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SUMMARY

The discrete ordinate method is applied to the solutions of a
shock-wave structure in fully or partially ionized argon and the relax-
ation zone of a shock-wave. The effects of the electric field induced
by the charge separation on the shock-wave structure are also investi-
gated. The Boltzmann equations with a kinetic model type of collisions
are employed as the governing equations. The present results are compared
with limited experimental measurements and other theoretical treatments,
either by continuum approaches or by the Mott-Smith method.

The findings of the present investigation may be summarized as
follows:

In the shock structure of a fully iocnized gas the icn temperature
can exceed their downstream value. The temperature overshoot becomes
greater as the Mach mumber increases. However, in a weak shock the over-
shoot of the ion temperature was not observed. The electron temperature
follows the ion temperature very closely in a weak shock of a fully ion-
ized gas. However, for a strong shock-wave the electron temperature rise
preceeds the ion temperature during the compression process of the shock.
The overshoot of the electron temperature was not observed in fully ion-
ized gas. The present results agree well with the results obtained by
the contimwm approach for weak shocks. The discrete ordinate method
gives smooth and contimious results for high Mach mumbers. On the other
hand the results from the contimium approach contain discontimuities in

slope.
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No overshoot of upstream velocity has been observed in the shock
structure of a partially ionized gas with a frozen degree of ionization.
Although the three species of an lonized gas travel with approximately
the same macroscopic velocity, the individual distribution functions can
be very different and distinguishable. In a strong shock the atom dis-
tribution funetion may have double peaks, while the ion distribution
function has only one peak. The electron local Maxwellian distribution
function can be considered as an approximation to its actual local dis-
tribution function for weaker shocks in both partially and fully ionized
gases. Electrons are heated up much earlier than ions and atoms in a
partially ionized gas. Because the interactions of electrons with atoms
and with ions are different in nature, the ion temperature can be different
from the atom temperature. Thus, it can be very misleading to group atoms
and ions as a single species merely on the basis of their insignificant
differences in mass. In other words, the contribution from other physical
properties can he significant. For all cases investigated no undershoot
of the upstream temperature has been found. The present results for
neutral particles and electrons are generally in fairly good agreement
with the continuum solutions at the low Mach number and with the Mott-Smith
solutions at the high Mach number. However, it appears that the discrete
ordinate method has the advantage over the Mott-Smith method and the con-
tinuum approach in obtaining the results for ions.

The induced electric field due to the charge separation in a shock
structure tends to equilibrate the flow locally. However, these effects
on the structure of a shock-wave are very insignificant for all cases

investigated and can be neglected. Thus, the results obtained without



the consideration of the effects of the induced electric field give very
good approximations. It has been experiences that when the E field effects
are included in the kinetic model equations, the numerical accuracy and
the capacity limitation inthe available computer facility can cause a
great deal of trouble in obtaining correct solutions.

The discrete ordinate method can yield reasonable results to the
kinetic model equations for the structure of the relaxation zone if the
shock Mach numbers are not very high. The local Maxwellian distribution
functions can be used to approximate the actual local distribution func-
tions of atoms, ions, and electrons in the relaxation zone where electrons
are not as equilibrium as atoms and ions due to the ionizing effects.
Only wvery slight ionization i1s generated in the early part of the relaxa-
tion zone, while most ilonization occurs in the last one-third of the
region. The ion temperature is about the same as the atom temperature in
fhe entire relawxation zone. Both atom and ion temperatures drop sharply
in the rear part of the relaxation zone where the electron temperature
increases rapidly. The thickness of a frozen shock front is negligibly
small in comparison with the thickness of its relaxation zone for the
cages investigated.

In view of the results presented in this dissertation it is con-
cluded that the discrete ordinate method has the consistency and the

flexibility in dealing with plasmagasdynamic problems.



CHATTER I

INTRODUCTION

Review of Recent Iiterature

The interest in the shock structure in ionized gases was stimu-
lated by astrophysicists in connection with astrophysical problems. ILater,
the importance of the shock wave in an ionized gas was realized in other
areas. BSome of the thermenuclear devices have relied on shock waves in
achieving high temperatures and densities simultaneously. In front of an
entry vehicle a plasma sheath is formed due to the conversion of the high
kinetic¢ energy of the flow tc the thermal energy through a shock. As a
result, the communication and the guidance to the vehicle are affected
seriously. Since the shock wave is extremely nonequilibrium and it does
not involve the complexity of the interaction between fluid particles and
solid boundaries, the shock wave structure is an ideal problem for test-
ing the kinetic theory approaches toward nonequllibrium flow phenomensa in
rarefied gasdynamics and plasmagasdynamics,

When a neutral gas goes through a reasonably strong shock a slight
degree of ionization will be generated inside the shock by atom-atom
collisions., If Mach mumbers are less than 20 this atom-atom shock front
is much thinner than the relaxation zone which 1s the region behind the
shock front. For purposes the itrue shock front can be replaced by a
shock wave with a frozen degree of ionization. Studies of shock

gtructures in ionized gases have been conducted by many investigators.



Among them only those which are closely related to the present study
will be reviewed. Jukes [1] used an iterative method to cbtain numeri-
cal solutions of the Navier-Stokes eguations through a shock wave in s
fully ionized gas. The charge separation and the induced electric field
inside the shock were estimated to be small. Thus, electrostatic effects
were neglected in comparison with those due to pressure and convection.
Electron viscosity and proton thermal conductivity were not included.

His results predict a broad electron thermal layer in front of the
proton shock. Inside the shock the proton temperature overshoots the
dowmstream equilibrium value for Mach number 10.

Petschek and Byron [2] made the assumption that the electron-atom
interaction dominated the ionization process in the relaxation zone.
Results show that time required to reach dowmstream equilibrium from
_their prediction agrees with experimental measurements. Rate of ioniza-
tion is relatively insensitive to the inelastic ionization cross sections
for electron-atom collisions. The degree of icnization during the ini-
tial process is about 10% of the final value at the downstream equili-
brium condition.

Greenberg, et al. [3], used a diffusion equation and three con-
servation equations to study the shock structure in fully ionized hydro-
gen. However, effects of wviscosity and thermal conductivity were neglect-
ed in their momentum and energy eguations. Iater Greenberg and Tréve [4]
chose the Mott-Smith distributicn [5] for protons and assumed that the
electron distributicn was loecally Maxwellian. In both studies the
charge separation and the electric field were included. TFor small and

moderate ratio of Debye length to the mean free path, their results show



that the electric field oscillates throughout the entire shock structure
and the peak of the obtained electric field is large. For Mach numbers
greater than 2.19 no continuous solutions were found. These difficulties
may be associated with neglecting the effects of viscosity and thermal
conductivity and the inaccuracy of numerical computations, which is to
be discussed in Chapter IV.

Truitt [6] investigated the ionization in the relaxation zone
arplying the method which had been used in the study of an ideal disso-
ciating gas through a normal shock. The initial degree of ionization
was assumed. The governing equations were made up of & rate equation of
ionization and a set of Rankine-Hugoniot equations including the energy
of ionization. The results show that the electron temperature and the
temperature of atoms and ions approximately remain constant in most parts
_of the relaxation region. At the rear portion of this region, both
temperatures drop significantly while the degree of ionization increasges.

The structure of a shock wave in slightly ionized argon with con-
stant degree of ionization was investigated by Grewal and Talbot [7].
They assumed that the structure of the shock wave of the heavy particles,
atoms and ions, could be described by the Mott-Smith solution of a
neutral monatomic gas [5]. These results were then used to solve the
electron governing equations. As Jukes [1], they found a broad thermal
layer of the electron existing ahead of the shock. They also stated
that the charge separation was small and the effects of the induced
electric field could be neglected in the calculations of the electron
temperature.

Jaffrin and Probstein (8] applied the Navier-Stokes equations to



the shock structure in a fully iconized gas. The electron viscosity and
ion thermal conductivity were taken into consideration. They assumed
that the difference between the ion nmumber density and the electron
number density was very small and that the Debye length was mach smaller
than the ion-ion mean free path downstream of the sheck. Thus, the
governing equations were very much simplified and the equations related
to the electric field and the charge separation could be uncoupled from
the other governing equations., For Mach number 10, their profiles for
electrons and ions look similar to those of Jukes [17 without the
electric effects. Unfortunately the detailed comparison wes not present-
ed.

Morgan and Morrison [9] basically followed the work of Petschek
and Byron [2] and included the rate of ionization due to atom-atom
collisions. It was found that the ionization mechanism was dominated by
electron-atom elastic collisions when the degree of ionization began with

10"1’L

for 10u°K.and kept increasing with initial temperature of the re-
laxation zone.

Jaffrin [10] extended his previous work with Probstein [8] to
partially icnized argon with frozen degrees of icnization. Electron
viscous and inertias effects were neglected. The electron temperature in-
side the shock was assumed to be constant. Electrons were set to move
together with ions at the same macroscopic welocity. 7Yet the charge
separation was included. Other assumptions were made in such a fashion
that the electric field could easily be evaluated by the gradient of the

ion velocity. His resulis show that the velocity and temperature differ-

ences between atoms and ions become greater as the degree of ionization



increases and that the atom temperature and the ion temperature over-
shoot their downstream values.

The shock structure of the relaxation zone in a stellar atmos-
Phere was investigated by Skelafuris [11]. It was shown that the electron-
atom collisions dominated the ionizing process. The energy of excitation
was neglected. The boundary conditions at the beginning of the relaxa-
tion region were evaluated by shock egquations with an assigned degree of
ionization. Thus, temperatures of all species are the same initially.
Results indicate that the temperature changes of atoms and protons are
large in the rear portion of the relsxation region. Temperature grad-
ients of the electron rely strongly on the Mach number. The differences
between the atom and the proton temperature profiles are small,

The relaxation zone was also studied by Hoffert and Lien [12].
IBoth atom-atom and electron-atom icnization and recombination were con-
gidered. They treated the atom-atom shock as a chemically frozen discon-
timuity. The initial conditions of the relaxation zone were evaluated
by the jump conditions at the downsiream of the discontinuity. Effects
of the electric field were not considered. The energy of the created
electrons was included. It was assumed that atoms and ions had the same
temperature and all species moved with the same macroscopic velocity.
They concluded that for Mach numbers less than 20 only the front portion
of the relaxstion zone was affected by different initial electron
temperatures.

Chubb t13] included the energy transfer due to the electron temp-
erature gradients in the study of atom-atom shock and the relaxation zone.

In atom-atom shock a bimodal Mott-Smith velocity distribution [5] was



assuned for atoms. It was algo assumed that ions and electrons were in
locally Maxwellian distributions. No electron-atom interactions were
incIuded in this region. He further made an assumption that all three
gpecies had locally Maxwellian distributions in the relaxation zone. It
was shown that contributions from the induced electric field were small
and could be neglected., The initial degree of ionization was set at 10_6
and initial electrons were assumed in thermal equilibriwn with upstream_
atoms. He observed that for freestream Mach number less than 20 the

relaxation zone was much thicker than the atom-atom shock and negligible

ionization was generated in the alom-atom shock.

Discussion of the Physical Model

In dealing with problems in rarefied gas dynamics the relaxation
model suggested by Bhatnager, Gross, and Krook [14] can be used to
approximate the troublesome collision integral of the Boltzmamn eguation,
The model equation is simple enough for applications, yet it retains some
of the gross features of the full Boltzmann equation. The kinetic model
for a mixture proposed by Gross and Krook [15] will be used in Chapter II
for a fully ionized gas, in Chapters III for a partially ionized gas with
a frozen degree of ionization, and in Chapter IV for electric field
aeffects on the shock structure. Hu and Ziering [16] have extended the
works of References [14] and [15] to include ionizing effects into the
statistical model equation. In Chapter V the medel equations proposed
by Hua and Ziering [16] will be used to study the structure of the re-

laxation zone of a shock wave.



Discussion of the Method

The method of disgerete ordinates was applied to solve the problems
associated with radiative transfer by Chandrasekhar [17]. Huang and
Giddens applied the method of discrete ordinates to the linearized
Boltzmarnn equation with BGK model for steady and unsteady linearized
Couette flow problem [18, 19], the linearized channel flow problem [20],
and the linearized Rayleigh problem [21, 22]. It was found that this
technique with an appropriate quadrature gives more accurate results
over a wider range of Knudsen numbers for a given amount of computational
ef'fort than any of the other existing approximate analytical techniques
for the linearized rarefied gas dynemic problems, The method has been
generalized for more complicated gas dynamic problem by Huang [23]. For
a monatomic gas, Huahg and Hartley used the method toc solve nonlinear
Couette flow problem [24] with heat transfer and nonlinear Rayleigh pro-
blem [25]. Recently, this techniqgue has been applied to a polyatomic gas
by Huang and Hwang [26]. For extremely nonequilibrium flow conditions
this method has also been used for the shock structure problems in both
monatomic and rotationally relaxing diatomic gases [27, 28]. These
efforts have demonstrated that the discrete ordinate method has the flex-
ibility to solve complicated practical problems.

The technique discretizes the distribution function ¢of the Boltz-
mann equation and replaces integrations of distribution functions over
velocity space by appropriate quadratures. The velocity dependence of
distribution functions is thus approximated by a set of functions, each
ewmluated at appropriate discrete points in velocity space, A sufficient

number of discrete points has to be taken to ensure the desired accuracy.
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Thus, instead of solving a set of integro-differential equations for
functions of time, space, and velocity, one solves a system of first
order partiasl differential equations for a set of functions which are
contimious in time and space, but are point-functions in wvelocity space.
Thus, the soluftion of this system of first order partial differential
equations is an approximation to the true distribution functions in the

sense of numerical truncations.

Purpose of the Research

To the best of the author's knowledge, the problems of the shock
structure have been treated either by the continuum approaches or by
the Mott-Smith method. This thesis will be concerned with the structure
of a steady plane shock in ionized argon from the microscopic point of
view. The Boltzmann equations with the Bhatnagar-Gross-Krook type model
[1h4] are used as the governing equations. The discrete ordinate method
[23] is applied in this thesis as a tool for the solutions. The investi-
gation will be conducted in the followlng phases:
(1) To investigate the shock-structure in fully ionized argon,
without the effects of the induced electric field;
(2) To investigate the shock-structure in partially ionized argon
without the effects of the induced electric field;
(3) To investigate the effects of the induced electric field on
the shock-structure in ionized argon;
() To investigate the structure of a relaxation zone where most

ionization occurs due to the electron-atom elastic collisions.



CHAPTER II

SHOCK-WAVE STRUCTURE IN FULLY IONIZED ARGON

Introduction

In this chapter the discrete ordinate method is applied to the
solution of the shock-wsve structure in fully ionized argon. Similar
problems have been investigated by several other investigators., Jukes
[1] treated a case for Mach number 10 and found a broad thermal layer of
electrons extending ahead of the shock. A similar problem was attacked
by Tidman [29], using the Fokker-Planck equation. He assumed that the
protons had a bimodal Maxwellian distribution and the electrons were in
locally Maxwellian. Thus, the effec¢ts of the thermal conductivity of
electrons have been neglected and the preheated thermal layer of electrons
was not obtained. As mentioned in Chapter I, Greenberg, et al. [3] and
Greenberg and Tréve [U] could not obtain continuous solutions for Mach
nuvbers greater than 2,19, Jaffrin and Probstein [8] applied the Navier-
Stokes equations to the problem for a wide rahge of Mach numbers. Pre-
vious studies in the problem of the shock structure in a neutral monatomic
gas indicate that the Navier-Stokes solutions are considered fo be
accurate for weak shocks. In view of lack of experimental data the
present results will be compared with those obtained by Jaffrin and
Probstein [8] in order to check the consistency of the solution obtained
and the applicability of the method.

Due to the non-equilibrium nature of the shock-wawve structure,



10

the charge separation of ions and electrons inside the shock may occur.
Jukes [1] and Tidman [29] estimated that the effects of the charge
separation womld he small and were therefore neglected in their studies.
If the induced electric field of the charge separation is ignored, then
the problem of the shock-wave structure in fully ionized argon can be
attacked in the light that the plasma becomes a binary mixture of ion
gas and electron gas. The study of this problem not only will give an
insight into the structure of a completely ionized shock, but alsc can
bring out some of the general features of the shock-wave problem in a

binary mixture.

Formulation of the Problem

For a two-component system, Gross and Krook [15] proposed a
kinetic model (BGK model) to represent the collision integral in the
‘Boltzmann equation. The model eguation is much simpler than the Boltz-
mann equation, yet it satisfies the conservations of the number of parti-
cles, the total momentum, and the total energy. In the absence of the
induced electric field due to the separation of charged particles, the
governing BBGK equations for a steady plane shock wave of a fully ionized

gas are given as follows:

A/ NP S L P @)
X'JI *‘_TT_( i I) 7. (Ez .)

and
H, n

LIS = (2)
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where, the local Maxwellian distribution functions Flg;in Equations

(1) and {2) are defined as

W ¥ mk((\;_-ul)l.r v+ V:]
I~ _ L4 r
I e {' }

ZTTK1;X 1;'T;k

(3)

Subscripts k, A = 1, 2 stand for electrons and ions, respectively.

1t n .
The a‘”’ are collision parameters. The quantities —4 anda —L have the
g g,
i 14
dimensions of a freguency. .
The macroscopic properties can be obtained by taking the moments

of the distribution functions.
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It is noted that the summation convention does not apply in the

present investigation whenever the repeated indices appear.
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If L #% for gas mixtures [30, 317,

l"‘ﬁmtjuq-*m,ug+miu{ (7)
and
zm m " N
T = Tt o UG- T+ 7 (4 ) ]

(v )

: (8)

It is understood that for this problem all these macroscopic flow
properties are functions of x alone, while the local distribution function
is a function of %x, v , v , and v .

Xy A

The collision frequencies between X% species and X  species

n
—L , can be calculated by the following formulas [32)
Ty
" 2K\ Y . T,
= =Yy =2 )nQ (——"‘FJ—
[ '] T R Lt mn m,( (9)

Where Qkx are the collision c¢ross sections.
By limiting the scattering to charged particles within a Debye

length of a test charge, it can be derived [33] that

0 et L n

- el (k)" (d=1.2) (10)

where

2T EKTy feb)
Y2 (1)
" .
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T T
Since —l->> —, it is appropriate to assume that

Q,= Qu . (12)

In order ‘o make numerical computation more manhagesble the follow-

ing reduced distribution functions are defined

Je (1, V) =f7m4’u(x, v ) AV, dv, (13)
~0 e
and
&0
o[ [t

Similarly, reduced local eguilibrium distribution functions can

be defined as

Gu(t,\!xj-:[/ }"—;‘t(:lt,i.?")c:h;,a;'u'2 (15)

and
MESE: /7' U VE (2, ) du dy,
Ll JF ‘ (16)

Integrating Equations (15) and (16) gives

Yl
G[’ {(#.¥,) =
W) S T exp[- 7o

(Vl—un ’
J ] (27)
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and

Ho (6, v) = 2 R Ty G
ex b X Vx w heg b g
X " (18)
where Rk is the gas constant of species k.
iIf Equations (1) and (2) are multiplied by unity and integrated

with respect to vy and v, the following equations are obtained

%

23, ) _
Y =]{;(Gru &|)+41[G’2 gl) (19)

and

ui Jj; = 41[&1;#31)-’-%;(&:1.‘31')
L (20)

2
If the multiplying factor is vi Vs then the corresponding set

of equations yields

h,
b;'l X = ﬁl(Hll’h')*’l{z{H':—h') (21)
and
dh, - -h
‘§ = ]};:(Hu h") + %‘(H“ ")'
Jx (22)

The moment egquations for the macroscopic properties are
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| a
e

oo (23)
(- =]
ﬂ‘bltzf Vt ngUx ) (214-)
g
and
o
3%12,“!;:}lv:Jg-i—h“)on;(-nKuC- |
o (25)
Other macroscopic properties can be cbtained from Equations (7)
and (8).

Using the most probable velocity of individual species at the
downstream equilibrium conditions, V, = J 2 QK (T, , and the mean free
path of ion-ion collisions, (4,,), = //yz (n:@,,), , the definitions

of nondimensional guantities are introduced as follows

N SN . S
g, =, (v,

.| T = _Ter > . (W),

¥ 4 g 4 K "
(V). L7), (),

A [V‘]Z% o |"|; Nl Hm ;

E / B 4 )
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A ["’ILJ?’
KR ( Vk)a &L

Consequently, Equations (19) - (22) in nondimensional forms become

4
J . A A A
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" '

(26)

P
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0_)_:L - .:) A A .;) A _ A

1’; Jz‘ - ':l(éfuﬂgl ) + ;3.( Gr“ gt)J (27)
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K Jlﬂ ) l{‘ [ H”_h')+ ))u (Hrl H—ha ); (28)
and

Jh e s

3;( 2 = ;:'“[H,,‘ DAY (H,-h)

o ’ (29)
where,

G i, ! .

i g expl-—— Y -4y

T it T (30)

! }

and

A= T 6
Lo (31)

When the discrete ordinate method outlined in Chapter 1 is applied,

Equations (26) - (29) at the discrete points in velocity space are given as

follows
A d:- A A A A A A
v | - - -
S IC R RAAT R A ()
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A
d . A A - A A
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1ol " !
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where
: ﬁ
G . ' A A s
.= ex [— (v.-4,) 1
4 1Y [’ A J kA
4 {TT,)" T, (36)
and,
H g
S = = . ‘. v, N
ey 33 “‘n)_' Gtz ) (37)
37
Notations g, » h, , 8. , and B, represent , h , G , , and
. e Jx k2 g . w P G
Hk£ eveluated at the discrete velocity points vj , respectively.
k

The nondimensionalized flow properties can be evaluated from the

following relations:

" n
dv, =5 W =1,
wEL N K=tz (38-a)
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b L [ g s S
=W | Y d o dY% = v
T TR T W (38-b)
and
A A 2 O A A
T = — -2 4
Tx Tm: 36‘ g (‘étx jw_ + le ] JVI'K Kl d
PR A
.\._"L.[ZWS (st ix +'1‘x) _a"]
T T3 A K
5=t " y (38«c)

where WS are the weighting coefficients for the quadrature to bhe used.

If £ # k, nondimensionalization of Equations (7) and (8) gives

m (39-a)

and

K ‘ (39-b)

Boundary Conditions

In gasdynamics, the shock wave is very often treated as a discon-

tinuity. From the microscoplc point of view, the shock wave has a finite
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thickness in which the changes of flow properties vary continuously. In
order to determine the structure of a shock wave, the conditions at the
upstream and downstream equilibrium states of the shock m13t be related
through the conservation equations and the thermal equation of state.
The following relations which are derived in Appendix I are to be used
for the boundary conditions at the upstream and downstream equilibrium
states of a shock-wave structure in a fully ionized gas. With a given .

upstream Mach number Ml’

. 2
Mt'—' M +"'_'p_}
T ¢ M- .
y-r !
A (Y-0)M*+2
n), = - , (k=1 2).
(y-1)M
M), = |
L_]A.K] (V"H) MI

LM -0 T[00-mE 2 ]

Wl‘ '/z
" ) (s=1,2)

T 3

[l}')5=[a3)5[

A A Y2
(d); = [%(H’o{.HT)s] M
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vwhere, o 1s the degree of ionizaticn, and.mi is the mass of a molecule
of species 1.

After obtaining (nk)s, (uk)s, and (Tk)s,-the reduced equilibrium
distribution functions &, and H, , at both upstream and downstream

K& I
equilibrium states can be calculsted.

Computational Procedures

It was mentioned previously that when the discrete ordinate method

s hk’ Gk)t’ and

ﬁi can be replaced by a series of point functions g, , h, ’ 8. and
+ k Yk Jxk

Hj » respectively, evaluated at the discrete veloclty points vj « The
k2 k

location of these discrete welocity points depends on the quadrature to

is applied to Equations (26) - (31), then functions

> >
€.

-~

be used. Thus, instead of dealing with a system of first order partial
differential equations (Equations (26) - (29)), one solves a system of
first order ordinary differential equations (Equations (32) - (35)).

The numerical scheme which was successfully applied to the study of the
shock-structure problem in a monatomic gas by Giddens, et al. [27] and
Young [34] still can be applied in the present investigations. The

governing equations are to be rewritten in finite difference form. 1In
physical space, a central difference scheme will be used to approximate

the derivatives with respect to x in Equations (32) - (35), e.g.,

d g \
i 2 . . .

de z | 3;‘4!,3‘ ﬂ“"n‘,‘J /2‘“‘ , o=tz ’N);
z

where, i is the index for variable X in physical space. Then Equations

(32) and (33) in finite difference form become
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Similar equations can be written for Equations (34) and (35). 'Thus, four
tridiagonal coefficient matrices can be generated.

In the study of shock structure, proper choices of velocity spac-
ing have to be made in order to ensure that the profiles of the calculat-
ed distribution functions will accurately describe the actual ones.
Surficient veloccity points are needed to make c¢ertain that both ends of
the actual distribution functions are well covered. In physical space,
sufficient physical points are required so that the equilibrium states
upstream and downstream of a shock structure will bhe recoversd asymptot-
ically. TFor the present calculations the equally spaced discrete velocity

points vary from 96 for a shock Mach number of 1.1 to 240 for a shock
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Mach number of 10, As the Mach number increages, a smaller physical
spacing is used.

To initiate the iterative process, the initial values of the
macroscopic properties throughout the shock structure must be guessed.
Hyperbolic tangent forms are used for normalized number density, velocity,
and temperature profiles of ions and for rmumber density and velocity
profiles of electrons. It has been observed that at high shock Mach
numbers the hyperbolic tangent form is not a convenient approximaticn
for the temperature profile of electrons in so far as the computing time
is concerned. Therefore, the initisl values of the electron temperature
are assumed keeping in mind that with their higher thermal conductivity
electrons can be heated up earlier than heavy particles during the com-
pression process of the shock, The initial guesses are used to evaluate
all the reduced equilibrium distribution functions throughout the shock.
Systems of equations in finite difference form are solved by the tridia-
gonal matrix technique to give éi,jk and ﬁi,jk for all 1 and k at
each j. To integrate these calculated distribution functions for the
flow properties, a new equally spaced quadrature of order n = 8 is used
[35]. The spacing and the corresponding weighting coefficients of the
guadrature have to be properly selected for each case. If the newly
calculated macroscopic properties are different from the initial guessed
values, then new reduced equilibrium distribution functions can be
computed. The above procedure is repeated over and over until the
differences in flow properties at every physical point between successive
iterations is less than 0.0005. This requires about thirty iterations

for a shock Mach number of L.l and about twenty iterations for a shock
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Mach number of 10. TFor each individual shock Mach number convergence in
the regions close to the upstream and downstream equilibrium conditions

is relatively slower.

Results

The numerical solutions of the shock structure in fully ionized
argon have been obtained on the UNIVAC 1108 digital computer at the Rich
Electronic Computer Center, Georgia Institute of Technology. The results
show the direct collisional interactions between electrons and ions.
FPigure 1 gives the velocity profile of ions and electrons for Ml =1.1.
The upstream flow temperature ig set at 3 x th °K. The mumber density
of electrons of 1.5 x 1016/01113 is used at the upstream equilibrium con-
dition. The electron welocity profile is identical with the ion wvelocity
profile. 1In other words, due to the assumption of single ionization and
neglecting the charge separation of ions and electrons inside the shock,
electron-gas move together with ion-gas at the same macroscopic velocity.
The figure also shows a comparison of the present results with that of
Jaffrin and Probstein [8]. The center of the shock , f 1/1“: g, is taken
to be where the velccity of heavy particles is at the mean value of up-
stream and downstream velocities. The velocity profile of Jaffrin and
Probstein appears slightly steeper than the present result in the central
part of the shock structure. The profiles of the temperaiure and mamber
density are presented in PFigure 2. Because of the assumptions mentioned
hefore, the mumber density of electrons is equal to that of ions every-

where in the shock. The present results show that the differences between

the electron and ion temperatures are too small to be distinguished on
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the graph. Present temperature values are slightly greater than those

of Jaffrin and Probstein [8]. In general, the present results agree well
with the Navier-Stokes results of Jaffrin and Probstein [B] for the low
Mach number. It is known that the Navier-Stokes solutions give good
approximations to the shock structure at low Mach mumbers. Thus, the
applicability and consistency of the discrete ordinate method to the
nonequilibrium problems of gas mixtures is indirectly and partially
Justified. COCne of the features of the discrete ordinate method is that
this method gives the results for the distribution function throughout
the shock structure. Figure 3 shows the local distribution functions of
ions at various locations across the shock. BSince the shock is weak,

the shift of these curves is small. The local distribution functionsg of
electrons are shown in Figure 4, The shift of these curves can barely be
recognized, because the electron velocity has been normalized by its most
probable velocity. The details of the comparison of ion and electron
local distribution functions with their local Maxwellian distribution
functions are listed in Tables 1 and 2, respectively. The local distri-
bution functions of ions and electrons are indeed very close to their
local Maxwellian values., PFor ions, the absolute value of the differences
between é and 8 is everywhere in the order of ZLO'5 or less., Electrons,
as expected, are even closer to their local Maxwellian values. The
absolute value of the differences between their é and G is everywhere in
the order of 10'6 or less. Thus, for weak shocks, the electron local
Maxwellian distribution function can be considered as an approximetion to
its actual distribution function.

As the strength of the shock increases, many nonequilibrium
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Table 1. Comparison of Ion Local Distribution Functions with Local
Maxwellian Distribution Functions for Ml =1l.1, o = 1.0,

E=0

I J g &

25 38 L42578920-03 L2577669-03
L8 .82193480-01 .82192820-01
58 51331520400 .51331563+00
68 .10371330+00 10371311400
78 .67793450-03 .67792457-03

50 38 .60861120-03 69741713-03
48 .99942630-01 .99935954-01
58 . 52200310400 .52201661+00
68 .99404930.-01 99398597 -01
78 -68977080-03 .68993719-03

75 37 .11159330-02 .11159152-02
L7 .11968280+00 .11968233+00
57 .56299580+00 . 56299606+00
67 .11616040+00 ,1161601.6+00
77 .10512110-02 .10512004-02
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Table 2, Comparison of Electron Local Distribution Functions with
Tocal Maxwellian Distribution Functions for Ml =1,1,
o = 1.0, £=0
I J g &
25 28 .73526050-03 .73525507-03
38 .10792550+00 .10792531+00
L8 51247340400 .78719418-01
58 .78719550-01. L78719418-01
68 .39116290-03 .39116071-03
50 28 .89367380-03 .89341.342-03
38 11472860+Q0 .11472803+00
48 52234810400 . 52234495400
58 .84314680-01 .84317170-01
68 .48261220-03 .48255342.03
75 28 .14387390-02 1438724702
38 .13582L420+00 ,13582387+00
48 .56129310+00 .56129290+00
58 .10153550400 .10153551+00
68 . 80400680-03 .80L00983-03
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phencmensa become more obvious. The velocity profile for a shock Mach
number of 2 is showm in Pigure 5. The upstream conditions of temperature
and number density in the previous case are again used for Mach number of
2. In the low-pressure region, the present curves deviate significantiy
from the Navier-Stokes solutions of Jaffrin and Probstein [8]. In the
vieinity of the center of the shock both methods yield about the same
results. In the high-pressure region, the present results again deviate
from the results of Jaffrin and Frobstein. However, the deviation in the
high-pressure region is much smaller than that in the low-pressure region.
Pigure 6 gives the distributions of temperature and number density in the
shock structure. It is noted that the ion temperature overshoots its
downstream value., However, the electron tempersture does not overshoot
and approaches its downstream valune asymptotically. These phenomena are
similar to those which have been observed in the shock-wave structure in
binary mixtures. The present ion tempersture deviates from the results
of Jaffrin and Probstein except in the wvicinity of the center of the shock
where both methods give about the same slope. Both methods also predict
about the same value of the maximum temperature. It is observed that the
electron temperature rise precedes the ion temperature rise. Jaffrin and
Probstein [8] keep the electron temperature constant in the most signifi-
cant portion of the ion shock in their analyses. Thus, their electron
temperature profile contains points of discontinunities in slope. However,
the discrete ordinate methed gives a smocth and continuous electron temp-
erature profile as shown in Figure 6. Ion and electron distribution
functions at various locations for Ml = 2 gre presented in Figures 7 and

8 respectively. Figure 7 clearly indicates the shift of ion distribution
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functions according to the velocities of the ion-gas at the correspond-
ing locations. The detail comparisons of ion and electron actual dis-
tribution functions inside the shock with their local Maxwellian values
are listed in Tables 3 and 4, respectively. The maximum absolute value

of the differences between é and & of ions is now in the order of 1o'h.
For electrons, the maximum absolute value of the differences is of the
samne order of magnitude as that of icns. Therefore, the true distribution
functions are still close to the local Maxwellian. Figure 9 gives a
comparison between Tie and Tei‘ These curves indicate that Tkk has a
great deal of contribution to Tk .

The solutions of the shock structure at Mi = 10 have also been
cbtained, A comparison of the present velocity profile and that of
Jaffrin and Probstein is given in Figure 10. In this case, the results
pf Jaffrin and Probstein have a discontinuity in the low-pressure region
of the shock. But the present results give smooth and continuous profile.
The temperature distributions are presented in Figure 11. The maximum
fi is 1.2493313, Thus, in a fully ionized gas the overshoot of the ion
temperature increases as the shock Mach number increases. Again, the
present ion temperature agrees quantitatively with the results of Jaffrin
and Probstein in the high-pressure region. As in the previous case of
Ml = 2, they assume the electron temperature to be constant in the most
significant portion of the ion shock structure. The slope of present
electron tempersture profile is smaller than that of Jaffrin and Probstein
in most part of the low-pressure region, Figures 12 and 13 show the ion
and electron distribution functions at various locations across the shock.

All these profiles are with single peak, The profiles of downstream



Table 3. Comparison of Icn Local Distribution Functions with Local
Mexwellian Distribution Functions for MZL = 2,0, o = 1.0,

g=0

I J & @

25 ho ,10268020-05 .10271770-05
52 1s472570-01 JAshr3iohk-01
62 . 35523680+00 .35522723+00
72 Jd2426620-01 .12428868-01
82 .66232050.06 .66275545-06

50 4o .10176300-03 .64oB8862-04
50 . 35544680-01 .34885839-01
60 .31348950+00 .31353252+00
70 L6871850-01 LATLT7o66-01
80 .11970180-03 .11885540-03

75 33 .12565470-02 .12565L04-02
LYy .12692080+00 .12692051+00
5h 56351810400 .56351776+00
64 .10997T740+00 +10997749+00

7Y .94345250..03 .943k5325.03




Table L.

Comparison of Electron Local Distribution Functions with

Iocal Maxwellian Distribvution Functions for Ml = 2.0,

o=1.0,F=0

I J & ¢!

25 28 27494 880-04 26541511 -04
38 .33178820-01 +33069326-0L
L8 30754110400 -30752986+00
58 . 21250440-01 .21345752-01
68 1063805004 .11058542-04

50 28 -L4000U170-03 .38416519-03
38 .60227670-01L .59705396-01
48 .28003150+00 .28911986+00
58 43187350-01 362255101
68 .19715540.03 -20507511-03

75 28 »13769050-02 «13753560-02
38 .13535260+00 +13533854+00
L8 -56512070+00 -56511944+00
58 .10011730+00 .10013166+00
68 .75188430-03 . 75286130-03




=}

T | —7 T T
l1.2L -
.
1le
—_——
el
0.8 7
//
-l"/
e
O.4L !
| j I . | 1 1
15 -10 -5 0 5 10

unR

Figure 9. T, and T, for M, = 2.0, ¢ =1.0, E=0, § = le/&iiE-

6¢



T Y ) T T Y T T T
Present Results
_{
e — . -
— Jaffrin and Probstein [8]
— —TIons, Electrons
3.0F -
u
U
2 s.0f .
1.0
1 ! | 1 1 ] 1 \ i
-8 -6 -h -2 0 2 L 6 8 10

]

[

Figure 10, Velocity Profile for M, =10, ¢ = 1.0, £ =0, & = 10x/4;, -

2

o



1.5L

1.0}

N\

Pregent Results

0.5 | ..7/'/ Ions
/ - — — Electrons 7]
N Jaffrin and Probstein [8] -

[ —
-~ / -—_ — — Ions
or — . — Electrons
1 ! 1 ] I ] ! j L

-8 -5 -k -2 0 2 h 6 8 10

1.0

0.8

0.6

0.k

0.2

=y

™



[i1=)

0.8} { (\ -

0.6

0.5F

0.4

0.3

0.2k

0.1

-2.0 -1.0

Figure 12, Jon Distribution Functions at Various Iocations Across the Shock for Ml =10, ¢ = 1.0,
BE=0, 8= 10x/:,112. |

A



[He3

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

o
1
]
\D

10

vR>
tt

Il
O

-2

:

-2.0 -1.0 / 0 1.0 2.0
¥
X
e

Figure 13, Flectron Distribution Functions at Various Tocations Across
the Shock for M; =10, ¢ =1.0, E=0, € = 10x/&iig.

3.0

&



Bl

distribution functions are much wider than those of upstream. It is
observed that electrons reguire more wvelocity points to cover the end
points than ions do. Figure 1lb4 gives the comparison of ﬁie and @ei‘
These curves alsco indicate that Tk.k has a great deal of contribution fo
B

In view of the present results, the author believes that the
discrete ordinate method can be gpplied to other nonequilibrium rarefied
gasdynamic and plasmagasdynamic problems in two-component fluids. In
the next chapter attempts will be made to apply the discrete ordinate

method to a highly nonequilibrium problem in a three-component fluid.
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CHAPTER ITI

SHOCK-WAVE STRUCTURE IN PARTIALIY IONIZED ARGON

Introduction

As an extension of the work presented in the previous chapbter, the
shock-wave structure in partially iocnized argon is to be studied in this
chapter. Again, the discrete ordinate method is used as a tool for the
solution of the problem. Similar problems of shock-wave structure have
been previcusly treated by other authors. Grewal and Talbot [7] grouped
atoms and ions into one species, the heavy particles. It was assumed
that the shock structure of the heavy particles could be described by
the Mott-Smith solntion of a neutral monatomic gas. Then, these results
were used to obtain the solution for another species, the light particles
of electrons. It is obvious that they have actually treated the slightly
ionized argon as & two-component plasma. Jaffrin [10] applied the Navier-
Stokes equations to the problem for a wide range of Mach numbers with
various frozen degrees of ionization. Electron viscous and inertia effects
were ignored. The electron temperature inside the shock was kept constant.
However, as mentioned in Chapter II, the Navier-Stokes approach provides
accurate solutions for weak shocks. Therefore, the present results for
. weaker shocks will be compared with those obtained by Jaffrin [10] as the
experimental data are not available for comparison. Previous studies in
the problem of the shoék structure in & neutral monatomic gas indicate

that the Mott-Smith approach yield good results for high Mach numbers,.
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Thus, the present results for the strong shock will be compared with those
obtained by Grewal and Talbot [7].

Similar to Jukes [1] and Tidman [29], Grewal and Talbot [7] esti-
mated that the effects of the charge separation inside the shock-wave
structure should be small and were not included in their Investigations.
If the induced electric field due to the charge separation is neglected,
the problem of the shock-wave structure in a partially ionized plasma
with a frozen degree of ionization can be treated as if the plasma is a
mixture of three components, namely, atoms, ions, and electrons. The
resulis of this problem not only can give an ingight into the structure
of a partially ionized gas, but also can bring out some of the general

features of the shock-wave problem in a three-component mixture.

Formmlation of the Problem

The kinetic model for a binary mixture proposed by Gross and Krook
[15] can be extended to a three-component system. The resulting model
equations still satisfy the conservation equations. In the absence of
the induced electric field, the governing BBGK equations for a steady

plane shock wave of a partially ionized gas are given as follows:

‘}’cl N n, ;3

W (BRI R TR R,
%, n ) , ) oo

U"wx 7_0_:_[&'- £y ¢ - (F, - %)+ a;s”u 1), (2)

and
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ofy, n n, N
o == (Fy - ¥t —F, - f)+ —(F;- },)

( = 3 33 '3/,

Pl 0““ ) 3) G;x & @3 (3)
where the local Maxwellian distributions F, , in Equations (1) - (3) are
defined as

el one g A
=3 -_—n —— —
ST ()

ZK114

Subscripts k, £ =1, 2, 3 stand for electrons, ions, and atoms,
respectively.
n n
The g, are collision parameters. The quantities —& , —&—
T g v
n (3 | 2
and —&. have the dimensions of a frequency.
sp

The macroscopic properties can be obtained by taking the moments
of the distribution functions as mentioned in Chapter II.

It is understood that for this problem all macroscopic flow pro-
perties are functions of x alone, while the local distribution funection
is a function of =x, Vs v&, and vz.

Expressions for Qll’ Qle’ and Q22 in Chapter IL will be used again
in this chapter. The other collision cross sections depend on the gas
considered. Q33 can be obtained from the experimental data of the vis-
cosity coefficient of argon at high temperatures due to Amdur and Mason

" [36] and is given [107 as

(5)
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Experimental data for argon show that Q23 iz only a weak function

of temperature and can be considered as a constant [10], i.e.,

ST
Q,= 1q0xi0 , o

(6)

The approximate relations for QCL3 of argon from Shkarofsky, et al.

[37] are

- -4
Q,,=(-9-33'-#0‘775')(!0*1',']%/0 ,

0¥ < T, < $x16° K, (7-a)

-t cm®

- ~8__2
Q,a =z (0.3 -oss %00 4T} +osisxw T, o . ’

T, <!o+ GK_ (7-0)

Similar to Chapter II, the reduced distribution functions &> hk’
Grk ek and Hkx are defined. The macroscoplc properties can be obtained
by taking the moments of &) and hk as described in the previous chapter.

Using the most probable velocities of individual specles at the

downstream equilibrium conditions, V.= {2 g (T) , and the mean free
x K -2

path of atom-atom collisions, | Ais ), = /(" QH)‘? , the definitions

~

of nondimensional quantities x and V are introduced as follows

kL

2 X .y (4y),
4 g -
lﬁ;;),, ( V,‘)‘ kg

The other nondimensional quantities are defined as before.
Following the procedure presented in Chapter II, the nondimensional

governing equations of ék and Bk in discrete ordinate form can be obtalined.
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(8)

(9)

Ad.,..Jl— Ty

==

(12)
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A
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(s

and

where

(k)

and

(15)
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The moment equations (Equations (38-a) - (39-b) in Chapter II)

with k, £. = 1, 2, 3 can be used to calculate the flow properties,

Boundayy Conditions

The following relations which are derived in Appendix I are 1o be
used for the boundary conditions at the upstream and downstream equili-
brium states of a shock-wave structure in a partially ionized gas with a

frozen degree of ionization. With a given upstream Mach number Ml’

N 2
M:: "o £
2y .
oy M
- +2
lﬂt)|— (Y |)Mn - (K= |, o2, 3 )
tr-1) M, ’
tﬁu); = |
LS 3
(f) = (F+1) M,

TeyMP—cy-D1l(v-9M>+27 .

g - 4 Yo
l“z)s-[r%(f‘l’d)(]—)s] Ms‘ .

b By the assumption that m, = m3, then,

luZ)S ¥ l M;)S
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With these (nk)s, (uk)s’ and (Tk)s, the reduced equilibrium dis-
tribution functions, & and fi, at upstream and downstream equili-

G
Jy g et
brium states can be calculated.

Computaticnal Procednre and Results

Even though the mass difference between the neutral particle and
the ion is very small, their physical properties are very different.
Taking Q22’ Q23, and Q33, for example, it is seen immediately that there
ig no simple relations among them. From the expressions of collisions
crogs section an_ given in this chapter, one can imagine that the
collisional interactions of the present problem are complicated. It is
expected that under certain flow conditions, ion-electron interactions
will be very mach different from atom-electron interactions.

The governing equations to be solved are Equations (8) - (15).
Again, the discrete ordinate method is applied to the governing equations.
A central difference scheme is used to approximate the derivatiwes with
respect to ;c, the variable in physical space. Then, the govei'ning
equations in finite difference form are set up in such a way that the
tridiagonal matrix technique can be applied. If i 1is the index for
variable % in physical space and k 1s the index for species, Equations

{(8) - {(10) can be rewritten as follows

R
A A A 4 V. -
¥ A
(9,79, " %,)§ .« + 34 _0¢
# g 281 5, TR
v
A 1 . A
A A J
—_
4 G Y G, o+ =G
Kt X3 k3 Kz zax e,
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A '
v. v
i) A A A A A J 4
- et K
A j“_I’J‘ +( JI.K'+ L.I'.'L-‘- 1{"‘3) ﬂ - + " j‘ +
zex e vy, 28X L4, K
A A A A A
= 1{".] CTL + v, Grk' J + 1/1. GI.L »
J‘»l L& * ¥z K3 JK}
x’ﬂf Le 3, q-) e -2 5
and
J
_ 'I.; A A A A
S 4. vy, + + ¥, ) _
zaxX N'&,J M K| N'lxt’ e w3 N—!JJK
A 4 a A y
A V.
= ¥ + 4/ ; ’ 9, A
T h -y - gy Y6k
'KI L ”JKI ~ ’n. N ”Jtt N-ft’ N"'Jfg A N‘,J‘
2ax KK
'tli'r L‘:N—I

Similar equations can be written for ﬁi,jk' Thus, six tridiagonal
coefficient matrices are obtained.

Proper choices in wvelocity spacing and wvelocity points still play
an important role in obtaining accurate results. Four different fiow
cases have been investigated in this chapter. In low shock Mach number
of 2.0, 96 equally spaced discrete velocity points were used. However,
in high shock Mach number of 10,0, velocity points ﬁave been increased
to 240 in order to obtain the desired accuracy. It is still true that a
smaller physical spacing has to he used as the shock Mach number incresses,

Experiences cbtained from the study of the shock-wave structure in

a fully ionized gas give benefit to the investigations in this chapter,
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Results of the electron temperature in Chapter II can serve as a guide-
line for making initial guessed values of the electron temperature in a
partially ionized gas. For other macroscopic flow properties, hyperbolic
tangent forms are still geod and convenient for the first approximations.
The reduced equilibrium distribution funetions throughout the shock can
be evaluated by using the initial guessed values of flow propertiesn.
Then the tridiaéonal matrix technique is applied to yield the numerical
solutions for éi’jk and ﬁi,Jk of atoms, ions, and electrons throughout
the shock at each discrete velocity point. The quadrature of order n = 3
menticned in Chapter II has been used to integrate the distribution func-
tions for the flow properties. The convergent criteria of flow properties
were set at Q.0005 for every physical point between successive iterations.
The purpose of this study are not only to obitain the overall flow
properties throughout the shock-wave structure at wvarious flow conditions
but also to look intc the behavior of particles of different species. It
is one of the beauties of the discrete ordinate method which can achieve
the latter purpose without extra efforts. Unlike the interactions between
charged particles alone in the previous chapter, the present prcblem in-
volves interactions among negative charged particles, positive charged
particles, and neutral particles. It has been generally adopted in the
literature that, due to the small difference in mass, ions and neutral
particles could be grouped into one category as heavy particles in the
study of the shock-wave structure in slightly or partially ionized gases,
but, surprisingly, the present study will draw an opposite conclusion to
this agsumption.

The first case investigated in this chapter is the shock structure
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with a shock Mach number of 2.0 and a frozen degree of ionization O0.1l.
The total mumber density of neutral particles and electrons at the up-
stream equilibrium conditions is equal to ILOl5 cm"3. The upstream temp-
erature is th °K. Figure 15 gives the velocity profile for atoms., The
present results are compared with that of Jaffrin [107]. The center of

the shock, x/g aae, iz taken to be where the velocity of neutral parti-
cles is at the mean value of upstream and downstream velocities., Jaffrin's
profile is steeper than the present profile in the central portion of the
shock structure. Since the ion and electron results are different from
the values of neutral particles in the order of 10-3, their profiles are
not shown in Figure 15. Due to the assumption of single ionization and
neglecting the charge separation of ions and electrons inside the shock,
the electron velocity profile is identical with the ion wveloeity profile
gnd the number density of electrons is egqual to that of ions everywhere

in the shock., Since the difference between the number density of ions

and the number density of atoms is in the order of 10-3, only the profile
of the number density of atoms is shown in Figure 16. Present tempera-
ture profiles and Jaffrin's results [l0] are compared in Figure 16. Both
methods predict the same general trend. With their higher thermal
conductivity electrons are heated up earlier than both atoms and ions
during the compression process of the shock. However, Jaffrin’s electron
temperature profile containg two discontinuities in slope inside the

shock structure, because the electron temperature was kept constant in-
gide the shock structure of atoms in his analyses. The ion temperature

profile is not shown in Figure 16 since its deviation from the atom

temperature profile is only by an order of 10'3. However, it is worthwhile
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to point out that the ion temperature leads the atom temperature in the
upper half of the shock, then the atom temperature takes over the lead
for the lower half of the shock. Physically, this phenomenon indicates
that the electron-ion interaction is stronger than the electron-atom
interaction even though the mass difference between the ion and the atom
is so small. This phenomenon can be more obvious as the flow becomes
more nonequilibrium in high Mach number conditions. Temperatures of
atoms and ions overshoot their dowmstream values, while the electron
temperature is meonotonically increasing to its downstream value. The
local distribution functions of atoms, ions, and electrons are compared
with their local Maxwellian values and are listed in Tables 5, 6, and 7,
respectively. The maximum deviations of the local distribution functions
of thege three gpecies from their local Maxwellian values are all of the
order of 1o'h.

Figure 17 shows the velocity profile of atoms for Ml = 2.0 and
o = 0.5. The upstream conditions are the same as those in the previous
case. Ion and electron velocity profiles are not shown, because they
deviate from the atom velocity profile by only 1o'h. The atom velocity
takes the early lead until about one-fifth of a Jlaag downstream of the
center of tne shock. The present results are compared with Jaffrin's
results [10]. His profiles have steeper slopes than the present results
in the central portion of the shock structure. His ion velocity profile
undershoots the downstream value while the present ion wvelocity is mono-
tonically decreasing to the downstream value. This kind of disecrepancy
becomes more gignificant in the comparison of temperature profiles as

shown in Figure 18. According to the present results, the differences
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Table 5. Comparison of Atom Iocal Distribution Functions with
Local Maxgellian Distribution Functions for Ml = 2.0,
=01, E=0

I J & G

25 38 .68231670-06 .68L79074-06

43 .12710100-01 .12708137-01
58 .35583150+00 .355841436+00
68 .14971710-01 -14968751-01
78 .94673670-06 .94592872.06
50 38 .57233660-05 -42k66810-05
48 .21597280-0L .21365935-01
58 . 34419470400 . 34381872400
68 .L7604420-0L .17695893-01
78 .31512070-05 .29130689-05
75 32 .99181110-03 -99180639-03
Lo .11283310+00 .11.283287+00
52 - .56398610+00 »56398562+00
62 .12385800+00 12385802400
72 .11950980-02 .11950990-02




Table 6. Comparison of Ion Local Distribution Functions with Iocal
Iéla.xwellian Distribution Functions for Ml = 2.0, ¢ = 0.1,
=0

I J g a8

25 38 .68L75590-06 6811943506
L3 -12707800-01 12705643-01
58 .355843104+00 -35585655+00
68 .14969030-01 .1h966009-01
78 94596540-06 -9U512605-06

50 38 -57762360-05 4355064105
48 -21703630-01 .21486109-01
58 -34385830+00 « 34345434400
68 .17699180-01 17788043-01
78 .32805100-05 .29849378-05

75 32 .99180760-03 .99180384-03
k2 »11283300+00 .11283280+00
52 - 56398620+00 56398571+00
62 .12385790+00 12385797400
72 1195095002 .11950963-02




Table 7.

Comparisen of Electrom Iocal Distribution Functions with

Local Maxwellian Distribution Functions for Ml = 2,0,

Q=0.l,f:=0
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I J g &

25 28 751663%0-05 .88669329-05
38 .26098270-01 .26720458-01
48 +32778550+00 32587735400
58 .15600050-01 .1608L376-01
68 48159540-05 .321.2876L4-05

50 28 .31976630-03 .30944ksh_03
38 -54066630-01 -53831990-01
k8 -26955570+00 .26911645+00
58 .38601920-01 .38791.257.01
68 -15698910-03 1606829103

75 28 1404965002 240U h26.02
38 .13601200400 +13600497+00
48 . .56438030+00 -56437786+00
58 «10032940+00 -10033600+00
68 . 76370420-03 <76421 44203




c

2,2

1.8

1.h

1.0

Present Results
Atoms

Jaffrin [10]
— —fAtome

-5.0 -4.0 -3.0 -2.0 -1.0

<9



s

1.0

0.8

0.6

0.4

Present Results
Atoms

— _ _Electrons

- Jaffrin {10]
— —— Atoms
—_—.——Tons

N —. . ——Rlectrons

0 1.0 2,0

Figure 18. Temperature and Number Density Profiles for M,=2.0,

o =0.5, & =0.

3.0

€9



between ion and atom temperatures are too small to be shown in the figure.
Jaffrin's ion temperature undershoots the upstream value. However, the
present method does not predict any undershoot., Both methods predict
that the temperatures of heavy particles overshoot their downstream Lemp-
ature. It is noted that the overshoots are greater as the degree of
ionization increases. The distribution functions of atoms, ions, and
electrons at various locations across the shock are shown in Figure 19,
20, and 21, respectively. These curves are all single-peaked.

For comparison, the case studied by Grewal and Talbot [7] has been

investigated., The upstream egquilibrium conditions are n, = lOlh cm'3,

n = lO16

a Cmﬂa, T, = 3500 °K, Ta = 700 °K, and M o= 10. TFigure 22 gives

the velocity profiles of atoms and ions. The electron velcecity profile
is not shown in the figure since it is identical with the ion velocity
profile under the assumptions made inthis chapter. It is noted that due
to strong electron-ion interactions the ion wvelocity profile deviates
away from the atom velocity profile in the low pressure region of the
shock structure. However, in the high pressure region of the shock
structure, both velocity profiles tend to merge. The effects of strong
electron-ion interactions are alsoc demonstrated in Figure 23. Electrons
are heated up much earlier than ions and atoms. ITons tend to move to-
gether with électrons, hence their temperature rises earlier than the
atom temperature even the difference in mass between the ion and the atom
is negligibly small. But this early rise of the ion temperature cannot
be seen in the results of Grewal and Talbot [7], because ions and atoms
have been grouped into cne species, The electron temperatures predicted

by both methods are in good agreement, Present atom temperatures agree
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well with their results in the front portion of the shock structure.
However, in the high pressure region Reference 7 predicts a higher over-
shoot in the atom temperature.

It is significant to stress once more that the assumption of
grouping atoms and ions into one species of heayy particles can be very
misleading, although their difference in mass is so small. Figures 24
and 25 indicate the details of the physical behavior of atoms and ions
across the shock structure. Atoms and ions profiles are plotted at the
same locations for detailed comparisons. At the location of 1.5 1aa2
upstream of the center of the shock, the ion distribution function is
completely different from the atom distribution function both in height
and in width. At the center of the shock structure, the atom distribution
function appears to be double-peaked and the ion distribution function is
single-peaked. Although the areas under these two curves may not have a
great difference, yet the physical features of the curves are wvery
different. Under the influence of electrons, ions appear to be lesgs
nonequilibrium than neutral particles. It is seen that ions and atoms
move according to their own will., Electrons distribution functions at
various locations across the shock is shown in Figure 26. The degrees of
nonequilibrium of atoms, ions, and electrons are demonstrated in Tables 8,
9, and 10, respectively. It is noted that atoms are in extreme nonequili-
brium. The maximum differences #etween their local distribution function
and the corresponding local Maxwellian distribution function ig in the
order of 0.1. Table 10 shows that the maximm difference between electron
local distribution function and electron local Maxwellian distribution

function is in the order of 0.01l. Therefore the assumption of the local
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Table 8.

Comparison of Atom Local Distribution Functions with
Local Maxwellian Distribution Functions for Ml = 10,

=001, =0

Th

T I g &
25 50 .62634090-05 0
89 .34937390-03 0

120 .18381570-25 Jho1kegr2-25

152 . 36667060-0k .31057515-02

166 . 79492880+00 .69030709+00

180 .64137440-03 .330L6748-02

50 50 27721 750-0k4 L37041113-21

107 .96375680-02 -38440012-05

122 .67228150-02 .88450105-03

166 - 48133380+00 .26380547+00

187 .58843170.02 .18219716-01

205 - 54950930-0k -11515117-03

75 57. .58965260-03 -59759396-03

70 -52012660-02 - 52512006-02

838 -53521000-01 .53806543-01

132 .56591.810+00 . 56568444400

176 .52L20650-01 .52275016.-0L

19k -50778920~02 -50L18195-02




Table 9. Compsrison of Ion Local Distribution Functions with Tocal
Maxwellian Distribution Functions for Ml = 10, ¢ = 0.01,

E=0

19k

5017877002

I b 8 ¢
25 50 0 0
89 0 0

120 .19189900-33 -40905208-36

152 +29343520-03 -29310439-03

166 -81835610+00 81837324400

180 +50935930-03 .50922362-03

.50 50 4240264008 199441 32-09

107 4081926002 .28708999-02

122 .30231800-01 .28839592-01

156 .23622080+00 23491841400

187 .35165010-01 .36001551-01

205 .21528430-02 .23079199-02

75 57 .58201440-03 .58198851-03

70 51447060-02 .51445350-02

88 .53078590-0L -53077523-01

132 -56377050+00 -56377088+00

176 ,52146620..01 52146891 -01

.5017889L-02




Table 10, Comparison of Electron Local Distribution Functions with
Local Maxwgllia.n Distribution Functions for Ml = 10,
¢ =001, E=0

I J g G

25 75 .68154060-04 2355215404

90 .52502770-02 L42993646-02

105 «99919510.01 .98695710-01

120 -28505430+00 . 28491 326+00

135 +10184920+00 +10343022+00

150 -39363060-02 4721746202

50 75 .17216130-01 .13240861-01
90 -772763170-01 -59303583-01

105 »17013230+00 -14608015+00

120 - 22045910+00 -.19790058+00

135 .15797570+00 14745126400

150 6188659001 -60422050-01

75 75 L45871940-01 45769144 0L
90 +18516090+00 +1851.3044+00

105 -428211L0+00 -428L5639+00

120 - 56702060400 -56736064+00

135 -Lp960580+00 «129868L4+00

150 .18609800+00 .18635270+00
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Maxwellian distribution is definitely not adequate to be used for electrons
in thie case.
The last case 1o be included in this chapter is the one with the
= 103 °k, and n  +n, =
1 al ip
cm'3. The frozen degree of ionization is 0.1. Since this casge with

upstream equilibrium conditions Mi =10, T
1015
the effects of E field was previously investigated by Jaffrin [10] using
Navier-Stokes equations, his results can be used for comparison with the
present results. Figure 27 shows the present results for atoms. Since
ion and electron velocities are S0 close to the atom welocity, they are
not shown in the figure. The maximum difference between the ion velocity
and the agtom velccity is at the center of the shock structure and the
value is 0.0LAL721. Again, due to the assumptions made in this chapter,
the electron velocity is equal to the ion wvelocity. The results of
Jaffrin [107 are also shown in the figure for comparison. The slope of
the pregent results in the main part of the shock structure is steeper
than the Navier-Stokeg solutions of Jaffrin. His ion velocity owvershoots
the upstream value. However, the present results are continuous. A
comparison of his ion temperature and the present results 1s given in
Figure 28, Apparently his ion temperature can not approach the upstream
temperature. This difficulty may have connection with his assumption
that the electron temperature could be kept constant inside the main

part of the atom shock. Both methods predict that electrons are heated
up earlier than ions and atoms. However, the initial rise of Jaffrin's
electron temperature is sharper than the present electron temperature.

The atom and ion temperatures obtained from both approaches overshoot

their dowmstream values. The present overshoots are greater than those of
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Jaffrin. The distribution functions of atoms, ions, and electrons are
shown in Figures 29, 30 and 31, respectively. For this case, atom dis-
tribution functions look similar to ion distribution functions except in
a small region upstream of the center of the shock structure where the
atom distribution functions contain two peaks. The smaller peak of the
atom distribution function at X = - 2.0 has been magnified in order to
make it visible in the figure. In general, the case of d = 0,1 is less
nonequilibrium than the previocus case of o = 0.01. This equilibrating |
process can be due to stronger electron effects in a medium with a higher
degree of ilonization.

From the resulis shown in this chapter it is noted that the present
results for neutral particles and electrons obtained from the discrete
ordinate method are generally in fairly good agreement with the Navier-
Stokes solutions of Jaffrin [10] at the low Mach number and with the
Mott-Smith solutions of Grewal and Talbot [7] at the high Mach number.
However, it appears that the discrete ordinate method has the advantage
over the other two approacher [7, 10] in obtaining the results for ions.
The discrete ordinate method can also provide the detailed descriptions
of the behavior of individual species which can not be obtained from the
other two approaches {7, 10]. Based on the present results the E field
effects on the shock-wave structure, which was included in References [8]

and (107, may not be significant,
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CHAFTER IV

EFFECTS OF INDUCED ELECTRIC FIELD ON SHOCK-WAVE STRUCTURE

Introduction

Under the assumption that the effects of the induced electric
field are negligibly small, shock-wave structures in fully and partially‘
ionized argeon were investigated in Chapter IT and III, respectively, using
the discrete ordinate method. The assumption has been made previously by
several authors, for examples, Jukes [17] and Tidman [27] for the fully
ionized case, and Grewal and Talbot [7] for the partially ionlzed case.

Results of the discrete ordinate method reported in Chapters II
and IIT have been compared with the Navier-Stokes results of Jaffrin and
Probstein [8] for the fully ionized case, and Jaffrin [10] for the
partially ionized case. BSome discrepancy between the two approaches has
been noted, There is a possibility that the disagreement, especially
the ion comparison, could be due to the effects of the induced electric
field, which was partially taken into account in those results of
References [B] and [10].

In a nonequilibrium flow problem of an ionized gas, such as the
shock-wave structure, the charged particles in the flow can be caused to
separate and as a conseguence gn electric field can be induced. The
electric field in turn interacts with the charged particles and causes
them to accelerate or decelerate., When the acceleration or deceleration

term in the Boltzmann equation is included, a high degree of numerical
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accuracy and & large storage capacity of a computer are needed in order
to obtain meaningful sclutions.

The purpose of the present chapter is to evaluate the significance
of the effects of the induced electric field on the shock-wave structure
in an ionized gas with properties encountered in most engineering appli-
cations. However, due to the constraints of the numerical accuracy and
the capacity limitation of the available computer facility, the subject .
cah only be studied approximately. The difficulties involved will be

pointed out in detail as the study proceeds.

Formilation of the Problem

When the induced electric field is included in the analysis, the
governing BBGK equations for a steady plane shock wave in a partially

ionized gas become

Jf 3f n ,

y— +a — = — )+ —=(F, - Fy+—(F,-T)

' .)x + X, évxl 0‘;. ( Fn f|] g;z i ) 013 3 ’ (l)
M 3EY n n n

y 2 P (F-f) +—F -£,) + =2, F)

o +a(&‘;vz S E, )+ u( - 1) w, 3 2l (2)

and

ij\ N ¥l "

v 2 _ - C - _J e -

1; JX. ) J;I {F;‘ $3)+ ‘;Z-(AF;?’ ¥3)+ 6;5 [t—33 ‘?3)’ (3)

where the local Maxwellian distributions sz,in Eaquations (1) - (3) are

defined as



m %

P 5 )

27 KT,

arf'mﬂnﬂmf+€*%w }
2K Tnx (%)
Subseripts k, £ = 1, 2, 3 stand for electrons, ions, and atoms,
respectively.
a  and a_ in Equations (1) and {2) are caused by interactions of

2
the induced electric field and the charged particles. Mathematically,

e, e, d¢
BT Iy (5-a)
and
a, ﬁ E= — 3 ﬂ.—
hTom, "odo (5-b)

where E is the induced electric field, e, = - e, e is the electric charge,

1

and 82 = e,

The electrostatic potential is denoted by 4: and is governed by
Poisson's equation. For the present problem the Poisson's equation¥®
becomes

d°¢

e
oo e T, (6)

or in terms of E,
A€
dx (7)

*In this thesis bquation (6 ) or Equation (7 ) will be referred to as
Poigson's equation.

e
“—‘—6?(“;‘“.),
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where €, is the permitivity of vacuum.
Equation (1) - (6) form a complete set of the governing equations.
They have to be solved simultanecusly with appropriate boundary conditions.
The macroscopic flow properties involved in the governing equations
can be obtained by taking the moments of the distribution functions as
stated in Chapter II. The collision cross sections given in Chapters II
and IIT will be used in this chapter. The reduced distribution functions
8> hk, Gkﬂ. , and H&;L are defined as those presented in Chapter II.
In addition to the nondimensional quantities defined in Chapters II and

IIT the following nondimensional guantities are introduced

X

o 3 (L)‘x/ L= eE L

w, g, (T, »

A
X =

ﬂL)2 and I* are characteristic lengths. As examples, (L)2 can be a mean

free path, (KA and 1#* can be the Debye length, (Ap),-

kk)2’
Consequently, the nondimensicnalized governing equations and
Poisson's equation in discrete ordinate form for a singly ionized gas

become

A BA- JA, A A A ” A A A A A

A Y SN S8+ (G -+ (G -1

4% € * 3:3 - ‘)u [63“ ¢l) + .-z( 4,2 ?J.J'*' 3 Iy J.) (8)
Ja (L) JA- A A " A " N

S 4 R ST T - y .- 9. 3 -1

vj; ai + E L* J\?l - uu ( l-” .l:.] ¥ ]{t (Gjn, %2)+J‘?[G:l;; 3\})’ (9)



A . A A A A A A A A
""—"’s]} - = 3 Y, C"?J"‘} G’-'ﬁ-
Js 31 ”( TJsl 3“) T R(T"u J-‘) ?3( Ja3 "3)) (10)
A Jil (L) Jl‘ A A A A A A A
v o AT = h ] +Y ~h Y+ o (H -h
Jl Ji L* f)‘a ”fHJu l"j|] "(HJH- JJ) 3( ‘l'3 J')’ (ll)
]
Jh. f )
4 A | J 1 A A A A A A
V.. b —tt = . - .- . -k
‘Ji +E Lﬂ- J\a‘ 1')LJ(HJ“ [qJIJ +1{"(!‘I*'u LJ1)+ &3[HJ2.3 J‘)) (12)
¢ _"L S b Ve (0 =k AP (13)
V. = b Y, R A Y k. 1
531 ”(HJ.'H h"sJ " "(HJsz J3J+ ”[HJ}s AJs)) 3
and
Jé L*(LJ A A
= -4 Z1n -0, ) (11)
i 2 W) ’
where
: = ﬁx}. Y ez*r(——[—(‘a-"‘;u)‘] (15)
e (T, Tet
and
Jq —C’* qu )
16
{K)tﬁ::l)zlg JJ:I,Z,""'“-) ( )

The moment equations (Equations (38-a2) - (39-b) in Chapter II)

can be used to calculate the flow properties.



E Field and Electron Diffusion

It is noted that besides the Poisson equation different express-
iong relating the E field and flow properties are able to be obtained,
Electron diffusion due to the temperature, density, snd pressure gradients
in a mixture of electrons and heavy particles has been discussed in de-
tails by Chapman and Cowling [37]. They started with the Boltzmann
equation and neglected the effects of electron-electron collisions. When
a steady state is reached, the relative diffusion veloecity between elec-
trons and ions vanishes. In other words, in a siteady state condition,
there is no net electric current. Under this condition, Chapman and
Cowling derived an equation for the E field in termg of the electron
temperature gradient, an equivalent velocity and its gradient.

Petschek and Byron [2] have given the physics of the induction of
an electric field due to the charge separation. Under the steady state
condition ag mentioned in the previous paragraph, the Coulomb force from
the induced electric field is balanced by the pressure gradient of
electrons. As a result, they derived an equation for the E field in terms
of the electron temperature and density, and their gradients.

The method of species-momentum transfer has been given in Reference
[32]. The ion diffusion velocity is included even though the contribution
from the ion is negligible with a small Hall parameter for electrons.

The parameter is the product of the electron circular frequency of rota-
tion in a magnetic field and the electron ccllision time. It is interest-
ing to see that the equation for the total current given in Reference [32]
can be reduced immediately to the equation for the E field given by

Petschek and Byron [2] if the total current and the magnetic field are
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ignored.

Jaffrin and Probstein [8] and Jaffrin [10] used & similar approach
as that discussed by Reference [32] to formulate their basic equations. In
addition to the assumptions mentioned in Chapter I, they assume that the
net current vanished inside the shock structure. Consequently, equations

for the E field can be derived and are given in the present notations as

follows:
£ = AT -?- 444, , for a partially ionized gas, {17-a)
2 e ¢ di
and
é . Ao, 4 Ao i, -, for a fully ionized gas. (17-b)
G S ¥
H

With the assumption that the net current wvanished everywhere in
the flow, a subset of equations can be used to serve the purpose of the

study of this chapter, Instead of uwsing

A (18)
;1"/ i"“’xt (19)

. ¥
(¢, .
Jf -_'-_l— L )l (“3-14')
di 2 [/\D)
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for ﬁl, ﬁz, and £, another set of equations can be used. Equation (17-a)
will be used to obtain E for a partially ionized gas, while Equation

(17-b) for a fully ionized gas. n, is determined from Equation (19)

2
and ﬁi can be evalusted by the Poission equation
x 2
ﬁa ;1 ()\D;) 0[5-'
Lo L), di (20)

Tt is noted that ﬁl in BEguation (18) has been changed to ﬁi in

order to make a distinction from ﬁl

The subset of equations is walid of ﬁi obtained from the subset

in Equation {18).

of equations is very close to ﬁl from Equation (18). In other words,

2t

the difference hetween n, and ﬁl is very small, i.e.,

M}

o (21)

Computational Procedure and Results

The significance of the effects of the induced electric field due
to the charge separation in the shock-wave structure of ionized argon
has been investigated. The governing equations for the problem are
Equations {8) - (16). It was mentioned that Equation (17-a) or Equation
(17-b) can be used to replace the moment equation of ﬁl under the assump-
tions that the net curreni vanishes everywhere in the flow and that
Equation (21) is satisfied. The boundary conditions are the same as

those given in Chapters II and IITI., The discrete ordinate method is
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applied to obtain the soluticns. A central difference scheme is used

to approximate the derivative with respect to ﬁ, the variable in physical
space. The governing equations in finite difference form are rearranged
in order that the tridiagonal matrix technique can still be applied.
Letting i be the index for variable % in physlcal space and k be the

index for species, E vations (8) - (10) can be written as follows:

A
A A y A v A
z) +v +'jj \|K A A A
( &"I le zn;] j"*J‘ + N 33 L= vz' G-’ J‘ +.‘)2 R
K 28X 'JK. 4 ey K2 ’J‘z
S
!);'K, TZ 2 Jd '1. ~ G' Bx A z;-JA )
K3 lay 'JEK [
-Fm- K=1],2, 3 onsd t,':.ZJI
A L]
v';Iti j‘ ‘ A ;} A 4 \; A E;
- Vo + v 4o + — - Y
) \!‘IJ + % + i )3 A j - M T\
244 ! il k2 LG P YT ALY (IS S
+ ‘{'gz Gl.b + “jl Gb -BKA"JJ.
A2 k3 “dgz 3
ke Ce 34 o Mz
and
C;‘ A
K A A A A A A
- 1 +(vY 4+t ¥ =J G .
204 N1 U ”"m Mt » ’xi EN",J LY “",J"
A
v
a A N A c. A
[
v Y. - G B.A,., .
N-le H-!,J:z ”"KJ [ "ij 2o% ' JKK K N hJF- )
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where,
B: - #(L)a/ﬂi-
{31 = (L]‘ /L*br
3, =0
Aﬁ AD
g . -1
A. = 2 e hz" “'K
b.lK E‘, aV
"1 »
Ao A0
A g»‘,a‘*' - :c,J"’
At,f‘ = E.,'u X = I ‘¥“' »l-"‘ 1'31 'J'—l
2 4\’.‘
and
ALI = E,n toly jt'a.'r":
¢ L .
n\.“
g% . is the value of &, and E® is the value of £, from the
l’Jk l,jk L 1

previous iteration.

Similar equations can be written for Equations (11) - (13)}. The
spacing size in both Chapters II and YIT has been adapted in this study.
The results presented in Chapters II and ITI were used as the initial
values for iterative process. Then the tridiagonal matrix technique is
applied to obtain the mumerical solutions for éi,jk and ﬁi,jk throughout
the shock siructure at each discrete velocity point. The quadrature of
order n = 8 applied in Chapter II and III has been employed to integrate

the distribution functions for the fliow properties. The convergent

criteria are set at 0.0005 for atom and ion number densities at every
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physical point between successive iterations.

The case of N& = 2.0 and o = 0,5 presented in Chapter IIT has
been extended to include the effects of the induced electric field.
Present results of the E field are given in Figure 32 in comparison with
Jaffrin's results [10]. It is seen that the present E field is stronger
than Jaffrin's E field, Hence, the effects of the induced E field to
the shock structure according to the discrete ordinate method are greater
than those predicted by Jaffrin [107]. The present E field was obtained
through the subsel of equations as mentioned before. The maximum z;ﬁl
for this case was found to be 0.00005808. Therefore, Equation {21) is
approximately satisfied.

Some results of this case using the moment equaﬁions of ﬁl’ ﬁg,
and Poisson's equation instead of using the subset of eguations have been
obtained. However, they are not shown in this chapter because their
order of magnitude is not reasonable at all. The peak of the induced

3

alectric field ig about 10~ times higher than the value predicted by the

subset of equations. The causes to the erroneous results have been found.
Usually the acceleration terms are of order 1 at the most, then

from Equations (8) - (13) E is at the most of order L*/(L)e. In other
. L] L3 * 3

words B is of order (A D)E/(j‘aa)z at the most if I* is set to be (A‘D)E

and (L), to be (1 From Equation (14), (ﬁ2 - ﬁl) is of order

aa)z‘

[(}\DJE/Y‘Qaa)2]2 at the most. For the present investigation and Jaffrin's
A . -4 a Ay

analysis [10] (}\D)e/(laa)2 is about 10  and thus (n2 - nl) is of order

10_8 at the most. E and (ﬁ2 - ﬁl) vanish exactly at both upstream and

dowmstream equilibrium conditions.

The accuracy of least 10'8 for (i, - ﬁl) is very difficult to
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obtain in the actual numerical calculations., Thus fact is responsible
for the difficulties encountered when the moment equations of Bl and ﬁz

were coupled with Poisson's equation. A double precision routine was

applied, the accuracy of (ﬁ2 - ﬁl) increased from a range of lO-h - 10'5

2 . 10'6. Unfortunately, this range of accuracy is still far away

from the desired range of 10'8. Immediately from Equation (1) the value

to 10~

of £ will be predicted at 0(103) at least. This predicted value of &
will dominate all other terms in the Boltzmann eguation, which are expect-
ed to be of 0(1). These facts are directly connected with the large
values of B as mentioned previously and may explain to a certain extent
the findings and difficulties in the works of Greenberg, et a2l.[3] and
Greenberg and Tréve [ll-] They found that their predicted electric field
oscillated throughout the entire shock structure and had large peaks.

For Mach numbers greater than 2.19 they could not find continuous solutions.
In view of the difficulties just discussed, the results to be presented
in this chapter are cbiained using the subset of equations mentioned
before.

Figure 33 shows the velocity prefile of atoms. Ion and electron
velocity profiles are not shown, since they deviate from the atom
velocity profile by only lOdh. The present results are compared with
Jaffrin's results [10]. His profiles have steeper slopes than the present
results in the central porticn of the shock wave. His ion velocity pro-
file undershoots the downstream value while the present ion velocity is
monotonically decreasing to the downstream value. Presenlt temperature
profiles are compared with Jaffrin's results in Figure 34, The present

ion temperature is not shown in the figure because its deviation from the
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atom temperature is too small to be distinguished in the graph. Unlike
Jaffrin's ion temperature, the present results do not predict any under-
shoot. Electron temperatures obtained by both methods are fairly close
t¢ each other., Both method predict that the temperatures of heavy parti-
cles overshoot their downstream wvalue. Detailed comparisons of the
present 1 to the value of 1 without the E field effects obtained in
Chapter III are listed in Tables 11, 12, and 13 for atoms, ions, and
electrons, respectively. The differences are indeed very small. There-
fore, the effects of the induced £ field on the shock structure in this
case can be ignored.

The results with the E field effects on a shock wave at Ml = 2.0,
oL = 0.1 have been obtained using the results without the E field effects
as the initial values. The present E field is compared with Jaffrin's
results [10] in Figure 35. Both methods predict the same order of magni-
tude for the E field. However, unlike the present E field, Jaffrin's
results have two discontinuities because the electron temperature was set
to be constant inside the main portion of the shock structure. Figure 36
gives a comparison for velocity profiles, Jaffrin's profiles are steeper
than the present results 1In the central portion of the shock structure.
His results indicate that there are distinguishable differences between
his atom velocity profile and ion velocity profile, Present lon and
electron velocity profiles are not shown in the figure, because they
deviate from the values of neutral particles by only an order of 1073,
Both methods predict the same general trend in temperature profiles as
shown in Flgure 37. However, Jaffrin's electron temperature profile con-

tains two discontinuities inside the shock structure. Unlike Jaffrin's
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Table 1L, Comparison of ﬁa with E to ﬁa without E for M, = 2.0, o = 0.5

65

.68284829+00

I 4, (with ) i (without )
L5 15434200401 15434501+01
L7 15298472401 .15208733+0L
Lo 14950654401 .1L950792+01
51 -14135556+0L .14135588+01
53 .12566907+01 .12566928+01
55 ,104L3348+01 .10443365+01
I57 .86156531+00 .86156663+00
59 . 75618484400 .75618609+00
61 . 70885520+00 . 70885634400
63 .68999870+00 .68999986+00

.6828LgL8+00
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Table 12, Comparison of ﬁ& with E to ﬁi without E for M, = 2.0, ¢ = 0.5

65

68285234400

I ﬁi (with B) ﬁi(without £)
45 15433963401 .15434300+01
Ly 15297888401 15298146+01
kg .1h9kg363+01 .1holghg3401
51 14133291401 .14133323+01
53 12564573401 .1256L588+01
55 L10L42620+01 .1okh2635+01
57 .86160852+00 .86160997+00
59 . 75623212400 .75623339+00
61 . 70888005400 .70888119+00
63 69000941 +00 .69001048+00

.68285348+00
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Table 13, Comparison of ﬁe with E to ﬁe without E for M, = 2.0, ¢ = 0.5

I 4, (with £) d_(without £)
L5 .57203035-02 5720274k -02
L 5670111102 . 56697929-02
Lo .55413552-02 .5540k668-02
51 .52393525-02 .52378941-02
53 A6576119-02 U46565063-02
55 .38704118-02 .38703128-02
57 .31931321-02 .31934553-02
59 ,28026247-02 . 2802885502
61 .26272130-02 .26273462-02
63 .25573306-02 .25573888-02

65

.25308312-02

.25308568-02
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results the differences between the present ion temperature and the atom

3

temperature is in the order of 10 ~, Thus, the present ion temperature
is not shown in the figure. Detailed comparisons of {i with the E field
effects to U without the E field effects for this case are listed in
Tables 1%, 15, and 16, for atoms, ions, and electrons, respectively. It
can be concluded that for this case the effects of the induced electric
field on the shock structure can be neglecied.

The shock structure with the E field effects at Ml =10, o = 0.1
has been investigated. For this case 240 equally spaced discrete velocity
points hawve been used in order toc obtain the desired accuracy. When the
E field effects are taken info consideration, all éi’Jk and ﬁisjkhavE'mabe
stored in the computer. As a result, the storage of a computer becomes a
gserious problem. The usage of magnetic tapes is helpful. However, the
operation procedure and the function at an individusl megnetic tape can
cause many unexpected troubles., These factors are, in many occasions,
beyond the control of reseachers.

For the present case, an alternative iterative process has been
adopted in order to avoid the difficulties just mentioned. The initial

Ll

values of E, g . and & , throughout the shock structure were cbtain-
1sd11 L:dos
ed using the final results of the case of Mi =10, = 0.1 given in

Chapter I1I. PFor the first iteration Ai i and Ai j were evalunated by
3] 22

these ﬁ, & . and G, ., . Then the tridiageonal matrix technique was
1:d17 Lsdon

applied to obtain éi 4 and ﬁi 4 throughout the shock structure. These

L ve . v
newly calculsted g, . and h,
Ty glaae 1:32

and new Ai 3 with the same B. This process was repeated five times.

2

were used to obtain ion flow properties

Similar procedure was applied to electrons. Then new E was evaluated.
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Table 14, Comparison of ﬁa. with E to i without E for Ml =20, g =90.1
a

I d_ (with E) 4, (without £)
L5 .13271303+01 13271344401
b7 .132Lokko+01 .132L0491+01
L9 .13125665+01 .13125707+01
51 .12720625+01 .12720654+01
53 .11520100+01 .11520101+01
55 .92499420+00 .92499347+00
57 .71815252+00 . T1815195+00
59 .62288128+00 .62288077+00
61 .59261627+00 .59261578+00
63 .58420288+00 .58L20236+00

65 .58195303+00 .58195256+00
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Table 15. Comparison of ﬁi with E to 4, without E for M, =2.0, ¢ =0.1
I g, (with i) d, (without £)
45 .13271264+01 .13271306+01
L7 .13240311+01 .13240351+01
Lo .13125197+01 .13125238+01
51 .12719290+01 .12719321+0L
53 .11517849+01 .11517849+01
55 .92491.028+00 .92490958+00
57 .71819350+00 . 71819285400
59 .62291166+00 .62291116+00
61 . 59262697400 .59262648+00
63 . 58420608+00 .58420558+00
65 .58195393+00 -58195337+00
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Table 16, Comparison of u_ with E to u, with E for My = 2.0, o = 0.1

4, (with £)

4_(without )

L5
L7
b9
51
53
55
>7
59
61
63
65

. 49187200-02
.k9072922-02
.486L48305-02
L71hglgp 02
142699989-02
.34282311.02
.26615632-02
.23085348-02
.21963933-02
.21652193-02

.21568834-02

.149185951-02
Lh9068274 .02
L4863L750-02
.47111693-02
L42635147.02
.34269930-02
.26631175-02
.23094875-02
.21967199-02
.21653037-02

.21569090-02
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The cycle was repeated until the mentioned convergent criteria were
reached.

The results of the E field is shown in Figure 38. Jaffrin’s re-
sults [107] have been used for comparison. Both methods predict the same
order of magnitude., However, the present method does not predict any
significant drop of £ in the region close to the upstream equilibrium
conditions. Figure 32 shows the present atom velocity profile. Since
ion and electron velocities are very close to the atom velocity, they
are not shown in the figure. As examples, at the center of the shock
the atom-ion difference in velocity is 0.00L2L663 and the atom-electron
difference is 0.00891254k. Jaffrin's results are also shown in the figure
for comparison. His ion velocity inside the shock overshoots the upstream
value. Present temperature profiles and Jaffrin's profiles are compared
in Figure 4Oo. His ion temperature profile is quite different from the
present results and can not approach its upstream value. ©Some detail
comparisons of the results with the FE field effects to the results without
the E field effects are listed in Tables 17 and 18 for ions and electrons,
regpectively. Since the differences of u from both cases are too small,
thus the values of the temperature are used. The values of the atom
temperature from both cases are almost identical. Table 19 gives compari-
sons of distribution functions. The results indicate that the induced
electric field tends to egquilibrate the flow locally. However, the effects
of the induced electric field on the shock structure are very small for
this case and can be neglected.

The effects of the induced electric field on a fully ionized gas

have also been investigated. The results of ﬁ for the case of Ml = 1.1,
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Table 17, Comparison of T with E to T, without E for Ml = 1C.0,
o= 0.1 + *

I 'f'i (with E) 'f'i(without £)
b5 .49559684-01 .49559637-0L
L7 .87214503-01 .87214523.0L
ko .19483371+00 .19483390+00
51 . 45131529+00 15131531400
53 .8k273698+00 . 84273711400
55 .10812222+01 10812222401
57 .10687550+01 .10687551+01
'59 .10226515+01 .10226515+0L
61 .10062736+0L .10062736+01
63 .10018240+01 .10018241+01
65 .10005527+01 .10005527+0L




Table 18. Comparison of Te with B to ‘f‘e without E for Ml = 10.0,

o= 0.1

115

I Te (with &) Te(without £)
L5 .82928927+00 ,82028921+00
L7 . 8449900L4+00 .84499005+00
Lo . 86069526400 .860695492+00
51 . 87640906400 . 87640832400
53 .89213398+00 .89213277+00
55 90400191400 .90800105+00
57 .91200370+00 .91200320+00
-59 .92000232+00 .92000214+00
61 .928001.72+00 .92800149+00
63 .93600112+00 .93600097+00
65 .94300042+00 94300042400




Table 19. Comparison of Distribution Fanctions with £ Effect to Distribution Punctions without 2

Effect at ¥ = - 2 for M =10.0, ¢ = 0.1

J g, () &, () g, (E=0) G, (E=0)
75 .98899040-18 0 .98899680-18 0

109 .12721370-16 .53746989-38 .127214L0-16 .53737460-38
120 .20208260-26 .53475599-26 .20205500-26 .53469100-26
135 .18832370-06 .30429135-12 .18830720-06 .30427h03-12
168 .68362480+00 .67328855+00 .68362560+00 .67328925+00
185 LB7065680-03 .88289199-03 .67064590-03 .37451883-03
I g (£) G; (8) g (E=0) G, (E=0)
148 .26920310-0k .32737063-04 .26920000-04 .32736739-0L
158 .52482860-01 .54887805-01 .524827L0-01 .54887676-01
168 .662442L0+00 .65608855+00 66244280+00 .65608885+00
178 .54134210-01 .55911261-01 .54134080-01 .55911178-01
188 .28641000-0L .33969299-04 .286L0680-04 .33969015-0b
J g, (&) G, (&) &, (E=0) &, (&=0)
80 b 776970-01 AL776799-01 .14777000-01 .14776909-01
100 .87897180-01 .87897704-01 .87806900-01 .87808373-01
120 .16038130+00 .160381324+00 16037990400 .16038256+00
iko .89766110-01 .89765434-01 .89764800-01 .89766133-01
160 .15411360-01 LA5411452-01 .15411040-01

.15411572-01

91T
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ol = 1.0 are shown in Figure 41. They are in fairly good agreement

with the results of Jaffrin and Probstein [8]. TFigure L2 gives a compari-
gon for velocity profiles. The present electron velocity deviates from
the present ion velocity by an order of 10'6, thus it is not plotted in
the figure. The number density of ions 1z given in Figure 43. The mini-
mum value of (ﬁ2 - ﬁl) calculated is -1.8888282 x 1071° at 0.5 ([Bx/ﬁ i1 )

o

upstream of the center of the shock and the maximum value of (ﬁ2 - nl) is

1.8748385 x 10'12

at 0.75 (P:gffii2) downstream of the center of the
shock. Detaill comparisons of 1 with the E field effects to u without the
E field effects are given in Tables 20 and 21 for ions and electrons,
respectively. It can be concluded that for this case the effects of the
induced electric field on the shock structure are very small and can be
ignored.

The electric field for Ml = 2,0 and & = 1.0 has been obtained
and is shown in Figure Ui, The results of Jaffrin and Probstein [8] are
used for comparison. The present E values are greater than theirs in the
main portion of the shock structure. However, theilr E profiles has two
discontinuities in slope. Figure 45 shows the wvelocity profile. In the-
low-pressure region the present curve dewviates significantly from the
profile due to Jaffrin and Probstein., In the wvicinity of the center of
the shock both methods give about the same results. In the high-pressure
region the present results again deviate from the results of Jaffrin and
Probstein. However, the deviation in the high-pressure region is not as
great as that in the low-pressure region. The profiles of temperature

and number density are shown in Figure 46, The largest difference between

the electron and the ion number dengities is in an order of 10—8. The
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Table 20. Comparison of @, with E to 4, without £ ror M o= 1.1,

a= 1.0

120

4, (with £)

ﬁi(without £)

bs
b7
49
51
53
55
57
59
61
63
65

.13369631+01
.1328802h+01

.13179479+4+01

.13042480+01

.12880381+01
.12702L405+01
12522161 +01
.12353884+01
12208354401
.12090706+01

.12000775+01

.13371857+01
.13291619+01
.13183880+01
.130L6490+01
.12882361L+01
.12700940+01
12516825401
.12345486+01
.12198423+01
.12080708+01
.11991640+01




Teble 2. Comparison of & with £ to 4, without E for M = 1.1,

o= 1.0

121

&, (with E)

i (without B)

45

k9
51
53
55
57
59

63
65

.49551.601-02
Jo2491 60-02
. 488L46865-02

.48339104~02

L7738331-02
A47078721-02
- 4BU10699-02
4578703402
452Lh7669-02
LLh8116L1 .02
Lkl78331-02

.49559786-02
JLg262420-02
.488631.25-02
.48353910-02
LA77h5655-02
k707327802
46390924 -02
.45755903-02
4521.0869-02
Lh77U588-02
L7602
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present ion temperature deviates from the profile of Jaffrin and Probstein
except in the vicinity of the center of the shock where both methods yield
about the same slope. Both methods also predict about the same value of
the maximum ion temperature. Jaffrin and Probstein keep the electron
temperature constant in the main portion of the ion shock in their analyses.
Detail comparisons of W with the E field effects to u without the E field
effects are listed in Tables 22 and 23 for ions and electrons, respective-
ly. Results indicate that the effects of the induced electric field on
the shock structure is very insignificant and can be neglected.
The last case to be investigated is the one with.ML = 10 and

ol =1,0. The present electric field is compared with the results of
Jaffrin and Probstein [8] as shown in Figure 47. In the main portion of
the shock structure the profile of Jaffrin and Probstein contains a
singularity. The peak of their E profile is more negative than the pre-
sent £ profile. The present results do not give a "precursor"” electric
shock layer as they name it. The ion velocity distribution across the
shock structure is shown in Figure 48. The results of Jaffrin and Prob-
stein are used for comparison. The difference between the two profiles
are more significant in the low-pressure region of the shock than in the
high-pressure region. The present electron velocity distribution is not
shown in the figure; because 1ts deviation from the present ion velocity
profile is only by order of 10"5. The temperature distributions are
presented in Figure 49. The present method and the continuous approach
of Jaffrin and Probstein predict about the same overshoot of the ion
temperature. Thelr ion temperature profile contains a singularity in the

low.pressure region of the shock. Results from both methods de not agree



Table 22. Comparison of ﬁi with E to ﬁi without E for Ml = 2.0,

o =1.0
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I 4, (with E) i, (without B)
L5 .17638432401 .17638431+01
L7 .17320598+0L .17320599+01
Lo 16682524401 .16682525+01
51 15531191401 .15531185+01
53 .13803312+01 .13803312+01
55 .11815034+01 .11815033+0L
57 .10120834+01 .10120834+01
'59 .90092196+00 .90092197+00
61 .83993713+00 .83993709+00
63 .80972788+00 .80972788+00
65 . 79551976+00 .79551980+00




Table 23. Comparison of &_ with £ to @ without E for M = 2.0,

¢ = 1.0
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ﬁe (with E)

4, (without E)

45
b7
49
51
53
55
57
59

63
65

.65470520-02
.64396899-02
.62154058-02
. 57923244 .02
.5137U674-02
L3815974-02
-37439983-02
.33318329-02
.31080153-02
.29982L45..02
.29470526-02

.65326735-02
,6h115787-02

.61710379-02 -

.5T437766-02
.510840L48-02
.43789276-02
.37538216-02
.33ke2221-02
.31149913-02
.30020556-02
.29Lh8ghl5 02




tx 10 Y — T T y T Y y
—Present Results
0.3
Jaffrin and Probstein [8]
0.2
0‘1 =
O hl -
0.1 L ’
. 0.2} .-
E x th .
-0.3 |
i 1 L ] i i - 1 1
-6 -k -2 0 . 2 b 6 8 10
g
Figure 47. Electric Field and

Potential Distributions for M, = 10, ¢ = 1.0, § = 10x%/4y, -

2

62T


~L0x.fl

1 ] 1 I ] |} 1 ) 1
Present Results
’-I-.OL. —— Tons -
~——
— Jatfrin and Probstein [8]
~—= — Tons, Electrons
3.0 -
L
Uy
2,0l -
1.0F
1 1 1 [ 1 1 1 i 1
-8 -6 -4 -2 0 2 4 6 8 10

ua>

Figare 28, Velocity Profile with E Effect for Ml = 10.0, ¢ = 1.0, E = le/{,ii .
2

QLT



0.8

0.6

0. b

1 ¥ T T T T T T T
1.5k
l.oF
// Present Results
- ; Tons
0.5 .7//
/ — — __Electrons
7. Jaffrin and Probstein [8]
- / . e — — —Ions
o I — - —=Hlectrons
1 1 1 1 | 1 1 ] ]
-8 -6 -l -2 o . 2 b 6 8
g
Figare 49, Temperature and Number Density Profiles with & Effect for
B = 10x/2. _
ii,

10

M =10.0, ¢ = 1.0,

=

T



132

well in the low-pressure region. In general their electron femperature
rises more rapidly than the present results. They keep the electron
temperature constant in the main portion of the ion shock, thus their
electron temperature profile has two singularities. Detalled comparisons
of u with the electric field effects to 1 without the electric fiela
effects are listed in Tables 24 and 25 for ions and electrons, respective-
ly. Table 26 presents the electric field effects on distribution functions.
These results indicate that the electric field effects on this case is

very small and can be ignored.

The results presented in this chapter have demonstrated that the
discrete ordinate method can be successfully applied to obtain solutions
for BBGK eguation with the acceleration or deceleration term, It has
been observed that the induced electric field due to the charge separation
in a shock structure tends to equilibrate the flow locally. However,
these effects on the shock structure are very insignificant for all cases
investigated and can be neglected. In other words, for all cases studied,
the results obtained without the consideration of the effects of the in-
duced electric field yield very good approximations to the results with
the E field effects. It has also bheen experiences that when the E field
effects are included in fhe BBGK equation, the numerical accuracy and the
capacity limitation of the available computer facility can cause a great

deal of trouble in obtaining mumerical sclutions.



Table 2k, Comparison of ﬁi with £ to 4, without £ for

o= 1.0

M = 10.0,
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I 4, (with E) 4, (without E)
81 . 20968664+01 .20968762+01
83 .19955264+01 .1995536L+01
85 .18573647+01 .18573738+01
87 .17192036+01 .17192129+01
89 .15810482+01 .15810632+01
9l 14429080401 .144204L0+01
93 .13047846+0L .13048579+01
'95 .11666694+01 .11667878+01
97 .10284729+01 .10285565+01
99 .89027799+00 .89032834+00
101 .77131807+00 L7T7L34473+00
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Table 25, Comparison of 4 with’E to 4 without £ for M =10.0,

a =1.0
I d, (with £) a_(without E)
81 L77715964-02 . 77716468-02
83 +73959989-02 . 73960467-02
85 | .68839323-02 .68839752-02
87 .63718638-02 6371902402
89 -58597999-02 .58598334-02
91 -53477465-02 53477775-02
93 18357071-02 . 483573402
| 95 -43236771-02 13237054-02
97 .38115846-02 .38116095-02
99 .32994907-02 .32995110-02

101 .28586593-02 .28586767-02




Table 26. Comparison of Distribution Functions with B Effect to Distribution Functions without E

Effect at x/Lﬁ2 =0, for M =10.0, ¢ = 1.0

J g, (E) &, (£) g, (E=0) G, (E=0)
121 .20013820-0L .20010012-01 .19996060-0L .19992270-01
41 .136377804+00 13637378400 .13635820+00 .13635518+00
161 26103450400 . 26104315400 . 26107390400 .26108256+00
181 .14034350+00 .114034330+00 14034310400 14034287400
201 .21194690-01 .21191.855-0L .21181840-01 .21179022-0L

J g, (E) 8 (&) g (8=0) G, (& =0)

80 .28932380-01 .28934630-01 .28934750-01 .28932721-01
100 .13932880+00 .13933336+00 .13933680+00 .13202772+00
120 . 23654500+00 .23654127+00 .23654680+00 .23653839+00
140 .14157990+00 .1L4157069+00 .14157010+00 14156712400
160 .298746L0-01 .29871319-01 .29869490-01 .29869377-0L

ST


-x.fi

136

CHAPTER V

THE STRUCTURE OF THE REIAXATION ZONE OF A SHOCK WAVE

Introduction

in this chapter the discrete ordinate method will be applied to
investigate the structure of the relaxation zone which is the region be-
hind the atom-atom shock front. Kinetic model eguations will be used as
the governing equations. Similar problems have been studied by several
other authors using the continuum approach., Petschek and Byron [2]
agssumed that the eleciron-atom collisions dominate the ionization process
in the relaxation zone. The effects of atom-atom jonization, photoioni-
zation, and recombination were neglected. They found that the rate of
ionization is relatively insensitive tc the inelastic ionization cross-
sections for electron-atom collisions. Skalafuris [11] alsc showed that
the electren-atom collisions dominated the ionizing process. Thus, the
energy of excitation was not included in his analyses. Morgan and Morri-
son [9] basically followed the work of Petschek and Byron [2] and includ-
ed the rate of ionization due to atom-atom collisions in the relaxation
zone., 1t was found that the ionization mechanism was dominated by
electron-atom elastic colligions when the degree of ionization began with

10'h for 10h

°K and kept increasing with initial temperature of the re-
laxation zone.
Both atom-atom and electron-atom ccllisions and recombination were

considered by Hoffert and Lien [12]. They treated the atom-atom shock as
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a chemically frozen discontinuity. As many other authors, they assumed
that atoms and ions had the same temperature and all species moved at
the same macroscopic wvelocity. It was found that for Mach numbers less
than 20 only the front portion of the relaxation zone was affected by
different initial electron temperatures.

Initial conditions of the relaxation zone were assumed by many
authors. For examples, Truitt [6] took the initial degree of ionization
as 0.001 and Skalefuris [11] evaluated the initial conditions by shock
equations with an assigned degree of ionization. On the other hand,
Hoffert and Lien [12] determined the initial conditions by the jump con-
ditions at the downstream of a chemically frozen discontinuity. A similar
approach can be found in the study of a normal shock wave in a dissociat-
ing gas [39]. Effects of the induced electric field were not included in
these investigations.

The contributions from the E field has been found to be small by
Chubb [13]. He considered both atome-atom shock and the relaxation zone.
In the atom-atom shock a bimodal Mott-Smith velocity distribution [5] was
assumed for atoms. Ions and electrong were assumed to he in locally.
Maxwellian distributions. In the relaxation zone, all three species were
assumed to be loecally Maxwellian. He observed that for freestream Mach
number less than 20 the relaxation zone was much thicker than the atom-
atom shoek in which only a negligible degree of ionization was generated.

It has been shown in Chapter IV that the effects of the induced
electric field on the solution of the shock-wave structure are insignifi-
cant. Therefore, the E field effects will be neglected in this chapter.

It will Dbe assumed that the electron-atom collisions dominate the
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ionization process. The region in front of the relaxation zone can be
described approximately by a shock-wave structure with a frozen degree of

ionization as discussed in detail in Chapters IT through IV.

Formuilation of the Problem

Hu and Ziering [16] proposed a set of model equations for three-
component plasmas with ionizing effects. In deriving this set of equations,
the following basic assumptions are used:

(1) +the process of ionization is assumed to be dominated by the
electron-neutral collisions;
(2) the plasma is singly ionized and is composed of neutral pafticles,
ions, and electrons;
(3) the collision term in the Boltzmann eguation can be replaced by
ionizing collisions and non-ionizing collisions:
(4) the non-ionizing collisions are assumed to be elastic and can be
represented by the BGK model [1Lk];
(5) dissociation, recombination, and radiation are neglected.
If the upstream Mach mumber is low enough, the above assumptions are
reascnable, Therefore, with this reguirement in mind the model equaﬁions
due to Hu and Ziering [16] will be used in this chapter to investigate
the structure of the relaxation zone of an ionizing shock. Neglecting
the effects of the induced electric field, the governing equation for

thig problem are:
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; J¥, n n n,
:,—x—=—”—IF,,—¥.)+;:{F”-F,)+—G:S—IF,,—ﬁJ (1)
P 7, ,
* U I-SI ¥ T[EJ-E;H(U-V“)]:
J'Gj n n [y
— 4 _ ! - 3 -
X ir * 6\ tF:u ?2)'{' ?(F,A'Fz]"' 0_13 (FJS E‘z)
’ (2)
L)
G"'la 3
and
, J'Fj n, a, ,
13 ax = EI_(Fso'-'?;)'{' d}z {F;Z"F’)-'- 6}3 (F;a_-?a)
RN
T =7 Fu, (3)

where PI is the probability of ionization. The local Maxwellian distri-

bution functions Fk n in Bguations (1) -« (3) are defined as

=n { m, T2 _ (% =Ug)+ % t% ] ‘

Subseripts k, L =1, 2, 3 stand for electrons, ions, and atoms,

respectively.
n
The G}I are collisions parameters., The guantatities 4 s
1)
n N Lt
4 , and A have the dimensions of a frequency.
0y g T3

The macroscopic properties can be obtained by taking the moments
of the distribution functions as menticned in Chapter IT.

In the model equations, Equations (1) - (3), it has been assumed
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that the electron-neutral collisions dominate the ionization process and
an electron possessing kinetic energy higher than the ionization potential
of a neutral particle will ionize the neutral particle at a probability
PI during the collisions.

The last term in Equation (3) is the loss of neutral particles and
the corresponding terms in Equation (1) and (2) are the source terms of
electrons and ions, respectively.

The local Maxwellian Fi3 is given as [16]

‘ 3{2 _ 2 2 2
F :n_'(.._m'__] exlo{- EL[(VX- )ty +Va ] }
’

2WKT), 2K T, ()
where

) . Y2 F Yz -6 v
n' - : 2T

J=on, [evfe( 03 Vo)‘*z("-r'rg_) ve °° ], (8-a)

i I Fi 2 y2 .

KT, = kT, [ a0/ -2n6, v, erfe (£, %) ], (8-2)
o=

2 T (9)

and the complementary error function is defined by

2 @t
erft(7€)=ﬁ"[ e dt
F 4

Hu and Ziering [16] have assumed that the momentum of the plasma is

not changed during the ionization, thus ui3 = Uy
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The Heaviside function H(v - vb) in Equation (1) is defined as

] b for vV

H ( V"V;) =
l O for v <V,

where v is the electron speed corresponding to the icnization potential.
In Equation (1) the term with H{v - vb) is the portion of the
energetic electrons before they consume their kinetic energy to ionize

neutral partlcles while the term with ¥, represents the redistribution

13
of these energetic electrons after they have consumed their kinetic energy.
It has been assumed that during the ionizing collisions, both the ioniza-
tion and relaxation processes take place immediately. The collisicon
cross sections given in Chapters IT and IIT are to be used in this chapter.
The reduced distribution functions 8y hk’ sz_ s and HkL are defined
as those presented in Chapter II.

If Equations {1) - (3) are multiplied by unity and integrated with

respect Lo v& and vz, the following equations are obtained

d L _
R IR RCICT RPNy

/"’“’"’I“.’_ /r;fg , )
! g s +¢. _}:[ S Fy ey,

-0 ) 3

(10)

e = G )4 (6,7 8,) + (6, &)

+j [ F dudv , (1)
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and
2§ .
vts_JT’ = J“(G’h‘ gi‘) 1‘-%2(&32_}3) t %B(ﬁ-“’ 33)
[
L, T, Bty (12)

If the multiplying factor is vfr + vi, then the corresponding set of

equations yields

oh
vlu_J;(_ = 4i(H||ﬁhl)+ ZJZ{H;Z_hl)-r?{S(H's-h' ]

@ 4
/ TN
+,m.¢, (vr+ ) . F;'dvyd‘l-;
° . s Pn (13)
V F
+.[DE v ) :_”3 L F, 'ﬁsH(V'VG)]'I‘VW‘J
, b,
Ixr};{ :urxr(Hzl_h2)+’{z(sz_ht)""}*B(H”—;”'J
“ F3 t P:[rlril "I'
L o
Zay - i3
and
Sh, h —h
%, X =‘)n[Hn" 3)+%1(Hf‘-h’)+%rd” )

3 .
o " (15)

Performing integrations in Equations (10) - (15) gives
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where,
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and

43: Hf}
o @ Pn
}/“’rl“’zz) = 2 Hiv-vy Favay =/ Tl 2y
2 l-_ ' 3
g g L)
J'3.1.'-{"3'6 zﬁ:'l:,[l-f ;T

]

. T
f %< v,

The following expression for J

'3 which is derived in Appendix IIT

will be used in the governing equations:

i

I} -l n ﬂ‘
= 527665¢55/52 %00 [N E(TJJZR,T: [f+
¥

VJ

2 _ {4
: JQZﬂR
(o)
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Equations (10) - {15) become
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n_: 1/ / -
+ n, ,3I€r“ + &{,.I (G,-6G,), (17)
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(18)

(19)

(20)

(21)

(22)
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_— 3 z * . v
H;3= I (v -v) s F oYl 2 v,
- v X
[ Hye 287, [ R T g vl <y,

, :

In addition tco the nondimensional quantatities defined in Chapters
IT and IIT the following nondimensional quantatities are imtroduced

k)

(£s), ) , N
), Lz

A
~ ; n =—
r (V;): !SI ’ ' N

Consequently Equations (17) - {22) in nondimensional forms become

A )5 . A A A A A 4 A
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Equations (8-2) and (8-b) in nondimensional form give
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(30)

When the discrete ordinate method is applied, Equations (23) -

(28} at the discrete points in velocity space are given as follows

and
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E
pad T. 6. .
H. = { " 1) A if vy ;G
J A g 2 J v
13 A2 (v, ~v*)

T b [y —=—117

34 A F v ) <v.

13 T;l 3 -]

The moment equations (Equation (38-a) - (39-b) in Chapter II) can be

used to caleunlate the flow properties.

Boundary Conditions

The following Rankine-Hugoniot relations which are derived in
Appendix IT will be used for the boundary conditions at the downstreanm

equilibrium state of this problem. They are:

(37)

a4 -, n* (38)
N L X N ¢

(ota, TY (39)

S

and the expression for the degree of ionization of argon proposed by

Scheibe [LO] is
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(40)

where, p is in cm Hg and T is in °K.

By giving the upstream equilibrium conditions, Equations (37) -
(k0) are to be solved by iterative process to obtain o, |, X, D5, and
nge. To initiate the iterative process, a degree of ionization at the
downstream equilibrium conditions is assumed. Then the shock wave is
treated as if it were frozen. Thus, the Rankine-Hugoniot relations for
a frozen degree of ionization given in Appendix I can be applied to ob-

tain initial guessed values for T and n_ . From Equation (%0} 2

s Pgs
27 T2 o

new ¢, can be obtained. With this &, , & new set of T and n

Sp,
2 2 s

can be obtained from Bquations (37) - (39). The process is repeated
until convergent criteria are satisfied. For the presgent investigation

the criteria are set at 0.00l between two consecutive iterations for

both T¥ and n¥* .
2 a2

Computational Procedures

When the discrete ordinate method is applied to Equations (31) -
(36), the functions ék’ ﬁk’ GkL , and ﬁkk can be replaced by a series

of point functions é. ) h. s G, s and i, » respectively, evaluated
Y | Ik L

at the discrete velocity points ¥ A central difference scheme is used

j L
k .
to approximate the derivatives with respect to x, the variable in physi-

cal space. Then, the governing equations in finite difference form can
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be set up in such a way that the tridiagonal matrix technigue can be

applied.

If i is the index for variable ¥ in physical space and k is the

index for species, Equations (31) - (33) can be rewritten as follows

and

A
A

» A - " J‘K A o
b’z + J)z + ]Jz J ) + - . o= z}z G-z _
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A A A é ‘.(I A
+ v, + ¥V . —
¥ 2 .
K Tz K3 Thdyes 2ayx G';JKK
A, oA —
n, n, . A A 2
t -
+ G m 7 " thr ( Tz, G""' )’
2, , 3 3 13 13 3
gor K=1, 2, 3 eand v=2
; A
. ‘l-K 5 a A A \1 ~
a ey + (Y. +Y Y Y4, Y 4 d,.,, . =
2aX ')y 3] K2 k3/ %) aax et
A
A A A A
v G + V. G Y
. v, KR - PR i ﬁ'.‘ :
K} I £z Jya Y3 Dy +
NoA ) Ar A
1 A A o=
C 43 mi G_ o+ D (C‘ .
— . r ] .
4 A T, 0. v v,) v 3
n m, T3] 3 3 I "
L
b
For v=3,4,--,N-2,
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3
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where,
Cu = Cz =1,
Cy = —2
y = -
-,
Dl = l 3
and

Similar eguations can be written for ﬁi j
2
k

Proper choices of velocity spacing have to be made in order to

insure that the profiles of the calculated distribution functions will

accurately describe the actual ones. Sufficient weloclty points are
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needed to make certain that both ends of the actual distribution functions
are well covered. In physical space, sufficient physical points are re-
quired so that the equilibrium states can he recovered asymptotically.

For the calculations in this chapter, 320 discrete wvelocity points are
used.

The initial wvalues of the macroscopic properties throughout the
shock structure are needed in order to initiate the iterative process,
Since results obtained by the continuum approach are available in the
literature, they will be used as references in assuming the initial forms
for profiles of macroscopic properties. All the reduced equilibrium dis-
tribution functions throughout the shock can be evaluated with these
initial guesgses. Systems of equation in finite difference form are

N

solved by the tridiagonal matrix technique to give éi and r

h, fo

"jk 1sjk
all i and k at each j. The quadrature of order n = 8 will be used to
integrate the distribution functions for the flow properties. The con-

vergent criteria are set at 0.001 for atom and ion number densities at

every physical point between successive iterations.

Results
The first case investigated in this chapter is the struciure of the
relaxation zone of a frozen shock wave at M =10.3, T, = 300 °K, and
P = 10 mm Hg. Figure 50 gives the atom number density in the relaxation
zone a8 a function of time t, which is defined by a distance x behind a
frozen shock wave divided by the velocity of the moving shock front. In
the beginning of the relaxation zone the atom number density rises slowly

until the last cne-third of the relaxation zone. The profile of the degree
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of ioni;ation in the relaxation zone 1s shown in Figure 51. Very slight
ionization is obtained in the early part of the relaxation zone. ITon-
ization increases with time t and approaches the downstream equilibrium
value. Figure 52 gives the electron number density distribution through-
out the relaxation zone. Electrons are increased sharply in the last one-
third of the relaxation zone. 1In the early part of the relaxation zone
the energy transfer between the atom and the electron is not great, thus,
the atom temperature drops slightly as indicated in Figure 53. However,
the atom temperature decreases sharply in the rear part of the relaxation
zone as the electron-atom collisions become more intensive. On the other
hand, Figure 5.4 shows that the electron temperature increases gredually
in the early part of the relaxation zone., However, the electron tempera-
ture rises sharply in the rear one-third of the relaxation zone and
reaches a maximum value while the drop of the atom temperature is most
éignificant. Then the electron temperature decreases quickly as electrons
give up their energy for rapid increase of ionization, The ion tempera-
ture distribution is not presented since it deviates from the atom temp-
erature by an order of 10-5. The atom velocity distribution is given in
Figure 55. The greatest drop of the atom velocity in the relaxation zone
oceurs in the rear one-third of this region. The ion and electron velocity
profiles deviate from the atom velocity profile by an order of lO-LJ-.

The comparison of the present results for Ml = 10.3 to the results
of Hoffert and Lien (127 is given in Table 27. The quantity 4 as defined
by Hoffert and Lien is the location where the degree of ilonization is
equal to uzjj}'_' in the relaxation zone., The relaxation time, ¥ , in the

laboratory reference frame is defined by d divided by the velocity of the
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Figure 5L. Degree of Ionization in Relaxation Zone of Shock Wave at
M =10.3, T = 300°K, and p, =10 mn Hg .
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Table 27, Comparison of Present Resulis to Results of Hoffert and

Lien [12]
Pregent Hgfisrflgﬁd
My 8.0 10.3 10.3
Tl(OK) 450 300 300
Py (mmiig ) 1 10 10
o 1.1 x J.o'h 3.0 x 1072 0
U, (em/sec) 3.161 x 107 3.323 x 10° | 3.32 x 107
7 = /U (sec) 3.1 x 1073 2.035 x 10 | 2.75 x 107
T, (0)/T) 20.875 34.150 34.0
T2/Tl 19.075 31.750 31.7
u,/U; 0.233 0.236 0.235
2, 1.175 x 1072 9.620 x 1073 | 9.35 x 107>
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moving shock front. Table 27 indicates that the present results are in
good agreement with the results of Hoffert and Lien [12]. Both studies
predict almost the same flow properties beﬁind a frozen shock and at
the downstream equilibrium condition. The values for Ta(O) obtained from
both studies are very close. The present degree of ionization is slightly
higher than the value obtained by Hoffert and Lien [12]. The value of T
predicted by the present method is somewhat smaller than theirs. TFurther
comparisons of the present results with experimental data will be present-
ed in Figure 62, A comparison of atom local distribution functions with
local Maxwellian distribution functions in the relaxation zone is given
in Table 28. It is found that the difference between the local distri-
bution function and the local Maxwellian distribution function is every-
where of an order of 10-7 or less. Therefore, the local distribution
function can be approximated by the local Maxwellian distribution function
for the atom in the relaxation zone. Table 29 indicates that the same
conclusion can be drawn for the ion, since the difference between é and
& 1s everywhere of an order of 10-7 or less. From table 30 it is observed
that the maximum difference between the electron local distribution func-
tion and the corresponding local Maxwellian distribution is of an ordero
of lO-h. Therefore, electrons are more nonequilibrium than atoms and ions
in the relaxation zone as a result of ionizing effects.

Figure 56 gives the atom number density in the relaxation zone of a

shock wave with M, = 8.0, T. = 450 °K, and P, = 1 mm Hg. The slope of the

1
profile of the atom number density is small in the early part of the re-
laxation zone., However, the slope becomes steep in the last one-third of

this region. The curve of the degree of jonization is shown in Figure 57.
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Table 28. Comparison of Atom Local Distribution Functions with Local
Maxwellian Distribution Functions in Relaxation Zone of A
Shock at Ml = 10.3
I J g G
25 112 . 761812880-02 L7645 02
1he 17203280400 «17203279+00
172 .50053440+00 -50053471+00
202 .18820630+00 .18820599+00
232 .91L456030-02 .91455320-02
50 112 .78308990-02 . 78308685-02
142 .17488890+00 .17488888+00
172 .50148520+00 .50148588+00
202 «18Lk62910+00 .18462878+00
232 .87274970-02 .87273880-02
75 112 .80953160-02 .80952789-02
lhe . 18416070400 .18416105+00
172 .51889550+00 .51889712+00
202 .18108530+00 .181084950+00
232 .78272130-02 .7827096k-02




165

Table 29. Comparison of Ion Local Distribution Functions with Local
Maxwellian Distribution Functions in Relaxation Zone of A
Shock at Ml = 10,3
T J 3 G
25 113 46730420-03 L6730238-03
143 -58280180-02 .98280063-02
173 -26711810-01 2671179401
203 .93823500-02 .93823342.02
233 12588370-03 L42588163-03
50 112 .90566660-03 .90566352-03
1h2 .20227730-0L .20227704-0L
172 .58003680-01 .58003661-01
202 .21354730-01 .21354693-01
232 .10094010-02 .10093931-02
75 112 . 35486690-02 .35486541-02
1h2 .80730830-01 .8073075L-01
172 22747550+00 L22747546+00
c02 -79387310-01 .79387174-01
232 »34315380-02 .34315186-02
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Table 30. Comparison of Electron Local Distribution Functions with Local
Tocal Maxwellian Distribution Functions in Relaxation Zone
of A Shock at Ml = 1¢.3

I J g &

25 100 -33345880-03 »33150932-03

130 -98867630-02 -98579149-02
160 -30821160-01 .30730117-01
190 .10172020-01 .10042300-01
220 .36L02150-03 «34402655-03
50 100 - T4609000-03 .74295190-03
130 .21050960-01 .21008779-01
160 -6UlU52050-01 LBU316775-01
190 .21507310-01 21317241 -01
220 .'79322630-03 <76402879-03
75 100 - 31661230-02 »-31581170-02
130 .81055140-01 8096647201
160 .23987050+00 . 23957350+00
190 .82215360-01 .81814238-01
220 +32789270-02 -32245979-02
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Figure 56. Atom Mumber Density in Relaxation Zone of Shock Wave at M = 8.0,
T, = L50°K, and p; =1 mm Hg.
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Figure 57. Degree of Ionization in Relaxation Zone of Shock
Wave at M = 8.0, T, = 450°K, and p, =1 mm Hg.
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The profile is in general similar to the one for Mi = 10.3. The electron
number density is presented in Figure 58. 1In the beginning of the re-
laxation zone the electron number density increases slowly until the
last one-third of the relaxation zone. The atom and electron tempefature
distributions are shown in Figures 59 and 60, respectively. The energy
transfer between electrons and atoms in the early part of the relaxation
zone is not as great as that in the later part of the relaxation zone.
The ion temperature profile is not shown, since its deviation from the
atom temperature is only by an order of 10"5. The atom velocity distri-
bution throughout the relaxation zone ig given in Figure 61.

The present results for hoth Ml = 8.0 and Mi = 10.3 in terms of
P, T are compared with experimental data of Petschek and Byron [2] in
Figure 62. The comparison indicates that the present results are in
reagonable agreement with the experimental data for lower Mach numbers.
The mumber of discrete wveloecity points must be significantly increased
for higher Mach numbers in order tec obtaln accurate results, especially
for electrons. Thus, the present method will require a great deal of
computing time.

Tables 31 to 33 give compariscns of local distributicn functions
with local Maxwellian digtribution functions in relaxation zone of a
shock at Mi = 8.0 for atoms, ions, and electrons, respectively. The
differences between é and G for both atoms and ions are in an order of
10'7 or less everywhere throughout the relaxation zone. Therefore, atoms
and iong can be congidered as in local Maxwellian distributions. - However,

the difference between electron é and its G is in an order of 10-5 every-

where in the relaxation zone. Therefore, as in the case of Mi = 10.3,
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Table 31. Comparison of Atom Local Distribution Functions with Local
Maxwellian Distribution Punctions in Relaxation Zone of A
Shock at Ml = 8.0
I J g &
25 112 8152385002 81523554-02
142 .1737809C+00 .1737808L+00
172 48971200400 48971202400
202 .18243170+00 18243144400
232 .89842360-02 .89841849.02
60 112 .85681130-02 .85680850-02
1h2 18194870400 .18194854+00
172 -50346660+00 +50346680+00
202 .18153120+00 18153090400
232 .852887h0-02 .85287950-02
85 111 -68683810-02 -68683514-02
1h 18317440400 .18317432+00
171 »55402260+00 55402277400
201 -15003880400 -19003849+00
231 +73928090-02 -73927587-02
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Table 32. Comparigon of Ion Local Distribution Functions with Iocal
Maxwellian Distribution Functions in Relaxation Zone of A
Shock at Ml = 8.0
I J g ¢l
25 112 ,38281810-03 .3878L675-03
142 .81607280-02 .81607220-02
172 .22997250-01 .22997246-01
202 8567092002 .85670778-02
232 L, 42189220-03 L42188994-03
60 112 .13236530-02 .13236482-02
142 .28109170-01 .28L09132-01
172 LT7778530-01 .77778528-01
202 .2804k2070-0L .28042027-01
232 .13173470-02 .13173356-02
85 111 61594 360-02 .61504110-02
1k . 16426820+00 16426803400
171 .4968L0oLo+00 . 4o684038+00
201 ,17042430+00 17042398400

231

.66297500-02

.66297101-02
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Table 33. Comparison of Electron Local Distribution Functions with
Tocal Maxwellian Distribution Functions in Relaxation
Zome of A Shock at M, = 8.0
I J g &
25 100 .27335520-03 2732041103
130 .79214900-02 7919385602
160 .24396990-0L .24390692-01
190 -79903870-02 7981511102
220 .27888600-03 .27750734-03
60 100 «10107750-02 .10104232-02
130 .2701L4480-01 «27010330-01
160 .80963930-01 -80951058-01
190 .27218400-01 «27200771-01
220 .10273190-02 L10247217-02
85 100 -62086300-02 .62081L432-02
130 .16636040+00 .1663553L+00
160 . 49885310+00 .49883643+00
190 .16741050+00 .16738871+00
220 .62880650-02 .62855122-02
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electrons are in more nonequilibrium than atoms and ions in the relaxation
zZone.

In view of the results presented, the kinetic model equations can
be applied to the relaxation zone with moderate shock Mach numbers,
Atoms and ions are nearly in local Maxwellian distributions in the re-
laxation zone. However, electrons are more nonequilibrium than atoms
and ions due to the icnizing effects in the relaxation zone. For very
strong shocks the atom-atom collisions, which are not covered in the
present invesgtigation, can make a significant contribution to the ioniza-

tion process.
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CHAFTER VI
CONCTUSIONS

The discrete ordinate method has been applied to the solutions of
a shock~wave structure in fully or partially ilonized argon and the re-
laxation zone of a shock-wave. The effects of the electric field induced
by the charge separation on the shock-wave structure have also been in-
vestigated. The Boltzmann equations with a kinetic model type of collisions
have been employed as the governing equations. The present results have
been compared with limited experimental measurements and other theoretical
treatments, either by continuum approaches or by the Mott-Smith method.

The findings of the present investigation may be summarized as
follows:

In the shock structure of a fully ionized gas the ion temperature
can exceed their downstream value. The temperature overshoot becomes
greater as the Mach number increases. However, in a weak shock the over-
shoot of the ion tempersture was not observed. The electron temperature
follows the ion temperature very closely in a weak shock of a fully ion-
ized gas. However, for a strong shock-wave the electron temperature rise
preceeds the ion temperature during the compression process of the shock.
The overshoot of the eleciron temperature was not observed in a fully ion-
ized gas. The present results agree well with the results obtained by
the continuum appreoach for weak shocks. The discrete ordinate mefhod

gives smooth and contimiocus results for high Mach numbers. On the other
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hand the results from the continuum approach contain discontinuities in
slope.

No overshoot of upstream wvelocity has been observed in the shock
structure of a partially lonized gas with a frozen degree of ionization.
Although the three species of an ionized gas travel with approximately
the same macroscopic wvelocity, the individual distribution functions can
be wvery different and distinguishable. 1In a strong shock the atom dis-
tribution function may have double peaks, while the ion distribution
function has only one peak. The electron local Maxwellian distribution
functicon can be considered as an approximation to its actual local dis-
tribution function for wealker shocks in both partially and fully ionized
gases. RElectrons are heated up much earlier than ions and atoms in a
partially ionized gas, Because the interactions of electrons with atoms
and with lons are different in nature, the ion temperature can be different
from the atom temperature. Thus, it can be very misleading to group atoms
and ions as a single species merely on the basis of their insignificant
difference in mass. In other words, the contribution from other physical
properties can be significant. For all cases investigated no undershoot
of the upstreanm temperature has been found. The present results for
neytral particles and electrons are generally in fairly good agreement
with the continuum solutions at the low Mach number and with the Mott-Smith
solutions at the high Mach mumber, However, it appears that the discrete
ordinate method has the advantage over the Mott-Smith method and the con-
tinuum appreach in obtaining the results for ions.

The induced electric field due to the charge separation inla shock

gtructure tends to equilibrate the flow locally. However, these effects



181

on the structure of a shock-wave are very insignificant for all cases
investigated and can be neglected., Thus, the results obtained without

the conslderation of the effects of the induced electric field give very
good approximations. It has been experienced that when the E field effects
are included in the kinetic model equations, the numerical accuracy and
the capacity limitation of the available computer facility can cause a
great deal of trouble in obtaining correct solutions.

The discrete ordinate method can yield reasonable results to the
kinetic model equations for the structure of the relaxation zone if the
shock Mach rumbers are not very high. The local Maxwellian distribution
functions can be used to approximate the actual local distribution func-
tions of atoms. ions, and electrons in the relaxation zone where electrons
are not as equilibrium as atoms and icns due to the ionizing effects.

Only wvery slight ionization is generated in the early part of the relaxa-
tion zone, while most ionization occurs in the last one-third of the
region. The ion temperature is about the same as the atom temperature in
the entire relaxation zone. Both atom and ion temperatures drop sharply
in the rear part of the relaxation zone where the electron temperature
increases rapidly. The thickness of a frozen shock front is negligibly
small in comparison with the thickness of its relaxation zone for the
cases investigated.

In view of the results presented in this dissertation it is con-
cluded that the discrete ordinate method has the consistency and the flexi-

bility in dealing with plasmegasdynamic problems.
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APPENDIX I

RANKINE-HUGONIOT RELATIONS OF A NORMAL SHOCK WAVE WITH A FROZEN DEGREE OF
IONIZATION

For steady one-dimensicnal flow without the magnetic field, the

plasmagasdynamic equatiocns given in Reference [40] become

b= R T,
(1)
d fu
clfx =9
(2)
du d p 4 du
ot ) = o
dx X dx dx ’ (3)
and
dh 4 d du d . dT
U — — — — - —{—=] =
dy 3 “fl[’uude dx ’gdrj °
()
where, ? s Wy P, and.T are density, flow wvelocity, pressure, and temp-

erature of the plasma, respectively. R, _u , and & are the gas

constant, viscosity, and thermal conductivity of the plasma, respectively.

F3
h°=-Q'F +-%?-= stagnation enthalpy and Cp is the specific

heat at constent pressure.

Tntegrating Equations (2) - (%) with respect to x yields



1.8k

fu=20C, (5)
1 1‘ du |
u + -— g — = (6)
fr A =G,
and
4 du dT
uh, - — 7} -y =
fube = G pu- - § ==, -

where Cl, 02, and C3

for upstream and downstream equilibrium states where the differentiation

are integration constants. Denoting ( )l and ( )2

with respect to x vanishes, Equations {5) - (7) become

(1U),=5U),

(8)
(JUirt), = (sU™+t),, 9

and
(fVhe) = (fuUh,), . (10)

Applying Equation (8) to Equation (10), then a simpler relation

canh be cbtained, i.e.,

(h"]|:(hn)1, (lo )
~d,
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where

(h, = £(0)+ }»K—'. Crd )R (T) T, Ry T
and

”‘o),_ = ';_*(U): + -]:-/:I(l+dz)Rj(T)1+dzR9Tr ,

f is the specific heat ratic of the plasma; R. is the gas constant

3

of neutral particles; ot 1is the degree of ionization.

For a frozen degree of ionigzation,

constant.

=
It
2
L
1
%
|

Thus,

3
=,
)
]
LEY)
M
A
n

constant,

and

LR T, =al, R, T, = R, T, = constant,

Then, Equation {10) becomes

5 ( U)f-r(} (T),= flu) + G(T). . (11)

and

¥
G - P Re

It is noted that Egquations (1), (8), (9), and (11) are exactly the same
as the conservation equations for a normal shock in a perfect neutral gas.

Thus, the conventional Rankine-Hugoniot relations can be applied to an
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ionized gas with & frozen degree of ionization.

Hence,

A {e) _ 2
tf) =-T%%J = (F-0M +2

' (Pt1)M* . (12)
(1) = (r), _ (¥+1) M’
T Laemp-ilr-gml 421 (13)
()= LA o X (14)
L, 2¥mMi o (y-r)
and
Mz: M’l+ J"Z-l
: 2Y z
1 M, -1 , (15)
where,

u
the plasma Mach number = M =

JpRrT

2
and u and t are plasma velocity and plasma temperature, respectively.

The plasma density is the sum of the densities of the three species,

p=amotnm, +n0,m,
(16)

For singly ionized gases,
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If the degree of ionization is defined as
n

n,+n3

a=
2

then, Euation (16) becomes

f =0 ( L2

& . (17)

It is noted that in Equation (17) the difference between m, and

m. is ignored.

3

LN ()
booAe), (Y+1)m?® [ A 3+afm)]

For a frozen degree of ionization,
d. = dz =

then

| '1| F3
M), (r+1)m, . (18)

If & =&, , then
[n')’[(ﬂ')1+(n3)1] =[nl)z[(nl)'*{nj)l].

After simplification, one obtains

(4;) = (4,), | | (19)
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The definition of Mach number of a mixbure gives

|Vl=_l.l:'_)L

' la)
or

(Oh=tanm =for (r) ™,

A gimilar expression c¢an be written for (U)E' From the definition of

(63)1 , one obtains

( l:‘)3 ]II :jzijgfﬁl M| .

(20)

Similar expressions can be given to (ﬂl)l, (ﬁé)l’ (ﬁé)z, and (63)2. Since

R, = —&
m, ,
then,
R .
= (1+&)
R, ;
Similarly,
R
_L_= l+ 3
R, (1) o,
and
R a
Rs
Thus,
\U.]&:‘-[U,)l _';li where A =1,2



and

(Ol)g ﬁ?] 1+ o ‘/m M,
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AYPENDIX II

RANKINE-HUGONIOT REIATIONS OF AN IONIZING NORMAL SHOCK WAVE

This appendix will give the derivatlons of basic shock relations
with a degree of ionization, o , which satisfies the Saha equations.

For convenience, a different subscript system will be used.

Continuity Equation

For a mixture of three species

f Un = fa, Un,
or,

m ‘n.- - U

ulnal Ua; * l“"iﬂ"l U‘_'I"'mg’ne'Ug' = w‘qzn"lzuﬂa+ m"znttqume:.ﬂeluez )

where, subsecripts, m, a, i, and e stand for mixture, atoms, ions, and
electrons, respectively. Subscripts 1 and 2 denote upstream and down-
stream equilibrium conditions, respectively. If it is assumed that the

three species move at the same macroscopic velocity in an equilibrium

condition, then
( Malla, + M A 4 Mgt Y Ug, = (#gNg, +M: 0, +wiene, JUa, .

For a singly ionized gas,

Since m <¢¢ m, and m = m,, then
e i 3 i

(Ma, + 7)Y Us = (M, + 1) Ua, -
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To nondimensionalize the above equation, the following nondimen-

gional quantities will be introduced:

n n
* a .
o =TT

a q,

fl L.
e —&_ ut = d

- Ny ’ i 7;:%;;2_

Using these nondimensional quantities, the expression for ol of a singly

ionized gas becomes

¥
o _ a;

- 2 A

A=

and the continuity equation yields

+ * #* # #*
(r+ai)uy = (g + 0 )y

or
*,
u: - [ ’+ n"‘l ) ua*
e, T "¢,
where,
n* - A,
l'l
[ -o,
Similarly,
# o *
n. = 2 n;



* * { *
nal + ﬂl"; - Y]ﬂ
f=o, :
P+t o
! - &,
The equeation for ug becomes
) 2
P . (S
] !_d n“'

For the case that O, <4< |

Mﬁ-

u¥ = ¢, 4
a, = (1-&,) P
QZ

Thermal Eqguation of State

If the plasma is agsumed to follow the perfect gas law, then

T:(na"'nc +t N ) KT

From the definition of the degree of ionization

fle:(fl&-l-ﬂi)o(.

Substituting n, in the perfect gas law gives

p=(n+tm.) Ci+a ) KT,

At the upstream equilibrium condition, then
?l =1 Hal* Y‘t-')(f'f’O('J KT'. '

Similarly at the downstream equilibrium condition

, Or n".l“ = 0, then
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(1)
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f’z = [ﬂc‘t‘f ﬂt‘z)(’.*“Z)KTz .

Defining

-

o

-

then,

*
ij- f+d‘ qz v '
2 f+0(, {4 rf z.

After some manipulation, the following expression for the thermal equation

of state can be obtained

*‘_ I'“| !+a?_
S E T SR B Y

(2)

It (,<«<| , then

g

* i+ 04"2 * *
Pz — ﬁ;-r;
: m;

Momentum Equation

The conservation of momentum for the plasma giwves

x F )
f’I t fl lM{qf = r‘ + r: bfa’ .
When the mass of electrons is neglected in comparison with the total mass

of atoms and ions, then the above equation yields

Ma(fa + ") my (%, +1,) .

i+
i+ 10, uq' -?z-r T’, .

Substituting 12Y from the thermal equation of state and performing some
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simplification give

z -a
bt —— gt s pt a2t —
tta, 2 Pta, t-g, 2 e, (3)
If otir.«;,then
2 2 * 2
I+ 2 u*¥ = * *
Ql P2+ _ na,_{"qz
1=,

Energy Equation

The conservation of energy for the plasma gives

Lyt :
7 Y ""1.=3L°'az+|4;)
where,

h = % R, Tl ita) + AR, T,

and To is the ionization temperature. Substituting h into the energy

equation and performing some simplification yield

urt, L gt _fL * .

B vy V) ol T =g o () T v T )
where

%= Te.

If 0{,«,([ 3 then

z i
SRR —’j,md,)m;n*_
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Saha Relation

There are seversl Saha's relations available in the literature.
As an example, Scheibe [40] proposed the following expression for the

degree of ionization of argon:

o =
j p ot /82000
T% 2 2060 € 2T + |

e T g (5)

where, p is in om Hg and T is in °K. Combining E uations (1) and (4)

gives
*_ Y- I A=y ] u*z
et =0 Sl
b G4 )+ (o, ~2) T
o] (& %) T, } (6)

Similarly, substituting Equation (1) into Equation (3) yields

* 2 2 |-« {
b=t N N T
TR ' T, (7)
From thermal equation of state
i fta, -4k, P
or
by
pnt oL T4 1-%, _t_
ﬁ‘ - - ¥ .
| a‘l j“'q?- T‘l. . (8)

By given the upstream equilibrium conditions, Equations (5) - (8) have to
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be solved simmltaneously to obtain o, , TS, pg, and nz . Then from
2

the continuity equation and the definition of the degree of ionization,

u; and n? can be obtained, respectively.
2 2
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APPENDIX IIT

DERIVATION OF MEAN IONIZATIOﬁAL COLLISION FREQUENCY DUE TC ELECTRON-
ATOM COLLISIONS
The mechanism of ionization in argon by single electron impact has
been studied experimentally by Bleakney [41]. The results gave probabili-
ties of argon jonization as a function of the electron velocity. The
ionization potential for singly ionized argon was given at 15.7 electron
volts, Within the range of the electron velocities which will be con-
gidered in Chapter V, the following expression for probabilities of argon

icnization can be used

S

Po= 7.3382877¢292( % /)
Pl

Fn
-]

(1)

where, Fy is the probability due to Bleakney [417.

It is noted that has wnits of mumbers of jions per incident

Iﬁ
electron per cm path per mm pressure at 0 °C. Thus, the ionizational
collision cross-section of ¢ - a collisions in argon is given by

V‘}.
cl - !) Cmf
v, 2 4

Q

eo

165832727r75x;64(
(2)

or v .
T ‘V‘e? °

According to Sutton and Sherman [327 the collision frequency of

one electron (at v, 3 v0>>/ERaTa) with argon atoms can be approximated by
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1Jeo\ = nthea Ve- .

(3)

The number of electrons with velocities between Ve and Ve + dve
2
is h-ﬂ've fe dve. The average collision frequency of electrons at

V.3 Y, with argon atoms can be obtained as fellows

[ +]
n' - x
e IJQQI '/ l)eq["'ﬂ' Ve ‘Fe“{ve]
Y, ‘ (%)
where né is the number density of energetic electrons with Vo7 Vo Using

Equations (2) and (3) gives

Y]Q'IJ,_GI :{ naQeqv([q'TrVel'Fedve.] (5)

If it is imagined that a cloud of Maxwellian electrons were colliding with

another cloud of argon neutral particles, then

r

' ® -1l v
e ”'ear =j (263832727576 500 o, vc(Ti - )][
vﬂ

¢

w ¥, ", v,
gy, (=) -5E }

I KT, e 2KTe dVe (6)

After integration and simplification, there results

n
tha_= 5. 27645486152/ " —% 2k 7, [, ¥
: e
v‘l.
2 — ¢
v ]e. 2K Te (7)

L ZReTe]
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