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SUMMARY

Many recent breakthroughs in additive combinatorics, such as results relating to Roth’s
theorem or inverse sum set theorems, utilize a combination of Fourier analytical and phys-
ical methods. Physical methods refer to results relating to the physical space, such as
almost-periodicity results regarding convolutions. This thesis will focus on the properties
of convolutions.

Given an abelian group G and sets A C G, we study the properties of the convolution
for sum sets and difference sets, 14 x 14 and 14 x 1_4. Given x € G", we consider its
corresponding set image of the sum set, the image of f(A) := 14 14(x), and the similarly
defined set image of the difference set. We break down the study of set images into two
cases, when « is independent, and when  is an arithmetic progression. In both cases, we
provide some convexity result for the set image of both the sum set and difference set. For
the case of the arithmetic progression, we prove convexity by first showing a recurrence
relation for the distribution of the convolution.

Finally, we prove a smoothness property regarding 4-fold convolutions 1 41 4% 1 4% 1 4.
We then construct different examples to better understand possible bounds for the smooth-

ness property in the case of 2-fold convolutions 14 % 1 4.

vi



CHAPTER 1
INTRODUCTION

1.1 Preliminaries

Given subsets of a group (&, additive combinatorics is interested in understanding the ad-
ditive structure” of a set. This thesis will study the additive structure of sets through the
notion of convolutions. To understand this idea, we must first define the fundamental con-

cept of sum sets and difference sets [26].

Definition 1.1 (Sum Set and Difference Set). Let G be Abelian group. Let A, B C G.
Define the sum set

A+B:={a+b:ac Abe B}

and difference set

A—B:={a—-b:ac Abe B}.

G is referred to as the ambient group. For this thesis, all ambient groups G referenced
are abelian. The difference set is not to be confused with set difference, which is denoted

as A\ B:={a € A:a ¢ B}.Foranelement a € G, we denote

a+B:={a}+B={a+b:be B}

as the translation of B by the element a.
It is often useful to identify a set A with its corresponding characteristic function. This
will allow us to view the sum set with the lens of convolutions, and utilize Fourier analysis

techniques.

Definition 1.2 (Characteristic Function). For a set A C G, the corresponding characteristic



function is defined as

1 ifzed
la(z) =
0 ifz¢ A
In literature, 14 () is sometimes notated as A(x).

For finite abelian groups G, we may define the convolution of two functions as the

following:

Definition 1.3 (Convolution). Given functions f, g : G — C, we define the convolution of

the two functions as

= fw)gle -

yeG
Let x € G" be a sequence. For convenience, all the following will denote the same

thing:
Lax1p(x) = 14 *x 1p(21, 22, ..., 2n) = (1a* 1g(21), 14 * 1p(22), ..., 1a * 1p(2y)).

The significance of convolutions to additive combinatorics is the following [25]: Given

subsets A, B, the convolution of characteristic functions is

Ly lp(x) =) 1a)iplz—y) =[{(a,b) €Ax B:a+b=x}]. (L)

yel@

The convolution of characteristic functions is the representations of x, the number of a €
A,b € B such that a + b = z. Therefore, the support of 14 * 15(x) is exactly the sum
set A + B, and the support of 14 * 1_p(x) is exactly the difference set A — B. These two
functions will be our main object of study.

Given the function 14 % 14(-) and a fix x € G™, we may view 14 % 14(x) as a function

of A. In this case, we are interested in understanding its corresponding set image.
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Definition 1.4 (Set Image of 14 * 14(x) and 14 * 1_4(x)). Given x € G", let f1, f5 :
P(G) — Z" be defined as

fi(A) =14 x 1a(x), f2(A) := 14 % 1_4(x).

We call the image of f; the ser image of 14 * 14(), and the image of f, the set image of

Lax1_a(x).

An alternative way to view the set image is by viewing 14 *14(x) as a random variable.
Given & € G", let A be a randomly chosen subset of G, let 14 % 14(x) and 14 % 1_4(x) be
random variables. The set image of 14 x 1 4(x) and 14 % 1_4(a) is then the support of its
density function.

An important tool that we will use is the Freiman homomorphism, which allows us to

map sets to different ambient groups while maintaining their additive structure.

Definition 1.5 (Freiman Homomorphisms). Let A C G, B C G be subsets of abelian

groups Gy, G5. A Freiman homomorphism of order k is a mapping ¢ : A — B such that

ai + ... +ag =ay + ...+ a, = dlar) + ... + ¢(ax) = ¢(a}) + ... + P(ay,)

for all ay, ..., ax, al, ..., a) € A.If there exists an inverse map ¢! : B — A, which is also
a Freiman homomorphism of order k, then ¢ is called a Freiman isomomorphism of order

k, and A, B is Freiman isomomorphic of order k.

A Freiman homomorphism of order k is also conveniently refered to as a Freiman k-
homomorphism. Note that a Freiman k-homomorphism is also a Freiman homomorphism
of any order less than k. This is because if ¢ is a Frieman k-homomorphism, for any

ai, ..., a, aj, ..., a, such that

!/ !/
ar+ ...+ a1 =0a;+ ...+ ay_q,



then

ar+...+a, +0=a;+..4+a;_, +0

implies

¢(ar) + ... + ¢lar—1) + ¢(0) = ¢(a)) + ... + ¢(a;,_,) + 6(0)
d(ar) + ... + ¢lar—1) = ¢(a)) + ... + ¢(aj,_y).

Thus ¢ is a Frieman (K — 1)-homomorphism. Note that group homomorphisms, linear
transformations, or a translation by a element are all Frieman homomorphisms of arbitrary
order.

Freiman isomorphisms preserve the additive structure, thus preserve the convolution

and its set image in the following way:

Proposition 1.6 (Freiman Isomorphisms Preserve Convolution). Let ¢ : S; — S5 be a

Freiman k-isomophism, then for all z1, ...,z € S, A1, Ag, ..., A, T 51

Tayxlay . 1, x1a (21 + ... + 1)

= Lo * Lo(ag) - - Locap 1) * Loap) (O(@1) + ... 4+ o(ar)).

Proof. By Eq. (1.1),

La, %Lyl La (21 + oo+ 23)
= (a1, ...,ar) : V1 <i<k,a; € Aj,a1 + ... +ap = 1 + ... + 71 }|
= [{(oar), ... ¢lar)) : V1 < i <k, d(as) € d(Ai), Plar)+..+¢(ar) = ¢(x1)+...+ (i) H
= Lgeay) * Lo(ag) - - - Lo(a, ) * Loa (0(z1) + ... + o(2)).

]

Proposition 1.7 (Freiman Isomorphisms Preserve Set Image). Let ¢ : G — G be a Freiman

2-isomorphism that maps a group to itself. For any x +y = z € G", the set image of
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14 % 14(2) is the same as the set image of 14 x 14(é(x) + ¢(y)). If p(—g) = —é(g) for all

g € G, then the set image of 14 % 1_4(2) is the same as the set image of 14 x 1_4(¢(x) +

P(y))-

Proof. Let ¢ : G — G be a Freiman 2-isomorphism. Then, by Proposition 1.6,

Ly * 14(2) = Lygay * Loy (d(2) + 0(y)).

Since ¢ is a bijection on G, the image of

J(A) = 1g0a) * Loy (0(x) + d(y))

is equivalent to the image of

9(A) = 1% La(o(x) + H(y)).

Thus, the set images 14 * 14(2) are equal to the set image of 14 x 14(¢(x) + ¢(y)). If
b(—g) = —(g) forall g € G, then 6(— A) = —p(4), so

Lax1a(2) = Ly * Ly a)(d(x) + 0(y)) = Lya) * 1ga)(o(x) + d(y)).

As before, ¢ is a bijection on G so the set images 14 * 1_4(2) is equal to the set image of

Lax1_a(o(x) + 9(y)). O
Lastly, this thesis will utilize big O notations.

Definition 1.8 (Big O Notation). Let f, g be real valued function. We write f(z) =
O(g(x)) if there exists M, zo such that |f| < Mg(x) for all x > z,. We write f(x) =

o(g(x)) if there exists z such that forall e > 0, | f| < eg(x) forall z > x,. We write f ~ ¢

if f(x) = O(g(z)) and g(x) = O(f(x)).



In this section, we’ve provided a very abridged version of these concepts, taking only
the portions that are relevant to us. Those interested in a more comprehensive exposition
may refer to the prologue, chapter 4, and chapter 5 of [26], on which many of the notations

here are based.

1.2 Motivation - Connection to Roth’s Theorem

This thesis will focus on the properties of 14 * 14 and 14 * 1_ 4. These studies of convolu-
tions are motivated by the utility of physical methods in combination with Fourier analytic
methods in different additive combinatorics problems. Physical methods refer to ones that
do not use Fourier transforms, and instead look at the convolution or sum sets. One such

important topic is Roth’s theorem on three-term arithmetic progressions in the integers.

Theorem 1.9 (Roth’s Theorem [18]). Let 73(/V) denote the size of the largest subset of

[0, N] C Z that does not contain three-term arithmetic progressions, then

There has been considerable effort in trying to improve the upper bound of r3(V).

Roth’s original proof showed that

r3(N) = O(N/loglog N).

Heath-Brown [14] showed that there exists a constant ¢ such that the upper bound is

r3(N) = O(N/(log N)°).

Bourgain [6] then obtained

rs(N) = O(N (loglog N/log N)*/?).



The proofs above mainly utilize some adaptation of Fourier-analytic and Hardy-Littlewood
circle methods.

The first proof to show that r5(N) = N/(log N)'~°() is by Sanders [20]. The proof
utilizes the almost-periodicity result for convolutions, which was introduced by Croot and
Sisask [8]. Bloom and Sisask [2] [4], and later Schoen [23] all have bounds of the form
N/(log N)'=°() | with different improvements on the o(1). The first bound that beats the

logarithmic density is given by Bloom and Sisask [3], which gives
r3(N) = O(N/(log N)'*) (1.2)

for some constant c. The current best known bounds is given by Kelley and Meka [15] [5],
which gives

ry(N) < Necos ™™™

for some constant c.
All recent bound improvements utilize almost-periodicity results. Thus, we see the
importance of combining Fourier-analytic with physical methods in these proofs. Here we

provide one of the almost-periodicity type result utilized in [15], which comes from [24].

Theorem 1.10 (Almost-periodicity). If Ay, Ay, S C Fy are such that A; and A both have

density at least «, then there is a subspace V' of codimension
codim(V) <, (log(2/a))*

such that

[(pv * pay * pag, Ls) — (pa, * pa,, 1s)| < e

Here 14 := |A|~11, is the normalised characteristic function. Almost periodicity has
also seen utility in Sander’s work in inverse sumset theorems [21, 22].

In terms of the lower bound of r3(/N), there has been construction of large sets without
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three-term arithmetic progressions. One of such sets is the famous construction of Behrend
[1]. The construction utilizes the geometric observation that spheres contain no three points
that are collinear, and thus have no three-term arithmetic progressions. One can map a

sphere in Z" to Z with the appropriate Freiman 2-isomorphism to get the bounds of

1 N
log/* N 92v2\/logs N

7’3(N) >
Elkin [9] was able to improve the bound to

N
Vapn ., -
7"3(N) > log N 22@\/@.

Here log, denotes log base 2. The bounds here are calculated in [13]. Note that in both

1/2 ..
log N)/* for some constant c¢. Behrend’s original

cases, the bounds are of the form N/ e
construction was in 1946; the lack of improvement over 70 years suggests that this may be
close to the actual asymptotic behavior of r3(/N). Indeed, Eq. (1.2) shows that the upper
bound has a 1/11 as the exponent compared to the lower bounds 1/2.

Many of the upper bound proofs first solve analogous problems in finite fields [} before
relating it back to Z. Thus, there is interest in the bounds for r3(FF}), the size of the largest
setin IF)) that does not contain three-term arithmetic progressions. In the case of p = 3, this
is referred to as the cap set problem. The current best upper bound for 5(F%) is O(2.756™),
proved by Ellenberg and Gijswijtin [10, 27], and utilized the polynomial method developed
by Croot, Lev, and Pach in [7]. Though these polynomial methods are the best methods in
the finite field setting, they do not translate well into Z. Thus the best bounds for r3(NV)
still use Fourier-analytic and almost-periodicity ideas. The current best lower bound is
0(2.218™) given by Tyrell [28].

The examples above demonstrate convolutions as one of the key objects in solving these

problems. Now we give a brief discussion on 1 4% 1 4 to provide some intuition. Let x € G"

be fixed. Given a random set A, perhaps of some density §, what does the probability



distribution for the random variable 14 * 1 4(x) look like? Here are some intuition for the
case G = Zy, when the z;’s are random and “independent” from each other: For N odd,
% exists. For each 14 * 14(7;), if both % £ g is in A for some g € G, that contributes 2 to
14 % 14(x;). The contribution of each g is a Bernoulli random variable. Thus, the random
variable is 14 % 14(2;) = 2B(%5+, 6) + B(1, 0), where B is the binomial random variable.
Here the term B(1,0) is contributed by g = 0.

For N even, if z; is even, we also consider % + g. Thus the random variable is 14 %
1a(2;) = 2B(%—1,6%)+B(2,9). Here the term B(2, §)) is contributed by g = 0, . If z; is
odd, we consider 2! + g, 221 — g Thus, the random variable is 14 * 14(z;) = 2B(%,6%).

In each dimension, the random variable is approximately binomial. Thus if each z; is
”independent” from each other, we expect 1 4 * 1 4() to approximate a normal distribution,
with small “fluctuations” due to parity. However, these type of heuristics do not tell us
what the convolution is like at extreme points, such as sets where certain convolutions are
unusually large or unusually small. We will devote most of the thesis in trying to understand

such extreme points, as boundaries of the set image.

1.3 Overview

Now we give a quick overview of the structure of the thesis. Chapter 2 is focused on
understanding the set images of convolutions when evaluated at an ”independent” set. We
will first prove that the set image for the difference set is approximately a convex polytope,
and that each coordinate of the convolution is independent from each other. We then prove
that the exact same thing is true for sum set. We then map the result from general abelian
groups to Z and finite fields.

Chapter 3 will first establish a recurrence relation for the distribution of convolution in
the interval (0, 1, ...,n). We will use this recurrence relation to prove that for the 2 dimen-
sional case, the set image for the sum set is nearly a convex polytope. We will then prove

that for the 3 dimensional case, the set image for the difference is nearly a convex polytope.



Chapter 4 will deviate from the previous studies of set images, and consider a smooth-
ness property of 4-fold convolutions. This 4-fold convolutions result is reminiscent of some
of the results relating Roth’s theorem and inverse sum set theorems. We will then construct

some examples to better understand the bounds on these smoothness properties.
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CHAPTER 2
SET IMAGES OF CONVOLUTIONS AT INDEPENDENT SETS

In this chapter, for an additive group GG, we are interested in understanding the set image of
the random variable 14 % 1 4(x) and 14 % 1_4(x). We look at two particular cases. On one
extreme, x is an “independent” set. Here, as we are concerned with general finite abelian
groups, “independent” does not refer to linear independence, but is tangentially related. We
will rigorously define independence later. We show that for @ that is “independent,” each
dimension of the set image is also independent from one another. On the other extreme,
x is an arithmetic progression. In this case, the dimensions of & is no longer independent
from each other. This case will be handled in the next chapter.

We will first describe a lemma that allows us to map sets from a cyclic group to Z, or a
larger cyclic group, while preserving its density and relative size of convolution. By taking
sets from a smaller cyclic group and tiling Z or a bigger cyclic group, we get a new set

where the density and convolutions are roughly preserved.

Lemma 2.1 (Tiling for Sum Sets). Let N; < N,. For any A, B C Zy,, there exists a

mapping e : P(Zy,) X P(Zn,) — P([—|N2/2], [ N2/2])) such that

N.
|Gtie(A, B)| = 2—]\Z(|A| + [B]) + O(M),

N,
Vg (A.3) * Lonuam (0, ., Ny — 1) € F21A + 15(0,..., Ny — 1) + O(N,)[0, 1]
1

The same is true if you replace [— | N2 /2], | No/2]) with Zy, .

Proof. Let Ny = n-Ny+rforsomen,0 <r < Ny € Z.Letm = |n/2]—2.If m < 1, then
all convolutions and set sizes are at most Ny = O(N;), and thus the statement is trivially

true. Therefore, we may assume m > 2. Let ¢, be the canonical injection mapping from

11



Zy, t0[0,...N7) C Z. For any A C Zy;,, consider the mapping
Bute(A, B) := (8,(A) + Ny - [1,m —1]) U (6,(B) + Ny - [-m, -1]).

Let A, := ¢,(A)+N;-iforalli € [1,m—1],and B;] := ¢,(B)+N;-iforalli € [-m, —1].
Let ',V € ¢y.(A, B) be such that

a’ + b = x for some x € [0, Ny).

Note that one of a’ or I is positive and the other is negative. Assume without loss of

generality that a is positive, then o’ € A, C [iNy, (i+1)N;) for some i € [1,m). Therefore
b/ =T — (ll € ((—Z — 1)N17 (—’L + 1)N1),
sot/ € B”, , or B”,. Therefore

Lowie(4,8) * Lo, (4,8) (0., N1 — 1)

-] (2.1)
= Q(Z Ly *1p (0, Ny = 1) + Lg% 1 (0., Ny — 1)).

i=1

Forany i € [1,m — 1],
{(d',b)e Al x B, :d +b =z}

={(a,b) € Ax B: ¢,(a) + ¢,(b) = z},
{(d,b)e Alx B, ;:d +V =ux}

= {(a,b) € Ax B: ¢p(a) + ¢p(b) = x + N1 },

12



Combining the two, we have
{(d',b)e A, x (BlUB', ) :d +b =z}

= {(a,0) € Ax B : ¢p(a) + ¢,(b) = w,x + N1}
={(a,b) e Ax B:a+b=z},

Thus we have
1A; * lBLi(()’ ...,N1 - 1) + lA; * 13/71_71(0, ...,N1 — 1) = 1A * 13(0, ...,N1 — 1) (22)

Since m = n/2 + O(1) = N;/(2N;) + O(1), combining Eq. (2.1) and Eq. (2.2) gives
our desired equality. For the case of Zy,, one may map ¢ (A, B) € Z to Zy, with the

canonical quotient map. Note that
Grite(A, B) € [-mN1,mNy) C [=Ny/2 + 2Ny, Na/2 — Ni] CR,
so for any o',V € (A, B),a’ +b ¢ [0, N;) £ N,. Thus, the convolutions are the

same. O]

We may prove a similar version for difference sets. We will abuse notation and continue
to use ¢y for the case of difference set. Although the two ¢,;.’s are technically different,

they serve the exact same purpose and share similar properties.

Lemma 2.2 (Tiling for Difference Sets). Let N; < N,. For any A C Zy,, there exists a

mapping ¢ : P(Zn,) — P([0, N3)) such that

N.
[Gue(A)] = 37 14] + O(N),
1

N.
Lopie(a) ¥ 1o () (0, s Ny = 1) = ﬁle % 1-4(0, ..., Ny = 1) + O(N1)[0, 1]

13



The same is true if you replace [0, Ny) with Zy,.

Since the convolution of difference sets are translation invariant, we may replace [0, Ny)

with [¢,n + Ny) for any ¢ € Z.

Proof. Let Ny =n- Ny +rforsomen,0 <r < Ny € Z. Letm = 0. If m < 1, then all
convolutions and set sizes are at most No = O(N}), and thus the statement is trivially true.
Therefore, we may assume m > 1. Let ¢, be the canonical projection mapping from Zy;,

to Z. For any A C Zy,, consider the mapping
Gute(A) 1= (6,(4) + Ny - [0,m — 1]).
Let A, := ¢,(A) + Ny -4, forall i € [0,m — 1]. Forall @/, b € ¢;;.(A) such that
a’ — U = x for some x € [0, V).
If € A} C [iNy, (i + 1)Ny) for some i € [1,m), then
V=d —xe((i—1)N,(@i+1)N),
sob’ € A, or A,_,. Therefore

1¢>me(A) * 1*¢tize(A)(0> oy N1 — 1)

. (2.3)
= Z Lag# 140,y Ny = 1) + L 1y (0,.., Ny — 1),

=1

Forany i € [1,m — 1],
{(d,b)e Al x Al . d' —V =z}
={(a,b) e Ax A: ¢,(a) — ¢,(b) = z},
{(dV)e Al x Al | :d —b ==z}

14



={(a,b) e Ax A: ¢,(a) + ¢p(b) =z + N1 }.

Combining the two, we have

{(a" V) e Al x (A;UA,_)):d —b =ua}

={(a,b) € Ax A: ¢,(a) — ¢,(b) = z,x + Ny},
={(a,b) e AxB:a—b=uz}.

Thus we have

1A§ * 1*Al,i(07 ceey N1 - 1) + 1A; * 1,14;71(0, ceey N1 - 1) = 1A * 1_A<O, ...7N1 - 1) (24)

Since m = n — 1 = Ny /N5 + O(1), combining Eq. (2.3) and Eq. (2.4) gives our desired
equality. For the case of Z,, one may map ¢;;.(A) € Z to Zy, with the canonical quotient
map. Note that

Grie(A) C [0,mNy) C [0, Ny — Ny) C Z,

so for any @', b' € ¢y1(A),a’ = ¢ [0, N1) — Ns. Thus the convolutions are the same. [

2.1 Set Image of Independent Sets

We will consider the set image of convolutions at the “’basis” of finite abelian groups G.
This allows us to extend the results to independent vectors in [}, and analogous “indepen-

dent” points of Zy.

Definition 2.3. Let G = Zn, X ... X Zy,. Forall 1 <i < d, lete; € G be the element that

is 1 in the ¢th coordinate, and 0 everywhere else.

For the following theorems, we will utilize a slight abuse of notation. For some sub-

group G’ = Zy, X ... X Zy,, where j < i, we may also define e; € G’, the element that

15



is 1 in the ith coordinate, and 0 everywhere else. Thus, e; may refer to a element of GG, or
a element of the subgroup; the distinction should be clear through the context given in the
proof. Let C'H (-) denote the convex hull of a set, and let a—b denote the concatenation of

vectors ¢ and b.

2.1.1 Set Image for Difference Sets

We first look at the set image for difference sets. The set image of the convolution can be

defined below:

Theorem 2.4 (Set Image of Standard Basis for Difference Sets). Let G = Zn, X ... X Zy;,
be a finite abelian group. Let £ = |G|/ min; N;. Given § € [0,1], and a,...,aq €
[max (0,26 — 1), 0], there exists a set A C G such that |[A| = §|G| + O(E), and for all
1<1<d

lA * 1—A(€i) == OZZ|G| + O(E)

Moreover, let S be the set image of the random variable 1,4%1_4(eq, ..., ¢4) and let C C R4
be
C =G| CH({[0,1/2]", (1, 1,... 1)}),

then

SCCCS+I0,1% O(E).

Proof. We may express C' as

C= | |G| [max(0,20 — 1),4]".

5€(0,1]

We will first show the first half of the theorem, that there exists a set A such that for all
1<i<d,1a%x1_4(e;) = |G|+ O(E), which implies C C S + [0,1]¢ - O(E).

Without loss of generality, by swapping the Cartesian products we may assume that a;
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is less than or equal to all ;’s. We will construct A by iterating on each Zy;,. Let

tl = OélNl + O(].), tg = (25 - O./l)Nl + 0(1)

be a1 N7 and (29 — ay) Ny rounded to the nearest integer, respectively. Construct A; € Zy,
in the following way:

Al = [O,tl] U {33' € [tl,tg] . 2|l’}

This construction is valid as t; <ty < N, given by a; < 20 — a; < 1.

The size of A is

to — 1
A =t + 2

Since any two element within {x € [t;,t5] : 2|z} is at least two apart, all contribution to
the convolution 14, * 1_4, (1) is given by [0, ¢1]. The contributions at the boundaries of the
two set is O(1), thus

1A1 * 1A1(1) = a1N1 + 0(1)

Denote P, = szl Ni, and m; = min;<j<; Ni. Let A; C Zy, X ...x C Zy;,, be a set

such that

|Az| = 5P7, + O(P,/ml), and 1Ai * 1_Ai(ej) = O[j.Pi + O(R/mz)

forall 1 < j <. We construct A, in the following way: Let

_ @1 — g

t:= N1 rounded to the nearest integer

5—061

and

Ai-l—l = (Az X [0711) U {(CL + 861)/\8 ac AZ‘7S c [t + 17Ni+1 - 1]} .
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This construction is valid as a; < ;11 < 6,500 <t < 1.

By our construction, A;,; is N;,; disjoint shifted copies of A;,
|Ai1| = [Ai|Niga = (6P + O(P;/m;)) Nip1 = 6Py + O(Piyr /)

and

1Ai+1 * 1*Ai+1 (6j) = 1y, * 1*Az‘(6j)Ni+l = (ajPi + O(Pl/ml))Nerl
= a;jPiy1 + O(Piy1/mi) = Py + O(Piy1/my)

foralll < j <.
Now we consider 14,,, * 1_4,,,(€i11). A; x [0,t] is t + 1 copies of A;. Thus, the

contribution within the setto 14, , * 14, (e;41) is
t|Ai| = t(6F; + O(Py/mi)) = toF; + O(Pi1 /my). (2.5)

For {(a + se;)"s:a € A;,;s € [t +1, N;i; — 1]}, all contributions to the convolution

of ;41 are of the form (a + se;) s, (a + se;) " (s + 1). We have

(a+se) (s+1)=(a—e+(s+1)eg) (s+ 1),

thus for each s € [t + 1, N; 41 — 2], a contributes to 14,,, ¥ 1_4, ,(e;41) if a,a — e; € A;.
As mentioned, all A;’s are shifted copies of A;_ 1, and thus shifted copies of A;. We may

express

Ai: U(A1+Sb) Xb,

beB

where B C Zy, X ... X Zy,, and s, is some shifting constant for each b € B. For each
b, there are 14, * 14,(1) = oy Ny + O(1) such a,a — e; € (A; + sp) X b. From our

construction, we have |B| = P;/N;. Thus the contribution for each s € [t, N;y; — 2| to
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1Ai+1 * 1—Ai+1<ei+1) is
(a1N1+O0(1)) - |[B| = au B + O(F;/my).
The contribution for the interval [¢, V;; — 2] is then

(Niy1 —t —1)(a1 P, + O(P;/m;)) = oq Piy1 — ton Py — oq Py + O(Pgq /)
(2.6)
= a1 Pp1 —tan Py + O(Piy1 /mig).

The contribution given by where the two sets meet, s = N — 1 and A; x {t — 1}, is

O(]4;|) = O(FP;) which is O(P;;1/m;41). Thus, the total contribution of the two sets given

by Eq. (2.6) and Eq. (2.5) is
Lag ¥ 14, (€i41) = 6tP + oq Py — tan Py + O(Pigy /miga)
a; — a; —
= (5t a - ———Lay | P+ O(Piyr /mi1) = @it P +O(Piyy fmigs),
0 — (0751 0 — (0%}
our desired size for the convolution. Setting A := A, completes our construction.

Since for all § € [0, 1], ay, ..., aq € [max(0,25 — 1), 0] there exists a set A such that

Iax1_a(e;) = |G|+ O(E) forall 1 <i < d, we have
CCS+10,1%0E).

Now we show the second part of the theorem, S C C. We show that for all A C G,
if |A] = §|G|, then for all 1 < ¢ < d, 14 % 1_a(e;) = ;|G| for some ay,...,aq €
[max (0,26 — 1), 4].

First consider the one dimensional case. Let A C Zy, and let § := |A|/N. We would
like to consider the upper and lower bound of o := 14 * 1_4(1)/N. For any a € A to

contribute to the convolution, we need ¢ — 1 or ¢ + 1 € A. Therefore, for A to maximize
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«, A needs to be a continuous interval. Thus

If A is the empty set or the whole set, then we have

14%1_4(1) = 6N, if 6 =0, 1.

Now we consider the minimum of «. For any set A, consider the following process:
Start with the whole group Zy, then remove each element in A” one by one. For each
x € A® removed, if both z — 1,z + 1 have not been removed, the convolution decreases
by 2. If one has been removed, then the convolution decreases by 1. If both have been
removed, the convolution does not change. Thus, each step the convolution decreases by at

most 2, and we have

Therefore, we’ve shown in the 1 dimensional case that

max (0,26 — 1)N < 14 x1_4(1) < 8N,

SO

max (0,20 — 1) < a < 4. 2.7)

Now we consider the general d dimension case. Given A C G, let

6 :=|A|/|G], 0 :=1a % 1_4(e;)/|G| forall 1 <i < n.

For any «;, we may swap the first and 7th coordinate and look at «; instead. Thus without
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loss of generality, we consider «;. For all x € Zy, X ... X Zy,, define
A" :={a € Zy, :a"x € A}.

Define
Oégln = ].Aw * 1_Aw(a)/N175x = |14x|/]\]1

Since each A* C Zy,, by the bounds in one dimension Eq. (2.7), we have for all x €

Ly,

, X ... X Zn,

max(0,20° — 1) < af < §”. (2.8)

Note that A* corresponds to a partition of A, so

S wl= Y eeZyia e} =4

ZGZNQXA..XZNd ZGZNzx...XZNd

dividing everything by |G| gives

>, IN/IGI=9 2.9)

CCEZNQ X -~-><ZNd
Note that for any a "z, (a+1)"z € A that contribute to the convolution at ey, a,a+1 €
A?*. Thus, to calculate oy, we simply have to sum the contribution to the convolution for

each A~.

1A*1—A(61): Z ]_Az*l_Az(].)

CEGZNQ X...XZNd

a= Y  afN/[G

‘TEZNQX'“XZNd

and by Eq. (2.8) and Eq. (2.9),

max(0,26 — 1) = max | 0, > 2°Ny/IGI | -1

JJEZNQ X...XZNd

21



=max [0, ) 20"Ny/|G| - M/|G|

IEZNQX‘..XZNd

= Ny /|G| max | 0, Z 20" —1

xEZNZX...XZNd

<NJIGE YT max(0,20° 1) < NyY/IG] Y af=a

CE€Zny X... XL, CE€Zny X... XL,
and
= ). oNJ/IGI< > NG =6
@E€Ln, X... XLy, @E€Lny X... XLy,
Therefore for all «;, we have «; € [max(0,25 —1),4],and S C C. ]

Remark. Note that by our construction, we actually have |A| = §|G|+ O(|G|/N,,), where

m = arg min;(aqy).

2.1.2  Set Image for Sum Sets

The same statements made about the set image of difference sets can be said about sum
sets. The construction for sum sets is similar to the construction in difference sets but with
some “mirroring”’. There are also technical differences in the inductive step that one needs

to be careful of.

Theorem 2.5 (Set Image of Standard Basis for Sum Sets). Theorem 2.4 is also true if you

replace 14 % 1_4 with 14 % 14.

Proof. We will follow a similar structure for the proof of Theorem 2.4, with adjustment to
the construction of A; and the inductive step. Without loss of generality, by swapping the

Cartesian products we may assume that a; < as < ... < a,. Let

tl = a1N1/2 + O(]_),tg = (5 - (11/2)N1 + O(]_)

be a3 N1/2 and (§ — a1 /2) N7 rounded to the nearest integer, respectively. Construct A; €
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Zy;, to be the interval A; := [—ty, t5]. This construction is valid as ¢, t; < N/2, given by
aq, 20 — (05} < 1.

The size of A is
A1 =t +t2+O(1) = (a1/2+ 5 —ay/2)N; + O(1) = §N; + O(1).
Now we consider the set of elements in A; that sum to —1,0, 1. Since
(0 —ai/2)Ny > 0Ny /2 > a1 N, /2,

we have to > t; and [—t;,t;] € A. For —1, all elements of [—t;,¢; — 1], contribute
to 14, * 14,(—1). For 0, all elements of [—t;,¢;], contribute to 14, * 14,(0). For 1, all

elements of [—¢y,t; + 1], contribute to 14, * 14, (1). Thus we have

1A1 * lAl(—l), 1A1 * 1A1(0)7 1A1 * 1A1(1> = 2t1 + O(l) = OélNl + O(l)

Denote P, = Hi::l Ni, and m; = miny<;<; Ni. Let A; C Zy, X ...x C Z, be a set
such that

|A;| = 0P, + O(P;/m;)

and

1141‘ * 1141'(_6]')7 ]‘Ai * ]‘Ai(ej) = ajf)i + O(PZ/ml)
1Az‘ * 1Ai(0) = o; P + O(Pl/ml)
for all 1 < 5 <. We will construct A;; in the following way: Let

Qi) — oy
= %Niﬂ rounded to the nearest even number
— Q4

Ay = (A x [-t/24+ 1,0]) U (A; x [1, Niy1 — t/2]).
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This construction is valid since a; < ;41 < 6,500 <t < 1.

As AiJrl 18 Ni+1 copies of _Az and Ai7
|Ai1| = |Ai| Nig1 = (6P, + O(Pi/m;)) Niy1 = 0Py + O(Pyyy /miyr).
For —A;,

1_Ai * 1—Ai(6j) = 1Ai * 1Ai<_€j) = OCJ'R + O(R/ml)
(2.10)
Log, *1_a,(—e;) = 14, % 14,(¢;) = ;P 4+ O(P;/my)

so all copies of —A;, A; contributes Eq. (2.10) to 14,,, * 14,,,(%e;). Therefore, for all

i4+1

l<j<i,

1Aq¢+1 * ]'Ai+1 (ej) = ]'Ai * 1Ai(ej)Ni+1
= (ajPi + O(B/mi))Ni—l—l = o; Py + O(Pigr /).

and

1Ai+1 * 1Ai+1(_€j) = ]‘Ai * 1Ai(_ej)Ni+1 = ajf)i+1 + O(PH—l/ml)

Let ¢ € {—1,0,1}. Now we consider 14,,, * 14, ,(ee;41). All contributions to the
convolution are of the form a™s, —a™(—s +¢€) € A;44. If s € [1,t/2] then —s + ¢ €
[—t/2+ ¢, —1 + €], and vice versa. Thus, we need —a € —A;, which is true for all « € A;.

For all

s€[—t/24+¢€—-1+€ UL t/2],a € A,

we have ™ s, —a"(—s + €) € A;;1. Thus all elements within this interval contributes to

the convolution. The contribution for the interval [—t/2 + ¢, —1 + €| U [1,t/2] is

|A;| - |[—t/2+€, -1+ € UL, t/2]| = t|A;] = t(éPi +O(Pi/mi)) =t0P; + O(Py1/my).
(2.11)
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Now we consider the interval [t/2 + 1, N;y; —t/2 — 1+ ¢|. Forany s € [t/2+ 1, N;yq —
t/2—14¢€], —s+eisalsoin [t/2+1, N;y1 —t/2—1+¢]. Therefore, any a”s, —a~ (—s+e€)
that contribute to the convolution must have a € A;, —a € A,. The number of such a is

exactly 14, * 14,(0). Thus, the contribution within this interval is

/241, Niga —t/2 =1+ ¢]| - 14, % 14,(0) = (Nija — t — 1+ €)(aw % + O(F;/m;))
= ;P — ta; P+ O(Py1/my).

(2.12)

Since [—t/2+¢€,—1+4 €] U[1,t/2] and [t/2+ 1, N;y1 —t/2 — 1+ €] covers all but O(1)
of Zy,.,, combining Eq. (2.11) and Eq. (2.12), gives the total contribution up to O(F;).

Therefore

1141._‘_1 * ]'Ai+1 (€6i+1) = t(SPZ + Oéz'Pi_H - tOéZ'PZ‘ + O(H.H/mZ)

Qi1 — O Q11 — Q4
— ( (;1_04 5+Oéz_ gl_a az) R+1+O(Pz+l/ml):Oél+1_P,L+1~|»O(PZ+1/mZ)

(2.13)

Thus, for all ¢, the convolution is equal to Eq. (2.13). We have

1Ai+1 * 1Ai+1(_€i+1>7 1A¢+1 * 1Ai+1 (0)7 1Ai+1 * 1A¢+1 <€i+1) = ai+1Pi+1 + O<Pl+1/ml>

All convolutions match our desired values. Setting A := A, completes our construction.
Since for all § € [0, 1], ay, ..., aq € [max(0,25 — 1), 0] there exists a set A such that

1a%14(e;) = a4|G] + O(F) forall 1 < i < d, we have
C CS+10,1]% O(E).

Now we show the second part of the theorem: S C C. We show that for all A C G, if

|A| = |G|, thenforall 1 <i <d, 14*14(e;) = a;|G| for some v, ..., ag € [max(0,20 —
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1),4].

First consider the one dimensional case. Let A C Zy, and let § := |A|/N. We would
like to consider the upper and lower bound of o := 14 % 14(1)/N. For each a € A, a
contributes to the convolution if —a + 1 € A. We may partition A into the sets of the form
{a,—a+ 1}.If N is even, each of the subset has 2 elements. If N is odd, all but one of the
subset has 2 elements. That one subset is the case a = 1/2, which has one element since

a = —a + 1. To maximize «, all but at most one element of A should be in a pair. We have

Lax14(1)=0NoroN —1.

Now we consider what the minimum of « can be. For any set A, consider the following
process: start with the whole group Zy, then remove each element in A” one by one. For
eachz #£1/2 € A€ removed, if —z+ 1 has not been removed, the convolution decreases by
2; otherwise, the convolution does not change. If 1/2 is removed, the convolution decreases

by 1. At each step, the convolution decreases by at most 2, so

We’ve shown in the 1 dimensional case that

max (0,26 — 1)N < 14 % 1_4(1) < 6N,

SO

max(0,20 — 1) < a < 4. (2.14)

Now we consider the general d dimension case. Given A C G, let

6 :=|A|/|G], 0 =14 % 1_4(e;)/|G| forall 1 <i < n.
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For any «;, we may swap the first and ¢th coordinate and look at o instead. Thus without

loss of generality, we consider «;. Forall z € Zy, X ... X Zy,, define
A*:={a € Zy, :a"x € A}

Define
aclc = 1Am * 1Am(a)/N175$ = ‘Axl/Nl

Since each A* C Zy,, by the bounds in one dimension Eq. (2.14), we have for all z €

Ly,

, X ... X 2,

max(0,20" — 1) < af <" (2.15)

Note that A* corresponds to a partition of A, so

oo A= ) Ha€Zy:aze A} =4

xEZNQX...XZNd CEEZNQX...XZNd

dividing everything by |G| gives

Y NG =6 (2.16)
:EGZNQ X...XZNd
Note that for any a"z, (—a + 1)~z € A that contribute to the convolution at e, a, a +
1 € A*. Thus, to calculate «y, we simply have to sum the contribution to the convolution

for each A®.

1A*17A(61): Z 1Aac*1,Am(1>

xGZN2 X--'XZNd

m= Y. aN/[G

xEZNQX...XZNd
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and by Eq. (2.15) and Eq. (2.16),

max(0,26 — 1) = max | 0, > 2°NyYIGI | -1

QUGZNQ ><--~><ZNd

=max | 0, Z 20°N1 /|G| — N1/|G|

xEZNQX...XZNd

=N/|Glmax [0, > 25”1

.Z’EZNQX...XZNd

<NJIGE YT max(0,20" —1) < NyY/IG] Y. af =

I‘GZNQX...XZNd I‘GZNQX...XZNd

and

a= Y oN/IGIS Y N|G =4

LL‘EZN2><...><ZNd erNzx...xZNd

Therefore for all «;, we have «; € [max(0,25 — 1), 4], and S C C.

O

If GG is a vector field, then we may generalize e, ..e4 to any basis by linear transforma-

tions.

Corollary 2.6 (Set Image of General Basis in Finite Fields). Let p be a prime. Let vy, ...v; €

F? be a basis. Given § € [0,1], and ay, ...,y € [max(0,26 — 1), 4], there exists a set

A C F¢ such that |A] = 6[p?| + O(p?~"), and forall 1 < i < d

1A * 1A(vi) = Ozipd + O(pd_l).

Moreover, let S be the set image of the random variable 1 4% 1_4(v1, ..., v4) and let C' C R¢

be
C:=|G|-CH({[0,1/2%,(1,1,...,1)})

then

SCCCS+0,1% - 0p*™).
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The same statement is true if you replace 14 x 14 with 14 x 1_ 4.

Proof. The case for the standard basis e, ..., e4, is given by Theorem 2.4 and Theorem 2.5.
For general basis vy, ...,v4, a linear transformation that maps ey, ...,e4 to vy, ...,v4 1S a
Frieman 2-isomorphism that maps 0 to 0. Thus, by Proposition 1.6, the set image is pre-

served. ]

If each Ny, ..., Ng € Z is coprime, and G := Zy, X ... X Zy,. Let ¢; be some group
automorphism of G. Let ¢ : G — Zx be a group isomorphism given by the Chinese
Remainder theorem. Let ¢3 : Zy — [0, N) be the inverse of the cannonical quotient

homomophism from Z to Zy. The composition of these three mappings

G- = @30 Q0P (2.17)

gives a mapping for the previous theorems from G to Z.

Corollary 2.7. Let each Ny, ..., Ng € Z be coprime, and G := Zy, X ... X Zy,. Let ¢, be
a mapping in the form in Eq. (2.17), and let z; := ¢,(e;) forall 1 < i < d. Given N >
|G|,0 € [0,1],and o, ..., ag € [max(0,26—1), ], there exists aset A € [—|N/2], [ N/2]]
such that

|A| = 0N + O(N/(miinNi) +|GY)
La*1a(x;) =a;N+ O(N/(miinNi) +|G|)

The same statement is true if you replace 14 * 14 with 14 % 1_4, orif [—|N/2], | N/2]] is

replaced with Z

Proof. Let A’ C G be the set such that |A’'| = §|G| + O(F) and forall1 <i <d
1A’ * 1A/(€7;) = OzllG| + O(E),

as described in Theorem 2.5. Since ¢1, ¢o are group isomorphisms, by Proposition 1.6,
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5 0 ¢1(A’) has the same size as A’, and
$2 0 1 :

Lar# Lar(€:) = Lgg00, (4) * Logon (ar) (02 © P1(ei)).

Then by Lemma 2.1, let A := ¢y (gbg o ¢1(A), pg 0 gbl(A’)). Then

N
|Gl

N

Al =
|Gl

A1+ O(G]) = = (0|G| + O(E)) + O(|G]) = 0N + O(N/(min N;) + |G])

N
14 % 1A(JIZ) = @1,4’ * 1A’(€i) + O(|GD

= 7 {€ulG1 + O(E)) + O(GI) = ¥ + O(N(min ;) + ).

For the 14 % 1_4 case, let A C G be the set such that |A'| = §|G| + O(E) and for all
1<:1<d

1A’ * 1A/<€i> = OéZ|G’ -+ O(E),

as described in Theorem 2.4. By Lemma 2.2, let A := ¢y, © ¢2 © ¢1(A’). By the same
calculation as the sum set case, we have our result.
For the Zy, case, one may map A to Zy through the canonical quotient map. As

described in Lemma 2.1 and Lemma 2.2, the size of the set and convolution is unchanged.

]
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CHAPTER 3
SET IMAGES OF CONVOLUTIONS AT ARITHMETIC PROGRESSIONS

In this chapter, we will look at convolution at arithmetic progressions. Unlike the previ-
ous case of “independent” sets, there are now complicated influences between the values.
We will prove a recurrence relation, and utilize it to understand the set image in lower

dimensions.

3.1 A Recurrence Relation for Distribution of Convolution at Arithmetic Progres-

sions

Here we will consider the group Zy, and Z. Many of our arguments in this section will
work for both groups by simple projection mappings. Therefore, we will use a slight abuse
of notation, by identifying intervals [—i, i] as either a subset of Zy, or Z, depending on the

context. Under the context that we are talking about Zy, we have [— | N/2], | N/2|] = Zx.

3.1.1 A Recurrence Relation for Sum Sets

Let b € B = {0,1}" be a set of binary vectors. For any b, define &’ € {0,1}"! as the

sub-vertex of b with the last coordinate removed. Define

A= P([—i,1])

as the power set of [—i,i] C Zy or Z. For any A € A’, we may identify A as a 27 + 1
dimensional binary vector v4, where the first coordinate corresponds to —i, and the last
coordinate corresponds to . The jth coordinate is 1 if —¢ — 1 + j € A. Consider the

projection mapping ¢ : A° — B, where A € A’ is mapped to the vector that is the first n
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coordinate of v 4. Define

ii={Ac A :¢(A) =D}

Definition 3.1. For all y € [0, N]"*! b € B, define

ci(y,b) =|{A € Aé c1ax14(0,1,...,n) =y}

Again, we may understand this definition through projections. For each A € A}, we
map it to 14 * 14, viewed as a vector in Z~. Mapping 14 * 14 to 14 % 14(0,1, ..., n) is then

a projection to Z". Therefore, ¢’ (y, b) is the number of A € A} such that
A— 1ax1ly — 14 % 1A(0,1,...,n)

is mapped to y.

The function is of interest because for a random subset A C Zy,
Ci(yu b)/|«42\ = ]P)(lA * 1A(07 1, 7”) = y’A € Aé)
Note that if we are working with Zy, [— |5 ], [ §]] = Zy, is the whole group, so

S el B (g, 0)/2Y = P(14 % 14(0,1,...,n) = ).

beB
Thus, calculating ¢‘(y, b) gives the distribution for 1,4 x 1,4(0, 1, ..., n).

Remark. Let x = (x1, 21+, ..., x1+nr) be a arithmetic progression where r is coprime to
N and 2|z (or 2r is coprime to V). Note that [{A € Zy : 14 x14(x) = y}| is not actually
dependent on x. By Proposition 1.6, the case of arithmetic progressions are equivalent to

the case = (0,1, ..., n), due to the following Freiman isomorphism:

2r — a1

() = o (3.1)
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Forall 0 <i:<n,r; =x;+0, so

20, — 1 T3 201 +2ir —x1 11

¢($i)+¢(0):2—r—§: o —5, = b

Thus

Lo La(m) = Toea) * 1oy (d(@) + $(0)) = Lga) * Lo4)(0,1,...,n)

Since ¢ is an bijection,

HA€Zy :1ax1a(x) =y} = [{A € Zy : 1pa) * 1p4)(0,1,...,n) = y}|

= {A€Zy:14%14(0,1,....,n) = y}|

Therefore, although our recurrence relation only considers the convolution at (0,1, ...,n),

it is equivalent to the general case © = (xy,xy + 7, ..., 1 + nr).
We can generate the following recurrence relation for ¢ on i.

Theorem 3.2 (Recurrence Relation for Convolution of Intervals for Sum Sets). Let G =
Zy or 7, and let ¢’ be defined as above. Let B = {0,1}", then for all y € [0, N]"*1, b €

B.n/2 <i< 2

y,b) = Hy, b 0)+c Hy, 1)+ Hy—2-70,070)+c Hy—2-071,671).

Remark. The argumentation is the same for G = Zy or Z. For convenience, throughout
the theorem and lemmas, we will treat the ambient group as Z,. However, any intervals

[—i,i] C Zy can be mapped directly to [—i,i] € Z without influencing the proof. More-

N—n
2

over, the upper bound only exists due to the “wrap-around” of Zy. For Z, the only

constraint on ¢ is n/2 < i.

To prove Theorem 3.2, as well as the convexity property of the set image, we first prove

the following lemma:
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Lemma 3.3. Let G = Zy or Zy be the ambient group, and n/2 < i < % Given

T C {—i,i}, define the mapping ¢r(A) := AUT. Forall A € A if T = () or {—i},
then

14 % 1A(07 1, 771) = 1¢T(A) * 1¢T(A)(07 1, ,n)

If T = {i}, forallb€ B,Aec A,

14 1A(0, 1, ,n) +2- (Oﬁb) = 1¢T(A) * 1¢>T(A)(07 1, ,n)

IfT = {i,—i}, forallb € B,Ac A",

14 1A(O, 1, ,n) +2- (1Ab) = 1¢T(A) * 1¢>T(A)(07 1, ,n)

Proof. Since A and T are disjoint, we have

1¢T(A) * 1¢)T(A) (07 17 ) n) = 1AUT * 1AUT(07 17 ceey n)

=14%14(0,1,...,n) + 214 % 17(0,1,...;n) + 10 % 17(0,1, ..., n)

First, consider the case T' = () or {—i}. For T' = (), ¢ is the identity mapping so the

convolution is trivially equal. If 7' = {—i}, assume

1ax17(0,1,...,n) # 0,

then there must exist some a € A such that a — i € [0,n], so a € [i,i + n|. However

AC[—i+1,i—1],and

[—i,i—1]N[i+1,i+n] =0,

as 7 +n < N — ¢ by the bounds on ¢. Thus, no such a exists. We also have 11 *
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17(0,1,...,n) = 0, as the bounds have —2i > n — N, so —2i ¢ [0,n]. Thus, the con-
volution is equal in both cases.
Now, consider the case 7" = {i} or {i, —i}. We’ve shown in the previous case 1" =

{—i} that —i alone does not contribute to the convolution. Therefore,

14 %17(0,1,...,n) # 0

if and only if there exists a € A suchthata +i € [0,n]. Foralla € AN [—i+ 1, —i + n],
we have b;;, = 1 by definition of b. Thus a,: contributes to the i + a coordinate of
14 *17(0,1,...,n). Thus

14%17(0,1,...,n) = 07b.

For T' = {i},

as 2i > n, so 2i ¢ [0,n].

For T' = {—i,i}, i — i, —i + ¢ = 0 contributes 2 to 17 * 17(0), the first entry. Thus
1T * 1T(O, 1, ey Tl) =2 €1,
and
2-14%17(0,1,...,n) + 1p % 17(0,1,...,n) =2 - (17b).
¢ increases the convolution as described. [

Now we prove Theorem 3.2 using the mapping ¢ .

Proof of Theorem 3.2. For any subset T' C {—i,i}, let ¢ : A1 — A’ be as described
in Lemma 3.3. For any A € A", since TN A = (), each ¢ is one-to-one. For any set
Ae At if

T=An{—i},A=AN[—i+1,i—1],
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then ¢r(A) = A’. Moreover, each mapping ¢ has a disjoint image. Therefore, the four
images of each ¢ give a partition of A°.
Define

S:={Ac A :1,%14(0,1,....,n) =y},

then

dly,0)=1SI= > 67" (S)I-

TC{~i,i}
Thus to figure out ¢(y, b), we simply have to calculate the number of sets that map into S
by all ¢r.
By the definition of b, for all b, A € A;~',if T = () or {i}, then ¢p(A) € A}, If
T = {—i}or{i,—i}, then ¢7(A) € A\,
Now we calculate the size of S for some given b, y. If by = 0, by Lemma 3.3, we see

that for all A € A if T = (), then ¢7(A) € S if and only if
Ac A, (UAL 14%14(0,1,....n) =y.
The number of such A is
(69 (S) = My, b70) + ¢y, 07 1), (3.2)
If "= {i}, then ¢7(A) € S if and only if
A€ A, 5, 1a%14(0,1,...,n)+2-b70 =1y,

or

Ae AZ’“l? 1A * 1A(O, 1, ,n) + 2. b1 = Y.
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The number of such A is
|¢{—5(3)| =Ny —2-070,070)+cHy—2-b"1,071). (3.3)
If ' = {—i},{—i,i}, then ¢r(A) ¢ S, since by = 0. Thus we have
[0S =164 =0. (3.4)

The sum of Eq. (3.2), Eq. (3.3), Eq. (3.4) gives the desired recurrence relation.

If by = 1, then the same argument also applies, except now with ¢, L gb{__li} swapped,

and d){’é, qﬁ{’_lz.ﬂ.} swapped:

67 (S)] = ¢ (g, b 0) + ¢ (y, b 1),

oS ="y —2-070,670) + ¢y —2-07 1L,V 1),

|65 (S)] = o (S) =0

The sum of above equations also gives the desired recurrence relation. [

3.1.2 A Recurrence Relation for Difference Sets

We may prove an analogous theorem for 14 * 1_4(0,1,...n).
Letb € B = {0,1}" be a set of binary vectors. For any b, define &' € {0,1}"! as the

sub-vertex of b with the first coordinate removed. Define the sets

D' = P([0,i])

to be the power set of [0,4]. For any A € D', we may identify A as an i + 1 dimensional
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binary vector v4, where the first coordinate corresponds to whether i« € A, and the last
coordinate corresponds to whether 0 € A. The jth coordinate is 1 ifi — j+1 € A, and 0
otherwise.

Consider the projection mapping ) : D' — B, where A € D' is mapped to the vector

that is the last n coordinate of v4. Now we define
D; :={A € D" :y(A) = b}.
For all y € [0, N]"*! andb € B, define

d'(y,b) ={A €D, :1,x1_40,1,...n) =y}

As in the sum set case, if we are working with Zy, [0, N — 1] = Z is the whole group, so

> dV T (y,0)/2Y =P(1ax1_4(0,1,....,n) = y).

beB

Thus, calculating d*(y, b) gives the distribution for 14 * 1_4(0,1,...,n).

Remark. Let x = (0,7, ...,nr) be an arithmetic progression starting at 0, where r is co-
prime to N. As in the case of sum sets,[{A € Zy : 14 * 1_4(x) = y}| is not actually
dependent on 2. Due to the Freiman isomorphism ¢(x) := £, 1/r exists, since 7 is coprime

to V. Similar to the case of sum sets,

é(x;) + ¢(0) =i+ 0 = 1.

Moreover, ¢p(—A) = —¢(A). Thus,

Ly s 1oa(®) = Lo(a) * 1oa)(0(x) + 0(0)) = Lg(a) * 1g(4)(0,1, ..., m).
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Since ¢ is an bijection,

{A€Zy:1ax1 u(x) =y} = [{A € Zy : Lya) x 144)(0,1,...,n) = y}|

= HAE€Zy  1ax1_4(0,1,....,n) = y}|.

Therefore, although our recurrence relation only considers the convolution at (0,1, ...,n),

it is equivalent to all .
We can generate the following recurrence relation for d’ on .

Theorem 3.4 (Recurrence Relation for Convolution of Intervals for Difference Sets). Let
G = Zy, and let d' be defined as above. Let B = {0,1}", then for all y € [0, N]"™1,b €

B,n—1<i< N —n,

d'(y,b) =d " (y,b/"0) +d Ny, 1) +d (y —b"0,670) +d Hy —b"1,071).

Remark. As in the case of sum sets. The argumentation is the same for G = Zy or Z. As
before, we will treat the ambient group as Zy. The upper bound N — n only exists due to

the ”wrap-around” of Z . For Z the only constrainton zisn — 1 < 1.

To prove Theorem 3.2, as well as the convexity property of the set image, we first prove

the following lemma:

Lemma3.5. Letn—1 < i < N —n. Given T C {i}, define the mapping ¢r(A) := AUT.
For all A € D=1 if T = (), then

14 1—A(0> 1, ,n) = 1¢>T(A) * 1*¢T(A)(07 1, ,TL)

If T = {i},forallb € B,A €D,

14 % 1_A(O, 1, ,’I‘L) + (1/\5) = 1¢T(A) * 1,¢T(A)(O, 1, ,TL)
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Proof. Since A and T are disjoint, we have

1<Z>T(A) * 1_¢T(A)<O, 1, ceey n) = 1AUT * 1—(AUT)(O7 1, ceey n)

= 1ax1_4(0,1,.;n)+1ax1_7(0,1,...,n) + 1r%1_4(0,1,...,n) + 1p 1_7(0,1, ..., n)

For the case T' = (), ¢ is the identity mapping so the convolution is trivially equal.
For the case T' = {i}, assume that there exists a € A, such that a — i € [0,n], so

a € [i,i+ n|. However, A C [0,i — 1], and

0,4 —1]N[i,i+n] =0,

as 7 + n < N by the bounds on ¢. Therefore, no such a exists and we have that

1A * ]__T(O, 1, ,n) =0.

Now,

Ipx1_4(0,1,...,n) #0

if and only if there exists a € A such thati —a € [0,n]. Foralla € AN [i —n, —i], we
have b, ;1,11 = 1 by definition of b. Thus a, 7 contributes to the a — ¢ + n + 1 coordinate

of 17 % 1_4(0,1,...,n). Thus

1p % 1_4(0,1,...,n) = 070.

Lastly, i — ¢ = 0, contributes to 17 % 1_7(0), the first entry. Thus

lpx1_7(0,1,...,n) = e,
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and

Ipx1_4(0,1,....n) + 1p % 1_7(0,1,...,n) = 17b.
¢ increases the convolution as described. 0

Now we prove Theorem 3.4 using the mapping ¢

Proof of Theorem 3.4. We follow the proof of Theorem 3.2. For any subset 7" C {i}, let
¢ : D=1 — D' be as described in Lemma 3.3. For any A € D!, since T'N A = (), each

¢ is one-to-one. For any set A’ € D¢, if
T=An{i},A=A"Nn0,i—1],

then ¢7(A) = A’. Moreover, each mapping ¢ has a disjoint image. Therefore, the two
images of each ¢ give a partition of D",
Define

S = {AEDZZ) : 1A*1A(0717"'7n) :y}’

then

d'(y,0) =S| = > |67'(S

TC{i}
Thus to figure out d*(y, b), we simply have to calculate the number of sets that map into S
by all ¢p.
By the definition of b, for all b, A € D; ', if T = (), then ¢ (A) € Di—,,. If T = {—i},
then ¢ (A) € D} .
Now we calculate the size of S for some given b, y. By Lemma 3.5, we see that for all

A e DL Af T = (), then ¢r(A) € S if and only if

A c Dli)//\o U DZ/Al, 1A * ].A(O, 1, ,n) =Y.
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The number of such A is

|6y (S)] =7y, 170) + ¢y, b 1), (3.5)
If T = {i}, then ¢r(A) € S if and only if

A€ED] o, 14%14(0,1,....,n) +b70 =1y,

or

AeDi [, 14%14(0,1,....,0n) +b"1=1y.

The number of such A is
6 (S =d ™y —b70,670) +dH(y — b 1,071). (3.6)
If ' = {—i},{—i,i}, then ¢r(A) ¢ S, since by = 0. Thus we have
62 (S)] = o7, 1(S) = 0. (3.7)
The sum of Eq. (3.5), Eq. (3.6), Eq. (3.7) gives the desired recurrence relation. ]

3.2 Convexity Sum Sets in 2d

Now we can prove the convexity property of the set image of convolutions using the re-
currence mapping of Lemma 3.3. Let 2Z denote the even numbers. Then we have the

following description of the set image:

Theorem 3.6 (Convexity of Sum Set for 2-d). For N > 3, z1,29 € Zy, if x1 — x5 1
coprime to NV, then the set image S of 14 * 14(x,z2) is nearly convex in the following

sense: Let

C =CH({(0,0),(N/2,0),(0,N/2),(N,N)}).
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If N is odd, then
S=CnZ*\{(N-1,N -1)}.

If N, x, is even, then

S =Cn(Zx22)\ {(0,N/2)}.

If N is even and z; is odd, then

S=0CnN(2Zx2)\ {(N/2,0)}.

Remark. It is probably possible to have a combinatorics proof that is simpler by consid-
ering sets that maximize or minimize the convolutions. However, this proof: 1. Provides
a interesting connection between the recurrence relation of convolutions and translations
of geometric objects. 2. Allows us to consider the three dimensions. Combinatorial argu-
ments seem to become much more difficult to manage when considering three dimensions

or more. These mappings to geometric objects allows us to talk about three dimensions.

Proof. By Proposition 1.7, we only need to show the case 14%1,4(0, 1) due to the following
Freiman isomorphism: Let N be odd, or x; be even. Given x, z2, we have the Freiman

2-isomorphism
2r — 11

¢1(I> = 2(1’2 _ $1).

1/(x9 — 1) exists, since it is coprime to N. If NV is odd, then 1/2 exists. If x; is even, then

x1/2 exists. Therefore, this mapping is valid in both cases. Note that ©1 = 27 + 0,25 =

Ta —|—O,
B 21}1 — T B T .
¢1(71) + ¢1(0) = 1)) Uiy 0.
br(wa) +y(0) = 22T Ty

2(1’2 — fﬂl) 2(1}2 — .1’1)
If N is even and z; is odd, then x5 is even since x; — x5 is coprime to /N. Then, we can

swap 1,2 to get the previous case. The set image is then equivalent to 14 * 14(1,0).
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Thus, by Proposition 1.7, the set image of 14 % 14(xy,z5) is the same as 14 * 14(0,1) or
14%14(1,0). We will look at the case 14 * 14(0,1).

Let S; C [0, N|" be the set image corresponding to A;, that is

Si={ye[0,N?:3A e A, 1,%14(0,1) = y}.

We first show a recurrence relation for S} using ¢7 as described in Lemma 3.3. For any

T C {—1i,1}, define the mapping

xr(Sy7h) ={y € [0, N]* : 3A € A, 1y(a) * Lop(a)(0,1) = y}.

For any set A’ € A", A’ = AUT for some unique A € A1, T C {—i,i}. Therefore, the
four images of each ¢r give a partition of A’. Aj is covered by the image of ¢y, dg;p. Al
is covered by the image of ¢;_;}, ¢{_; ;3. The set image S¢, Sj is then covered by the four

X7 More specifically, we have

Si = xo(S5) Uxo(STH) U xgsy (5571 U xgip (5071

St =Xy (S5 Uxg—iy (ST Ui (S5 U xqmiiy (ST

(3.8)

Now we evaluate what each set gets mapped to by each yp. First consider the cases

T =0,{—i}. By Lemma 3.3, for 14 % 14(0,1) = 14,(4) * 14,,(4)(0,1). Thus we have

Xo(Soh) = x-a (S5 = Sg  xe(STTY = g (ST = S

since none of the convolutions changed.

Now consider the cases T = {i}, {—i,i}. By Lemma 3.3,

Ly * 114(07 1) +2- (Oﬁb) = 1¢{¢}(A) * 1¢{¢}(A)(07 1)7
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and

14 14(0,1) +2-(170) = 1¢{—i,i}(A) * 1¢{—i,i}(14)<07 1).

Thus we have

Xy (So ) =S5t +2-(0,0) = S5
X{i}(sf_l) =57"+(0,2)

3.9
X (S5 = S5+ (2,0)

Xi—iip (ST = S+ (2,2)

Adding the points to the sets .S 2_1 denotes the translation by that point. Combining Eq. (3.9)

with Eq. (3.8), we have that for all 7,

So =Sy USTU(SIT +(0,2)

(3.10)
St=5"uUST T U(ST +(2,0) U (ST +(2,2)).
Now, using induction we will show that for 1 <1i < (N —1)/2,
St = 01N (Z % 27) (3.11)
where
Ci = CH({(0,0), (i +1,0), (0,7 — 1/2), (2i + 1,20)}).
and
Sy =CiN(Z x 27), (3.12)
where

Co=Crtu(Ci+1(0,2),

For the base case : = 1, 2, we show in appendix Chapter B that Eq. (3.12) and Eq. (3.11)

holds. Now assume by the induction hypothesis that Eq. (3.12), Eq. (3.11) holds for ¢ —
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1,72 — 2. Since all terms are intersecting Z X 2Z, including the translated terms which are

translated by 2, we may rewrite Eq. (3.10) with the induction hypothesis as

Sh=(Cruc U +(0.2)

~
D)

= (Ci2U(E 4+ (0.2) U C U (C +(0,2)

~
D)

= (G u(E +0.2)

i = (cg—l UCT U (C +(2,0)) U(C +(2,2))

—— ——
D) D
“A/QA/\
X
[\
N

= (CI2U(CI 2+ (0,2) U CT U (C2 + (2,0))
U(CI2 4 (2,2)) U (CI1 + (2,2)) ) N (Z x 2Z>

= (G2 4+ (0.2) UG V(G2 + (2,0) U (O +(2,2))) N (2 x 22),

Thus to show Eq. (3.12) and Eq. (3.11), we only need to show
Ci=Crtu (0t +(0,2) (3.13)

and

Ci = (C2+(0,2)UCi U (Ci? 4 (2,0) U (Ci T +(2,2)) (3.14)

Eq. (3.13) is the definition of C}, thus it is trivial. Now we look at Eq. (3.14). C’{‘2 +

(0,2),Ci7 1 Ci2 4 (2,0), Ci1 4 (2, 2) has vertices

{(0,2), (i —1,2),(0,7 —1/2),(2i — 3,2 — 2)}
{(0,0), (4,0), (0,i — 3/2), (2i — 1,2i — 2)}

(3.15)
{(2,0), (i +1,0),(2,i — 5/2), (2i — 1,2i — 4)}

{(2,2), (i +2,2), (2,0 + 1/2), (2i + 1,2i)}.
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‘We will first show that

Ci2 (G +(0.2)UCT UG+ (2,0)U(CI +(2,2)  (3.16)

by showing that C} contains all of the vertices in Eq. (3.15). Since C? contains the rectangle

with vertices

{(0,0), (i + 1,0), (0, — 1/2), (i + 1,7 — 1/2)},

by convexity we have

{(0,2), (i —1,2),(0,i — 1/2),(0,0), (4,0),

(0,5 —3/2),(2,0), (i +1,0),(2,i —5/2),(2,2)} C C;.

(20 — 3,2i — 2) and (2,7 + 1/2) falls in L,, the line from (: + 1,0) to (2i + 1, 2i).
(20 —1,2i —4) and (¢ + 2, 2) falls in Ly, the line from (i 4 1,0) to (2¢ + 1, 27). The slope
of L; is 1/2. The slope of the line from L, is 2. The slope of the line from (2i — 1,2i — 2)
to (2¢ + 1,2i) is 1. Thus, (2 — 1, 2i — 2) falls within the two lines and is in C". Therefore,
(' contains all vertices in Eq. (3.15). By convexity, we have Eq. (3.16).

Now we show

Ci C(C2+(0,2)UCTTU(CIT+(2,0) U(CTH +(2,2).  (B.17)

Note that the shapes above have symmetry across the line z = y in R?, thus it is
sufficient to show inclusion for z < 3. Consider P, the closure of C? \ Ci~? with z < y..

We have

P=CH({(0,i—3/2),(0,i—1/2),(2i —1,2i —2),(2i + 1,2i)}).
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Note that C{ ' + (2, 2) covers

CH({(2,i+1/2),(2,1 —1/2),(2i —1,2i — 2),(2i + 1,24)})

and C~% + (0, 2) covers

CH{((0,i —3/2), (0, — 1/2), (2,5 +1/2), (2,0 — 1/2)}).

Thus, P is completely covered, and we have Eq. (3.17). Combining with Eq. (3.16)
shows Eq. (3.14).
Now leti = | N/2]. Note that S = S} U Si. By Eq. (3.12), Eq. (3.11), we have

St =C'N(Z x 27)

SiTt=Crtn(Z x 27).

However, our recurrence relation does not extend to | /N/2], thus we have to calculate it
explicitly.
First consider the case IV, z; is even, i = N/2 = —i. Thus for the mapping yr, the

only mapping is 7' = (), {i}. We have

So = x0(S; ) Uxe(Sih)

St = x (S5 ) Ui (S
For T' = (), it is the identity mapping, so trivially we have
St=8tush

For T = {i}, i+ i = 0, thus it increases the convolution at 0 by 1. The sets in S~ ' contain

—(i—1) =i+ 1,andi+i+ 1 = 1, thus the convolution at 1 increases by 2. Thus we have
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S1=(Sp + (L) U (ST +(1,2)).
So
S=Sus
- (o{—2u(c§—2+(o,2))u0;‘—1u(c{—2+<1,o>)u(c{—2+(1,2)>u<c;—1+(1,2)))m(2xzz)
- ((C{—2 +(0,2) UCI U (CF2+ (1,0) U (CI + (1, 2))) N <Z X 22). (3.18)

Therefore, we need to show Eq. (3.18) is equal to C'N (Z x 2Z) \ {(0, N/2)}.
Now Ci2 +(0,2),Ci7, O 2 + (1,0), Ci 1 + (1, 2) has vertices:

{(0,2), (i —1,2),(0,7 — 1/2),(2i — 3,2 — 2) }
{(0,0), (i,0), (0,7 — 3/2), (2i — 1,2i — 2)}

(3.19)
{(1,0), (4,0), (1,i — 5/2), (20 — 2,2i — 4)}

{(1,2), (i 4+ 1,2),(1,i+ 1/2),(2¢,20)}

We first show that C' contains all vertices in Eq. (3.19). C' contains the rectangle with

vertices

{(0,0), (,0), (0,1), (27,20) }.

By convexity we have
{(0,2), (i — 1,2),(0,i — 1/2),(1,0), (4,0), (1,i — 5/2), (0,0), (0,7 — 3/2), (1,2)} C Ci.

The rest of the points fall between the line from (7, 0) to (2, 2¢) or the line from (0, 7)
to (21,2i). Note that (0,4) is not in Eq. (3.19), so C N (Z x 2Z) \ {(0, N/2)} contains
Eq. (3.18). Now we show that Eq. (3.18) contains C' N (Z x 2Z) \ {(0,N/2)}. Q, the

closure of C'\ O}t is
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Q =CH({(0,i—3/2),(0,i),(2i — 1,2i — 2),(2i,2i)}).

Note that C;~' + (1,2) covers
CH{(1,i—1),(1,i41/2), (2 — 1,2i — 2),(2i,2i)})
and C|* + (0, 2) covers
CH({(0,i—3/2),(0,i —1/2),(1,i —1),(1,i + 1/2)}).

The only point left is (0, 7). Thus Eq. (3.18) contains C' N (Z x 27Z) \ {(0,N/2)}, and
that the two is equal.

Now we consider the case N is odd, : = (N — 1) /2. We have Eq. (3.8) as before. Since
X0, X{;} 1 still the same mapping as in Eq. (3.9), S} is the same as in Eq. (3.12). However,

now adding —i = 1/2 increases the convolution at 1 by 1, so

X-i3(S51) =S5+ (0,1)
X-ip (S =57+ (0,1)
Xi-i3 (S = S5 +(2,1)

Xi—i}(ST71) = S +(2,3).

We then have
Si = (Sg)il + (07 1)) U (Siil + (07 1)) U (Séfl + (27 1)) U (Siil + (27 1))7 (320)
which is similar to the case i < N/2 — 1, except shifted by (0, 1). Thus

i — (0{ N(Z x 22)) +(0,1)
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Thus we have
S=SUg = (cg N (Z x QZ)> U ((C{ N (Z x 22)) + (0, 1)). (3.21)

To show

S=CNZ*\{(N—-1,N —1)},

we have to show
Cin(Z x27)=CN(Zx2Z)\ {(N—-1,N —1)}, (3.22)

(C{ N (Z x QZ)) 1(0,1)=CN(Zx2Z+1). (3.23)

We first show Eq. (3.22). For any (z,y) € C' N (Z x 27), the convext hull falls left
of the line from (i + 1/2,0) to (2i + 1,2i + 1). Thus, < (y + 2i + 1)/2. For y even,
(y + 2¢ + 1)/2 is not a integer so z < (y + 2i)/2. Therefore we may shift the line by
(—1/2,0) and now consider the line from (7,0) to (2¢ + 1/2,2i + 1). Since 2i + 1 is odd,
and we’ve removed {(N — 1, N — 1)} = (24, 2¢) we may consider the line from (7, 0) to
(2¢ — 1,2¢ — 2). Similarly, consider the line from (0,%) to (2i + 1,2i + 1), we may shift
the line by (0, 1/2) without including any additional points. Thus we consider the line
from (0,7 + 1/2) to (2¢ + 1,2 + 3/2). Since 2i + 1 is odd, the line from (0,7 + 1/2) to
(204 1,2i +3/2). becomes (0,74 1/2) to (20 — 1,2i). CN(Z x 2Z)\ {(N —1,N —1)}

then have vertices at
{(0,0), (0,7), (4,0), (26 — 1,2 — 2), (2 — 1,21)},

which is the same as C), N (Z x 27Z).
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For Eq. (3.23), (C{ N(Z x QZ)) + (0, 1) has vertices
{00,1), (4 +1,1),(0,i + 1/2), (20 + 1,20 + 1)},

which is the same as C, except missing then line from (0, 0) to (¢,0), which is in Z x 27Z
and notin Z x 27 + 1.

Thus Eq. (3.21) holds and we’ve shown the theorem in both the even and odd case. [l

Note that the 2 dimensional case of the difference set 14 % 1_4(0, 1) is equivalent to the
1 dimensional case of Theorem 2.4. This is because |A| = 14 % 1_4(0). By Theorem 2.4,

the set image of 14 x 1_4(0, 1) is approximately
CH({(0,0), (N/2,0),(N,N)}).

Therefore, we will consider the 3 dimensional case for difference set. We will utilize a
similar strategy of considering the change of the set images through out the recurrence
relation. This will allow us to approximate the set image up to a small constant error term.

We express this error term as O(1)[0, 1], which is the box [0, 1]® dilated by some constant.

Theorem 3.7 (Convexity of Difference Set for 3-d). For N > 3, x € Zy, if z is coprime
to IV, then the set image S of 14 * 1_4(0, z, 2z) is nearly convex in the following sense:

Let
C =CH({(0,0,0),(N/3,0,0),(N/2,N/4,0),(N/2,0,N/2),(2N/3,N/3,N/3),(N,N,N)}),

then

CCS+0(o,1?cc+o(mio,1?

Proof. By Proposition 1.7, we only need to show the case 14 % 1_4(0,1,2) due to the

Freiman 2-isomorphism ¢(¢) = t¢/z. x has a inverse, since it is coprime to N. Since
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P(—t) = —o(1),

14 1—A(0, xZ, QLE) = 1¢(A) * 1¢(—A)(¢(0)7 gb(:L‘), qf)(Q:E)) = 1¢(A) * 1—¢(A)(0> 1, 2),

which has the same set image as 14 x 1_4(0, 1, 2), since ¢ is a bijection.
We will first show that S C C' + O(1)[0,1]3. Let S C [0, N]™ be the set image corre-

sponding to D}, that is

Si={y €[0,N]*:3A € D}, 14 x1_4(0,1,2) = y}.

Now we will establish the recurrence relation for all Sj, using ¢r as described in

Lemma 3.5. For any 7' C {i}, define the mapping

xr(Sph) =={y € [0, N]? : JA € D}, Ly (a) * Lop(-)(0,1,2) = y}.

For any set A’ € D', A’ = AUT for some unique A € D=1, T C {,i}. Therefore, the two

images of each ¢ give a partition of D*. More specifically, we have

S0 = x0(Seo) U xa(Ser ')
Ser = x0(S10") Uxa(Sir )
Sto = X3 (Sto ") U xqay (Sor )

St = x4 (Sto ") U xqa (SiTH).

(3.24)

Now we evaluate what each set gets mapped to by each y7. Let A € D)~ First consider
the cases 7' = (). By Lemma 3.5, for 14 % 1_4(0,1,2) = 14,4y * 1_4,.(4)(0,1,2). Thus
we have that g is the identity mapping.

Now consider the cases 7' = {i}. By Lemma 3.5,

14 % 1—A(07 1, 2) + (1Ab) = 1¢{7¢}(A) * 1—¢{i}(A)(O7 1, 2).
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Thus we have that

X3 (Sho ") = Sio " + (1,0,0)

Xy (Sert) = Sirt + (1,0,1)

(3.25)
X{i}(Sial) = 5161 + (17 1, 0)
xS =St +(1,1,1)
Combining Eq. (3.25) with Eq. (3.24), we have
S0 = Soo ' U S+
Sor = St USH!
(3.26)

Sio = (Seo* 4+ (1,0,0)) U (Sg; " + (1,0, 1))

Sii = (Sipt + (1,1,0) U (SiT" + (1,1, 1))

Now let

C':= CH({(0,0,0),(i/3,0,0), (i/2,i/4,0), (i/2,0,i/2), (2i/3,i/3,i/3), (i,,7)}).
We will show using induction that for 3 <7 < N — 2,

Séo g CZ'+1
Sél g Ci+2

(3.27)
Sioy € (C*+(1,0,0)) U (CH! + (1,0,1))

St C (O 4 (2,1,0)) U (CF + (2,1, 1)).

First, consider the base case i = 3. The appendix Chapter C gives the 16 subset of [0, 3],
which can be verified manually to exists in the convex hulls.

Note that since we have the recurrence relation Eq. (3.26), we may rewrite Eq. (3.27)
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as

S Usit < o

Siptu St C o
(3.28)
(St + (1,0,0)) U (S5 +(1,0,1)) € (€7 + (1,0,0)) U (C* + (1,0,1))

(Sio" + (1,1,0) U (Si7" + (1,1,1)) € (C™' +(2,1,0)) U (C" + (2,1, 1)).

Now as the inductive hypothesis, assume Eq. (3.27) holds for : — 1. We first look at the

first inclusion of Eq. (3.28). By the induction hypothesis, we have

Now we look at the second inclusion of Eq. (3.28). By the induction hypothesis, we

have
Siot C(C™+(1,0,0)) U(C"+(1,0,1)), 571 € (C"?+(2,1,0)) U(C ' 4+ (2,1,1)).

Thus we need to show

(C*™1 4 (1,0,0)) U (C* + (1,0,1)) C C"*2,
(3.29)

(C™2? 4 (2,1,0) U (C* 1+ (2,1,1)) C C**2,

To show this, we will show that for all k£ > 4,
CF 2 +(1,0,1),C% 7 + (1,0,0),C* %+ (2,1,1),C** + (2,1,0) C C*  (3.30)
We look at all four cases: for any z € C*~2 + (1,0, 1), we may express

k—2
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for some y € C*. Note that y, (k/2,0, k/2) € C*,

k—2 2 k—2 2
= —vy+—(k/2,0,k/2), — + - =1
x k' y+k(/’07 /)’ k’ + )

so z € C* by convexity. Therefore, C*~2 + (1,0,1) C C*.

For any x € C*=3 4 (1,0, 0), we may express

k-3
v ="y +(1,0,0)

for some y € C*. Note that y, (k/3,0,0) € C*,

k—3 3 k—3
= — — _— —:1
x 3 Y+ k(k’/S,0,0), 3 + ;

so z € C* by convexity. Therefore, C*—3 + (1,0,0) C C*.

For any x € C*=3 4 (2,1, 1), we may express

k—3
x:Ty—i—(Z,l,l)

for some y € C*. Note that y, (2k/3, k/3,k/3) € C",

k—3 3 k—3 3

sox € CF by convexity. Therefore, CF=3 + (2,1,1) C C*.

For any # € C*~* 4 (2,1, 0), we may express

k—4
e= "y (2,1,0)
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for some y € C*. Note that y, (k/2, k/4,0) € C*,

k—4 4 k—4 4
= — —(k/2,k/4 —+-=1
x ]{f y+k(/’ /70)’ k’ +k Y

so x € C* by convexity. Therefore, C*~* + (2,1,1) C C*. Therefore, we’ve shown
Eq. (3.30), and Eq. (3.29) follows if we set k = ¢ + 2.

Now we look at the third inclusion of Eq. (3.28). By the induction hypothesis, we have
S(z)al g Ci, Sé;l g CiJrl
thus
(Sgo" +(1,0,0)) U (Spy " + (1,0,1)) € (C"+(1,0,0)) U (C™* +(1,0,1))

immediately follows.
Now we look at the last inclusion of Eq. (3.28). We break the inclusion into two com-
ponents,

Sist+(1,1,0) C (CH +(2,1,0) U (C* + (2,1, 1)) (3.31)

and

(SiT +(1,1,1) C(C7 +(2,1,0) U(C" + (2,1,1)). (3.32)

Note that Eq. (3.31) is equivalent to the induction induction hypothesis
Stot € (C*1+(1,0,0)) U (C* + (1,0,1)),

except everything is shifted by (1,1,0). Thus Eq. (3.31) is true. Now we want to show

Eq. (3.32). By the induction hypothesis we have

St C(C72+(2,1,0)) U (C + (2,1, 1)).
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Shifting everything by (1,1, 1) gives

St 4 (1,1,1) C (O +(3,2,1)) U (C1 4 (3,2,2)).

Thus to show Eq. (3.32), it is sufficient to show

(C724(3,2,1) U (C +(3,2,2)) € (C' +(2,1,0)) U(C" + (2,1,1)).

To show Eq. (3.33), we will show that for all &£ > 1,
CHy(1,1,1) cct

For any # € C*~! + (1,1, 1), we may express

k—1
e= "y (1)

for some y € C. Note that y, (k, k, k) € C,

1—1
k

1 k-1 1
“(kk k), —— = =1
y—i_k/’(,’), k +k )

Tr =

(3.33)

(3.34)

so x € C* by convexity. Therefore, C*~! + (1,1,1) C C*. Therefore we’ve shown

Eq. (3.34). Eq. (3.33) follows as we can set k = i or ¢ — 1 and apply shifts (2,1,0) or

(2,1,1).

Thus we’ve shown Eq. (3.27). Note that C**2 C C? + O(1)[0, 1]3. Thus we have for all

Sy coN+o@)o, 1%

Now forany A € Zy, B € DV 73,

A\BC{N—1,N—2}.
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The contribution to any convolution given by A \ B is therefore O(1). Thus for all b,

SNc N +o)0,13,5 € C+0)[,1).

Now we want to show the second part

C CS+0(o, 1.

For any point y € C', we simply have to construct a set A such that

1ax1_4(0,1,2) =y +O(1)[0, 1. (3.35)

We first show Eq. (3.35) for the vertices of C'. Consider the following sets. Let ¢;;;. be
as described in Lemma 2.2. For y = (0,0, 0), we have A = (). Fory = (N, N, N), we have
A=17Zn.

Fory = (N/3,0,0), Let A = {0} C Zj, then

1A x 1,14(0, 1, 2) = (1,0,0),

1¢tile(A) * 1—¢me(A)(Oﬂ L, 2) = (N/?), 0, 0) + O(l)[O, 1]3'

Fory = (N/2,N/4,0),Let A = {0,1} C Z4, then

1ax1_4(0,1,2) = (2,1,0),

1¢tile(A) * 1*¢zize(A)(07 L, 2) = (N/Zv N/47 0) + 0(1)[07 1]3-

Fory = (N/2,0,N/2), Let A = {0,2} C Z4, then

14%1_4(0,1,2) = (2,0,2),
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1¢tile(A) * 1_¢tile(A)(07 L, 2) = (N/2v 0, N/2) + 0(1)[07 1]3‘

Fory = (2N/3,N/3,N/3),Let A = {0,1} C Zs, then
lax1_4(0,1,2) =(2,1,1),

1¢tile(A) * 1*¢tz‘ze(z4)(0> 1, 2) = (2N/3, N/3> N/B) + 0(1)[07 1]3'

Now we consider the non-vertex points. Let vy, .., vg be the 6 vertices. For any y € C,

by convexity there exists Aq, .., A\g € [0, 1], such that

6
Yy = Z Ai;
i=1
and

Let Ay, ..., Ag C Zy be sets constructed according to vy, ..., yg respectively. Define \g := 0.

For 1 <1 < 6, define
1—1 ]
A= Ay {ZW’ ZW)-
k=0 k=0
6
Let A := [J A.. Note that since each A, is translation invariant by 3 or 4, we have
1=1
La * 1_4(0,1,2) = Nila, % 1-4,(0,1,2) + O(1)[0, 1]°.

The convolution contribution between the three components is O(1), so we have

6
La#1-4(0,1,2) = Y Nla, *1-4,(0,1,2) + O(1)[0,1]*

=1

=3 A+ O()[0,1P = y + O(1)[0, 1%
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Thus we have C' C S + O(1)[0, 1]°. O

Now we consider the sum set case. for the sum set case, we only include one direction

of the inclusion. We show that the set image contains a convex polytope.

Theorem 3.8 (Convexity of Sum Set for 3-d). For N > 3, x € Zy, Let r be coprime to NV
and 2|z, or let 2r be coprime to N. The set image S of 14 % 1 4(z, x + r,z + 2r) is nearly

contains a convex polytope in the following sense: Let
C = C’H({(O, 0,0),(N/3,0,0), (0,0, N/3),(0,N/2,0),(N/2,N/4,0),
(0, N/4,N/2), (N/2,0,N/2), (2N/3, N/3, N/3), (N/3, N/3,2N/3), (N, N, N)})

then

C C S+0(1)[0, 1.

Proof. By the Freiman 2-isomorphism defined in Eq. (3.1), we only need to consider the
case (0,1,2). Moreover, 14 * 14(2,1,0), also has the same set image, so the first and the
third coordinate is symmetric. We may flip the first and third coordinate. If (a, b, c) is in
the set imagine of 14 * 14(z,x + r,x + 2r), sois (¢, b, a).

We first consider sets that correspond to the vertices. Let ¢;;. be as described in
Lemma 2.1. For y = (0,0,0), we have A = (). Fory = (N, N, N), we have A = Zy. For
y=(N/3,0,0),Let A, B = {0} C Zj, then

1A X 13(0, 1,2) = (1,0,0),

1¢tile(AvB) * 1*¢tile(A,B)(07 L, 2) = (N/S, 0, 0) + 0(1)[0, 1]3'

Fory = (0, N/2,0), Let A = {0,2}, B = {1,3} C Z4, then

1ax15(0,1,2) = (0,2,0),
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1¢tile(A7B) * 1_¢tile(AvB)(O7 L, 2) = (07 N/2> 0) + O(l)[07 1]3'

Fory = (0, N/2,0),Let A = {0,1}, B = {0, 3} C Z4, then
14x15(0,1,2) = (2,1,0),

1¢tile(AzB) * 1*¢>me(A,B)<O’ L 2) = (N/Z’ N/4’ O) + O(D[O’ 1}3'

Fory = (N/2,0,N/2),Let A, B = {0,2} C Zy4, then
1ax15(0,1,2) = (2,0,2),

Loy (4,8) * 1ogn(a,)(0,1,2) = (N/2,0, N/2) + O(1)[0, 1]°.

Fory = (2N/3,N/3,N/3), Let A, B = {1,2} C Zj, then
1A * 1B(07 1a 2) = <2a ]-7 1)7

1¢tile(A7B) * 17¢tile(A:B)(07 17 2) = (2N/37 N/37 N/3) _I_ 0(1)[07 1]3

Now we consider the non-vertex points. Let vy, .., v be the 10 vertices. Forany y € C,

by convexity there exists g, .., A\;0 € [0, 1], such that

10
Yy = Z Aiv;
i=1

and

Let Ay, ..., Ajg € Zy be sets constructed according to vy, ..., 1o respectively. Define \g :=
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0. For 1 <17 < 10, define

i—1 i
A; = A2 N [ZAkN,Z/\kN>
k=0 k=0

10

Let A := (J A}. Note that since each A, is translation invariant by 3 or 4, we have
i=1

La % 147(0,1,2) = Nila, % 14,(0,1,2) + O(1)[0, 1.

The convolution contribution between the three components is O(1), so we have

10
Lo % 14(0,1,2) = > Ml % 14,(0,1,2) + O(1)[0, 1]
=1

10
= Xvi+01)[0,1° =y + O(1)[0, 1.
i=1
Thus we have C' C S+ O(1)[0, 1]3. O

As we’ve seen in Chapter 2 and 3, the set images are convex polytopes in the cases we
look at. This leads us to the conjecture that set images are always approximately convex

polytopes:

Conjecture 3.9 (Shapes of Set images). Let (G be a finite abelian group, and € G¢. Let
S be the set image of 14 * 14(x). There exists a convex polytope C' C R with O(f(d))
many vertices such that

SCCCS+10,1%-0().
The same is true for 14 * 1_4(x)

Here, it would be interesting to understand what f(d) should be, and understand if the

polytope C has some special structure.
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CHAPTER 4
A SMOOTHNESS PROPERTY OF CONVOLUTION

In this chapter, we will prove a smoothness property for 4-fold convolutions 1 4% 1 4%14%1 4
for sets A that are sufficiently dense. We will then make a conjecture on 3 and 2 fold
convolutions. In the last section, we will construct different sets to see the potential bounds

of these conjectures.

4.1 Preliminaries

Here are some concentration results in probability that we will utilize.

Theorem 4.1 (Markov’s Inequality). Let X be a non-negative random variable. For all
t >0,

(x> )< B

Theorem 4.2 (Bernstein’s Inequality). Let X7, ..., X,, be independent random variables. If

P(|X;| < M)=1and E(X;) =0, then for any ¢t > 0

n t2
g (Z i t) <o (“g5 wpc s

=1
For our purposes, we will often work with complex non-centered random variables. In

this case we can restate Bernstein’s Inequality as:

Proposition 4.3 (Bernstein’s Inequality for Complex Random Variables.). Let Xy, ..., X,

be independent random variables. If P(|X; — E[X}]| < M) = 1, then for any ¢t > 0

Xn: X; — E[X;)

p(

t2
>t <4 — .
= )— eXp( 42?_1Var(|X,~|)+4Mt/3)
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Proof. Denote X := 3" | X; — E[X;]. Since |R(X)|? + |J(X)|* = | X|?, that
| X| >t = |R(X)| >

Thus

PX] > 1) <P(R(X)| > —=) + P(IS(X)[ =

)
75
Both P(|R(X)| > 75), P(|S(X)| = 75) can be bounded by Bernstein’s Inequality:

Sl

~
~~

PR(X) > —),P(3(X) >

< t2
=/ ) < exp <_4zy1 Var(|X]) +4Mt/3> ‘

S

The same is true for P(—R(X) > 2=, P(—3(X) > \/Li)’ thus by union bound

i
V2

t2
PlX| >t <4 — .
1120 < o0 (e s
O]

Our proof will utilize the following approximation for binomial coefficients, which

utilizes Stirling’s formula [17, 16].

Lemma 4.4 (Stirling’s Formula for binomial coefficients). For all a € (0, 1),

n ~ 2nH(a)
an ’

where H(a) := alog(1l/a) + (1 — a)log(1/(1 — «)) is the binary entropy function.

4.1.1 Fourier Analysis Preliminaries

In this section, we will define the Fourier analysis tools that we use, specifically in the finite

abelian group setting. Let the ambient group G be a finite abelian group.
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Definition 4.5 (Bilinear forms). A bilinear form on a ambient group GG is a mapping
(&, z2) — & -z from G x G — R/Z, that is a homomorphism for both variables &, x
separately. A bilinear form is degenerate if the mappings z — £ - x, is identically zero
for some non-zero &, or the mapping & — £ - x is identically zero for some non-zero x. A

bilinear form is symmetric if £ -z = x - £.

With a bilinear form, we can define the Fourier transform. Let e() := exp(27if), then

we have the following:

Definition 4.6 (Fourier transform). Given a function f : G — C and bilinear form, define

the Fourier transform f :G —Cas

O =) f@)e(&-x).

zeG

Note that in the view of Fourier analysis, all choices of bilinear form are equivalent.
For our purpose, we will work with the specific standard choice of bilinear form. For an
example, in the case of G = Zy, the bilinear form is - x = {x/N. The Fourier transform

is then

J©) =) fla)etme/™,

zeG

We will use the following important properties of Fourier transform [12]:

Proposition 4.7 (Properties of Fourier transform). Let f,g : G — C be two functions,

then:

c f0) =2 ).

zelG

* (Parseval identity) - |f(z)[2 = |G|7" 2 [F(§)
zeG feG

« (Plancherel theorem) S f(x)g(z) = |G|™* 32 f(€)§(€).

z€G &eG
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« (Fourier inversion formula) f(z) = |G|~} 3 f(&)e(€ - z).
£€G

* (Convolution) m = f g.

Definition 4.8 (Spectrum). For any subset A C G, we define its « - spectrum to be
Speca(A) = {6 € G : [14(6)] = alAl}.

By Parseval’s identity and Markov’s inequality, we can give the following upper bound

for the size of the spectrum:

Lemma 4.9 (Upper bound for size of spectrum). Given 0 < o« < 1and A C G,

|Speca(A)] < a”*|GIA] .

Proof.

|Speca(A)] = [GP(114(€)] = alA]) = |GIP(|14(€)]* = o®|AP) < |GIE(|1a(€)*)a?[ Al

= <Z IiA(é“)IQ) a”?|A[7? =G (Z |1A($)|2> a?|A[7 = a|GlIA

£ed zeG

4.2 A Smoothness Property of 4-fold Convolution

In this section, we are interested in a smoothness property of convolution.

Given a set A large enough, for all sets S that is large enough where 1 4x1 4(s1+52) =~ 0,
for all s1,s2 € S, then there exists a s € S such that 14 * 14(2s) ~ 0. Similarly, if
Laxla(s1+s2) > 0, forall s1,s9 € S, then there exists a s € S such that 1 4%14(2s) > 0.

Perhaps the conditions can be relaxed, where 1 4%14(s1+$2) doesn’t have to be all large
(or small.) The result can also be strengthened to say more or all s € S has 1 4% 14(s1+ $2)

large (or small).
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This is related to Roth’s theorem, as 1 4% 1 4(2s) # 0 corresponds to solutions to x+y =
2s, which is a 3-AP. If A is too small, this is not true, as Behrend’s Type construction tells

us that there are sets of size without any 3-AP’s. Thus, we should maybe look at

c\/log n

sets of size |A| > |S| > (logn)'.

lgn 107

Theorem 4.10 (4-fold convolution). Fix 0 < € < 1, and Let N > Ny(¢). Let GG be a finite
abelian group such that |G| = N. Let A, S C G be such that |A| > N'~¢ |S| = N* for

some c. If for every sy, s5 € S, 51 # So,
Taxlgxlaxla(s;+s2) < |A|3N(2_3C/2)6, 4.1)
then, there exists s’ € .S, such that
Taxlgxlyx1a(28) < |[APNG/2e,

Note that if ¢ < 6, the bound is |A]? trivial, so we may assume ¢ > 6, where we are

giving polynomial bounds. To prove the theorem, we first show the following lemma:

Lemma 4.11. Let R, S C G, be subsets of a finite abelian group, where |G| = N >
64, |R| = k > 4,|S| = [,and | > 15k+3. There exists a sequence of weights (wy, ..., w;) €

{—1,0, 1} not all zero, such that for all r € R,

l
< ol/(3k) *

and for all £ € G,

< 6\/_10gN

Proof. Enumerate the elements of S as {s1, ..., s;}. Let d1, ..., §; be Bernoulli random vari-

ables with P(5, = 1) = k forall 1 <+ <[ Forall £ € (G, define the random variable
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l
X§ = Z 6t€(8t . f)
t=1
We have

l
(o0 €) ~ Bl )| < 1, 3 Vax(loielse - 6)) =151~ 1) < k.

Therefore, by Proposition 4.3, for any £ € G,

P<|X5—E<Xs>|23mog<w>>g4e><p<_ Ok log* (N) )

. 1 4k + 4Vklog(N) “42)
0og _ —3/2
<4 ———————= | =4N —.
=t ( 6k log(N) ) < oN
By the union bound
P(V¢ € G, |Xe — E(Xe)| > 3V log(N))
—1-P(3¢ € G, |Xe — E(Xe)| > 3Vklog(N)) (4.3)
1
<1—N-P(|Xe — E(X)| > 3Vklog(N)) < 3
Let A C {0, 1} denote the set of all sequence (4, ..., ;) such that, for all £ € G,
l ——
1> " die(si - €) — E(Xe)| < 3vklog(N) (4.4)
t=1

By Eq. 4.3), |A| > 2/(1 —1/2) = 2",
Now consider the set {z + iy € C : |z, |y| < [}*. Partition the set into translates of the

cell

{z+iyeC:0< |z, |y <1/2V/EO+FL/211k
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The number of translates in the partition is

(2 . 2|—l/(3l€)+1/2-‘ )Qk,‘ S (2 . 2l/(3k)+3/2)2k — 22l/3+5k‘.

Since [ > 15k + 3, |A| > 2!~ > 22/3+5% Enumerate all the elements of R = {r, ..., 7:}.

By the pigeonhole principle, there must exist (dy, ..., 9;), (01, ..., 9;) € A such that

(Z 5te (s¢-11), Zéte (st -7k )

(Z(Sest 1), Z5€8t Tk)

belong to the same cell. Let (wy, ..., w;) := (61, ...,6;) — (8], ..., ;). For such weights, we

have forallr € R

!
g wee(sy - r
t=1

— (; 8 — 0p)e(sy - r) (; e(sy - r))

(Z/Q[l/ 3k)+1/2]) (l/21/ (3k) +1/2) (1/21/(3k))2 _

By Eq. (4.4) and the triangle inequality, for all £ € G,

t=1

s (

!
ZcSte S¢ - 2526(51: . {)‘

E(X¢)| < 6VElog(N).

Thus (wy, ..., w;) is our desired weight.

]
Proof of Theorem 4.10. Enumerate the elements of S as {s1,...,s;}. Let « = NU0~¢/2)¢,
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and define the set R := Spec,(A).

Let (wy, ..., w;) be the weights as described in Lemma 4.11, according to S and R. Let
J be an index such that w; = 1; if no such weight exists, then simply multiply all weights
by —1 so the bounds of Lemma 4.11 is still satisfied. Let s’ := s;. We define the following

functions:

4

F(€) == N1, (€)e(s' - €)

I
= Z we(€ - s

t=1
t#j

l
&)=Y wie(€- s
t=1

By Fourier inversion in Proposition 4.7, we have

Taxlax1yx14(28)=N" ZlA 523)
£eq@

=N~ 121,4 e(£-28')+ N~ 1Z1A e(€-2¢)

£ER £ERC
=N~ Z N+ N Z1A e(€ - s)e(€ - ).
(ER £ERC

Since e(¢ - ') = Wi (§) — Wa(€), we have

:ZF(£)<WI( ) + ZF — Wa(§))

£ER £eRre

=Y FOWIE) + Y FOWI(E) =D FEWa(§)

§ER £eRe £ed

4.5)
We will first look at the first sum. By Lemma 4.9, |R| < o 2N|A|~!. For ¢ € R, by
Lemma4.11,

WA(E)] < gy < S]27 IS < yergoav e
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_ NCEQ—N€/3 < N(Q_C/Q)E,

and

IFE)] < NTAPITa©))”

Thus, the first sum is bounded by Parseval

ZF WL (€

£ER

< JAPNTY [TA(§PNE /e < |AP NG/, (4.6)
(ER

For the second sum & € R¢, we have |1,(¢)| < a|A|, and Wy(€) < 3+/[R|log N by

Lemma 4.11.
> FOWi(9)] < 6v/[RI(log N)N 1> " [Ta(§)]* < 6(log N)v/[RIN e |A2 > [14(8)
£eRe £eR® £eRe

By Lemma 4.9, \/|R| < a ' N'2|A|7Y/2 5o

< 6(log N)N'2|A| 2| APN" Y " [Ta(9)® < 6(log N)N'2[A] /20| A
{ERSC

_ 6(10g N)|A|3N(1fc/2)6+e/2 < ‘AIBN(270/2)6. 4.7)

For the third sum, we have

SCFEOWaE) =S N6 ) S Th (©wielE - )

¢e@ €eG t=1

l
= ZZ Swee(§ - (' + s4)) Zwt ZlA e(€- (8 + s¢))
cG t=1
t£5

tsﬁj
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by Fourier inversion
!

:ZwtlA*lA*lA*lA(s'—l—st).
%

By our assumption of convolution at sums of different elements,

ZF(@W2(§) < Nce|A‘3N(2—3c/2)e _ |A|3N(2_6/2)6. (4.8)
€eG
Putting Eq. (4.6), Eq. (4.7), and Eq. (4.8) together, we have our desired result. [

As shown in the proof, the 4-fold of the convolution is necessary for the Fourier coef-
ficients to decay at a sufficient rate. Thus, to get a power-like bound, 4-fold convolution
is perhaps necessary. However, there may be arguments utilizing almost-periodicity and
Bohr neighborhood that allow us to get similar results. These arguments typically work
with sets of size n/e(°2™° for some c. Here we have an conjecture for the smoothness of

2-fold convolution.

Conjecture 4.12. Let GG be a finite abelian group such that |G| = N. Let A, S C G be such

that |A| > N/elosN)'® |G| > 200s M) For every s1, 59 € S, 51 # S0,
Tax1a(s1+ 82)~0. 4.9)
Then, there exists s' € S, such that
Ta%14(28) ~0.

4.3 Construction on the Bounds of the Smoothness Property

In this section, we are interested in understanding the bounds one would expect for 2 con-
volution versions of Theorem 4.10. We want to construct A, S such that |A], |S|, is large

and 14 * 14(2s) is large, but 14 * 14(s1 + s2) is small for all s, s1, s5 € S. We would like
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to see how big the gap between 14 * 14(2s), 14 * 14(s; + s2) can be, while keeping A, S
as dense as possible.

These constructions are inspired by the construction of Behrend for the lower bound of
Roth’s Theorem [1]. They also share some similarities with the Niveau set construction of
Ruzsa [19], or Gowers [11].

Let M € 7 be aboundary parameter. For all constructions in Z¢, we are going to map it
to [~ M, M]¢ C 7Z using the following Frieman 2-isomorphism v : Z¢ — [0, (4M + 2)¢] C
/

?

d
v(@) ==Y (wx + M+ 1)(AM +2)F". (4.10)
k=1

We begin with a relatively simple construction of hyper cubes in Z¢ :

Proposition 4.13 (Hypercube Construction). Given N, d, let M = | N'/?/4 —1/2|. There
exists sets A, S C [0, N] C Z such that |S| = d, |A| > d(2M)?~!, and for all s € S,

Tax14(28) > (2M + 1)1

For all s; # s9 € S,

Tax1a(s) +s2) < (2M + 1)472,

Proof. Lete;, 1 < i < d be the standard basis in Z?. Let S = {Me; : 1 <i < d} and
A={veZ: ||v|eo =M}
is the hypercube formed by all hyperplanes normal to points in .S. Then we have
S| =d,|A| = (2M + 1)* — (2M)* > d(2M)*.

Given s € S, if z is in the hyperplane normal to s, then 2s — =z is also in the hyperplane.
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Thus,

Tax14(28) > (2M + 1)1
Letz +y =81+ 82,0 € Agy € Ay. Wehave z - s = d, (s1 + so — x) - 8 = d. This is
equivalent to the system

[s,—s'|"w = [d,d + (51 + s3) - §']".

This is equivalent to the shifted null space of the matrix [s, —s'|7. Shifting the hyperplane

to the origin only increase the number of points in the box, thus
Tax1a(s1452) < |{v e [-M, M]*: [s,s] v = 0}

Since 51 # so,||s1 + s2llf < 2d. If s = ¢, then x,y lie in the same hyper plane and
|z 4+ y||2 > 2d. Therefore s # s’ and [s, s']” has rank 2. Thus there exists two columns i, j
that are pivot columns. Therefore, 4, j coordinate of v must be 0 for [s, s']7v = 0. Thus we

have (2M + 1)4=2 choices for the other coordinates.
La* La(sy +s2) < (2M + 1)42 (4.11)

Now mapping A to Z with v in Eq. (4.10) gives our desired set. [

In a similar way, we may look at cross-polytopes instead of hyper cubes.

Proposition 4.14 (Cross-Polytope Construction). Given N, d, where d is even, let M =

|NY/d/4 —1/2]. There exists sets A, S C [0, N] C Z such that
2d—1
S| =241 |Al > 247 2M — 1) /(Md —d + 1) — ( ) )(ZM 4 1)42

and for all s € S,

1ax14(28) > (2M — 1)?/(Md — d + 1).
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For all s; # s9 € S,

Lax1a(s) +s2) < (2M + 1)472,

Proof. Let S = {s € {—1,1}?: s, = 1} and let

A={ve[-M M*CZ: 3Isc Ssuchthatv-s = d}.

is the cross-polytope formed by all hyperplanes normal to points in S. Fix s € S, we would

like to find a lower bound for the size of

Ay ={ve[-M,M*CZ: v-s5s=d}.

Without loss of generality, we may assume s = (1,1,...,1). Note thatif v - s = 0,v €

[—M + 1, M —1]¢, then (v + s) - s = d, (v + s) € [~ M, M]?. Therefore, We may instead

consider
Ag={ve[-M+1L,M-1"CZ v + .. + vy = 0},
Let
Ty = {(Ul, ...,’Ud/g) < [—M -+ LM — 1}d/2 UL+ —|—’Ud/2 = m}
For any z, If
v+ ...+ Vg/2 = W1 + ...+ Wq/2 = T,
then

U+ o+ Vg2 — w1+ e+ wge = 0.

Then we have (vy, ..., Va/2, W1, ..., Wq/2) € Ao. This is true for any pairs of vectors v.w € 7.

7, is none empty for z € [—Md/2 + d/2, Md/2 — d/2|. By Cauchy—Schwarz, we have

P ENAE (Z |rx|) /\l=Md/2 + df2, Mdj2 — d /2]

TEZ TEL
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= (Z |m|>2/(Md —d+1)=|[-M +1M — Y22 /(Md — d + 1)

= (2M — 1)*/(Md — d+1) (4.12)

Now we give a upper bound for the intersection of two hyper planes. If x € A, N Ay,

then [s, s'|Tx = [d, d]*. The intersection is equivalent to the shifted null space of the matrix.
[s,s']. Thus

A, N Ay| < v e [-MM]*: [s,8]) v = 0}

All s # s are independent from each other, so [s, s']7 has rank 2. By the same argument
as Eq. (4.11),
|A, N Ag| < (2M +1)472

By inclusion exclusion, Eq. (4.12), and Eq. (4.11) we have
2d71
S| =247 Al > 247 2M — 1) /(Md —d + 1) — ( ) )(QM + 1) (4.13)
All a € A, contribute to the convolution 14 % 14(2s) so
1a % 14(25) > |Ag] > 2M —1)?/(Md —d + 1) (4.14)
by Eq. (4.12). By the same argument as Eq. (4.11) again,
1A *x 1A(81 + 82) S (2M + 1)d_2.

Now mapping A to Z with v in Eq. (4.10) gives our desired set. [l

4.3.1 Intersections of many faces of a Cross-polytope

Now we consider a more sophisticated construction.

Theorem 4.15. Given d > d, N, where 3|d. Let M := | N'/?/4 —1/2], and k, k" be such
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that kk”? = 1.0587. There exist sets 4, S C [0, N| C Z such that
/ d kk' d—2
|S| >k, |A| > kk'(2M — 1)%/(Md—d+1) — ) (2M +1)
and for all s € S,
k/
1a%14(28) > K'(2M —5)?/(Md —3d + 1) — <2) (2M +1)42.
For all s; # s € S,

1A *x 1A(81 + Sg) S (2M + 1)d_2.

Proof. Let Hy = {—1,1}¢, Sy = {3, 3}%. We will pick a random k-subset S := {s1, ..., s} C
So.
Let H := H(S) be the set of all sequences H = (hy1, ..., hix ), where each h;; follows

the following conditions:
1. Forall1 <i<k,1<j<Fk, wehaveh; - s, =d.
2. Each h;; is distinct.

3. Foralllgigk;,lgj§k’andsa,sbeS,sa#sb,wehavehij-@7éd.

We would like to show that there exists a set S with the conditions above, by showing
E(|#H|) > 0. Let H; be the set of sequences that satisfies conditions 1, and Hs be the set of
sequences that satisfies conditions 1 and 2. Note that for a given s;, for s; - h;; = d,2d/3
of the entry has to match signs with %;;, and d/3 of the entries has to have opposite signs,

d

giving () choices. Therefore we have |H.| = (,7;) " choices if we allow repetitions. To

get distinct elements, as each h;; is chosen, it has to be removed from the pool of potential

wfi((4))
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Now let H;;q. C H1 be the set of sequences that satisfies conditions 1, but

Sa 1+ Sp

=d.

Assume a # b; this means H,;j4 is the subset of 7 that fails condition 3 on the elements
hij Sas sp. Therefore, we have H = Ha \ (U; ;420 Hijab), the set of sequences that satify
all 3 conditions. Note that H;;., = H;jse, S0 we simply have to account for the cases when

a < b. Thus, by union bound we have

H] > [Hal = D [Hijal-

1,7,a<b
Note that E(|H,;;q|) is the same for all ¢ # a, b, and the same for all i = a or b. We will

show that for all ¢, 7, a, b,

o< (1) ()

First consider ¢« = a or b. For any h € Hy where h - s, = d, h - % = d, if and only if

h-s=d.Lets,be given, and h € Hy, s € Sy be randomly chosen:

P(h- 8“;8 —dhse=dys £ 52) =P(h-s—=dlh-se=d,s # s4).
As discussed, there are (dc/lg), s € Spsuchthat h-s = d. Since s # s,, we have (d%) -1

choices. Thus, given a h, let s € S \ s, be randomly selected.

P(h-s=dlh-s,=d,s# s,) = ((d‘/i?)) - 1) /(27 —=1) < 2—d(d%). (4.15)

Thus foreach 1 < a,b < k,1 < j < k’, we give the upper bound to the expectation:
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E(|Haja]) = E(|Hojas|) < <dc/l3> kleid (dc/i?))'

Now we consider ¢ # a, b. Let s, # s, be given. Let s € S be randomly selected, then

h € Hy be randomly selected amongst vectors such that i - s = d:

Sa + Sp

E(|Hijosl) = E(1Ma|)B(h - —dlh-s = d,s # 50, 55).

To give a upper bound to the expectation, we separate the probability using conditional

probability:
ow“;%:ﬂh$:¢s¢%ﬁg:
Pm-%;sﬁzﬂws:dyms¢%@g (4.16)
—P(h - Sa £ _ dlh-s=d,s=s,0rs,)P(s = s, 0r8)/P(s # 54, Sp)-

2

We would like to give an upper bound to Eq. (4.16). We first calculate P(h - @ =

d|h - s = d), the probability that condition 3 is satisfied for &, s,, s,. Note that because s is

selected independently from s,, s;, we have

Sq + Sp Sa+8b_

P(h
( 2

—dh-s=d)=P(h d).

Let ¢ be such that % has % + 2t entries that are non-zero. Since we are trying to get
a upper bound, first assume that the probability is non-zero. This implies that 0 < ¢ < d/3
is an integer. Since the calculation is the same, assume without loss of generality that all
non-zero entries are 3, and not —3. Note that if ¢ < 0, then A - @ < dforany h € H;,

the condition is not satisfied. If £ > 0, then if A is —1 at ¢ of the non-zero entries, and 1 at
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all other non-zero entries,

d
§+2t

Thus we have ( :

) choices for the non-zero entries. For the O entries, h can be anything,

thus giving us 2% 2 choices. Thus, given a random h € H, the probability is then:

d
IP)(]'L . Sa _;_ Sb _ d) _ 2—d (5 —: Qt)di—Qt'

For any 0 < ¢ < d/3, we have that

() IO - e <

because 4(t + 1) + ($+ ¢+ 1) < (¢ + 2t +1) + (£ + 2t + 1), thus

d d d d
4(t+1)(§+t+1)g(§+2t+1)2§(§+2t+1)(§+2t+2).

The probability monotonically increases as ¢ increases, and is maximized for ¢ = g, and

Sa + Sp —d d
P(h - = <2 .
= =d= (d/S)

Now we calculate P(h - 2% = d|s = s, or s;). Note that this is the same as the first

case considered, when ¢ = a or b. Thus, this is equal to Eq. (4.15). We also have that

P(s = s, 01 5) = 2174 P(s # 54, 8,) = 1 — 2791,
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Combining everything we have, Eq. (4.16) has the upper bound

Sa + Sp

P(h - =dh-s=d,s+# sq,5) <

(Td(d%) _2_d<dc/i3)2l_d)/(1 g1=d) _ 9= (d/3) @17

Thus foreach 1 < i,a,b < k,1 < j < k/, we give the upper bound to the expectation:

E(Hija]) < (jg) kk/Q_d (dc/l3> '

Thus we have

E|H| > E |H1 ( Z |H2]ab|>

,7,a<b

_H <(d/3) ) — > E[Hajul

1,7,a<b

() ) )
() )

) () B

By Lemma 4.4, (% - 6) KA (d‘/i?)) < (217)‘1/3 for d large enough. Let ¢ =

1.058, k'k? = ¢?. Then we have that

() ()<t () et
R

(kk')? = 1.058% < (% — e)d/3 < (

Note that

d/3) Thus as d — oo,
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Lk kk'
(1 — T) — 60 =1.
(d/S)

Therefore E|#| > 0. There exists a H = (hq, ..., hxr) such that all three conditions are
satisfied.
Let S be a set such that 7 (.S) is none empty, and let H be a element of such H(5).
Define
A={ac[-M,M]*CZ": 3hc Hsuchthata-h = d}.

The size of A is very similar to that of Eq. (4.13). Except now we have k&’ hyperplanes

instead of s% 1. Therefore, we have
/ d kK’ d—2
|S| =k, |A| > kE'(2M —1)*/(Md —d+1) — 5 (2M + 1)“=.

14 * 14(2s) is similar to the case of Eq. (4.14). Except this time, S is vectors in {—3, 3}¢
instead of {—1, 1}%. Thus everything needs to shift by 3 instead of 1 to the origin. We have

the contribution of a single hyperplane to the convolution of 14 % 14(2s) is
(2M —5)*/(Md — 3d + 1)

There are k&’ hyperplanes through each s. By the same arguement, the intersection of each

hyperplane is at most Eq. (4.11). Thus we have
k/
Ta*14(28) > K'(2M —5)*/(Md —3d + 1) — (2) (2M +1)72.

By Eq. (4.11) again,

Lax1a(s1 4 89) < (2M +1)772,
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APPENDIX A
NOTATION

A+ B
A—-—B
a”b

c- A

exp()

e(x)

S

R(x), 3(x)
O(f(@)),f~yg

A\ B

Sum set (Definition 1.1)

Difference set (Definition 1.1)
Concatenation of vectors a and b (Section 2.1)
Dilation of set A by element ¢
Bilinear form (Definition 4.5)

e”, exponential of =
exp(2miz) (Section 4.1.1)

Complex conjugate of x
Absolute value of x. If x is a complex number, then the 2-norm of z.
The real and imaginary part of the complex number z.
Big O notation (Definition 1.8)
Complement of set A
Power set of set A
x divides y
[0, 1]™ the set of binary vectors of length n (Section 3.1.1)

{a € A:a ¢ B}, the set difference
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APPENDIX B
COMPARISON OF C} AND S}

In this section we will verify that the base cases for Theorem 3.6 holds.

First, look at the base case 1 = 1.

Co = CH({(0,0),(0,-1/2),(1,0)}) UCH({(0,2), (0,3/2),(1,2)}),

SO
Co N (Z x 2Z) = {(0,0), (1,0), (1,2)}. (B.1)
Now let’s look at S3. For the four possible sets A € Aj :

A=0:14%14(0,1) = (0,0)

A={0}:14%14(0,1) = (1,0)

(B.2)
A= {1} . 1A* 1A(0,1) = (0,0)
A={0,1} : 14 x14(0,1) = (1,2).
We see that the points of Eq. (B.1) and Eq. (B.2) matches exactly.
C1 has vertices
{(0,0),(2,0),(0,1/2),(3,2)},
thus it contains (1,0), (2, 1). Thus,
Ci N (Z % 2Z) ={(0,0),(1,0),(2,0), (3,2)}. (B.3)
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For the four possible subsets A € Al :

A= {1} :14%14(0,1) = (0,0)

A={-1,0}:14x14(0,1) = (1,0)
(B.4)

A={-1,1} : 14 x14(0,1) = (2,0)

A=1{-1,0,1}: 14+ 14(0,1) = (3,2).

We see that the points of Eq. (B.3) and Eq. (B.4) matches exactly. Now we look at the

case 1 = 2 :

Cs = CH({(0,0),(2,0),(0,1/2),(3,2)}) U CH({(0,2), (2,2),(0,3/2), (3,4)}),

SO

CyN(Z x 27) = {(0,0),(1,0), (2,0),(1,2),(3,2),(0,2), (2,2), (3,4)}). (B.5)

Now let’s look at S3. For the 16 possible sets A € A3, we list the 12 that are not listed in

Eq. (B.1):

A={-1}:14%14(0,1) = (0,0)
A={=1,0}: 14 % 14(0,1) = (1,0)
A={=1,1}: 14 % 14(0,1) = (2,0)

A={=1,0,1}: 14 % 14(0,1) = (3,2)

A={2}:14%14(0,1) = (0,0)
A=1{0,2}:14%14(0,1) = (1,0)
A={1,2}: 14 %14(0,1) = (0,0)

A=1{0,1,2}: 14 %14(0,1) = (1,2)
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A={=1,2} 1 14 14(0,1) = (0,2)

A={-1,0,2}: L4 % 14(0,1) = (1,2)

A={-1,1,2} : 14 % 14(0,1) = (2,2)

A={-1,0,1,2}: 1,4

£14(0,1) = (3,4).

We see that the points of Eq. (B.5) and Eq. (B.6) matches exactly.

C? has vertices

{(0,0),(3,0), (0

thus,

Cl N (Z x 27Z) = {(0,0),(1,0),(2,0),(3,0),(1,2),(2,2), (3,2), (4,2), (5,4)}.

73/2)7 (57 4)}’

(B.6)

(B.7)

Now let’s look at S§. For the eight possible sets A € A}, we list the 12 that are not listed

in Eq. (B.1):

A={-2,-1}:
A={-2-1,0}:
A={-2-11}:

A={-2-1,01}:
A={-22}:
A={-2,0,2}:
A={-212}:
A={-20,1,2}:
A={-2-1,2}:

A={-2,-1,0,2}:
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1a % 14(0,1) = (0,0)
14%14(0,1) = (1,0)
14%14(0,1) = (2,0)
14%14(0,1) = (3,2)
14%14(0,1) = (2,0)
14%14(0,1) = (3,0)
14%14(0,1) = (2,0)
14%14(0,1) = (3,2)
1ax14(0,1) = (2,2)

14%14(0,1) = (3,2)



A={=2-1,1,2}: 14 x14(0,1) = (4,2)

A={=2,-1,0,1,2} : 14 % 14(0,1) = (5,4). (B.8)

We see that the points of Eq. (B.7) and Eq. (B.8) matches exactly. Thus, the set image

is as described for the base case.
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APPENDIX C
SUBSETS AND 1, 1_4(0,1,2)

In this section, we list the base cases for Theorem 3.7. We give all 16 subset of [0, 3], and it’s
convolution 14 % 1_4(0, 1,2). Subsets are expressed in its vector form vy4, so A = {0, 2,3}

would be v4 = [1,0,1, 1].

VA 1A*1,A(0,1,2)

[0,0,0,0] (
[1,0,0,0] (
[0,1,0,0] (
[1,1,0,0] (
[0,0,1,0] (
[1,0,1,0] (
0,1,1,0] (
[1,1,1,0] (
(
(
(
(
(
(
(
(

[0,0,0,1] 1,0,0
[1,0,0,1] 2,0,0
[0,1,0,1] 2,0, 1
[1,1,0, 1] 3,1,1
0,0,1,1] 2,1,0
[1,0,1,1] 3,1,1
0,1,1,1] 3,2,1
[1,1,1,1] 4,3,2
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