to obtain

—2nt

y(t) + eJ ! (GI@O(@, 0,2,¢) + gxaco(t)>

1
sup —e

< C'é.
t>0 €x Yy

Plugging this asymptotic expansion into (x — x¢)(t) equation and using the smallness

of DF}, we can prove the result. n

Remark 3.24. If one assume J*D,g(z,0,t,0)A* € L(X,Y) for everyt € R and

x € Xy, then one can further compute higher order expansions.

Theorem 3.25. Assume the conditions in Theorem 3.16 for k = 2, where the differ-
entiation D also includes €. There exists C' which depends on C, K,n, ay,as,T, €., T —

to, |&s|x, such that

‘(I)(T7 tO;fs + hcu(és; O7t07 6)7 6) - (I)O(Ta tOugs + h(c)u<£s)) Xy, S 0/67
‘DES (@(T’ th 55 + hcu(&sa Oa t07 6)7 E))
~De, (ST to, €, + HL,(E.) | < C'e.

L(X$,X$UxY1)
Proof. We apply Theorem 2.4 and use the remark after Theorem 2.4 to complete the

proof. O
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Theorem 3.26. Assume the same condition as in Theorem 3.14 for k = 2 and
&y < Che, then

|at0h5(§cu7 §y7 ) €)|CO(R,XS) S 0/67

where C" depends on Cy, |E|x, and constants in assumptions.

Proof. Let (z9,y0) be the fixed point of iu(',t()) and (¢, v) = (00, O, Yo). Differ-
entiate (3.8) with respect to ty, we have

t

o(t) = e(t_T)AchuﬁtF(xo, Yo, T + to, €) dT (3.78)
e(tiT)AfPSatF(l’o, Yo, T + to, 6) dT
A P D F (20, 4o, T + to, €)(T) dr

J
t

+ / e =DAI P D, F(xo, yo, T + to, €)(7) dr
J

+ [ A p (DyF(xo, Yo, T + to, €) + fy)w(T) dr
¢
+ e(t_T)AfPs (DyF('rOa Yo, T + t07 6) + fy)w(T) dT?
. J
Y(t) = (; + gy + DyG (20, Yo, t + to,€))1(t) (3.79)

+ (DG (20, Yo, t + to, €) + g2) d(t) + G (o, yo, t + to, €).-

By using 0.0,F(0,0,t,e) = 0 and (A6’), one can prove

¢
K
sup 6_2nt{ / e(t_T)AchuatF(xO) Yo, T + t07 6) dTlX < COEHZOHQna
<0 0 as —
¢
sup €2nt|/ "D POy (9,50, T + to, €) dr < 5 Coell2ol[2,
t<0 —o0 n—

Since the third and fourth integral in (3.78) define a contraction mapping acting on

¢, by rewriting (3.79),

= e M —eJ 7 ((gy + DyG)Y + (DG + g.)6 + 9,G), (3.80)
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and substituting (3.80) into (3.78), once we prove

t
sup e~ 21 / e(t*T)Achu <DyF(x0, Yo, T + to, €) + fy)
<0 0
eJ_ll/}E dT‘ < (e,
b'e

¢
sup 6_2nt / G(t_T)AfPS (DyF(xm Yo, T + th 6) + fy)
t<0 —00

EJ_1¢E dT‘ < (e,
b's
we can complete the proof. Here we only prove the first inequality. First we suppose

Y(t) € Yy, then (3.80) implies 4(t) € Y.

¢
sup e 2" / et=nArp <DyF(x0, Yo, T + to, €) + fy)ejflw dT‘
$<0 0
¢
<supe 2|t p <DyF(a:0, Yo, T + to, €) + fy)EJ_I@ZJ(T)‘ ’
£<0 0
td
+ sup e 2" / — <e(t’T)Achu <DyF(x0, Yo, T + to, €) + fy)>eJ’1w dr‘
t<0 0 dT
<C K KT+ C
< 06(@2 “on )T+ Co)lYlg; (o)
b d
+supe 2 / — <e(t_T)Achu <DyF(ajo, Yo, T + Lo, €) + fy)>eJ_lw dT‘.
t<0 0 dT

Since [§,| < Cie, by (3.61), [yo(t)l5,.., v; < C3€, where C3 depends on C and constants
in assumptions and o’. Using this fact, assumption (A6’) and a straight forward
computation, we obtain

! d (t—7)A -1
/ —(e chu<DyF(x,y,T+to,e) +fy)>eJ Y dT‘
0 d

—2nt

sup e

t<0 T

K

<Coe a 2n
) —

K
pa— (T + co)y%;n(m) + Coe

K
- 277(7’ +Co + (|2l ) + Wley 0a) [¥l55 (o)

¥l5; (o)

+ Cge

+ Cje

/ —
P— (Cy+ (T + CU)(’x‘C’;(Xl) + ’y‘c;(ylﬂ)w,ﬁ;n(oo)-

Now, if ¢(t) € Y, for § > 0 and ¢ € Y, define
1 0
v =Bt =5 [ euas
0 Jo
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One can verify that Bs € L(Y,Y;) and Bs — [ strongly as § — 0. Therefore, for
Y(t) € Y, s(t) — ¥(t) locally uniformly in t. Then we can use 1)s(t) on finite
time interval and take n’ norm on the complement of that time interval to prove the

result. O

For stable integral manifold, we have the following result.
Theorem 3.27. Assume (A}) for k =2, (A0),
0.0,Dg € C°(X; x Y1 x R? L(X; x Y1,Y)),
and forx € Xy, t e R
J ' D,g(x,0,t,00A € L(X,Y) , J'D?g(x,0,t,0) € Ly(X,Y).

Moreover, if there exists n < 0 such that a1 < 2n < n < ag, then we have
heu(-5 - €) € COXT X R, X" x Y1),
Opheu(s, - €) € CUXE xR, X xY),
|0t eu (s, -, €) | xeuny < Ce,
where C" depends on constants in assumptions and |&s|x, .
Proof. The proof of the first two parts are similar to Theorem 3.14 and thus we only
prove the last one. Let (zg, o) satisfy (3.8) for fixed parameters (s, €) and denote

(Opy0, O, Yo) as (¢, 10). Since the construction of the stable integral manifold doesn’t

need cut-off function, we replace F, G in (3.8) by F}, G; and differentiate with respect
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to ty which yields

6t DAL PO Fy (20, Yo, T + o, €) dT (3.81)
0
+/ =41 P, 0, Fy (0, Yo, T + to, €) dT
oo
+/0te(tT)AfPs(DF1(m0,y0,T +t0,€) (6 ¥) + f,0) dr
- /: DA Py (DFy (0, 30, 7 + to, €)(6,9) + fy¥0) dr
0 = / e=")E49) (DG (o, Yo, T + to, €) (6, 1) (3.82)
oo

By using 0.0,F(0,0,t,¢) = 0 and (A6'), one can prove

—2nt ! (t—m)A COKG
Sgge | € fPSatF1($07y07T+t076) dT’X < H( Zo, yO)“Qm
t> 0

t
C Ke

et (=041 PO, F +tg,€) dr|, < ;
supe e xo, Yo, T ,€) AT | S Zo, .
tzlé) | . 2 1 (0, Yo 0 ‘X s _277||( 0 ?Jo)||2q7

Since the right hand side of (3.81) defines a linear contraction for ¢, once we have

sup e‘2”|1p|y < (',
>0

we can finish the proof. By (3.76), we have |yo(-)|3;

l2ne,y; < C'e. Combining with

integration by parts and the assumption D?g(z,0,t,0) € Ly(X,Y’), one can show

t
sup 6_2"t| / e(t_T)(%J“gy)(DxGlgb + 9.0 + 8,5G1) dTlY < (e (3.83)

120 +o0

Since

t
Sup e—2"7t| / e(t—T)(%+gy)DyG1 (‘/EO? yo’ T + tO? 6)¢ dle
=0 oo (3.84)

<csupe ¢y,
t>0

Therefore, sup,sqe™"|1]y < C’e, where ¢ depends on |&]x, and constants in as-

sumptions. ]
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Finally, we will present a theorem for the closeness between the perturbed and
unperturbed center manifold. We introduce the following notation. For any &. € X7,

let UY and U0 satisfy

hO(WO(&), &) = TUEL),
hO(T0(E.), &) = T,

where h? is defined similarly to h?. Define

6= {6+ WUE) + TO (&) ¢ € Xt}

One can easily see M represents the center manifold for the unperturbed system

(3.58).

Theorem 3.28. Assume the conditions in (A4) for k =1 and T, e, € are sufficiently

small. Then we have

< (e,

X3 =

|\I]s(£ca 0, to, 6) - \PS(EC)

|\I,u(€ca 07 tOv 6) - \Ijg(gc)

< /
e C’e,

where C" depends on Cy, Cy, K, a1, a2,1, [&|x,, T, €x-

Proof.
\Ijs(gca 07 tO; 6) - \112(60) + qjﬂ(ﬁm 07 tO? E) - \Dg(fc)

:hs<\1lu(€a 0; to, 6)7 éc, O? tO? 6) - hs(qj2<§c>7 507 07 tO? 6)
+ hs(qjg(gc)y gca 07 th 6) - h2<qjg(§c)7 50)
+ hu<qjs(§c> 07 th 6)7 fca 07 th 6) - hu(\ljg(60)a fc, O: th 6)

+ hu<\112 (50)7 gc; 07 th 5) - hg(qjg(éc)a gc)

By Theorem 3.19 and similar estimates for h,, we obtain
W = W3, + W — Wil
<C'e + |Dhs|co| W, — 2|, + |Dhy|co| Wy — U0 x,.

Consequently, using (3.32) and similar estimate for |Dh,|co we finish the proof. [
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CHAPTER IV

INVARIANT FOLIATION

In the previous chapter, we obtain a local C* center manifold. In this chapter, we

will construct stable (unstable) fibres on center-stable (center-unstable) manifold. We

start with stable fibres, and unstable fibres can be obtained in a similar manner.
For &, = (&,&,) € X{ x Y, let (x(&y)(t —to),y(Eey)(t — o)) be the solution of

(3.5) with the initial value

5 = gcy‘i_qjs(gcyvt():e) +\I]u(€cyat056>' (4'1)
The solution is on M¢ and satisfies

¢ Flz,y, 7+ tg,¢) +
—U(t,e)§+/U(z€—7,e) R PP
0 G(l',:y,T—f—to,E)"’gxl‘

To simplify our notation, for (z,y) € X; x Y1, let

F(F,7, oy t,€) = F(2(E)(t — to) + T, y(Ey) (t — to) + To 1t €)

—F(2(&ey) (t —t0), y(€ey) (t — L0), 1, €).

We often write it in short as F (7,9, &y, €). Such notation also applies to G.

For each triple (&;,&.,&,) € X7 x X7 x Y] and a; < 1 < ag, we look for a solution
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(Z,y) € B (co) for the following integral equation,

= U(t7 6)53
y(t)
N /t Uit —r.e | PEEOID G+ o) =T )
0 0
o [t (PO G0 A
oo G(Z(7),Yy(7), ey T + Lo, €) + g2 T(T)

Next, we will prove the existence of the solution of (4.2) and its smooth dependence
with respect to & and &, respectively. Before we proceed, we first prove a technical
lemma, which will be used in the proof of our next theorem. It is not hard but less

obvious.

Lemma 4.1. Let X be a measurable space with finite measure and { f,}n>1, f : X —

Y such that
lim f,(z)= f(z) ae.,

n—-+00

where Y is a Banach space. Moreover, sup |fn.(z)] < M < 400, then
rzeX,n>1

tim [ (fule) ~ F(2))du(z) -0,

n—-+o0o X

where p is the measure on X.

Proof. Define Ay = {z € X||fu(z) — f(z)] < e,n > N}, clearly,
+00
Ane C Anyre U Ane = X.
N=1
For any € > 0, there exists N(e) such that (X \An(e) ) < e. Now, for n > N(e)
[ o) = f@)dut)
b
<[ @ f@i@ [ 1) - @)
N (e),e

X\AN(G),G
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Let € — 0, we finish the proof. O]

Theorem 4.2. Assume (A1)-(A5) for k which is a positive integer and (B4), (B5),
(C1), (C2). If there exists ny < 0 with a; < kng < n9 < as and T, €, €, are sufficiently
small, then for each triple (&,€.,&,) € X7 x X7 x Yy, (4.3) has a unique solution
(z,y) € B (c0) such that

i) If€, = 0, (Z,7) = (0,0).

i) (DL7,Dly) e C®(X; x X x Y1, B},

jno(oo)); where j =1,--- k.

Remark 4.3. Clearly, (T + x,y + y) M

€

where (x,y) is the solution of (4.2) with

parameters (&, &y, to).
Proof. Assumptions (C1) and (C2) imply
(0(600) y(Ear)) € C (X5 x Vi, B () )

/ / /
where a] <7’ < a),.

For any 7 € (a1, a2) and (7,y) € B, (00), let

gs(fs, fcya th 6)@?7 @(t)

=U(t, ) + / Ut -0 P(F@.G.6, )+ [) |
’ 0 (4.4)
N /t S PCUEF(x,y,gcy,eH 1,9 .
e G(Zifa ga fcya 6) + gxff

One can see that ¢, has the same form as .7, with an additional parameter &.,.

Moreover, we note that
ﬁ(oa OJ §Cy7 6) = 6(07 07 ny7 6) = OJ

and by (3.3)
|DF|co = |DF|co <F,|DG|co = |DF|co < T,
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where D is the differentiation with respect to (z,y) or (z,y). Same as Lemma 3.2,
9, defines a contraction on B/ (co) under the norm |- [ . By the same procedure
as in Theorem 3.14, we obtain (,7) is C* from X} to Bt (c0).

Clearly, if & =0, (Z,y) = (0,0) is the unique solution of (4.3).

Therefore, for each (¢, ty) € M, its stable fibre is given by

W (6o to) = { T0ulSer e t0)

(4.5)
Oeu(Eor Eeysto) = € + (#(0), H(0)) . & € X7},

where £ is given in (4.1) and (z,y) is the unique solution of (4.3) with parameters

(és;gc?ﬁto)'
For i = 0,1, let (z;,y;) = (:L‘( éy)ay(&y))?(gw@) = (’j( éa éy)vg( ga cy)) be the

solutions of (4.2) and (4.3), respectively, with parameters (&, € X7 x X{x Y.

cy)

In the rest of the proof, we will suppress (¢, €) in all functions that contain them. We

will also write 1 — g as T, y; — Yo as y. We further simply our notation to write

zi = (x,%:),% = (Zi,¥:) and Z = (Z,7), where i = 0,1. Fix (£,£),), we first note
that
ﬁ(zhgcly) - ﬁ(z()ufgy)
:F(Zl -+ El) — F(Zl) — F(Zo + 50) -+ F(Zo)
1
0
1 1
=/ D.F(z1 + % +pz)dp Z + / (DZF(zl +p2o) — D.F (2 +p50)>dp Zo.
0 0
We write
_ _ 1
F(El,fcly) — F(Zo, gy) £ / DZF(zl + 20 —l—pZ)dp Z+ Qo(€l, Cly) (4.6)
0
Similarly,

1
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1

Let C(:) = / D.F(- 4 pZy)dp. By Lemma 4.1, one can verify that C satisfies the
0

same property as B which is defined in Lemma 3.9. Apply a similar proof as in

Lemma 3.9, one can prove

t Ps o\” ¢ Pcu o\”
/U(t—T,e) Q) dT,/ Ut —7,¢) Q) dr = o(1).
0 0 +oo RO()

And o(1) — 0 as (£, &},) — (£2,&2,). Consequently, by fixed point property of Z; for

_ 2K _
e, < =& = &1+ (1= o)z, + o),
n—a
where o(n) is defined in (3.7) and o(1) — 0 as (£1,&}) — (£2,&2,). Since T, €, ¢, are

sufficiently small, o(n) > 0. Therefore,
7€ C°(X; x X§ x Y1, B} (),

where Z is the unique solution of (4.3).
In the following, we will prove the continuity of Dgs'zv for j = 1,2,--- k. By
induction, we assume the continuity of derivatives of z with respect to &, of order

lower than j. We differentiate (4.3) j times with respect to & to obtain

DESZ— 51]‘U(t, E)

t P,(D,F(z+2)D.Z+ f,D. §j+ M;(2,2
:/ U(t—T,¢) ( (z+ 2D, e i(z2) dr
0 0
t Po(D,F(2+2)D2Z+ f,D) §j+ Mi(z,2
+/ U(t—T,€) ( N( % 515 M i(#2) dr,
+oo D.G(2+ 2)D{ Z + g.& + Nj(z, 2)

where 0; is the Kronecker delta function and M(z, %), N(z,2) are in the form of

Y. (Hiunlz+2) (D 2, D).
RS |

Here each Hj, ... ;, (z 4+ 2) is a multi-linear operator and CV~™ in z.
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From the continuity of lower order derivatives and a similar proof as in Lemma

3.9 again, we have

t Py(M;(z1,21) — M;(20, %
/U(t—T,e) (Mj(z1,21) (20, 20)) i
0 0
= ~ +
t P..(M;(z1,21) — M;(20, z
[ g [POBE R MG |
oo Nj(21,21) — Nj(20, 20) 10,6

as (€1,&),) — (£,€2,). Therefore, following the same procedure as j = 0, we have

D}z e C’(X] x X{ x Yy, Bj, (c0)).

O
For a positive integer k£ > 2, we define
A= { () € R|ay < g < min{0, s} 0} < jof < a5,
a1<77+j77’<a2,j:1,2,---,k—1,}. (4.8)

Theorem 4.4. For k > 2, assume (A1)-(A5), (B4), (B5), (C1), (C2) and Ay is
nonempty. For any compact subset ¥ of Ay, when the Lipschitz constants of F' and
G are sufficiently small, then for any (n,n') € 3, (4.3) has a unique solution (T,y) €

B (00) such that

i) (DL, % DL y) € C° (X; x X x Y1, B}, ,(c0)),
ii) (Dg DL &, D DL §) € C° (X} x X{ x Y1, B/, (),
wherem =2,--- k, j=1,--- m—1.

Proof. In this proof, we often use the notation introduced in the previous proof. We
will prove the result inductively. For k = 2, since a; < n+7’ < as, from Theorem 4.2
one has

zZ = (7,9) € B,,,/(00). (4.9)
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From Qq, Ry defined in (4.6) and (4.7) as functions of (£!,&.,), one can use the Lips-

chitz property of DF, DG and C? and C? smoothness of the center manifold given in

Theorem 3.18 to obtain
t P, . t P., .
/U(t—T,e) Q) dT,/ Ut —T,€) Q) dr
0 0 400 RO()

where O([§; — 7]+ [€}, — €,1) is measured in B, (00). It implies

Z=(Z,9) € Lip (Xj x X{ x Y1, B}, ,(0)) . (4.10)

Now we fix ! = €0, From Taylor expansion we write

Qi(&l) =F(31,8)) — F(%,85,) — D-F(20 + %)7
— (D:F(20 + %) — D2F(20)) De, 2(€2) (€}, — €3,),
Ri(&),) =G(31,¢),) — G(%,€)) — DGz + %)7
— (D:G(20 + %) — D2G(20)) De,, 2(€9,)(€l, — €2,),
where we recall Z; = (73, 7;), 2 = (24, ;) for i = 0, 1.

By C? smoothness of F,G and (4.10), we obtain

+
t Ps cl t Pcu cl
/ Ut — 7. ¢) Q1(&ey) d7-+/ Ut — 7.6 Q1(&z,)
77"'77/,5*
=o(|€ey — &a ).
Define
t Ps DZF + ~ _+ _
G (€. Eoprto, ) (2)(1) = / Ut — 7, e) (D:F(o+ 22+ £7) |
° 0
! Pcu DZF + Z0)Z + .y
+/ Ut —7,¢) ( (20 + Z0)Z + f7) o
e D.G(z + 20)Z + ¢.T
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and

%( 27§8y7t07 6)(§c1y - ggy)

:/tU<t—7'76) PS(DZF(ZO+20)_DZF(ZO))D&yZ( ((:)y)( cly_ggy) dr

0 0

n /t U(t _r 6) Pcu(DzF(ZO + 50) - DZF(ZO))DEcyZ( gy)( gy - fgy) dr.
oo (D2G<ZO + 50) - DzG(ZO>)D§cyZ( gy)( cly - ggy)

Integrating ¢,% by parts, one can prove that ¢ defines a linear contraction on B,;“ (00)
for any 7 in any compact subset of (a;, as). And 7 has to be estimated on Bnﬁrn,(oo).

From (4.3), one has

zZ= g( 27 62747 tO? E)z + t%( 27 Sgy? tO’ 6)(5011/ - ggy) + O(|€iy - SSyD
Therefore, 2z is F'réchet differentiable with respect to £.,. Furthermore,

Dﬁcy%V(fgy) = (I _g)il’%( 2750 t07€>'

cy’

Based on the above formula and Theorem 3.18, Theorem 4.2 and a similar proof as
in Lemma 3.9, D, 7 is continuous in (&, &ey).

Assume the result holds for &/ = 1,2,--- kg — 1 < k. We will prove it for
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k' = ko > 3. We differentiate (4.2) ko — 2 times with respect to &, to obtain

Dt () (4.11)

' P, (DZF 24 7)DM25 4 D’“O*%)
—/ U(t—T,€) SR fuDee, "y dr
0

0
t PS< D,F(z+42)— D,F(2))D* 22 + Q, z,z)
+/ Ut —7,€) ( =+ =) S to1(5 %) dr
0 0
t Pu (DZF 24 2Dk ¢ Dk0_2~>
+/ Ut —T,¢) S ToDee, "y dr
+o0 D.G(z+Z)D %2 + 9. D *%
¢ P.((D.F(z+72)— D,F(2))DF 22 + oz, 2
+/ Ut —7,¢€) (( =) =)D, ra-2f A>> dr.
+o0 (D.F(z+7%) — D.F(2)) D22 + Ry, a(2, 2)

Here Q),—2 and Ry,_» are in the form of

Y (Hiin(z+2) (D2 (2472),-++, D (2 +2))

i1+-+im=kg—2,

o | | (4.12)
— Y (Hiyein(2)(D 2 DE2),

i1+-+im=kg—2,
m>1

where each H,, ... ;. (z) is a multi-linear operator and C*~™ in 2.
We need to prove foyfl'zv exists under the assumptions F,G are C* and Ay, is
nonempty. By substituting De,, z1, De,, % into (4.11), respectively, and taking differ-

ence to follow a similar procedure as in the case of &' = 2, one can show
ko—1% 0
D'zeC <Xf x X¢ % Y3, B;Hkrl)n,(oo)) .

Thus, we have finished part 1).
For part ii), one can still it by induction. For any fixed (m, j), we can derive the for-
mula from (4.3) that Dg_j ‘ngcyz should satisfy. Again, we substitute Dg_j _ngcyzl

and Dg_j _ngcy Zo into that formula and take the difference to prove the result. [
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Given any &. € X{, let & = .+ (VY + WYY (&) € M, where we recall that W9, ¥0
are independent of ¢y, and zo(&.)(t) be the solution on M such that x4(£.)(0) = &.
Let zo(t) satisfy

t t
%O(t) :etAfgs + (/ e(t_T)AfPs +/ e(t_T)AfPCU)
0

+oo
(F(To + wo(&), 0,7 + 10, 0) — F(xo(&), 0,7 + t9,0)) dr.
Therefore, (To+x0(&.))(t) is the solution of the unperturbed fibre starting at the based
point & with height & such that (zo 4+ 20)(0) = & + (I — P)&o + hu(&s, (I — Pu)&o)-
Define
Wi(&) = {oh(6.&)

02u<55766) =& + %0(0)765 € Xls}

A natural question is that what happens to each stable fibre when e tends to 0.

Theorem 4.5. For k = 2, assume (A1)-(A6), (B4), (B5), (C1), (C2) and Ay in
(4.8) is nonempty. For &, = 0 and the above given &, let (x,y) be the solution of

(4.2) and (Z,y) be the solution of (4.3). Then, we have

‘Ucu(gsa S) - JSU(§5’€0)|X1XY1 S Clea

i / ! A——
where C" depends on K, ay,ay, aly,n,n',T, e, || x, -

Proof. By (4.3),

t
i) = [ e (6,5 - G13.0.6.0)) dr

e (4.13)
—l—/ e(t_T)(%Jrgy)(G(f,O,fC,e) +gxf> dr.
+00
Since |D(5@CN¥|CO = |D(z,)Glco <T and a1 <1 <n+1n < a,
Lot [ pt=nran (Giz o
sup —e 1 e eIy <G(:p,y,§c,e)
120 & +o0 (4.14)
G(E.0.6.0) dr| < T
- G(7,0,&,¢)) dr| < ———— le Y-
» Yy v, 77+77,_a1yn+7], Y1
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For the second term on the right hand side of (4.13), we integrate by parts to obtain

t
/ (=) (£ +3y) (G(’aj’(),gc,g) + gm§> dr

+oo

_ (% +g,)7" (é(’f(t), 0,&c,€) + gxfi(t))

t

J - ~

+ / (= + gy) et ) [(DIG(HJ(&) +Z,y(&), T +to,€) + g2)T
+oo

+ (DxG(m(&) + 1, y(fc)> T + to, E) - DIG(x(ﬁc), y(gc)a T + 1o, 6))'73(&)
+ (DyG (&) + T,y(&), 7 + to, €) = DyG(w(&), y(&e), 7 + to, €)) (&)
+ (8,5G($(§C) + , y(&:% T + to, 6) - 8tG(x(£C>7 y(€C>v T + to, 6))} dr,

where (2(&),y(&c)) = (2(8)(7), y(&) (7)) and Z = (7).
Since &, = 0, (3.61) shows |y(&)[5 ..y, < C’€e, which implies

77/76*7
. 1 I I
9N (Mhi (2 + Co)Clevee”™ + Cola (&)l x, "
+ (|2 x, €T+ Clenee” ),
where C” depends on K, a),n,T, €, |&|x,. It follows that

].7/ tJ _ 77_1 ~
sup | [ (L4 g, 16040 (D,Glale) + Fy(€0) 7+ )

t>0 €Ex +00
- DyG(I(§C>’ y(ﬁC)a T + to, 6))y(§c) dr v
2006 K ~1+ 1 +
< Gl [+ ey (€,

+7(|[E(€c) 7—;_/71’)(1 + €*|y(§c) ;;_/76*73/1) -+ OO|$(§C)|7—;—’,1,X1i| S C/E.

And other terms can be estimated as before to be bounded by C’e. Consequently, by
(4.3)

~ _ !
|3/|n+77/,e*,Y1 =sup —e (m4+n')t
t>0 €x

t
/ e(tfr)(%Jrgy)(G(’gg,(),fc’E) +gxf’5> dr

+oo

Y1

< e,

! ! / A
where C” depends on K, aq,ay, ab,n,n',T, e, €| x, -
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Using integral equations of z(¢) and zy(t), we have

Z(t) — To(t)

t - ~
= / e(tiT)AfPs (F(§> ga 507 6) - F(io, O’ 507 O) + fyﬂ) dr
0

t
b [ A (P56 - F@00.6.0) + £,7) dr.

—+00

By the facts |y],1syc,.v; and |DF|co <7, one can easily deduce

T = Zolyrn1x < C'e.

In particular, let ¢ = 0, we finish the proof.
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CHAPTER V

NORMALLY ELLIPTIC SINGULAR PERTURBATION
TO HOMOCLINIC ORBITS AND PRELIMINARIES

In this chapter, we will discuss the persistence of a homoclinic orbit under the nor-
mally elliptic singular perturbation. We assume (A1)-(A5) for k = 2, (A6'), (B1)-(B5)
in Chapter 4 and (C1)-(C2) after Theorem 3.5 . As we proved in chapter 3, (2.2)
can be viewed as the singular limit of the singularly perturbed system (2.1). In this

whole chapter, we assume
(D1) A generates a strongly continuous group on X and X7} has finite dimension.
(D2) For any (z,t) € X; x R,
J'D,g(x,0,t,00A € L(X,Y) , J 'D2g(x,0,t,0) € Ly(X,Y).
Moreover,
0.0,Dg € C°(X; x Y1 x R?, L(X; x Y1,Y)).

(D3) There exist  and 1’ such that

a; <n <min{0,as} , max{0,a}} <n' <21 <a,

ar<n+n <ay, ap+1n <O0.
(D4) When € = 0, (2.2) has a homoclinic orbit x(¢) such that

Al’h(t) C Xl,

and

sup e |2 () x, < 0o , supe |z, ()] x, < oo,
>0 t<0

where aq, as, a}, as are defined in (B5) and (C2).
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(D5) There exists a C? invariant quantity H : X; — R with DH : X — R such that

H(0)=0, DH(0) = 0.

(D6) There exists g = x,(0) such that

DH () # 0 , dim(Tp, M (| TopM§) = 1.

Our question is if (2.1) has a homoclinic solution to (0,0) when 0 < € < 1.

This chapter is organized as follows. In the first section, we will establish a
coordinate system around the unperturbed homoclinic orbit. The second section is
devoted to study the persistence of the homoclinic orbit under weakly dissipative
perturbations and the last section is to study the conservative case. In section 6.3,

we also assume f, g are independent of ¢ for all € > 0.

5.1 Coordinates around the unperturbed homoclinic orbit

With slight abuse of notation, we extend H from X; to X x Y] such that the extension

is independent of y variable. Clearly,
H(0,0)=0, DH(0,0) =0. (5.1)

Let v = Az + f(20,0,t,0). Since v € X; C X, there exists a hyperplane ¥/ C X
that is transverse to v. Let ¥ = (X' X;) x Y3, by using v € X7, one can prove v
and X are transverse in X; x Yj. Let Q,, Q! be the projections from X; x ¥; and
X XY onto Rv with kernel ¥ and ¥’ x Y, respectively. We will identify the range
of @, and @/, i.e., Rv with R. Locally, we cut off the nonlinearity as in chapter 4
to obtain h.s, h, and thus the local invariant integral manifolds. Let r be the cut-off

radius defined in chapter 4, there exist t; > 0, ¢y < 0 such that

r
1+ |PCS|(1 + |DhU|C°) + |Pu|(1 + |DhCS|CO))7

|ZL‘172|X1 < 2( (52)
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where 215 = zp,(t12). With slight abuse of notation, we will also use M§(to) to
denote various invariant integral manifolds extended by the flow from the local ones
with initial time tq € R for systems (2.1) and (2.2), where o = ¢s, u, cu, s,c, 3 =0,¢.
Next, we will prove M%(ty) (or M¥(tg)) are C* close to M (ty) x Yy (or My (to))
so that M%(tg) (or M¥(tp)) and ¥ are transverse. Then we will work on their
intersections. We recall that ® and ®° denote the flow maps of (2.1) and (2.2),
respectively.

We first show that for any t, € R, M(ty) does intersect ¥ near zy for e < 1.
Lemma 5.1. For any ty € R, there exists a unique t' = t'(to) such that

(D(to, to + t/, iE’l, 6) € xg+ 2,

/

|®(to, to +t', 2, €) (e,

- IO‘X1XY1 S

[t —t1] < C'e, |0,t'| < e,

where &y = Puswy + hy(Pesty,to + ', €) and C" depends on constants in assumptions.

Proof. We will use 0,P,0,® to denote the differentiation with respect to terminal
and initial time, respectively. Such notations also apply to ®°. For any t, € R, since

(2.2) is autonomous, we have
Q' (Do, to + t1, 1) — o) =0, QL01P%(tg, to + t1,21) = 1.
Clearly, h, satisfies similar properties as h, in Theorem 3.19 and 3.20. Let
Yt €)= QL (P(to, to + 1,24, €) —x0) , Y(t',0) = QL (P (to, to +1,21) — x0).
Theorem (2.4) shows for ¢ on any bounded interval
V(' €) =7, 0)|x1xn < C'e. (5.3)
From (A4), one can easily prove
DO cC' X xYI xREL(X xY, X xY).
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By using chain rule, one can show

at/’y(tlu 6) - at’f}/(t/7 0)

S‘Q; (D(I)(to, to + t/, :Il'll, E)K(to + t/, £L'Il> — D(I)O(to, to + t/, l’l)%(to + t/, 513'1)) ’
n )Q;D@(to,to 2, )0 ha(ah to + 1, €)]

where V (¢, z), Vo(t, ) represent the velocity field of (2.1) and (2.2) at (¢, ), respec-
tively. By a similar proof as in Theorem 3.19, we have |2} — z1|x,xv; < C’e which
along with the fact 2 € X implies |Px(Vi(to + t',2}) — Vo(to + ', 21))|x < C'e.

Applying Theorem 2.4, we obtain
‘Q;(Dé(to,to 2 Vit + 1) — D(to, to + ', 21)Va(to + t’,xl))) < ('

Similar to Theorem 3.26 which was stated for hy, we have |0y h, (2}, to+t', €)|x < C,

which implies
Q. D (tg, to +t', 27, €)0 hu(x], to +1',€)| < C'e. (5.4)

Therefore, we have proved (t',€) and (t',0) are C' close for ¢’ on any bounded

intervals. Since the system (2.2) is autonomous when e = 0,
Opy(t1,0) = —Q,01 D" (to, to + t1, 1) = —QLv = —1.
By implicit function theorem, there exists a unique ¢’ = t'(¢y) such that
Q' (D(tg, to+t', 2y, €) —x0) =0, |t'(to) — t1] < C'e.
Since ®(tg,to +t', 2, €) € X7 x Y7, we have
D(tg, to +t', 2], €) € 2o + .
Since Azj, C X5 and (2.2) is autonomous, one may obtain

‘(I)O(to, to + t/,xl) - (I)()(t(), to + t1,$1)|

!
X1§C€'
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Together with Theorem 2.1, we have

|D(to, to+t', 2, €) — x0|X1Xy1 < C'e. (5.5)
Note that

DY (t', €) :Q;(Ve(?ﬁo? D(tg, to +t', 27, €)) — DO(tg, to + ', 27, €)Velto + ', 27)
+ D®(to, to + ', 2, €) Oy hu,) -

By Theorem 2.4 and (5.4), (5.5), we have |0y, v(t, €)| < C’¢, which implies

’atot/’ S C/E. (56)

Next we study the tangent space T'(X (M (ty)) at ®(to, to+1t'(to), 21, €). We use
B,(p,S) to denote the ball in a space S centered at p with radius p. In the following
lemma, we need to use the evolutionary operator E(t,t;z,€) defined as the solution

operator of the linear equation
; J 0 0
E= (_ + Dyg(q) (t7 th ZE), 07 tv O))E(ta tO; o <t7 tD; 27)),
€
where z € X;.

Lemma 5.2. Let C' be positive constants and t' = t'(ty) be the one found in Lemma

5.1. When 0 < § < 1, for any (&cs,&y) € Bs(Pesz1, X7°) X Bee(0,Y7),
‘(I)(th o + t,7 gcs + gy + hu(gcsa gya to + tla 6), 6) - xO‘Xlel < C’s. (57)
Moreover, if (6x,dy) € X7* x Yy with |dx|x, + |dy|ly, < 1,

| D, (Dt to + 1/, Eus + & + hulEens o + 1), )0 .
5.8

— De, (Pto, to + 1/, Ees + B (Es))) 0| < Ce,

X1
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and

’PXDEy (q)(t07 tO + t/7 gcs + gy + hu(fcsu fya tO + t/7 6)7 6))6y x S 0,67
1
’ (PYDEy ((I)(t()? tO + tla fcs + fy + hu(&cm £y7 tO + tla 6)7 6)) (59)
- E(t0> tO + tlv gcu + hg(fcu)a 6)) v; S Cle-

where Px, Py denote the projection from X XY onto X and Y, respectively. And C’

depends on C' and constants in assumptions.

Proof. By assumption (D3), ® is C? with respect to phase space variables. Inequality
(5.7) follows from Lemma 5.1 and the C? smoothness of ®. Using the fact |¢,|y; < Ce
and the same proof as in Theorem 3.20, one can obtain (5.8). Finally, the proof of
(5.9) follows from Theorem 3.20 and the assumptions ||y, < C’e and dim X} < oo.

Therefore, we have

‘Dﬁy (Eess §yr o + 1, €) ‘L(Yl,Xu ‘Dﬁy (Eess Eyrto + 1 € ‘LYX“ < Ce.

From (5.2), we have

|€cs + Sy + hu(gcsa Sya tO + tla €)|X1><Y1 <.
By Theorem 3.20, we can finish the proof. O

We notice from assumptions (A3) and (A4) that £ 4+ D,g generates an evolu-
tion operator E(t,to;€) bounded on any finite time interval uniformly in 0 < ¢ <
1, (&es,&y) € X{° x Y7 and so its inverse. Therefore, Lemma 5.1 and 5.2 imply M ()

is O close to M§ x Y;. Since |t/ — t1| < C’e, C? smoothness of ® and Az, C X;
imply
(De (o, to + 1, s + B (€:0))) b

- (chs(bo(tm tO + tl; pcsxl + h ( csxl)))ax < 0/5

X1
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And thus for any (., &) € Bs(Pesx1, X{°) X Bee(0, Y1),

QuD®(to, to +t', Ees + & + hu(Eesi&y to + 1, €), €)

L3 (5.10)

(Ary + F(e0,0,00)) € (3,2,
where ¢ = t/(ty) is the one found in Lemma 5.1. Therefore, Q,1(0) = M (t5) (2 is
a submanifold of M¢(¢y) and ¥ with codimension 1 in M (). Obviously, M§ (X
is a submanifold of M’ with codimension 1 in M{’. Similarly, for any ¢, € R,
there exists a unique t” = t"(ty) with [t" —ts| < C’e such that for &, € By (P2, X}),
O (to, to+t", &uthes(Eu, to+1",€),€) () X is a submanifold of MY(¢y) with codimension
1, where like hg defined in (3.11), the graph of h.s gives the local unstable integral
manifold of (2.1) near 0.

By the standard invariant foliation theory, we can foliate M’ into invariant stable

fibres. By assumption (D3), there exists f* € C1(ME, M§) such that
fS‘MS = (0,0) , fS’Mg =1, (I)OOfS = fso(I)O , Vt e R,

where ®° is the flow map of (2.2). Since H(0,0) = 0, H(z) = 0 for any z € M},
which implies T,, M§ C ker(DH (zo)). On the other hand, clearly, we have H(z) =
H(f*(x)) for any z € M{’. By using the facts oy € M§ and DH(0,0) = 0, for any

dxy € T, MG,
DH (zo)oxg = DH(f*(x0))D f*(x0)dxo = DH(0,0)D f*(x)dxo = 0,
which implies T,,, M§&® C ker(DH(xy)). Define
=MiNE, Mg =My(S, Xy = T, My, Xy = T, MG

Clearly,
X7, X| ., Y1 Cker(DH(x)) (|E &1L

We use Codimy (Z) to represent the codimension of a linear subspace Z in a Ba-

nach space W. Clearly, we have Codimg(II) = 1. On the other hand, (D4) implies
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XN X, = {0}. Moreover, we have Codimy (X ® X, ®Y;) = 1, since X is finite
dimensional. Therefore,
N=X,oX,®Y.
Let w € X be transversal to II such that DH(zg)w = 1 and Q,, Qcs, Qu, @, be
projections from ¥ onto w,Yis,yqf and Y;. Thus,
¥ = span{w} @ II = span{w} & X, & X, ® V1.
We will use the coordinates
(d, %, y, ")
=(Qu(P — 20), Qes(p — 20), Qy (P — T0), Qu(p — 20)) (5.11)

:(DH(ZE())(]? - IO)? ch(p - I(]), Qy(p - (L’()), Qu(p - 370))
to represent any p € ¥ + xy. Locally, there exist § > 0 independent of € and

To:Bs(0,X7) — Rx X, , ¥:Bs(0, X)) — Rx X7,
such that NgS, Ng contain the graphs of Yy, ¥y, respectively. We extend Tq to
Bs(0, X7")x Y] trivially in y. Since the perturbed and unperturbed invariant manifolds
are C' close, using this coordinate system we can write integral manifolds Mg(to) =
M2(to) (xo + X) as graphs, where a = c¢s,u, f = 0,e. Before we state our next
lemma, we first introduce some notations. For ¢ = 0,
O(t, tog,x +y,0) = %t tg, ) , hu(es,y, to,0) = hE(2,), (5.12)
where z € X5, 2., € X{%,y € Y7.
Lemma 5.3. For any b > 0, there exist ¢g > 0, b’ > 0 independent of € € [0, o) and
T =(T4Y%) : By(0,X;) x By(0,Y1) x R x [0,€6) — (R, X})
such that
/Wﬁs(to) O {xo + YHx™, y, to, €) + 2% + ey
+ T4 (x, y, to, e)|xcs € By (0, X)),y € By(0, Y1)}

£ Grap(Y(to, €)).
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Moreover, T are C? in x,y and satisfy

1(0,0,t5,0) =0, DY(0,0,t9,0) = DY(0) = 0, (5.13)
| Does T = DaesTo| o (05 ey 0wy T 1T — Toloo < C'e, (5.14)
|DyT|00(Bb,(o,Yis)xB,,(o,yl)) <C'e, (5.15)
18, Y| < C'e. (5.16)

where C" only depends on constants in assumptions.

For € = 0, we define Grap(Yy) C Mﬁs x {0 € Y1}. We notice in the definition of
Grap(Y) we scale y to ey. This is to avoid the dependence on € of the domain where

the function is defined.

Proof. Let w = Poy(Azy + f(21,0,,0)) and X& C X such that X& = Rw & X,
and define
ﬁ(aa gés? Sya 6) = q)(to,to + tlv Pcsxl +aw + gés + Efy
+ hu(Pcsxl + aw + 5257 egyv to + t/7 6)? 6) — Zo.

Here a € [—6,6], €, € B5(0, X&) and &, € B, (0,Y;), where § > 0 sufficiently small

but independent of € and b; is arbitrary. From Theorem 2.4 and Lemma 5.2, we have

T T !
‘}—(‘75) -7, O)‘Cl([fé,é]xB(;(O,f(fs)bil(O,Yl),X1><Y1) =C (5-17)

where C” depends on constants in assumptions. From Lemma 5.1 and (5.12), we have

QuF(0,0,0,6) =0, € € [0,€).

Clearly, F € 2o+ ¥ if and only if Q,F = 0. By (5.17), one can use implicit func-
tion theorem to obtain for arbitrary b; > 0 there exists ¢’ > 0 sufficiently small,

independent of € and a : By (0, X&) x By, (0,Y1) % [0,€0) — [—¢", 8] such that

F(Ey &yre) & Fla(€l,, &y €), 6Ly Eyre) € X,
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where (£,,&,) € By (0, X)) x B, (0,Y1). For e = 0, we identify a(€esr, &y, 0) with

ao(&L,), which satisfy
@O(to, to + tl, Pcsazl—l—ao({és)w + é—és
+ hg(PCSZL'l + ao(éés)w + gcs’)) € XNX.

Moreover, by assumption (D3) and Theorem 3.10, a is C? in &.v,&, , ag is C* in &
and a(0,0,€) = ap(0) = 0. Based on (5.12), we also define

Fo(€ly) = F(El &y 0) = Fal€ly &, 0), asrs £, 0).
To estimate a(&.,,&,, €) — aop(&l,), we have

O :Q’UF<€és7 €y> 6) - Q’Ufo(fés)
:Qvf<€(,287 §y7 6) - Qvﬁ<a(£és7 53/7 6)7 5(/287 5?!7 0) (518)
+ Qvﬁ(a(géy gya 6): gésa €y7 0) - Qvfo(g(/;s)

By (5.18), we have

|QuF (6l €y €) = QuF (al€les &, €), €00y, 0)] < e,

We note from (5.10) that

S10(El 6 6) — €l £, 0)) < |QuF(0(E,6500) 640 6,,0) — QuFo(€L)|

From (5.12), we conclude

|a(&es> S €) = a0(&es )| = lal€ls, €yr €) — alély, &y, 0)] < Ce. (5.19)
Differentiating (5.18) with respect to &.., we obtain
0 =0,F (a(€), €, &, ) D ale)w + D, Fla(e), €L, &, €)

_aaﬁ(a([)%gés?§y7O>D§ésa(0)w Df' ( ( ) 5cs>€y7 )
where a(e) = a(&, &y, €),a0 = a(€ly,&,,0). By (5.18), (5.19) and C? smoothness of

fo, we have
|Der F(ale), €Ly, &y, €) — Der, Fa(0), €L, €,,0)| < C'e,
|0 F (a(e), .y, €) — 8uF(a(0), £, £,,0)] < C'e,
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which implies
’Dﬁés (a’<§CS7 597 6) - a(é.c& gy’ 0))| < C'e.

Differentiating (5.18) with respect to &,, we have
0= QuiF (€. &y €) De,a+ QuDg, F.
By (5.9),
!Qngyﬂ = |eQuD®(to, to + t', E+hu (€, o + T €), €)

(I 4+ Dhy(& to +t'€)| < C'¢,

where £ = Px1 + a(&,, &y, e)w + &, + €. 1t follows
| De,a(l,, &y €)] < C'€. (5.20)

Therefore,
la(-, - €) — ao(')|01(35,(0,>2103)x3b1 (0.Y1)x[0,60),[=6"6]) = C'e. (5.21)
Consequently,
[ F (s €) = Fo()len < Cle. (5.22)

Let & (a) & Puwy + aw + &, we note that

‘aton-%<a7 gés? fya E)‘
S‘Qv (K(tm ﬁ(av fgsv gya 6) + ZL'()) - Dq)<t07 o + t,7 éés(a) + €§y
+ h’“(gés(a)7 fifya tO + t/v 6)7 E)K(to + t,7 g(/:s(a> + Efy

+ hu(gtlls(a’)’ Efy, tO + tla E))(l + 8tot,) + Dq)atohu)

<[Qu(Valto, F(a, €10, ,,0)) = DI (1o, to + 11, (a)
o+ R(EL(@)Valto + 11, €L.(a) + RS (€L (@) | + C'e < Ce.

Here we use Lemma 5.2, Theorem 3.26 and (5.6) to obtain the above estimates. It
implies

|0i,a] < C'e ) 0, F| < Ce. (5.23)
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By Lemma 5.2, we have

chDgéSf = QCSDQSJ?O + 6Ol ) chDéyf = 62027
(5.24)
Qy‘Dfés‘}t - E03 ) QyD&,f =eF + 62047

where O;—O, are linear operators bounded uniformly in € and E is the linear evolu-

tionary operator defined at base point
Pesty + ap(§os)w + &g + hg(Pcsxl + ag (€)W + Eesr)-

Let (28, y.) = (Qes + Q) F (0,0, €), clearly, [2%|x, + |yely; < C'¢, where C' depends
on those constants in assumptions and (z§°, yo) = (0,0). We claim for any b > 0 there

exists b’ > 0 depending on b but independent of € such that the map
1 ¢ v Cs
(QesF, Zny)*l : By(0,X7) x By(0,Y1) — By (0, X{*) x By, (0,Y7)

is well defined and the norm of the linearized map is independent of €. To prove this,

we need solve the equation

QuiF (€)= . ~QuF (€0 =

We first look at the equation

1
Egy + EQyF(gclzs? 07 6)) = y

By (5.24), for fixed &/, we have

cs?

L@ F (& €) — (6 + - QF(E,0,0)) | < e

Note FE and E~! both have upper bounds independent of €. For any b > 0, by implicit
function theorem argument, there exist sufficiently small ¢’ > 0, reasonably large
b1 > 0 independent of € and sufficiently small ¢y > 0 such that for any y € By(0, Y1),
s € By (0, X¢) and € € [0, ) there exists a unique &(&,, y,€) which is C? in &,
and y.satisfying

SO F (€ &€y =,
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By differentiating the above equality with respect to &, and using (5.24), we obtain
| De,, &yl < C. (5.25)
Combining the above estimate with (5.24), we obtain

|ch‘/f(€¢/:57 gy(géy gya 6)7 6) - chf0(525)|c1 S CIE-

Since Q) Fy is independent of € and is locally invertible, one can use inverse function
theorem argument again to prove there exist sufficiently small ¥ > 0, ¢y > 0 so that
for (z°°,y,€) € By (0, X3 ) x By(0,Y1) % [0, &), there exists a unique &’ (2, 1, €) which

is C? in ¢ and y satisfying

chf(fés($cs7 Y, E)? gy (525 (:ECS? Y, 6)7 52,17 6)7 6) = x®.

For (z,y, o, €) € Bb/(O,Yis) X Bp(0,Y7) x R x [0, €p), let

1 _
2%+ ey + V(2% y, to, €) = f((chf7 EQy]:) 1($CS, ), e), (5.26)

when € = 0, (5.26) is replaced by

2+ To(a%) = Fo((QuFo) '),

Based on (5.12) and the definition of ¥, (5.13) is obvious. Since F is C?, T is also
C?. Let I, 1, be the identity maps on Yis,Yl, respectively. Differentiating (5.26)

with respect to (2, y) and using (5.24), we obtain

]cs 0 chDfést + 601 6202 Dxcs és Dyfés

0 e, €05 eE + 20, D,es&y D&,
which implies

Dxcséés = (chD&jcs’fO)il +¢€0s5 , Dyéés = 62067

D:vcsgy = _E_IO?)(QCSD&SJTU)_I +€O07 Dyfy =E! + €0,
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where O5—Qg are bounded linear operators with bounds independent of €. Therefore,
Dyes T (-, To, €) :Qw,U(Dfés»ﬁy}—)(Dw“,y(gésa &)
=Quu (Dgésfo + €Oy 6202>
(QesDecst Fo) ™' + €05 €?Og

—Eilog(chDgésf())il + 607 Eil + 608

:Qw,u (Dgésfg(chDgcslfo)l + 609 62010) y
which implies (5.14) and (5.15). Finally, one can differentiate (5.26) with respect to

to and use (5.23) to prove
1010 (Qes ) ™| + 101 (@ F) ' < e,
which implies (5.16). O
Similarly, there exists b > 0 sufficiently small but independent of € and
W= (U400 < By(0,X7) X R x [0,60) — (R, X', ¥3)

such that
M2(t) > {:co (e, g, €) + WY (2", b, €)

+ U (x", to, 6)|x“ S 7”} £ Graph(¥),
where (U ¥ WY) are C? in 2% and satisfy
U(0,45,0) =0, DU(0,t,0) =0, T¥(z",ty,0) = 0. (5.27)
Furthermore,

< Ce, |0, ¥] < e, (5.28)

‘\I’(Vto’ €) = V(- o, OMCl(B,,(o,Yﬁ‘),RxY‘{SxYI) =

where C’ is independent of e.
From the construction of the coordinate system, the intersection of Mﬁs(to) and

Mg(to) is equivalent to the following system:
't ="Tx? y, to, €) , x° =W (a" tg,€) , ey = WY (z" to,¢€), (5.29)

d="Y4Ua y, tg,€) = U(z", 1o, €). (5.30)
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Lemma 5.4. There exists ¢y such that for every € € [0,¢) and ty € R, there exist
% = x%(tg, €), 2% = x%(to, €),y = y(to, €), which are continuous in ty and €, satisfying
(5.29). Moreover,

|2 x, + [2"]x, + elyly, < e, (5.31)

where C" depends on constants in assumptions and uniform in to and €.

Proof. The proof is based on (5.14), (5.15), (5.28) and a contraction mapping argu-

ment. ]

5.2 Persistence of homoclinic orbits under weakly dissipa-
tive perturbation

In this section, we assume additionally

(A7) For i =0,1,2, the following quantities have a uniform bound Cj,

(0>7'Df,0°7'Dg) € C°(X, x Y1 x R? Li(X x Y1, X1 x Y1)).

The goal is to study the persistence of the homoclinic solution of (2.1). Our strategy
goes as following. We will first derive the Melnikov integral to measure the distance
between two special points on M (ty) and M(ty). Then we study the stable region
on the center-stable integral manifold.

Using the notations in Chapter 6.1 and Lemma 5.4, for any t, € R, we let

P“(tg,€) = (\Ifd(a:“(to, €),to, €), " (to, €),x%(to, €), ey(to, €)) + xo,
Pcs(to, 6) = (Td(xcs(to, 6), y(to, 6), t[), 6), x“(to, 6), l‘cs(to, 6), Ey(to, 6)) + Zo,
(x—<t7 tO? 6)7 y—(t7 th 6)) £ q)(t7 t07 Pu(t07 6)7 6)7

(24 (L, to, €), yr(t, to, €)) 2 B(t, tg, P*(tg, €), €).
From the coordinate system we constructed in the previous section, clearly
P" = P% <= U (a_,tg,¢) = Y2y, ys, to, €) <= H(P") = H(P*),
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where (5.11) is used.

From (5.1), we have

to .
:/ DH (®(t,to, P, €))D(t, to, P, €)dt (5.32)

:/0 DH (x_(t, to,€)) (F(x_(t. to, €), y—(t, o, €), £, €)
— f(z_(t,to,€),0,t,0))dt,

where the last equality follows from the fact that H is invariant under (2.2) so that
for any x € X,
DH(z)(Ax + f(z,0,t,0)) = 0.

Next, we will analyze the leading order of (5.32). Since (x_,y_) and z;, are on
perturbed and unperturbed unstable manifold, for all £ < 0 and max{a/,0} <7’ < di,
|lz_(t,to,€) — ap(t — to)’X1 + |y-(t, to, €>‘Y1 < Ot (5.33)

Substituting (5.33) into the last equality of (5.32), we obtain

/to DH (2_(t. to, ) (f(x_(t. fo, €), y_(t, to, €), £, )

—f(z_(t,to,€),0,t,0))dt
— /to DH (z1,(t — t0)) (Dy f(zn(t — t0),0,2,0)y_(t, to, €)

+ed f(xn(t — t0),0,t,0))dt + O(e?),

where C? smoothness of H and DH(0) = 0 guarantee the convergence of the above

integral. By variation of constants formula

t
y_(t,to,€) = Tyt €) + / (e y 7€) dr.

to
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Integrating by parts and using the fact |y_| < Cie, we obtain

‘/0 DH(a:h(t—to))Dyf(xh(t—to),o,t,o)e@—to)fy(to,e)dt = O(é?).

Moreover,
to
/ DH(za(t — t6)) Dy f (an(t — to), 0, 1,0)

t
( / e(t_"')%g(xf (7’, to, 6), Yy (Ta to, 6)7 T, 6) dT) dt

to

to T
= [ (] pH@ID@0.000 W)yl 7e) dr

to
- (DH(xh)Dy Flan, 0,,0)eJLet7%

—0o0

to T d
- / ( / (DH (@)D, f (2, 0.8,0)) e et ) gla-y- 7€) dr

—0o0 — 00

’ )g(fv—,y_me) dr

It’s easy to see from (5.33)

T

to
/ <DH(:ch)Dy Fxn,0,t,0)e] telt=)%

—00

_oo>g(:c,,y,,7, €) dr
_ /  DH @t — 1)) Dy f(on(t — t0), 0,1, 010 g wn(t — to), 0.¢,0))dt
+0(€?).

Integrate by parts again, we have

bt L1 ()
_/ (/ %(DH(xh)Dyf(Ih,()?t?O))ﬂ] le(t )Edt>g({[‘_,y_77',€) dr

=0(é%).
Summarizing all the estimates, we obtain
H(P")
e /_to DH (a1~ 1)) (0.F (xa(t — 1).0,1,0)
— Dy f(znlt — to), 0,,0)J  g(wn(t — to), 0,1, O))dt +O(e) (5.34)
—(—:/0 DH (1)) (0. (22(2). 0.1 + 10,0)

— Dy f(n(t),0,t + to,0)T g(zn(t), 0,1 + to, 0))dt +O().
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To approximate H(P), the difficulty is ®(¢, %y, P*(to,€),€) doesn’t lie necessarily

in a small neighborhood of the origin for all ¢ > 0. Nevertheless, we will give an

1

approximation similar to H(P"). Let a = o

< 0and T} = aloge > 0, we claim

for any t € [to, T1 + to],

O(t,tg, P, €) — xp(t — o) N < Ol =t (5.35)
1

where C” is independent of ¢ and e. To see this, we first note (z, y1)(t1+to, to, €) and
xp(t1) are in a small neighborhood of the origin inside the perturbed and unperturbed
center-stable manifold, respectively. To prove our claim, we introduce the following

notations. Let

vy =24 (t +to,to, €) 5 Yy = yu(ts +to, to, €) , Toy = z(t1),
(@4(1), y+(t)) = B(t + 11 + to, t1 + Lo, T4 + Y+, €).

Clearly, |xy — xoy| + |y+| < C’e. Consider the integral equation
.y (t) — xp(t +t1)
=" (zy — woy) + /t DA (F(ai (1), y4 (1), T + t1 + o, €)
0
— F(zp(1T +1),0,7 + t1 + to, €) + fyy+(7)) dr,
y+(t)

t
—el(Tto)y 4 / eTCH9) (G (T + 1), 0,7 + by + to, €)
0

t
+ Qz$+(7)) dr + / elt= ) (G(37+(7'>7 Y+ (1), T+ t1 + to, €)
0

— G(zp(T +11),0,7 + t1 + to, e)) dr,

where F,G and Ay are defined in (3.2) and (3.5), respectively. By (3.3), we have
|DF|co + |DG|co — 0 as r — 0.
By (5.2), there exists T" such that

() =+ t) | + g ()] < 5 for ¢€[0,7)
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From integration by parts and Gronwall’s inequality, we obtain

|y+(t)|Y1)

e () — at + )], +

<C'(|lz4 — mos | + ] + €)e” IPFleo+IDGlco+etent
N €

*

9

where €, is a small parameter and C’| ¢, are independent of r, e and ¢t. By first taking
r and €, sufficiently small, when € is small, the above estimate can be used to extend

T to T7 — ty. Therefore,

‘(I)(Tl + to, to, PCS<€>, 6) — Io(T1> S C/€1+an”

X (5.36)
‘xh(Tl) < ClemTh = O
X1
Based on the definition of a, we have
1
aa; =1+ an' > 3 1+ 2an > 0. (5.37)

Let
W(t,to) =DH (zp(t — to)) (ae Flan(t — t0),0,t,0)

= Dyf (@nlt = ), 04,007 glan(t — 1), 0,1,0)).
Since H(0) =0,

H(Pcs) — e/to w(t,to)dt

+oo
to
= H(PCS) _H(CD(TI +t0at07PCSae)) _6/ w(tatO)dt
T1+to
T1+to
FH(D(T) + to to, P, €)) — e/ Wt to)dt.
400

Using (5.36) and a similar procedure as in the approximation of H(P"), we obtain

0
H(PCS) — H(@(Tl + to,to,Pcs, 6)) — 6/

w(t, to)dt‘ < C'errran’
T1+to

T +to
€ / w(t,to)dt‘ < (ettaan

—+00

H((I)(Tl + to,tU,Pcs, 6))‘ S |D2H’00|®(T1 + to,to, PCS,G)’2 S Cl€2+2anl.

101



Let

“+00

M(t) 2 [ DH(mn(t— 1) (0 (en(t — 1), 0,1,0)
— Dy f(xn(t — to),0,t,0)T g(an(t — to), 0,1, 0))dt
- :ODH(:ch(t))(&f(xh(t),O,t+t0,0)
— Dy f(wn(t),0,t + to, 0). g(n(t), 0, + to, O))dt.
We have
H(PY) — H(P%(€)) = eM(ty) + €727 0(1). (5.38)

Lemma 5.5. Suppose M(ty) has a simple zero at to, then there exists €y such that

for each € € [0,¢€), there exists t* (possibly not unique) satisfying
H(P“(t*,e)) — H(P“(t*,¢)) = 0.

Proof. Since P*, P are C' in t,,

() 2 L(HP(,0) - H(P*(,6)) € C'RR).

€

By intermediate value theorem, we can finish the proof. O

Lemma 5.5 gives a condition for nonempty intersection of center-stable and un-
stable manifold. This intersection means the existence of a solution which converges
to the steady solution as t — —oo. As t increases and t < aloge + ¢y, based on
the stable foliation in the center-stable manifold, this solution will approach a neigh-
borhood of the steady state inside the center manifold. However, there might be
some weak instability in the center manifold such that the solution will exit a small
neighborhood of the steady state as t > aloge+1t,. Suppose in some sense there is no
instability in the unperturbed center directions and the perturbation is weakly dissi-
pative, i.e. there is some weak exponential stability on the center manifold of (2.1).

In the following, we will study the size of the stable region on the center manifold
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under the weakly dissipative assumption. We first use Taylor’s expansion to expand
f and g, namely,
flz,y,t,e) = flx,y,t,0) + efi(z,y,t,¢€)
= for + fyy + folz,y) + efi(z,y,t,€),
g(x,y,t,e) = g(x,y,t,0) + eg1(z,y,t,€)
= 9o + gyy + go(7,y) + €g1(z, y, 1, €),
where f,, = D,,f(0,0,¢,0) and g,, = D,,g(0,0,t,0) which are independent of .
Let P, ., be linear projections from X; onto X{** which are invariant under e*A+fe)

where X; = X{ @ X{“. For any x € X, we denote z, = P.X; and x4, = Py,x. In

addition, we assume
(E1) dim X§ < +o0 and (f,g) are C? in (z,y) with upper bound uniform in ¢.
(E2) For (xe, ey, y,t,€) € X x X" x Y] x R x [0, €),

Fofy =0, Diy.yPefo(0,0,0) =0,
Pefi(@e, Tsus Y, £, €) = —Te + €Bo(Te, Tsus Y) + Bi(Te, Tous Y, L, €),
By is a bounded linear operator acting on (z., Zsy, y),
B1(0,0,0,t,¢) =0, DB1(0,0,0,t,¢) = 0.
(E3) For (x¢, Tey,y,t,€) € XX X" x Y] x R x [0, €),
9= =0, g0(0,0,0) =0, D, ,90(0,0,0) =0,
91(Te; Tsu, Y, t,€) = —y + €Ba(e, Tsu, Y) + Bs(@e, Tous Y, 1, €),

By is a bounded linear operator acting on (z., T, y),

B5(0,0,0,t,¢) =0, DB3(0,0,0,t,¢) = 0.

Remark 5.6. One may think the above assumption is too strong, which makes the
system (2.1) very restrictive. However, one should first try to ‘diagonalize’ the linear

part to remove f, and g,. As a separate topic, we will discuss this transformation in
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the Appendiz. With this ‘diagonalized’ linear part, one is in a position to carry out
a normal form transformation to eliminate some quadratic terms. Assumption (E)

should be considered for the form after performing a normal form transformation.

Let A(e) = A+ f, —e and @ = £ 4 g, — e. We further assume a} < 0 in (C2),

it follows

e Oz|y, < Ke Fae|x, for t>0, x.€ X,

tJ(E)

e yly, < Ke “lyly, for t>0, yeY.

For sufficiently small 7, from Theorem 3.7, for (z.,y,€) € B,(0, X{)x B,.(0,Y1) x [0, €o)

and any fy € R there exists a local center manifold M¢(ty) and (¥, ;) with
hsu<xcu Z/; 6) é (\Ij8<x07 y7 6)7 \I’u(l’c, y? 6)) C Xf X X?

such that hy, is uniformly bounded in C? in (z.,y) and

hsu(0,0,€) =0, [Dhgy(we,y,€)| < C'(e+ 2| + [y])
|hu(@e,ys €)| < C'e+ |ze| + [yl (|ze + [y]),
(5.39)
{xc + Yy + hsu(xca Y, 6)} = Mg(tO) N (Br(0> Xf) X Br(0> X?)
x B,(0, X7) x B,(0,Y7)),
where C’ depends on constants in assumptions. Here we use the assumption that X*

and X* are finite dimensional. On the center manifold, the flow is reduced to the z.

and y direction only, where the solutions are given in the form of

¢
z.(t) :e(t*t*)A(e)xc(t*) +/ e(th)A(E)f(xc,y,T, €) dr,
v (5.40)

t
y(t) :e(t*t*)Ji)y(t*) +/ e<tfr)Ji)§(xc,y,T’ €) dr,
tx

where

f(xc; Y, t7 6) - P0<f0 + Efl)(xc + hsu(xm Y, 6)7 y7t7 6)7

§($cy Y, t) 6) = (90 + Egl)(xc + hsu(l’c, Y, 6)7 Y, 2(:7 6)'
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From assumptions (E1)—(E3) and (5.39), (f,§) satisfies
£10,0,£,0) =0, §(0,0,4,0) =0, [DJ| +|Dgl < C'(€¥ + |x]* + |y]*)-

Suppose we have solution (z.(t),y(t)) such that |z.(t,)] + |y(t.)| < dez and |z.(t)] +
ly(t)] < (24 K)dez for t € [t,,T"] for some T”. By using Gronwall’s inequality, we
obtain

e€(t-t*)<|xc(t)| + |y(t)|) S K56%60’52e(t—t*)'

Since C’ only depends on constants in assumptions and independent of ¢, we can

extend 7" to +00. Recall that (z,y.) denote the solution which satisfies
($+(t07 lo, 6)7 y+(t07 lo, E)) S Mgs(t0> A M?(to)

In particular, for sufficiently small § and by choosing t, = T} + to, (5.36) implies for
t>1T 4+t

|Pox™ (t, to, €)| + |y (t, to, €)] < 5e%e(t_Tl_t°)6(Cl52_1),

which means there is a O(eé) weakly stable neighborhood of the origin inside the

center manifold.

Theorem 5.7. Assume (A1)—(A5), (A6'), (A7) for k = 2, (B1)—(B5), (C1)—
(C2), (D1)—(D6) and (E1)—(ES3), where a} < 0 in (C2). There exists €g > 0 such

that for any € € [0,¢p), (2.1) has a homoclinic solution to the origin.

Finally, we would like to apply Theorem 5.7 to (1.4). We let y = eu and y =
uy — e2yu. We rewrite (1.4) as a first order system.

(.
(14 eu)?

1= —g(1 + eu)sinx — 2eyxy + €Fy(z, eu, t, )
1

U= —U — €YU
€

) 1 x?
Uy = ——u — €yu; +
€

(5.41)

(FE + Ev?u+ geosz + eFy(x, eu, t, €).

\
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We assume

v > 0 ’ F1<7Tay7t7€) =0 ) 8tF2(7T7y’t76) = 0.
By implicit function theorem, there exists a unique (uf,u$) = (O(€), O(€*)) such that

u§ — Eyut =0, —u — EEyus + *y?u — eg + EFy(m, eus, t,€) =0, (5.42)

which follows (7, 0, u¢, u{) is fixed point of (5.41). Let (z,v,v1) = (z—m, u—u*, u—uy),

(5.41) becomes

( 1

ren ((1 + euc + €v)?

— 1)%1

1 =gsinT + eg(v + u) sinT — 2eyxy + €F (T + 7, eu’ + ev, t, €)

1
0 =—v; — €Y (5.43)
€
. 1 + iL‘% + 3.2 + (1 ~)
U] = — —U — €YV ey — COST
! € o (14 euc + ev)? 7 J

+ e(Fo(x + m,eu’ + ev, t, €) — Fy(m, eus,t, €)).

\
When € = 0, (7,0) is a hyperbolic fixed point of the first two equations of (5.43),
thus, all assumptions in (E2) for f are automatically satisfied. We rewrite the right

hand side of last equation in (5.43) as
—Sv— e + €D, Fy(m,eus, t,€)x + g(T, z1,v,v1,t,€),
where in view of (5.42)
9(z, 1, 0,01, t,€)
A l

:(1 e Ty +g(1 — cosT) + €70 + e(Fo(T + m, eus

+ ev,t,€) — Fy(m, eu,t,€) — D Fo(m, eus,t, e)f)

Clearly, g satisfies all assumptions in (E1)—(E3). Finally, we will perform a linear
transformation to block diagonalize the linear part of (5.43). Since the transformation

is linear, the nonlinearity in the new system still satisfy (E1)—(E3). To simply our
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notations, we let

01 —€ 1
]\41é 7‘]\4—2é ! ‘ 7]\4’3é

g 0 -1 ey D, Fy(m,eus t,e) 0

€

0 0

By implicit function theorem there exist L; € L(R? R?) with |L;| < C'€?, where C’

depends on constants in assumptions, such that
JLy — €2yLy — eLi My + €M = 0,

which implies

-1 M, 0

I 0 M, 0 I 0

L, I eMs My| \Ly I 0 1 ‘| —el
_1

Therefore, one can apply Theorem 5.7 to (1.4).

5.3 Persistence of homoclinic orbit under conservative per-
turbation

In this section, our goal is to study the persistence of homoclinic orbits under conser-

vative perturbations. We further assume

(D7) X7 is finite dimensional. Moreover,
atf(xvyat7€> =0 ) atg(xvyat7€) = Oa

a; <20 <n < min{0,as} , dim(Tp, M () TopM§") = 1.

(D8) There exists a family of invariant quantities {H.} for (2.1) in terms of Taylor
expansion in u = ¥, which takes the following form
H.(z,u) = Ho(z,€) + Hy(x,€)u + Ho(x,€)(u,u) + Hs(x,u,€),
HO(J:70) = H(I) ’ Hl S CS(XI X R, Lz(%vR» for i = 07 17 27

Hs € C3}(X; x Y] x R,R).
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Moreover, there exist ay > 0,a; > 0,a2 > 0,a3 > 0 such that for any £, € XY

and (z,u) € B,.(0,X1) x By(0,Y7)

HO(();E) =0 ’ DHO(an) =0 ) D2H0(070)<507€c) Z a0|€c’27
Hi(0,¢) =0, |[DH(0,¢)| < a1, |Hy(0,€)(u,u)| > asul?,
Hs(z,0,¢) =0, D Hs(x,0,¢) =0, |D?*Hs(x,u,¢€)| < Coe,

2
A apgay — a1

a > 0.
@ 4@2

We note (D8) implies
H.(0,0) =0, DH.(0,0) = 0.

Then by using (5.39), for any z = & + €&, + hou (&, &y, €) = Pxz + €€,
Ho(Px2,€) 2 (5 = el0.D* Holoo)el” = C'|D Holeol&c (7 + e.)léc] + €16, )
= CD* Holoo(7 + eI + €6, P) = C'(1&P + 1, ).
> (5 - Colef? - Cellg
Ha(Px2,6)(6:6,) 2 (a2 = C'@)&, P = Clelé, P,
[H)(Pxz, 06 € a1+ C'F + e))Elg] + Ol + C (&l + e, Ple .
| H3(Pxz, &y, €)| < Coeléy”

By the last inequality in (D8), we have by choosing sufficiently small 7 and e,

H(p) > DIEP + 56

The above shows that for any p € M (B,(0,X7) x B.(0,X}{) x B,.(0,X%) x

BbE(O,Yl)) and p # 0, H.(p) is positive with quadratic lower bound. It implies

the origin is stable both in forward and backward time on the center manifold. Con-

sequently, M are unique, where o = ¢, cu, cs.

We choose ¥ as in Subsection 6.1. Since DH (z ‘2 # 0, by continuity we have
DHE(Z'Q, 0) = DH()([E07 6) + DHg([Eo, 0, 6) == DH()(Z'(), 6),
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which implies D H,(zo, O)‘E # 0. We will use similar coordinate system to represent
p € ¥ + x4 as in Subsection 6.1. We define X; = X; N X, and X; = T,y M5 N .
Let . be the projections from ¥ onto 7?8, respectively. For any p € ¥ 4 x, its
coordinates can be written as

(d’ xcs,yyxu)
:(Qw(p - flfo), QS(P - 330), Qc(p - 900), Qy(p - «’L’o), Qu(]? — 0))

Z(DHO(%, 0)(17 - Io), Qs(p - $0)7 Qc(p - $0)7 Qy(P - l’o), Qu(p - xo))-

The center-stable and unstable manifolds in ¥ can be written as graphs of T and
U as given in Lemma 5.3. Moreover precisely, for sufficiently small » > 0, arbitrary
b>0and (2%, 2¢ 2%, y) € B.(0, X)) x B.(0,X}) x B.(0,X,) x By(0,Y), there exist
T and W such that

{(Td + YY) (2% 2%y, €) + € + 2° + ey} CMENY = /\7@5,

{(\Ifd YT U (2 €) + :c“} CMINS = My,
Similarly, there exist T; and W, such that

{(T‘f + T (2 2y, €) + ¢ + =¥ + ey} CMUNT A M

{(\Iﬂf+ WY+ T+ ) (2%, €) —|—x5} CMNT AN
where Y1, U; satisfy similar properties as T, ¥ in (5.13), (5.14), (5.15) and (5.27),
(5.28). To find the intersection of Mvﬁs and MVES, by using implicit function theorem,

we first obtain x*%(z¢ y, €) such that

T (a2 (2% y,€),y,€) + ¢ + 2° (2, y, €) + ey
(5.44)
:xu(xc7 y’ 6) + IC + T’i (xc7 xu<xc7 y’ 6)7 y’ 6) + 6y7
where z%%(0,0,0) = 0, Dz*"(0,0,0) =0, |Dyz*"|co < C"€®. Substituting z* into
T, ¥; and using implicit function theorem again, we obtain (z°(€),y(€)) such that
(T4 + ) (2%(e), 2°(2°(€), y(e), €), y(€), €)
+ 2(€) + 2°(x(€),y(€), €) + ey(e)

= (U + WY + WS+ W) (2" (2°(€), y(e), ), €) + 27 (°(€), y(e) €) € M.

109



Similarly, by substituting z* into Yy, ¥, we have (z{(€), y1(€)) satisfying

(T + T3) (@5 (), 2 (25 (), pa(e), . 1 (6), )
+25(6) + 2 (25(6), (), €) + epn(e)
=(W! 4 WY W W) (2" (25 (€), wa (), €), €) + 2 (w5 (€), yi (e), €) € ML

Let a(7) = (4:(7), (7)) 2 ((1=7)a*(e)+75(e), (1-T)y(e) + 7y (¢)), where 7 € [0,1].
We define

Ar) 2H(Y(g(r), 2" (a(7), €),€) + aclr) + 2°(a(7), ) + eqy(7))

= He(Tala(r), 2(a(7),€), ) + () + 2(a(7), €) + eqy (7).

Clearly, from (5.44), M N M # () is equivalent to h(7p) = 0 for some 7o € [0, 1].
Since h(1) > 0 > h(0), by intermediate value theorem, the center-unstable and

center-stable manifold have a nonempty intersection.

Theorem 5.8. Assume (A1)—(A5), (AG) for k =2, (B1)—(B5), (C1)—(C2) and
(D1)—(D8). There exists eg > 0 such that for any € € [0,€y), the center-stable

manifold and center-unstable manifold of (2.1) has nonempty intersection.

The intersection of the center-stable and center-unstable manifold is generically
transversal and forms a high dimensional tube homoclinic to the center manifold. See
[SZ3] for more discussion when there is no singular perturbation. Finally, we verify
that (1.5) under the conservative perturbation satisfies all the assumptions in the
above theorem. Let G(z,y,¢€) to be a smooth function and consider (1.4) which can
be viewed as a singular perturbation of (1.5) of conservative type. We can rewrite

(1.4) into the following form

/

T
T (1+y)?
i1 = —g(1+y)sinz — eD,G(z,y, €)
(5.45)
€Y =11
€l = —y + el + e2gcosw — e D,G(z,y, €).
\ (1+y)?° S
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From implicit function theorem, for each ¢, there exist a unique (z¢, y¢) = (O(e), O(€?))

such that

g(1+y°)sinz® + eD,G(z%, y,¢) =0
(5.46)
y© — e2gcosz + €D, G (2%, Y, €) = 0,

which implies (z€,0,u¢, 0) is a fixed point of (5.45). Let T = =z — 2,y = y — ¢, we

can rewrite (5.45) as

;

5S T
T =
(I+y +y)?
i1 =—g(1+y +y)sin(2° + T) — eD,G(a + T,y + J, ¢)
=1
y=-"h
€

A PV SR
e d Y (1+y +7y)3

— 62DyG(a:6 + T,y + 7, €),

+ eg cos (z€ 4+ T)

\
which has an invariant quantity
i ui (2 4v)? (y)?

He ~7 s Uy = Y
(F@1,0,) 2(1 4 eyc + ev)? * 2 2 2¢2

—g((1 4y +ev)cos (z° + T) — (1 + y) cos z°)

-+ e(G(:lc6 + 7,y + ev, €) — G(a€, ", 6)),

")

where v =¥ | u; = 2. One can use Taylor’s expansion to compute

|
Hy—
"1+ ye)?

+€e(G(z“ + T,y €) — G(z5, ¥, €)),

z; — g(1+ y°)(cos (z° + Z) — cos z°)

2 €

Hy =(— Of#ﬁ)ge + ‘% — egcos (z° + F) + 2D, Gz + T, ¢, €), 0),
e € g€ 3a3e?
% + 5D§G(x +Z,y%€) + S Teut)t 0
H2 = 1 )
0 3

Hy =H (T, 21,v,u1) — Hi(T,€) - (v,u1) — (v,u1) Ha(T, €) (v, u1)""
One can use (5.46) to verify the above H;, where i = 0, 1, 2, satisfy assumption (D8).

Therefore, for € < 1, the center stable manifold and center-unstable manifold of
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(5.45) intersect near the unperturbed homoclinic orbit z; (), which generically form

a 2-parameter family of solutions homoclinic to small amplitude fast oscillations.
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CHAPTER VI

APPENDIX

In this chapter, we will discuss the normal form transformation related to (2.1). And
we will discuss two cases, namely, A is a bounded linear operator on X and A is
a closed unbounded operator with dense domain on X. Our strategy is to block-

diagonalize the linear part of the vector field of (2.1). We assume
(B) For (t,e) € R x [0, €),

(fag)(ov O7t7€> =0, at(Df, Dg)(O,O,t, 6) = 0.

We look for two invariant subspaces (z, L{(z)) and (L5(y), y) such that they are invari-

A+D:vf(07€> Dyf((]:E) . . s .
ant under . For simplicity, we write D, ,(f,¢)(0,¢)

D,g(0,e) £+ Dyg(0,¢)
as D, ,(f,g). Therefore, (L{, L§) should satisfy the following system:

(J + €eDyg) LS — eLS(A+ Dyf + DyfLS) + €Dyg = 0, o1
6.1

L(eDygLs+ J+€Dyg) —e(A+ D, f)L5 — €D, f = 0.

Lemma 6.1. Assume A € L(X,X), (A3) and (A4) for k =1 and (B). There exists

€0 > 0 such that for any € € [0,¢€y) there exists a unique pair of
(L1, LS) € L(X, Y1) x L(Y, X),

which satisfies (6.1).

Proof. Define

- J+eD,g)L, — eLi(A+D,f + D,fL,) +¢eD,
Ly, Ly, c) = ( v9) LA 1 ( [+ D,fLy) g

Ly(eDygLlo+ J +€Dyg) —e(A+ D, f)Ly — €D, f
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Clearly, G is a smooth mapping from L(X,Y;) x L(Y, X) x R to L(X,Y) x L(Y;, X).
Since G(0,0,0) = 0 and for (L, Ly) € L(X,Y) x L(¥1, X),

DG(0,0,0) " (L1, Ls) = (J 'Ly, Ly J ™Y,

which is a bounded isomorphism by assumption (A3). By implicit function theorem,

there exists a unique pair of (L{, L§) such that (6.1) is satisfied. O

Formal asymptotic expansion shows that
LS = —eJ 'Dyg + 62<J*2ng(A + D, f) — J*lDyglezg) + O(e%),

L= 6Dyfjil +é ((A + D:vf>Dny72 - DyfjilDychl) +O(€%).

Moreover,
-1
I L§ I+ LS(I— LSLS) 'L —LS(I — LELS)™!
Ly 1 —(I = L§Ls) 'L (I —LiLs)™
I L§ x
Let £ = , we shall use £7! as new variables which are still denoted
Ly 1 Yy

by (x,y) to rewrite (2.1). After some computation, we have

&= (A4 Dyf + DyfL)x + F(z,y,t,e€)
(6.2)

o I
Yy = (z +Dyg+ DngQ)y+G(x’y7t7€)

To apply our results in previous sections, we need F , G to satisfy the same properties

in (A4). This can be justified by the following embedding of spaces, namely,

Therefore, all results in previous sections still hold for the new system (6.2).
In the case of A is unbounded, it’s not obvious how to apply implicit function
theorem. Instead, we will use an integral equation to resolve the difficulty under the

assumption
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(F) There exist closed subspaces X®%" of X such that X = X* @ X° @ X" and

A+ D,f(0,€) is invariant on X", Let A% = A+ D,f(0,¢) We

Xs,cu”

further assume A€ is a bounded linear operator on X¢ and there exist wy < 0

and w, > 0 such that

"] < Ke¥! for £ >0, [ < Ke for ¢ <0.

To find L, we consider the following coupled Riccati type equations

0
G*(L") = / e’ (eLD,fL" — eD,g — eD,gL")e~ " dt, (6.3)
+oo
GE(L) = e + eDyg) (LD, fI* — Dyg + LAY, (6.4
0
G (L°) = / ¢ (eLD, fL* — eDyg — eDygL®)e A" dt. (6.5)

where L¥ € L(X",Y),L* € L(X®,Y),L° € L(X°,Y),L = L" + L° + L*.

Lemma 6.2. Let G(L" L, L*) = (G“(L“),GC(LC),GS(LS)), if lwus| satisfy (6.6)
below, then G is a contraction from a bounded ball in L(X,Y) to itself. Thus, G has
a unique fized point L = L* + L+ L. Moreover, L is also in L(X1,Y1) and satisfy

the first equation of (6.1) with
‘L‘L(X,Y) < ) ’L’L(XI,YI) < (e
Proof. Let

B= {(L“, e, 1)

L8]z enyy + 1L ey + L7 ooy < 1}7
and

Cy = max {| A, D, £(0, ). |D,g(0,€)|, | Dy9(0, ) }.
@ satisfies the following estimates on B(p)

_ 11
‘G(L“, e, 1%)] < 3COK(— vy 26\J*11),

| 8’ |WU|

(LY, L5, }) - G(L3, L5, I3)

11
<3KCo(— + — +26l07) (L3 = L3 + L5 - L5] + L5 — L3)).

jwsl
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Now, if |w, s| satisfy

1 1
BT oy T 6.6
ol o T < 3Ra (6.6)

one can verify that G defines a contraction mapping on B. Therefore, G has a fixed

point L. Integrating (6.3) by parts

0

L =J e (eLD,fL" — €Dyg — eDygL*)e™ 4" [,

0
+ / J e (eLD, fL" — eD,g — eD,gL")e” " e A"dt

—+00

=J Y (eLD,fL" — eD,g — eD,gL")

0
+ / J e (eLD, fL" — €D,g — eD,gL")e " e A dt

+oo
shows L" € L(Xy,Y1). Moreover, we have
1

||

Lloxivy <€l + == 1T DDy floeo Ll x vy + 1 Dagloxy)

+ |Dyg|L(X,Y)|L|L(X,Y)) < (e
Now we need to verify L = L* 4 L¢+ L satisfies the first equation of (6.1). We will

only work out L*, L?® follows similarly, and L¢ is obvious.
0
JL" — eL"A" = / Je'’ (eLD, fL" — eD,g — eDygL")e™ """ dt

+o00

0
— / "/ (eLD,fL" — eD,g — eDygL")e """ eA"dt
+oo
« |0
— ¢ (eLD,L" ~ Dyg — eDygL*)e "]
+o0

=elLDy,fL" —€eDyg —eDygL".
O

To solve for L§, we consider L* € L(Y1, X{"), L € L(Y1, XY),L* € L(Y1, X7) and

define ) .
¢ / e (D, f — L"D,gL — L"D,g)e" dt

—+00

G(L*, L%, L°) = § e(Dyf — L°D,gL + A°L)(J + eD,g)

0
€ / e (D, f — L*DygL — L*D,g)e* dt.
\ —00
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Lemma 6.3. If |w,s| satisfy (6.6), there exists a unique L € L(Yy,X;) such that

G(L) = L. Moreover, L € L(Y, X) with estimates \L|vi,xy <O, | Llnyv,x) < Cle.
Proof. Define

B, = {(L“,LC, %)

sty + 1 Tsm,x0 + 1B Ly < 1}

Then one can apply the same proof in Lemma 6.2 O
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