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SUMMARY

Quantization techniques play a crucial role in developing communication-efficient

Federated Learning (FL) algorithms, as well as in optimizing training and inference for

Large Language Models (LLMs). While it is evident that quantization can significantly

enhance the efficiency of modern machine learning systems with thoughtful and sophisticated

engineering, the theoretical understanding of why federated optimization algorithms with

quantization still maintain convergence guarantees—especially when combined with other

optimization techniques—remains unclear. Also, since privacy-sensitive data on local

devices necessitates privacy-preserving training in FL, it is imperative to devise a well-

designed quantization scheme that not only ensures communication efficiency but also

aligns with the guaranteed privacy guarantees. Finally, when it comes to memory-efficient

fine-tuning of LLMs, conventional quantization methods like QLoRA fall short for extremely

low-bit fine-tuning tasks.

This dissertation addresses these three challenges of quantization from an optimiza-

tion perspective. Specifically, it presents: 1. Federated Optimization Algorithm with

Acceleration and Quantization (FedAQ), which tackles the communication bottleneck in

federated learning by combining an accelerated federated averaging method that reduces

training and synchronization steps with an efficient quantization scheme, significantly re-

ducing communication complexity while maintaining stronger theoretical guarantees. 2.

A new algorithm called the Randomized Quantization Mechanism (RQM), which maps

gradients to a randomized discrete grid while preserving Rényi differential privacy. Our

experiments demonstrate that this method offers improved privacy-accuracy trade-offs in

federated learning compared to the previous state-of-the-art algorithm. 3. A redesign of the

NormalFloat quantization data type in QLoRA, introducing Quantization Group Adaptive

NormalFloat (AdaNF), which dynamically adjusts the Cumulative Density Function (CDF)

offset based on the statistical properties of each quantization group. This makes 2-bit

xii



fine-tuning viable in resource-constrained environments.
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CHAPTER 1

INTRODUCTION

Federated Learning (FL) is a large-scale distributed machine learning paradigm that

allows models to be trained across multiple devices without transferring the raw privacy-

sensitive data to a central server [1]. In traditional machine learning approaches, data is

collected from various sources and aggregated in a central location for training, which can

be impractical or undesirable due to privacy, security, or regulatory constraints. With the

ever-growing volume of data generated by distributed devices, such as smartphones, wear-

able devices, and IoT sensors, and the corresponding increase in computational resources

available on these devices, a need for decentralized computing has emerged. Distributed

computing addresses the challenge of efficiently leveraging these resources without over-

whelming central servers or compromising data security. Federated learning addresses this

need by training models locally on each remote device and communicating only the model

updates to a central server, thereby mitigating privacy risks and ensuring that sensitive data

remains on the user’s device. This approach not only alleviates privacy concerns but also

leverages the computational power of edge devices effectively, paving the way for its use in

numerous applications such as mobile keyboard prediction [2], financial fraud detection [3],

and drug discovery [4].

In federated learning, one of the major challenges is the high communication cost,

which arises from the frequent exchange of the large amount of data between the central

server and numerous local devices. This issue is exacerbated in scenarios with limited

network bandwidth, resulting in an even heavier communication burden. The iterative FL

procedure aims to address this challenge by reducing the number of communication rounds

through a scheme involving multiple local updates [1]. The process involves the following

steps: 1) The central server selects a training model. 2) The server broadcasts the initial

1



model to several clients. 3) Each client trains the model locally using its own data. 4) The

server then aggregates the local updates and uses them to update the global model before

broadcasting the updated model back to the clients. To further enhance communication

efficiency, reducing the number of bits transmitted during each communication is crucial,

and quantization plays a significant role by enabling the transmission of compressed model

updates using fewer bits.

In addition to communication efficiency, data privacy is equally critical in FL due

to the sensitive nature of each device’s training data. For instance, Google has applied

federated learning to improve Google Keyboard (Gboard) query suggestions, ensuring that

user interaction text data remains private on each mobile device [5]. At a fundamental level,

privacy is preserved by keeping local data stored on each end-user device without sharing it

with the central server. However, in some instances, it is possible to partially reconstruct

device data from the computed gradients [6]. This potential risk of data leakage can be

mitigated by implementing privacy-preserving techniques such as Differential Privacy (DP).

Differential privacy is a method that protects individual data points by adding noise,

thereby preserving the overall statistical properties of the dataset [7]. In other contexts, such

as databases, differential privacy is used to allow statistical analysis while preventing the

identification of individual records, even when queries are repeated over time. In the context

of machine learning, DP can be implemented using methods like Differentially Private

Stochastic Gradient Descent (DPSGD). DPSGD works by adding carefully calibrated noise

to the gradient updates, ensuring that information about individual data points is not leaked

during training [8]. Integrating differential privacy into the federated learning framework

using DPSGD is straightforward, as the technique is applied directly to the gradients

computed during local training, before sharing them with the central server. Therefore,

to ensure both communication efficiency and data privacy in FL, careful consideration

of how to effectively incorporate differential privacy techniques such as DPSGD into the

quantization scheme is essential.
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Quantization also plays a vital role for Large Language Models (LLMs) in terms of

memory-efficient model serving and training, which can directly lead to cost reduction

and expand access to LLMs for everyday users with cheaper GPUs. The rise of LLMs has

marked a transformative shift in AI, showcasing exceptional capabilities across a broad

spectrum of Natural Language Processing (NLP) tasks [9, 10, 11, 12, 13, 14, 15]. LLMs

excel as few-shot learners, meaning they can perform a variety of downstream tasks through

in-context learning [16] with just a few prompted examples. Despite their generalization

ability, LLMs often require fine-tuning in specific contexts to achieve optimal results. Fine-

tuning involves adapting a pre-trained model to a specific domain by updating its parameters

using additional training data, allowing the model to better capture domain-specific nuances.

This process is particularly beneficial in highly specialized domains where detailed and

specific knowledge is required—knowledge not typically covered in general training corpora

[17].

While fine-tuning LLMs is highly effective in improving their performance across

a variety of specialized tasks, full fine-tuning has become increasingly impractical in

environments with limited GPU resources due to the substantial storage requirements

of their vast number of parameters. To overcome these resource limitations, the focus

has shifted towards reducing memory usage for model weights, gradients, and optimizer

states [18]. Much like in federated learning, where quantization is essential for reducing

communication overhead, LLMs also benefit significantly from quantization, particularly

in lowering memory demands for model weights. Thus, it is crucial to achieve memory

efficiency during the fine-tuning of LLMs, without compromising the performance of

downstream tasks.

The contributions of this thesis on advanced quantization schemes can be categorized

into three main themes:

• Communication Efficiency in FL with Quantization (chapter 2)

• Privacy in FL with Quantization (chapter 3)
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• LLM Fine-tuning with Quantization (chapter 4)

In each respective chapter, we present a novel quantization-based algorithm for each

theme. Below, we summarize our contributions and provide a high-level overview of the

proposed quantization schemes.

1.1 Communication Efficiency in FL with Quantization

The potential for communication bottleneck is significant in FL. The two main methods to

tackle this issue are (a) smarter optimization that decreases the frequency of communication

rounds and (b) using compression techniques such as quantization and sparsification to

reduce the number of bits machines need to transmit. In terms of (a), [1] proposes the first

and simplest federated optimization algorithm, Federated Averaging (FedAvg), which only

requires infrequent synchronization through the multiple local SGD steps of each client.

Federated Averaging (FedAvg) (depicted in Algorithm 1) follows the iterative FL procedure

mentioned earlier. To be specific, at the beginning of the k-th round, the central server

broadcasts the current global model xk to a random subset of clients S(k), and each local

model is initialized with xk. Each selected client performs τ local SGD updates and sends

the model changes from multiple local updates ∆i
k = xik,τ − xk to the server. Here xik,t

represents the model parameter of client i at k-th round followed by t local SGD updates.

Finally, the server aggregates all local updates and updates the global model as below.

xk+1 = xk +

∑
i∈S(k) pi∆

i
k∑

i∈S(k) pi
(1.1)

The three essential features of FedAvg are partial participation, stochastic approximation,

and multiple local updates. Partial participation and multiple local updates scheme are

necessary to reduce communication costs.

In chapter 2, we provide a novel algorithm, Federated optimization algorithm with

Acceleration and Quantization (FedAQ), with improved theoretical guarantees by combin-
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Algorithm 1 Federated Averaging (FedAvg) [1]
1: Input: Initial model x0; local learning rate η
2: for k = 0, 1, . . . , K − 1 do
3: Sample a subset S(k) of clients
4: for client i ∈ S(k) in parallel do
5: Initialize local model xik,0 = xk
6: for t = 0, · · · , τ − 1 do
7: Compute local stochastic gradient gik,t ← ∇f(xik,t, ξik,t), ξik,t ∼ Di

8: Perform local update xik,t+1 ← xik,t − ηgik,t
9: end for

10: Send ∆i
k = xik,τ − xk to the server

11: end for
12: Update server model xk+1 ← xk +

∑
i∈S(k) pi∆

i
k/

∑
i∈S(k) pi

13: end for

ing an accelerated method of federated averaging, reducing the number of training and

synchronization steps, with an efficient quantization scheme that significantly reduces com-

munication complexity. We are able to further reduce the number of communication rounds

through the acceleration technique. We show that in a homogeneous strongly convex setting,

FedAQ achieves a linear speedup in the number of workers M with only Õ(M 1
3 ) commu-

nication rounds, significantly smaller than what is required by other quantization-based

federated optimization algorithms. Moreover, we empirically verify that our algorithm

outperforms previous methods. Further details on this quantization-based algorithm are

discussed in chapter 2, which draws on the following paper.

• “Accelerated Federated Optimization with Quantization”. Yeojoon Youn, Bhuvesh

Kumar, and Jacob Abernethy. IEEE Data Engineering Bulletin. 2023

1.2 Privacy in FL with Quantization

A primary motivation behind the decentralized approach in FL is data privacy, ensuring

that the learner never sees the data of each local source itself. Federated learning then comes

with two majors challenges: one is handling potentially complex model updates between a

server and a large number of data sources; the other is that de-centralization may, in fact, be
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insufficient for privacy, as the local updates themselves can reveal information about the

sources’ data. To address these issues, we consider an approach to federated learning that

combines quantization and differential privacy. Absent privacy, Federated Learning often

relies on quantization to reduce communication complexity. The conventional approach [19,

20, 21] for integrating quantization with differential privacy involves using discrete additive

DP noise alongside quantization. However, these methods face a significant challenge when

combined with secure aggregation protocols [22], which are designed to prevent the server

from accessing individual local updates. Specifically, the issue of biased estimation arises

due to modular clipping. Our focus is on achieving unbiased gradient estimates, as these

have been shown to be more effective for gradient-descent-based techniques in federated

learning [23].

We introduce a novel quantization-based DP mechanism that achieves unbiased es-

timation without requiring explicit discrete noise. We employ randomized rounding for

quantization, a scheme that stochastically truncates bits from floating point numbers in an

unbiased manner. While randomized rounding inherently reduces the information encoded

about the original input, quantization alone is insufficient for privacy because it always maps

an input to a fixed set of two quantization levels in a deterministic manner.

In chapter 3, to address this limitation, we propose a new algorithm called the Randomized

Quantization Mechanism (RQM), which ensures privacy through a two-level randomization

process. More precisely, our RQM algorithm is comprised of three key components: (1)

enlarging the output range beyond the input range and setting up evenly spaced quantization

bins, (2) sub-sampling realized quantization levels, and (3) performing a randomized round-

ing procedure on the sub-sampled (and only those) discrete levels to map an input value to a

quantization level. Each of these steps is crucial in ensuring the Rényi DP guarantees of the

RQM. Step (1) is necessary to ensure that the quantization output for the maximum input

is not always equal to the input itself, thereby preventing significant information leakage

about the input. The combination of steps (2) and (3) represents the two-level randomization
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process, allowing any input to be mapped to all different quantization levels with some

probability. Without step (2), each input would always be deterministically mapped to a

fixed set of two quantization levels, compromising privacy.

We are able to establish that our results preserve Rényi differential privacy (Rényi DP),

a notion we’ll explore in more detail in chapter 3. We empirically study the performance of

our algorithm and demonstrate that compared to previous work it yields improved privacy-

accuracy trade-offs for DP federated learning. To the best of our knowledge, this is the first

study that solely relies on randomized quantization without incorporating explicit discrete

noise to achieve Rényi DP guarantees in Federated Learning systems. More details on this

method are elaborated in chapter 3. The material of chapter 3 is based on the following

paper.

• “Randomized Quantization is All You Need for Differential Privacy in Federated

Learning”. Yeojoon Youn, Zihao Hu, Juba Ziani, and Jacob Abernethy. ICML 2023

Workshop in Federated Learning.

1.3 LLM Fine-tuning with Quantization

To achieve memory-efficient fine-tuning of LLMs, it is essential to reduce memory

consumption for weights, gradients, and optimizer states. As previously discussed, memory

usage for weights can be significantly reduced by applying quantization to model weights.

Additionally, the widely adopted approach for reducing memory usage related to gradients

and optimizer states is Low-Rank Adaptation (LoRA). LoRA [24] is a Parameter Efficient

Fine-Tuning (PEFT) technique that reduces the memory required for storing gradients and

optimizer states by introducing a small set of trainable parameters while keeping the main

model parameters fixed. These trainable parameters, known as adapters, are represented by

factorized projections that augment the original model, thereby enabling a modified forward
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pass that can be described as follows:

W ′ = W + αBA

where W ∈ Rd×k represents the pre-trained weight matrix, B ∈ Rd×r, A ∈ Rr×k, and α

is a scaling factor. It is important to note that the rank r is much smaller than min(d, k).

During backpropagation, gradients flow through the fixed base model weights, which remain

unchanged, while only the small set of parameters in the low-rank adapters are updated.

Remarkably, the fine-tuning performance of LoRA closely matches that of full fine-tuning,

making it an efficient alternative without compromising model effectiveness.

The integration of Quantization and LoRA [24] presents a promising avenue for the

memory-efficient fine-tuning of LLMs within GPU memory constraints. QLoRA [25]

successfully demonstrates high-fidelity 4-bit LoRA fine-tuning using a datatype called

NormalFloat. The NormalFloat (NF) data type is based on Quantile Quantization [26], an

information-theoretically optimal data type that ensures each quantization bin contains an

equal number of values from the input tensor. QLoRA also uses group quantization, which

involves dividing the input tensor into smaller chunks that are independently quantized,

indirectly reducing the number of outliers in each group and thereby leading to smaller

quantization errors. However, challenges arise with lower-bit fine-tuning, such as 2-bit,

where QLoRA often struggles with convergence due to significant information loss from

quantization. This occurs because, in 2-bit quantization (only 4 dequantized values), the

presence of an outlier in a quantization group causes dequantization to be dominated by the

group’s maximum value, resulting in unrepresentative quantized values and high quantization

error. Although group quantization helps to reduce outlier effects, it is insufficient to address

the severe issues encountered in 2-bit quantization. Therefore, adjusting the dequantized

values to bring them closer to the center—ensuring that neither the maximum nor the

minimum of the new dequantized values are outliers—can significantly reduce quantization
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error and improve convergence.

In chapter 4, we address these challenges by introducing an updated version of the

NormalFloat data type, which we call Dynamic NormalFloat. This new version adjusts the

dequantized values based on the ratio of the quantile output of the reference CDF offset to

the quantile output of our chosen CDF offset, where the CDF offset controls the range of

probabilities from the standard normal distribution used to generate quantized values. By

selecting a lower CDF offset, the original dequantized values are brought closer to the center

through this redesigned data type.

Furthermore, we introduce quantization group Adaptive NormalFloat (AdaNF), which

dynamically determines an optimal CDF offset for the Dynamic NormalFloat data type

within each quantization group to minimize quantization error. Since each quantization

group has unique statistical properties, adapting the CDF offset for each group allows for

more effective information preservation during low-bit quantization compared to using a

fixed offset. The quantization error between the original weight tensor and the dequantized

weight tensor is measured using the Lp norm, and this error metric is employed to find the

optimal CDF offset for each group through grid search. Our empirical investigations across

various models and downstream tasks in the low-bit fine-tuning regime confirm that our

method achieves performance comparable to existing approaches, effectively overcoming

the limitations of previous techniques. Further details on this research are discussed in

chapter 4, which is based on the following paper.

• “AdaNF: Quantization Group Adaptive NormalFloat for Low Bit Fine-tuning of

LLMs”. Yeojoon Youn, Sehoon Kim, Suhong Moon, Sang Keun Choe, and Ce Zhang.

ICML 2024 Workshop on Efficient Systems for Foundation Models II.
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CHAPTER 2

ACCELERATED FEDERATED OPTIMIZATION WITH QUANTIZATION

2.1 Introduction

This chapter provides a novel algorithm, FedAQ, with improved theoretical guarantees

by combining an accelerated method of federated averaging, reducing the number of training

and synchronization steps, with an efficient quantization scheme that significantly reduces

communication complexity. In this work, we focus on the challenge of communication

efficiency that is of primary interest in cross-device settings when there is a heavy communi-

cation burden with many edge computing devices and limited network bandwidth. The two

effective, widely used methods to reduce the communication cost are federated averaging

optimization and randomized compression techniques.

In federated averaging (FedAvg) [1], also called local SGD, each client locally updates its

model with multiple SGD steps, and a server aggregates model updates of clients. The server

updates its own model parameters by averaging client models and then broadcasts the server

parameters to all clients. This enables FL systems to achieve high communication efficiency

with infrequent synchronization while showing better performance than distributed large

mini-batch SGD [27]. Due to the significant empirical success of FedAvg, researchers have

proposed an interesting theoretical question: To what extent can we minimize the number

of synchronizations in order to both guarantee convergence and achieve linear speedup in

the number of workers M 1? For the strongly-convex and homogeneous settings, [28] was

able to achieve a linear speedup in M with Õ(M) communication rounds, which is the

state-of-the-art result for FedAvg convergence analysis. However, even with this progress

on theoretical guarantees of FedAvg, it remains unclear whether further improvements on

1Linear speedup in the number of workers is a desirable property in parallel computing which implies that
the task takes half as much time if the number of workers are doubled.
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Table 2.1: Summary of results on the convergence rate and communication required for
linear speedup. M is the number of devices, T is the number of total parallel iterations, and
K is the number of communication rounds, q is a quantization parameter (assumption 2.2.1),
dquant is the number of bits used to quantize, dfull is the number of bits required when there is
no quantization (dfull ≫ dquant). [31] and FedAQ send two iterates per communication round
as other algorithms to achieve acceleration (See line 11 in Algorithm 2), we multiply dfull

and dquant by 2 for bits communicated for a linear speedup. The presented results of [30] are
newly obtained (section 2.4.5).

Algorithm Convergence rate Communication rounds for Õ( 1
T )

convergence with linear speedup
Bits communicated for

linear speedup

[29] O( 1+q
K + T

K2 ) Not possible Not possible
[30] Õ( 1+q

MT + 1
TK ) Õ( M

1+q ) Õ( M
1+q ) · dquant

[31] Õ( 1
MT + 1

TK3 ) Õ(M 1
3 ) Õ(M 1

3 ) · 2dfull

FedAQ Õ( 1+q
MT + 1+q

TK3 ) Õ(M 1
3 ) Õ(M 1

3 ) · 2dquant

convergence time and communication efficiency can be achieved.

Applying acceleration methods to FL has led to improved convergence, with [31]

providing a faster version of FedAvg with provably stronger bounds. For the strongly-

convex and homogeneous setting, their algorithm achieves a linear speedup in M with only

Õ(M 1
3 ) communication rounds. Hence, the accelerated version of federated averaging

requires a much smaller number of communication rounds than FedAvg to achieve the same

accuracy. At present, this remains the best result for strongly-convex and homogeneous local

data distribution settings. In addition to reducing the required number of communication

rounds, another powerful way to build communication-efficient FL systems is to reduce the

number of bits that need to be transmitted at each synchronization. [29, 30] have shown that

such compression techniques, which include quantization, reduce communication costs and

guarantee convergence (See Table 2.1).

In this work, we provide a novel algorithm, Federated optimization algorithm with

Acceleration and Quantization (FedAQ), to solve the severe communication bottleneck

problem in FL systems. FedAQ is the first federated optimization algorithm that successfully

incorporates multiple local update schemes, acceleration, and quantization for master-

worker topology. Although these three key desiderata of Federal Learning systems have
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individually been shown to build communication-efficient FL systems, it is not obvious if

or how acceleration techniques can lead to faster convergence even for quantization based

methods. We answer this question by showing that FedAQ converges for strongly-convex

and homogeneous local data distribution settings without any additional strong assumptions.

Let T be the number of total parallel iterations, K be the number of total communication

rounds. We compare our results to previous methods in Table 2.1, and highlight the following

contributions:

1. FedAQ has a convergence rate of Õ( 1+q
MT

+ 1+q
TK3 ) which is better than the Õ( 1+q

MT
+

1
TK

) convergence of [30], the state of the art in quantization based methods. Here

q is a parameter that measures the effectiveness of the quantization scheme (see

assumption 2.2.1). This allows FedAQ to obtain linear speedup with only Õ(M 1
3 )

communication rounds whereas [30] requires Õ( M
1+q

) rounds. The faster convergence

in number of communication rounds also implies that FedAQ can achieve better

convergence than [30] by using many fewer communication rounds. Thus, although

FedAQ sends two iterates in each communication round, that is the bits communicated

in each round are twice many compared to [30] for the same level of quantization,

FedAQ requires much smaller total communication costs due to the large reduction in

synchronization rounds.

2. When comparing FedAQ to Accelerated Federated learning, we observe that FedAQ

has similar convergence and requires the same number of communication rounds

as [31]. In each communication round of [31], every client sends the complete

iterates to the server without any quantization. To effectively obtain a convergence

rate of Õ( 1
MT

), it needs to send each value with a precision of Õ( 1
MT

), requiring

dfull = O(log (MT )) bits. In comparison, if we use the low precision quantizer

(Example 1) given by [32], FedAQ needs to send only dquant = O(log 1
q
) bits for each

value. Since q is a constant, dquant ≪ dfull. The extra 1+ q term in the convergence for

FedAQ can be offset by scaling the number of local updates by 1+ q, which is cheaper
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than expensive data communication. Thus, FedAQ obtains the same convergence as

[31] using as many communication rounds but by sending many fewer bits per round.

Finally, we empirically verify that our algorithm exhibits better performance than

baselines, FedPAQ [29], FedCOMGATE [30], FedAC [31], and FedAvg [1] on classical

vision datasets such as MNIST and CIFAR-10.

2.2 Preliminaries

2.2.1 Related Works

The first guarantee for FedAvg, showing that it converges at the same rate as mini-

batch SGD in strongly convex scenarios, was shown by [33] in the IID setting. The

further convergence analysis of FedAvg for non-convex functions was laid out in a number

of published works [34, 35, 36]. Followup work has managed to remove unnecessary

assumptions, such as uniformly bounded gradients, to achieve better convergence rates

[34, 37, 38, 28, 39]. Moreover, [40, 41, 42, 28, 43] define scenarios that depart from

the IID framework, analyzing the convergence of FedAvg and its variants in settings with

heterogeneous data distributions.

Reducing the transmitted bits between a server and clients through compression tech-

niques is pivotal to saving communication costs in federated learning. This motivates

researchers to develop various compression techniques such as sparsification and quantiza-

tion without significantly sacrificing accuracy [44, 32, 45, 46, 47, 48, 49, 50, 51, 52]. [29]

show near-optimal theoretical guarantees of the first federated optimization algorithm that

incorporates federated averaging, partial node participation, and quantization in homoge-

neous local data distribution settings. [30] further provide improved convergence rates for

both homogeneous and heterogeneous settings.

We can achieve better communication efficiency by applying acceleration methods into

client updates. [31] have proposed the first provable acceleration of FedAvg that achieves a
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linear speedup with the fewest communication rounds. Several other works aim to achieve

communication efficiency by using momentum or adaptive optimizers [53, 54, 55]. It is

important to note that our work is not the first to combine acceleration and quantization. [56,

57], for example, propose compressed and accelerated distributed optimization methods that

are neither stochastic nor FedAvg variants. [58] propose communication efficient momentum

SGD for decentralized optimization. [59, 60] show that distributed and federated versions

of adaptive optimizers along with gradient compression can lead to similar convergence

rates as their non-compressed counterparts. But these works do not achieve the core result

of our work, which is the reduced communication complexity via a faster convergence

rate and a linear speedup with the small number of communication rounds. To the best of

our knowledge, FedAQ is the first accelerated version of federated averaging for master-

worker topology that successfully integrates a quantization scheme and provides rigorous

convergence guarantees.

2.2.2 Problem Setup

In this research, we build our algorithm based on federated learning with captain-worker

topology where M local devices contain their own local data, and a server aggregates

local parameter updates without sharing any data during synchronization rounds. Since we

focus on homogeneous local data distribution settings for the convergence analysis of our

algorithm, we define the distributed stochastic optimization problem as below.

min
w∈Rd

F (w) := Ez∼D[f(w; z)]

In our convergence analysis, we assume F is strongly-convex. Each client can access F at

w via oracle∇f(w; z) because all clients have the same loss function f . Also, every local

device has the same local data distribution D. Moreover, we use the full participation of

nodes for local updates and synchronizations.
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Assumptions

Let us clarify assumptions on the unbiased quantizer Q, the global objective function F ,

and the unbiased gradient estimator∇f .

Assumption 2.2.1. The variance of the unbiased quantizer Q is bounded by the squared of

l2-norm of its argument, i.e., E[Q(x)|x] = x, E[∥Q(x)− x∥2|x] ≤ q∥x∥2.

For example, a well-known randomized quantizer which satisfies assumption 2.2.1 is

low-precision quantizer in [32].

Example 1. (Low-precision quantizer) Given x ∈ Rd, the quantizer Q : Rd → Rd is

defined by

Qi(x) = sign(xi) · ∥x∥ · ξi(x, s), i ∈ [d]

ξi is defined as below.

ξi(x, s) =


l+1
s
, with probability |xi|

∥x∥s− l

l
s
, o/w

s is the number of quantization levels. l ∈ [0, s) is an integer which satisfies |xi|
∥x∥ ∈ [ l

s
, l+1

s
).

Assumption 2.2.2. F is µ-strongly convex, i.e., F (w1) ≥ F (w2) + ⟨∇F (w2), w1 − w2⟩+
1
2
µ∥w1 − w2∥2 for any w1, w2 ∈ Rd.

Assumption 2.2.3. F is L-smooth, i.e., F (w1) ≤ F (w2) + ⟨∇F (w2), w1−w2⟩+ 1
2
L∥w1−

w2∥2 for any w1, w2 ∈ Rd.

Assumption 2.2.4. ∇f(w; ξ) is unbiased and variance bounded, i.e., Eξ[∇f(w; ξ)] =

∇F (w), Eξ[∥∇f(w; ξ)−∇F (w)∥2] ≤ σ2 for any w ∈ Rd.
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Notation

We use τ,K to respectively denote the number of local updates and total communication

rounds, which means the total number of iterations T at each node satisfies T = Kτ . Since

we consider a strongly-convex case, we can find the optimal point w∗ and denote the optimal

function value as F ∗ := F (w∗). The local parameter wm
k,t indicates the parameter of the

m-th local model after kth synchronization followed by t local SGD updates. There are

other types of parameters such as wag,m
k,t and wmd,m

k,t , and we obtain two types of parameters

wk and wag
k in the server side after kth synchronization. More details on these parameters

will be discussed in the next section.

2.3 FedAQ Algorithm

We propose a novel communication efficient algorithm that combines an accelerated

variant of federated averaging and an efficient quantization scheme. Our FedAQ algorithm

has two main parts: (1) multiple accelerated local updates and (2) communication with

quantization. Both components contribute to achieving better communication efficiency

than other previous federated algorithms. The entire process is summarized in Algorithm 2.

2.3.1 Multiple Accelerated Local Updates

The FedAvg algorithm, proposed by [1], is widely used for federated learning to improve

communication efficiency by reducing communication rounds with multiple local SGD

updates. [31] provide FedAC that replaces the stochastic gradient updates of FedAvg

by accelerated version of SGD by [61] resulting in a linear speedup in M with fewer

communication rounds than FedAvg.

Thus, we apply the FedAC scheme to multiple updates of each local model. Since

previous quantization-based federated optimization algorithms are FedAvg variants with no

acceleration, the accelerated method enables our algorithm to gain better communication
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efficiency than others.

As you can see in Algorithm 2, we need two more local parameters wag,m
k,t and wmd,m

k,t

for acceleration in addition to the main local parameter wm
k,t. w

ag,m
k,t aggregates the past

iterates, and the gradients are queried at the auxiliary parameter wmd,m
k,t . While typical FL

algorithms without acceleration only have a learning rate η as their hyperparameter, the

general acceleration scheme makes our algorithm flexible due to four hyperparameters

α, β, η, γ. α, β are hyperparameters related to coupling coefficients, and η, γ stand for

learning rates respectively for wag,m
k,t , wm

k,t. The flexibility of hyperparameters enables the

fast convergence speed of FedAQ, but naively chosen hyperparameters also cause unstable

training of FedAQ. We discuss the exact choice of hyperparameters in section 2.4. Unlike

FedAC, that requires each client to communicate the exact iterates to the server with high

precision, we discuss in the following subsection how FedAQ incorporates quantization

techniques to reduce communication cost.

2.3.2 Communication with Quantization

In cross-device federated learning, a large amount of communicated messages from

a number of devices and the limited communication bandwidth can lead to severe com-

munication bottlenecks. Therefore, in this scenario, an efficient quantization scheme can

significantly reduce the size of communicated messages and make communication between

local devices and a server faster. We apply the same unbiased quantizer used in [30] that

satisfies assumption 2.2.1.

In contrast with other quantization-based federated optimization algorithms [29, 30], the

algorithmic novelty of FedAQ is based on applying quantization to two model parameter

updates, which is required in order to simultaneously reduce the frequency of communication

and the volume of communicated bits. To the best of our knowledge, this is the first

quantization-based method that achieves the accelerated rate with the dramatic reduction

in communication cost. To be specific on the communication process, after each client m
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obtainswm
k,τ , w

ag,m
k,τ through τ accelerated local iterations, each client quantizes the difference

between wm
k,τ , w

ag,m
k,τ and the most recent server models wk, w

ag
k . Then, a server aggregates

Q(wm
k,τ − wk), Q(w

ag,m
k,τ − wag

k ) from all clients. After dequantizing those messages, the

server obtains the following new models wk+1, w
ag
k+1 and broadcasts them back to each

client.

Algorithm 2 Federated Accelerated SGD with Quantization (FedAQ)

1: Input: α, β, η, γ, initial vector w0 = wag,m
0,0 = wm

0,0 for all devices m ∈ [M ]
2: for k = 0, · · · , K − 1 do
3: for each client m in parallel do
4: wm

k,0 ← wk, w
ag,m
k,0 ← wag

k

5: for t = 0, · · · , τ − 1 do
6: wmd,m

k,t ← β−1wm
k,t + (1− β−1)wag,m

k,t

7: gmk,t ← ∇f(w
md,m
k,t , ξmk,t)

8: wag,m
k,t+1 ← wmd,m

k,t − ηgmk,t
9: wm

k,t+1 ← (1− α−1)wm
k,t + α−1wmd,m

k,t − γgmk,t
10: end for
11: send Q(wm

k,τ − wk), Q(w
ag,m
k,τ − w

ag
k )

12: end for
13: server findswk+1 ← wk+

1
M

M∑
m=1

Q(wm
k,τ−wk), w

ag
k+1 ← wag

k + 1
M

M∑
m=1

Q(wag,m
k,τ −w

ag
k )

14: end for

2.4 Convergence Analysis

The rigorous theoretical guarantees of reducing communication complexity under

strongly-convex and homogeneous assumptions should come first to ensure the signifi-

cance of FedAQ as one of the standards of communication-efficient federated optimization

algorithms. Proving convergence guarantees of FedAQ even under these assumptions re-

quires careful consideration of the approximation error induced by the quantization scheme

combined with the convergence analysis of acceleration based methods. To recall, in FedAQ

the server aggregates two quantized local updates Q(wm
k,τ − wk), Q(w

ag,m
k,τ − wag

k ) from

all clients (See line 11 in Algorithm 2) in each round. If we simply try to generalize the

convergence guarantee of FedAC to incorporate the quantization variance costs, the proof
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techniques from earlier quantization-based methods cannot be directly applied, as we now

have two additional quantization error terms that contribute to the overall cost. A significant

amount of additional effort is required in order to account for this new quantization error.

In this section, we first define two condition sets of hyperparameters used for the

convergence analysis of FedAQ. Then, we provide the proof sketch of FedAQ under one

such condition set that leads to the better convergence rate Õ( 1+q
MT

+ 1+q
TK3 ). The full proofs of

lemmas, theorems, and corollaries under both condition sets are elaborated in section 2.4.3

and section 2.4.4. Finally, we discuss how we obtain the new convergence rate for [30] and

look into more theoretical details on contribution item 2 in Introduction.

2.4.1 Two Parameter Condition Sets

We carefully determine two parameter condition sets that theoretically ensure the con-

vergence guarantees. The first one is

η, γ ∈
(
0,

1

L

]
, γ = max

(√ η

µτ
, η
)
, α =

1

γµ
, β = α + 1 (2.1)

We add one more condition γ ∈ (0, 1
L
] to the FedAC-I condition [31] and create our

parameter condition set (eq. (2.1)). The second one is

η, γ ∈
(
0,

1

L

]
, γ = max

(√ η

µτ
, η
)
, α =

3

2γµ
− 1

2
, β =

2α2 − 1

α− 1
, γµ ≤ 3

4
(2.2)

We add two more conditions γ ∈ (0, 1
L
] and γµ ≤ 3

4
to the FedAC-II condition to build

our parameter condition set (eq. (2.2)). Even though quantization adds complexity to the

algorithm, these weak assumptions are the only additional requirements for showing the

convergence of FedAQ. Moreover, although the better convergence rate Õ( 1+q
MT

+ 1+q
TK3 ) is

obtained from the condition set (eq. (2.2)), we also analyze the convergence of FedAQ under

the condition set (eq. (2.1)) because this set empirically leads to more stable training and

better performance in experiments than the condition set (eq. (2.2)) (See Strongly convex
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case in section 2.5.2). The intuition of the less stable training of FedAQ under the condition

set (eq. (2.2)) comes from larger α, β than those of the condition set (eq. (2.1)). If α, β are

too large, α−1, β−1 in Algorithm 2 cannot be used as proper coupling coefficients for local

parameters wm
k,t, w

ag,m
k,t , wmd,m

k,t . This results in aggressive updates and less stable training

behavior.

2.4.2 Proof Sketch of FedAQ Under Condition Set (2.2)

The decentralized potential Φk,t [31] is used for our convergence analysis. People

commonly use this potential for acceleration analysis [62].

Φk,t = F (w̄ag
k,t)− F

∗ +
1

6
µ∥w̄k,t − w∗∥2

w̄k,t and w̄ag
k,t is respectively the average of wm

k,t and wag, m
k,t for all m. Here, we additionally

define Φk as below.

Φk := Φk,0 = F (wag
k )− F

∗ +
1

6
µ∥wk − w∗∥2

Since wk and wag
k are parameters obtained after kth synchronization in a server side, Φk can

be considered as the potential of server models. Φk is essential to show the convergence of

FedAQ because there is the computation of the quantizer between Φk−1,τ and Φk,0. Thus, we

should not naively track Φk,t but track Φk for our analysis. Obtaining Φk ≤ ϵ would imply

that F (wag
k )−F ∗ ≤ ϵ and since F ∗ ≤ F (wag

k ), it would also imply that ∥wk−w∗∥2 = O(ϵ),

thus obtaining convergence in terms of both the objective value and the iterate.

Our goal is to show the convergence of FedAQ and derive the simplified convergence

rate so that we can get the number of communication rounds to achieve a linear speedup in

M . As the first step to show this, we prove lemma 2.4.1 which represents the relationship

between two consecutive server potential functions Φk and Φk+1. The quantization scheme

amplifies the instability to the convergence of FedAQ in addition to the effect of acceleration.
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Despite this challenge, we derive lemma 2.4.1 with the help of subtle Propositions (See

section 2.4.4).

Lemma 2.4.1. Let F be µ-strongly convex, and assume assumption 2.2.1, assumption 2.2.2,

assumption 2.2.3, assumption 2.2.4, then for α = 3
2γµ
− 1

2
, β = 2α2−1

α−1
, γ ∈ [η,

√
η
µ
], η, γ ∈

(0, 1
L
], γµ ≤ 3

4
, τ ≥ 2, FedAQ yields

E[Φk+1] ≤

D(γ, τ)E[Φk] + (
η2L

2
+
γ2µ

6
)
τσ2

M
+ γτ · max

0≤t<τ
E[∥∇F (w̄md

k,t)−
1

M

M∑
m=1

∇F (wmd,m
k,t )∥2]

+
q

M
(
γ2µ

3
+ η2L)τσ2 +

q

2M

(
(γ − η)2γ2µ2(

µ

3
+
L

4
) + γ4(

µ

3
+ L)2L

)
τ 3σ2︸ ︷︷ ︸

additional terms due to quantization

Where D(γ, τ) is defined as

D(γ, τ) = (1− 1

3
γµ)τ +

q

M

(
γ2µ(

8

3
µ+ 2L) + 2γ2L(

µ

3
+ L)

)
τ 2︸ ︷︷ ︸

additional terms due to quantization

We get the inequality between Φk and Φk+1 by finding the upper bounds of error

terms due to multiple(τ ) local steps and the quantization step. The upper bound of the

error caused by multiple local steps is obtained with the help of the analysis in [31] (See

proposition 2.4.15). Also, we get the tight upper bound of the error due to quantization with

our new proof techniques (See proposition 2.4.16, proposition 2.4.17, proposition 2.4.18).

The key challenge in bounding the quantization error terms comes from representing the

upper bound of variances of the quantizer Q on two local updates wm
k,τ −wk, w

ag,m
k,τ −w

ag
k in

the form of a server potential Φk. Some terms in lemma 2.4.1 are similar to those in Lemma

C.2 of the FedAC paper [31], but our lemma contains additional terms that emerge from the

quantization scheme.

For the next step, by telescoping lemma 2.4.1, we obtain the main theoretical result

theorem 2.4.2. theorem 2.4.2 represents how ΦK decreases from the initial potential Φ0 as a
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communication round K increases. Since we aim to telescope lemma 2.4.1, D(γ, τ) should

be smaller than 1. Specifically, we show D(γ, τ) ≤ 1 − 1
6
γµτ with condition (eq. (2.3))

(See section 2.4.4). That’s why theorem 2.4.2 requires the learning rate γ to satisfy the

certain condition (eq. (2.3)).

Theorem 2.4.2. Let F be µ-strongly convex, and assume assumption 2.2.1, assumption 2.2.2,

assumption 2.2.3, assumption 2.2.4, then for the parameter condition set (eq. (2.2)), τ ≥ 2,

if the learning rate γ satisfies

(
1

9
µ2 +

q

M

(
µ(

8

3
µ+ 2L) + 2L(

µ

3
+ L)

))
γτ ≤ 1

6
µ (2.3)

FedAQ yields

E[ΦK ] ≤ exp
(
− 1

6
max(ηµ,

√
ηµ

τ
)Kτ

)
Φ0 +

2(2q + 1)η
1
2σ2

µ
1
2Mτ

1
2

+
8(q + 25)η2L2τσ2

µ

+
3q
(
µ2(µ

3
+ L

4
) + L(µ

3
+ L)2

)
η

3
2 τ

1
2σ2

µ
5
2M

+
3qL(µ

3
+ L)2η3τ 2σ2

µM

We get the convergence rate of FedAQ with respect to η under the condition set (eq. (2.2)).

The final step is to tune η appropriately and obtain a more intuitive form of convergence rate

that we can easily analyze a linear speedup in M . The exact form of this can be found in

corollary 2.4.19. Here, we introduce the simplified form of corollary 2.4.19.

Corollary 2.4.3. (Simplified form of corollary 2.4.19) Note that T = Kτ . For η =

min( 1
L
, Θ̃( τ

µT 2 )), FedAQ yields

E[ΦK ] ≤ min
(
exp(−µT

6L
), exp(− µ

1
2T

6L
1
2 τ

1
2

)
)
Φ0

+ Õ((1 + q)σ2

µMT︸ ︷︷ ︸
I

+
(1 + q)L2τ 3σ2

µ3T 4︸ ︷︷ ︸
II

+
qL3τ 2σ2

µ4MT 3︸ ︷︷ ︸
III

)

The convergence rate of FedAQ under the condition set (eq. (2.1)) is obtained in a
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similar way. The convergence analysis under the condition set (eq. (2.1)) is elaborated as

lemma 2.4.6, theorem 2.4.12, and corollary 2.4.13 in section 2.4.3.

Remark 2.4.4. The above convergence rate is worse than the convergence rate of FedAC-II

according to Theorem C.13 in [31] because there are additive terms related to the quantization

noise q in our case. Let’s figure out the dominant terms with Õ notation from the above

convergence rate. Here, we replace τ with T
K

. At first, we can ignore the first term because

it decreases exponentially. The second term I would be Õ( 1+q
MT

). Then, the third term II

becomes Õ( (1+q)τ3

T 4 ) = Õ( 1+q
TK3 ). Finally, the last term III turns into Õ( qτ2

MT 3 ) = Õ( q
MTK2 ).

Thus, the overall convergence rate of FedAQ under the condition set (eq. (2.2)) would

be Õ( 1+q
MT

+ 1+q
TK3 ). Similarly, we obtain the simplified convergence rate of FedAQ under

the condition set (eq. (2.1)) from three terms (2.14), (2.15), (2.16) of corollary 2.4.13. In

this case, the convergence rate of FedAQ is Õ( 1+q
MT

+ 1
TK2 ), and the required number of

communication rounds to achieve a linear speedup in M is Õ(( M
1+q

)
1
2 ).

Remark 2.4.5. As we mention above, FedAQ converges at rate Õ( 1+q
MT

+ 1+q
TK3 ), which is

better than the convergence rate of [30] Õ( 1+q
MT

+ 1
TK

). To our knowledge, [30] obtain the

best convergence rate among previous quantization-based federated optimization algorithms.

Actually, in the strongly-convex and homogeneous case, [30] provide different convergence

rate O( 1
γ2τ

+ (q+1)
( q
M

+1)τM
) = O( K

γ2T
+ (q+1)K

( q
M

+1)TM
), where γ is a learning rate for the server

updates. They achieve this convergence rate by tuning η = 1
2L( q

M
+1)τγ

. However, we cannot

say this algorithm achieves a linear speedup in this scenario. That’s why we provide a new

convergence rate Õ( 1+q
MT

+ 1
TK

) for [30] by tuning η in a different way. This new η makes

this algorithm achieve a linear speedup. Why the original η cannot achieve a linear speedup

and how we get new η can be found in section 2.4.5.
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2.4.3 Proof Details for FedAQ under Condition Set (2.1)

Before diving into proof details, we define w̄k,τ , w̄
ag
k,τ ,Ψ

m
k,t,Ψk,t,Ψk, A

m
k,t as below.

w̄k,τ =
1

M

M∑
m=1

wm
k,τ , w̄

ag
k,τ =

1

M

M∑
m=1

wag,m
k,τ

Ψm
k,t = F (wag,m

k,t )− F ∗ +
1

2
µ∥wm

k,t − w∗∥2

Ψk,t =
1

M

M∑
m=1

F (wag,m
k,t )− F ∗ +

1

2
µ∥w̄k,t − w∗∥2

Ψk : = Ψk,0 = F (wag
k )− F

∗ +
1

2
µ∥wk − w∗∥2

Am
k,t =

γ2µ2(µ+ L)

(1 + γµ)2
∥wm

k,t − w
ag,m
k,t ∥

2 + γ2(µ+ L)
2L

1 + γµ
Ψm

k,t

The above notations are essential to our convergence analysis. Intuitively, if the FedAQ algo-

rithm converges to the optimal point, w̄k,τ , w̄
ag
k,τ become w∗, and Ψm

k,t,Ψk,t,Ψk, A
m
k,t become

0. In order to denote the σ-algebra generated by {wm
k′,t′ , w

ag,m
k′,t′ }(k′<k) or (k′=k,t′≤t),m∈[M ], we

use Fk,t.

Proof of lemma 2.4.6

Lemma 2.4.6. Let F be µ-strongly convex, and assume assumption 2.2.1, assumption 2.2.2,

assumption 2.2.3, assumption 2.2.4, then for α = 1
γµ
, β = α + 1, γ ∈ [η,

√
η
µ
], η, γ ∈

(0, 1
L
], τ ≥ 2, FedAQ yields

E[Ψk+1] ≤ C(γ, τ)E[Ψk] +
1

2
(η2L+

γ2µ

M
)τσ2 + γµLτ

· max
0≤t<τ

E[
1

M

M∑
m=1

∥w̄md
k,t − w

md,m
k,t ∥∥

1

1 + γµ
(w̄k,t − wm

k,t) +
γµ

1 + γµ
(w̄ag

k,t − w
ag,m
k,t )∥]

+
q

M
(γ2µ+ η2L)τσ2 +

q

2M

((γ − η)2γ2µ2(µ+ L)

(1 + γµ)2
+
γ4(µ+ L)2L

1 + γµ

)
τ 3σ2︸ ︷︷ ︸

Additional terms due to quantization
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Where C(γ, τ) is defined as

C(γ, τ) = (1− γµ)τ + q

M

(4γ2µ(µ+ L)

(1 + γµ)2
+

2Lγ2(µ+ L)

1 + γµ

)
τ 2︸ ︷︷ ︸

Additional terms due to quantization

In this section, we first introduce five crucial Propositions for proving lemma 2.4.6.

Then, we prove lemma 2.4.6 by using Propositions in the last part of this section.

Proposition 2.4.7. Let assumption 2.2.1 hold and consider any k synchronization round.

Then, we can decompose the expectation as follows:

E[∥wk+1 − w∗∥2] = E[∥wk+1 − w̄k,τ∥2] + E[∥w̄k,τ − w∗∥2]

E[F (wag
k+1)− F

∗] = E[F (wag
k+1)−

1

M

M∑
m=1

F (wag,m
k,τ )] + E[

1

M

M∑
m=1

F (wag,m
k,τ )− F ∗]

Proof of proposition 2.4.7 The second equality is trivial. Let’s focus on the first equality.

By assumption 2.2.1, the quantizer Q is unbiased and we get,

EQ[wk+1] = wk +
1

M

M∑
m=1

EQQ(w
m
k,τ − wk) =

1

M

M∑
m=1

wm
k,τ = w̄k,τ

Thus, we finally obtain

E[∥wk+1 − w∗∥2] = E[∥wk+1 − w̄k,τ + w̄k,τ − w∗∥2]

= E[∥wk+1 − w̄k,τ∥2] + E[∥w̄k,τ − w∗∥2]

Proposition 2.4.8. Let F be µ-strongly convex, and assume assumption 2.2.2, assump-

tion 2.2.3, assumption 2.2.4, then for α = 1
γµ
, β = α + 1, γ ∈ [η,

√
η
µ
], η ∈ (0, 1

L
], FedAQ
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yields

E[Ψk,τ ] ≤ (1− γµ)τE[Ψk] +
1

2
(η2L+

γ2µ

M
)τσ2 + γµLτ

· max
0≤t<τ

E[
1

M

M∑
m=1

∥w̄md
k,t − w

md,m
k,t ∥∥

1

1 + γµ
(w̄k,t − wm

k,t) +
γµ

1 + γµ
(w̄ag

k,t − w
ag,m
k,t )∥]

Proof of proposition 2.4.8 We refer to the proof of Lemma B.2 in [31]. There is no

quantization between Ψk,τ and Ψk. Thus, we can directly apply useful inequalities in the

proof of Lemma B.2 in [31] to our proof. Then, we obtain

E[Ψk,t+1|Fk,t] ≤ (1− γµ)Ψk,t +
1

2
(η2L+

γ2µ

M
)σ2 + γµL

· 1

M

M∑
m=1

∥w̄md
k,t − w

md,m
k,t ∥∥

1

1 + γµ
(w̄k,t − wm

k,t) +
γµ

1 + γµ
(w̄ag

k,t − w
ag,m
k,t )∥

From the above relationship between Ψk,t+1 and Ψk,t, we get

E[Ψk,τ ] ≤ (1− γµ)τE[Ψk] +
( τ−1∑

t=0

(1− γµ)t
)1
2
(η2L+

γ2µ

M
)σ2 + γµL ·

τ−1∑
t=0

{
(1−

γµ)τ−t−1E[
1

M

M∑
m=1

∥w̄md
k,t − w

md,m
k,t ∥∥

1

1 + γµ
(w̄k,t − wm

k,t) +
γµ

1 + γµ
(w̄ag

k,t − w
ag,m
k,t )∥]

}
≤ (1− γµ)τE[Ψk] +

1

2
(η2L+

γ2µ

M
)τσ2 + γµLτ

· max
0≤t<τ

E[
1

M

M∑
m=1

∥w̄md
k,t − w

md,m
k,t ∥∥

1

1 + γµ
(w̄k,t − wm

k,t) +
γµ

1 + γµ
(w̄ag

k,t − w
ag,m
k,t )∥]

Proposition 2.4.9. Let assumption 2.2.1 hold. Then, we have

E[∥wk+1 − w̄k,τ∥2] ≤
q

M2

M∑
m=1

E[∥wm
k,τ − wk∥2]

E[F (wag
k+1)−

1

M

M∑
m=1

F (wag,m
k,τ )] ≤ qL

2M2

M∑
m=1

E[∥wag,m
k,τ − w

ag
k ∥

2]

Proof of proposition 2.4.9 First, let’s consider the first inequality. According to
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assumption 2.2.1, we get

E[∥wk+1 − w̄k,τ∥2] = E[∥wk +
1

M

M∑
m=1

Q(wm
k,τ − wk)−

1

M

M∑
m=1

wm
k,τ∥2]

= E[∥ 1

M

M∑
m=1

Q(wm
k,τ − wk)− (wm

k,τ − wk)∥2]

=
1

M2

M∑
m=1

E[∥Q(wm
k,τ − wk)− (wm

k,τ − wk)∥2] ≤
q

M2

M∑
m=1

E∥wm
k,τ − wk∥2

The third equality comes from the unbiasedness of Q, and the last inequality stems from the

variance assumption of Q. Similarly, we obtain

E[F (wag
k+1)−

1

M

M∑
m=1

F (wag,m
k,τ )]

= E[F (wag
k +

1

M

M∑
m=1

Q(wag,m
k,τ − w

ag
k ))−

1

M

M∑
m=1

F (wag,m
k,τ )]

= E[
1

M

M∑
m=1

F (wag
k +

1

M

M∑
m=1

Q(wag,m
k,τ − w

ag
k ))− F (w

ag,m
k,τ )]

≤ E
[ 1

M

M∑
m=1

⟨∇F (wag,m
k,τ ),

1

M

M∑
m=1

(
Q(wag,m

k,τ − w
ag
k )− (wag,m

k,τ − w
ag
k )

)
⟩

+
L

2
∥ 1

M

M∑
m=1

Q(wag,m
k,τ − w

ag
k )− (wag,m

k,τ − w
ag
k )∥

2
]

=
L

2
E[∥ 1

M

M∑
m=1

Q(wag,m
k,τ − w

ag
k )− (wag,m

k,τ − w
ag
k )∥

2]

=
L

2M2

M∑
m=1

E[∥Q(wag,m
k,τ − w

ag
k )− (wag,m

k,τ − w
ag
k )∥

2] ≤ qL

2M2

M∑
m=1

E[∥wag,m
k,τ − w

ag
k ∥

2]

Proposition 2.4.10. Let F be µ-strongly convex, and assume assumption 2.2.2, assump-

tion 2.2.3, assumption 2.2.4, then for α = 1
γµ
, β = α + 1, γ ∈ [η,

√
η
µ
], η, γ ∈ (0, 1

L
], we
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get

E[Am
k,t] ≤ E[Am

k,0] +
((γ − η)2(µ+ L)

1 + γµ
+
γ2(µ+ L)2L

µ2

)
·
(
1− (1− γµ+

γµ

1 + γµ
)t
)
σ2

Proof of proposition 2.4.10 From the notation mentioned in the beginning of sec-

tion 2.4.3,

E[Am
k,t+1|Fk,t]

=
γ2µ2(µ+ L)

(1 + γµ)2
E[∥wm

k,t+1 − w
ag,m
k,t+1∥

2|Fk,t] + γ2(µ+ L)
2L

1 + γµ
E[Ψm

k,t+1|Fk,t] (2.4)

Thus, let’s sequentially compute E[∥wm
k,t+1 − w

ag,m
k,t+1∥2|Fk,t] and E[Ψm

k,t+1|Fk,t].

E[∥wm
k,t+1 − w

ag,m
k,t+1∥

2|Fk,t]

= E[∥(1− α−1)wm
k,t + α−1wmd,m

k,t − γgmk,t − w
md,m
k,t + ηgmk,t∥2|Fk,t]

= E[∥(1− α−1)(wm
k,t − w

md,m
k,t )− (γ − η)gmk,t∥2|Fk,t] (← γ ≥ η)

= ∥(1− α−1)(wm
k,t − w

md,m
k,t )− (γ − η)∇F (wmd,m

k,t )∥2

+ (γ − η)2E[∥∇F (wmd,m
k,t )− gmk,t∥2|Fk,t]

≤ (1− α−1)2∥wm
k,t − w

md,m
k,t ∥

2 + (γ − η)2∥∇F (wmd,m
k,t )∥2

+ (γ − η)2σ2 − 2(γ − η)⟨(1− α−1)(wm
k,t − w

md,m
k,t ),∇F (wmd,m

k,t )⟩

≤ (1− α−1)2(1 + γµ)∥wm
k,t − w

md,m
k,t ∥

2

+ (γ − η)2(1 + 1

γµ
)∥∇F (wmd,m

k,t )∥2 + (γ − η)2σ2

=
(1− γµ)2

1 + γµ
∥wm

k,t − w
ag,m
k,t ∥

2 + (γ − η)21 + γµ

γµ
∥∇F (wmd,m

k,t )∥2 + (γ − η)2σ2
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Here, we need to bound ∥∇F (wmd,m
k,t )∥2.

∥∇F (wmd,m
k,t )∥2 ≤ 2L(F (wmd,m

k,t )− F ∗) (∵ assumption 2.2.3)

≤ 2L
(
β−1(F (wm

k,t)− F (w∗)) + (1− β−1)(F (wag,m
k,t )− F ∗)

)
≤ β−1L2∥wm

k,t − w∗∥2 + 2(1− β−1)L(F (wag,m
k,t )− F ∗)

=
γµL2

1 + γµ
∥wm

k,t − w∗∥2 + 2L

1 + γµ
(F (wag,m

k,t )− F ∗)

≤ µL

1 + γµ
∥wm

k,t − w∗∥2 + 2L

1 + γµ
(F (wag,m

k,t )− F ∗) =
2L

1 + γµ
Ψm

k,t (2.5)

The last inequality comes from the fact γ ∈ [0, 1
L
). Therefore, we finally get

E[∥wm
k,t+1 − w

ag,m
k,t+1∥

2|Fk,t]

≤ (1− γµ)2

1 + γµ
∥wm

k,t − w
ag,m
k,t ∥

2 + (γ − η)21 + γµ

γµ
∥∇F (wmd,m

k,t )∥2 + (γ − η)2σ2

≤ (1− γµ)2

1 + γµ
∥wm

k,t − w
ag,m
k,t ∥

2 + (γ − η)21 + γµ

γµ

( 2L

1 + γµ
Ψm

k,t

)
+ (γ − η)2σ2 (2.6)

Now, let’s compute E[Ψm
k,t+1|Fk,t]. We need to compute E[∥wm

k,t+1 − w∗∥2|Fk,t] and

E[F (wag,m
k,t+1)− F ∗|Fk,t] first.

E[∥wm
k,t+1 − w∗∥2|Fk,t] = E[∥(1− α−1)wm

k,t + α−1wmd,m
k,t − γgmk,t − w∗∥2|Fk,t]

≤ ∥(1− α−1)wm
k,t + α−1wmd,m

k,t − w∗∥2 + γ2∥∇F (wmd,m
k,t )∥2 + γ2σ2

− 2γ⟨(1− α−1)wm
k,t + α−1wmd,m

k,t − w∗,∇F (wmd,m
k,t )⟩

≤ (1− α−1)∥wm
k,t − w∗∥2 + α−1∥wmd,m

k,t − w∗∥2 + γ2∥∇F (wmd,m
k,t )∥2 + γ2σ2

− 2γ⟨(1− α−1(1− β−1))wm
k,t + α−1(1− β−1)wag,m

k,t − w
∗,∇F (wmd,m

k,t )⟩

= (1− γµ)∥wm
k,t − w∗∥2 + γµ∥wmd,m

k,t − w∗∥2 + γ2∥∇F (wmd,m
k,t )∥2 + γ2σ2

− 2γ⟨ 1

1 + γµ
wm

k,t +
γµ

1 + γµ
wag,m

k,t − w
∗,∇F (wmd,m

k,t )⟩
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E[F (wag,m
k,t+1)− F

∗|Fk,t]

≤ E[F (wmd,m
k,t ) + ⟨∇F (wmd,m

k,t ), wag,m
k,t+1 − w

md,m
k,t ⟩+

L

2
∥wag,m

k,t+1 − w
md,m
k,t ∥

2 − F ∗|Fk,t]

≤ F (wmd,m
k,t )− F ∗ − η∥∇F (wmd,m

k,t )∥2 + η2L

2
∥∇F (wmd,m

k,t )∥2 + η2L

2
σ2

≤ F (wmd,m
k,t )− F ∗ − η

2
∥∇F (wmd,m

k,t )∥2 + η2L

2
σ2 (∵ 1− ηL

2
≥ 1

2
← η ∈ [0,

1

L
])

= (1− α−1)(F (wag,m
k,t )− F ∗) + α−1(F (wmd,m

k,t )− F ∗)

+ (1− α−1)(F (wmd,m
k,t )− F (wag,m

k,t ))− η

2
∥∇F (wmd,m

k,t )∥2 + η2L

2
σ2

≤ (1− α−1)(F (wag,m
k,t )− F ∗)− µα−1

2
∥wmd,m

k,t − w∗∥2 + α−1⟨∇F (wmd,m
k,t ), wmd,m

k,t − w∗⟩

+ (1− α−1)⟨∇F (wmd,m
k,t ), wmd,m

k,t − wag,m
k,t ⟩ −

η

2
∥∇F (wmd,m

k,t )∥2 + η2L

2
σ2

= (1− α−1)(F (wag,m
k,t )− F ∗)− µα−1

2
∥wmd,m

k,t − w∗∥2 − η

2
∥∇F (wmd,m

k,t )∥2 + η2L

2
σ2

+ α−1⟨∇F (wmd,m
k,t ), αβ−1wm

k,t + (1− αβ−1)wag,m
k,t − w

∗⟩

= (1− γµ)(F (wag,m
k,t )− F ∗)− γµ2

2
∥wmd,m

k,t − w∗∥2 − η

2
∥∇F (wmd,m

k,t )∥2 + η2L

2
σ2

+ γµ⟨ 1

1 + γµ
wm

k,t +
γµ

1 + γµ
wag,m

k,t − w
∗,∇F (wmd,m

k,t )⟩

Then, we bound E[Ψm
k,t+1|Fk,t] by using the above results.

E[Ψm
k,t+1|Fk,t] =

µ

2
E[∥wm

k,t+1 − w∗∥2|Fk,t] + E[F (wag,m
k,t+1)− F

∗|Fk,t]

≤ (1− γµ)Ψm
k,t −

η − γ2µ
2
∥∇F (wmd,m

k,t )∥2 + γ2µ+ η2L

2
σ2

≤ (1− γµ)Ψm
k,t +

γ2µ+ η2L

2
σ2 (∵ γ ≤

√
η

µ
)

≤ (1− γµ)Ψm
k,t +

γ2(µ+ L)

2
σ2 (2.7)
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Plugging Equation 2.6, Equation 2.7 in Equation 2.4 yields,

E[Am
k,t+1|Fk,t] ≤

γ2µ2(µ+ L)

(1 + γµ)2

(
(1− γµ)2

1 + γµ
∥wm

k,t − w
ag,m
k,t ∥

2 + (γ − η)21 + γµ

γµ( 2L

1 + γµ
Ψm

k,t

)
+ (γ − η)2σ2

)
+ γ2(µ+ L)

2L

1 + γµ

(
(1− γµ)Ψm

k,t +
γ2(µ+ L)

2
σ2
)

=
(1− γµ)2

1 + γµ
· γ

2µ2(µ+ L)

(1 + γµ)2
∥wm

k,t − w
ag,m
k,t ∥

2 +
(γµ(γ − η)2(µ+ L)

1 + γµ

+ γ2(µ+ L)(1− γµ)
) 2L

1 + γµ
Ψm

k,t +
(γ2µ2(γ − η)2(µ+ L)

(1 + γµ)2
+
γ4(µ+ L)2L

1 + γµ

)
σ2

(2.8)

Since η ≤ γ, we get (γ − η)2 ≤ γ2. By using this fact, we obtain

γµ(γ − η)2(µ+ L)

1 + γµ
+ γ2(µ+ L)(1− γµ) ≤ γ3µ(µ+ L)

1 + γµ
+ γ2(µ+ L)(1− γµ)

= γ2(µ+ L)(1− γµ+
γµ

1 + γµ
) (2.9)

It is easy to show that 1− γµ+ γµ
1+γµ

< 1. Also, we get

(1− γµ)2

1 + γµ
< 1− γµ < 1− γµ+

γµ

1 + γµ
(2.10)

From Equation 2.8, Equation 2.9, and Equation 2.10 we finally get

E[Am
k,t+1|Fk,t] ≤ (1− γµ+

γµ

1 + γµ
)Am

k,t +
(γ2µ2(γ − η)2(µ+ L)

(1 + γµ)2
+
γ4(µ+ L)2L

1 + γµ

)
σ2
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From this relationship between Am
k,t+1 and Am

k,t, we obtain the result of proposition 2.4.10.

E[Am
k,t] ≤ (1− γµ+

γµ

1 + γµ
)tE[Am

k,0] +
(γ2µ2(γ − η)2(µ+ L)

(1 + γµ)2
+
γ4(µ+ L)2L

1 + γµ

)
σ2

·
1− (1− γµ+ γµ

1+γµ
)t

1− (1− γµ+ γµ
1+γµ

)

= (1− γµ+
γµ

1 + γµ
)tE[Am

k,0] +
((γ − η)2(µ+ L)

1 + γµ
+
γ2(µ+ L)2L

µ2

)
σ2

·
(
1− (1− γµ+

γµ

1 + γµ
)t
)

≤ E[Am
k,0] +

((γ − η)2(µ+ L)

1 + γµ
+
γ2(µ+ L)2L

µ2

)
·
(
1− (1− γµ+

γµ

1 + γµ
)t
)
σ2

Proposition 2.4.11. Let F be µ-strongly convex, and assume assumption 2.2.2, assump-

tion 2.2.3, assumption 2.2.4, then for α = 1
γµ
, β = α+1, γ ∈ [η,

√
η
µ
], η, γ ∈ (0, 1

L
], τ ≥ 2,

FedAQ yields

µ

2
E[∥wm

k,τ − wk∥2] +
L

2
E[∥wag,m

k,τ − w
ag
k ∥

2]

≤
(4γ2µ(µ+ L)

(1 + γµ)2
+

2Lγ2(µ+ L)

1 + γµ

)
τ 2E[Ψk] + (γ2µ+ η2L)τσ2

+
((γ − η)2γ2µ2(µ+ L)

(1 + γµ)2
+
γ4(µ+ L)2L

1 + γµ

)τ 3σ2

2

Proof of proposition 2.4.11 Let’s first bound E[∥wm
k,τ − wk∥2] and E[∥wag,m

k,τ − w
ag
k ∥2]

individually.

E[∥wm
k,τ − wk∥2] = E[∥(wm

k,τ − wm
k,τ−1) + · · ·+ (wm

k,1 − wm
k,0)∥2]

= E
[∥∥∥ τ−1∑

t=0

(
(1− α−1)wm

k,t + α−1wmd, m
k,t − wm

k,t − γgmk,t
)∥∥∥2]

= E
[∥∥∥α−1

τ−1∑
t=0

(wmd,m
k,t − wm

k,t)− γ
τ−1∑
t=0

gmk,t

∥∥∥2]
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Then, this is upper bounded by

≤ 2α−2E[∥
τ−1∑
t=0

(wmd,m
k,t − wm

k,t)∥2] + 2γ2E[∥
τ−1∑
t=0

gmk,t∥2]

≤ 2α−2τ
τ−1∑
t=0

E[∥wmd,m
k,t − wm

k,t∥2] + 2γ2E[∥
τ−1∑
t=0

∇F (wmd,m
k,t )∥2]

+ 2γ2E[∥
τ−1∑
t=0

(gmk,t −∇F (w
md,m
k,t ))∥2]

≤ 2α−2(1− β−1)2τ
τ−1∑
t=0

E[∥wm
k,t − w

ag,m
k,t ∥

2] + 2γ2τ
τ−1∑
t=0

E[∥∇F (wmd,m
k,t )∥2]

+ 2γ2
τ−1∑
t=0

E[∥gmk,t −∇F (w
md,m
k,t )∥2]

= τ
( τ−1∑

t=0

2α−2(1− β−1)2E[∥wm
k,t − w

ag,m
k,t ∥

2] + 2γ2E[∥∇F (wmd,m
k,t )∥2]

)
+ 2τγ2σ2

For E[∥wag,m
k,τ − w

ag
k ∥2], we similarly obtain

E[∥wag,m
k,τ − w

ag
k ∥

2] = E[∥
τ−1∑
t=0

(wag,m
k,t+1 − w

ag,m
k,t )∥2] = E[∥

τ−1∑
t=0

(wmd,m
k,t − wag,m

k,t − ηg
m
k,t)∥2]

≤ 2E[∥
τ−1∑
t=0

(wmd,m
k,t − wag,m

k,t )∥2] + 2η2E[∥
τ−1∑
t=0

gmk,t∥2]

= 2β−2E[∥
τ−1∑
t=0

(wm
k,t − w

ag,m
k,t )∥2] + 2η2E[∥

τ−1∑
t=0

∇F (wmd,m
k,t )∥2]

+ 2η2E[∥
τ−1∑
t=0

(gmk,t −∇F (w
md,m
k,t ))∥2]

≤ 2β−2τ
τ−1∑
t=0

E[∥wm
k,t − w

ag,m
k,t ∥

2] + 2η2τ
τ−1∑
t=0

E[∥∇F (wmd,m
k,t )∥2]

+ 2η2
τ−1∑
t=0

E[∥gmk,t −∇F (w
md,m
k,t )∥2]

= τ
( τ−1∑

t=0

2β−2E[∥wm
k,t − w

ag,m
k,t ∥

2] + 2η2E[∥∇F (wmd,m
k,t )∥2]

)
+ 2τη2σ2
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Thus, by using the above results, we get

µ

2
E[∥wm

k,τ − wk∥2] +
L

2
E[∥wag,m

k,τ − w
ag
k ∥

2]

≤ τ
τ−1∑
t=0

{(
µα−2(1− β−1)2 + Lβ−2

)
E[∥wm

k,t − w
ag,m
k,t ∥

2]

+ (γ2µ+ η2L)E[∥∇F (wmd,m
k,t )∥2]

}
+ (γ2µ+ η2L)τσ2

≤ τ
τ−1∑
t=0

{(
µα−2(1− β−1)2 + Lβ−2

)
E[∥wm

k,t − w
ag,m
k,t ∥

2] + (γ2µ+ η2L)
2L

1 + γµ
E[Ψm

k,t]
}

+ (γ2µ+ η2L)τσ2 (∵ (Equation 2.5))

≤ τ
τ−1∑
t=0

{γ2µ2(µ+ L)

(1 + γµ)2
E[∥wm

k,t − w
ag,m
k,t ∥

2] + γ2(µ+ L)
2L

1 + γµ
E[Ψm

k,t]
}

+ (γ2µ+ η2L)τσ2 = τ
( τ−1∑

t=0

E[Am
k,t]

)
+ (γ2µ+ η2L)τσ2

By proposition 2.4.10 and the fact Ψm
k,0 = Ψk, we obtain

µ

2
E[∥wm

k,τ − wk∥2] +
L

2
E[∥wag,m

k,τ − w
ag
k ∥

2] ≤ τ
{ τ−1∑

t=0

E[Am
k,0] +

((γ − η)2(µ+ L)

1 + γµ

+
γ2(µ+ L)2L

µ2

)
·
(
1− (1− γµ+

γµ

1 + γµ
)t
)
σ2
}
+ (γ2µ+ η2L)τσ2

= τ 2
(γ2µ2(µ+ L)

(1 + γµ)2
E[∥wk − wag

k ∥
2] + γ2(µ+ L)

2L

1 + γµ
E[Ψk]

)
+ τ

((γ − η)2(µ+ L)

1 + γµ

+
γ2(µ+ L)2L

µ2

)( τ−1∑
t=0

1− (1− γµ+
γµ

1 + γµ
)t
)
σ2 + (γ2µ+ η2L)τσ2

Before we get to the final result, let’s find the upper bound for ∥wk − wag
k ∥2,

∑τ−1
t=0

(
1 −
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(1− γµ+ γµ
1+γµ

)t
)

∥wk − wag
k ∥

2 = ∥wk − w∗ − (wag
k − w

∗)∥2 ≤ 2∥wk − w∗∥2 + 2∥wag
k − w

∗∥2

≤ 2∥wk − w∗∥2 + 2 · 2
µ

(
F (wag

k )− F
∗ − ⟨∇F (w∗), wag

k − w
∗⟩
)

= 2∥wk − w∗∥2 + 4

µ
(F (wag

k )− F
∗) =

4

µ
Ψk

τ−1∑
t=0

(
1− (1− γµ+

γµ

1 + γµ
)t
)
= τ −

τ−1∑
t=0

(1− γµ+
γµ

1 + γµ
)t

= τ −
1− (1− γµ+ γµ

1+γµ
)τ

1− (1− γµ+ γµ
1+γµ

)

≤ τ −
1− (1− γ2µ2

1+γµ
τ + ( γ2µ2

1+γµ
)2 τ(τ−1)

2
)

γ2µ2

1+γµ

=
γ2µ2

1 + γµ
· τ(τ − 1)

2
≤ γ2µ2

1 + γµ
· τ

2

2

Therefore, we conclude as below

µ

2
E[∥wm

k,τ − wk∥2] +
L

2
E[∥wag,m

k,τ − w
ag
k ∥

2]

≤
(4γ2µ(µ+ L)

(1 + γµ)2
+

2Lγ2(µ+ L)

1 + γµ

)
τ 2E[Ψk] + (γ2µ+ η2L)τσ2

+
((γ − η)2γ2µ2(µ+ L)

(1 + γµ)2
+
γ4(µ+ L)2L

1 + γµ

)τ 3σ2

2

Proof of lemma 2.4.6 By the definition of Ψk,Ψk,t and proposition 2.4.7,

E[Ψk+1] = E[Ψk,τ ] +
µ

2
E[∥wk+1 − w̄k,τ∥2] + E[F (wag

k+1)−
1

M

M∑
m=1

F (wag,m
k,τ )]
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Applying proposition 2.4.8 and proposition 2.4.9, we have

E[Ψk+1] ≤ (1− γµ)τE[Ψk] +
1

2
(η2L+

γ2µ

M
)τσ2 + γµLτ · max

0≤t<τ
E[

1

M

M∑
m=1

∥w̄md
k,t

− wmd,m
k,t ∥∥

1

1 + γµ
(w̄k,t − wm

k,t) +
γµ

1 + γµ
(w̄ag

k,t − w
ag,m
k,t )∥]

+
qµ

2M2

M∑
m=1

E[∥wm
k,τ − wk∥2] +

qL

2M2

M∑
m=1

E[∥wag,m
k,τ − w

ag
k ∥

2]

≤ (1− γµ)τE[Ψk] +
1

2
(η2L+

γ2µ

M
)τσ2 + γµLτ · max

0≤t<τ
E[

1

M

M∑
m=1

∥w̄md
k,t − w

md,m
k,t ∥

∥ 1

1 + γµ
(w̄k,t − wm

k,t) +
γµ

1 + γµ
(w̄ag

k,t − w
ag,m
k,t )∥] + q

M

[(4γ2µ(µ+ L)

(1 + γµ)2
+

2Lγ2(µ+ L)

1 + γµ

)
τ 2E[Ψk] + (γ2µ+ η2L)τσ2 +

((γ − η)2γ2µ2(µ+ L)

(1 + γµ)2
+
γ4(µ+ L)2L

1 + γµ

)τ 3σ2

2

]
=

{
(1− γµ)τ + q

M

(4γ2µ(µ+ L)

(1 + γµ)2
+

2Lγ2(µ+ L)

1 + γµ

)
τ 2
}
E[Ψk] +

1

2
(η2L+

γ2µ

M
)τσ2

+
q

M
(γ2µ+ η2L)τσ2 +

q

2M

((γ − η)2γ2µ2(µ+ L)

(1 + γµ)2
+
γ4(µ+ L)2L

1 + γµ

)
τ 3σ2 + γµLτ

· max
0≤t<τ

E[
1

M

M∑
m=1

∥w̄md
k,t − w

md,m
k,t ∥∥

1

1 + γµ
(w̄k,t − wm

k,t) +
γµ

1 + γµ
(w̄ag

k,t − w
ag,m
k,t )∥]

The second inequality comes from proposition 2.4.11. Then, let’s define C(γ, τ) as

C(γ, τ) = (1− γµ)τ + q

M

(4γ2µ(µ+ L)

(1 + γµ)2
+

2Lγ2(µ+ L)

1 + γµ

)
τ 2

Finally, we obtain

E[Ψk+1] ≤ C(γ, τ)E[Ψk] +
1

2
(η2L+

γ2µ

M
)τσ2 +

q

M
(γ2µ+ η2L)τσ2

+
q

2M

((γ − η)2γ2µ2(µ+ L)

(1 + γµ)2
+
γ4(µ+ L)2L

1 + γµ

)
τ 3σ2 + γµLτ

· max
0≤t<τ

E[
1

M

M∑
m=1

∥w̄md
k,t − w

md,m
k,t ∥∥

1

1 + γµ
(w̄k,t − wm

k,t) +
γµ

1 + γµ
(w̄ag

k,t − w
ag,m
k,t )∥]
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Proof of theorem 2.4.12

Theorem 2.4.12. Let F be µ-strongly convex, and assume assumption 2.2.1, assump-

tion 2.2.2, assumption 2.2.3, assumption 2.2.4, then for α = 1
γµ
, β = α+1, γ = max(η,

√
η
µτ
),

η, γ ∈ (0, 1
L
], τ ≥ 2, if the learning rate γ satisfies

(
µ2 +

q

M
(µ+ L)(4µ+ 2L)

)
γτ ≤ 1

2
µ (2.11)

FedAQ yields

E[ΨK ] ≤ exp
(
− 1

2
max(ηµ,

√
ηµ

τ
)Kτ

)
Ψ0 + (2q + 1)(

η
1
2σ2

µ
1
2Mτ

1
2

+
ησ2

M
) + 14η2Lτσ2

+
(780 + 2q

M
)η

3
2Lτ

1
2σ2

µ
1
2

+
(µ+ L)(µ2 + µL+ L2)qη

3
2 τ

1
2σ2

µ
5
2M

+
qη3τ 2(µ+ L)2Lσ2

µM

Proof of theorem 2.4.12 At first, due to the condition (eq. (2.11)) in theorem 2.4.12, we

get

C(γ, τ) = (1− γµ)τ + q

M

(4γ2µ(µ+ L)

(1 + γµ)2
+

2Lγ2(µ+ L)

1 + γµ

)
τ 2

≤ 1− γµτ + γ2µ2τ 2 +
q

M
γ2(µ+ L)(4µ+ 2L)τ 2

= 1− γµτ +
(
µ2 +

q

M
(µ+ L)(4µ+ 2L)

)
γ2τ 2

≤ 1− 1

2
γµτ (∵ condition (2.11))

The first inequality comes from the fact that (1 − γµ)τ ≤ e−γµτ ≤ 1 − γµτ + γ2µ2τ 2

when 0 ≤ γµ ≤ 1. Also, it is trivial that γ = max(η,
√

η
µτ
) ∈ [η,

√
η
µ
]. Thus, we can use

37



lemma 2.4.6. By using lemma 2.4.6 and the above result, we obtain

E[Ψk+1] ≤ (1− 1

2
γµτ)E[Ψk] +

1

2
(η2L+

γ2µ

M
)τσ2 +

q

M
(γ2µ+ η2L)τσ2

+
q

2M

((γ − η)2γ2µ2(µ+ L)

(1 + γµ)2
+
γ4(µ+ L)2L

1 + γµ

)
τ 3σ2 + γµLτ

· max
0≤t<τ

E[
1

M

M∑
m=1

∥w̄md
k,t − w

md,m
k,t ∥∥

1

1 + γµ
(w̄k,t − wm

k,t) +
γµ

1 + γµ
(w̄ag

k,t − w
ag,m
k,t )∥]

(2.12)

By the Lemma B.3 in [31], we know that the below quantity is bounded.

max
0≤t<τ

E[
1

M

M∑
m=1

∥w̄md
k,t − w

md,m
k,t ∥∥

1

1 + γµ
(w̄k,t − wm

k,t) +
γµ

1 + γµ
(w̄ag

k,t − w
ag,m
k,t )∥] ≤ B

B =


7ηγτσ2

(
1 + 2γ2µ

η

)2τ

, if γ ∈
(
η,
√

η
µ

]
7η2τσ2, if γ = η

Telescoping Equation 2.12 yields

E[ΨK ] ≤ (1− 1

2
γµτ)KΨ0 +

(K−1∑
k′=0

(1− 1

2
γµτ)k

′
)
·
[1
2
(η2L+

γ2µ

M
)τσ2 + γµLτB

+
q

M
(γ2µ+ η2L)τσ2 +

q

2M

((γ − η)2γ2µ2(µ+ L)

(1 + γµ)2
+
γ4(µ+ L)2L

1 + γµ

)
τ 3σ2

]
≤ exp

(
− γµτK

2

)
Ψ0 +

η2Lσ2

γµ
+
γσ2

M
+ 2LB + 2q

(γσ2

M
+
η2Lσ2

γµM

)
+

q

M

((γ − η)2γµ(µ+ L)

(1 + γµ)2
+
γ3(µ+ L)2L

(1 + γµ)µ

)
τ 2σ2

The last inequality comes from the fact that
∑K−1

k′=0(1−
1
2
γµτ)k

′ ≤ 2
γµτ

. Since we plug in
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γ = max(η,
√

η
µτ
), we can use Lemma B.4 in [31]. Therefore, we obtain

E[ΨK ] ≤ exp
(
− 1

2
max(ηµ,

√
ηµ

τ
)Kτ

)
Ψ0 +

η
1
2σ2

µ
1
2Mτ

1
2

+
ησ2

M
+

780η
3
2Lτ

1
2σ2

µ
1
2

+ 14η2Lτσ2 +max
( 2qη

1
2σ2

Mµ
1
2 τ

1
2

,
2qησ2

M

)
+min

(2qη 3
2 τ

1
2Lσ2

Mµ
1
2

,
2qηLσ2

Mµ

)
+
qτ 2σ2

M
max

(η 3
2µ(µ+ L)

µ
3
2 τ

3
2

+
η

3
2 (µ+ L)2L

µ
5
2 τ

3
2

,
η3(µ+ L)2L

µ

)

The first term stems directly from Lemma B.4 in [31]. Also, the last term comes from the

fact that

(γ − η)2γµ(µ+ L)

(1 + γµ)2
+
γ3(µ+ L)2L

(1 + γµ)µ
≤


γ3µ(µ+ L) + γ3(µ+L)2L

µ
, if γ ̸= η

η3(µ+L)2L
µ

, if γ = η

Therefore, by simple inequalities such as max(a, b) ≤ a + b and min(a, b) ≤ a, we

ultimately get

E[ΨK ]

≤ exp
(
− 1

2
max(ηµ,

√
ηµ

τ
)Kτ

)
Ψ0 +

(2q + 1)η
1
2σ2

µ
1
2Mτ

1
2

+
(2q + 1)ησ2

M
+ 14η2Lτσ2

+
(780 + 2q

M
)η

3
2Lτ

1
2σ2

µ
1
2

+
(µ+ L)(µ2 + µL+ L2)qη

3
2 τ

1
2σ2

µ
5
2M

+
qη3τ 2(µ+ L)2Lσ2

µM

(2.13)

Proof of corollary 2.4.13

Corollary 2.4.13. Let C1, C2, and η0 as below. Note that T = Kτ .

C1 =
(µ+ L)(µ2 + µL+ L2)q

µ
5
2

, C2 =
q(µ+ L)2L

µ

η0 =
4τ

µT 2
log2

(
e+min(

µMTΨ0

(2q + 1)σ2
,
µ2T 3Ψ0

Lτ 2σ2
,

µ3MT 3Ψ0

(µ
3
2C1 + 8C2)τ 2σ2

)
)
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Then for η = min( 1
L
, η0), FedAQ yields

E[ΨK ] ≤ min
(
exp(−µT

2L
), exp(− µ

1
2T

2L
1
2 τ

1
2

)
)
Ψ0

+
7(2q + 1)σ2

µMT
log2

(
e+

µMTΨ0

(2q + 1)σ2

)
(2.14)

+
(6465 + 16q

M
)Lτ 2σ2

µ2T 3
log4

(
e+

µ2T 3Ψ0

Lτ 2σ2

)
(2.15)

+
9(µ

3
2C1 + 8C2)τ

2σ2

µ3MT 3
log6

(
e+

µ3MT 3Ψ0

(µ
3
2C1 + 8C2)τ 2σ2

)
(2.16)

Proof of corollary 2.4.13 Let’s decompose the final result Equation 2.13 of the theo-

rem 2.4.12 into a decreasing term and an increasing term. We denote the decreasing term ψ1

and the increasing term ψ2 as below.

ψ1(η) = exp
(
− 1

2
max(ηµ,

√
ηµ

τ
)T

)
Ψ0

ψ2(η) =
(2q + 1)η

1
2σ2

µ
1
2Mτ

1
2

+
(2q + 1)ησ2

M
+

(780 + 2q
M
)η

3
2Lτ

1
2σ2

µ
1
2

+ 14η2Lτσ2

+
(µ+ L)(µ2 + µL+ L2)qη

3
2 τ

1
2σ2

µ
5
2M

+
qη3τ 2(µ+ L)2Lσ2

µM

Since ψ1 is the decreasing term, we have

ψ1(η) ≤ ψ1(
1

L
) + ψ1(η0) (2.17)

where

ψ1(
1

L
) = min

(
exp(−µT

2L
), exp(− µ

1
2T

2L
1
2 τ

1
2

)
)
Ψ0

ψ1(η0) ≤ exp
(
− 1

2

√
η0µ

τ
T
)
=

(
e+min(

µMTΨ0

(2q + 1)σ2
,
µ2T 3Ψ0

Lτ 2σ2

,
µ3MT 3Ψ0

(µ
3
2C1 + 8C2)τ 2σ2

)
)−1

Ψ0 ≤
(2q + 1)σ2

µMT
+
Lτ 2σ2

µ2T 3
+

(µ
3
2C1 + 8C2)τ

2σ2

µ3MT 3
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Since ψ2 is the increasing term, we have

ψ2(η) ≤ ψ2(η0)

≤ 2(2q + 1)σ2

µMT
log

(
e+

µMTΨ0

(2q + 1)σ2

)
+

4(2q + 1)τσ2

µMT 2
log2

(
e+

µMTΨ0

(2q + 1)σ2

)
+

8(780 + 2q
M
)Lτ 2σ2

µ2T 3
log3

(
e+

µ2T 3Ψ0

Lτ 2σ2

)
+

224Lτ 3σ2

µ2T 4
log4

(
e+

µ2T 3Ψ0

Lτ 2σ2

)
+

8C1τ
2σ2

µ
3
2MT 3

log3
(
e+

µ3MT 3Ψ0

(µ
3
2C1 + 8C2)τ 2σ2

)
+

64C2τ
5σ2

µ3MT 6
log6

(
e+

µ3MT 3Ψ0

(µ
3
2C1 + 8C2)τ 2σ2

)
≤ 6(2q + 1)σ2

µMT
log2

(
e+

µMTΨ0

(2q + 1)σ2

)
+

(6464 + 16q
M
)Lτ 2σ2

µ2T 3
log4

(
e+

µ2T 3Ψ0

Lτ 2σ2

)
+

8(µ
3
2C1 + 8C2)τ

2σ2

µ3MT 3
log6

(
e+

µ3MT 3Ψ0

(µ
3
2C1 + 8C2)τ 2σ2

)
(2.18)

The last inequality comes from τ
T
≤ 1. Therefore, by combining Equation 2.17 and

Equation 2.18, we finally get

E[ΨK ] ≤ ψ1(η) + ψ2(η) ≤ ψ1(
1

L
) + ψ1(η0) + ψ2(η0)

≤ min
(
exp(−µT

2L
), exp(− µ

1
2T

2L
1
2 τ

1
2

)
)
Ψ0 +

7(2q + 1)σ2

µMT
log2

(
e+

µMTΨ0

(2q + 1)σ2

)
+

(6465 + 16q
M
)Lτ 2σ2

µ2T 3
log4

(
e+

µ2T 3Ψ0

Lτ 2σ2

)
+

9(µ
3
2C1 + 8C2)τ

2σ2

µ3MT 3
log6

(
e+

µ3MT 3Ψ0

(µ
3
2C1 + 8C2)τ 2σ2

)

Why the Condition (eq. (2.11)) is Satisfied

The synchronization roundsK required for linear speedup inM for FedAQ is Õ(( M
1+q

)
1
2 )

(See remark 2.4.4). Since we derive this result from theorem 2.4.12, we should show that

K = Õ(( M
1+q

)
1
2 ) satisfies the condition (eq. (2.11)) in theorem 2.4.12.

(
µ2 +

q

M
(µ+ L)(4µ+ 2L)

)
γτ ≤ 1

2
µ
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We rewrite the above condition as below.

γτ ≤ µ

2µ2 + 2q
M
(µ+ L)(4µ+ 2L)

(2.19)

We know γ = max(η,
√

η
µτ
) and η = min( 1

L
, η0). Since η0 becomes smaller and smaller as

T increases, we assume η = η0 here. Therefore, we get

γτ = max(η0τ,

√
η0τ

µ
)

= max
( 4τ 2

µT 2
log2

(
e+min(

µMTΨ0

(2q + 1)σ2
,
µ2T 3Ψ0

Lτ 2σ2
,

µ3MT 3Ψ0

(µ
3
2C1 + 8C2)τ 2σ2

)
)
,

2τ

µT
log

(
e+min(

µMTΨ0

(2q + 1)σ2
,
µ2T 3Ψ0

Lτ 2σ2
,

µ3MT 3Ψ0

(µ
3
2C1 + 8C2)τ 2σ2

)
))

Note that K = T
τ
= Õ(( M

1+q
)
1
2 ) = C( M

1+q
)
1
2 log(T ) because Õ contains hidden multiplica-

tive polylog factors with respect to T . We can assume T is sufficiently large here. Then, we

have

γτ = max
( 4(1 + q)

µC2M log2(T )
log2

(
e+min(

µMTΨ0

(2q + 1)σ2
,
µ2T 3Ψ0

Lτ 2σ2
,

µ3MT 3Ψ0

(µ
3
2C1 + 8C2)τ 2σ2

)
)
,

2(1 + q)
1
2

µCM
1
2 log(T )

log
(
e+min(

µMTΨ0

(2q + 1)σ2
,
µ2T 3Ψ0

Lτ 2σ2
,

µ3MT 3Ψ0

(µ
3
2C1 + 8C2)τ 2σ2

)
))

≤ max
( 4(1 + q)

µC2M log2(T )
log2

( 2µMTΨ0

(2q + 1)σ2

)
,

2(1 + q)
1
2

µCM
1
2 log(T )

log
( 2µMTΨ0

(2q + 1)σ2

))

For an arbitrary constant k1 > 0, it is easy to show that limT→∞
log(k1T )
log(T )

= 1. Thus, we

obtain

γτ ≤ max
( 4(1 + q)

µC2M log2(T )
log2

( 2µMTΨ0

(2q + 1)σ2

)
,

2(1 + q)
1
2

µCM
1
2 log(T )

log
( 2µMTΨ0

(2q + 1)σ2

))
≃ max

(4(1 + q)

µC2M
,
2(1 + q)

1
2

µCM
1
2

)
≤ µ

2µ2 + 2q
M
(µ+ L)(4µ+ 2L)
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Finally, we conclude that there exists a constant C that meets the last inequality. Therefore,

K = Õ(( M
1+q

)
1
2 ) satisfies the condition (eq. (2.11)).

2.4.4 Proof Details for FedAQ under Condition Set (2.2)

We use notations defined in section 2.4.3 here as well. We newly define Φm
k,t,Φk,t,Φk, B

m
k,t

as below.

Φm
k,t = F (wag,m

k,t )− F ∗ +
1

6
µ∥wm

k,t − w∗∥2, Φk,t = F (w̄ag
k,t)− F

∗ +
1

6
µ∥w̄k,t − w∗∥2

Φk : = Φk,0 = F (wag
k )− F

∗ +
1

6
µ∥wk − w∗∥2

Bm
k,t =

(µα−2

3
(1− β−1)2 + Lβ−2

)
∥wm

k,t − w
ag,m
k,t ∥

2 + γ2(
µ

3
+ L)

2α2 − α
2α2 − 1

· 2LΦm
k,t

The flow of proof is similar to section 2.4.3. We need one more condition γµ ≤ 3
4

to

show the convergence of FedAQ under the parameter condition set (eq. (2.2)).

Proof of lemma 2.4.1

In order to prove lemma 2.4.1, we first introduce five crucial Propositions for proving

lemma 2.4.1. Then, we prove lemma 2.4.1 by using Propositions in the last part of this

section.

Proposition 2.4.14. Let assumption 2.2.1 hold and consider any k synchronization round.

Then, we can decompose the expectation as follows:

E[∥wk+1 − w∗∥2] = E[∥wk+1 − w̄k,τ∥2] + E[∥w̄k,τ − w∗∥2]

E[F (wag
k+1)− F

∗] = E[F (wag
k+1)− F (w̄

ag
k,τ )] + E[F (w̄ag

k,τ )− F
∗]

Proof of proposition 2.4.14 The second equality is trivial. The first equality is the same

as one in proposition 2.4.7.
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Proposition 2.4.15. Let F be µ-strongly convex, and assume assumption 2.2.2, assump-

tion 2.2.3, assumption 2.2.4, then for α = 3
2γµ
− 1

2
, β = 2α2−1

α−1
, γ ∈ [η,

√
η
µ
], η ∈ (0, 1

L
],

FedAQ yields

E[Φk,τ ] ≤ (1− 1

3
γµ)τE[Φk] + (

η2L

2
+
γ2µ

6
)
τσ2

M

+ γτ · max
0≤t<τ

E[∥∇F (w̄md
k,t)−

1

M

M∑
m=1

∇F (wmd,m
k,t )∥2]

Proof of proposition 2.4.15 We refer to the proof of Lemma C.2 in [31]. There is no

quantization between Φk,τ and Φk. Thus, we can directly apply useful inequalities in the

proof of Lemma C.2 in [31] to our proof. Then, we obtain

E[Φk,t+1|Fk,t]

≤ (1− 1

3
γµ)Φk,t + (

η2L

2
+
γ2µ

6
)
σ2

M
+ γ∥∇F (w̄md

k,t)−
1

M

M∑
m=1

∇F (wmd,m
k,t )∥2

From the above relationship between Φk,t+1 and Φk,t, we get

E[Φk,τ ] ≤ (1− 1

3
γµ)τE[Φk] +

( τ−1∑
t=0

(1− 1

3
γµ)t

)
· (η

2L

2
+
γ2µ

6
)
σ2

M

+ γ
τ−1∑
t=0

{
(1− 1

3
γµ)τ−t−1E[∥∇F (w̄md

k,t)−
1

M

M∑
m=1

∇F (wmd,m
k,t )∥2]

}
≤ (1− 1

3
γµ)τE[Φk] + (

η2L

2
+
γ2µ

6
)
τσ2

M

+ γτ · max
0≤t<τ

E[∥∇F (w̄md
k,t)−

1

M

M∑
m=1

∇F (wmd,m
k,t )∥2]
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Proposition 2.4.16. Let assumption 2.2.1 hold. Then, we have

E[∥wk+1 − w̄k,τ∥2] ≤
q

M2

M∑
m=1

E[∥wm
k,τ − wk∥2]

E[F (wag
k+1)− F (w̄

ag
k,τ )] ≤

qL

2M2

M∑
m=1

E[∥wag,m
k,τ − w

ag
k ∥

2]

Proof of proposition 2.4.16 The first inequality is the same as one in proposition 2.4.9.

The proof of the second inequality is similar to proposition 2.4.9 as well.

E[F (wag
k+1)− F (w̄

ag
k,τ )] = E[F (wag

k +
1

M

M∑
m=1

Q(wag,m
k,τ − w

ag
k ))− F (

1

M

M∑
m=1

wag,m
k,τ )]

≤ E
[
⟨∇F ( 1

M

M∑
m=1

wag,m
k,τ ),

1

M

M∑
m=1

(
Q(wag,m

k,τ − w
ag
k )− (wag,m

k,τ − w
ag
k )

)
⟩

+
L

2
∥ 1

M

M∑
m=1

Q(wag,m
k,τ − w

ag
k )− (wag,m

k,τ − w
ag
k )∥

2
]

=
L

2
E[∥ 1

M

M∑
m=1

Q(wag,m
k,τ − w

ag
k )− (wag,m

k,τ − w
ag
k )∥

2]

=
L

2M2

M∑
m=1

E[∥Q(wag,m
k,τ − w

ag
k )− (wag,m

k,τ − w
ag
k )∥

2] ≤ qL

2M2

M∑
m=1

E[∥wag,m
k,τ − w

ag
k ∥

2]

Proposition 2.4.17. Let F be µ-strongly convex, and assume assumption 2.2.2, assump-

tion 2.2.3, assumption 2.2.4, then for α = 3
2γµ
− 1

2
, β = 2α2−1

α−1
, γ ∈ [η,

√
η
µ
], η, γ ∈

(0, 1
L
], γµ ≤ 3

4
, we get

E[Bm
k,t] ≤ E[Bm

k,0] +

((µ
3
(
2α− 1

2α2 − 1
)2 + L(

α− 1

2α2 − 1
)2
)
· (γ − η)2

+ γ4(
µ

3
+ L)2

2α2 − α
2α2 − 1

L

)
·
1 + 1

2
α−1

1
4
α−2

·
(
1− (1− 1

2
α−1 +

1
2
α−1

1 + 1
2
α−1

)t
)
σ2

Proof of proposition 2.4.17 From the notation mentioned in the beginning of sec-
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tion 2.4.4,

E[Bm
k,t+1|Fk,t] =

(µα−2

3
(1− β−1)2 + Lβ−2

)
E[∥wm

k,t+1 − w
ag,m
k,t+1∥

2|Fk,t]

+ γ2(
µ

3
+ L)

2α2 − α
2α2 − 1

· 2LE[Φm
k,t+1|Fk,t] (2.20)

Thus, let’s sequentially compute E[∥wm
k,t+1 − w

ag,m
k,t+1∥2|Fk,t] and E[Φm

k,t+1|Fk,t].

E[∥wm
k,t+1 − w

ag,m
k,t+1∥

2|Fk,t]

= E[∥(1− α−1)wm
k,t + α−1wmd,m

k,t − γgmk,t − w
md,m
k,t + ηgmk,t∥2|Fk,t]

= E[∥(1− α−1)(wm
k,t − w

md,m
k,t )− (γ − η)gmk,t∥2|Fk,t] (← γ ≥ η)

= ∥(1− α−1)(wm
k,t − w

md,m
k,t )− (γ − η)∇F (wmd,m

k,t )∥2

+ (γ − η)2E[∥∇F (wmd,m
k,t )− gmk,t∥2|Fk,t]

≤ (1− α−1)2∥wm
k,t − w

md,m
k,t ∥

2 + (γ − η)2∥∇F (wmd,m
k,t )∥2 + (γ − η)2σ2

− 2(γ − η)⟨(1− α−1)(wm
k,t − w

md,m
k,t ),∇F (wmd,m

k,t )⟩

≤ (1− α−1)2(1 + 2α−1)∥wm
k,t − w

md,m
k,t ∥

2 + (γ − η)2(1 + α

2
)∥∇F (wmd,m

k,t )∥2

+ (γ − η)2σ2

Here, we need to bound ∥∇F (wmd,m
k,t )∥2.

∥∇F (wmd,m
k,t )∥2 ≤ 2L(F (wmd,m

k,t )− F ∗) (∵ assumption 2.2.3)

≤ 2L
(
β−1(F (wm

k,t)− F (w∗)) + (1− β−1)(F (wag,m
k,t )− F ∗)

)
≤ β−1L2∥wm

k,t − w∗∥2 + 2(1− β−1)L(F (wag,m
k,t )− F ∗)

=
α− 1

2α2 − 1
L2∥wm

k,t − w∗∥2 + 2L · 2α
2 − α

2α2 − 1
(F (wag,m

k,t )− F ∗)

≤
µ
3
(2α2 − α)
2α2 − 1

L∥wm
k,t − w∗∥2 + 2L · 2α

2 − α
2α2 − 1

(F (wag,m
k,t )− F ∗) =

2α2 − α
2α2 − 1

· 2LΦm
k,t

(2.21)
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It is easy to show (α− 1)L ≤ µ
3
(2α2 − α) by using the fact γL ≤ 1. Therefore, we finally

get

E[∥wm
k,t+1 − w

ag,m
k,t+1∥

2|Fk,t] ≤ (1− α−1)2(1 + 2α−1)∥wm
k,t − w

md,m
k,t ∥

2

+ (γ − η)2(1 + α

2
)∥∇F (wmd,m

k,t )∥2 + (γ − η)2σ2

≤ (1− α−1)2(1 + 2α−1)∥wm
k,t − w

md,m
k,t ∥

2 + (γ − η)2(1 + α

2
)(
2α2 − α
2α2 − 1

· 2LΦm
k,t)

+ (γ − η)2σ2 (2.22)

Now, let’s compute E[Φm
k,t+1|Fk,t]. We need to compute E[∥wm

k,t+1 − w∗∥2|Fk,t] and

E[F (wag,m
k,t+1)− F ∗|Fk,t] first.

E[∥wm
k,t+1 − w∗∥2|Fk,t] = E[∥(1− α−1)wm

k,t + α−1wmd,m
k,t − γgmk,t − w∗∥2|Fk,t]

≤ ∥(1− α−1)wm
k,t + α−1wmd,m

k,t − γ∇F (wmd,m
k,t )− w∗∥2 + γ2σ2

≤ (1 +
1

2
α−1)∥(1− α−1)wm

k,t + α−1wmd,m
k,t − γ∇F (wmd,m

k,t )− w∗∥2 + γ2σ2

= (1 +
1

2
α−1)∥(1− α−1)wm

k,t + α−1wmd,m
k,t − w∗∥2 + γ2(1 +

1

2
α−1)∥∇F (wmd,m

k,t )∥2

− 2γ(1 +
1

2
α−1)⟨(1− α−1)wm

k,t + α−1wmd,m
k,t − w∗,∇F (wmd,m

k,t )⟩+ γ2σ2

≤ (1 +
1

2
α−1)

(
(1− α−1)∥wm

k,t − w∗∥2 + α−1∥wmd,m
k,t − w∗∥2

)
+ γ2(1 +

1

2
α−1)·

∥∇F (wmd,m
k,t )∥2 − 2γ(1 +

1

2
α−1)⟨(1− α−1)wm

k,t + α−1wmd,m
k,t − w∗,∇F (wmd,m

k,t )⟩+ γ2σ2

It is easy to show (1 + 1
2
α−1)(1− α−1) < 1− 1

2
α−1, 1 + 1

2
α−1 ≤ 3

2
. Due to these facts, we
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obtain

E[∥wm
k,t+1 − w∗∥2|Fk,t] ≤ (1− 1

2
α−1)∥wm

k,t − w∗∥2 + 3

2
α−1∥wmd,m

k,t − w∗∥2 + 3

2
γ2∥∇

F (wmd,m
k,t )∥2 − 2γ(1 +

1

2
α−1)⟨(1− α−1)wm

k,t + α−1wmd,m
k,t − w∗,∇F (wmd,m

k,t )⟩+ γ2σ2

≤ (1− 1

2
α−1)∥wm

k,t − w∗∥2 + 3

2
α−1∥wmd,m

k,t − w∗∥2 + 3

2
γ2∥∇F (wmd,m

k,t )∥2 − 2γ(1

+
1

2
α−1)⟨(1− α−1(1− β−1))wm

k,t + α−1(1− β−1)wag,m
k,t − w

∗,∇F (wmd,m
k,t )⟩+ γ2σ2

Next, we compute the upper bound of E[F (wag,m
k,t+1)− F ∗|Fk,t].

E[F (wag,m
k,t+1)− F

∗|Fk,t]

≤ E[F (wmd,m
k,t ) + ⟨∇F (wmd,m

k,t ), wag,m
k,t+1 − w

md,m
k,t ⟩+

L

2
∥wag,m

k,t+1 − w
md,m
k,t ∥

2 − F ∗|Fk,t]

≤ F (wmd,m
k,t )− F ∗ − η∥∇F (wmd,m

k,t )∥2 + η2L

2
∥∇F (wmd,m

k,t )∥2 + η2L

2
σ2

≤ F (wmd,m
k,t )− F ∗ − η

2
∥∇F (wmd,m

k,t )∥2 + η2L

2
σ2 (∵ 1− ηL

2
≥ 1

2
← η ∈ [0,

1

L
])

= (1− 1

2
α−1)(F (wag,m

k,t )− F ∗) +
1

2
α−1(F (wmd,m

k,t )− F ∗)

+ (1− 1

2
α−1)(F (wmd,m

k,t )− F (wag,m
k,t ))− η

2
∥∇F (wmd,m

k,t )∥2 + η2L

2
σ2

≤ (1− 1

2
α−1)(F (wag,m

k,t )− F ∗)− µα−1

4
∥wmd,m

k,t − w∗∥2 + 1

2
α−1⟨∇F (wmd,m

k,t ), wmd,m
k,t

− w∗⟩+ (1− 1

2
α−1)⟨∇F (wmd,m

k,t ), wmd,m
k,t − wag,m

k,t ⟩ −
η

2
∥∇F (wmd,m

k,t )∥2 + η2L

2
σ2

= (1− 1

2
α−1)(F (wag,m

k,t )− F ∗)− µα−1

4
∥wmd,m

k,t − w∗∥2 − η

2
∥∇F (wmd,m

k,t )∥2 + η2L

2
σ2

+
1

2
α−1⟨∇F (wmd,m

k,t ), 2αβ−1wm
k,t + (1− 2αβ−1)wag,m

k,t − w
∗⟩

It is easy to show 1
2
α−1 = γµ

3
(1+ 1

2
α−1). Then, we bound E[Φm

k,t+1|Fk,t] by using the above
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results.

E[Φm
k,t+1|Fk,t] =

µ

6
E[∥wm

k,t+1 − w∗∥2|Fk,t] + E[F (wag,m
k,t+1)− F

∗|Fk,t]

≤ (1− 1

2
α−1)Φm

k,t −
2η − γ2µ

4
∥∇F (wmd,m

k,t )∥2 + 1

2
(
γ2µ

3
+ η2L)σ2

≤ (1− 1

2
α−1)Φm

k,t +
1

2
(
γ2µ

3
+ η2L)σ2 (∵ γ ≤

√
η

µ
)

≤ (1− 1

2
α−1)Φm

k,t +
γ2

2
(
µ

3
+ L)σ2 (2.23)

Plugging Equation 2.22, (refineqD.5-4 in Equation 2.20 yields,

E[Bm
k,t+1|Fk,t]

≤
(µα−2

3
(1− β−1)2 + Lβ−2

)(
(1− α−1)2(1 + 2α−1)∥wm

k,t − w
md,m
k,t ∥

2

+ (γ − η)2(1 + α

2
) · (2α

2 − α
2α2 − 1

· 2LΦm
k,t) + (γ − η)2σ2

)
+ γ2(

µ

3
+ L)

2α2 − α
2α2 − 1

· 2L
(
(1− 1

2
α−1)Φm

k,t +
γ2

2
(
µ

3
+ L)σ2

)
= (1− α−1)2(1 + 2α−1)

(µα−2

3
(1− β−1)2 + Lβ−2

)
∥wm

k,t − w
md,m
k,t ∥

2 +

((µα−2

3

(1− β−1)2 + Lβ−2
)
(γ − η)2(1 + α

2
) + (1− 1

2
α−1)γ2(

µ

3
+ L)

)
· (2α

2 − α
2α2 − 1

· 2LΦm
k,t) +

((µα−2

3
(1− β−1)2 + Lβ−2

)
(γ − η)2 + γ4(

µ

3
+ L)2

2α2 − α
2α2 − 1

L

)
σ2

(2.24)

We can show that both coefficients of ∥wm
k,t−w

md,m
k,t ∥2 and 2α2−α

2α2−1
·2LΦm

k,t are upper bounded

by 1− 1
2
α−1 +

1
2
α−1

1+ 1
2
α−1 .

(1− α−1)2(1 + 2α−1) ≤ 1− 1

2
α−1 +

1
2
α−1

1 + 1
2
α−1

(< 1) (2.25)

⇔ 1− 1

4
α−2 +

1

2
α−1 − (1− α−1)2(1 + 2α−1)(1 +

1

2
α−1) ≥ 0

Let’s define g1(α−1) = 1− 1
4
α−2 + 1

2
α−1 − (1− α−1)2(1 + 2α−1)(1 + 1

2
α−1). Then, it is
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easy to check that g1(α−1) ≥ 0 for 0 < α−1 ≤ 1. Moreover, we would like to show the

below inequality.

(µα−2

3
(1− β−1)2 + Lβ−2

)
(γ − η)2(1 + α

2
) + (1− 1

2
α−1)γ2(

µ

3
+ L)

≤
(µα−2

3
(1− β−1)2 + Lβ−2

)
γ2(1 +

α

2
) + (1− 1

2
α−1)γ2(

µ

3
+ L)

≤ (1− 1

2
α−1 +

1
2
α−1

1 + 1
2
α−1

)γ2(
µ

3
+ L) (2.26)

Since µα−2

3
(1− β−1)2 + Lβ−2 = µ

3
( 2α−1
2α2−1

)2 + L( α−1
2α2−1

)2 ≤ (µ
3
+ L

4
)( 2α−1

2α2−1
)2, it is enough

to show

(
µ

3
+
L

4
)(

2α− 1

2α2 − 1
)2γ2(1 +

α

2
) ≤

1
2
α−1

1 + 1
2
α−1

γ2(
µ

3
+ L)

We also know that
µ
3
+L

µ
3
+L

4

= 4− 1
1
3
+L

µ
· 1
4

> 16
7
(∵ L

µ
> 1). Then, we only need to show

(
2α− 1

2α2 − 1
)2(1 +

α

2
) ≤ 16

7
·

1
2

α + 1
2

⇔ 8

7
(2α2 − 1)2 − (2α− 1)2(1 +

α

2
)(α +

1

2
) ≥ 0

Let’s define g2(α) = 8
7
(2α2 − 1)2 − (2α − 1)2(1 + α

2
)(α + 1

2
). Then, it is easy to check

g2(α) ≥ 0 for α ≥ 3
2
. As we assume γµ ≤ 3

4
, we can say α = 3

2γµ
− 1

2
≥ 3

2
. This indicates

that the inequality (eq. (2.26)) is satisfied. Thus, from Equation 2.24, Equation 2.25, and

Equation 2.26 we finally get

E[Bm
k,t+1|Fk,t] ≤ (1− 1

2
α−1 +

1
2
α−1

1 + 1
2
α−1

)Bm
k,t

+

((µα−2

3
(1− β−1)2 + Lβ−2

)
(γ − η)2 + γ4(

µ

3
+ L)2

2α2 − α
2α2 − 1

L

)
σ2
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From this relationship between Bm
k,t+1 and Bm

k,t, we obtain the result of proposition 2.4.17.

E[Bm
k,t] ≤ (1− 1

2
α−1 +

1
2
α−1

1 + 1
2
α−1

)tE[Bm
k,0] +

((µα−2

3
(1− β−1)2 + Lβ−2

)
(γ − η)2

+ γ4(
µ

3
+ L)2

2α2 − α
2α2 − 1

L

)
σ2 ·

1− (1− 1
2
α−1 +

1
2
α−1

1+ 1
2
α−1 )

t

1− (1− 1
2
α−1 +

1
2
α−1

1+ 1
2
α−1 )

≤ E[Bm
k,0] +

((µ
3
(
2α− 1

2α2 − 1
)2 + L(

α− 1

2α2 − 1
)2
)
· (γ − η)2 + γ4(

µ

3
+ L)2

2α2 − α
2α2 − 1

L

)
·
1 + 1

2
α−1

1
4
α−2

·
(
1− (1− 1

2
α−1 +

1
2
α−1

1 + 1
2
α−1

)t
)
σ2

Proposition 2.4.18. Let F be µ-strongly convex, and assume assumption 2.2.2, assump-

tion 2.2.3, assumption 2.2.4, then for α = 3
2γµ
− 1

2
, β = 2α2−1

α−1
, γ ∈ [η,

√
η
µ
], η, γ ∈

(0, 1
L
], γµ ≤ 3

4
, τ ≥ 2, FedAQ yields

µ

6
E[∥wm

k,τ − wk∥2] +
L

2
E[∥wag,m

k,τ − w
ag
k ∥

2]

≤
(
γ2µ(

8

3
µ+ 2L) + 2γ2L(

µ

3
+ L)

)
τ 2E[Φk] + (

γ2µ

3
+ η2L)τσ2

+
(
(γ − η)2γ2µ2(

µ

3
+
L

4
) + γ4(

µ

3
+ L)2L

)τ 3σ2

2

Proof of proposition 2.4.18 We use the same upper bounds for E[∥wm
k,τ − wk∥2] and

E[∥wag,m
k,τ − w

ag
k ∥2] as in proposition 2.4.11.

E[∥wm
k,τ − wk∥2] ≤ τ

( τ−1∑
t=0

2α−2(1− β−1)2E[∥wm
k,t − w

ag,m
k,t ∥

2] + 2γ2E[∥∇F (wmd,m
k,t )∥2]

)
+ 2τγ2σ2

E[∥wag,m
k,τ − w

ag
k ∥

2] ≤ τ
( τ−1∑

t=0

2β−2E[∥wm
k,t − w

ag,m
k,t ∥

2] + 2η2E[∥∇F (wmd,m
k,t )∥2]

)
+ 2τη2σ2
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Thus, by using the above results, we get

µ

6
E[∥wm

k,τ − wk∥2] +
L

2
E[∥wag,m

k,τ − w
ag
k ∥

2]

≤ τ
τ−1∑
t=0

{(µα−2

3
(1− β−1)2 + Lβ−2

)
E[∥wm

k,t − w
ag,m
k,t ∥

2]

+ (
γ2µ

3
+ η2L)E[∥∇F (wmd,m

k,t )∥2]
}
+ (

γ2µ

3
+ η2L)τσ2

≤ τ

τ−1∑
t=0

{(µα−2

3
(1− β−1)2 + Lβ−2

)
E[∥wm

k,t − w
ag,m
k,t ∥

2]

+ γ2(
µ

3
+ L)

2α2 − α
2α2 − 1

2LE[Φm
k,t]

}
+ (

γ2µ

3
+ η2L)τσ2 (∵ Equation 2.21)

= τ
( τ−1∑

t=0

E[Bm
k,t]

)
+ (

γ2µ

3
+ η2L)τσ2

By proposition 2.4.17 and the fact Φm
k,0 = Φk, we obtain

µ

6
E[∥wm

k,τ − wk∥2] +
L

2
E[∥wag,m

k,τ − w
ag
k ∥

2]

≤ τ
{ τ−1∑

t=0

E[Bm
k,0] +

((µ
3
(
2α− 1

2α2 − 1
)2 + L(

α− 1

2α2 − 1
)2
)
(γ − η)2 + γ4(

µ

3
+ L)2

2α2 − α
2α2 − 1

L

)
1 + 1

2
α−1

1
4
α−2

(
1− (1− 1

2
α−1 +

1
2
α−1

1 + 1
2
α−1

)t
)
σ2
}
+ (

γ2µ

3
+ η2L)τσ2

= τ 2
((µα−2

3
(1− β−1)2 + Lβ−2

)
E[∥wk − wag

k ∥
2] + γ2(

µ

3
+ L)

2α2 − α
2α2 − 1

· 2LE[Φk]

)
+ τ

((µ
3
(
2α− 1

2α2 − 1
)2 + L(

α− 1

2α2 − 1
)2
)
· (γ − η)2 + γ4(

µ

3
+ L)2

2α2 − α
2α2 − 1

L

)
1 + 1

2
α−1

1
4
α−2

·
( τ−1∑

t=0

1− (1− 1

2
α−1 +

1
2
α−1

1 + 1
2
α−1

)t
)
σ2 + (

γ2µ

3
+ η2L)τσ2

Before we get to the final result, let’s find the upper bound for ∥wk − wag
k ∥2,

∑τ−1
t=0

(
1 −
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(1− 1
2
α−1 +

1
2
α−1

1+ 1
2
α−1 )

t
)

∥wk − wag
k ∥

2 = ∥wk − w∗ − (wag
k − w

∗)∥2

≤ (1 +
1

3
)∥wk − w∗∥2 + (1 + 3)∥wag

k − w
∗∥2

≤ 4

3
∥wk − w∗∥2 + 4 · 2

µ

(
F (wag

k )− F
∗ − ⟨∇F (w∗), wag

k − w
∗⟩
)

=
4

3
∥wk − w∗∥2 + 8

µ
(F (wag

k )− F
∗) =

8

µ
Φk

τ−1∑
t=0

(
1− (1− 1

2
α−1 +

1
2
α−1

1 + 1
2
α−1

)t
)
= τ −

τ−1∑
t=0

(1− 1

2
α−1 +

1
2
α−1

1 + 1
2
α−1

)t

= τ −
1− (1− 1

2
α−1 +

1
2
α−1

1+ 1
2
α−1 )

τ

1− (1− 1
2
α−1 +

1
2
α−1

1+ 1
2
α−1 )

≤ τ −
1− (1−

1
4
α−2

1+ 1
2
α−1 τ + (

1
4
α−2

1+ 1
2
α−1 )

2 τ(τ−1)
2

)

1
4
α−2

1+ 1
2
α−1

=
1
4
α−2

1 + 1
2
α−1
· τ(τ − 1)

2
≤

1
4
α−2

1 + 1
2
α−1
· τ

2

2

Therefore, we obtain

µ

6
E[∥wm

k,τ − wk∥2] +
L

2
E[∥wag,m

k,τ − w
ag
k ∥

2]

≤
(8
3
α−2(1− β−1)2 +

8L

µ
β−2 + γ2(

µ

3
+ L)

2α2 − α
2α2 − 1

· 2L
)
τ 2E[Φk] + (

γ2µ

3
+ η2L)τσ2

+

((µ
3
(
2α− 1

2α2 − 1
)2 + L(

α− 1

2α2 − 1
)2
)
· (γ − η)2 + γ4(

µ

3
+ L)2

2α2 − α
2α2 − 1

L

)
· τ

3σ2

2

(2.27)

Moreover, we can simplify the above inequality by replacing α, β with γ, µ. It is easy to
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show 2α2−α
2α2−1

≤ 1, 2α−1
2α2−1

≤ 1
α
= 2γµ

3−γµ
≤ γµ. Then, we can further show

8

3
α−2(1− β−1)2 +

8L

µ
β−2 + γ2(

µ

3
+ L)

2α2 − α
2α2 − 1

· 2L

=
8

3
(
2α− 1

2α2 − 1
)2 +

8L

µ
(
α− 1

2α2 − 1
)2 + γ2(

µ

3
+ L)

2α2 − α
2α2 − 1

· 2L

≤(8
3
+

2L

µ
)(

2α− 1

2α2 − 1
)2 + γ2(

µ

3
+ L)2L

≤(8
3
+

2L

µ
)α−2 + γ2(

µ

3
+ L)2L

≤γ2µ(8
3
µ+ 2L) + 2γ2L(

µ

3
+ L) (2.28)

We also get

(µ
3
(
2α− 1

2α2 − 1
)2 + L(

α− 1

2α2 − 1
)2
)
· (γ − η)2 + γ4(

µ

3
+ L)2

2α2 − α
2α2 − 1

L

≤(µ
3
+
L

4
)(

2α− 1

2α2 − 1
)2(γ − η)2 + γ4(

µ

3
+ L)2L

≤(γ − η)2γ2µ2(
µ

3
+
L

4
) + γ4(

µ

3
+ L)2L (2.29)

Finally, from Equation 2.27, Equation 2.28, and Equation 2.29, we conclude as below

µ

6
E[∥wm

k,τ − wk∥2] +
L

2
E[∥wag,m

k,τ − w
ag
k ∥

2]

≤
(
γ2µ(

8

3
µ+ 2L) + 2γ2L(

µ

3
+ L)

)
τ 2E[Φk] + (

γ2µ

3
+ η2L)τσ2

+
(
(γ − η)2γ2µ2(

µ

3
+
L

4
) + γ4(

µ

3
+ L)2L

)τ 3σ2

2

Proof of lemma 2.4.1 By the definition of Φk,Φk,t and proposition 2.4.14,

E[Φk+1] = E[Φk,τ ] +
µ

6
E[∥wk+1 − w̄k,τ∥2] + E[F (wag

k+1)− F (w̄
ag
k,τ )]
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Applying proposition 2.4.15 and proposition 2.4.16, we have

E[Φk+1]

≤ (1− 1

3
γµ)τE[Φk] + (

η2L

2
+
γ2µ

6
)
τσ2

M
+ γτ · max

0≤t<τ
E[∥∇F (w̄md

k,t)

− 1

M

M∑
m=1

∇F (wmd,m
k,t )∥2] + qµ

6M2

M∑
m=1

E[∥wm
k,τ − wk∥2] +

qL

2M2

M∑
m=1

E[∥wag,m
k,τ − w

ag
k ∥

2]

≤ (1− 1

3
γµ)τE[Φk] + (

η2L

2
+
γ2µ

6
)
τσ2

M
+ γτ · max

0≤t<τ
E[∥∇F (w̄md

k,t)

− 1

M

M∑
m=1

∇F (wmd,m
k,t )∥2] + q

M

[(
γ2µ(

8

3
µ+ 2L) + 2γ2L(

µ

3
+ L)

)
τ 2E[Φk]

+ (
γ2µ

3
+ η2L)τσ2 +

(
(γ − η)2γ2µ2(

µ

3
+
L

4
) + γ4(

µ

3
+ L)2L

)τ 3σ2

2

]
= D(γ, τ)E[Φk] + (

η2L

2
+
γ2µ

6
)
τσ2

M
+ γτ · max

0≤t<τ
E[∥∇F (w̄md

k,t)−
1

M

M∑
m=1

∇F (wmd,m
k,t )

∥2] + q

M
(
γ2µ

3
+ η2L)τσ2 +

q

2M

(
(γ − η)2γ2µ2(

µ

3
+
L

4
) + γ4(

µ

3
+ L)2L

)
τ 3σ2

The second inequality comes from proposition 2.4.18. D(γ, τ) is defined as below.

D(γ, τ) = (1− 1

3
γµ)τ +

q

M

(
γ2µ(

8

3
µ+ 2L) + 2γ2L(

µ

3
+ L)

)
τ 2

Proof of theorem 2.4.2

Proof of theorem 2.4.2 At first, due to the condition (eq. (2.3)) in theorem 2.4.2, we get

D(γ, τ) = (1− 1

3
γµ)τ +

q

M

(
γ2µ(

8

3
µ+ 2L) + 2γ2L(

µ

3
+ L)

)
τ 2

≤ 1− 1

3
γµτ +

1

9
γ2µ2τ 2 +

q

M
γ2
(
µ(

8

3
µ+ 2L) + 2L(

µ

3
+ L)

)
τ 2

= 1− 1

3
γµτ +

(
1

9
µ2 +

q

M

(
µ(

8

3
µ+ 2L) + 2L(

µ

3
+ L)

))
γ2τ 2

≤ 1− 1

6
γµτ (∵ condition (eq. (2.3)))
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It is trivial that γ = max(η,
√

η
µτ
) ∈ [η,

√
η
µ
]. Thus, we can use lemma 2.4.1. By using

lemma 2.4.1 and the above result, we obtain

E[Φk+1] ≤ (1− 1

6
γµτ)E[Φk] + (

η2L

2
+
γ2µ

6
)
τσ2

M

+ γτ · max
0≤t<τ

E[∥∇F (w̄md
k,t)−

1

M

M∑
m=1

∇F (wmd,m
k,t )∥2] + q

M
(
γ2µ

3
+ η2L)τσ2

+
q

2M

(
(γ − η)2γ2µ2(

µ

3
+
L

4
) + γ4(

µ

3
+ L)2L

)
τ 3σ2 (2.30)

By the Lemma C.14 in [31], we know that the below quantity is bounded.

max
0≤t<τ

E[∥∇F (w̄md
k,t)−

1

M

M∑
m=1

∇F (wmd,m
k,t )∥2] ≤ B′

B′ =


4η2L2τσ2

(
1 + γ2µ

η

)2τ

, if γ ∈
(
η,
√

η
µ

]
4η2L2τσ2, if γ = η

Telescoping Equation 2.30 yields

E[ΦK ] ≤ (1− 1

6
γµτ)KΦ0 +

(K−1∑
k′=0

(1− 1

6
γµτ)k

′
)
·
[
(
η2L

2
+
γ2µ

6
)
τσ2

M
+

q

M
(
γ2µ

3

+ η2L)τσ2 +
q

2M

(
(γ − η)2γ2µ2(

µ

3
+
L

4
) + γ4(

µ

3
+ L)2L

)
τ 3σ2 + γτB′

]
≤ exp

(
− γµτK

6

)
Φ0 +

3η2Lσ2

γµM
+
γσ2

M
+

6B′

µ
+ 2q

(γσ2

M
+

3η2Lσ2

γµM

)
+

3q

M

(
(γ − η)2γµ(µ

3
+
L

4
) +

γ3(µ
3
+ L)2L

µ

)
τ 2σ2
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The last inequality comes from the fact that
∑K−1

k′=0(1−
1
6
γµτ)k

′ ≤ 6
γµτ

. Since we plug in

γ = max(η,
√

η
µτ
), we can use Lemma C.15 in [31]. Therefore, we obtain

E[ΦK ] ≤ exp
(
− 1

6
max(ηµ,

√
ηµ

τ
)Kτ

)
Φ0 +

2(2q + 1)η
1
2σ2

µ
1
2Mτ

1
2

+
4(2q + 1)η2L2τσ2

µ

+
24e2η2L2τσ2

µ
+
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M
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+
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3
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2 τ
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,
η3(µ

3
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µ

)

The first term stems directly from Lemma C.15 in [31]. Also, the last term comes from the

fact that

(γ − η)2γµ(µ
3
+
L

4
) +

γ3(µ
3
+ L)2L

µ
≤


γ3µ(µ

3
+ L

4
) +

γ3(µ
3
+L)2L

µ
, if γ ̸= η

η3(µ
3
+L)2L

µ
, if γ = η

Therefore, by simple inequalities such as max(a, b) ≤ a + b and min(a, b) ≤ a, we

ultimately get

E[ΦK ] ≤ exp
(
− 1

6
max(ηµ,

√
ηµ

τ
)Kτ

)
Φ0 +

2(2q + 1)η
1
2σ2

µ
1
2Mτ

1
2

+
8(q + 25)η2L2τσ2

µ

+
3q
(
µ2(µ

3
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4
) + L(µ

3
+ L)2
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η

3
2 τ

1
2σ2

µ
5
2M

+
3qL(µ

3
+ L)2η3τ 2σ2

µM
(2.31)

Proof of corollary 2.4.19

Corollary 2.4.19. Let D1, D2, and η0 as below. Note that T = Kτ .

D1 =

(
µ2(µ

3
+ L

4
) + L(µ

3
+ L)2)

)
q

µ
5
2

, D2 =
q(µ

3
+ L)2L

µ

η0 =
36τ

µT 2
log2

(
e+min(

µMTΦ0

(2q + 1)σ2
,

µ3T 4Φ0

(q + 25)L2τ 3σ2
,

µ3MT 3Φ0

(µ
3
2D1 + 63D2)τ 2σ2

)
)
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Then for η = min( 1
L
, η0), FedAQ yields

E[ΦK ] ≤ min
(
exp(−µT

6L
), exp(− µ

1
2T

6L
1
2 τ

1
2

)
)
Φ0

+
13(2q + 1)σ2

µMT
log2

(
e+

µMTΦ0

(2q + 1)σ2

)
(2.32)

+
10369(q + 25)L2τ 3σ2

µ3T 4
log4

(
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µ3T 4Φ0

(q + 25)L2τ 3σ2

)
(2.33)

+
649(µ

3
2D1 + 216D2)τ

2σ2

µ3MT 3
log6

(
e+

µ3MT 3Φ0

(µ
3
2D1 + 216D2)τ 2σ2

)
(2.34)

Proof of corollary 2.4.19 Let’s decompose the final result Equation 2.31 of the theo-

rem 2.4.2 into a decreasing term and an increasing term. We denote the decreasing term ϕ1

and the increasing term ϕ2 as below.

ϕ1(η) = exp
(
− 1

6
max(ηµ,

√
ηµ

τ
)T

)
Φ0

ϕ2(η) =
2(2q + 1)η

1
2σ2

µ
1
2Mτ

1
2

+
8(q + 25)η2L2τσ2

µ
+

3q
(
µ2(µ

3
+ L

4
) + L(µ

3
+ L)2

)
η

3
2 τ

1
2σ2

µ
5
2M

+
3qL(µ

3
+ L)2η3τ 2σ2

µM

Since ϕ1 is the decreasing term, we have

ϕ1(η) ≤ ϕ1(
1

L
) + ϕ1(η0) (2.35)
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where

ϕ1(
1

L
) = min
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exp(−µT
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Since ϕ2 is the increasing term, we have
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(2.36)

The last inequality comes from τ
T
≤ 1. Therefore, by combining Equation 2.35 and
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Equation 2.36, we finally get

E[ΦK ] ≤ ϕ1(η) + ϕ2(η) ≤ ϕ1(
1

L
) + ϕ1(η0) + ϕ2(η0)

≤ min
(
exp(−µT

6L
), exp(− µ
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log6
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2.4.5 More Theoretical Details about Remark 2.4.5 and Contribution 2 in Introduction

Why Haddadpour et al. (2021) Cannot Achieve a Linear Speedup

It is hard to say that [30] achieves a linear speedup in M in strongly-convex and

homogeneous settings. Let’s first recap Corollary D.8 in [30]. They let ηγµτ ≤ 1
2
, κ =

L
µ
, γ ≥ M and tune η as η = 1

2L( q
M

+1)τγ
. Here, η is the client learning rate, and γ is the

server learning rate. Other parameters are the same as we defined. Then, they obtain the

below result.

E[F (wK)− F ∗] ≤ exp(−ηγµτK)(F (w0)− F ∗) +
1

µ

[1
2
τL2η2σ2 + (1 + q)

γηLσ2

2M

]
(2.37)

≤ O
(
exp(− K

2( q
M

+ 1)κ
)(F (w0)− F ∗) +

σ2

γ2µτ
+

(q + 1)σ2

µ( q
M

+ 1)τM

)
= O

(
exp(− K

2( q
M

+ 1)κ
)(F (w0)− F ∗) +

σ2K

γ2µT
+

(q + 1)Kσ2

µ( q
M

+ 1)TM

)

Let’s focus on the second and third term. We assume M is large enough and represent them

only with γ,K, T,M to easily check the linear speedup of this convergence rate. Then, we

obtain

O
( K

γ2T
+

K

MT

)
≤ O

( K

M2T
+

K

MT

)
(∵ γ ≥M) (2.38)
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Thus, it seemingly achieves a linear speedup in M when K is just a constant. However,

we are missing the critical point in this analysis. To be specific, let’s consider the case

when γ = 1. Then, the convergence rate (eq. (2.38)) changes into O
(

K
T
+ K

MT

)
that cannot

achieve a linear speedup in M . This is implausible because the convergence rate (eq. (2.37))

becomes tighter when γ = 1 than γ ≥ M (See the last term of (eq. (2.37))). Actually,

we can achieve a linear speedup in M when γ = 1 if we tune η = 1
2L( q

M
+1)τM

. However,

this is not an appropriate tuning because there is M in the denominator. Similarly, [30]

tunes η = 1
2L( q

M
+1)τγ

where γ ≥ M . Even though there is no M in the denominator, the

condition γ ≥M forcibly makes the convergence rate achieve a linear speedup without any

theoretical benefits of the algorithm. Therefore, we cannot say their η makes their algorithm

achieve a linear speedup in M . We should tune in a different way that does not contain M

in a denominator. For reference, our tuning parameter η for the FedAQ algorithm does not

contain M in the denominator (See corollary 2.4.13 and corollary 2.4.19).

New Convergence Rate for Haddadpour et al. (2021)

We propose new η and convergence rate for [30]. This new η makes the algorithm

achieve a linear speedup in M . Let’s denote Φ0 = F (w0)−F ∗. We also know that T = Kτ .

Then, we choose η as

η =
1

γµT
log

(
e+min(

γ2µ3T 2Φ0

τL2σ2
,
µ2MTΦ0

(1 + q)Lσ2
)
)

We plug in this η to (eq. (2.37)). We bound the first term as below.

exp(−ηγµτK)(F (w0)− F ∗) =
(
e+min(

γ2µ3T 2Φ0

τL2σ2
,
µ2MTΦ0

(1 + q)Lσ2
)
)−1

Φ0

≤ τL2σ2

γ2µ3T 2
+

(1 + q)Lσ2

µ2MT
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The another terms are bounded as below.

1

µ

[1
2
τL2η2σ2 + (1 + q)

γηLσ2

2M

]
≤ τL2σ2

2γ2µ3T 2
log2

(
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τL2σ2

)
+

(1 + q)Lσ2

2µ2MT
log

(
e+

µ2MTΦ0

(1 + q)Lσ2

)

Thus, we obtain a new convergence rate by combining the above two bounds.

E[F (wK)− F ∗] ≤ exp(−ηγµτK)(F (w0)− F ∗) +
1

µ

[1
2
τL2η2σ2 + (1 + q)

γηLσ2

2M

]
≤ 3τL2σ2

2γ2µ3T 2
log2

(
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γ2µ3T 2Φ0

τL2σ2
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+

3(1 + q)Lσ2

2µ2MT
log

(
e+

µ2MTΦ0

(1 + q)Lσ2
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Here, we replace τ with T
K

. Then, we represent the above convergence rate with only

T,K,M, q.

Õ( 1

TK
+

1 + q

MT
)

This is the new convergence rate we propose in remark 2.4.5. We also get K = Õ( M
1+q

)

communication rounds make this algorithm achieve a linear speedup in M .

More Details on Contribution item 2 in Introduction

More Details on dquant This paragraph explains why FedAQ needs to send only dquant =

O(log 1
q
) bits for each value. We use the result of Lemma 3.1 in [32]. They show the below

result with a low-precision quantizer (Example 1 in section 2.2.2)

E[∥Q(x, s)− x∥22] ≤ min(
n

s2
,

√
n

s
)∥x∥22
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where n is the dimension of x, and s is the number of quantization levels. Then, we regard q

as

q =

√
n

s
=

√
n

2dquant
(2.39)

Thus, we obtain the following conclusion.

dquant =

1
2
log n+ log 1

q

log 2
= O(log

1

q
)

Comparing FedAQ to FedAC We compare computation and communication efficiency

of FedAC-II and FedAQ under the condition set (eq. (2.2)) to achieve the same error. Let’s

recall the convergence rate of FedAC and FedAQ. The convergence rate of FedAC and

FedAQ is respectively Õ( 1
MT

+ 1
TK3 ) and Õ( 1+q

MT
+ 1+q

TK3 ). Let’s say FedAC requires T

iterations and K = M
1
3 communication rounds to achieve the error 1

MT
. Then, FedAQ

requires

T ′ = (1 + q)T, K ′ =M
1
3

to achieve the same error 1
MT

. This means FedAQ needs 1 + q times more local steps and

the same number of communication rounds to achieve the same error of FedAC. These local

steps do no require any communication with the server hence can be performed without any

additional communication overhead.

From discussion in the previous section, if we use the simple low-precision quantizer,

we need only dquant = O(log 1
q
) bits for communicating values with enough precision that

can lead to an error rate of O( 1
MT

). In comparison, FedAC would require O(log(MT )) bits

to maintain enough precision to achieve the same error rate. In a majority of tasks in the real

world, 32 bits are usually enough for dfull to achieve enough precision as we usually don’t

need converge to a very small error rate. Nonetheless, even if we compare FedAQ(8bits) with
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to FedAC(32bits), we argue that the overall benefit from less communication by quantization

is more influential than the slowdown effect from quantization.

For example, if we consider a l2-regularized logistic regression model for MNIST

(strongly convex experiment) and quantize from 32 bits to dquant = 8 bits. Here, n = 784×10.

We get the following results by using Equation 2.39.

1 + q = 1 +

√
n

2dquant
= 1 +

√
7840

28
≃ 1.346,

On the other hand, the ratio of data communicated by FedAC and FedAQ is

32

dquant
= 4

In contribution item 2, we claim 1 + q ≪ dfull
dquant

because dfull is unbounded as T goes to

infinity. In the real world example, dfull
dquant

= 4 is still much greater than 1 + q. Furthermore,

since the local computation is much cheaper than data communication, we conclude that

the benefit from less communication by quantization (4 times less bits) overwhelm the

slowdown effect from quantization ((1 + q) times more local computation).

2.5 Experiments

In this section, we provide experimental results of FedAQ in homogeneous local data dis-

tribution settings. We compare FedAQ with other quantization-based federated optimization

algorithms, FedPAQ [29] and FedCOMGATE [30]. FedAvg [1] and FedAC [31], federated

optimization algorithms without quantization, are also our baselines. We empirically vali-

date the performance of 5 algorithms on classical classification tasks on MNIST[63] and

CIFAR-10[64] datasets in the distributed learning environment. We consider three objective

functions i) A strongly convex objective of l2-regularized logistic regression model on the

MNIST dataset, ii) A non convex objective of training a multilayer perceptron on the MNIST

data, and iii) A non convex objective of training a convolution neural network (CNN) on the
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CIFAR-10 dataset.

2.5.1 Experimental Setup

Implementation Environment. We follow the implementation setup in [30]. We use the

Distributed library of PyTorch to implement our algorithm because this library allows us

to simulate real-world communication and distributed training. The 18 cores of Intel Xeon

E5-2676 CPU are used as computing sources. Each core is considered as one local client.

We use 16 cores for strongly convex MNIST, 18 cores for the non-convex MNIST, and 8

cores for the CIFAR-10. For MNIST, the strongly convex experiment and the non-convex

one respectively run for 300 rounds of communication with 20 local updates and 50 rounds

of communication with 100 local updates. The CIFAR-10 experiment runs for 100 rounds

of communication with 100 local updates.

Datasets. For image classification tasks, we choose two main classical image datasets:

MNIST and CIFAR-10. Since we assume homogeneous settings, data is distributed homo-

geneously among clients, which also means each device has access to all 10 classes.

Hyperparameter Choice. The important hyperparmeters in our experiments are learning

rates for each algorithm. For the client learning rate η, we respectively use 0.002, 0.1, and

0.01 for strongly convex MNIST, non-convex MNIST, and CIFAR-10 for all algorithms.

For FedAQ and FedAC, once we set the value of µ, other hyperparameters (γ, α, β) are

automatically determined (See condition set (eq. (2.1)) and (eq. (2.2))). Thus, we choose 0.1,

0.01, and 0.2 for µ value for strongly convex MNIST, non-convex MNIST, and CIFAR-10.

Since too large µ leads to slow convergence and too small µ leads to unstable training, we

get these µ values by tuning µ appropriately. FedCOMGATE has a server learning rate, and

we set this value as 1 for all experiments.
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Quantization Bits. We have three quantization-based federated algorithms: FedAQ,

FedPAQ, FedCOMGATE. We quantize the updates from 32 bits to 8 bits for all quantization-

based algorithms in both MNIST and CIFAR-10. Additionally, particularly for FedAQ in

non-convex experiments, we consider 4 bits quantization as well. Since FedAQ sends twice

as many messages as FedPAQ or FedCOMGATE at every synchronization when we use 8

bits quantization for all cases, we apply 4 bits quantization to FedAQ to let FedAQ send

the same amount of information in each communication round as other quantization-based

algorithms for a fair comparison.

New Time Metric. In our experiments, communication between CPU cores is very fast,

so it is hard to say that the environment of our experiments fully reflects the real-world

federated learning when there is a heavy communication burden. Thus, we use a linear

model to estimate the execution time Tround(A) between two consecutive communication

rounds for real federated learning scenarios [65].

Tround(A) = Tcomm(A) + Tcomp(A), Tcomm(A) =
Sdown(A)

Bdown
+
Sup(A)

Bup

Tcomp(A) = max
j
T j

client(A) + Tserver(A), T j
client(A) = RcompT

j
sim(A) + Ccomp

Since Tserver(A) is relatively smaller than T j
client(A), we ignore Tserver(A) in our experiments.

We get client download size Sdown(A) and upload size Sup(A) from the number of neural

network parameters. maxj T
j
sim(A) is the computation time in our simulation.

Bdown ∼ 0.75MB/secs, Bup ∼ 0.25B/secs, Rcomp ∼ 7, Ccomp ∼ 10secs

[65] estimate each value of the above parameters from a real world cross-device FL system.

The upload bandwidth Bup is generally smaller than download bandwidth Bdown. We define

human time as the parallel time estimated by this new time metric.
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Training Models

For MNIST, we use a l2-regularized logistic regression model for the strongly convex

case and a multilayer perceptron (MLP) with two hidden layers for the non-convex case. For

CIFAR-10, we use a Convolutional Neural Network (CNN). Here, we note that the number

of parameters in a neural network model is directly related to the number of communicated

bits. We discuss more details as follows.

MLP Model for MNIST. We use a multilayer perceptron (MLP) with two hidden layers.

Each hidden layer consists of 200 neurons with ReLU activations. Thus, we compute the

total number of parameters in this MLP model as below.

(# of MLP parameters) = (# of input features) × (# of neurons in the 1st layer)

+ (# of neurons in the 1st layer) × (# of neurons in the 2nd layer)

+ (# of neurons in the 2nd layer) × (# of MNIST classes)

+ (# of neurons in the 1st layer) + (# of neurons in the 2nd layer)

+ (# of MNIST classes)

= 28× 28× 200 + 200× 200 + 200× 10 + 200 + 200 + 10 = 199210

Finally, we derive Sup(A)(= Sdown(A)), defined in section 2.5.1 (New time metric), by using

the above fact. We use 32 bits floating-point if there is no quantization.

Sup(A) = (# of device) × (# of MLP parameters) × (# of bits)

= 18× 199210× 32 = 114744960

The FedAvg algorithm follows the above calculation. If we use 8 bits quantization for

FedPAQ, FedCOMGATE, and FedAQ, (# of bits) in the above equation will respectively be

8, 8, and 16. Since FedAQ sends twice as many messages as others at every communication
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round, (# of bits) for FedAQ is 16. Similarly, (# of bits) for FedAC, which has no

quantization, is 64.

CNN Model for CIFAR-10. We use a CNN model, which consists of two 2-dimensional

convolutional layers, two max pooling layers, and two fully connected layers. The ReLU

activations are used in this CNN model. Let’s clarify (# of input channel, # of output

channel, kernel size, stride) for convolutional layers. We respectively use (3, 20, 5, 1), (20,

50, 5, 1) for the 1st and 2nd convolutional layer. Let’s denote each convolutional layer and

fully connected layer as CONV1, CONV2, FC3, FC4. At first, the activation shape of input

layer for CIFAR-10 is (32, 32, 3). Then, we get the activation shape after CONV1 and the

number of parameters for CONV1.

(width of activation shape) =
(width of previous activation shape) − kernel size + 1

stride

=
32− 5 + 1

1
= 28 ⇒ activation shape = (28, 28, 20)

(# of CONV1 parameters) =
(

kernel size × kernel size

× (# of filters in the previous layer) + 1
)

× (# of filters in the current layer) = (5× 5× 3 + 1)× 20 = 1520

The activation shape becomes (14, 14, 20) after max pooling. There are no learnable

parameters in pooling layers. We do similar calculation for CONV2.

(width of activation shape) =
(width of previous activation shape) − kernel size + 1

stride

=
14− 5 + 1

1
= 10 ⇒ activation shape = (10, 10, 50)

(# of CONV2 parameters) =
(

kernel size × kernel size

× (# of filters in the previous layer) + 1
)
× (# of filters in the current layer)

= (5× 5× 20 + 1)× 50 = 25050
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The activation shape becomes (5, 5, 50) after second max pooling. Then, we calculate the

number of parameters in FC3 and FC4 similar to the MLP case.

(# of FC3 parameters ) = (5× 5× 50)× 512 + 512 = 640512

(# of FC4 parameters ) = 512× 10 + 10 = 5130

Thus, the total number of parameters in this CNN model is

(# of CNN parameters) = (# of CONV1 parameters) + (# of CONV2 parameters)

+ (# of FC3 parameters) + (# of FC4 parameters)

= 1520 + 25050 + 640512 + 5130 = 672212

Finally, we derive Sup(A)(= Sdown(A)) in this case.

Sup(A) = (# of device) × (# of CNN parameters) × (# of bits)

= 8× 672212× 32 = 172086272

We can do the similar discussion in the MLP case when it comes to applying this to

quantization-based federated optimization algorithms.

2.5.2 Experimental Results

In our experiments on both MNIST and CIFAR-10, we verify how the global training

loss and test accuracy of five algorithms change with respect to communication rounds,

the number of bits communicated between one client and the server during the uplink, and

human time. We provide both qualitative analysis and quantitative results for plots.
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Qualitative Analysis

Strongly Convex Case. In this experiment, we compare FedAQ under the condition set

(eq. (2.1)) and set (eq. (2.2)) with FedAvg, FedPAQ, FedCOMGATE, and FedAC-I. We

denote each FedAQ as FedAQ-I and FedAQ-II. As we observe the theoretical benefits of

FedAQ over other methods in section 2.4, FedAQ-I outperforms all other quantization-based

federated optimization algorithms and FedAC-I in all plots (See each first row of Figure 2.1,

Figure 2.2). However, although FedAQ-II shows the fast convergence speed, the training

process is unstable. Thus, we only use FedAQ-I for further non-convex experiments. FedAC

and FedAQ in non-convex experiments indicate FedAC-I and FedAQ-I.

Non-Convex Case. Each second row of Figure 2.1, Figure 2.2, and Figure 2.3 clearly

demonstrates that FedAQ with 4 bits quantization outperforms other algorithms in all

plots. In terms of communication rounds, accelerated algorithms, FedAQ and FedAC,

converge faster than other algorithms. We also observe that quantization does not lead

to slower convergence, which means we can apply an efficient quantization scheme to

make communication efficient FL systems without sacrificing convergence speed. The plots

related to communicated bits are helpful to interpret how algorithms work well in situations

with heavy communication. FedAQ with 8 bits quantization shows comparable performance

relative to FedPAQ and FedCOMGATE with the help of acceleration, even though FedAQ

sends more updates during every synchronization. When we use 4 bits quantization for

FedAQ to make the number of communicated bits the same for all quantization-based

algorithms during synchronization, FedAQ shows a much faster convergence speed with

regard to the number of communicated bits. However, plots of communicated bits fail to

reflect how algorithms converge in real estimated time for FL scenarios, which consists of

both communication and computation. Thus, we further analyze algorithms with human time.

We observe that FedAQ with 8 quantization bits performs slightly better than FedPAQ and

FedCOMGATE for both MNIST and CIFAR-10. This occurs because while all quantization-
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based algorithms send the same number of communicated bits, the number of communication

rounds for FedAQ is much smaller than others. Then, this also indicates that FedAQ takes

less computation time than other methods while reaching the same accuracy.

Quantitative Results

We provide quantitative results to help readers understand plots better. To be specific, for

all plots, we observe the number of communication rounds, the number of communicated

bits, and the human time required to achieve a particular test accuracy by each federated

optimization algorithm.

For the strongly convex experiment on MNIST (See the first row of Figure 2.2), the

number of communication rounds required to achieve 90.28% test accuracy by FedAvg,

FedPAQ(8bits), FedCOMGATE(8bits), FedAC-I, FedAQ-I(8bits), FedAQ-II(8bits) are re-

spectively 217, 216, 260, 28, 26, 99. The number of communicated bits required to achieve

the same accuracy are respectively 5.4e7, 1.4e7, 1.6e7, 1.4e7, 3.3e6, 1.2e7. Lastly, the

required human time are respectively 3220s, 2760s, 3336s, 484s, 344s, 1323s. In this

experiment, FedAQ-I(8bits) requires the smallest number of communication rounds, the

smallest number of communicated bits, and the shortest human time to achieve the same

test accuracy. These experimental results support the validity of our theoretical analysis on

strongly convex cases.

For the non-convex experiment on MNIST (See the second row of Figure 2.2), the

number of communication rounds required to achieve 97.6% test accuracy by FedAvg,

FedPAQ(8bits), FedCOMGATE(8bits), FedAC, FedAQ(8bits), FedAQ(4bits) are respec-

tively 23, 48, 38, 18, 18, 16. The number of communicated bits required to achieve the

same accuracy are respectively 1.5e8, 7.6e7, 6.1e7, 2.3e8, 5.7e7, 2.5e7. Finally, the re-

quired human time are respectively 2424s, 2311s, 1834s, 3327s, 1248s, 805s. Thus, we

conclude that FedAQ(4bits) outperforms other algorithms, and even FedAQ(8bits) needs

smaller number of communicated bits/less human time to achieve the goal accuracy than
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FedPAQ(8bits)/FedCOMGATE(8bits).

For the non-convex experiment on CIFAR-10 (See Figure 2.3), the number of communi-

cation rounds required to achieve 65.4% test accuracy by FedAvg, FedPAQ(8bits), FedCOM-

GATE(8bits), FedAC, FedAQ(8bits), FedAQ(4bits) are respectively 98, 89, 95, 49, 50, 48.

The number of communicated bits required to achieve the same accuracy are respectively

2.1e9, 4.8e8, 5.1e8, 2.1e9, 5.4e8, 2.6e8. Finally, the required human time are respectively

31798s, 11526s, 12240s, 28720s, 9902s, 6464s. As with the non-convex experiment on

MNIST, FedAQ(4bits) outperforms other algorithms, and even FedAQ(8bits) requires less

human time to achieve the same accuracy than FedPAQ(8bits)/FedCOMGATE(8bits).

Remark 2.5.1. Our current experimental setup only allows us to scale the number of clients

up to the number of CPU cores in our machine. Since FedAQ achieves linear speed up in the

number of workers with much fewer communication rounds than other quantization based

methods, we expect FedAQ to outperform other methods by an even larger margin as we

scale the number of workers.
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Figure 2.1: Comparing FedAQ with FedAvg, FedPAQ, FedCOMGATE, and FedAC on
MNIST with Strongly Convex Settings (first row) and Non-Convex Settings (second row).
We observe how the global training loss changes across communication rounds (first column),
communicated bits (second column), and human time (third column). FedAQ-I(8bits)
and FedAQ(4bits) respectively outperform other algorithms for strongly convex settings
and non-convex settings. FedAQ(4bits) sends the same number of communicated bits as
FedPAQ(8bits) and FedCOMGATE(8bits) in each communication round, which indicates a
fair comparison (See Quantization bits in section 2.5.1).
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Figure 2.2: Comparing FedAQ with FedAvg, FedPAQ, FedCOMGATE, and FedAC on
MNIST with Strongly Convex Settings (first row) and Non-Convex Settings (second row).
We observe how the test accuracy changes across communication rounds (first column),
communicated bits (second column), and human time (third column). FedAQ-I outperforms
other algorithms in all plots for strongly convex settings. Moreover, FedAQ(4bits) outper-
forms other algorithms in all plots for non-convex settings.

Figure 2.3: Comparing FedAQ with FedAvg, FedPAQ, FedCOMGATE, and FedAC on
CIFAR-10. We observe how the global training loss and test accuracy change across
communication rounds (first column), communicated bits (second column), and human time
(third column). We use a CNN model for CIFAR-10. Similar to the MNIST experiment,
FedAQ (4 bits) outperforms all other algorithms in every case.
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CHAPTER 3

IMPROVING PRIVACY-ACCURACY TRADE-OFFS IN FEDERATED LEARNING

VIA RANDOMIZED QUANTIZATION MECHANISM

3.1 Introduction

In chapter 2, we provided the FedAQ algorithm by combining accelerated method of

federated averaging with an efficient quantization scheme to solve the communication

bottleneck problem in Federated Learning (FL). Besides communication efficiency, equally

important in the context of FL is data privacy of each local device. At a basic level, privacy

is maintained by storing local data on each end-user device without sharing it with the

server. However, in some cases, device or local device data can be partially reconstructed

from computed gradients [6]. This potential data leakage from gradients can be addressed

through the use of privacy-preserving techniques. Building on the extensive communication

demands in edge computing FL systems, as discussed in chapter 2, this chapter devises a

training scheme that not only preserves privacy but also aligns with the requirements of

efficient communication within FL systems. What is perhaps surprising, however, is that

these two objectives are not necessarily in tension and can even be aligned! One way to

improve communication overhead is to reduce bit complexity through stochastic rounding

schemes, but we show that these randomization procedures, if designed carefully, provide

additional benefits to data privacy.

Past studies, such as the work of [19, 20, 21], have sought to tackle this issue by

employing various forms of discrete additive DP noise in conjunction with quantization;

this is in part because quantization has immediate communication complexity benefits over

continuous noise. However, when these discrete additive noise methods are coupled with

secure aggregation protocols [22], aimed at preventing a server from inspecting individual
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local device updates, they encounter a challenge of biased estimation due to modular clipping.

To solve this, [23] introduce the Poisson Binomial Mechanism (PBM), bypassing the use

of additive noise and instead directly mapping continuous inputs to discrete values in an

unbiased fashion.

Losses in accuracy compared to noise-free gradient updates that do not protect privacy

in the strong sense afforded by differential privacy are essentially unavoidable. The addition

of a privacy requirement inevitably constraints the learner’s problem, and privacy must

be traded-off with accuracy. Yet, the solution provided by [23], while providing good

performance, may still enjoy sub-optimal privacy-accuracy trade-offs. Can we develop new

mechanisms with improved privacy-accuracy trade-off compared to the mechanism of [23]?

Our starting point to address this question is to note that much research focusing on quan-

tization in federated learning for the sake of communication complexity absent privacy [32,

29, 30, 66] reveal that performance degradation from quantization alone is somewhat mini-

mal. Furthermore, quantization itself inherently reduces the amount of information encoded

about the original input. While quantization in itself is insufficient for privacy, we posit that

a two-stage approach, selecting a randomized quantization scheme followed by randomized

rounding, can provide a viable approach to obtaining low communication complexity with

formal differential privacy guarantees while still enjoying good performance. Thus:

Can we harness randomization in quantization schemes to further improve privacy-

accuracy trade-offs in differentially private federated learning?

To address this question, we introduce what we call the Randomized Quantization

Mechanism, or RQM for short. RQM achieves privacy entirely through randomly sub-

sampling quantization levels followed by a (randomized) rounding procedure to a close-by

quantization level.

Summary of contributions As mentioned above, our research studies mechanisms for

releasing gradients while satisfying Rényi differential privacy, and how our proposed mech-
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anisms can be integrated in standard federated learning frameworks.

• In section 3.4, we introduce our Randomized Quantization Mechanism that maps

gradients to a randomized discrete grid in a way that preserves both standard and

Rényi differential privacy.

• In section 3.4.3, we provide theoretical evidence that our proposed Randomized Quan-

tization Mechanism exhibits α−Rényi differential privacy guarantees “locally”, at the

level of each single end-user device. Our theoretical guarantees hold for α→ +∞,

implying in particular that they hold not just for Rényi but also for traditional (ϵ, 0)-

differential privacy. Also, we show that for any given α, RQM provides lower Rényi

divergence hence better Rényi DP guarantees than Poisson Binomial Mechanism

(PBM) introduced by [23] via the numerical Rényi DP computation approach. Further,

in section 3.4.4, we discuss the performance of RQM compared to PBM in terms of

numerical privacy-accuracy trade-offs by using the mean-squared error (MSE) as an

accuracy measure.

• In section 3.5, we provide federated learning experiments that highlight the per-

formance of our mechanism. In particular, we show that RQM outperforms the

state-of-the-art PBM in terms of privacy-accuracy trade-offs. We demonstrate that

incorporating RQM into the standard differentially private federated learning frame-

work results in higher model accuracy compared to PBM, while using the same

hyperparameters that led to improved numerical Rényi DP for RQM in section 3.4.3.

This indicates that the accuracy improvement is achieved without compromising

privacy. To be specific, we show this by experimentally exploring possible values of

the parameter θ used in PBM, and showing that for each value of θ, there exists an

instantiation of the parameters of our algorithm, RQM, that leads to better accuracy

and privacy guarantees simultaneously.
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3.2 Preliminaries

3.2.1 Related work

Both communication complexity and privacy concerns have been driving forces behind

the development of Federated Learning. Federated optimization often uses two types of

privacy-preserving techniques hand-in-hand. One is secure multi-party computation, which

protects the communication between local devices and the learner, preventing an attacker

from intercepting messages sent between them [67, 22]. One is information-theoretic privacy

guarantees such as differential privacy [68] that prevent inference of any given single local

device’s data from observed summary outputs (such as local gradient updates or the learner’s

model itself). For example, [69] and [70] add a calibrated amount of Gaussian noise to the

average of clipped local device updates based on the FedAvg [1] algorithm.

In this work, we focus on providing robust Rényi differential privacy guarantees in

federated optimization while maintaining high communication efficiency and good accuracy.

Previous methods have often used an approach based on quantization followed by the addi-

tion of discrete noise to achieve both differential privacy guarantees and low communication

efficiency. [19] introduces the first communication-efficient federated optimization algorithm

with differential privacy by incorporating quantization with the binomial mechanism. [20]

and [21] employ discrete Gaussian and Skellam mechanisms, respectively, in conjunction

with quantization and secure aggregation for enhanced privacy. However, the above methods

lead to biased estimation due to the necessity of modular clipping. To address this issue,

[23] and [71] propose unbiased mechanisms with improved privacy-accuracy trade-offs.

[23] encodes local devices’ gradients into a parameter of the binomial distribution, allowing

their mechanism to generate a sample from this distribution without the need for additive

discrete noise. In contrast, rather than using known privacy mechanisms, [71] introduces the

Minimum Variance Unbiased mechanism (MVU) to enhance the privacy-utility trade-off by

solving an optimization problem designed to minimize the output variance of the mechanism
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while adhering to local differential privacy and unbiasedness constraints. Enhancing this

model, [72] propose a more scalable MVU mechanism with better privacy-utility trade-off,

achieved through a new interpolation procedure in the numerical design process. Despite

their progress in improving the privacy-utility trade-off, these methods do not fully exploit

the privacy advantages offered by randomized quantization itself.

Our research is not the first to leverage compression techniques to achieve both communi-

cation efficiency and provable privacy benefits without incorporating additive discrete noise

[73, 74]. [73] assume a Gaussian input vector distribution for their sketching algorithms to

ensure differential privacy guarantees, which might not be strictly necessary. [74] ultimately

first quantize the gradients updates, then randomize the quantized gradients via differential

private mechanisms such as randomized response or Rappor [75]. However, and to the best

of our knowledge, our Randomized Quantization Mechanism is the first investigation that

exclusively utilizes randomization of the quantization itself to attain improved Rényi DP

guarantees within Federated Learning frameworks.

3.2.2 Differential privacy

The main privacy technique for our Randomized Quantization Mechanism is differential

privacy, defined as below.

Definition 3.2.1. ((Approximate) Differential Privacy [7]) For ϵ, δ ≥ 0, a randomized

mechanism M : D → R satisfies (ϵ, δ)-differential privacy if for any neighbor dataset

D,D′ ∈ D differing by the addition or removal of a single user’s records, it holds that

Pr(M(D) ∈ E) ≤ eϵ · Pr(M(D′) ∈ E) + δ

for all events E ⊂ R.

In this work, we also consider a variant of standard differential privacy called Rényi

Differential Privacy (or Rényi DP), introduced in the seminal work of [76]. We develop
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mechanisms that guarantee Rényi DP and by extension traditional DP. The use of Rényi

DP allows for tight privacy accounting throughout the training iterations. Rényi differential

privacy relies on first understanding the notion of Rényi divergence:

Definition 3.2.2. (Rényi Divergence [77]) Let P and Q be probability distributions defined

overR. The Rényi divergence of order α > 1 is defined as

Dα(P ||Q) :=
1

α− 1
logEx∼Q

[(P (x)
Q(x)

)α]
.

Then, Rényi differential privacy is defined as follows:

Definition 3.2.3. (Rényi Differential Privacy [76]) A randomized mechanismM : D → R

satisfies (α, ϵ)-Rényi differential privacy if for any neighbor dataset D,D′ ∈ D it holds that

Dα(PM(D)||PM(D′)) ≤ ϵ. (3.1)

When α→∞, (α, ϵ)-Rényi DP in fact recovers standard (ϵ, 0)-DP. However, Rényi DP

provides a finer-grained definition of privacy in that its guarantees can be tailored to the

specific value of α and corresponding Rényi divergence that one considers. We now state a

major property of the Rényi divergence that is useful to our theoretical analysis.

Lemma 3.2.4. (Monotonicity) Dα is nondecreasing in α. I.e., Dα(P ||Q) ≤ Dα′(P ||Q) for

all 1 ≤ α ≤ α′ ≤ ∞.

3.2.3 User-level privacy

In the context of federated learning, we employ differential privacy to mask the con-

tribution of any individual local device, making it challenging for a potential adversary to

discern whether a local device’s dataset was utilized in the training process. As such, we

need to extend the traditional item-level definition of differential privacy (definition 3.2.1)

by redefining what we mean by neighboring datasets. In this context, two datasets are
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considered neighboring if one dataset can be created by changing any subset of data points

of a single user from the other dataset. This user-level perspective is relatively standard and

is the same as the one studied by [69] and [78].

Definition 3.2.5. (User-level DP [78]) For ϵ, δ ≥ 0, a randomized mechanismM : D → R

satisfies (ϵ, δ)-user level DP if for any neighbor dataset D,D′ ∈ D satisfying duser(D,D
′) ≤

1, it holds that

Pr(M(D) ∈ E) ≤ eϵ · Pr(M(D′) ∈ E) + δ

for all events E ⊂ R, where duser is defined with n users as

D = (D1, · · · , Dn), where Di = {zi,1, · · · , zi,mi
} → duser(D,D

′) :=
n∑

i=1

1{Di ̸= D′
i}

3.3 Model

We consider a federated learning set-up comprised of three types of entities: there are n

end-user devices, one secure aggregator called SecAgg, and one learner. The learner’s goal

is to learn a machine learning model, parameterized by a f -dimensional vector w ∈ Rf ,

using the data on the devices through Stochastic Gradient Descent (SGD). However, the

learner does not access the data from the devices directly, both for communication efficiency

and privacy reasons. Rather, at each time step t:

1. Each end-user device i computes a coordinate wise L-inf clipped gradient git ∈ [−c, c]f

locally using the data on that device only. This gradient is then encoded into an integer

zit. This integer can be seen as the index of a discrete level in a discretization of the

space of potential gradients.

2. The secure aggregator receives one message zit from each device i, which encodes

information about the gradient git computed by i. The aggregator aggregates them into
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a single message zt =
∑

i z
i
t.

3. The server decodes zt, computes the corresponding gradient ĝt, and takes a gradient

step wt+1 ← wt − ηĝt.

The traditional approach to federated learning releases gradients exactly; this approach

is, however, i) inefficient from a communication complexity perspective and ii) vulnerable

when it comes to privacy. We address i) by discretizing (or “quantizing”) the space of

possible values of the gradients to a grid of size m per coordinate of the gradient; in turn, we

require only f × logm bits to represent a single update by a single device. Regarding ii), we

note that it is well-understood that releasing exact gradients can lead to privacy violations in

that the secure aggregator and the learner can recover information about device i’s datasetDi

through the gradient itself. To address this issue, instead of releasing the gradient git directly,

device i releases a noisy quantization level zit = RQM(git), where RQM is a Randomized

Quantization Mechanism that must satisfy Rényi differential privacy. The entire setup is

described formally in Algorithm 3.

What Algorithm 3 describes is essentially the well-known, generic Differentially Private

Stochastic Gradient Descent approach to federated learning [69]. The focus and novelty

of our work, however, come from the design of the private mechanism RQM itself. We

propose our new mechanism in section 3.4, characterize its privacy guarantees in terms of

standard and Rényi differential privacy theoretically in section 3.4.3 and empirically in the

Numerical Privacy Guarantees part of section 3.4.3, and study the accuracy of the resulting

model when using privately-released gradient updates to train it in section 3.5.

3.4 The Randomized Quantization Mechanism

In this section, we introduce our main building block for privacy in federated learning.

This building block provides a mechanism for privately releasing a scalar aggregate statistic

of a single user’s data in the form of a new algorithm called the Randomized Quantization
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Algorithm 3 Distributed DP-SGD with RQM
1: Input: N local devices, each local device dataset Di ∈ D (i = 1, · · · , N ), coordinate

wise L-inf clipping threshold c, RQM parameters (∆,m, q), server learning rate η,
initial vector w0, loss function f(w,D)

2: for t = 0, · · · , T − 1 do
3: Server broadcasts wt to n sampled local devices from total N local devices;
4: for each local device i in parallel do
5: git ← Clip(∇f(wt, Di));
6: zit ← RQM(git);
7: send zit to the secure aggregator SecAgg.
8: end for
9: SecAgg outputs zt =

∑n
i=1 z

i
t;

10: server decodes ĝt ← −(c+∆) + 2zt(c+∆)
n(m−1)

;
11: server finds wt+1 ← wt − ηĝt.
12: end for

Mechanism (RQM). We remark that when dealing with f -dimensional vectors instead, we

apply our Randomized Quantization Mechanism independently to each vector coordinate.

We first formally present our RQM mechanism, outlined in Algorithm 4. Since our

mechanism relies on a discrete probability distribution to choose the quantization, we

show how this probability distribution over the quantizations translates into a probability

distribution over outcomes of our mechanism on any given input x; this distribution over

outcomes is crucial to characterize the level of privacy obtained by our mechanism. Then,

we theoretically analyze the both standard and Rényi differential privacy guarantees of RQM

by using this distribution over outcomes and empirically show that RQM achieves better

numerical privacy guarantees than PBM. Finally, we demonstrate the superiority of RQM

over PBM in terms of numerical privacy-accuracy trade-offs.

3.4.1 Randomized Quantization Mechanism

In this section, we assume that each user outputs a continuous scalar input x computed

from their data; this can be viewed as the simplest case of local updates.

Our RQM algorithm is then comprised of three key components: (1) enlarging the

output range beyond the input range and setting up evenly spaced quantization bins, (2) sub-
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sampling realized quantization levels, and (3) performing a randomized rounding procedure

on the sub-sampled (and only those) discrete levels to map a value x to a quantization level.

Each of these steps is crucial in ensuring the Rényi DP guarantees of the RQM, as we

describe below. Formally, in each step, we perform the following operations:

1. We establish the output range of our mechanism by first augmenting the size of the

input range. We do so by adding ∆ to the upper bound c and subtracting ∆ from

the lower bound −c on the input data. This augmentation of the range is necessary

for privacy: if we use the same range for the output, the quantization output for the

maximum input (x = c) would subsequently always be c subsequently, leaking a lot

of information about x. After this, we establish m initial, evenly spaced quantization

levels (B(0), B(1), · · · , B(m− 1)) within this output range, which will be potential

outputs of our mechanism.

2. Instead of using the entire set of quantization levels from step (1), we randomly

sub-sample feasible quantization levels. We do so by including each discrete level

for quantization with a carefully chosen probability q. The randomization of the

quantization levels is necessary for privacy; otherwise, a value of x would always map

to the fixed set of two quantization levels deterministically. This immediately breaks

differential privacy.

3. We perform quantization on the sub-sampled discrete levels (and these sub-sampled

levels only), achieving both robust privacy and unbiased estimation. We identify the

quantization bin that houses the input x and perform randomized rounding on x within

this interval. The specific probabilities employed for randomized rounding can be

reviewed in Algorithm 4.

The randomized quantization and rounding procedures described above are also illus-

trated later on in Figure 3.1a.
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Algorithm 4 Randomized Quantization Mechanism

1: Input: c > 0, x ∈ [−c, c], extend the upper bound and lower bound by ∆, the maximum
number of quantization levels m, include a certain quantization level with probability q

2: Set Xmax: Xmax = c + ∆, max and min value of quantization levels is respectively
Xmax, −Xmax.

3: Quantization bins: i = 0, 1, · · · ,m− 1→ B(i) = −Xmax + 2iXmax

m−1
.

4: sub-sample feasible quantization levels:
5: Always include B(0), B(m − 1) & i = 1, 2, · · · ,m − 2 → include B(i) with

probability q.
6: sub-sampled indices of quantization levels→ i1(= 0), i2, · · · , il(= m− 1)
7: Quantization step:
8: Find ij∗(i1 ≤ ij∗ ≤ il) that satisfies x ∈ [B(ij∗), B(ij∗+1)].
9: Do randomized rounding on x in this interval.

10:

z =

{
ij∗+1, with probability x−B(ij∗ )

B(ij∗+1)−B(ij∗ )

ij∗ , o/w

11: return z

A major desirata of our algorithm, shared with the Poisson Binomial Mechanism, is

that it is an unbiased estimator of x. Unbiasedness is a desirable property of SGD-based

algorithms, as bias can cause issues with convergence, for example in traditional DP-SGD.

Claim 3.4.1. (Unbiasedness of RQM) Let x ∈ [−c, c]. Conditional on the realization of ij∗ ,

the quantization level at the output z of Algorithm 4 is unbiased. I.e.,

E [B(z)|ij∗ ] = x,

where the expectation is taken over the randomization in the rounding step in line 10 of

Algorithm 4.

Proof of claim 3.4.1 Since B(z) is unbiased conditional on the realization of ij∗ , it
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follows immediately that Algorithm 4 itself is also unbiased. In more details, we have that

E[B(z)|x ∈ [B(ij∗), B(ij∗+1)]

= B(ij∗+1)×
x−B(ij∗)

B(ij∗+1)−B(ij∗)
+B(ij∗)×

B(ij∗+1)− x
B(ij∗+1)−B(ij∗)

(Line 10 of Algorithm 4)

=
xB(ij∗+1)−B(ij∗+1)B(ij∗) +B(ij∗+1)B(ij∗)− xB(ij∗)

B(ij∗+1)−B(ij∗)

=
xB(ij∗+1)− xB(ij∗)

B(ij∗+1)−B(ij∗)

= x.

We now provide a quick remark on the additional flexibility of parameter choices offered

by our framework, RQM, over the Poisson Binomial Mechanism, and which will be crucial

when it comes to improving privacy-accuracy trade-offs:

Remark 3.4.2. The hyperparameters within our RQM algorithm offer enhanced flexibility,

allowing for a more nuanced hyperparameter optimization when compared to PBM. RQM

has in fact three hyperparameters ∆, q,m, while PBM has two hyperparameters θ,m (See

Algorithm 2 in [23]). At a fixed number of discrete levels m, i.e. at a fixed level of commu-

nication complexity, this allows us to search over a bigger space of output distributions of

quantization levels than [23] through the choice of (q,∆).In section 3.5, we show that this

leads to RQM achieving better privacy-accuracy trade-offs than PBM.

3.4.2 Resulting discrete distribution of outcomes

Given an input x and parameters m, q,∆, we can compute the discrete probabil-

ity distribution of outputs Q(x) of RQM over the set of potential quantization levels

B(0), B(1), · · ·B(m− 1). This discrete probability distribution is given in lemma 3.4.3:

Lemma 3.4.3. Let m ∈ N, and q ∈ (0, 1) be parameters of Randomized Quantization

Mechanism Q. Define evenly spaced m quantization levels B(0), · · · , B(m − 1) as in

86



Algorithm 4. Let j be the unique integer such that x ∈ [B(j), B(j + 1)). The probability

distribution of outcomes of the Randomized Quantization Mechanism is given by:

Pr
(
Q(x) = i

)
=

(1− q)j−i
(
(1− q)m−j−2 B(m−1)−x

B(m−1)−B(i)
+

m−2∑
k=j+1

q(1− q)k−j−1 B(k)−x
B(k)−B(i)

)
, i = 0,

q(1− q)j−i
(
(1− q)m−j−2 B(m−1)−x

B(m−1)−B(i)
+

m−2∑
k=j+1

q(1− q)k−j−1 B(k)−x
B(k)−B(i)

)
, 0 < i ≤ j,

q(1− q)i−j−1
(
(1− q)j x−B(0)

B(i)−B(0)
+

j∑
k=1

q(1− q)j−k x−B(k)
B(i)−B(k)

)
, j + 1 ≤ i < m− 1,

(1− q)i−j−1
(
(1− q)j x−B(0)

B(i)−B(0)
+

j∑
k=1

q(1− q)j−k x−B(k)
B(i)−B(k)

)
, i = m− 1.

(3.2)

Equation 3.2 exhibits different cases for Pr(Q(x) = i). These cases depend on i) how the

i-th quantization level compares to j, where j is defined to be such that x ∈ [B(j), B(j+1))

and ii) on the two special cases i = 0 or i = m − 1. The probabilities corresponding to

these two extreme values of i differ from the rest in that we always incorporate the 0-th and

(m− 1)-th discrete level, which influences our probability calculations.

Figure 3.1a and Figure 3.1b provide some insights into how to derive the distribution

of outputs and gives some intuition for lemma 3.4.3. In Figure 3.1a, the solid lines corre-

sponding to the (0, 3, 4, 7, 9, 10, 14, 15)-th discrete levels have been selected for quantization,

while the dotted lines (1, 2, 5, 6, 8, 11, 12, 13)-th discrete levels have been thrown away. To

have Q(x) = 10, the 10-th discrete level must always be chosen while the 11-th discrete

level must not be chosen by the sub-sampling step of our algorithm; the probability of

this happening is q(1 − q). The probability of the next quantization level bigger than x

being the 14-th level, as shown in Figure 3.1a, is similarly given by q(1 − q)2 (levels 12

and 13 must not be sub-sampled, but 14 must be). Then, the likelihood of x transition-

ing to the 10-th discrete level due to randomized rounding between the 10-th and 14-th

levels is B(14)−x
B(14)−B(10)

. I.e., the situation described in Figure 3.1a happens with probability
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q2(1 − q)3 B(14)−x
B(14)−B(10)

. For a complete analysis, we must also account for randomized

rounding intervals [B(10), B(12)], [B(10), B(13)], [B(10), B(15)] and aggregate all these

probabilities.

(a) An example of sub-sampling quantization levels for
RQM.

(b) Distribution of outputs Q(x) under
PBM and RQM.

Figure 3.1: An example of RQM with input x = c and parameters ∆ = c, m = 16.

Figure 3.1b provides some insights on what the distribution induced by our quantization

mechanism looks like, and seems to evidence that its shape differs from that of the Poisson

Binomial Mechanism. Next, we present a complete proof of lemma 3.4.3.

Proof of lemma 3.4.3 In lemma 3.4.3, j is defined as x ∈ [B(j), B(j + 1)). We divide

the range of i into four cases-0 < i ≤ j, i = 0, j+1 ≤ i < m− 1, i = m− 1- and compute

the discrete probability Pr(Q(x) = i) for each case. The core proof idea of lemma 3.4.3

is centered on evaluating the probability of each potential interval that can be used for

randomized rounding for x. Subsequently, the probability that Q(x) = i arises due to

randomized rounding within a given interval is computed. Thus, when i ≤ j and k ≥ j + 1,

we define the event Ei and Fk as below to use this notation for calculating the probability of

each potential interval that can be used for the randomized rounding step in Algorithm 4.

Ei : the event of i-th discrete level being used for randomized rounding

Fk : the event of k-th discrete level being used for randomized rounding (3.3)

From the above definition of two events, Ei ∩ Fk indicates an event of the interval
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[B(i), B(k)] being used for randomized rounding. In this event, this also means ij∗ = i

and ij∗+1 = k in Algorithm 4. Now, let’s deep dive into how we can exactly calculate

Pr(Q(x) = i) for each case of four ranges.

(I) 0 < i ≤ j:

First, Let us consider the case when 0 < i ≤ j. Similar to the logic in section 3.4.2,

to have Q(x) = i, the i-th discrete level must always be chosen while the (i + 1)-th, · · · ,

j-th discrete levels must not be chosen by the sub-sampling step of our algorithm. The

probability of this happening is q(1− q)j−i. Thus, we can use the definition of the event Ei

in eq. (3.3) for this case.

Pr(Ei) = Pr(i : chosen, (i+ 1, · · · , j) : not chosen) = q(1− q)j−i (3.4)

Let us denote k as an index of the next quantization level bigger than x. The possible ks are

j + 1, · · · ,m− 1. When k ∈ [j + 1,m− 2], the probability of the next quantization level

bigger than x being the k-th level is similarly given by q(1− q)k−j−1. Thus, we can use the

definition of the event Fk in eq. (3.3) for this case.

Pr(Fk) = Pr(k : chosen, (j + 1, · · · , k − 1) : not chosen) = q(1− q)k−j−1 (3.5)

Then, the likelihood of x transitioning to the i-th discrete level due to the randomized

rounding between i-th and k-th levels is B(k)−x
B(k)−B(i)

. This means

Pr(Q(x) = i|Ei ∩ Fk) =
B(k)− x

B(k)−B(i)
(3.6)

Therefore, for k ∈ [j + 1,m− 2], by combining Equation 3.4, Equation 3.5, Equation 3.6,
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we get

Pr((Q(x) = i) ∩ Ei ∩ Fk)

=Pr(Ei ∩ Fk) · Pr(Q(x) = i|Ei ∩ Fk)

=Pr(Ei) · Pr(Fk) · Pr(Q(x) = i|Ei ∩ Fk) (∵ Ei, Fk : independent)

=q(1− q)j−i · q(1− q)k−j−1 · B(k)− x
B(k)−B(i)

(3.7)

We can perform a similar computation for k = m− 1. However, the probability of event

Fm−1 is different from that of Equation 3.5 because the (m− 1)-th level is always chosen

by Algorithm 4. Thus, we have

Pr(Fm−1) = Pr(m− 1 : chosen, (j + 1, · · · ,m− 2) : not chosen) = (1− q)m−j−2

(3.8)

Therefore, for k = m− 1, by combining Equation 3.4, Equation 3.8, and Equation 3.6, we

obtain

Pr((Q(x) = i) ∩ Ei ∩ Fm−1)

=Pr(Ei ∩ Fm−1) · Pr(Q(x) = i|Ei ∩ Fm−1)

=Pr(Ei) · Pr(Fm−1) · Pr(Q(x) = i|Ei ∩ Fm−1)

=q(1− q)j−i · (1− q)m−j−2 · B(m− 1)− x
B(m− 1)−B(i)

(3.9)
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Finally, by combining Equation 3.7 and Equation 3.9, we get

Pr(Q(x) = i)

=
m−1∑
k=j+1

Pr((Q(x) = i) ∩ Ei ∩ Fk)

=q(1− q)j−i
(
(1− q)m−j−2 B(m− 1)− x

B(m− 1)−B(i)
+

m−2∑
k=j+1

q(1− q)k−j−1 B(k)− x
B(k)−B(i)

)
(3.10)

(II) i = 0:

We can compute Pr(Q(x) = 0) in a similar way as in case (I). However, the probability

of event E0 is different from that of Equation 3.4 because the 0-th level is always chosen by

Algorithm 4. Thus, we have

Pr(E0) = Pr(0 : chosen, (1, · · · , j) : not chosen) = (1− q)j (3.11)

Therefore, in Equation 3.10, by substituting Ei into E0, we get

Pr(Q(x) = 0)

=
m−1∑
k=j+1

Pr((Q(x) = 0) ∩ E0 ∩ Fk)

=(1− q)j
(
(1− q)m−j−2 B(m− 1)− x

B(m− 1)−B(0)
+

m−2∑
k=j+1

q(1− q)k−j−1 B(k)− x
B(k)−B(0)

)
(3.12)

(III) j + 1 ≤ i < m− 1:

For i within this range, we can similarly compute Pr(Q(x) = i) as in (I). To obtain

Q(x) = i, the i-th discrete level must always be chosen while the (j + 1)-th, · · · , (i− 1)-th

discrete levels must not be chosen by the sub-sampling step of our algorithm. Thus, since

i ≥ j + 1, the probability of i-th discrete level being used for randomized rounding can be
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expressed by using Fi (refer to Equation 3.5).

Pr(Fi) = Pr(i : chosen, (j + 1, · · · , i− 1) : not chosen) = q(1− q)i−j−1 (3.13)

Let us denote k as an index of the just previous level less than x. The possible k’s are

0, · · · , j. Then, for k ∈ [1, j], the probability of the k-th discrete level being used for

randomized rounding can be represented by utilizing Ek (refer to Equation 3.4).

Pr(Ek) = Pr(k : chosen, (k + 1, · · · , j) : not chosen) = q(1− q)j−k (3.14)

Then, the likelihood of x transitioning to the i-th discrete level due to the randomized

rounding between k-th and i-th levels is x−B(k)
B(i)−B(k)

. This means

Pr(Q(x) = i|Ek ∩ Fi) =
x−B(k)

B(i)−B(k)
(3.15)

Therefore, for k ∈ [1, j], by combining Equation 3.13, Equation 3.14, Equation 3.15, we get

Pr((Q(x) = i) ∩ Ek ∩ Fi)

=Pr(Fi) · Pr(Ek) · Pr(Q(x) = i|Ek ∩ Fi)

=q(1− q)i−j−1 · q(1− q)j−k · x−B(k)

B(i)−B(k)
(3.16)

We can similarly calculate for k = 0 by using Equation 3.11.

Pr((Q(x) = i) ∩ E0 ∩ Fi)

=Pr(Fi) · Pr(E0) · Pr(Q(x) = i|E0 ∩ Fi)

=q(1− q)i−j−1 · (1− q)j · x−B(0)

B(i)−B(0)
(3.17)
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Finally, by combining Equation 3.16 and Equation 3.17

Pr(Q(x) = i)

=

j∑
k=0

Pr((Q(x) = i) ∩ Ek ∩ Fi)

=q(1− q)i−j−1
(
(1− q)j x−B(0)

B(i)−B(0)
+

j∑
k=1

q(1− q)j−k x−B(k)

B(i)−B(k)

)
(3.18)

(IV) i = m− 1:

We can calculate Pr(Q(x) = m− 1) in a similar way compared to case (III). However,

the (m− 1)-th level should be always chosen by Algorithm 4, we rely on Equation 3.8 rather

than Equation 3.13. We obtain:

Pr(Q(x) = m− 1)

=

j∑
k=0

Pr((Q(x) = m− 1) ∩ Ek ∩ Fm−1)

=(1− q)m−j−2
(
(1− q)j x−B(0)

B(m− 1)−B(0)
+

j∑
k=1

q(1− q)j−k x−B(k)

B(m− 1)−B(k)

)
(3.19)

Therefore, we finally get Equation 3.2 of lemma 3.4.3 from combining cases (I), (II), (III),

and (IV).

3.4.3 Analysis of RQM’s privacy guarantees

We now provide a theoretical analysis of the level of standard differential privacy

achieved by our single-dimensional RQM mechanism.

Theorem 3.4.4. (Standard DP) Let c,∆ > 0, m ∈ N, and q ∈ (0, 1) be parameters of

Algorithm 4. Consider two scalars x and x′ in [−c, c], PQ(x) the distribution of outputs of

RQM ran on scalar x, and PQ(x′) the distribution of outputs of RQM ran on scalar x′. We
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have:

D∞(PQ(x)||PQ(x′)) ≤ log
(
2(1− q)2

(
1 +

c

∆

))
+m log

1

1− q
= ϵ. (3.20)

which indicates RQM is (ϵ, 0) differentially private.

We show that RQM is (ϵ, 0) differentially private by leveraging the equivalence between

(ϵ, 0)-differential privacy and (∞, ϵ)-Rényi differential privacy. There, we note that the

privacy level ϵ = log
(
2(1− q)2

(
1 + c

∆

))
+m log 1

1−q
that we obtain increases linearly on

m, the number of quantizations level. This makes sense as a large number of quantization

levels allows one to encode more information about the initial scalar x, in turn leading to

less privacy and higher ϵ’s. We also note that as ∆ increases, ϵ decreases, and we obtain

more privacy; once again, this follows the intuition from section 3.4.1 that when we increase

the output range, we better protect the privacy of extreme values of x that are close to c or

−c. As expected, when ∆ = 0, ϵ→ +∞ and our privacy guarantees are trivial, highlighting

the fact that augmenting the range of output values beyond [−c, c] is an unavoidable step

to obtain reasonable privacy guarantees. The full proof of theorem 3.4.4 is provided in the

following.

Proof of theorem 3.4.4 Let’s find an upper bound on D∞(PQ(x)||PQ(x′)).

D∞(PQ(x)||PQ(x′))

= sup
i∈{0,1,··· ,m−1}

log
( Pr(Q(x) = i)

Pr(Q(x′) = i)

)
= max

(
sup

i∈{0,m−1}
log

( Pr(Q(x) = i)

Pr(Q(x′) = i)

)
, sup
i∈{1,··· ,m−2}

log
( Pr(Q(x) = i)

Pr(Q(x′) = i)

)
≤ max

(
log

( 1

min
i∈{0,m−1}

Pr(Q(x′) = i)

)
, log

( q

min
i∈{1,··· ,m−2}

Pr(Q(x′) = i)

)

The second inequality comes from Pr(Q(x) = i) ≤ 1 for any i and Pr(Q(x) = i) ≤ q for

i ∈ {1, 2, · · · ,m − 2}. Pr(Q(x) = i) is less than or equal to q for i ∈ {1, 2, · · · ,m − 2}
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because

Pr(Q(x) = i) = Pr(Q(x) = i|i : chosen)Pr(i : chosen)

= Pr(Q(x) = i|i : chosen)× q

≤ q(Pr(Q(x) = i|i : chosen) + Pr(Q(x) ̸= i|i : chosen)) = q

We establish a value for j that makes it so that −c falls within the range of values be-

tween B(j) and B(j + 1). Since min
i∈{0,m−1}

Pr(Q(x′) = i) ≥ Pr(Q(−c) = m − 1) and

min
i∈{1,··· ,m−2}

Pr(Q(x′) = i) ≥ Pr(Q(−c) = m− 2), we obtain

D∞(PQ(x)||PQ(x′))

≤ max
(
log

( 1

min
i∈{0,m−1}

Pr(Q(x′) = i)

)
, log

( q

min
i∈{1,··· ,m−2}

Pr(Q(x′) = i)

)
≤ max

(
log

( 1

Pr(Q(−c) = m− 1)

)
, log

( q

Pr(Q(−c) = m− 2)

)
= max

(
log

(
1

(1− q)m−2 · −c−B(0)
B(m−1)−B(0)

+
j∑

k=1

q(1− q)m−2−k · −c−B(k)
B(m−1)−B(k)

)

, log

(
q

q
(
(1− q)m−3 −c−B(0)

B(m−2)−B(0)
+

j∑
k=1

q(1− q)m−3−k −c−B(k)
B(m−2)−B(k)

)))

≤ log

(
1

(1− q)m−2 · −c−B(0)
B(m−1)−B(0)

)
= log

1

(1− q)m−2 · ∆
2c+2∆

= log

(
2(1− q)2(c+∆)

∆

)
+m log

1

1− q

To go from the third to the fourth and fifth line, we used lemma 3.4.3.

Corollary 3.4.5. The upper bound in theorem 3.4.4 immediately applies to Rényi differential
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privacy. For any α, RQM is (α, ϵ) Rényi differentially private:

Dα(PQ(x)||PQ(x′)) ≤ D∞(PQ(x)||PQ(x′)) ≤ log
(
2(1− q)2

(
1 +

c

∆

))
+m log

1

1− q
= ϵ.

(3.21)

We obtain corollary 3.4.5 by using lemma 3.2.4.

Remark 3.4.6. In corollary 3.4.5, we show the theoretical Rényi DP guarantees of RQM for

the single dimensional case. For the multi dimensional case, the Rényi DP upper bound of

corollary 3.4.5 grows linearly in the dimension f due to the composition theorems for Rényi

DP [76].

Numerical Privacy Guarantees In theorem 3.4.4, we characterized the privacy guarantee

of our Randomized Quantization Mechanism in the special case in which α → +∞. We

consider a local differential privacy benchmark, evaluating privacy against a strong adversary

that can see the output Q(xi) of each device i (but not the input data xi)1. To demonstrate

the superior Rényi DP guarantees of RQM over PBM for arbitrary α, we use Equation 3.2

in lemma 3.4.3 to numerically compute and plot the upper bound of Rényi divergence

Dα(PQ(x)||PQ(x′)) for finite α in Figure 3.2. We compare it to the Rényi divergence of the

Poisson Binomial Mechanism of [23]; we note that we do not compare to the upper bound

provided by [23] as the privacy measure that may not be tight, but instead to the actual

Rényi divergence computed numerically and exactly. In both cases, we plot the nearly

worst-case (over x, x′) Rényi divergence, which is approximately maximized when x = c

and x′ = −c2.

We fix the number of discrete levels m as 16 for both RQM and PBM to compare privacy

guarantees between the two algorithms at equal communication complexity. We set the

value c to be 1.53. We provide the numerical Rényi DP experiments comparing our results to
1This is in contrast with central privacy, where the adversary can only see the aggregated gradients. The

central privacy model requires trust in the aggregator, while the strong local privacy model does not.
2More details on this are discussed in section A.1.1.
3Our mechanism is in fact scale-invariant for DP guarantees, and the choice of c itself does not matter at a
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PBM for a wide range of θ ∈ [0, 0.4] values considered by [23]. Specifically, we select three

different θ values: 0.15, 0.25, and 0.35. For each θ, the corresponding parameter pairs (∆, q)

for RQM are (2.33c, 0.42), (c, 0.42), and (0.429c, 0.49), respectively. Figure 3.2 compares

the Rényi divergence of PBM and RQM for a large range of α ∈ [0, 1000]; we see significant

disparities in the levels of Rényi privacy guaranteed by PBM and RQM for all different θs,

with RQM vastly outperforming (i.e., guaranteeing a lower Rényi divergence hence a better

privacy guarantee than) PBM, with the gap in privacy guarantees increasing as α→ +∞.

We have demonstrated that for typical ranges of parameters for PBM, we can find

an implementation of our framework, RQM, that leads to significantly enhanced privacy.

However, we note that getting better privacy on its own is easy (one could for example

simply not use the data, and get perfect privacy at the cost of accuracy). In section 3.4.4,

we demonstrate that this improvement in privacy does not come at a cost in accuracy at the

level of each single device, i.e. for n = 1. Then, in section 3.5, we run larger scale federated

learning experiments under multiple devices that further highlight that this improvement in

privacy does not come at a cost in accuracy. Our experiments demonstrate that the same

ranges of parameters also show accuracy improvements for our RQM method over PBM in

a large-scale federated learning experiment on the EMNIST dataset.

Figure 3.2: The results about Numerical Rényi privacy with θ = 0.15 (left), θ = 0.25
(middle), and θ = 0.35 (right). All figures indicate how the Rényi divergence increases as α
increases.

given constant ratio between ∆ and c.
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3.4.4 Privacy-Accuracy Trade-offs at the User Device Level

We present a numerical analysis of the privacy-accuracy trade-offs of our framework,

highlighting the improved performance of RQM compared to PBM, in Figure 3.3.

To compute the privacy guarantee we achieve for a given set of parameters, we follow

the numerical Rényi DP computation approach elaborated in section 3.4.3.

Our accuracy measure is the mean-squared error (MSE). The MSE is calculated as the

average MSE over 30 equally spaced scalar input values x within the range [−c, c]; the MSE

for each value x is based on 100, 000 samples to deal with privacy noise. In each plot in

Figure 3.3, we fix α (= 1.5), c (= 1.5), and m (variable), ensuring that the same values

are used for both PBM and RQM. Three privacy-MSE plots are shown in Figure 3.3, each

corresponding to different values of m (4, 16, and 64, mimicking [23]).

Finally, to generate the privacy-MSE curves, we sweep through θ for PBM and q for

RQM, while keeping ∆ = c constant for RQM; different values of θ for PBM and of q

for RQM correspond to different points on the curve. Across all plots in Figure 3.3, we

consistently observe better privacy-MSE trade-offs with RQM compared to PBM. More

numerical results with different α are provided in section A.1.3.

Figure 3.3: Numerical privacy-MSE trade-offs of RQM and PBM withm = 4 (left), m = 16
(middle), and m = 64 (right).

3.5 Federated Learning Experiments

In this section, we conduct experiments designed to complement our theoretical results

and illustrate how RQM performs compared to PBM in terms of the privacy-accuracy
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trade-off on a larger scale Federated Learning experiment. We expand our experiments to

provide insights beyond the privacy guarantees of the Randomized Quantization Mechanism

itself, and to take into account how RQM integrates with the rest of the federated learning

framework described in section 3.3. We implement multi-dimensional RQM within the

federated DP-SGD algorithm described in Algorithm 3. We employ the same parameters

that yielded improved Rényi DP in the Numerical Privacy Guarantees part of section 3.4.3

to demonstrate that RQM also excels in accuracy in our federated learning experiment.

We evaluate the privacy-accuracy trade-off of our algorithms against the previous leading

approach, the Poisson Binomial Mechanism [23], and an ideal noise-free clipped SGD

benchmark that does not provide any differential privacy guarantee. The classification task

for our federated learning experiment is performed on the EMNIST dataset [79].

Implementation environment. We adopt the same implementation setup as outlined in

[23]. To implement our algorithm, we utilize TensorFlow [80] and the TensorFlow Federated

(TFF) library. Our computational resources include 2 NVIDIA RTX A5000 GPUs. We

simulate a federated learning scenario involving a total of 3, 400 local devices, with n = 40

local devices participating in each round. The total number of communication rounds is set

to 2, 000.

Dataset & training model. We perform image classification on the EMNIST dataset,

which is comprised of 62 classes. We employ a Convolutional Neural Network (CNN) as

the learning model for our training purposes.

Hyperparameter choice. We adhere to the same hyperparameters for our FL exper-

iments as those of the Numerical Privacy Guarantees part in section 3.4.3: m = 16,

θ = 0.15, 0.25, 0.35 for PBM, (∆, q) = (2.33c, 0.42), (c, 0.42), (0.429c, 0.49) for RQM.

To highlight the flexibility of the choice of hyperparameters for RQM (remark 3.4.2), we

also plot results of two more (∆, q) pairs for each θ. For θ = 0.15, we add two more
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pairs (∆, q) = (4c, 0.5) and (∆, q) = (c, 0.23); for θ = 0.25, we add (∆, q) = (2c, 0.57)

and (∆, q) = (0.66c, 0.33); and for θ = 0.35, we include (∆, q) = (c, 0.65) and (∆, q) =

(0.25c, 0.37). For clipping threshold c, we choose 2.9731× 10−5.

Figure 3.4: Comparing RQM with PBM (θ = 0.15) and noise-free clipped SGD on EMNIST.
All three RQMs with different hyperparameters outperform PBM in both a loss plot (Left)
and an accuracy plot (Middle). These RQMs also show better Rényi DP guarantees than
PBM (Right).

Figure 3.5: Comparing RQM with PBM and noise-free clipped SGD on EMNIST (Addi-
tional FL experiment with θ = 0.25).

Figure 3.6: Comparing RQM with PBM and noise-free clipped SGD on EMNIST (Addi-
tional FL experiment with θ = 0.35).

Experimental results The left and middle plots in Figure 3.4, where θ = 0.15, clearly

demonstrate that all three RQMs with different hyperparameter pairs show improved perfor-
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mance (in terms of loss and accuracy) on the EMNIST dataset than PBM. All three RQMs

achieve similar accuracy. The performance of our three RQMs are still worse than noise-free

clipped SGD: this is unavoidable because noise-free clipped SGD only focus on accuracy

without providing any privacy guarantees, and is an ideal, impossible-to-achieve benchmark

with privacy. Similarly, Figure 3.5 and Figure 3.6, corresponding to θ values of 0.25 and

0.35 respectively, also show that all three RQMs outperform PBM in terms of performance.

In Figure 3.5, among the three RQMs, the pair (∆, q) = (0.66c, 0.33) achieves the highest

accuracy. In Figure 3.6, the pair (∆, q) = (c, 0.65) achieves the highest accuracy among the

three RQMs.

The right plot in Figure 3.44 replicates experiment of the Numerical Privacy Guaran-

tees part in section 3.4.3 that were aimed at showcasing the privacy level achieved by

RQM compared to PBM. The figure shows that the improved accuracy of the three RQMs

compared to PBM in the left and middle figures does not come at the cost of privacy. In

fact, the three plots together demonstrate that all three instantiations of RQM provide both

better performance and better Rényi DP guarantees than PBM. I.e., in our experiments,

RQM improves the privacy-accuracy trade-off of federated differentially private stochastic

gradient descent compared to the previous state of the art.

More experimental results on CIFAR-100 In Figure 3.7, we provide additional experi-

mental results on CIFAR-100 [64]. We use m = 16, θ = 0.25 for PBM and ∆ = c, q = 0.42

for RQM (same hyperparameters as those for EMNIST in section 3.5), and clipping thresh-

old c = 5.3680 × 10−5. We add the centralized continuous Gaussian mechanism and

noise-free no-clipped SGD as the baselines. In Figure 3.7, we provide the evidence that our

RQM achieves better performance in both loss and accuracy compared to the other methods

including PBM, except for noise-free no-clipped SGD. Since we use the same hyperpa-

rameters for PBM and RQM as those in Figure 3.5 (dotted red line for RQM), the privacy

4The same conclusion can be drawn from Figure 3.5 and Figure 3.6, but we highlight Figure 3.4 as a
representative figure.
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level achieved by RQM is better than PBM. Thus, RQM shows improved privacy-accuracy

trade-off compared to PBM for CIFAR-100 as well.

Figure 3.7: Comparing RQM with PBM, noise-free clipped SGD, centralized continuous
Gaussian mechanism, and noise-free no-clipped SGD on CIFAR-100.
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CHAPTER 4

QUANTIZATION GROUP ADAPTIVE NORMALFLOAT FOR LOW BIT

FINE-TUNING OF LLMS

4.1 Introduction

In chapter 2 and chapter 3, we explored how quantization improves communication

efficiency and privacy-accuracy trade-offs in Federated Learning. Similarly, in the context

of Large Language Models (LLMs), quantization plays a critical role in enabling memory-

efficient fine-tuning, especially in resource-constrained environments. This chapter focuses

on the design of a quantization scheme optimized for extremely low-bit fine-tuning, specifi-

cally exploring how 2-bit quantization can be effectively applied to fine-tune LLMs from an

optimization perspective.

While fine-tuning LLMs is highly effective for enhancing their performance on various

specific tasks, full fine-tuning has become impractical in scenarios with limited graphics

processing unit (GPU) resources due to the substantial storage demands of the massive

parameters. To address these resource constraints, the focus has been on reducing memory

usage for optimizer states, gradients, and model weights. One widely adopted method to

reduce memory consumption for optimizer states and gradients is Low-Rank Adaptation

(LoRA) [24]. LoRA achieves this by significantly reducing the number of trainable param-

eters, representing the difference between frozen pre-trained weights and fully fine-tuned

weights using only trainable low-rank matrices.

Further reductions in memory usage can be achieved through the quantization of model

weights. QLoRA [25] successfully combines LoRA with quantization for the first time,

demonstrating high performance in 4-bit quantized fine-tuning while significantly reducing

GPU memory requirements without incurring additional costs. Nevertheless, when it comes
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Figure 4.1: The left figure shows the log-scale weight distribution of a specific layer in
LLAMA-2-7B. The red points represent the four dequantized values within a particular
quantization group using the original 2-bit NormalFloat. With our redesigned NormalFloat,
we obtain four blue points that are closer to the center. The right figure illustrates how the
L3 norm of the quantization error varies with the CDF offset (See section 4.2.2, section 4.3)
within the same quantization group. The four dequantized blue points in the left figure
are obtained from an offset of 0.96, resulting in minimal quantization error in this group.
By adjusting the offset, we can find the optimal value for each group that minimizes the
quantization error.

to extremely low bit fine-tuning regimes, such as 2-bit, QLoRA often fails to converge on

many downstream tasks [81]. This suggests that LoRA fine-tuning alone is insufficient to

recover from the substantial information loss caused by low-bit model quantization. Even

though some efforts have been made to mitigate this information loss through the strategic

initialization of LoRA components [81, 82], a fundamental redesign of the NormalFloat

quantization data type used in QLoRA is necessary to make low-bit fine-tuning more

practical.

The motivation for redesigning the NormalFloat data type stems from understanding

why the original NormalFloat experiences significant information loss in 2-bit fine-tuning.

As illustrated in Figure 4.1, when an outlier is present in a quantization group, the original

NormalFloat bases its dequantization on the group’s maximum value, which corresponds

to the outlier. Consequently, the four dequantized values (red points in the left figure of

Figure 4.1) are not representative, as 50% of them are outliers, leading to high quantization

error. Therefore, in the 2-bit regime, it is crucial to bring these dequantized values closer to
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the center (blue points in the left figure of Figure 4.1), as this adjustment can significantly

reduce the quantization error.

To address this issue, we first introduce an updated version of the NormalFloat data

type, which we call Dynamic NormalFloat. This new version adjusts the dequantized values

based on the ratio of the quantile output of the reference CDF offset 1 to the quantile output

of our chosen CDF offset, where the CDF offset controls the range of probabilities from

the standard normal distribution that are used to generate quantized values. By selecting

a lower CDF offset, the adjustment from the red points to the blue points in Figure 4.1 is

achieved through this redesigned data type. Additionally, since each quantization group has

unique statistical characteristics, we propose the quantization group Adaptive NormalFloat

(AdaNF), which identifies the optimal CDF offset for each quantization group through

grid search by minimizing the Lp norm of the quantization error (see the right figure of

Figure 4.1). We evaluate our quantization framework through experiments on various models

and downstream tasks in the low-bit fine-tuning regime. Our method outperforms existing

approaches for 2-bit fine-tuning and shows comparable performance for 3-bit and 4-bit

fine-tuning.

4.2 Preliminaries

4.2.1 Related Work

Due to the significant computational and memory demands of Large Language Models

(LLMs), numerous parameter-efficient fine-tuning (PEFT) methods have been developed.

These methods reduce memory and computational costs by optimizing a much smaller

subset of parameters compared to the original LLMs [24, 83, 84, 85, 86, 87, 17, 88, 89, 90].

Among these, LoRA [24] is the most widely adopted. It trains low-rank adapter layers on

top of the frozen base model, offering stable training due to the implicit regularization of

1The detailed relationship between CDF offset and the dequantized values is mathematically elaborated in
section 4.2.2 and section 4.3.
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low-rank adaptation. Furthermore, LoRA facilitates easy modular adaptation across different

tasks. Many LoRA variants have since been introduced to closely match the performance of

full fine-tuning on more challenging downstream tasks [91, 92, 93, 94, 95].

Combining model quantization with LoRA can further reduce GPU memory consump-

tion during the fine-tuning of LLMs. While many model quantization methods have been

developed mainly for inference purposes [96, 97, 98, 99, 100, 101, 102, 103], QLoRA [25]

is the first to demonstrate that fine-tuning a quantized 4-bit model with minimal performance

degradation is possible by combining NormalFloat quantization with a small set of learnable

low-rank adapter weights. However, in extremely low-bit scenarios like the 2-bit regime,

QLoRA suffers from significant performance degradation due to substantial weight informa-

tion loss. To mitigate this, [81, 82] explore strategic initialization of LoRA matrices. [104]

proposes a different approach to quantized fine-tuning by focusing on minimizing activation

error instead of weight error. [105] addresses information loss from low-bit quantization

by calibrating a bias constant groupwisely based on information entropy maximization.

Nevertheless, to the best of our knowledge, our AdaNF quantization is the first to highlight

the importance of CDF offset initialization in NormalFloat for low-bit fine-tuning, further

improving performance through adaptive initialization of the NormalFloat offset for each

quantization group.

4.2.2 NormalFloat Quantization

Given that we employ NormalFloat as the framework for our quantization in the low bit

LLM fine-tuning, we first present the definition of NormalFloat [25].

Definition 4.2.1. (Symmetric NormalFloat) Q is the quantile function of the standard

normal distribution N(0, 1), also known as the inverse cumulative distribution function

(CDF). Then, for the CDF offset coffset ∈ (0.5, 1.0), each ith quantized value of the k-bit
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symmetric NormalFloat data type is represented as

qi = Q
(
1− coffset +

2coffset − 1

2k − 1
× (i− 1)

)
(4.1)

for all i = 1, 2, · · · , 2k.

The NormalFloat (NF) data type is based on Quantile Quantization [26], an information-

theoretically optimal data type that ensures each quantization bin contains an equal number

of values from the input tensor. Equation 4.1 in definition 4.2.1 means the 2k equally spaced

quantiles over the range of probabilities [1 − coffset, coffset]. Similarly, we can define the

asymmetric NormalFloat that includes 0, (2k−1 − 1) negative values, and 2k−1 positive

values.

Definition 4.2.2. (Asymmetric NormalFloat) Q is the quantile function of the standard

normal distribution N(0, 1). Then, for the CDF offset coffset ∈ (0.5, 1.0), each ith quantized

value of the k-bit asymmetric NormalFloat data type is represented as

qi =


Q
(
1− coffset +

0.5−(1−coffset)
2k−1−1

(i− 1)
)

if i ∈ [1, 2k−1)

Q(0.5)(= 0) if i = 2k−1

Q
(
0.5 + coffset−0.5

2k−1 (i− 2k−1)
)

if i ∈ (2k−1, 2k]

(4.2)

For Equation 4.2 in definition 4.2.2, the first case means 2k−1 equally spaced quantiles

over the range of probabilities [1 − coffset, 0.5], and the third case means 2k−1 + 1 equally

spaced quantiles over the range of probabilities [0.5, coffset]. After obtaining discrete values

from either symmetric NormalFloat or asymmetric NormalFloat, we normalize them to

the range [−1, 1] by dividing each value by the maximum value Q(coffset). Thus, the exact

values of the normalized k-bit NormalFloat data type are as follows:

qkNF =
q

Q(coffset)
=

[q1, q2, · · · , q2k ]
Q(coffset)

(4.3)

107



This allows us to quantize the input weight parameters by normalizing them into the

same range [−1, 1] via absolute maximum rescaling.

Group Quantization

In addition to using NormalFloat as our quantization data type, our framework relies

on group quantization to effectively handle outlier issues in the weight parameters. Group

quantization involves dividing the input tensor into smaller chunks that are independently

quantized. This approach indirectly reduces the number of outliers in each group, leading to

smaller quantization errors. Group quantization can be implemented by dividing the weight

tensor W ∈ Rd×h into ng contiguous groups of size G. This is done by flattening the weight

tensor into a vector W flat ∈ Rdh×1 and then slicing this vector into ng =
d×h
G

quantization

groups. When we define the k-bit NormalFloat quantization function as Qk
NF and denote the

i-th group tensor as W flat
i for 1 ≤ i ≤ ng, the quantized output W flat

q,i can be expressed as

W flat
q,i = Qk

NF

( W flat
i

absmax(W flat
i )

)
(4.4)

4.2.3 Low-rank Adaptation

Low-Rank Adaptation (LoRA) [24] is a Parameter Efficient Fine-Tuning (PEFT) method

that reduces the memory needed for optimizer state and gradient storage by utilizing a small

set of trainable parameters, while keeping the main full model parameters fixed. These

finetunable parameters, known as adapters, are implemented as factorized projections that

augment the original base model. This allows the forward pass to be modified through the

adapted model, which can be expressed as:

W ′ = W + αBA
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where W ∈ Rd×k is a pre-trained weight matrix, B ∈ Rd×r, A ∈ Rr×k, and α is a scalar.

Here, we note that the rank r is much smaller than min(d, k). During backpropagation, the

gradients flow through the fixed base model weights, which do not receive updates. Instead,

only the small number of parameters in the low-rank adapters are updated. We use LoRA as

the learnable parameters in our framework.

4.3 Method

In this section, we propose quantization group Adaptive NormalFloat (AdaNF), an

advantageous quantization data type for low-bit LLM fine-tuning. We begin by introducing

the concept of Dynamic NormalFloat with a single offset, which involves adjusting the

NormalFloat initialization based on the ratio between the quantile output, determined by

a specific CDF offset, and a reference quantile value. This adjustment aims to reduce

information loss from quantized weight parameters. Additionally, we describe how to

adaptively determine the improved NormalFloat initialization for each quantization group

using this newly defined Dynamic NormalFloat.

4.3.1 Dynamic NormalFloat with a Single Offset

In the original NormalFloat [25], they set a default CDF offset coffset to 0.9677083. Then,

they obtain the normalized quantization map within the range [−1, 1] by dividing all quantile

values from definition 4.2.1 or definition 4.2.2 by the maximum quantile value Q(coffset), as

explained in section 4.2.2. Using this k-bit normalized NormalFloat quantization map qkNF

(see Equation 4.3), the quantized output of the i-th group tensor is obtained as shown in

Equation 4.4. The dequantized weight tensor is then calculated from this quantized tensor
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as follows:

W flat
deq,i = absmax(W flat

i ) ·W flat
q,i

= absmax(W flat
i ) ·Qk

NF

( W flat
i

absmax(W flat
i )

)

Since the maximum and minimum outputs of the functionQk
NF

2 are 1 and -1, respectively,

absmax(W flat
i ) and−absmax(W flat

i ) will be the maximum and minimum among the possible

dequantized values for the i-th quantization group. In low-bit fine-tuning, such as 2-bit, all

four possible dequantized values should be representative within the i-th quantization group.

However, if there is an extreme outlier in the group, absmax(W flat
i ) and −absmax(W flat

i )

may not be representative, leading to significant quantization errors.

To address this issue, we propose Dynamic NormalFloat, which adjusts the maximum

and minimum dequantized values inward (i.e., reduces their absolute values) compared

to absmax(W flat
i ) and −absmax(W flat

i ). This ensures that all possible dequantized values

are more representative within the group. This adjustment is achieved by further reducing

the quantization output range of Qk
NF from [−1, 1]. The updated quantization data type is

defined as follows:

Definition 4.3.1. (Dynamic NormalFloat) Let Q be the quantile function of the standard

normal distribution N(0, 1). For a CDF offset coffset ∈ (0.5, 1.0), each i-th quantized value

of the k-bit NormalFloat data type, denoted as qi, is derived from either definition 4.2.1 or

definition 4.2.2. The reference offset is cref. The k-bit Dynamic NormalFloat data type qDNF

is then represented as follows:

qkDNF|coffset,cref =
q|coffset

Q(cref)
=

[q1, q2, · · · , q2k ]
Q(cref)

(4.5)

The range of qDNF is
[
−Q(coffset)

Q(cref)
, Q(coffset)

Q(cref)

]
. Therefore, if coffset is less than cref, the range

2We use nearest rounding for the quantization function.
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of qDNF becomes smaller than [−1, 1]. This means that the absolute value of a dequantized

weight parameter must be less than absmax(W flat
i ). For the j-th element of the dequantized

weight tensor in group i, we have:

|W flat
deq,i(j)| = absmax(W flat

i )
∣∣∣Qk

DNF

(
W flat

i (j)

absmax(W flat
i )

)∣∣∣
≤ absmax(W flat

i )
Q(coffset)

Q(cref)
< absmax(W flat

i ),

where Qk
DNF is the k-bit Dynamic NormalFloat quantization function defined by qkDNF.

Thus, with a properly chosen coffset, qkDNF can potentially result in less quantization error

compared to the original quantization map qkNF.

4.3.2 Quantization Group Adaptive NormalFloat

Algorithm 5 Grid Search for AdaNF
1: Input: original weight of a group W , reference CDF offset cref, number of grids n, start

grid for CDF offset cstart, end grid for CDF offset cend, order of the norm p
2: Initialize c∗ = cstart, E∗ = inf
3: for i = 1, · · · , n do
4: coffset = cstart +

cend−cstart
n−1

(i− 1)

5: create the k-bit Dynamic NormalFloat qkDNF|coffset,cref

6: perform nearest rounding with qkDNF|coffset,cref:

Wq = Qk
DNF|coffset,cref

(
W

absmax(W )

)
7: get the dequantized weight Wdeq = absmax(W )Wq

8: compute the quantization error E = ∥W −Wdeq∥p
9: if E < E∗ then

10: c∗ ← coffset, E∗ ← E
11: end if
12: end for
13: return c∗

We now introduce quantization group Adaptive NormalFloat (AdaNF), which dynami-

cally determines an appropriate CDF offset for the Dynamic NormalFloat data type in each

quantization group to minimize quantization error. Since each quantization group has unique

statistical characteristics, adjusting the CDF offset for each group can more effectively
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preserve information during low-bit quantization compared to using a single offset. We

measure the quantization error between the original weight tensor and the dequantized

weight tensor using the Lp norm. This error metric is then used to identify the optimal CDF

offset for each group through grid search. Finding an optimal order of the norm p for each

case is crucial. A p value that is too large will cause the quantization to be overly influenced

by outliers, while a p value that is too small will ignore outliers entirely. Therefore, it is

essential to strike a balance by selecting an appropriate p that adequately considers outliers

without being dominated by them. Our algorithm addresses this by exploring and tuning p

to achieve this balance. We empirically find that p values within the range of [2, 3] strike this

good balance, and the specific p values used in our experiments are detailed in section 4.4.1.

The detailed algorithm is provided in Algorithm 5.

After obtaining the optimal CDF offset for each quantization group through Algorithm 5,

we initialize each Dynamic NormalFloat data type with the corresponding offset. Sub-

sequently, the weight parameters are quantized using group quantization, as detailed in

section 4.2.2, and these quantized weights remain fixed during the fine-tuning process. For

the fine-tuning, we employ the LoRA method, as described in section 4.2.3.

4.4 Experiments

In this section, we present experimental results for Dynamic NormalFloat (DNF) and

AdaNF 3 on Natural Language Understanding (NLU) and Natural Language Generation

(NLG) tasks. We compare our algorithm with QLoRA [25] and other low-bit fine-tuning

methods, such as LoftQ [81] and ApiQ [104]. Additionally, we use full fine-tuning and full

precision LoRA [24] for reference. For the NLU task, we empirically assess the performance

of these algorithms by quantizing the encoder-only DeBERTaV3-base model [106] and fine-

tuning it on the General Language Understanding Evaluation (GLUE) benchmark [107]. For

the NLG task, we evaluate the performance by quantizing the decoder-only LLAMA-2-7B
3The more accurate terminology would be QLoRA with DNF and QLoRA with AdaNF, as DNF and

AdaNF refer to quantization data types. However, for simplicity, we use the terms DNF and AdaNF.
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model [12] and fine-tuning it on two NLG datasets: WikiText-2 [108] and GSM8k [109].

4.4.1 Experimental Setup

Implementation Details We follow the implementation setup from [81], with our work

largely based on the HuggingFace Transformers codebase [110]. In our model implemen-

tation, we retain the original weight matrices in a frozen state and incorporate low-rank

adapters into the weight matrices within the all Multi-Head Attention (MHA) and Feed-

forward Neural Network (FNN) layers. For the GLUE NLU task, we also quantize the

embedding layer of DeBERTaV3-base. For LoRA, we use ranks of 32 for DeBERTaV3-

base and 64 for LLAMA-2-7B. Model quantization is then applied to the weight matrices

augmented with low-rank adapters. We perform 2-bit fine-tuning for the NLU task and 2, 3,

and 4-bit fine-tuning for the NLG task. We use symmetric NormalFloat (see definition 4.2.1)

for our DNF and AdaNF. The NVIDIA H100 80GB GPUs are used as computing resources.

Datasets For NLU, we use total 8 tasks in GLUE, which includes three natural language

inference tasks: MNLI [111], QNLI [112], RTE [113], two single sentence classification

tasks: SST-2 [114], CoLA [115], and three similarity and paraphrase tasks: MRPC [116],

STS-B [117], QQP. For NLG, we utilize WikiText-2, a dataset derived from Wikipedia

articles, and GSM8K, also known as the Grade School Math 8K, a specialized benchmark

designed to evaluate the arithmetic reasoning capabilities of language models.

Hyperparameter Choice

When utilizing DNF quantization, we need to set two hyperparameters: the reference

CDF offset cref and a specific CDF offset coffset. For AdaNF quantization, five hyperparame-

ters are required: cref, number of grids n, starting grid for CDF offset cstart, ending grid for

CDF offset cend, and the norm order p (see Algorithm 5). For all experiments, cref is set to

0.995.
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In the NLU experiments with the DeBERTaV3-base model, for DNF, we set coffset to 0.9

for the QNLI, SST-2, MRPC, CoLA, QQP, and STS-B tasks, and to 0.88 for the MNLI and

RTE tasks. In the same NLU experiments, for AdaNF, we measure quantization error using

L2.5 and L3 norms (see line 8 in Algorithm 5), meaning p can be 2.5 or 3. For p = 2.5, the

hyperparameters (n, cstart, cend) are set to (10, 0.9, 0.99) for MNLI, QNLI, SST-2, and CoLA,

and (15, 0.85, 0.99) for RTE, MRPC, QQP, and STS-B. For p = 3, we use (15, 0.85, 0.99)

only for CoLA and (10, 0.9, 0.99) for all other tasks.

In the NLG experiments with the LLAMA-2-7B model, for DNF, coffset is set to 0.95, 0.98,

and 0.99 for 2-bit, 3-bit, and 4-bit, respectively. For AdaNF in the same NLG experiments,

we measure quantization error using L2 and L3 norms. For p = 2, the hyperparameters

(n, cstart, cend) are set to (10, 0.9, 0.99), (10, 0.9, 0.99), and (15, 0.95, 0.9967) for 2-bit, 3-bit,

and 4-bit, respectively. For p = 3, the hyperparameters are (10, 0.9, 0.99), (15, 0.95, 0.9967),

and (15, 0.95, 0.9967) for 2-bit, 3-bit, and 4-bit, respectively.

In all our experiments, we set the quantization group size G to 64 for DNF, AdaNF, and

all baseline methods. Also, regarding the choice of learning rate, for NLU experiments, we

follow the setup in [81], except for RTE, where we use 1× 10−4. For all NLG experiments,

we use 4× 10−4 as the learning rate.

4.4.2 Experimental Results

NLU with DeBERTaV3-base

We begin with Natural Language Understanding (NLU) experiments utilizing the rela-

tively smaller DeBERTaV3-base model. The outcomes of these experiments are detailed in

Table 4.1. We assess the 2-bit fine-tuning effectiveness of our quantization methods, DNF

with a single CDF offset and AdaNF, in comparison to two baselines: QLoRA and LoftQ,

across 8 different tasks in the GLUE benchmark. For AdaNF, we explore two scenarios: one

employing the L2.5 norm and the other using the L3 norm to evaluate quantization error. In

terms of evaluation metrics, a higher score indicates better performance across all 8 tasks.

114



Table 4.1: 2-bit fine-tuning quantitative results on the GLUE NLU tasks with the
DeBERTaV3-base model. We compare our methods, DNF and AdaNF, against two other
quantized fine-tuning baselines. N.A. means the model fails to converge.

MNLI QNLI RTE SST MRPC CoLA QQP STSB
Acc(mm) Acc Acc Acc Acc Matt Acc P/S Corr

Full fine-tuning 90.6 94.0 82.0 95.3 89.5/93.3 69.2 92.4/89.8 91.6/91.1
LoRA 90.5 94.6 85.1 95.1 89.9/93.6 69.9 92.0/89.4 91.7/91.1

QLoRA 78.7 80.4 56.7 86.9 73.8/82.7 N.A. 87.1/82.7 83.6/83.3
LoftQ 86.1 89.9 61.7 92.0 83.6/87.2 47.5 91.0/87.9 87.5/87.0

DNF 85.1 88.2 52.3 89.0 73.5/82.0 25.7 89.9/86.4 83.2/82.9
AdaNF (L2.5 norm) 31.8 91.0 58.1 92.9 75.0/83.5 39.4 90.3/87.1 85.6/85.3
AdaNF (L3 norm) 87.0 89.6 58.5 91.9 79.7/86.3 30.3 89.6/86.0 85.5/85.2

When comparing the best results of our methods with QLoRA for each task, our methods

outperform QLoRA across all 8 tasks in the GLUE benchmark. This confirms that our

redesigned quantization data types, DNF and AdaNF, are indeed improved versions of the

original NormalFloat. Notably, AdaNF with the L3 norm consistently surpasses QLoRA in

all tasks, demonstrating that the L3 norm is particularly effective for measuring quantization

error. This norm effectively balances the influence of outliers within each quantization

group, leading to reduced information loss and superior performance in 2-bit fine-tuning

(for more detailed insights, see section 4.3.2).

When comparing our best results to those of LoftQ, our methods show better performance

in three tasks: MNLI, QNLI, and SST-2. This suggests that our quantization approach is

already competitive with the current state-of-the-art LoftQ. Moreover, our methods have the

potential for further enhancement through additional tuning of many hyperparameters in

Algorithm 5.

Additionally, when comparing our methods internally, AdaNF generally outperforms

DNF in nearly all cases, except for the MNLI task when comparing DNF with AdaNF using

the L2.5 norm. This observation supports the underlying intuition of the AdaNF algorithm:

adaptively finding the optimal CDF offset for each quantization group based on minimal

quantization error with the Lp norm leads to better performance than applying the same

115



offset to all quantization groups.

NLG with LLAMA-2-7B

Table 4.2: Quantitative results on two NLG tasks with LLAMA-2-7B. We compare our
methods, DNF and AdaNF, against three other quantized fine-tuning baselines. For reference,
LoRA fine-tuning without quantization, which is not included in the table, achieves a
perplexity of 5.08 on WikiText-2 and an accuracy of 38.5 on GSM8K. N.A. means the
model fails to converge.

WikiText-2 (Perplexity ↓) GSM8K (Accuracy ↑)
4bit 3bit 2bit 4bit 3bit 2bit

QLoRA 5.70 5.73 N.A. 38.2 32.1 N.A.
LoftQ 5.24 5.63 7.85 38.0 36.2 26.5
ApiQ 5.28 5.53 7.46 36.4 36.0 26.0

DNF 5.21 5.55 6.93 35.4 33.7 27.6
AdaNF (L2) 5.19 5.48 6.88 36.7 32.4 22.8
AdaNF (L3) 5.19 5.48 6.80 35.8 33.5 25.5

To assess the scalability of our methods, we also conducted Natural Language Generation

(NLG) experiments using the larger LLAMA-2-7B model. The results of these experiments

are summarized in Table 4.2. We compare the low-bit fine-tuning performance of our

quantization algorithms, DNF with a single CDF offset and AdaNF, against three baselines:

QLoRA, LoftQ, and ApiQ, on WikiText-2 and GSM8k. For AdaNF, we evaluate two cases:

one using the L2 norm and another using the L3 norm to measure quantization error. The

evaluation metrics used are perplexity for WikiText-2 and accuracy for GSM8K.

For the WikiText-2 experiments, all our methods demonstrate improved perplexity than

the three other baselines across 2-bit, 3-bit, and 4-bit settings, with the exception of the DNF

3-bit case. However, even in this instance, the perplexity of DNF 3-bit is only slightly higher

than that of ApiQ 3-bit, the most recent of the three baselines. Notably, in the challenging 2-

bit scenario, AdaNF with L3 norm achieves the best perplexity score of 6.80, where QLoRA

fails to converge. Overall, AdaNF with L3 norm consistently shows the best performance

on WikiText-2, indicating that the L3 norm effectively captures quantization error and
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aids AdaNF in finding the optimal CDF offset for each quantization group, minimizing

information loss. Additionally, it is evident that both versions of AdaNF outperform DNF in

terms of perplexity across all bit settings.

For the GSM8K experiments, our method demonstrates outstanding performance in the

challenging 2-bit case. Specifically, DNF with a single CDF offset achieves an accuracy of

27.6, surpassing the 26.5 achieved by LoftQ [81], the current state-of-the-art for 2-bit fine-

tuning on GSM8K. While DNF outperforms all baselines in the 2-bit fine-tuning scenario,

its accuracy for 3-bit and 4-bit fine-tuning is lower compared to other methods. For instance,

in the 3-bit setting, both DNF and AdaNF improve upon the original QLoRA but still trail

behind LoftQ and ApiQ. Further optimization of our algorithm, such as finer hyperparameter

tuning, could enhance these results (see Algorithm 5).
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APPENDIX A

MORE DETAILS ABOUT THE EXPERIMENTS FROM CHAPTER 3

A.1 Numerical DP experiment

A.1.1 Nearly worst-case Rényi divergence

Figure A.1: Both the left (α = 2) and the right (α = 1000) 2d plot illustrate how the
Rényi divergence Dα(PQ(x1)||PQ(x′

1)
) changes with respect to the value of x1 and x′1 for the

single-device scenario. Here, we follow the hyperparameter choice right above.

To numerically compute Rényi divergence, we use θ = 0.25 for PBM and (∆, q) =

(c, 0.42) for our RQM. Under a single-device case, the peak Rényi divergenceDα(PQ(x1)||PQ(x′
1)
)

occurs predominantly around (x1, x
′
1) = (c,−c) and (−c, c) (See Figure A.1). Fur-

ther, when we retain x′1 at −c, as per Figure A.2, it’s discernible that Rényi divergence

Dα(PQ(x1)||PQ(−c)) increases as x1 transitions from −c to c. In instances of larger α, minor

fluctuations at quantization levels are observed, followed by a swift incline in the Rényi di-

vergence. However, considering these fluctuations as negligible, we deduce that the distance

between distributions PQ(x1) and PQ(x′
1)

rises almost monotonically as x1 distances itself

from x′1. Furthermore, for a more quantitative analysis, the Rényi divergence computed at

(x1, x
′
1) = (c,−c) is 5.46838, as shown in the right plot of Figure A.2. At a quantization

level near x1 = c, where the Rényi divergence is locally maximized, the value is 5.46190,

which is slightly less than the Rényi divergence at x1 = c. Thus, in a single-device situation,

we can judiciously choose x1 = c and x′1 = −c to represent the scenario of worst-case
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Rényi divergence.

Figure A.2: Both the left (α = 2) and the right (α = 1000) plot illustrate how the Rényi
divergence Dα(PQ(x1)||PQ(−c)) changes as x1 increases from −c to c for the single-device
scenario. Here, we fix x′1 = −c.

A.1.2 Zooming in on the leftmost plot of Figure 3.2

Figure A.3: Comparison of the Rényi Divergence of RQM and PBM for the low regimes of
α.

In Figure A.3, we provide a closer examination of the leftmost plot from Figure 2, which

highlights that RQM remains competitive in the very low α regimes. Additionally, RQM

outperforms PBM for moderate α values, even before the convergence towards pure privacy

is reached. Furthermore, the middle and right plots in Figure 2 reveal a distinct advantage of

RQM over PBM, with a noticeable performance gap between the two.
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A.1.3 More results on privacy-MSE trade-offs

We conduct further numerical analysis on the privacy-MSE trade-offs in the lower α

regime, where RQM and PBM exhibit similar Rényi divergence, as shown in Figure A.3. In

Figure A.4, we fix α at 0.5, while keeping all other hyperparameters the same as those in

section 3.4.4. Even in the lower α regime, we observe that RQM outperforms PBM in terms

of privacy-MSE trade-offs.

Figure A.4: Additional numerical privacy-MSE trade-offs of RQM and PBM with m = 4
(left), m = 16 (middle), and m = 64 (right), when α is fixed as 0.5.
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“Federated learning: Strategies for improving communication efficiency,” arXiv
preprint arXiv:1610.05492, 2016.

[45] A. T. Suresh, X. Y. Felix, S. Kumar, and H. B. McMahan, “Distributed mean
estimation with limited communication,” in International Conference on Machine
Learning, PMLR, 2017, pp. 3329–3337.

[46] J. Wangni, J. Wang, J. Liu, and T. Zhang, “Gradient sparsification for communication-
efficient distributed optimization,” arXiv preprint arXiv:1710.09854, 2017.

[47] J. Bernstein, Y.-X. Wang, K. Azizzadenesheli, and A. Anandkumar, “Signsgd:
Compressed optimisation for non-convex problems,” in International Conference
on Machine Learning, PMLR, 2018, pp. 560–569.

[48] H. Wang, S. Sievert, Z. Charles, S. Liu, S. Wright, and D. Papailiopoulos, “Atomo:
Communication-efficient learning via atomic sparsification,” arXiv preprint arXiv:1806.04090,
2018.

125



[49] T. Vogels, S. P. Karinireddy, and M. Jaggi, “Powersgd: Practical low-rank gradi-
ent compression for distributed optimization,” Advances In Neural Information
Processing Systems 32 (Nips 2019), vol. 32, no. CONF, 2019.

[50] S. Horvath, C.-Y. Ho, L. Horvath, A. N. Sahu, M. Canini, and P. Richtárik, “Natural
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descent in distributed and federated optimization,” arXiv preprint arXiv:2002.11364,
2020.
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[75] Ú. Erlingsson, V. Pihur, and A. Korolova, “Rappor: Randomized aggregatable
privacy-preserving ordinal response,” in Proceedings of the 2014 ACM SIGSAC
conference on computer and communications security, 2014, pp. 1054–1067.

[76] I. Mironov, “Rényi differential privacy,” in 2017 IEEE 30th computer security
foundations symposium (CSF), IEEE, 2017, pp. 263–275.
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