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ABSTRACT

The object of this thesis is to determine the most appropriate
method for predicting ends of travel, locking positions, and points
of "uncertainty” in the gross motion of simple spatial mechanisms.

It involves a survey of known techniques, as well as the introduction
of a new method for determining such condltions. The new method, an
analysis of the curve of intersection of surfaces generated by polnts
in a spatial mechanism, is also related in such & manner as to render

it useful in determining position relationships in spatial. mechanisms.
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NOMENCLATURE

R --- & revolute pair.

P «== a prismetic pair.

S -=~ 8 screw pair,

C =~~ a cylindrical pair.

G ~-- a ball or global pair.

F === a plane-on-plane pair.

Q' and Q" --- points in a link of ean open kinematic chain which trace

trace surfaces in space.

Q === the center of & G pair in a mechanism in which Q' and Q" are
colncident,

7 ==~ translational displacement.

w -=- angular displacement.

h=value --- the ratio of v to w vhich is related to & screwing motlion.

L, Y& 2 -«- major axes of a coordinate system.

X, ¥ & 2 === coordinates in a three-dimensional coordinate system,

{ ) 13 " a kinemetic palr which connects body i to body J

T;},&'i === unit vectors in the x, y, and z directions, respectively.

5

i3 --~ the permanent screw axis for the kinematic pair which connects
body i to body J.

--- & unit vector along *ij'

~«= g unit vector along a line from @ which intersects and is

perpendicular to Eij'



-
gij === a vector parallel to aij'

-
T === a point on &, ,.

1J
ﬁ—-- the position vector for T with respect to the origin of the
coordinate system.
R(y) --- the vector equation for tbe curve of Intersection of two
surfacesg; a function of the independent variable y.
U(y) --- R(y) - T.

e--- & unit vector in the xy - plane.

: 3 7,9 =
¥ === & vector operator defined to be =% i+~—3

3 =
oy K

t 3z
ﬁA—-— 7{A), the gradient of the surface A

-

ix

VL(y) --= a vector vhich is a funetion of the independent variable y,

and which, when evaluated at a point Q by R(y), has the

pame direction as the veloclity of the point Q.



CHAPTER 1

INTRODUCTION

Historical Background

A spatial mechanism is any mechanism which provides motion in a
three dimensional space., Therefore, all mechanisms are of the spatial
type. Historieally, hovever, mechanisms have been divided into two
main categories; 1) all those mechenisms which provide motion in a
family of parallel planes, called “planar" mechanisms, and 2) all
other mechanisms which provide any other type of motion, and are
called "spatial” mechanisms. An example of & special clasgs of spatial
mechanism is the spherical mechanism, i.e, any mechanism which provides
motion on the surface of a family of concentric spheres.

The history of mechanisms is as 0ld as recorded time, Prior
to the mid - 16th century, mechanisms seem to have been designed
primarily on a basis of geometry and intuition. The intricaey of
some of the earlier mechanisms is amazing, considering the limited
design techniquee which were avallable to the designers of those
times, With the development of the science of kinematies, more and
more knowledge was emassed which dealt primarily with planar mechanisms,
and, in particular, the four-bar plansr linksges, Graduaslly, as a
broader basis of understanding developed, design concepts and procedures

became far more complex than the mechanisms being designed. However,



the founders of kinematics were primarily intellectuals intevested in
the development of theory, not in the mndane application of theories
already developed, and, therefore, the generation of theories continued.

As the world entered the industrial age, requirements for speed
and accuracy in mechanisms brought about many changes in machine de-
sign techniques. Graphical methods, because they were slow and lacked
extreme accuracy, were gradually replaced by mathematical methods, and
machine, or mechanism, design slowly, but surely, became an exercise
in methematics, instead of a process of visualizaetion of physical
phenomena. Design criteria changed, for the most part, from "why?"
and "Howt", to "How fast?", and "How much?"

Although the greatest portion of the work being done in
kinematics today emphasizes the "How much?", "How faet?” point of
view, in the past 25 years there has heen & reaction taking place
which seeks to return to the guestions of "Why?" and "How?"; partic-
ularly in the area of spatial mechanisms, Once these questions, "why?"
and "How?", are answered for this more general class of mechanism,
perhaps the answers to the "How fast?", "How much?” questions will

become more obvious in & physical, rather than a theoretical, sense.

Mechanical Background

Physically, and in completely general terms, a spatial mechanism
consists of a pnumber of links, bodles, joined in various memners to
form loop configurations., There may be meore than one loop in & spatial
mechanlsm, however, only those mechanisms which exhibit a single~loop
configuration will be considered in this thesis. Further, only those

gingle~loop mechanisme which are constrained by one input, i.e, which



display a total mobility of one, will be discussed.

The links of any spatial mechanism are connected by Jointe,
called kinematic pairs. There are a variety of these kinematic peirs,
and they are divided into two main categories; lower pairs, and highér
pairs. Lower pairs provide surface contact between the two Links
which they comnect, while higher pairs provide line or point contact,
If two links are connected by a lower palr, the psttern of motion
created by points in one body, as 1t undergoes relative motion with
respect to its conmnected neighbor, is exactly the seme, regardless
of whieh 1link is considered to be the reference link, For example,
the revoiute pair (Fig, 1l-a) is a lower pair which restricts any
axbitrary point Q,' in body # 2, to move along & circular path, in a
single plane which is perpendicular to the pair axis, about the pair
axigs. Likewise, if body # 2 is taken to be the reference link, any
point Q', in body # 1, is restricted to move on a circular path, in
a single plane which is perpendicular to the pair axis. On the other
hend, if two links are connected by a higher pair, the patterri of
motion created by e point in one body, moving relatlve to its connected
neighbor, varies according to which link is considered to be the ref-
erence link, For example, if a ball of radius r 1s constrained to
move within a gutter, a hollow cylinder, of radius r and length 4
any arbitrary point @, in the ball, can be located anyvhere within
the volume of a cylinder of radius g; 0 £ q £ r, and length 4. Howe
ever, 1f the ball is considered fixed; any arbitrary point Q', in the

gutter, can be located anywhere within the volume of & ephere of



Figure 1-a. Revolute (R) Pair.

PAIR AX1Z

Figure 1-b, Prismatic (P) Pair.



radius q; %s qs 4.

Kinematic pairs may be sub-categorized according to the degrees
of relative freedom which they provide between the two connected links,
In a Cartesian, three-dimensional, coordinate gystem there is a
pessibility of six degrees of relative freedom; i.e. rotations about
each of the three axes of the system, and translations along each of
thege axes. Where there are six degrees of relative freedom between
two bodies, the two bodies are not connected,

There are six types of lower pairs; 1. revolute pairs, which
are designated et R pairs; 2. prismatic, or P pairs; 3. screw, or
S pairs; 4, cylindrical, or ¢ pairs; 5. ball, global, or G peirs;
and 6. plene-on-plane, or F peirs. Each of these pairs provides a
particular degree, or combination of degrees, or relative freedom
which allows a particular type of relative motion between the two
links which it comnnects. The R palr, since it allows only a relative
rotation sbout its axis, is a one-degree-of-relative-freedom pair.

A P peir allows only a translation along its axis, and is,
therefore, also a one-degree-of-relative~freedom pair. Consider
two bodies connected by a P pair (Fig, 1-b): any arbitrary point Q,
in body # 2, is restricted to move along & line parallel to the pair
axis.

An S pair allows & translation along, and & rotation about its
axls, but there is & constant ratio, the "pltch” or h-value, of the
trenslation T to the rotation w. Therefore, an S pair is also a one-

degree-of-relative~freedom pair, If two bodies are connected by am



8 pair (Fig. 1l-¢), then any arbitrary point @, in body # 2, is restrict-
ed to move on a constant radius, constant pitch helix along, and a&bout,
the pair exis. If, as one special case, the pitch, h = T/m ; of an 5
pair is zerp, then T = 0, and the S pair becomes an R pair. If the
piteh becomes infinite, then w = 0, and the S palir becomes a P pair,
The motion of any body in space can be instantaneously desceribed by

& rotation about, and a translation along some screw axls, designated
by the symbol $ij’ vwhere 1 indicates the reference body with respect
to which the motion is measured, and j indicates the body in motion.
The pair axes of those pairs so far described are generally referred
to as permanent screw axes, and will be so designated.

A C pair allows a rotation about its axis and a translation
along its sxis. Since there is no constant ratio between the trans-
lation and the rotation, the C pair is a two-degrees-of~relative-freedom
pair. If two bodies are connected by a C pair (Fig. 1-4), then any
arbitrary point Q, in body # 2, is restricted to move on the surface
of a right circular cylinder whose axis of revolution corresponds to
$12°

A G pair allows rotation about each of 1its three axes, and is,
therefore, a three-degrees-of-relative-freedom pair. If two bodles
are connected by a @ pair (Fig. l-e), eny arbitrary point Q, in body # 2,
is restricted to move on the surface of & sphere. Notice that the
point Q may be moved to any position on the sphere by rotating body # 2
about only two axes. That is to say that only two degrees of relative
freedom are reguired for the point @ to generate a sphere with respect

to body # 1. However, a third degree of relative freedom provided by



RiGHT CIRCMLAR CYLINDER

Figure 1l-c. Serew (8) Pair.

RusHT CIRCULAR CYLINDER

Figure 1-d4. Cylindrical (C) Pair.



SPHERE CONTAINING
x

Figure j1.e, Ball or Globe (G) Pair.

volume qenevated by %

Figure 1-f. Higher Pair (Three Degrees of Relative Freedom).



the ¢ pair can be seen by considering a rotation of body # 2 about an
axis which passes through the center of the G pair and the point Q.
Such & rotation does not alter the position of Q relative to body # 1,
but it does alter the position of all points in body # 2, not on this
new axis, with respect to body # 1.

An F pair is a limiting case of the G pair, i.e. the radius of
the saphere becomes infinite. It allows translations along two axes
and a rotation about an axis perpendicular to the planes of contact,
and, therefore, is a three-degrees-cf-relative-freedom pair.

An exampie cof & higher pair which provides three degrees of
relative frezedom is a triped resting on & cylinder (Fig. 1-f). This
pair allows a Lranslation along, and a rotation about the cylinders
axie, and a rotation about an axis made up of all points equidistant
from the thres points of contact beiween the cylinder and the tripod.
Thisg last rotstion allows any arbitrary point 4, in the tripod, to be
raised and lowered with respect to the surface of the cylinder. Tere-
fore, this pair allows any point @, in the tripod, to "generate the
volume”, i.e. to be able to reach every point with an annular cross-
section, @5 shown in the figure. The generation of a volume depends
for its existence on the provision of three independent degrees of
relative freedom hy the pair or pairs. Three independent dimensions
are required to locate Q with respect to the cylinder, and three such
dimensione define 5% volumetrice space.

In general; any kinematic pair vwhich provides one degree of
relative freedom allows the generation of a curve; any pair which

provides two degress of relative freedom allows the generation of &
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surface; and any peir which provides three degrees of relative freedom,
with the exceptiona of the G and F pairs, allows the generation of a
volume, by any point in one body relative to its connected neighbor.

In order for these curves, surfaces, and volumes to be generated,
the link containing the arbitrary point Q, the generating link, must

undergo gross motion; this term is here usad to indicate that the

generating link moves through the totality of its possible, relative
position renge with regpeet to its connected neighbor.

Futhermore, the physical orientation of these pairs and the
sequence in vhich they appear in a mechanism govern not only how one
link moves relative toc its conrected neighbor, but also how, and if,

the sntire mechanism moves.

Problem Definition

It i=s necesssry, when determining whether or not a mechenism is
satisfacztory for s particulsr application, to consider all of the
nmecharism's physical characteristics, Does the mechanism perform the
desired task with reasonable accuracy? Will the mechanism operate
properly in the available space? Will the mechanism ever reach a
"locking position"? Is there a point in the mechanism's operation
vhere it may diverge from its desired funetion; i.e. is it possible
for a 1link in a mechanism to follow two interseeting paths for the
sape configuaration of the mechanism?

Obviocusly, the physlical dimensions of the mechanisms components
indicate an approximate volume for the space required to contain the
mechanism, However, in order to define the required volume more

accurately, it is necessary to be able to predict the limiting poeitions
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for components of the mechanism. These limiting positions, called

ends of travel, occur simmltanecously with zero velocities for certain

of the mechanism's components, and are defined as positions where there
exists a zero velocity component, elther translational or angular,

for points in & body along or about the pair axis between the body

and its connected neighbor.

"Locking~positions"occur when the force acting on a link has

a direction which corresponds concurrently to an impossible direction
of motion for the link. For example, 1f a force is spplied to a body
connected to its nelghbor by a P pair in such a direction as to be
perpendicular to the pair axis, there can be no motion between the
connected bodies as a result of this force, Notice that only one
condition need be satisfled to create a locking position for a one-
degree-of-relstive~freedom pair, while two conditions mst be satisfied
gimaltanecusly to create a locking position for a two-degrees-of~
relative-freedom pair; e.g. in order to lock body # 2 (Fig. 1-4) to
body'# 1, a force mast be applied in such a manner as to act along a

1ine vhich both intersects and is perpendicular to In a closed-

o
loop mechanism, locking positions depend upon which link is the driving
link and which is the driven link. In a plenar, four-bar, slider-
crark mechanism, for example, 1f the crank is the driving link, there
are no locking positlons, unless the connecting rod becomes perpendic-
ular to the path of the slider. However, if the slider is the driving
link, there are always two locking positions; one for each of the

slider's ends of travel, ususlly called "dead centers". If the linkage

is at rest with the slider at an end of travel, the slider can not be
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meved from its position by applying force direetly to the slider; a
fact well known to the designers of steam locomotives.

A mechanism may, moreover, have points of "uncertainty" in its
operating range; i.e. it may be possible for a point in a mechanism to
move on two paths vhich share one or more common points for the same
configuration of the mechanism. If the point paths of a point in a
mechanism share common points, "branch points”, these points are "pointe

of uncertainty”. When & point in a mechanism lies at rest at a "branch"

point, the point in the mechanism may, as the linkage is set into
motion, move on any path vhich emenates from the "branch" point, de-
pending upon the direction of the motivating foree; thus the neme,
point of "uncertainty". Once the mechanism is in motion, the dynamics
of the problem generally eliminates the problem as to which of the
paths the point must follow, The designer must determine thelécations
of points of "uncertainty" so as to be able to avoid having to attempt
te start the mechanism fpom such & position,

The cbject of this work is to present a method for obtgining
the necessary information, 1.e. ends'of travel, locking positions, and
voints of "uncertainty”’ for spatial mechanisms, and to show that this
information can be determined from a purely physical point of view
involving the concept of surfaces generated by points in a mechanism.

Operational accuracy will not be discussed in this thesis,
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CHAPTER IT
RELATIVE MOTION OF THREE CONNECTED LINKS

Thue far only two links and one kinemstic pair have been con-
sidered, It is now necessary that surfaces and volumes which mey be
generated by points in three links with two kinemstic pairs be.con-
sldered. For convenience, the three links will be referred to as
bodies # 1, # 2, and # 3. Body # 1 will always be the reference link,
body # 2 will be the coupling link, and body # 3 will contain the
generating point Q. 'The symbol ( )ij will be usged to define the
kinematic pair and its location., For example, (R)12 indicates the re-
volute pair which connects body # 1 to body # 2. Unless specifically
stated, the permanent screwv axes, $ij’ of the two pairs will be ran-
domly oriented and, therefore, will not interseet,

There are three main categories of surfaces which may be generated
by two active links and two kinematic pairs; 1. cylinders, 2. hyper-
bololds of one sheet, and 3. tori. Other more complex surfaces may be
generated by points in such kinematic chains, but only in the light
that they are surfaces which bound generated volumes. Therefore, all
“pure"” surfaces generated by points in kinematic chains will be of one
of the three specified classges,

The combination of (P)12 and (R)23 allows any point Q in body
# 3, (See Fig., 2-a), to generate the surface of an elliptical cylinder.
If the permanent axes $12 and $23 are parallel, the cylinder hag a

cirecular cross-section in any plane perpendicular to In a linkege,

bro
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Flgure 2-b, Plane; (P)le’ (R)23 Combination,
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Figure U-b. Sphere; (R)lg, (1-'{)23 Combination.
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this same result can be obtained by employing a C pair vhose axis is co-
incident with $23; thus using one less link, If $12 1s perpendicular
to $23, then the point Q in body # 3, (See Fig. 2-b), generates a plane
to which the axis $12 of (P) , 1s parallel.

The combination of (R)12 and (P)23 allows any point @ in body
# 3, (See Fig. 3-a), to generate the surface of a hyperboloid of one
sheet whose axie coincides with $12. If $12 and $23 are parellel, the
surface degenerates to a right circular cylinder, and, again, can be
replaced by a C palr. However, in this case, the axis of the C pair
mist be coincident to §

When $12 1s perpendicular to the generat-

bos
ed gurface becomes an snnular plane which is perpendicular to $12.
The combination of (R)12 and (R)g3 allows any point Q in body
# 3 (See Fig. 4-2) to generate the surface of & torus whose major axis
coincides with $12 and whose mesn radius is the perpendicular distance
from the center of the circle generated by @ with respect to body # 2 to
$12; a measurement which is & constant of body # 2. If $12 is parallel
to $23, the point § in body # 3 generates an annular plane similer to
that plane shown in figure 3-b. If the length of body # 2 1s reduced
to zero by letting the centers of the circles generated by Q about
$23 and Q', a point in body # 2, about $12 becomes coincident, the sur-
face becomes spherical, (See Fig. 4-b), and, during the gross motion of
the active links, is generated twice.
The combination of (P)12 and (P)23 allows any point @ in body
# 3, (See Fig. 5) to generate the surface of a plane, regardless of
the relative orientation of $12 and $23.

If an S pair is introduced in combination with any other one-
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degree-of -relative-freedom pair, in any sequence, the nature of the
generated surface becomes highly complex. As one example, figure 6
shows a corrugeted sheet generated by a (P)le’ (8)23 orthogonal set,
Although these surfaces may be described verbslly, the application of
such surfaces introduces an undesirable degree of initial difficulty,
and, therefore, will not be considered in further detail in this work.

Notice that if body # 3 is provided with three degrees of re-
lative freedom with respect to body # 1, the point Q in body # 3 is
capable of reaching any point in a specified volume, instead of in a
specific surface., The characteristics of the volume are determined
in much the same manner as those for the preceding surfaces. (F and
G pairs are exceptions in this cage.) Because volumes create complex
analysis problems, they will not be discussed at length in the re-
mainder of this psper. However, it is worthwhile to note that their
exlstence and characteristics may provide a necessary key to the
development of rules for spatial mechanisms which would be comparable
to Grashof’s rules for planar, four-bar linkages,

In part, the purpose of this work is to show that the existence
0of, and the characteristics of the patterns of moticn provided by
these basic kinematic pairs, taken singly, or in series, provide a
powerful tool for the investigation of the gross motion of spatial

mechanisms.
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Figure 6, (P)12’ (S)23 Combination.



CHAPTER JII

PATTERNS OF MOTION IN SPATTAL MECHANISMS

Information presented in the previous chapters indicaetes that
any link which displays two degrees of relative freedom with respect
to some reference link contains some arbitrary point which is capable
of generating a "pure" surface relative to the reference link. By the
word "pure", it is meant that the generating point mset always remain
within the surface it generates, as contrasted with the case when the
point generates a volume, and of course also the bounding surface of
that volume. Suppose now that there are two bodies, A and B, which
are kinematically connected to the same reference link such that each
of the bodies, A and B, exhibits twec degrees of relative freedom with
respect to the reference link; then each of the two bodies, A and B,
contains an arbitrary point, Q' and Q" respectively, each of which may
generate a "pure" surface with respect to the reference link., The
surfaces generated by Q' and Q" mey be any combination of two of the
"pure" surfaces described in Chapters I and IT (Table I.) Suppose
next that these two surfeces intersect, and that body A can be connected
to body B by some “bridge joint" such that Q' in A and Q" in B are
constrained to be coincident, A single-loop mechanism is thus created.
Suppose finally that this mechanism has a total mobility of one, and
is set into motion; the "bridge joint" containing @ with whidh Q' and
Q" are coincident, must, since @' and Q" may only exist in their re-

spective surfaces, move such that the point Q remains in both surfaces
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Table 1. Possible Combinations of Surface and
Their Generating Kinematic Chains
Q’ Q"
Kinematic Chain| Surface inematic Chain Surface
(c)12 Rt . Circular Cylinder
- (P, - (3)23 Elliptic Cylinder or Plane
(3312 - (P)23 Hyperboloid of 1 sheet,
Rt.Cyl, or Annular Plane
(R),, - (P) Torus, Sphere, or
(c),, | Right e 23 | Annuler Plane
Circular -
Cylinder (P)12 - (P)23 Plane
(F)12 Plene
_(G)12 Sphere
e
(P)12 - (R)l2 Elliptic Cylinder or
Flane
(R)12 - (P)12 Kyperboloid, Rt. Circu-
Elliptic lar Cylinder, or Annular
(P)12 - (R)23 Cylinder Plane
or
R)., - (R) Torus, Sphere or
Plane ( 12 23 ?
Anpular Plane
Plio = (Plog | prane
(F)12 Plane
(R)12 - (R)23 Hyp., Ann, Plane, Rt.
' Circular Cylinder
Hyperboloid| (R)., - (R) Torus, Sphere, Annular
(R)} = (P)pa| promid” 2 # | mene
12 23§ Plane, (®). . - (P)
or 12 23 Flane
Right Cir. ()
Cylinder e )12 Plene
12 Sphere
(R)12 - (3)23 Torus, Sphere, Annular
Torus, Plane
i Sphere, (B),, - (P)
Plane Rl ¥ Plane
(G)12 Sphere




Table 1. (Cont) Possible Combinations of Surface and
Their Generating Kinematic Chains

a3

Q 1 Q"
Kinemetic Chain Surface Kinematic Chain Surface
| (F)
( F )12 Plane 12 Flane
(G)12 Sphere
(¢ )]_2 Sphere _ ( )12 Sphere

(P1p - (Ploz  prame

(Bro = (Plag prane (F)yp

(@) 10 Sphere
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simultaneously. ‘The path of the polnt Q, in space, mist, therefore, he
the curve(s) of intersection of the surfaces generated by Q' and Q",
respectively.

If this mechanism 1s to exhibit a total mobility of one, then,
according to the Kutzbach criterion for the mobility of single-loop
mechanisms, there mst be a total of seven relative degrees of freedom
within the kinematic pairs of the mechaniesms loop. There are two
degrees of relative freedom between each of the two bodies, A and B,
and the reference link; therefore, the "bridge Joint" mist provide
three degrees of relative freedom between bodies A and B. Moreover,
since @' and Q" must remaln coincident in @, none of the three degrees
of relative freedom provided by the "bridge joint" may be {ranslations
between bodies A and B; the "bridge joint" must be a G pair.

Consider, for example, the open kinematic chain (R)J_E' (P)23 -
(P)),- (R)yg in which body # 3 1s the reference link, and bodles # 1
and # 5 are not connected. As bodies # L and # 2 undergo gross motion
with respect to body # 3, an arbitrery point Q' in body # 1 generates
the surface of an elliptical cylinder whose axis is parallel to $23.
Likewise, a5 bodies # Lt and # 5 undergo gross motion with respect to
body # 3, an arbitrary point Q", in body # 5, generates the surface
of an elliptical cylinder whose axis is parallel to $’+3' If these two
surfaces intersect, then Q' and Q" can be considered to be coincident
et a point Q on the curve(s) of intersection of the two surfaces; a
G pair, whose center is defined to be at Q, can be used to connect
bodies # 1 and # 5, thus cloging the chain into a loop and creating an

(R); o~ (P)23«- (P)Sh- (R)%- (G)Sl mechanism, Furthermore, in this
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mechanism, with body # 3 28 the reference link (frame), the curve of
intersection of the generated surfaces defines the path of the center
of the G pair, Q, as the mechanism moves. Obviously, if the curve of
intersection between the two surfaces can be shown to exist only at a
single point; i.e. if the two surfaces are extermally tangent, then
the generating links can only hbe connected to create & structure,
Also, 1f the two surfaces are coincident over some finite region,

the mechanism will operate with a total mobility of two when Q is in
this region.

Once the concept of surfaces being generated by points in
mechanical links is accepted, it becomes possible to visualize such
surfaces being generaﬁed by points in spatial mechanisms. In order
to facilitate such visuelization, it is necessary that the most
appropriate reference link be located. In the case of those mechanisms
which contain five or less links and at least one G pair, the procedure
for locating the reference link is relatively simple. BSuppose that a
(0)12- (0)23- (G)Sl mechanism is to be analysed (Fig. 7). If the G
pair were disconnected, then the point Q' in body # 1 could generate
a right circular cylinder with respect to body # 2. Likewise, the
point Q" in body # 3 could generate a right circuler cylinder with
respect to body # 2. Body # 2, therefore, is the most appropriate
reference link for analyzing this mechanism in the context of generated
surfaces,

If the mechanisms which have five or less links but do not con=-
tain a G pair are considered, the selection of a reference link be-

comes more difficult. However, if the Kutzbach criterion for mobility
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1s satisfied in such cases, there will be kinematic chains which con-
tain volume generating ﬁoints, with respect to some reference link,
vhile another kinematic chain, in the same mechanism contains points
vhich generate surfaces with respect to the same reference link. For
this reason, such mechanisms can not be considered in the context of
generated surfaces.

The term "gross motion", as used earlier to define the total
possible range of positions for the links in a kinematic chain, may
be applied to any spatial mechanism. If each link in a mechanism
has moved through its entire sequence of poeitions, the range of which
is determined by the dimensions and configuration: of the remaining
links of the mechanism and their comnecting pairs, the mechanism has

undergone gross motion.

In order for the G peir in the (0)12- (0)23- (G)3l mechanism
(Fig. 7) to generate a curve of intersection of the two right circular
cylinders, on which the G pair must move, the mechanism mist undergo
gross motion, It is possible that there may be more than one closed
curve of intersection between two surfaces generated by kinematic
chains of a mechanism, (e.g. a cylinder intersecting a torus (Fig. 8)
may have as many as four closed curves of intersection). However,
once & point on one of these curves is taken as one position for the
¢ pair, the configuration of the mechanism is set.

Obviously, since a point in a mechanism which exhiblts a total
mobility of one may only describe a single curve in space, when a point
in a mechanism having a total mobility of one given a particular position,

every cother point in the mechanlsm iz uniquely defined, Therefore, if



Figure 8, Toroidal Surface Intersected by & Cylinder
(& Curves of Intersection).
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the gross metion of a single point in a mechanism is completely defined
by a specific curve, the gross motion of the entlre mechanism is com-
pletely defined. Moreover, since it both defines the gross motion of
a point in a mechenism, and is readily available by means of aimple
algebraic manipulation, the curve of intersection of two generated sur-
faces in e mechaniem is most appropriate for defining the properties

of the gross motion of the generating mechanism.
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CHAPTER IV
THE CURVE OF INTERSECTION

The curve of intersection of two surfaces is that curve, or
those curves, made up of all points which simultaneocusly reside in
both surfaces. Algebraically, the curve of intersection is the sim-
ultaneous solution of the equations of the two surfaces. Naturally,

a meaningful solution of the equations can be obteined if, and only
if, the two surfaces are defined in the seme coordinate system.

The choice of coordinate systems is completely arbitrary; the system
may be oriented in any manner, and it may be.defined in.eny convenient
notation.

Since the three main categories of surfaces which may be
generated by points in a mechanism, i.e. tori, hyperboloids of one
sheet, and cylinders, are relatively simple and msy be expressed in
rectilinear coordinates in a Cartesian, three-dimensional, coordinate
system, such & system will be used throughout this peper. The orien-
tation of the coordinate system will depend upon the nature of the
surfaces vhich appear in the problem, It has been found that the
orientation of the system is best chosen such that the more complex
of the two surfaces may be expressed in its simplest algebraic form.
Once the more complex surface is situated in the coordinate system,
the less complex surface is oriented such that its algebraie expression
is simplified as much as possible. Consider the case vhere the center

of a G pair in & mechanism generates the curve of intersection between
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a teorus and a cylinder. Since the torus is the more complex surface,
1t is best to choose the center of the torus as the origin of the
coordinate system, Moreover, the Z axis of the coordinate system is
best chosen to colncide with the axis of revolution of the torus.

The X and ¥ axes of the coordinete system are then oriented such that
the direction of the ¥ axis, or the X axis, which ever l& more con-
venient, is perpendicular to the axis of the cylinder. Such orien-
tation can always be achieved, and, in genersl, will simplify the
algebraic equations of the two surfaces as much as 1s possible,

For another example, if the G pair of a mechanism generates the
curve of intersection between a torus and & hyperboloid of one sheet,
then the coordinate system is best chosen in the following manner.,
Since the torus has a fourth degree, algebraic equation and the hper-
boloid has a second degree, algebraic equation, the torus is the more
complex; therefore, the ccordinate system is best oriented such that
its origin corresponds to the center of the torus and its Z axls to
the axis of revolution of the torus. This having been accomplished,
the X and ¥ axes are best rotated until the ¥ axis is perpemdicular
te the axis of rotation of the hyperboloid., The equations for the
surfaces, thug oriented in the coordinate system, are in their simplest

possible forms.

Equations for Burfaces

The following equations define the three main categories of
surfaces which may be genersted by points in a mechanism, A4s the
équations indicate, the surfaces are oriented such that they are

symmetrically disposed about the origin and the mejor: axes of the
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coordinate system in which they are defined, The Z axis of the system
corresponds to the major axis of the surface,

Elliptie Cylinder

2

2
=1
g

Dml b

where:

a = minor (major) radius

b = major (minor) radius

z is an arbitary velue,
Note:

If a = b, the cylinder becomes & right circular cylinder of
radius a.

Hyperboloid of One Sheet

vwhere:
a = minimum cross-sectional (throat) radius

a(cot v)

o
n

the angle between the axis of revolution and the line

-
I

generator of the hyperboloid.
Note:
If a = 0, the hyperboloid degenerates to a conical surface,
and, 1f ¥ = 0, the hyperboloid degenerates to & right circular
cylinder, If both of these conditicns occur simltanecusly
the surface degenerates to a single line; the axis of the hyper-

bolodid.



33

Torus (Circular Cross-Section)

hrz (x? + 32) s (x2 + ye + 22 + r2 - r2 )2
1 1 2
whers:
rl = mean radius of the torus
ra = cross-gectional radius of the torus

Note:
This equation is derived by rotating the circle (y ~ rl)2 +
za = rg gbout the z axis. The same method may be used to
derive the equation of a torus generated by rotating a skew

circle about the z axis (See Appendix A).

The Curves of Intersection of Surfaces

Since the curve(s) of intersection of two surfaces is the locus
of points which satisfy the equations of both surfaces, points on the
curve of intersestion mist satisfy one equation vhich is the sum of
the two surface equations.

If £(x, y, 2} = O is the equation of one surface, and if
g{x, ¥y, z) = O is the equation for another surface in the same coordi-
nate system, then f(x, ¥, z) + g(x, ¥, z) = 0 is an equstion for the
curve of intersection of the two surfaces. However, in this form,
the eguation is of little practical use. Since the curve of inter-
section is, in = physical sense, a position curve, a more functional
form of the equation is a veetorial representation, A position vector
ﬁ3 such that R emsnates from the origin of the coordinate system, and

guch that the tip ofiﬁ always resides in the curve of intersection,
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can be used to define the curve., The transformation from the slgebraic
equations of the surfaces to the vector equation for the position -
vector equation for the position vector'ﬁ, which defines the curve(s)
¢f intersection between two surfaces, can be obtained in the following
manmer.,
Given that:

1, #(x, y, z) = O defines one surface

O defines snother surface

I

2. g(xx ¥ z)

1. Solwe both equations for the seme variable.

F(x, ¥y} =2 , 6(x, y) = z
2. Subtract the second eguation from the first.

F{x, ¥} - 6{x, y) =0-= h(x, ¥)

3. Solve the resulting equation for one variable as a function

of the remaining variable,

H(y) = x

Note:
Since the most complex equation involves fourth degree variables,
this process can be accomplished by employlng standard algebraic
procedure,
L, Express the two dependent variasbles as functipns of the ine

dependent variable.

x = H(y) , z = F(H(y), v) = 6(H(y), ¥)
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5. Define the position vector R as & function of the independent

varisble,

R(y) = H(y) 1 + y3 + F(H(y), ¥) &

where:
g; 3, and'i are unit vectors in the x, y, and z directions,
respectively.

Note:
The coefficlents of the 1, J, and X unit vectors which make
up'ﬁ(y) are the coordinates x, y, and z, respectively, which
define the point Q(x, ¥, 2} on the curve of intersection for
any value of the independent variable; only the real values

of H(y) and FP(H(y), y) are of interest.

Curve Analysis

The object of a detailed analysis of the curve of intersectlon
is to locate end of travel, locking positions, and points of "uncertain-
ty" in the gross motion of the generating mechanism., Since these con-
ditione, as defired, require certain restrictions on the components of
the velecity of a point in & body projected on the palr axis of the
pair which connects the body to 1ts neighbor, it is necessary that,
once & point is determined, at least the direction of the velocity of
the point be determined. Since the curve of intersection lies on two
surfaces, the velocity of any point on the curve mst lie along & line
vwhich is tangent to both surfaces. The ddrection of this line, for
any point on the curve of intersection, camn be found in the following

manner,
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Given that:

Let:

Note:

1. f(x, y, z) = 0 defines one surface.
2. g(x, ¥y, z}) = O defines another surface in the same coordinste
gystem,
3. R(y) =H(y) T « y3 + F(i(y), y) ¥ defines the curve of inter-
section between f(x, y, 2) = 0 and g(x, y, z) = O.

h. Q(x, y, z) is 2 point on the curve defined by 7).

5. V = g;-{ + %3 + gezi, a vector operator such that

v [£{x, v, 2)] =MEBLZL_ZJ_'{ + 3 f!_xgyx! z) '3 .

f -ty
_!_a[ (xa,zy, z)] k

a vector which is normal to the surface £{x, v, z) = O.

a) v[2(x, y, z)] be denoted by the vector ﬁf, and

-
b) vle(x, y, z)] be denoted by the vector N,

1. Evaluate ﬁg and ﬁf at the desired position Q(x, y, z)

on the curve defined by -ﬁ(y).

2, Calculate the vector cross product of 'ﬁg(y) and ﬁf(y)
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Let:
b -y ——
Nf(y) x Né(y) = Vb(y), a vector which is tangent to
£(x, vy, z) = 0 and g(x, ¥, z) = 0 at Q(x, ¥, z) on the
—f
curve defined by R(y) (Fig. 9).
Note:

The sense of ?L(y) is not important to the resulte of the

anslysis of the curve, in the context of this peper; hence

it is inconsequential whether ﬁf(y) x ﬁg(y) or ﬁé(y) x Nf(y)

is used to define it. | |

With this "velocity“vector'?b(y), it is now possible to state the
conditions for ends of travel, the locking positiona, and the points
of "uncertainty" in the gross motion of the generating mechanism in
vector eguations.

Points of "Uncertainty”

Points of "uncertainty” occur when ﬁf(y) x'ﬁg(y) = 0; for then
ﬁf(y) and,ﬁg(y) are parallel when evaluated at some Q(x, y, z) on the
curve defined by R(y). This condition arises when the two surfaces
are internally tangent to one another. If the surfaces are externally
tangent, then the curve exists only at a single point.

Ends of Fravel




Figure

9.

E(g)

Cross-Product of Vector Quantities,
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Let:

then:
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E = a unit vector along & permanent ecrew axis.

T = a point on the line of ;.

E‘: the position vector of T in the coordinate sysiem,

U=R(y) - T

— —) s T

b = E = (E ig)'i , a unit vector from Q(x, y, z) along a
v -(@-2)a ]

line which intersects and is perpendicular

to the line of a.

1. ;'V?L(y) = 0 defines an end of translational travel or dwell
for the point Q(x, y, z) with respect to the axis
which coincides with the line of a.
2, axd '?L(y) = O defines an end of angular travel or dwell
of the point Q(x, y, z) relative to the axis

which coincides with the line of a.

Locking Positions

Locking positions depend upon the characteristics of the

kinematic pairs vwhich are present in a mechanism. There are three

types of motion, pure rotetion, pure translation, and a combination

of the two, which may ococur in sny mechanism; theérefore, loecking con-

ditions for each of the types of motion mmst be consldered.

3, IfD x ﬁb(y) = 0, then the velocity acts in & line coinci-
dent with 3; this condition allows neither rotation about,
ner translation along a screw axis. When a C pair appears
in a mechanism, this condition must be satisfied, 1f the

¢ palr is to lock the motion of the mechanism.
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b, If= °?L(y) = 0, then the velocity acts in & plane which is
perpendicular to':; this condition sllows no translation
along the line of a. Therefore, if a coineides with the
axis of a P pari, this 1s a locking position for the P pair.

5, Ifa x ?t(y) = 0, then the velocity acts in the direction
of the line of ;; this condition allows no rotation about :.
Therefore, if 8 coincides with the axis of an R palr, this
is & locking position for the R pair.

Notice that the equations for R, Q, U, D, '\?L and the expressions
for the conditions of locking, "uncertainty”, and emnds of travel con-
tain only the independent wvariable as an unknown. The independent
variable may be solved for algebraically, by trail-and-error, or by
any method which seems expedient.

Even though s detailed analysis of the curve(s) of intersection
of two generated surfaces is necessary to obtain exact positions which
agree vith ends of travel, locking positions, and points of "uncertainty)
a great deal of general informstion can be obtained from a brief lock
at the total curve{s)}. Primarily, the total curve defines the possible
groass motion of a point in the mechaniem which lies in two bodies of
the mechanism, for every configuration of the mechanism. From the
position information included in the curve, it is possible, by using
computer methods, to predict the position of every link in the
mechaniem at any point in the mechanism's ¢ycle. Secondly, it is
poasible to predict the class of motlon, i.e. oscillatory or continuous,
vwhich is provided by the generating mechanism. Moreowver, it is

necessary only to conslider the physical appearance of the curve(s)
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relative to the generated surfaces to determine the possible classes of
motion which may be produced by the mechanism.

Consider, for example, an (R)12 - (P)QE - (G)3h - (c)hl mech-
anism in which bedy # 1 is the reference link; the kinematie chain
congisting of bodies # 1, # 2, and # 3, when the G pair is disconpected,
allows the generation of & hyperboloid of one sheet by a point Q" in
body # 3 relative to body # 1; the kinematic chain consisting of bodies
# 1 and # I allows the generation of a right circular cylinder by a
point Q° in body # 4 relative to body # 1 and the point §, the
combination of @' and @ " in their coincident state, is the center of
the G pair which generates the curve of intersection of the two sur-
faces as the mechanism undergoes gross motion. Becasuse the curve of
intersection of the two surfaces is a function of theddimensions of
the surfaces, the dimensions of the active links in thelr respective,
genersating kinematie chains, and the relative orientation of the two
surfaces, the dimensions of the reference link and the angles which

locate $ and $lh’ it is not necessary to consider the dimensions of

12
the mechanism, per se.

{a) If the curve of intersection between the hyperboloid and the
right circular cylinder appears as one continuous curve on
either surface such that there are no "branch" points in the
curve, then no link in the mechenism can achieve a 360°
rotation (Fig. 10). Therefore, only & double oscillation
(a double-rocker-motion) may be produced by this mechanism,
unless the axis of the cylinder is parallel to & line gene-

rator of the hyperboloid.



L2

Axis og ijpcv\::o:b

. I !
Cﬁlindri cal ‘. ' ‘l‘
Ax\s I J 7
-

=\
,’, = i "J N InE::::c;ion
T~

Figure 10, Surface Orientation for Double-Rocker Motion; Type A.



k3

{b) If the intersection of the hyperbclcid and the right circular
eylinder sppsars as two continuwous curves such that neither
shares & point with the cther; then one of the links in the
mechanism can achisve a 360° rotation {(Fig. 11). Therefore,
only the combination of one.oscillation and one continuous
rotation may be produnsed by this mechsanism, unless the
angie between the cylindricsal axis and the axis of the
hyperboloid i3 less than the angle between the line genera-
tor of the hyperboicid and the axis of the hyperboleid.

(e} If the intersection of the hyperboloid and the right circular
¢ylinder appesrs as one continmuous curve vwhich includes a
single "branch” point, then ore link in the mechanism may
achisve a 360° rotation; thuz a "orank-rocker" motion may
be produced by this mechenism {Fig. 12).

{(d) If the intersestion of the byperboloid and the right cireuwlar
cylinder appesrs 88 one corbimuous curve vwhich containa
two "branch” points, then thers are two links in the me-
chanism which can achieve 360° rotstions; thus it is &
"double~crank’ . Notice that if this conditions arises, the
axis of the sylinder mist intersect the axis of the hyperbo-
loid,

If, in case {a}, the axis $1h is parsllel to & line generator

of the hyperbolcid, then the radius of the cylinder can negotiate a
360° rotation, and a "crank-rocker” reeuits. In case (b, if the angle
between the cylindrizal axis snd the hyperboloid’s axis is less than

the angle betw=en the lins gensrator of the hyperbeloid and the axis of
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Surface Oreintation for Crank-Rocker Motion; Type C.
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the hyperboloid, both the C pair and the K pair may achieve 360° ro-
tationz, if $1h passes through tha throat area of the hyperbeleid, or
if the radius of the ¢ylinder is greater than the perpendicular distance

between $12 and $lh’ plus the throat radius of the hyperboloid.

Ciosure

The application of the "gensrated surface method", to those
mechanisms to which it applies, reduces the componsnts of the problem
from five or less links and five or less pairs to two surfaces. Once
these surfaces and their relative orientation are completely defined,
then thé dimensions of the links and the seguence of the pairs in a
mechanism vwhich is capable of generating the two surfaces are com=
Pletely defined,

The mechanism may consgist of sny two kinematic chains {Table 1)
which are capable of generating the desired surfaces with respect to
the same reference link, ani thersfore the dasigner has some latitude
in his choice of joinbs, except that, as slways, the end links of the
chains are connected, one to the other, by a G psir.

Thers may be more than one curve of Intersection between the
generated surfaces; each of which indicates a distinct configuration
for the generasting mechanism, However, once the G pair is connected
the center of the G pair, @, is restricted to move on & particular
curve of intersection between the two generatsd surfaces as the
mechanism undergoes gross mction. It may be possible, depending upon
the orientation of the two surfaces, to slter the gross motion ¢f the
mechanism radically; or subtly, by choosing altermative configurations

for the mechanisam.
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CHAPTER V

EXAMPLES

General Problem

Consider an (F},, - (_1’)23 - (G)31+ - (C);,, mechanism {Fig. 1k) in
which body # 1 is the reference link, Body # 2 is shown as the common
perpendiculaer between $12 and $23, and has a length "a, The angle
between $12 and $23 is vy, vhere O € ¥ < 90°. 'The angle between the
axis $1h and the xy - plane ig £, The axis $1h ig perpendicular to
the Y axis and pierces the yz - planz at the point (co, dO),

If the G pair is disconnected, then any point §° in body # 3 is
capable of generating & hyperboloid of one sheet with respeet to body
# 1. Also, when the § pair is disconnected, any point Q" in body # 4
is capable of generating a right circular cylinder with respect to
body # L. The hyperboloid is the more complex of the two surfaces,
and therefore is symmetrically disposed about the origin and axes of

the coordinate system. The equation for this hyperboloid is;

X +y _ 2 tany 1
2 2 -
a a
or
: 1
1. cot Y(xg + ye - 32)2 =z

If the perpendicular distance from $1h to Q, the center of the

G pair, is "r", then the equation for the cylinder by Q" in body # L is:



Figure 14,

R - P - G - C Mechanism.
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({z - (4 + x tan €)]° [y -1

+

-] ' 2
I cos r

or

n
]

2 2.3
o, cogf[r” - {y - 00)2']2 +d +xtan §

By solving these two equations simdtsneously, the equation
for the path of @, the combineation of Q' and Q" in thelr coinecident

gtate, is obtained.

cot 1{(::::2 + y2 - ag)%= cos §[r2 -{y = 00)2’]% + do + x tan §

from which:
. =-k2 + /;E - hklké
%
where:
tan €
ky =1-—>
aot ¥
k= - ZE g L (P o Ly - e 0P
cot y
2 _ 2 QdO(rQ- [y -~ co']g)%+ dg
ky =y - —i[(ywc)-re'] =
ca“d\{ cot ¥

Then, substituting for x in egquation 1:
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2 %
=k 5: - bk k
z = cot ¥ 2y 2 kl 3 + y2 - 32
=

Let:

X = fl(Y) ? Z = f2(yj
Then:
3. Rly) = £,(y) T+ v3 + £5(y)k

Therefore, the path of § is completely defined as a function of
the independent variable y.

Heaving defined the path of @ as a function of y, it next be-
comes necessary to determine the direction of the veloecity of any
point @, on the path, as a function of y. If f = f(x, y, 2) is the

algebraic expression for the hyperboloid, then the gradient of f is

vf, or:
ox =  2y-= 2z tancy =
b, N o=vf=S1+gT - 20Xk
- & -1 a

sl

Similarly the gradient for the cylinder, Nc, is;

o =2tangfz-{(a +tang)]_ 2y-c)
5, N = o 1+ 2°,j

.e =3
r Ccos r

oz - (4, + x tan £)]

+
r2 cos2 4

o
k
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By substituting fl(y) and f2(y) for x and z, respectively, -ﬁn

and ﬁc become functions of the independent variable y.

L - (2 tan)E(y)
J + >
a

- 250y
6. Bil= — i+
a

o

Trolld

-2 tan Lo (y) - (4, + £,(3) tan )] |, 2y - ¢ )

—y
T Ny = Tl 1y ———
I cog iy

22 (y) - (4, + £,(y) tan )] -

racoseg

Now the vector cross product of ﬁh(y) and -ﬁc(y) gives the

+

"yeloeity” wvector ?’L(y) .



:‘}L(YJ = 'ﬁh X ﬁc =

1 3 ;
£(y) y {(-van®y)2 (3}

{=t&n Elf5(y)-d £, (y)tan 51} {(:Y - co)coszg} {fg(y) - d - £(y) tan 5}

€S
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- -
By wmiltiplying T. by a factor a-/2, and by mltiplying N, by a

h
factor r2c0$2§/2, the magnitudes of the two vectors were reduced, in
order to aimplify the matrix multiplication necessary to determine
'\?L(y}. However, since only the direction of .*}{I(y) is of importence,
the alteration cof its magnitude will not affeet the results of the

problem.
9. V() = {y [fgiy)mdo-fl(y'} tan E] + 1,0y} tan®y coeag(y-co)} i
+ {-ytang [£,(y)-d_~2,(y) tang] - £, () 2,(y)-a -1, () tem €1} ]

+{£(3) Ly - ¢ )oosE] + ytang [2,(y)-a -2, (y) tangl} &

The direction of ‘ff.’b(y} corresponds to the direction of the
veloeity of any point on the path of Q on the curve defined by -I;i( ),
for corresponding values of ¥y,

In order to determine epds of travel for the point @ on the
curve defined by -I;{::;r;'] with respect €£o any permanent screw axis, it
is necessary to define & wnit vector along each of the permanent axes

of the mechanism.

Let:
a it vect b
alh = a wit vector zlong 14
10. ;liI- ={cos B} T + (sin €) k
Let:
a it vector along §
8,, = 8 unit vector along §,

-y

llc 312 =k
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Tt is also necéssary that & vector from Q{x, v, %) on the curve
defined by‘ﬁ(y) vwhich intersects and is perpendicular to the screw
axes be lnown.

The points (0, C.s do) and {0, 0, Q) are points on the lines
of glh and'gle, respectively, which are used to determine the directions

of b 13, and b12 are:

(R - (o3 + aF] - [R(3) - F - a®) - 3,]
' E) - (e 3+ a k)]T(R(y) -cJ-a k) aﬂl

12,

(y) - (Ry) - 3,) B,
Ky) - (R(y) 30 8, |

13. B, =

With equations 9-13 it is nov possible to deterwine the points
of "uncertainty”, ends of travel, and locking positions, as defined
in section Curve Analysis in vector equations, for all the links of
the mechanism. Notice that equations relating body # 3 to body #1
are not included., The ends of'ﬁc has a zerols component, or, if this

condition does not arise, with the ends of angular travel for body # k.

Froblem 1
Conaider.2 mechanism of the type described in section "General

Problem" whose dimensions are as follows:

n = 31'l’ r = 811, co = h_"’ do = 6ﬁ’ lY = 150, g = 100



Equations Dealing With the Hyperboloid of Ome Jheet are:

p 1
(3.73)(x° + ¥° - 9 = 2

2
x_2x 2y 2ztan 'y «
Rt T

Hp =k

Equations Dealing With the Cylinder are:

(0.985)[18 + 8y - y212 + 6 + (0.176)x = z

ﬁc“ {io.176)Egoérrg}}];ao.l'réjxg} 7. {X-%Q&} 3

-6 - [6.176]%) -
- {2 10.570)(32) S

8y, = (0.998) T + (0) T + (0.ATh) k

Equations Dealing With the Curves of Intersection

x =3 {(0.025) 6 + (48 + &y - ¥¥)¥] £ [m5.2+ 3896 y

- 8.86 ¥° + 15.55(48 + 8y - yE}%:]%}
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z=mg%W$+%-f%+6+Wﬂ%*mmﬂ}+ﬂﬂ+%—fﬁ]

1
1
+ [315.2 + 38.96y - 8.86y - 8.86y% + 15.55(48 + 8y - yQ)E]z}
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+ (48 + 8y - yOH
¢{315°2 + 38.96 y

- 8.86y° + 15.55(48

+ 8y = ya)%]%}

(=0.,175)(48 + 8y

- ¥%) (0.985)
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If there are points of "wncertainty" in this mechanism, there
must be some velue y_ such that ?L(YD = 0, and x(yo) and z(yo) are
real valuea., There is no such yo in this case; therafore, there are
no points of "uncertainty” in the gross motion of this mechanism.

A brief gketch of the orientation of the surfaces generated by
Q! and Q" in bodies # 3 and # b, respectively, indicates that the
motion produced by this mechanism is of the "crank-rocker” type in
vhich body # 2 can undergo & 360° rotation, Therefore, it is necessary
to consider ends of travel and locking positions for only bodies # 3
and # k.

Consider first the ends of translational travel for body # 3
with respect to body # 2. Since any point in body # 2 must describe
a ecircle in an xy-plane which is fixed with respect to body # 1, the
ends of travel for body # 3 with respect to body # 2 must also be the
ends of translationsl travel for body # 3 with respect to body # 1,

and mist, therefore, satisfy the condition that ?YL(y) o 312 = 0.

Vo (y) - B, = 0.970 x(y = ) + 0,176y (2 - 6 - 0.176x) = ©

There are two points, of interest for the configuraﬁion of this
mechenism, for which the coordinates of Q satisfy this reletion;

Q(=0.168, -~ 3.700, 8_?107), and Q(3.936, 2.975, 1h.730).

?L(-B;T) . 312 = 0.970{=0.168)(-3.7 - &) + 0.176 (~3.7){(8.107

=6 - 0,176(-0,168}] = 0
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The ends of translational travel for body # 4 with respect to

body # 1 are defined by the following equation.
- -
v&(y) * alll' = 0}
or

0=y (2«6 0,176x) + 0.970(y - h.o)[z %%gg + x(0.175)(0.985)]

There are two points, of interest for the configurstion of this
mechanism, for which the coordinates of Q satisfy this relation;

Q(-4.42, 0.05, 12.08), and Q(h.75, 0.75, 1L4.04).

ir'L(o.'rs) = (2.215) T + (~35.170) 3 + (-1%.025) ¥
glh= (0.985) T + (0.175) &
¥,(0.75) * 3y, = (2.215)(0.985) + (-1k.025)(0.175) ¥ ©

The total relative tranglation of body # b with respect to body
# 1 is a displacement of 9.86", measured along $lh°

Moreover, since these two ends of travel are the only possible
positions, for this configuration of the mechanism, at whichlﬁb(y) is
perpendicular to $1h’ these mist also be the only possible locations
for locking positions, for body # 4 with respect to bedy # 1. However,
31# x‘ﬁt(y) is not zero at either position. Therefore, the C pair

never locks.

By, = (-0.159) T + (-0.419) F + (0.895) ¥
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¥,(0.75) = (2.215) T - (35.170) 3~ (14.025) &
i 3 %

B, 7,(0.75) = | (-0.159) (-0.519) (0.895) |# ©

{2.215) (~-35.170) (~14.025)

The ends of angular travel for bodies # 2 and # 3 with respect
to body # 1 are not defined since both rotate continnously about $12,
The ends of angular travel for body # & with mespect to body # 1,

however, are defined by the following equations.
., XD V,(y) =0
B ¥ Ppy VW =Y
or

o=qﬂx+mu®xmnw-ogwmmﬂxz-6-mn&ﬁ

+ 0.970y(y - h){o,gssx -z %g }

There are two points of interest, for this configuration of the
mecheniem, which setisfy this condition; Q(0.152, - 3.705, 8,146}, and
Q(~-0.66%, 4, 700, 13.852),

By, = (=0.06) T+ {<0.965) 7 + (0.257) X

F,(-3.705) = (12.237) T + (L.704) T + (2.518) %
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(0.985) 0 (0.175)

1
&

Elh x B TfL(y) =| (~0.086) (-0.965) (0.257)

{12.237) (1.Toh) {2.518)

The éngular travel of body # 4 is, therefore. confined between
85° and 165° measured from the +y axis about %h'

There is one other possibility for a locking position for this
mechenism; the prismatic pair between bodies # 2 and # 3 may lock.

In order to predict this condition, mist be known. It may be

-
823
obtained in the following mamner.

1. Let'g be & unit vector in the xy-plane.

2, Determine the coefficients of the 1 and 3 components of

ap
¢ such that;
Ry) -c=12

3. Determine the coefficients for a vector §23 = R(y) -{Ec,
vhere "a" iz the throat radius for the hyperboloid of one
sheet,

-

4, s

23 is & vector parallel to a23o
Having obtained §, it is now necessary to locate the position

for the point Q on the curve of intersection at whichlﬁi(y)o 8-o0,

in order to find locking positions for body # 3 with respect to body

# 2. The point Q(-0.980, - 3.600, 8.288) is such & point.
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+ (-3.600) T + (8.288) k&

el

R(y) = (-0.980)

c=-1+ (007

‘523 = R(y) - a8 = (2.020) T + (~3.600) J + (8.288) &

¥,(-3.6) = (23.3) T « (3.99) T + (5.56) &
¥,(-3.6) - 8 = (2.020)(-13.3) + (-3.6)(3.99) + (5.56)(8.288)
¥, (-3.6) *E=o0

When the center of the G pair is located at Q(-0.98), - 3.60,
8.29), the velocity of the center acts along 2 line which is contained

in a plane which is perpendictdar to 2 Therefore, a locking con-

23°
dition exists when the center of the G pair reaches this point,

Problem 2
Congider now a mechanism of the previous type which has the
following dimensions;
a = 3.06, r = 8,00, e, = 5.00, do = 0,00, vy = 15.00°, € = O¢0b°
These dimengsions indicate thet wher the point @ resides on
the =Y axis, the hyperboloid of one sheet is internally tangent to
the ¢ylinder st this point, there should be a point of “uncertﬁinty".
Therefore, the velocity of the center of the G pair st Q(0, -3, 0)

mist be zero.

B(-3) = (03T + (-3) T+ () %
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W(-3) = (0) T+ (6.79) T + (O K

Vo (-3) =W (-3) x W (-3) =[ 0 -6.79 0 [=(0)T+ (0)F + (0) k

The condition that'ﬁt(y) = O vhen Q resides at a point of

"uncertainty" is therefore satisfied.
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CHAPTER VI
CONCLUSIONS

The proposed method for obtaining ends of travel, locking
positions, and points of "uncertainty” in the gross motion of spatial
mechanisms is well suited for application in mechanisws compriged of
five or less links and contalning at least one G pair.

Very good approximations for the position of the G pair which
corresponds to ends of travel, locking positicns, and points of
"uncertainty” for components of such mechanisms may be obtained easily
by trial and error methods.

The simplicity of the mathematics involved in this method re-
sults in an easy undersgtanding of the method, and an easy adapting
of the method for computerized analysis.

If en S pair is present in the mechanism, the initial complexity
of the problem inc¢reases.,

The characteristice of the curve(s) of intersection, 1i.e.
the closed curves, and the number of “"branch” points, of the generated
gsurfaces lead directly to a physical explanation of the type of input-

output motions which can be produced by the generating mechenism.
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APPENDIX

Derivation for the Eguation of a Torus Created by Rotating & Skew

Circle About z Remote Axis

Given: There is a cirele of radius ry whose center lies on the Y axis
at ¥ = r,, and which lies in a plane which contains the Y axis,
end has been rotated some engle « about the Y axis,

Reg'd: The equation for the surface of the torus generated as the
circle 1s rotated about the Z axis.

Derivation:

1. The circle is the curve of intersection between the plene

x = ztany and the sphere X2 + (y - rl)2 + 22 = rg .

.. The equation for y as a function of z which satisfies the

conditions for points on the cirecle is;

=TI + r2—228302
y=I) =4 % o

2. As the circle is rotated about the Z axis, any point (%, ¥, k)

must remain some distance h from the 2 axis.

b = 5%+ 77
2 2
3. Solving the equation for the sphere for the term (x° + y°) ;

2 2

x2 +y = rg - rf + 2r1y - Z

Since X and ¥ have no particular relationship, and were taken



randomly as points on the cirele,

4 2 2 2
h™ = Ty =¥y * Erly - Z

Substituting from step 1 to find h as a function of 2z,

2 2 2
h =1‘“2+I‘1—Z

2 £r2 2 2
:i:2rl\ 2-zaeca

However, fromstep 3, h2 = xz + y2, therefore
xa + y2 = rg + rf - 22 + Erl Jrg'- ZQSeceh

is the equation for the surface of the torus created by rotat-

ing the circle about the 2 axis.

67
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