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NOMENCLATURE 

Greek Letters 

3 growth coefficient 

y average bubble height 

5 fluid depth 

A difference 

e surface emissivity 

n** perturbation 

X wavelength 

y viscosity 

v Lagrangian multiplier 

£ constant 

p density 

Pl density of vapor (see equation (36)) 

p 2 density of liquid (see equation (36)) 

a surface tension coefficient 

Z Stefan Boltzmann constant 

T period of bubble release 

<{) velocity potential 

i\) Lagrangian multiplier function 

to wave frequency 

Lower Case Letters 

a wave amplitude 

f frequency of bubble release 
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acceleration of gravity 

h c heat transfer coefficieni b when : radiation i 

i complex number = J - 1 

b when : 

Ai heat of vaporization 

k wave number 

m mass flow rate 

A 

n unit normal vector 

n number of bubbles 

1 heat flux 

ĉ heat flux when radiation is not considered 

r radial coordinate 

t time 

-> 
V velocity vector 

X coordinate 

y coordinate 

z coordinate 

Capital Letters 

D diameter 

G-, radial vapor flow rate 

K thermal conductivity 

M non-dimensional group 
q 

N non-dimensional group 

P pressure 

R radius of curvature 
a 

\ 
radius of curvature 
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S area 

T temperature 

V- radial vapor velocity 

Subscripts 

1 lower fluid (vapor) 

2 upper fluid (liquid) 

av average 

b bubble 

c critical 

m or max maximum 

min minimum 

o constant value 

r radiative 

tot total 

w at the wall 

x,z components in the x,z directions 

Superscripts 

per unit time 

" perturbed term 

+ non-dimensional group 
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SUMMARY 

The purpose of this thesis is threefold. First, to explain the 

change of boiling pattern occurring at high pressures in pool film 

boiling. Secondly, to include in the existing theories of film boil­

ing from horizontal flat surfaces the effect of the mass transfer 

between the vapor and liquid phases. Thirdly, to extend the usual 

two-dimensional approach by considering the three-dimensional case. 

The stability analysis of waves at the interface of two super­

posed fluids, known as the Rayleigh-Taylor stability analysis, is 

modified to take into account the mass transfer between the two heated 

fluids and their depths. It is shown that the vaporization at the 

interface has a stabilizing effect on the vapor film. It is concluded 

that the changes of flow pattern, that is, from vapor bubbles to vapor 

sheets, which were observed by several investigators of film boiling 

at high pressures, are due to this stabilizing effect. In particular, 

this change of flow regime occurs when the vapor thrust number (defined 

herein) equals unity. 

The stability analysis is then used to derive expressions for 

computing critical and most dangerous wavelengths, bubble breakoff 

diameters and frequencies of bubble release. 

Finally, equations are derived which can be used to determine 

the minimum heat flux and the heat transfer coefficient in pool film 

boiling from flat surfaces. 

It is shown that all the results predicted by the present 



IX 

analysis are in good agreement with the experimental data available 

in the literature. 



CHAPTER I 

ITWRODUCTION 

During the last two decades boiling phenomena have received 

much significant attention. In pool boiling different regimes have 

been established: . nucleate, transition and film boiling. At the 

present time, each of these regions has been amp]y described and 

various models have been presented which correlate satisfactorily 

most of the experimental results. 

However, a number of unsolved problems remain. Among these is 

the following: in the case of film boiling at high pressure an impor­

tant change in the flow pattern is observed when the heat flux from 

the heating surface is increased. At pressures approaching the critical, 

the thin vapor film covering the surface and from which vapor bubbles 

are released grows suddenly as the heat flux is increased; a vapor 

sheet rises and covers the heater, while the regular pattern of bubble 

release disappears. 

Although the photographs of Grigull and Abadzic [1] and Abadzic 

and Goldstein [2] exhibit very well this variation from the character­

istic regularly bubbling vapor film to a large vapor blanket, the 

reason for this change of flow regime is not known. 

One realizes that this vapor sheet occurs at high heat fluxes 

inducing an important interfacial evaporation. Therefore, it appears 

that an appropriate analysis of the phenomenon should take the inter-
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facial mass transfer effects into account,, 

Nevertheless, in the literature these effects were not considered 

or partly neglected. 

One of the most often used analysis of film boiling is Zuber's 

prediction [3] of the minimum heat flux. This derivation is based on 

the purely hydrodynamic instability of a [Liquid vapor interface known 

as the Reyleigh Taylor instability. 

The extension of this model to the film boiling region has been 

done by Berenson [h~\. Although he considers a mass flow parallel to 

the horizontal heating surface and contributing to the growth of the 

bubbles, Berenson neglects the mass transfer effects when he determines 

the locations of the prominences which will grow and depart as bubbles; 

indeed he uses the most unstable wavelength resulting from the Rayleigh 

Taylor instability analysis. Furthermore, the limits of validity of 

the predicted film boiling heat transfer coefficient are not well 

established. 

The purpose of this thesis is to introduce the mass transfer 

terms in a slightly modified Rayleigh Taylor instability analysis in 

order to explain the change of boiling pattern at high pressure dis-

cribed above. The influence of these interfacial mass transfer terms 

on the minimum heat flux and the film boiling heat transfer coefficient 

is also calculated. 

Rankin [5] was one of the first to introduce the mass transfer 

terms into the stability analysis. He concludes that, in the case of 

vapor below a colder liquid, there is damping of the interfacial wave 

due to the mass transfer. 
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As Zuber [6] emphasizes it "Whereas the vaporization at the 

interface has a destabilizing effect on liquid film, it has a 

stabilizing effect on vapor film." 

In a recent paper, Hsieh [7] arrives at the same conclusion. 

The application of Hsieh's study to film boiling done by Dhir and 

Lienhard indicates that, at low pressures,, the heat and mass transfer 

do not influence the flow pattern. However, that work does not give 

any criterion for the changes of configuration occurring at high 

pressures which are observed in experiments. Furthermore, it presents 

a two-dimensional formulation. 

As noted by Zuber [3] the two-dimensional approach of the problem 

was an assumption which should be checked. Hosier and Westwater [8] 

write that in this problem "a confusing choice of equations arises 

because of uncertainties in the derivation. Can a two-dimensional 

model be used or must it be three-dimensional?" Further on the follow­

ing questions are raised: "Are the bubbles released with a diameter 

equal to a half wavelength, or is the factor something else? Is the 

average wavelength the critical value or the most dangerous value? 

What is the velocity of a bubble leaving the interface?" 

In this thesis, a three-dimensional stability analysis of the 

interface between two fluids of finite depths under the influence of 

a temperature gradient is presented. A criterion for the change of 

configuration of film boiling at high pressures is also derived. Then, 

the results are applied to film boiling from a horizontal flat surface 

to predict the bubbles diameters at breakoff and their frequency of 

release. Finally, expressions for the minimum flux and pool film 



boiling heat transfer coefficient are obtained, 
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CHAPTER II 

WAVE ANALYSIS 

2.1 Definition of the Problem 

This analysis will determine the behavior of a flat interface 

separating two superposed fluids of different densities, subject to 

the action of small disturbances. The solution of this problem in the 

two-dimensional approximation can be found in Lamb [9]. The real three-

dimensional case has been treated briefly by Maxwell [10]. 

The model considered is as follows:: The underlying fluid 

(designated by the index l) has a depth 6 measured from a flat 

plate and a velocity v while the upper fluid (index 2) has a depth 

6p and a velocity vp . The (x-z) plane is taken as the common 

boundary of the two undisturbed fluids and the y-axis is directed 

vertically upwards as shown in Figure 1. For this model, two con­

tinuity, two momentum and two energy field equations (one for each 

fluid), and three Jump conditions at the interface are written. This 

will lead to a general expression of the wave velocity which is intro­

duced in the following chapter into a Rayleigh-Taylor instability 

analysis applied to pool film boiling. 

2.2 Determination of the Potentials 

The continuity equations of the two phases reduce for incom­

pressible fluids in irrotational flows to the Laplace's equations: 



i 1 

y 
, 

6 2 (2) 

1 ' TT~^x / 
h 

i 2 

1 ( i ) ^ S 
Figure 1. Interfacial Wave Between Two Fluids 
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V 2 * ^ 0 (1) 

and 

V2* = 0 (2) 
2 

where <j) and <j) are the potentials of the velocities 

vi = - v * (3) 

v = - v * W 
2 2 

It is assumed that irrotational flows exist and the concepts of poten­

tial flow theory are used. Some additional restrictions are attached 

to this presentation; to see these, let us compare the order of magni­

tude of the various terms of the momentum equation of fluid one (the 

same could be done for the other fluid) 

- » • _ 

9 vi - * • - > • 2 -*• ->• 
pi at1 . + pivi • V vi = " v pi + V vi + p i 8 (5) 

When the interface is under the influence of small irregularities it 
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is displaced and waves are formed. Using the wavelength A as a 

scaling factor for the length, OJ~ the inverse of the wave frequency 

for the time and au) where a is the amplitude for the velocity, 

equation (5) "becomes 

0 O 

p i a / + PiA»_ m.b.+ ^ g + pig (g) 

Neglecting the second term of the right hand side before the first 

term of the left hand side of equation (6) gives: 

ao) 2 
ylA2 ^ P l ^ 

or 

,2 
Pi A 0) 

If the effect of viscosity is neglected IJL_ -*- o, then the abpve l 

condition is satisfied. Considering the second term of the left hand 

side of equation (6) small compared to the first gives 

o a
2 2 

2 v v a Hi 

aw » — 
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or 

a « X 

This states that the amplitude of the wave must be small compared to 

the wavelength. 

The two differential equations (l) and (2) can be solved once 

the appropriate boundeiry conditions are specified: 

The two fluids are considered unbounded in the x (positive 

and negative) and z (positive and negative) directions and their 

velocities are finite there. 

- At y = -<5 ., the y-component of the velocity of the lower 

fluid is zero 

*ly = - H i = 0 

*y y = . 4 l (7) 

- At y = + 6 „., the y-component of the velocity of the upper 

fluid is zero 

v = - 1^2 _ n 
y - * 2 (8) 

- The conditions at the interface can be found by the following 

arguments. By definition, the mass of one phase leaving that phase 

across an interfacial area element is given by Kocamustafaogullari [11] 



h * pi (vi " V -ni 

and 

A
2 = P2 ^

v2 " vi) -n2 

where v. denotes the interface velocity and n.. and np are the 

unit normal vectors pointing outwards. If a surface f is given by 

the equation 

f(x,y,t) = 0 

geometric considerations show that 

Vf 
ni =\W 

and 

3f 

v, . n- = - -J± 1 1 Tvf 
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Therefore, 

mi = 7 v ? v,. Vf. + |£ 
1 3t 

or in components 

m., = 
Pj_ r 

1 Vf v, | i + Vl |£ + v M + M 
a* ly 3y T V 1 Z 9z

 +
 at 

lx 8x (9) 

In this case 

f = y - n'(x,z,t) 

where 'n'* = n'*(x,z?t) is the equation of the infinitesimal perturbation 

of the interface and can be written as 

i((ot - k x • - k z) x z 
r\" = ae (10) 

k and k being the components of the wave number. 
x z 

It is noted that 
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Thus equation (9) becomes for fluid one 

m i = 
p i 

-v 
Zj)3 

lx 3x + v 
iy - v 

9rT 
lz 3z 

in' 
3t (11) 

The same type of reasoning leads for the second fluid to 

P2 
m2 = T v F T - v 2 x 8x 

1 * ' + v • _ v 2a' _ iif 
2y 2z 3z 3t (12) 

Thus, equations (7)? (8), (ll), and (12) in conjunction -with the hypo­

thesis of infinite velocities in the unbounded directions give the 

necessary boundary conditions to solve equations (l) and (2). 

The method of small disturbances may now be applied (see for 

instance Chandrasekhar [12]). Expressing the velocities in constant 

and perturbed terms, one obtains 

Vlx = Vlxo + v'lx 

Vly - vlyo + v'ly . v* 

(13) 

lz lzo iz 
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V2x " v2xo + V2x &f 

v„ = vn + v' = v" 2y 2yo 2y 2 9y 

V9„ = V0 + V 0 

2z 2zo 2z 

and for the potentials 

»1 = *10 + *i *2 = *20 + *2 

The Laplace's equations (l) and (2) for the disturbed parts only become 

VV-L = 0 (15) 

and 

V2 $2 = ° - rv (l6) 

The corresponding boundary equations can be written as follows (if the 

It is assumed there is no steady component of velocities in the y-
direction 



Ik 

second and higher orders in the unsteady parts are neglected): From 

equations (7) and (8) 

at y = -6± , v • - — = 0 
y= -6. 

(17) 

at y = +<59 , v 
2y 

8 $2 
3y 

= 0 
= +6, 

(18) 

The equations (ll) and (12) at the interface y = 'n/ become 

ITU TvT 
7\ r\ * ** 

•VS + Vly - V 
8j2 

lzo ~3z in 
9t 

m, Vf 
-v,~ S T / V 0 2xo ̂  + 2y - v la' 

2zo 3z 
la' 
9t 

It is assumed that during the time of interest, the average film thick­

ness does not change; otherwise, the lower fluid would grow infinitely 

or vanish completely. Therefore, the mass transfer terms must be set 

equal to zero and herewith one obtains at y ='n'* 



"I 

in" + ' _ in" m" 
V2xo 9x V2y V2zo 3z " a t 

Since by use of equations (3) and (U), 

iy ay 

v9 = - 3*2 
2y ay 

the conditions a t y = ri'* become 

Since n"* i s not a function of y, one can wri te 

•&£ = in.' 

y = T) at « „* a t y = 0 

15 

•9<j>l v . an** v an** an" 

-§F = lxo -K + lz° - S + FT ^ 

3*2 v . 3n " ^ v „ 3n* 3 n ' 

1 7 = 2 X ° 3^ + 2 z 0 37 + | i (20) 
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in." = in' 
3x „ ax n 

y = n y - 0 

3rT m irT 
3a -. " 3z A y = n y = 0 

and also subject to the same approximation as before, 

3 < ( > 1 = j3£l 
3y > 3y A 

y y = n • J y = 0 

and 

3<j>2 = 3<j)2 

~ * y y = n ' = 3 y y = 0 

The equations (19) and (20) are therefore valid at y = 0. Using the 

boundary conditions described above one can solve the differential 

equations (15) and (16) (for instance by using the method of separation 

of variables) and one gets: 



and 

<T2 = M2 e 

i(wt-k x - k 2) k(y-6 ) -k(y-6 ) 
x z *• ^ 

e + e . / k6o -k6o 
k(e z -e * 

Where 

[ i M " V2xo i k x " v2zo * k z ] 
M2 = +a I ia* " v2 ikx ~ 

and 

Note that this result reduces to Lamb's expression [9] 

lwt , cosh k(y+6i) . . N 

4>i = e cosh x — . J, ,•• >. (-a 1 w) 
Yl k sinh (k6..) 

17 

i<«t - k x - kz) 1 + e 1 

•l = Ml e ^e k«x _,e -k«!] 

(21) 

Ml = ""a iu) ~ v i i k lxo x 
v1 i k 1 
lzo z J 

(22) 

k = fk 2 + k 2 
x z 1/2 

(23) 
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if it is assumed that a two-dimensional case exists (no z), that no 

velocities (v., = 0, vn = o) exist and that only the cosine part v Ixo lzo ^ 
ikx 

of the exponential e is considered. The Justification of not 

considering the "-i sin k x" part is that it will give, for u 

imaginary, an imaginary expression for '^ and therefore for the 

velocities. 

The equations (21) and (22) allow the complete determination 

of the velocity field. 

2.3 Wave Velocity 

The momentum equations for the two incompressible fluids in 

irrotational motion are given by Milne-Thomson [13]• 

£ + i V l
2
 + „ !!i =o m 

T + W + gy - £- o (25) 

Using equations (13) and (1*0, and the linearized approximation 

1 2 1, _,_ V 1 2 ^ - l 9 
7 vi = T ( v m + vi) = 7 vi + vi vi + T V- * + v, v, 
2 1 2 10 1 2 lxo lxo lx 2 lzo lzo lz 

1 v,2 = i ( v 2 + v 2 ) . v Mi _ v Mk 
2 1 2 lxo l z 0 lxo 3x lzo 3z 
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Similarly, 

I 2 = Lr 2 + 2 \ Ml Ml 
2 V2 2^V2xo V2zo; ~ V2xo 3x ~ V2zo 3z 

Consequently, the unsteady parts of equations (24) and (25) are written 

at y ="n' 

\ _ 3*! 3^ 3<fr* 
^ " ~ 3 F + Vlxo "ST + v l z o " 1 7 " «"* (26) 

P2 3 ^ 3 ^ 3* 2 

— = "at + v2xo I I + v2zo I F - gn 

The interfacial Jump condition has been expressed by Kocamustafaogullari 

[ H ] 

+ + x * _ A . 1 
\ ' (28) 

p i - p
2

+ rai ( v i - V - v ^ i + i> 

where a is the surface tension coefficient and R and R, the radii 
a b 

of curvature. 

It is already known that 

m- = p-v- . n- - p- v . . n. xl " plvl ' nl " Pi vi ' nX 
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and 

m2 = p2 V2 ' n2 "p2 vi ' n2 

Since the mass of phase one which leaves phase one across an interfacial 

area element is equal to the mass of phase two which enters phase two 

across the same area: 

m1 + m2 = 0 

-™i (pi - v - \ \ <V v2> .Bl 

or 

(v--, - v 0 ) .n , = - m 
L 'V - 1 " 1 P l P 2 

where 

• p - P-L - P 2 

The interfacial condition (28) is then written as: 
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p - p - ™ 2 AP j. A . l 
-L 2 ± 0 . 0 - VR R-plp2 Ra ' % (29) 

The radii of curvature can in their turn be transformed to give approxi 

mately: 

2 
rjy 
3x2 

i + (anl) 
3̂ x ; 

3/2 .o; 
^ x 2 

and 

J. 
Rb 

ra­i l 7 

1•<£>2 W2 az 

Considering again disturbed and undisturbed parts, with 

. 2 
ml = (m10 + V 

the equation (29) gives at y = 'n** 
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P x- P2 = 2 ^ .^ it 
P1P2 

- Of 
aV 
1ST 

3-K] (30) 

This relation expresses the difference of pressure at the interface 

and takes into account the surface tension and the mass transfer effects 

How can the mass transfer terms be evaluated? The final purpose 

is to use this wave analysis for film boiling from a flat plate. In 

that case of boiling, the lower fluid (index l) becomes a vapor phase 

and the upper fluid (index 2) a liquid phase. Assuming that the two 

phases are in thermodynamic equilibrium, from an energy balance we 

have according to Zuber and Dougherty [15] 

m l A i = q tot (31) 

where Ai is the latent heat of vaporization and q, , the total heat 

flux from the plate. On the other hand, one can write 

qtotal = (hc
+ hJ« (32) 

where h is the heat transfer coefficient when there is no radiation, 
c 

h the coefficient of heat transfer by radiation through the lower 

fluid and AT is the temperature difference between the plate and the 

upper fluid which is assumed at saturation temperature; 
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T = T 2 saturation 

Equating (31) and (32) gives 

• (hc + hr)AT 
ml Ai 

or separating as usual 

rtl . h 
1 

nu 
m i n + i' = (. co + ro)AT h c AT 
10 1 Ai Ai 

It is noted that there is no radiative disturbed term since the 

temperature is not perturbed. One can thus write 

' ' * hro, AT h c A T 
m, n m- - h (1 + iSi) «± __£ 
10 1 cos hco' Ai Ai 

or 

2 
.rhcoAT,. /n . hrox b/c /QQ\ 

mio mi = (-JT) (1 + h^} h ^ (33) 
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By the definition of the conductive heat transfer coefficient, one 

obtains 

h = — i . 
c 61+n' 

K„ K 

'l(i+£). 61 

1 r,-

"IT tt-f") 

where again the second and higher orders in "TI** are neglected and 

where K is the thermal conductivity of phase one. 

Since 

one finds 

h = h + h" 
C CO C 

h" 

CO 

Introducing this result in equation (33)9 a final expression for the 

mass transfer terms is obtained: 

m10 \ = 

h AT 
CO 
Ai 

1 + u — h 
CO J 

(3"0 
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Substituting this into equation (30) leads to the relation of the 

pressure condition at the interface: 

P -P = - 2 
1 2 

h AT 
CO 

Ai 

2 r 

1 + ro 
CO 

Ap n^ 
plp2 

- 0 
aV. +3

2n 
3 2 x 3 2 z J 

•(35) 

The equations (26), (27), and (35)? where the potentials §* 

and §+ are given by equations (21) and (22) and TI'' by equation 

(10) can now be combined to obtain after rearrangement 

Pl Ctnh ( k 6 l ) ( w " Vlxokx - vlzo k z ) + p2 Ctnh ^ J ^ 0 _ K -v0 k ) 2 -V v- v2xo x v2 zo z 

k84p . 2 k ( V ! ) 2 p M (1 + Jr., I + ak3 
1 2 co 1 

Note that this expression reduces to Lamb's solution [9] in the simpli­

fied two dimensional case with unlimited depths and no surface tension 

nor mass transfer effects. 

The solution of this equation for OJ gives the frequency 

equation of the interface which plays, as it will be seen, an important 

role in the stability analysis 



P-L V + p2 W ± [- P ^ V - W ) 2 - X(P1 + P2)) 
r "I 1/2 

pl + p2 

where 

Q1 = Q1 ctnh (k^) 

P2 = P2 ctnh (k<52) 

V = vn k + v- k 
lxo x lzo z 

W = v0 k + v« ^ kz 2xo x 2zo 

h _ AT 2 

1 ^ 1 CO 

26 

(36) 

This expression can be written in terms of the wave velocity c 

defined by 

c = H 

to obtain the dispersion equation 
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c = 

..k , k k , k 
- , X V- + X V- \ . - / X V« + X V 0 N 

P1 (-— lxo ^- lzo) + P2(k~
 2xo k~ 2z°) 

pl + p2 

(37) 

_ gAP- + _ a k 
k^l + p 2 ^ p l + p2 

2 (hcoAT) Ap 
(Ai)2 P i p 2 (px +p 2 ) k 6_ 

(1+^) 
CO 

plp2 
( pl p2) 2 

k k 
(-|)(Vlxo " V2xo) +'(-|)(vlzo - V2zo) 

1 2 / 1/2 

It is important to emphasize here that this expression is more general 

than many other previous results in the fact that it shows the influ­

ence on the wave velocity of the limited depths, mean fluid velocities, 

surface tension and mass transfer effects in a three-dimensional case. 

As it was proposed and done by Zuber [3] such wave analysis 

relations can be used to predict the maximum heat flux as well as the 

minimum heat flux in pool boiling. In the following parts of this 

study we shall limit ourselves to the consideration of the minimum 

heat flux and the pool film boiling region. 
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CHAPTER III 

STABILITY ANALYSIS APPLIED TO FILM BOILING 

3.1 Rayleigh-Taylor Instability 

In this chapter the Rayleigh-Taylor instability analysis will 

be applied to pool film boiling, and expressions for the critical 

wavelength which corresponds to the limit between stable and unstable 

conditions and for the most dangerous wavelength or the most noticeable 

wavelength in the unstable region will be derived. These values 

affect directly the bubbles spacing and size in film boiling. 

From various visual observations drawn from Westwater [15], 

Berenson [*+], Nishikawa [16] one can describe the following stages 

in pool film boiling from a horizontal surface: 

Let us start with an approximately flat surface between the 

vapor and liquid phases (See Figure 2a). Under the action of some 

perturbation, disturbances of the interface appear; the vapor generated 

in their vicinity flows toward them and contributes to their growth 

(see Figure 2b). The protuberances are located in some regular 

lattice and the distance between them seems more or less constant. 

They depart from the interface as bubbles and the film becomes flat 

again (Figure 2c). At locations shifted from a constant quantity 

new disturbances in the interface are formed (Figure 2d) and depart 

so that the vapor film is flat again (Figure 2e). 

In the Rayleigh-Taylor instability analysis, one assumes that the 
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Figure 2. Stages in Film Boiling. 
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velocities of the two phases are negligible. That means that the 

mean velocities are equal to zero: 

v_ = vn = 0 
lxo lzo 

v0 = v0 = 0 
2xo 2zo 

Is this a reasonable assumption when it is applied to pool film 

boiling from a horizontal surface? 

One seen immediately that since there is no forced convection 

the velocity of the upper fluid (index 2) is zero, but it is not evident 

for the lower fluid. In their discussion of this hypothesis Eerenson 

[k] and Hosier [IT] conclude that it is valid near the minimum heat flux 

but it becomes less accurate when the AT is increased. It must be 

noted that their wave analysis does not take into account the mass 

transfer terms. The same assumption will be used. The close agree­

ment between the present theory and the experiments shows that even 

at high AT the assumption is reasonable. The general expression of 

the phase velocity given by equation (37) becomes: 

C = £ = ± 

? u ^ 1/2 

^1^ + ^ L . 2 < h c ° M > AP (1 + £°) W. = ± & E_ + ^ - ^ _ - " V ^ • ' * ( 1 + T - ^ 
k " [ k ( f r p 2 ) p}p2 (A i ) 2 p i p 2 (p+p 2 )k6 1 

or 
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3 h AT ^ h 

»2 - fffi + --B- " 2 ( C 2 } - -P " ( 1 + h ^ (38) 
p l + p 2 <>1+P2 (Ai) P 1 P 2 <Pi + P 2

) 6 1 C ° 

I t i s r e c a l l e d t h a t t h e p e r t u r b a t i o n "n* was given "by equat ion (10) 

±{uit - k x - k z) (10) 

11"*= ae 

2 
one sees t h a t t h e s ign of w w i l l determine whether t h e perturlDation 

2 w i l l grow o r decrease exponen t i a l l y with t i m e . Thus i f u i s 

2 nega t ive t h e i n t e r f a c e w i l l "be uns t ab l e and i f w i s p o s i t i v e i t w i l l 

2 
"be s t a b l e . The cond i t ion w = 0 gives t h e l i m i t "between s t a b i l i t y 

and i n s t a b i l i t y and t h e corresponding wavenumber i s c a l l e d c r i t i c a l . 

This l i m i t i n g case w i l l be d iscussed f i r s t . 

3.2 C r i t i c a l Wavelength 

2 
S e t t i n g to given by equat ion (38) equal t o zero and remembering 

t h a t 

2 2 2 
k = k + k • "• ( 2 3 ) 

x z ^ J y 

one ob ta ins 

„ 2 2 A x 2(hcoAT/ Ap n +
hro. 

k + k « " " V + , - 2 0 . 0 . 6 . ( 1 + h - * (39) X z " " '° (AT)VlP26l CO 
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which i s a f i r s t condition in order t o determine the components of the 

c r i t i c a l wavenumber k and k . A second condition can be found 
xc zc 

in the following argument. 

Let us consider such a disturbed interface as described above 

at some fixed time when the bubbles are growing. (See Figure 3 which 

is a top view). One notices that some pattern is repeated all over 

the figure. 

It has a losenge shape, limited by nodal lines and contains two 

elevated zones and two depressed. The distance between two crests 

is A while the distance between the centers of the two depression 
• x * 

zones is A . In Figure 3, these distances are not equal and have 
LA 

been chosen arbitrarily. The relation between A and A will now 
x z 

be determined. The surface S of the repeated area is given by 

2X 2A 
— S — 2 - = 2 A A 

2 x z 

By the relation between the wavelength and the wavenumber one obtains 

S = Jl-_ (39a) 
x z 

The rea l system adopts the configuration of minimal energy. 

Since the energy-of the wave i s d i rec t ly proportional to i t s area the 

system wi l l minimize i t s area. Therefore, l e t us minimize the area 

S given by equation (39a) with the condition expressed by equation (23) 
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Figure 3« Schematic Boi l ing P a t t e r n . 
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Following the Lagrangian mul t ip l ie rs method, the function ip i s 

defined "by-

one then calculates 

^ = i n r + v ( k x + k z -k > 
X Z 

and ohtains 

l i _ 8TT2 _,_ 0 . n Tf-~ = - —7T- + 2vk = 0 3k . 2n x 
x k k 0 

x 2 

z k k 
z x 

. | t = k
2

+ k
2 - k

2 = 0 
3v x z 

v = 
^-7T2 U T T 2 

k \ k 3k x z • z x 

or 
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2 2 
k = k 

x z 
(UO) 

The r e a l p a t t e r n i s then given "by Figure k where A = A and t h e 

r e p e a t i n g a r ea i s a square . This r e j o i n s Berenson 's [2k] exper imenta l 

r e s u l t s : "Visual obse rva t ions of t h e bubble p a t t e r n which e x i s t s on 

a h o r i z o n t a l su r face gave t h e impress ion t h a t t h e bubbles are 

l o c a t e d i n some type of r e g u l a r l a t t i c e , perhaps hexagonal o r s q u a r e . " 

Combining t h e cond i t ion (39) and (kO) g ives 

k = k 
xc zc 

A ,h ATX2 A h 
gAp , ( co ) Ap n 

2 ° , A , X 2 , h 
(A i ) op p 6 co 

+ T ^ ) 

or in terms of wavelength and s ince Ap = p - p 

A = A xc zc 
2ir 

g ( p ? l> 
2a 

0 , h AT. 2 2( co ) 
2 

(Ai) P 1P 26 1a 
— ( 1 + ^ r o ) 

h 

1/2 

co 

(hi) 

The gravity appears in the denominator of t h i s formula; i t has the re ­

fore a des tabi l iz ing effect which was expected since the l i g h t e r 

phase i s below the heavier phase. On the contrary, the surface tension 

and the mass t ransfer terms contribute to the s t a b i l i t y . One thus 

arr ives at the same conclusions as previous invest igators [ 5 , 6 ] , [ 7 , l l ] . 

Equation (kl) can be rewrit ten as : 
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Nodal lines 

Ridges 

Furrows 

Figure k. Schematic Boiling Pattern - Repeated 
Square. 
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xc zc 
g ( p ? - p l ) 

2a 

2TT 

^ 1/2 r 
1 -

"2(H^>AT)2 
2 (A i ) p1P261g 

1 + r 0 1 1/2 

CO 

(te) 

Let us def ine t h e vapor t h r u s t number, M , 

\ Z 
0,h AT,2 
2( co ) 

(A i ) P1P261g 
• a + 1 ^ > 

co 

A non-dimensional g roup , i t i s t h e r a t i o of t h e e f f e c t s of mass 

t r a n s f e r and g r a v i t y . I t may be considered as a k ind of Froude number 

where t h e i n e r t i a forces a re r ep l aced by the mass t r a n s f e r term. 

The equat ion (U2) becomes then 

A = A xc zc 
2TT 

g ( P 2 - Px 
1/2 

2a 

1 1/2 
1 - M 

(1*3) 

or in a non-dimensional form 

Axe Azc 

11/2 

g C p ^ i ) 

2/2 7T 

8(P 2 " PX) 

1/2 

1 - M 
1/2 

(hk) 

which i s the f i n a l express ion of t h e c r i t i c a l wavelength. Compare 

i t wi th Lamb's c a p i l l a r y waves a n a l y s i s r e s u l t [9] 
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X = 2TT 
1 1/2 

g(p-p ) 
2 1 

It is emphasized again that our result is different from the 

usual purely hydrodynamical Rayleigh-Taylor instability analysis by the 

presence of the M term which accounts for heat transfer effects. 
0. 

3.3 Prediction of the Change of Boiling Pattern 

If the conditions are reached for which the vapor thrust 

number, M , equals unity the critical -wavelength becomes Infinite. 
Si 

The boiling pattern should then be entirely different. That is exactly 

what is observed in experiments. 

Grigull and Abadzic [l] and also Abadzic and Goldstein [2] have 

observed film boiling on a wire for conditions close to critical. 

At low heat flux their photographs show the usual pattern of bubbles 

leaving regularly the interface. As the heat flux is increased vapor 

columns are formed, then at some locations vapor sheets rise from the 

vapor film; and as the heat flux is increased further a vapor sheet 

covers the entire surface. 

The following table summarizes the calculation of M for the 
q. 

characteristic example, photographed by Abadzic and Goldstein, of 

boiling C0p (at a pression of 71.^ bar and a saturation temperature of 

29.5°C). 
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Description of 
Flow Pattern 

q 2 watts/m ^ M 
<1 

Outset of Formation 
1.8'iO5 of Vapor Sheets at 1.8'iO5 200 0.7 

Some Locations 

Vapor Sheet Covers 
the Entire Sheet 3.5105 

1*00 2.88 

The observed change of flow pattern at high pressure is thus predicted 

by the above expressions when the M term takes the value of unity. 
Vi. 

Physically, it means that the effect of the heat flux balances the 

gravity effect, that is, the vapor thrust is so important that it over­

comes the effect of the gravity which tends to bring down the heavy 

liquid. As M increases beyond unity the vapor production is so 
M. 

intense that it becomes a vapor sheet. 

At low pressures however, the non-dimensional mass transfer 

term is generally small. But is increases when one leaves the 

minimum heat flux and goes further in the film boiling region, i.e., 

where q. and AT are increased. The value M = 1 for Nitrogen at 
o 

atmospheric pressure is obtained when the heat flux peaks at 1.6510 

BTU/hr f t " and the temperature difference AT at 2.5510 F. At such-

high conditions the experimental information for boi l ing from a f la t 

surface i s not yet avai lable . 

At conditions where the M term i s la rger than one, the present 

model for film boi l ing i s , of course, no more val id and other theore t i ca l 

analyses are t o be used. 
In t h i s section one of the goals of t h i s study has been achieved 
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t h a t i s , a c r i t e r i o n has "been der ived which p r e d i c t s t he change 

observed in t h e flow p a t t e r n for vapor bubbles t o vapor shee t s of 

f i lm b o i l i n g at high p r e s s u r e . 

3.h Most Dangerous Wavelength 

I f a d i s tu rbance has a wavelength l a r g e r than t h e c r i t i c a l 

wavelength i t w i l l grow exponen t i a l l y with t ime . Among a l l t he s e 

wavelengths l ead ing t o the u n s t a b i l i t y one has t h e most r ap id growth and 

i s t h e r e f o r e c a l l e d t h e most dangerous. 

From t h e f i r s t s e c t i o n of t h i s chapte r i t i s known t h a t in t h e 

2 
u n s t a b l e reg ion OJ i s n e g a t i v e . The growth r a t e of t h e d i s tu rbance 

an'/at is 

i(u)t - k x - k z) v x z 

an' 
-r1- = i OJ a e 
at 

The fastest growth rate will thus be obtained by maximizing 

2 (-co ). In order to do that, let us calculate 

k <-M2) = 0 

or wi th equat ion (38) 

i_ 
9k 

2( h co A T ) Apk ( 1 + ^ r o } _ gApk _ a k 3 

, . . N 2 , - + - v. h " PtP 9 PtPo 
(Ai) P 1 P 2 ( P 1 P 2 ) 6 1 co 1 2 1 2 

= 0 



where i t is recalled that 

Ul 

one obtains 

p l = p l c t n h ^ k < S i ) 

— c tnh(k6 0 ) 
p l = p 2 2 

2 ( h c o A T ) 2 Apk ( 1 + £ r o } _ g A p k . a k : 

(Ai ) 2 6 1 P 1 P 2 co 
0*5) 

2 2 
p 6 csch QaS^ +p 26 2csch (k«2) 

2( h co A T ) Ap 

(Ai) 2 6 l P l P 2 

- gAp - 3ak 

p c tnh(k6 1 ) + P 2 c tnh(kS 2 ) = 0 
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It will he noted that this expression reduces to the result 

previously found "by Bankoff [l8], if ve omit the mass transfer term; 

(there is a misprint in equation (6) of this reference: k must 

multiply the first term of the numerator). 

In film boiling the depth of the liquid phase is generally 

large and the vapor film, is very thin. It is therefore assumed that 

k<$2 » 1 

and 

k6 « 1 

This i s an improvement i n regard t o t h e frequent assumption of 

two i n f i n i t e l y deep f l u i d s . The re fo re , 

p"2 = 92
 c t n h ( k 6

2 ^ p2 

2 1 P2 
p0<S0 csch ( k 6 0 ) a p 9 6 L —j—7 = —z— - 0 

1 1 l z z k <S2
 k 6 2 

•while for phase one 

( + ) : B u t t he d e r i v a t i o n of t he most dangerous wavelength made in a 
subsequent paper by Kesse l r ing and A l i i [19] i s i n c o r r e c t . 
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P± = p± ctnhCkfij^) a 
kfi. 

P-5 csch 2(k6 ) « --—-
1 k f i , 

The cond i t ion (^5) t a k e s then a s i m p l i f i e d form: 

9 / h AT .2* . h 
2( co ) Ap k r o 3 c — ( 1 + - — ) - gApk - ok (Ai) 5 l P l p 2 CO k26 

1 J 
(he) 

0 , h ATN2 A h 
2( co ) a 

6 1 P 1 P 2 
f-d + ^ ) - gAp-3oV 

co 
kfi. + P, = 0 

Rearranged in terms of t he non-dimensional group M t h i s express ion 

i s a t h i r d order equat ion in k. 

2 M - 2 + 6. ~ (M - l ) k + 4 - - £ k
Z + 36, — - 2 Nk3 = 0 

i 1 P]_ q g ^ - p p 1 P 2 g(P2 -p!) 

Introducing a non-dimensional expression for k 

k + = kfi. 

This t h i r d order equat ion t akes a non-dimensional form 
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2 M - 2 + (—)(M - 1) k + + 4 ° n 

q \ q g ( P -P 

+2 

2 1>V 
(U7) 

+ 3(-^) 
1 8( 2 1 ) 6 1 

k + 3 - 0 

This expression gives the correct k alloving to find the most 

dangerous wavelength. Since i t i s not very easy t o handle, a simplified 

equation which in many cases leads to a resu l t approaching closely 

the exact resu l t i s proposed. 

Notice tha t equation (1+5) can be wri t ten again as : 

-3ak' 

4 J±± 
"3 k6 p 2 

k6. 
+ P 2 J 

0 , h AT. 2 A h 

-SAP + ! L s | _ i e_(1 + ._££) = o 
(A i ) P1P2

<5
1
 c o 

If the factor in brackets in the f i r s t term i s nearly unity one 

can approximate t h i s re la t ion by 

3ak = 
2 2(hcoA T)2 A, ro, 

2 
(Ai) 6-^-^2 

•(1 + - ^ ) - gAp 
co 
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or with non-dimensional groups 

+2 1 
3 

8(P2 - P 1 ) 5 1 
a 1 -- Mq (U8) 

The r e s u l t s of the exact and of the approximate equat ions a re 

compared for four d i f f e r e n t f l u i d s i n f i lm b o i l i n g c o n d i t i o n s : wa te r , 

freon 1 1 , n -pen tane , carbon t e t r a c h l o r i d e . The fol lowing t a b l e 

summarizes t h e r e s u l t s . 

Type of 
F lu ids 

Heat Flux 

Btu /h r f t ' 

Temperature 
Difference 

AT 
o„ 

k 
equat ion 

U7) 

k 
equat ion 

(kS)' 

Water 

Freon 11 

N-Pent ane 

Carbon 
T e t r a c h l o r i d e 

k 
1.1 10 

5.7 1 0 3 

+3 7.7 10 

6.75 10-

2.85 10' 

1.6 102 

2.06 10' 

1.93 10s 

3.31 10 
- 2 

2.72 10 

U.33 10' 

- 2 

- 2 

3.09 10 
- 2 

3.27 10 

2.1*5 10 

k.Of 10 

- 2 

- 2 

- 2 

2.86 10 - 2 

The d i f f e rence between t h e values of t h e k ' s i s so smal l t h a t 

one can reasonably use equat ion (1+8). 

Remembering t h a t equat ions (23) and (1+0) give 
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2 2 2 2 2 
k = k + k = 2k = 2k 

X Z X Z 
(U9) 

the components of the most dangerous wavenumber are found 

k = k 
xm xm 

. _,h • ATN2 h 

MR + n co ) ( i+^). 
o(Ai) ^PiPo6! c 0 

1/2 
(50) 

or in terms of wavelength 

X = X xm zm 
2TT 

g ( p Z l } - 2(hcQAT) (P2-Pl) ^ + h ^ 

(Ai) 6ap,p2<5-, co 

1/2 

which "becomes wi th non-dimensional groups 

*xm *zm 
2TT 

sCppx) 
6a 

1/2 1 - M 1 1/2 (51) 

or 
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Axm 
11 /2 

gCp^P]^) 

Azm 

g ( p 2 - p 1 ) 

1/2 
2 / 6 " 

1 - M 
1/2 (52) 

This r e l a t i o n gives thus t h e components of t h e most dangerous wavelength, 

i . e . , t h e wavelength which corresponds t o t he maximum growth r a t e of 

t h e d i s t u r b a n c e . The e f fec t of our th ree -d imens iona l a n a l y s i s i s noted 

in t h e f a c t o r 2 ^ . Indeed, a f a c t o r 2 /3 was ob ta ined in t h e two-

dimensional formula t ion . Another d i f fe rence with t h i s l a s t approach 

i s , of c o u r s e , t h e presence of t h e M term. By comparison of 

equat ions (kk) and (52) i t i s i n t e r e s t i n g t o no te t h a t 

X == A = / 3 ~ A = / 3 ~ A 
xm zm xc zc 

I t has thus been shown i n t h i s chap te r t h a t the l i q u i d vapor 

i n t e r f a c e in f i lm b o i l i n g i s uns t ab le when the wavelength i s l a r g e r than 

t h e c r i t i c a l wavelength given by equat ion (hk) and s t a b l e o the rwise . In 

c o n t r a s t t o g r a v i t y , the sur face t e n s i o n and mass t r a n s f e r have a 

s t a b i l i z i n g a c t i o n . Equation (52) c o n s t i t u t e s t h e express ion of t h e 

wavelength which w i l l be t h e most dangerous s ince i t l e ads t o t h e 

b i g g e s t and thus most n o t i c a b l e growth r a t e . 
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3.5 Most Unstable Dis turbance 
2 

The maximized express ion of (-u) ) can now be obta ined by 

i n t r o d u c i n g in i t t he most dangerous wavenumber. 

Equation (38) i s combined with equat ions (U9) and (50) t o 

y i e l d t h e fol lowing r e s u l t 

-M = 3 
8(P2-pD _ 2 ( h co A T )V 2 -"!) ( 1 + ^ o 

P! + p2 (Ai ) P1P2(~P1+p"2)«1
 h 

CO 

g ( p 2 p l ) 
3a 

2(hcoAT)' 

3(Ai) op p 6 
M r 2 l 

ro . (1 + r ^ ) 
CO 

1/2 

The most unstable distrubance n'* i s thus obtained from t h i s equation 

and equation (10) 
m 

3t - ik x - ik z 
xm zm 

(53) 

m 
= a e 

where the growth coefficient 3 is given by: 
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3 = 
2g(P2-Pl) _ 4(hcoAT)2(F2-Pl) 
3 (P1 + P2} 

- (1 + ^ ) 
3(Ai) p1p2(p1+p2) 6X CO 

1/2 

3 a 

h AT. 2 
g(P2-Pl) 2(ncoA1)Z(P2-Pl) 

3(Ai) ^^2^1 

1/4 

It is possible to rewrite this with the help of the usual dimensionless 

group: 

21/2 \ 1 
3 3/4 (Px + 7 2

} ±/Z 
;(P2-Pl) 1/2 (P2-Pl) 1/4 

1 - M 
3/4 

In this relation p and p? are still functions of the wavenumber and 

have also to be replaced by their appropriate values determined from 

the previous hypothesis concerning the depths of the two phases 

P2 J>2 

and 

p i 



50 

Introducing in this last expression the most dangerous vavenumber 

leads to 

,1/2 

.1/2 

(P2-Pl) g(
P2-pl) 1/4 

J^(P2"PD 1 

1/4 
1-M 

(5*0 
1 +' I P2 

S5 p, 
g(p2-p1)51

i 1/2 1 - M 
1 1/2 7 1/2 

This expression gives thus the growth coefficient (which hts the 

dimension of the inverse of a time) for the most unstable disturbance. 

One observes the effects on this relation of the three-dimensional 

2 
analysis by the coefficients, of the vapo:? depth by the factor 6_ 

and of the mass transfer by the presence of M . 

Another evidence for the validity of the analysis is shown 

by equation (5'+). Note that when the vapor thrust number M approaches 

unity the growth coefficient 3 approaches zero. Therefore, since 3 

has the dimension of the inverse of a time, that is, of frequency, the 

period of oscillations tends to infinity.. The phenomenon ceases to be 

periodic both in time and in space. The covering vapor sheet results 

in a stable boiling pattern. 
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CHAPTER IV 

DIAMETER AM) PERIOD OF BUBBLE RELEASE 

k.l Diameter of Bubble at Breakoff 

The disturbances created on the interface grow in shape of 

approximately spherical bubbles whose diameters at breakoff and 

frequency of release will be the next subject of investigation. 

In the Figure h which represents a projection of the liquid 

vapor interface on a horizontal surface, one may consider one of the 

repeated squares. As described before, two bubbles are formed and 

grow simultaneously in such an area. West-water and Santangelo [15] 

observed that the bubble breaks at the nodal lines. Therefore, the 

shape of the bubble is idealized by a sphere whose diameter D, is 

given by the length of the side of the square on the nodal lines 

o * 2 X 2 A. 2 X 2 \ 2 \ 2 

^-C-f) + ( % - * ( % =*<-§> =T- = -§-

or 

K -'•£-•& (55) 
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where the wavelength components A and A in the spectrum 

A = A < A = A ^ A = A 
xc zc ^ x z < xm xm (56) 

are taken fol lowing the method d i scussed by Zuber [ 3 ] . Combining 

equat ion (55) with equat ion (k3) and (51) l e ads t o 

e(P 2-^)11/2 

r -̂J 
1 - M 

1/2 ± D b ± 
2TT/3~ 

g ( p 2 - p 1 ) 
1/2 

1 - M 
1/2 

which can be rea r ranged i n a non-dimensional form: 

2TT 

1 - M 
1 1/2 Db+ ± 2TT/3~ 

1 - M 1/2 
(57) 

where t h e dimensionless diameter of t h e bubble at b reakoff i s 

nl/2 

g ( P 2 - P i ) 

(58) 
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I t i s i n t e r e s t i n g t o compare t h i s r e s u l t wi th t h e express ions most 

of ten used i n t h e l i t e r a t u r e . 

In h i s o r i g i n a l two-dimensional a n a l y s i s Zuber [3] found 

TT < D, < V/T"TT 
— D — 

On the other hand, Berenson [k] determined from experiments of film 

boiling on a horizontal surface 

D; = M 

From stability characteristics of the neck surface which 

connects the bubble to the interface Kiper [20] proposed a maximum 

bubble size given by 

D* = 9.28 
b 

Lienhard and Wong [2 l ] have shown t h a t t h e h e a t e r geometry a f f e c t s 

t h e diameter of t h e bubble a t breakoff : t h e r e s u l t s be ing d i f f e r e n t 

i f i t i s a f l a t p l a t e , a l a r g e or a small w i r e . The,.present a n a l y s i s 

concerns f i lm b o i l i n g from a f l a t p l a t e . Only a few experiments 

have been c a r r i e d out and r e p o r t e d for t h a t geometry. 

Hosier and. Westwater [8] da ta concerning mainly the minimum hea t 

f lux reg ion are probably among t h e most important of t h e s e . They use 

water and freon 11 in t h e i r exper iments ; as they po in t i t out t he s e two 
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fluids have very different physical properties and constitute "a 

severe test for any theoretical or empirical expression for boiling." 

The comparison between our expression of D, and their measure­

ments at the minimum heat flux conditions is therefore presented in 

the following table 

Analysis Experiments [8] 

D, V 
mm. max. 

D. 
b ,avg 

D. 
b ,min 

D. b ,max 

Water 8 10 6.28 10.88 

^3 
Freon 11 5.8 10 6.3 10.91 

7.̂ 9 

8.31 

5.97 

6.56 

9.̂ 1 

10.28 

In both cases we notice that the dimensionless term M is very 
0. 

small and its effect on D is nearly negligible. However, it is not 

always the case, as it is known from the previous chapter. 

k.2 Period of Bubble Release 

As in the beginning of this chapter, let us consider a single 
t> 

' . i 

bubble generating area, and call T the time which elapses between 
* i, 

the formation of two bubbles on the same location (See Figure 2). The 

frequency of bubble release is the inverse of this time,i.e., 
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From the figure it is seen that the time it takes for the "boundary to 

grow one height equal to the bubble diameter is 

W 
But also by definition 

at 

Consequently the frequency is given by 

f - I la' _1_ 
4 at Db (59) 

The value of Dn i s a l ready known; how can 3n"*/3t be evalua ted? 

From equat ion (53) 

3 T I * - ^ W 3n 

From his experimental observations Lewis [22] noted that the amplitude 

of the wave increases exponentially until it reaches a maximum value 

approximately equal to 0.U times the wavelength. It will be noted 

here that this value is considerably less restrictive than the 

assumption of the linearized theory 
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Since 'TI**. varies from an infinitesimal value to that upper limit 

a mean value for the growth rate can be used: 

r • e ^— • ° - 2 *x* (6o) 

The equation (59) can then be transformed: 

f = 0.05 B. Xx ^ 
D 

Replacing D by its expression given by equation (55) yields 

to 

f = 0.05/2" S 

The value of the grovth coefficient has been determined by equation 

(5*0. By substitution one finds: 
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This frequency of bubble r e l e a s e can be r e w r i t t e n in a non-dimensional 

form. 

9 1/4 

0.033 T^^ZiL^] [ L H J 
f = yi - A .r-rs 

i ^ r g ( V D « } i l 7 r r i . M i 
/3 p l L a J L q J 

1/2") 1/2 

where t h e dimensionless frequency f i s def ined by: 

1/2 174 
'Po-P-

g(
p2-pi)1 [acpii-l 

The comparison between t h i s frequency of bubble r e l e a s e and t h e measure­

ments of Hosier and Westwater i s p r e sen t ed i n t h e fol lowing t a b l e . The 

c a l c u l a t i o n s have been performed for t h e i nve r se of t h e non-dimensional 

bubble frequency t h e dimensionless p e r i o d T and for t h e same f l u i d s 

and cond i t ions as i n t h e prev ious s e c t i o n . 

Water 

Freon 11 

5.92 lCT 

2.^1 102 

Analysis Experiments [8] 

+ 
T 

+ 
x avg. 

+ . + 
x mm. T max. 

+ 
x avg. 

5.52 102 3.03 102 8.55 102 

2.7 102 1.27 102 U.125 102 
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One sees immediately the good agreement between the theory and the 

experiments. Furthermore, from the previous extimation of the bubble 

diameter it is known that the M term is small for such conditions near 
q. 

the minimum heat flux at atmospheric pressure; therefore, it does not 

affect considerably the expressions of the period calculated above. 

It should however become more important at high heat fluxes and 

pressures. Experimental verification of this on horizontal flat 

surfaces is badly needed. 
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CHAPTER V 

HEAT TRANSFER IN FILM BOILING 

5.1 Determinat ion of t h e Minimum Heat Flux 

This chapter i s r e l a t e d t o two s p e c i f i c hea t t r a n s f e r s u b j e c t s : 

t h e p r e d i c t i o n of t h e minimum heat f lux and t h e de te rmina t ion of t h e 

heat t r a n s f e r c o e f f i c i e n t i n pool f i lm b o i l i n g . Two d i f f e r e n t approaches 

a re used. The f i r s t one which follows Zuber ' s model i s p r e s e n t e d next 

whi le t h e second based on Berenson 's f i lm b o i l i n g a n a l y s i s i s d i scussed 

i n t h e fol lowing s e c t i o n . 

L e t ' s assume t h a t t h e f l a t h o r i z o n t a l sur face on which t h e f i lm 

b o i l i n g t a k e s p l ace has an a rea ab ; f i r s t n , t he number of bubbles 

r e l e a s e d p e r u n i t t ime in t h a t a r e a , w i l l be eva lua ted . 

Consider i n Figure h which r e p r e s e n t s t h e flow p a t t e r n one of t h e 

2 r e p e a t i n g squares of a rea 2X . I t con ta ins four bubble gene ra t ing 

l o c a t i o n s . ( indeed , as desc r ibed b e f o r e , i n h a l f a p e r i o d two bubbles 

grow s imul taneous ly i n the square and a f t e r another h a l f pe r iod two 

o the r bubbles have grown in s h i f t e d p o s i t i o n s ; which makes a t o t a l 

of f o u r ) . The number of bubbles n i s t hus the product of t h e 

number of squares i n the a rea of i n t e r e s t ab by four t imes t h e 

frequency of bubble r e l e a s e 

ab . ,. 
n = 9 • 4 • f 

2X 
x 
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The frequency to be used for the determination of the minimum 

heat flux is, following the method of Zuber [3], the frequency obtained 

by the interface stability analysis and given by equation (59). This 

substitution gives: 

ab , 1 3n* 1 

2X b 
x 

which can in turn be combined with the value already obtained for EL 

in equation (55) to yield 

ab _ 1 _ 3jl" 
n = 7¥ xx3 3t 

Therefore, the number of bubbles released per unit time and unit 

area is 

1 1 8_n" 

i T xx3 3 t (62) 

On the other hand, the vapor flow rate per unit area carried away by 

the assumed spherical bubbles is 

• -. n 4TT / Ax \ 3 ,^mmm^, r••• 
1 1 3 V 2/2 / 

or after rearrangement with equation (62) 
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•n Sn'* 
m i = p i 24 at 

The energy balance of equation (3l) gives the expression of the 

minimum heat flux 

V n " " I Ai - PX % f f M 

Substituting 3n**/3t by its value given by equation (60) where 3 

and X^ are replaced by their expressions as given in equations (56) 

and (51) leads to 

r^M^f [-»,] 
1/2 

i^n-i^K^Yv*,] 
1/2 1/2 

~W 

0.190 

1/2 0 1/4 
g ( p 2 - p i n r g ( p 2 " p i ) g i 2 

1/2 

Hrl ] I1-",] 

[•^•"{"^[-^•n-MT 
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This two l imi t ing expressions of the minimum heat flux in pool film 

"boiling can "be rewrit ten in a non-dimensional form 

0.110 [ l -MJ [l + Sf] 
1/2 

1/2 1/2.. 1/2 
i V i (63) 

( i !a n.,,-1 + r_°— 1 
I^T p i L "J L g ( P 2 . P i ) 5 i

2 J J 

0.190[1- \ ]1 / 2[ l +^] 
P O T 1/2 

1/2 r n 1/2-v 1/2 

W p i L qJ lei^-oj)^2! 

+ where a . the dimensionless minimum heat flux i s defined "by 

+ m
 H  

^i*1 ~ AJ r cr,P0-.P-,N -, 1/4 P X A 1 [ °g(P2-Pl) 1 

l w 2 J 

a usual group in the literature. 

These analytical expressions are once more compared with 

Hosier and Westwater [8] experiments of "boiling from a flat aluminum 

heating surface 8 inches square; the following table is obtained 

where the agreement is satisfactory 
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Analysis Experiments' [8] 

Water O.li+3 _<_ q^. <_ 0.2^7 CL. - 0.206 

Freon 11 0.135 £ q . <. 0.23^ q*. - 0.19U 

I t i s emphasized above that the influence of the M term on the diameter 
q 

at breakoff and on the frequency of bubble release i s not very appreciable 

for low heat fluxes and temperature differences at atmospheric pressure. 

The same holds of course for the determination of the minimum heat flux 

i t s e l f . 

From experiments of film boi l ing of n-pentane and carbon t e t r a ­

chlor ide , Berenson [k] measured 

a*. = 0.09 
Tinn 

Hosier and Westwater [8] explain this rather low value by the use of a 

too small heating horizontal surface: "Since the interbubble distance 

expected in film boiling with ordinary liquids is in the order of one 

inch, there may be a significant edge effect with a surface only two 

inch diameter." 

Varying his assumptions concerning the bubble velocity at breakoff, 

the relation between diameter and wavelength or the flow pattern, Zuber 
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[3,23] has proposed different expressions of the minimum heat f lux: 

q+ = 0.130 {6k&) 

q+ = 0.099 (6kb) 

q+ = 0.176 (6kc) 

q+ = 0.193 (6Ud) 

q+ = 0.013 (6Ue) 

Both the present analysis and the experimental resul t s noted 

above show that equations (6hc) and (6k&) are to "be recommended for 

film boi l ing from a f l a t surface. A fact known by many experiment at ors 

i s also recognized: the resu l t s of Zuber's two-dimensional analysis 

although independant of thermal transport propert ies y ie ld to accept­

able values of the minimum heat flux at low pressures. 

5.2 Heat Transfer Coefficient in Film Boiling 

In t h i s section Berenson's model [2k] for the determination of 

the heat t ransfer coefficient in film boi l ing i s modified by i n t r o ­

ducing in i t the resu l t s of the previous wave s t a b i l i t y analysis . This 

w i l l give an expression of t h i s coefficient val id not only in the 

v ic in i ty of the minimum heat flux but also much higher in the film 
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boiling region. 

The purpose is to evaluate the thickness 6 of the vapor film 

from which the heat transfer coefficient is immediately deduced. 

A part of the vapor produced at the interface compensates the 

decrease of the film thickness between the bubble domes. Therefore, 

there, the film thickness 6 is approximately constant. Another part 

of the vapor produced flows towards these domes to contribute to their 

growth and finally their departure as bubbles. 

A representation similar to Berenson's model is adopted (See 

Figure 5). The vapor velocity V_ is assumed parallel to the flat 

heating surface and directed in the radial direction. The system 

exhibits a cylindrical symmetry. (See also Figure 6). The vapor 

flow rate flowing radially G is given by 

Gl = plVl 27Tr6l (65) 

In the following equations the heat transfer by radiation through 

the vapor film will not be considered. In other words, only one of 

the part of the total heat flux q. of equation (32) is examined: 

qc - hc AT = qtQt - qr ( g 6 ) 
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/ / f / f > , / ' / / / / / I 

Figure 5 . Model of FiLn B o i l i n g . 
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i i 

Figure 6. Single Bubble Generating Area 
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The radia t ive contribution q to the t o t a l heat flux from the surface 
T* 

can be in a first approach determined by [25], 

qr = eZ (Tw
4 - T2

4) (67) 

where e is the heated surface emissivity and £ the Stefan Boltzmann 

constant. 

This elimination of the radiative heat transfer effect leads to 

introduce a diuiensionless group other than the M term which was 

defined by 

2(h AT)2
 h 

M = £- (1 + r } 
q (Ai)ppfig h

c 

Let t h i s new non-dimensional group N be given by : 

2(h AT)2 

N = % (68) 
n 2 

(Ai) P1P2
(S

18 

which is exempt of radiative term and which will be used in the 

following derivation. Note for further use the relation: 
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M 

H = —a q " ( 7 ^ . ) (69) 
c 

The amount of heat passing through the vapor film i s thus (Figure 5) 

which i s equal to 

Kl 2 2 
j - AT (*rA - *r ) 

GxAi 

where Ai is the average enthalpy difference "between vapor and liquid. 

Equating these two expressions where G has "been replaced "by its value 

from equation (65) gives the vapor velocity in the flat film 

K AT (7rr2A - TH:2) 
V = A 

1 2 
p± (Ai)61

Z 

Considering the three-dimensional flow pat tern (Figure 6) one sees tha t 

? the vapor generated in an area equal to A flows into one "bubble, 

therefore 

2 y 2 

i r r . = A 
A x 



70 

Replacing in the above expression of the velocity, one obtains 

K AT (A 2 - -rrr2) 
V = -± -5 (70) 

P1(Ai)61 

I f t h e momentum forces are neg l ec t ed before the v iscous f o r c e s , t he 

momentum equat ion can be / w r i t t e n i n t h e same -way as Bromley [26] d id 

d P = ^ 1 V 1 
dr 6X2 

•where 5 i s a cons tant -whose value w i l l be determined l a t e r . 

In t roduc ing t h e va lue of t h e vapor v e l o c i t y determined in 

equat ion (70) i n t o t h i s express ion y i e l d s t o 

dP * ^ Kx AT (Ax
2 - , r 2 ) 

d r P ^ A i ) 6 2
4 27rr 

This r e l a t i o n can be i n t e g r a t e d between p o s i t i o n A ( a t r ad ius rA and 

p r e s s ion P ) and p o s i t i o n B ( a t t he r ad ius r B and p r e s s i o n P g ) , 

making use of a value of r equal t o t h e one-ha l f bubble diameter 

which i s given by equat ion (55) 

1 ^ x 

r = -- D = 
r B 2 % 2 / r 
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to obtain 

P p r Q ' 0 8 1 € ^A T , 2 
P161 (Ai) 

It is now assumed that the appropriate wavelength A can' be obtained 

from the previous results of the stability analysis applied to film 

boiling and that i t is legitimate to replace A by i t s maximum value 

*xm t h e m o s t danSe ro'us wavelength. From equation (51) 

A 2 = 24 TT2 q 

- g(prp2) | i - H q ] 

Combining equations (71) and (72) gives 

(72) 

6.107 £ yx Kx AT 
P — P — 

A B P1(Ai)61
4 g(p2-Pl) (1 - Nq) 

I t is possible to evaluate this pressure difference by another 

means. Let PQ be the pressure at a height y above the vapor film. 

The difference of pressure between P. and P will be equal to 
A O 

Y P 2 g plus a term due to the difference of pressure at the interface 

This same last term will be present in the difference of pressure 

between P_ and P which contains also Y D 2 + 2 g 

a o ' K i e n • 
b/2 
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Therefore 

2a 
2* T*L* ". . D £ 

J 

P A " P B = YP<>8 " Yft, 8 - ^ £ 
(7U) 

Borishansky c i t e d by Berenson [2k] measured y t o be 

Y = 0.68 DL (75) 

I f D^ i s r ep laced as above by(X )/(^2)9 combining equat ions ( 5 l ) , (7*0 , b xm 

and (75) one ob ta ins 

P - P = 
A B 

g(p2 -P l ) [65. 76 - 3.26 (1 - vl 
8 - 8 8 [ g ( p 2 - P l ) j 1 / 2 ^ l - H q ] 

(76) 

Equating equa t ions (76) and (73) and so lv ing for 6 y i e l d s t o 

1/4 
54.3 £ W A AT 

1 5.76 - 3.26 (1 - N ) 
q 

1 - N 1/2 
p ^ i g(p2-P1) /g(p2"P1) 

The f a c t t h a t only a p a r t of t h e su r face a rea i s covered by a f i lm 

of cons tan t t h i cknes s must now be taken i n t o account , and fol lowing 

Berenson ' s method t h e equat ion above i s m u l t i p l i e d by the r a t i o 

of t h e t o t a l sur face a rea t o t h e a rea between t h e bubb l e s . Considering 
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Figure 6 t h i s r a t i o i s seen t o he equal t o two which y i e l d s t o 

870 £ U-JK-L AT Jo~ 

6 i = ; _. — — _ 

L [65.76 - 3.26 (1 - Nq)l fl - N 1 p^i g ^ - p ^ / g ^ - P ^ 

Since by d e f i n i t i o n 

*1 
q = h AT = r - AT c 6.. 

the heat transfer coefficient hc is given by the following 

expression 

1/2 . 1/4 
[65.76 - 3.26 (1 - N j [ l - N J K / p Ai g ( p 9 - P l ) 

K - i — : 9 * - 1 2 l—\ (78) 
870 £ u,AT I ° ' 

i y g ( p 2 - P 1 ) 

where £ must s t i l l be determined, which i s done as fo l lows . This 

hea t t r a n s f e r c o e f f i c i e n t a l though der ived for t h e f i lm b o i l i n g reg ion 

must a l s o be v a l i d a t t h e minimum heat f lux where i t t a k e s t h e va lue 

of h . O n t h e o the r hand, we can c a l c u l a t e a hea t t r a n s f e r 
c mm 

c o e f f i c i e n t h . from our t h e o r e t i c a l express ion of q . , given c mm uLi.il 

by equat ion ( 6 3 ) , by: 

h = Tnin 
c min ~ AT 

uLi.il


7U 

Applying t h i s t o water and equating the two gives a numerical value 

of £ which can then be introduced in equation (78) to y ie ld : 

1/2", ! / 4
 r , . 1/4 

{ 165.76-3.26 (1 - N q ) [ l - N q ] ) J K̂  p ^ i g(p2-P;L) 

5.417 I ._ / 7~~2 

) 
yx AT F^ 

J 8(p2-Pr 

This f inal expression of the heat t ransfer coefficient in the film 

boil ing region can be expressed in a non-dimensional form: 

1/2 1/4 
, | I65 .76-3 .26(1 - N ) ] U - N ] 1 

. h+ = -J : - 3 SL J - (80) 
c 5.417 

where h the dimensionless heat t ransfer coefficient i s obtained c 

*y 

h 
h + . _ ^ _ 

c 1/4 

K l 3 P l A i 8 ( P 2 - p l ) 

n^T / a ' 

J g(P2"P1) 

In equation (79) or (80), due to its exponent, the N term does not 

affect very much the value of the heat transfer coefficient as long as 

N is much smaller than unity. As it becomes comparable to one 

(which can be realized at high pressures or extremely high heat fluxes), 
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it contributes to decrease the heat transfer coefficient which is in 

concordance with the experimental results of Abadzic and Goldstein [2]. 

Furthermore, the value of unity for N which would cancel the ex-
q. 

pression of the heat transfer coefficient is not acceptable. Indeed 

our model is limited to the case where M equals one (See Chapter 

III, Section 3). Therefore, by equation (69), N cannot reach the 

value of unity without being outside of the domain of validity of the 

expressions. 

This analytical result for the heat transfer coefficient is now 

compared with the experiments of Hosier and Westwater [8] at atmospheric 

pressure in the vicinity of the minimum heat flux (moderate AT). 

Nature i of F l u i d AT 
(°F) 

h + 

c 
From Analysis 

h+ 

c 
From Experiments [8] 

h + 

c 
From Analysis 

Water 285 0.519 0.56 

Water 3*5 0.519 0.55 

Water 385 0.519 0 .5^ 

Freon 11 220 0.519 0.53 

Freon 11 280 0.519 0.5 

Freon 11 375 0.517 0.5 0.517 

The good agreement between the theory and the experiments can 

be seen. This is confirmed at higher heat fluxes and temperature differ-
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ence as it is shown in the following table. 

Sauer and Ragsdell [27.J performed experiments of film boiling of 

nitrogen on a flat horizontal two inches heater. They obtained data for 

temperature differences as high as 1250 F where there is a radiative 

contribution to the total heat flux. By deducing this contribution 

from their measurements they propose results where the radiation is 

not included which is exactly what is done in this analysis of the 

heat transfer coefficient h . The comparison is thus adequate and 

presented here 

Nature of Fluid AT h h+ 

c c 
( F) From Analysis From Experiments [27] 

Ni t rogen 500 0 .51 0.52 

Nitrogen 200 0.50U 0.U9 

Nitrogen 1250 O.U89 0.U7 

In Figures 7 t o 12 the above comparisons are expressed in terms of 

dimensional heat f luxes and heat t r a n s f e r c o e f f i c i e n t s . 

In a l l t he i n s t a n c e s the agreement between t h e theory and t h e 

experiments i s seen t o be good, and t h e r e f o r e the proposed hea t t r a n s f e r 

c o e f f i c i e n t i s recommended for pool f i lm b o i l i n g on h o r i z o n t a l f l a t 

s u r f a c e s . 
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CHAPTER VI 

CONCLUSION 

Pool film boi l ing from a f la t horizontal surface has been 

studied analyt ica l ly and the resu l t s are in good agreement with the 

experimental data available in the l i t e r a t u r e . 

In a three-dimensional model, the wave velocity at the interface 

between two heated superposed fluids of f in i t e depths has been f i r s t 

derived and i s given by equation (37)• 

The analysis of the interfa.ee s t a b i l i t y i s then applied to the 

minimum heat flux and the film boi l ing region. In contrast to gravi ty , 

the mass t ransfer and the surface tension appear to have a s t ab i l i z ing 

influence. 

The three-dimensional treatment of the problem i s more adequate 

than the usual two-dimensional approach to predict the flow pa t te rn : 

(a) the average interbubble distance varies between two 

values: the c r i t i c a l and most dangerous wavelengths given by equations 

(kh) and (52) where the effect of the in te r fac ia l mass t ransfe r appears 

exp l i c i t l y . 

(b) the average bubble diameter at breakoff i s l/Z^F times 

that distance 

(c) the bubble diameter and the frequency of bubble release 

given by equation {60) agree very closely with the experimental measure­

ments from a f la t surface. 

interfa.ee
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At high pressures , the modification of the boi l ing pat tern can 

now be predicted theo re t i ca l ly . The change from a regularly bubbling 

interface t o a large vapor sheet covering the heated surface happens 

when the non-dimensional term M , which scales the mass t ransfer and 
< 1 

the gravity effects, equals unity. 

At low pressure, however, for most of the fluids, the M 

term approaches unity only at extremely high values of the heat flux; 

and, therefore, the film boiling pattern keeps its rather regular 

characteristics up to very high temperature differences. This explains 

why the insertion of the mass transfer in the equation giving the 

minimum heat flux,that is,equation (63) brings little change in the 

actual value in comparison with the traditional relationships presented 

in the literature. The same holds to a smaller extent for the 

film boiling heat transfer coefficient whose expression, as given in 

equation (89), is also significantly influenced by the interfacial 

mass transfer only at very high temperatures. 

Finally, a recommendation for further investigations can be 

proposed and this involves the_carrying out of experiments of film 

boiling on a large flat horizontal surface at low pressures and high 

heat fluxes as well as at high pressures. 



85 

BIBLIOGRAPHY 

1. Grigull,U. and Abadzic, E ., "Blasen - und Filmsieden von 
Kohlendioxyd im kritischen Gebiet," Forsch. Ing. Wes., 31? N. 1, 
1965, pp. 27-30. 

2. Abadzic, E. and Goldstein, R. J., "Film Boiling and Free 
Convection Heat Transfer to Carbon Dioxide Near the Critical 
State," Int. J. Heat and Mass Transfer, Vol. 13, 1970, pp. 
1163-1175. 

3. Zuber, N., "Hydrodynamic Aspects of Boiling Heat Transfer," 
Ph.D. Thesis, Dept. of Eng., U.C.L.A., 1959-

k. Berenson, P. J., "Transition Boiling Heat Transfer from a 
Horizontal Surface," Technical Report No. 17, M.I.T., i960. 

5. Rankin, S., "Forced Convection Film Boiling Inside of Vertical 
Pipes," University of Delaware, Ph.D. Thesis, I96I. 

6. Staub, F. W., and Zuber, N., "A Program of Two-Phase Flow 
Investigation," Second Quarterly Report, July-September 1963? 
U. S. Atomic Energy Commission Contract AT(0^-3)-l89, Project 
Agreement 35, EURAEC, GEAP U367. 

7. Hsieh, D. Y., "Effects of Heat and Mass Transfer on Rayleigh-
Taylor Instability," ASME Transactions, March 1972, pp. 156-162. 

8. Hosier, E. R., and Westwater, J. W., "Film Boiling on a Hori­
zontal Plate, ARS Journal, April 1962, pp. 553-558. 

9. Lamb, H., Hydrodynamics, Dover Publications, N. Y., 19^5. 

10. Maxwell, J. C., The Scientific Papers of James Clerk Maxwell, 
Vol. II, Dover Publications, N.Y., I89O. 

11. Kocamustafaogullari, G., "Thermo-Fluid Dynamics of Separated 
Two-Phase Flow," Ph.D. Thesis, Georgia Institute of Technology, 
December 1971. 

12. Chandrasekhar, S., Hydrodynamic and Hydromagnetic Stability, 
Oxford Clarendon Press, 1961. 

13. Milne-Thompson, L. M., Theoretical Hydrodynamics, The Macmillan 
Company, N. Y., 1950. 



86 

14. Zuber, N., and Dougherty, D., "Fluid Dynamics of Dispersed Two-
Phase Vapor-Liquid Flow in Lubricant Film," U.S. Atomic Energy 
Report, M.T.I. - 68-TR30, 1968. 

15. Westwater, J. W., and Santangelo, J. G., "Photographic Study of 
Boiling," Ind. and Eng. Chemistry, Vol. 47, No. 8, August 1955, 
pp. l605-l6lO. 

16. Nishikawa, K., "Photographic Study of Saturated Free Convection 
Stable Film Boiling," Japanese Society of Mech. Eng., Vol. 4, No. 
13, 1961, pp. 115-123. 

17. Hosier, E. R., "Film Boiling on Horizontal Plates," Ph.D. Thesis, 
University of Illinois, I96I. 

18. Bankoff, S. G., "On Taylor Instability of Plane Surfaces," 
Physics of Fluids, Vol. 2, 1959? pp. 576. 

19. Kesselring, R. C , Rosche,P. H., Bankoff, S. G., "Transition 
and Film Boiling from Horizontal Strips," A.I.Ch.E. Journal, 
Vol. 13, No. 4, July 1967, pp. 669-675. 

20. Kiper, A. M., "Maximum Bubble Departure Size in Pool Film 
Boiling," Proceedings of the Sixth Southeastern Seminar on 
Thermal Sciences, April 13-1**, 1970, Raleigh, N. C , pp. 43-5^. 

21. Lienhard, J. H., and Wong, P. T. Y., "The Dominant Unstable 
Wavelength and Minimum Heat Flux During Film Boiling on a 
Horizontal Cylinder," Journal of Heat Transfer, ASME 
Transactions, Series C., Vol. 86, No. 2, 1964. 

22. Lewis, D. J., "The Instability of Liquid Surfaces when 
Accelerated in a Direction Perpendicular to Their Plane," 
Proceedings of the Royal Society, London, Vol. 202, 1950. 

23. Zuber, N., "On the Stability of Boiling Heat Transfer," 
ASME Transactions, Vol. 80, April 1958, pp. 711-720. 

24. Berenson, P. J., "Film Boiling Heat Transfer from a Horizontal 
Surface," ASME Paper No. 6O-WA-IV7, i960. 
, . I 

25. Jakob, M., Heat Transfer, Vol. II, John Wiley and Sons, N. Y., 

1957. 

26. Bromley, L. A., "Heat Transfer in Stable Film Boiling," 
Ph.D. Thesis, University of California, Berkeley, 19*+8. 

27. Sauer, H. J., Jr., and Ragsdell, K. M., "Film Pool Boiling of 
Nitrogen from Flat Surfaces," Advances in Cryogenic Engineering, 
Vol. 16, 1971, pp. 412-415. 


