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XIV 

SUMMARY 

An experimental study involving velocity profile and polymer 

concentration measurements was made in a developing channel boundary 

layer. Pure water and aqueous solutions of Poly (ethylene oxide), 

Polyox WSR-301, of 500, 1000, and 2000 ppm were injected into the boundary 

layer downstream from the origin through two rows of holes at an angle 

o 
of 15 with the plate. Channel dimensions were 12 in. by 3 in.;in the 

test section the boundary layer thickness and free stream velocity were 

approximately one inch and 2.6 ft/sec respectively. Both concentration 

and velocity profiles were measured at test stations 3,6,9, and 15 inches 

downstream from the injection source for injection rates of 250, 350, 

500 and 1000 cc/min. The last rate corresponds to the "sublayer 

discharge" for pure water flow. 

Velocity profiles were measured with a Pitot tube. Wall shear 

stress data for the pure water boundary layer were obtained using the 

"law of the wall". The presence of PEO caused large errors in velocity 

measurements close to the wall. Consequently, the law of the wall method 

could not be applied to compute wall shear. The pure water velocity 

defects were plotted for all four test stations. The results showed that 

the flow approximated an equilibrium turbulent boundary layer. This 

plot was assumed valid when polymer solutions were injected, and wall 

shear was calculated from velocity measurements taken in that portion 

of the boundary layer where no polymer had diffused. Although the results 

are imprecise they predicted drag increase rather than drag reduction. 



However, for all polymer injections studied boundary layer growth rate 

was reduced, indicating a reduction in drag. These contradictory 

results led to the conclusion that for the flow situation studied, the 

wake section of the boundary layer did not have the same velocity defect 

relationship when polymer was injected. 

Concentration profiles were obtained by adding a tracer (150 

ppm of Rhodamine B dye) to the injected concentrate. Samples were 

withdrawn through the same Pitot tube used for velocity data, and dye 

intensity was measured colorimetrically. The results showed that injection 

of polymer solution caused supressed turbulent diffusion. For water 

injection the initial zone of turbulent diffusion lasted approximately 

three inches from the source. For injection of 500 ppm solutions the 

initial zone was extended to 15 inches. Injections of 1000 and 2000 

ppm solutions resulted in all 21 inches of the test section being in the 

initial zone. To date, these are the only experimental concentration 

data in the literature for the "initial zone" of turbulent diffusion. 

The results also showed that slot injection was more efficient for 

higher injection concentrations. 
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CHAPTER I 

INTRODUCTION 

Very small concentrations, on the order of a few parts per million 

by weight, of certain dissolved high molecular weight polymers can reduce 

the frictional resistance in turbulent flow to as low as one fourth that 

of the pure solvent. Many investigators have noted this behavior experi­

mentally. Since these solutions have a higher viscosity than the pure 

solvent, the reduction of turbulent skin friction is somewhat surprising. 

Toms , in 1948, was the first to publish data on this friction 

reducing effect. He studied a system of polymethyl methacrylate in 

monochlorobenezene. This phenomenon is sometimes called the "Toms' 

effect". However, this is a misnomer since there is at least one instance 

2 
of much earlier work in this area . During World War II, research was 

done concerning the characteristics of gasoline thickened with aluminum 

soaps. In turbulent pipe flow the head loss was less for the thickened 

solution than for that of the pure gasoline. 

In the late 1950's, Shaver--* and Dodge reported reduced friction 

in solutions of sodium carboxymethylcellulose (CMC). Shaver also 

observed a repressed formation of horseshoe vortices in turbulent flow. 

In 1961, Ousterhout and Hall obtained large friction reductions in 

hydraulic fracturing of oil wells by adding both a natural gum polymer and 

a synthetic polymer to the water or brine. Possible naval applications 

led to government support which resulted in increased activity in the 

study of drag reduction. Vogel and Patterson were the first to obtain 
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drag reduction from ejection of polymeric solutions into a boundary layer. 

Fabula discovered the friction reducing ability of poly (ethylene 

oxide), (PEO), and was the first to notice drag reduction in the parts 

per million range. To date, PEO remains the most effective drag reducing 

material known. Only a few parts per million are required for appre­

ciable friction reduction PEO has become a standard material for studies 

of friction reduction. 

From the mid 1960's to date there has been a considerable amount 

of research done in the area of drag reduction. This work has been 

concerned with confirming and extending the basic ideas outlined earlier, 

and examining possible new applications for friction reduction. Many 

experiments and theoretical studies with various polymer-solvent systems 

have been reported. In turbulent shear flows dilute polymer solutions 

behave differently from pure solvent. Some examples are turbulent flow 

in both rough and smooth pipes, couette flow, spinning disks, heat and 

mass transfer, and Pitot tubes. A rigorous explanation has not yet been 

advanced. 

Considerable research is being directed toward engineering applica­

tions of the drag reduction phenomenon. In the oil industry, applications 

presently used are in the drilling of oil wells, in well fracturing opera­

tions, and the pumping of crude oil. In the area of naval applications, 

continuous ejection from a ship may not be economical. Kowalski" esti­

mated that several tons of polymer would be required per hour to maintain 

a uniform 20 ppm polymer concentration throughout the boundary layer on 

a ship 450 feet long. However, recent studies suggest it is only necessary 

to have polymer in the sublayer, and that major reductions of polymer 
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costs and more efficient ejection schemes are necessary for commercial 

ship application to be feasible. Experiments with a fire department 

pumper and hose showed head loss was considerably reduced when 200 ppm 

of PEO was added. Along with greater flow, or less pressure drop in the 

line, Green has shown that the polymer jet from the nozzle spreads 

less, is more resistant to wind break-up, and concentrates the water in 

a smaller area. These factors may be important in fire fighting. 

The purpose of the present study was to investigate experimentally 

changes in various boundary layer parameters resulting from slot ejection 

of polymer solution concentrate into a two-dimensional developing turbulent 

boundary layer in channel flow. Experimentally measured velocity and 

concentration profiles were used to evaluate the effect of injection 

concentration and rate on the velocity and concentration boundary layers. 

These data were also used to develop and evaluate a technique based on 

the velocity defect concept for using the velocity profile to calculate 

wall shear in a turbulent boundary layer injected with polymer solution. 

It is well known that turbulent flow cannot be successfully analy­

zed for all flow details. For laminar flow, the shear stress can be 

computed from the velocity profile. In the case of turbulent flow, there 

is no universal expression known relating the Reynolds stresses to the 

mean velocity distribution; hence no exact solutions for the boundary 

layer equations are possible. Completion of the above objectives, how­

ever, will provide a contribution to understanding the effect of injecting 

drag reducing polymer concentrate on the mean flow structure of a turbu­

lent boundary layer. 
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CHAPTER II 

DIFFUSION AND WALL SHEAR IN A TURBULENT BOUNDARY LAYER 

2,1 The Turbulent Boundary Layer 

2.1.1 The Basic Equations of the Turbulent Boundary Layer 

For two-dimensional flow, the steady-state turbulent boundary-

layer equations, written in terms of the usual rectangular Cartesian 

11,12,13 
c o - o r d i n a t e s are 

_ 2 
u d u + v B u = u d U + I c£ _ SuJ_ (2_^ 
dx Sy dx p Sy Bx 

In Equation (2-1) the shear stress T is given by: 

du 
T = -p u?v' + M- dy (2-2) 

The continuity equation for the mean flow, 

$u + £v = 0 (2-3) 
Bx Sy 

a l s o a p p l i e s . For most f lows, the l a s t term in Equation (2-1) may be 

neg l ec t ed ; hence the equat ion of motion becomes: 

u ^ i + v ^ = U l + I ^ (2-4) 
dx dy dx p Sy 

For laminar flow, the existence of a known relationship between the 

shear stress and the velocity gradient completes the set of partial 

differential equations and an exact solution of the boundary layer equa­

tions is mathematically possible. Analytic solutions have been obtained 



for some simple boundary conditions. These solutions are so-called 

similar solutions. The numerical solution of any general problem has 

always been possible in principle, but has only become practical with 

the advent of high-speed automatic computers. Relatively simple 

methods of calculations, for example the Pohlhausen method, which is 

sufficiently accurate for engineering applications, have been developed 

which satisfy the equations of motion only on the average. They make 

use of integrated forms satisfying suitable local boundary conditions. 

In the case of turbulent flows, no universal expression is known 

relating the Reynolds stresses to the mean velocity distribution, and 

no exact solutions of the boundary-layer equations are possible. The 

problem can be dealt with in two ways, which both require an essentially 

empirical assumption for the missing relationship. First, there are a 

restricted range of flows where conditions are such that approximate 

similarity solutions may be obtained, and second are methods of solution 

based upon the integral relationships. 

2.1.2 Similarity Solutions 

For laminar flow, exact similarity solutions are possible for a 

wide range of external pressure distributions since the whole velocity 

distribution can be represented by one choice of length and velocity 

scales. This is possible for the turbulent layer on a smooth surface 

only as an approximation in special flow situations. The turbulent layer 

may be assumed to be composed of two regions: an inner one depending 

solely upon local conditions, and an outer one dependent upon the upstream 

history of the flow. 
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The assumption of a constant eddy viscosity (in normal direction) 

in the outer region allows for a similarity solution for this part of the 

layer. However, the inner region provides the boundary conditions for 

this solution and strict similarity must be relaxed if matching of the 

two different regions is to be possible. This leads to a solution in the 

form of predictions for nearly similar (generally termed 'equilibrium' 

or 'self-preserving') boundary layers. 

2.1.3 Integral Methods 

The boundary layer equation may be integrated after eliminating v 

by means of the continuity equation: 

d 9 T W
 /IT , ON 9 d U /0 ^ 

S • ^ 2 " (H + 2) U to (2_5) 

where 

r § (i - § ) dy (2-6) 

51 - J U - § ) dy (2-7) 
o 

H = 6x/e (2-8) 

Equation (2-5) is commonly called the "momentum equation", and is valid 

for both laminar and turbulent flows. 

For laminar flow, the assumption of a suitable velocity profile 

(e.g. Pohlhausen) enables 9 and H to be calculated. Since T w is related 

to the velocity profile, the momentum equation (2-5) may be solved, given 

the inviscid flow solution U(x). The only difficulty arises at the forward 

stagnation point. (Schlichting outlines the Pohlhausen approach in 
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grea t d e t a i l . ) 

The wal l shear for t u rbu l en t flow i s found from some empir ica l 

equa t ion , for example, the Ludweig-Tillmann equat ion: 

T
TT - 1 . 5 6 1 H / TTfi\ - 0 . 2 6 8 

S.0 = 0 .123 e ( U i ) ( 2 - 9 ) 
plT V V / 

The assumption of a velocity profile of the form f(y/&) for turbulent 

flow does not give good results. Hence, an extra equation is required 

to calculate H(x). This equation, usually called the auxiliary equation, 

is of the form: 

dx S U' V U dx } (2-10) 

Considerable effort has been put forth to determine the best method of 

calculating H(x) for air flow. Schlichting outlines some of these 

equations. The early auxiliary equations were strictly empirical. Later, 

semi-empirical equations were developed. Some of these are the Energy 

Equation (Truckenbrodt ) Moment of Momentum (Granville ) and the 

1 / IS 

Entrainment Equation (Head ). As the result of an exhaustive study , 

it has been concluded that there are a number of competitive auxiliary 

equations for calculating turbulent boundary layers. 

2.2 Velocity Profiles in the Turbulent Boundary Layer 

The constant-pressure, turbulent layer is markedly different 

from its laminar counterpart. For laminar flow, a plot of experimental 

values of — versus y/6 reveals a single profile, the Balsius profile. This 

is true regardless of the Reynolds number and skin friction for most of 

the laminar region. For turbulent layers no single universal profile 



exists. For lack of anything better it was generally assumed that tur­

bulent profiles followed a single 1/nth power curve, with n accepted as 

approximately 7. However, this n is Reynolds number dependent, and 

experimental data show n varying from 3 to 10. 

For turbulent shear flows, there are two regions of similarity 

in the velocity profile. Near the wall there is the inner law of the 

"law of the wall" and in the outer region of the layer is the "velocity 

defect law". These provide relations between the velocity profile and 

wall shear stress. 

2.2.1 The Law of the Wall 

Experimental evidence with turbulent shear flow shows that there 

is a considerable region near the surface where: 

H = f / y^*\ (2-n) 
•k ' 

The earliest formulations were based on pipe flow data. Ludwieg and 

Tillmann suggested that this law of the wall existed in all cases of 

turbulent flow past a smooth surface. For the special case of two-

dimensional incompressible flow, the law of the wall is well established: 

2 - h » PU* ^ + B (2-12) 
tu k 

•k \ v 

where k and B are c o n s t a n t s , k i s gene ra l l y accepted as being Von Karman's 
1 fc\ 

constant, 0.4. B is assigned values varying from 4.9 (Clauser ) to 5.5 

11 12 (Schlichting ). Hinze concludes that because of scatter in experimental 

data, any value in this range is admissible. For flow past rough sur­

faces this law applies with k remaining the same and B decreasing with 
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increasing roughness height. The law of the wall is valid from the outer 

edge of the buffer zone (usually taken asyUj/v ^ 25) for approximately 

15-25 percent of the boundary layer. For fully developed pipe flows, 

Schlichting *• indicates that this law is valid for all of the turbulent 

core up to the pipe radius. 

16 Clauser compared velocity profiles for turbulent boundary layers, 

pipes, and channels such that the logarithmic portions coincide. His 

results showed that deviation from the logarithmic curve was different 

for each flow situation. 

2.2.2 Velocity Defect Law 

Far away from the wall the velocity defect ( ) has been found 
UVc 

experimentally to be independent of viscosity and a function of wall 

shear, density, and distance from the outer edge of the layer. Inde­

pendence of viscosity is consistent with the notion of a turbulent rather 

than a viscous process. The profile similarity may be stated: 

U=H = F (y/6) (2-13) 

This was originally deduced from flat plate, channel and pipe flow data. 

18 
Clauser showed experimentally the existence of boundary layers that 

exhibited similarity relationships (2-13) in tailored adverse pressure 

gradients. Clauser called layers that follow a defect law "equilibrium 

boundary layers". 

There is region in which both methods of correlation overlap, 

hence a relationship exists between the parameters of both laws. It can 

be shown (Clauser 1 6) t h a t i n t h e overlap zone: 
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w 
(2-14) 

From equation 2-12 and 2-14, we get: 

61U 

1 m — 
u„ " k v 

U 
+ B - B- (2-15) 

19 
Coles suggests the following form of the velocity profile in the 

outer portion of the layer: 

u 
u* 

y u * \
 n 

j + k w (y/6) 
(2-16) 

where IT i s a parameter independent of x and y; w i s c a l l e d the wake 
yu* 

function, and f is given by the right hand side of equation 2-12. 

Under this treatment, the velocity defect law is a deviation from the 

law of the wall. Coles normalized the wake function by subjecting the 

following conditions: 

w(0) = 0 

w(l) = 2 
.2 

j (y/6) dw = 1 

(2-17) 

Therefore, from conditions at the edge of the layer and the relations 

(2-17): 

u-u -l ,t n 
= - in (y/6) + — u 

2 - w (y/6) (2-18) 

Coles then relates the parameter II to the local skin friction by: 
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U 1 - 6iu „ 2n 
7L = k ln -T^ + B + ~ (2-19) v 

Coles defined the boundary layer thickness in terms of 6 by the condi­

tions (2-17) rather than the usual definition (u/U = .99). Coles tabu­

lated values of the wake function from his survey of various experimental 

20 12 work. Later authors (Fabula and Burns , Hinze ) give an approximate 

equation for w(y/&); this is: 

w(y/6) = 2 sin2 ( II | ) (2-20) 

or 

w(y/6) = 1 + sin [2(y/6) " l j TT (2-21) 

IT i s cons tan t in a given type of equ i l ib r ium l a y e r . For f l a t p l a t e 

flows, Coles, sugges ts t h a t II i s approximately 0 .55 . 

1 ft 
Clauser also proposed a defect law as a deviation from the law 

of the wall. He suggests: 

u ^ 
u 

= Fll ~)+ Gl ̂ /6> (2-22) 

where F is the logarithmic law of the wall function, (equation 2-12, with 

K = 0.41 and B = 4.9) and G represents the deviation from the logarithmic 

line. Clauser developed a plot of the function G , based on the data 

of seven experimenters, for both smooth and rough walls. Clauser 

defines 6 as the "thickness of the layer to nominal outer edge". Clauser 

1 8 
shows the result for previous work for equilibrium pressure gradients 

and demonstrates that similarity exists between (U-u)/u, and y/S for 

each set of flow conditions. The functional relation between these appears 



to be pressure gradient dependent. Clauser defines the following quanti­

ties: 

oo 

A = 6 [ ^-=-^ d (y/6) (2-23) 
«J u 

U - u 2 

G = | —7" d (y/6> (2~24) 
o * 

He i n d i c a t e s that for cons tan t p r e s s u r e l aye r s G = 6.8 and A/§ = 3 .6 . 

For non-zero p r e s s u r e g rad i en t equ i l ib r ium f lows, both G and A are depen­

dent on p ressu re g rad i en t and can be used to des igna te a se t of equ i l ib r ium 

p r o f i l e s . 

21 Hama " has proposed the following simple formula for the mean 

velocity distribution for y/6 > 0.15: 

^ = K (l-y/6)2 (2-25) 

Hinze indicates that this form of equation gives adequate agreement for 

22 practical purposes. Hama gives K as 9.6 whereas Granville gives K as 9.87 

for flat plates and 7.52 for pipes. 

2.2.3 Effect of Polymer on Velocity Profile 

23 
On the basis of his own pipe flow experiments, Meyer suggests that 

the following equation for velocity profiles in pipe flow of dilute 

polymer solutions: 

11 i y u * 
- = - In + B + AB (2-26) 
u* k V 

u* 
AB = a In — c (2-27) 

u* 
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That is, the profile has the same slope but a different intercept and 

may be treated as a "negative roughness". This shift in profile has 

been noticed also by Wetzel and Ripken ^ and Hulsebos^-3 in channel flow. 

For dilute solutions, u.v is independent of concentration and peculiar to 

a given polymer. Poreh and Hsu claim that for PEO a appears propor­

tional to concentration for values of AB up to 28; above this value 

27 
AB changes only slightly with concentration. White gives the following 

relation for PEO: 

a = 2.3 /C (2-28) 

He indicates that the maximum value of a is 11, for both guar gum and PEO. 

For approximately the inner 157o of the boundary layer of dilute 

polymer solution flow, the modified law of the wall (2-26) is usually 

assumed valid. In the outer regions of the layer, the velocity defect 

law is assumed to remain the same since viscosity does not affect the 

24 
profile in this region. The experiments of Wetzel and Ripken confirm 

this assumption. More discussion on velocity profiles in dilute polymer 

flow is in section 3.1.3. 

2.3 Diffusion in a Turbulent Boundary Layer 

An experimental study of diffusion of ammonia from a slot into a 

turbulent air boundary layer serves as the basis for characterizing 

28 
turbulent diffusion. Poreh and Cermak found a series of four stages or 

zones in the development of a concentration boundary layer. They defined 

a characteristic plume height, X, as the distance from the wall where the 

concentration is one half the maximum (or wall) concentration. They 

defined a relative rate parameter, 3, to differentiate between zones: 
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A/
 d6 

L6 = S/ - (2-29) 

L^ = V ^ (2-30) 

P = LX/L6 (2-31) 

2.3.1 Initial Zone 

In this region closest to the source, the concentration boundary 

layer grows slowly by molecular diffusion through the laminar sublayer. 

The characteristic height, X, is the same order of magnitude as the laminar 

sublayer. Large concentration gradients make it extremely difficult to 

obtain reliable data close to the point of injection. 

2.3.2 Intermediate Zone 

In this zone there is very rapid growth due to high turbulence 

intensity near the wall. The diffusing plume is submerged in the 

boundary layer, and is considerably larger than the laminar sublayer. 

Axial concentration gradients are much smaller than vertical gradients, 

and the ratio 3 is small. The mean concentration profiles can be des­

cribed by the following dimensionless curve: 

= f(S) (2-32) 
Cmax 

where § = y/X. The function f(^) is independent of both external velocity 

and boundary layer thickness for the range studies. Poreh and Cermak 

found from their data the following empirical equation for the plume 

growth: 

X = 0.076 x0,8 (2-33) 



where X and x are in cm and x is the distance from the source. They also 

found in this region that the wall concentration, C , varied inversely 
a ' max' J 

with the external velocity. They indicated that there is not a universal 

curve for $ versus x because |3 depends somewhat on the location of the 

source relative to the boundary layer origin. After approximately 18 

boundary layer thicknesses from the source, they found deviation from the 

quasi similar function, f (5). 

2.3.3 Transition Zone 

In this region, the plume growth rate is slowed because of less 

turbulence in the outer region of the boundary layer. The profile 

begins to gradually change shape. This region begins approximately 18 

boundary layer thicknesses from the source and ends at 60. At the end 

of this zone $ increases to unity, and the value of X/6 approaches 0.64. 

2.3.4 The Final Zone 

In the "final zone" the concentration boundary layer coincides 

with the shear layer. The concentration profiles can be expressed by a 

quasi-similar equation: 

^ — = f <y/&) (2-34) 
max 

The value of X/& remains constant at 0.64. 

2.3.5 Equations for Concentration Profiles 

7 Q 
Based on an eddy diffusion analysis, Morkovin proposed the 

fol lowing equat ions to r ep re sen t the non-dimensional ized concen t r a t i on 

p r o f i l e in the " i n t e r m e d i a t e " and " f i n a l " zones , r e s p e c t i v e l y : 
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1.5, = EXP\-0.693 ( y / X ) J - J | (2-35) 
w 

C , - 0 . 6 9 3 (y/X) 
— = EXP\ 

w 

2 . 1 

(2-36) 

Morkovin's curves agreed well wi th the exper imental da ta of Poreh and 

Cermak 
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CHAPTER III 

PREVIOUS STUDIES OF DRAG REDUCTION 

Important reviews on the status of the drag reduction effect 

2 30 31 r\r) ^ Â. 
are in the literature ' ' and Granville ' J J' q' gives an annual 

summary of progress in the area. This annual summary is given in terms 

of highlights, laboratory activities, and bibliographic entries for the 

o 
year. Of special importance is the work of Hoyt , whose summary is the 

most complete review done to date. A complete survey of the literature 

concerning the "Tom's Effect" would require considerable space and would 

be covering material encompassed by Hoyt's work. Hence, the aim of this 

chapter is to briefly discuss pipe flow of polymer solutions, flow around 

rotating disks and cylinders, and comprehensively review material relevent 

to this investigation. 

3.1 General Drag Reduction Background 

There are many polymer/solvent systems which exhibit less friction 

than the pure solvent. Only the more important industrial systems will 

be discussed. The effects of reduced drag in pipe flow will be outlined. 

Each of these effects is an area for considerable research. 

3.1.1 Pipe Flow of Dilute Polymer Solutions 

Guar is a complex polysaccharide derived from a plant raised 

commercially as a food additive and thickener. Guar is mostly used in 

oil well fracturing operations, and technology in this use has progressed 

35 such that Pruitt et al. developed a design procedure for minimizing 

pumping costs in fracturing operations. 
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As mentioned in the introduction, Fabula was the first investiga­

tor to use poly (ethylene oxide), (PEO), and to recognize that only a 

few ppm were sufficient to yield large reductions in drag. Another early 

contributor to the study of PEO solutions was Virk , who found a large 

effect on pressure drop in pipes with concentrations as low as five ppm. 

37 Goren and Norbury found maximum effectiveness at 10 ppm from extensive 

tests in a 2 inch pipe. At low concentrations density and viscosity are 

the same as water. Although most investigations involve water, PEO 

is effective in other solvents.PEO, the most effective drag reducing 

agent, has the disadvantages of being slow to dissolve and degrades 

easily under shear. 

The first water-soluble friction-reducing material studied in the 

literature was sodium carboxymethylcellulose (CMC)^*^. Ripkin and 

Q O nq 

Piltch and Pruitt and Crawford were among the first to make compre­

hensive studies of turbulent flow of CMC solutions. Other flow data on 

CMC solutions have been published by Ernst * . He experimentally 

measured fully developed turbulent flow in circular tubes. Both pressure 

drop and velocity profile measurements were made over a wide range of 
Reynolds numbers. CMC is less effective on a weight basis than most 

2 
drag reducing agents . 

Polyacrylamides are excellent friction reducers, and have the 

advantages of being less susceptable to shear degradation and dissolving 

more rapidly than PEO. Metzner and Park^ worked with dilute solutions 

of polyacrylamide J-100 (Dow) which they found gave drag reductions at 

dilute concentrations. Using Separan AP-30 (Dow) and J2-FP (Western Co.) 

43 a guar-type polymer, Witsitt et al. carried out flow tests in pipes 



over a wide range of concentration and pipe diameter. They found that as 

a drag reducer polyacrylamides appeared better than guar, but were not 

44 as effective as PEO. White arrived at similar conclusions. 

3.1.2 Special Effects in Pipe Flow of Dilute Polymer Solutions 

The study of turbulent-friction coefficients in pipe flow has 

uncovered numerous attributes of flowing polymer solutions. Each of 

these effects is in itself an area for extensive investigation. 

It has been noted that increasing pipe size greatly reduces the 

percentage of drag reduction given a constant Reynolds number. Savins 

was perhaps the first to point this out. Savins found that his data, 

1 / Q 

along with that of Toms , Dodge and Metzner , and Shaver and Merrill 

all showed a similar dependence on tube size. At higher Reynolds numbers, 

the diameter effect becomes less significant. 

All drag-reducing polymers have a concentration such that friction 

46 
reduction for a given Reynolds number is a maximum. Hoyt and Fabula 

were first to show this maximum; the concept was later confirmed by other 

investigators. Virk et al. correlated the results of nine investigators to 

obtain this analytical expression of the asymptotic limit for maximum 

drag reduction in smooth pipes: 

/C f = 19.0 loglQ (Re/Cf) -32.4 (3-1) 

In comparison the Newtonian turbulent-friction law in smooth pipes: 

^ = 4.0 logl0 (Re/Cf) -0.4 (3-2) 

There appears to be a "threshold" shear stress below which no 

friction reduction takes place. Virk was among the first to notice 



this threshold shear stress concept. The results of most authors indi-

2 
cate that the onset shear stress is peculiar for each polymer and is not 

dependent on flow rate, pipe size, or polymer concentration. Substances 

o 
with higher molecular weights have lower onset shear stress . 

When the onset shear stress occurs in the laminar flow regime, 

the friction factor-Reynolds number plot is an extension of the laminar 

2 
line . This can be considered as transition delay, transition being 

defined as the point of departure from the laminar friction line. White 

and McEligot and Castro and Squire both found extensive transition 

delay. In larger pipes, where the onset shear stress is not reached 

2 
until the turbulent regime, no effect of polymer on transition is evident . 

Hoyt and Fabula first showed that additives were effective on 

rough surfaces. Many workers since then have used commercial pipes of 

nominal roughness in their experiments. Virk"5-1" gave the best data on 

polymer drag reduction in rough pipes, because he characterized both the 

test pipes and polymer solution. He found the friction coefficient of 

even the roughest pipes could be lowered to the value of drag-reduced 

smooth pipes. Virk showed also that onset of drag reduction occurred 

at the same wall shear stress in rough and smooth pipes. 

44 
White studied pressure drop in turbulent dilute polymer flow 

over a 33°C temperature range. He found the drag reducing effectiveness 

is not a direct function of temperature for the range covered. However, 

there is an indirect effect in that temperature changed solvent viscosity. 

This can lead to an apparent difference in effectiveness unless the compari­

son is made at a common Reynolds number. 

Both mass and heat transfer rates are reduced by the addition of 
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52 
a drag reducing agent. Wells developed a correlation to predict heat 

transfer rates from pressure drop data in drag reducing fluids. He 

followed the Reynolds analogy approach, using the equation of Meyer for 

skin friction. Good comparison was indicated with experimental data. 

53 
Sidahmed and Griskey indicate the effect on mass transfer is comparable 

to heat transfer. 

3.1.3 Velocity Profiles in Pipe Flow 

Many investigators have studied the velocity distribution across 

pipes flowing dilute polymer solutions. All results generally agree, 

the profiles being much flatter than those of water. The turbulent 

velocity profile in a pipe can be expressed by 

vu^ 
u = A In _ + B (3-3) 
u* v 

where A = 2 .5 for Newtonian f l u i d s 

B = 5.5 for Newtonian f lu ids 

A new c o n s t a n t , AB, can be added t o r e f l e c t the inc rease in the loca l 

v e l o c i t y r a t i o , u/uVs., when the drag reducing s o l u t i o n is p r e s e n t . Hence: 

u = A l n Z ^ I + B + AB (3-4) 
u v 

* 

Most workers agree that the constant A is unchanged in dilute 

23 
polymer flows. These important results were first shown by Meyer ~ and 

41 54 37 
confirmed by Ernst , Elata et al. , and Goren and Norbury , among 

o t h e r s . AB i s a complicated funct ion of the polymer molecu le ' s charac­

t e r i s t i c s and concen t r a t i on . As was d iscussed in Sect ion 2 . 2 . 3 , AB was 

9 T 

found by Meyer to be of the form: 



u^ 
AB = a In — (3-5) 

-1* u. 

where u£ is the critical or onset shear stress. For dilute solutions 

c 
u depends upon the type of additive and is independent of concentration. 

27 
UThite , based on the work of five investigators, proposed the following 

relations for guar and PEO respectively: 

a = 0.006 C 

c (3-6) 
u^ = .23 + .02 ft/sec 

a = 2.3 /c 
(3-7) 

u£ = .08 ± .02 ft/sec 

For both polymers, the data suggested the maximum value of a to be 11. 

Poreh and Hsu state that a is proportional to concentration with the 

maximum value of AB to be 28. 

There appears to be conflicting evidence concerning the velocity 

defect in pipe flow. The data of Virk suggest one universal defect 

law. However, the results of Goren and Norbury show considerable scatter 

near the wall (y/R < 0.3) when plotted in defect form ( vs y/R). 
u* 

47 
Virk postulates three zones in the turbulent pipe flow profile: 

the viscous sublayer, the interactive zone characteristic of drag reduc­

tion, and a Newtonian turbulent core. The interactive layer corresponds 

to the Newtonian Buffer Zone. The Newtonian plug is given by Equation 

(3-4) . Virk gives the interactive zone profile by 

- = A In — + B (3-8) 
u. v v ' 
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Virk gives A = 11.7 and B = 17.0. Virk calls Equation 3-8 the "ultimate 

profile", since this profile is inferred from the ultimate asymptote for 

55 
drag reduction, Equation 3-1. Granville indicates that other authors 

have experimentally found this thickened buffer zone, and noted logarithm! 

profiles in it. 

3.1.4 Flow Around Rotating Disks and Cylinders 

The external flow of polymers on rotating disks and cylinders 

offers an opportunity to examine drag reduction in boundary layers. 

46 
Hoyt and Fabula contributed some early experimental data on the 

turbulent flow of drag reducing fluids around rotating disks. Disks 

were rotated such that turbulent flow extended over most of the disk. 

A key result of their work is that the maximum torque reduction obtained 

was similar for different polymers. That is, the same maximum torque 

reduction can be obtained for a given Reynolds number, regardless of the 

c r 

polymer. Gilbert and Ripken investigated both smooth and rough disks 

rotating in various concentrations of guar gum. They found maximum reduc­

tions of 607o for the smooth disks. Giles , using empirical velocity 

profiles from pipe pressure drop data, developed the following relation 

where K indicates the minimum torque on both sides of the rotating disk: 

K = 0.684 Re" 0 , 3 6 2 (3-9) 
m 

His expression has been effective in predicting minimum disk friction to 

within about 8%. This discrepancy is attributed to end effects in the 

test arrangement. 

Since rotating cylinder viscometers are frequently used in polymer 

characterization, many studies have been made using couette flow devices. 



Shin did the most thorough experiments in turbulent couette flow of 

polymer solutions. He used PEO in both fresh and sea water and poly-

isobutylene in cyclohexane and decalin. He found maximum friction reduc­

tion at about 80 ppm. By varying the gap in the system he found that the 

optimum concentration remained about the same. However, the maximum 

drag reduction at the optimum concentration changed. 

3.2 Velocity Measurement 

Although this may be considered of minor importance in most drag 

reduction studies, velocity measurement is a prime factor here. Astarita 

59 
and Nicodemo were among the first to examine descrepencies between 

measured and true velocities in viscoelastic flow. They postulated 

that Pitot tube reading consisted of three components: a first normal 

stress contribution; an integral normal stress contribution; and a kine­

tic contribution. For a Newtonian fluid, only the kinetic contribution 

is non zero. Since both normal stress contributions are negative, they 

theorized the true velocity should always exceed the measured velocity. 

Experimentally, they computed total flow from Pitot tubes surveys, and 

found the measured flow rate to be considerably less than the true. 

Metzner and Astarita attributed the impact tube errors in polymer 

fluids to (a) the influence of normal stress terms; (b) the time average 

of the fluctuation stresses are not simply related to the time average 

of the velocity distribution; and (c) the boundary layer thickness on 

the probe may be much larger than the probe size. A large instrument 

is desirable to reduce errors. However, this results in less precision 

in the velocity surveys due to averaging over a large probe area. Also, 
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using a large probe, it is impossible to obtain velocity measurements 

near a wall. 

Wetzel and Tsai give calibration curves for three different 

impact tubes in PEO WSR-301 solutions of various concentrations. The 

impact tubes were towed in a laboratory towing facility. Two of the 

tubes were square ended flattened tubes and one had a hemispherical nose. 

The towing velocity was varied from one to sixteen feet per second, and 

polyox concentration varied up to 750 ppm. They found that as the poly­

mer concentration increased, so did the difference between the measured 

and true velocity. They also found that for the range of velocities 

covered the pressure coefficient defined below, was independent of 

velocity: 

AP 
C = v J 2 (3-10) 
P -2 pU J" ' 

where AP = measured difference between total and static pressure 
s 

U = true velocity 
t y 

Fruman, Sulmont, and Loiseau tested five different probes in 

PEO WSR-301 solutions varying from 50 to 200 ppm. They towed the probes 

in a circular basin, varying the velocity from two to eleven meters per 

second. They were unable to correlate their calibrations except for the 

200 ppm data. 

Gilbert and Ripken as part of their work on rotating disks, 

tried to calibrate their Pitot-static probe. They determined the pressure 

coefficient for the probe in water and 500 and 1000 ppm guar gum solu­

tions aged up to two weeks. They found the error for one day old guar 

solutions was quite small, and that the error increased with concentra-
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tion, the maximum being about 10%. These discrepencies were less than 

f> 1 those obta ined by Wetzel and Tsa i° . 
C O 

Frieke and Schwarz performed experiments with both Pitot tubes 

and anemometers in polyacrylamide concentrations from 10 to 300 ppm. 

The velocity was measured independently by the hydrogen bubble technqiue. 

The results indicated that Pitot tubes adequately measured the local 

velocity, cylindrical hot-film probes cannot be used to measure velocity 

under certain conditions, and that conical probes gave better results 

than cylindrical ones. 

The polymer type and concentration, probe dimensions, and fluid 

velocity all interact together to make estimation of velocity using a 

Pitot tube an extremely complicated undertaking. It is evident more 

research is needed in this area. 

3.3 Flow Over Flat Plates-Analytical Solutions 

Since there is considerably more experimental data for flow in 

pipes, analytical solutions for flat plate flow in dilute polymer solu-

22 tions are based on similarity relationships. Granville developed 

similarity laws for homogenous solutions from a dimensional analysis 

of the inner similarity law (law of the wall), which was modified for 

polymer solution flow, and the outer similarity law (velocity defect 

law) which remained the same as for pure solvent flow. The overlapping 

of the inner and outer laws resulted in a linear logarithmic relation 

with von Karman's constant unchanged and the intercept factors a function 

of polymer characteristics and shear velocity. Various integral rela­

tions were developed to calculate displacement thickness, momentum 

thickness, and shape parameter of flat plate flow. Formulas were developed 



for total resistance coefficients of flat plates in homogenous polymer 

solutions as a function of Reynolds number. A numerical example is given 

for a sample concentration of guar gum. 

Giles developed a new Blasius type law of friction for minimum 

frictional resistance from empirical pipe data. Following a method simi­

lar to Prandtl, he developed a modified 1/nth power velocity distribution 

and relations for displacement and momentum thickness. Using an integral 

momentum technique he developed a formula for total skin friction of a 

flat plate: 

-0.362 
C = 0.315 ^ (3-11) 

22 
Combining h i s prev ious f l a t p l a t e a n a l y s i s with the i n t e r a c t i v e 

layer concept of Virk , Equation ( 3 - 8 ) , Granv i l l e developed a r e l a t i o n 

for maximum drag reduc t ion on a f l a t p l a t e . He assumed t h a t maximum drag 

reduc t ion occurs when the shear l ayer i s reduced to a laminar sub- layer 

and the i n t e r a c t i v e l a y e r . That i s , the v e l o c i t y p r o f i l e throughout the 

layer i s r epresen ted by Equation ( 3 - 8 ) . Granvi l l e der ived the following 

form for maximum drag r educ t ion , l imi ted to high Reynolds numbers flows: 

In (Rx Cf) = ~ / q r + 1 - ~ + In (2A) - ^ / C f (3-12) 

Granville plotted his result and the power-law relation of Giles and found 

good agreement between them. 

27 White assumed the modified law of the wall, Equation (2-26), to 

hold throughout the boundary layer. Using an integral momentum analysis, 

White derived a relationship for shear stress: 
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-k"Y , ? 2 
Ux = 0.1108 kV / u* 
~ — 3 - 6 

k ^ u. 

f — \ [ k v - 4kY + 6 + ka (kV - 3)1 (3-13) 

y = JL. = I -±-) "2 (3-14) 

where 

Following this theory further, White noted that polymer friction 

reduction for a plate is confined to near the leading edge. Some drag 

results are plotted, and showed the polymer effectiveness was decreased 

at large plate-length Reynolds numbers. Using his relation for a. (Equation 

3-7), White compares his results with the experiments of Levy and Davis, 

showing fairly good agreement. He also outlined an extension of his 

methods to flows with pressure gradients. 

65 67 9 9 
McCarthy and Granville extended Granville's formulation of 

the uniform polymer concentration-flat plate problem to include polymer 

injection near the leading edge, for high Reynolds number flow. The 

analyses were restricted to the final zone of turbulent diffusion where 

the polymer plume fills the boundary layer (section 2.3.4). Both McCarthy 

and Granville assumed that this zone commenced at the injection point. 

In carrying over the velocity similarity laws from the uniform to the 

injected case both authors assumed that there is a local effective poly­

mer concentration independent of distance from the wall. This was taken 

to be the local wall concentration, and was used to determine the AB 

of the modified law of the wall for drag reduced flow. McCarthy gave 

numerical results for water-polyox solutions with either uniform concen­

tration or injection. Granville's analysis was for an ejected solution 



of 2000 ppm of guar gum, which was also compared to a uniform concentra­

tion of 2000 ppm. 

Granville advanced his previous analysis using similarity-law 

correlation for drag reduction, and showed that a sufficiently thick 

turbulent shear layer was required. He showed that the similarity law 

correlation should not be used if the shear layer is too thin, as in a 

capillary tube. 

Elata , following the approach of Prandtl, assumed the following 

velocity profile for homogeneous solution flat plate flow: 

-±- = A In z (3-15) 
u* 

= B' yn*(u* Tl\C + 1.0 (3-16) 

« L i? w fU£ (^ T l \ r. ' 'l + l - 4.13 log 2 C (3-17) 

v \ v 

where T is the maximum relaxation time of the polymer molecules; T 

depends on molecular weight and intrinsic viscosity, and C is the con­

centration in ppm for PEO. From the momentum equation, he developed 

the following relation for skin friction: 

C 

7t *4-13 ios n ( ^ c£ 

He extended his analysis to ejection by assuming the polymer was diluted 

as follows: 

6c = constant (3-18) 

Elata used numerical integration to compute the total friction along the 

flat plate. Elata compared his results to experiments of other inves-



tigators and found his analysis predicted a monotonic increase in drag 

reduction while experiments showed a maximum drag reduction. 

White outlines a method of interpreting boundary layer behavior 

from pipe experimental data. Wall shear data, from pipes of differing 

diameter, were plotted on double logarithmic coordinates. This method 

of plotting, first proposed by Gadd, yielded the following simple rela­

tionship: 

T P T o N 

W W 

The value N depends upon the concentration of the polymer in the 

solution. Combining this relation with equations for wall shear and 

boundary layer thickness for Newtonian fluid developed from the l/5th 

power law, he applied the momentum equation to obtain values of these 

parameters as a function of length, for drag reduced flat plate flow. 

His analysis showed that drag reduction increases with free stream 

C 
velocity, decreases with increasing T , and increases with length. For 

w 

100 ppm guar gum solution, analysis predicted a 307o drag reduction. 

Poreh and Hsu ' modified a method based on the Lagrangian 

similarity hypothesis to develop a numerical scheme for calculating 

diffusion from a line source. The analysis is limited to predicting 

maximum concentration and development of the diffusion boundary layer 

thickness. It is further restricted to the intermediate zone of diffu­

sion in a developing concentration turbulent boundary layer (Section 
2.3.2). Their results agreed well with experimental data on diffusion 

28 
from a line source. They extended their analysis to include the growth 



of the diffusion boundary layer in flow past a rough boundary and in 

flow of drag reducing polymer past a smooth boundary. Polymer injection 

from a line source was considered further 

They assumed a simple velocity profile (Equation 2-25) for the outer 

portion of the boundary layer. For the inner 15%, they modified the law 

of the wall, using the AB approach. Local values of AB were calculated 

by assuming AB was proportional to the concentration of polymer at 

the wall. Drag reduction, maximum concentration and concentration boundary 

layer growth are presented for various mass rates of polymer injected 

into a flat plate boundary layer. Only a free stream velocity of 5 m/sec 

was considered. Their analysis showed that for drag reduced flows, 

diffusion rates decreased in comparison with pure water diffusion. 

20 Fabula and Burns analyzed the drag reduction and mixing of 

polymer solution injected into a two-dimensional flat plate turbulent 

boundary layer. They assumed that the velocity defect similarity law of 

19 Coles approximated the velocity profile throughout the boundary layer. 

Restricting the analysis to the final zone of turbulent diffusion 

(Section 2.3.4), they used the expression of Morkovin (Equation 2-36) to 

describe the concentration profile. Combining these relations, an equa­

tion for wall concentration was developed. Comparing their results to 

the experiments of Wetzel and Ripken"^ they found the "negative roughness" 

concept for dilute polymer solutions to be valid. Predicted values of 

the concentration profiles, for both water and polymer injection, differed 

considerably from experiment. However, the experimental profiles followed 

the predicted shape. This indicated that perhaps the boundary layer 

thickness ratio (concentration to momentum), as chosen by Poreh and 
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n o 

Cermak for the final zone, was somewhat low. Increasing this ratio 

resulted in lower wall concentrations and improved agreement with 
experiment. 

-,, 7 2 Wells suggested that uniform injection through a porous wall 

would be very efficient, since it raises the additive concentration to 

the drag reducing level in the wall region only. He compared analy­

tically distributed injection with slot injection and found distributed 

injection to require between 40 and 140 times less additive than slot 

injection to maintain equivalent drag reduction. 

3.4 Flow Past Submerged Bodies-Experimental Studies 

In this section previous experimental work concerning flow studies 

of submerged bodies will be discussed. The studies are limited to 

homogeneous solutions. Experiments of this sort are performed in towing 

tanks, in drop tanks, and in situations where the solutions flowed past 

stationary bodies. 

73 
Emerson towed a seven foot plank, two standard models (KC116 and 

KC119), and an eight foot formica covered plywood pontoon in a towing 

tank containing PEO WSR-301, with concentration varying from 1\ to 50 

ppm. Although Emerson points out his data are somewhat unreliable be­

cause of polymer degradation, he achieved a friction reduction of 50% 

6 
at a concentration of 50 ppm and a Reynolds number of 1.5 x 10 . 

Levy and Davis towed a thin three foot long plate in a circular 

towing tank at speeds from 15 to 45 ft per second, corresponding to 

Reynolds numbers 3 x 10 to 10 . The channel was 20 feet wide, had a 

median radius of 45 ft. and was filled to a depth of 10 ft. The test 



plate was curved to fit the relative flow on a 45 foot towing radius. 

The polymer was PEO WSR-301, and concentrations varied from 1.5 to 100 

ppm. Maximum reduction was about 607o at 15 to 20 ppm concentration. 

They found that at concentrations higher than 20 ppm, the drag reduction 

was slightly less than maximum. At the highest speeds tested, drag 

reductions of approximately 607o were obtained for concentrations from 

15 to 100 ppm. 

74 
Wu conducted a series of measurements of the turbulent drag 

on a flat plate using homogeneous solutions of Polyox WSR-301, and visua 

studies concerning diffusion and entrainment of jets with additive solu­

tions flowing in a turbulent stream of pure water. The drag reduction 

obtained on the plate was generally lower than that for pipe flows. 

Maximum reduction occurred in the range of 50 to 100 ppm. He confirmed 

that the additive suppressed turbulent diffusion, and suggested that 

smaller amounts of additive were needed for ejection than was previously 

thought. The results indicated that for efficient drag reduction the 

solution ejected should be dilute, and injection rate should be compara­

ble to the flow within the laminar sublayer with no polymer addition 

(i.e., the sublayer discharge). 

Q 

Kowalski tested a flat plate and models of two ships in fresh 

water and aqueous solutions of up to 50 ppm of Polyox WSR-301. The mode 

were towed at constant speed in a towing tank and the drag was measured 

by a force block. Reynolds numbers ranged from 7 x 10 to 4 x 10 . 

Drag reductions of the order of 25% were obtained for the ship models, 

and about 457o for the flat plate. Increasing the concentration above 

20 ppm produced only a marginal lowering of resistance. 



Merrill et al. /b tested two bodies in PEO solutions - a flat 

plate and a scale model of a torpedo. The test apparatus consisted of 

an open column employing photo-cells to measure terminal velocities of 

the test models. Test bodies were placed at the bottom of the tank, 

then accelerated to terminal velocity by a system of counterweights. 

The models were tested in fresh water and PEO solutions of concen­

trations up to 100 ppm. The polymer solution led to a substantial in­

crease in the terminal velocity achieved by the flat plate. Up to 20 

ppm the terminal velocity of the torpedo also increased with concentra­

tion. However as concentration was increased above 20 ppm the terminal 

velocity decreased. The explanation offered was that the polymer lami-

narized the boundary layer, promoting early separation, which increased 

the form drag. 

White performed experiments dropping a concrete sphere into a 

tank containing either water or dilute PEO solutions. The wake pattern 

was recorded by high speed photography. The sphere was made hydrodyna-

mically smooth, and was dropped from a height such that the average 

Reynolds number was just below the critical value. Drop tests showed 

a laminar boundary layer with early separation. The sphere was roughened 

and the tests repeated. The separation point was moved rearward. When 

the roughened sphere was dropped into a 60 ppm PEO solution, the separa­

tion point was moved forward, increasing the form drag. The drag 

coefficient was practically the same as that of the smooth sphere. 

78 
Lang and Patrick conducted experiments to determine the effect 

of polymer additives on the drag of cones, disks, spheres, and cylinders. 

These t e s t s were performed in p l a i n water and Polyox WSR-301 s o l u t i o n s of 


