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Effort is one of the things that gives meaning to liféfdet means
you care about something, that something is important tcaywl
you are willing to work for it. It would be an impoverished steénce
if you were not willing to value things and commit yourself to

working toward them.

— CAROL S. DWECK,SELF-THEORIES
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SUMMARY

This thesis presents a series of innovations in scalar l@red} and multi-level
structured linear algebra. In particular, a number of teBoal results are given that yield
efficient algorithms for Toeplitz and Cauchy-like systems. Wihiere are many types of
structured systems, these two in particular are commorgtwabprocessing applications.
As a result, the algorithms developed in this research she@urpose of reducing the
computational burden of solving linear systems in reallsy@ractical problems.

This work is built upon a strong foundation of structurectln algebra that has grown
steadily over the last several decades. While many conérgpisthis context have served
as inspiration, one in particular — matrix displacement fursdamental to most of the
results in this thesis. In broad terms, the displacementgafen matrix structure concen-
trates the information characterizing a matrix into a cootfiarm that may then be used
to perform matrix multiplication in many fewer operatiofgan usual. More importantly,
displacement can also often be used to derive decompasitibboth a matrix and its
generalized inverse into a sum of structured multipliGaterms. These “structured-sum
decompositions” (SSDs) allow for asymptoticallffieient solutions to structured linear
systems.

The major contributions of the research can be split intodategories.

Scalar results: Two eficient algorithms are given for scalar structured systerhs.fifst is
an algorithm for the solution to Toeplitz Tikhonov-regudad least-squares problems that
expresses the regularization as a specialized polynontedpolation. The interpolation
problem is then solved with an existing algorithmic frameaith superfast@(nlog? n))
complexity. The second uses a basic trigonometric martipul#o express the sinc inter-

polation matrix involved in digital resampling as a gened Cauchy matrix. A novel

Xiv



superfast algorithm is then presented for calculating Seugoinverse of the resampling
matrix using an SSD.

Multi-level results: The second portion of the thesis presents a series of resultaulti-
level Toeplitz structure, divided into three parts. Thetfjart describes an extension of
scalar algorithms for Toeplitz systems to specializedsda®f multi-level Toeplitz matri-
ces by exploiting algebraic properties. Using these ptasrexisting superfast Toeplitz
inversion algorithms are adapted for this class of matritege second part gives a theoret-
ical contribution, providing a class of SSDs for the twodEVoeplitz inverse that exploits
a single level of Toeplitz structure. These developmentl/unseries of scattered de-
compositions of the two-level Toeplitz inverse and giveghsinto the inverse structure of
generic two-level Toeplitz matrices. Finally, the thirdtda a collection of properties of the
multi-level Toeplitz inverse and a discussion of théidulties that arise in extending scalar
results to generic two-level matrices. Included in thist pae discussions on multi-level
displacement, potential SSDs of multi-level matrices, tradsformations of multi-level

Toeplitz matrices into related multi-level structurednf.

XV



CHAPTER I: INTRODUCTION AND FUNDAMENTALS

1.1 Introduction

The field of signal processing is at the junction of enginegrimathematics, and computer
science. Within signal-processing applications, a vaoétomplicated and nuanced prob-
lems are expressed as linear systems to which the algorthmsmerical linear algebra
can be applied. Since the systems of these problems uswatlyspond to some physi-
cal quantities, it is often the case that their matrices &kl structured. One pervasive
example is the Toeplitz structure that arises in temporaliyspatially-invariant systems.

There is a rich set of algorithms that have been developedlte Joeplitz and other
structured systems economically. While some of these ittgs have seen great popular-
ity, their use is limited to one-dimensional problems. Intrdimensional problems, struc-
ture appears in multiple ways or in multiple “levels” of thgsgeem matrix, yielding what
are known as multi-level structured systems. With some giaes, multi-level structured
matrices lack many of the algebraic properties that areogbeul to yield dficient scalar al-
gorithms. This problem is especially pronounced for Tdeliructure, where it has proven
difficult to adapt existing superfast scalar algorithms for iHeltel Toeplitz systems.

This research presents several asymptoticdtigient methods for structured systems.
These algorithms are all connected to Toeplitz structurgoime way; most are designed
for Toeplitz and multi-level Toeplitz matrices, but eve theneralized Cauchy pseudoin-
version of Section 3.2 features Toeplitz structure promiiye To explain and derive these
algorithms, however, it is first necessary to define sevesititoncepts and explore known

results and techniques of structured linear algebra.

1.2 Structured linear algebra

By the early 1900s, the standard tools of linear algebra -s&an eliminationl.DU fac-

torization, etc. — were well-known methods of solving linear systems. Thégerdhms



are designed for arbitrary matrices, and a considerableiatwd efort has gone into their
study and implementation. However, these tools are irdeatiy broad in scope, and make
minimal assumptions about the nature of the systems theg.sol

This characteristic can be viewed as a deficiency for stradtgsystems, as structure
tends to dramatically reduce the number of free parametdisinlg a matrix. The primary
tenet of structured linear algebra, which seems a naturatlgsion to draw, is that the
computational fort expended to solve a linear system should primarily benatfan of
the number ofree parameters in the systerather than the actual size of the system. More
simply put, given an easily identifiable structure that @eithe number of parameters
defining a matrix, it is a reasonable assumption that thevaldlexist a way to exploit that

structure to reduce the asymptotic cost of solving a lingaiesn.
1.2.1 Types of structure

This research is concerned with a few specific types of stradtmatrices. The foremost
focus is Toeplitz structure, which is abundant in signakpssing applications. Of partic-
ular interest is multi-level Toeplitz structure, whichsas in multi-dimensional problems.
Closely related to Toeplitz structure (and also common &ofigid) is circulant structure,

which has close ties to the Fourier transform. Cauchy stracaélso appears in one of
the most basic signal processing problems — non-uniforiemmesng — and is of interest
as well. Finally, Vandermonde structure is native to polyin interpolation problems

and similarly shares deep connections with the Fouriestoam. The remainder of this

subsection provides a brief introduction to each type aifcstire.
1.2.1.1 Toeplitz matrices

Temporally- or spatially-invariant linear systems arerelsterized by Toeplitz structure,
and the matrices representing these systems have conetfiitient values along each
diagonal. That is, a Toeplitz matrik € C™" has coéficientsAj = [a_;]. Since it is

entirely parametrized by its diagonal values, a generipllizesystem has onlyng+n—-1)



degrees of freedom.
1.2.1.2 Circulant matrices

Circulant matrices are the subclass of square Toeplitziceatthat have periodicity in their
codficients. Specifically, an x n circulant matrixC € C™" is a Toeplitz matrixC = [c;_;]
suchthat_y = ¢, fork=1,...,n-1, and is therefore parametrized by onlgodticients.
Circulant matrices are particularly appealing, as theydiagonalized by the Fourier
matrix F, = %e‘ﬂ’”‘"/”. More specifically, if the first column of a circulant matiixis
c =Ce, then
C = FMdiag( viFc)F. (1)

From this decomposition, it is evident that circulant nes can be applied with a few
Fast Fourier Transforms (FFTs) and diagonal matrix muégp({DMMs) inO(nlogn) op-
erations.

The notion of circulant structure can be generalized to kagsooff -circulant matrices.

Definition 1.1 (f-circulant matrix) A matrix Ae C™"is f-circulant if there are cogcients

g; € C such that

a fa,, - fa
a A ... fa

A= ’l. (2)
[8n-1 Gn2 - Qo |

If |f| = 1, anf-circulant matrix can be diagonalized with Fourier-likeeogtors as is shown

in Section 4.1.1.
1.2.1.3 Cauchy, generalized Cauchy, and Loewner matrices

Cauchy matrices form a structured class whose elementgfined by (n+ n) parameters.



Definition 1.2 (Cauchy matrix) For c € C™* and de C™* such that ¢+ d; for all i, j, the

matrix C e C™" with
1
C — dj

G = (3)

is a Cauchy matrix parametrized by the nodes c and d.
The entries of the vectorsandd are referred to as treeenominator nodes and completely
specify the matrix. Much like Toeplitz matrices, Cauchy ritats have a telescoping struc-

ture; any submatrix of a Cauchy matrix is also Cauchy. A Wwaelbwn example of Cauchy

matrices is the Hilbert matrix, whose dfeients have denominators
Ci—dj:i+j—1.

By the nature of their cdicients, Cauchy matrices can be highly sensitive to numlerica

T T
errors. Consider the case where [1,01 201] andd = [1 2] . The Cauchy matrix

o |10 —%5
1% 100

101

has singular values; = 100015 ando, = 99.995, for a condition humber of.Q02.
However, if the entryc, is set toc; = 0.9999 (a change of only 1%), the condition number
rises to 100. For this reason, algorithms for Cauchy matrace often heavily stabilized.

The structure of Cauchy matrices allows them to be appligclently. One option is to
use polynomial interpretations of Cauchy matrix multigtion [83], but this can be highly
numerically unstable depending on the denominator nodiéstnatively, a Cauchy matrix
can beapproximatelyapplied inO(N), whereN = m + n, with the Fast Multipole Method
(FMM) [50].2

Cauchy structure can be generalized to a broader class oifcesathat incorporate

numerator factors, as well.

The O(N) complexity assumes a fixed precision; in reality, the etieattime scaling iSO(N log(1/€)),
wheree controls the precision.



Definition 1.3 (Generalized Cauchy matrixJor c € C™! and de C™* such that ¢ # d;
for all i, j, and for Ze C™ and Y € C™ with rows Z and j respectively, the matrix

B € C™" with entries
.

Bij = (4)

C — dj
is ageneralized Cauchy matrixparametrized by the denominator nodeard d and the

generator matrices Z and Y.

Defining the Cauchy matri; ; = (¢ — d;)™*, the generalized Cauchy mathas an SSD

B= Zr: diag(z) - C - diag(Y), (5)
k=1

whereZ, = Zg. andYy = Yg are the columns o andY. Given this decomposition, the
cost of applying a generalized Cauchy matri¥)(sN) when the FMM is employed [83].

A subclass of generalized Cauchy matrices is the set of Leematrices.

Definition 1.4 (Loewner matrix) For a,c € C™! and hd € C™! such that ¢+ d; for all

i, j, the matrix Be C™" with entries

Bij = . (6)

is aLoewner matrix parametrized by denominator nodes ¢ and d and nummeratdes a

and b.

Loewner matrices are generalized Cauchy matrices for whjick [aa _1] and yjT =
[1 bj]- These matrices are closely connected with interpolatimblpms for rational

functions (.e., “rational interpolation”).
1.2.1.4 Vandermonde matrices

Vandermonde matrices correspond to polynomial evalustiand are parametrized by a

set ofm “evaluation nodes” and the number of columns,



Definition 1.5 (Vandermonde matrix)For z e C™, the matrix

1 21 - 4—1
V= Lz Zg_l.
»1 A 22]—17

is aVandermonde matrix.

Definition 1.5 is not universally agreed upon; dependinghanapplication, either the ma-
trix V or its transpos® T may be referred to as “Vandermonde.”

When the evaluation nodes are the roots of unity €92/™M V is a Fourier matrix and
can be applied i@(nlogn) operations with the FFT. Whem = n as well, the matrix/
may also be inverted i@(nlogn) with the FFT. When the nodes are more genératan
be applied to a vector i€(n) logn operations, wher€(n) = O(nlognloglogn), with the

fan-iryfan-out method [83].
1.2.2 Structure in signal processing

Some of the most basic signal-processing operations anteptsare closely connected
with structured systems. The following sections contaie@esentative — but highly in-

complete — set of examples.
1.2.2.1 Convolution

Linear convolution is natively tied to Toeplitz matriceagathe convolution of two vectors
can always be written as a linear system involving a Toepia#rix. If h andx are two 1-D
signals, their linear convolution is written gs= h® x. If the lengths oh andx aremand

n, respectively, thew is of lengthp = m+ n— 1, and it can be written as the left-hand side

of a linear systeny = T x, whereT is ap x n Toeplitz matrix with entrie§; ; = hi_j,1.2

2ltis assumed that, = 0 fork ¢ [0, m— 1].



The problem of deconvolving two signals is equivalent torsg a Toeplitz system.
Any lengthh subvectowys of y can be expressed gs= TsX, whereT is the corresponding
square submatrix of. Assumingh to be known and s to be nonsingular, the signalcan
be recovered from the measurement subvegtas T lys = X*.

In the case of higher-dimensional signals, the previoudaggions have straight-
forward generalizations. For 2-D signals, letand x be images ang = h ® x their
2-D linear convolution. Denoting the column-vectorizedage x as X = vec(x), then
y = vec(y) = Tx, whereT is a matrix with a Toeplitz arrangement of Toeplitz blodks.
The entries of each block are given By )« = hi_j+1x-¢+1. This type of matrix is referred
to as awo-level Toeplitz matrix.

Supposingx to bem x n, anm x n submatrixys of the left-hand sidg can be written
(in vectorized form) agys = vec(ys) = TsX, whereTs is anmnx mn submatrix ofT.
More specifically,Ts has ann x n Toeplitz arrangement of blocks, each of which is an
m x m Toeplitz matrix, and is therefore a two-level Toeplitz npatif h is known andT
is nonsingular, the vectorized inpxtriay be recovered fromys by computingx'= T 1ys.
Further generalizations to higher dimensions are immediat

In addition to linear convolution, circular convolutiorsalinvolves structured matrix
operations. A circulant matrix-vector product producesrésult of a circulant convolution.

That is, giverh, x € C", the circular convolutioly = h&, x is the product
y = F'diag( vnFh) Fx = F"diag( viFx) Fh.

If a circulant matrix is nonsingular, its inverse is easiymputed from its factorization;

givenC = FHdiag( \/ﬁFC) F, thenC™! = FHdiag( \/ﬁFc)_1 F.
1.2.2.2 Autocorrelation and cross-correlation of randoraqesses

The cross-correlation of two discrete signals is given leysihm

roln] = > X[ly[m+ n].
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Assumingx andy are both finite in time, this amounts to the linear system

»rxy[l - n]i »x[n -1] 0 e 0
ryl2 — N xn-2] xn-1] --- 0 . :
yl0]
. — || vl
ryl0] |=1 XO] xX[1] -+ x[n-1] _ )
roll] 0 X0 - Xn-2||
yin—1]]
reln-1]| | O 0 -+ X0] |

wherex andy are both assumed to be of lengtor simplicity. It is obvious from the
expression above that the cross correlation between twoedéssignals can be written as
a Toeplitz matrix multiplication (and hence also as a coutioh).

Similarly, the autocorrelation of a digital sequenda] is the cross-correlation,,[n].
From the previous expression, the cross-correlation isvan éunction, and,,[-k] =
r«[Kl. The autocorrelation matrii ; = ry,[i — j] of a wide-sense stationary process

then a square, symmetric Toeplitz matrix.
1.2.2.3 Applications

While convolution and cross correlation refer to commonrbpgms in signal processing,
there are many morgpecificapplications where Toeplitz matrices are encounteredgeils w
Examples include integral equations withfdrence kernels [47], functional approxima-
tion [16], interpolation [92], time-series regression [[28nd scattering theory [17]. Of

course, these examples are but a small subset of the problenhgch structure arises.

1.3 A short history of Toeplitz algorithms

Since Toeplitz matrices appear often in practical problamd their structure is readily
visible, they have served as an obvious candidate for thelolgment of éicient algo-

rithms. In 1947, Norman Levinson was the first to developOgr?) recursive inversion



algorithm for Toeplitz matrices [70]. This algorithm exjitxl the telescoping structure of
the principal leading submatrices of Toeplitz matricesya as their symmetry properties.
Over the next two decades, Levinson’s work was re-derivedmproved by Durbin [28],
Trench [102], Zohar [116], and others. Each of these worksatpd in a unique context,
but used the same fundamental idea.

In the late 1960s, Bareiss developed a recursive inverdgoritam more closely re-
sembling the methods of classical linear algebra by usireplliz structure to accelerate
the row reduction in.DU factorization and Gaussian elimination [7]. He used infation
from the upper- and lower-triangular row-reduced formsrtodthe total cost of Gaussian
elimination for Toeplitz systems @(n?) calculations. Since Bareiss’s algorithiffieztively
performsLDU factorization, which progressively reduces the systerh 8ithur comple-
ments, it is referred to as@chur recursion® While the Schur recursion requires twice as
much storage as the Levinson recursion, it involves no ipneduct calculations and can
be considerably faster when implemented in parallel achitres.

The Levinson and Schur recursions were important develaaad remain gticient
for moderately sized problems. However, the advent of Goatel Tukey’sO(nlogn) FFT
in 1965 caused a radical change in the landscape of sciettifigputing [25]. The FFT
allowed convolution and polynomial multiplications to balaulated significantly faster
than prior techniques had allowed. As a result, the direatifcalculations of circular
and linear convolutions in signal processing were replaaéid FFT-based operations. In
structured linear algebra, the FFT allowed Toeplitz andutamt matrix-vector products to
be computed i@(nlogn) time.

The rising prominence of the FFT led to a renewed interedterSchur and Levinson
recursions, resulting in the first set of “superfast” Togpdolvers. These algorithms drew

heavily from the FFT; not only did they employ it to accelerdhe calculations of the

3While not originally known, it was shown that this generatheique had deep connections to Issai
Schur’s prominent work on complex function theory, heneeahsociation with Schur’s name [94].



recursions, but they also mimicked its divide-and-concamproach. Regardless of the
specifics, recursion remained the unifying theme for eatchese algorithms.

The first superfast Toeplitz solver was presented in 1980 byf 7], and was cen-
tered on the displacement-rank approach introduced indidfl]later formalized in [63].
Morf’s algorithm used the properties of the displacemenicstire of Toeplitz matrices
along with a blockwise matrix-inversion formula to deriveigide-and-conquer variation
of the Schur recursion. In the same year, Bitmead and Andetseeloped a nearly iden-
tical procedure [15]. These two algorithms were the firstdioi@e a complexity less than
O(n?), but sutered from large overhead cost and ultimately proved imjmald95].

Several years later, a second generation of accelerategdsi@ts emerged that es-
chewed displacement for polynomial methods, beginning WMusicus in 1984 [80] and
followed by a variety of similar algorithms [3, 4, 27]. By jgiag the recursions into a poly-
nomial context, these algorithms used the FFT to accelg@aiigmnomial multiplications
and again took a divide-and-conquer approach to the irmersCompared to the earlier
displacement-based algorithms, these approaches hadexidy smaller overhead costs,
but were prone to numerical instability. Modern versionshe#fse accelerated recursions
improve the stability at the cost of a slightly higher conqiieof O(nlog® n) [99].

The accelerated recursions improved the asymptotic coditylef the fast algorithms,
but failed to gain mass appeal. A new idea for superfast Tzejplersion algorithms
surfaced several years later that involved a fundamerdétigrent approach. The objective
of this new method was to find the parameters defining the Gyndgrstructure of the
Toeplitz inverse.

The Toeplitz inverse had been studied well before the axatele recursions were in-
troduced; its closed-form expression was known even paddurbin’s work [97, 115].
However, this description of the Toeplitz inverse did nopegr computationally useful
until the derivation of the Gohberg-Semencul formulas i72$48]. These formulas de-

compose the Toeplitz inverse as a sum of products of trianJuleplitz matrices, meaning
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it could applied at the cost of a few Toeplitz matrix-vectoogucts (using the FFT). De-
compositions like the Gohberg-Semencul formulas, (1), éB)dthat express a matrix as a
sum of products of structured matrices are referred to agcstred-sum decompositions”
(SSDs), and are a recurring theme in structured linear edgeb

For the Gohberg-Semencul formulas to be useful, however timust exist anfecient
way to determine their parameters, known as eithercdreonical fundamental system
(CFS) or theinverse generatorsof the matrix. The first step toward a superfast algorithm
to determine the inverse generators was to place them inotfitext of polynomials [56].
This point of view later allowed Van Barel to express the gatwes as solutions to a
specialized type of problem known gngential interpolation [110]. Using the proper
theoretical framework [108] and employing the FFT for paymal multiplications and
evaluations, Van Barel gave a stabilized divide-and-cenglgorithm to produce the in-
verse generators of a Toeplitz matrix. When paired with tbalserg-Semencul formulas,
this result provides a@(nlog? n) Toeplitz inversion algorithm. Compared to alternatives,
the tangential-interpolation algorithm is more intrigaieth in terms of theory and imple-
mentation. However, for very large matrices, it can prowdaemely dicient inversion
relative to alternatives.

Finally, more recent Toeplitz inversion algorithms makeibtker use of Toeplitz struc-
ture, employing ficient transformations to replace Toeplitz system of eguatiwith
Loewner or generalized Cauchy forms. The transformed systeve a highly compress-
ible structure that allows them to be solve@i@ently and stably with hierarchical tech-
niques. With the transformed system solved, the originaitem to the Toeplitz system is
found by inverting the transforms.

Two prominent examples of this approach exist. The firstettgyed by Martinsson
and Rokhlin [73], transforms the Toeplitz matrix with thé2~ourier transform. Thef®
diagonal blocks of the transformed matrix have low rank, @prty shown in Rokhlin’s

previous work on non-uniform Fourier transforms [30]. Ttask structure is used to solve
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the system in a fashion inspired by the FMM [20], yielding amerrsion complexity of
O(nlogn).

The second algorithm to take this approach transforms alitbepatrix into a Loewner
matrix using two Fourier-like operators. This transforioatwas first given by Fiedler,
who showed how Hankel matrices (which are column-reversegplitz matrices) can be
transformed into their Loewner forms [39]. The analogowsuliefor Toeplitz structure
surfaced in later works [44, 47, 52, 82].

The Loewner matrix resulting from the transform also hiisdeagonal blocks with low
rank. This property is exploited by expressing the Loewoanfin a matrix decomposition
called the “sequentially semi-separable” (SSS) represent [21]. Using this structure,
Chandrasekaran developed a compressive inversion digottitat operates i@(np?) time,
wherep is the maximum rank of any of theffediagonal blocks (and can be shown to be

small compared to) [22].

1.4 Displacement

Many modern results in structured linear algebra make usetethnique known as the
displacement-rank approach. This technique distills @ctitred matrix down to a set of
fundamental parameters that characterize it. With a cotmggresentation of a given

matrix structure, many operations can be perforntédiently.
1.4.1 Motivation and history

The earliest origins of the displacement-rank approacleapio be in the context of ra-
diative transfer problems [60], with its central ideas lagsurfacing in the least-squares
estimation of stochastic processes in terms of nonlineecd®iequations [61]. However,
in a structured linear algebra context, the displacememdwork began with the specific
intent of characterizing how “close to Toeplitz” a given mmais [63]. In this context, these
first displacement operators made use of the evident profteat Toeplitz matrices define

systems that are in some way shift invariant [40].
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However, the use and definition of displacement rapidly agpd, and the focus of
displacement operators broadened from Toeplitz matrecesuictured matrices in general.

Pan gives a more modern and encompassing definition foradispient operators [83]:

...the displacement of a matrM [is] the imageL (M) of an appropriate linear

displacement operatarapplied to the matridM and revealing its structure.

While the term “revealing its structure” is somewhat vaghe,general idea is that the dis-
placement yields some compact, meaningful descriptioh@ftatrix. More specifically,

it typically yields a low-rank structure whose total deptinon requires as many parameters
(or perhaps just a few more) than is required to parametnzenatrix.

The displacement-rank approach is useful when the low-d&skriptions lend them-
selves well to #icient algorithms. For many classes of structured matridisplacement
generates fécient multiplication and inversion algorithms in which tegucture of the
matrix is inherently exploited through the choice of diggaent operator. In designing a
displacement algorithm, then, it is of paramount imporéatacunderstand the theoretical

and numerical properties of the operator.
1.4.2 Sylvester and Stein displacement

There are two types of displacement operator used for stredimatrices.

Definition 1.6 (Sylvester displacement}or matrices Ce C™", Ae C™™ and Be C™",

the Sylvester displacemenbf C by A and B is

Vas(C) = AC-CB, 7)

The operatoV,g(:) is referred to as &ylvester displacement operator Sylvester dis-
placement is a linear operation; given two matriCesndD, it follows from Definition 1.6
thatVAB(C + D) = VA,B(C) + VA,B(D)

Fact 1.1 lists some other properties of Sylvester displacem
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Fact 1.1.For A,B,C, D, E € C™", the following are true:
1. Vaop(CD) = VAg(C)D + CVgg(D) through direct evaluation.
2. C1V,s(C)C1 = —VgA(C™Y) if C is nonsingular from Definition 1.6.
3. rank(Vag(C)) = rank(Vs A(C™1)) if C is nonsingular from the previous point.
4. if A B, and C are symmetric, théWag(C))" = —~Vga(C).
5. if A, B, and C are persymmetric, theﬁAB(C))P = —-Vga(C).

Given the displacement structure of a matrix, the secondtdiFact 1.1 shows how the
displacement structure of the inverse may be obtained. Aroigerty is crucial to several
algorithms, and is a particularly beneficial aspect of Ssteedisplacement.

A second type of displacement is Stein displacement.

Definition 1.7 (Stein displacement)For matrices Ce C™", Ae C™™, and Be C™", the

Stein displacementof C by A and B is
App(C) =C - ACB (8)

The operatoAa g(+) is referred to as th8tein displacement operator Stein displacement
is also linear, since for two matric€sandD it is evident thatAxg(C + D) = Aap(C) +
Aps(D).

The following statements are also true of Stein displacejmemd are analogous to

several points of Fact 1.1.
Fact 1.2. For A, B,C, D € C™", the following are true:

1. The relations

As(CD) = 5An,(C)(2D — Ay, (D)) + 5 (2C - Any, () Ay (D),
AAB(CD) = AAJH(C)D + ACV|H,B(D), and
Apg(CD) = CA; (D) - Va,,(C)DB,
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which are shown through direct evaluation as in [82] and [8Bbld.

2. If Cis nonsingular, then
Aga(C™') = BC'Apg(C)BT'C
if B is nonsingular and
Aga(C™') = CTA ™ AAR(C)CTIA
if Ais nonsingular (see [83]).
3. rank(Aag(C)) = rank(Ag A(C™1)) if C is nonsingular (see [63], Theorem 1).

The connection between the displacement of a matrix andiimadement of its inverse
is more complex in the case of Stein operators, as it religh®@monsingularity of one of
the matricesA andB. However, there is appeal in the ease with which one can staant
a matrix from its Stein displacement.

The objective with displacement is to compress the infoionathat parametrizes a
matrix into a low-rank representation. For a mattixc C™", if the displacement of the
matrix can be written a8, g(C) = GH' (or Aas(C) = GHT) with G € C™" andH € C™,
the matricess andH are referred to as thgenerator matricesof C. The columns ofc

andH are referred to as thgeneratorsof C.
1.4.3 Singularity and recoverability

A displacement operator is said to be nonsingular wiigg(C) = 0 impliesC = 0 (and
similarly for Aag(C)). One condition for the nonsingularity of displacemengi@tors is as

follows.

Proposition 1.1. The operatorVg(-) is nonsingular if and only if2;(A) # A;(B) for
all pairs of eigenvaluega;(A), 1;(B)); the operatorAag(-) is nonsingular if and only if

Ai(A)1;(B) # 1for all pairs (1;(A), 1;(B)).
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Proof. See [85], Theorem 3.3. O
A corollary provides a slightly simpler result for Sylvesstisplacement.

Corollary 1.1. If the operatorVa g(-) is nonsingular, then at least one of the matrices A or

B is nonsingular.
Proof. See [85], Corollary 3.4. O

The converse of Corollary 1.1 does not hold, however. As atyaxample, iA = B = |,
the displacement of any matrix would Beand therefore the operat®p g(-) is singular.
A nonsingular Sylvester displacement can be expressedrirstef a Stein displace-

ment.

Proposition 1.2. Let an operatoiV g(-) be nonsingular; then AVg() = Ap1() if Alis

nonsingular angr Vag(-) = —Aap-1(-)B if B is nonsingular.

Proof. If Vag(:) is nonsingular, by Corollary 1.1 at least onefodndB is nonsingular. If

Ais nonsingular, for any properly-sized mat€x
AV,5(C) = AH(AC-CB)=C - A'CB= Ap15(C).
If B is nonsingular,
Vag(C)B™ = (AC-CB)B™* = ACB! - C = -App1(C).
0]

Since a matrix can be fully recovered from a nonsingularldsgment, the represen-
tation of the matrix under the displacement operator castail of the information that
parametrizes the matrix. In other words, the generatorsnodiix with respect to a non-
singular displacement completely characterize the mafrhis concept is at the heart of
the displacement-rank approach, which seeks to reduceutmder of calculations nec-
essary to perform operations with or on structured matigesiorking with a compact

representation of them.
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1.4.4 Recovery formulas

If a displacement operator is nonsingular, a matrix can bevered from its displacement.
Proposition 1.2 allows all reconstruction results to becgthin terms of Stein operators
(which are easier to manipulate for this purpose). Recof@mulas for certain types of

displacement matrice& andB can be derived once a recursion from [83] is established.

Lemma 1.1. For a matrix Ce C™" and matrices A C™™ Be C™" forallk > 1

k-1
C=ACB + ) AAg(C)B. (9)

i=0

Proof. By definition,C = Axg(C) + ACB iterating this identity yields

C = A/_\B(C) + ACB= A/_\B(C) + A(A/_\B(C) + AC B) B
k-1
= A2CB’+ (Aap(C) + AApg(C)B) = --- = AXCB  + Z A Aps(C)B..
i—0
0]
Lemma 1.1 leads to the following reconstruction theorem.
Theorem 1.1. For a matrix Ce C™" and matrices A C™™ B e C™",
1. if A% = bl (i.e, if Ais b-potent of order q), then
C= (Z AAng(C) B'] (In—bBY™; (10)
i—0
2. if B =cl, (i.e, if B is c-potent of order q), then
C=(ln—cAN? Z A'AA,B(C)B'] ; (11)
i=0
3. and if A or B is nilpotent of order g, then
C= ) AAxp(C)B (12)

I
o
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Proof. From Lemma 1.1,

g-1
C- A'CB = )" AAxg(C)B'.
i=0

The three points correspond to:

q-1

1. C(lp - bBY) = >  AAxg(C)B'.
i=0
g-1

2. (Im = CANC = Z A Aps(C)B..

i=0

g-1

3.C= Z AAps(C)B'.
i=0

1.4.5 Displacement operator matrices

Since displacement is framed in terms of linear operators,instructive to consider the
operator matrices that correspond to Stein and Sylvestptatiements. For a matri €
c™n letvec(A) e C™™! be a “vectorized” version of the matrix that is constructgcdp-
pending the columns of the matrix one after another; in otfeds, Vec(A)];,j-1ym = Aij-
Using this notation, the following proposition describlks bperator matrices of displace-

ment operators.

Proposition 1.3. For matrices Ce C™", Ae C™™ and Be C™",
vec(Vas(C)) = lag(vec(C)) and vec(Aas(C)) = Oap(vec(C)),

with 1o g and®a g the mnx mn matrices

NS l,®A-B'®l, and (13)

Ons lmn— BT ® A, (14)

where® denotes the Kronecker product.
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Proof. See Appendix A. O

Since the operator matrix characterizes the actions of pleeador, a displacement op-
erator is nonsingular if and only if its operator matrix iswsmgular. Given a nonsingular
displacement operator, a matrix can be recovered from sislattement by applying the
inverse operator matrix to the vectorized displacemerd {aan “matricizing” the result).

The Sylvester displacement of a matrix inverse may be oédiiihrough the displace-

ment of the original matrix:
~Vsa(C™) =C'Vag(C)C

In addition, from the proof of Proposition 1.3, the followirdentity holds:
vec(ACB) = (B" ® A)vec(C).

Combining these two results, the following two identities avident:

(CT @ C HIlagvec(C) and

—HB,Avec(C‘l)

—ITagvec(C) (CT ® O)lgavec(C™).

1.5 Multi-level linear algebra

As computational power and sensing sophistication havedugal, the scope of signal-
processing problems facing engineers has broadened eoaisigg Many new problems
that are under consideration involve multi-dimensionghais. When multi-dimensional
problems are structured, the system matrices that dedtrdirelinear-algebraic formula-
tions exhibit structure in multiple ways, and are termewdti-level structured matrice3o

elegantly present mathematical results for these problgnssuseful to define notions of

multi-level linear algebra.
1.5.1 Basic definitions

To generate readable expressions for multi-level matrmes must first define notions of

multi-level structure and the operations that manipulaté imatrix A € R™™ ™" is written
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as an [, n) two-level matrix when it is expressed as arx n block matrixA = [A; ;] with
each blockA j anmx mmatrix. If the matrixA is written in full asA = [a, ] for 1 <r,s <
mn, then for 1< i, ] < nthe blocksA ; have coéficients A jlks = ai-1ymsk(j-1m+e fOr
1<k ¢<m

In this notation, a multi-level structure has only been dafirior square two-level
matrices, but it is also useful to define “block rows” and ‘t#ocolumns.” A matrix
X € R™™" can be written as am, n) block row vectorX = [xl xn] with com-
ponentsX; € R™™. Similarly, a matrixX € R™™ can be expressed as an, (1) block
column vectoiX = [XI xg]T.

One can immediately notice from the latter definition thation can become cumber-
some. By transposing a block column vec¥grone obtains a block row vector. However,
the blocks of this block row vector are ti@nsposesf the blocks ofX, which may not be
what is desired. To avoid confusion and complex notatioveisg matrix operations may
be defined for multi-level matrices. The most obvious anaightforward are adaptions of

transposition that operate on only a single structurallleve

Definition 1.8 (Block-level transpose)For A € R™MMX™"2 written as an p x n, block
matrix A = [A; ;] with blocks A; € R™*™, theblock-level transpose denoted A, is the

matrix
Al,l Anl,l

A’T € RMn2xmen

Al,n2 e Aﬂl,nz
Definition 1.9 (Blockwise transposefor A € R™™xM2 ‘written as an pxn, block matrix

A = [A;j] with blocks A; € R™*™, theblockwise transposedenoted &, is the matrix

AI,l ... AT

1,no

Aﬂ — : .. : c Rmznlxman.

A-I'll—l,l U A-fll—l,nz

Using Definitions 1.8 and 1.9, the following fact is true.
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Fact 1.3. Given a matrix A with a defined two-level structuré, A(A”)” = (A7) .

It must be noted at this point that there is no reason why tleficents ofA must be
real; similar terminology for conjugate transposes may &kndd for complex matrices.
However, this is a needless complication for the sake of ldpugy theory, and the the-
oretical results that use these conventions hold for coxnplatrices if the transposition
operations are replaced with conjugate transpositionatioes. In short, the extension of
these concepts to complex matrices is both immediate andudv

Unlike the standard transpose, both the block-level andkwse transposes must be
explicitly defined relative to the multi-level structure thfe matrix. To emphasize this
point, the block-level and blockwise transpose for a3j2two-level matrix are not the
same operations as for a @ two-level matrix. To keep things simple in terms of naiati
these distinctions are omitted when describing the opmratiand the definition of the
multi-level matrix structure for any given result is assuhte be known and contextually
established.

It is possible to permuteng, n) two-level matrices to becomae,(mn) two-level matrices

with the use of the level-swapping matrix.

Definition 1.10 (level-swapping matrix) The (m, n) level-swapping matrix is the matrix

P € R™™M" defined by

m

n
P= Z Z &i-1mek * e-(rk—l)n+i' (15)

i=1 k=1
From its definition, the matri" is the f, m) level-swapping matrix.

The following proposition shows how the level-swapping mxais used to exchange

the two-level structure.

Proposition 1.4. Let A be an(m, n) two-level matrix with blocks ;A having cogficients
[Ajlke = &i-pmek(j—ymee TOr 1 < i, j < nandl < k, £ < m, and let P be thém, n) level-
swapping matrix. Then’A= PTAP is an(n, m) two-level matrix with blocks # having

cogficients[ Al /i.j = &-1ymek (j-Dmec-
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Proof. The (, j) codficient of the k, £)" block of A is

[Al;,f]iaj = AEk—l)n+i,(£—1)n+ i~ e(Tk—l)n+iA'e(f—l)n+J'-

From the definition oP, it follows that
n m
T
P&e-1n+j = Z Z &ir-nmee  C_pyns j Ee-Dn+j = Ej-meee-
’=1¢=1

Similarly, € _;),;P" = &_; .o and therefore

’ T
[Accdii = € nymukAGG-1mee = Ai-tymek (j-1mc-

1.5.2 Symmetry and persymmetry

A square matriA is symmetric if its co#ficients are reflected about its main diagonal; that
is, if AT = A. Similar notions of symmetry may be established among thews levels of
a multi-level matrix. An (n, n) two-level matrixA is block-level symmetricif A” = A and
blockwise symmetricif A7 = A.

The relations between symmetries in various levels of aimate nuanced. If a ma-
trix is both block-level symmetric and blockwise symmetitds necessarily symmetric.

However, the converse does not hold; for example, whileri&) two-level matrix

Al A A
A= A; Ay As
Ay A As
is symmetric wherm;, A4, and Ag are symmetric, it is only blockwise and block-level
symmetric ifA,, Az, andAs are all symmetric. The one-way nature of the relationship of

symmetries is summarized with the following fact.

Fact 1.4. Let St, S+, and S5 be the sets of all symmetric, block-level symmetric, and

blockwise symmetrign, n) two-level matrices, respectively. Then:
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1. S5 ¢ St; for example, A= 1, ® B, where® denotes the Kronecker product and B is

non-symmetric, satisfies@&S; and A¢ St.

2. S7 ¢ St; the similar example A= B® |, with B non-symmetric demonstrates this

point.
3. (84 N S7) c St, which follows directly from Fact 1.3.

Other types of symmetries than reflection about the diagalsal exist. For example,

the following is a symmetry of particular interest for Toéphmatrices.

Definition 1.11 (Persymmetry) Define the x n exchange matrixJ, = Y eel , ., with g

the " canonical vector oR". An nx n matrix A ispersymmetric if J,ATJ, = A.

Much as symmetry is mathematically defined relative to tardpose operation, persym-

metry can be defined relative to the persymmetric transpose.

Definition 1.12 (Persymmetric transpose)hepersymmetric transposeof a matrix Ae

R™" js the nx m matrix A = J,AT Jp,.

Using the persymmetric transpose, an equivalent definitigrersymmetry for a matrix
Ais thatAP = A. As is the case for symmetry, a matrix can only exhibit pensatry if
it is square. Several other properties of persymmetry a@ ahalogs of the properties of

symmetry.

Proposition 1.5. For A € R™" and Be R™P, the following hold:
1. Letm=n; A° = Aifand only if JA = ATJ, and AJ, = J,AT.
2. (AT)P = (AP)T.
3. If m=nand A is nonsingulatA)" = (A")~1 = AP,

4. (AB)P = BPAP.
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Proof. See Appendix A. O
In addition to these properties, there are the followingdan persymmetry.
Fact 1.5. The following statements on persymmetry hold:

1. The sum of two persymmetric matrices is persymmetrighafbilows from the lin-

earity of transposition (and therefore of persymmetricisposition).

2. Powers of persymmetric matrices are also persymmetimigchwfollows from the

fourth point of Proposition 1.5.

3. Square Toeplitz matrices are persymmetric since theg bamstant diagonals (and

therefore must be symmetric about their antidiagonals).

4. Theinverse of a nonsingular persymmetric matrix is algymmetric from the third

point of Proposition 1.5.

5. The inverse of a nonsingular Toeplitz matrix is necesgg@ersymmetric from the

previous two points.

The first statement of Fact 1.5 implies that the set of allyareetric matrices is closed

under addition. It is not, however, closed under multipima.

Proposition 1.6. Let A B € R™" with A° = A and B’ = B. Then AB= (AB)" if and only
if AB = BA.

Proof. The persymmetric transpose &) is given by AB)P = BPAP = BA. Therefore,
AB = (AB)P if and only if AB = BA O

The next proposition further explores the connection betwgersymmetry and matrix

products.

Proposition 1.7. Let A B € R™", with A nonsingular. Then the following statements hold:
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1. AB’ = BA” ifand only if B= AC for Ce R™"and C" = C.
2. AB=BPAifandonly if B= CAfor Ce R™"and C" = C.
Proof. See Appendix A. O

The definitions of block-level and blockwise transposesifi®ection 1.5 may be gen-
eralized for the persymmetric transpose as well, alloworgniotions of block-level and

blockwise persymmetry.

Definition 1.13 (Block-level persymmetric transposd)efine the(m, n) block-exchange
matrix Jmn = Jn ® Im. Given a matrix Ac R™M"*™% written as an p x n, block matrix

A = [A ;] with blocks A; € R™*™ theblock-level persymmetric transposeof A is given

by
Anl,nz cen Al,n2
A = oA Trpy =
Anl,l e Al,l
Definition 1.14 (Blockwise persymmetric transposé)et the(m, n) blockwise exchange
matrix be denoted byZy,, = I, ® Jn. Given a matrix Ac R™™*™"% written as an A x n,
block matrix A= [A; ;] with blocks A; € R™*™, theblockwise persymmetric transpose
of A is given by
AL o Al
A7 = /mz,nlAf]/ml,nz =
ArF:l,l .. ArF:l,nz
The following fact relates the various persymmetric trarssjpons to one another, and

is an analog of Fact 1.3.

Fact 1.6. For an (m, n) two-level matrix A, R = (A”)” = (A”)”, which follows from
Fact 1.3 and the commutativity of the matriqgs® Q) and (R® I,) for any Q € R™™,
Re R™",
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An (m, n) two-level matrixA is block-level persymmetricif A” = A andblockwise

persymmetric if A” = A. A persymmetric analog of Fact 1.4 is given as follows.

Fact 1.7. Let Sp, Sp, andS» be the sets of all persymmetric, block-level persymmetric,

and blockwise persymmetrim, n) two-level matrices, respectively. Then:
1. Sp ¢ Sp.
2. 85 ¢ Sp.
3. (SpNS») C Sp.

The persymmetric transpose of a block column vector can bevagntly expressed
with the following proposition, which proves useful whercdeposing the displacement

expressions of Section 1.4 for two-level Toeplitz matrices

Proposition 1.8. Let Q € R™™ pe written as the block column vectorQ[Q;]. Denote

by Q the block reversal; that iQ = Jm.Q. Then

Q" =(Q”). (16)
Proof. The term to be block-level transposed is given by
Qf
Q7 =
Q7
This expression implies
Q7)Y = [ P QE] = Jm[Q:]— QI] Hmn
Jm [QI R QI] /m,njm,n = JmQTJmn = QP-
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CHAPTER II: CHARACTERIZATION OF STRUCTURED
SYSTEMS

2.1 Displacement and generators of structured matrices

Using the properties of displacement established in Sedtid, it is possible to derive
inverse characterizations for structured matrices. Foivengmatrix structure, it is first
necessary to identify which matrices yield compact disgiaent representations. Once
the properties of the displacement operator are knowitient algorithms may then be

developed to exploit the given matrix structure.
2.1.1 Scalar Toeplitz matrices and inverses

To use displacement to compactly describe a matrix, it iessary to know what type of
matricesA and B in (7) and (8) capture the salient features of the matrixcétme. For
Toeplitz matrices, displacement yields low-rank représtgons whenA andB are f-shift

matrices.

Definition 2.1 (f-shift matrix) The nx n f-shift matrix Z is defined as

1---00 0" 0

N
I

lh-a O

The f-shift matrix can be used to define the clasg$ afirculant matrices, as arfycirculant

matrix A can be written as

7
IR

T
o

for someg, € C.
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2.1.1.1 Generators for Toeplitz matrices and inverses

The displacementSz, 7, () and Vzr o () of a Toeplitz matrix produce closed-form ex-
1 2
pressions with rank no larger than two. A convenient choiceSkylvester displacement is

f, = 0, but similar results are simple to show for arbitrary valas well.

Proposition 2.1. For a nonsingular nx n Toeplitz matrix T= [a,_;] and every fa € C,

V25,2(T) (hep - fTe)e] — esh! = (W, - fTe)el —ehy; and (17)

Vaz(T) = (g - fTe)8, - ed, = (G — fTe)el — gy, (18)
where R,; and g,; are the vectors

]
hg = |o au, - ay| and (19)

T
Oie] [a]_ c++ Apo1 a] > (20)
andX = J,x denotes the reversal of the vector x.

Proof. The first displacement is shown by:

Vzo,zf(T) = ZoT - TZ
0 0 0 ai -+ An fao
@ @ @ @ o @ fa
@2 -+ @ aa| |a2 - & fan]
= (h - fTe)d] - eh] = (hy — FTe)(e] Jn) — en(h,;Jn)
= (hy - fTe)el — el
The second is shown in similar fashion. O

As was shown in Fact 1.1, a particularly appealing aspecyveSter displacement is
that the displacement of the inverse of a matrix may be obthirom the displacement of

the matrix itself.
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Proposition 2.2. For a nonsingular nx n Toeplitz matrix T= [a_j], let B= T~. For any
scalara € C, define vectors & Bey, Vi, = Bhyyy, W= Be,, and %, = Bg,;, With h,; and

O] s given in(19) and (20), respectively. Then

V2,2.(B udl - — Vi 0T = UV, — vi;u”  and (21)
Z0.20 [a] [2] [2] o]

Vaz(B) = WXy — X W' = Wi, — XW' . (22)
Proof. From Fact 1.1V, z,(B) = —BVz,2,(T)B. Therefore, from (17) it follows that
V2,2:(B) = (Ber)(hi;; B) — (Bhy)) (€7 B).

By Fact 1.5]T is persymmetric (and therefoBeis as well). Thus for any vectaysuch that

r = Bq, it is also true that"B = rP, and therefore
Vz2(B) = UV — VigU© = Ul — vy 0"

Similarly, Vzg,zg(B) = -BVzr 1 (T)B, and from (18) it is clear that

Vz,2(B) = (B&)(gB) — (Bga)(e,B)
= WXy — XgW = WS — X W'
0]
It is also instructive to consider the Stein displacemenfa&plitz matrices.
Proposition 2.3. For an nx n Toeplitz matrix T= [a,_;] and every fe C,
Az zr(T) = elhE)]Zg +(Te - fhg)e] and (23)
A2 (T) = eggZo+ (Ten - fog)el, (24)

where Iy and go; are as given ir(19) and (20), respectively.
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Proof. The first displacement is shown by:

Apzi(T) = T-ZTZ
Qg a; - A-n 0 0 0
_|@&a @ - @ |fan @ - @
@1 @2 -+ & | |faq a2 - A
= elh{(’)]zg—fh[o]eI+TeleI,
and the second in a similar fashion. O

It is also possible to describe the Stein displacement ointhrexse matrix from Propo-

sition 2.3, though it is more complex than the analogousirésuSylvester displacement.

Proposition 2.4. For a nonsingular nx n Toeplitz matrix T= [a_j], let B= T~. For any
scalara € C, define vectors & Bey, V,; = Bhy,;, W = Be,, and %,; = Bgy,;, Where R,

and g, are as given ir(19) and (20), respectively. Then
Azrz,(B) = UV —Vyu”  and (25)
Agz1(B) = Wx, - KW, (26)
wherel = ZJ U, Vjo) = Z] Vja] — €0, W = ZoW, Xjo] = ZoX[e] — €1.
Proof. See Appendix A. O
2.1.1.2 Nullspaces of Toeplitz displacements

The operatordz, z,() andeg,Zg(-) yield low-rank displacement expressions for Toeplitz

matrices, but they also have the following interesting prop
Proposition 2.5. Let Ae C™"; then
1. Vz,2,(A) = 0if and only if A is lower-triangular Toeplitz, and
2. Vzr (A) = 0if and only if A is upper-triangular Toeplitz.
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Proof. See Appendix A. O
The following is an obvious corollary of this result.
Corollary 2.1. Let AB € C™; then

1. Vz,2,(A) — Vz 2,(B) = 0if and only if there exists a lower-triangular Toeplitz matr

C suchthat B= A+ C, and

2. Vzg,zg(A) - Vzg,zg(B) = 0 if and only if there exists an upper-triangular Toeplitz

matrix C such that B- A+ C.

The operator&zo,zg(-) andAZg,zo(-) were also shown to yield low-rank representations

of Toeplitz matrices, but come with the added benefit that #re nonsingular.
Proposition 2.6. Let Ae R™"; then

1. Azyzt (A) = 0if and only if A= 0, and

2. Azg,zo(A) = 0ifand only if A= 0.

Proof. If A= 0, then certainmzo,zg(A) = 0. Writing A = [a; j], from (8),

T
AZOaZg (A) = A - ZOAZQ
Q1 Q12 -0 Aun 0 0 0
Ay Ao - An| |0 @A - Ay

»an,l An2 - an,n_ »O a(n—l),2 a(n—l),(n—l)_
If Azo,zg(A) = 0, thena; = a;; = 0 for 1 < i, j < nfrom the first row and column, and
aj = &.1j+1 for 1 <i, j < nfrom the remaining entries. This impliés= O.

The second point is proved in a similar fashion. O

Much as was the case for Corollary 2.1, the following corglls an immediate conse-

guence of Proposition 2.6.
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Corollary 2.2. Let A B € R™"; then
1. Azo,zg(A) - Azo,zg(B) = 0ifand only if A= B, and
2. Azg,zo(A) — Azg,zo(B) = 0if and only if A= B.

While the Sylvester displacemer¥s, z,(-) andeg,Zg(-) are singular, they can be used

to construct a related nonsingular Sylvester displacement
Proposition 2.7. The displacement operato¥s, z,(-) andVz z () are nonsingular.

Proof. See Appendix A. O
2.1.1.3 Toeplitz inverse formulas

It has been well established that the inverse of a Toeplitzixia expressible in an infinite
number of Gohberg-Semencul formulas. These formulas abs $& Toeplitz inverses
that use triangular Toeplitz components. Specifically, &li&og-Semencul formula de-

composes a scalar Toeplitz inverse into either the form

TH=> UL o T'=)LU,
i i

where the{L;} are lower-triangular Toeplitz matrices and t{g} are upper-triangular
Toeplitz matrices. In fact, all Gohberg-Semencul formwas be written in both forms

as a consequence of the persymmetry of the inverse.

Proposition 2.8. A persymmetric matrix & C™" can be written as A= }; QR, where

the{Q;} and{R;} are persymmetric, if and only if it can also be written asA}; R Q.

Proof. SupposéA = 3, QR; then by the persymmetry &

A= A= [Z QiR)P = 2(QR)" = ) RQT = ) R

A similar proof follows for the reverse direction. O
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The Gohberg-Semencul formulas express the persymniettias a sum of products of
persymmetric matrices, and therefore each has two equive@ressions.

While they have been derived in a number of ways, all GohiSengrencul formulas can
be viewed as reconstructions of the maffix from its generators. The following lemma
shows how the triangular Toeplitz matrices in the Gohbergié&ncul formulas arise from

the recovery equations of Section 1.4.4.

Lemma 2.1. For generator matrices (H € C™,
n-1 _ _ r
(Z3)GH'Z, = > UjL; and (27)

i=0 =1

= |

LU, (28)
=1

n-1
ZGH'(Z))
i—0
where U is upper-triangular Toeplitz with last column g Ge, L; is lower-triangular

Toeplitz with last row h = (He;)", L; is lower-triangular Toeplitz with last rowgy andU;

is upper-triangular Toeplitz with last columng.
Proof. See Appendix A. O

For the sake of generality, which will prove useful in latewdlopments, the following

theorem further relates Gohberg-Semencul formulas tdatisment recovery.

Theorem 2.1.Let T € C™" be a nonsingular Toeplitz matrix and-BT ! its inverse. For
any vector xc C", letL(x) be a lower-triangular Toeplitz matrix with last row and U(x)
be an upper-triangular Toeplitz matrix with last column xetlG H € C™ be matrices

with columns gand h, respectively. Then B Zr: U(g) - L(hy) if and only if
i=1
1. Az 7,(B) = GHT,
2. Agy71(B) = JHGT I,
3. Vz,7,(B) = ZiGH" — e;W",
4. Vz,7,(B) = We| — J,HG J,Z,,
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5 Vzz(B) = Z] 3 HG™ J, — e,l”, and
Proof. See Appendix A. O

Using Theorem 2.1, displacement structure can be used tvgerGohberg-Semencul
formulas andice versaMoreover, this theorem can be used to stt&ohberg-Semencul

formulas with the following corollary.

Corollary 2.3. Let T € C™" be a nonsingular Toeplitz matrix and 8 T~ its inverse.

For any vector xe C", letL(x) andU(x) be as given in Theorem 2.1. Letl& € C™ be
r

matrices with columns;@nd h, respectively. Then B Z a; U(gi) - L(hy) for scalarsa;

i=1
if and only if |

1 0]V
GDQHT — [U V[o]] [0] ,
0 —1||uP

where D, = diag([«]).

r
Proof. From Theorem 2.1B = Zai U(g) - L(hy) if and only if Azg,zo(B) = GD,HT".
i=1

However, from Proposition 2.4, )

P
1 01|vy |

A T,ZO(B) = [U V[O]]
& 0 -1f|uP

This proves the corollary. 0J
A slightly simpler, rephrased alternative to Corollary &3tated as follows.

Corollary 2.4. Let T € C™" be a nonsingular Toeplitz matrix and 8 T~ its inverse.
For any vector xe C", letL(x) andU(x) be as given in Theorem 2.1. For any nonsingular

A e C?2 define
.

Vio
G:[U V[O]]A H= AP o
u
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Then
1
B= def(A)

(U(g1) - L(hy) = U(g2) - L(hy)).

Proof. From previous results,

1 0|V 1 0 VP
Azg,zo(B) = [U V[o]] ol = [U V[O]]AA—l APAP|
0 -1{|uP 0 -1 u®
1 O
= GA!l APHT.
0 -1

SinceA is nonsingular

41 0f 4 ( 1 )2 ap -ap|ll O|jlau -an
A AT = .
0 -1 det®) |82 an [[0 -1||-3a @&
B ( 1 )2 Q2 —ap||an —an2| 1 1 0
det [—31 A [|81 —ax et |o -1

and therefore

1 0
0 -1
The formula forB then follows from Corollary 2.3. O

Theorem 2.1 can also be used to connect the two Stein dispéate of the Toeplitz

inverse.

Corollary 2.5. Let T € C™" be a nonsingular Toeplitz matrix andBT1 its inverse. For

matrices GH € C™', Azr 7,(B) = GH' if and only ifAz, 71 (B) = J.HG J,.
Proof. Points 1 and 2 of Theorem 2.1 jointly prove the statement. O
2.1.1.4 Equivalence of generators

Depending on the type of displacement operator used, thefispgefinitions of the gen-

erators of a Toeplitz inverse will vary. However, since theerse can be recovered with
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Gohberg-Semencul formulas from all of thes&eatent displacements, the inverse gener-
ators must all be equivalent in some sense. Indeed, Cor@ldrimplies that all of the
Toeplitz inverse generators belong to a 2-dimensionalgadesofC", and each displace-
ment generates a slightlyfterent - but linearly independent — pair of vectors from this
subspace.

A consequence is that any of the “natural” generatpsg,;, w, andx; that arise from
using the obvious displacement operators for Toeplitz icegrcan be expressed in terms

of any pair of the remaining generators.

Theorem 2.2. For a nonsingular Toeplitz matrix 7= [a_;], let B = T-. Define the
generators u= Be;, v= Bh, w= Be,, and x= Bg, where h= h,; for anya and g= gy for
anyp. Similarly, define a set of vectors derived from the genesaio= Zju,v =7 —e,,
W = Zow, andXx = Zox — €. If x,v1 # 1 and », uy, v # 0, and lettingd = uy(1 — X,vq) 72,

the following relations hold:

U = UWVVAH VW = =A%V — AX = XW — UrX, (29)
Vo= viurtu = uptwo= — (%) tu = i txo= -t w - v, (30)
W = Vill— UV = XU+ Ui X = —AV — AvgX, and (31)
X = —A7M—= XV = —Ut 0+ XUptw = —vi v — (Avy) "t (32)
Proof. See Appendix A. O

Theorem 2.2 and Corollary 2.3 can jointly be used to obtairobhli@rg-Semencul for-

mula for any pair of generators in the $etv, w, x}.

Theorem 2.3.For a nonsingular Toeplitz matrix E [a,_j], let B= T*. Define the vectors
{u,u,v,v,w,W, X, X} as in Theorem 2.2, and for any vectoexC" let L(x) andU(X) be as
given in Theorem 2.1. Suppose/x# 1 and %, U;,vi # 0 so thatd = uy(1 — x,v1)7tis

well-defined. For matrices &1 € C™" and diagonal matrices D= diag(d) € C™, let
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¢(GDHT") denote the Gohberg-Semencul formula
r
9(GDH") = " dU(Ge)L(He).
i=1

Then the following are true:

Vil 1 0
1 IfG= [u \-,], H=| |,andD= ,then B= %(GDHT);
uf 0 -1
T
WP -ut 0
2. IfG= [u W], H=| |, andD= ,then B= %(GDHT);
u® 0 u?
T
5 x! 0
3. IfG= [u x], H=|"|,andD= ,then B= %(GDHT);
uP 0 xt
T
VP 1
4. 1fG= [W \-,], H=| |,andD=|"  then B= ¥(GDHT);
WP 0 -vi*
T
VP -1 0
5. 1fG= [X \-,], H=| |, andD= ,then B= ¥(GDHT); and
5 0 2
g 10
6. IfG= [W x], H=|" | andD= ,then B= %(GDHT).
WP 0 1
Proof. See Appendix A. O

2.1.2 Generalized Cauchy matrices and inverses

Unlike Toeplitz matrices, the displacement operators taregalized Cauchy matrices are
chosen based on the matrix parameters. Specifically, thditgflacement matrix i®, =
diag(c) while the right displacement matrix B4 = diagd), wherec andd are the denom-
inator nodes. Given these definitions, the properties oégeized Cauchy displacement

are simple to study.
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2.1.2.1 Generators for generalized Cauchy matrices anerges

The displacement operators of generalized Cauchy matrmesel out the contributions
of the denominators of each matrix entry, leaving the termnsiing the numerators as the

generators.

Proposition 2.9. Let a generalized Cauchy matrix R have entrigs R (z"y;)(ci — d;) ™%,
where 7 is the i" row of Ze C™", y[ is the |" row of Y& C™, and ¢ # d; for alli, j. Let

D, = diag(c) and Dy = diag(d). ThenVp,_p,(R) = ZY'.

Proof. Consider the entries of the displacement:

[Vo.os(Ri; = (DeR)ij — (RDg)ij =GR j — R jd;
_ (ZlTyJ)(CI _dj) R Ty
= T o-a ¥ =(ZY')i;-

O

The inverse of a generalized Cauchy matrix has a similadatisment, but the diagonal

matrices exchange positions.

Proposition 2.10. Let a generalized Cauchy matrix R be defined as in Proposii&n
Suppose R is nonsingular and let B diag(c) and Dy = diag(d). ThenVp,p (R?) =

T

(-R1Z)(RTY)
Proof. The proof is immediate by applying point 2 of Fact 1.1. 0J

Since the inverse of a generalized Cauchy matrix is disdlagediagonal matrices on
both sides, it is generalized Cauchy as well. Denote thergereofR™! asU = -R1Z

andV = RTY, and let their rows be andvj, respectively. Then
u'v;

di—Cj'

R =
Therefore, the problem of finding the inverse of a generdliZauchy matrix exactly cor-

responds to determining its generators since the denoongaf its entries are already

known.
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2.1.2.2 Nullspaces of generalized Cauchy displacements

For R to be a proper Cauchy matrig, # d; for all i and j. This condition also implies
that the eigenvalues @, andDy are mutually distinct, and therefore the displacement of a
true generalized Cauchy matrix is necessarily nonsingAka result, any matriA whose
displacement is given as

Vo.ny(A) = ZY'

must be the generalized Cauchy matrix withfGegentsA; ; = (z'y;)(ci — d;)*. Therefore,
a generalized Cauchy matrix can be restored from its gesreray an operator that inverts

the displacement:
[Viz Y.cd)| = ﬂ
9 1y I] Cl —dJ
However, if the definition of a generalized Cauchy matrixligtgly relaxed, one may
consider singular displacements. Specifically, suppoaecth= d; for some subset of
indices {, j), and define a “quasi-generalized Cauchy matrix”
Z'y,
G =169

Ciidj

Yii else

where they; ; are some specified values. The displacement of this matirersgiven by

'y c#d
(DG — GDy); j = (33)

0 else
If it so happens that'y; = 0 for all (i, j) such that; = dj, then this expression reduces to
VDC,DU(G) = ZYT
From (33), it is obvious that the nullspace of the displacetr¥g_p,(-) then consists of
the set of all matrices of the form
&j C=d

A=
0 else
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Correspondingly, the matri@ can be recovered from its displacement only up to its values
at these points. However, since the displacement resulterios in locations of shared

denominator nodes, the information at these entries igllashg displacement.
2.1.2.3 Displacement of generalized Cauchy Gramians

The Gramians of generalized Cauchy matrices and theirsegdrave displacement struc-

ture similar to generalized Cauchy matrices, but theirldisgments are singular.

Corollary 2.6. Let R be defined as in Proposition 2.9 and=GR'R be its Gramian. Let
V =Y and U= R"Z; then
Vbape(G) = UVT —VUT. (34)

Moreover, if G is nonsingular, then
Vbe04(G 1) = PQ" - QF', (35)
where P= G™'Y and Q= R'Z = G'R'Z.

Proof. For the displacement @&, from point 1 of Fact 1.1,

VDd,Dd(G) VDd,Dc(RT)R"' RTVDc,Dd(R)

-YZR+R'ZY" =UV™ —VvU".

If Gis nonsingular, the® = G1Y = GV andQ = R'Z = G'R"Z = G™'U. From point
2of Fact 1.1,

Vou0s(GY) = -GUVIG+G VUG = PQ" - QP
H

From the results of Section 2.1.2.2, the displacen¥eyb,(-) is singular. As a result,

the GramiarG cannot be recovered from its displacement, as
(DgA — ADy)ii = Aij(di — di) = 0.
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The displacement is thus zero along the main diagonal; teeat@Vp, p,(-) destroys any
information about these ctitients.

Since the displacement is singular, there is no inversdatisment operato%‘l(-).
Instead, an operator that recovers all but the main diagoh# ; can be used. Let

Vpy0q(A) = ZYT; then the matrix-valued operat®f(Z, Y, d) defined by

V'@ Y.d)] , (36)

i

0 else

wherez' andy] are the rows oF andY, respectively, satisfies
Vi(ZY,d) = A-diag(A;,)

if d # d;foralli # j.
It is evident that this operator is the pseudoinverse of thplaicement. From Proposi-

tion 1.3, the displacement operator matriX\f, p,(-) is
HDdaDd = In ® Dd - Dd ® In.

The operator matrix is diagonal, and the-(n)" entries of the diagonal are equal to zero.

The pseudoinverse of this matrix is thE@d’Dd = diag(2), where

= I # ]
Aisjn = di — dj
0 else
The productl},_, Ip,p,vec(A) then has values
i YN P
d—d; V"
(HJIde,DdHDd,deec(A))Hjn = I J 5

0 else

which is exactly the same result returnedWbyZ, Y, d).
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2.2 Polynomial interpolation and structured systems

Section 2.1 characterized structured matrices by eskabgjgormulas for their generators.
Then, using Sylvester displacement, the generators ofiatgted matrix were connected
to the generators of the inverse with simple identities. €kmown, the inverse generators
could be used to solve structured systems with reduced tope@unts. These results are
only useful, however, if @icient algorithms exist to actually calculate the inverseaye-

tors. This section details one approach to this problemchvielates the computation of

inverse generators to specialized polynomial interpotatiroblems.
2.2.1 Generalized polynomial interpolation

In standard polynomial interpolation, the goal is to find &pomial p(z) such thatp(z) =
Vi, wherez are the specified interpolation nodes andre prescribed values. The process

of interpolation then amounts to solving the structureddinsystem

1z - Z'I_l Po Y1
1z - ZH p Y2

1 Zy - 20| pns Ym

\Y p y

From this equation one can see that the matrig a Vandermonde matrix parametrized by
the nodeg;, and methods of solving these systems are well studied.

Standard interpolation is encountered in a limited rangapgfications, but it can be
generalized to more complicated probleniational interpolation aims to find polyno-
mials p(2) andq(z) such that the rational functidi(z) = p(2)/q(z) satisfies

R@z) = 22)

a@

for interpolation nodeg and valuesy;. For these problems to be well-defined, the total

number of degrees of freedom pfz) andq(z) should equal the number of interpolation
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conditions. When expanded into large linear systems,makimterpolation problems are

written as
1z - ﬁl_l Po yi. 0 -~ Olf{1 zn --- i;z—l do

1z - 2‘211_1 o Oy --- 0O||1  --- 222_1 ol

1 VAR Zﬂ%_l pnl—l 0 o --- Ym 1 Zy - Zﬂf_l qnz—l
Vl:nl P Dy Vl:nz P

where the subscrip,« denotes a submatrix formed from the fikstolumns of a larger

matrix V. These problems may be alternatively expressed as lin@eaod@eneous systems

P
[Vl:nl _DyV1:n2 = O’
q

and the matrices of these systems are referred to@sled Vandermonde[66].
Tangential-interpolation problems are even more general in scope, and aim to find

polynomials{ pj(z)} such that
Ai1P1(z) + AizPa(z) + -+ Airpr(z) =0
for some specified scalang; and polynomialg;(z). Each interpolation condition can be
T
written as the inner product between an interpolation doolit; = [ﬂi’l /1”] and a

vector polynomiap(2) = [pl(Z) pr(z)]T:

p1(z)
@ =1y - al| ¢ |=0
P (z)

Expressing the interpolation conditions as a large lingatesn, tangential-interpolation

problems correspond to linear homogeneous systems of ime fo

P1
Aanl A ArVnr E = O’

Pr
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whereA; = diag([/li,j]), Vi, is them x n; Vandermonde matrix parametrized by nodes
and p; is the vector of the monomial cfigeients of the polynomiap;(z). From this for-
mulation, it is evident that rational interpolation is silpp specialized form of tangential

interpolation.
2.2.2 Structured systems and tangential interpolation

Using some basic manipulations, many problems of strudtlinear algebra can be ex-
pressed in terms of tangential interpolation. Three ofipaler interest are determining the
inverse generators of a Toeplitz matrix, applying the psewrse of a Toeplitz matrix,
and solving generalized Cauchy systems. The above is far #@comprehensive list of
structured problems to which tangential interpolation loampplied, but they serve as par-
ticularly illustrative examples. Indeed, Section 2.2 @rtvides a general framework for

expressing any system with Toeplitz blocks as a tangeimiafpolation problen.
2.2.2.1 Extension and transformation for Toeplitz systems

To connect Toeplitz systems with tangential-interpolapooblems, one can use a process
known as “extension and transformation” (ET) first given 5i2]. ET replaces Toeplitz
blocks with circulant-like blocks (“extension”), whicheathen factored into products of di-
agonal and Fourier matrices (“transformation”). SinceRbarier matrix is Vandermonde,
the connection to tangential interpolation is then immtdia

The first stage of the approach is to introduce circulantcttine into the system by
adding additional equations. The new equations corresfuoadiditional rows, which allow
the Toeplitz blocks of the original linear system to form sadtrices of circulant matrices.
These new blocks are referred totascated circulant matrices to avoid ambiguities in
nomenclature. The end result of extension is a larger sethteons, but one with the
same amount of information as the original system.

It is simplest to demonstrate extension on a simgbe n Toeplitz blockT = [&_;] and

IAs is shown in Section 2.2.2.4, this procedure is unnecgésageneralized Cauchy systems.
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system of equation$x = b. Define an integeN = m+ n + k for anyk > —1; if T is the

(n + K) x n Toeplitz matrix

A nk dn-1 - Am-n+l
— Ankil Adnk " BQmn+2
T = ,
ag ao ce an

where the cofficientsa; are arbitrary foii < —n, then theN x n matrix

n

Cu(T)=| T | m (37)

T

m

consists of the firsh columns of theN x N circulant matrix

Ank v Qnk+l

ciree(T) = : ;
am-1 " &k

that is,Cy(T) = (circe(T))1,,. The matrixT is theextension matrix of T, while Ci(T) is
the circulant extension of T While C,(T) is not itself circulant, it is arN x n submatrix
of theN x N circulant matrix cirg(T), and is therefore truncated circulant. An example is
shown in Figure 1.

To replace the Toeplitz block with the truncated circulant matr@,(T), itis necessary
to introduce additional columns to compensate for the added of C(T). The extra
columns are generated by defining an artificial varigbte —T x. Letting | .. denote the

(n + K) x (n + K) identity matrix, the equations

n n+k

n+k T e X _ 0 (38)
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Cu(T)

Figure 1: An example of circulant extension. The large matrix is deioty while the lower-right
cornerT is a rectangular Toeplitz matrix. The upper-left coriiens the extension matrix. Together,
T andT form the circulant extensioBy(T).

are equivalent to the original systéhx = b. The introduction of the matriX then imparts

no additional constraints on the solutirn

The blocks of (38) can next be grouped together as truncatadant matrices:

X 0
Cu(T)  (IN) 1y =
y b

The reformulation in (39) proves useful, as the truncatezitant matrices can be factored

with the Fourier matrix. For example,

C(T) = (F"AF) any = FAF @, (39)

whereA = VN - diagF(C«(T)er)) as in Section 1.2.1.2. Sindén)yn. iS truncated
circulant as well, it has a similar decomposition.
This approach has an obvious generalization to larger bloelplitz systems as well.

For the 2x 2 block system

Ti1 Toi2f X b1
X = = ,
To1 Too||X% b,

with T; ; € C™" Toeplitz, if the extension matrices are chosen suchfhlaandﬁz have
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the same number of rows then the extended system is given as

:|:1,1 -T:l,Z | Ny, 0 X1 0
T]_,]_ T1,2 0 0 X2 b]_

:|:2,1 fz,z 0 | No-mp | | Y1 0

»T2,1 T2,2 0 0 1172] »bzA

After grouping them together, each set ok 2 blocks forms a truncated circulant matrix
that can be factored with a Fourier matrix. Further geneasitbn to ac x d block pattern
of Toeplitz matrices follows immediately.

Systems composed entirely of truncated circulant matmcag be transformed with
Fourier operators into tangential-interpolation probdeiret anN x N nonsingular system

Cx =y be written as the x d block system

Ci1 Ciz - Cug||X Y1
=1:1, (40)

Cc,l Cc,2 Cc,d Xd Ye

where the block€; ; € CN*" are each tall, truncated circulant matrices (and thesd).
This formulation also implies thaf; Ni = >;n; = N. Without loss of generality, it is
simplest to assumig, = N for all i (so thatN = cN), but all theoretical developments hold
for more general cases as well.

Since eaclC; ; is truncated circulant, it can be diagonalizedCas = FHAi,jFlznj with
the entries of the diagonal mati j determined by a Fourier transform of the first column
of Ci;. By left-multiplying (40) with . ® F and re-arranging the equations to form a

homogenous system, the original system is reduced to

X1
A11F1n, o+ AwdFing Dy Fi1a
= 0, (41)
Xd
Achlznl Achl:nd D%Flzl 1
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whereDy, = diag(Fy;). Each Fourier submatri;  is Vandermonde, and thus after ET the

system corresponds to a tangential-interpolation problem
2.2.2.2 Toeplitz inverse generators

The problem of solving for the Toeplitz inverse generatbretgh tangential interpolation
was first explored in [110]. This result used the charadtegizgenerator function” of the

inverse, as well as several clever manipulations. How&/Emprovides a more direct and
general method of reframing the problem.

From Proposition 2.2, the generatorandyv;,; of a Toeplitz inverse satisfy

a a1 - nlluy g 1 «
a Q - dop||U2 V2 0 a;n
[8n-1 8n2 -+ Qo [|Un Vi »0 ai

This system of equations may also be written as

11U V1

ap a; A_n 10
U V2

a Ao Ao-n An 00
U Vn

An-1 An-2 dQ a1 00
- 0 -1
e | ]

The matrixT e C™™1 js also Toeplitz, but has an additional column. After exiens

with n rows, the system contains truncated circulant blocks:

T —la{xe v| |0 ©
_\I_’

O ||ry ry e O
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wherer, andr, are of lengtm. Put into a homogeneous form, this system is

= mv
T -1, O . u v
~ r v|= C|rc—1(T) (_I 2n)1:(n+1) = 0
T O _el 7,11 Vv
1 0

While the vectorg andy, are each of lengtm(+ 1), the polynomialg(z) andy,(z) are
only of degreerf — 1) since their last cdicient is 0. By contrast, the polynomial&) and
v.(2) are each monic polynomials of degrneeAfter transformation, the system is

nov

[DaFlz(n+1) _Fl:(n+l)] =0,

Yu Vv

where
. 2n-1 _
a = (F-crcaMe), = o+ > aniof™ = aw(wd).
i—0

The generators! and vy, are therefore the components of the solution to a tangential

interpolation problem, or equivalently are componentefdolutions otwo related ratio-

nal interpolation problems

WD s g 1@

1@ v(9)

= &,
2.2.2.3 Toeplitz pseudoinversion

Expanding the work of [110], but employing the ET approaemngential interpolation
can also be used to compute the solution to overdetermirzest-$gjuares Toeplitz prob-
lems [111]. For these problem, the matix e C™" is tall and assumed to have full
column rank. The least squares solutidrto the systenT x = b minimizes the residual
e = (b - Tx), which is characterized by the conditidit's = 0. Together, these two

equations form thenf + n) x (m+ n) system

T Inl{X] |[b

o T"|le| |o|

49



Since each block of the system is Toeplitz, extension camdgeapplied, yielding

- . Vx*—
T 0 -l 0 0
&
T I 0 0 -b
— ¥ xt =0
0O TH 0O -lpn1 O
Ye
o TH 0 0 0
L ] » 1 _

The transformed system is then

X*
P
AtFin AoFim —Fip-n 0 ApF11
Vx| = 0.
Ye
- 1 B

Therefore, the least-squares solutidrcan be computed as the component of the solution

to a tangential-interpolation problem.
2.2.2.4 Solving generalized Cauchy systems

The connection between generalized Cauchy systems anehigadgnterpolation is fairly
direct. LetG be a nonsingular generalized Cauchy matrix with denominatdesc, d
C" and generator matricdd,V € C™, with uf andvjT thei™ and j' rows of U andV,

respectively. The cdBcients ofG are then

UTVJ'
C — dj '

Gi,j =

Define a vector rational function of the form

n X
f@Q=) v ——,
jz::; Z—dj

where thex; are scalars. The functidiz) is vector-valued with components

f@ = [fl(z) fr(z)]T .
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From its definition, whez # d;, f(2) is well-defined and is a weighted linear combination
of the column vectors;. This function may be used to reframe the sys@m= b as an

interpolation problem by noting that
S UV g Xi _ .1
(Gx); = ;rd, = Zvj : m =u, f(c) =y

Therefore, a vectax* is the solution to the linear syste@x = y if and only if its associated
vector rational functiori(z) satisfies the tangential interpolation conditiefi$(ci) = y;.

In light of these developments, generalized Cauchy systam&vidently connected
with tangential-interpolation problems. However, theasolution of these problems is
considerably more nuanced than those of Toeplitz systechgwmalves more complicated

formulations. Further details and a more thorough treatroktine use of tangential inter-

polation to solve generalized Cauchy systems is given ih [52
2.2.3 Solving tangential-interpolation problems

The purpose of reformulating linear-algebraic problemsaagential-interpolation prob-

lems is to solve themficiently, which is possible because of the theoretical fraor&

of [108]. More specifically, tangential-interpolation ptems have special algebraic struc-
ture that can be exploited with a divide-and-conquer apgro@his section begins with an

overview (omitting many details) of the theoretical prdpes of tangential interpolation,

and concludes by summarizing the algorithm used to sohsetpheoblems.
2.2.3.1 Theoretical foundation

For a tangential-interpolation problem whose unknownmebtsd components, the so-
lution p*(2) is an element of[7]™*, the set of alld x 1 vector polynomials with complex
codficients. This set is aodule a more abstract form of a vector space consisting of a
set of elements and rules for their multiplication and additlt is similar in nature to the
vector spac€™?, but its elements are vectors of complex-valued polynesmiher than

scalars.
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The vector polynomiap*(z), however, is not just any element; it also satisfies the in-
terpolation conditions of the problem. Therefore, it ise®sary to restrict the search for
p*(2) to the much smaller set of elements with this property. Biisis defined relative to

the residual of the interpolation conditiong

Definition 2.2 (Tangential-interpolation residualYheinterpolation residual of a vector
polynomialq(z) € C[Z]%* relative to the conditionp, corresponding to the nodey is

(R(@)k = oy Alwi)-

Using this definition, the set of vector polynomials satiisfythe conditions is
S:={p@eCd™ : RP)=0 Vkl.

This set is asubmoduleof C[Z]*, and characterizes the null space of the linear system
defining the tangential-interpolation problem.

The system that defines the tangential-interpolation probks underdetermined and
homogeneous, and therefore has an infinite number of spfuti@€orrespondingly, the
submoduleS is infinite, and not all of its elements are relategt¢z). To illustrate, for the
problems related to Toeplitz matrices the interpolatiodesoare roots of unity; therefore,
(2N - 1)q(2) € S for anyelementq(2) € C[Z%*. To solve the interpolation, then, one must
differentiatgp*(z) from the irrelevant elements &.

Fortunately, the degree structuregx({z) is dictated by the extended linear system from
which it is derived, and it is this information that sets itgpfrom the other elements of
S. Assumingp*(2) to be theuniquesolution to the original problem, the elementsSthat
satisfy the degree constraints can only be of the fgpriiz), wheren € C is some scalar. A

convenient tool to analyze the degree structure of the eleswd S is ther-degred108] .2

Definition 2.3 (r-degree) Letr € Z9 and define deff)) = —c0. Ther-degreeof a vector

2In its original form, ther-degree was referred to as tBelegree [108]. This terminology was later
changed in [110] and [111].
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Figure 2:A visual representation of thedegree: (a) polynomial degrees of each compopgay

of a7x 1 polynomial vectop(2); (b) individual components of a samplevector; (c) the degrees of
pi(2) shifted by ther values. In (c), the-degree is the maximum of the shifted degree values, and
is represented by a dashed line.

polynomialp(z) € C[Z% is the intege® € Z given by

6 = —deg(p) = mjax(deg(p,-) - T,-). (42)

Ther-degree is the maximum degree among the components of a yedymomial after

the degree of each component has been “shifted” by a fixed mimdtiis represented
visually in Figure 2 fod = 7. For diferent choices of, ther-degree may be terent (and

the components determining thelegree may vary as well).

As Figure 2 illustrates, the-degree is parametric in the sense that its definition depend
on the problem context. That is, for a fixed vector polynorpi@), ther-degree depends
on the supplied parametefrs}. This flexibility allows ther-degree to reflect how closely
an element o8 matche9*(2) in degree structure for a specific problem.

To better explain, consider thedegree in a standard interpolation problem, where the
objective is to determine the polynomgaz) of minimal degree that satisfiggwy) = ny for
k=1,...,K. Since there arK interpolation points, de(p) = (K-1). Suppose that a given
polynomialq(z) satisfies the conditions and that= (K — 1); then lettingr—deg(q) = k,

there are three possibilities:

e k < 0: q(2) will not obey all conditions in general;
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e k=0:q(2 = p(2; or
e k> 0: (2 is not of minimal degree.

For the vector case, letting = (n; — 1), where ; — 1) is the degree of each of the
component polynomials of the solution, thendeg(p*) = 0. This value of ther-degree
then indicates thgd*(2) has the desired degree structure. In reality, it is notsihecific
values Of{Tj} that are important, but theielative valuesFor instance, iff = 7 + 1, then
at-degrees = —1 indicates the proper degree structure; the shift in valaeety changes
how ther-degree is interpreted for the problem.

The solutionp*(2) is (up to a scalar factor) the only element ®fthat satisfies the
polynomial degree constraints. Therefore, computing thieti®n to the original linear
system amounts to determining an elemen$otith 7-degree’ = 0 for 7 as given before.
Once such an element is known, the acfidk) can be computed by a re-scaling of the
element to satisfy the original system.

A key property ofS is exploited to find such an element: itfiee meaning it has
a basis. Submodule bases play a role similar to their lin&gebraic counterparts, al-
lowing elements of the submodule to be described througlaresipns. A seB(2) =
{B(l)(z), e B(k)(z)} is a basis foS if, for every elemenp(2) € S, there arauniquepolyno-

mialsh;(2) € C[Z] such thafp(2) can be written

k
p@ = > h(@B). (43)
i=1

The{h;(2)} serve as “expansion polynomials” and (43) as a basis expanas is the case
for linear subspaces, any elementis entirely described by ith;(2)} for a chosen basis,
and the number of bases is infinite.

By Theorem 3.1 of [108], a basis fdt has exactlyd elementB)(2) € C[Z%, which
may be gathered into the basis matrix polynorBigd) = [B(l)(z) B(d)(z)]. Submodule

bases play an essential role in solving tangential-intatjpm problems; the solutiop(2)
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is determined by constructing a basis #that has an element withdegrees = 0. Once
this basis is available, the solutipi(z) is then immediate.

To ensure that the basis has an element wittegrees = 0, one may construct &
reducedbasis. Ar-reduced basis has elements that act “linearly indepehdgative to
the r-degree. In other words, i is the maximumr-degree among the elements of the

basis, then there is no linear combination

a@ = > h@B@
i
such that—deg(q) < ¢ other tharh;(2) = 0.
2.2.3.2 Basis construction

Having presented essential elements of the framework nibve possible to give a super-
fast algorithm for solving tangential-interpolation pkeims whose nodes are the roots of
unity, beginning with a theorem that allows the constructom be subdivided into smaller

problems.

Theorem 2.4.Letwy, ..., wk be interpolation nodes corresponding to the conditions
b1, ..., ¢k € C™ where the data pointw, ¢)} in the interpolation problem are mutu-
ally distinct andg, # 0 Yk. For somel < « < K andzg € Z%, let B,(2) € C[4%™ be a
Tk-reduced basis corresponding to the interpolation problém, ¢,) : k=1,...,«}.
Denotes = [TK—deg(BS))] fori = 1,...,d, and definer,x = —6. LetB,_ k(2 €

C[Z*™ be art,_k-reduced basis matrix corresponding to the interpolationgbem
{(We Bl (w)t) * k=x+1,....K}.

ThenBk(2) = B,(2)B,_k(2) is atk-reduced basis matrix corresponding to the interpolation
problem

{(wk,¢k) . k=1,...,K}.

Proof. See Van Barel and Bultheel [109], Theorem 3. O
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Theorem 2.4 allows the interpolation problem to be contigugubdivided into smaller
subproblems. It is also the reason that-eeduced basis is computed, as the main result
does not hold without the bases beirrgeduced.

It is still necessary to determine a solution at the finesies¢ewever. Suppose there
is a single interpolation conditiap € C®! corresponding to the noda.. Without loss of

generality, letr; be the smallest value af and defineA\; = —(¢x)¢/(#x)1. Then the matrix

polynomial ] ]
Z— wg Az s Ad
0 1 --- 0
B(2) = (44)
0 0 - 1

satisfiesp; B(wx) = 0. Sincer; is the minimumr value, B(2) is ar-reduced basis for
the submodul&; defined by the single interpolation conditiang(¢x) (this fact is proven
in [112]).

Assumingd < N, whereN is the number of interpolation conditions, a basis$aran
be constructed i (Nz) operations by processing the interpolation conditionsBgmith
the single-point construction of (44) and invoking Theor2ih. This process corresponds
to the “fast” basis-construction algorithms of [53] and 21.1However, thd)(Nz) com-
plexity can be improved by exploiting the structure of thierpolation nodes. Since the
nodes are roots of unity, the number of operations can beceebwith a recursive “inter-
leaving” splitting of the data, as given in Algorithm 1. Inghroutine, hnInt is the serial
basis-construction function, which for a single point amistto constructio(z) in (44).
An example of how this algorithm works is given in Appendixd & small problem.

To see how the strategy of Algorithm 1 reduces computatiom tétal number of re-
quired operations can be estimated. Cgtbe the total cost of calling i TanINT ON a
set of N points. Stepsl) and(3) requireCy,, operations by definition. In ste@), the

evaluationg B (wx_1)} must be computed and multiplied against {i#e_1}. Since the
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Algorithm 1 A recursive tangential-interpolation algorithm for supplnodegwy}, con-
ditions{¢y}, andr vector.
procedure B(z) =RecTaNINT({wk, ¢k}, T)
N = LeNGTH({wk})
if N =1then
B(2) <« TaNINT({wk, ¢}, T)
else
BL(2) «RecTaNINT({wax, d2x} »T)
6 « 7—deg(B.(2)
fork=1,...,N/2do
pa-1 — Br(wa1)" da1
end for
Br(2) «RecTaNINT({wok-1, p2k-1}, —0)
B(2 « BL(2Br(2
end if
end procedure

P © ©

{wy} are roots of unityB,(2) can be evaluated at the nodesy_,} using an FFT of length
N/2. Once these values are obtained, there are a to@Myf2 matrix-vector products.
Therefore, the number of operations in stBpis upper-bounded b¥;N log(N), where%;

is a constant. Finally, ste@) requiresd? polynomial multiplications and additions. Each
multiplication can be computed with the FFT, but the FFT siepends on the degrees of
the polynomials involved. By the nature of the basis comsion, all of the polynomials
in BL(2) andBg(2) must have degrees no greater tiNgi2, since they are constructed from
N/2 conditions. Therefore, for another const&fht the number of operations needed to
multiply B (2)Br(2) is bounded bys>N log(N).

Adding these costs together yields the recursive formula
Cn = ZCN/Q + %N |Og(N),

where the constard’ is determined by the costs of sté@sand(4). Since this expression
is a recurrence, the overall cost of constructing the baside calculated with the Master
Theorem [26] to bed(N log”> N). The key to replacing a factor & from the fast basis
construction with a factor of IGgN) is the ability to evaluatB, (wa1) in only O(N log(N))

operations with the FFT.

57



The basis-construction algorithm can be unstable if nolemented carefully. Pivot-
ing the interpolation conditions to avoid multiplying by alhA; values early in the con-
struction improves the numerical stability. Without pivigf, errors may propagate as the
algorithm progresses. In addition, it is possible that fgiven subproblem, the remain-
ing interpolation conditions might cause large errors tefaubproblems if processed. In
practice, if this is found to be the case, those conditiomesskipped and included only
after all remaining subproblems have been solved. The skipgpnditions are marked as
“difficult points,” and the calculation is more robust if they aregessed at the conclusion
of the construction with the fast solver. Since these pargaunlikely to be evenly spaced,
evaluating the basis at thefldicult points requires longer FFTs. As a result, the algorishm
efficiency worsens as the number offdiult points grows, and it is therefore important to

avoid generating diicult points.
2.2.3.3 Uniqueness of tangential-interpolation solusion

Since the basis construction returns a matrix polynomiti wiultiple columns, an imme-
diate question regarding the uniqueness of the soluti@esriFrom Section 2.2.2.1, the
solution to a linear-algebraic problem that has been redthas a tangential-interpolation
problem can be obtained if thereduced basis faf has a column withr-degrees = 0.
The solution can only truly be unique, then, if the basis &agiglecolumn withr-degree
5j =0.

Suppose that there are a totaMNinterpolation conditions to be processed. In each step
of the algorithm, a single condition is used to increasertdegree of exactly one column
of the current basis — that with the smallesdegree — by one. Initializing the basis as the
identity matrix, ther-degree of thg™ column is—7;. During each iteration, the column
with lowestr-degree has its degree increased by one (while the rematrilegrees are
unchanged). If the values ofsum tot = (N — d + 1), then the sum of the finatdegrees is

(N —1t) = (d-1). As aresult, the maximumdegree dference between any two columns
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is one, andq — 1) of the columns will havé; = 1 while the last hag; = 0. Thus, a unique
solution will be guaranteed.
Considering the use of tangential interpolation for Taggdroblems, one can see that

this is indeed the case for Toeplitz pseudoinversion, where
7=In-1 m-1 n-2 m-2 0|,

and thugt = 2(m+ n— 1) — 4. Since there are a total &f = 2(m + n — 1) interpolation
conditions, the sum of the finatdegrees isd — 1) = 4. There are a total of five columns
in the basis, so the solution is obtained by normalizing tleran withr-degree equal to
0 so that its last entry is equal to 1.

For the problem of computing the Toeplitz inverse genesatibre result is obtained in
a slightly diferent manner. The vector for this problem is = [n n]T, and there are a
total of 2n interpolation conditions. Therefore, both columns of tbastructed basis will
haver-degree equal to 0. However, additional information abbetdolutions allows them
to be identified from the final basis. Specifically, sipcandy, are only degreen(— 1) and
v andy, are monic, it follows that the matrix of their monomial ¢beients for the power
Z'is

Vi Un 10

(¥)n (Vu)n 01
Since all of the polynomials in the constructed basis fas fitoblem will be of degrea,

the final basis can be multiplied by ax22 matrix on the right without changing the fact

that its elements satisfy the interpolation conditions:

1

[ék 9 Biu(w) Biz(wi)|[(Bin (Bi2n = (o Bw )t =0".

Bai(wk) Boa(wi)||(B2o)n  (B22)n

Letting B(2) = B(2I' %, then

(B/ll)n (élz)n | Vn HMn
= 2 =

Bodn (Boo)n e Gidn|
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Thus,»(2) = By, andu(2) = By,, and the generators of the Toeplitz inverse can be obtained

directly from these vectors.

2.3 Schur recursions

The Schur recursion is a general method of progressivebimbg theLDU factorization
of a matrix through Schur complemenrit€One condition required for the method is that
the matrix to be inverted istrongly nonsingular, meaning all of its principal leading
submatrices are nonsingular. While this condition is sohewestrictive, the algorithm
still finds use in a broad variety of applications.

The recursion functions by continually partitioning a matrA matrix A € C2™2"

partitioned as

Al Az
A= ,

A2t Az
can be factorized into a blodkDU form as
| 0||Ar Of[l AlAL
A= AT
Az,lAill 1] 0 S||0 [

whereS = Ay, — Az,lAillAl,z is the Schur complement of the compon@at. Using this

factorization, the inverse & has the blockJDL decomposition

Al | —A7AL||AT O I 0
0 | 0 S |-AuAY |

As aresult, to calculatA~! one can subdivide the problem into four steps: calcula@iﬁp

building S from A}, calculatingS™, and building the overall DL decomposition from

these results. For the first and third steps, the processecesthrsively repeated unti, ;

andS are scalars or shiciently small to invert with other methods.

The computational bottleneck of the Schur recursion is tagisnmultiplies that are re-

quired once the inverses are known. For generic matricegdst of the algorithm remains

3Though this method is used often in numerical linear algalsa of the term “Schur recursion” seems
to be mostly restricted to structured linear algebra.
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O(n%), on par with alternative methods. For structured matribesvever, it is possible to
use generators and displacement characterization tceaateethe multiplications, reducing

the overall cost of the algorithm.
2.3.1 Schur recursions for Toeplitz inverses

Accelerated Schur recursions were introduced in strudtiimear algebra in the first super-
fast Toeplitz solvers [15, 77]. The original form in whickethecursion was presented used
a displacement-rank approach while later elaborationséa/polynomial methods [3, 4].
Since the former is the more intuitive way to express therélgos relative to the other
developments thus far, it is more convenient to place thexSakcursion in the context
of displacement. Moreover, the displacement-rank approge slightly broader way of
thinking about the algorithm, as it was later extended toeng@neral classes of structured
matrices .

The keystone of the algorithm is the following theorem.

Theorem 2.5.Let Ae C2™?" pe strongly nonsingular and express it in the partitioneufo

Al,l A1,2
A=

A2,1 A2,2
Letting the size of Zbe implied by context, suppose réAk- ZOAZJ) =r; then
rank(Ay1 — ZoA11Z)) = rank(Ar; — Z§ A1 Zo) = 1
and
rank(S - ZoSZ) = rankS™ - 2] S'Zy) =r
where S= A, - Az,lAillAl,z is the Schur complement of Ain A.

Proof. See Appendix A. O

Theorem 2.5 uses the concept of “inheritance of displacénagk under Schur comple-
mentation.” This property is the foundation of the “completcursive triangular factoriza-

tion” (CRTF) algorithm [83], and is a feature of many supstfalgorithms for structured
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matrices.
Using the results of Theorem 2.5, Bitmead and Anderson kitek&chur recursion for

Toeplitz inversion down into the following steps steps [15]
1. Recurse to compute the generatord\gf;
2. Determine the geneartors &f, andA;; using Lemmas 2 and 6 of [15];
3. Use the computed generators to find the generators of tlaei@A; 1 A7 1A 5;

4. Use the results of the previous step to obtain the gensratthe Schur complement

S=~Ap- A2,1AI,11A1,2J
5. Recurse to compute the generator8gf = S2;

6. Use the previous results to calculate the generatorseofriferse blocksB;, =

—AI}I'_A]_QS_J' and BZ,l = —S_lAz’lAIj_; and

7. Use these results to find the generatorB.of

By using the FFT to perform many of the multiplications anchlppealing to several Lem-
mas shown earlier in the work, Bitmead and Anderson (and Marte he used an equiva-
lent approach) were able to show that this recursion canlbalated inO(nlog? n) opera-

tions. These steps were generalized in the CRTF algorithpnadide superfast recursions

for other classes of structured matrices as well.
2.3.2 Schur recursions for generalized Cauchy inverses

Much like Toeplitz systems, generalized Cauchy matriceg ato be inverted with Schur
recursion. The key principle for this version of the Schuursion is that the displace-
ment can be distributed among partitioned blocks of theimdtfamely, for a nonsingular

generalized Cauchy matrRR parametrized by denominator nodes € C" and generator
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matricesZ, Y € C™, if D, = diag(c) andDy = diag(d), the matrices may be partitioned

as:
Da O ||Ri1 Ri2| |Rux Ri2f{Dar O Z)Y] ZiY;
D.R-RDy = - =
0 DCZ R2,1 R2,2 RZ,l R2,2 0 Dd2_ »ZZY]T ZZY;—_
Voubu(R1) Vouoo(Ri2)|  |Z1Y] ZiY;
Vbe0a(Re1)  Voe.0e(Re2)| Z2Y] 25V |

This decomposition implies that each block of the partédmatrix has the rank-dis-
placemen¥p, py(Rj) = ZinT, and therefore each is itself a generalized Cauchy matrix.

Using a blockwise inverse, R, ; is nonsingular then the inverse Rfis given by

o |REFRIRLS SRR —RiRS
-SR1R; ] St
whereS = Ry, — Rz,lRI,llRl,z is the Schur complement &% ; in R. Consider the generator

P = -R1Z of R%, and partitionP asR s partitioned. Then

R1p R1+R1R2SMRaRT —RIRS™ |24

_S_lRZ,lRﬂl-_ S -Z5

R1R12S™(Z - RuiR1Zi) - RiiZs

572 - RaaR;32)
Similarly, if Q" = YTR™, then
Ri1+RIRS™MRRT ~RijRi.S™

QR = |¥Y] Y] ]
! _S_lRZ,lRIj_ S—l

= MR- (] -VRAR)STRARE (V] - YRZR.)S.

From its inherited displacemerR; ; is generalized Cauchy and the displacement of its
inverse is

Vouba(RD) = (-RIZ)(YRY) = P1QJ.
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Since the inverse of the Schur complem8nt appears in the lower right corner Bf?, it

follows that

Vbu0o(S™) = P.Q) =S (RuaRi1Zi - ) (Y] - Y{RjRi2) S™

~S7(ResP1 + 22) (Y - QRe2) S
However, using the properties of displacement, this alguies

Vbu0e(S) = —SVp,0,(S™)S

(Rg,lﬂlsl + Zz) (Y;- - (SIR]_’Z) .

Therefore, the Schur complement is also a generalized @auelrix with displacement
rankr. The process of computing the generatBrand Q of R™! involves inverting the
matricesR; ; andS, each of which is generalized Cauchy with displacement raiikese
developments naturally lead to the Schur recursion of Aligor 2.

When the matrix size is below some specified tolerance, thieéxrRis reconstructed
from its displacement and the linear systems are solvedswithe bas@(n®) algorithm.
For this reason, the algorithm requires the displacevign. (-) to be nonsingular. If this is
not the case, then at the finest level the ma®oannot be constructed from its generators,
and the solutions for the generating vectBrandQ will be incorrect.

Algorithm 2 is a reformulation of Algorithm 2.3 of [78], witthe Schur complement
taken on the lower right block of the matrix rather than thpeardeft block. It is similar in
nature to the algorithm first presented by [19], but has tivamidge that the generators are
computed exactly and do not need to be compressed. Moréaegplires onlyO(rn logn)
operations (see Theorem 2.4 of [78]).

The algorithm is similar to both the Gohberg-Kailath-Olssley (GKO) algorithm [44]
and CRTF, which extends GKO to arbitrary classes of strectunatrices. GKECRTF
computes arLDU factorization of the matriXR and then solves the system with back
substitution. These steps can be combined, in which cask faetor is only implicitly

constructed [86].
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Algorithm 2 A Schur recursion to obtain the generator&of, the inverse of a generalized
Cauchy matrix. This algorithm partitiori®and computes its generators by computing the
generators of the inverse of the principal leading subm&yi and the generators of the
inverse of the Schur complemesit

procedure [P, Q] = GCDispInv(Z, Y, c,d)
N «—LENGTH(Z)
if N < Npmin then
(ZY");
Ri < ¢ —d;
P —-R1Zz
Q« RTY
else
[P1. Q1] « GCDispInv¢y, Y1, ¢y, dy)
Zs — Zr+ Ro1Py
Ys « Y2-R[,Q
[P2, Qo] < GCDisplnvis, Ys, C,, dy)
Py — P1 - RiiRi2P;
Qe Qi - RIR Q2
end if
end procedure

There are several important distinctions between GKO, CRm# Algorithm 2, how-
ever. First, GKO progresses serially, and thus perfaina?) computations for the factor-
ization. By contrast, CRTF and Algorithm 2 both use recigsubdivision to accelerate
the factorization. In CRTF, intermediate matrix multigiions are performed by exploit-
ing the generator structure, which results in superfastralgns. This is the exact strategy
that Algorithm 2 employs; since all matrices involved aragmlized Cauchy matrices in
Algorithm 2, they can be applied ifi(n) operations with the FMM once their generators
are known. Therefore, the asymptotic complexities of CRm#& Algorithm 2 are indeed
superfast aD(nlogn).

However, there is an important distinction between gen€RI'F and Algorithm 2:
CRTF does not explicitly compute the inverse generatorscesboth CRTF and GKO must

be re-run for any new input, back substitution must also seopmed again for each new
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input. By contrast, Algorithm 2 computes a descriptiorRof that may be reused for any
new input. This feature allows Algorithm 2 to further redutsoperation count for new
inputs.

Further computation may be saved by noting the displacepreperties of the matrix

products in the two final steps. The prodﬁqﬁRl,z has displacement

V100 (Ri1RL2) Vbu.0a (REDRL2 + Ry 1 Vo b (Re2)

= 51@ R]_,g + RI,:!I-.ZJ-Y;

= 51 (6{ Riz— YzT) = —ElY;

Therefore, the producRillRlz is generalized Cauchy, and its generators are known. Simi-
larly, it can be shown thallp, o, (R71R},) = —~Q:Z{, and therefore the produB{ R}, is

generalized Cauchy with known generators.
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CHAPTER Ill: NEW ALGORITHMS FOR SCALAR
STRUCTURED MATRICES

3.1 Regularized least squaresfor Toeplitz systems

Many real-world problems involve rectangular, singularpoorly conditioned systems.
The inversion algorithms described in Section 1.3 eithemant applicable for or will fail
when placed in these contexts. Expressing an archetypalgaof such a system as
Tx = b, a least-squares (LS) solutiondésigned to minimize the norm of the residual
vectore = (b — TX) is typically computed instead.

It would be beneficial in LS algorithms to again make use ofplite structure to ac-
celerate intermediate calculatory steps, and indeed tiere been many adaptations of
Toeplitz inversion algorithms for LS problems. As mentidne Section 2.2.2.3 the pseu-
doinverse of full-column-rank systems can be computed {hlog® N), whereN is the
number of parameters [111]. Other Toeplitz LS solvers idel{65] (fast pseudoinver-
sion), [101] (fastQR factorization), [14] and [84] (approximate, iterative @alation of
generalized inverses), to name a few. This chapter extdmad® tresults by presenting a

novel superfast Toeplitz Tikhonov-regularization al¢fom given in [104].
3.1.1 Tikhonov regularization

Standard LS solutions are sometimes ffisient, as the vectax with the minimum resid-
ual may have undesirable properties. Thiidulty arises when the pseudoinverse of the
system is ill-conditioned. A more appealing solution ingbeénstances can be computed
by introducing a quadratic term that penalizes some desiggdhl property or properties.

This general technique is known @khonov regularizatioh and the Tikhonov-regularized

it is often termed “ridge regression” in the field of statisti
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solution is given as

X" = argmin ||T x— bj|? + [ITX||%. (45)

X

The matrixI" in this optimization is referred to as thhegularizerand introduces the penalty
on the recovered signal. While the resxiitmay not minimize the residual of the original
linear system, it will come close while remaining well bebd\as a result of the influence
of the penalty factor).

The solutionx® in (45) can be equivalently defined as

X = (THT +I"'D)THb = (Gr + Gr) T, (46)

whereGr andGr are the Gramians of andTI’, respectively (and it is assumed that the
Gramian sumG = (Gt + Gy) is nonsingular). Given this expression, it is possible to
computex* with superfast complexity when the matricésandI" (or their Gramians) are
Toeplitz. In fact, the optimization need not limited to agleregularization term; the more
general problem

X = argmin ||Tx— bl + IT1x)? + - - - + Tk X%, (47)
X

where the matriceE; form a series of regularizers, can be solvéitently as well. This

more general case has closed-form solution
X' =(Gr +Gr, +---+Gr,)'T"b (48)

(again assuming that the matrix in this expression is ngusamn). Much as was true for
the pseudoinversion of [111], this system can be solveﬂ(iN log® N) operations, where
N is the total number of free parameters. It may be furthercbed by using the inverse
generators of the Gramian sum in an SSD to improve the asyim@iciency as the

number of columns i increases.
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3.1.2 Regularization algorithm

As presented in Section 2.2.2.1, ET allows block Toeplistems to be rewritten in terms
of a tangential-interpolation problem. The algorithms déimebretical framework of Sec-
tion 2.2.3 can then be used to solve these problemh(mhlog2 N) operations. To connect
these concepts to Tikhonov regularization, it is necessargformulate the Tikhonov sys-

tem of (48) as a block Toeplitz system.
3.1.2.1 Decoupling the Gramians

The developments of Section 2.2.2 that made use of ET forlitoépversion and pseu-
doinversion required special characteristics of the gisl at hand to form the matrix ex-
tensions. For inversion, the extension was straightfaihgarce only a single Toeplitz term
was involved. For pseudoinversion, since the equaligr= b formed an overdetermined
system, it was necessary to introduce extra conditions terttee system solvable. This
goal was achieved by expressing the LS equations in terniseagsidual, with one equa-
tion e = (b — TX) defining the residual and another expressing its chaiatiteT "e = 0.
Together, the equations formed a square, nonsingular Gloeglitz system.

In both prior uses of ET for Toeplitz systems, no manipulati@as required to isolate
the Toeplitz structure, as only a single Toeplitz matrix waslved in any equation. How-
ever, the matribdG = (Gr + Gr, + - -- + Gr,) that must be inverted to compute (48) does
not have such a simple structure. It is composed of an anpitnamber of terms, none of
which are necessarily Toeplitz themselves; rather, each iea product of Toeplitz ma-
trices? As a result, ET does not directly apply to (48), and there isavenient residual
characterization to use for this problem.

Instead, a general strategy of “decoupling the Gramiansiat-is, isolating the terms
I''T into separate equations — may be used to split the individuals of the Gramian ma-

trices. This manipulation makes it possible to frame théesysas a larger set of equations,

2SinceG is a sum of products of structured matrices, it can itselféated as an SSD.
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but one that is block Toeplitz. Once the problem has beeamefd in this way, ET and
the tangential-interpolation algorithm may be applieddmpute a solution with superfast
complexity.

The Gramian matrices can be decoupled by defining a serietfafial variablesog =

TX, o = Tix*. Using these variables, the original equation can be réemras
THoo+ o+ +TRok = THh,

which has replaced terms containing products of Toeplitzioes with terms containing
only a single Toeplitz matrix. It is then also necessary tmrporate the equations defining

the relationships of these extra variables to the unknowyielding the much larger system

o T™ ... T8 ||x| [T"b
T -l 0 o 0

o °l = . (49)
»FK 0 —|mK ] OK 0

The process of decoupling replaces the origimah system with aiN| x|N| system, where
IN| = n+ >; m, with m the number of rows in each of the matridd@sI'y,...,I'k}. This
new system, however, is block Toeplitz.

As a point of note, regardless of the number of matrices ih eaw, the extensions will
introduce only a single additional artificial variable péwdk row. For example, supposing

m = max(m), the extension§~H, .. fﬂ may be chosen to be (mk) x m and thus
’)/o:fﬁ0'0+"'+l?EO'K.

The first block row of the system is then

— —_ 0o

T i | o | |THb
oK
| Yo |
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Each block column is now truncated circulant, and can bestcamed to yield tangential-
interpolation conditions.
To forge a clearer connection to the original problem, inigfesting to note thad !

in (48) is the Schur complement of the upper-left zero blddthe matrix in (49):

O ce _ImK FK

As a consequence, the upper-left corner of the inverse ohttex in (49) isG™1, resulting
in the identityx* = G™1THb. Therefore, in decoupling the Gramians, the original syste
was replaced by a block Toeplitz system whose invers&haas itsnx n principal leading
submatrix. The same general technique can be applied to-lendt Toeplitz, mosaic
Toeplitz, and a variety of related systems to allow for the oSET. However, this will not
yield an dficient solution method if the number of block rows and colunsnsot small
relative to the block sizes.

To this point, it has been assumed that each matrix, ...,k is Toeplitz. If instead
the Gramianof one or more of these matrices are Toeplitz, then no decwyisl necessary
for any such terms. For instance Tif' T is Toeplitz, it is unnecessary to defing, saving

both a block column and block row from the expanded system.
3.1.2.2 Algorithm summary

The superfast Tikhonov-regularization algorithm may bmmarized as follows. First,
given matriced and{I'y}, the decoupling variabldgs-} are defined and the Gramian com-
ponents are separated intdtdrent block rows. Next, the extension sizes are chosen such
that each block row of (49) contains truncated circulantioas. With the blocks extended,
the artificial variables$y,} are defined and the interpolation conditiong = diagFC; je1),
whereC; ; is the {, j)™" block in the extended matrix, are computed. The nodes quunes

ing to these conditions are t" roots of unityw. Only the conditions corresponding to
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blocks containing the matricdsandT or their transposes need to be computed with the
FFT, as the others are simply zero or columns from the Fonrégrix. Since the conditions
corresponding to the blodk! can be obtained from those corresponding to the blgck
the interpolation conditions require oriy FFTs to compute.

With the interpolation conditions calculated, thelegree vector = [7;] is defined as
n-1 i=1

m,-—1 i=2,....,K+2

N -m_k+3—1 i:K+3,...,2K+4.

0 i=2K+5

Ther entriesi = 2,...,K + 2 reflect the degree structure of the artificial decoupling:va
ablesoy, while the entries = K + 3,.. ., 2K + 4 reflect the degree structure of the artificial
extension variableg,. The nodes, conditions, andsector are then passed to the superfast
basis-construction algorithm, which builds &(2 5) x (2K + 5) polynomial basis charac-
terizing the set of all solutions to the interpolation pexl The interpolation is completed
in O(N log® N) operations, as there ark ¢ 2) sets ofN interpolation conditions and it is
assumed thak < N. Once the basis is returned, the column wittlegree equal to O is
identified, and the solutior* is computed by scaling the first element of this column by

the last element, which is a scalar.
3.1.3 Displacement and inverse generation

The algorithm of Section 3.1.2 can compute the solution &) fér an arbitrary vector
bin O(N log? N) operations. However, since the interpolation conditidra tefine the
problem depend on the entrieskpfthe solution must be at least partially re-computed for
each column ob. Moreover, while the algorithm is capable of applyi@g' to a vector, it
does not return any explicit characterization that may leel dier future applications.
Fortunately, the inverse generators can be used to obtamauescription. To find

the displacement structure &2, it is necessary to solve a small number of problems

72



of the formGx = y; with the algorithm of Section 3.1.2. However, once its gat@s
are knownG=! can be written as an SSD whose terms involve circulant aadgtilar
Toeplitz matrices, and thus it may be applied to any vectdr(nlogn) operations with the
FFT. This structure provides a considerable computatigais as the number of repeated
applications increases.

The generators of the Gramian of a Toeplitz matrix are giwetinb following theorem.
Theorem 3.1.Let T = [a;_;] be an mx n Toeplitz matrix, and define four vectors

0 0 0 0

A1n a1n am-1 am-1
u, = , u= , r= , and r_ = , (50)
»am—n—li | &1 ] »am—n+1_ | a_1 ]

whereg, is the complex conjugate of.alLet g be the K canonical vector ofc™™, f,
the K" canonical vector of£™", and X the reversal of the vector x. Using these notations,

define an additional set of vectors

§ = TTg t = THe
(51)
v = THu, -Tf) w = TTf..
ThenforG = THT,
ZoGr - GrZy =& —t0" +vf] - fLW". (52)
Proof. See Appendix A. O

Theorem 3.1 gives the rank-4 displacement of the GramianTokeplitz matrix. This
result can be generalized to determine the displacemertste of the inverse of sumof

Toeplitz Gramians.

Theorem 3.2. Given a sef{T;} of K Toeplitz matrices, where; Te C™", assume G=

> TiHTi is nonsingular and letr;, s, t;, u;, vi, w;} be the corresponding vectors for each
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term T'T; as defined i{50) and (51). For . = ;v andv = }; w;, define a set of vectors

a=G1f B=GY =G b =G,
5i=G™M & =G4, 6, =G, i =G,
Then
K
ZG -G Zo=af" -y + ) (€ - 6d7). (53)
i=1
Proof. See Appendix A. O

The displacement @~ from the generalized Tikhonov-regularization problemigg
in (53), and can be computed by solvingk4¢ 1) systems of the fornGx = y; in
O(N log? N) operations each. Once the solutions to these problems arputed, The-

orem 3.2 can be combined with the following result, whichegian SSD of1.

Theorem 3.3. Let the displacement of anxan matrix A be given as:A — AZ, = UVT,

where UV € C™k, Then
K
A=>"CiL,
=1

where G is an nx n circulant matrix whose first column is Ydnd L is a lower-triangular

Toeplitz matrix whose last row is equal(é f;)".
Proof. See [59], Appendix A. O

Theorem 3.3 states that, given th&4{ 1) vectors of the displacemer@®;* can be
applied with 2K + 1) matrices of the fornC;L; (referred to hereafter &-L products
for brevity). Since the{Cj} are circulant, they may be applied with length=FTs, while
the{Lj} may be applied with lengthrf2FFTs since they are triangular Toeplitz. Therefore,
once its 4K + 1) generators are compute@;* may be applied to any arbitrary vector
in only O (nlogn) operations. When there afe> 4(K + 1) columns inb, this leads to a
considerable reduction in cost. Whés> 4(K + 1), the overall complexity of the algorithm

behaves a@ (£nlogn) rather tharO (¢N log” N).
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3.1.4 Implementation issues

In describing how tangential interpolation can be used teesdikhonov-regularization
problems, it is worth detailing two previously unexploregplementation issues with the
basis-construction algorithm. First is the data-pamitig strategy and its potential to gen-
erate many diicult points throughout the progression of the algorithncddel is the task
of constructing a basis when the number of interpolatiord@¢@ns is not a power of two,
as this has the potential to drastically increase the redqurerhead. By addressing these
issues, the algorithm can maintain a small overhead cossscnany problem sizes and its

accuracy can be further improved.
3.1.4.1 Data partitioning

The first modification to the basis-construction algorithihjld 1] is a change in the way
the data is subdivided. In other uses of the superfast lsasistruction algorithm, the in-
terpolation conditions are subdivided with an interlegvaplit when the nodes are roots
of unity. This approach allows for moréheient basis evaluation, as it reduces the length
of the required FFTs in intermediate steps. Unfortunaiebiso tends to generate many
difficult points for the Tikhonov-regularization problem besaof collinearity in the inter-
polation conditions.
As an example, i« is nxn, then the expanded block row corresponding to the equation

ok = I'kX" is given by

I« 0 - —Iyy - O

Ty =lp - 0 0'
If the extension matriX is chosen to b@ x n, which will reduce the size of the FFTs
in intermediate stages, the interpolation conditions geed by the two identity matrix
blocks will be{(—l)k} and{-1}. After the first subdivision, the two corresponding sets of
interpolation conditions will be{(—l)zk, —1} and{(—1)2k+1, —1}. The collinearity between

the conditions in each subproblem prevents either fromgosaived. Since the artificial
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variablesoy(2) andyy,1(2) have the same degree structure (they are both of degrel)
and their interpolation conditions are scaled versionsef@another, they become indistin-
guishable. As a result, most of the points in this subproldeemarked as dicult.

One way to avoid this problem is to modify the subdivisiorattgy. To be useful,
the subdivision strategy must both eliminate predictablirearity and require short FFT
lengths for evaluations. A strategy that satisfies bothireqents is “paired-interleaving.”

Given conditionsd = {¢1, ¢», . . .}, the first paired-interleaving data split is

S
=
E
|

{¢1’ ¢2’ ¢5’ ¢6’ e }

S
Z
S
|

{¢3’ ¢4’ ¢7’ ¢8’ e } .

Paired interleaving will eliminate collinearity probleragsing from identity blocks in the
same block row, and will therefore dramatically reduce thmber of dificult points iden-
tified by the algorithm. Since thefticult points are processed with the fast basis construc-
tor, this corresponds to a dramatic decrease in compleaitypared to an interleaving split.
Additionally, since dificult points generate numerical instability, this approgstds to be
less error-prone.

More importantly, paired interleaving will still allow th&lgorithm to use small FFTs.
While the interleaving hasfkectively subdivided the data by a factor of four, it requires
two sets of conditions to be processed simultaneously. Sthasegy then requires twice as
many FFTs, but the FFTs are half of the size they would be fordard interleaving. As a
result, the total number of operations is essentially ungbd.

Even using this technique, however, manffidult points may arise depending on the
partitioning of the conditions from each block row. For Thignversion, there is a single
block row in the system and the partitioning is straightfarek The inclusion of the resid-
ual characterization results in two block rows in the Taggseudoinversion problem, and
the conditions from these rows may be processed either latiso or together. In [111],

for example, the basis construction for the problem is sdpdrinto two stages, each of
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{brk. - - Pl

{ D14k - - - » Pnak } { OL4k+25 - > Pnake2 }

OLAKk+15 - - - » Pndk+1 O1L4k+35 - -+ » Dnak+3

Figure 3: Subdivision process during an iteration of thesasnstruction. Each set of
conditions is subdivided into two components using theguhinterleaving strategy, and
corresponding components for each set of conditions aleepsed together.

which uses a set of the interpolation conditions generayeaidingle block row.
Extending such an approach to the general Tikhonov problemidwesult in a final

basis computed as the product
B*(2) = B1(2) - - Bc(2),

where the baseB;(2) are constructed using the conditions generated fromi‘thHaock
row. Since only one block row contains the solution veddb, this type of subdivision
saves computation when there are multiple columibs lbnfortunately, it can also generate
many dificult points, and the number officult points may vary with the processing order.

A prime example of this behavior is whéh is an{" order diference matrix and the
conditions generated by its block row equatitux* = o are processed first. Since no
other conditions have been processed, no previous infaymexists abouk® or ox. As a
result, there are not nearly enough restrictions on passitutions to yield a meaningful
result. Accordingly, many dicult points will be generated.

Since there is no way of knowirg prioriwhat the optimal processing order would be,
one may instead consider constructing the basis from theeesdt of interpolation con-
ditions simultaneously. To retain the ability to evaludie subproblem basesfeiently,
it is prudent to subdivide the conditions of each block rodependently with a paired-
interleaving split, as illustrated in Figure 3. This apprioéends to be much mordheient
for Toeplitz Tikhonov regularization, as it generates méawer dificult points while re-

taining the overall subdivision properties of the genelgbathm.
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3.1.4.2 Datasizes

So far, it has been assumed that the recursive basis-cotstralgorithm subdivides the
conditions until arriving at a single interpolation poirks noted in [110], at some level
further subdivision results in higher overhead cost thdlingathe fast construction rou-
tine on the remaining conditions. Therefore, it is prudentall the fast solver rather
than subdivide the total number of interpolation condisigha given subproblem satis-
fiescNsyp < Niim for a machine-dependeh;,, (assuming the conditions are processad
massg

If the total number of conditionBl is a power of two, there is cancellation in the expo-
nential fractions of the roots of unity during each subdons For example, during the first
subdivision, thgwy_1} are roots of~1 and the basis evaluatioBs (w-_1) are computed
with lengthN/2 FFTs. However, wheN is not a power of two, there is no cancellation in
the complex exponential factors and longer FFTs are regduifes a worst case scenario,
whenN is prime there willneverbe fractional reduction in the complex exponentials of
{wa_1}. As aresult, a full lengtiN FFT is required to evaluate the basis for each subprob-
lem, regardless of its size. This increased overhead caedha computation time to vary
drastically across similar problem sizes.

The circulant extensions of Section 2.2.2.1 may be usedd¢armivent this problem. In
the process of extending the Toeplitz matrices in each bloak it is possible to choose
k > —1 such that fractional reduction results in shorter FFTsnwéealuatingB, (2). If
k > 0, it is necessary to choose values for the arbitrary enimi¢ise extension. Empiri-
cally, it appears that setting these entries to zero cantteaery ill-conditioned problems.

It is therefore wise to choose them to be similar in magnitioddne known matrix coé-

cients. While there are no theoretical results to justifgtsan approach, it is more stable

3As an example, when there axe= 2! = 2048 conditions there will be cancellation at each subitinis
while if there areN = 2053 conditions there will be no cancellation. Despite amdgtaining four more data
points, the algorithm performs considerably slower in #itel circumstance.
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in practice.

However, the question of how to choose an optiknegmains. One immediate option,
adopted in [53], [110], and [111], is to chodssuch thalN is a power of two (the “power-
of-two” method). Unfortunately, this causes the algorithaomplexity function to become
highly quantized relative to the number of interpolatiomdibions, as there will be twice
as many operations required fidr= 2¢ + 1 points than folN = 2‘. Moreover, since the
arbitrary values in the extension must be chosen, and tlkeme principledmethod for
doing so, it is best to use the smallest possible extensions.

An alternative strategy, which may also be applied to exgstiesults that make use
of the interpolation algorithm, is to impose the followingstrictions of the number of

interpolation conditions:
1. N = 2’Ngu,, WhereNgp is an integer;
2. CNsyp < Njim; and
3. N > No, whereN;y is the minimum possible number of conditions in each stage.

The first condition guarantees fractional reduction for fing ¢ subdivisions. The sec-
ond guarantees that there will be exactlyubdivisions before the fast basis constructor is
called. The final condition assures that the extensionsehgeoduce truncated-circulant
blocks (.e., the circulant extensions are valid). These conditionglakgsed for an inter-
leaving data split as discussed in Section 2.2.3.2; for ee@anterleaving split, the right
side of the inequality in the second condition should beaegd byN;,,/2 to ensure that
the nodeswas.i} can be evaluatediéciently. It is also often moreficient to forceNg,, to

be a product of small primes; this helps to reduce the overbest of the FFTs throughout
the basis construction.

Algorithm 3 provides a simple method for choosing the extamsizek to satisfy these
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Algorithm 3 Routine for calculating an alternate circulant extensiae k given a mini-
mum number of conditionkly and subdivision limitN;,.
procedure k = ALtExTEND(Ng,Njim)
Nsub < No
Niot < CNsub
{0
while Nyt > Ny, do
t—C€+1
Nsub < [Nsub/2]
Niot < CNsub
end while
K 2[Nsub_ No
end procedure

criteria. The algorithm is formulated for interleaving dafplitting, but can be easily mod-
ified for paired-interleaving by changing thenLe loop condition. The number of inter-

polation conditions processed for the power-of-two metherdushe proposed alternative
method is plotted in Figure 4. For all data points in the capgafficient reduction occurs

to halve the required FFT length each time the nodes arewdbdi Since the number
of conditions is lower, the complexity for the alternativeetmod should increase more
smoothly with the problem size. The observed gainfiicency may also depend on the
FFT implementation and the prime factorsi,,.

It is possible to extend this line of thought even further.tiea than a binary subdi-
vision of the data, one could consider subdividing the data given stage into r; sets,
wherer; is an integer factor oN. This method of subdividing the problem will not change
the complexity of the algorithm, but may slightly alter theechead cost of intermediate
operations as the number of basis multiplications incieabtwever, it will also ensure
that there is always cancellation in the exponential factor

The criteria of Algorithm 3 may then be slightly altered. Taximize dficiency, the
conditionN = 2Ny, may be changed tbl = []r;, restricting ther; to be small primes
(typically limiting them to the sef2, 3,5, 7}). This condition has two important conse-

quences:
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Figure 4: Number of conditions processed versus the minimal possilaeber of conditions for
the power-of-two method and the proposed method of cir¢idatension, witiN\;m, = 256 The
“quantization” in the number of conditions processed wiité proposed metho8lLtExTeND IS Sig-
nificantly milder than that of the power-of-two method.

1. since the size of eachis restricted, the number of subdivisions at any stage idlsma

ensuring the overhead cost does not increase by too much; and

2. since the remaining number of conditions is a product cdlsprimes, all FFTs

involved for basis evaluations will bdfeient.

The choice ok then amounts to finding the smallest integer suchlkhak = [] r; with
ri € {2,3,5,7}. While this is an integer programming problem, it is smalbegh in scale
that it is fairly inexpensive to solve. Algorithm 4 providasnethod for choosing this value
of k for a single interpolation set of siZ¢, but requires the recursive basis construction
implementation to have flexible subdivision strategiesndty easily be adapted for cases
such as Tikhonov regularization which have multiple setstarpolation conditions.

There is a trade{d between the maximum allowable prime factgry and the final
number of conditions. The larger the allowable factors, dlwser the final number of
conditions will be to the original number of conditions. Hewer, this comes at the cost
of more basis multiplications and lesfieient FFTs. Whem .y is small, Algorithm 4

may result in more interpolation conditions than Algoritl@mbut the overhead cost will
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Algorithm 4 Routine for calculating a more optimal circulant extensaek given a mini-
mum number of conditionsy and subdivision limitN;,,, assuming the recursive tangential
interpolation routine subdivides the data based on thegfactors of the data size (rather
than just binary divisions).
procedure k = ALTEXTENDPRIMEFACTORS (N, max)
X1
M« N
forr=2,...,rmaxdo
if not IsPrime(r)then
continue
end if
imax < [l0g,(N)]
X ¢ X @ r(0imay
M miinXi st. Xi > N
end for
k—M-N
end procedure

in general be reduced as the FFT sizes are smaller. In pgabtigvever, the restriction to
binary subdivisions is gficient for most problems. It is also worth noting that Algbnit 4
will always result in fewer conditions than Algorithm 3 wheRax = Nim, but will not

necessarily reduce execution time.
3.1.5 Numerical results

The performance of the Tikhonov-regularization algoritttndemonstrated with several
numerical simulations. While the algorithm was developetkrms of an arbitrary number
of regularizers, these simulations cover cases of praatisaest that contain only a single

regularizel’. In particular, there are two specific classes of problemsiciered:

e General problem: The system matrid and regularizei” aremy x n andm, x n
Toeplitz. This class of problems is the most generic in itafiaation, encompassing
all Toeplitz-structured regularizers for Toeplitz systenvMost notably, this class of
problems includes tha" order diference matrices as regularizers, which encour-
age smoothness in the solutions and penalize signals witifisant energy in high

frequencies.
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Figure 5: (a) Number of conditions processed versus the minimal plessumber of conditions
for the ALtExtenp and theArrExtenoPrivEFAcTORS methods, wittNjim = 256 andrmax = 7. The
number of conditions processed in the two methods is simitdh the ALtExTENDPRIMEFACTORS
method averaging 0.2% more interpolation conditions. (I@xihum prime factor for the two
methods, which is correlated with théieiency of the FFTs used in intermediate steps. While the
ArrExteNpPriMEFACTORS method averages more interpolation conditions, it alwayslyes smaller
prime factors and is often preferable to #therExteno method.

The decoupled system for the general problem has the form

o T
T Iy
r o

|| x
O (o)

THp

0
0

Since there are three block rows in the system, three aatifiariables are introduced

during extension, and the constructed polynomial basis}ds/7 The matrix Gt +

Gr)™! has 12 generators and can be applied with six C-L products.

e Toeplitz-Gramian problem:

In this problem, a single Gramian (eith&r or Gr)

is itself Hermitian ToeplitZ. This class of problems represents the most common

formulation, as it covers standard Euclidean-norm peatitin (.e., I' is a scaled

identity matrix discouraging solutions with larggnorm). In addition, a problem of

particular interest within this class is the recovery ofgnal from its non-uniform

itself Toeplitz.

4The regularization amounts to a Toeplitz inversion if bota@ians are Toeplitz, as the sur + Gr is
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Fourier samples, where the matfixs a non-uniform Fourier matrix and its Gramian
is Toeplitz [38]. If the regularizer is also Toeplitz, computing the regularized solu-

tion of this problem amounts to solving a Toeplitz-Gramiaolgem.

Without loss of generality, the decoupled system for thepliteGramian problem
is
GT rH X THb

where it is assumed th&q is Hermitian Toeplitz. Two artificial variables are in-
troduced during extension, and the constructed polynoaisis is 5< 5. Using the

results of Section 3.1.3, the displacement structut® efGt + Gr is
ZoG-GZ = (Vo+ W)f] — fi(Wp + 0]) +r,8) — 1,00,

whereu; is the vectomu given in (50) for the matrixGr while the remaining vectors
are those of (52) for the matrix Since there are four terms, the maf@x! has eight

generators and can be applied with four C-L products.

The Toeplitz Tikhonov-regularization algorithm is implented in G-+ with MEX-

function interfaces to MATLAB as part of the “Toeplitz Toalk’ code package. All ex-

periments were run on a 3.16 GHz Intel Core 2 Duo machine wiilGB of RAM under

the Ubuntu 12.04 LTS operating system and MATLAB R201Zor each experiment,

paired-interleaving data splitting and the extensiontsgya of Section 3.1.4.2 were em-

ployed.

3.1.5.1 Computational complexity

To confirm the algorithm’s asymptotic cost, it was used toaal large range of Tikhonov

problems of varying size. Since the Tikhonov solutidns not exactlyequal to the orig-

inal input signalx, the algorithm was instead used to compute the solutiongstems of

the form Gt + Gr)x = y with known input vectorx. These systems are equivalent to
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Tikhonov-regularization problems, gscould easily be replaced wifRi"b, but allow for
error comparisons between the calculatednd the known inputs.

For each problem type and size, the solution to 1000 systeens womputed with
the basis-construction algorithm. In each simulation fier general problem, the matrices
T andT" were n x n Toeplitz with codficients drawn from a complex standard normal
distribution, for a total of (A—2) free parameters per experiment. For the Toeplitz-Gnamia
problem, thef,-norm-penalization formulation was used, as it is the mostmon form of
Tikhonov regularization. Since there is only a single fraegpneter in the matrik for this
configuration, there were a total oh &ee parameters in these experiments. In both cases,
the value ofn was varied in even logarithmic steps betweéra@d 2°, with the resulting
average execution times plotted in Figure 6. In the figure gtkecution times are given as

a function offree parameters the problem, rather than as a function of the matrix side

length.
General Problem £>-Norm Penalization
-O-Avg. execution time | : : 8yl -O-Avg. execution time | ‘ :
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Figure 6: Execution time vs. total number of free parameters for (ajpsg Toeplitz matrice$
andrl" with codficients drawn from a complex standard normal distributioth @) square Toeplitz
matricesT with codficients drawn from a complex standard normal distributioghfarmorm penal-
ization. For each data point, the execution time was avdrager 1000 trials. Also plotted in the
figures are the least-squares estimates of the underlyimgleaity functions, which closely match
the observed performance.

To check the algorithm'’s scaling properties, the obserxed&ion times are compared

to the theoretical underlying cost. Based on the complefithe component stages of the
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algorithm, if the execution time is primarily a function ¢fet number of flops it should be

characterized by a function of the form
E(n) = €1nlog® n + %onlogn + ov(n),

where %1 and %> are constants and ay(reflects the cost of lower-order operations for
various problem sizes. For most problems, the executioonsmated byO (n log? n) com-
putations, but given the number of FFTs required the comiob of O (nlogn) calcula-
tions is non-negligible for the problem sizes considerele &xecution time can then be

well-approximated by a function of the form
E(n) ~ 61nlog? n + €onlogn.

Using this model, a least-squares fit of the const@himnd%, was computed for each class
of problem and the estimated computational d&@t) was superimposed on the observed
calculation times in Figure 6.

The execution-time curves in Figure 6 suggest that the pegoce of the algorithm
scales with the predicted asymptotic complexity. The datatp in both plots correspond
to matrices of the same size. Thgnorm-penalization problem requires a significantly
smaller computation time than the general problem for systef the same size. This
result is unsurprising given that the Toeplitz-Gramiarpem involves fewer interpolation
conditions and smaller basis sizes than the general prollemvever, when considered as
a function of free parameters, there is minimdfelience in the interpolator’s performance
for the two problems. While the general problem requireseraperations thafi,-norm

penalization, it also contains roughly twice as many patarse
3.1.5.2 Accuracy of results

In addition to analyzing the execution time, the resulthefeéxperiments of Section 3.1.5.1
were used to verify the accuracy of the implementation ofallgerithm. For each exper-

iment, the maximum error between the input vectand the recovered vector were
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Table 1:Maximum error between the input vector and the solutionrretd from the inversion pro-
gram for the experiments of Section 3.1.5.1. For each pnoltype and matrix size, the maximum
errors in the recovered vectors were taken across all 10418.tr"Matrix size” refers to the side
length of the matrices for the experiments.

Matrix Size General Problem {>-Norm Penalization
29 9.8G-12 1.5%-11
210 2.6&-11 4.3&-11
211 7.56-11 1.3%-10
212 1.77%-10 3.7%-10
213 4.46:--10 1.1%-9
214 1.1%-9 3.3%-9
215 2.8&-9 1.07%-8

recorded. The maximum error across all trials was then tekezach type of problem and
matrix size.

It is important to note that while the execution time is nganidependent of the ma-
trix conditioning, the accuracy is not. As is to be expecthdre are errors that propagate
throughout the basis construction. As the matf¢ + G, ) becomes more poorly con-
ditioned, the magnitude of these errors increase, reguitiness exact solutions to the
interpolation problems. To address théidulties that this fiect might introduce in com-
paring the algorithm’s accuracy between the two classesatfl@ms, the matrix in the
£,-norm-penalization experiments was sefte= v2nl,,, which was determined empiri-
cally to yield condition numbers similar to those of the reas of the general problem.
The resulting data better reflects the interpolator’s aamuwhen conditions ardiectively
the same.

The maximume-error results are listed in Table 1, and suggasthe algorithm applies
the inverse with an acceptable degree of accuracy for eantdigmn. These results can be
further improved with iterative refinement as describedLit(f]. However, the numbers in
Table 1 do not include any such adjustments, and report thesaafter a single pass of the

inversion process.

87



Table 2: Scaled maximum error for each element of the vector retubyetthe basis construction
program for the experiments of Section 3.1.5.1. For eachleno type and matrix size, the max-
imum errors in the recovered vectors were taken across @l frtals. “Matrix size” refers to the

side length of the matrices for the experiments.

Matrix Size General Problem {>-Norm Penalization
€(X) €(o1) €(02) €(x) €(o1)
2° 2.1%-12 | 6.3%-12 | 7.0&-12 | 2.8&-12 | 2.8%-12
210 52G-12 | 2.0G-11 | 1.8&-11 | 7.54-12 | 9.5%-12
21 9.5%-12 | 5.2%-11 | 5.3%-11 | 1.9%-11 | 1.6%-11
212 1.9%-11 | 1.2%&-10 1.2%-10 | 4.26-11 | 4.4%-11
213 4.1%-11 | 2.9%-10 | 3.0%-10 | 1.2&-10 | 1.2&-10
214 9.0%&-11 | 7.84-10 | 6.94-10 | 2.94-10 | 2.81%-10
21 1.7&-10 1.7%-9 1.76-9 8.61-10 | 6.8%-10

In addition, the errors in the computation of the artificiakiableso; = Tin were
recorded. Since the extension sizes vary across probless, slrese vectors seldom have
an{,-norm on the same scale & Thus, for a fair comparison, the maximum error for
each of these vectors was scaled by the norm of the true v&gecifically, the normalized

errors are defined as

_ maxx - x| maxT"x" — o

maxx — o]
7o) = Ty BT

TRl

, and e(oy) =

The results are shown in Table 2, and demonstrate that thetaig produces roughly the

same degree of error in the artificial variabjes} as it does for the signa
3.1.5.3 Performance for multiple input vectors

To show how displacement structure can speed up the catufar multiple RHS vec-
tors, the experiments of Section 3.1.5.1 were repeatey ¢ontaining multiple columns.
In each trial run, the interpolation algorithm was first usedolve for the generators of
G~1. With the generators known, the SSD ®f! was used to calculate the solution to
the Tikhonov problem for a RHS vectgrof sizen x £. For each matrix size, the num-

ber of columng was chosen such that the ratim increased in even steps up to 1. The
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Figure 7:Execution time per column vs. ratio of number of columnsy to the matrix side length
n for (a) square Toeplitz matric8sandL with codticients drawn from a complex standard normal
distribution and (b) square Toeplitz matricEswith codticients drawn from a complex standard
normal distribution and,-norm penalization. For each data point, the execution wag averaged
over 10 trials, and the inversion program made use of dispi@at structure to generate the inverse.

per-column execution time of the solver, including the tineeessary to compute the gen-
erators, was recorded for each size, problem, and raticceShe experiments are much
more computationally intensive than those of Section 311the number of trials for each
data point was limited to 10 and the range of matrix sizesiotstl to [Z, 211]. The results
are shown in Figure 7.

As s evidentin the figure, as columns are addeg the per-column cost of solving the
Tikhonov system decreases dramatically. At small ratlesper-column cost of computing
the solution to (48) increases with the matrix size’)e(i,\l log® N), while for larger ratios it
increases a® (nlogn). Therefore, by incorporating displacement structure aligerithm
becomes asymptotically moréieient as the number of columnsyrgets larger.

Table 3 lists the maximum errors in each set of trials. Siheeaccuracy of applying
the inverse through its closed-form expression is a funaifdhe accuracy of the computed
generators, the errors are slightly larger than when thepotation is computed for each
individual column ofy. However, the dropidis slight compared to the dramatic increase in

efficiency. Moreover, it is possible that the numerical stapdf the inverse formula could
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Table 3: Maximum error between the input vector and the solutionrnetd from the inversion
program when using displacement structure to generatentfegse. For each problem type and
matrix size, the maximum errors in the recovered solutioereviaken across all trials and all ratios
of the number of columné in the inputy and the matrix side length “Matrix size” refers to the
side length of the matrices for the experiments.

Matrix Size General Problem {>-Norm Penalization
27 7.4%-12 1.6%-11
28 1.3%4-11 9.0%-11
2° 6.5%-11 3.9%-10
210 1.3%4-10 1.9%-9
2 5.0%-10 6.61e-9
212 1.0&-9 2.3%-9

be improved with a dferent displacement structure (as suggested in [57]).
3.1.5.4 Equivalence in Conjugate Gradient (CG) Iterations

The results of Sections 3.1.5.1 and 3.1.5.2 give an abspietesure of the performance
of the tangential interpolator. To gain a sense of perspecti is useful to translate this
performance into a comparison with CG. The choice of consparivith CG is motivated
by the fact that there exist no other direct solution methadslable for the problems
considered, and it is one of the most celebrated iteratiiboaes for solving least-squares
problems> Therefore, it serves as a reasonable benchmark.

A direct comparison with CG is flicult, however. While CG is an iterative method,
the tangential-interpolation approach is direct. In additthe convergence speed of CG
is dependent on the conditioning of the matrix (among otaetoirs), resulting in variable
solution times across fllerent problems of the same size. By contrast, the tangential
interpolation algorithm is nearly static in computatiomd for a given matrix size, as the
complexity is primarily dependent on the number of integbioin conditions. In spite of

these diferences, it is possible to compare the relatiffeciency of the two algorithms by

5Since very large, dense matrices are used in the simulaamgsnethod requiring an explicit construc-
tion of the matrices involved will exceed memory capacityrfast systems.
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determining how many iterations of CG can be performed inatin@unt of time that the
superfast solver requires.

The experiments of Section 3.1.5.1 were repeated and thergguired to compute
G~ using tangential interpolation in each trial was recordBue matrix parameters were
then passed to an implementation of CG to obtain the soltatidhe Tikhonov problem,
stopping the CG program when the total elapsed time surgdbksealirect-inversion time.
To arrive at a fair comparison, the CG solver made use ofmeatdesigned to apply the
matrix G with minimal complexity through FFT operations. In eachezasnce either the
matricesT andL or their Gramians were Toeplitz, the individual matricealdde applied
with FFTs of length & — 2. However, the minimum number of FFTs idfdrent for each

problem:

e General problem: nine - five to comp(ftexandLx and four to comput& "(T X) and

L (LX);
e (,-norm penalization: five to compufe(T X);

These tallies also use the fact that the FFT of the generatiompr of the matrixTH can
be obtained irO(n) operations from the FFT of the generating vector of the mdtr(and
similarly for L"). When the CG programs terminated, the numbezasfipletedterations
were recorded (discarding the results of any partial itena), and averaged across all
trials. The resulting equivalent iteration counts are giveTable 4.

As indicated in Table 4, the equivalent number of CG iteradiincreases with the
matrix side length. This result is expected, as the CG imratuseO(nlogn) operations
while the tangential interpolator is @(N log? N) algorithm. It is then unsurprising that
asn increases more CG iterations can be run in the same amoumeitttakes for the
tangential interpolator to build a solution.

The accuracy of the two algorithms can also be compared. &ar experiment, the

maximum error in the solutions returned by the two algorghawcross all trials for each
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Table 4: Number of CG iterations corresponding to the tangentitdrpolation Tikhonov solver
for the two Tikhonov-regularization problems. The tabléues were calculated by averaging the
equivalent number of iterations in each scenario over 168I3.t “Matrix size” refers to the matrix
side length for the experiments.

Matrix Size General Problem Pé)a-;\llizggon
512 70.0 54.2
1024 74.6 55.7
2048 84.3 60.0
4096 118.6 82.0
8192 126.9 84.7

16384 169.7 104.4
32768 240.2 123.8

Table 5: Maximum errors between the input vector and the returnedtisak of both the CG
method and the tangential-interpolation algorithm for tthe Tikhonov problem types. For each
problem type and matrix size, the maximum errors in the rey vectors were computed across
all trials. In all trials, the CG method was terminated altarpassing the time required for the
inversion program to return a solution to the same probleMuattix size” refers to the side length
of the matrices for the experiments.

o General Problem {>-Norm Penalization
Matrix Size

CG Direct CG Direct
512 1.64%-7 8.66G-12 1.02-3 1.4%-11
1024 1.61-7 2.5%-11 5.2&-3 4.4%-11
2048 6.03%-8 7.4%-11 1.21e-2 1.2&-10
4096 1.14%-9 1.7G-10 1.2%-2 4.0%:-10
8192 2.0%-10 4.3%-10 1.6%-2 1.14%-9
16384 2.2&-10 1.0&-9 5.8%-2 3.51-9
32768 1.0%-14 2.7%-9 3.8%-2 1.1G-8

matrix size were recorded. The results are given in Table 5.

Table 5 reflects the potential performance gains that caeddeed with the superfast
algorithm. The tangential interpolator is only markédlytpmrformed by CG when the
matrices of the general problem become very large £~o0rm penalization, CG requires
much more time than the tangential interpolator to achiexenaparable level of accuracy,

even when the condition numbers are kept reasonable.
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Table 6: Number of CG iterations corresponding to the tangentitdrpolation Tikhonov solver
using displacement for the general problem. The table saluere calculated by averaging the
equivalent number of iterations in each scenario over li@&1r “Ratio” refers to the ratio of the

number of columns in the input matryxto the matrix side length.

Ratio n = 4096 n=38192
0.11 20.4 18.1
0.37 13.9 5.5
0.53 4.4 3.9
0.79 3.1 2.8
1.0 2.3 2.3

Table 7: Maximum errors between the input vector and the returnedtisak of both the CG
method and the tangential-interpolation algorithm witpdiicement for the general problem. For
each matrix side length, the maximum errors in the recovered matrices were compatenks
all trials and all columns of the input matrix In all trials, the CG method was terminated after
surpassing the time required for the inversion program tiarmea solution to the same problem.

“Ratio” refers to the ratio of the number of columnsyito the matrix side length.

. n = 4096 n=28192

Ratio

CG Direct CG Direct

0.11 5.240 1.1G-9 5.6%0 2.9%k-9

0.37 5.810 1.06:-9 6.1%0 3.2%-9

0.53 5.6(:0 1.0%&-9 5.840 2.6%-9

0.79 6.2Q:0 1.2%-9 5.6%0 3.1&-9

1.0 5.8&0 1.13%-9 5.940 2.9%k-9

These simulations provide a comparison for problems in whi@ inputy consists
of a single column. However, these comparisons can also loe nvaeny has multiple
columns. Repeating the experiments for the general proliderdifferent matrix sizes
(with a smaller range of sizes since the amount of computaianuch larger), the number
of columns iny was again varied in fixed ratios up to 1 for various matrix siae in Sec-
tion 3.1.5.3. The equivalent number of CG iterations for matrix side lengths from these
experiments are listed in Table 6 and the correspondingtliimiéed error comparisons in
Table 7.

As is clear from the results, as the number of columns in th& Ridreases, the direct
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solver dramatically outperforms CG. This result is a pradfche fact that the SSD of
G~!requires roughly the same number of FFTs as is necessarplpthpg matrixG itself.
Once the number of columns in the RHS is larger than the nupflieverse generators, the
equivalent number of CG iterations necessary to procesti@uhl columns iny becomes

very small.
3.1.5.5 Non-uniform Fourier samples

To demonstrate a practical use of the algorithm, it was adpé the task of reconstructing a
signal from non-uniform spectral samples. This is a comnroblem in signal processing,
and one that is particularly relevant (albeit in a multi-dimsional variant) for magnetic
resonance imaging (MRI). For one-dimensional signalssgieetrum of a discrete signal

X = [x;] may be sampled at an arbitrary frequerfgye [-1/2, 1/2) by evaluating the sum
X(fo) = ) xe120l,
j

Collectively, a set oK spectral samples at frequencidg may be obtained by evaluating

the matrix-vector producX = Ax, whereA is a Fourier-like matrix with entries
A = g1,
WhenK = N and the{ fi} are uniformly spaced in{1/2, 1/2), the matrixA is a Fourier
matrix. Accordingly, the signat may be recovered from its spectral samples by
ATX = AAX = x.
However, when the frequencies are not uniformly spacednthtix A is often severely

ill-conditioned, and a regularized solution to the systém Axis required. The Tikhonov

regularization for the problem is typically formulated as
% = (A"WA+T"D) AW X
whereW is a diagonal weighting matrix that compensates for the damgensity in the

Fourier domain andl is the regularizer. For MRI reconstruction problems, a Yimiecell

weighting is typically used to compute the entrie3{90].
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Straightforward calculations show that the “weighted Geaxh AW A is structured,

with entries
(O = (WA = 3w
k=1

Since the entries dB, depend only on the indexfiierence i(— j), Ga is Toeplitz. If the
Tikhonov matrixI” is also Toeplitz, this amounts to the Toeplitz-Gramian pgoh and the
tangential-interpolation algorithm may be used to deteenthe solution to the Tikhonov-
regularization problem.

To demonstrate the use of tangential interpolation for pnablem, length-4096 in-
put signals consisting of linear combinations of sinusatithree randomly-chosen fre-
guencies in the digital frequency range Q2] were generated. For each input signal,
4096 spectral samples at random frequencies chosen frorangufar distribution over
[-1/2,1/2) were computed. As the number of Fourier samples was egulaétlength of
the input signals, the corresponding Gramian matr@&gsvere severely rank-deficient.

Since the input signals contained only low-frequency s a scaled second-order

difference matrix

~1e-4 Ji—jl=1
lij=92e-4 =]
0 else

served as a mild butkective regularizer, penalizing solutions with high-freqay content.

A typical reconstruction is shown in Figure 8. In this examphe Gramiars, had
a numerical rank of 3050 despite being 4098096, and the condition number of the
matrix (Ga + I'"'T") was approximately 9eB. Despite this poor conditioning, a reasonable
reconstruction was acquired through direct inversion s han (07 seconds.

The reconstruction may be compared to one achieved with @air&ime-limiting the
CG reconstruction based on the runtime of the tangentiatpolator, the iterative solution
to the same problem was computed. With both solutions dtailéhe error vecton(— x*)

for each method was computed and the results plotted on the sezale in Figure 9. While
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Figure 8: A segment of the reconstruction of a low-frequency inpunalgusing4096 non-
uniformly spaced Fourier samples via superfast Tikhongulagization, where the Tikhonov ma-
trix was a scaled second-ordefffdience matrix. Despite the poor conditioning of the mataix,
reasonable reconstruction was produced in under a second.

both methods achieve reasonable reconstructions, thentaginterpolation algorithm

outperforms CG in reconstruction quality for an equal amadficomputation time.

3.2 Nonuniform resampling of digital signals

Resampling discrete signals is one of the fundamental tpesan digital signal process-
ing. For an analog signa(t) sampled at a perio@l above the Nyquist rate, classical signal
processing theory states thét) can be synthesized from its samplgs= x[j] = X(jT) by

O = ) xi] - sinc(t/T - ).

jez

where sinck) = sin(rx)/(nx). During the process of digital resampling, the signal is no
actually synthesized to an analog version and then sampgl@d.alnstead, new samples
are calculated at the desired locatienghrough the synthesis formula

Xuli] = D" X[j] - sinc(or - j). (54)

jez

The synthesis formula of (54) is an interpolation, wherdnipat samples( j] are weighted

by samples of the sinc kernel function.
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Figure 9: Errors of the reconstructed signals from the tangenti@rpolation method and the CG
method. Both methods yield a reasonable reconstructioharséme amount of time, with the
tangential-interpolation method having a smaller erreele

When the new sampling locations form a uniform grid, this process amounts to alter-
ing the sampling rate of the signal. Such problems are vatlisd, and the computation
involved is fairly straightforward. For a rational rate dga by a factor oP/Q (or an ir-
rational rate change suitably approximated by a ratiortalchange), the new samples are

calculated by the following steps:

1. Alonger, zero-padded version of the signal is created:

fori=0,...,P-1andj=0,...,n-1.

2. The signalxs filtered with an anti-aliasing filtek = TX. This operation corre-
sponds to multiplication by a Toeplitz matrix whose entiaes determined by the

filter codlicients.

3. The new signal is calculated as a decimated version ofltaeefil signaly; = Xqi.
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The only real computation involved is in the filtering staglere a Toeplitz matrix-vector
multiplication is performed.

For many applications (including packet-datdfia geophysics, medical imaging, and
astronomy, for example), either the input or output sampldsgarenon-uniform and the
resampling process is used to convert between uniform amaindorm samples [33, 100].
There is a great deal of literature on the theoretical pitggseof non-uniform resampling
[18, 23, 35, 100] and many algorithms for converting betwsampling modalities [11,
36, 74, 114]. These algorithms are diverse, with some iterand others direct, some
approximative and others exaetc

It is also possible to express the non-uniform resamplinglem in terms of structured
matrices by exploiting the behavior of the sinc interpaatkernel. Since the uniform re-
sampling problem uses only structured matrices in its cdatfmnal step, this approach
allows for a more unified view of resampling in terms of stuwet linear algebra. More-
over, by exploiting the structure of the problem, it is pbsito obtain asymptotically

efficient algorithms for the sinc interpolation involved inaepling.
3.2.1 Structured matrices in non-uniform resampling

Expressing the resampling problem as a linear system, gadgjgnalx € C" can be
resampled at arbitrary locations through the matrix-veotaltiplicationX = Rx where

R e C™" has entries
R.j = sinc(oi — j).
Using basic trigonometric manipulations, the elementR satisfy

sin(z(o — j) _ sin(ro) cosfrj) — sin(r j) cos@o)

RIS e )
sin(ro;)(-1)!
)
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Define the following variables:
C = no;j dj = ﬂ'j
z = sin(G) y; = (-1).

If C is the Cauchy matri;; = (¢ — d;)™%, one can writeR as the generalized Cauchy
matrixR = diag(z) - C - diag(y). SinceRis a generalized Cauchy matrix with= 1, it can

be applied with the FMM if©(m+ n) operations. This procedure is shown in Algorithm 5.

Algorithm 5 Algorithm to resample a uniform signa]k], k = 0,...,n— 1 onto the non-
uniform nodesr; using sinc interpolation.
procedure X = UniToNoNUNIREsamMPLE(X, 07)

N «—LEeNGTH(X)

C <« 7o

dj « 7j

aj « Xj - (1)

y « FMM(a, c, d)

X « sin(ro) - y;
end procedure

For most practical applications, however, the problem atdhia typically to obtain
uniform samplesx from non-uniform samples rather tharvice versaThis type of resam-
pling may be viewed as the inverse problem of compuRngthat is, computing = R'X,
where ()’ denotes the pseudoinverse. In general, the problem is ohhalse and well-
conditioned if the matriR is tall and has full column rank. In this case, the least-segia
solution is

x' = R'X=(RTRR'x=G'R'X

It is generally expensive to compuxe, as the usual cost of solving a syst@n = v is

O(n%). HoweverG is also structured, and its displacement allows forféient inversion.
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3.2.2 Superfast non-uniform-to-uniform resampling

The matrixG of Section 3.2.1 is the Gramian of a generalized Cauchy ratretting

D = diag(rj), the displacement d® is
Voo(G) =uv' —wu',

whereu = R'zandv = y as prescribed by Corollary 2.6. Using (36), the ma@ixan
be reconstructed with the pseudoinverse of the displaceopenator from its generatous
andv and nodesl; up to its main diagonal :

UiVj — Vin

Aoy 7

[Viwuvd) =

0 else
The matrixV(u, v, d) cannot be expressed as a generalized Cauchy matrix, agthe d
nominators of its diagonal cé&ients are undefined. However, the uniformity of the nodes
{r]} still allows for fast computation. Define a “core” Toeplitzatnx
a i-))=0

T = ,
1

(i = )

wherea is any scalar, and diagonal matrid®@g = diag(u) andD, = diag(v). Then the

else

pseudoinverse of the displacement operator has the 88Dv,d) = D,TD, — D, T D,
and may thus be applied @&(nlogn) operations. In practice, settimg= 1 yields a matrix
T with both condition number and operator norm close to 1.
If the main diagonak of G is also known, then the produG: may be calculated with
the SSD
Gu = (D,TD, — D,T D, + diag(1)) .

This identity is also useful in determining the diagonal@f' once its generators are

known. Denoting the inverse generatorspps G v andq = G™'u, let D, = diag(p)
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andD, = diag(qg). Designate the main diagonal 6f* asy and letu = g1v + .U and

v = B1p + B2q for some scalarg, 3, € C; then

v = G 'u=(DpTDy - DaTDy)u +diag(y) p

(DpT Dy — DT Dp) 1 + diag(u) y

=Y

diag(u)™ (v - (DpT Dg — DT Dp) ). (55)

All operations in (55) involve diagonal or Toeplitz-matmxultiplies. Therefore, once the
generators o&~* are known, its main diagonal may be foundi(logn) operations. With
the main diagonal calculate@! may be applied to any vector @i(nlogn) operations
with similar operations.

The remaining question is how to compute the genergtoanid g. Given that the
matrix G cannot be fully reconstructed from its displacement aloklgprithm 2 must
be modified. Specifically, the main diagonal of the matrixeirses in the recursion must
also be computed to fully recov&2. If the diagonal ofG is supplied, the diagonal of
the upper-left blockG, ; is known. The first recursive call is then unchanged if thermai
diagonal of the matrixs is also an input parameter to the algorithm.

However, the diagonal of the Schur complem8&ninust also be computed. The di-
agonal ofS can be found using (55) once the generatgyeindvs are computed. More

specifically, ifAs is the main diagonal of the Schur complement, then

ds = S1-Vi(us,vs,dp)1

= Gz,zl - GIZGI::LLG]_Z:L - VT(Us, Vs, dz)l

OnceAs is known, the second recursive call can be made as usual. fdlesfep of
the algorithm is to compute the diagonal®f! from (55) for some selected valugsand
B2. The full modified algorithm is given in Algorithm 6, whereetlyenerators are defined
slightly differently to exploit the symmetry &. Namely, sinc&! is symmetric, it is only

T
necessary to compute the left genera@ré[u v] since the right generatc{lgs —u] Gt
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are identical.

Algorithm 6 A recursive algorithm to obtain the generators@f!, the inverse of the
Gramian of a resampling matrix. The algorithm partiti@ss and computes its genera-
tors and main diagonal by computing the generators and magordal of the inverse of
the principal leading submatri®; ; and of the inverse of the Schur complem&ntThe
matricesG; ; andS are applied using their displacements.

procedure[p,q,y] = ResampGraMINvVGEN(U, V, A, d)
N «—LENGTH(U)
if N < Npminthen
Gij < Vi(u,v,d) + diag(1)
p«— Glv
q« Gl
else
[P1, G1, ¥1] <« ResampGrAMINVGEN(UY, V1, A1, dp)
Us < U — GIqu
Vs — Vo — Gy
As « (S - V'(us, Vs, dy))1
[P2, 02, 2] < ReEsampGrAMINVGEN(Us, Vs, As, O))
p1 < P — G1G12p2
01« & — G 1G120p
end if
M BV +Bou
v« B1p + B2q
y « diag(u)™ (v - Vi(p. 0. d)u)
end procedure

There are two appreciableftBrences between Algorithms 2 and 6. First, Algorithm 6
requires extra computation to compute the diagonal valdesiever, all matrix operations
involved requireO(nlogn) or O(n) operations, so the asymptotiffieiency of the over-
all algorithm is unchanged. Second, from the symmetry ofntlaérix G, the amount of

computation is halved since the two generator matricesagottie same vectors.
3.2.3 Htficient pseudoinversion for resampling matrices

Algorithm 6 gives a straightforward approach to finding teegrators o061, but much of

the calculation can be eliminated when it is taken in the édeo@ontext of computing the
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pseudoinverse d®. The displacement d®' is

Vba.0.(R") Va0, (G™'R") = Vp, p,(GHR" + G 'Vp, p(R")

qu RT _ qu RT _ G—lyZT

quRT _ quRT _ pZT

Il
—
©
IQ_J
Py
o)
|
N

=TT,

If ¢; # dj for all i, j, then the displacemeMp, p (-) is nonsingular. Therefore, there is no
actual need to compute the main diagonaBot; if the generatorg andq are known, the
generators oR" may be computed without needing to ap@y! directly.

Similar logic can be applied throughout the recursive pdoce as well. Suppose

01 Gi1 Gizl|l

8| |GI, Gaol2

Then

62 - GI’zGI’Jiél = G-]Ezl + Gz’zl - GIzGI’JiGl’ll - G-]I:’zGI’]iGl’zl
= (Gzz-G{,G11G12)1 = SL.
Therefore, if the quantity = G1 is known, the produc61 can be computed with an

application of the matriG] ,G 7.

The generators of the produgf ,G; 7 are

T ~-1 T \=-1 T -1
Vby, by, (G1,G11) Vb4, b, (G12)G11 + G1,Vb,, b, (G11)

(U2VI - V2UDGI,11 + GI,z(f)qu — 01 ﬁI)

(U2Py — Vali;) + Gp (Pl — Gufy)

(U — G1,P1) Py — (V2 — G1,P1)d;

=T ~T
UsP; — VsQy.
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Since the nodes af; andd, are disjoint sets aodl, they are mutually exclusive. Therefore,

GI,zGI,ll can be expressed in an SSD that uses its generators. Defiaifigéplitz matrix

1

T = @y =@y

it follows that
GI,ZGI,:!I.. = 6—1 ([US,VS]’ [61 —Ch] s d2, dl)

diag(us) T1diag(f,) — diag(vs) Todiag(dy) -

Giveny¢, then, it is possible to compute the main diagonaSokith two generalized
Cauchy matrix-vector products rather than the six prodeegigired in Algorithm 6. Simi-

larly, for the computation op; anda,, the matrixG;1Gi.» = (G],G;})" has generators
V4,04, (G11G12) = 01V — Prus.

Therefore, only two (rather than four) generalized Cauchjrix-vector products are needed
to computep; andq;.

Since Gy} is only used in conjunction witlG,, or G{,, its main diagonal is never
needed. Similarly, it is unnecessary to compute the maigatial forS-1, as it is never
used. Finally, since the pseudoinverse itself does nofrethe main diagonal @62, there
is no need taeevercompute the main diagonal during the recursive call. Thewrdaigonals
are only used in the beginning of the algorithm to comgsie Thus, the diagonal of the
matrix to be inverted must be supplied, but the diagonalfniverse never needs to be
computed.

This more economical approach is given in Algorithm 7, whhised to provide the
generators oR' rather tharG=1. While the matrixG is more expensive to apply than any
of its individual blocks, by computin@1 the number of matrix multiplies required in var-

ious stages of the algorithm is greatly reduced. Moreower productss;,1 andS1 are
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computed throughout, and can be passed to the recursivaedotavoid further calcu-
lation® Therefore, this approach significantly reduces overheddetiminates redundant
calculations.

With this algorithm established, Algorithm 8 then providesuperfast non-uniform-to-
uniform resampling. The first lines determine the genesat@ndv of G, as well as its
main diagonal. Then, the generators of the pseudoinveesieaermined with Algorithm 7.
Finally, the pseudoinverse generators are used in an SSDitpinthe pseudoinverse by
the non-uniform samples. Note that it is also possible tonporate the procedure of

performing the multiplication of the input samples dirgatito the routine of Algorithm 7.

3.2.4 Performance scaling

The performance scaling of an implementation of the resagalgorithms can be ob-
served with a series of numerical simulations. For theseilsitions, the algorithms were
implemented in @+ with MEX-function interfaces to MATLAB. All experiments we
run on a 3.16 GHz Intel Core 2 Duo machine with 3.0 GB of RAM urttie Ubuntu 12.04
LTS operating system and MATLAB R2042

In the simulations, a number of input signals of varying kasgwvere processed with
the resampling algorithms and the accuracy and executiewias recorded. More specif-
ically, the size of the uniform sampling grid was varied betw 2 and 2° in even log-
arithmic steps. Taking the uniform grid size to hein each of the 10000 trials per grid
size a non-uniform sampling grid was then formed by choosirrg3n sampling points at
random in the interval (0 — 1/2).

To estimate the accuracy of the algorithms, the results efrélsampling algorithms
were compared with direct calculations. Since the direntmatation of sinc interpolants

is computationally costly a@(mn), it is beneficial to uss sparse signals (signals with only

6Sinces; = Gy1l + GI’zl, it is necessary to pass the valiie= §; — GI,Zl to the recursive procedure on
the blockGy ;.
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Algorithm 7 A recursive algorithm to obtain the generatorsRdf the pseudoinverse of
a non-uniform resampling matrix. The algorithm operatestyputing the generators of
(R"TR)~* through a partitioning and then uses them to compute thergms of the full ma-
trix (RTR)™'R'. By never explicitly computing the diagonal 6f*, redundant calculation
is eliminated. Th& operators are used to apply generalized Cauchy blocks withingu-
lar displacements with their SSDs, while tfié operators are used to apply matrices with
low displacement rank but singular displacements.

procedure [)( T] = ResampPPseupoINVGEN(Z, Y, C, d)
Ue VY, ~zd,0)z

Vey
6 — (5‘1(y, -zd, c)) (5‘1(1 Y, C, d)) 1 > Computes = R'R1
Ae—6-Vi(uvd1l > Compute main diagonal &

[p q] = RecGramINVGEN(U, V, 4, 6, d)
x<|[p d
TV zy.cd|a -p|-|z 0]
end procedure
procedure [p q] = RecGramINVGEN(U, V, 4, 6, d)
N «—LENGTH(U)
if N < Nnminthen
Gij < Vi(u,v,d) + diag(1)
[p o= G7v u
else
8y« 6, — V1 ([ul vl] , [vg —Uz] .o, dl) 1 > Updates for Gy 4
[[31 ql] «— RecGrAMINVGEN(U, Vq, A1, 31, di)
[Us Vs] — [Uz Vz] -Vt ([Uz Vz] ) [Vl _Ul] , O, dl) [ql 51]
S « 6, — V1 ([us vs] , [f)l —ql] , Oy, dl) o1 > Computes = S1
As « 0s — Vi(us, Vs, d)1 > Find main diagonal o8
[pz qz] «— RecGramINVGEN(Us, Vs, As, ds, d)
[pl Ch] — [f)l CI1] -Vt ([ql 51] , [Vs —Us] , 0, dz) [pz CI2]

end if
end procedure
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Algorithm 8 Algorithm to calculate the uniform samples of a sigr], k=0,...,n-1
from the non-uniform samplegK] corresponding to locations; by applying the pseu-
doinverse of a resampling matrix with an SSD.

procedure x = NonUniToUNIResampLE(X, o7, N)

C « no;
dje<nj (j=0,...,N-1)
Z « sin(c) > Find generators, main diagonal Gf
@ « -7
U« FMM(a, d, )
B — FMM(v, c, d)
Bj « —sin(mo)) - B
A1« FMM(B, d, ¢)
A« A1-Vi(u,v,d)1
[X ‘I’] «—REesampPPseupoINVGEN(Z, Y, C, d) > Solve for generators d¥’
o1 @] « diag(%) T > Apply pseudoinverse
B1 <« FMM(a4, d, )
B2 — FMM(a», d, C)
Xj < xj1(B1)j + xj2(B2);
end procedure
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snon-zero samples) to reduce computation. Gives-aparse vector of uniform samples,
the non-uniform samples may be directly computed as a susweighted sinc functions
in only O(m9 operations, yielding a considerable savings < n.

For each trial of each matrix size, a 20-sparse signal wasrgtad as the set of true
uniform samples. The non-zero components of these sigraks assigned random values
from a uniform distribution over{2, —1] | J[1, 2]. The true non-uniform samples were then
computed by explicitly summing the 20 sampled sinc function

For each trial, the resampling algorithms processed tleesimmnples and their execution
times were recorded. To reduce deviations in execution, tgaeh algorithm was run five
times per trial and the recorded execution time was the geavhthese trials, for a total of
50000 calls to each resampling algorithm. The accuracyeofdbults were then compared
to the directly computed or initialized values.

Two scenarios were considered for the non-uniform-toarmfresampling. In the first,
the generators of the pseudoinve@eR"™ were computed “on the fly.” In the second, the
generators were provided, and thus the only step in the ndorm-to-uniform resampling
algorithm was to apply the pseudoinverse from its SSD. Ttierlacenario results in sig-
nificantly reduced execution time (though the accuracyesiidal since both are using the
same generators).

The execution time results are plotted in Figure 10. Pa)elédmonstrates that the con-
version to non-uniform samples scales as expected, gravaady linearly with the signal
length as predicted by the asymptotic cost of the FMM. Pdnedtjows similar behavior
for the recovery of uniform samples, with much higher ovarheost from computing the
generators of the pseudoinverse. In contrast, pafeahows a reduced cost for recovery
when the generators are knowampriori

The accuracy results are plotted in Figure 11, and indidaethe resampling algo-

rithms indeed achieve a high level of accuracy. In the figtme distribution of the log of
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Figure 10: Algorithm runtime for: (a) resampling onto a non-uniformicr(b) recovering uni-
form samples from non-uniform samples, and (c) recoverimfpptm samples with pre-computed
generators o1,
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Figure 11: Distribution of the log of the normalized errors across eipental trials for: (a)
resampling onto a non-uniform grid, (b) recovering unifasamples from non-uniform samples.
Each distribution was calculated by computing a histogréathelog of the normalized errors using
30 bins evenly spaced betweehl and—4.

the normalized errors
X=Xz
|IX]]2

across the 10000 trials for each matrix size are plotted hAsrtatrix size increases, more
numerical error propagates and the algorithms yield fevwggtstbf precision in the solution.
The distribution of errors for the two problems behavi#edently. The distribution of
errors in the uniform-to-non-uniform resampling algomithas a larger tail to the left. This
behavior is indicative of the inherent accuracy bound of RMM. Since some minimal
degree of precision is assured by the FMM, for a given maizxene would expect a sharp
drop in the distribution around some point correspondintpé&“guaranteed precision” of
the FMM. However, the location and amplitude of the sparsapanents of the input
signal and the non-uniform grid points were chosen at randond therefore any given
random draw may result in more or less accurate solutions result, the left side of the

distribution has a longer tail.
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By contrast, the FMM is only a single component of the norfarm-to-uniform re-
sampling algorithm. Therefore, while the FMM has some maliprecision, the condi-
tioning of the various subproblems encountered in the dradd-conquer approach may
increase the error level. Since this algorithm is inverting Gramian of the resampling
matrix, the conditioning of the problem is sensitive to th&ribution of the non-uniform
sampling nodes. If a region of the uniform grid is underreprged in the non-uniform
grid, it will lead to a less well-conditioned subproblem tdv& when determining the gen-
erators of the pseudoinverse. As a result of this behawieretror distributions for the
non-uniform-to-uniform resampling experiments have éargils to the right.

It is possible that the accuracy results for the non-unifteAuniform resampling could
be improved by introducing pivoting during the generatdcalation. However, the design
of a good pivoting strategy is more nuanced for these matrite general, pivoting will
change the Toeplitz matrices that are used to apply the blot into Cauchy blocks.
These blocks would then be applied with several FMM callseathan FFT calls. Since the
FMM is not exact, it is unclear whether using standard pngtechniques would provide
tangible accuracy benefits. An “interleaving” pivotingasrgy would preserve Toeplitz
structure, but its féect on accuracy may not be significant. It is possible, howedhat
iterative refinement would improve the accuracy at the cbsto FMMs and four DMMs

per iteration.
3.2.5 Applications of interest

The algorithms of Sections 3.2.1 and 3.2.3 prescribe dlguos for superfast non-uniform
resampling. The numerical simulations of Section 3.2.4/ipl@evidence that the perfor-
mance of these algorithms scales properly with the problemand that the algorithms
return results with a reasonable accuracy. It remains toudssin what capacity these

algorithms might function for practical signal-procegsproblems.
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3.2.5.1 Non-uniform resampling for non-uniform FFTs

In Section 3.1.5.5, the Tikhonov-regularization algaritivas used to recover samples of
a signal from non-uniform samples of its spectrum. Sinceaha@mian of the non-uniform
DFT matrix A is Toeplitz, this formulation led to a Toeplitz-structunedjularization prob-
lem. However, one may also consider treating the problemmimleernative way, first
performing a non-uniform resampling in the Fourier domaid &hen transforming the in-
terpolated cofficients back into tempor@lpatial samples. This approach mirrors the clas-
sical approach to non-uniform FFTs, which take an oversathpFT of the input signal
and use the samples to interpolate the spectrum at arbjicanys [87].

In practice, the oversampled spectrum is often interpdléte a truncated kernel to
reduce computation [65]. However, Algorithm 5 may be emptbyor the problem if a
sinc kernel is used for the interpolation. The task of conmgua non-uniform FFT would
then reduce to a single oversampled FFT, FMM, and DMM.

To demonstrate the potential utility of superfast non-omf resampling for NUFFTSs,
a series of simulations were run with the following setupr. &total of 10000 experiments,
a lengthn = 1024 signal was generated by drawingfti@eents from a normal distribution
and then windowing them with a Hann window. For every 500d4neithin the 10000, a
new set of 8 frequencies were chosen from a uniform random distribugier [-1/2,1/2)
and a non-uniform DFT matrix was explicitly constructedr Each individual trial within
the set, the exact non-uniform DFT was calculated by apglttie non-uniform DFT ma-
trix to the input samples. The non-uniform resampling attpan was then used to calculate
the samples, using a periodic extension to improve the acgwf the calculated samples at
the edges of the main frequency interval. The times requdoedirect application and for
the non-uniform resampling were recorded and the relatig ef the resampling process
was calculated.

Once again, all experiments were run on a 3.16 GHz Intel C&re®machine with 3.0

GB of RAM under the Ubuntu 12.04 LTS operating system and MABLR2012x. The
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Figure 12: Distribution of the log of the normalized errors across expental trials for the cal-
culation of NUFFTs. The distribution was calculated by comimg a histogram of the log of the
normalized errors using 30 bins evenly spaced betw&esand-3.

code implementation was the same as used for Section 3.2edavierage time required to
use non-uniform resampling to calculate the non-unifornT Dfas 6.90 ms, compared to
178.2 ms for a direct calculation of the non-uniform DFT,d®peedup factor of 25.8. The
distribution of errors in the calculations is shown in Figd2. While the relative errors are
larger than for the performance scaling simulations, theumaform resampling algorithm

yields reasonable results with much greater speed thact doenputation.
3.2.5.2 Converting level crossings to uniform samples

In standard sampling architectures, a sample is acquireaknyg a “snapshot” of a signal
at a specified point in time and the output is quantized andrded. For high sampling
frequencies, the process of time synchronization and qaitn can significantly com-
plicate the hardware design. It would therefore be benéficiase alternative sampling
architectures that might reduce the hardware burden fér-figguency sampling.

One optionis to use a level-crossing architecture. In thigiguration, a set of specified
“levels” each have a sensor that records the time that al&gredue crosses that level.

Since each sensor covers its own level, the sample acquipitocess amounts to recording

113



only timing information. Since the input signal will not, general, cross levels at even time
steps, the resulting samples are non-uniformly spacedie. ti

The appeal of a level-crossing architecture is that thevisarel design is significantly
simpler. However, there is a practical need f@iogeent algorithms to resample the ac-
quired data from these architectures onto uniform gridghdfsinc kernel provides a good

interpolation kernel, then Algorithm 8 would have potehianefit for this application.
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CHAPTER IV: MULTI-LEVEL TOEPLITZ THEORY AND
ALGORITHMS

4.1 Inversion for special classes

In general, the superfast algorithms that have been deselfgy Toeplitz systems do not
extend well to two-level Toeplitz matrices. However, whether level of a two-level
Toeplitz matrix contains a commutative structure, the isgecan be expressed as an SSD
from a small number of generators. As a result, standarduse#jorithms for comput-
ing the inverse generators can be extended to these ma@itgsystems involving this

structure can be solved with a few 2-D FFTs [103].
4.1.1 Commutative classes of Toeplitz matrices

Two subclasses of Toeplitz matrices have the property ofncotativity, and thus form
commutative rings. A commutative rirg consists of a set of elemenfsand associated
operations for additiort() and multiplication ¢), and is denote® = (S, +, ). ForR to be

a commutative ring, its elements must satisfy the followpngperties [42]:

1. A+ X = Bis solvable for allX (existence of an additive inverse);

2. A+ (B+C) = (A+ B) + C (associativity of addition);

3. A(BC) = (AB)C (associativity of multiplication);

4. A(BB+C) = AB+ ACand B + C)A = BA+ CA (distributivity of multiplication);
5. A+ B = B+ A (commutativity of addition); and

6. AB = BA (commutativity of multiplication).

The properties of matrix addition and multiplication agstivat any generic set afx n
matrices satisfies all but the last criteria. The final cigeimplies a special and highly-

restrictive property: any commutative ring of matriceslssed under inversion (for any
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nonsingular elements). That is, given a commutative Rraf square matrices, the inverse
of any nonsingular element iR must also be irR.

There are two particular subclasses of Toeplitz matricasftitm commutative rings.

Lemma 4.1. Let S be the set of all x n upper or lower-triangular Toeplitz matrices and
define the binary operationsand: to be matrix addition and multiplication, respectively.

Then(S, +, *) is a commutative ring.
Proof. See [46], Proposition 10.1.1. O

Lemma 4.2. For any f € Z such that|f| = 1, let S be the set of all .k n f-circulant
matrices and define the binary operationand: to be matrix addition and multiplication,

respectively. The(sS, +, ) is a commutative ring.

Proof. Since any elemer € S is f-circulant, it can be written as

=

n_ .
A= > Zia

Il
o

for a € C. Since|f| = 1, let f be written asf = &’ for somed € (—x, 7]. Define annx n

diagonal matrixA = diag([g?/"]); then

o ... 0 d'll. o --- 0
I = L/ 0 ollo el? ... 0 _
AZiA = =d"z,.
0O ... @n ogllo 0 ... gitt-1/n

The matrixZ; is circulant, and thereforg, = FMdiag([e7%*/"))F = F"XF. Therefore,
Z; = AF" (¢”"z) FA.
Since|f| = 1,

Z; = Z:Z; = AF" (e”"Z) FAAF" (€75 FA

AF" (@¥"5?) FA,
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and more generallg;, = AF" (¢"/"z') FA. Therefore, any € S can be written as
— n_l . . —
A = AFH [Z é'O/”z'a,-) FA = AF"DAFA,
i=0

whereD, is diagonal. For two matrices, B € S,

AB = AF"DAFAAF"DgFA = AFHDADgFA

AFPDgDAFA = AFMDgFAAF"DAFA = BA
Therefore, all elements, B € S commute. O

The set described in Lemma 4.2 has another interesting fiyppe well: it contains nearly

all normal Toeplitz matrices [34].
4.1.2 Inversion formulas and algorithms

Section 2.1.1 gave the Gohberg-Semencul SSDs for scalplifaaverses, which contain
only triangular Toeplitz matrices. When a two-level Togphatrix contains circulant or
triangular structure in one or more of its levels, these fdas can be extended naturally
through the use of Kronecker products. The tesemi-commutative two-level Toeplitz
(SCTLT) will be used to refer to this class of matrices fordie The Gohberg-Semencul

formulas allow for @icient inversion of SCTLT matrices.
4.1.2.1 Gohberg-Semencul formulas for SCTLT matrices

It is possible to follow the exact progression of Section t&.bbtain a broad and gener-
alized form of the Gohberg-Semencul formulas for SCTLT imaf. However, given that
the formulations of 2.1.1.3 follow immediately from a fewrgile results, it is easiest to
instead define a single set of generators and a specific GpiSeenencul formula. The
generalization to equivalent generator sets and formuégsthen be obtained in a fashion
similar to that of Section 2.1.

In Section 1.5.1, the level-swapping matrix was used to amxgh the levels of a two-

level matrix. Without loss of generality, then, one may édasa two-level Toeplitz matrix
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T whose block#\_; are members of a commutative ring of Toeplitz matrices. Fatrices
with the opposite level structure, all results and algonsgthold after the matrix is permuted
on both sides with the level-swapping matrix.

Scalar Toeplitz displacement expressions can be extendtub tblock level through
the use of Kronecker products. Rather than tk&hift matrixZ;, a convenient block-level

displacement uses the block-levfethift matrix X;.

Definition 4.1 (Block-level f-shift matrix) The (m, n) block-level f-shift matrix X; is

defined as X=7Z; ® |,

Similarly structured — but non-separable — matrices magatsbe used, bi; serves
as a particularly convenient choice. Much as for scalar icesy the block-leveF-shift

matrix can be used to define circulant-like structure.

Definition 4.2 (Block-level f-circulant matrix) A matrix A € C™™" is block-level f-

circulant if there are matrices A C™™ such that

Ao fALL - A

1 A A
A=Y dhea) | Y it (56)

— : : o

A Az - Ao

Using the block-level 0-shift matrix, the displacem&gr x,(-) of an SCTLT matrix has

a closed-form expression similar to (17).

Proposition 4.1. Let T = [A_;] be (m, n) two-level Toeplitz with Toeplitz blocks_Ae R,

whereR is a ring of commutative Toeplitz matrices. Then
Vioxo(T) = HET - EHP, (57)

where& = & ® |, andH is the block column vector

7
7‘{ = O Al—n e A—l . (58)
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Proof. Using the definition of the displacement,

Vxexi (T) = XoT =TX
o --- 0 0 A, -+ Ay, O
Ao -+ Acn A Ay - An O

Az - Ao Al Az - A O
7_{((jnr - Sl(j m,nq_{)T

HEY — E;H = HEL - E;H".

O

The block-level Sylvester displacement of the inverse obasmgular SCTLT matrix fol-

lows immediately.

Proposition 4.2. For T a nonsingulafm, n) SCTLT matrix with blocks4 € R, whereR
is a ring of commutative Toeplitz matrices, let=BT~! with blocks B; € C™™. Define

U = BE, andV = BH, with H as in(58). Then
Viexo(B) = UVE —VUP. (59)
Proof. From the properties of Sylvester displacement,
Vioxo(B) = —BVy,x(T)B=BEHB-BHEB=UH"B- VEB.

SinceT is persymmetridB is as well, and from Proposition 18°B = (BQ)" for any

Q € C™™M Therefore,
Vexo(B) = UV® —VUP.
O

The operatoiVy, x,(-) has a nullspace equal to the set of block-lower-triangwarlevel

Toeplitz matrices.
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Proposition 4.3. Let Ae C™™™", then Vx, x,(A) = 0if and only if A is an(m, n) two-level

matrix with a lower-triangular Toeplitz block pattern; thes, if A is of the form

>Ao 0 --- 07

A . 0
A=|"" AO . (60)
Avi Avo o A

for some matrices A C™M,

Proof. The proof follows the form of the proof of Proposition 2.5 tiwthe scalarsy ; =
a;_j replaced with the matrice% ; = Ai_j. Since all operations involved require only matrix

additions, the blocks are not required to be commutative. O

Using Proposition 4.3, a Gohberg-Semencul formula for SCiiatrices can be stated.

Theorem 4.1. For T a nonsingular(m, n) SCTLT matrix with blocks A € R, whereR
is a ring of commutative Toeplitz matrices, let=BT* with blocks B; € C™™. Define
U = BE, andV = BH, with H as in(58). Then the blockg/;, V; € R and the matrix B

can be decomposed as

0 (Vn (VZ 7/[1 0 0 0 fun (L[Z (Vl 0 0
o s ||[U2 U oo 0 o s V2 Y - 0
B=|I- o e o | 68D
70 0O --- 0 | 771n Upr - 7117 70 O --- 0 | an Vo1 - rvl_
Proof. See Appendix A. O

The Gohberg-Semencul formula in Theorem 4.1 is an extermditive Barnett formula [8].
Since the components @f andV are from the ringR, it is an SSD of the SCTLT inverse
that uses only block-triangular SCTLT matrices.

Moreover, the elements of both commutative Toeplitz ringspmrametrized by co-

efficients. Therefore, the block columfig andV are entirely described by a total ofn
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parameters each. For both theirculant and triangular rings, the generatéfandV are
in fact entirely described by a single colurhiThe generatorg/ andV of the matrixB

can then be obtained by solving systems of the f&m= v.
4.1.2.2 Inverse generator calculation for the triangul@eplitz ring

One method of calculating the inverse generators of SCTLifices with triangular blocks
is to generalize the tangential-interpolation algorithmeplacing scalars with triangular
Toeplitz matrices. However, this is a poor strategy in pcactas the block size increases
the interpolation becomes unstable as a result of the mat®iil-conditioning of triangular
Toeplitz matrices. A more attractive alternative is to exktéhe superfast triangular-Toeplitz
inversion algorithm of [24] to the block-Toeplitz case. $higorithm recursively computes
the inverse generator of a principal leading submatrix (P&l then uses it to solve for
the inverse generator of the next largest PLS.

Without loss of generality, as the results extend easilypjpet+-triangular Toeplitz ma-
trices, letR be the commutative ring of lower-triangular Toeplitz mess. Denote the set
of SCTLT matrices whose blocks are elementsRods T[R]. For a nonsingular matrix
T € T[R], given the component®/,V it is clear from the SSD in Theorem 4.1 how to
apply the matrix irD(mnlogmn) operations with 2-D FFTs. However, as is the case with
most algorithms based on inverse characterization, sphcinthese components is costly
if generic algorithms are used.

Let P be the fn,n) level-swapping matrix, and define = PTTP. ThenT is block
lower-triangular Toeplitz with Toeplitz blocks, and salgia system of the formiu = v is

equivalent to computing = PT1PTy. Assumingmto be evenT can be partitioned as

_ Ty ©

ICirculants and lower-triangular Toeplitz matrices areirefyt described by their first column, upper-
triangular Toeplitz matrices by their last column.
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whereTo, T € C™V2xMV2 Noreover, the matriX, is also block lower-triangular Toeplitz
with Toeplitz blocks.
From the block LDU decomposition of Section 2.3, the pamtiéid inverse of is
T-1
i B
~T T, Tt
Lettingv = Py andi = PT, the permuted solution is

H1 fg ! 0 |1

/72 —:lfalfl:lfal fal ’172
Its components can thus be written as
im=To and i =To'(v2— Tim).

When solving the systeffiu = v for generic vectors, this expression implies that the
problem can be subdivided. First, a system one quarterzbensiy be solved to determine
71, and then the same system may be solved for a new ifput T.x1). SinceT; is
(m/2, n) two-level Toeplitz, the updated input can be computédiently with 2-D FFTs.
The recursion is stopped whdg is reduced to a scalar Toeplitz matrix, at which point any
scalar Toeplitz inversion method may be used.

For the particular case whenare the generators d@f, the computation can be made
even more ficient by using the fact that the columnsgfare actually the inverse genera-
tors of To. Therefore, onc@; is computed, the SSD of the matrfgl in Theorem 4.1 can
be used to solve the second system. Since all operationplp Bp' and T; involve 2-D

FFTs, this results in thé(mnlog® mn) procedure given in Algorithm 9.
4.1.2.3 Inverse generator calculation for the circulangpbtz ring

The task of inverting SCTLT matrices whose blocks #&reirculant is simpler than the

triangular case. For simplicity, &R be the ring ofm x m circulant matrices. The same
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Algorithm 9 Algorithm to compute the inverse generatorandv of an (m,n) SCTLT
matrix with triangular Toeplitz blocks.
procedure [uV] = SCTLTINvGENTRI(T, M, N, type)

if type is 'lower’ then
9 h—[er XoTennme]
else
|9 1] [en XaT &m|
end if
if m=1then
[u v =Tg ]
else
s V1| = SCTLTINVGENTRI(PTOPT, m/2, n, type)
[uz vz] « PTGL(PT [gz hz] ~T,PT [ul vl])
end if
end procedure

results apply forf -circulant rings if the DFT matrix is replaced with the appriate unitary
matrix.
Let the SCTLT matrices whose blocks areRragain be denoted 8§R]. SupposeP
is the (n, n) level-swapping matrix; the® = PTTP has a circulant block pattern and its
blocks are Toeplitz matrices. Since the block pattern isutamt, the matrixt can then be
factored as
T=F"®1,)DF ),

whereD is a block diagonal matrix whose blockg are

m-1
Di,i = Z -'FKle—jZHik/m.
k=0
This decomposition implies

T =F"el)DF®l),

and sinceD is block diagonal the computation @f* involves m separaten x n scalar

Toeplitz inversions. If the scalar Toeplitz inversions peeformed irO(nlog? n) operations
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with a superfast solver, then the asymptotic cost of compgtttie inverse generators of

isO(mnlog?(max(m, n))).

Algorithm 10 Algorithm to compute the inverse generatarandv of an (m, n) SCTLT
matrix with circulant blocks.
procedure[uV] = SCTLTINvGENCIRc(T, m, n)

[g h] — [el XOTa'nn—m+1]
[§ Al < (Fel)PT[g h
fori=0,...,m-1do

m-1
Di,i «— Z TKie—12nlk/m
k=0

~

G V| < Dit[a hi
end for
lu v« PFeI)|0 V|
end procedure

These steps are given in Algorithm 10, which computes themg¢ors of an SCTLT
matrix with circulant blocks. The only steps required to@tdhe algorithm forf -circulant
blocks are the additions of DMMs in the unitary Fourier tfanss. Otherwise, the algo-

rithm functions in exactly the same manner.
4.1.3 Numerical results

The accuracy and speed of the superfast inversion algoofreection 4.1.2.2 is demon-
strated through numerical simulations. First, to show ttueacy of the inversion algo-
rithm in a practical setting, it was used to deblur nine ratimages of varying sizes that
were corruped with blurring filter§ Each blurring filter was the sum of a windowed bivari-
ate Gaussian function with random correlationfiogentp and a weighted impulse. The
weighted impulse was used to improve the matrix conditigraind éfectively serves as a

form of regularization.

°The natural images were selected from a data set providedexyTRitelbaum.
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Blurring filter

Figure 13: Example blurring filter used in the recovery expents.

Figure 14: Images generated from the deblurring experinfahtin example blurred image
and (b) the recovered image.

The impulse response of these blurring filters took the form

h[i, j1 = aoli, j] + i, jlulj - nl,

whereu[ j] is the unit step andii, j] is the bivariate Gaussian. An example of such a filter
is displayed in Figure 13. The unit step in the impulse respamas used to assure that the
convolution matrix of the filter had triangularity in one @$ ilevels, and the convolution
was thus the result of an SCTLT matrix-vector multiplicatio

After corrupting the input images with the blurring filtengtinverse generators for the
convolution matrix were computed using Algorithm 9. Usihg generators, the inverse
convolution matrix was then applied to each corrupted intagmugh its SSD to produce a
restored version. The pSNR of the restored images were thraputed using the ground
truth images.

Iterative refinement as described in [111] was used to imgtbe recovery estimate,

as its implementation in this case is straightforward. Mwesg, since the conditioning of
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Table 8: Accuracy and execution times. image size for the deblurring experiment. The
number of entries in the blurring matrix is the square of thmher of pixels in the image.
The fifth column is the time required to apply three stagederhtive refinement to the
solution, each of which requires an application of both tlarm and the inverse.

Num. Blur CFS Sol.| Inv. Iter. Ref.| PSNR
Pixels || Time (s)| Time (s) | Time (s)| Time (s) | (dB)

273K 0.497 4.18 1.03 3.98 202.7
336K 0.787 4.76 1.45 5.46 198.0
396K 0.987 4.78 1.55 5.80 201.8
546K 1.08 9.08 2.44 10.13 | 177.6
593K 1.35 9.29 2.60 9.29 205.4
699K 1.98 9.34 2.68 10.5 185.0
927K 2.09 12.2 3.49 12.9 143.2
1.66M 3.71 21.0 7.65 26.7 193.9
2.29M 5.59 37.6 13.1 42.3 201.6

triangular Toeplitz matrices can be problematic, iteeatiefinement can dramatically in-
crease the accuracy of the restored image at the cost of adénxand inverse applications
with the FFT.

Figure 14 displays examples of blurred and recovered imatmse 8 lists the pSNR
and execution times for the various images. All images arevered rapidly and to a high
degree of accuracy (pSNR above 100 dB implies image recdeewithin quantization
levels).

A second set of experiments was used to verify that the dlgois performance scaled
properly with the problem size. In these experiments, sstithphantom images were
generated and blurred with the same types of filters as heforehe first portion of these
experiments, the block siza was varied while the number of blocksvas held constant
at 256. The execution times required to calculate the ievgenerators and to apply the
matrix T~! are plotted as a function of the block size in Figure 15.

For the second portion, the block size was held constant@w2ble the number of
blocks was varied. The execution times are again plottedfasaion of the number of
blocks in Figure 16. For each portion, the matrix size grewdrly as the variable parame-

ter is changed. No iterative refinement was applied in eploetion of the experiment. As
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can be seen in Figures 15 and 16, the time required to caddhlatinverse parameters and

to apply the inverse scales nearly linearly with the matide s

> o
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Figure 15: Execution times for (a) calculation of the CFS @dapplication of the inverse

blurring matrix to the input vector as a function of the bl@ike. The number of blocks is
held constant at 256.
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Figure 16: Execution times for (a) calculation of the CFShaf blurring matrix and (b)
application of the inverse blurring matrix to the input \@cas a function of the number of
blocks. The block size is held constant at 256.

Algorithm 10 is straightforward to implement. The Fourieatmces applied to factorize
this class of SCTLT matrices have a condition number of Ihe@tcuracy of the algorithm
is, from a practical point, entirely dependent on the acoud the inversion of the block
diagonal matrix. Therefore, the performance scaling amadiracy of this algorithm are
essentially the same as the chosen Toeplitz inversionm®used for inverting the central

block diagonal matrix in the factorization.
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4.2 One-level formulasfor two-level Toeplitzinverses

In Section 4.1, scalar Toeplitz inversion algorithms wexterded to special classes of
two-level Toeplitz matrices. The principalfficulty in further extending these algorithms
to generic two-level Toeplitz matrices is that the struetof the two-level Toeplitz inverse
has proven elusive to identify. To date, the scalar Toeptiterse SSD of Gohberg and
Semencul has been extended to at most one structural lewelltflevel Toeplitz matrices
at a time.

The most well-known example is the Gohberg-Heinig formuld]] which gives a
description similar to the Gohberg-Semencul formulas fock Toeplitz matrices. The
Gohberg-Heinig formula has since been used as a buildirgk it different and equiva-
lent block Toeplitz inverse formulas [9, 31, 32, 67, 69, tjdneralized inverses of block
Toeplitz matrices [1], and extensions of other known scataplitz results [62]. By ex-
changing matrix levels, it is not flicult to see that all of these results have analogs for
Toeplitz-block matrices.

In fact, all previously derived Gohberg-Heinig formulasti@o-level Toeplitz matrices,
and infinitely many more, may be obtained using the appro&a&8ection 2.1.1.3. In short,

this result may be summarized as follows:

1. there are specific pairs of block column generators thapdetely describe the two-

level Toeplitz inverse;

2. any set of block column vectors with the same span as a pgererators yields a

Gohberg-Heinig formula for the two-level Toeplitz inversad

3. the matrices iranyvalid Gohberg-Heinig formula are a linear combinationaoiy

valid generator pair.

More simply put, the latter two points state that any validr pd generators yields a
Gohberg-Heinig formula and that all Gohberg-Heining folasucan be written in terms

of any valid pair of generators [105].
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4.2.1 Block-level displacement

Once again, the key to producing useful SSDs is to use displant. Using the block-level
f-shift matrices of Section 4.1.2.1, the displacemésx,, (") andele’xsz(-) of a generic
two-level Toeplitz matrix yield closed-form expressiofi$ie following are more general
analogs of Propositions 4.1 and 4.2 for two-level Toeplietmees that do not necessarily

have commutative structure.

Proposition 4.4. Let T = [Ai_j] be(m, n) two-level Toeplitz with Toeplitz blocks_A Let

R € C™™ be persymmetric; then

Vxox(T) = (Mg~ fTENET - ExHy  and (62)

ng,XfT(T) = (Q[R] - fTSn)SE - Snﬂ[ﬁ;], (63)
where&y = & ® I, and Hjr andGig are the block column vectors

Hir

[R An - ALl]T and (64)

GR [Al o A R]T- (65)

Proof. The first displacement is shown by:

Vxox (T) = XoT =TX;
o --- 0 0 Ay - AL, fA

Ao -+ Aon Ain Ao - Apn A

Az 0 Ao A Az o A AL
(Hig — fTENE], — Ex(TmnHiR)"

(Hir — fTEDET — ExH[y.

The second is shown in a similar fashion. O
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Proposition 4.5. For a nonsingulaiim, n) two-level Toeplitz matrix F [A_j], letB=T*
with blocks B; € C™™. Let Re C™™ be any persymmetric matrix and deffie= BE,
(V[R] = B?’{[R], W = BSn, and X[R] = BQ[R], with 7_{[R] and Q[R] as in (64) and (65),

respectively. Then

Vaoxo(B) = UV - VrU® (66)

Virxa(B) = WXy - Xg W’ (67)
Proof. From the properties of Sylvester displacement,

VXo,)(o(B)

Vx5 (B)

~BVyx1 x1(T)B = BEG[r B~ BGirERB = WG B - X(n &, B.

SinceT is persymmetridB is as well, and from Proposition 18°B = (BQ)” for any

Q € C™™M Therefore,

VXO,XO(B) = (LI(VFR]—(V[R]%[P and

ng’xg(B) = (WXFR] - X[R](WP.
U

One may also consider a block-level Stein displacement oflewel Toeplitz matrices and

their inverses.

Proposition 4.6. For an (m, n) two-level Toeplitz matrix & [Ai_;] and every fe C,

Axo,xfT (T)

AXg,Xf (T) = 8ngFo]XO + (Tgn - fg[O])SP, (69)

E1H Xy + (T&L - fHg)E,  and (68)

where Hy and G are as given irn(64) and (65), respectively.
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Proof. The first displacement is shown by:

Aoxi(T) = T =XTX}
A A - Al 0 o .- 0
Al A A [fA Ao o Ao

At Az o Ao| [ TAL A o0 Ao
= &HyX) - fHEL + TEEr,

and the second by similar manipulations. O

Proposition 4.7. For a nonsingulaim, n) two-level Toeplitz matrix E [A_j], letB= T
For any persymmetric R C™™, define block column vectofd, Vg, W, andX|g as in
Proposition 4.5. Then
Axix(B) = UV - VU’ and (70)
Axo’xg(B) = (WXFR] - X[R](WP, (71)
where‘LI = XCT)(LI, (V[R] = Xg(V[R] - &En, (W = XoW, andXR = XOX[R] - &1.
Proof. From the definition ofX;, direct evaluation shows th&ff X; = X] X, + E,EF and

XiX] = XoX;j + E1EF. Therefore, using the results of Proposition 4.5,

(X3 Xo + EnET)B = XIBXo = X§ (XoB — BXo) + EUF
XUV = XV (X] = &) = UV = VigU®.

AXI,XO(B)

SinceVig = Vig + UR, it follows that

Axix(B) = UV - ViqgU® = U(Vig - UR) - (X (Vig - UR) - &) U°

UVl — URPUP — (X]Vig — En) UP + XJURLP

UV — URUP - VigUP + URUP = UV - VirU".
The displacememxo,xg(B) is proven in an analogous way. O
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The block-level SSDs of the two-level Toeplitz inverse usegenerator se{dd, Vg }

and{W, X|g}. These sets have the following property, which is usefuliwteriving a

block-level analog of the Barnett formula.

Lemma 4.3. For a nonsingular(m, n) two-level Toeplitz matrix T= [A_;], let B= T7!

with blocks B; € C™™. Defineld, V = Vg, W, andX = X|g as in Proposition 4.5; then

ﬁ/i’ o< q,(f o 0
[wn ful] - [fvn %]

erF: q/f_ uy - q,(f

X° ... 0] WP ... 0
[Wn ‘W; = [Xn Xl]

XE o XP| WP ... WP

Proof. The sum down the k™" diagonal ofVy, x,(B) fork =0,...,n - 1 satisfies

n-k n-1-k n-1-k
Sk = Zzl Bii-1).6+k) — le Bi i1k = le Bi i1k — Bii+11 = 0.
1= 1= 1=

From Proposition 4.5, the,(j)™" block of Vyx, x,(B) is
(VxoxoB)ij = UiVia j — Villgy ),

and therefore th&™" block of the left-hand side of (72) is

k k
Z UiV j— Villey ;= Z (V0 %0(B)) ey
j=1 =1
Sn_k = O.

Qx

A similar procedure is used to prove (73).

4.2.2 Singularity of block-level displacement

(72)

(73)

Since displacement is used to generate inverse formulesintportant to know the sin-

gularity properties of the displacement operators. It wasa in Proposition 4.3 that

the operatoiVy, x,(-) has a nullspace equal to the set of block-lower-trianglarlevel

Toeplitz matrices. A similar result can be statedVgf y(-).
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Proposition 4.8. Let Ae C™™™" then ng,xg(A) = 0if and only if A is an(m, n) two-level

matrix with an upper-triangular Toeplitz block pattern.

Proof. Again, the proof follows the form of the proof of Propositi@rb, with the scalars

a;j = a_; replaced with the matrice% ; = A_;. O
The operator&xo’xg(-) andAXg,Xo(-), by contrast, are nonsingular.
Proposition 4.9. Let Ae C™™ ™" then

1. Axo,xg(A) = 0ifand only if A= 0, and

2. Axg,xo(A) = 0ifand only if A= 0.

Proof. The equations in the theorem statement are equivalenttingtaat the displace-
ments are nonsingular. From [83], the eigenvalue prodi@h)1;(Z;) + 1 for all pairs
(i, j), and thereforel;(Xo)2;(X}) # 1. The nonsingularity of the two displacements is then

proven by Proposition 1.1. O
4.2.3 Inversion through block-level displacement

With the block-level displacement properties in hand, #sults of the previous sections
can next be used to generate Gohberg-Heinig SSDs of twoHewses. The component
matrices of the Gohberg-Heinig SSDs are block triangutsplitz matrices. Since two-
level Toeplitz matrices are merely more specialized blomgplitz matrices, these formulas
can be used to describe the two-level inverse. For a nonsintyuo-level Toeplitz matrix

T, a Gohberg-Heinig formula has either the form

TH=>UuL o T'=) LU,
i i

where the{L;} are block lower-triangular Toeplitz matrices and thk} are block upper-
triangular-Toeplitz matrices. In fact, all Gohberg-Heifdormulas for persymmetric block

Toeplitz matrices (including two-level Toeplitz matri¢esn be written in both forms.
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Proposition 4.10. If a persymmetric matrix A can be written as=AY}; QiR for Q; and R

block persymmetric, it can also be written as=A; R”Q”.
Proof.
P
A= A= (Z QiR] = Y (QR)I =Y R = > R)7(@Q@)” =) R’Q’.
i i i i i
O

The following developments show that any Gohberg-Heinignida for a two-level

Toeplitz matrixT may be viewed as a reconstructionloft from some linear combination

of its block-level generators. The following lemma exptaihow block triangular-Toeplitz

matrices arise in the recovery equations.

Lemma 4.4. For matrices GH ¢ cm™mr,

n-1 r
Z(Xg)iGHTXB = ZU,-L,- and (74)
i—0 i1
n-1 r

XGH(G) = > LU, (75)
20 i1

whereU; is a block upper-triangular Toeplitz matrix with last blocklumn G5, L ; is a
block lower-triangular Toeplitz matrix with last block ro@H&;)”, Ej is a block lower-
triangular Toeplitz matrix with last block ro{G&;)”, and U,- is a block upper-triangular

Toeplitz matrix with last block columfinm,HE;.

Proof. See Appendix A. O

The Gohberg-Heinig formulas may then be connected to mdispdacement through

the following theorem.

Theorem 4.2.Let T € C™™ ™ pbe a nonsingulafm, n) two-level Toeplitz matrix and B
T-1its inverse. For any block column vector & C™™ et L(Q) be a block lower-
triangular Toeplitz matrix with last block row Qand U(Q) be a block upper-triangular
Toeplitz matrix with last block column Q. LetB € C™™™": then B= Zr: U(GE)) - L(HE)

i=1
if and only if Axr x,(B) = GH”.
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Proof. Supposexxg,xo(B) = GH”; then from Lemma 1.1 and Lemma 4.4,

B= Zr: U(GE) - L(HE)).

r
Conversely, ifB = Z U(GE) - L(HE), it follows from Lemma 4.4 that
i—1
n-1
B= > (X})GH" X,
i=0
and thus

Z%)GHT [Z (xo>GHTxo]xo

GHT + (X3)"GH” X§ = GH” .

Axg,xo(B)

O

Using Theorem 4.2, displacement can be used to generatee@pHieinig formulas

andvice versaThis result can be used to statltGohberg-Heinig formulas.

Corollary 4.1. Let T € C™™" pe a nonsingulafm, n) two-level Toeplitz matrix and B
T-1its inverse. Let () andU(:) be defined as in Theorem 4.2, andise C™™ ™. For
a block diagonal matrix D with components;x C™™, let the Gohberg-Heinig formula

built from G, H, and D be denoted
)
65 (GDH") = Z U(GE) - (In® Di;) - L(HE)). (76)
i=1

Then B= 6g(GDH”) if and only if

I 0 ||VF
GDH‘T [(LI (V[O ] m [0]

r
Proof. From Theorem 4.28 = Z U(GE) - (In® Dyj) - L(HE;) if and only if Axg,xo(B) =

GDH”. However, from Proposiiion 4.7,

o lm O ||VE
AXJ,XO(B):[W (V[o]]lo }l [O]}
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A more constructive statement of Corollary 4.1 is given d®fes, though it restricts the

Gohberg-Heinig forms to have only two summands.

Corollary 4.2. Let T € C™™" pe a nonsingulafm, n) two-level Toeplitz matrix and B
T-1its inverse. Let (-) and U(-) be defined as in Theorem 4.2. For any nonsingular

A e C*™2M written as a2 x 2 block matrix A= [A; ;] with blocks satisfying

P P P P
A2,1A2’2 = A2,2A2’1 and Al,lA]_,z = A1,2A1’1,

define
-
R %
Gz[w (V[O]]A_l H=|AP| [
q/[P
Then

B=U(GE,) -D-L(HE;) — U(GE,) - D7 - L(HE,),
where D= I, ® (A11A7, — A2AY,).
Proof. See Appendix A O
4.2.4 Equivalence of block-level displacements

Theorem 4.2 connects Gohberg-Heinig SSDs with displacenmeenvery. It also allows
any pair of the block generato®d, Vg, W, andXg to be defined with respect to any

other pair.

Theorem 4.3. For a nonsingular(m, n) two-level Toeplitz matrix = [A_j], let B= T~
Define the block column vectotd, V = Vg, W, andX = X|g as in Proposition 4.5.
Define also the related block column vectdis = XU, V = XTI — &, W = X;W,
and X = XoX — &;. If the matricesX,, Uy, Vi, and (I, — V1X,) are nonsingular, and
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A = (Im — V1Xn) "t Uy, then the following relations hold:

U = VUV + WV, (77)
= —VX.A - XA, (78)

= WX? - xu, (79)

VvV = UVPUF - WwuU;P, (80)
= —UXA)" - XX, (81)

= —WAP-XV,, (82)

W = UVP-VUL, (83)
= UX® + XUKX;T, (84)

= —VAP - XAVE, (85)

X = —UAT-VX, (86)
= —UU+ WXPU,  and (87)

= ~VV - WVPAL (88)
Proof. See Appendix A O

Combining Theorem 4.3 and Corollary 4.1, it is then posdiblebtain a Gohberg-Heinig
formula for any pair of generators that arise from the “nalfuiblock-level displacements

of Toeplitz inverses.

Theorem 4.4. For a nonsingular(m, n) two-level Toeplitz matrix = [A_j], let B= T~
Define the block column vectofd, U, V, V, W, ‘W, X, and X as in Theorem 4.3.
Assuming the matriceX,, U, V1, and(l,, — V1X,) are nonsingular, leiA be defined as
in Theorem 4.3.

Let the operatord () and U(-) be as given in Theorem 4.2 and the operdigy(-) as
in (76). Then the following are true:
% :

Im

1. IfG:[fL[ ('V],H: ,and D=

0
], then B= @B(GDHT);

Uur 0 -ln
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P _qq-1
2. I1fG= [«L', w], H= JandD=| * ,then B= 6 (GDH? ),
ur 0 U’
T
_ XP -X;F 0
3. IfG= [w X], H= ,and D= , then B= 6 (GDH");
Uur 0 X!
T
P P
4 IfG:[fW r‘v],H || andD=| * , then B= 6 (GDH);
P 0 -V
T
, PP A O
5. IfG= [X (v], H=| |, 6 andD= ,then B= 6 (GDH”); and
XP 0 AP
6. If G = [w X], H=| " | andD= , then B= G (GDH").
_ P 0 I
Proof. See Appendix A. O

4.2.5 Extension to blockwise results

An (m, n) two-level Toeplitz matrix can be permuted to becomeramj two-level Toeplitz
matrix with the level-swapping matrix. Suppo$§es an (n, n) two-level Toeplitz matrix,
with blocksAi_; having codicients Ai_j]x, = axi-j. Let P be the (n n) level-swapping
matrix; thenT’ = PTTP has blocksA, _, with codficients P (];j = ai-j, and is there-
fore also two-level Toeplitz. As a result, analogs of all lo¢ tblock-level results can be
obtained for blockwise formulas by swapping the matrix Isyvévoking the theorems,

and swapping the levels back to their original configuration

4.3 Miscellaneous results on two-level Toeplitz inverses

Section 4.1 gave SSDs for special classes of two-level Taephtrices, providing a first
glimpse at multi-level Toeplitz inverse structure. Sect®?2 then broadened the class

of matrices considered to generic two-level Toeplitz ncatsj extending scalar results to
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the two-level case on only a single structural level at ondafortunately, as has been
repeatedly stated in literature, the extension of scalaplliiz theory and algorithms to
generic multi-level Toeplitz matrices is an extraordihadifficult problem, and one that is
still very much open.

While there are many diculties in extending scalar results to two-level Toeplita-m
trices, the root cause of each is that two-level Toeplitzrives are higher-dimensional
structures that are condensed into a 2-D representatiom dé&helopments of Section 4.1
circumvent this problem by noting that when one or more stmat levels of the matrix are
commutative, the matrix still behaves as if it were a 1-Dnee. The results of Section 4.2
instead essentially ignore a level of structure to treamtlagrix as if it were indeed a 1-D
structure. This treatment results in non-optimal resblis forges connections between the
two-level inverse and known formulas for scalar ToeplitZncas.

No closed-form, compact, and computationally useful dpson yet exists for generic
two-level Toeplitz inverses. However, this research hagsipced a number of observations
on known structural properties, conjectured decompastiand potential descriptive gen-
erators. While these observations have not resulted insediorm decomposition for
the two-level inverse, they do give insight into its struetuproperties and provide some

guidance for further study.
4.3.1 On two-level displacement and displacement rank

The foundation of many scalar structured matrix inversigo@thms is the displacement-
rank approach described in Section 1.4.1. It is then natorabnsider extending this
technique to the multi-level case by using displacementaipes to exploit multiple levels
of Toeplitz structure simultaneously. However, unlike tteselopments of Section 4.2,
where Kronecker products were used to extend scalar Teephtrix displacement to a

single level, two-level displacement introduces a numlbepmplications.
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4.3.1.1 Composition of one-level displacements

An obvious approach to constructing a two-level displaagtogerator is to form it as the
composition of two separate one-level displacements. Defia blockwise shift matrix as

Y: = Zs ® 1, then forf, g € C this type of two-level displacement would be expressed as
VO(T) = Vv, (Vo (T)) = YoXoT = YoT X¢ — XoT Yg + T Xt Y.
From their definitions, the matricég andX; commute:
YoXi = (Zg@ 1)1 ®Z¢) = (Z1 ®Zg) = (1 @ Z)(Zg ® 1) = Xs Y.
Therefore, the order of the composition is irrelevant, and
V@ = VYO,Yg o Viox; = Vxox; © VYO,Yg-

From the commutativity of these types of matrices, a numbeelated two-level dis-
placements can be defined that mix the various Sylvester i @splacements typically

used for scalar Toeplitz matrices:

(V%0 © Viovo)
(Vxoxo © V7 v1)
(Axo,xg ° Vvovo)
(Axo,xg ° VYg A )
(Vxoxo © Ayov7)
(Vxoxo © Ayt Yo)
(Axo,xg °© AYO,Yg )

(Axo,xg °© AYg Yo)

(VYoo © Vxox0)

(va Yy e Vixo.X0)
(VYo.v6 © Axox7)

(VYg Y7o Axo,xg )
(AYO,Yg 0 V%)
(AYg Yo © Vo)
(AYO,Yg °© Axo,xg )

(AYg Yo © Axo,xg )

(Vo xt ©Vvovo) = (Vvovo © Via x1)

(Vxzxz o Vyrvr)
(Axg X © VYovo)

(Axg Xo © VYg A )

(Axg Xo © AYg Yo)

(Vg 0 Vgxg)
(VYo.v6 © AxT x,)
(VYg Y7o Axg Xo)
(AYO,Yg °© ng X3 )
(AYg Yo © VT x1 )
(AYO,Yg ° Axg ,xo)

(AYg Yo © Axg Xo)-

Each of these composite displacements behaves sligffiigyettly and has éierent prop-

erties on the two matrix levels. For simplicity, it is usefalconsider the displacement of
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two-level Toeplitz matrices relative to only one of theseeigbors, as the results for the
remainder are analogously obtained.

An analog to the final two points of Fact 1.1 may be given fordisplacemenv®.

Proposition 4.11. Let Ae C™™" be written as ar{m, n) two-level matrix. The following

statements true:

1. (VOA)) = vA(AP).

2. (vaA)) = (vaaR)” and(ve®)” = (voar).

3. If A= AP, then(V@(A))” = v(A) and(vO(A)) = (vO(A))

4. If A is blockwise persymmetric, théi#?(A) = —(V(Z)(A))y. If A is block-level

persymmetricV@(A) = — (V(z)(A))P. If A is fully persymmetric,

VoA = (VAR) = - (vo@)” = - (vo@) .

Proof. See Appendix A O

Unfortunately, the first three points of Fact 1.1 either domad or have no obvious
analogs for two-level displacement. As a result, it is cdesably harder to manipulate the
displacemen¥® than for the scalar displacemeny, .

In Section 4.2.2, it was shown that the nullspace of the desghent operatdry, x, is
the set of all block lower-triangular Toeplitz matricesm8ar developments can be used
to show that the nullspace of the displacement opefafgy, is the set of all matrices with
lower-triangular Toeplitz blocks. Therefore, the comgiosi of these two displacement

operators has a nullspace formed by the union of these tWspaues.
4.3.1.2 Two-level displacement
Making use of the results of Section 4.2, one can obtain thedong closed-form expres-

sion for the two-level Sylvester displacement of a two-l&geplitz matrix.
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Proposition 4.12. Let T = [A_;] be (m, n) two-level Toeplitz with Toeplitz blocks_A <

C™™ having cogficients[Ai_j]x, = ai_jk—¢. Define

hei=10 agim - &1

and let
h_, - hi, O
h: O h]__n h_l ’ H= . . . Rk gl:|n®e1-
0 0 O

Denoting the two-level Sylvester displacement operat&@s= Vy, x, o Vv,.v,, then
VA(T) = hef + eh® - (BET + S1FF). (89)
Proof. See Appendix A O

A generic (, n) two-level Toeplitz matrix is entirely parametrized byr{21)(2n—1) <
dmnparameters. Since its matrix side lengtimig one would expect a displacement with
good compression properties to yield a rank-4 expressiomdeplitz matrices. However,
under the usual definition of rank, this is not quite the case.

The displacement does, however, compress the two-lev@liTostructure down in a
fashion analogous to scalar displacement, and the reguligplacement expression can be
considered in terms of its two components. The first is the-Zasumhe? + e;h”, and is
similar in flavor to the displacement of a scalar Toeplitz nmatThe second is the term

HEY + &1HP, which satisfies
rank@&) + &H7) < 2min(m-1,n - 1).

Thus, the rank of this second term is considerably larger Wauld be desired.
The principal obstacle is that the concept of matrix ranksdwoa take into account any

multi-level structure. However, if the notion of rank isglily relaxed, the term may still
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be viewed as rank-2 in some generalized sense. Specifically,
(Hé’f + é"lHP)P = he} + e;h",
Therefore, the displacement can be thought of as the “gkreataank-4" expression

VO(T) = hef + esh® - (hef + eh”).

Unfortunately, a precise mathematical description ofloison of generalized rank isfti-
cult to obtain. While itis clear from the above expressiat th some way the displacement
v@(T) is “rank-4," it is unclear what definition of “rank” would fiect this structure and

would be relevant for other two-level structured matrices.
4.3.1.3 Two-level Toeplitz inverse displacement

Aside from the problem of defining a generalized notion okramsignificant roadblock
to using two-level displacement to generate inverse foasig connecting the two-level
displacements of a matrix and its inverse. In the scalar, dageconnection is straight-
forward because of the properties of Sylvester displacémédawever, the nature of the
composition of operators makes the same tafficdit for two-level displacements.

For a nonsingular scalar matri if the displacement oA satisfiesvVy, z,(A) = GHT
thenVz,7,(A) = ~A"I1GHT A", Therefore, it is evident that the displacement rankof
andA! are identical. Moreover, it is clear how to determine theegators ofA-! from
those ofA; they are simphyA1G andHT A2,

In the two-level case, however, the same does not hold:

ATVOMAT = Ao — AXGAYLA™T — ATTYRAXST + XoYoAT

VAA™) + XoA™2Y0 + YoAIX0 — A XAYA ™ — ATTYAXSE

It is possible, however, to use the Sylvester displacenuaritity to define a relationship

between the two-level displacements of a matrix and itsrsae
veA™) Vvoro(Vxoxo(A™) = =V v (A Vi x,(AA™)

YoA 1V, x,(AA™ — A1Vy  (A)A LY.
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Letting Q = A™1Vy, x,(A)A™, it is clear that, using the standard definition of rank,

rank@) = rank(Vx, x,(A)).

Therefore, the best that can be said about the rank of thiadepenv@(A™?) is
rank(V@(A™)) < 2- rank(VO(A)).
Similar manipulation of the second point of Fact 1.1 can leslus show the following:

VAR = ATVORAT + AV % (A) Vv ve (A + AVy, v (A) Vi xo (AT

ALVOA)A™ + Vi (A Vv, v (A)A™ + Vi, v, (A1) Vi xo (AA ™

These equations indicate that the relationship betweemwtbdevel displacements of a
matrix and its inverse are significantly more complicateahtthe scalar displacement rela-

tionship.
4.3.2 On two-level Gohberg-Semencul formulas

The Gohberg-Semencul formulas decompose Toeplitz mateod inverses as sums of
products of triangular Toeplitz matrices. It is then readna to wonder when considering
two-level Toeplitz matrices whether similar decomposii@xist. Unfortunately, this has
proven to be a remarkablyfticult question to answer.

For scalar matrices, the displacement-rank approach carsé@ to prove the exis-
tence of these decompositions, as is shown in Lemma 2 of [@8jvever, as discussed
in Section 4.3.1.3, there are no obvious two-level disptaaet operators that yield low
displacement rank for the two-level inverse. As a result displacement-rank approach is
presently unavailable for demonstrating that two-levehfarg-Semencul formulas exist.

Alternatively, a polynomial interpretation of Toeplitz tnaes and inverses relative to
so-called “generating functions” can be used to prove th&texce of Gohberg-Semencul
formulas for scalar matrices. This general approach wasneed to multivariate poly-

nomials and generators for multi-level functions in [79]heTresult of this work was a
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definition of the generating function of a “multivariate Bégian” (multi-level Toeplitz in-
verse), but this polynomial has no obvious connection to @level Gohberg-Semencul
decomposition.

Still, there are several contributions that can be madedeygapostulates of two-level
Gohberg-Semencul formulas. Given the structure of theas€&bhberg-Semencul formu-
las, there are several forms that one might immediatelyestigpat a two-level Gohberg-
Semencul might take. Using what properties are known ofwtleelével inverse, it can be

shown that many of these forms are equivalent.
4.3.2.1 Persymmetry properties of two-level inverses

Two-level Toeplitz matrices are persymmetric, but can @lis@onsidered to bavo-level
persymmetricmeaning they exhibit persymmetry both on the block level antheir in-
dividual blocks. This property implies the following rdlats regarding the inverse of a

nonsingular two-level Toeplitz matrix.

Proposition 4.13. Let T be a nonsingulam, n) two-level Toeplitz matrix, B= T! its

inverse, and denoteZm, = |, ® Jn and Jmn = Jn ® Im. Then the following relations hold:

Tt = B (90)
(Ty)_l = fmnB/m,n = jmn(TT)_ljmn (91)
M) = JmBImn = Zmn(T) ™ Fn (92)

Proof. Itis obvious that (90) follows from the definition of persyratry. For (91),

T7 = ZonT Zon= T7) = _Z0nB_Zn

and

JmnT_TJmn = (JmnTTJmn)_l = T_l =B= /TTLHB/TTLH = jmn(TT)_ljm’n'

Similar manipulations are used to show (92). 0J
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Proposition 4.13 indicates that, save for special casedwib-level inverse is not itself
block and blockwise persymmetric. Indeed, the invddgs only two-level persymmetric

if (TH)7 =(T7)tand T1)7 = (T7)%, which is not generally the case.
4.3.2.2 Four-term formula postulates

The component matrices of the scalar Gohberg-Semenculfasnare triangular Toeplitz
matrices. Since the matrices are scalar, there are only ptvors for the triangularity of
these components (lower or upper), and the ordering of tHaptication is irrelevant so
long as all terms follow the same convention. For examplesraypnmetric matrix whose
generators are the séts, y;} satisfies

r r

A=DTL%)-UM) = Y Uy) - L(x).

i=1 i=1
The invariance of the ordering, as shown as in PropositiBni&.due to the persymmetry
of A.

A reasonable suggestion for components of a potential éwetiGohberg-Semencul
formula are two-level-triangular two-level Toeplitz mags (.e., two-level Toeplitz ma-
trices that are triangular in both levels). However, theeoirty of terms for this type of
formula is notinvariant, as the two-level inverse is not two-level persyatric. Regard-
less, using the persymmetry properties of Section 4.3ahite shown that many orderings
are equivalent.

Let LU(X) denote anrf, n) two-level Toeplitz matrix that has a lower-triangular ¢#o
pattern and upper-triangular blocks and is parametrizettidoyectorx € C™™?, andLL(x),
UL(x), andUU(x) be defined similarly. One may consider as potential GohiSemencul

formulas sums of the following 24 forms:

(F) 1 ) LL@LUMULMOUUR)  (F2): ) LLW)LUM)UUW)UL(x)

3This is an example of a property that one-level transposesadshare with the general transpose
operator.
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(F3): D LL@ULMLUMHUU()  (Fa): ) LLU)ULM)UUW)LU(X)
(Fs) ELL(ui)UU(vi)LU(wi)u L(x)  (Fe): ELL(uouum)u L(wW)LU (%)
(F7) ELU(ui)LL(vi)u LW)UU(x)  (Fa): ELU(ui)LL(vouwwi)u L(%)
(Fo) ELU(ui)u LWLLM)UU() (o) : IZLU(ui)u L(w)UUW)LL(x)
(F1a) : ELU(ui)UU(voLL(wi)u L(x)  (Fi): ELU(ui)UU(vi)u L(W)LL(x)
(Fis) : EUL(ui)LL(vi)LU(wi)uum) (Fia) : EUL(ui>LL(vi)UU(vvi)LU(m)
(Fis) : EUL(ui)LU(vi)LL(wi)uum) (Fis) : EUL(ui>LU(vi)UU(wi)LL(m)
(F1) : EUL(ui)UU(vi)LL(wi)LU(m (Fis) : EUL(ui)UU(vi)LU(wi)LL(m
(Fio) : EUU(ui)LL(vi)LU(wi)UL(m (F20) : EUU(ui)LL(vi)UL(wi)LU(m
(Fa) : EUU(ui)LU(vi)LL(wi)UL(m (Fz2) : EUU(ui)LU(vi)UL(wi)LL(m

(Fz5) 0 ), UUWULMLLWILU() — (Faa): ), UU@)ULM)LUW)LL(X).

These forms can be categorized into three basic groups byuthéer of similar level
structures that adjacent multiplicative terms share. kangple, for the terms in forrf 4,
the block-level triangularity of the multiplicative ternhd (u;)LU(Vv;) is the same, but the
triangularity of the blocks is dierent. The terms of the product)(v;)UL(w;) share no
similarity in the triangularity of their levels, while therm UL(w;,)UU(X) again shares
block-level structure. Therefor€, is referred to as being in the,(@ 1) group. Then there

are three groups:

(1,0,1) : F1,Fs, Fg, F11, F1a, F17, F22, Foa
(1,1,1): F2, Fa, F7, F12, Fi3, F1g, Fo1, Fos
(0,1,0): Fs, Fs, Fo, F10, F1s5, F16, F19, F20.

Using the persymmetry properties of Section 4.3.2.1, oneshaw that if any form of one

of these groups is a valid Gohberg-Semencul formula, theaireter of the forms in the
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group must be as well.
Beginning with the (10, 1) group, since two-level Toeplitz matrices are persyminetr
their inverses are as well. Taking the persymmetric trasspdany individual form results

in a reversal of the structures. For example, if
B= ) LLW)LU(M)ULW)UU(x)
i

then it follows that

P
B=B" =) LLU)LUM)ULMW)UU(X)| = > UUG)ULMW)LU ()LL),
i i
and therefore form$&; andF,4 are equivalent. Thus, from the,(@ 1) forms, the pairs
(F1, F24), (F3, F22), (Fs, F17) and 11, F14) are equivalent structures.
Next, letT be (n, n) two-level Toeplitz; sincd 7 is also two-level Toeplitz its inverse

must have a Gohberg-Semencul formula of the same form. FropoBtion 4.13, then,

(T7) = Fna| ) LLWLUMULWIUU(X) | s
Z FmnlL(W)_£2 LUW)_Z2.ULW)_Z2,UU(%)_Zmn

Z LU (@) LL(%)UU (W)U L(X).

Since this would be a valid SSD, it implies that any fadfmimust have an equivalent form
Fg, and therefore the two sets of forns,( Fo4, Fg, F17) and Fs, F2,, Fi11, F14) cOntain
equivalent structures.

Finally, the (, n) level-swapping matrix can be used to exchange level strest Since
the matrixP" TP is also a two-level Toeplitz matrix, it follows that if forf; is a valid

Gohberg-Semencul formula then

PITP = PT ZLL(ui)LU(vi)UL(Wi)UU(m) P

Z PTLL(u)P - PTLU(V)P- PTUL(w)P - PTUU(x)P

2, LLE)ULE@)LU@)UU(%).
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and so there must also be an equivalent fésn Therefore, the set of form&(, F3, Fg,
F11, F14, F17, F22, F24) are all equivalent.

Similar manipulations show that the same follows for thel(11) forms and the (O,
1, 0) forms. While it has not been shown that a four-term esgioa of the formd-,—F 4
exists for the two-level inverse, from persymmetry and texel structure arguments it can
at least be shown that many of these forms are equivalentefidre, as in the scalar case,

if such a form is discovered it will immediately imply that maequivalent forms exist.
4.3.2.3 Two-term formula postulates

Another reasonable proposal for a potential two-level GogtSemencul formula involves
only two multiplicative terms in each summand. Considethng more parameters define
two-level Toeplitz matrices than scalar Toeplitz matrjcase would expect such formu-
las to involve more summands than in the scalar case. Usinidasidevelopments as in
Section 4.3.2.2, it is possible to state restrictions orpixdl formulas on this type.

First, if the component matrices are two-level-triangulao-level Toeplitz matrices,
then the formulas do not consist of only a few summands. Fsiante, a product of the
form LL(u)UU(v), whereLL(u) has a first column ofi andUU(v) has a last column of

JmnV. This product may equivalently be written as

m-1n-1

LLWUUW) = > > XeYauv (X)) 1 (Y3) .

i=0 j=0

Since bothXy and Y, are nilpotent, from Theorem 1.1 if a two-level Toeplitz irseB
could be written as
B= ) LLWUUM),
i=1

thenAxoYo,Xng(B) = UVT, wherey; are the columns dff andv; are the columns df.

Similar expressions can be shown for other two-level tigagproducts. If any of
these formulas contained only a few summands, it would sacidg imply that two-
level Toeplitz inverses have low two-level Stein displaeatrank. As discussed in Sec-

tion 4.3.1, this is not in general the case.
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Therefore, if there exist formulas with only a small humbésommands with two
multiplicative terms, the structures of the terms mustleitlsiome variation. Since there are

four possible two-level triangular structures, there arelte possible structured products:

(F2s) 1 LL(W)LU(w) (F2e) 1 LL(U)UL(w)
(F27) : LL(W)UU(v) (Fag) 1 LU(U)LL()
(F2) 1 LU(W)UL(w) (Fs0) 1 LUU)UU(M)
(Fs) 1 UL(u)LL() (Fs2) 1 UL(u)LU(vi)
(Fss) : UL()UUW) (Fas) : UU(U)LL(v)
(Fss): UU(U)LUW) (Fze) 1 UUU)UL(w).

Several observations can be made regarding the numbentdf tdithe various forms using
the same persymmetry arguments as in Section 4.3.2.2.

Suppose a valid two-level Gohberg-Semencul formula costaisummands of form
Fi. Then by the persymmetry of the two-level inverse, therstexan equivalent Gohberg-
Semencul formula containingg summands of fornk s, r3; summands of fornk,s, and
so on. Similarly, since the matricdS", T7, PTTP are also two-level Toeplitz, it follows
that there must also exist equivalent Gohberg-Semencoiuias withras, rog, andryg
summands of fornir,5 and so on. Table 9 summarizes these equivalences.

Unlike the four-term case, since two-level Stein displaeetrtan be used to generate
formulas containing only a single form, it is provable thatls formulas exist for the two-
level inverse. In these cases, the formulas consist of éesiftpat is non-zero (and thus the
formula can be written in an equivalent form with @drent structured product). However,
as stated before, these formulas do not consist of a smalbeuaf terms, but rather have
O(max(m, n)) terms as stated (for Sylvester displacement) in Secti®ri 4Since these for-

mulas result ir0O(max(m, n)mn) total parameters defining the inverse, they are imprdctica
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Table 9: Number of each form of structured product for equivaleneptial Gohberg-Semencul-
type formulas for two-level Toeplitz inverses. Assuming #xistence of a Gohberg-Semencul
formula containing the specified number of terms of each fasrtisted in the second column, there
must also exist equivalent formulas with the specified nunabéerms in each of the remaining
columns.

Form Original || Equivalence 1] Equivalence 2 Equivalence 3 Equivalence 4
(assumed (BP) (7BY) (#BY7) (PTBP)
Fas r2s l2g rss l2g 26
F26 26 31 31 30 l2s
F27 Py 34 I32 29 Py
Fos g l2s I'3s l2s a1
F29 29 rs2 34 ra7 )
Fzo 3o s Iss I26 rss
Fa1 31 26 26 I35 I8
Fao I32 29 a7 34 I29
Fa3 rss I3s I2s I3s I'so
Fas 34 r27 29 rs2 34
Fas Iss 3o ) a1 I'3s
F36 I'36 33 I8 33 I35

Table 9 does convey, however, that if any formula were fowrdaning a small num-
ber of terms of mixed form, several other related decomjustwould follow immedi-
ately. Such information also makes the search for such fermpler, as the equivalences

are evident. To date, however, no such results appear tb exis
4.3.3 On two-level Toeplitz inverse generators

In Section 2.1.1.1, several sets of generators for scalaplifa inverses were derived
through displacement equations. Subsequently, in Se2tibd.4, the equivalence of any
pair of these generators was shown. Together, these resuitsy the fact that the Toeplitz
inverse is completely described by a pair of linearly indefsnt vectors from a vector
space of dimension 2. Such a result is unsurprising, sirsteotild be expected that a total
of 2n parameters uniquely determine a scalar Toeplitz inverse.

Another natural question of two-level structure is whetthertwo-level inverse can be
similarly described with a linear subspace of dimension 40A&itive answer would seem

intuitive, as a two-level Toeplitz inversghouldbe entirely be described with only r{—
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1)(2n — 1) parameters. However, since displacement does not yielddnk expressions
and since no known compact two-level Gohberg-Semenculdama known, the question

has yet to be definitively answered. In the words of Heinid,[54

...the question is where these parameters are hidden antheahole inverse

matrix can be recovered from them.
4.3.3.1 Columns as generators

It is worthwhile, however, to remark on a few possibilitiesdastate some facts regard-
ing potential generators for the two-level Toeplitz innersn the scalar case, one pair of
generators that is particularly convenient and straighiéod consists of the first and last
columns of the Toeplitz inverse. Indeed, this pair of getoesawas the foundation for the
original Gohberg-Semencul formula.

Inverse formulas that use specific columns of the inversappealing, as their gener-
alizations to the two-level case would seem more intuiti@:. instance, it is a reasonable
conjecture that if there are scalar inverse formulas bgiéiruspecific columns of the in-
verse, the same might be true for two-level Toeplitz inverdgy contrast, it is less clear
what the proper extensions of the vectei@dx in Proposition 2.4 would be for the two-
level case.

Inverse descriptions that are built entirely from a sub$settumns of the inverse are
then of particular interest. Indeed, a considerable amoiegffort has been spent in deter-
mining preciselywhichsets of columns of a Toeplitz inversefoe. Gohberg and Krupnik
gave conditions under which the first two columns weriigent [45], while Ben-Artzi
and Shalom later proved that any combination of three cotuwas enough to build the
inverse [10].

Labahn and Shalom later improved this result [68]. Theirkvstates that once the
first columnu = Be, of the inverse is known, at most only a single additional ooiuof

the inverse is needed. Moreover, which specific columns neaysed can be determined
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directly from the entries ofi. However, their reconstruction formulas also require the
codficients of the Toeplitz matrix; while these dheients are known, it in some sense
results in the inverse being parametrized by{2), rather than (- 1), parameters. This
deficiency was later removed in a related modified result binig¢54].

What is interesting about formulas relying on exactly twtuoans of the inverse is that
they perfectly captur¢he exachumber of degrees of freedom in the inverse. Since the
inverse is persymmetric, any pair of columns will have asteme entry in common, and
therefore there are at most(2 1) true degrees of freedom in the pair. Since this is also the
number of coéficients that define a scalar Toeplitz matrix, it seems to bataitive result.

Unfortunately, for general two-level Toeplitz matriceg thverse is not two-level per-
symmetric. Therefore, any set of four columns will have(é-4), rather than (@-1)(2n—

1) = (4mn-2(m+n)+ 1) unique entries. This characteristic does not rule ouptssibility
that a set of four columns might yield a two-level Gohberga8acul formula, but it does
suggest that such a formula would not have as compact andwsbairepresentation of the

degrees of freedom in the problem as the scalar versions.
4.3.3.2 More general submatrices as generators

While a subset of columns may not produce intuitive genesdtwr the two-level inverse,
one may consider instead broadening the scope to analogbosasrices of the two-level
inverse that better reflect the multi-level structure atchafo better explain, consider the
original Gohberg-Semencul formula, which depends on tls¢ dind last columns of the
inverse. This formula may alternatively be interpreted egethding on the first column
and first row of the inverse, &B = (Be,)". Under this line of thought, one could consider

four possible generators for the two-level inverse:

(lhee])B(er® Im)

(e] ®€])B(In® Im).

u = (In®l)BEer®e) v (93)

w = (e[®InB(lh®e) X
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Table 10: Number of common entries between pairs of the potentiallevet inverse generators
defined in(93). For each pair of generators, the entfgs they share in common are listed.

u v w X
u - Bi(j-ym1 Bi1 Bi1
V || Bri-pym1 - B11 Bui
w Bi1 Bi1 - B11+(j-1m
X B11 By B114(-1)m -

The componenta and x correspond to the first column and first rtast column, re-
spectively. The componentis composed of the first rows of each block in the first block
column (and is therefore x m) while the componentv is composed of the first columns
of each of the blocks in the first block row (and is thereforg n). The generatorg and
w are not columns of the inverse, but they are still submagtrafe¢he inverse containing a
total of mncodficients.

What is appealing about this choice of potential generasattsat an inspection of the
shared entries of its components reveals that the numbese@phrameters corresponds to
the number of free parameters in a two-level Toeplitz maffixe common entries shared
between each pair of generators is shown in Table 10. Therntoetaber of unique entries
can then be taken as the sum of the generator sizes minus tiigenwf shared entries.
Using Table 10 and ignoring repeated shared entrths, following is a count of the total

number of free parameters:

ImMn-n-m-m-n+1

No. parameters

Amn-2(M+n)+1=(2m-1)(2n-1).

Therefore, the sdu, v, w, X} contains exactly as many unique entries as free paramaters i

a two-level Toeplitz matrix.

4For examplew sharesB; ; with both u andv, so this entry should not be subtracted twice from the
number of unique entries in the det v, w, x}.
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4.3.3.3 Connections to displacement

Another aspect that makes the generators of Section 4 8pRaling as potential candi-
dates are the connections they have to terms that appea twthlevel displacement of
two-level Toeplitz matrices. For scalar matrices, (21) é222) give the Sylvester displace-
ment of the scalar Toeplitz inverse depending on the veatarslw, which can be defined
asu = Be andw” = eB. It is possible to show that the potential generators, w, x}
of (93) can be expressed in a similar way.

In Section 4.3.1, the two-level displacement of a two-léka@plitz matrix was shown
to be given by (89). Much as in Proposition 2.1, there are smms of this expression that
do not depend on the entriesDf the vectore; and the matrix$} = |,®e;. This expression
could also equivalently be written in terms of the produ~lﬂ§ +&HP, where€, = e, ® Iy
andH is amnx m matrix.

The connection between the potential generafimre, w, X} and displacement expres-

sions is now clear. From the definition of the generators,

u

Be VvV = @@11— B&,

W E1B& X e B.
Therefore, each generator can be written in a similar forthescalar generators of Propo-
sition 2.4.

Since two-level displacement isflicult to work with, it has yet to be shown that the
generators of (93) are indeed generators for the two-lewarse. However, their con-
nection to scalar expressions and the number of free pagasn@mong them make it a
particularly intriguing conjecture that there exists a awaposition for the two-level in-
verse built from their entries. If such a form exists, it wibgerve as an analog to the

Gohberg-Semencul for two-level matrices.
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4.3.4 On transformation into two-level Loewner matrices

As described in Section 1.3, one set of scalar superfastifogwersion algorithms oper-
ates by transforming the matrix with Fourier-like operattwr deal instead with a Loewner
matrix. The same approach can be taken with two-level Taeplatrices, where the trans-
formations involved are 2-D Fourier-like operators. As sufe one may work with two-

level Loewner matrices instead of two-level Toeplitz nazds
4.3.4.1 Generalized block-Cauchy matrices

To establish how two-level Toeplitz matrices can be tramséa into diferent structures,
it is necessary to first extend the definition of generalizaddy matrices to multi-level

versions, beginning with block forms.

Definition 4.3 (Generalized block Cauchy matricesjor fixed rM,N € N and i,j =
1,...,N,letU,V; e C"Mand G, D; e C™M. Further, let G and D, satisfy the following

foralli,j=1,...,N:

e (C— Dj)* exists.

Ci(UTV)) = (UTV))C.

Ci(Ci—-Dj)™* = (C - Dj'C.

D;(UV)) = (UTV))D;.

Dj(Ci - Dj)_l = (C| - Dj)_le.
o (UTV)(Ci-Dj)* = (Ci-D)*(UV)).
Then the matrixp = [@; ]%_, € CY™ "N with blocks

;= UVC -D)* (94)

is ageneralized block Cauchy matrix

156



For a sequence of matric&= {X;}, with &; ¢ CM*M define the block diagonalizing
operatorD (-) as
2

>
D(E) = ? € CMNXMN (95)

2N

Using this operation, the following proposition holds.

Proposition 4.14. Let ® be a generalized block-Cauchy matrix as in Definition 4.3e Th

block Sylvester displacementdfis
DEC)D-dD(D)=U"V, (96)
where C={C}N,, D = {Dj}jN:l, and U and V are such thguTV);; = UTV,.

Proof.

[D(C)D - D (D)]; CiUV,(Ci - D)) - U/V,(C - D)) 'D,

UlTVJC|(C| - Dj)_l - UiVij(Ci - Dj)_l

U/ Vj(Ci - D))(Ci - D))t = UV,

A converse results holds as well.

Proposition 4.15. Given U, V; € C™M G, D; e MM for i, j = 1,...,N such that the
necessary commutativity and inversion conditions hdlds a generalized block Cauchy

matrix if (96) holds and Gand D; commute with, ;.

Proof. Assume (96) is true; then thg ()™ block of the matrix is

UV =[D(C)D - ®D (D)];; = Cidi; — ®i;Dj = ©;;(Ci - D)).
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As a consequence, thie )" block of ® can be written as
@ = Z'Y;(Gi - D)),
and sod is a generalized block-Cauchy matrix. O

4.3.4.2 Displacement and block-level transformation

Proposition 4.4 gave an expression for the block-levelldsgment of a two-level Toeplitz
matrix. One may also consider the following displacemerictv has the advantage that

each of its component matrices is diagonalizable and iilert

Proposition 4.16.Let T = [Ai_;] be(m, n) two-level Toeplitz with blocks;A. Then

Vy ox,(T) = X4T = TX, = GHT, (97)

where ) ) )

AO _lm 0 (An—l + A—l)T

AL — A 0 : :

G| A and H= . (98)

: : 0 (A+ Al—n)T

»(An—l - A—l) 0 ] __Im A;)r

Proof. The proof proceeds in an identical fashion to that of Prapms#.4. O

In the proof of Lemma 4.2, it was shown that fbe €, with 8 € (-, 7],
Z; = AF" (€"T) FAs,
whereX = diage’?™/") andA; = diag@®"). For f = 1, it follows that
Z, = F1sF.

For f = -1, A_; = diag@™") ande™/"L = diage’@ /). These developments lead to

the following block-level extensions.
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Proposition 4.17. Definew = €#/", n = é"/", and denotey; = w* andw, = w;n. Define
the block Fourier-like matrice$. by

(F) ik = %(wf_l)k‘llm. (99)

Then the block-circulant matrices,Xare diagonalized as

Xi1 = FAD(S:) Fers (100)
whereS,; = {wﬁ_llm}.
Proof. Denote byF.; € C™" the matrices

1, .,
(Fil)j,k = _(wj_—l)k g

\/n
ThenF_; = F,1diag@™") = FA_,. Itis evident thatF.; = F.; ® Im. Similarly, letS,,
denote the diagonal matrices
(S:1)ii = diag(wi:,) .
ThenD (S.1) = Si1 ® Iy, From previous development,; = FiHlsﬂFﬂ, and therefore

Xi1 = Ti_llz) (Sil) Fe1- [
In light of these developments, a two-level Toeplitz matriay be transformed into a

generalized block-Cauchy matrix.

Theorem 4.5.Let T = [Ai_;] be (m, n) two-level Toeplitz with blocks;A, define G and
Hasin(98). LetU = ¥.,G and VV = H'¥1. Then® = ¥,T¥] is a generalized

block-Cauchy matrix.
Proof.

uTv FAGHTFH = F4(X4T - TX1)FH

D(S.1) FuTFH - FATFAD(S11) = D(S.1) D - DD (S.1).

Since the blocks ofD (S.) are all scaled versions of the identity matrix, the necgssar
commutativity and inversion conditions of Definition 4.3anet. By Proposition 4.15,

then,® is generalized block-Cauchy. 0J
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As a consequence of Theorem 4.5, instead of solving a twal-Teeplitz systenT x =y,

one can instead solve the system
Tx=FAFATFLFux = FLO(FaX) =y,
or equivalently
O(F11x) = (F-ry)-
4.3.4.3 Further transformation

The next natural question is whether the second level otttre may be simultaneously
exploited. The following theorem gives affienative answer, and states that a two-level
Toeplitz matrix can be transformed with 2-D Fourier-likeeogtors to yield a two-level

Loewner structure.

Theorem 4.6.Let T be an(m, n) two-level Toeplitz matrix with blocks; A = [a_jk_¢].

Define the Fourier-like matrices

1
(n) _ + k-1
(F2)., = ) and
1
(m) _ + k-1
(F), = =60

wherew = €%/, p = d"/", ¢ = /M y = "™ wf = WK W = win, ¢ = ¢ and
¢, = ¢, v. Define four Fourier-like transformations

-1 m-1
D (e ) (0105 (101)

k=1-ns=1-m

n-1 m-1

DD ad(wi) @S, (102)

[®o0]i |

[Ooli; = -

[O1]i; = -

DT el ) (@7 )" (103)

[Vll]i,j

m-1
D A ) ) (104)
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The matrix® = (F®) @ F)"T(F®  F) can be expressed as = LA, whereA is an

mnx mn diagonal matrix with main diagonal given by

+ +
Wy ¢
A= ®
+ +
wn—l m-1

and L is ablock Loewner matrix with blocks

o = [ﬁr , (105)
w

- —wT
i-1 7~ Wi i,j=1

where the matrices; &nd K; are themselves Loewner matrices given by

Oanl , — [Onq]:, 1™ O, = [Oq4]: . 1"
Ji _ [[ 001|,£ [+Ol]|,r] , Kj _ [[ 10]_1,[ [+1l] J,r] (106)
‘755—1 - ¢r—1 or=1 ‘755—1 - ¢r—1 tr=1
Matrices of this form are termevo-level Loewner matrices
Proof. See Appendix A. O

At first glance, Theorem 4.6 seems as if it should lend itself to an adaption of the
scalar algorithm given in [21]. However, the two-level La®wv structure that results from
transforming a two-level Toeplitz matrix with Fourier-iloperators does not result in the
same type of compressible structure as arises in the s@dar Specifically, the two-level
nature of the Loewer structure results in high-rank bloeksiad the main diagonal of each
block diagonal.

Figure 17 illustrates this behavior for a two-level Toeplmatrix withm = 512 and
n = 4 whose cofficients were drawn from a standard normal distribution. Toegate
the figure, a progressively refined dyadic partitioning ef tmatrix was performed, starting
with the full matrix and ending with 4 4 blocks. For each partitioning, the rank of each
block was computed and the ratio of the rank to the matrix dsi@ — a measure of
the “compressibility” of a given block —was recorded. Th&uea in the figure indicate the

minimum ratio for each individual entry in the matrix, andeto illustrate the hierarchical
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Figure 17: Map of the lowest information compression rabegach entry in a transformed
two-level Toeplitz matrix. Brighter entries indicate |tizad areas where the information
in the matrix is concentrated.

partitioning of the matrix that would result in optimal corepsion of the matrix. Since
there are many “secondary diagonals” that also have higk{néocks, the resulting two-
level Loewner form cannot bedtciently compressed with the SSS representation of [22].
Therefore, a hierarchical approach to Toeplitz inversiat has characterized more recent
scalar algorithms does not seem to extend easily to theawal-tase.

Scalar generalized Cauchy matrices, and Loewner matricearticular, have a strong
connection with tangential interpolation. Correspondingwo-level Loewner matrices
can be connected to bivariate interpolation problems usiagipulations similar to those
of Section 2.2.2.4. Unfortunately, multivariate intergixdn problems are notoriously dif-
ficult to solve, as the uniqueness and even existence ofi@atuinay not be guaranteed.
While tangential-interpolation problems ardfdrent from normal interpolation problems,
many of the same #iculties arise and no established framework in the vein 08]18
available. The transformation into a two-level Loewneusture is thus interesting in that
it mirrors developments used for scalar Toeplitz inversilgorithms, but does not appear to

be particularly useful in practice. It neither yields stiures with compressibleidiagonal
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blocks nor produces interpolation problems that can bessldfficiently.
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CHAPTER V: CONCLUSIONS

This thesis presented several algorithms for tfieient solution of scalar and multi-level
structured linear systems. Most of the algorithms are basdthe concept of matrix dis-
placement, which allows a structured matrix to be multgbkgth a considerably reduced
number of operations. Displacement was also used to praedempositions of the in-
verses structured matrices into sums of structured predcacliectively termed structured-
sum decompositions. Once these SSDs were established ffiegrargatrix structure, they
prescribed a method of applying a structured inverse (agreétbre solving a linear system)

in an dficient manner.

5.1 Summary of results

Tikhonov-regularized least-squares solutions to Toepl# systems:

The first contribution is an algorithm to solve Toeplitzesttured regularization problems
in O(N log® N) operations, wher#\ is the total number of free parameters in the system.
The algorithm translates the original linear-algebraigtesn into a tangential-interpolation
problem, and is based on the “extension-and-transformasipproach of [53]. By using
displacement operators, it was shown that the inverse eceatthat describe these prob-
lems can be expressed with an SSD that requirgslogn) to apply if the generators are
computed.

Non-uniform resampling of digital signals:

The second contribution is a pair of superfast algorithmsdeampling digital signals be-
tween uniform and non-uniform grids. These algorithms made of the FMM and FFT
to perform structured matrix multiplicationgieiently. For the recovery of uniform sam-
ples from non-uniform samples, a superfast Schur recussemderived that subdivides
the calculation of the inverse generators. While presemtdétie context of resampling,

these sinc-interpolation algorithms are actually applie#o a number of related problems
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as well.

Inversion of semi-commutative two-level Toeplitz systems

The next contribution is a method of extending scalar atbors to multi-level Toeplitz
matrices with commutative structures in one or more lev&lsese SCTLT matrices can
effectively be treated as scalar Toeplitz matrices, with ssadlmawn from a commuta-
tive ring rather than a field. Using this development, suasralgorithms were given to
determine the inverse generators of SCTLT matrices cantpieither triangularity orf -
circulant structure in one or more of their levels. The isesgenerators were then used in
multi-level extensions of the Gohberg-Semencul SSDs ttydpp inverse of these special
classes of two-level Toeplitz matricesd@{nlogn) operations.

One-level SSDs of two-level Toeplitz inverses:

Using notions of multi-level structure and persymmetryganies, the penultimate contri-
bution is a generalization of the Gohberg-Heinig formulananfinite number of SSDs that
exploit a single level of Toeplitz structure in two-leveléfwitz matrices. These new SSDs
are analogous to the results surveyed in Section 2.1, wihictv shat the scalar Toeplitz
inverse can be expressed in SSDs constructed from anyliinedependent set of vectors
from the subspace spanned by the inverse generators.

The generalized Gohberg-Heinig formulas presented aeesh&SDs constructed from
linearly independent block column vectors that are lin@anlsinations of the block inverse
generators. There are certain restrictions on these le@mabinations to ensure that the
resulting block column vectors are both linearly independed form a valid generator
pair. These results allow the two-level Toeplitz inversééoframed in much broader and
more universal terms, and make a stronger connection tarsesults than was previously
available.

Properties of two-level Toeplitz inverses:
Finally, the last contribution of the work is a set of reswitsthe properties of the two-level

Toeplitz inverse and an analysis of théhdulties that arise in attempting to extend scalar
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results to the multi-level case. First, results on two-alisplacement defined through
Kronecker products show that it isfiicult to formulate a useful definition of multi-level
displacement rank. Second, using the known persymmetpepties of the two-level in-
verse, equivalences were shown among obvious potentidldzes for two-level inverse
SSDs. While the existence of such SSDs is not proven, it izghibat if a certain type of
SSD is found to exist it will immediately imply the existenaeseveral equivalent forms.

Next, using similar persymmetry arguments, the problenetéining a set of inverse
generators for the two-level inverse were explored. Thegyal objective was to make
some statements regarding a set of possible generatorscthatately represent the num-
ber of free parameters in the matrix while retaining defoms similar to the scalar case.
Specifically, it was shown that this set conveyed the properlyer of degrees of freedom,
was connected to terms arising in the two-level displacém&oeplitz matrices, and
shared similar definitions to the scalar generators useldeimtiginal Gohberg-Semencul
SSD.

Finally, it was shown that two-level Toeplitz matrices mattansformed with Fourier-
like operators to yield two-level Loewner matrices. Thisulk is an analog of known
results on transformations of Toeplitz matrices that arpleyed in compressive inversion
algorithms. However, the transformed two-level matricesdt share the same properties
as their scalar counterparts, exhibiting many blocks watige rank outside of the main
diagonal. For this reason, the compressive scalar inveedgorithms are diicult to adapt

to the two-level case.

5.2 Futuredirections

To conclude the thesis, the following is a list of potentiatiuire directions to be explored
regarding each of the major contributions of the work.

Tikhonov-regularized least-squares solutions to Toepl# systems
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The experiments used to demonstrate the performance ofgbetAm made use of syn-
thetic data sets and contrived problems. It would be interg$o apply the algorithm to a

problem that:

1. involves a large data set for which alternative diregemion schemes would be

impractical,
2. requires regularization due to the conditioning of thedir system to be solved; and
3. contains Toeplitz structure in its system matrix and andksired regularizers.

Potential candidates are applications involving the recpwf large 1-D spatial signals
from non-uniform Fourier measurements. Such an applicdias the potential to meet the
above criteria, and given how often non-uniform Fourier sugaments appear in signal-
processing problems it is likely that the algorithm couldolog to practical use.
Non-uniform resampling of digital signals

Similarly, the experiments demonstrating the use of nafeum resampling with struc-
tured matrix operations used simulated scenarios as thidv problem. There are real
applications of interest — such as level-crossing ADCs afR 8$naging — where these
algorithms might be put to great use. A potential future ciom, then, is to test the per-
formance of these algorithms on real-world data.

Multi-level results

The most obvious future direction for the results of Chagtes in furthering attempts to
determine the structure of the two-level Toeplitz invershe three main contributions in
this area may function jointly toward this goal. The spazed SCTLT inversion formulas
are simply special cases of two-level inverses, and thexeday valid SSD of the two-
level inverse must collapse to these forms when the twd-Teaplitz matrix to be inverted
is also semi-commutative. Similarly, the one-level SSD# gerve as extensions of the
Gohberg-Heinig formula must be equivalent to maffeceent SSDs for two-level matrices.

By studying the properties of the block generators that fthv@se decompositions, it might
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be possible to determine the proper SSDs and generatorsodete! inverses. Finally,
since there are many ways to “attack” the problem of desugikhe two-level inverse, the
final contributions serve as a starting point to considgrabirow the search for generators
and SSDs. The results of Chapter 4 may then be seen as a fmmfdatfuture progress

on the two-level Toeplitz inverse problem.
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APPENDIX A

PROOFS

A.1 Chapter 1

Proof of Proposition 1.3 For Sylvester displacement, consider the<{(1)m + i) entry

of each side:

(AC-CB);; = €/ ACg — &' CBg

(i Ai,ka,j) - (an Ci,kBKj)
k=1 k=1

e|T+( i-ymvec(Vag(C))

and

eu'TJr(j—l)mHA,B(VeC(C)) = Q‘T+(j—1)m (' n®A-B' ®I m) vec(C)

(e ®€) (I "®A-B'T® Im) vec(C)

(e] ® (e A) - (] B") @ € ) vec(C)
(Z Ai,ka,j] - [Z Ci,kBk,j] .
k=1 k=1

Next, the (+ (j — 1)m)™ entry of the Stein displacement equation is

(C-ACB); =Ci; - € ACBsg

= G- Zml an AiCieBr,j

k=1 ¢=1

Q‘T+( i-ymvec(Aag(C))

and

e -ymOas(vec(C)) & (j-1m (I m— BT ® A) vec(C)

= (gl-ymvec(C) - (¢] ® " )(B ® A)vec(C))

(vec(Q))ix(j-um — (€ B) ® (& ® A)) vec(C)

Cij— D D A(B); (vec(C))gaper

k=1 ¢=1
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O

Proof of Proposition 1.5 The first point follows directly from the definition of persyne-

try. The second point may be shown by simply invoking the tk@a$position operations:
(AN = JuAJ = (JTATID)T = (JAT )T = (AP).
Regarding the third point, foh nonsingular it follows that
(AH? = JL,(ADH I = (AN, = (A7) = (AP

Therefore, without ambiguityd " = (A~1)P = (AP)~1. Finally, the fourth point is proven

as follows:
(ABP = J,(AB) Iy, = J,BTJ,J,AT J, = BPAP,
|

Proof of Prosition 1.7. Beginning with the first item, leB = AC for C € R™" persym-
metric. ThenAB® = ACPAP = ACA” = BAP". For the reverse direction, |& = A™1B.
Then if AB® = BAP, it follows that

A1BA" = A'ABR°
cA” = B°

C

BPAP = (A1B)P = C".

Letting A = AP, the second item follows from the firsAB = BPA if and only if

BP = AC, orB = CPAP = CA O
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A.2 Chapter 2

Proof of Proposition 2.4 It is not possible to directly appeal to Fact 1.2 to deterntivee
inverse displacements, & and Z, are singular. However, from their definitions, the

following are true:

Azg ,ZO(B)

D7,z (B) = Az,71(B)-eelBZ].

Az1 2,(B) — €61 BZ, and

Since fioy)1 = 0 and ) = O, the following identities hold:
hoZoZi = hig(Zi - €n€])Zs = hy - higiene] = hyg,
0022l = 9o (% - )2l = g — ool = G-
It then follows from Fact 1.2 and Proposition 2.3 that
Azr 7,(B) = Z] B(eihfy Z5 — hje] + Tewe]) Z:B
= Z{ BethjyB— Z{ Bhg gl B+ e.e' B
= Z{uvg — Zjvigu© + e’
= (25 + ene] ) vy — (Z) + €] ) viggu” + et
= Mgy — (Zg Vio — €nU” + en(UaVig — (Viop)aU")

= UV — VioyU” + €n(UaVigy — (Viop)2U©).
Modifying the displacement so thzf is changed t&; yields
Azr 2,(B) = UMy — Vo U™ + en(UsVigy — (Viop)1u™ — €] BZy).
From Proposition 2.2,
ZoBey, = BZoen + UMgen — ViU ey = (Vio)1U — UrVio),
and therefore] BZ, = (ZoBe,)” = (Viop)1U° — ulv[F(’)]. From this, it is evident that
A1 2,(B) = Uvjgy — Viopu”.

171



Sincevy, = Vio; + au, it follows that
Az (B) = WMo — Vgt = UV — V)" = (Zg (Vi) — @) — &) U°
= V) - ol = (Z] Vo) — &) U° + (ZJ uyu®
= UV — alU” — Viu® + alu” = OV, — Vi U©.
A similar proof follows for the second equality. 0J

Proof of Proposition 2.5 Let A be lower-triangular Toeplitz; thehy, = «€; and thus

Vz,2,(A) = 0.
Next, letA = [a; ;] and suppos&z, z,(A) = 0. By definition, the displacement #fis
0 0 0 Qo - A 0
a1 - Ap-1 Qun @2 -+ an 0
Vam® = |
@11 0 @n-in-1 @an| [8n2 o @nn O

SinceVyz, z,(A) = 0, the first row and last column of the displacement imply
o=-=an=0 and an=--=a,1n=0,

respectively. For=2,...,nandj =1,...,n—-1,Vz 7 (A) = 0impliesa_1; = & j.1, and
thusa; ; = &,1j.1 for 1 <i, j < n—1. By definition, thenA is lower-triangular Toeplitz.
It follows that V7, (AT) = 0O if and only if AT is lower-triangular Toeplitz, which

impliesVzg,Zg (A) = 0if and only if Ais upper-triangular Toeplitz. O

Proof of Proposition 2.7. From Proposition 1.2, it gfices to show that the displacement

operatorsAZI,zo(') andAZO,ZI(-) are nonsingular. Writing\ = [a; ;], from (8),

Az, z1(A) = A-ZAZ]
al,l a1,2 Ce al,n 0 0 e 0
B a1 Ao -+ d2p ain a1 o A1)
»an,l an,2 T an,n_ »a(n—l),n a(n—l),2 to a(n—l),(n—l)_
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If AZO,ZI(A) = 0, thena;; = 0 for 1 <i < nfrom the first row. This equation also implies
that the coéficients along the-k diagonal for 0< k < n must all be zero, which implies
that the last column is zero (and therefore the first colunzers). As a consequence, the
codficients alongall of the diagonals must be zero, and therefare 0.

Similar logic applies fOIAzI,zo(A). and SOAZI,ZO(') andAZO,ZI(-) are nonsingular. Since

Z, andZ] are nonsingular, by Proposition 1%, z,(-) andVz, 7, (-) are nonsingular. [

Proof of Lemma 2.1 Itis immediately evident that

Therefore,

n—

H
>
iR

g
©
=0
| SSEE—
N
I
>
iR
—
N,
~—~
©
=0
—
N

(Z)GH'Zy = ) (%)

i=0

Il
o

i
and similarly

S ZieH @y =YY 2 ).
i=0

i=1 i=0

For any vectors, y € C™!, direct evaluation shows

Xno -0 X1 yn ... 0

()2 =

1
i=0

Therefore, (27) holds.

Similarly, a direct evaluation shows

X1 - 0 yl yn

[N

n—

) 2 (Z) =

I
o

Therefore, (28) holds. O

Proof of Theorem 2.1 Itis easiest to prove the points in succession.
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1. Supposazg,zo(B) = GHT; from Theorem 1.1 and Lemma 2.1,
r
B= ) U(g)-L(h).
i=1

r
Conversely, ifB = Z U(g) - L(h) then from Lemma 2.1

n-1
B=) (Z)GH'Z,
i=0

and thus

Azg ,ZO(B)

Z Z3)GH'Z, (Z (ZO)GHTZOJ
GH'

+(Z;)"GH"Z) = GH'.

2. SinceB is persymmetric, the following identity holds:
V2,2)(B) = B- 287 = B - ZLB"(Z))" = (B-Z]BZ) = (V5y4(B) -
From point 1,B = Zrl U(g) - L(h) if and only if Az, z1(B) = (GH™P = J,HG' J,.
3. The Sylvester disp_lacement can be put in terms of the 8isjptacement:

Z:B - BZ, Z,(B - Z{ BZ) = Z1(B - Z} BZ, — e,e] BZ))

Z1Az7 7,(B) — €181 BZy = Z1A77 7/ (B) — e1W".

]
From point 1,B = Z U(g) - L(hy) if and only if V2, 7,(B) = Zi;GHT — e;WF.

i=1

4. Manipulating the displacement operator yields

ZoB-BZ = (ZBZ] -B)Zi = (B~ ZBZ)Z

~(B-ZBZ] - ZyBae])Zy

We, — Az, z1(B)Zs.

r
From point 2,B = Z U(g) - L(hy) if and only if V4, 2, (B) = we! — J\HG' J,Z;.

i=1
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5. Manipulating the displacement operator yields

Z/B-BZ, Z{(B-2Z1BZ)) = Z] (B - Z,BZ; - e1€' BZ;)

Z{ Az, 71(B) — enU”

= Z] JHG'J, — el
;
From point 2,B = Z U(g) - L(h) if and only if V1 z1(B) = Z] J,HG' J, — eyl
i=1
6. Manipulating the displacement operator yields

(Z5BZ1 - B)Z] = (ZyBZ - B+ Z;Beg)Z]

Z,B-BZ

Uel - Az 7,(B)Z].
r
From point 1B = Z U(g) - L(h) if and only if V1 . (B) = uel -GH'Z].
i=1
[

Proof of Theorem 2.2 Several relations can be proven easily with the Stein digphent

results. Using Proposition 2.4,

Be, = ZBZle +wxe — xwe
U = XW—WpX=X,W— UX

Be, = ZjBZe, + Ve, — e,
W = viU—wVv.

Similarly, using Proposition 2.2,

ZoBe, = BZge, +ufe, - vie,
W = Viu— UV

Z!Be = BZje +wxe —xwe
U = XW—WpX
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These equalities imply the following:

U = WViv+vitw
vV o= viuitu-urtw
w o= X+ Ut
X = —UMU+ Xuptw.

Equating the two identities faryields

XaW—UX = uvi'v+viti
-1y, — ~Lywi -
UiViV = (X — V)W —UgX
_ —1, .
V = —ATW-ViX

Equating the two identities fow yields

vil—uv = x4 upxtx
-1y _— ~1y¢ y
U, X = (Vi —x)u—uyv
_ -1 .
X = —=A7U— XV

It is then possible to prove the remaining four identities.

U = X,W— UX= X, (VeU— UgV) — UsX
= —XqUz (1= XV1) "tV = Ug (1= XVp) H X = =A%V — AX
V = —A'W-viX = =20 U+ ugX) - vix
= —(Ax) 'u—x1x
W = Vil— WV =V (—AX = AXV) — UV
= —(AV1Xy + UV — AV3X = —AV — AV1X
X = =AW= XV = -2 W+ upV) — XV

= —(u AV + XV = (Avy) " tw =~ = (Avg) T
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Proof of Theorem 2.3 From Corollary 2.3, it stlices for each point to show that the Stein

displacement oB is equal to the term insid€ (-).

1. Thisis the Barnett formula, as given in [56], [91], [8] 48], and it follows directly

from Proposition 2.4; that is,
Ayr 1 (B) 1 0|V
T,Z(J = [u V] .
K 0 -1f|uP
Corollary 2.3 completes the proof.

2. This is the original Gohberg-Semencul formula, givend8][ From Theorem 2.2,

the following identities hold:

1 v —U; v ||V° wP
[u v] = [u w] and = :
0 -y 0 1||uP u®

1 v
Letting A = ! ‘ it follows thatA is nonsingular with def) = —u,;, and there-
0 —u;

fore from the proof of Corollary 2.4 it follows that

o P S O Vil
A B = o V]AA APA
- 0 -1 uP
—u;t 0| |wWP
= u W]
0 ul||uf

Corollary 2.3 completes the proof.

3. From Theorem 2.2, the following identities hold:

1 -at —X, =AWV Nl
[u v] = [u x] and = :
0 —X, 0 1 [|uP| |uP
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/1—1

Letting A = , it follows that A is nonsingular with def) = —x,, and

0 —x
therefore from the proof of Corollary 2.4

T Y s D VP
A z(B) = |u V|AA APA
- 0 -1 uP
= U x .
- 0 xtf[uP

Corollary 2.3 completes the proof.

4. From Theorem 2.2, the following identities hold:
vi O 1 0w
o 9
1 —u; vq||uP

—Uq
, it follows thatA is nonsingular with de) = v, and therefore

o]

LettingA =

-u; 1
from the proof of Corollary 2.4

[ . a L PP V7
Ann® = o V]AA APA
: 0 -1 uP
a0 v
= |W V]
0 —vii|wP

Corollary 2.3 completes the proof.

5. From Theorem 2.2, the following identities hold:
1 0 [|VP]| [V°

s | -7
—X, —A71||uP Nl

, it follows thatA is nonsingular with def) = —171, and

-t 0

—_—

= [x \'/] and

—Xn 1

Letting A =

—Xn _/1—1
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therefore from the proof of Corollary 2.4

[ Janalt P AP v’
Azg’ZO(B) = |u v[|AA ATA
- 0 -1 u?
- 1|4 0|V
=[x v .
- 0 —a||xP
Corollary 2.3 completes the proof.
6. From Theorem 2.2, the following identities hold:
v, -At —X, —A7[|VP XP
[U \'/] :[W x] and =
—U;  —X -u; v ||uP wP
. vi AT . . .
Letting A = , it follows that A is nonsingular with def) = -1, and
U =X
therefore from the proof of Corollary 2.4
o P S O VP
A28 = |u V]AA APA
: 0 -1 u?
1 o||%]
= |w x]
0 1 v'v"_

Proof of Theorem 2.5 It first needs to be shown that
rank(A — ZoAZ}) = rankA ™t — Zy A1Z,).
SinceA is full rank,

rank(A — Zo,AZ;) rank(( — ZoAZg A HA)

rank( — ZoAZy A™).
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From Propositions 2.8.3 and 2.8.4 of [12],
I ZoA

rank
zg Al |

and therefore ran@ — ZAZ} A‘l) = rank(l -7 A‘lzoA). Thus

=n+ rank(l - ZOAZ(IA‘l) =n+ rank(l - ng-lzoA),

rank(A — ZoAZ}) rank( — ZoAZgA™)

rank( — ZJ A ZoA) = rank((A™ - ZJ A1 Zo)A)

rank @t - ZJ A~'z).
As a result,
rank(A(A)) = rank(A - ZoAZ]) = r = rank(A(B)) = rank(B - ] BZ).

Next, again assuming the size of the 0-shift matrices fromeod, the 2 x 2n Z; may be
partitioned as

Z, O
e Z

where the size of the smaller compon&ps$ are determined from the partitioning. Using

ZO:

b

this expression, it follows that for any mati@partitioned asA satisfies

T p
AC) = C—ZOCZg: Cu Cp _ Zy 0f|Cu Cy2||Z, en€]
Ca Cp| |@€] Z||Ca Cx|| 0 Z§
_ A(Cy1) =
% %k .

One can then see that the northwest cornex(@) is A(C14). Thus, ifA(A) = UVT, where
U,V e C2™ it follows thatA(A.1) = UV, whereU; andV; are the submatrices formed

from the firstn rows ofU andV. Therefore,

rank(All ~ ZALZ3 ) =r
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and thus
rank(Aﬁ ~-Z3A ) =T.
Next remains the proof that the displacement rank of the Sctunplement is also.

From the blockwise matrix inversion formula, lettiBg= A2, it follows that

At AT+ ATARSTALAT —ATTALST

—S_lAzj_AI]]_' St
Using the same line of thought as before, for any ma@rpartitioned asA?,

Cu Cp ZJ enﬁ Cu Cpo|| %4 O
Co Cyp 0 Zj [|Ca Cx|le€]l Z

A(C) = C-2Z,CZl =

* *

« AC)|

Since the displacement éf* has rankr, there are matrice¥ Z € C*™" such thatA™! —
ZIA'Zy = YZ'. Then clearlyS™ - Z;S'Z, = Y,Z}, whereY, andZ, are formed from

the lastn rows of Y andZ. Therefore
rank(S - Z,SZ) =

and thus

rank(S‘1 - ZJS‘lzo) =,

which completes the proof.

A.3 Chapter 3

Proof of Theorem 3.1 Basic manipulations give the following two identities:

ZT-TZ = uf] —eld.

ZoTH - T"Z

I’éI - flfj.

181



Sincez, = Z, + f,], it follows that
ZT -T2 = (u, - TH)ff —ed.
Combining these two displacement structures yields

ZoGr - G1Zy ZTiT -THZ, T+ THZ, T - THTZ,

= (Z2oTH-T"Z) T+ T (ZT -T2y

r(&T) - fL(FTT) + (TH(u. - TH)) f] - (THey) 0

= 18 —t0" + vf - LW

[
Proof of Theorem 3.2 Consider the displacement Gf
K
2G-Gz = ) n§ -t +vifl - fd]
i=1
K
= uff = 057+ > (g - t).
i=1
The displacement of the inverse can then be obtained directl
2,6'-G'2% = -G'(z’c-cZ")G*!
= GG - (GW(fIG +
K
Z (GO G - (G r)EFGY)
i=1
~ K ~. ~
= af" —xd" + > (¢ - 04),
i=1
where the symmetry d&~* was used in the last line. O

A.4 Chapter 4

Proof of Theorem 4.1. First, sinceT can be written as a matrix with cfirients that are

drawn from a commutative ring, it follows thBtcan be written as a matrix with cfieients
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drawn from the same ring. Therefore, the blocksBoére elements oR, and by their
definitions the components @f andV must be elements K.
Let the matrices of the decomposition be labeled such tleatidtomposition states

B = U;L; + U,L,. From the properties of Sylvester displacement,
VXO,XO(UlLl + U2L2) = VXO,XO(Ul)l—l + UlVXO,Xo(Ll) + VXO’XO(UZ)LZ + UZVXOXO(LZ)

Since the matricek; andL, are block lower-triangular Toeplitz matrices, they are in

the nullspace oV, x,(-). Therefore,

VXO,XO(Ull—l + U2L2) = VXOXO(Ul)LZ + on’xo(Ul)Lz.
From Proposition 4.1,

Vo -V, 0 ~Uy - U, O

0 -« 0 -V, 0 0 U
Vo xo(U1) = o _ and Vy,x,(Uz) =
0 0 -V, i 0 0 U,

The block (, j) for 2<i < nand 1< j < nof the displacement is then
(Vxoxo(Uily + U2|—2))i,j = ~ViUni1-j + UiVni1-j.
The components cff; andV; are Toeplitz matrices (since they belongdp and therefore

(Vxoxo(Uils +Uzl2)) ;= —Vilhneaoj + UiViia-

furvf;l_j - (Vi(LIrF;l_j = (UV" = VU ;.
The component (3j) for1 < j <nis

n-j
(Vxoxo(Uils + Uslo)), ; = Z Us1Vni1-jk = Vi1 Uns1-j—«-
]
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Since the components @f andV are commutative, it follows that

(Vxoxo(Uika + UaLp)), | Z U 1Vnr1-j-k = VierUnia-j«

n-j

= (uk+1(vn+1—j—k - q/[n+1—j—k(vk+1 = (ul(vn+1—j - (qu/[n+1—j
k=1

= (UVP - VU,

Finally, the component (h) of the displacement is equal @ By the commutativity

of the elements,
(UVP = VUP)1p = ULV — ViU, = 0.
Therefore,Vy, x,(B) = Vx,x(UiL1 + UsL;). Since the nullspace 6fy, x,(:) is the space
of all block-lower-triangular-Toeplitz matriceB, differs fromU;L; + U,L, by at most an
additive block-lower-triangular-Toeplitz matrix. Howay the last block row oftJ;L; +
U,L, satisfies:
ET(UiLy + Usly) = EPLy = UP.

By the persymmetry 0B, it follows thatEPB = (B&,)F and thus the first block column &
matches the first block column bf,L; +U,L,. Since thisisthe cas8,= U;L;+UsL,. O

Proof of Lemma 4.4 SinceGH” = ¥'_; G&;(HE;)”, it follows that

n—

|_;

(%G)GHTX, = Z(xo> (ZGS(HS)T]XO

Iy
o

n-1

2, (X)GE(HE X,

j=1 i=0

bl

and similarly

Z XGHT (X5) = ) Z X,GE (HEN (X])'.

j=1 i=0
For any block column vecto®, R e C™™™ with blocksQ;, R € C™™,

Q - QfIR, - 0

n-1

(X3)' QR X,

i=0



Therefore, (74) holds. Similarly,

. Q - Of|R - Ry
XQR (%) =
i=0
Qn Qi[O -+ R
Proof of Corollary 4.2. From previous results,
. qllm O [[VE
Axg’xo(B) = 4y (V[O] m [0]
N - O _Im (L[P
o T aap]m PA-P [FB]
= (U Vg|AA A"A”
- : 0 -In Uur
Im
= GA APH”.
O _lm
The following identity then holds:
A lm, O o Arn —Azf|lm O || A5, -A],
0 —|m >—A2,1 A2,2 0 _Im _Azl Alp,l

Therefore,

APy, = Aaahy
Axt x,(B) = G ’ ’

P P
Al,lAl’z - Al,ZAl’l

P P
A2,2A1’1 - A2,1A1’27

0

P P
AZ,ZA]_’]_ - A2,1A1’2_

0 H”.

0 _AZ,ZAil - A2,1A1P’ 2

The formula forB then follows from Theorem 4.2.
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Proof of Theorem 4.3 Several relations can be proven easily with the Stein digphent

results. Using Proposition 4.7,

BE, = XoBX} &+ WXPE, — XWPE,

U = WXP = XWP =WX? - xu,
BE, = XIBX&n+ UVPE, — VUFE,
W = UV -vul,

which proves (79) and (83). Similarly, using Propositioh,4.

XoBEn = BXEn+ UVPE, — VUFE,

W = UVE-vub

Xg BE1 BX; &1 + WXPEL — XWFE,

U = WXP - XWP = WXP — XU,.
These equalities imply

= VUPV® + WV,
= UVPUP - WU,

UXP + XUXP, and

x =T 2 2
Il

= —UU + WXPUL,

which prove (77), (80), (84), and (87).

Equating (77) and (79), which have each been proven trukelsyie

WXP - XU, = VUV + WP

VUV = W(XE - V7)) - XUy
VULV = W(XFVE = 1) VP - XU

Vo= W(XPVE = ) U = XTLVPUP.
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It is evident from expanding the displacement that for amynj two-level matrix Q,
[V xo(Q)l1, = O (see the proof of Lemma 4.3). Sin8&, x,(B) = UVP — VUP, it
follows that?/; VY = VUL Therefore:

Vv

W (XPVL® = ) UL = XV UTULT

—(WA_P - X(Vl,

which proves (82).
Similarly, equating (83) and (84) yields

UVE - VUP = UX." + XUX,P

XUXP = U(V]-X7)-Vup
XUXP = U(VEXE - 1) X7 - VUp
X = U(VIXE - lm) U — VUTXRUL

It is evident from expanding the displacement that for amynj two-level matrix Q,
[VXJ’XJ(Q)]nl = 0 (see the proof of Lemma 4.3). Sin8&r x1(B) = WXP — WXP, it
follows thatW,XF = X, WF. Taking into account that¥’} = Uy, it follows that
X = U(VIXE - ln) Ut - VXU U
= U(VIX, - lm) U = VX,
Next, the following identities hold:

VEXTU?t Vew w. Xtut = VEw X whut

= VPUPX, = U UVIUPX,

= UrVIULU X, = UV X
This result implies

X = UU(ViXn - ) — VX,

_q/[A_l - (.‘/Xn,
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which proves (86).

After establishing the equality

wUVP = vub

U, ViU VP
viu, = ULV,
it is possible to prove the remaining identities of (78),)(&85), and (88):

U = WX; - XUy = (UV] - VUL)XF - XUy
= —VULXE (I - VEXP) " = XUy (10— VEXR) ™
= —V(XPUP - VEXEXPUP) T - X (Ut - vExRuY)
= —V(UPK - UV - X (U - UV
= —VXn(Im— ViXn) 2 U = X (I — ViXn) 1 U
= VXA — XA
V= =WA™P - XV = - (UX" + XULX) AP - XV,
= ~UX;PAP = X (WX, PAP + V1)
= —U (XA " = X (UX (I = XPVDYUT® + V1)
= ~U(XaA) P = X (ULXT ~ VDU + V)
= U (XoA) " = X (ULXPUP - ViUTUT® + V)
= ~U (XA P = X (ThUTXY) = —U (XoA) P - XX
W =UV] - VUL = - (VXq + X) AVE = VU
=~V (XoAV] + UF) - XAV
= =V (Xn(Ilm = VaXa) *ULV] + UT) = XAV]
~V(Xn (Im— V1Xn) "V + Im) UF = XAV
(( L) |m)w§’ ~ XAVP
~V(

(Im— XnVD) " Xa Vi + ) U = XAVE
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=~V (Ilm— Xo V)™ (XaVi + I — Xn V) U — XAVE

=~V (In-Xe V) UL — XAV

= V(UL - UPKVL)  — XAVE

= V(U - XUV - XAVE

= V(UL - XEVEUP) T - XAVE

= VUL (I - XPVE) " = XAVE = —VAP - XAVE
X = —UN = VX, = = ( WV + VUTVIP) AT - VX,

= —V(UTVIPA™T + Xo) - WVPAT

= —V(UTVPUM = ViXe) + Xn) - WVPAT
= —V(VIUU (1 — ViXy) + Xn) - WVPA
- —(V(

Vit = Xn+ Xn) = WVPAT = VY - WY PAT
These equalities complete the proof. O

Proof of Theorem 4.4 From Corollary 4.1, it sflices for each point to show that the Stein

displacement oB is equal to the term insidég (-).

1. This formula is a block-level version of the Barnett fotmuand it follows from

lm O ||VP
O _lm (LIP,

and therefore by Corollary 4.B = 6 (GDHT).

Proposition 4.7; that is,

Axg,xo(B) = [W (V]

2. This formula is the original Gohberg-Heinig formula. Frd’heorem 4.3, the fol-

lowing identities hold:

a7 " ]

0 -uf
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LetAl =

p
m 1

0 -uP

I
‘; then using a blockwise matrix inversiofy,= l "
0

VeuP
_q’[IP

Using this definition, the following identity holds:

lm VEUP| | I
0 -u”||0
0

uz®

0

From the proof of Corollary 4.2, then,

Ayt x,(B)

L |
= |u (V]A_lA ;

: 0

- _WIl
= |u W]

: 0

_|m

—U?r UV - VU |-Uf
_q’{IP

0 ‘ l—(ull full(ﬂ

0

Im

lm VYU |-U?T UV,
0 Im

0
=D.

0

_q’{IP

p
APA—P

q/{P

_|m

0 ||lwP
= GDH’,

q/{P

_q/{IP

and therefore by Corollary 4.8 = 65 (GDH7).

3. From Theorem 4.3, the following identities hold:

[

Im

fv]o

-1

~X,

—A1
:[(L( X] and

~X,
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—XP —AP||VP

0

WP

Im

Im —ATIXGT

0 -X;!



Using this definition, the following identity holds:

N 1w A X1 0 ]|-xP —x:PA-P
0 —In 0 Xt |0 1| © I
1 AKX [-XP —xPAP
0o Xt || o I
O |RAXRT AT - XPATT
0 Xt

From the proof of Theorem 4.3,

ATXY = U= VX)) X = UK (L — X Va)

XU (Im = Xae WEWPV) = X PUTT (1 — WaXPUT V)

X P (UP = WoXPVIUP) = X7 (I = Wk RVE) UT” = X PAP.

Therefore,
-P
A lm O o -X;" 0 D
0 -lIn 0 X!
From the proof of Corollary 4.2, then,
L. | VP
Axrxo(B) = i fv]A‘lA " APA-P
: 0 —In ur
- ~X;P 0 ||XP
= | X] " = GDH”,
L 0 Xﬁl WP

and thus by Corollary 4.1 it follows th& = Gg (GDHT).

4. From Theorem 4.3, the following identities hold:
VP 0 lm O ||VP %
—(L[f Im -Uy Vi ur (WP

i

]:[W 3] and
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1 O . . o Vi©o0
LetAl= ; then using a blockwise matrix inversiof,=
—UY I UPVP Iy
Using this definition,
A lm O o V> Of|lm O I'm 0
0 -l UPV Inl|O —In||ViU VP
VP 0 I'm 0
ULVE || ViU, Vi
_ VP 0 _ vFF 0 b
UTVP-ViU, —VE o v
From the proof of Corollary 4.2, then,
[ . . -1 |m PA-P P
Axix(B) = i rv]A A APA
_ ] (VIP 0 (VP
= |w fv] | =GDH",
- 0 VWP
and therefore by Corollary 4.8 = 65 (GDH7).
5. From Theorem 4.3, the following identities hold:
. ql-At 0 _ I'm 0o |[|VP %
[w (V] =[X q/] and =1 .
-Xn Inm -XP -AP||UP XP
-At 0 . : . . -A 0
LetAl= ; then using a blockwise matrix inversiof,= .
_Xn Im _XnA |m
Using this definition,
lm O -A Oflln, O I'm 0
A AP =
-A 0 I'm 0 -A 0
—XoA —ln|[-APX? —AP| |APXE- XA AP|

192

}.



From the proof of point 3, sinc& X! = X;PA~P, it must also be true that" X" =

XnA, and therefore

lm O -A O
A AP = =D.
0 -In 0 AP
From the proof of Corollary 4.2, then,
L. | 4
Axixo(B) = |as (V]A‘lA "7 | APAP
- 1l-A O ||VP
= |X (v] | =GDH’,
) 0 AP||XP
and therefore by Corollary 4.B = G5 (GDH7 ).
6. From Theorem 4.3, the following identities hold:
Y e Y N XL -ATP[|VPl | XP
[w (v] = [w X] and = . |
_(Hf —Xn -Uy Vi ||UP wP
(VP _A—l
LetAl = | . Let® = ((Vf+A‘1X;1(LIf); then using a blockwise
—U? X,
inversion,
A @—1 _@—1A—1xal

~X'UPO™t XM+ XMUPOTIATIXG
Manipulations show

VP + A XUY = VP + U = ViX)X U
= VY +ultx*ul - uitviul
= VY + X;PuPul - utru vy

= VP+ XP-vl=X.P,
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and therefore

A =

Xy

XP

n

—XSUTXE X+ XU XEATTXG!
X XUy =X+ XX TLATXY

-X;+ UNIXGE

AP XP AP
= I+ ViX)X2| |-t =y |
'X,ﬁ’ ~AP{lm O [[-VD -AT!
—u, —vi|lo -l l—(uf pa
x> AP|[-r A
v ||-up X,

—XPVP — APUP APX, - XPAL
| UVE - ViU

[ XPVP [+ XPYP 0

—XPA-1XL

~APX X2

~A-P XP ~AP

-U, —(| m— (L[;LA_]')XEJ'

7/{11\_1 + (V]_Xn

0 Im = ViXP + V1X,,

From the proof of Corollary 4.2, then,

Axg ,xo(B)

Im

O _lm

4/ ('v] ALA APA-P

(VP
WP




and therefore by Corollary 4.B = g (GDH” ).

O

Proof of Proposition 4.12. Invoking Proposition 4.4 and the definition®, it is evident
that

_VYo,Yo(A—l) T _VYo,Yo (Al—n) 0
V(Z)(T) _ 0 o 0 Vo vo(Ad-n)
0 o 0 Vvoxo(A-1) |
eth®, —h€ .- ehl —h_€e 0
0 R 0 hl—nef _ elhf—n
0 o 0 hoef —esh®, |
h_lef ... hl—nef 0
0 -~ 0 eh
= hef + eh” - -n
0 - 0 ehf]

hel + e,h? - (Héalp + é"al) .

Proof of Proposition 4.11 Each point is addressed in order.

1. Noting thatx} = X7 = XI' = X, (and similarly forYy), it follows that

(V(Z)( A))P

(XoYoA = XoAYo — YoAX + AXoYo)”

APYXo — YoA Xy — XoAPY, + YoXoAF.

SinceXo andY, commute, this implieV@(4))” = (VA(A)P).
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2. This point follows directly from point 1 by simply takingé blockwise and block-

level persymmetric transform of each side of the equaldypectively.
3. This point follows directly from points 1 and 2.

4. Consider the blocks of the individual terms of the dispraent ofA:

0 i=1 0 i=1
(XoYoA); ; = (XoAYo); j =

ZLoAiZ1; else A_1jZy else

ZoAj1 j<n ZoAja1 J<n
(YoXoA)ij = (AYoXo)ij = X

0 else 0 else

The block (1n) is equal td0 regardless of the matrik. The remaining blocks of the

displacement for = 1, j < n are given by

[V(z)(A)]l, | = AvjnZo = ZoAvjnt = =Vzoz0(Adjra),

the blocks > 1 andj = nby

[VAA] = ZoA-10 = A1nZo = V2o zo(A-1n),

and the blocks > 1 andj < nby

[VOMA)] = ZoArj + AjuaZo = AcriZo— ZoA ju1 = V2,2 (A1) = Vzozo(Aju).

i

First consider the case whefeas blockwise persymmetric. Under this assumption,

Afj = A j, and therefore

Voo M)+ (VazoA) = ZoAy = AuZo+AyZo - ZoA; = O.

As a consequence, each block of #H@(A) + (V(Z)(A))gz

z

is equal td0, and therefore

v(A) = - (V(Z)(A))
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Next, whenA is block-level persymmetriéy ; = Ania-jne1-i. Then fori = 1 and

j<n,

[V + (v@)(A))PLJ_ = [vOW], +[vA@), ., .,

= —Vz,2(A1j1) + Vo 2 (Anzjn)

= V2,20 (Avisr = Anin) = Vzozo (ALjer — ALjaa) = .

Similarly, for j = nandi > 1

[V(Z) (A)] i,n + [V(Z) (A)] Ln+1-i

= =V 2,(Aiz1n) + Vz, 2, (Arnio-i)

= Vzzo (Aicin — Arnio-i) = Vzozo (Aicin — Acin) =0

Ln

[V(z)(A) ; (v@(A))P]

and fori > 1 andj <n

.. [V(Z)(A)]i,j + [V(z)(A)]n+1—j,n+l—i

i
V2020 (Ai-1}) = Vz5,2o(Ajs1)

+VZO,Zo(An—j,n+l—i) - VZO,Zo('A\n+l—j,n+2—i)

[v<2)(A) ; (V(z)(A))P]

= VZo,Zo (Ai—l,j - Ai,j+1 + An—j,n+1—i - An+1—j,n+2—i)
= Vzz (Ai—l,j — A1+ A — Ai—l,j) =0.

Therefore V@(A) = - (V(Z)(A))P. The remaining equality follows from point 1. O
Proof of Theorem 4.6 Theorem 4.5 establishes that the matrix

®=F,TFH = FY I )" TED @1,
is anmnx mngeneralized block-Cauchy matrix with blocks

@i = UVj(w, - 0] )™,
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whereU, V, G, andH are defined as in the theorem. Denote the block columis arid

H as
Ag —Im 0 (An1 + AT
A - AL, 0 : :
Gl = Gz = H]_ = s and H2 = s
: : 0 (A + Al—n)T
[ An-1 — A | O] | —Im] i A}
and their transformations as
-
Q1
0 1
F1Go =F_1 =—-—— (1 ®1lm), Q=F_1G1=| ],
: Vn
Qn
- O .
O T
: 1 P1
FuHi=Fu| |=-——('®ly), and P =F. H,=|:[,
0 a
P
~I'm
wherew” = [w]]. The block numerators are then
1 Wi 4lm 1
UlTVJ = _% [QI Im] JPJ = _%(in}——l + PJ)

As a consequence, the blocksdfire

1

Vn
1

Vn

One may then consider the individual terms of this expresgtast,

CDI,J

(Qui_; + Pj)(wiiy - (Uj+—1)_1

(Qi + Pjog, ) wi’y — w?—l)_lw}——l'

~ 1 n-1 o
Q = (FaGy)i = 7 kz; (i) (A = Acn)

[y

n—-

(wiJr—l)kﬂk(Ak - Acn)s

0

1
v

~
I
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where it is assumed that , = 0. Second,

P;

n-1
(%ﬂm=mﬁﬁn=723&luA4m@wl

H
H

n— n—

(An-1-k + A1- k)(w+)n+l J= (An-1-k + A1- k)(wj D" “

0

§|H
7

T
= O

(&+wawmwl

5l 5

Putting these developments together, the individual natoeterms become

=

1 <
(Qi + ij;—j+1) = —= A [(w}r—l)kﬂ(w;—jﬂ) + Uk(witl)k] +
0

A | (@) oy = (@0
K
Z YHA
k 1-n

where after simplification it can be shown that

>
~
Il

K _
Y = (L) + (@ )9 = (] ) + (wi)*

Since each tern?;; = (Q + ij;_j+1) is a linear combination of Toeplitz matrices,
it is itself Toeplitz. Let the cocients of each Toeplitz matriRy be ay, for £ = (1 —
m),...,(m-1). Then

FOAF = 5, (107)

fork=(1-n),...,(n— 1), is a Cauchy matrix of the form

-
u, ,V

- ke Vi
(dk)f,r =

¢£’ 1 %r- 1

This is an exact analog of the result Heinig proved in [53]deoalar Toeplitz matrices, and

the definitions ol , andvy, follow the block case developed in Section 4.3.4.2.
Defining a matrix

@ = (I,® F)M (1, @ FTD), (108)
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then

~ 1 o\ K 1 — \- K) =
Qi = r_](witl_wj—l) 1”? 1 Z 7( )yHAkf+ = ﬁ(witl - wj_4) 1”? 1 Z 7’()

k=1-n k=1-n

The systendx = y can thus be replaced (1 ,® F'?)"x = (1,&F7)y. For the remainder
of the proof, systems of the formx = y are considered.
Using the definitions of the various quantities, the entie® are given by

O )er = —= | ———— |t > Y928 Yo
[Bigle n(wi_—l _w}r—l) " 1(¢c 1~ ¢ 1)[ i JZkKyKI

k=1-n
What remains necessary is a useful description of th&icants

K
Z 7( )UL’Vkr

k=1-n
The submatricegy andhy are given by

A0 -1 0 (am1+ax-1)
—ax1- 0
O = (81 — A 1-m) and hy = .
: : 0 (a1+aki-m)
(Am-1— 1) O] -1 (@o)

Thus, much as in the block case,

Ukngr = __(qkf¢r 1t pkf) - T Z ﬂgszaks’

s:lm

whereqy = .%_10k1 (the first column ofy), px = Z#.1h«2 (the second column df), and

Mﬁ? = (¢;1)° + (#7_1)°

Putting the various pieces together yields

@ 1 1 -1 ® N ©)
[®i]r = W‘(wr_l )(% S ) Z & Z Oay (109)

k=1-n s=1-m

The main statement of the proof may now be confirmed. Mulimgyut the expansion

term yields

YU = (i) + @) (@) + (672)°)
(wi_—l)k(gbt_’—l)s + (wi_—l)k(gb;r—l)s + (w}r—l)k(fﬁg—l)s + (w}r—l)k(ﬁb;—l)s-
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From this expression, it is evident that

n-1 m-1
Y9 ) uBacs = mn([Oodli; — [Oodliy — [O10] + [O1a]s)-
k=1-n s=1-m
By (109), then,
~ [®0clic = [Ooaliy — [O10]j¢ + [O1a]jr .,
[Dijler =

Wi P71
(wi_—l )(¢e 19 1) e

Using the definitions of (105), (106), arid the theorem is proved.

201



APPENDIX B
TANGENTIAL-INTERPOLATION EXAMPLE

To demonstrate the divide-and-conquer basis constryatmmsider the problem of inter-
polating two degree-1 polynomiai§z) = xo + X;Z andy(2) = yp + Y1z that obey the four

interpolation conditions

X(wo) — Y(wo) =2 =0, (1-¥(w1) +j2=0,

X(w2) + Y(w2) =2 =0, X(w3) +]y(ws) = 0,

wherewy = €%%/4, These conditions can be expressed as a tangential-itaggooproblem
T
by gatheringx(z) andy(2) into the polynomial vectop*(2) = [x(z) v(2) 1] , defining

T
T = [1 1 o] , and setting
All = dlag(l? O’ 1’ 1) A12 = dlag(_l’ (l - J)’ 1?]) A13 = dlag(—Z,JZ, _2’ O) .

Using these definitions, the interpolation conditions espond to the linear system

X
[Anﬁ A12F> Alsﬂ] y| =0
1

which in turn corresponds to the set of tangential-inteappoh conditions
K 3K K |p* = * —
|28 28 8w = s @ =0

The example proceeds with interleaving data splitting, &fiter the first subdivision of
the data the algorithm builds a basis using the interpolatenditions{{¢o, wo} , {¢2, w>}}.
Once this basis is determined, the algorithm computes anddxasis using the interpolation

conditions{{¢1, w1}, {¢3, w3}}.
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To start the construction of the first basis, it is initiaiz® the identity matrix, which
hasr-degrees; = 6, = —1 anddz = 0. Since the first and second columns have the same
degree, the column corresponding to the interpolation it@mcbf largest magnitude is the
column whoser-degree will be increased. Since these conditions havethe snagnitude,
the first column is chosen by default, and the basis constillfobm the first point is

(z-1) 1 2
Bi(2) = 0 1 0O
0 01
This basis satisfieg) B1(wo) = O.

The r-degrees oB;(2) are now{0,-1,0}, and so to process the interpolation data

{2, wy}, it is necessary to constructrareduced basi8; ,»(2), wheret = [o 1 o]T,

for the interpolation condition

-2 1 2
=T _ T _ _
¢2—¢281(wz)—[1 1 —2] 0 10 —[—2 2 o].
0 01
The evaluation 0B;(w,) is straightforward since the degrees of the elemen®; () are
small. However, these type of evaluations are computedtwéliFT in practice.
Initializing the new construction with the identity, itscgd column has the lowest

7-degree. The resulting basis is then

1 0 0
Bi2(=|1 (z+1) O
0 0 1
for the second interpolation condition. With these two lsasamputed, they are next mul-
tiplied together:
z (z+1) 2
B2(2 =B1(29B1-2(2 = |1 (z+1) 0f
0 0 1
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For larger problems, the basis multiplication is computsidg FFTs to calculate the poly-
nomial products. The resulting basis(z) now satisfiess; Bo(wo) = ¢5B2(w;) = 0.

There remain the two interpolation poiri{g1, w1}, {¢3, ws}}. These points are used to
compute a second baddg(2) such that the produ@,(2)B4(2) satisfies all of the interpola-
tion conditions. The first step in computily(2) is to update the remaining interpolation
conditions:

j @+j) 2
¢1 = ¢1Ba(wr) = [o (1-9) jz] 1 (1+j) 0= [(1—1) 2 jz]
0 0 1
and
- 1-j) 2
¢35 = ¢3Ba(ws) = [1 j o] 1 (1-j) o|l= [o 2 2].
0 0o 1
Since ther-degree of each column &,(2) is zero,B4(2) will be a7T-reduced basis, where
T = 0. Starting with the conditio{u@l, wl} and the identity matrix, all columns have equal

T-degree, and the column @f with largest magnitude is again selected. This yields the

basis
1 0 0
Bs@ = |-3(1-)) (z-]) |-
0 0 1

To process the last remaining condition, it must first be tgxtta

1 0 o0
&l=$§83(w3)=[o 2 2] “La-j) —2 A= |-1+0) -4 (2-j2)-
0 0o 1

TheT-degrees 0B3(2) are{0, 1, 0}, and therefore a bass_,4(2) is constructed to increase

the7T-degree of either the first or third columnB%(z). Again choosing the condition with
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largest magnitude,
1 0 0
Bs-4(2 = |0 1 0
1 o(-1+)) @+))

The matrixBy(2) is then computed as the product

1 0 0
B4(Z) = B3(Z)B3_>4(Z) = —% (Z+ l) —jZ +1f-
T -1+ z+]j

With each half of the interpolation problem solved, the fibasis is the result of one

last multiplication:

2z+1) Z+z+(-1+j2) -jZ2+(B-))z+(1+j2)
B2 =B29Bs(2) = |-i(z-1) Z+2z+1 —iZ+(1-j)z+1
: (-1+j) Z+]
In the final basis, the first column has the desired degreetstrei Scaling this column

so that its last entry is 1 yields
X2=z+1 yY@=1-z
It can then be verified that these polynomials satisfy therpulation conditions:

2-0-2=0

X(wo) — Y(wo) — 2
1-Ww)+j2 = 1-))A-))+j2=0

0+2-2=0

X(w2) + Y(w2) =2

X(w3) + jY(w3) 1-j+j+1=0.
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APPENDIX C

SPIRALFFT

This appendix describes a fast algorithm for computing 3UIFRTs of spatial volumes on
spiral contours in frequency space in the context of 3-D MRIg, 107]. Spiral sampling
modalities are common to 3-D MR, as spiral patterns allovefticient scanning of a large
range of frequencies. By parameterizing the spiral costour certain way, the compu-
tations required for an NUFFT can be broken down into a sefidsD transforms. This
process results in a transform that is in some ways sepandble still yielding patterns

that can provide a shiciently dense coverage of frequency space.

C.1 Context

Section 3.1.5.5 provided a brief introduction to the noffarm FFT, but omitted many
details of its computation. The most well-known NUFFT algons are all variations on
the same essential theme: an oversampled FFT is computeshselgt sample the DTFT
of the signal on a regular grid and the samples are then usiedetpolate the spectrum
at the desired frequencies [13, 29, 98, 113]. For 1- and 2gDats, the computational
cost of this process is not overwhelming when compared td~#E In 3-D, however,
the interpolation step dominates the computation even darse accuracyi.€. highly
truncated interpolation kernels), and the total cost teéadiar exceed that of a 3-D FFT for
large signals. Indeed, experimental results (see [65]eTal2) have shown the execution
times of the NUFFT and the FFT to vary by orders of magnitudsoime cases.

When the signal spectrum is sampled along groups of spmaike 3-D spatial fre-
guency domain (referred to as “cones” in the MRl communihgttsatisfy certain con-

straints, the NUDFT can be decomposed as a series of 1-D Fkilsharp Z-transforms
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(CZTs), making the whole transformffectively separable.” Using this sampling modality,
the NUDFT can be computed fast and nearly exactly, whitérs a significant improve-

ment over general-purpose NUFFTs for a broad range of paeaumegimes.
C.1.1 Motivation

The algorithm of this appendix samples the DTFT of a 3-D digi@ng spiral contours

in the spatial frequency domainkfspace”). This sampling geometry is prevalent in MRI
because of the convenience ffars the acquisition process. MRI scanners capable of
sampling along spiral contours kaspace provide high-resolution images with modest ac-
quisition times [2]. Spiral contours are also not as seresitb some systematic errors in
MRI when compared to other modalities as a byproduct of thecgire of the magnetic
gradients involved in the technology [75].

The problem at hand is specified as follows. ketk,, andk; denote 3-D spatial
frequency coordinates. The sampling patterns considesedaanposed of spiral contours
in the spatial frequency domain. The indgis used to identify a specific spiral, while the
indexr is used to specify a sample along a given spiral. For a sdigaied with theks

axis, for instance, the" sample along thg™" spiral has coordinates

ke[r.q] = ofr,q]cos@[r.q]) ko[r.d] = ofr.a]sin(B[r.qd]) ks[r.d] =p[r.ql,  (110)

wherep defines the “spiral height¢ defines the “spiral radius,” angldefines the “spiral
angle.” Given arN x N x N voxel volumeg, the DTFT ofg is sampled at point thealong

spiralg by computing the NUDFT sum

N/2-1 N/2-1 N/2-1

a[r,q] = Z Z Z glm, n, ple-iZrkalrdmeelrdntalr.dp) (111)

m=—N/2 n=-N/2 p=—N/2
For a collection oR samples,r4,...,rr_1, the sum (111) is evaluated at each point with

the matrix-vector multiplication

g=Ag with Ag = eizlds (112)
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wheref[t] is a 3-D spatial index vector in-N/2, N/2)® and E[s] is a 3-D k-space fre-
quency vector inf1/2, 1/2)3. The matrixA maps the uniform spatial samplggm, n, p]}
to spectral sampleg[r, g]}at the specified locations along spirals.

Of more interest than simply computing the matrix-vectarduct Ag is the inverse
problem, where the spectral samptgparé supplied and the spatial volurges to be re-
constructed. Iterative solution methods for this problarohsas CG invariably involve
multiple applications of the matricesandA", so if an iterative method is to be employed

it is crucial to have a fast algorithm for applyirg
C.1.2 Existing methods

The NUDFT cannot be computed with the sanfisceency as the FFT, but NUFFTs have
been developed thapproximatelyapply the matrixA in (111). The product is approx-
imated by interpolating the values of an oversampled FFhéodt-grid locations. The

general procedure consists of the following steps

1. Deconvolve the input spatiime signal with the spatiglme-domain representation

of the interpolation kernel,
2. Compute an oversampled FFT of the result of step 1 to ptalasing dfects;

3. Convolve the result of the previous step with the freqyettmmain representation of

the interpolation kernel; and
4. Evaluate the result at the desirdtigrid frequencies.

The interpolation gives the NUFFT an inherent complexityaccuracy trade®. An inter-
polation of length 2+ 1 along each dimension yields a per-sample accura®flofy(1/¢))
at a per-sample cost 6¥((2c + 1)), whered is the dimension of the problem [88]. For a

half-window lengthc, the cost of an NUFFT computirgtotal spectral samples of an input

LIn practice, the final two steps are combined by interpodpdimliscrete spectrum.
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volume witht samples i€(t logt + s(2c + 1)%). The first term of this cost is the cost of the
FFT, while the second is the cost of the interpolation.

Various interpolation techniques have been proposed foFfRI$, including Kaiser-
Bessel kernels [58, 81], Gaussian kernels [29, 93], leqs&i®s locally-optimized kernels
[96], and min-max interpolation [37]. While for 1-D and 2-gblems the cost of the in-
terpolation is relatively minor, for 3-D problems the irgefation cost can be large relative
to the cost of the FFT. A simple computational example candsgl uo demonstrate this
fact.

In this example, the NUFFT was computed for a pair of two dginthe first a 2-D
signal with side length 75 (for a total of 625 spatial points), and the second is a 3-D
signal with side length 14 (for a total of 244 spatial points). If the NUFFTs are computed
with FFTs oversampled by a factor of 2, the FFT of the 2-D digisas 22500 samples
and the FFT of the 3-D signal uses 252 samples. Predictably, the execution times for the
FFTs are approximately equal, requiring 1.90 ms for the dingt 2.32 ms for the secoid.

Using the same interpolation quality and number of outpeqdencies (11500), a
MATLAB implementation of the NUFFT executes in 36.3 ms foe @D signal and 139.3
ms for the 3-D signal. This éierence is nearly a full order of magnitude despite the simila
problem sizes. While the absoluteffédrence in time might not be appreciable for this
example, it is demonstrative.

Several methods have been proposed to help reduce inteopotast (see [49], for
example), but they require an amount of additional storagedan be burdensome or even
impossible for large-scale problems. In the end, the imf@tpn cost can be shifted to the
front-end of the computation, but it cannot be totally awaid Unfortunately, it can make

NUFFT algorithms costly and, in some cases, infeasiblen 3-

°The experimental setup up is the same here as describedtinrSecs.
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C.2 TheSpiralFFT

The FFT is dficient because it makes use of structure of the uniform spagcitne nodes of
the Vandermonde DFT matrix. Spiral sampling patterns doeshate the same properties
as uniform patterns, but they can contain exploitable strecunder certain conditions.
The next few sections describe the SpiralFFT, a fast tramsfor certain types of spiral
sampling patterns, with respect to spirals aligned withkthaxis. It is straightforward to

adapt the algorithm and its analysis to other alignmentsgelrer.
C.2.1 Constrained sampling patterns

One of the underlying assumptions of SpiralFFT is that theriéo samples are to be com-
puted for multiple spirals. This is typically the case foirapMRI, and the assumption is
therefore not extraordinarily restrictive. To be more sfi@dt is assumed that the NUDFT
sum (111) is to be computed alo@yspirals and aR locations per spiral.

The transform depends on the following discrete paranzstéon for ther™™ sample

along theg™" spiral:

ki[r.a] = gafr]cosf[r])
ke[r.a] = gefr]sin(8[r]) (113)
k3[r’q] = {[r],

wherea and/ are some unspecified functionsrofThe indexr is referred to as thspiral
sample indexandq as thespiral number. There are no restrictions on the functieand
{ save that the frequency sample locati@gpmust each satisfy
1 1
-5 < kyr,q] < >
While it is not strictly necessary, andZ are typically monotonic. The spiral anglefs] as
prescribed as follows: for eachthere exist some[r] € R andL,[r], L,[r] € Z such that
cosp[r])
sin@[r])

w[r]La[r]

W[r]Lo[r]. (114)
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0.5

Figure 18:Examples of spirals parameterized alih3). For this parametrization, the spirals grow
as \r along theks axis as the spiral sample indesncreases. As the spiral numhpincreases, the
radius in thgkq, ko) plane increases.

This choice of angles is explored further in Section C.2.3.
An example of a set of spirals fitting (113) is illustrated iiguie 18. The conditions

of (113) and (114) have four important properties:

1. the spiral height depend®ly on the spiral sample index and isfixedfor all spiral

numbersg;

2. the radius in thekg, k;) plane grows in magnitudénearly with g (but may also

follow the arbitrary functionr across);
3. the angle in thekg, k) plane is aonly a function ofr; and

4. the line between any frequency paki[(, g], ko[r, g]) and the origin of the kK, k)

plane has rational slope.
C.2.2 Calculationsin 1-D

The constraints on the spiral parameterization in the presgection allow the 3-D NUDFT

of (111) to be reduced to a series of 1-D transforms. DeWbte e 2%; then ther™" spatial
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frequency sample along tli¥' spiral (111) becomes
olr.al = ) glm n, pjwimklrailnaplolra) (115)
mn,p
where—% <mn,p< % Using the parametrizations of (113), the sum in (115) can be

written as

alr.q = Z W(mkilr.al+nker.ql) Z g[m, n, p]WeIIP, (116)
mn P

In (116), for a fixed pairrfy, n) the inner sum is a 1-D NUFFT in If Z[r] = or, the radius
in ks grows linearly and the inner sum is actually a chirp-Z Transf (CZT) [89]. The
CZT can be computed exactly at roughly twice the cost of an +Fthis would make the
SpiralFFT exact with the extra constraint fnHowever, it is typically faster to use a 1-D
NUFFT to approximate the CZT at an acceptable accuracy.

For the remainder, it is assumed tlgft] is arbitrary. A series of 1-D NUFFTs can be
used to transform the signal along the dimension indexeq, lyyelding the intermediate
signal

himyn,r] = > glm,n, pjwete (117)
p

for all mandn. The cost of thesBl? individual lengthR NUFFTSs is then
O(N?(oNlog(eN) + (2¢c + 1)R)),

whereo is the FFT oversampling factor NUFFT ands the interpolation window cufb
(see the description in [65]). Substituting in the equagifork,[r, q] andk,[r, q] into (117)
reduces (116) to
a[r,q] = Z h[m, n, r]weellelrLalimeLelrn) | (118)
mn

The quantitied.,[r], L[r], m, andnin (118) are all integers. Therefolies L;[r]m+L,[r]n

is also an integer, and is restricted to the range

N Z
N Z

L, (119)
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whereL = |Lq[r]| + |Ly[r]]. For each fixed value af, the 1-D signahy[i, r] is computed
overi as

hfi]= > himnr] (120)
mn:Ly[r]m+Lo[r]n=i

Using (120), the equation (118) can be expressed as a 1-D ICH#iE variabley:

N
jL

i=—3L
For eachr, then, the 1-D signal in (120) is computed with line sums ar@Z3 is
applied to obtaing[r, g] for all g. Denoting the average value bover the entire range of
asL, the total cost of these CZTs@&R(NL + Q) log(NL + Q)). The quantityL depends on
how L,[r] andL;[r] are chosen, which is an issue that is addressed in det&ieirrisuing
section.

The computation of the NUDFT in SpiralFFT can thus be sumrearas follows:
1. Choose the parameterf], Z[r], andg[r].

2. For each index paing, n), compute a 1-D lengtR NUFFT ofg[m, n, p] acrossp as
prescribed by (117) and store the result in the 3-D abfay n, r].

3. For eachr:

(a) Compute the 1-D signal length.
(b) Construct the 1-D signd[i, r].

(c) Compute the 1-D lengt) CZT of hy[i, r] with CZT constantwel'l“l'l and

store the result in the 2-D arrayr; q].

Pseudocode for this procedure is given in Algorithm 11.

C.2.3 Choosing the angleg

This section explores how the anglefs] may be chosen to satisfy the constraint (114)

while also allowing nearly uniform coverage kfspace. The choice @ has a direct
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Algorithm 11 Compute SpiralFF[T, g] of input signalg[m, n, p].

procedure § = SpIRALFFT(Q)
Selecta, Z, 8

for (m n) € [-N/2,N/2)? do
N/2-1

himnrl« > olmn, WP (1-D NUFFT)
p=—N/2

end for
forr=0,...,R-1do
I3 [La[r]IN + [L2[r]IN + 2
fori=-14/2,...,11/2-1do
hli.le= > himnr]
mn : Lym+Lon=i
end for
W, «— Wellel]
11/2-1

olr.al « > hfi,r]W9 (1-D CZT)

i=—I1/2

end for
end procedure
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impact on the fficiency of the transform, as the length of the 1-D sigméi, r] in (119)
depends om,[r] andL;[r], which in turn are determined Bfr]. The precise relationship

between these parameters is

L2[r])
La[r])

As L,[r] andL;[r] determine the length of the CZTs taken in the second stepicalEFT,

Blr] = tan‘l( (121)

it is desirable to seleg[r] such thatL,[r] and L,[r] are as small as possible while still
providing a stficient coverage df-space.

Let the frequency plane be divided into octants, and for 8oty consider only the
first octant of angleg[r] € [O, g). The extension of the angle choices to other octants
is straightforward, requiring only some basic trigononeetnanipulations. The objective
is to selectT angles in the first octant of the frequency plane that safiktyl). These
selections are made by choosing appropriate valués[of and L,[r] and solving for the
correspondingg[r] in (121).

Since only angles in the first octant are considered, the tatiL, is bounded from
below by 0 and from above by 1. Therefore, it is necessarylezsmteger values fory[r]

andL,[r] that will cause their ratio to increase from 0 to 1. One siengthoice (as taken

in [106]) is to hold the denominatar; [r] constant, setting

Ll[r] =T

Lo[r] = (122)

forr =0,..., T — 1. With this approach, and with the natural extension to &meaining
seven octants, the angles chosen for the spirals have theuaiform distribution illus-
trated in Figure 19(a). However, this approach produceglaalues ot.; andL,, which
in turn cause the lengths of some CZTs to be longer than reagess

This problem can be avoided by selecting a set of rationalauimin the interval [0L)
that have a small average denominator. Specifically, onaisarsequences of completely

reduced fractions in this interval that have maximum demautarn, which are known as
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Figure 19: Parameterization angles defining rational slopes fourmlitfir (a) the simple method
and (b) the Farey sequence method. These angles are contpanegles uniformly covering the
interval [0, 2r). The parameterization angles do not uniformly cover therirdl in the sense that
they underrepresent some areas, but neither method'ssalegiee any significantly large gaps.
Uniform angular coverage is desirable to prevent largeigstof the frequency plane from being
ignored in the measurements.

Farey sequencesFor example, the'Sorder Farey sequence is

111213234

farey(5)= {O, E'1'35253715 1}-

This sequence has 10 candidates for ratios that will prodangées in the first octant with
a maximum denominator of 51f T were 10, and_,[r] were chosen to be the numerators
andL4[r] the denominators of the first 10 elements of tHeoBder Farey sequence (setting
L1[0] = 1), then the average valuelof[r] + L[r] is 5.5. Compare this result to the method
of (122) withT = 10, which yields a comparable set of angles but results invarage
value of 145.

Using the entire Farey sequence to select the values ahdL, has two drawbacks.
First, for most values of there will be more elements of the Farey sequence than are
necessary, and thus some subsampling of the sequence wildessary. Second, while
the Farey sequence is relatively uniform through most ofdéinge, it under-represents the

edges of the interval 0 to 1.

3The angleg is not considered to be in the octant, so the entry 1 is ignored
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Table 11:Average signal size for the simple and Farey methods oftiedeangles yielding rational
slope.

Number of| Farey | Average Length Average Length
AnglesT | OrderU (Farey) (Simple)

5 4 4.2 7

10 5 5.5 14.5

15 7 7.3 22

20 8 8.4 29.5

25 9 9.4 37

30 10 10.2 445

These shortcomings can be addressed by subsampling theségreence of ordéy >
T by first dropping points in the middle of the interval whilegggng most of the points
towards the edges. Specifically, after generating the Fgyence of ordes, the fraction
with the largest denominatds that is closest to /2 is removed from the sequence until
only T elements remain in the set. This process has the benefit afigidle sampling more
uniform while simultaneously removing the elements of thguence that produce some of
the largest values af[r] + L,[r]. Table 11 gives the average valued §f] = Ly[r] + Ly[r]
for various values off using this technique, and Figure 19(b) shows the correspgnd
distribution of the angles.

The Farey method improves théieiency of the transform as compared to the naive
approach. The second stage of the SpiralFFT uses CZTs ofEhsignalsh; in Algo-
rithm 11, and the computational cost of this transform scalih the length of the input
signal. If the lengths of the input signals are give,fd and the length of the transformed
signal isQ, then the computational cost of each CZTO&I[r] + Q) log(I1[r] + Q)). Ta-
ble 11 indicates that even for only 30 angles, the transfommegtes over 4 times faster on
average when the angles are chosen by the Farey method.nipiriavied diciency only

grows more dramatic as the number of angles increases.
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C.3 Computational complexity

Using the results from Section C.2.2, the total complexitihe SpiralFFT is
O(N%*(eNlog(eN) + (2¢ + 1)R) + R(INL + Q) log(NL + Q)), (123)

whereL is the average length of all of the 1-D flattened sigihgls r], (2c+1) is the window
length for the NUFFTs in the first half of the algorithm,is the FFT oversampling factor
for the NUFFTs, andR, N, andQ are given as in Section C.2.1. The first term in (123)
comes from théN?> NUFFTs performed in the first half of the algorithm, while tecond
term comes from th& CZTs performed in the second half. TN& terms arise from the
average length of the 1-D signals that are created and thetlfTs computed across a set
of Q frequencies.

No general statement can be made comparing the compleaftibe SpiralFFT and
NUFFT. When the number of DTFT samples idigtiently small compared to the spatial
support of the signalie., QR <« N3), both algorithms will be dominated by operations of
complexityO(N3log(N)). When the number of DTFT samples is much greater than the
spatial support of the signal €., whenQR > N3), the SpiralFFT should have a signifi-
cantly lower complexity than the NUFFT for most range<pandR. The reasoning for
this is that the cost of the NUFFT will behave @§(2c + 1)*QR) while the cost of the
SpiralFFT will behave a®(QRIlog(Q)), which has a smaller constant term in general (and
smaller storage requirements, typically).

The choices of the number of spirdlsand the number of samples-per-spiradleter-
mine the relative complexity of the SpiralFFT. If the prott@R is fixed, asR increases
relative toQ the cost of applying the SpiralFFT increases. This scer@iesponds to
increasing the sampling density along individual spirdisl@reducing the total number of
spirals. The value oN will determine whether or not the SpiralFFT executes fastan
the NUFFT in these circumstances. For typical 3-D MRI measents, thoughQR is

on the same order ds?, and to cover the frequency plane as uniformly as pos€bie
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usually on same order & A value reflective of typical spiral MRI contours for theicat
of R/Q is approximately 5.

The transform has an accuraeg-efficiency trade-f that comes from the NUFFT in
the first round of transforms. This trad&turns out to be of relatively minor importance
once the precomputations described in Section C.4 areponcated. For small data sets,
the transform executes very rapidly and the increases edsipat come from reducing the
accuracy are very minor. For larger data sets, since the NUg-fhe same for alN? times
it is performed, and since only 1-D transforms are perfornieg interpolation matrix can
be pre-computed and stored.

For a problem of standard size, the execution time is tylyicabluced by only 3-5%
when the interpolation window size is decreased by 2 (whglmlly results in a loss of
approximately two digits of accuracy, although the exa@nge in accuracy depends on
the window function). As noted above, if the functigjr] is linear, then the NUFFT may
be replaced with a CZT. This eliminates the tradévathout an appreciable fierence in

speed, but places an additional limitation on the spiralcstire.

C.4 Precomputations for large data sets

There are a number of precomputations that can be perforonedie the SpiralFFT more
efficient for large data sets and repeated applications. Thetis of the transform consists
of N> NUFFTs. Since each NUFFT is identical and operates acrosg)k slimension, a
single interpolation matrix (as described in [65]) can d&/fprecomputed and stored. This
allows a large amount of the computation to bBaaded the front-end of the transform,
significantly reducing the cost of each NUFFT. This step aldrastically reduces the con-
stant in the complexity for the first stage of the transform.

The computations for the second step of the transform caedeced by performing
the CZTs in the correct order. FFT algorithms such as the FFZ1Y store “wisdom”

information that allows a transform of a given size to be catad more #iciently each
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time itis performed. By grouping the CZTs that need to beqgrered based on their length,
the wisdom information can be accumulated throughout tbegss.

Finally, if the set of all CZTs that require the same FFT Iéngte done sequentially
(which may match the sequential ordering of frequencyfft@ents in the output array),
memory accesses will be faster as the same memory locatibihewepeatedly referenced
by the FFT. By carefully arranging the data order, then, talper of cache misses can be

reduced to improve the execution time.

C.5 Numerical experiments

Several experiments were conducted to evaluateftimemcy of the transform in various
parameter ranges. The NUFFT used for comparison is the aadtpackage NFFT3 [64],
which was compiled with its standard configuration. The riodation kernel for the
NFFT3 was the default Kaiser-Bessel kernel. The SpiralH®rahm was coded in €+,
and FFTs were computed using the FFTW3 library [41]. All expents were performed
on a 3.16 GHz Intel Core 2 Duo machine with 3.0 GB of RAM and anlthbuntu 10.04

LTS Lucid Lynx operating system.
C.5.1 Spiral countvs. spiral sampling density

As mentioned in Section C.3, when the spatial supNé&nd the total number of frequency
codficientsQR are on the same order, as the spiral sampling deRSitgreases relative
to the number of spiral®, the cost of the SpiralFFT will increase (and therefore pisesl
will decrease). Using a.25-million point spatial resolutionN = 130), the producQR
was held fixed at 52-million points, and the ratio d®/Q was varied fron% to 8. These
parameters were chosen to mimic standard 3-D spiral MRI skt (see [51] and [72]).
Table 12 holds the SpiralFFT and NUFFT transform times. Atetuded in Table 12 is
the accuracy of each set of experiments.

There are several columns in the table for the SpiralFFh egaresenting a maximum

allowance for repeated angles. Since the length of the yastransformed with the CZT
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Table 12: Algorithm performance as a function of the ratio of the Spsi@mpling density to the
number of spirals. Each SpiralFFT column corresponds tceaip number of angle repetitions
(“reps”), which allow for shorter 1-D signals and thus a meficient transform. The average
relative error rates are insensitive to the ratidrp®, and are given below each column. The term
“relative error” refers to the ratio between the DFT valugs@mputed by the SpiralFENFFT3 and
the direct calculation of the DFT value for a given frequenoge. The error rates were calculated
by averaging the error between the values returned by theithigns and the “true” value calculated
by explicitly evaluating(111) over45 randomly chosen values @f ). Theseds randomly chosen
frequencies from each of tf8erows were averaged, producing an average error rate ovéalafo
405 trials for each column of the table.

Ratio || SpiralFFT | SpiralFFT | SpiralFFT | SpiralFFT | SpiralFFT
R/Q O reps 1reps 3 reps 7 reps 15 reps
1/8 7.99 6.47 5.83 5.24 4.87
1/6 8.83 7.74 6.68 5.98 5.39
1/4 11.41 9.98 7.92 7.42 6.20
1/2 16.71 14.70 11.13 9.77 8.68

1 26.93 22.22 17.26 14.15 13.20

2 44.21 34.83 27.26 21.37 19.37

4 76.46 57.56 43.32 34.69 29.37

6 103.54 79.15 56.79 46.16 37.70

8 135.10 98.92 73.26 61.64 47.15
Rel. 4.99e-12 | 4.87e-12 | 5.00e-12 | 5.82e-12 | 5.24e-12
Err.

Ratio NFFT3 NFFT3 NFFT3 NFFT3 NFFT3
RIQ | (m=2) (m=3) (m=4) (m=5) (m=6)
1/8 15.62 27.38 42.30 63.15 91.86
1/6 15.30 26.21 40.63 61.06 89.17
1/4 14.41 24.24 38.26 57.94 85.50
12 13.26 22.13 35.23 53.59 79.11

1 11.70 19.76 32.11 49.68 74.00
2 10.54 18.24 29.85 47.00 70.44
4 9.58 16.80 28.36 45.31 68.34
6 9.19 16.26 27.51 44.23 67.01
8 9.12 15.80 27.29 44.09 66.22
Rel.
Err. 4.87e-4 5.12e-6 5.44e-8 2.34e-9 5.82e-10
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is dependent on the factokg[r] and L[r], it is desirable to reduce these values as much
as possible. The more that angles are allowed to repeause the same angles more than
once as the spirals rotate about the alignment axis), théesrttee Farey sequence needed
to generate the angles will be, and thus the smaller the gedr® transform length will be.
Allowing angles to be repeated does nfieat the uniformity of the coverage of,[Br), but

it does reduce the “diversity” of the spiral contour. Howeviee dfects of angle repetition
on the conditioning of the frequency set are minimal (as malestrated in Section C.5.3),
and as can be seen in Table 12, thi@edence in performance can be drastic.

There are also several columns in the table for the NFFT3 eaoesponding to a
different interpolation window cufb For each entry in the NFFT3 columns, the data
sets from all of the corresponding row entries of the Spkalportion of the table were
processed, with the total execution time averaged. For plgrie entry fom= 2, R/Q =
1 was generated by using the NFFT3 to calculate the Fouregiicents for frequency sets
with an R/Q ratio of 1 and angle repetitions of 0, 1, 3, 7, and 15, and tlvenaging the
execution times across these 5 frequency sets.

As expected, the accuracy of the SpiralFFT does not varyeartlgles are repeated.
However, as the number of angle repetitions increasesyaheform time drastically de-
creases. As the number of samples per spiral increasesetfemance dterences be-
come more drastic. The transform speed decreases linearigrédicted) as the ratio of
R/Q increases.

Table 12 also reflects a distinct advantage in accuracy gedvy the SpiralFFT. The
NFFT3, even at a high cuiogparameter value, fails to achieve the same degree of agcurac
as the SpiralFFT. This result is partially due to the secamtign of the SpiralFFT being
exact and the accuracy of the first portion only dependinghencutdt of an interpola-
tion window for a 1-D NUFFT. Since the interpolation matriancbe precomputed, the
extra cost introduced by using a slightly longer interpolakernel for the 1-D NUFFTs is

minimal.
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C.5.2 Htficiency as a function of “oversampling ratio”

The dfect of varying the so-called “oversampling ratio” — that tlse total number of
Fourier codficients computed relative to the spatial support of the $ignean also be
studied with simulations. For this set of experiments, lbéhspatial support size and the
number ofk-space frequencies involved in the transform were varietbtermine how the
two algorithms compare to one another in various regimeall experiments, a fixed ratio
R/Q of 2.5 was used. Further, since repeating the angles shows niceighproblems in
terms of the conditioning of the frequency set (as seen iti@e€.5.3), the angles chosen
from the Farey set were allowed to repeat up to 8 times witsamples. The NFFT3 was
set to use an interpolation window ctitef m = 4, which yields a relative error on the
order of E-8.

Figure 20 illustrates the algorithms’ performances ovearge of spatial sizes and
number of frequencies. In each figure, theaxis represents the size of the spatial support
(N?®) while thex—axis represents the numbere$pace frequencies for which the transform
is defined QR). The plotted function i€ %%Tex, whereT,, is the execution time for the
algorithm. The exponential of the execution time is plottedjive better contrast in the
image, and the value of@L is chosen to yield an appropriate scale. Both images aledsc
by the maximum execution time in the entire experiment foniadomparison. Brighter
values within the figure indicate faster execution timegkeavalues slower execution
times.

The NUFFT follows the expected performance, growing lihelaoth with the quantity
N2 and the quantit@R (until memory considerations force a segmentation of thgifency
set, at which point the growth iQRis no longer linear, as multiple FFTs must be computed
to finished the transform). Similarly, the performance @& 8piralFFT algorithm follows
the expected trends. For a fixed spatial $i*eas the value oRincreases, the execution

time decreases. The same is true whEris increased an@R s held constant. For the
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Figure 20: Graphical depiction of the performance of the (a) SpiralFéd (b) NFFT3 over a
range of spatial support sizes and number of frequenciticieats. Lighter values in the images
indicate faster execution times. The performance of baflordhms increase as expected with
increasing spatial support size and number of frequencficeats. As the spatial support size
grows very large, the NFFT3 must be broken up to deal withesstisf the frequency set, decreasing
its computational giciency.

portions of these figures corresponding to the typical mobsize (columns 3-4, rows 5-
6), the SpiralFFT is much more accurate (as shown in SectibriCand executes slightly
faster than the NUFFT.

The relative performance of the two algorithms is illustchtn Figure 21. The-axis
represents the total number of frequencies andytheis the size of the supporhNj of
a single spatial dimension, with the total amount of spatath beingN®. The curves
plotted in Figure 21 depict contours along which the relapierformance of the SpiralFFT
compared to the NFFT3 is constant.

As seen in the figure, as the spatial dimension increase§pialFFT becomes less
efficient relative to the NFFT3. However, there is a fundamdintad to this behavior. The
NFFT3 requires a full, oversampled 3-D FFT to be computedsohte point, the problem
will be large enough that this cannot be accomplished witigmory limits. However, the
SpiralFFT only requires a maximum bPR, complex numbers to be stored at once, where
Ro < R. This storage limitis in place because the frequencies eaubdivided in the vari-
ableR and the transform can be segmented in a natural way as itferpexd. Therefore,

there is some limit at which the NFFT3 will not be able to adeegly store the amount
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Figure 21:Relative performance curves for the NFFT3 and SpiralFFEhEairve represents val-
ues of the spatial suppdd® and the number of frequenci€R for which the relative performance
of the two algorithms remains fixed. In general, as the sjgifgport of the problem grows, the Spi-
ralFFT becomes lesgiiient in a relative sense, while as the number of frequengitte problem
grows it becomes mordticient. After the spatial support becomes large enough, Yenvenemory
limitations cause the NUFFT to become lefscéent in a relative sense, since the SpiralFFT does
not require a full 3-D FFT to be computed.

of information needed to perform the transform, where theafFT may be broken into
serial components to operate within memory constraintsfadty this limit is not much
further than the final row of this image; fof® = 17.5M, so much memory is taken up by
the oversampled FFT portion of the NUFFT alone that a set bf QiR = 1.3M frequen-
cies needed to be broken up and done sequentially. Therdééwreery resource-limited
problems, the SpiralFFT poses an attractive alternatiteedNUFFT. Further, Figure 21

shows that for a fixed spatial support, as the number of frequeodticients increases, the

relative performance of the SpiralFFT does as well.
C.5.3 Volume reconstructions

To verify that the spiral parametrizations proposed in tpge~FT algorithm are rea-

sonable for use, LS reconstructions of several volumes ffonrier codicients taken on
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Figure 22:(a) Synthetic 3-D volume and (b) 3-D brain volume used foorstruction experiments.

spirals matching the given parameterization requirememi® computed. While an LS
approach is not necessarily the modern technique of choigeéonstructing the volumes,
it provides insight into whether a reasonable reconsioudgs possible.

It is obvious that the functiong[r] andy[r] and the angleg[r] could be chosen patho-
logically to yield unacceptable conditioning of the NUDFRtrx A. However, these pa-
rameters were chosen to mimic the behavior of spirals fromalsllR| data sets [51, 72].
The functionsy[r] andy[r] were set to

1 r
a[l’]:y[l’]:§ m I’=O,...,R—1.

These choices allow the spiral height and the spiral radiggdw smoothly without clus-
tering too many samples about tkkapace origin.

The angle®[r] were allowed to be repeat between 0 and 15 times, with nceabie
change in the reconstruction artifacts. This result suiggbat repetition of angles has little
impact on the conditioning of the problem. In fact, the pSNhe reconstructed volumes
actuallyincreaseslightly as the number of repeated angles increases.

Synthetic 3-D volumes containing 3-D rings and oval shapa®weconstructed as well
as a 3-D brain scan generated from freely available 2-D MRyesaln all cases, the 3-D
spatial support was a 6464 x 64 voxel cube, yielding a total of. 26M spatial samples.

For each reconstruciton,%2M frequencies were generated with the prescribed sampling
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patterns, withQ = 1484 andR = 3720. Six sets of spiral trajectories were sampled,
with each set corresponding to an alignment axis and dinectSpecifically, there were
Qo = Q1 = Q, = Q3 = 247 spirals aligned with the positive and negatiyandk, axes,
respectively, an@@Q, = Qs = 248 spirals aligned with the positive and negatyaxes.

Figure 22 illustrates the original synthetic and brain sea@omes. For the various angle
repetitions, a single application of the SpiralFFT was usedenerate the measurement
data (.e., the desired Fourier c@i&ients). Once this data was generated, an approach

similar to [36] was used to perform the volume reconstrugidNamely, the solution to
(A"WA+ A)x = A'b

was computed with CG, whergé is the non-uniform Fourier matriXV is a diagonal
weighting matrix to compensate for the non-uniform sanmpliensity ink-space,b is
the vector of measurement data previously acquired damslthe Tikhonov regularization
term. For the experiments, the Tikhonov parameter was settd08. The values oV
were chosen by calculating the volume of the 3-D Voronoiscill the frequency set as
described in [90]. Given the complexity of the frequencygpaetrization, analytic calcu-
lation of the weights is infeasible. Instead, the (finitey&fwi diagram for the frequency
set was computed, and the weight for each frequency pointealaslated as the volume
of the Voronoi cell centered at that point.

Since the matriXA"W Ahas multi-level Toeplitz structure (see Section 3.1.5cBtead
of applyingA™ andA separately each time the weighted Gran&iww Awas to be applied
the entire matrix was applied at once with 3-D FFTs. Eaclaiten of conjugate gradients
executed in approximately 1 second, and the reconstrigcti@ne capped at a maximum
iteration count of 1000.

Figure 23 shows slices of the least-squares reconstrigatibtine brain volume for no
angle repetitions and seven angle repetitions, while Eig@drshows similar content for the
synthetic volume. As can be seen from the figures, the rexmtsins are imperfect and

spiral artifacts are present. However, these artifacte havdependence on the number of
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Figure 23:Brain volume slices for (a) input data, (b) least-squaresmstruction for a frequency
set with angles repeated 0 times, (c) least-squares reaotish for a frequency set with angles
repeated seven times. Spiral artifacts are present in (bJ@nbut the magnitude of the artifacts

does not increase as the number of angle repetitions ireseas
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Figure 24: Synthetic phantom slices for (a) input data, (b) least-segiaeconstruction for a fre-
quency set with angles repeated 0 times, (c) least-squacesistruction for a frequency set with
angles repeated seven times. Spiral artifacts are prasé€hb} and (c), but the magnitude of the
artifacts does not increase as the number of angle repetithzreases.

angle repetitions.

Table 13 compares the pSNR and mean-square error (MSE)daetionstructed vol-
umes as a function of the number of repeated angles. Theceappreciable dierence in
these quantities as the number of angle repetitions ineseakhe pSNR for the phantom
image is significantly lower and the MSE is significantly heglthan for the brain volume.
These diferences are due to the sparse nature of the synthetic phambdike the brain
volume, the vast majority of the synthetic phantom volumengty. While perceptually
the reconstruction quality is similar, this sparsity ofalat the synthetic volume causes the

pPSNR and MSE of the reconstructions to be considerably wbesefor the brain volume.
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Table 13: Peak signal-to-noise ratio and mean-square error for thet-kguares reconstructed
volumes. Both error metrics show little dependence on thebar of repeated angles, with slight
improvements as angles are repeated more frequently.

Angle repetitions| pSNR | MSE
Brain volume

1 21.69dB| 6.7&-3
2 21.84dB| 6.54-3
4 22.47 dB| 5.6&-3
8 23.23dB| 4.7%-3
16 23.97dB| 4.0k-3

Synthetic phantom
1.95dB | 0.639
2.04dB | 0.625
2.45dB | 0.569
2.79dB | 0.529
2.77dB | 0.529

=
ojm-|>|\)|d

C.6 Summary

The SpiralFFT algorithm follows the examples of the FashS&tack [6] (a fast Radon

Transform) and the Polar FFT [5] (a fast Discrete Polar Feyufransform) by using the

structure of the sampling pattern to break expensive higtedsional calculations into a
larger number of cheaper, lower-dimensional calculatiofsr spiral sampling patterns
fitting a specific set of conditions, the NUDFT summation dfX)L.can be calculated using
a series of 1-D operations. Thus, the transformfisatively separable, a property which
the general 3-D NUFFT does not share.

SpiralFFT was first outlined in [106], imposing a particlyyaiestrictive sampling pat-
tern. However, the algorithm was later generalized to Indke requirements on the sam-
pling modalities [107]. The broader parametrization of {JL&moves the exactness of the
transform, but imposes only a minor accuracsyefficiency trade-@. In addition, the new
parametrization permits sampling patterns with betteperies.

The experiments of Section C.5 demonstrate that the Spifatian outperform a state-
of-the-art NUFFT implementation in parameter regimes #éhattypical for 3-D spiral MRI

problems. However, the potential gains are not universadsacall problem sizes, and
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there are parameter ranges for which the NUFFT is méiteient. The experiments also
demonstrate that the performance of the SpiralFFT scalexected with the various

problem parameters.
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