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SUMMARY

Second-order elastic equations, in series form, were derived to
describe the elastic behavior of a segment of a beam column. These equa-
tions were combined with the equations of statics, compatibility and con-
centrated plasticity in order to predict the horizontal load and deflection
that would cause a beam column or a simple frasme, loaded with a known
vertical load system, to collapse.

In order to aveid the somewhat laborious step-by-step method
normally used in applying second-order elastic-plastic theory, a mechanism
approach was employed. BEach structure was analyzed at the instant when
the final hinge of the mechanism was formed. This technique was adequate
gsince only the load and deflection at collapse were desired.

A cantilever and several simple frames were studied by the above
technique. The results were compared with other analytical and experi-
mental studies. From such a comparison it was concluded that

l. Becond-order elastic-plastic theory as utilized in this thesis
iz much easier to apply to beam-columns and simple frames
than a rigorous compatibility analysis.

2. Results obtained from a second-order elastic-plastic analysis
are slightly unconservative when compared with a compatibility
analysis which takes into account residusl stresses and the
spread of plastification, but compare favorably with limited
experimental work.

3. Further experimental work is needed to determine the exact re-
lation between the behavior predicted by a second-order elastic-
plastic solution and the true behavior.

4. The use of the szeries equations developed for second-order
elastic theory gives a clear insight into the behavior of

beam columns and Trames subjected to combined vertical and
horizontal loading.
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SUMMARY OF NOMENCLATURE

cross sectional area of member

arbitrary constant in sclution of differential equation

arbitrary constant in solution of differential equation

a constant

the sL/r that divides the buckling range, for sL/r = Ceo
inelastic buckling controls, for sL/r = ¢ elastic

. c
buckling controls

modulus of elasticity

tangent modulus of elasticity

yield stress

moment
moment
moment
moment
spring
length
length
length
length
moment
moment
moment

moment
member

of inertia about the strong axis of section
of inertia of left vertical member of frame
of inertia of horizontal member of frame

of inertia of right horizontal member of frame
constant for column bases (kip-in/radian)

of member

of beam column segnment -]

of vertical member of frame

of horizontal member of frame

at point i of beam-column segment i-]
at base of left veriical member of frame

at junction of left vertical member and horizontal
of frame



M3

M4

MPR1

MPR2

MFR3
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SUMMARY OF NOMENCIATURE (Continued)
moment at junction of right vertical member and horizontal
member of frame
moment at base of right vertical member of frame
moment at plastic hinge in horizontal member of frame
reduced moment capacity of member

reduced moment capacity at base of left vertical member in
frame

reduced moment capacity at junction of left vertical and
horizontal member in frame

reduced moment capacity at junction of right vertical and
horizontal member in frame

reduced moment capacity at base of right vertical member in
frame

reduced moment capacity in horizontal member of frame

moment capacity of member neglecting the effect of axial
forces

moment at yield of outermogst fiber of section
applied concentrated load

applied concentrated load nmumber i

elastic buckling load

inelastic buckling thrust

applied horizontal load

applied horizontal locad to cause mechanism as given by simple
plastic theory '

[Il/Lc] /[Igng:l, colunn-girder stiffness ratio

101,307 %2(1,3) 33(1,4)7 %(1,3)* 51, 4)°

SL(3,5)7 124, 5) S13¢4, 4y (4, )2

S8(1,9)7 5%(3,3)7 9B(1,5)



SUMMARY OF NOMENCLATURE (Continued)

SGll(:.L 5)? SGl3(i 1y? SGl3(i My series expressions in terms of the
2d 7 >d parameter p for beam-column segment
. i-3
T - axial thrust
Tij - axial thrust in beam-column segment i-j
Tl - axial thrust in left vertical member of frame
T2 - axisl thrust in horizontal member of frame
T3 - axial thrust in right vertical member of frame
TY - axial thrust which ceuses entire cross section to yield
T' - T lIlel 5, equivalent thrust used in modifying second-order
T.
in
elastic-plagtic theory to include the effect of residusl
stresses
Tel - elastic buckling thrust
Tin - inelastic buckling thrust
v - shear force
vij - ghear Torce at point i of beam-column segment i-j
V1l - shear force at base of left vertical member in frame
vz - shear force at left end of horizontal member in frame
V3 - shear force at right end of horizontal member in frame
V4 - shear force at base of right vertical member in frame
VH - shear force to the right of a plastic hinge in the hori-
zontal member of frame
8 - 2 pogitive constant
b - flange width of a wide flange section
d B depth of a wide flange section

bl - stress
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fT/EI

ratio of deflection calculated by second-order elastic theory
to the deflsction calculated by first-corder elastic thecry

iJLiJ.2/E/I, series parameter for beam column segment i-j

radius of gyration of section about its strong axis

T

effective length factor

flange thickness of wide flange section

web thickness for wide flange section

applied uniform load

distance measured along the neutral axis of member
deflection at any x

first derivative of y with respect to x

gsecond derivative of y with respect to x

ratio of distance from left end of beam-column segment to
total length of beam-column segment

unit strain
yield strain
deflection

deflection of point j on beam-column segment relative to
point i

defiection computed by first-order elastic theory
firset estimste of deflection from iterative solution
second estimate of deflection from iterative solution
curvature at section of beam-column segment

curvature at section of beam column segment when outer fiber
at the section ylelds

rotation
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CHAPTER I
INTRODUCTICN

The horizontal leoad-carrying capacity of a laterally unbraced
steel building frame is reduced whenever it must simultaneously carry
vertical loads. First-order elastic and plastic theory do not accurately
account for the amount of this reduction. If one calls the vertiecal
forces P and the amount of their horizontal deflection A, then secondary
moments equal to P x A occur causing deflections greater than those com-
puted by first-order theory. These secondary moments and deflections
are referred to as the P - A effect, The secondary moments may in certain
cases be greater than the primary moments in the structure. This is
particularly likely in the lower floors of multistory frames where the
columns must carry heavy axial loads as well as large bending moments.

The horizontal load-carrying capacity of unbraced frames subjected
to vertical loads has been the subject of both analytical (l)* and experil-
mental (2) work in recent years. Methods of attacking the problem range
from the highly theoretical work of Adams (3) to semi-empirical formulae
such as Merchants' (4). The highly theoretical ones are sc involved
that for something as simple as a one-story frame the amount of computa-
tion time, even with a computer, is excessive. The somewhat simpler
Tormulae are generally over-conservative, but there is no way to determine

the true safety factor. A compromise hetween these two extremes is &

*umbers in parentheses refer to references in "Literature Cited.”



second-order elastic sclution. This method very accurately takes into
account the P - A effect, but it neglects the effect of residual stresses
and strain hardening and concentrates all plasticity at discrete points
called plastic hinges. Neglecting residual stresses and the spread of
plastification is unconservative, but neglecting strain hardening is
conservative; that the method gives good correlation to experimental
work (2) is probably the result of their compensating effects.

Previous second-order elastic-plastic work done at Lehigh and
elsewhere have their origin in the deflection equations derived by
Timoshenko (5) for beams subjected simultanecusly to lateral and axial
loads. Timoshenko's equations are transcendental in termg of the leoading
and member stiffness. Recause of their transcendental nature they are
cumbersome to work with and do not give a c¢lear insight inte the behavior
of individual beam-columns or frames. It was suggested by Robert M, Dinnat*
that perhaps similar equations could be derived as series expansions of
these parameters that would be more efficient for computation and also
give a clearer insight into the behavior of structural components and
frames. He derived many of the same equations derived herein by an
independent apprcach.

The object of this thesis was the development of a computaticnal
technique that would predict, by second-order elastic-plastic theory,

the magnitude of the horizontal load necessary to cause the collapse¥**

*¥Thesis advisor.
¥%Collapse is defined herein as the formation of a mechanism,



of a simple frame, already subjected to a vertical load of known magil-
tude. It was hoped that “he computatlicnal Llecinigue would te reacdil
adaptable 1o programming on digital computers. It was felt that the
ideas developed could be used in further work on larger and more ccm-

plex structures.



CHAPTER II

VARIOUS THEORIES

Consider the simple frame shown below in Figure 1. It is sub-
Jected to a known vertical load system* of insufficient magnitude to
cause it either to buckle or to fail by the formation of a beam mechanism,
hence it will be able to withstand some horizontal load, @, before col-

lapsing.

P, P B, Py,
1] |
Q S N

// /

Figure 1. Rigid Frame in Deflected Posltion

*¥The vertical load system is defined by the location and magnitude
of the n § 2 vertical loads (Py).



If the full vertical load were applied first and then the hori-
zontal load were gradually increased, one would observe an inereasing
deflection, &4 . Analytical attempts to describe this load-deflection
curve have been made by at least seven different theories, for which
repregentative curves are shown in Figure 2. These theories are dis-
cussed separately in this chapter. In order to facilitate their dis-
cussion a brief review of the assumptions and limitations involved 1s
included. It is assumed that the reader is familiar with simple elastic
and plastic theory as applied to analysis and design of one-story, one-

bay rigid frames.

General Assumptions

Common to all of the methods is the assumption that deflections
are caused by the bending >f the structure, hence deflections caused
by shearing forces and axial deformation are ilgnored. 8Small deflection
theory is assumed to be valid; thus for elastic portions of the structure
the absoclute value of the radius of curvature is given with sufficient
accuracy by 1/y'', rather than by the more exact formula from calculus
(6). The symbol, y'', is the second derivative of deflection with
respect to distance measured alcong the neutral axis of the menmber.

It is assumed that no out-of-plane deflections are permitied;
hence, lateral-torsional (7) and weak-axis buckling are not permitted.
In addition, compact sections (8) are required to prevent local buckling
(7) of plate elements. With these assumptions failure is restricted

to the plane of the frame and is caused by excessive bending.
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I First-Order Elastic
T First-Order Plastic
IT1 First-Order Elastic-Plastic
v Second-Order Elastic
v Second-0rder Plastic
VI Second-0Order Elastic-Plastic
VII Compatibility

Figure 2. Horizontal Load-Deflection Curves for a Simple Rent by
Seven Theories
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Wide flange sections bent about the strong axis are the only ones
considered in this thesis; however, modification of the basic ideas to
other types of symmetrical sections would not involve any new concepts.
All problems worked herein involve structural steel mewbers; however, the
extension of these ideas to any other material that possesses the stresss-
strain characteristics of gteel ghould pose no analytical problems.

Independent Horizontal and Vertical Loading

The structures discussed in this thesis are loaded by two inde-
pendent, proportional loading systems--one vertical and one horizontal.
The horizontal load versus horizontal deflection curve {hereinafter re-
ferred to as the @ - A curve) is obtained by applying a fixed value of
vertical load to the structure and then varying the horizontal lead from
zero to the failure load.*

Each value of vertical load will have a corresponding value of
horizontal load that will cause failure. If one plots the corresponding
values, at failure, of the vertical and horizontal loads, the resulting
curve is called an interaction curve; it defines all possible pairs of
vertical and horizontal lcads that could cause failure - assuming, of
course, that failure is independent of the loading path. Figure 27 shows
interaction curves for a pinned base frame by second-order, elastic-

plastic theory and by simple plastic theory,

¥Failure load is defined herein for theocries II, III, V, and VI
to be the load required to form a mechanism. For Theories I and IV
fallure is usually defined with regard to stress whereas the failure load
agsoclated with theory VII is the maximun load on the load deflection
curve,



Stress-Strain Curve

A linearly-elastic, perfectly-plastic gtress-strain curve for
any individual fiber is assumed, as shown in Figure 3, where f represents
the stress, e the unit strain, FY the yield stress, ey the yield strain,
and E the Modulus of Elasticity. The curve is assumed to apply in tension
and in compression. The pertinent values can be obtained experimentally
either from a tension coupon test or a compression test of a very short
annealed specimen. BSimple plastic theory deviates from this stress-strain
curve in that it assumes a state of zero strain until attainment of the
yield stress after which perfect plastic flow takes place. All of the
theories except number seven (Compatibility Analysis) consider the stress-
strain curve for the entire section to be the same as for an individual
fiber; hence, they neglect the effect of residual stresses and the spread
of plastification. The heneficial effect of strain hardening has been
ignored in almost all solutions. Reference No. 2 deoes consider the

effect of strain hardening on post-mechanism behavior.

(K.8.1)

& e (in/in)

Figure 3. Assumed Stress-Strain Curve



First-Crder Elastic Solution - Curve #1

Both stiffness and flexibility methods as commonly used on inde-~
terminate structures are in this category. BStatics is satisfied on the
undeformed structure, so the P - A effect is ignored. The limit of use-
fulness of the structure is set when anywhere in the structure the stress,
as calculated by the sum of the axial stress and the primary moment bending
stress is equal to the yield stress; this postulates of course that no
elastic buckling occurs prior to the limit,

In practice the stress level is further restricted to scme allow-
able stress less than the yield stress so that the structure will have
some safety factor. The method is conservative in that 1t ignores the
ability of a frame to deform beyond initial yield and carry additional
load, but it is unconservative in ignoring the P - A effect. Hence, the
true safety factor is never known and could conceivably be less than one.
Realizing this, codes attempt to account for the P - A effect in various
ways such as magnification factors (8) which are used to increase the

bending stresses obtained from the primary moments.

FPirst-Order Plastic Solution - Curve #2

This is commonly referred tc as simple plastic theory. The hori-
zontal load that would cause collapse* ig calculated so that three condi-
ticns are satisfied:

(1) Equilibrium;

(2) Plasticity; and

(3} Mechanism.

¥The collsps~ load is considered to be synonymous with the mechan-
iem load in this thesis.
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Equilibrium

Equilibrium is satisfied on the undeformed structure. It may be
satisfied by the equations of statics or by the equations of virtual work.
When virtual work is used the structure is viewed as heing on the verge
of plastic deformation but the deflections cancel out of the equations.
Hence, in either case, the P - A effect is ignored.

Plasticity

The reduced plastic moment capacity MPR is the plastic moment that
a cross-section can carry in addition to an axial force. Its magnitude is
"reduced" when compared to the plastic moment capacity MP of & cross-
section carrying no axial force. The equations relating MPR to MP and
the axial force are listed in Appendix A.

Mechanism

When sufficient hinges form to constitute a wechanism the structure
is no longer able to withstand any increase in load and will deform freely
under the locad required to form the mechanism,

To calculate the true collapse load of the structure one must
satisfy all three conditions simultaneously. This is generally done by
assuming a mechanism, satisfying equilibrium and then checking for a vio-
lation of plasticity. Alternately, one may use an upper bound approach
by calculating the collapse leocad for all possible mechanisms, the lowest
of these being the collapse lozd.

Simple plastic theory takes into account the load-carrying capacity
of the frame beyond initial yield but ignores the P - A effect; therefore,
with large vertical loads it becomes very unconservative. For this

reason its application is extremely restricted by building codes and
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manuals (8).

First-Order Elastic-Plastic Solution - Curve #3

This incorporates the ideas, and limitations, of the first two
theorieg into a theory that allows the degcription of the entire lcad-
deflection curve. All plasticity is concentrated at points of plastic
hinges and the structure is assumed to behave elastically between these
hinges.

An elastic analysis is performed on the structure and the load
increased until the plastic moment capacity, MPR, 1s reached at one point.
This point is the assumed to have MPR¥ acting and the structure is re-
analyzed. The siructure is now one degree less indeterminate. This
process is continued until & mechanism is formed.

Mechanism Method

If one is interested only in the deflection at collapse, a mech-
anism technique is available (7) to find this deflection without resorting
to a step-by-step procedure. Consider the behavior of the structure just
prior to the formation of the last hinge. Hopefully it will be a stable,
statically determinate structure. (This ig the case for all structures
investigated in this thesis.) Continuity of slope will be lacking ai all
of the hinges that have formed but will exist at the last hinge to form
until the actual formation of the mechanism. If one knew which hinge

formed last one could then calculate the deflection on a statically de-

*MPR may change with the change in applied horizontal load due to
the change in the axial forces in the members., A computer program for
first-order elastic-plastic analysis of plane frames that takes this
change in MPR into account has recently been developed at Lehigh (9).
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terminate structure by assuming continuity at the last hinge to form and
using any normal method of caleulating deflections, such as virtual work.
However, this means that all possible hinges in the mechanism must, in
turn, be assumed to form last. The true deflection will be the greatest
one so computed (7). This method, while time consuming, requires much

less effort than a step-by-step analysis.

Second-Order Elastic Solution - Curve #4

A second-order elastic solution differs from a first-order elastic
analysis in that statics is satisfied on the deformed structure. The
moment variation is a function of the deflection which is not known.
Therefore, the cgleculation of deflections is extremely complex.

Timoshenko {5) has solved the problem for several practical cases
of beam columns. If, as mentioned in the introduction, Timoshenko's
basic equaticns are expressed in series form rather than in transcendental
form, one may write expressions for the deflection direectly in terms of
the forces in and on the structure and the E and I* of the members. If
the structure is determinate, then one may immediately sclve for the
deflection. If the structure is indetrminate then it is necessary to
set up a system of non-linear simultaneous equations of one¥®¥ degree
higher than the degree of static indeterminacy. These may be rapidly set
up by this method but the solution of such & set of equations is & major
task. The current approach to their solution is an iterative one. Chu

(1) and others (2) have done this using the deflection equationg of

*¥I is the moment of inertis about the strong axis.
*%¥The frames in this thesis have only one degree of deflection
freedom.
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Timoshenko, expressed in slope deflection Torm. Second-order elastic
solutions for indeterminate structures were not attempted herein since
it was found that the collapse load could be found without resorting to
this.

For a beam-column under constant axiagl load the Q - Vv curve will
be linear but will be flatter than the @ - v curve obtained from a first-
order elastic analysis.

In frames where the axial forces in the members change as the

horizontal load is increased, the Q - ¥ curve will be slightly non-linear.

Second-Order Plastic Solution - Curve #5

A second-order plastic solution differs from a first-order plastic
golution in that equilibrium is formulated on the deforming structure.
This gives the horizontal load capacity as a decreasing function of the
deflection. The se:.ond-order plastic solution assumes a mechanism and
hence is not wvalid until a mechanism forms. If one knew the deflecticn
at the forming of the mechanism, the mechanism load could be obtained by
solving the second-order plastic equation. One obtains a different
second-order Q - v equation for each possible mechanism.

One may cbtain the second-order § - v equations by virtual work
if the work done by the vertical forces is considered (10). They may
also be obtained by applying statics to the deformed structure; this is

the method used herein.

Second-Order Hlastic-Plastie Solution - Curve #6

The combination of methods 4 and 5 in a step-by-step analysis

similar to method 3 glves a sufficiently accurate prediction of the load
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*urth:y worck on more complex frames is underway there at this date.
f1iie method requires a second-order elastic analysis of the structurs
vetweon the formation of successive hinges and has the difficalties in-

norent an second-crder elastic seolutions for indeterminate structures.

Mechanism Method

11 only the deflection and load required to form a mechanism are
desired the step-by-step procedure may be omitted as was done for a
first-order elastic-plastic analysis. This greatly reduces the compute-
tion time involved. Lind (12) hes worked problems by this technigue, but
useg Timoshenko's equations in a slightly modified form.

The equations derived herein in Chapter III work very well for
such a mechanism method since they give deflection in terms of forces in
#and on the structure, all of which are either known or are, for a complets
mechaniam, statically determinable just prior to the formation of the
saut pinge. This allows one Lo solve directly for the deflection st
eolinpse wnd then to use this deflection to calculate the mechanism load
Irom the second-order plastic @ - A equation. For each possible mechanizw
vhe dzilection must be cbtained using the second-order elastic equetionus
ot Chapter III. As discussed under "First-Order Elastic-Plastic Solution®
carlier in this chapter, continuity of slopes must be assumed at each
possinle last hinge peoint in turn, and the greatest deflection so computed
will be the proper one to use in the § - A relation for that particular
mechanism. This procedure gives the @ and A required to form that

particular mechanism. It must be remembered, however, in order to have
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the correet mechaniss plasticity must still be satisfied.

Fesults obtained from the computer programs developed indicate
that an upper bound solution, i.e., assuming all possible mechanisms and
selecting the one that gives the lowest load, is not possible here as in
a8 first-order elastic-plastic analysis. In some cases the energy required
to move a small horizontal load through a large deflection in order to
form one mechanism is greater than the energy required to move a larger
horizontal load through a smaller deflection to form another mechanism.
Since the mechanism requiring the least energy to form is the correct one,
the larger load is the correct load. However, this poses no problem since
& statics check on the smaller load would indicate a violation of plas-
ticity whereas a statics check on the larger load would not.

In some cases the mechanism load may be slightly lower than the
load when the next to the last hinge forms. This reduction is due
primarily to the reduced moment capacity, MPR, in certain columns whose
axial load increases as the horizontal load and deflection increase. In
such cases the mechanism load is a conservative estimate of the maximum
load.

Tangent~Modulus Modification of a Second-Order Elastic Plastic

Solution. As the thesis progressed a semi-empirical modification to the
second-order elastic-plastic theory was developed. It consists of using
a Tangent Modulus¥* in the deflection equations rather than the normal

Modulus of Elastiecity. This has the effect of lowering the second-order

elastic-plastic Q - A curve thereby moving closer to the @ - A curve

*¥The Tangent-Modulus was obtained from the average stress-strain
curve fér-a short segment of a column that contains residual stresses.
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obtained by a compativiiity solution. he details of this Tangent.
Modulus medification of a Second-Order Elastic-Flastic Sclution are pre-

sented in Chapter IV,

Compatibility Solution - Curve #7

A more rigorous and time-comsuming method is available (1), (3),
and differs from the second-order elastic-plastic analysis in that the
effect of residual stresses and the spread of plastification are con-
sidered,

An exact analysis of statics and strain compatibility on a short
segment of beam column indicates that the stress at a point is a complex
functicn of the axial load, T¥*, the moment, M, the assumed residual stress
distribution, the cross-section and the material properties. Hence, the
only practical way to describe the curvature @ is by M - @ curves (13).

M - ¢ curves for a *ypical section are shown in Pigure 15. Also shown
for comparison are the linear M - ¢ curves which result from the assump-
tions of second-order elastic-plastic theory. Because of the complicated
nature of the non-linear compatibility curves, numerical techniques are
necessary to describe the load deflection hehavior for a structural
element. Techniques for solutions of beam columns (1) and frames {1},
(3) are available; however, the process of combining the M - ¢ equations
with statics and with slope and deflection compatibility is so involved
that even for the simplest problems large computer programs are necessary.

Furthermore, because of the many iterative procedures involved, they are

¥Throughout this thesis, T refers to the Axial Thrust at s
section, whereas P refers tc an applied concentrated load. T may or
may not be equal to P.
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very time consuming even on high speed digital computers.

Hince the only major assumption in this theory is the abszsnce of
strain hardening, which is conservative, it represents a true¥ lower
bound solution for the load deflection curve. The real load deflection
curve should lie between the compatibility solution and the second-order

elastic-plastic solution.

Thesis Objective

After examining the details of each theory it was decided to pur-
sue at length the second-order elastic-plastic solution, in particular,
to utilize the mechanism method in determining the load-carrying capacity
for a number of simple structures. While this method lacks the rigor
of compatibility analysis, it was felt that results obtained from such
an analysis could be compared with compatibility analysis and experi-
mental results in the hope that it may prove to be an adequate®¥* engi-

neering analysis of a very complex problem.

*Provided the general assumptions outlined at the beginning of

the chapter are valid.
*¥Adequate in that it may be performed in a reasonable amount of

time, and give answers that are close to the true behavior.
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CHAPTER III

DEVELOPMENT OF THE SECOND-ORDER ELASTIC

DEFLECTION EQUATIONS

A segment of a beam column, prismatic between points a and b, was
investigated as shown in Figure 4. The segment was investigated in its
final deflected shape, in equilibrium under the action of its applied
loads and reactions.

Tea,

Mba
Vba

ba, )
Force Systems Coordinates
Figure 4. Forces and Coordinates for a Segment of a Beam-Column

The segment has a uniform load w, applied over its entire length
Isp,- It has a constant moment of inertia, I, and a constant modulus of

elasticity, E. A shear force, V,,, a moment Mgy, &nd an axial thrust

Tgp, which is constant from a to b, are required at a to keep the segment
in equilibrium. All forces and moments are positive as shown in Figure

ba. Thig is the same sign convention as normally used in engineering
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Figure 5. Freebody of a Beam-~Column Segment

mechanics.* The segment has coordinates positive as shown in Figure Lb,
and slopes y'ab and Y'ba at points & and b respectively. These slopes
are also positive as shown; this 1s in accordance with the normal cal-
culus sign convention. For a sign c¢onvention of a complete frame see
Figure 16.

The segment was assumed to be linearly elastic, and no concen-
trated loads were assumed to act between points a and b. However, plas-
ticity and concentrated loads would not be disallowed at the ends of the
segment .

For such an elastic segment it is possible to define the deflec-
tion, y and the slope, y', at any point, x, between a and b, in terms of

LAY E, I, V

ab’ Tab’ Mﬁb’ Lab’ y'ab’ and the distance x from a to point x.

*The engineering mechanics sign convention assigns positive value
to a moment which causes tension on one side of a beam rather than by
which direction it rotates either on, the member or on a joint, as is
done in slope deflection or moment dlstribution.
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To tfina this relationship it was necessary to investigate ihe governing

difrerential equation of bending:

=

xa
y'' =571 (1)

an is the moment at any point x as shown in the freebody in Figure 5

and is given by:

W0X2
Mg "My P Vo ¥ T ¥ - 2 (2)
Letting
T
2 ab
k™ == (3)
and substituting (2) and (3) into (1) gives
2 2 22
. o Mabk Vabk X Wok X (’-l-)
yrraky = - - T * 3T
ab ab ab

The well known complementary solution to equation (4) is

¥ = A sin (kx) + B cos (kx) (5)

Ao and B0 are arbitrary constants to be determined by the boundary con-

ditions. The particular solution is

2
M V..X wx W
ab - ab” .
y=- - + 02 (6)
To T Ty Tap

The complete solution is the sum of (5) and (6).

2
M B Vﬁbx wox Wo
¥y = A sin (kx)+Bcos (kx).. ab _ + - (7)
° © . op . D %°
ab ab ab ab

To solve for AO and BO one may use the following independent boundary
conditionss

when x=0, y=0 (8)
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and when x =0, y' o=

Uging these boundary conditions to solve for AO and B0 and then subsii-

tuting these expressions into (7). gives

v M W
ab, 8in (kx ab (o}
y =y + 22 St lo) , (cab 0 oos (k)
Tab Tab Tabk
(10)
2
: Mab ) Vébx . wox i wo
2
Top Tab “Tap Tk

Expanding sin (kx) and cos (kx) in their well known series forms and

canceling appropriate terms gives

k2x3 khx5 k6x7

VEYy K-S Tt )
_ (Mab) (k2x2 _ khxh + k6x6 . k8x8 + .. 0.)
Tb 2! It} 6! 8!
(11}
_ (vﬁb) (k2x3 _ khx5 . k6x7 _ k8x9 +..0)
Ta,b 31 51 7! 9!
W 2.4 h 6 6.8 8 10
+ ( o) (k x _kx + kx”  kx )
Tob by 61 8! 10!
Differentiating equation (11) term by term with respect to x gives
22 b 4 6.6
. oy _kx k'x k™x
yr =y ab (l 51 + s, toue e)
(12)

M b3 .65 87
_({Lb)(kex_kx +kx _kx +"’)
ab

31 51 T



Letting

_ (Vab) (k2x2 kl}xlé k6x6 _ kﬁxc
! ; ! p
T 2! by 61
* ( WO) (k2K3 _ khxs + k6x7 n ]:{8}(9
Tab 3! 51 Tt 9!
Tabx‘?
P =
EI

and substituting (13) and (3) into (11) and (12) gives

and

¥ = y'&bx (l -

y|

M x° > 3
- (Ea:x ) G-y -

+

4

3
AL N N
T 37 5t T 71 T 9t
L
WX 2 3
o 1
) B BB
2 3
Y'ap (L - g S TR TR
M 2
(2L y (1 -&+ B EE +
EI 3051 7!
2
V. X 2 3
ab 1
(E‘_l' )(5'%"' o T+
P p PP
) G-yt

31

2 B

5!

2

ol i
+

+ L

22

(13}

(1%)

(15}
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If p = O in the series of equations (14) and (15), which corre-
sponds to zero axial load, the only terms that remain are the first
terms of each series. These are the identical terms that would be ob-
tained if the analysis had been carried out on a beam with no axial load.

These series also hold for a beam column in tension rather than
in compression if we assign a tension loed a negative sign. This will
then make p negative and make all terms of the series positive. A deri-
vation similar to the cne preceding this was made for a tension force T;b
instead of a compressive force Tab' The soluticn of the complementary
part of the differential equation came out in sinh{kx) and cosh (kx)
rather than in sin (kx) and cos {kx). However, when the results were
expanded in series form exactly the same series as in equaticns (14) and
(15) resulted except that all signs were positive. Hence, if a tension
force is assigned a negative value, equations (14) and (15) automatically
take care of this change in the series.

Examining the series by the ratio test indicates that they are
convergent for all values of p. Any divergence that may occur in working
with these series will result from cperations¥ with these series rather
than from the series themselves.

The non-dimensional parameter p may be shown to be related to the
elastic buckling thrust Teifﬁ as follows. T . is given by the well

el

knowvn buckling formula as

*One such operation would be dividing by a series that is equal
to zero.
*#%¥T _ refers to the value of the axial force which would cause a
member to %uckle. is used to refer to the applied load that would
cause a member to buckl
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L LI 0§ Sl

where 8 is the effective length factor of the member. Substituting this

expression into (13) gives

A 2 X 2 Ta.b ( )
e .
. th Tel~
The series parameter p is also a function of the ratio T/TY. TY

ig the yield load for the member and is equal to the product of yield

stress PY and the cross sectional area A. Since

I= r2A (18)
and
TY = FY{A) (19)

p is given by equation (13) as

P = (P};c)e KF—D G;%J - (20)

Series Notation

To facilitate writing equations with the series, a series nota-
tion was developed. Calling the deflection of point b relative to point
a, A, and the rotations y' , and y' , 6, end 6, equations (14} and

(15) can be rewritten as

M.L 2
ab ab
bpg = 9a.bLabSQ(a,b) B BT S3(a,b) (21)
3 L
i vabLab o w L

o ab
EI (&,b) + EI SS(&’b)



and
M_L
ab ab
= Sl - 82
%, Bab {a,b) - (a,b)
{ory
2 b
- vﬁbL&b s3 + EQEEE_ aly
EI (a,0) ©gp T (as0)
where

2 3 i
51(a’b)=1-§+%-§?+...=§ (-p) (23)

2 3 i
R el
i

82 =1 -
(a,b)

2 3 i
LR B g, IS T G ) R OV

83 = ' ' 1 L I N
(a,b) : : i =0 {21 + 2)!
2 i
UNSELES T3 N REI el
a, ’ : o 1 =0 {21 + 3!
2 3 1
1 2] p - .
as s -t Rt . . =% _{=p)” {27
(a,b) J—T: ET g—: 101! i = 0 (21 + L].);

A computer program was developed that calculated the values of
each of these series using enough terms that the change brought about by
adding another term caused an insignificant change in the sum of all the
terms. This program was used to print cut values of the five basic
series versus the parameter, p. These tables were then used in hand
computations. A small table of these series is given in Appendix E.

In addition, the program was made into a procedure that was used in
subsequent programs. The series parameter, p, between points.a and b

on a beam column is given by
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Ta'bLa,b2 /28
EI

whers Lab is the distance between points & and b. Points a and b can

be any two points on a beam column which have no concentrated loads, no

plasticity, and no change in E or I between these two points. If E or

I varies with the length, an incremental analysis can be performed using

short segments wherein the E and I are assumed to be constant.

Concentrated Loads

Timoshenko (5) has proposed a limited form of superposition that
holds for beam columns. If the axial force in a beam column is kept
constant the deflection for any bending effect is proportional to that
effect. This is apparent from examining equations {21} and (22). Each
primary bending term such as '(MabLabz/(EI) is multiplied by a series
multiplier which is & function of the axial force. If the axial forece [
iz kept constant, then the deflections will be proportional to the .
primary bending effects. |
Meking use of this limited form of superposition one can find
the deflection if a series of concentrated loads is placed between
points a and b as is shown in Figure €. First, consider only one con-
centrated load acting, Pi’
To calculate the deflection at some point, say b, on the other
side of the concentrated %oad, one congiders that the effects of LA
Mab’

the existence of the concentrated load although some of the magnitudes

v

ab? I

b and 6., , as given by equation (21}, have not changed by

of these forces or of the rotation may have been changed. However,

there is now the additional forece, Pi’ which causes some asdditional



Force Systems Slopes and Deflections

Figure 6. TForce Systems, Slopes and Deflections for a Segment of

a Beam-Column with Concentrated Lateral loads Between its
Ends

deflection. Noting that it is the same as Véb but that it acts in the
opposite direction and on a shorter length (1 - 3 i) Lab between i and

b, the deflection at b relative to a is given by

P, (1-2 031 3
i b
A o = Equation (1) + ( EIl 22 Sh(i,b) (29)

In fact, if n concentrated loads act between points a and b the deflec-

tion and rotation at b are given by
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V.L L )
_ab ab oab_
- ( ) Shae) () 5w (305

and

M.L
( ab ab) g0

ET (a,v)

ba (a b)

2 v L 3
a1
) 33( ,0) + ( ) o4

_ ( Vab L&b
ET

— (a.b) (31)

)2 2

n Pi(l ) Loy

+ X
i=1 EI

i

) 53(1,)

The above line of reasoning is apparent with hindsight but was not so
apparent in the development stages of this thesis. Therefore, the de-
flection at b was found by using equation (21) between points a and i
and then reapplying it between i and b, adding ﬂib to aai to get Aab’
This procedure yielded an equation identical to (30), thus confirming
the principle of superposition for beam columns under constant axial
load. |
These two equations suffice to define the deflection response of

an elastic portion of a beam column. However, sometimes it is advan-

tageous to have the deflection at b in terms of the rotation at b¥

¥The slope at b may be known to be equal to the slope of a
girder which is rigidly connected to the beam column at b.
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rather than the rotation at a. This relationship may be obtained by
solving equation (31) for 8.y, and then substituting this into equation

(30). This gives

2
s2 M_L 52
(a,b) ab ab (a,b)
A =@ L + ( T - 83 )
ba = “ba ab (a,b) (2,b)
Sl(a,b) EI Sl(a,b) ? ?
v.L 82
+ ab ab ( ( ,b) 83 _ Sh‘ )
*
L 4 52 (32)
W
o ab (__ja,b) Sh( 0) 35(3 b))
EI Sl(a b) ? ?
_ 3
25 (1 -3 )7Ly (Se(a,b) 83 g )
i=1 E1 51 (1,) (1,0)
{a,b
Letting
82
811 = _(E'Jﬁl (‘Qf‘ .
(a’b) Sl =
{a,p)
52 a,b
Sle(a,b) - Sl( Se(a,b) Sj(a,b) (34
a,
813 = S_QM 83 - 8h (35
(&,b) Sl( b (a:b) (a,b) ey
a, :
and
N 32 0.
st ( :b) - 51 Sh(a:b) B SB(a)b) (36)
a,b

gives
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2

ET

6 L . S11 a,b}

ba ~ “ba ab (a,b) *

A

3 L
. Vablab Yolab

513 -
EI (a,b) EI

Slh(a,b) (377

3
Pi(l -9 i)

n

-Z 511 ] -sh,

Z T o e, )P e,m) e,y
Expressions for Sll(a,b)’ Sle(a,b)’ SlB(a,b)’ and Slh(a,b) can

be obtained by multiplication, division and subtraction of the basic

series. The expressions so obtained are listed in Appendix C. While

such expressions are valuable for studying the effects of the parameter

P, it will generally be easier to calculate values for the five basic

series separately and combine them algebraically.

Girder Slopes

Most investigators have neglected the effect of the axial force
on the stiffness of the girder. Equations are derived herein which in-
clude that this effeet is small when the parameter p for the girder is
small.

Consider the girder shown in Figure 7T, both of whose ends are at
the same elevation and whose material is elastic throughout.# For such
a girder one may write equetion (30) for Bpg» bUt & 15 equal to zero
gince both ends have the same elevation. BSolving this expression for

gab gives

¥The possibility of plaestic hinges forming in a girder is con-
gidered in Chapter VI.
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2
5 = (MabLab 53(3,1:) . (VabLab ) Sh(a,b)
ab ET SZ(a,b) EI S2(a,b)
_ (foar’y Payn) g
EI se(a’b)
3 2
& (Pi (1-23 ;)7 L, ) _S’“lf_gi!bz
i=1 EI 82(a b)
2
Pi Pn
®
T, i v ) bd 1P L T LTy o
&y ‘\: a
ab™~1" Mba
Vab v
ba
n ab L
- ab “
Ta
Force Systems
a X il al N D
A
ab

Slopes and Deflections

Figure 7. Force Systems, Slopes, and Deflecticns for a Girder
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Letting
]
sal = —?)—(5'31)- (39)
a,
sh
sa”(, 4y = —22 (x0)
T %B(,p)
and
* S5§azb!
5@3 = (41)
a,
gives
2
o - Monlan SGl(a,b) . Vanlab SGe(a,b)
ab EI EI
(b2)
w L.3 nP(l-a.)3Lesh.
o ab 5a3 .y _1 i ab (1,b)
EI (a,0) ~ 4 EI 820, 1y,
6, can be obtained by combining equations (30) and (31) to give
M.L 53
o e = ab ab (SE(a ») . gazb! Sl(a b))
EI ? 52 ’
(a,b)
- YE.b_LEPi (33 - M 81 ) (1‘,3)
EI (alb) 82 (an)
a,b
w3 85
o ab fa
*mgr o (B py - S0 p) S1(a,1))

#¥The firast three terms of these serles are listed in Appendix C,
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_a e Ca \
: P, (1 7 Ly 535 0,
i= EI
(43a)
. (l -3 .) Sh(i;b) Sl(a:@l)
1 s2
(a,b)
Letting
* 53(a,b) 51 (4h)
G (a,b) T PRy T (2,1)
a,b
* =g Ha,n) 81 (45)
512 (a,0) T Ba) T (a,b)
(aJ
* aly 8_5(212.1 a1 (]_|.6)
SG.]-B (a,b) = (B.,b) - 82 i (a,b)
a,b
Then (43) becomes
8 = - Mavlan SG11 - Eé?fﬁbi sgle,
ba 81 (a,Db) BT (a,b)
woLab3
+ - SGl3(a,b)
(57)
2 _ 2
n P, (L-3. )L (83
, £ i i ab {1i,b)
i=1 EI
sk, . 81
- (l -3 i) flsb _Iﬂ:b))

Se(a)b)

*The first three terms of these series are listed in Appendix C.



Important Equations

Equations {23} through (28}, (30}, (31), (33; through {37}, {39
through {42) and (L4) through (47) are used for obtaining the elastic

response of elastic and elastic-plastic structures.

34
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CHAPTER IV
CANTTIEVER BEAM COLUMN

The cantilever beam column is the simplest structure that can be
used to study the P - A effect; yet, the analysis of this simple problem
greatly increases the understanding «f second-order elastic-plastic be-
havior. In addition, it provides an exact mathematical sclution against

which numerical techniques can be checked.

P A

—
P
Q¢ Q
R (C
L E,I
|
e G ¢
P
8a 8B
Ionading Freebody

Figure 8. Loading and Freebody of a Cantilever Beam-Column
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Second-Order Elastic¢ Behavior

The elastic behavior of the cantllever beam column shown in Figure
8 was investigated using the appropriate series equations developed in
Chapter ITI.

Second~Order Elastic @ - A& Curve

Consider the elastic behavior of the cantilever beam column under
the action of some P load lesa than Pél' It is also necessary that the
vertical load be less than the yield load for the column so that some
elastic behavior will exist.

The load P is first applied and then Q is applied in increments.
It is noted that the horizontal load deflection curve @ - A is linear but
that it has a smaller slope than it would have if the cantilever had no
axial load on it. Figure 17 shows the elastic lozd deflection curve for
an BWF3l column for various values of the parameter, p. How these curves
were obtained is explained in the following.

Figure 8b shows the reactive elements required at the base of the

cantilever. Using these and recognizing that eab equals zero, equation

(18) gives:
2 3
po (QLEPA) I oo QL o (48}
EI - BT

The axial thrust at the base of the cantilever Tab is equal to the

applied vertical load P hence the series parameter p is given by

2
p = £ (49)

#¥The involved series notation outlined in Chapter III is not
necessary for this simple case and is omitted in this chapter.
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Rearranging and substituting (49) into (48) gives

3
A = %%— (S3 - sb) + pa S3 (50)
Seolving for A gives
A QL (53 -sh) (51)
=¥ I - pS3

Expanding S3 and Sh in terms of p and performing the necessary operationg#

gives
b, 1t 62, (52)
EI '3 15 315 2535 ot
Or :
A= QEE (1 + 2R 4 1123 + §EEE + ) (53)
~ 3EI 5 105 T 945 53,

This gives the deflection as ao (the deflection given by a first-order
elastic analysis) times m, the deflection magnifier, which is also given

from equation (51) as

_3(83 - sk

R (54)
Equation (53) indicates thet it is indeed a linear Q - A relation for
any given value of axial load, and the higher the axial load the greater

the deflection for a given Q.

¥See Appendix C for these series operations which are represent-
ative of the series operations performed to obtain many expressions in
this thesis.
¥¥It will be shown later that p = 2.47 correcponds to the elastic
buckling load of the column. Therefore p = 1 represents an axial losad
of approximately forty percent of the buckling load.
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When p is equal to 1 the first four terms in the series of equation
(53) give an m of 1.63. Using equation (54) and the tabulated values of
series 83 and S84 gives an m of 1.67. Therefore using the first four terms
of the series givesan m within approximately 2-1/2 per cent of the true
value. In general as p increases, more terms are required to calculate
m accurately. In fact, as P approaches Pél the series will diverge.
{(For the cantilever P, and T, are identical. )

Iterative Solution. Although it was easy to get the closed form

solution for this case, an iterative solution could be performed as out-
lined helow.

1. Calculate a2ll forces¥* and moments assuming A equals zero.

2. Calculate deflections using calculated forces.

3. Recalculate forces and moments that are functions of A with
the new A.

4. Repeat steps 2 and 3 until a cycle produces an insignificant
change in A.
How this method works can be seen by examining equation {50). Rewriting

it in terms of p gives

a® 1 p 2 ’ 1 B
b G hrE o mR TR GE ) 9

#In a frame all or most of the forces and moments will be func-
tions of the deflection 4. If one neglects this deflection in calcu-
lating the shear and moment and does not iterate as in steps 2 and 3,
the solution for A will be off in the second term of its series solution.
Neglecting the change due to A in an axial force has one order of magni-
tude less effect on the deflection calculation. That is, it does not
affect the second term of the series solution for A but it does affect

the third term.
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The iterative approach just outlined is equivalent to sclving
equation (55) by successive approximations.
1. Set A = 0 on the right side of the equation.

2. BSolve for A.

3. Using the A of step 2 in the right side of the equation

recalculate A.

4, Repeat steps 2 and 3 until convergence occurs.,

In our case, letting A = 0 gives

3
A= %%T (L -...) (or the first term of this series is the (56)
same as the first term of equation (53}))

Then substituting this value for A on the right side of equation (55)

gives
a_gﬁ(i-P_q. )+£3 (l‘._ ) ( )
g G- - 3BT p5--. .. 5T
or,

3
A= 8L (1 + %2 -+ .+ .) (or the first two terms of (58)
this series are the same as
the first two terms of the
series of equation (53))
Continuing this operation shows that the series can be built up term by
term and that the iferative technique works as long as the series one is
working with is convergent,* in other words, if P is less than Pél' Any

numerical error in this recurasbon . process will be in terms of higher

order than the last term obtained.

*0ne special case arose in working with frames whereby this
iterative procedure failed to converge even though the series converged;
thig 1s discussed in Chapter V.
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Elastic Ruckling by the Ratio Test

The fterative solution works unless each additional term of the
magnification series has a magnitude equal to or greater than the pre-
cediyg one.. In other words, divergence occurs if the ratio of the
n + lth term to the nth term is greater than or equal to one. The elastic
buckling load could be found then by setting the ratio of the n + lth
term to the nth term equal to one; however, obtaining an expression for
the nth term for even this case is not simple. An estimate of the buck-
ling load can be made by setting the ratio of any two adjacent terms equal
to one. If the retic of the second term to the first term is set equal
to one, p is found to be 2.50. Beiting the ratic of the third term to
the second term equal to one gives 2.47. Continuing this procedure for
all remasining pairs of terms gives 2.47. Actually, if enough significant
figures were carried it would be found that the answer was approaching

n2/h, which is 2.47 to three significant figures. If

2
p=1p (59)
then
2 2
oA (69)
and
P = "—EE—IE (61)
(2L)

vhich is the elastic buckling leoad for a cantilever.
This method is not the best way to determine the elastic buckling

load, but it is an aid in understanding how the series solution for the
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elastic @ - A relation diverges as P approaches Pel'

Elastic Buckling as an Eigenvalue Problem

A more familiar approach to the buckling problem is to examine the
column in a slightly deflected position and see what load is required to
cause an indeterminacy of positions. This procedure is normally carried
out using Timoshcniu's equations and thus requires the solution of
transcendental equations. Using the series equations to set up the
problem gives, instead, a polynomial in terms of p. Solving the poly-
nomial for p then gives the elastic buckling load.

Consider the cantilever in a slightly deflected position but uvnder
no horizontal load. The only reactive elements at the base will be a

vertical force, P, and a resisting moment, P x A. Eguation (18) yields

2
PA L
A= N 53 (62)
or,
&(1 - pS3) =0 (63)

There are two possibilities: either A is equal to zero or (1 - pS3) is
equal to zero. If A is equal to zero then the column is not deflected
and hence has not buckled. If (1 - p3S3) is equal to zero then the de-
flection is indeterminate; hence, evaluating this expression gives the

buckling load,

1 -p33 =0 (64)
or,
P 2 PE 4
1-5+ gﬂ - Fa Eﬁ:§§5 - v . . =0 (65)

If the first two terms of the series are used one obtains p = 2.0.
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Using the first three terms and solving a quadratic yields p = 2.5k. It
can be seen that because of the alternating signs of the series taking an
odd number of terms will always overestimate the buckling load, and an
even number of terms will always underestimate the buckling load. Figure
18 gives the elastic buckling load versus the number of terms used to
compute it from equation (65). These points were calculated by a computer
program that solved for the roots of a polynomial by Newton's method. In
some cases on other problems, using an odd number of terms gave no real
solution. So in general it would be best to use an even number of terms
especially since this will underestimate the elastic bueckling load. Al-
ternately equation (64%) could be solved by trial and error using the

tabulated values of S53.

Second=0rder Plastic @ = A Relation

A first-order plastic analysis of the cantilever beam column
would give the horizontal load to cause collapse as MPR/L. MPR would be
calculated as outlined in Appendix A. This takes into account the re-
duction in plastic moment capacity due to axial load but not the P - A
effect.

A second-~order plastic analysis consists of satisfying statics on
the deformed beam column in a mechanism configurgtion. The plasticity
requirement must be satisfied to insure that the assumed mechanism is the
correct one. If a plastic hinge is assumed at the base this is sufficient
to cause a mechanism. And since the maximum moment ig at the base plas-
ticity would not be violated. Suming moments about the base gives

Q= BB (66)
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Thus, for a given P,Q is a decreasing function of A. This relation as-

sumes a mechanism and does not apply until the mechanism forms.

Second-0Order Blastic=Plastic Behavior

If we assume the cantilever is perfectly elastic until the forma-
tion of the hinge, then the second-order elastic § - A relation describes
its behavior up to the forming of the mechanism and second-order plastic
Q - A relation describes the post mechanism behavior. The intersection
of the two curves determines the load and deflection at collapse. TFigure
12 shows one such intersection for a cantilever. TFor this simple problem
the A and Q at collapse could be obtained by solving equations (51) and

(66) simultaneously. Giving

_MPR (1 - pS3)
and,
_ (MR) T° (83 - sh)
b= ""g1 T - pdh (68)
or,
MER . p p-
Q=51-%- EE - ) (69)
and,
2 2
A=(1\%*I&(1+%+%+...) (70)
letting
MPR T
T = 9% (T

where QO is the horizontal load predicted by simple plastic theory,

equation (67) gives
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2
- -2 . -
a=-q, (-5 % e ) (72)
This shows the reduction in Q below simple theory as a function of p.

For p = 1, equation (72) gives

Q = 0.644 q (73)

Figure 20 gives the ratio Q/QO as a function of p.

Equation (67) along with the moment, thrust equations, from
Appendix A, which give MFR are all that are necessary to completely
describe the second-corder elastic-plastic interaction curve for a canti-
lever beam column. For a given P, MPR is calculated and then q is found
from equation (67). Blastic buckling is also provided for. When
(1 - p83) is equal to zero, equation (64) gives Q = 0 regardless of the
value of MPR/L; and this is exactly the expression found in an eigenvalue
approach to elastic buckling. Hence, the elastic buckling load is the
value of P that causes equation (67) to be zero and a separate buckling
analysis is not needed. If the yleld load, Ty, is less than the elastic
buckling load then MPR/L will be zero before (1 - pS3) is equal to zero.
For this condition general yielding will control rather than elastie
buckling. However, if the elastic buckling load was desired it could he
found by putting any non-zero value of MPR/T. into equation (64) and
finding the p that causes Q to equal zero.

Numerical Techniques

In general it will not be an easy task to obtain a direct formula
for Q as a function of P as was possible for this simple case. Hence,
several numerical technigques that would give the @ load tc cause collapse

for any given P load, were tried before going on to more complex problems.
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Gauss~-Seidel Iteration. (1k) The first technique tried was a

Gauss~Seidel iteration of equations (50) and (66). While it will general-
1y be easy to obtain the second-order plastic Q - A relation, the second-
crder elastic @ - A relation will usually be obtained by the recursive
iterative approach outlined earlier. Therefore, one would iterate on the
second~order elastic curve and use a Gauss-Seidel iteration between the
two curves. The procedure is outlined below,

1. Calculate Q from equation (66) assuming A = O.

2. With thias @ calculate A by the recursive technigue from
equation (50).

3. Calculate q from equation (66) using the new A.

k. Repeat steps 2 and 3 as regquired.
This iterative procedure was tried in a program set up for the cantilever
and worked fine for velues of P well below Pel’ But as P approached Pel
the slope of the elastic @ - A curve decreased and the Gauss=-Seidel iter-

ation diverged at a lcad below Pe However, it could be made to work

1’
for most cases by changing the technigue slightly. If one wrote equation
(66) for & as a function of Q and equation (50) for @ as a function of A
then the iterative procedure would work. At this point the technique was
abandoned in favor of one which would be easier to apply.

It should be noted that the divergence that occurred was associated
with the Gauss-Seidel iterative technique and not the buckling of the

column, though the divergence did oceur as P increased.

Eliminating Q by Staties. Although the idea of the collapse load

being the intersection of the second-order elastic and second-order plas-

tic load deflection curves is important, it is not necessary that the
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problem be attacked in this specific manner. If a determinate mechanism
is assumed on a beam column or a simple frame it will always be possible
to eliminate @ from all of the force systems in the structure, thus allowing
one to set up an expression for the deflection at the mechanism loasd in-
dependent of @ using the equations of'Chapter ITI. Then @ can be solved
for by substituting the A so obtained into the plastic @ - A relation, in
this case, equation (66).

If a plastic hinge is assumed at the base of the cantilever with a
plastic moment capacity of MPR, then the shear force at the base can be

obtained by summing moments about the base givirg the shear force

MPR - PA .
Vab =T L (74) :
Then equation (18) gives
_ (R, o MER - Pay 1P
8 = (5T 83 - (5 &7 sk (75)
or
a
A = (M_)—g L (s3 - sb) + pash (76)

Solving for A gives

MPR)L2 S3 - 84
‘3=(EI (l-pSBI- (77)

This is not surprising since this is the same solution as previously
obtained. But it is important to realize that the only time the deflec-
tion is infinite is when (1 - pSL) is zero, which occurs at a value of P

much greater than Pe Therefore, the recursive iterative procedure out-

1.
lined earlier will work on equation (75) even though P equals Pel' The
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buckling phenomenon is not lef't cut, however, for if P is equal to Pél
then the deflection we obtain from equation (77) will be sufficient to
make the PA moment equal MPR, the entire moment capacity of the section,
leaving no moment capacity for the horizontal load; thus giving a Q of
zero from equation (66). Consequently, an iterative solution is possible
which does not diverge when P approaches Pel but defines Pel as the point
where @ is equal to zero. As mentioned before, if general yielding occurs
before elastic buckling, then to obtain the elastic buckling load some
arbitrary non-zero value of MPR must be used.

4 general iterative approach for cbtaining the interaction curve
of a beam column is

1. Assume a mechanism.

2. Assume a vertical load P.

3. Calculate MPFR, using moment-thrust equations from Appendix A.

4, Calculate all forces and moments, assuming A = O, by elimi-
nating @ from force equations.

5. Calculate A with these forces using necessary second-order
elastic-plastic equations from Chapter III.

6. Recalculate forces.

7. Repeat 5 and 6 until satisfied.

8. Use the A so obtained in the Q@ - & relation for the mechanism
to find the Q at collapee.

9. Check plasticity at other possible points of hinges. If plas~
ticity is not violated this is the correct mechanism and one has the Q
that would cause collapse with the assumed P. Then increase P and repeat

process above until Q = Q,



A program was developed that did this for the cantilever and no

problems were encountered with divergence.

Inelastic Buckling and the Tangent Modulus Modification of

the Second-Order Elastic Plastic Technique

It is well known that a wide flange column of intermediate length
will buckle under a compressive load below both the elastic buckling
thrust Tel’ and the yield load, TY, due to the influence of residual
stresses. This phenomenon has been adequately expalined by Shanley (15).

Shanley gives the critical buckling thrust in the inelastic range Tin* as

o
By I
Ty = 1*-—t—2 (78)
(sL)
All the terms have been defined with the exception of Et' Et is the

Tangent Modulus of Elasticity, and it is the slope of the compression

gtress-gtrain curve for a short stub column which containg residual

stresses.
Equation {78) can be rewritten in terms of the inelastic buckling

stress, fin’ as follows:

E

4
£ 2(25,17; (79)

r
For design purposes the Column Research Council (17) has solved the
inelastic problem by giving an equation which expresses the buckling stress

as a function of sL/r and is essentially the tangent modulus formula with

#For the cantilever the thrust T equals the applied vertical load
P, hence the inelastic buckling thrust Tin is identical to the inelastic
buckling load Pin'
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8 representative expression for E The AISC manual hag adopted this

tp

formula and gives the following two formulae to govern buckling:

For 0= %& < cc*
(80)
(3Ly2
o= (1 - ——) Fyex
in oc
c
For sL/r = CC
(81)
_IE
el (S_L)2

r

Bquations (80) and (81) are plotted in Figure 22 for A33 steel and
show how the critical buckling stress varies with the effective length
divided by the radius of gyration for a wide flange section.

Sections la and 1b of Figure 107 are controlled by inelastic
buckling and equation (80). They differ only in that fel in la, would
be greater than the yield stress, while fel in 1b would be greater than
fin but less than FY. Section 2 is controlled by elastic buckling and
equation (81).

Suppose one 1is calculating the interaction curve by the second-

order elastic-plastic theory, for a beam column which hag an sL/r such

that it would buckle in range 1 of Figure 107. If T were equal to Tin’ Q

¥C _ is the point at which (80) and (81) would give the same value
of critical buckling stress and marks the point of switch over from
elastic to inelastic buckling.
*¥*¥4 safety factor of one was used since this thesis is concerned
with the maximum value of the loads involved.
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should equal zero. Second-order elastic-plastic theory would, however,
give some value of Q greater than zero since this theory does not give a
Q equal to zero until T is equal to Tel; andeor this L /r, Tel would be
above Tin‘ This is to be expected since a second-order elastic-plasiic
analysis neglects the harmful effect of residual stresses.

Suppose one tries to account for the effect of residual stresses
in a semi-empirical manner. One could obtain a @ of zero from equation
(67) merely by using T, in evalvating p, S3 and Sh to use in the equation.
This is equivalent to multiplying the actual T (Tin) by the ratio Tel/Tin
This is of no help in evaluating Tin since its value would have to be
known in advance, However, suppose one is calculating the horizontal
load the cantilever can support when the axial load T is less than Tin'
If instead of using the actual T* to evaluate p, S3 and Sk in equation
(67) one used instead T', where

Tel
Tr o= T== %% (82)
in
then the value of @ obtained from the equation would be lower than if T

had been used and would be nearer the compatibility scolution.

Interaction Curves by Various Theories

The results of, {1) simple plastic theory; (2) second-order
elastic-plastic theory; and (3) tangent modulus second-order elastic~

plastic technigue were compared with & more rigorous compatibility

¥T should be used instead of T' in caleulating MPR since the re-
duced moment capacity is not affected by the residual stresses.
#**1t can be shown that using E{ instead of E, in calculating de-
flections, E¢ being the tangent modulus when @ equals zero and buckling

is imminent.



analysis made by Chu. The variocus interaction curves can be seen in
Pigure &. The curves shown in Figure 22 are for s member whose length is
such as to cause it to fail by inelastic buckling. PFigure 23 shows
interaction curves by simple plastic theory, second~order elastic-plastic
theory and the tangent modulus second-order elastic-plastic technigque for
a beam column with an sL/r ratio that would place it in ranges la, 1b, and
2 of Flgure 22. Examining Figures 21 and 23 shows that

1. Simple plastic theory gives good results only for a very small
P load.

2. Becond-order elastic-plastic theory gives much better results
but is still unconservative particularly ass P approaches Pin'

3. The tangent modulus second-order elastic-plastic theory gives

results very ¢lose to the rigorous compatibility analysis by Chu.

Computer Solution

The data for the curves discussed above were obtained from a
computer program that, for any cantilever;

1. Calculated the interaction curve by simple plastic theory
taking into account the reduction in plastic moment capacity by the equa-
tions in Appendix A.

2. Computed the interaction curve by second-order elastic-plastic
theory as outlined earlier in this chapter.

3. Found the critical elastic buckling load, Pé by finding the

l’
point where Q was equal to zero. If general yielding caused § to be equal
to zero before elastic buckling occurred, an arbitrary value for MPR was

put into the equations. Then P;l was found as the P which gives a @ of 0.
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4, Calculated the inelastic buckling load using equation (9%) which
is derived as follows:

Equation (81) gives

nE (83)

fEl = (%)2
r

Therefore,

(L2 _ TE " (8k)
el

Equation {80) gives

sL 2
=)
f, =(1 -

FY 8
in 200 ) (85)

2

Therefore substitution of (84) into (85) gives

g
f.oo=(1-"2—) Fy (86)
in o0 2f
c el
But
TY = A(FY) (87)
and
T
al
T = (83)
Therefore,
e =P (1 TE (TLy) (89)
QCC FY Tel
And since
T
in
fin - A (%0)
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nE

T =Ty (1 - TES (%?) (51)

in 200214"! e

And since the AISC Manual (8) gives

C == (92)

Ty = T (- g (93)
e

Since for the cantilever the axial thrust T is equal tc the applied verti-

cal load P

TY
Pin =TY (1 - 1@) (o)

If sL/r was greater than Cc then elastic buckling controlled and residual
stresses 4id not affect cclumn buckling; hence, in this case the program
printed out "sL/r Cc" and did not compute Pin or recompute the interaction
curve asg below.

5. Otherwige using Tin from equation(“s) the program recalculated
the interaction curve by second-order elastic-plastic theory but replaced

1
T by T where

1 1 .
T === (95)
Tin
everyvwhere except in calculating the reduced plastic moment capacity.

This gave the tangent-modulus second-order elastic-plastic interaction

curve.
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CHAPTER V
SWAY FATILURE OF SIMPLE RIGID FRAME

In this chapter, the ideas developed for the cantilever are ex-
tended to a simple rigid frame of the type shown in Figure 24 . The
supports at the base of the structure are not allewed any vertical or
horizontal freedom; however, the moment is transmitted from the support
to the bage of the column through a helical spring. The spring constant,
K (moment per unit rotation), may vary anywhere between a fixed end (K
equals infinity) and a pinned end (K equals zero). It is assumed that K
has a constant value regardless of the value of moment, and that the
spring has a greater moment capacity than the column; hence, the M-8
curve for the base will be linear with slope K until the formation of a
plastic hinge in the column and horizontal thereafter. To medify the
model to include the weak spring problem, where the momént capacity of
the spring is below that of the column, would invelve only the changing
of the plastic moment capacity at the base of the frame from that of the
columns to that of the springs.

Failure is restricted to the formation of a sway mechanism asg
shown in Figure 25-6; hence, no hinges are permitted in the interior of
the girder, although vertical loads may be there. To insure that this
model gives the true behavior {that ig to say the frame would really
fail by forming a sway mechanism) plasticity must be checked under each
vertical load. This is easily accomplished by statics.

The sway mechanism requires a hinge in all four corners of the
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frame; the hinges at the base may be either real hinges or plastic hinges
which form in the columns. The hinges that form at the Jjunctions between
the columns and the girder may form in either the columns or the girder,
depending upon which has the smallest moment capacity, MPFR, under that

loading.

Second-Order Plastic Egquations

It is assumed in this development that the full vertical load is
applied, then the horizontal load is applied in increments until a sway
mechanism (Figure 25-b) is formed. In the mechanism state M1, M2, M3 and
Mb (See Figure 9) are equal to -MPRl, MPR2, -MPR3, and -MPRL respectively.

Suming moments on the girder in Pigure 9 gives |

n
v o= - (MPR2L+ MPR3) _ 3 Piai (96)
g i=1
and
n
Vo = - (m—————2L+ MFR3) + Pi(l - ai) (97)
4 i=1

Surming vertical forces on the right hand column of Figure 9 gives

T3 =P, - V3 (98)
or
3= T pp s+ (MEE2Y MPRD) (99)
i= g

1l
[

® =
30 0 and an—-l-l
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Similarly for the left column

Il
T = T Pi (1 - ai)* - (M) (100)
1=0 £
A sumation of moments on the left hand column yields
v1 = MERL + MZERR - T1(A) (101)
C
Summing moments on the right column of FPigure 9 gives
v = MER3 + MiRh - T3(a} (102)
c
T2 is equal to V4 and thus
rp - MER3 » WPRH - T3(2) (103)
e
A summation of horizontal forces on the frame in Figure 9 gives
Q =Vl + Vh (104)
or
MFR1 + MFR2 + MPR3 + h - +
Q- 3L MPRA - (T2 + T3)A (105)

c
Equation (105) is the second-order plastic equation for a sway mechanism.
When the proper value for A is used (105) will give the horizontal load
that will cause collapse. With A equal to zero equation (105) gives the
gimple plastic theory expression for the mechanism load. All of the pre-

ceding statics equations hold for the special case of a pin-ended frame

*BO = 0 and an+l =1
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provided MPRL and MPRM are set equal to zero.

In order for the sway mechanism to form, plasticity must not be
violated; that is, the moment in the girder must nowhere exceed the re-
duced moment capacity of the girder, MPRG. The moment in the girder under

any concentrated losd, Pi’ ig given by

i-1

M, = MPR2 + VE(Bi)Lg - EJ'=1 1=~i(ai - BJ)Lg (106)

For equation (105) to apply, the absolute value of Mi for 1£i<n must be
less than or equal to MPRG.

To use equation (105), even when A is set equal to zero, the rela-
tion between the plastic moment capacities and the axial forces in the
members must be established. T1, T2, and T3 are functicns cof the reduced
moment capacities, as equations (99), (100), and (103) show. The reduced
plastic moment capacities are themselves functions of the axial forces as
given by the equations of Appendix A. 8Since the moment-thrust equations
from Appendix A are discontinuous for a wide flange section the only prac-
tical approach to their solution is an iterative one:

1. Assume MPR1l, MPR2, MPR3, and MPRY are equal to zero.

2. Calculate T1, T2,% and T3 from equations (99), (100), and (203).

3. Calculate MPR1, MPR2,%¥ MPR3,** and MPR4 using the moment-thrust
equations of Appendix A and the axial forces from step 2.

4. Cycle steps 2 and 3 until convergence oceurs.

*¥Tt is conservative here to ignore the small reduction in force in
T2 due to the deflection. Since T2 is a small forece itself, it will not
significantly affect the results.

*¥MPR2 and MPR3 would have to be calculated twice, once assuming that
the hinges formed in the columns and once agsuming that they formed in the

girder. The lowest capacity must be used.
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Usually two calculations of the reduced moment capacities are suf-
ficient for slide rule accuracy. In no case did it require more than four
cycles on a computer to cause the change in reduced moment capacities to be
less than one-tenth of one percent between cycles.

Since the reduced moment capacity is decreasing in the right leg
and increasing in the left leg, the sum of the individual reduced moment
capacities is essentially constant; hence, one might wonder if it is of
any real benefit to compute the exact Individual reduced moment capacities
MPR1, MPR2, MPR3, and MPRL. It is true that for a sway mechanism the change
in individual moment capacities does not significantly change *he sum of
the moment capacities; but the values of the moment capacities are needed
in order to compute the deflection, A, at collapse and this does affect
the solution. 1In fact, Bott (9) has shown that in some cases the change
in moment capacities actually changes the mechanism that forms.

Having found the axial forces and reduced moment capacities at

failure the only quantity needed to evaluate § from equation (105} is A,

Second-Order Elastic-Plastic Equations

The deflection at collapse may be found as follows. ITmmedistely
preceding the formation of the last hinge in the mechaniem all values of
shear, moment, and axial force will be given by the statics equations of
the preceding section. In addition continuity will be present at one of
the four corners. If it were known which hinge was the last to form then
the proper deflection could be calculated. In general it will not be
known which is the last hinge to form so the deflection must be caleculated

asgsuming the last hinge forms at all four corners.
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Case 1: Last Hinge Forms at Base of Left Column

If the last hinge forms at the base of the left column then the
slope, shear, and moment are known at this point. 3Because of the contin-

uity at point a,

MPR1

= — r
eab T K (107)
Equation (97) gives
vl < MERL + M§R2 - T1{A) (108)
o

Since the hinge at "a" is on the verge of forming,

Ml = -MPRL (109)
These give all of the forces, moments and slopes necessary to evaluate
the deflection from equation (18).

(110

2 3
- - (M1)L © (yDL.” .
8= Bg = Ogp Lo B(a,)” BT, °© B(an) T OEL S a,b)

Since V1 as given by equation (101) is implicit in A, as was the shear
force for the cantilever (See equation (T4); the same iterative procedure
can be used here as was used on the cantilever.

1. Calculate eab, V1, and M1l assuming A = O.

2. Calculate A from equation (110).

3. Recalculate V1.

L, Cycle steps 2 and 3 until convergence occurs.
This procedure will give the horizontal deflection, A, if the last hinge
forms at the base of the left column., Naturally if the frame is pinned at
this point then a plastic hinge cannot form here; so this possibility need

not be conzidered.
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Case II: Last Hinge Forms at the Bage of the Right Column

The solution for this case isg essentially the same as for Case 1.

MPRY
%4 =K (111)
vy = M3+ MIERL* - 13(4) (112)
M4 = -MPRL (113)
ML, 2 thc3
A=A, =85, L, se(c,d) - ;I--- sa(c,d) - ;I— Sh(c,a) (114)
3

These equations are solved by the same recursive technique used for equa-
tions (107) through (110).

Case III: Last Hinge Porms at the Junction of the Left Column and the

Girder
For this case the slope of the column and the girder at point b

must be equal until the hinge forms; hence,

%a = e (115)

6, 15 given by equation (42) as

2

M2L veL
e.bc = —£ SGl(b,C) + - SG2(b,C)
2 (116)

3;2
Pi(t =37 Ly Sh o)

1 EI2 Se(b,c)

4, is given by equation (37) as

M1 L° g

[
=4 = —C — € 513 1L
8 =24, ebaLcSll(a,b) + EI, Slg(a,b) * EI, 212 (a,b) (117)
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Combining equations (115), {116), and (117) with the statics veiatices

for V2, M2, M1, and V1 gives an implicit relation for A, as tetore. Sir o
V1 is the only force that is a function of A%, it was assumed that the
game sort of iteration procedure as previously used would work.

Numerical Divergence. A computer program was writien using this

technique and gave gocd answers for small values of P. Fut the iterative
process failed to converge at a Pirél. The reason for this divergence
can be seen in the fcllowing. The deflection equation for the cantilever
(Equation (76)) is of the form

A=C+al {118}
where C and "a" are some constants and "a" is always positive. The solu-

tion of this equation is

A= =2 (119)

If "a" equals one then (119) gives an infinite deflection and the iter-
ative solution breazks down. However this does not oceur until the appliss
vertical load is above Pel’ hence no divergence problems occur in working
problems. But the A relation obtained from equations (115), (116), and

(117) is of the form

A = CH¥¥ - gA {120)

*T2 is also a function of A and is needed to evaluate the series
parameter for the girder series. This effect was tsken into account by
iterating on T2 at the same time V1 was iterated on, but it has a very
small effect on the solution.

¥%C is not a true constant since T2 is a function of A but it
changes in value so little that it may be considered a constant in the
operations that follow which cover a small range of A.
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and divergence occurs at a P less than P_;. The solution to (120) is

A= —C (121)

Although equation (121) has & finite solution for any positive value of
"a", an iterative approach (similar to the one used for the cantilever)
will diverge for an a =z 1. This is a numberical divergence and not asso-
ciated with the buckling phenomenon.

The problem then arises as to how the basic iterative approach
could be retained without involving this sort of divergence. Suppose one
tried to solve equation {120) by the iterative approach. One would suc-

cessively obtain

Al¥% = C (122}
then
A2 = C - aC (123)
or
a2 = ¢(1 - a) (124)

Assuming for the moment that C is always positive, A2 would be less
than or equal to zero only if (1 - a} is less than or equal to zero, or
stated differently if "a" is greater than or equal to 1. (This is the
condition for divergence.)} Thus whenever the iterative solution diverges
the second estimate of the deflection A2 would be either zero or negative.
If the divergence occurs, an approximate value (the true value if C were
actually a constant) can be calculated in terms of the first two deflection

estimates by equation {127) which can be derived as follows;

¥Al ig the first value obtained from the iterative sclutlon and
A2 the second.
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Combining (124) and (122) gives

&2 e
a =1 - Al (ld)x

Then since C is equal to Al, one may combine (121) and (125) {0 obtain

S iy
b= T (126}
AL
or
5
_ (A1) .
A= 5R - B (127

Thus the basic iterative approach can be maintained and when for some
particular vertical lcad system the second estimate of deflection A2 comes
out zero or negative, A can be calculated from equation (L27).

In addition the possibility of C being a negative quantity must he
considered. Suppose the hinge at point % is assumed to form last when
in the real structure it forms first. The deflection computed a35uniong
the hinge at b formed last would not be the real deflection of the frame.
It would however be smaller than the real deflection and could in some
cases be negative. This then means that in some cases C covld be negetive,
However this would then give the first estimate of deflection Al equal to
a negative quantity. Since in this case the deflectlon associated with
the hinge forming last at b is not needed this deflection could arbitarirly
be agsigned a zero value, and this is what was done by the computer progream
developed for this problem.

Case IV: [Last Hinge Forms at the Junction of the Right Column and the

Girder

The only basic difference between this case and (ase IIT is that



continuity remains at point ¢ rather than at point b, Hence,

%a = % (125,
Equation {47) gives
M21L vzL 2
S =~ BT SGll(b,c) - EI DGIE(b:C)
2 2
neP, (1 - ai)EL e
' :»:[ E(53(, o) (129)
i=1 EIl ?
2
s, , sl
- (1 - ai) (130) (b,c))]
And from equation (37)
2 3
MLL < 812 vhL © Sl
A=4 _=6_L811 - — (c,d) , e 2(e,8) (130)
T %ed T Teb eV (e,d)
EI3 EI3

The same test for numerical divergence must be provided here as was used

for Case III.

Second-Order Elastic-Plastic Behavior

The largest deflection calculated by the second-order elastic
equations will be the deflection at the formation of the away mechanism.
Substituting this deflection into equation (105) gives the value of Q
required to form a sway mechanism under the asgsumed system of vertical
loads. The post mechanism behavior is described by equation (105) (except
for the stiffening effect of strain hardening). However using this mech-
anism method dees not allow a load-deflection prediction prior to the

forming of the mechanism. A conservative estimate of the deflection at
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any load less than the collapse load may be obtained by assuning the
elastic @ - A curve iz linear between the poin:z of zero load and tre

mechanism load.

Interaction Curve and Elastic Buckling

An interaction curve of vertical versus horizontal lcading may be
cbtained by caleulating the horizontal load capacity for several different
values of vertical loading. One selects one of the axial forczes as the
vertical parameter and then increases all vertical loads in the same ratio
as that load. An interaction curve for the pinned-base frame of Figure 26
is shown in Figure 27. For this case only two vertical loads were zpplied,
equal vertical loads, P, at the column tops; hence, either one of these
may be the vertical load parameter, the other one being incressed the same
amount,

The interaction curve of Figure 27 indicates a Q of zero for a P
below the elastic buckling load for the frame, as computed by Timoshenko's
transcendental® equation for this problem. Even though P differed from
the elastic buckling load by only a few percent it was not a numerical
error. The value of P that gives a Q of zero by the mechanism method
corresponds to point B on the @ - A curve shown in Figure 10. 8ince this
value of P is less than the elastic buckling load, no horizontal movement
of the frame is possible without the application of a horizontal load;
consequently, some horizontal load is required to move the frame from the

position of zero horizontal deflection to the horizontal defleztion re-

*¥Timoshenko's equation can algo be derived in series form using the
basic series derived herein and an eigenvalue approach. Seec Appendix D
for such a derivation.
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Horizontal
Iosd Q (First Hinge Forms)

(kips)
(Last Hinge of

Mechanism Forms )

B

Horizontal Deflection A (in)
Figure 10. Horizontal Load-Deflection Curve for a Vertical Load
less than the Elastic Buckling Load
quired to form a mechanism. It follows, then, that the horizontal load
must begin at zero, increase to 8 maximum (point A in Figure 10) and
return to zero at the formation of the mechanism. The only case, then,
in which the P giving a zero @ by the mechanism method will agree with
the P of elastic buckling theory is one in which the elaztic buckling P
will satisfy equilibrium for all values of horizontal deflection between
zero and collapse (such a case occurs for the cantilever beam-column of
Chapter IV); otherwise, the mechanism method P will be less than the
elastic buckling P.

Point B in Figure 10 can also be thought of as a point of unstable
equilibrium, for a slight additional displacement in the same direction
as the original displacement will cause the frame to move intc post-
mechanism behavior; if, however, the frame is displaced in the opposite
direction it will return to the equilibrium position at point B since
the predicted vertical collapse load actually regquired the application of

some @ load to reach the incipient mechanism state.
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Point of Application of the Q Load

The horizontal load, Q, is shown acting tc the right at the top
left corner in Figure 24. The statics equations were baced on this loca-

tion. The axial force is given by

T2

_ MFR3 + MPRY ~ T3(A)
= T (131)

]
If the load were applied in the same direction but at the top right corner,
the only difference would be in the magnitude and sense of T2; in thils case

T2 would be given by

T2

_ =(MPR1 + gpﬂe - 13(4)) (132)

C
Note that now the axial force in the girder will be in tension and the
series expressions for ebc and Gcb will give a value less than the value
for zero axial load.

The computer program developed tock into account whether the load
was applied at the right corner or the left corner of the frame. For the
interaction curve of Figure 27 the maximum difference between the values
obtained for § was 0.006 kips, Q being 0.006 kips greater when the load
was applied at the right. If the axial force had been assumed tc be zero,
the Q@ force would have been somewhere in between the two values found,
and would not have significantly affected the accuracy of the solution.

It appears then, that for normal, rectangular, rigid frame struc-
tures neglecting the elastic effects of the axial force in the girder
would have little effect on the accuracy of the resu.t. Naturally, if a
low, very wide frame were being considered, it is pessible that the axial

load in the girder might appreciably affect the stiffness of the frame,
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and the effect of the axial load in the girder should be considered.

Comparison With Compatibility Analysis

Adams (3) worked the frame shown in Figure 26 for a P of 0.3PY by
both & second-order elastic-plastic analysis and a compatibility analysis.
He obtained a @ load of approximately 31 kips by the second-order elastic-
plastic analysis whereas the method discussed in this chapter gives a
load of 30.46 kips. Adams' compatibility analysis gave a @ of 26.2 kips
which 1s 13.0 percent under the load predicted by the meihods of this
chapter. Simple plastic theory would have yilelded a collapse load Q of
42,53 kips which is 40 percent over the second-order elastic solution of
30.46 kips. Figure 11 shows the predicted horizontal loads by the various
thecries.

It is seen that second-order elastic-plastic theory picks up much
of the reduction in horizontal load capacity below that of simple plastic
theory. The real behavior of the frame lies somewhere in between the
gecond-order elastic-plastic and the compatibility solutions. Limited
experimental studies at Lehigh (2) have shown that second-order elastic-
plastic solutions give good correlation to experimental data.

If, however, later studies indicate that the real behavior is closer
to the compatibillity solution, then the second-order elastic-plastic theory
for frames could he modified by using the Tangent Modulus Modification as

wag done for the cantilever.

Hand Computation

It has already been shown that the effect of the sxial load in the

girder may be safely ignored for the pinned base frame being studied. The
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(Simple Plastic Theory) L42.5
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Figure 11. Collapse Load for the Pinned Base Frame of Figure
26 by Various Theories
question then aric.s as to how much it would affect the computations if the
change in the columms' force, due to the shear in the girder, were neg-
lected. TIf these two assumptions are made it is possaible to obtain an
expression for Q/Qo for a pinned base frame as a function of o’ a8 was
done for the cantilever.

Since the axial force in the girder is assumed equal to zero, ebc
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is given by equation {42) as

(MPR2)} L (MPR2 + MPR3) L 2
0 - — & £ (133)

be
21, (Lg) 6E12

and if we assume T1 equals T3, then

MPR2 = MFR3 = MPR (134)
Therefore,
MPR Lg
= — {135)
Toc 6EL,

With the assumptions made both hinges would form simultaneously so
it makes no difference whether we calculate it as in Casz IIT or Case IV.

Bquation (37) can now be rewritten as

3
(MPR - PA) L, 313(1,2)

(MPR) L L_ 811
A=a = g c”(1,2) (136)
6EI, L, BI;
Since Igb ig agsumed equal to the applied load P the series parameter, p,
is given by
pL
P = (137)
EIl

Since all series are in terms of this parsmeter the series notation will

be dropped. Letting

(138)

)
]
O8]

®

and, combining terms, equation (136) gives



()L o
A=——F5 (z-) 811 + 513) - pASL3

EIl

Solving {139) for & gives

(MPR)LC2 (2 s11 + 813)

A

EIl 1 + pS13

Since both shear forces are equal,

2(MPR - PA
Q= T

Substituting in equation (141) for A gives

(% 511 + 813)
1 + p3813

MPR
Q==F-(1-

or

L=-2R g
AP LN

Q
1 + pS13 ©
Since
2MPR
Qo T L

T2

(1%0)

(1%1)

(1k2)

(143)

(142)

Changing equation {141) into terms of the basic series and simplifying

gives

s1 - E% s
( o,
81 + pS283 - pSish

Q=

This equation can be readily solved using the tabulated values of the

geries.

(145)

Figure 28 shows equation (145) plotted as Q/QO versus the series

parameter p, for various values of R, the colum-girder stiffness ratio.
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Equation . .45) applies for any pinned base frame, such as the one shown

in igure 28. Figure 29 shows a comparison of equation (1b5) and the
computer program which took the change in the axial forees in the column
into account. The comparison is for the pinned base frame of Figure 26,
which has an R of 1.025. As stated the computer solution was hased on the
real forces existing in the columns at the formation of the mechanism.
However in plotting the results from the program in Figure 29 the para-
meter p was calculated assuming equsl forces in both columns, so that the

curves would be comparable.
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CHAPTER VI

FATLURE OF SIMFLE FRAMES

In general a frame such as the one shown in Figure 24 may fail by
a beam mechanism, a sway mechanism, or a combination mechanism. All three
of these mechanisms are shown 1in Figure 25.

Chapter V dealt with the sway mechanism failure of this frame in
detail. In thig chapter the techniques necessary to determine the failure
load by a combination mechanism are developed. If the effect of the axial
force on the girder is neglected then the beam mechanism :ay be investi-

gated by first-order plastic theory.

P - A Effect in the Girder

If the equations of statics are formulated on the frame of Figure
24 in a combination-mechanism configuration (See Figure 25) it is found
that the horizontal load, which produces the mechanism, is & funetion of
two deflections. It is a function of the amount the column tops sway,
because of the P - A effect in the columns. In addition, it is a function
of the vertical deflection of the load at the plastic hinges due to the
P - A effect in the girder. Also, many of the forces necessary to cal-
culate the deflections are functions of both these deflections. Taking

the P - A effect in the girder into account makes the solution extremely
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complex, and for the frames studied in this thesis¥* it has a negligible
effect. Neglecting the P - A effect in the girder is equivelent teo as-
suming all vertical deflections are zero in the girder, in setting up the

statics equations.

Second-0Order Plastic BEquations

Neglecting the P - A effect in the girder, a hinge can occur in
the girder only at its ends or under a concentrated load. There will e
one possible combination mechanism for each vertical load between the
supports. The computer program developed assumed each of these possible
mechanisms, calculated the horizontal load to cause it to form, and then
checked for plasticity. However it is not necessary to do this. Once a
mechanism is assumed, all axial forces*¥ can be calculated and the moment
capacities, MPR, checked at all points. When the P - 4 effect 1s neglected
in the girder the moment variation throughout the girder is independent of
the horizontal deflection A of the column tops; therefore plasticity can
be checked by statics in the girder before calculating A. The necessary
equation to do this will be developed later in this chapter. Checking

plasticity in the girder first would then allow the selection of the cor-

®ith reference to the pinned bage frame shown in Figure 26 for a

P load of 0.3TY the ratio of Loz total vertical load to the girder's
axial load is over 40. Since the P - A effect in the columns is propor-
tional to the total vertical load and the P - A effect in the girder is
proportional to the axial load in the girder, it is clear that neglecting
the P - A effect in the girder will not appreciably affect the solution.
Neglecting the girders’ P - A effect will be slightly conservative or
unconservative depending on whether the horizontal lcad is applied at the
right or left of the frame.

¥¥It is conservative to neglect the effect of the slight reduction
in the girding axial force due to deflection in calculating the reduced
moment capacity of the girder as was done in Chapter V.
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Figure 12. Freebodies for Frame that Fails by a Combination Mechanism
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rect mechanism to run the necessary second-order elastic analysis on,

The freebodies of the frame in Figure 12 show Lhe [rame in its
deformed state neglecting any deflection in the girder. If a sway mech-
anism is assumed to have formed then M1, MH, M3, and M4 are equal to -MPR1,
MPRG, -MPR3, and -MPR4. The hinge in the girder is assumed to have formad
under load Ph at point h. The equations to follow will appLy for Ph being
any one of the n loads between the ends of the girder.

Summing moments on the girder segment (See Figure 12) between the

hinge and peint ¢ yields

gz ewme) 3 Rl W)
(1-3) 1, i=m1 (1-3)

V3 =

Summing forces vertically on a freebody of the part of the frame to the

right of the hinge in Figure 12, yilelds

n+l
VH = f ™" P, - T3 (147)
=+ .

Summing vertical forces on the right column gives in Figure 12

T3 =-V3+P ., (148)
or
n Pi(d; -3)  (ypr3 + MPRQ)
=P+t & + (1kg)
izh+l (1 - ah) (1 - ah) Lg
Then T1 can be found from a summation of forces on the entire frame.
n+l
TL=2Z P, -T3 (150)
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A summation of moments on the right leg in Figure 12 yields

W - (MPR3 + MPRY - T3(A) (151)

V IJ
c

T2 is alsc equal to V4 since the load is applied at the right. Hence,

T - MPR3 + MPRF - T3(A) (152)

L
c

A summation of moments about the plastic hinge on a freebody of the struc-

ture to the left of the hinge in Figure 12 yields

(MPRG + MPR1 - Tl (ath + 4)

Vil =

L
c

(153)

h=1 P -a.) L
L 13y, al)j

i=0 L
c

Summing moments on a free body of the glrder between points b and h gives

M2 = MPRG - (Ph + VH) 3, L

g
{154)
h=1
- ¥ P3.L
1= 18
Summing vertical forces on the left column yields
V2 =T1 - P (155)

The preceding equations define the force systems in the structure
and allow one to check for a violation of plasticity in the girder before
performing a deflection analysis. The axial forces, Tl, T2, and T3 are
functions of the moment capacity of the columns and the girders, hence

equations (149), (150), (152), and the moment-thrust equations of
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A summation of moments on the right leg in Figure 12 yields

Vi = (MPR3 + MPRY - T3(A)

L
c

(151)

72 is also equal to V4 since the load is applied at tha right. Hence,

_ MPR3 + MPRE - T3(A)

Lo

T2 (152)

A summation of moments about the plastic hinge on a freebody of the struc-

ture to the left of the hinge in Figure 12 yields

(MPRG + MPR1 ~ Tl (ath_t A)

V]l =

L
¢

(153)

h-1 P -0.} L
+ 7T i(ah al) g

i=0 L
c

Summing moments on a free body of the girder between points b and h gives

M2 = MPRG - (Ph + VH) 3y Lg

(15h)
h-1
- P.a.L
1.1 i“iTg
Summing vertical forces on the left column yields
Ve =TL-P (155)

The preceding equations define the force systems in the structure
and allow one tc check for a violation of plasticity in the girder before
performing a deflection analysis. The axial forces, T1, T2, and T3 are
functions of the moment capacity of the columns and the girders, hence

equations (149}, (150), (152), and the moment-thrust equations of
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Appendix A must be solved by the same process used for similar equations
in Chapter V. With the values of moment capacities and axial forees
known VH, M2, and V2 can be calculated from equations (147), (154), and
(155). Then letting M, represent the moment, as computed from statics,
under any of the concentrated loads, Pi’ the moment, Mi’ is given by

equation (156) as

1-1
M, = M2 + V2(3,) L, - jEl j(ai - aj) (156)

The abaolute value of Mi must be less than or egqual to the reduced
noment capacity at that point (MPRG at all points interior to the girder
and MPR2 and MPR3 at the ends; however MPRG could control the value of
MPR2 or MPR3, if the girder had az smaller reduced moment capacity than the
column ).

If a plasticity check of one of the combination mechanisms indi-
cates that plasticity is not viclated then the collapse load will he
controlled by that mechanism. And the horizontal force, Q, is equal to
the sum of the V1 and V4. Hence,

MPR1 + MPR3 + MPRL + MPRG)
L

<

o

h-1 L
+ Py -03)E (157)

i= L
c

Ly A
- T1 3y - (71 + T3) T

L c
c

This is the second-order plastic load deflection relation for a combina-

tion mechanism.
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Letting A = O in equation (157) would give the Q by simple plastic
theory. To evaluate the § at collapse a deflection analysis must now be
performed on the mechanism using the second-order elastic eguations of

Chapter IIT.

Second-Order Elastic Equations

As with the sway mechanism there are four possible places for the
hinge to form last for a combination mechanism. If the hinge forms last
at the left column base, the hinge in the girder, or the base of the right
column, the same deflection equations will be uged as wers used for cases
I, IT, and IIT for the sway mechanism of Chapter V. The onl; difference
ig that the force systems to be used in those second-order elastic equa-
tions are now given by the statics equations in this chapter instead of
the staties equations in the previcus chapter. The same iterative pro-
cedures were uged and no problems of divergence were encountered since the
statics equations were cof the same form in regard to their dependency on
A.

If the last hinge should form at the top of the right column a
much more complicated deflection anslysis is in order. The structure just
prior to the last hinge forming is essentially a three hinged frame. (One
of the hinges is in the girder so the equations of Chapter III for ch
and % do not apply.) It is not possible to find any known point from
which to start writing the horizontal deflection, 4, without introducing
another slope or deflection as an unknown. A solution can be found for
A only by enforeing compatibility of deflections at the plastic hinge.
While = hinge hasg formed there the member must still not have torn apart.

If it also assumed that the elevation of the ends of the girder do not
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change, then

Byg * By = 0 (158)

where Ahb ig given in terms of the slope at b, ebc, by equation (30) as

2 2
M2 a T 8
n g S3(n,n)

S = Ope % Ly %2(p n) -

EI,
; (159)
3 3
V2 3,° L h-1 (3, -3.)
S S - sh(b nyt I S SO 3sh(. n)
EI ’ i=1 EI & Al
2 2
Equation (37) gives A, in terms of the slope at c, O,
By = ecb(l - ah) Lg 311(h,c)
ME(1 - ah)2L 2
+ £ s12(; .y
>
ET,
(160)
vE(1 - ah)3
g
EL, »e)

n B(L -3, )3L
z

i i=h+l EL, (Sll(h 0)53( ,0)-Sh(iac))

Substituting (159) and (160) into (158) gives

(3,L se(b h)) O * (1 - ah)Lg 311(h,c)) CI

22 3 3
M2 3. L V2 3. "L
BEI ’ BI ’ (161)
2 2
MH(L - 3,)°L 7 VH(L - ah)3L 3
- g 812y oy - & S13(, o)
Bl ’ EI ?
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3.3
h-1 P.l(ah - ai) Lg

- 5 Sh(i,h)
i=1 EI,
' (161)
n Pl -3,
+ 2o - sk
i=h+1 foil} (Sll(h,c)SB(i,c)— (i,e)

2

This gives the relation between the slopes at the ends of the girders.

Because of the continuity at these points,

ebc = eba (162)
and

O = ecd (163)
Also,

8o =80 (164}

Hence we can write two equations for & in terms of ebc and Bcb. Combined

with equation (161) this will give three equations and three unknowns,

ﬂ’ebc and ch, which can then be solved. On the left column from
equation (37)
MILce
By = Ol S, py * ET, 512(4,0) (165)
VILC3
+ — 31
EI; 3(a,b)
On the right column from equation {37)
Mz, 2

c
= = L 311 + — 512
4 8.4 Oalo (c,d) ET, (c,a) (166)
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V4L 3

.I,.

Sl3(c’d) (166a)

EIl

Equations (161}, (165) and (166) can be solved for A by Cramers rule giving

M1L 2

C
—_— G312 +
- (a,b)

A =[(ath se(b’h)) ( :

V1L 3
C

313(a,b)) (Lc Sll(c,d))

EIl

MhYT, 2
]

# (- 3y) LML o)) (811 1)) (= 812 gy +
1

V4L 3

Cc

EIl

313((:’(1)) (167)

M 3, °L °
+ ((LcSll(c,d))(LCSll(a’b))( - S3(b,h) +
2

33 ME(1 - 3, )°L @

V2 o, "L
h -
—— = Sy

E12

»

s12 -
EI2 (h,C)

1303 33
vE(1 - ah) Lg h{:l Pi(ah-ai) L

S - 2 _
lS(h’c) l=l EI2 Sh(l!h) +

EI2

3
S 511,003 (1,0)%s,0))]

3
2 Pi(l—ai) L

i=h+1 EI2
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= [(athse(b,h))(Lcsu(c,d))
(1672}

+ ({1 - ah)LgSll(h,c))(LcSll(a,b)):|
Equation (167) is of the same form as previous deflection equa-
tions, implicit in A, and hence is solved by the iterative approach used
earlier. V1 and V4 are the only forces which are functions of 4, and
since they are both decreasing functions of A (See equations (151} and
(153)) and have a positive sign on the right side of equation {167},

equation (167) will be of the form

A=C =-ad (168)
This is the same type equation as occurred in Chapter V for the last hinge
forming at the left or right end of the givder and hence the same test for

mmerical divergence applies.

Comparison with the Analytical and

Experimental Results at ILehigh

The rigid frame shown in Pigure 30 was analyrzed by second-order
elastic-plastic theory at Lehigh, and then tested experimentally there
(2). The frame was tested by applying the full vertical load first. This
gave a load in each column of approximately 0.26 TY. The horizontal load
Q was then applied and the experimental horizontal load-deflection curve
obtalned. The experimental results were compared with an analytical study
by second-order elastic-plastic theory. The method by which this analysis
was performed consisted of a second-order elastic analysis between succes-

give hinges that formed. Plagsticity was concentrated at the locations of
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the hinges. The second-order elastic analyses were performed using slope
deflection equations modified to account for the reduction in stiffness
of the frame.

Lehigh completely ignored the axial force in the girder and the
change in axial forces in the columns. The measured and predicted maxi-
mum horizontal loads were in close agreement, both being approximately
16.9 kips.

An analysis run using second-order elastic-plastic theory and the
mechanism method as outlined in Chapters V and VI gave a horizontal §Q of
17.0 kips. This analysis toock into account the changing axial forces in
the columns and the axial forces in the girder. ({The affect on the stiff-
ness of the frame of the axial force in the girder was asccounted for, but
its statical P-A effect was neglected.

The failure mechanism was a combination mechanism with hinges ait
points a, 1, ¢ and h. The last hinge to form was the hinge at a. This
agreed with the mechanism and last hinge found by analysis and observa-
tion at Lehigh.

An analysis by simple plastic theory would give a collapse load of
20.3 kips. This is almost 20 per cent higher than the collapse load
observed and predicted by second-order elastic-plastic theory.

Base Rotations and the Hinge Shift

The Iehigh frame was designed to be nominally fixed-base; however,
some rotation was obgerved at the base of the structure and this was
taken into account by the spring constant, K (K was obtained experimental-
ly}. Tt has been shown (18) that when two members are framed together

the hinge will form at a distance gway from the face of the joint egual
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to the depth of the member in which the hinge forms. This was accounted

for by reducing the length of the columns¥* in the analysis.

Point of Application of the Horizontel Load

If 4 is applied at the left corner of the frame as shown in Figure
24 the axial force in the girder will be a compressive force equal to Vh.
If the @ force is applied in the same direction but at the top left corner
then the axial force in the girder will be a tensile force equal to V1.
The computer program developed, analysed the frame of figure 24 for the
load applied at the right and at the left. The defference in horizontal
load capacity was only 0.042 kips less than two and one-half percent of
the maximum load. If zero axial force had been ascumed in the girder the
calculated @ would have been between the two values found and would not

have caused an appreciable error.

Frame Solution

The technique developed to calculate the horizontal collapse load

for the frame of Figure 24 under any given system of vertical concentrated

loads is as follows:

l., BSelect the sway mechanism or one of the combination mechanisms
which causes collapse by checking for a violation of plasticity.

a) This will require an iterative solution of the relation
between the reduced moment capacities and the axial forces.

b) The mechanism that does not violate plasticity is the
correct one. If all of the mechanisms viclate plastiecity
then a beam mechanism controls and may be analysed by first-
order theory.

#The plagtic hinge formed in the column rather than in the girder

for this case.
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2. {alculate the deflection of the column tops, 4, assuming in
turn that the last hinge in the mechanism forms at all possible

Places.

a) The greatest deflection so computed is the deflection of
the frame at the formation of the mechanism.

b) The various calculations of A are performed using the
second-order elastic equations derived in Chapters V and
VI. The values of the forces and moments to be used in
these equations are given by the equations of statics also
found in these chapters.

1) Since some of the forces in the statics equations are
functions of A an iterative solution to the second-
order elastic solution is used. First, assume A is
equal to zero and celeulate the forces and moments
required. Second, calculate the deflection A with
these forces. Recalculate the forces necessary then
recalculate A. This process is continued until con-
vergence occurs.¥

3. Substitute this deflection inte the appropriate second-order
plastic lcad-deflection relation. This will then give the
horizontal load to cause collapse.

., Post mechanism load deflection behavior may be predicted by
assuming the second-order plastic @ - A equation to apply.
A conservative deflection estimate of pre-mechanism deflecticns
may be made assuming the second-order elastic load deflection
curve is linear.

*A numerical divergence sometimes occurs. This possibility is
discussed in detail in Chapter V.



88

CHAPTER VII
CONCLUSIONS

The second-order elastic equations derived in Chapter ITII can be
combined with statics, compatibility and plasticity such that the collapse
load and deflection for beam columns and simple frames can be predicted
by second-order elastic-plastic theory.

The accuracy of a second-order elastic-plastic solution was not
appreciably affected by ignoring the axial foreces in the girders of the
simple frames studied.

Ignoring the change in axial forces in the columns of simple frames
due to the horizontal load and displacement is unconservative.

Second-order elastic-plastic theory gives a good prediction of the
¢collapse load for simple frames when compared with limited experimental
results, but is slightly unconservative when compared with a rigorous
compatibility theory.

Part of the small difference between the second-order elastic-
plagtic theory and the rigorous compatibility theory may be picked up by
a simple empirical technique, which involves using the tangent modulus in
second-order elastic-plastic theory.

The elastic buckling lcad, or a conservative estimate of it may be
obtained as a point on the interaction curve of vertical and horizontal
loading and does not require a separate buckling anslysis.

The use of the series in the second-order elastic-deflection

equations gives a c¢lear insight into the structural behavior of beam
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columns and simple frames.
The series equations can be ugsed for tensile axial loads as well
as for compressive axial loads, and for zero axial lead the series give the

same results as first order elastic theory.



CHAPTER VIII

RECOMMENDATIONS

It is felt that the ideas developed in this thesis could be ex-
tended to multistory, multibay frames. The chief difficulty to such
sciutions being partial collapse, i.e., mechanisms which leave a portion
of the sgtructure indeterminate.

The author feels that a comprehensive test program is in order to
determine how gccurately second-order elastic-plastic behavior predicts
the behavior of frames over the entire loading range. (The complete
interaction curve should be obtained experimentally end compared with an
interaction curve obtained by second-order elastic-plastic theory.)

It is felt that the elastic deflection equations developed in
Chapter III will have application to other problems such as the huckling

of non-uniform columns and beam-columns on an elastic foundation.
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APPENDIX A
REDUCTION IN MOMENT CAPACITY DUE TO AXTAL PORCE

If a short segment of a wide flange as shown in Figure 13 is sub-
Jected to an axlal load T less than TY and then has an increasing moment
M applied, the progressive stress distribution over the depth of the wide
flange would look as shown in Figure 14, stress distribution a through d.
The moment capacity of stress distribution e is not significantly differ-
ent from the moment capacity of stress distribution 4 and since it is
much easier to calculate it has been used as the mathematical model for
obtaining the maximum value of moment, MPR, the section can develop with
the axial load T acting. For any value of T the value of MPR will be less
than MP, the plastic moment capacity, if no axial force is acting. It is
realized, of course, that the stress distribution shown in e is impossible
ag it would require an infinite curvature.

Second-Order Elastic-Plastic Theory assumes that the M - ¢ relation
is linear all the way up to the formation of the plastic hinge at the re=-
duced plastic moment capacity, MPR, and that the relation is given by the
normal elastic flexural relation, ¢ = M/EI. Beyond this point the section
is assumed to deform freely under constant load. M - @ curves for various
values of T for an SBWF3l are shown in Figure 15. They are shown for both
the Second-Order Elastic-Plastic Theory and the more rigorous Compati-
bility Theory.

Reference (11) gives the equations necessary to describe the re-

lation between MPR, MP, T and the section properties. They are readily
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derivable from a consideration of equilibrium of the beam cclumn segment

with a stress distribution as shown in Figure (14-e). They are, for

0sTsFYwi{d~2t)

(a-1)
°
MPR:MP-WY-
and for
FYwi(d -2t) <T<TY
(a-2)
Y T 1 T 2
MPR = 5“(d(A - gf) - 35 (A - ﬁf) )

Two equations are required because of the discontinuity at the
Junction of the web and the flange. The first equation applies as long
as the bottom flange is completely in tension and the second equation is
used when there is some compressive stress o i— bottom flange.

These equations were programmed to give the MPR-T relation for
any wide flange section. This program was included as a procedure iu the
larger programs that calculated the collapse load and deflections for
simple frames.

The ATSC manual gives two equations that give essentially the
same results for a typical wide flange secticn. They are around four
percent wnconservative for P/PY of 0.15. Although the more exact equa-
tions from the previous page were used in all work herein, the ATSC equa-

tions are listed for comparisom.

O0=T=< 0.15TY
: (A-3)
MEFR = MP
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and for

0.15P £ T
=
™
(a-1)

MPR
= MP(1
.18 - 1.18 T
(%)
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APPENDIX B
TYPICAT, SERTES OFERATIONS

In order to get expressions in terms of the parameter p for series
expressions it was necessary to make certain operations with the basiec

series. In one case it was desired to expand the expression:

83 - sh
1 - 53

in terms of p.

This was accomplished as follows:

L _p p2 P3
3=z -mtim W30t
1, » o b
=Sk = -z a5 - Solo t %E.80 "
1 _r 2 3
- 3-%fw - B

and

2 3
1
s3-sh='§’%+co'ﬁ5,360+" :
1 - ps3 2 3
l"g""‘%'rr_%'{'ooo



The same type operations were performed to obtain the series ex-

pansions in Appendix C.



APPENDIX C

SERIES EXPANSIONS#*

S11, 1y = 52(a,b) = 1 + % + %E* (c-1)
l(a,b)
s
!a!b!
S20a,0) T 5 22(a,m) T F(a,p)
(3;b)
(c-2)
2
_1l, 5,6l
=32*Ya2k * 720
s2
_ 2o(a,b) .
S3(a,m) T 57 Sa,n) T Ha,p)
(a:b)
(c-3)
_1l,2, 17"
3 15 ° 315
g2
!azb]
Slh(a:b) - Sb’(‘ ;D) SS(a:b)
Sl(a:b)
(C-k)
o
1.7 791
=5+ 155 * 15, 320
83 2
_27(ap) 1 p
801, ) * - =5+ gﬁ * 2 (¢-5)
(a,b)
2
Tanlab

*In all expressions in this appendix, p =
EI
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2
2, 4y - mleb) L, T, (c-6)
a,
2051y © 360 15,120
s¢ e L, -IQEEB- (c-7)
3(a,b) * an T2k %55 120,960
(a,b)}
se11 =82 - 83 5l(a,p)
(a,b) (a,b) (a,b)
%2(a,b)
(c-8)
S i
=2 *toh EEB
31
8612(5,0) = %3(a,b) " sl’(a,b) —(2,0)
%2(a,b)
(c-9)
2
1 2
-3+
s1
SGl3(a,b) = su(a,b) - ss(a’b) (a,b)
SE(an)
(c-10)

l

1 TTp°
3+ 15t 12098

The series expressions listed in this Appendix were cbtained
by the formal methods outlined in Appendix B, hence they may not
converge for all values of p that are physically relevant. In such
cases, values may be obtained by calculating the basic series and

combining them arithmetically.



99

APPENDIX D

EIGENVALUE APPRCACH TO ELASTIC BUCKLING OF

PINNED BASE FRAME

Timoshenko (S) has given the following transcendental equations %o
determine the elastic buckling load for a pinned base frame such as the

one shown in Figure 26.
KL, ten(kl ) = & (D-1)
] (d R
where
2
P,=%XEI =T (D-2)
(D - 1)may be expanded in series form as follows:

(Le)3 2(kLc)s

6
kL (kL _ + + ... =3 (p-3)
c c 3 15 R
However,
2
PL
K¥L? = —% < p (D-4)
EI
Therefore,
2 3 ~
p+1§—+%’§7—+..."g (D-5)

Solving for p from equation (D-5) would give the p at buckling and
then

— (D-6)
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Equation (D-5) can be obtained easily by using an eigenvalue approach and
the series techniques developed herein.

Congider the frame is a slightly deflected shape under zero hori-
zontal load. The axial force in the girder is equal to zero; hence from
equation (35).

Mbch (Mcb' M’bc) Lg

O, = + (D-7)

2E12 6EI2

but since there is no shear force in the columnsg

M = Pl (0-8)

and

M. = -PA

¢b ed (D-9)

Therefore recognizing that acd equals aba

PA'ba.L
o, = -oa g (D-10)
6E12
And since from equation (34)
80 = e Lo 511(a,b) (D-11)
or
Py Ly Lo
Aba = E'S——— Sll(a,b) (D~12)
2
or

1) D (D-13)
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Bither aba = Q, which 1s a trivial solution, or else

PR Sll(a.,b) )

(1 - =0 (D-1k)
6
which may be written in terms of p as
2 3
Sopea B, (D-15)

which is 1dentlcal to a series expansion of Timoshenko's transcendental
equation.

For small values of the column - girder stiffness ratio R,
equation D-15 will not give s good approximation to the elastic
buckling load. The simplest solution 1s to rewrlte the equation in
terms of S1 and S2 and solve it by trisl and error using the

tabulated values of S1 and S2.
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BASIC SERIES TABULATED
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P g1 s2 53 sh 35
0.0 1.000 1.000 0.500 0.1667 0.0416
0.2 0.902 0.967 0.hg2 0.1650 0.0414
0.4 0.807 0.935 0.484 0.1634 0.0411
0.6 0.715 0.903 0.475 0.1617 0.0h08
0.8 0.626 0.872 0.467 0.1601 0.0k06
1.0 0.540 0.8%2 0.460 0.1585 0.0403
1.2 0.458 0.812 0.451 0.1569 0.0400
1.4 0.378 0.783 0.444 0.1554 0.0398
1.6 0.301 0.754 0.437 0.1538 0.0395
1.8 0.227 0.726 0.429 0.1523 0.0392
2.0 0.156 0.699 0.422 0.1508 0.0390
2.2 0.087 0.67L 0.414 0.1493 0.0387
2.4 0.022 0.645 0.408 0.1478 0.0385
2.5 -0.010 0.632 0. 4ol 0.1470 0.0383
3.0 -0.161 0.570 0.387 0.1434 0.0377
3.5 -0.296 0.511 0.370 0.1398 0.0371
4.0 -0.416 0.455 0.354 0.1363 0.0365
k.5 -0.523 0.%02 0.339 0.1329 0.0359
5.0 -0.617 0.352 0.323 0.1296 0.0353
5.5 -0.699 0.305 0.309 0.1264 0.0347
6.0 -0.7T70 0.261 0.295 C0.1232 0.0342
6.5 -0.830 0.219 0.282 0.1202 0.0336
7.0 -0.878 0.180 0.269 0.1172 0.0331
7.5 -0.920 0.143 0.256 0.1142 0.0325
8.0 -0.951 0.109 0.24k 0.1114 0.0320
8.5 -0.975 0.077 0.232 0.1086 0.0315
9.0 ~0.990 0.047 0.221 0.1059 0.0310
9.5 -0.998 0.019 0.210 0.1032 0.0305

10.0 -1.000 -0.007 0.200 0.1000 0.0300
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APPENDIX F

FIGURES 15 THROUGH 30



104

The solid M - Q curves are those from reference 13. They assume
a typical regidual stress distribution. The dashed lines represent the
linear M - ¢§ curves assumed by second-order elastic-plastic theory. My
and ¢y are the moment and curvature which would cause the outer fibers of

the section to yield with ne residual stresses and no axial load acting

/8

Figure 15. Dimensionless M - ¢ Curves for an 8 WF 31
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Theory to Collaspe Load by Simple Plastic Theory for the
Cantilever
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Figure 21. Dimensionless Intersction Curve for a Cantilever by Various

Theories
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Figure 28. Ratio of Collapse Load by second-Order Elastic-Plastic Theory
to Collapse Load by Simple Plastic Theory, for a Pinned Base
Frame, Assuming Axial Forces are Equal in the Columns.
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Figure 26
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