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ABSTRACf 

A parallelogram drive enables lightweight arms to have a higher 
rigidity and to reduce the actuator weight moved. Analysis of the 
flexible closed kinematic chain dynamics and design of the control 
are described in this paper. The system dynamics is derived by the 
Lagrangian formula via the assumed mode method. Holonomic 
constraints due to the geometry of the parallelogram mechanism 
must be imposed on the dynamics. An orthonormal basis has been. 
computed from the singular value decomposition of the constraint 
Jacobian matrix in order to eliminate the constraint force in the 
equations of motion. The comparatively large workspace and fast 
motion make motion control with flexibility in each link 
computationally demanding. The general rigid control (GRC) is 
implemented to overcome these problems. The solution algorithm 
checks the constraint violations. Numerical simulation illustrates the 
results under feedback control. 

I. INTRODUCfION 

A large scale robot system has many useful applications, such as 
material handling, assembling an aircraft and space operation. 
Traditionally, robot manipulators have been designed for rigidity 
with short arm length and heavy construction. This approach may 
not be applicable to large structures. Therefore, an alternative 
approach utili:cing lightweight materials for the robotic system is 
highly desirable [1,4]. In exchange for lightweight, one must accept 
an increase in system flexibility along with the associated difficulty in 
accurately controlling a flexible structure [2,3J. To counteract this 
lack of rigidity, a parallel kinematic chain is included in the robot 
structure instead of a purely serial-link design. The adva!!tages of a 
parallelogram drive mechanism are higher rigidity, higher load 
capacity and lower interactive forces between links. . 

A dynamic model for serial-link flexible arms has been 
developed using Lagrange's equations, with the link deflection 
expressed by the assumed mode method (5). This method will be 
extended to a parallel mechanism with flexible 1inks by choosing the 
joint coordinate frames properly, and including tbe workless force 
attributed to the geometric constraints [6). However, many 
algorithms have been proposed to solve tbe constrained dynamics 
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[7]. Some solve the equation of motion and constraints 
simultaneously by determining the constraint force in terms of the 
Lagrange multiplier [8]. Others use a reduction method that 
eliminates the constraint forces explicitly from the equation of 
motion [9,10,15]. In this paper, the singular value decomposition 
(SVD) is imposed to reduce the constrained dynamic systems to 
their minimum dimension. Furthermore, the constraint Jacobian 
matrix is decomposed into independent coordinate and dependent 
coordinate sets so that all system information associated with the 
independent coordinates can be derived and a transformation back 
to the physical coordinate obtained. 

The constraint forces may not be directly controlled, but one 
can maintain the constraint force invariant in small motion [11]. 
However, fast motion and large working area are desirable for 
designing a large-scale robot. System vibration due to the flexibility 
in each link of the lightweight structure also needs to be considered 
during motion control [12]. One way which meets those 
requirements is to choose the independent joint control (UC) [17]. 
However, the general rigid control (GRC) is implemented here to 
improve performance with an increase in complexity. 

rmally, the numerical algorithm is used to solve the responses 
of the constrained equation of motion and demonstrate the 
effectiveness of the method. " 

II. DYNAMIC MODELING 

The schematic drawing of a two link manipulator, RALF 
(Robotic Arm, Large Flexible), with a parallel mechanism existing in 
the Flexible Automation Laboratory at Georgia Tech is shown in 
Fig. 1 [14]. The structure consists of two 3m long links and a parallel 
actuating link. In order to analyze the motion of the system, the 
position of every point along the structure needs to be specified by 
coordinate systems as in Fig. 2. The flexible deflection Wi(X,t) of 
each link i relative to a rigid-body rotation is assumed to be a linear 
combination of vibratory modes [5]; 



Figure 1. The two RALF with a parallel mechanism. 
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FJgUre 2. Coordinate Systems for the assumed mode method. 
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Wi(x,t) =[ € .. (x) I) .. (t) 
1J 1J 

(2-1) 

j=l 

where €ij(x) is an admissible shape function and I)r(t) is a time­
dependent generalized coordinate. Wiex,t) should satisfy the 
Bernoulli-Euler beam equation [13] 
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where EI=Flexurai Rigidity. The shape function €(x), is determined 
'by the boundary conditions and greatly influences the results of the 
dynamic model. The boundary conditions are therefore chosen 
carefully for each link. According to the initial experiments [14), the 
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boundary conditions are clamped-free for the upper link, clamped­
mass for the lower link, and pin-pin for the parallel actuating link. 
The generalized coordinate I)(t) can be treated as state variable in 
the state-space formulation. . 

Geometrically, the absolute position vector ti of an arbitrary 
point on each link i is composed of rigid and elastic generalized 
components, 

(2-3) 

where Ri is the position vector to the origin of the reference 
coordinate measured with respect to the base frame, and Ui is the 
undeformed position of each link. 

Next, one constructs the kinetic and potential energies for each 
link to compute the Lagrangian. Due to the distributed character of 
the flexible link, the kinetic energy (K.E')i is taken into account by 
integrating over each link i 

(K.E.).= 1/2 JL i r .. r. dm 
1 0 1 1 

i=1,3,4 (2-4) 

where Lj is the length of the link i. The potential energy of link 
~ (p.E')i, due to link elasticity is accounted for by the modal stiffness 
K;.j 

K .. (El) . fo Li € .. (x) dx = 1,3,4 (2-6) 
1J 1 1J 

1 

(P.L). 
1 [ 2 

1 2 Kijl)ij (t) (2-7) 

j=l 

The closed chain of this structure can be separated into two open 
trees with an unknown constraint force acting on them. The 
separation point is chosen here at the joint between the upper and 
the parallel links as indicated in Fig. 1. Therefore, the motion of the 
system is constrained by a set of m holonomic constraint equations 
and does not depend explicitly upon time; i.e. 

~ (q) = 0 (2-8) 

where q is a vector consisting of [0, I)]T, and 0 = [01, .. ,04]T, I) 
= [7hl, .. ,1)3J, .. ,1)41, .. ]T. Note that 0i(i= 1,.~4) are the joint angle as 
shown in Fig. 2. 

One can then compute the total kinetic energy K.E. and 
potential energy P.E. By applying Lagrange's equation with workless 
constraints and neglecting gravity, the dynamic differential equation 
becomes 

o 1 +[~ ] T 
- .. q 
K I) 

(2-9) 

where M is the inertia matrix. 
f 1 and f2 are vectors including the nonlinear coupling terms 

of rigid body variables and flexible variables and their 
derivatives. 

K is diag(KU, .. ,K31, .. ,K41") is the modal stiffness 
matrix. 

Q is the vector of the generalized forces. 
[~q)T is the constraint Jacobian matrix. 
J: is the vector of Lagrange multipliers. 
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III. SINGULAR VALUE DECOMPOSITION FOR DYNAMIC 
ANALYSIS 

Let (2-9) be expressed in the following matrix equation of 
order n: ' 

(3-1) 

Note the equivalence of each term in equation (3-1) with the ' 
corresponding term in equation (2-9). Differentiating the m 
constraint equations (2-8) with respect to time yields 

(3-2) 

and the initial conditions are consistent with system constraints, i.e. 

q(to) = qo 
q(to) = qa 

(3-3) 

The equation (3-2) is valid because (2-8) is not an explicit function of 
time. Now, the mxn constraint Jacobian matrix ~q, with rank m, may 
be decomposed into the form [9] 

(3-4) 

or, with proper partitioning proper, 

+Q = ["1 "2 1 [ ~ . 0 1 [ :: ~ 1 (3-S) 

where u1 = ~q v1 O'm-1 
O'm = diag(0'1,02, .. ,O'm) and 0'1 > 0'2 > .. > O'm 

the matrices u2 and v2 may be any matrices with orthonormal 
columns spanning the null spaces of ¢qt and ¢q [9]. the mxn matrix 
}; in (3-4) has zeros in the last nom columns and the O"'s are called 
the singular values of matrix ~ q' The columns of the ~ matrix U 
are orthonormal eigenvectors of the symmetric matrix ~ T~ and 
O'i2 are the corresponding eigenvalues. The rows of nxn 'ka&x V 
are also the orthonormal eigenvectors of the symmetric matrix 
~ q T~ q' Therefore, V2 satisfies the following relation: 

~q V2 = a, (3-6) 

and ~ q + , called pseudo inverse oH q' is defined as 

(3-7) 

In what follows, an algorithm which eliminates the constraint 
forces from the equation of motion by imposing the condition on 
matrix V2 in (3-6) will be developed. Premultiplying equation (3-1) 
byV2T gives . 

V2TMq + V2TF+ V2TKq = V2TQ (~8) 

where equation (3-6) has been utilized. Note that the columns 
of V 2 are base vectors for the null space of ~ q' 

Consequently, (3-8) is now a set of nom equations. Let us defme 
a new variable z which is a constraint independent coordinate with 
dimension nom such that V2z is the homogeneous solution to 
equation (3-2) and ' 

q = V2 z (3-9) 
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Geometrically, it is the projection of the velocity vector q onto the 
tangent hyperplane of the constraint surface. The time derivative of 
equation (3-2) gives 

(3-10) 

Meanwhile, V2z is the homogeneous solution to (3-10). Then, q can 
be represented below as 

(3-11) 

Physically, the first and second terms in the right hand side of (3-11) 
are the normal acceleration and tangential acceleration respectively. 
By integrating (3-9), one obtains a coordinate transformation 
between q and z 

q=V2 z + C (3-12) 

where C , a constant, is here chosen to be null to satisfy initial 
conditions (3-3). 

Because the virtual displacement vector lies on the tangent 
plane of the constraint surface in a fixed time interval, the change in 
generalized coordinates q or independent coordinates z due to the 
integration does not result in a significant violation of the 
constraints. Hence, substituting (3-9), (3-11) and (3-12) into (3-8), 
the dynamic equation becomes 

V2TMV2;+V2TF+V2TKV2Z=V2TQ+V2TM~q +~qV2Z (3-13) 

which is a set of nom equations in terms 'of the independent 
generalized coordinates z. 

As a result, the n equations in (3-1) and m constraint equations 
in (2-8) are reduced to nom equations in (3-13) by the coordinate 
transformation (3-2). The equations of motion can be solved by the 
singular value decomposition method which is efficient and stable. 

IV. CONTROL SCHEME STUDIED 

In this section, an alternative joint torque control for the planar 
motion of lightweight arms has been conducted. A control algorithm 
which is used in constrained dynamic systems has been developed 
[16]. Under this feedback contro~ the stability of the system in the 
vicinity of an operating point is considered and holonomic 
constraints are maintained in the state space; i.e. the control scheme 
implemented is satisfied only with small motion. However, the 
lightweight arms studied here move comparatively large distances at 
speeds such that the nonlinear coupling terms including centrifugal 
and coriolis forces become of great influence in the dynamics. 
Furthermore, due to the flexible nature of the lightweight structure, 
ihe position accuracy is deteriorated by structural deformation, 
especially when the deformation is oscillatory. Therefore, a different 
control scheme is used here. Furthermore, the system may require 
better accuracy in the response of the arm's end point to input 
commands to the joint Control system than this simplified controller 
can provide [17]. However, the simplest way to reduce these 
Vibrations is to increase the rigidity of the arm [12]. 

Most practical controllers use only joint position and velocity 
'measurements. In the case of lightweight arms with flexibility, the 
independent joint control (UC) which is based on a rigid model of 
the arm has been applied to the flexible model to satisfy the system 
stability [17]. However, to improve the system performance, a 
general rigid control (GRC) is suggested. GRC is more complex, 
involving feedback signal between the joints [17]. With GRC, it is 
feasible to explore system performance by varying all cross feedback 
gains independently and fmding values which yield good relative pole 



locations in either the flexible or the rigid model. However, sufficient 
design freedom docs not exist for arbitrary specification of the poles 
and responses of the dynamic system may tend to be rather 
oscillatory. 

The torques in (3-1) are constructed by the general rigid control 
which is proportional to the difference between the real and the 
desired signals. In other words, a joint PD (proportional-Derivative) 
controller is imposed as shown below 

where Kp and Kd arc the proportional and derivative gain 
matrices of diinension 2x2. 0 d is the desired value for O. Notice that 
only two joint angles need to be measured for control purposes in 
this three link constrained system, while the flexible modes are 
associated with the deflection of lightweight links relative to the 
rigid-body rotation as illustrated in (Fig. 2). 

By neglecting the actuator dynamics, the system dynamics with 
constraints can be transformed and reduced by the singular value 
decomposition. The responses of the system are then simulated with 
the digital computer, while the generalized force is specified by the 
feedback controller. 

v. SIMULATIONS 

Assuming that the amplitudes of the higher modes of the 
flexible link are very small compared to the lower modes, the system 
can be truncated with I equal to 2. The orthogonal shape functions 
which result from the boundary conditions are expressed as 

(5-1) 

for the lower link with j = 1,2. The modal parameters are 
. ).11=1.158, ).12=4.002 and "(11 =0.915,112=1.005. For the parallel 

link, the shape functions are 

e . (X) = sin [j7fX) 
3J L3 

j 1, 2 (5-2) 

and for the upper link, 

(5-3) 

The modal parameters are ).41=1.875, ).42=4.694 and "(41=0.734, 
"(42=1.018. 
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By applying Lagrange's equation, the system dynamics (2-9) is 
derived in terms of the state variables that consist of 4 joint aDgles 
and 6 flexible modes, neglecting the gravitational force. Moreover, 
the axial elongations of the upper and parallel links are assumed 
negligible so that the constraint equation (2-8) yields 

where Lj is the length of the link i 
Sijk = Sin(Oi + O· + 00 
Cjjk = Cos(8i + 8j + 80 
Ule = e11(L1)7J1l(t) + e12(Ll)7J12(t) , 

while the initial conditions are chosen to be null in (3-3). 
To track the desired angles from 0 to 7f/4 for 01 and 02 in one 

second, two sets of PD controller gains have been carried. One is 

K ",[554 
P 91 

138] 
213 

K '" [773 449] 
d 77 98 ' 

say low gains, and the other is 

p [
18230 8540] 
1158 2614 

d [
4597 
419 

570] 
218 ' 

(5-5a) 

(5-5b) 

say high gains. The objective is now to solve the responses of the 
system dynamics using the algorithm developed in Section ill. The 
following steps which compute the physical coordinate q and the 
independent coordinate z outline the numerical method : 

1) The Jacobian matrix + is factored by the singular value 
decomposition subroutine ~19]. Then, define the independent 
coordinate Zj at time step i under agreement with initial conditions, 

(5-6) 

2) By substituting qi intp equation (3-13), the Adams Predictor­
Corrector method is used to yield Zj + 1 and zi + 1 [19]. Note that the 
initial conditions for equation (3-13) restart with Zj for each step. 

3) Transform Zj + 1 and zi +1 into qj + 1 and qi +1 through (3-12) and 
(3-9) respectively. 

4) Check the tolerance 9f the constraint violation. If 11:i 112 is 
beyond the criterion of II q 112 by a prescribed value (chosen here 
to be 0.01), the Jacobian matrix +q needs to be redecomposed [9] 
and step 1) repeated. Otherwise, step 2) is executed next. 

Repeat the above steps, until the fmal time is reached. The time 
interval is chosen as 5 msec. Fig. 3 to Fig. 9 show the feedback 
control results. Obviously, the joint responses (Fig. 3 - Fig. 4 ) of 
high gains have better tracking than those of low gains, while both 
converge to the desired fmal position in the steady state. The end 
point error of the structure with respect to the rigid-body motion 
goes to zero as f~own iIJ rg. 5. Fif. 6 ~d Fig. 7 demonstrate the 
tolerance of II +(q) I and I +rq II to the time history 
individually. The tolerance of II +( q) I for high gains is found to be 
lar~r than for low gains, but still an acceptable magnitude of order 
10- . Furthermore, + q q shows a tolerance of order 10-7 for both 
gains in Fig. 7. The input torques are shown in Fig. 8 and Fig. 9. 
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VI. CONCLUSIONS 

A dynamic model for a lightweight arm with a parallel 
mechanism has been established with a constraint equation. By 
applying the singu1ar value decomposition to the Jacobian matrix of 
the constraint, a transformation between the physical and the 
independent coordinates is obtained. Because of nullspace 
characteristics in the transformation and the Jacobian, the equation 
of motion is reduced to state space form in the independent 
coordinates without workless constraint forces. A general rigid joint 
controller has been suggested to meet the practical operation in this 
study. However, advanced control algorithms for a constrained 
system with large motion needs to be investigated further. The 
updating method which evaluates the constraint violation and then 
maintains nullspace continuity illustrates the numerical stability and 
efficiency of the SVD algorithm. 
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