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SUMMARY 

The flow field in the neighborhood of a subtotal vascular stenosis 

is of great interest in clinical medicine and represents a challenging 

problem in fluid mechanics. The flow disorder created in the poststenotic 

field has been shown to be an important feature of the flow. 

In the present study a theory has been established for the analysis 

of flow disorder in pulsatile flow. The motivation is to describe the 

disorder and study the possibility of using it as a diagnostic tool to 

detect atherosclerosis noninvasively. The theory characterizes the 

disturbance velocity as a function of time in the velocity cycle and 

suggests several digital techniques to describe flow disorder which in­

cludes computation of the ensemble average waveforms, energy spectra 

and autocorrelation functions, and the rms disturbance velocity. 

The theory has been applied to in vivo hot film measurements that 

were taken at one axial position distal to several degrees of occlusion 

ranging from zero to severe. The stenoses were formed by placing bands 

about the aorta of an anesthetized dog. The analysis shows that the 

flow disorder is a sensitive indicator of mild to moderate stenoses which 

implies the possibility of using it to detect the location and size of 

arterial stenoses in their early stages, particularly before becoming 

clinically significant. The disturbance velocity of these data was non-

stationary for mild to moderate stenoses, so that results for rms dis­

turbance velocities and energy spectra depend strongly upon the interval 
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being studied. However under certain conditions dynamic similarity of 

the disturbance energy spectra existed. The ensemble average waveforms 

demonstrate the appearance of split systolic peaks for mild to moderate 

stenosis and suppression of the pulsatility nature of the flow for severe 

stenoses. 

To study the disordered flow field distal to arterial constriction 

and to identify the fluid mechanics phenomena associated with it, three 

models of arterial stenosis were constructed to represent mild, moderate, 

and severe occlusions. A specially designed flow system was made to 

provide pulsatile flow with sinusoidal velocity oscillations proximal 

to the stenoses models. The upstream velocity waveform has a frequency 

of 1 Hz and Reynolds number range from 500 to 2400. The laser Doppler 

velocimeter was used to measure the centerline velocity at several axial 

positions downstream of the constriction. The flow disorder analysis 

applied to these data shows that this complex flow field is characterized 

by the existence of three major classes of disturbances, namely, shed 

vortices, periodic instabilities that break down to turbulence, and 

turbulent fluctuations. The existence and interaction between these 

disturbances depend on the degree of constriction, Reynolds number, and 

the frequency parameter. 

The flow field distal to the mild stenosis (25 percent area reduc­

tion) is characterized by several vortices being shed during the accelera 

tion phase at the near poststenotic field which then propagate downstream 

Interaction between vortices was.also noticed. As vortices move distal 

to the stenosis they lose their strength and decay by viscous dissipation 
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There was no significant turbulence observed for this mild stenosis 

distal flow field. 

The flow field distal to a mild stenosis (50 percent area reduction) 

is characterized by shed vortices leading periodic instabilities that 

break down to turbulent fluctuations and forming the turbulent front. 

Both vortices and the turbulent fluctuations decay and dissipate their 

energy as they move downstream. 

The severe stenosis (75 percent area reduction) poststenotic field 

is more violent. Both the vortices and the turbulent front are formed 

in a similar way to the 50 percent occlusion. However, the turbulent 

front is able to overtake the leading vortices breaking them into high 

amplitude turbulent fluctuations. This region of turbulence is convected 

downstream and decays because production of turbulence is not balancing 

dissipation. 

Spectral similarity was obtained between in vivo and in vitro 

data provided that the most turbulent parts of the cycle are examined. 

The ensemble average waveforms for the in vitro data show split peaks 

similar to those of the in vivo results. This can be caused either by 

a vortex or a turbulent front passing through this position while flow 

is reaching its maximum velocity. 

Thus, results obtained from the in vitro study add to the under­

standing of physiological turbulence, its development and decay and 

explain some of the phenomena observed in the in vivo data. The use of 

the development of the disturbance velocity with time to identify and 

follow the vortices and the turbulent front provided a good method of 
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flow description. 

Finally, a direct comparison between the pulsed Doppler velocim­

eter (PD) and the laser Doppler velocimeter (LDV)was conducted in a water 

flow system to determine the capability and limitations of the PD as a 

noninvasive detector of the flow disorder. A modified technique was 

used to process the Doppler audio signal of the PD by employing the phase 

lock loop (PLL). The flow disorder analysis was also applied to these 

measurements. Average velocities, turbulent spectra, and intensities 

as measured by the PD/PLL system in steady pipe flow agree very well 

with data from LDV and hot film measurements. This implies that very 

useful turbulence information may be obtained with ultrasound. Measure­

ments in pulsatile flow show very good agreement between the ensemble 

average velocities measured by PD and LDV. The poststenotic flow measure­

ments of turbulence using the PD/PLL system at an angle to the flow is 

still difficult to interpret because of the severe nonisotropy of the 

turbulent fluctuations. 

The present study has demonstrated that mild constrictions in the 

dog aorta can be readily identified by disordered flow analysis. The 

in vitro model studies disclosed information on the nature and source 

of poststenotic flow disorder, and a method of obtaining turbulence 

measurements noninvasively was verified. 
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CHAPTER I 

INTRODUCTION 

The physician is interested in diseases of the arteries because 

it is probable that if his patients (and he himself) do not die of cancer, 

they will die of arterial disease. This is only natural because the 

arteries, since they are under continuous stress, are the tissues which 

begin to degenerate soonest with the possibility of a future complication 

from involvement of the heart or brain (1). 

Of all arterial lesions ARTERIOSCLEROSIS is the most common, the 

most important, and the most obscure. The word literally means hardening 

(sclerosis) of the arteries. The very name is enigmatic. It is really 

an omnibus term including three distinct conditions, namely atherosclero­

sis, Mbnckeberg's sclerosis, and arteriolesclerosis (1). 

ATHEROSCLEROSIS or atheroma is responsible for more disabilities 

and death than any other disease. This form of disease is characterized 

by the occurrence of localized obstruction or plaques. It is the cause 

of about 95 percent of deaths from coronary artery disease and about 50 

percent of deaths from cerebrovascular disease. In some ways it presents 

the same kind of dark mystery as does cancer, for its etiology and 

pathogenesis are matters of endless and sometimes furious debate. On 

the clinical side at the present time convincing evidence is lacking 

that something can be done with respect either to prevention or treatment, 

although clues are not lacking. 
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Atherosclerosis is commonly seen and most readily studied in the 

aorta and aortic arch, but it is also frequently found in other arteries 

such as the coronaries, the cerebrals, and the carotids. It may also be 

found in the common iliac and femoral arteries. It is most noticed at 

branches and bifurcations. The earliest lesions may take the form of 

yellow linear streaks at first hardly raised above the inner surface of 

the blood vessel. These represent fatty deposits in the depth of the 

intima (the tissue just below the endothelium, the inner lining of the 

arterial wall). As the process advances the intima over the patch of 

fatty deposits gradually becomes raised, thickened, and more hyaline. 

After that, the intima loses its continuity and a stenosis or constric­

tion is formed. On the resulting roughened surface, thrombosis or clotting 

occurs and may form the starting point of a future embolus, or abnormal 

particle. The embolus may be large enough to cause total arterial oc­

clusion and in turn death to the part fed by this artery. The deposition 

of limesalt in the fatty material may convert the lesion into a calcified 

plaque with the brittleness of a shell, and this may be cracked across 

due to vibrations and stresses caused by turbulent flow of blood in the 

region of the stenosis (1). The cracked brittle parts may form the 

starting point of a dissecting aneurysm, or bulge in the arterial wall. 

The possibility that hemodynamic factors may participate in the 

genesis and proliferation of atherosclerosis has fostered increased study 

during the past decade. Suspicions were aroused by the clinical observa­

tions of a predilection for atherosclerotic plaques to form at particular 

sites of the vascular tree, most notably regions of vessel branching and 
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bifurcation. Continuing investigations into blood flow patterns have 

contributed important data, but at the present time the precise relation­

ship of hemodynamics to possible causative mechanisms have not been 

established. 

Fry (2,3) has emphasized the interaction of local flow with the 

arterial lining (the endothelium) as a possible precursor to plaque 

formation. He suggests that high rates of wall shear can actually tear 

away the endothelial cells which line arterial walls and that damaged 

sites thus produced are preferential for the deposit of lipids carried 

in the blood stream. He also mentioned that an unstable and unsteady 

stress pattern (like that associated with flow separation) tends to 

increase the permeability of the endothelium to lipoprotein and may in 

turn lead to fat deposition in the intima. 

Caro et al. (4,5), on the other hand, advanced a hypothesis based 

on the general proportionality between wall shear and mass transport. 

They suggested that fatty deposits accumulate at locations where the 

mass transport rate of cholesterol away from the wall into the blood 

stream is insufficient to balance the rate at which it is manufactured 

in the vessel wall. Since mass transport rate correlated with shear 

rates, they argue that sites of preferential buildup of fatty deposits 

will be those having low shear rates. The controversy between Caro's 

approach and that of Fry has not yet been resolved. 

Regardless of the exact initiating factors of the atherosclerotic 

plaques, it is clear that once an obstruction has developed, the flow of 

blood will be disturbed and hemodynamic factors must play an increasingly 
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important role as the stenosis continues to develop. This phenomenon 

created a new and very interesting research area in the hemodynamic 

studies of atherosclerosis. 

The flow field created by arterial stenoses has attracted many 

research workers. The reason is the complications and challenges asso­

ciated with the actual flow conditions in partially occluded arteries, 

such as the complex pulsatile nature of the flow, extensibility, and 

viscoelastic properties of arterial walls, the nonuniformity of the 

stenoses, branching, curvature, and geometric taper in the arteries, in 

addition to the fact that the blood is a non Newtonian fluid. 

In spite of all of these complications, there are some theoretical 

approaches and modeling to study the flow through the stenosis such as 

those of Lee and Fung (6); Morgan and Young (7); Daly (8); Kozman and 

Forrester (9); and Deshpande and Giddens (10). These authors and others 

tried to start with simplified models of steady or pulsating flow through 

axisymmetric stenoses in rigid tubes as a step to understand and clarify 

the characteristics of the complicated actual flow field. 

Experimental investigations, on the other hand, have rapidly 

developed and spread to study specific factors and parameters of the 

actual flow field in the region of arterial stenoses that have medical 

significance. Some of these experiments are in vitro, others are in vivo. 

The main parameters and factors that have been studied are: 

(1) The resistance or impedence of the constriction as character­

ized by the relationship between the pressure drop and flow (11,12,13,14). 

(2) The distribution of pressure and shear stress through the 
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constriction (2,4,15,16). 

(3) The nature and extent of localized separated regions of flow 

distal to the stenosis (11,19). 

(4) The velocity distribution in the region of the arterial 

stenosis (17,18,19,20,21). 

(5) The nature and intensity of turbulence and flow disorder 

developed at the stenosis. 

Among all of the factors relating to the flow field in the region 

of arterial stenoses, the study of the nature and intensity of turbulence 

and flow disorders is proving to be one of the most important. Roach (22) 

has proposed that turbulence is a probable mechanism in the production 

of poststenotic dilatation. Fry (2,3) has suggested that turbulence and 

unstable stress patterns may affect the normal endothelial barrier to 

lipid accumulation. Giddens et al. (23) have demonstrated that disordered 

flow patterns occur for rather mild stenoses emplaced about the descend­

ing thoracic aortas of dogs. Turbulence has been shown to exist in 

regions of aortic ball valves situated in vitro by Bellhouse (24). Stein 

and Sabbah (25) have recorded disturbed flow patterns and turbulence in 

the ascending aorta of human subjects with normal and diseased aortic 

valves. These references are simply a few examples of the widespread 

interest in disturbed blood flow in the arterial system. 

The ability to describe and detect flow disorders caused by the 

arterial stenoses adds to the insight needed to solve the puzzle of the 

pathology of atherosclerosis. Beyond that, there is keen interest in 

determining whether the disordered flow patterns can be used to detect 
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the location and size of arterial stenoses in their early stages, 

particularly before becoming clinically significant. 

There are two phenomena of interest in studying flow disorder, 

the sound field (26,27,28) and the velocity field. Although several 

investigators (29,30,31,32) have attempted to relate the power spectra 

of pseudo sound produced by the turbulent fluctuations to the degree of 

vessel constriction, these methods are useful only for fairly severe 

disease states. 

It is believed by the group of investigators at Georgia Institute 

of Technology (33) that the more sensitive indicator of flow disorder 

and also the more fundamental phenomenon occurring is the disturbance 

to the velocity field as opposed to pressure or sound field. The veloc­

ity fluctuations are the basic mechanism creating sounds and are therefore 

the primary entity to be studied. The velocity field is very complex 

and may have profound effects upon both the vessel intima and upon the 

transport of materials into and from the wall. Furthermore, the experi­

ments done by this group (23,34,35,38) indicated that the velocity field 

is a much more sensitive indicator of mild to moderate stenoses than is 

the sound field. Thus, there appeared to be a need for well-defined 

methods of analysis of turbulence and flow disorder in arterial flows 

utilizing direct measurements of the velocity waveform. 

It should be stressed that several factors combine to create 

complexities in approaching the problem in this way. The most dominant 

of these factors is the pulsatility of the flow. Because of this, the 

traditional approach of averaging quantities for a long time to obtain 
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mean values must be modified In arterial flows, the "mean" velocity of 

interest may not be the average over a long time, but rather the basic 

pulsatile waveform itself. Further, this waveform is not of a particularly 

convenient shape for engineering analysis. The sharp increase in velocity 

during systole is often followed by a reverse flow phase and a subsequent 

secondary forward flow peak. The general shape is such that many harmonics 

other than the fundamental heart rate are present, so that flow disorder 

or turbulence which occurs at, say ten Hertz, may be difficult to dis­

tinguish from harmonics of the basic waveform. Finally, an additional 

complication is the presence of biological variability. The basic velocity 

waveform is not strictly periodic since each heartbeat may differ slightly 

(or significantly) from all others. Coupled with this is the fact that 

it is often difficult to maintain a biological subject in a relatively 

constant state for a time sufficiently long to allow a reliable descrip­

tion of flow disorder. 

There are several measurements which characterize flow disorder. 

Among them are the one dimensional energy spectrum E(f) and the auto­

correlation function R(T), which are related by inverse Fourier transforma­

tion (36). In principle, these measurements are equivalent if the velocity 

is a stationary random variable. 

Winter et al. (37) have used correlation functions to describe the 

degree of flow disorder in arteries. Their results were categorized as 

'undisturbed" or "highly disturbed." Several investigators have independ­

ently tried to analyze turbulence and flow disorders using the energy 

spectrum technique (39,41,42). The earliest approaches were to compute 
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energy spectra of the entire velocity waveform without regard to time 

history of the disturbance velocity component" (38). 

The motivation for studying the time history of the developing 

disturbance in pulsating flow is to describe the onset of the disorder 

and to monitor its development in the cycle. In addition, it can be a 

very sensitive indicator of the existence of localized occlusions in the 

arteries. Examples of these approaches are Nerem et al. (4), McEvory et 

al. (43), Falsetti et al. (44), Pawell (45), Parker (46), and Giddens 

et al. (23). 

Pawell (45) has studied the problem of turbulence produced by 

velocity pulsations in an elastic tube of constant cross sectional area 

using a hot film anemometer to measure velocities. He divided the simu­

lated heart cycle into several segments and determined a temporal develop­

ment of the disturbance energy spectra. The data showed short bursts 

of turbulence during and immediately after systole for a pulse rate of 

71 beats per minute and a more developed turbulence at a higher rate of 

112 beats per minute. These findings were very sensitive to the values 

of the Reynolds number, frequency parameter, and the harmonic composition 

of the periodic velocity waveform. 

In a related study, McEvory et al.(43) report a similar attempt 

at in vivo measurements in the canine aorta. The cardiac cycle was 

divided into seven segments and corresponding energy spectra were calcu­

lated. Chemical stimulants were administered in an effort to induce a 

disturbed aortic flow. This study indicated that the time segment which 

covered the acceleration phase of systole contained the greatest high 
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frequency flow disorder. This is directly contrary to the results pre­

sented by Giddens et a!. (23). The difference is likely due to the fact 

that McEvory et al. attributed what is actually a stimulant-induced 

physiologic disorder to flow disorder. 

Parker (46) has given results taken from in vivo data in the 

descending thoracic aorta of dogs which show instabilities during the 

initial deceleration phase of systole. 

Giddens et al. (23) have reported on the temporal development of 

the energy spectrum of the total velocity in the cardiac cycle for flows 

distal to varying degrees of stenoses. The results indicated substantial 

flow disorder during flow deceleration. 

Additional work is needed to extend these efforts in that the 

disturbance velocity should be characterized at various stages in the 

cardiac cycle and for degrees of occlusion ranging from zero to severe. 

Also, the relationship of the energy spectra of flow disturbances distal 

to vascular stenoses to the degree of occlusion should be investigated. 

Knowledge of the nature of flow disorder causejd by the vascular 

stenosis is also essential. Cassanova (38) illustrated that the pulsatile 

flow field distal to axisymmetric stenosis is characterized by two phe­

nomena, namely the vortex shedding mechanism and turbulent velocity 

fluctuations. Further experiments with the application of new techniques 

to analyze the data are required especially for the cases where the turbu­

lence is not persisting during the entire velocity cycle. 

One of the difficulties associated with the application of the 

techniques of relating the flow disturbance to the degree of occlusion 

developed in the human arterial system is the method of measuring the 
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blood velocity. At present, only two methods have been successfully 

applied for velocity profile measurement in arteries of living animals: 

hot film and the ultrasonic Doppler techniques. 

To measure the blood velocity with a thermal anemometer system 

(47,48), a hot film probe is placed directly into the flow stream either 

by vessel puncture or with the aid of a catheter. Velocity profiles may 

be constructed from time-varying velocity waveforms obtained at various 

locations in the lumen cross section as the probe is transversed across 

the vessel diameter. When the hot film is positioned near the vessel 

wall, the normal flow pattern in that region is altered and the correspond­

ing velocity waveforms do not represent those of the undisturbed system. 

The hot film also does not intrinsically distinguish forward from back­

ward flow. This causes loss of information of the flow in arteries during 

the interval of reversed flow that may exist during diastole. Although 

the hot film has the disadvantage of being an invasive technique that 

cannot be applied to human arteries, it has the advantage of high fre­

quency response and can be used for turbulence studies. 

The ultrasound Doppler velocimeter provides a non traumatic mea­

surement of blood velocity, since it is possible to monitor the velocity 

of blood extraluminally or transcutaneously. This measuring technique 

is noninvasive in the sense that blood vessel walls remain intact, and 

it has the additional advantage of not disrupting the normal blood velocity 

patterns. 

The work of Satomura (49) and Kaneko (50) in Japan and of Rushmer 

et al. (51,52) in the U.S. has made it possible to obtain signals indicative 
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of blood velocity in the arteries and veins from transcutaneous measurements 

with ultrasound. Since then the Continuous Wave (CW) ultrasonic flow­

meters have been increasingly improved and used widely to measure the 

velocity patterns from normal subjects and patients with arteriosclero­

sis (53,54,55,56). Almost in parallel with the development of more ef­

fective instruments, clinicians began to ask for a more sophisticated di­

agnostic tool. 

The CW Doppler flowmeters did not have any range perception, every­

thing moving within the reach of the ultrasound beam scattered it and 

thus contributed towards the final signal received. Thus vessel wall 

motion or the presence of two arteries in the beam leads to confusing 

results. As a result of these limitations, the use of CW devices was 

rather qualitative, whether the Doppler signal was processed and recorded 

as analog waveforms or the clinician based his conclusions on listening 

to the Doppler signals through an audio amplifier. 

Many of the problems associated with the continuous wave system 

can be overcome if the ultrasound is pulsed. The pulsed, range-gated 

ultrasonic Doppler velocimeter operates in a radar-like mode (57) and 

measures the average velocity of blood cells is a small sample volume 

within a blood vessel by sensing the change in frequency of the ultrasound 

waves scattered by the moving particles. Velocity waveforms from sample 

volumes located at increments across the vessel lumen are obtained by an 

electronic range gating circuit and velocity profiles at specific instants 

of the cardiac cycle can then be constructed. Several investigators have 

described this device, such as Baker (58,59), Wells (60), Peronneou (61), 
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and McLeod (62,63). The new versions of pulsed Doppler ultrasonic devices 

are able to sense direction of the flow (63,64) and yield instantaneous 

values of velocity at several depths simultaneously (62). 

More recently, the emphasis of research has been on the theoretical 

understanding of the actual Doppler process. Reid et al. (65) and Thomson 

et al. (66) studied how the blood cells scatter ultrasound. Brody (67) 

and Flax et al. (68,69) give a very comprehensive statistical analysis 

of the noise distorted Doppler signal and how it affects the instrument 

output. Baker et al. (70,71,72,73) studied the sample volume very thor­

oughly, theoretically as well as experimentally, in order to define the 

interaction of the ultrasound pulse and the flow as three dimensional 

convolution process. They also predicted the distorted velocity profiles 

from the assumed true ones. Jorgensen et al. (74) also modeled the Doppler 

process as a convolution integral, incorporating the physical character­

istics of the flowmeter and those of the flow field. Distortion of the 

measured velocity profile was corrected by deconvolution using discrete 

Fourier transform and the true velocity profile was obtained. 

To measure velocity and turbulent quantities directly using the 

pulsed Doppler ultrasonic velocimeter (PD), it is necessary to process 

the Doppler signal. Various techniques have been used to convert the 

Doppler signal spectrum to a voltage proportional to the average velocity 

within the sample volume. These techniques are: 

1. The zero crossing frequency meter (74,75,90,91), 

2. The phase lock loop, and 

3. Digital processing of the Doppler signal using the Doppler 

spectrum to calculate the moments. 
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The first method has been unsatisfactory for turbulence measurements. 

Employing the phase lock loop of the laser Doppler velocimeter (LDV) is 

promising and the preliminary experiments (76) show that there is a pos­

sibility of utilizing this method to measure the turbulent quantities in 

addition to accurate measurements of the instantaneous velocity. A second 

group at the School of Aerospace Engineering, Georgia Institute of Tech­

nology is working in the digital treatment of the Doppler signal. 

In summary, the flow field in the neighborhood of a subtotal 

vascular stenosis is of great interest in clinical medicine and represents 

a challenging problem in fluid mechanics. A thorough understanding of 

the flow characteristics, coupled with a reliable means of noninvasive 

measurement, would be of significant benefit. 

In the present research a theory has been established for the 

analysis of a disorder in pulsatile flow. The theory characterizes the 

disturbance velocity at different stages of the velocity cycle and sug­

gests several digital techniques to describe the flow disorder. This 

theory is applied to in vivo hot film measurements at one axial position 

downstream of several degrees of occlusion ranging from zero to severe 

to study the nature of the flow disorder and its relation to the degree 

of constriction. It is also applied to in vitro measurements of the 

centerline velocity for modeled rigid stenoses at different axial positions 

in the poststenotic flow field. This second application facilitates the 

study of flow disorder under controlled flow conditions, also the differ­

ent phenomena associated with the flow can be investigated. Finally, 

the theory is applied to experimental investigation to improve the 
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frequency response of the Doppler ultrasonic velocimeter and to compare 

it with the laser Doppler velocimeter, 
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CHAPTER II 

ANALYSIS OF FLOW DISORDER 

2.1 Theory 

Most fluid dynamic studies of turbulence deal with flows which 

have steady mean values. That is, if time averages are formed of any 

particular variable, this average value is a constant. This is best 

illustrated by consideration of a velocity measurement at a fixed point 

in a turbulent flow. The output of an anemometer might look like that 

shown in Figure (2-la). If the average reading is formed, by determining 

the integral 

T 
i r 
T * 
0 

u(t)dt = U (2-1) 

where u(t) is the instantaneous velocity and t is time, then one finds 

that for large time T, the value of U approaches a constant. This is then 

termed the mean velocity of the flow at that point in space. Typically, 

then, one writes 

u(t) = U + u'(t) (2-2) 

as a representation of the instantaneous velocity at a point. The 

quantity u'(t) is a disturbance velocity, and by definition its time 
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average is zero. This same representation may be used for other flow 

variables such as pressure, temperature, and additional velocity compon­

ents. Furthermore, in most treatments of turbulent flows the magnitude 

of u (t) is considerably less than that of U. 

In studies of ordered structures in a turbulent flow a further 

breakdown of contributions to the velocity is prescribed. For such flows 

a velocity is considered to be composed of mean, periodic, and turbulent 

components. The periodic disturbance is often "buried" in the turbulence 

and an important problem is to extract the ordered structure from a 

seemingly random pattern. Examples of this approach are given by 

Hussain and Reynolds (77). 

When the problem of arterial flows is considered, immediate compli­

cations arise. First of all, only at the crudest level of description--

namely, mean blood flow delivered--is it useful to define a mean velocity 

such as that of Equation (2-1). The flow is essentially periodic rather 

than essentially steady. Furthermore, the heart is not a perfectly re­

producible pump. Each heartbeat may be slightly different from all others 

so that a "biological disorder" is present, as described earlier. For­

tunately, in a carefully controlled experiment, heart rates and ejection 

characteristics which are reasonably periodic can be maintained. It is 

thus possible, under proper conditions, to define a time-varying ensemble 

average waveform by 

N-l 

U(t) = lim ̂  ^u(t + nP) (2-3) 



where P is the period of the waveform or inverse of the fundamental 

heart rate. Note that if every heartbeat produced exactly the same 

waveform (i.e., no biological disorder) and if there were no fluid dynamic 

disorder, then u(t) = u(t + nP) for all values of the integer n. 

Having defined such a deterministic ensemble average waveform 

given by U(t), it is possible to describe disturbance or deviations from 

this. For any given waveform the velocity may be expressed as 

u(t) = U(t) + u'(t) (2-4) 

where u'(t) is the disturbance velocity, to be treated as a random 

variable. This is illustrated in Figure (2-lb). It is not a straight­

forward matter to define turbulence, in the strictest sense, for such 

a flow. For example, to achieve a developed turbulent flow the time 

scale over which U(t) varies significantly should be much longer than 

that over which u'(t) varies. Also, a condition for maintaining turbulence 

throughout most of a cycle is that the instantaneous Reynolds number be 

sufficiently high. If the dissipation time is short in comparison with 

the heart rate period, any so-called turbulence which is generated during 

systole, for example, would not persist throughout diastole. Furthermore, 

in the case of stenoses in particular, periodic low frequency disturbances 

such as vortex shedding may be generated and then break up as they proceed 

downstream. In cases of steady flow such periodic component will appear 

only in the disturbance velocity, while in the case of pulsating flow 

this periodic component, ideally, would appear only in the ensemble average 
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waveform. 

For situations in which the disturbances exist over only a part 

of the cycle there is the additional complication that u'(t) is not a 

stationary random variable. Therefore, computations of energy spectra, 

correlation functions, and rms disturbance velocities depend upon the 

time intervals selected for analysis. In fact, it is precisely this 

dependence which provides information on the development of disorder. 

Although the concept of energy spectra which are time-varying is perhaps 

unusual, there is precedent for such a notion, given by Priestly (80). 

For these reasons, the flow through a stenosis in a relatively 

large vessel is such that it is frequently misleading to term it turbulent. 

Thus, we have chosen to call these "disturbed" or "disordered" flows. 

Turbulence falls, of course, under such a definition, as do vortex shed­

ding and transitional flows. However, the existence of a disturbance 

velocity u'(t) in an arterial blood velocity waveform can by no means 

be construed as signifying turbulence. Simple deviations from perfect 

reproducibility among heartbeats may give u' results which, upon super­

ficial analysis, seem to resemble flow disturbance. In fact, separation 

of biological disorder from fluid dynamic disorder is a most difficult 

problem, particularly when dealing with an awake, unanesthetized subject. 

Several types of analyses are useful in describing disordered 

flows. Among these are 

a) determination of time-varying ensemble average waveforms, 

b) computation of energy spectra and autocorrelation function 

for the disturbance velocity component, u/(t), 
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c) analysis of (b) as a function of the time interval within the 

cycle (evolution of energy spectra and autocorrelation functions), 

d) determination of rms values for the disturbance velocity 

component and the variation of this quantity with time, 

e) spectral analysis of the time-varying ensemble average waveform, 

It is inappropriate to select any one of these as the most signif­

icant method for analysis. Each has information to offer, and together 

they complement each other to form a total description of the flow. 

2.2 The Autocorrelation Function 

— —» 
The autocorrelation R (t^, t_) of a random process x(t) is the 

joint moment of the random variables x(t,) and x(t2) (78) 

•Ha 

R(t1? t2) = J x ^ f(x1? x2; t1? t2)dxxdx2 (2-5) 

where f(x,, x~; t,, t~) is the joint probability distribution, 

Xĵ  = x(t1) and x2 = x(^) 

Using the "expectation" notation this may be written as 

R(tr t2) = {x(tp x(t2)} (2-6) 

If the random process is stationary, then the autocorrelation is a func­

tion only of T = t. - t, and can be written as 
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R(T) = E{x(t) x(t + T)} (2-7) 

For ergodic processes which satisfy the sufficient condition that 

TR(T) is absolutely integral over the infinite time domain, the auto­

correlation may be expressed as 

T 

R(T) = lim ^ 
T-»oo 

-T 

x(t) x(t + T) dt . (2-8) 

and the energy spectrum is its inverse Fourier transform given by 

+00 

E(f) = 2 J dTR (T) e"
12rrfT (2-9) 

or 

R(T) = \ 

+00 

df E(f) e12lTfT 

In a stationary turbulent flow the autocorrelation function 

R(T) = z ^ - (2-10) 
R(o) 

is often used and the process x(t) is taken to be the value of the 

disturbance velocity u'(t). Thus equation (2-10) becomes 

J u'(t)u'(t + T)dt 

R(T) = 5 (2-11) 
u'Z 
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2 
where u' = R(o) 

[u'(t)]2 dt (2-12) 

This coefficient function may be used to define the integral time scale (36) 

TE = J 
0 

and also the dissipation time scale 

R (T) dT (2-13) 

V i f f l „ «:̂  XE ST T=0 

Figure (2-2) shows a sketch of an autocorrelation function for turbulent 

flow. By expanding R(T) in Taylor series about the origin for small T, 

R(T) can be written as 

R(T) = 1 - T
2/\2 (2-15) 

The dissipation time scale of turbulence is thus the intercept 

of the parabola that matches R(T) at the origin. 

The autocorrelation function provides information about the turbu­

lence structure and is used to calculate the time scale for the largest 

and smallest eddies. As flow becomes turbulent there is a tendency for 

the disturbance velocity to be randomized and thus less correlated. 

This causes the autocorrelation function to go to zero more rapidly and 
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Figure 2-2. A Sketch for an Autocorrelation Function R(T) 
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smaller values for T_ and \ are obtained. 
E E 

Unfortunately, for arterial flows, the velocity is pulsating and 

the disturbance velocity is not a stationary random variable as previously 

explained in Section (2.1). If the R.M.S. of the disturbance velocity 

is not varying rapidly with time, and by properly dividing the velocity 

cycle into time intervals each of duration (T), the disturbance velocity 

can be treated approximately as a stationary variable within each interval 

and the previously described analysis can be applied. One limitation for 

this approach is the error involved in considering a finite integration 

time (T) to calculate R(T). The concept of an evolutionary energy spectrum, 

which is a companion function to the quasi-stationary autocorrelation 

function, has been discussed by Priestly (80). The evolution of these 

calculated functions during the velocity cycle, can give information on 

the development of disturbances with time. 

From the clinical application point of view, the autocorrelation 

curves calculated in this way may give an indication of the degree of 

flow disorder at the location where velocity is measured and hence some 

indication of the degree of constriction. 

2.3 Energy Spectrum 

The energy spectrum provides a method to analyze the kinetic energy 

of the turbulence fluctuations according to distribution over the various 

frequencies occurring in these fluctuations. 

Consider for instance, the disturbance velocity at a fixed point 

in a flow field. It is assumed that this field has a zero mean velocity, 



so that it is statistically homogeneous with respect to time. Then, there 

2 
exists a constant average value of u' which can be considered to consist 

of the sum of the contributions of all frequencies f. 

~2 
Let E(f) df be the contribution to u' of the frequencies between 

f and f + df. Then the energy spectrum function E(f) has to satisfy the 

condition (36) 

00 

J df E(f) = u'2 (2-16) 

0 

At a stationary point in this flow field the largest eddies will 

tend to cause fluctuations of low frequencies where as the smallest eddies 

will lead to fluctuations of high frequencies. 

The energy spectrum and the autocorrelation are related by the 

equation (2-9) which indicates that energy spectrum is an alternative 

and equivalent approach to the autocorrelation function, but presented 

in the frequency domain. 

In the present treatment of the nonstationary disturbance velocity 

during a pulsatile flow, it is assumed that the process occurring during 

time (to, to + At) is but a single realization of an experiment and that 

other realizations of the same experiment are obtained for (to + nT, 

to + nT + AT), where n is an integer and T is the period of the pulsatile 

flow. Thus, each cycle is assumed to produce the same random process 

during the prescribed time interval, so that an ensemble is created for 

which the statistics are quasi-stationary. According to the Shannon 

sampling theorem, the maximum frequency (F ) and the frequency resolution 


