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BRIEF OUTLINE OF RESEARCH FINDINGS

A fundamental study on the modeling of the linear electro-optic effect
has been initiated. Upon application of an electric field, the prinicpal
dielectric axes of electro-optic crystals are rotated. In addition, the
principal indices of refraction are changed by the applied field. A general
modeling tool is being developed that will allow the orientations of the new
axes to be expressed in multiple convenient formats and the new indices of
refraction to be calculated.

- Representations of the new x', y’, z' axes in terms of the original
(zero field) x, y, z axes include: 1) spherical coordinates of each new
axis, 2) polar space coordinates of each new axis, 3) Cartesian coordinates
of points on each new axis, 4) direction cosines of each of the new axes, 5)
Euler angles ¢, 0., ¥, to convert original coordinate system to new
coordinate system, and 6) axis of rotation and angle of rotation. The only
real eigenvector of the direction ccsine matrix A is the axis of rotation.
The eigenvalue associated with the eigenvector axis of rotation is equal to
+1. The rotation angle & is given by: Tr[A] = 1 + 2 cos®, where Tr
represents the trace of the matrix.

Results of the above analysis will then be used as an input to a second
analysis that will calculate the polarization orientations and indices

associated with the ordinary and extraordinary waves for a given input
direction of phase propagation.

The above tools will invaluable in the design of electro-optic devices
such as traveling-wave modulators.
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BFIEF OUTLINE OF KESEAKCH EINDINGS

A fundamental study of the modeling of the linear electro-optic effect
has been continued. Upon application of an electric field, the principal
dielectric axes of electro-optic crystals are rotated. In addition, the
principal indices of refraction are changed by the applied field.

For device applications, the "allowed"” orthogonal polarization
directions and the phase velocity indices of refraction are needed for an
arbitrary direction of propagation (wavevector direction). Using standard
mathematics library eigenvalue-eigenvector software, the calculation of
these quantities is frequently inaccurate.

Under this sponsored research, more accurate methods are being
developed for these calculations. The new approach being used takes
specific advantage of the fact that the electro-optic impermeability tensor
is a 3 x 3 Hermitian matrix. Further, the method being developed does not
require a mainframe computer. It can be accomplished with a pocket
calculator. It will be a very valuable design tool as well as a method for
checking results calculated with software packages.

Electro-optic devices to be studies include traveling-wave modulators
and cutoff modulators. '
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BRTEF OUTLINE OF RESEARCH FINDINGS

The ability to predict changes in optical properties induced by an
external electric field is necessary for the design and analysis of electro-
optic devices. However, the small electrically induced perturbations in the
impermeability tensor create a potentially unstable mmerical problem. In
this work period, a procedure employing the general Jacobi method was
introduced for calculating the principal indices of refraction and the
orientations of the index ellipsoid when an electric field is applied. The
method is applicable to an arbitrary isotropic, uniaxial, or biaxial
crystal class with an arbitrary direction of applied field. It includes a
straightforward approach for consistent labeling of the new principal
dielectric axes so as to produce the minimum global rotation of the
ellipsoid from the zero-field principal dielectric axes. The necessary
calculations can be implemented with a pocket calculator and are usually
found to be more accurate than those cbtained from larger computers using
standard library math packages. Furthermore, to analyze device performance,
simple expressions were derived for the orientations of the fast and slow
polarization axes and the correspording indices of refraction, given an
arbitrary direction of applied electric field and an arbitrary direction of
optical propagation. These methods together with illustrative examples

will be presented in a forthcoming paper.
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BRTEF OUTLINE OF RESEARCH FINDINGS

Many practical modulator materials include cambinations of electro-
optically induced birefringence, optical activity, and/or Faraday rotation.
Thus, there exists a need for a procedure to design and analyze devices
fabricated with materials exhibiting any or all of these effects. In this
work period, a simple method employing an extension of the general Jaccbi
method was developed for determining properties of the two allowed eigen-
polarizations for an arbitrary direction of propagation in a general
lossless, electro-optic, and gyrotropic medium.

With optical activity and Faraday rotation, the optical properties of a
crystal are altered by Hermitian perturbations to the impermeability tensor.
The imaginary part of the perturbed tensor does not alter the principal axes
of the crystal. However, it does affect the state of the allowed
polarizations. They are now elliptical, in general, rather than linear as
with the electro-optic effect alone.

The Jacabi method is an iterative procedure used for performing a
similarity transformation. In this work, the transformation matrix is
unitary. From elements of this matrix, the ellipticity angle, azimuth
angle, relative amplitude and phase, and handedness of the two orthogonal
polarizations are easily determined. This method is numerically stable and
accurate for any crystal, external field direction, and direction of

propagation.
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BRIEF OUTLINE OF RESEARCH FINDINGS

Many practical modulator materials include combinations of electro-
optically induced birefringence, optical activity, and/or Faraday rotation.
Thus, there is a need for a procedure to design and analyze devices
fabricated with materials exhibiting any or all of these effects. In our
Applied Optics paper a simple procedure employing an extension of the
general Jaccbi method is introduced for determining the properties of the
two allowed elliptical eigen-polarizations for an arbitrary direction of
propagation as well as the principal indices and axes of a general lossless,
electro-optic, and gyrotropic medium. The Jacobi method presented in this
work is an iterative procedure used for performing a unitary transformation
to diagonalize the Hermitian impermeability tensor. In addition, a complex
polarization variable is defined from elements of the unitary transformation
matrix to determine the ellipticity, azimuth angle, relative amplitude and
phase, and handedness of the two orthogonal elliptical pelarizations. Also,
the phase velocity indices of refraction are readily calculated with simple
derived expressions. This procedure is numerically stable and accurate for

any crystal, external field direction, and direction of propagation.
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ERTIEF OUTLINE OF RESEARCH FINDINGS

Many crystals are optically biaxial, either naturally or by induced
effects (e.g., electro—optic effect). The optical characteristics of these
crystals may be conveniently described by the two-sheeted wavevector
surface. However, most published work explores light propagation only in a
principal plane of the crystal, where the wavevector surface reduces to a
circle and an ellipse. Even this situation can be misleading since in the
xz principal plane, there is a circle intersecting with an ellipse, but for
evaluating optical characteristics, there are, in fact, a distinct outer
surface and a distinct inner surface to consider. Each sheet of the
wavevector surface represents the dispersive nature of a semi-axis length of
the cross-section ellipse of the biaxial index ellipsoid as the direction of
propagation changes. Quantifying the propagation properties (phase velocity
index, group velocity index, Poynting vector, etc.) for each of the two
allowed orthogonally polarized waves requires the mathematical separation of
the two sheets. Thus, a more complete and enlightening coordinate-free
approach has been developed by us to calculate the directicnal propagation
characteristics of each allowed polarization for an arbitrary wavevector
direction and arbitrary level of birefringence. With this approach, any
cross-sectional view of the two-sheeted surface can be directly calculated.
Example results have been calculated for a wide variety of propagation

directions and ranges of birefringence.
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BRIEF OUTLINE OF RESEARCH FINDINGS

A straightforward systematic procedure for performing electro-optic
effect calculations was developed ard presented in Applied Optics paper
listed above. That approach, which employs the general Jaccbi method, can
be used to analyze propagation in electro-optic materials in any crystal
class for an arbitrary electric field direction and arbitrary wavevector -
direction. The properties of the impermeability tensor were exploited to
arrive at simple, stable, and accurate expressions for determining the
principal axes and irdices of a crystal and the eigenstates (phase velocity
indices ard eigen-polarizations) for a given direction of propagation 3.

In this work period, that procedure has been extended to gyrotropic
crystals. External (or internal) influences, such as optical activity,
electrogyration effect, and Faraday rotation may now be included, singly or
together. ‘These circular birefringence effects are more complicated and,
in general, produce elliptical eigen-polarizations. The extended method
requires a unitary transformation firrom a Cartesian coordinate system to a
complex helical coordinate system to determine the eigenstates for a given
direction of propagation. Using a unitary matrix suggested by Wilkinson, a
set of formulas has been derived which results in an extended version of the
general Jacobi method applicable to Hermitian matrices. Furthermore, a
complex polarization variable was introduced to quantify the cornnection
between the elements of the perturbed impermeability tensor and the eigen-
polarizations. This new procedure reduces easily to the less complicated

case where the electro-optic effect alone is present.
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BRTEF QUTLINE OF RESEARCH FINDINGS

A straightforward systematic procedure for performing electro-optic
effect calculations was developed and presented in Applied Optics paper
listed above. That approach, which employs the general Jacobi methed, can
be used to analyze propagation in electro-optic materials in any crystal
class for an arbitrary electric field direction and arbitrary wavevector
direction. The properties of the impermeability tensor were exploited to
arrive at simple, stable, and accurate expressions for determining the
principal axes and indices of a crystal and the eigenstates (phase velocity
indices and eigen-polarizations) for a given direction of propagation §.

In this work period, that procedure has been extended to gyrotropic
crystals. External (or internal) influences, such as optical activity,
electrogyration effect, and Faraday rotation may now be included, singly or
together. These circular birefringence effects are more complicated and,
in general, produce elliptical eigen-polarizations. The extended method
requires a unitary transformation from a Cartesian coordinate system to a
complex helical coordinate system to determine the eigenstates for a given
direction of propagation. Using a unitary matrix suggested by Wilkinson, a
set of formilas has been derived which results in an extended version of the
general Jacobi method applicable to Hermitian matrices. Furthermore, a
camplex polarization variable was introduced to quantify the connection
between the elements of the perturbed impermeability tensor and the eigen-
polarizations. This new procedure reduces easily to the less complicated

case where the electro-optic effect alone is present.
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I. Introduction

The diffraction of guided optical waves is of major importance in integrated optics
owing to the versatility and the wide use of integrated periodic structures. Periodic
interdigitated-electrode devices are widely used in integrated optics to induce phase grat-
ings. These phase gratings can diffract guided modes and thus can function as switches!~¢,

modulators,”® deflectors,® mode converters,®~!? strain wave transducers,'® and perform
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numerical operations for optical signal processing and optical computing appli-

cations.

Various methods of analyzing the guided-wave diffraction have been used. The most
extensively used metho«i of analysis is the coupled-mode approach first introduced by
Marcuse?® and Kogelnik®® and then applied to waveguide gratings.2”~4! Other methods
used are the Floquet-Bloch approach,**~** which computes the exact modes in the per-
turbed region, the Green’s function method,**~*" first-order perturbation theory applied
to the total field,**~%2 and the Rouard’s method.**:5* In almost all published analyses
mentioned above, the interaction of the optical field with the grating is collinear which
means that the incident wavevector and the grating vector are codirectional or contradi-
rectional. Most of these analyses apply to distributed feedback lasers, distributed Bragg
reflector lasers, grating couplers, filters, multiplexers and demultiplexers, deflectors, mode
converters, etc. The analyses of Refs. 33, 35, 51, 53, and 54 can also treat oblique incidence
on pure reflection gratings whose grating vectors are perpendicular to the boundary be-
tween the waveguide and the grating. As a result, only one transmitted and one reflected
beam are possible. In Ref. 36 an approximate ray technique and an approximate coupled-
beam technique (taking advantage of the paraxial beams) are used to treat grating vectors
of general orientation with respect to the incident wavevector. However, only the Bragg
diffracted beam is considered in that analysis. Similarly in Refs. 47 and 48 the general
non-collinear case is approximately treated by retaining only the Bragg diffracted beam,

using Green’s functions or first-order perturbation theory respectively. Kenan®° has ana-



lyzed approximately a more general case with many diffracted orders and modes for both
polarizations using a coupled-mode/coupled-wave approach. In all the above analyses the
anisotropy is completely ignored. Even though the coupled-mode theory has been extended
to anisotropic media,®® its application to non-collinear interactions is cumbersome due to
the difficulties in the computation of the coupling coefficients, and in the computation of
normal modes of anisotropic waveguides. As a result, very little work has been done on
anisotropic guided-wave diffraction, and that which has been done is only for the case of
collinear interaction.®® However, anisotropic materials like lithium niobate are widely used

in integrated optics and consequently the anisotropic properties should not be ignored.

In this paper, a new method of analyzing the diffraction of the pure guided modes
of anisotropic waveguides by interdigitated-electrode induced phase gratings is presented.
The analysis includes: (1) the anisotropic properties of the waveguide and of the grating,
(2) the grating vector not being paralle! or antiparallel with the incident mode (non-
collinear diffraction problem), (3) an arbitrary number of diffracted orders retained in the
analysis, (4) the conditions for mode propagation, (5) the conditions for efficient mode
diffraction based on the various Bragg conditions of the plane wave components of the
mode, (6) computation of the mode diffraction efficiencies, and (7) generalization of (1)
through (6) for the treatment of the guided-wave diffraction by a cascaded stack of an-
isotropic gratings induced by interdigitated-electrodes. The analysis method described in
Ref. 57 is applied for the computation of the characteristics of the induced grating. The
diffraction analysis is an extension of the rigorous coupled-wave approach®® based on the
fact that a pure guided mode in an anisotropic waveguide can be decomposed into four
homogeneous plane wave components (two ordinary and/or two extraordinary) that are
not phase-matched at the grating boundary and consequently the diffraction problem can
be decomposed into four diffraction subproblems. The analysis is restricted to uniaxial
waveguides with one principal dielectric axis perpendicular to the electrode surface, and

to electrode periodicities chosen such that negligible intermodal coupling occurs (or equiv-



alently for single-mode waveguides). The general approach of Ref. 59 has been adopted
and modified in order to compute the effective mode indices and the fields in the film
region of the waveguide for the two optic axis orientation cases. In addition, a new real
transcendental equation for the computation of the mode propagation constants has been
derived for the case in which the optic axis lies in the electrode plane. The conditions
for mode propagation are discussed. Those are classified into geometrical conditions and
amplitude and phase matching conditions. The diffracted mode parameters and efficien-
cies are also calculated. The analysis is generalized for slanted and cascaded electrode
configurations. It has been found that the most efficient configuration occurs when the
optic axis is perpendicular to the electrode surface. For the case of the optic axis lying
in the electrode plane, the optic axis orientations parallel or perpendicular to the grating
vector are treated. Finally, some example devices are analyzed. These include a Givens
rotation device, a herringbone grating multiplier, and a hybrid mode diffraction example.
In addition, a comparison with experimental data is included and an efficient configuration

is suggested.

The geometry of the problem is shown in Fig. 1a. In Fig. 1b a top-view of the
same configuration is shown. In both figures (z, y, z) is the coordinate axis system that
corresponds to the three-dimensional structure, while (z,, yu, 2o ) is the coordinate axis
system of the slab uniaxial anisotropic waveguide which is rotated by an angle § about the
z axis of the (z, y, z) coordinate system. The analysis is based on the given conditions:
(1) The optic axis is restricted to lie in the electrode plane or perpendicular to that plane.
(2) The intermodal coupling is negligible. This is automatically true if these are single-
mode waveguides. (3) The evanescent-field diffraction has the same characteristics as the
corresponding homogeneous plane wave diffraction. (4) The fringing effects at the grating

boundaries are neglected.

II. Guided-Waves_in Uniaxial Anisotropic Slab Waveguides
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The modes that can propagate in uniaxial anisotropic dielectric slab waveguides are
discussed in this section. The optic axis orientations in the film and the substrate regions
are the same, and are restricted by the condition (1) given above. The cover is taken
to be isotropic (corresponds to the buffer layer that is used for integrated electro-optic
applications and it usually consists of silicon dioxide). The geometry of the waveguiding

system is also shown in Fig. 1a.

The tensor relative permittivities of the film and the substrate are &, and &, respec-
tively (expressed in the (z., y., 2,) coordinate axis system), while the scalar relative
permittivity of the cover is €,. The thickness of the waveguide (film thickness) is d and
the coordinate axis system (z,, Ys, 2v) is related to the (z, y, z) coordinate system
by a simple translation and rotation transformation. Plane wave solutions of the form
exp|—Jsko(ksu:iZTo + f'2.)] are used where 1 = ¢, f,s correspond to the cover, film, and
substrate regions, respectively. The k.,; and 8’ are the normalized wavevector compo-
nents (' is usually known as the normalized propagation constant or effective index) and
ko = 2m /A, where ), is the freespace wavelength. Using the analysis of Refs. 59 and 60 the
complex tangential electric and magnetic field components, E, ., E,u;, H,:, and H,,,

can be written in the form

dE; .. -
dz. "-JAiEi’ (1)

where E;, = [Eywis MoHiwis Erwis noHyw:|T is a 4 x 1 matrix (vector), A; is a 4 x 4 matrix
given in Appendix A, i = ¢, f,s, and 5, = (o/€)"/?, is the characteristic impedance of
freespace, where ¢,, and yu, are the perrnittivity and the permeability of the freespace.

The solution of Eq. (1) is
E, = [W; exp(—jkoAiz, ))|C: exp(—sko B’ 2.)}, (2)

where W, is a 4 x 4 matrix containing the eigenvectors of matrix A;, Z, is a diagonal
4 x 4 matrix containing the eigenvalues of j,-, and é,- is a 4 x 1 matrix containing the

unknown constants of the first-order differential equations [Eq. (1)]. The elements €,,.:
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(p,q = z,y,2 and § = ¢, [, 8) correspond to the permittivity elements of each region and
are expressed in the (z,, Y., z,) coordinate axis system. The dispersion equation for
the normalized propagation constant 8' can be found using the boundary conditions of
the problem. These are described in Appendix A. It is straightforward to show (using
the expressions of Appendix A) that for nonzero solutions of the tangential fields, the

normalized propagation constant §' must satisfied the equation

P33 (8')Pua(B') - psu(B')Pas (B') = 0, (3)

where p;;(#') is the 1j-th element of ﬁ(ﬂ’), which is defined in Apppendix A. In addition,
for evanescent plane wave solutions in the cover and substrate regions, and homogeneous
plane wave solutions in the film region, the normalized propagation constant 8’ should

satisfy the following inequalities

2 2 K ﬂ%cﬂzs.es,.,
B2 > maz{no,_., nl,, - } (4)
€rzwabszwe — 5,,..
n? n3 ¢
2 . Of'"*Es*zzw/
B* < min{n},, — } (5)

Erawy ey_lnl zswf

where n,., noy, o, are the ordini_u'y refractive indices of the cover, the film, and the
substrate respectively, and ng,, ng, are the principal extraordinary indices of the film
and the substrate respectively. Inequality (4) guarantees that the plane waves in the cover
and the substrate regions are evanescent (both ordinary and extraordinary plane waves)
and inequality (5) guarantees that both ordinary and extraordinary plane waves in the
film are homogeneous. Inequalities (4) and (5) satisfy also the power flow condition since
no power should escape normally from the film-substrate and film-cover interfaces. The
power flow condition for the two optic axis orientation cases that are considered in this
chapter, are satisfied because the Poynting vector components normal to the interfaces
and the corresponding wavevector components always have the same sign. That is, S; ¢ >
0<=k,.; >0and S,.: <0 <= k.,; <0, fori=c¢,f,8(S,.: i5s the component of the

Poynting vector normal to the interface). This condition is important since the power flow
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in the cover and substrate regions should be zero normal to the interfaces for guidance of

the light.

If inequalities (4) and (5) are satisfied then all plane wave components in the film
region are homogeneous. These homogeneous plane waves for which B satisfies Eq. (3)
constitute, along with the corresponding fields in the cover and the substrate, a subset of

the possible guided modes in the uniaxial anisotropic waveguide.5?: #°

In this analysis,
only these kinds of guided modes are considered. This restriction limits the angle of
incidence § when the optic axis lies in the electrode plane. Consequently, {(assuming a

negative birefringent material) the following inequality should hold

”?)f n JLIYTY (6)

Ceer (6)enras (8) — 2,_,(6)’ (6)

ng, <

where all the permittivity elements are expressed in the waveguide system (Z,, Yo, zv)
and consequently depend on the angle of incidence 6. In the case of positive birefringent
materials the inequality for the angle of incidence 6 is included in the following inequality

"'?Jon:}'n €224 (6)
Cazes(0)Esans(6) — €2,,,(6)’ (7)

ny, <

where in both cases it is assumed that the substrate ordinary and principal extraordinary
refractives indices are greater than ny.. In the following subsections the two optic axis

orientations under consideration are treated separately.

A. Optic Axis Perpendicular to the Electrode Surface

In this case the optic axis is oriented along the z axis (Fig. 1a). The modes
are decoupled since the ordinary and the extraordinary waves can be analyzed sepa-
rately. Consequently, TE and TM modes can be distinguished. Equation (3) becomes
ps3(B')pe(B') = 0. The condition pys(8) = O corresponds to the guidance condi-
tion for the TE modes and is given by 2kok..s0d — 2¢;.0 — 2¢;,0 = 2mm, where
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kiwso = (nd, — B?) /%, ¢7c0 = tan™{|keucl/kewso}s ¢100 = tan™*{|k.u.0|/ksus0},
kewe = —3(8"* — n3,)}/3, and k,,,0 = —3(B? — n?,)*/?. The integer m takes the values
0, 1, 2,..., and is characteristic of the TE,, mode. The field expressions can be found
using Eq. (2). In this work only the expressions for the fields in the film region are going
to be presented since only these are needed in the remaining analysis. Those expressions

are given in Appendix A [Egs. (A5)-(A8)].

Due to the guidance condition, Eq. (3), one parameter of the problem can be chosen
arbitrarily (depending on the initial conditions of the problem as for example given by
the input power). This parameter is chosen to be Sy [Eq. (A4)]. Consequently, the
coefficients Fp . , and Fo - (complex in general) are not independent, and their ratio differs
for each TE mode. These coefficients can be written as Fo, = Ao [exp(—Jiés.0)]So0-,
Fo_ = Aolexp(+3é7.,0)]So-, where Ao = (1/2)(1 + |k.u.0l* /K3, ,0)"/?, and ¢;,0 has

been previously defined.

The condition p,,(8’) = O corresponds to the guidance condition for the TM modes
and is given by 2kok,u sz d — 2¢;c2 — 24,5 = 2mm, where k.o g = (noy /ng;)(n, —
B?)1%, brex = tan" {nd |kiwel/n} hiuse}s br0p = tan™ {n} |ksu.gl/n, keuse )
and k,o,z = —J(no,/ng.)(8'* — n%,)*/%. The integef m takes the values 0, 1, 2,..., and
is characteristic of the TM,, mode. The field expressions can be found using Eq. (2).
Similarly to the TE mode case the fields only in the film region are needed and are given

in Appendix A [Egs.(A9)-(A12)].

For the TM mode case the free parameter is chosen to be Sg_ [Eq. (A4)]. Con-
sequently, the coefficients Fg,, and Fg_ (complex in general) are not independent,
and their ratio differs for each TM mode. These coefficients can be written as,
Fg, = Aglexp(—3¢;.5))Se-, Fe- = Aglexp(+3¢s.5)|Se-, where A5 = (1/2)(1 +

1Y kewes |?/n8 K2, )2, and ¢;,g have been previously defined.



B. Optic Axis Lying in the Plane of the Electrodes

In this subsection the optic axis lying in the zy plane is treated. The general theory
of Refs. 59 and 60 is again being used. The guidance condition for the hybrid modes in
this case is derived for the first time in the form of an analytical transcendental equation
similar to the TE and TM modes. This condition is given in general by Eq. (3) ﬁhich for

this optic axis orientation becomes

GoHo Foo Fog cos(go + ho ) sin(doz — doo)+
GeHgFgp Fpo cos(gg + he)sin(édee — d50)+
GoHg Foo Fpelsin(eo + ag + do00 + ¢£5 +90 — hs)—
sin{lap — ctg + P00 — PEe + 90 + he)]-
Go HgFog Fsolsin(ao + ag + dox +dz0 + 90 —hz)—
sin(lap — ag +dox — P50 + 90 + hz)|+
GeHoFopFeolsin(ap + 0z + @50 + 0 + 95 — ho)—
sin(ag — @p + @0 — oz + 95 + ho)]-
GeHoFoo Feglsin(fap + g + oo + ds2 +95 — ho)—

sin(eg — ao + ¢s5 —Poo + 95 +ho)] =0 (8)

where Foo, Fog, Fgo, Fgg, Go, Gg, Ho, Hg, ao, @g, 90, 9&, ho, he, b00, Pok,
¢s0, and ¢z are defined in the Appendix B. All the above parameters are functions of
the normalized propagation constant, 8’ [which is the unknown of Eq. (8)], the ordinary
and principal extraordinary refractive indices of the cover, the film and the substrate
regions, the thickness of the waveguide, d, the orientation of the optic axis and the angle
of incidence. The fields in the film region can be found in a similar manner to that
previously presented and are given in Appendix B [Egs. (B10)-(B15)]. Similarly to the
decoupled TE and TM cases, the coefficients Fo4, Fo-, Fg,, and Fg_ that appear

in the field expressions are not independent. Again there is the possibility of one free
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parameter, which as in the previous cases is chosen to be S, - . Consequently the following
expressions can be written: Fo, = B,lexp(—3¥0)]|So-, Fo- = Bolexp(+390)]So -,
Fg, = Bglexp(—j9g)]So-, Fg- = Bglexp(+j9g)]|So-, where By, Bg, 9o, and J; are
given in Appendix B.

III. Electro-optically Induced Phase Grating

When a voltage is applied to the interdigitated electrodes (usually a dc voltage or a
quasi-static voltage), a phase grating is formed inside the waveguide under the electrodes.
This is due to the linear electro-optic effect {Pockels effect). The induced grating is periodic
along the z direction (Fig. 1a) and decays exponentially along the z direction since the
inducing electric field has the same properties. Consequently, using the expressions of
Ref. 57, the optical relative permittivity tensor elements in the waveguiding region (film)

are

ue(2,2) 2 €uvo + D Amm (2)6m (2), (9)

m, odd

where u,v = z,y, z and €, is given in Ref. 57, A,, is a constant factor that depends on the
electrode geometry, the material parameters, the applied voltage, and the spatial harmonic
number m. The constant A,, is given in Ref. 57. In addition, g, (2) = exp|—7rma,(z —
t —d.)/A.], where 2t is the electrode thickness, d. is the buffer layer (cover) thickness,
and a, is also defined in Ref. 57. Finally, $,. (z) = sin(rmz/A,) where A, is the electrode
spacing. The above relative optical permittivity tensor elements do not vary along the +y

direction and are expressed in the (z, y, &) coordinate axis system.

In order to account for the variation along the z direction, two approaches can be
used; (a) averaging of the electric field (electrostatic or quasi-static field) with respect to z
coordinate, without any optical field weighting, and (b) averaging of the electric field with
respect to the z coordinate using optical field weighting. The inclusion of an optical field

weighting takes into account the non-uniformity of the optical field in the film region of
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the waveguide. These averaging procedures define a new quantity,

it = [ anla)e (10)

which is independent of z. For the case of no optical field weighting,

it = [ om(NEu(eIPz] [ 1B (eI, (11)

where zp =t +d., 2z, =t +d. + d, d is the film thickness, and |E,..(2)]? = |E.o;|* +
|Eyes|? + |E,wsl?, is the optical field magnitude [E,.,, ¢ = z,y, z are given in Eq. (A5)
or Egs. (A9) and (A10) when the optic axis is perpendicular to the electrode surface and
by Egs. (b10)-(b12) when the optic axis is in the electrode surface|. Since the optical fields
are expressed in the waveguide coordinate system (z,, yo, 2. ), a suitable coordinate axis
system transformation is necessary to express all optical fields of the incident mode in the
(z, y, 2) coordinate axis system. Substituting Egs. (10) or (11) into Eq. (9) the following =z
independent approximate expressions for the relative optical permittivity tensor elements

are found;

€ (2) ~ €uvo + Y Angldm(2), (12)

m, odd

where €27 (z) is the uv-th z independent element of the relative optical permittivity ten-
sor. Knowledge of the relative optical permittivity tensor is equivalent to knowiedge of the
electro-optically induced phase grating under the interdigitated electrodes inside the wave-
guide. This relative optical permittivity tensor is necessary to carry out the diffraction

analysis.

IV. Guided Mode Decomposition

Using the expression of Eqs. (A5)-(A8), or Eqgs. (A9)-(A12), or Egs. (B10)-(B15),
the total incident optical electric and magnetic fields are

-t

Eine =Eos804+(2) + Eo_0o-(2) + Esras, (2) + Es_ag_(2)]b(z,y),  (13)

Hine = [Hora0+(2) + Bo_ao_(2) + Heraey (2) + He_ag_ (2)]b(z,y),  (14)

11



where a4 (2) = exp(2ikokewse2), ¢ = O, E, b(z,y) = exp[—jkof'(siné z — cos § y)],
and § is the angle of incidence (Fig. 1a). The E,., E,_, ﬁﬂ, and H,_, terms (g =
O, E), correspond to the vector complex constants of the incident field components. The
components of the Eqs. (A5)-(A8), (A9)-(A12), and (B10)-(B15) have been transformed
into the (z, y, z) coordinate axis system. Using Eqgs. (13) and (14) a guided mode incident
on the grating can be decomposed into four plane wave components, two ordinary O+ and

O—, and two extraordinary E+, and E—. This situation is depicted in Fig. 2.

The four plane wave decomposition corresponds to the general hybrid mode case.
This applies when the optic axis is in the plane of the electrodes (zy plane). For the
decoupled cases, when the optic axis is perpendicular to the electrode surface (along z
axis) only two out of the four plane waves exist and the mode is either TE or TM. For
the TE decoupled mode case only the O+ and O— plane waves exist, and consequently,
EE+ =FEg_ = ﬁg+ = .ﬁg_ = 0. For the TM decoupled mode case only the E+ and the
E— plane waves exist and consequently E-;o+ = Eo_ = ﬁo+ = ﬁo_ = 0. In this analysis
it is required as mentioned before to have only homogeneous plane wave components in
- the film region. As a result, inequality (5) should hold. As described in Refs. 59 and
60 it is possible for a guided mode to consist of both hombgeneous and inhomogeneous
plane wave components in the film region. Thus, only a subset of the guided modes in
uniaxial anisotropic waveguides, the subset that contains the modes decomposable into
four homogeneous plane wave components in the film region, will be analyzed using the

approach described in this section.

V. Decomposition of the Diffraction Problem into Four Subproblems

A guided mode that ié composed (in the film region) of four homogeneous plane waves
can be expressed by Egs. (13) and (14), where k.. 70, k;us5, and ' are real numbers.

These four plane wave components are not phase matched on the boundary of the grating
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(zz plane in Fig. 1a) since in general k.o y0 # k.os5. The incident electric and magnetic

fields can be written as
sne z qu exp( JkO * -)' (15)
ﬁilc = Zﬁl exp(-—jkol-c" * ’-')a (16)
q

where ¢ = O+, O—, E+, E—, and l-c; = f'siné £ — B'cosé §+ k.py,2. The + sign
corresponds to the O+ and E+ waves and the — sign corresponds to the O— and E—
waves. Each component of Egs. (15) and (16) satisfies the Maxwell’s equations. Inside the
grating region the total field is expanded into space-harmonic components by extending
the expressions of Ref. 58. Those expressions are extended, however, for multiple incident

waves. The resulting fields in the grating region are
E, = ZZ[ ¥)2+ 57, ()9 + 51, (v) 2]b. (2, v)e, (2), (17)
H2 = (%)”2 E E[U:i (v)2 + U:i(y)g + U} (v) )b (2, ¥)e, (2), (18)
¢ i

where ¢ = O+, O—, E+, E—, b,(z,y) = exp{—jko[(f' siné — iK,)z — iK,y|}, and
¢ designates the s-th diffracted order corresponding to the g¢-th incident homogeneous
plane wave, K =K.z + K, 4§, is the grating vector, and a,(z)’s have been previously
defined. The E, and H, fields should satisfy the Maxwell’s equations in the grating region.
Substitution of Egs. (17) and (18) into the Maxwell’s equations leads to four independent
sets of equations, one for every incident plane wave component (two sets of equations for
the ordinary waves and two sets of equations for the extraordinary waves). The above
decomposition of the Maxwell’s equations into four independent sets of equations, is a

result of the linear independence of the exponential terms a,(z).
= E;p. +ZZR' exp(—-;ko i) -I-R" exp( Jkok"'. -7, (19)

E, =22T‘exp[—:ko -7+ s9)] + T;* exp[—sko ks, - (F+ 59)], (20)
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where E,,. is given by Eq. (15), ¢ = O+, O—, E+, E-, ﬁ:, I‘i";', 1-’:.", 1-“.", are the
complex diffracted amplitudes of the t-order that correspond to the ¢ incident plane wave,

and k*

9o KL (p= 1,3) are given by expressions similar to the ones described in Ref. 58

for each incident plane wave q. Using exactly the same procedure described in Ref. 58
for each incident plane wave component g, four independent sets of boundary conditions
can straightforwardly be derived. Consequently, the three-dimensional anisotropic grating
diffraction analysis of Ref. 58 can be applied repeatedly for each incident homogeneous
plane wave component of the incident mocle. In this analysis, the condition (3) described
in section I is being used since the boundary conditions for the film-cover and film-substrate
interfaces are not explicitly used inside the grating region. A similar condition was used

by Marcuse?®® in the coupled-mode analysis of isotropic corrugated waveguides.

Summarizing, the grating diffraction problem of an incident guided mode in the uni-
axial slab waveguide can be decomposed into four plane wave grating diffraction subprob-
lems. Each subproblem corresponds to a plane wave component of the incident mode. The

procedure described is shown in Fig. 3.

V1. Mode Propagation Conditions

A pure guided mode in a uniaxial dielectric slab waveguide can be decomposed into
four homogeneous plane wave components. Thus, in general, one guided mode consists of
both ordinary and extraordinary waves. Consequently, all types of diffraction described
in Ref. 58 are possible. The OO, OF, EO, and EE types diffraction are due to the
grating anisotropy and to the hybrid character of the incident mode. Since the forward-
and backward-diffracted wavevectors satisfy different dispersion equations (ordinary or
extraordinary), and the incident wavevectors are not phase matched along the z axis, the
resulting diffraction angles, projected onto the zy plane, are not equal. This happens since

every diffracted mode consists of four ordinary and four extraordinary plane waves not
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necessarily lying in the same vertical plane. This situation is depicted in Fig. 1b for two
forward-diffracted orders. The eight plane wave components result from the diffraction of
each incident plane wave (mode component) into an ordinary and an extraordinary plane
wave. Since the incident mode contains two ordinary and two extraordinary waves, eight
plane waves result from the PQ types of diffraction where P, @ = O, E. Due to the

multiple diffraction types there are corresponding multiple Bragg conditions.?®

In order for the forward- and backward-diffracted modes to propagate the following
conditions must be satisfied: (1) At least four of the eight plane wave components of every
diffracted order should lie on the same vertical plane in order to constitute the four plane
wave components of the mode (two of the plane waves should be ordinary, O+, O—, and
two extraordinary, E+, E—). For the decoupled cases, when the optic axis is along the =2
axis, only two plane waves are necessary to satisfy the above condition (only two ordinary,
O+, O—, in the case of TE modes and only two extraordinary, E+, E—, in the case of
TM modes). (2) The propagation constant of a diffracted mode should be the same as the
propagation constant of the incident mode along the diffraction direction that corresponds
to that particular diffracted order (since in the uniaxial dielectric slab waveguides the
mode parameters depend on the direction of the propagation with respect to the optic axis
orientation). This condition is necessary to guarantee that the same type of mode will
propagate in the uniaxial slab waveguide after the diffraction by the induced phase grating
(since either the intermodal coupling is neglected or the waveguide supports only a single
mode). (3) For efficient diffraction the same Bragg conditions should be satisfied by all the
incident plane wave components of the mode. (4) Finally, the four plane wave components
of the mode should satisfy a certain amplitude and phase condition which is characteristic
of the incident mode. In the case of hybrid modes this condition will cause radiation losses
since in general the ordinary and the extraordinary components of the mode will possess

different diffraction characteristics.
Conditions (1), (2), and (3) restrict the direction of the optic axis with respect to
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the grating vector orientation and the angle of incidence. They can be characterized as
geometrical conditions since they involve geometrical requirements. Condition (4) can be
characterized as amplitude/phase condition since it involves the amplitudes and the phases
of the diffracted plane wave components. In the following subsection the above conditions

are discussed and analyzed for the two optic axis orientations that are of interest.

A._ Geometrical Conditions

Al. Optic Axis Perpendicular to the Electrode Surface

The case of the optic axis perpendicular to the electrode surface corresponds to the
decoupled case where both TE and TM modes can be exist. Since the optic axis is along
the z axis there is a cylindrical symmetry in the zy plane. Various planar slices through
the wavevector surfaces are shown in Fig. 4. In this case only two waves (both ordinary
or both extraordinary) exist for one specific mode. This is the reason for the two different
. propagation constants fr.p, and f;,, that are shown in Figs. 4c and 4d for a TE and a
TM mode respectively. A degenerate case of both a TE and a TM mode having the same

propagation constant is also possible but this is not a general case of interest.

It is straightforward to show, using the wavevector dispersion relations, that the
normalized (with respect to k;) y components of the diffracted wavevectors for the i-th

diffracted order are

kC = (87 — K:)?, (21)
kro-'z = i[(;:—s‘l_ﬁ;'s)z - kZ.-]m, (22)
of

for a TE incident mode, and

kf-'z = i( ‘r?u - k:‘)ll?' ' (23)
AL (G2 Tl (24)
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where the + sign corresponds to backward- and — sign to forward-diffiracted orders and
k,; = f'sind — ¢K, (in this case due to the unslanted grating K, = K and K, = 0).
The k; are the y components for the i-th diffracted order of a p polarization (p = O, E)
incident and a ¢ polarization (¢ = O, E) diffracted. Equations (21), (22) and (23), (24)
hold for both O+, O— waves and E+, E— waves respectively. Consequently, condition
(1) is satisfied since both O+, O— or E+, E— waves for a TE or a TM incident mode
respectively lie in the same vertical plane. Using Eqs. (21)-(24) the diffracted angles of any
diffracted order can be found from tan §* = %k, /k]{. These angles are shown in Fig. 5
for the O-order and the s-order forward-diffracted waves. In the case of a TE incident mode
(Fig. 5a) both plane wave components in the directions §7° and §°° are ordinary and
have the same propagation constant as the incident mode. In the directions characterized
by the angles 6§25 and 8§25, there are two extraordinary waves produced by the OF type
diffraction. These two extraordinary waves can constitute a TM mode if (g, /nos)fr g
is a propagation constant corresponding to a TM mode. A similar situation is shown in
Fig. 5b for a TM mode. The two ordinary waves along the §° direction (produced by
the EO type diffraction) can constitute a TE mode if (no;/ne,)B;, is a propagation

constant that corresponds to a TE mode.

Due to the cylindrical symmetry in the zy plane (shown in Fig. 4b), it is straight-
forward to prove that the eigenvectors and the eigenvalues of matrices A; [Eq. (A1),
t =¢, f, 8] are independent of the angle of incidence 6. The i-th diffracted mode has the
same propagation constant, f5., or 8%,,, for TE or TM mode respectively (Figs. 4c and
4d). Thus, Egs. (3)-(5) are satisfied for any diffracted order. Consequently, condition (2)

is also satisfied.

The last of the geometrical conditions deals with the Bragg conditions. The Bragg
condition for TE or TM modes can be derived from the expressions of Ref. 58. Both
O+ and O— waves satisfy the same Bragg condition. In addition, E+ and E— share the
same Bragg condition. For a TE-to-TE or a TM-to-TM mode diffraction, in the unslanted
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electrode configuration, the Bragg condition is A, = Aof/28, sin §, where ¢ = TE, TM,
and ), is the freespace incident wavelength. The geometrical conditions discussed in this
section are extended in the next section for the case of the optic axis lying in the plane of

the electrodes.

A2. Optic Axis in the Plane of the Electrode Surface

The case of the optic axis lying in the electrode plane (zy plane) corresponds to
the hybrid mode case since neither TE nor TM modes can exist in this case. The plane
intersections of the wavevector surfaces corresponding to that orientation of the optic axis

are shown in Fig. 6.

Similarly to the previously case, it is straightforward to show that the normalized y

components of the diffracted wavevectors are

K0 = (87 - L)1, 25)
kg.g = —Ezy kzo' +
v e"_ o o
[,y (€., 8in? 65 — €, 5in26FF + ¢, cos? 6FE) — k2.n? nZ |1/2 (26)
e” ’
kpi® = %[ng, —ng, - K.+
a2
—— (.. 5in” 85 % — €., sin 267 % +¢,, cos® 67 F)]'/?, (27)

no,

—€xyk [n},,n:,e,, - k:;"é;";; - (n%u - ﬂm)en":):]‘“

kfi-x = ’ (28)

E' ¥

where again the + sign corresponds to backward- and the — sign to forward-diffracted
wavevectors, and all the relative permittivities are expressed in the (z, y, 2) coordinate
axis system. The diffracted angles for any diffracted order can be found from the equation
tan 87 = Xk, /k{. These angles are shown in Fig. 7. In the EE and EO type of
diffractions the computation of the §5% and §F© requires the solution of a trigonometric

equation.
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In the general case there are four distinct propagation directions for one diffracted
order due to the various types of diffraction. In Fig. 7a the different diffracted angles are
shown for the O-order and s-order forward-diffracted waves. The eight diffracted waves are
distributed as follows: two ordinary waves O+, O— along the direction of §°° produced
by the OO type diffraction, two extraordinary waves, E+, E— along the direction %%
produced by the EE type of diffraction, two ordinary waves O+, O— along the direction
6E° produced by the EO type diffraction, and two extraordinary waves, E+, E— along
the direction §2% produced by the OE type of diffraction. However, a situation like the
one depicted in Fig. Ta does not satisfy geometrical condition (1) since for a mode all four
wﬁves, O+, O—, E+, and E— do not lie in the same vertical plane. This problem does
not appear for the 0-order forward-diffracted mode since as is shown in Fig. 7a all four
waves lie in the same vertical plane. There is, however, a solution to that problem if the
orientation of the optic axis is restricted to be along the z or the y coordinate axis. In this
case it can be shown that

kS =k}E = —p cosé, (29)

In addition to the restriction in the optic axis orientation the Bragg condition should also
be satisfied in order for Eq. (29) to hold. This situation is shown in Fig. 8 for the two optic
axis orientations. It is important to note the symmetry of these two special optic axis

orientations. The optic axis orientation is perpendicular or paralle] to the grating vector.

The second geometrical condition is also needed. The normalized propagation constant
along the 0-order and the Bragg-order forward-diffraction directions is the same with the
normalized constant of the incident mode, #'. The condition expressed by Eq. (3) should
also hold to guarantee the guidance of the mode. This condition for the incident mode can

be written as
Pss(s, ﬂ')Pu (6aﬁ,) = P34 (6: B')Pu (5aﬂ') =0. (30)

It is straightforward, but tedious, to show that the Bragg diffracted order at an angle
—&, as it is shown in Fig. 8, will satisfy the condition (30) for —6 and §’. Consequently,
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the Bragg-order forward-diffracted waves at the direction §2° = §FE = —§ satisfy the
second geometrical condition. The third geometrical condition is concerned with the Bragg
conditions. If the optic axis is along the z or the y direction and the Bragg condition is
satisfied for the ordinary and the extraordinary waves, then all four plane wave components
of the incident mode will satisfy the same Bragg condition that was given for the decoupled
cases where 8, = §'. This can be seen from Fig. 8 and can be found analytically using the

expressions for the Bragg conditions.

The rest of the plane waves at the directions of the angles §°% and 6§52, cannot
constitute a mode since there are either only ordinary or only extraordinary components
in their respective directions, and the modes for these directions must be hybrid modes. In
addition, all the diffracted orders except the 0-order and the Bragg-order forward-diffracted
modes cannot constitute a mode since they do not satisfy all the geometrical conditions.
The modes that are diffracted in these directions will radiate into the substrate and the
superstrate, and consequently, the guided rnode will experience radiation losses during the

diffraction by the interdigitated-electrode induced phase grating.

B. Amplitude and Phase Matching Conditions

The diffracted plane wave components of the four incident homogeneous plane waves

(that constitute the incident mode) can be written in the form
E-'..-p* = (Tsiy:ki + Tyiy:l:ﬁ + Tu‘y:k 2) exp[_JkO (ksiz + k::'y F ks-lyz)]: (31)

where p = O, E, and ¢ corresponds to the s-order forward- or backward-diffiracted wave.
The above equation can be derived using the expressions of Ref. 58, where ordinary and
extraordinary components have been distinguished and the exp(—jskok]}s) factors (s is
the grating thickness) have been included in the complex T,;,+ (w = z, y, 2z) wave
amplitude components. Equation (31) includes only the plane wave components that lie

in the vertical plane that make an angle §°2 = §EZ with the y axis, since as was justified
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previously, all four plane wave components O+, O—, E+, and E—, will lie in that plane
if the geometrical conditions are satisfied. The total field at the direction of 67 is E;, =
E"'..o'* +E°- + E-"f *+ E-".E ~. These equations are expressed in the (z, y, z) coordinate axis
system. Now it is convenient to express the field components in the waveguide coordinate
axis ,syst.em (this system is shown in Figs. 5 and 7). It is worth mentioning that the
waveguide coordinate system is defined as a function of the diffracted angle. For the -
order forward-diffracted wave the transformation between the waveguide coordinate system
(Twis Yois 2e:) and the coordinate axis system (z, y, z) is a rotation by ~47”, and the
translation along the 2z axis has been suppressed because does it not affect the results.

Using that transformation the the diffracted fields are:
E-::? = (Tzn-‘pt i-.‘ + Tywip:t ﬁni + T.‘nn'pt iﬂi) exP[_jko (ikswlpz-u' + ﬁ'zwi)]' (32)

where T,.ip: (¥ = 2z, y, 2z) are the complex amplitude components expressed in the

(Zwis Vois 2o:) coordinate axis system.

B1. Optic Axis Perpendicular to the Electrode Surface

Using the properties of the ordinary and the extraordinary waves and the geometrical

conditions it is straightforward to show for TE modes that
E2 = §uiTyei0s €xpl—iko(tkeusoTui + B'2ai)], (33)
and for the TM modes that
ff.* = [Toeirsieoi + Tovies fuiexp|—sko(Lkeu e Tus + F'20:)) (34)

Consequently, the t-order diffracted waves of a TE incident mode will constitute a TE
mode and s-order diffracted waves of a TM incident mode will constitute a TM mode. It is
convenient to compare the diffracted electric fields with the incident electric fields, which

are given by Eq. (A5) for a TE mode and by Egs. (A9) and (A10) for a TM incident mode.
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Thus, the complex amplitude ratio coefficients are defined for the TE modes (ordinary

waves) as
- Tyin+
fios =|fio+]exp(=Jpios+) = R (35)
o+
. Twl' -
Jio- = \fio- lexF’(_JﬁpiO-) = .F_o’ (36)
O -
and for the TM modes (extraordinary waves)
. Tu.'n- Tuas+
: = \Ji exp(—ko =7 = ’ 37
fies |f£+| XP( Ko P B+) 1ﬁ'/€s:-:)Fz+ _(kSw]E/nzo,)FE+ ( )
Ts-n'!- T,.,.'B_

fio- =lhs-lexplmiboeis-) = 7, R = Fhnsa iy R O

The fio4+, fio-, Jie+,and fig_ coefficients express ratios between incident and diffracted

complex amplitude components. Using the above defined coefficients the s-order diffracted

total electric field can be written for the TE modes as

Eyeiy = [fio+ Foia04 (zm‘) + fio-Fo_ao_ (zwi)]ai (z,,,-), (39)

where a5 , (zw;) and ao_ (z,,) were defined previously (as a function of z, ) and ¢;(2,;) =
exp(—Jsko,B’'z,;). Similar expressions to those of Egs. (A6) and (A7) can be written for
the total magnetic field that corresponds to the s-order. Now for the TM modes the total

electric field components for the i-th order are

E,..; = f:-: [f-‘s+Fs+ Qg 4 (‘z-u') + fie-Fg-ag_ (z,,,-)]a,- (’--‘)s (40)
E:..': = _k;::z U.'E+Fs+as+ (-‘l'ui) —fie-Fg_ag_ (-‘l'--')]ai (’—m’)- (41)
o

_The complex coefficients f;04, fio-, fie+,2and fiz_ influence the phase and the amplitude
relationship of the plane wave components of the diffracted mode. The mode, however,
should satisfy the characteristic mode amplitude and phase relationship for its plane wave
components. Thus, only the in-phase waves with the correct amplitude ratios as given by

Eq. (39) for the TE modes and by Eqgs. (40) and (41) for the TM modes will constitute
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the ¢-th diffracted mode. These phase and amplituile parts of the electric fields for the TE

modes are

Eyois = fio+Prelfio+ Fo1+ 804 (Tei) + fio- Fo-co- (Tes)]ai(2e:)s (42)

and for the TM modes are

Es.u = E%f—:’;li[fez+ Fgiag, (3-.') + fig-Fg-eg- (3--‘)]0-.-(2..'), (43)

k:-]s fiB+pTM [f'g+Fs.+

E,oiy=— ﬂ%, Qg + (zui) ~fie-Fg_cag_ (3-.')]'11 (zwi)! (44)

where p, = min{l, maz{(|fig-|/|fig+|) cos(¥ie+ —ig-), 0}},and ¢=O, E (O corre-
sponds to TE modes and E corresponds to TM modes). The coefficients po and pg satisfy
the inequality 0 < po, pg < 1, and they represent the radiation losses of the mode due to
the phase and amplitude mismatches. For this decoupled optic axis orientation, however,
due to the symmetry of the problem fio, =~ fio- for the TE modes and f;g, =~ fig. for
the TM modes. Consequently, po =~ 1 and pg ~ 1 which means that in this decoupled

- case there is negligible radiation loss due to the amplitude and the phase mismatches.

B2. Optic Axis in the Plane of the Electrode Surface

In this case the modes are hybrid and the general equation (32) must be used. Again

coefficients f;0,, fio-, fie+, and fig_ can be defined as follows

y Tswi m
fios = fipslexp(=doins) = —5— mc _
’:w]p 7 FP*
e::w} k,.,p - b,
= _Tywo’pt = T,.‘-P* , (45)
FP* —;—E-!—_Ept
ksw]p - bf

where p= O, E. Using a similar procedure to the one above for the TE and TM modes,

the following electric field components, that satisfy the phase and amplitude conditions,
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can be written

Py = 3 Oetdolin o o) - R edlaten), (9
Ejeiy = .;‘;‘ fio+ PlFes g4 (Tui) + Fymag-(z0i)]ai(24), (47)
By = T ﬁ—f—_—‘b’![F 6o (Zei) + Fo- 0y (zu:)]as (20, (48)

where o
p = min{1, maz{:—;%:: cos(pio- — ¥io+), 0}, maz{:—ﬁff—: cos(pis+ — Pio+)s O},
maz{{1E=) conlpu - — piou), 0} (49)

Again the coefficient p is related to the radiation losses due to the phase and amplitude
mismatches of the plane waves and satisfies the inequality 0 < p < 1. Similar expressions
to Egs. (46)-(48) can be written for the magnetic fields. Figure 9 demonstrates the general

relation of the complex coefficients f;o,, fio-, fic+, and f;z_, in the complex plane.

If p = 0, which is a possible situation, then the diffracted mode will be coupled to-
radiation modes only. In the following section some comments on the diffracted mode

efficiencies are discussed.

VII. Mode Diffraction Efficiencies

In order to determine the efficiencies of the diffracted modes it is important to compute
the power per unit area, along the z,; and y,; coordinates, that propagates in the 2z,
direction. The power per unit area can be found at any point using the components of the
Poynting vector. Then, the power per unit area that is propagating in the z,; direction

can be found by a simple integration
d
Pun‘,' = [ Slvi'! (z'ﬁ)dznh (50)
49
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where P, ., is the power per unit area in the 2, direction and S, ., is the z,; component
of the Poynting vector as given in Appendix C. Both P,,,; and S,,;, correspond to the
film region only. The power in the cover and the substrate can be computed similarly, but
since it was assumed that the evanescent fields in the cover and the substrate regions follow
the same diffraction characteristics as the corresponding plane waves, the expressions for
the film region power will be generalized for the total power propagating along the z,;

direction of the waveguide.

The power per unit area along the 2,,; direction can be found using Eq. (50). The
efficiency of a diffracted mode, DE;, can be defined as

Puvil — a2 3
Pouy =0 |fies | cosé ’

(L
DE, = cos §;

(51)
where P, , is the incident power per unit area and ¢ = O, E. If ¢ = O, Eq. (51) gives the
diffraction efficiency of a pure TE mode while if ¢ = E it gives the diffraction efficiency of
a TM mode. For the hybrid mode case §°° = 6E5 = § and ¢ =O.

VIII. Diffraction by Slanted Electrode Configurations

In this section the diffraction of guided waves in anisotropic dielectric slab waveguides
by slanted-interdigitated-electrode induced phase gratings will be discussed. Again the
mode propagation conditions described in section VI should hold. The amplitude/phase
conditions do not change in the case of slanted electrodes and the analysis presented in
subsection VI.B is still valid under the same given conditions of section I. There are,
however, some differences in the geometrical conditions that will be identified for the two

optic axis orientations of interest.

A. Optic Axis Perpendicular to the Electrode Surface

Due to the cylindrical symmetry of the wavevector surfaces (along the z axis), all
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the geometrical conditions are still satisfied, and Eqs. (21)-(24) are valid. In this case,
however, K, = Ksin¢, where ¢ is the slant angle of the induced grating. Again, two
distinct decoupled mode types can be identified, TE and TM modes. In Fig. 10 the zy
plane wavevector intersections are shown for a TE mode (Fig. 10a) and for a TM mode
(Fig. 10b). The cylindrical symmetry for both modes types does not affect the geometrical
conditions of the problem. The Bragg conditions are given by A, = At /Zﬁ; cos(¢ — &),

where ¢ = O, E, for the two ordinary or the two extraordinary waves of the incident mode.

B. Optic Axis in the Plane of the Electrode Surface

This is the case of a hybrid incident mode where both ordinary and extraordinary
homogeneous plane waves are incident. Multiple Bragg conditions and diffraction direc-
tions are possible similar to those shown in Fig. 7. Equations (25)—(28) hold again if
K, = Ksing. In order to satisfy the geornetrical conditions, a restriction in the orienta-
tion of the optic axis is required. It can be easily shown that when the optic axis is parallel

or perpendicular to the grating vector orientation and the Bragg condition is satisfied then
kS =k, B = xp'cos(2¢ — § —7), (52)

and the four homogeneous plane wave components lie in the same vertical plane at an
angle §°° = 6Ff = 2¢ — § — 7 and the same propagation constant f’. The sign in
Eq. (52) should be chosen such that k2, =: kJ.® < 0 (propagation along the —y direction).
Consequently, when the optic axis is parallel or perpendicular to the grating vector and at
Bragg incidence the first geometrical condition is satisfied. The second condition is also
satisfied since Eq. (30) holds for 2¢— &6 —x also, as can be shown using the same propagation
constant B'. Finally, the third geometrical condition is also satisfied and all the ordinary
and extraordinary incident plane waves share the same Bragg condition given as before
(for B, = B'). Plane intersections of the wavevector surfaces are shown in Fig. 11 for the

optic axis parallel to the grating vector (Fig. 11a) and for the optic axis perpendicular to
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the grating vector (Fig. 11b).

IX. Multiple Slanted Electrode Configurations

It is relatively straightforward to generalize the above results for the case of multi-
ple cascaded gratings. The amplitude/phase conditions remain unaffected if the multiple
cascaded anisotropic grating diffraction analysis described in Ref. 58 is used. The geomet-
rical conditions in the case of the optic axis being perpendicular to the electrode surface
are again satisfied due to the cylindrical symmetry of the wavevector surfaces (along the
z axis). Consequently, any cascaded configuration of electrodes can be treated without
restrictions if the optic axis is perpendicular to the electrode surface. In addition, if the
optic axis lies in the electrode plane then the grating vector should be parallel or perpen-
dicular to the electrode surface and if ¢, and ¢, , are the slant angles of two consequetive
gratings then [¢; — ¢¢+1| = 0, or #/2. An additional constraint is that the multiple type
Bragg conditions must hold in order to satisfy all the geometrical conditions. Summarizing,
the hybrid mode case is much more restrictive than decoupled cases due to the differing

diffraction characteristics of the ordinary and extraordinary waves.

X. Lithium Niobate Example

In this section two examples of guided wave anisotropic diffraction analyses are de-
scribed. Those examples are based on two applications of lithium niobate interdigitated
electrode devices. These applications are: a Givens rotation device and a herringbone mul-
tiplier. In both of these examples the optic axis orientation is chosen to be perpendicular
to the electrode surface. This configuration, as will be justified later, is the most efficient
if the waveguide is designed to support only the TM, mode. This can be achieved if the
change in the extraordinary film index is greater than the change of the ordinary film index

comparing these indices with the corresponding substrate indices. In all the examples the
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film and substrate material is lithium niobate while the cover is silicon dioxide which serves
as a buffer layer between the electrodes and the waveguide. The superstrate is air. The
operating freespace wavelength is taken to be 1.0um and the refractive indices (at that
wavelength) are n, = 1.51, no, = 2.2512, ng; = 2.1894, np, = 2.2362, and ng, = 2.1594.
These indices correspond to a titanium diffusion formed waveguide. The film thickness is
taken to be 1.0um. Solving the waveguiding problem using Eq. (3) for TE modes or TM
modes (due to the decoupled orientation of the optic axis that equation may be greatly
simlified as was described in section II.A). For the chosen film thickness only TE, and
TM, modes can propagate with normalized propagation constants of 8, = 2.2367 and
By = 2.1671. The z, normalized components of the ordinary or extraordinary wavevec-
tors of the plane wave mode components can be found using Eq. (B6) or (B7) respectively
of Appendix B. The induced relative permittivity tensor under the electrodes (inside the
waveguide) depends on the chosen periodicity of the grating (or equivalently the electrode
spacing), the thickness of the buffer layer, the ratio of the electrode width to electrode
spacing (which in all the examples is w/A, = 0.50), and the ratio of the electrode thick-
ness to the electrode spacing. In addition, the electrostatic relative permittivities are
€. = 3.90 (Si0;), and €,.4 = €,,4 = 84.142 and ¢,,, = 28.122 (lithium niobate). The
relative permittivity of the air is assumed to be unity. The small difference in the rela-
tive permittivities of the film and the substrate regions is negligible in the analysis of the

electrostatic problem.

A. Givens Rotation Device Example

The Givens rotation operation occupies a central role in linear algebraic signal pro-
cessing. An integrated-optical coherent implementation of an elementary rotation matrix
device, can be constructed based on a thick grating induced by interdigitated-electrodes.
Consequently, the same device that has been described in the previous subsection can be

used as a Givens rotation device?® to implement the Givens orthogonalization. However,
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in this case the amplitude of the transmitted and diffracted fields is needed for correct op-
eration. The transmitted field must vary as sin(K, V) and the diffracted field as cos(K, V)
where K, is a constant and V is the voltage applied to the interdigitated electrodes.

The Givens rotation device is shown schematically in Fig. 12. The periodicity of the
induced grating (and consequently the electrode spacing) is such that it satisfies the first
Bragg condition for a TM, incident mode. Using the normalized propagation constant
B = 2.1671 for an angle of incidence § = 5°, a Bragg periodicity of Aryy = Ay =
2.6473um can be computed. For a film thickness of 1.0um a TE, mode can also propagate.
However, the coupling between TM, — TE, is negligible since the deviation from the Bragg

periodicity can easily be computed from the equation,

875 = B +m g —2mi B cos (5 -6), (53)
and is found to be 0.25um which is very large for “thick” grating diffraction. The buffer
layer thickness is d, = 0.25um, and the electrode thickness is 2¢ = 0.10um. Using the
analysis described in Ref. 57 the relative permittivity tensor can be calculated and is
€11 = —0.39 x 107 V/um, €53 = —1.14 x 107* V/um, €,, = —0.15 x 10~* V/um,
€3 = 0.69 x 10°¢ V/um, and the g;* == 0.24 computed with averaging along the z

direction of the electric field without any optical weighting.

The O-order and the +1-order forward-diffracted electric fields are shown in Fig. 13
as a function of the applied voltage normalized with respect to the incident electric field.
The dotted lines correspond to rigorous calculations using the analysis described in this
chapter, while the continuous lines correspond to a cosine, cos(K, V), (Fig. 13a) or a sine,
sin(K,V), (Fig. 13b) best fit on the rigorously computed results. The best fit value for
K, was 0.123 rad/volt. The agreement between the rigorous curves (dotted lines) and the
cosine and sine approximations {continuous curves) is excellent. This good agreement is

necessary for the correct device operation.
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B. Herringbone Multiplier Example

Similarly to the previously described case, a Z-cut (optic axis along the z direction)
slab is used for the design of the herringbone multiplier. It is taken that the TM, mode is
propagating. The angle of incidence is § = —5° (Fig. 1a). The TM, mode consists of two
extraordinary polarized plane waves with parameters that can be computed by Eq. (B7),
where again #' = f,, = 2.1671. The slant angle of the first grating, ¢,, can be computed
using Ref. 58 for ¢, = ¢; = 1 to be ¢, = 87.5°. Another solution of the same equation
is ¢, = —2.5° which corresponds to a backward diffracting grating and consequently is
not practical for the design of the multiplier. The slant angle of the second grating is
¢; = 92.5° (again using the equations of Ref. 58). The common periodicity A of both
gratings can be calculated to be 5.3um. The thicknesses of both gratings were chosen
to be equal, 5, = 83 = 1000um. The top-view of the multiplier and the corresponding
wavevector diagram are shown in Figs. 14a and 14b respectively. For the electrostatic
analysis the ratio of the electrode gap to the electrode spacing is £/A, = 0.5 (where A,
is the electrode spacing). The buffer layer is assumed to be 0.15um and the electrode
" thickness 0.25um. Using the electrostatic analysis of Ref. 57 the fundamental component
of the electric potential Q, is found to be 0.3146 volts. Theji'nduc-:ed I;el:mittivitiés are

Eser = [E212 cOS(Ke - 7) + €355 sin(K - 7)](Vi /Air),
Epyi = [—€11x cos(K, - 7) + €224 8in(K - P)](Vi /A ),
€0or = Essx[sin(Ke - )] (Ve [Aux),

Eapr = Erna[cos(Ke - ] (Va /Aa),

Eaur = E1sa[cos(Ke - (Vi /Aur),

Eyar = Easalcos(K, - 7)) (Vi /Au),

where k = 1, 2, €, = 0.32 X 107® V/um, €15 = —€111, €321 = €333 = —0.19 X

(54)

1072 V/um, €53, = €333 = —0.54 X 107 V/um, €13, = €133 = —0.72 x 10™* V/um,
£131 = €133 = 0.32%x107° V/um, €351 = —€33; = —0.14x107¢ V/um, g;* = 0.43,and V;,

V, are the applied voltages. In order to operate the multiplier it is a requirement to have
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an output which is proportional to the product of the two applied voltages V,V,;. Thus,
the desired diffraction efficiency is of the form DE ~ K, WV, V,.

The performance of the multiplier has been evaluated with a numerical example.
In order to achieve better performance a set of bias voltages have been added. The bias
voltages V;, , V2 were chosen 10.8 volts in order to operate as close as possible to the linear
response of the diffraction curves of each grating. The input voltages V;, V, were varied
around the bias voltages in the range from 8.8 volts to 12.8 volts. The —2-order forward-
diffracted mode efficiency is shown in Fig. 15 as a function of the voltage V = V|, = V,,
along with the predicted efficiency from the equation DE,, = K,V,V, (where K, has been
computed around the bias point to be (0.25/10.8%) 1/volt?). The error as a function of the
applied input voltage is also shown in Fig. 15. The percentage error has been calculated
using the formula PE = (DE,, — DE) x 100/DE where DE is the rigorously computed
efficiency and DE,, is the predicted efficiency using the equation DE,, = K,V,V,. It is
observed that the error is in the order of £8% for the chosen range of variation of the
input voltages around the bias points. One potential problem of the proposed multiplier
is the limited dynamic range if larger voltages are necessary. Consequently, compensating

electronics may be necessary.

X1. Hybrid Mode Example

In this hybrid mode case the lithiuin niobate crystal is assumed to be Y-cut and X
propagating. Consequently, the optic axis is along the z axis of the coordinate axis system
that is used in this analysis. The refractive indices of the cover, film and substrate are n, =
1.51, np, = 2.254, ng, = 2.174, np, = 2.234, and ng, = 2.154, at an operating freespace
wavelength of A, = 1.06um. The thickness of the film region is again assumed to be 1.0um.
According to Eq. (6), in order to have four homogeneous plane wave components the angle

of incidence & should be greater than a critical angle which for the given parameters of
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the waveguide is 60.7°. In this analysis the angle of incidence is chosen to be § = 62° and
therefore is greater than the critical angle. Using the above defined parameters and the
analysis of Refs. 59 and 60 [or Eq. (8)], two acceptable values of the normalized propagation
constant 8’ = 2.217, and § = 2.235 are calculated. From these values only ' = 2.235
corresponds to four homogeneous plane wave mode components. Using Eqs. (B6) and (B7)
of Appendix B all the plane wave parameters can be computed. From the Bragg condition
A = 0.27um. This periodicity is very small for practical applications due to the large
angle of incidence but the results of this example analysis are only for demonstration of
the hybrid mode effects. Using a buffer layer of 0.05um and £/A, = 0.5, a fundamental
electric potential harmonic of Q, = 0.054 volts was computed. The induced permittivity

tensor is

.. = €11][cos(Kz)]|(V/A,),

Eyy = |—€22 cos(K ) — €55 sin(Kz)](V/AL),

€ss = [€32 cOs(Kz) — €35 8in(Kz)](V/A,), (55)
€y = Eys =0,

€., = &53[sin(Kz)](V/A,),
where ¢,;, = 0.61 x 10~* V/urﬁ, €32 = 0.22 x 10* V/um, €35 = 0.85 x 10~* V/um,
€13 = —0.38 x 10~* V/um, and ¢g{* =~ 0.5. The grating thickness was assumed to be
2000um, and the applied voltage was varied between 0 and 50 volts. The diffraction
efficiencies of the O+, O—, E+, and E—~ waves are shown in Fig. 16 and their corresponding
phases in Fig. 17 (for the 0-order and the Bragg-order) as a function of the applied on the
electrodes voltage. The resulting mode efficiencies are shown in Fig. 18 for the O-order
(dashed line) and the Bragg-order (continuous line). It is shown that the diffracted mode
efficiencies in this case appear to have significant radiation losses due to the phase and

amplitude mismatch between the ordinary and the extraordinary waves.
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XII. Comparison with Experimental Results

In this section the results of the analysis presented are compared with the experimental
results of Ref. 18. The geometrical configuration is that of Fig. 1. The electrodes are
unslanted with respect to the (z, y, z) coordinate system and the optic axis orientation
is along the = axis. Before starting the analysis of that configuration it is wbrthwhile
to comment on this optic axis orientation. According to the results of Refs. 59 and 60
for this optic axis orientation, the propagating modes at normal incidence to the grating,
are characterized as critically stable. Slight divergence in the angle of incidence from
propagation along the —y axis changes the mode from pure TE, to a leaky mode. In this
leaky mode region, due to the negative crystal birefringence, the ordinary component of

the hybrid mode leaks into the substrate.

For the diffraction process it is necessary to use angles of incidence away from the
normal. For this propagation direction the modes are leaky guided modes and power will
be lost as it travels down the waveguide even if the grating is not present. Additional losses
are also present due to the diffraction of the hybrid mode as described previously. In order
to study the above experimental configuration the hybrid character of the incident mode
will be suppressed due to the very small angle of incidence (6 = 0.62°). Consequently, the
leaky character of the mode will also be neglected.

For the electrostatic analysis the ratio £/A, is 0.5, the electrode thickness is 0.5um,
and the buffer layer (SiO;) thickness is 0.15um. The grating periodicity A is 13.33 um.
The low-frequency relative permittivities of all the materials are the same as in section 5.10.
The fundamental harmonic of the electric potential is @, = 0.54 volts. Using that value of
Q, a fundamental electric field harmonic of E, = 0.422(Vy /{) is computed, where Vg is
the voltage difference between two consequetive electrodes. If Engan’s analysis is used®:**
then the corresponding fundamental harmonic is E, = 0.847(Vg /£). As a result, neglecting

the electrode thickness and the buffer layer introduces an error in the electrostatic field
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computation of about 50%. Similarly, the error in the capacitance computation is of the
same order. The operating freespace wavelength is 0.633um and the refractive indices of the
film are taken to be np, = 2.2885 and ng, = 2.2014. At normal incidence on the grating
the incident mode would be a TE, mode. For the given optic axis orientation the TE, mode
corresponds to two extraordinary incident waves. The normalized propagation constant is
found using the Bragg condition given in Ref. 18 and is 2.194. The parameters of the two
extraordinary waves can be computed from Eq. (II.7). The induced relative permittivity
tensor is given by Eqgs. (55) where &,; = 0.69x107% V/um, €53, = 0.25x10"3 V/um, €55 =
0.97x 1074 V/um, g, = —0.43x 107° V/um, and g;° = 0.51. The Bragg diffracted mode
efficiency along with the experimental results are shown in Fig. 19. An important difference
between the experimental and the theoretical results is that experimental efficiencies are
normalized with respect to the output power while the theoretical results are normalized
with respect to the input power. This is the reason that the losses do not appear in the
experimental data even if it is known that the incident mode is slightly leaky.

XITI. Discussion and Summary

It has been shown that all optic axis orientations supporting only hybrid modes in-
troduce radiation losses after the diffraction process due to the geometrical and ampli-
tude/phase mismatches of the ordinary and extraordinary waves. In some cases (leaky
guided modes) this is true for the mode even without the diffraction by the interdigitated-
electrode induced grating.®®- ¢® In this paper the most efficient optic axis orientation is
identified to be the orientation corresponding to the z axis direction (perpendicular to the
electrode surface). This decoupled optic axis orientation guarantees negligible radiation
' Josses due to the different mismatch types. For this preferred orientation of the optic axis
the propagation of only the TM, mode can be achieved (for negative birefringent lithium
niobate) since its cutoff thickness is smaller than that for TE, mode. Consequently, the

large electrooptic coefficient can also be utilized. An additional advantage is the increase
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of the z component of the electrostatic field (that affects the index difference due to the
largest electrooptic coefficient in lithium niobate). As a result the orientation of the optic

axis perpendicular to the electrode surface should be preferable.

In the case of the hybrid modes the resulting diffraction efficiencies are affected by radi-
ation losses. This is due to the various mismatches of the O+, O—, E+, and E— waves and
especially the mismatch between the ordinary and the extraordinary components. How-
ever, the analysis neglects the coupling between the different guided or radiation modes.
This coupling, in some cases, can act cooperatively with the diffraction process resulting
in decreased radiation losses. Consequently, the above hybrid mode results can be consid-
ered as a guideline in the design of hybrid mode interdigitated-electrode devices. However,

propagation along directions where leaky modes are permittable should be avoided.

In summary, an analysis for treating the diffraction of guided-waves in uniaxial an-
isotropic slab waveguides has been developed for the first time. The analysis is based on
the three-dimensional anisotropic rigorous coupled-wave diffraction analysis and on the
-decomposition of a guided mode in a uniaxial anisotropic slab waveguide into four ho-
mogeneous plane wave components. The latter decomposition restricts the types of the
guided modes that can be treated to pure guided modes which are decomposable into four
homogeneous plane wave components. However, the analysis for the first time takes into
account the anisotropic properties of all media, an arbitrary number of diffracted orders,
and the noncollinear character of the diffraction (where the incident mode and the grating
vectors are not collinear). Example analyses have been presented. These include a Givens
rotation device, a herringbone multiplier, and a hybrid mode device. Comparison with
experimental data has also been included. The agreement with the experiment simulta-
neously verifies both the electrostatic analysis and the diffraction analysis. Finally, an
efficient configuration for crystals like lithium niobate has been identified along with the
propagating mode direction, for electrooptic applications involving grating diffraction and

propagating guided-modes in uniaxial anisotropic waveguides.
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APPENDIX A:
BOUNDARY CONDITIONS AND FIELD EXPRESSIONS

The matrix 4; of Eq. (1) is

( 0 1 o o \
€ypet — f—'z,_.. —B? 0 £ypei— €Crywibeswi 5-.--‘ﬁ,
j‘. _ u-.-.' €.=s.f Es;-i ’ (Al)
_g:.i.:_:p' 0 -gfiip' ei" -1

wheret=¢, [, 8.

The boundary conditions of the anisotropic slab waveguide of Fig. 2 are:

(a) Film-substrate interface (z., = 0)
!éjy = W. -,, (A2)

where the unknown constant matrices are of the form C; = [Fo+, Fg+, Fo-, Fg_]T and
C,=1[0,0, So-, Sg_J*.
(b) Film-cover interface (z, = d)

W, lexp(—jk. A, d)]é’, =w,C., (A3)

where C, = [Coss Ces, 0, O]7 and the matrix C, was shifted by exp(+iko i,d) in Eq. (2)
for simplicity in the resulting boundary conditions. Combining Egs. (A2) and (A3) the

following condition must be satisfied

Cos+ 0

c B T g a 0
3* = (W 'W, [exp(—jkoA,d)|W; 'W,} S, . (A4)
0 Sg_

where for simplification in the notation W W, [exp(—jko A, d)]ﬁ’!”ﬁ’, = P(8).
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Using Eq. (2) and the other Maxwell’s equations it can be shown that the field ex-

pressions in the film region for a TE mode are

h I

E,y =[Fo+80+(2.) + Fo-ao-(z.)] exp(—ikof'2. ), (AS5)
MoH,es = kewsolFo4804(2e) — Fo-ao- (z.)] exp(—kof' 2, ), (A6)
NoHews = —F'|Fos 004 (2a) + Fo_ao-(z.)) exp(—sko ' 2.), (A7)

Eoy = Ejuy =noHyuy =0, (A8)

where ao 4 (z,) = exp(—skokews02.), and ap . (z.) = exp(+5kok,us02.). Similarly to

the TE mode case the fields in the film region for a TM mode are

’

E:-] = cews [FB+GE+ (I.) + FE-GE- (I., )] exP(—Jkoﬂ"-)y (Ag)
E.,= _k:z;olf [Fe+ae+ (te) — F5-ap-(z.)] exp(—ko f'2, ), (A10)
NoHyey = [FE+ Qg + (z.) + Fg._ag_ (z-)] ex'P("‘jkoﬁ'z-): (All)
Ev-l = ﬂoHs-! = ﬂOHs-l =0, (A12)

where ag, (z.) = exp(—Jkok;useZe ), and ag_ (2. ) = exp(+ikoksus e 2o ).

APPENDIX B:

PARAMETERS OF THE GUIDANCE CONDITION WHEN OPTIC AXIS
LIES IN THE ELECTRODE PLANE

The parameters appearing in Eq. (8) are:

Foom (30~ 22 )+ (o0 - oz ) mnll ) o

sweg b' ay zweq —bn :!_ k:w]O
— Dok 8)\? Aog 5’_ |k:-u| 2\1/2
Fso={(8s + .. b, Z) +[(as + k.., - b, c,) kou s }oooe)
where ¢ = O, E and
1 kz 70 b!
J— TwW B3
Ao 2k:-10 "k:-u’ ( )



_ 1 k:wIB bl
AB B 2 k:-:o kz-n ’ - (B4)
1 (k2 10 -b!)(k2 1E —b!)
Ao S Sw sw Bs
F 2 "i-:o - kz-:s ’ (B5)

and 8 = —(1 - ﬁ"/l’.,,,)f,..,, b’ = (1 - ﬁ"/E.,.,)E...’, C’ = C.,.,, and Pp=c f’s
(corresponds to cover, film and substrate regions respectively). The normalized wavevector
components K, ey Kewsos Kewsrs Kewso, BNd k.o;z can be found using the wavevector

surface equations. The ordinary components can be found from the equation

K opo +82—n3, =0, p=¢, f, s (B6)

Because of inequalities (4) and (5) the components in the cover and the substrate are pure
imaginary and their sign should be chosen in order to have exponentially decaying fields
in these regions. The extraordinary components that appear in the film and the substrate

regions are given by the extraordinary wavevector surface equation
nQOp(k:UpE + ﬂa) + (n;y - "20,;)‘:3-[3'2 - "20,";, = 0! p = f’ 8! (B7)

"where ¢,, is the direction cosine of the optic axis along the waveguide z, coordinate
axis. The substrate component, because of inequality (4), is pure imaginary and special
attention should be taken in the choice of its sign in order to have exponentially decaying

fields in the substrate.

The parameters ¢,, where p, ¢ = O, E are

Cweoa f_ Bo —[Aor /(K. = b)(es/es) [Kuwal

$oq = tan Ao — Ao /(K3 ,, —b.)](2./2s) Kewso } (B8)
=tan"'{ — Al + IA‘OE/(kzwu - b')](CO/c!) lkswul

ds,=t { A + [AOE/(kZuu - b,)](a,/a,) kiwsz (Bg)

where ¢ = O, E, and the rest of the parameters have been previously defined. The param-
eters Go,Gg, Ho,Hg 90,9, ho, he, o, and ag are, G, = (1/2)[1'*'"3-:./|k=-e|2]”2»
9 = tan"'(k,use/lkeucl)y Hy = [c?k:-!c + ‘3"3./|’¢=-=l’l"’/2l"3.;. - b, ky =
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tan~(a;n?, /erkewsolkencl), and @y = kok,us d, where ¢ = O, E and d is the film
thickness.

<.

The expressions for the fields in the film region are

E,ey= Z ﬁ'k““[F',+a,+(z.)—F,-a._(z.)]exp(—jkoﬂ'z.), (BlO)

e=0.E Es:-[
Eor= z IFQ+°‘1+(:-)+F1-41— (z-)]e"p(—jkOﬁ'z-)‘ (Bll)
Er= 2 B P (5) + Rt (z) ew(—shof'=.), - (B12)
'loHc-[ = —ﬁ' Z [Fc+ac+ (z-) +F,-a,_ (z.)]exp(—jkoﬁ'z,), (Bl3)

¢=0.,B

Whes = Ym0 () - Fie - (s em(-kon), (B1Y)

¢=0,E swl4g

NoH,ey = Z k..I,IF,+G,+(I..)—F.-¢.-(-‘B.)]eXD(—Jkoﬂ'z.), (Bl‘r’)

¢=0,B

The expressions for the Bo, B, 9o and ¢5 that appear in the expressions for Fo 4, Fo-,

Fg,,and Fg_ in the case of the optic axis lying in the plane of the electrodes are

Bo = |(Foo cosdoo — Fog Qcos do )+

(Foo sindoo — Fos Qsindox)’)/?, (B16)
Br = |[(Fgo cos¢so — FgsQcosds5)’ +
(Fsosindso — Fe£Qsindeg)’)'/?, (B17)
=1 [ Foo sindoo — FoxQsingos
9o = tan {Foo cosdoo — FoeQcosdos } (B18)
_ 1 Frosingego — FeeQsindse Bl
95 = tan Fgocosdgo — FpeQcosdgg }’ (B19)

and,
Ho Foo sin(ao — ho +d00) + He Fso sin(ag — hg + éz0) (B20)
HoFogsin(ap — ho + ¢os) + He Fegsin{(ag —hg + ¢£¢)

Q=
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APPENDIX C:
POYNTING VECTOR COMPONENTS h
1. Optic Axis Perpendicular to the Electrode Surface

_The z,; component of the Poynting vector for this optic axis orientation is

g'A

7o

.
stil = o[1+cos(2k0ksw;rozun’ +2¢100)]|fi0+|:p2 ISO-P’ (Cl)

for the TE modes, and

B A%

ﬂoEu-;

Slwij = [1 + 005(2"0":‘-:52--' + 2¢ll5)]|fi5+ |2P2 ISE— |2’ (Cz)

for the TM modes [where 7, = (#0/€)*/?].
2. Optic Axis in the Plane of the Electrode Surface

For this case the z,; component of the Poynting vector is

Sieis = g—{Bi, (1+ —929——) + Bz (1+ —Cz—'—)+
Mo Esswy Egswy

c?
B (1 -z Q ) cos(2kokswso0Tui + 29,5 )+
zszswf

C?
B (1 -2 £ )cos(2kok,,,g Ty +295)+

szw/f )
4Bo BE [COS(kok,.!o Tui + l’o) COS(kok,.jg Ty + \,g)+
CoCs sin(koksus0Zui +Y0) sin(kok,w e Zui + "s)]}

P |fio+ I*1S0- 1" (C3)

where C, = ksusots/(K2,,, — ;) for ¢ =0, E.

40



10.

11.

12.

13.

14.

BIBLIOGRAPHY

C. M. Verber, V. E. Wood, R. P. Kenan, and N. F. Hartman, “Large Angle Optical
Switching in Waveguides in LiNbO;,” Ferroelectr., 10, 253 (1976).

A. Neyer, “Electro-Optic X-Switch Using Single Mode Titanium Lithium Niobate
Channel Waveguides,” Electron. Lett., 19, 553 (1983).

R. V. Schmidt, and P. S. Cross, “Efficient Optical Waveguide Switch/Modula-
tor,” Opt. Lett., 2, 45 (1978).

C. S. Tsai, B. Kim, and F. R. El-Akkari, “Optical Channel Waveguide Switch and
Coupler Using Total Internal Reflection,” IEEE J. Quantum Electron., QE—14,
513 (1978).

H. Kotani, S. Namba, and M. Kawabe, “Electro-Optic Bragg Deflection Modulators
in Corrugated Waveguides,” IEEE J. Quantum Electron., QE~15, 270 (1979).

C. L. Chang, F. R. El-Akkari, and C. S. Tsai, “Fabrication and Testing of Optical
Channel Waveguide TIR Switching Networks,” Proc. SPIE, 269, 147 (1981).

R. C. Alferness, “Waveguide Electro-Optic Modulators,” IEEE Trans. Microwave
Theory Tech.,, MTT-30, 1121 (1982).

O. G. Ramer, “Integrated Optic Electro-Optic Modulator Electrode Analysis,” IEEE
J. Quantum Electron., QE—18, 386 (1982).

R. C. Alferness and L. L. Buhl, “Waveguide Electro-Optic Polarization Transformer,”
Appl. Phys. Lett., 38,655 (1981).

R. C. Alferness and L. L. Buhl, “Electro-Optic Waveguide TE-TM Mode Converter
With Low Drive Voltage,” Opt. Lett., 5,473 (1980).

R. C. Alferness, “Efficient Electro-Optic TE-TM Mode Converter/ Wavelength Fil-
ter,” Appl. Phys. Lett., 36, 513 (1980).

R. C. Alferness, *“Guided Wave Devices for Optical Communication,” IEEE J. Quan-
tum Electron., QE—17,946 (1981).

C. S. Tsai, M. T. Alhaider, N. T. Nguyen, and B. Kim, “Wide-Band Guided Wave
Acousto-Optic Bragg Diffraction and Devices Using Multiple Tilted Surface Acoustic
Waves,” Proc. IEEE, 64, 318 (1976).

C. S. Tsai, “Guided-Wave Acousto-Optic Bragg Modulators for Wide Band Inte-

grated Optic Communications and Signal Processing,” IEEE Trans. Circuits Sys.,
CAS-26, 1072 (1979).

41



15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

W. T. Rhodes, “Acousto-Optic Signal Processing: Convolution and Correlation,”
Proc. IEEE, 69, 65 (1981).

J. T. Boyd, “Integrated Optoelectronic Silicon Devices for Optlcal Signal Processing
and Communications,” Opt. Eng., 18, 14 (1979). '

C. M. Verber, R. P. Kenan, and J. R. Busch, “Design and Performance of an Inte-
grated Optical Digital Correlator,” J. Lightwave Technol., LT-1, 256 (1983).

C. M. Verber, R. P. Kenan, and J. R. Busch, “Correlator Based on an Integrated
Optical Spatial Light Modulator,” Appl. Opt., 20, 1626 (1981).

C. M. Verber, “Integrated-Optical Approaches to Numerical Optical Computing,”
Proc. IEEE, 72,942 (1984).

C. M. Verber, “Integrated Optical Architectures for Matrix Multiplication,”
Opt. Eng., 24, 19 (1985).

W. T. Rhodes and P. S. Guilfoyle, “Acousto-Optic Algebraic Processing Architec-
tures,” Proc. IEEE, 72,820 (1984).

C. M. Verber and R. P. Kenan, “Integrated Optical Circuits for Numerical Compu-
tation,” Proc. SPIE, 408, 57 (1983).

M. M. Mirsalehi, T. K. Gaylord, and E. I. Verriest, “Integrated Optical Givens
Rotation Device,” Appl. Opt., 25, 1608 (1986).

C. S. Tsai, D. Y. Zang, and P. Le, “Acousto-Optic Bragg Diffraction ina LiNbO,
Channel-Planar Composite Waveguide with Application to Optical Computing,”
Appl. Phys. Lett., 47, 549 (1985).

D. Marcuse, “Theory of Dielectric Optical Waveguides,” (Academic Press, New York,
1974), pp. 95-131.

H. Kogelnik, in Integrated Optics, T of Topics in Applied Physics, T. Tamir,
ed. (Springer-Verlag, New York, 1975}, pp. 66-79.

H. Stoll and A. Yariv, “Coupled-Mode Analysis of Periodic Dielectric Waveguides,”
Opt. Commun., 8, 5 1973.

A. Yariv, “Coupled-Mode Theory for Guided-Wave Optics,” IEEE J. Quantum
Electron., QE-9, 919 (1973).

H. Taylor and A. Yariv, “Guided Wave Optics,” Proc. IEEE, 62, 1044 (1974).

R. P. Kenan, “Theory of Diffraction of Guided Optical Waves by Thick Holograms,”
J. Appl. Phys., 46, 4545 (1975).

42



31.

32.

33.

34.

.35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

W. Streifer, D. R. Scifres, and R. D. Burnham, “Coupling Coefficients for Distributed
Feedback Single and Double Heterostructure Diode Lasers,” IEEE J. Quantum Elec-
tron., QE-11, 867 (1975).

W. Streifer, D. R. Scifres, and R. P. Burnham, “Periodic Corrugated Dielectric Wa-
veguides,” Fiber & Integrated Opt., 1, 63 (1977).

K. Wagatsuma, H. Sakaki, and S. Saito, “Mode Conversion and Optical Filtering
of Obliquely Incident Waves in Corrugated Waveguide Filters,” IEEE J. Quantum
Electron., QE-15, 632 (1979).

A. Hardy and W. Streifer, “Analysis of Waveguided Gaussian Beams Coupled by
Misaligned or Curved Gratings,” J. Opt. Soc. Am., 69, 1235 (1979).

D. G. Hall, “Diffraction Efficiency of Waveguide Gratings: Brewster’s Law,”
Opt. Lett., 5, 315 (1980).

J. Van Roey and P. E. Lagasse, “Coupled-Wave Analysis of Obliquely Incident Waves
in Thin Film Waveguides,” Appl. Opt., 20, 423 (1981).

R. W. Cruhlke and D. G. Hall, “Comparison of Two Approaches to the Waveguide
Scattering Problem: TM Polarization,” Appl. Opt., 23,127 (1984).

A. Hardy and W. Streifer, “Coupled Modes of Multiwaveguide Systems and Phased
Arrays,” IEEE J. Lightwave Technol., LT-4, 90 (1986).

W. Streifer, M. Osifiski, and A. Hardy, “Reformulation of the Coupled-Mode Theory
of Multiwaveguide Systems,” J. Lightwave Technol., LT-5,1 (1987).

S. Chuang, “A Coupled-Mode Formulation by Reciprocity and a Variational Princi-
ple,” J. Ligthwave Technol., LT-5,5 (1987).

H. A. Haus, W. P. Huang, S. Kawakami, and N. A. Whitaker, “Coupled-Mode Theory
of Optical Waveguides,” J. Ligthwave Technol., LT-5, 16 (1987).

K. Sakuda and A. Yariv, “Analysis of Optical Propagation in a Corrugated Dielectric
Waveguide,® Opt. Commun., 8,1 (1973).

C. Elachi and P. Yeh, “Periodic Structures in Integrated Optics,” J. Appl.
Phys., 44, 3146 (1973).

S. T. Peng, H. L. Bertoni, and T. Tamir, “Analysis of Periodic Thin Film Structures
with Rectangular Profiles,” Opt. Commun., 10, 91 (1974).

T. G. Giallorenzi, “Acousto-Optical Deflection in Thin-Film Waveguides,”
J. Appl. Phys., 4, 242 (1973).

C. C. Ghizoni, J. M. Ballantyne, and C. L. Tang, “Theory of Optical Waveguide

43



47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

Distributed Feedback Lasers: A Green’s Function Approach,” IEEE J. Quantum
Electron., QE—13, 843 (1977).

H. M. Stoll, “Distributed Bragg Deflector: A Multifunctional Integrated Optical
Device,” Appl. Opt., 17,2562 (1978).

R. Normandin, V. C-Y. So, N. Rowell, and G. 1. Stegeman, “Scattering of Guided
Optical Beams by Surface Acoustic Waves in Thin Films,” J. Opt. Soc. Am., 69,
1153 (1979).

V. C-Y. So, R. Normandin, and G. I. Stegeman, “Field Analysis of Harmonic Gen-
eration in Thin Film Integrated Optics,” J. Opt. Soc. Am., 69, 1166 (1979).

J. E. Sipe and G. I. Stegeman, “Comparison of Normal Mode and Total Field Analysis
Techniques in Planar Integrated Optics,” J. Opt. Soc. Am., 69, 1676 (1979).

G. 1. Stegeman, D. Sarid, J. J. Burke, and D. G. Hall, “Scattering of Guided Waves
by Surface Periodic Gratings for Arbitrary Angles of Incidence: Perturbation Field
Theory and Implications to Normal-Mode Analysis,” J. Opt. Soc. Am., 71, 1497
(1981).

E. Bradley and D. G. Hall, “Out-of-Plane Scattering from Glass Waveguides: Com-
parison of Theory and Experiment,” Opt. Lett., 7, 235 (1982).

L. A. Weller-Brophy and D. G. Hall, “Analysis of Waveguide Gratings: Application
of Rouard’s Method,” J. Opt. Scc. Am. A, 2,863 (1985).

L. A. Weller-Brophy and D. G. Hall, “Analysis of Waveguide Gratings: A Comparison
of the Results of Rouard’s Method and Coupled-Mode Theory,” J. Opt. Soc. Am. A,
4, 60 (1987).

D. Marcuse, “Coupled-Mode Theory for Anisotropic Optical Waveguides,” Bell
Syst. Tech. J., 54,985 (1975).

D. Marcuse, “Electro-Optic Coupling Between TE and TM Modes in Anisotropic
Slabs,” IEEE J. Quantum Electron., QE—-11, 759 (1977).

E. N. Glytsis, T. K. Gaylord, and M. G. Moharam, “Electric Field, Permittivity, and
Strain Distributions Induced by Interdigitated Electrodes on Electro-Optic wavegui-
des,” J. Lightwave Technol.,, LT-5, 668 (1987).

E. N. Glytsis and T. K. Gaylord, “Rigorous Three-Dimensional Coupled-Wave
Diffraction Analysis of Single and Cascaded Anisotropic Gratings,” J. Opt. Soc. Am.,
A4, 2061 (1987).

A. Knoesen, “Guided Modes in Anisotropic Dielectric Planar Waveguides,”
Ph.D. Thesis, Georgia Institute of Technology, 1987.

44



60. A.Knoesen, T. K. Gaylord, and M. G. Moharam, “Hybrid Guided Modes in Uniaxial
Dielectric Planar Waveguides,” J. Lightwave Technol., LT—8, xxx (1988) (accepted).

45



FIGURE CAPTIONS

(a) Three-dimensional geometry of the diffraction of guided-waves in uniaxial an-
isotropic slab waveguides by interdigitated-electrode induced phase gratings. (b) A
top-view of the same geometry that shows the various diffraction directions of the or-
dinary and extraordinary components of an incident mode, for each diffracted order.

In this figure only the 0- and +1-orders are shown.

The decomposition of a guided mode into four plane wave components. O+ and
O— are the two ordinary plane wave components while E+ and F— are the two

extraordinary plane wave components.

Decomposition of the guided mode diffraction problem into four grating diffraction

subproblems.

Planar slices through wavevector surfaces for the case of the optic axis being per-
pendicular to the electrode surface. (a) 2z, plane intersection at y, = 0, (b) zy
plane intersection at zr = O, (c) zy plane intérsection at z, = k..o, correspond-
ing to the ordinary waves O+ and O— (TE modes), and (d) zy plane intersection
at z, = k.. e, corresponding to the two extraordinary waves E+ and E~ (TM

modes).

Top-view (zy plane) of the diffraction geometry in the case of the optic axis perpendic-
ular to the electrode surface. The 0-order and the s-order forward-diffracted directions
are shown. (a) TE incident mode (O+, O— waves), and (b} TM incident mode (E+,
E— waves). The directions shown are valid for a negative birefringent material. In
the case of positive birefringent material the relative ordering of the diffraction angles

is reversed.

~ Planar slices through wavevector surfaces for the case of the optic axis being in the



10.

11.

12.

13.

electrode plane. (a) zz, plane intersection at y, = 0, (b) zy plane intersection at
2 =0, (¢) zy plane intersection at z,, = +k,, 0, corresponding to the two ordinary
plane wave components, and (d) zy plane intersection at z, = +k,, g, corresponding

to the two extraordinary plane wave components.

Top-view (zy plane) of the diffracted geometry in the case of the optic axis lying in the
electrode plane. Only the 0O-order and the i-order forward-diffracted waves are shown
for (a) general incidence and optic axis orientation, and (b) for Bragg incidence and

optic axis orientation restricted along the z or the y axis.

zy plane intersections of the wavevector surfaces at z, = +k,,;0, that correspond
to the ordinary waves, and at z, = tk,,,;g, that corresponds to the extraordinary

waves. The Bragg condition is also satisfied. (a) Optic axis along the z axis, and (b)

optic axis along the y axis.

The general relation of the complex coefficients f;0,, fio-, fie+, and f;g_, in the

complex plane. Coefficients ratios with respect to f;o, are shown.

zy plane intersections of the wavevector surfaces for the case of the optic axis being
perpendicular to the electrode surface, and for a slanted electrode configuration. (a)
A TE incident mode (ordinary waves), and (b) a TM incident mode (extraordinary

waves).

zy plane intersections of the wavevector surfaces at z, = +k,, ;0 (ordinary waves)
and z, = +k., ;s (extraordinary waves) for Bragg incidence and (a) optic axis ori-
entation parallel to the grating vector, and (b) optic axis orientation perpendicular to

the grating vector.
Top-view (zy plane) geometry of a Givens rotation device.?®

The diffracted electric fields of the Givens rotation device as a function of the applied



14.

15.

16.

17.

18.

19.

electrode voltage. The dotted lines correspond to rigorously calculated results while
the continuous lines correspond to a best cosine or sine fit. (a) O-order forward-

diffracted fields, and (b) +1-order (Bragg) forward-diffracted fields.

(a) The top-view of the herringbone multiplier. (b) The wavevector diagram (zy plane
intersection) that corresponds to the herringbone multiplier. The incident wavevector,
I-c‘l, the Bragg diffracted wavevectors, &, and &,, and the grating vectors, K, and K,

are shown.

The efficiency of the —2-order forward-diffracted mode, the predicted efficiency from
the approximate formula DE,, = K,V,V;, and the percentage error (DE,, — DE) x
100/ DE, as functions of the applied voltages (V =V, = V;).

Diffraction efficiencies of the O+, O—, E+, and E— forward-diffracted waves as a

function of the applied voltage for (a) the O-order, and (b) the Bragg-order.

Diffracted phases of the O+, O—, E+, and E— forward-diffracted waves as a function
of the applied voltage for (a) the O-order, and (b) the Bragg-order. -

Diffraction efficiencies of the O-order forward-diffracted mode (dashed line), and of the
Bragg-order diffracted mode (continuous line) as a function of the applied voltage. In
these plots, the computed solutions are given by the solid dots. The continuous and
the dashed lines, calculated by cubic spline inferpolation, have been provided for ease

of interpretation.

The theoretical (continuous line) and the experimental (circles) mode diffraction effi-

ciencies of the interdigitated-electrode correlator!® as a function of the applied voltage.
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