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SUMMARY

Many recent breakthroughs in additive combinatorics, such as results relating to Roth’s

theorem or inverse sum set theorems, utilize a combination of Fourier analytical and phys-

ical methods. Physical methods refer to results relating to the physical space, such as

almost-periodicity results regarding convolutions. This thesis will focus on the properties

of convolutions.

Given an abelian group G and sets A ⊆ G, we study the properties of the convolution

for sum sets and difference sets, 1A ∗ 1A and 1A ∗ 1−A. Given x ∈ Gn, we consider its

corresponding set image of the sum set, the image of f(A) := 1A ∗1A(x), and the similarly

defined set image of the difference set. We break down the study of set images into two

cases, when x is independent, and when x is an arithmetic progression. In both cases, we

provide some convexity result for the set image of both the sum set and difference set. For

the case of the arithmetic progression, we prove convexity by first showing a recurrence

relation for the distribution of the convolution.

Finally, we prove a smoothness property regarding 4-fold convolutions 1A∗1A∗1A∗1A.

We then construct different examples to better understand possible bounds for the smooth-

ness property in the case of 2-fold convolutions 1A ∗ 1A.

vi



CHAPTER 1

INTRODUCTION

1.1 Preliminaries

Given subsets of a group G, additive combinatorics is interested in understanding the ”ad-

ditive structure” of a set. This thesis will study the additive structure of sets through the

notion of convolutions. To understand this idea, we must first define the fundamental con-

cept of sum sets and difference sets [26].

Definition 1.1 (Sum Set and Difference Set). Let G be Abelian group. Let A,B ⊆ G.

Define the sum set

A+B := {a+ b : a ∈ A, b ∈ B}

and difference set

A−B := {a− b : a ∈ A, b ∈ B}.

G is referred to as the ambient group. For this thesis, all ambient groups G referenced

are abelian. The difference set is not to be confused with set difference, which is denoted

as A \B := {a ∈ A : a /∈ B}. For an element a ∈ G, we denote

a+B := {a}+B = {a+ b : b ∈ B}

as the translation of B by the element a.

It is often useful to identify a set A with its corresponding characteristic function. This

will allow us to view the sum set with the lens of convolutions, and utilize Fourier analysis

techniques.

Definition 1.2 (Characteristic Function). For a setA ⊆ G, the corresponding characteristic
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function is defined as

1A(x) :=


1 if x ∈ A

0 if x /∈ A.

In literature, 1A(x) is sometimes notated as A(x).

For finite abelian groups G, we may define the convolution of two functions as the

following:

Definition 1.3 (Convolution). Given functions f, g : G→ C, we define the convolution of

the two functions as

f ∗ g(x) :=
∑
y∈G

f(y)g(x− y).

Let x ∈ Gn be a sequence. For convenience, all the following will denote the same

thing:

1A ∗ 1B(x) = 1A ∗ 1B(x1, x2, ..., xn) = (1A ∗ 1B(x1), 1A ∗ 1B(x2), ..., 1A ∗ 1B(xn)).

The significance of convolutions to additive combinatorics is the following [25]: Given

subsets A,B, the convolution of characteristic functions is

1A ∗ 1B(x) =
∑
y∈G

1A(y)1B(x− y) = |{(a, b) ∈ A×B : a+ b = x}|. (1.1)

The convolution of characteristic functions is the representations of x, the number of a ∈

A, b ∈ B such that a + b = x. Therefore, the support of 1A ∗ 1B(x) is exactly the sum

set A + B, and the support of 1A ∗ 1−B(x) is exactly the difference set A− B. These two

functions will be our main object of study.

Given the function 1A ∗ 1A(·) and a fix x ∈ Gn, we may view 1A ∗ 1A(x) as a function

of A. In this case, we are interested in understanding its corresponding set image.

2



Definition 1.4 (Set Image of 1A ∗ 1A(x) and 1A ∗ 1−A(x)). Given x ∈ Gn, let f1, f2 :

P(G) → Zn be defined as

f1(A) := 1A ∗ 1A(x), f2(A) := 1A ∗ 1−A(x).

We call the image of f1 the set image of 1A ∗ 1A(x), and the image of f2 the set image of

1A ∗ 1−A(x).

An alternative way to view the set image is by viewing 1A∗1A(x) as a random variable.

Given x ∈ Gn, let A be a randomly chosen subset of G, let 1A ∗ 1A(x) and 1A ∗ 1−A(x) be

random variables. The set image of 1A ∗ 1A(x) and 1A ∗ 1−A(x) is then the support of its

density function.

An important tool that we will use is the Freiman homomorphism, which allows us to

map sets to different ambient groups while maintaining their additive structure.

Definition 1.5 (Freiman Homomorphisms). Let A ⊆ G1, B ⊆ G2 be subsets of abelian

groups G1, G2. A Freiman homomorphism of order k is a mapping ϕ : A→ B such that

a1 + ...+ ak = a′1 + ...+ a′k =⇒ ϕ(a1) + ...+ ϕ(ak) = ϕ(a′1) + ...+ ϕ(a′k)

for all a1, ..., ak, a′1, ..., a
′
k ∈ A. If there exists an inverse map ϕ−1 : B → A, which is also

a Freiman homomorphism of order k, then ϕ is called a Freiman isomomorphism of order

k, and A,B is Freiman isomomorphic of order k.

A Freiman homomorphism of order k is also conveniently refered to as a Freiman k-

homomorphism. Note that a Freiman k-homomorphism is also a Freiman homomorphism

of any order less than k. This is because if ϕ is a Frieman k-homomorphism, for any

a1, ..., ak, a
′
1, ..., a

′
k such that

a1 + ...+ ak−1 = a′1 + ...+ a′k−1,
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then

a1 + ...+ ak1 + 0 = a′1 + ...+ a′k−1 + 0

implies

ϕ(a1) + ...+ ϕ(ak−1) + ϕ(0) = ϕ(a′1) + ...+ ϕ(a′k−1) + ϕ(0)

ϕ(a1) + ...+ ϕ(ak−1) = ϕ(a′1) + ...+ ϕ(a′k−1).

Thus ϕ is a Frieman (k − 1)-homomorphism. Note that group homomorphisms, linear

transformations, or a translation by a element are all Frieman homomorphisms of arbitrary

order.

Freiman isomorphisms preserve the additive structure, thus preserve the convolution

and its set image in the following way:

Proposition 1.6 (Freiman Isomorphisms Preserve Convolution). Let ϕ : S1 → S2 be a

Freiman k-isomophism, then for all x1, ..., xk ∈ S1, A1, A2, ..., Ak ⊆ S1

1A1 ∗ 1A2 . . . 1Ak−1
∗ 1Ak

(x1 + ...+ xk)

= 1ϕ(A1) ∗ 1ϕ(A2) . . . 1ϕ(Ak−1) ∗ 1ϕ(Ak)(ϕ(x1) + ...+ ϕ(xk)).

Proof. By Eq. (1.1),

1A1 ∗ 1A2 . . . 1Ak−1
∗ 1Ak

(x1 + ...+ xk)

= |{(a1, ..., ak) : ∀1 ≤ i ≤ k, ai ∈ Ai, a1 + ...+ ak = x1 + ...+ xk}|

= |{(ϕ(a1), ..., ϕ(ak)) : ∀1 ≤ i ≤ k, ϕ(ai) ∈ ϕ(Ai), ϕ(a1)+...+ϕ(ak) = ϕ(x1)+...+ϕ(xk)}|

= 1ϕ(A1) ∗ 1ϕ(A2) . . . 1ϕ(Ak−1) ∗ 1ϕ(Ak)(ϕ(x1) + ...+ ϕ(xk)).

Proposition 1.7 (Freiman Isomorphisms Preserve Set Image). Let ϕ : G→ G be a Freiman

2-isomorphism that maps a group to itself. For any x + y = z ∈ Gn, the set image of
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1A ∗ 1A(z) is the same as the set image of 1A ∗ 1A(ϕ(x)+ϕ(y)). If ϕ(−g) = −ϕ(g) for all

g ∈ G, then the set image of 1A ∗ 1−A(z) is the same as the set image of 1A ∗ 1−A(ϕ(x) +

ϕ(y)).

Proof. Let ϕ : G→ G be a Freiman 2-isomorphism. Then, by Proposition 1.6,

1A ∗ 1A(z) = 1ϕ(A) ∗ 1ϕ(A)(ϕ(x) + ϕ(y)).

Since ϕ is a bijection on G, the image of

f(A) := 1ϕ(A) ∗ 1ϕ(A)(ϕ(x) + ϕ(y))

is equivalent to the image of

g(A) := 1A ∗ 1A(ϕ(x) + ϕ(y)).

Thus, the set images 1A ∗ 1A(z) are equal to the set image of 1A ∗ 1A(ϕ(x) + ϕ(y)). If

ϕ(−g) = −ϕ(g) for all g ∈ G, then ϕ(−A) = −ϕ(A), so

1A ∗ 1A(z) = 1ϕ(A) ∗ 1ϕ(−A)(ϕ(x) + ϕ(y)) = 1ϕ(A) ∗ 1−ϕ(A)(ϕ(x) + ϕ(y)).

As before, ϕ is a bijection on G so the set images 1A ∗ 1−A(z) is equal to the set image of

1A ∗ 1−A(ϕ(x) + ϕ(y)).

Lastly, this thesis will utilize big O notations.

Definition 1.8 (Big O Notation). Let f, g be real valued function. We write f(x) =

O(g(x)) if there exists M,x0 such that |f | ≤ Mg(x) for all x ≥ xo. We write f(x) =

o(g(x)) if there exists x0 such that for all ϵ > 0, |f | ≤ ϵg(x) for all x ≥ xo.We write f ∼ g

if f(x) = O(g(x)) and g(x) = O(f(x)).
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In this section, we’ve provided a very abridged version of these concepts, taking only

the portions that are relevant to us. Those interested in a more comprehensive exposition

may refer to the prologue, chapter 4, and chapter 5 of [26], on which many of the notations

here are based.

1.2 Motivation - Connection to Roth’s Theorem

This thesis will focus on the properties of 1A ∗ 1A and 1A ∗ 1−A. These studies of convolu-

tions are motivated by the utility of physical methods in combination with Fourier analytic

methods in different additive combinatorics problems. Physical methods refer to ones that

do not use Fourier transforms, and instead look at the convolution or sum sets. One such

important topic is Roth’s theorem on three-term arithmetic progressions in the integers.

Theorem 1.9 (Roth’s Theorem [18]). Let r3(N) denote the size of the largest subset of

[0, N ] ⊆ Z that does not contain three-term arithmetic progressions, then

r3(N) = o(N).

There has been considerable effort in trying to improve the upper bound of r3(N).

Roth’s original proof showed that

r3(N) = O(N/ log logN).

Heath-Brown [14] showed that there exists a constant c such that the upper bound is

r3(N) = O(N/(logN)c).

Bourgain [6] then obtained

r3(N) = O(N(log logN/ logN)1/2).
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The proofs above mainly utilize some adaptation of Fourier-analytic and Hardy-Littlewood

circle methods.

The first proof to show that r3(N) = N/(logN)1−o(1) is by Sanders [20]. The proof

utilizes the almost-periodicity result for convolutions, which was introduced by Croot and

Sisask [8]. Bloom and Sisask [2] [4], and later Schoen [23] all have bounds of the form

N/(logN)1−o(1), with different improvements on the o(1). The first bound that beats the

logarithmic density is given by Bloom and Sisask [3], which gives

r3(N) = O(N/(logN)1+c) (1.2)

for some constant c. The current best known bounds is given by Kelley and Meka [15] [5],

which gives

r3(N) ≤ N/ec(logN)1/11

for some constant c.

All recent bound improvements utilize almost-periodicity results. Thus, we see the

importance of combining Fourier-analytic with physical methods in these proofs. Here we

provide one of the almost-periodicity type result utilized in [15], which comes from [24].

Theorem 1.10 (Almost-periodicity). If A1, A2, S ⊆ Fn
q are such that A1 and A2 both have

density at least α, then there is a subspace V of codimension

codim(V ) ≪ϵ (log(2/α))
4

such that

|⟨µV ∗ µA1 ∗ µA2 , 1S⟩ − ⟨µA1 ∗ µA2 , 1S⟩| ≤ ϵ.

Here µA := |A|−11A is the normalised characteristic function. Almost periodicity has

also seen utility in Sander’s work in inverse sumset theorems [21, 22].

In terms of the lower bound of r3(N), there has been construction of large sets without

7



three-term arithmetic progressions. One of such sets is the famous construction of Behrend

[1]. The construction utilizes the geometric observation that spheres contain no three points

that are collinear, and thus have no three-term arithmetic progressions. One can map a

sphere in Zn to Z with the appropriate Freiman 2-isomorphism to get the bounds of

r3(N) ≫ 1

log1/4N
· N

22
√
2
√

log2 N
.

Elkin [9] was able to improve the bound to

r3(N) ≫ log1/4N · N

22
√
2
√

log2 N
.

Here log2 denotes log base 2. The bounds here are calculated in [13]. Note that in both

cases, the bounds are of the form N/ec(logN)1/2 for some constant c. Behrend’s original

construction was in 1946; the lack of improvement over 70 years suggests that this may be

close to the actual asymptotic behavior of r3(N). Indeed, Eq. (1.2) shows that the upper

bound has a 1/11 as the exponent compared to the lower bounds 1/2.

Many of the upper bound proofs first solve analogous problems in finite fields Fn
p before

relating it back to Z. Thus, there is interest in the bounds for r3(Fn
p ), the size of the largest

set in Fn
p that does not contain three-term arithmetic progressions. In the case of p = 3, this

is referred to as the cap set problem. The current best upper bound for r3(Fn
3 ) isO(2.756n),

proved by Ellenberg and Gijswijt in [10, 27], and utilized the polynomial method developed

by Croot, Lev, and Pach in [7]. Though these polynomial methods are the best methods in

the finite field setting, they do not translate well into Z. Thus the best bounds for r3(N)

still use Fourier-analytic and almost-periodicity ideas. The current best lower bound is

O(2.218n) given by Tyrell [28].

The examples above demonstrate convolutions as one of the key objects in solving these

problems. Now we give a brief discussion on 1A∗1A to provide some intuition. Let x ∈ Gn

be fixed. Given a random set A, perhaps of some density δ, what does the probability
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distribution for the random variable 1A ∗ 1A(x) look like? Here are some intuition for the

case G = ZN , when the xi’s are random and ”independent” from each other: For N odd,

xi

2
exists. For each 1A ∗ 1A(xi), if both xi

2
± g is in A for some g ∈ G, that contributes 2 to

1A ∗ 1A(xi). The contribution of each g is a Bernoulli random variable. Thus, the random

variable is 1A ∗ 1A(xi) = 2B(n−1
2
, δ2)+B(1, δ), where B is the binomial random variable.

Here the term B(1, δ) is contributed by g = 0.

For N even, if xi is even, we also consider xi

2
± g. Thus the random variable is 1A ∗

1A(xi) = 2B(n
2
−1, δ2)+B(2, δ). Here the termB(2, δ)) is contributed by g = 0, n

2
. If xi is

odd, we consider xi+1
2

+g, xi−1
2

−g. Thus, the random variable is 1A ∗1A(xi) = 2B(n
2
, δ2).

In each dimension, the random variable is approximately binomial. Thus if each xi is

”independent” from each other, we expect 1A∗1A(x) to approximate a normal distribution,

with small ”fluctuations” due to parity. However, these type of heuristics do not tell us

what the convolution is like at extreme points, such as sets where certain convolutions are

unusually large or unusually small. We will devote most of the thesis in trying to understand

such extreme points, as boundaries of the set image.

1.3 Overview

Now we give a quick overview of the structure of the thesis. Chapter 2 is focused on

understanding the set images of convolutions when evaluated at an ”independent” set. We

will first prove that the set image for the difference set is approximately a convex polytope,

and that each coordinate of the convolution is independent from each other. We then prove

that the exact same thing is true for sum set. We then map the result from general abelian

groups to Z and finite fields.

Chapter 3 will first establish a recurrence relation for the distribution of convolution in

the interval (0, 1, ..., n). We will use this recurrence relation to prove that for the 2 dimen-

sional case, the set image for the sum set is nearly a convex polytope. We will then prove

that for the 3 dimensional case, the set image for the difference is nearly a convex polytope.
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Chapter 4 will deviate from the previous studies of set images, and consider a smooth-

ness property of 4-fold convolutions. This 4-fold convolutions result is reminiscent of some

of the results relating Roth’s theorem and inverse sum set theorems. We will then construct

some examples to better understand the bounds on these smoothness properties.
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CHAPTER 2

SET IMAGES OF CONVOLUTIONS AT INDEPENDENT SETS

In this chapter, for an additive group G, we are interested in understanding the set image of

the random variable 1A ∗ 1A(x) and 1A ∗ 1−A(x). We look at two particular cases. On one

extreme, x is an ”independent” set. Here, as we are concerned with general finite abelian

groups, ”independent” does not refer to linear independence, but is tangentially related. We

will rigorously define independence later. We show that for x that is ”independent,” each

dimension of the set image is also independent from one another. On the other extreme,

x is an arithmetic progression. In this case, the dimensions of x is no longer independent

from each other. This case will be handled in the next chapter.

We will first describe a lemma that allows us to map sets from a cyclic group to Z, or a

larger cyclic group, while preserving its density and relative size of convolution. By taking

sets from a smaller cyclic group and tiling Z or a bigger cyclic group, we get a new set

where the density and convolutions are roughly preserved.

Lemma 2.1 (Tiling for Sum Sets). Let N1 ≤ N2. For any A,B ⊆ ZN1 , there exists a

mapping ϕtile : P(ZN1)× P(ZN1) → P([−⌊N2/2⌋, ⌊N2/2⌋)) such that

|ϕtile(A,B)| = N2

2N1

(|A|+ |B|) +O(N1),

1ϕtile(A,B) ∗ 1ϕtile(A,B)(0, ..., N1 − 1) ∈ N2

N1

1A ∗ 1B(0, ..., N1 − 1) +O(N1)[0, 1]
N1 .

The same is true if you replace [−⌊N2/2⌋, ⌊N2/2⌋) with ZN2 .

Proof. LetN2 = n·N1+r for some n, 0 ≤ r < N1 ∈ Z. Letm = ⌊n/2⌋−2. Ifm ≤ 1, then

all convolutions and set sizes are at most N2 = O(N1), and thus the statement is trivially

true. Therefore, we may assume m ≥ 2. Let ϕp be the canonical injection mapping from

11



ZN1 to [0, ...N1) ⊆ Z. For any A ⊆ ZN1 , consider the mapping

ϕtile(A,B) :=
(
ϕp(A) +N1 · [1,m− 1]

)
∪
(
ϕp(B) +N1 · [−m,−1]

)
.

LetA′
i := ϕp(A)+N1 ·i for all i ∈ [1,m−1], andB′

i := ϕp(B)+N1 ·i for all i ∈ [−m,−1].

Let a′, b′ ∈ ϕtile(A,B) be such that

a′ + b′ = x for some x ∈ [0, N1).

Note that one of a′ or b′ is positive and the other is negative. Assume without loss of

generality that a is positive, then a′ ∈ A′
i ⊆ [iN1, (i+1)N1) for some i ∈ [1,m). Therefore

b′ = x− a′ ∈ ((−i− 1)N1, (−i+ 1)N1),

so b′ ∈ B′
−i−1 or B′

−i. Therefore

1ϕtile(A,B) ∗ 1ϕtile(A,B)(0, ..., N1 − 1)

= 2

(m−1∑
i=1

1A′
i
∗ 1B′

−i
(0, ..., N1 − 1) + 1A′

i
∗ 1B′

−i−1
(0, ..., N1 − 1)

)
.

(2.1)

For any i ∈ [1,m− 1],

{(a′, b′) ∈ A′
i ×B′

−i : a
′ + b′ = x}

= {(a, b) ∈ A×B : ϕp(a) + ϕp(b) = x},

{(a′, b′) ∈ A′
i ×B′

−i−1 : a
′ + b′ = x}

= {(a, b) ∈ A×B : ϕp(a) + ϕp(b) = x+N1},

12



Combining the two, we have

{(a′, b′) ∈ A′
i × (B′

i ∪B′
−i−1) : a

′ + b′ = x}

= {(a, b) ∈ A×B : ϕp(a) + ϕp(b) = x, x+N1}.

= {(a, b) ∈ A×B : a+ b = x},

Thus we have

1A′
i
∗ 1B′

−i
(0, ..., N1 − 1) + 1A′

i
∗ 1B′

−i−1
(0, ..., N1 − 1) = 1A ∗ 1B(0, ..., N1 − 1). (2.2)

Since m = n/2 + O(1) = N1/(2N2) + O(1), combining Eq. (2.1) and Eq. (2.2) gives

our desired equality. For the case of ZN2 , one may map ϕtile(A,B) ∈ Z to ZN2 with the

canonical quotient map. Note that

ϕtile(A,B) ⊆ [−mN1,mN1) ⊆ [−N2/2 + 2N1, N2/2−N1] ⊆ R,

so for any a′, b′ ∈ ϕtile(A,B), a′ + b′ /∈ [0, N1) ± N2. Thus, the convolutions are the

same.

We may prove a similar version for difference sets. We will abuse notation and continue

to use ϕtile for the case of difference set. Although the two ϕtile’s are technically different,

they serve the exact same purpose and share similar properties.

Lemma 2.2 (Tiling for Difference Sets). Let N1 ≤ N2. For any A ⊆ ZN1 , there exists a

mapping ϕtile : P(ZN1) → P([0, N2)) such that

|ϕtile(A)| =
N2

N1

|A|+O(N1),

1ϕtile(A) ∗ 1−ϕtile(A)(0, ..., N1 − 1) =
N2

N1

1A ∗ 1−A(0, ..., N1 − 1) +O(N1)[0, 1]
N1 .
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The same is true if you replace [0, N2) with ZN2 .

Since the convolution of difference sets are translation invariant, we may replace [0, N2)

with [c, n+N2) for any c ∈ Z.

Proof. Let N2 = n · N1 + r for some n, 0 ≤ r < N1 ∈ Z. Let m = 0. If m ≤ 1, then all

convolutions and set sizes are at most N2 = O(N1), and thus the statement is trivially true.

Therefore, we may assume m ≥ 1. Let ϕp be the canonical projection mapping from ZN1

to Z. For any A ⊆ ZN1 , consider the mapping

ϕtile(A) :=
(
ϕp(A) +N1 · [0,m− 1]

)
.

Let A′
i := ϕp(A) +N1 · i, for all i ∈ [0,m− 1]. For all a′, b′ ∈ ϕtile(A) such that

a′ − b′ = x for some x ∈ [0, N1).

If a′ ∈ A′
i ⊆ [iN1, (i+ 1)N1) for some i ∈ [1,m), then

b′ = a′ − x ∈ ((i− 1)N1, (i+ 1)N1),

so b′ ∈ A′
i or A′

i−1. Therefore

1ϕtile(A) ∗ 1−ϕtile(A)(0, ..., N1 − 1)

=
m−1∑
i=1

1A′
i
∗ 1−A′

i
(0, ..., N1 − 1) + 1A′

i
∗ 1−A′

i−1
(0, ..., N1 − 1).

(2.3)

For any i ∈ [1,m− 1],

{(a′, b′) ∈ A′
i × A′

i : a
′ − b′ = x}

= {(a, b) ∈ A× A : ϕp(a)− ϕp(b) = x},

{(a′, b′) ∈ A′
i × A′

i−1 : a
′ − b′ = x}
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= {(a, b) ∈ A× A : ϕp(a) + ϕp(b) = x+N1}.

Combining the two, we have

{(a′, b′) ∈ A′
i × (A′

i ∪ A′
i−1) : a

′ − b′ = x}

= {(a, b) ∈ A× A : ϕp(a)− ϕp(b) = x, x+N1},

= {(a, b) ∈ A×B : a− b = x}.

Thus we have

1A′
i
∗ 1−A′

−i
(0, ..., N1 − 1) + 1A′

i
∗ 1−A′

i−1
(0, ..., N1 − 1) = 1A ∗ 1−A(0, ..., N1 − 1). (2.4)

Since m = n − 1 = N1/N2 + O(1), combining Eq. (2.3) and Eq. (2.4) gives our desired

equality. For the case of ZN2 , one may map ϕtile(A) ∈ Z to ZN2 with the canonical quotient

map. Note that

ϕtile(A) ⊆ [0,mN1) ⊆ [0, N2 −N1) ⊆ Z,

so for any a′, b′ ∈ ϕtile(A), a
′− b′ /∈ [0, N1)−N2. Thus the convolutions are the same.

2.1 Set Image of Independent Sets

We will consider the set image of convolutions at the ”basis” of finite abelian groups G.

This allows us to extend the results to independent vectors in Fn
p , and analogous ”indepen-

dent” points of ZN .

Definition 2.3. Let G = ZN1 × ...×ZNd
. For all 1 ≤ i ≤ d, let ei ∈ G be the element that

is 1 in the ith coordinate, and 0 everywhere else.

For the following theorems, we will utilize a slight abuse of notation. For some sub-

group G′ = ZN1 × ... × ZNj
, where j ≤ i, we may also define ei ∈ G′, the element that
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is 1 in the ith coordinate, and 0 everywhere else. Thus, ei may refer to a element of G, or

a element of the subgroup; the distinction should be clear through the context given in the

proof. Let CH(·) denote the convex hull of a set, and let a⌢b denote the concatenation of

vectors a and b.

2.1.1 Set Image for Difference Sets

We first look at the set image for difference sets. The set image of the convolution can be

defined below:

Theorem 2.4 (Set Image of Standard Basis for Difference Sets). Let G = ZN1 × ...×ZNd

be a finite abelian group. Let E = |G|/miniNi. Given δ ∈ [0, 1], and α1, ..., αd ∈

[max(0, 2δ − 1), δ], there exists a set A ⊆ G such that |A| = δ|G| + O(E), and for all

1 ≤ i ≤ d

1A ∗ 1−A(ei) = αi|G|+O(E).

Moreover, let S be the set image of the random variable 1A ∗1−A(e1, ..., ed) and let C ⊆ Rd

be

C := |G| · CH({[0, 1/2]d, (1, 1, ..., 1)}),

then

S ⊆ C ⊆ S + [0, 1]d ·O(E).

Proof. We may express C as

C =
⋃

δ∈[0,1]

|G| · [max(0, 2δ − 1), δ]d.

We will first show the first half of the theorem, that there exists a set A such that for all

1 ≤ i ≤ d, 1A ∗ 1−A(ei) = αi|G|+O(E), which implies C ⊆ S + [0, 1]d ·O(E).

Without loss of generality, by swapping the Cartesian products we may assume that α1
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is less than or equal to all αi’s. We will construct A by iterating on each ZNi
. Let

t1 := α1N1 +O(1), t2 := (2δ − α1)N1 +O(1)

be α1N1 and (2δ−α1)N1 rounded to the nearest integer, respectively. Construct A1 ∈ ZN1

in the following way:

A1 := [0, t1] ∪ {x ∈ [t1, t2] : 2|x}.

This construction is valid as t1 ≤ t2 ≤ N, given by α1 ≤ 2δ − α1 ≤ 1.

The size of A1 is

|A1| = t1 +
t2 − t1

2
+O(1) = α1N1/2 + δN1 − α1N1/2 +O(1) = δN1 +O(1).

Since any two element within {x ∈ [t1, t2] : 2|x} is at least two apart, all contribution to

the convolution 1A1 ∗ 1−A1(1) is given by [0, t1]. The contributions at the boundaries of the

two set is O(1), thus

1A1 ∗ 1A1(1) = α1N1 +O(1).

Denote Pi =
∏i

k=1Nk, and mi = min1≤k≤iNk. Let Ai ⊆ ZN1 × ...× ⊆ ZNi
, be a set

such that

|Ai| = δPi +O(Pi/mi), and 1Ai
∗ 1−Ai

(ej) = αjPi +O(Pi/mi)

for all 1 ≤ j ≤ i. We construct Ai+1 in the following way: Let

t :=
αi+1 − α1

δ − α1

Ni+1 rounded to the nearest integer

and

Ai+1 := (Ai × [0, t]) ∪ {(a+ se1)
⌢s : a ∈ Ai, s ∈ [t+ 1, Ni+1 − 1]} .
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This construction is valid as α1 ≤ αi+1 ≤ δ, so 0 ≤ t ≤ 1.

By our construction, Ai+1 is Ni+1 disjoint shifted copies of Ai,

|Ai+1| = |Ai|Ni+1 =
(
δPi +O(Pi/mi)

)
Ni+1 = δPi+1 +O(Pi+1/mi)

and

1Ai+1
∗ 1−Ai+1

(ej) = 1Ai
∗ 1−Ai

(ej)Ni+1 =
(
αjPi +O(Pi/mi)

)
Ni+1

= αjPi+1 +O(Pi+1/mi) = αjPi+1 +O(Pi+1/mi)

for all 1 ≤ j ≤ i.

Now we consider 1Ai+1
∗ 1−Ai+1

(ei+1). Ai × [0, t] is t + 1 copies of Ai. Thus, the

contribution within the set to 1Ai+1
∗ 1−Ai+1

(ei+1) is

t|Ai| = t
(
δPi +O(Pi/mi)

)
= tδPi +O(Pi+1/mi). (2.5)

For {(a+ se1)
⌢s : a ∈ Ai, s ∈ [t+ 1, Ni+1 − 1]}, all contributions to the convolution

of ei+1 are of the form (a+ se1)
⌢s, (a+ se1)

⌢(s+ 1). We have

(a+ se1)
⌢(s+ 1) = (a− e1 + (s+ 1)e1)

⌢(s+ 1),

thus for each s ∈ [t+ 1, Ni+1 − 2], a contributes to 1Ai+1
∗ 1−Ai+1

(ei+1) if a, a− e1 ∈ Ai.

As mentioned, all Ai’s are shifted copies of Ai−1, and thus shifted copies of A1. We may

express

Ai =
⋃
b∈B

(A1 + sb)× b,

where B ⊆ ZN2 × ... × ZNi
, and sb is some shifting constant for each b ∈ B. For each

b, there are 1A1 ∗ 1A1(1) = α1N1 + O(1) such a, a − e1 ∈ (A1 + sb) × b. From our

construction, we have |B| = Pi/N1. Thus the contribution for each s ∈ [t, Ni+1 − 2] to
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1Ai+1
∗ 1−Ai+1

(ei+1) is

(α1N1 +O(1)) · |B| = α1Pi +O(Pi/mi).

The contribution for the interval [t, Ni+1 − 2] is then

(Ni+1 − t− 1)(α1Pi +O(Pi/mi)) = α1Pi+1 − tα1Pi − α1Pi +O(Pi+1/mi)

= α1Pi+1 − tα1Pi +O(Pi+1/mi+1).

(2.6)

The contribution given by where the two sets meet, s = N − 1 and Ai × {t − 1}, is

O(|Ai|) = O(Pi) which isO(Pi+1/mi+1). Thus, the total contribution of the two sets given

by Eq. (2.6) and Eq. (2.5) is

1Ai+1
∗ 1−Ai+1

(ei+1) = δtPi + α1Pi+1 − tα1Pi +O(Pi+1/mi+1)

=

(
αi+1 − α1

δ − α1

δ + α1 −
αi+1 − α1

δ − α1

α1

)
Pi+1+O(Pi+1/mi+1) = αi+1Pi+1+O(Pi+1/mi+1),

our desired size for the convolution. Setting A := Ad completes our construction.

Since for all δ ∈ [0, 1], α1, ..., αd ∈ [max(0, 2δ − 1), δ] there exists a set A such that

1A ∗ 1−A(ei) = αi|G|+O(E) for all 1 ≤ i ≤ d, we have

C ⊆ S + [0, 1]d ·O(E).

Now we show the second part of the theorem, S ⊆ C. We show that for all A ⊆ G,

if |A| = δ|G|, then for all 1 ≤ i ≤ d, 1A ∗ 1−A(ei) = αi|G| for some α1, ..., αd ∈

[max(0, 2δ − 1), δ].

First consider the one dimensional case. Let A ⊆ ZN , and let δ := |A|/N. We would

like to consider the upper and lower bound of α := 1A ∗ 1−A(1)/N. For any a ∈ A to

contribute to the convolution, we need a − 1 or a + 1 ∈ A. Therefore, for A to maximize
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α, A needs to be a continuous interval. Thus

1A ∗ 1−A(1) = δN − 1, if 0 < δ < 1.

If A is the empty set or the whole set, then we have

1A ∗ 1−A(1) = δN, if δ = 0, 1.

Now we consider the minimum of α. For any set A, consider the following process:

Start with the whole group ZN , then remove each element in AC one by one. For each

x ∈ AC removed, if both x − 1, x + 1 have not been removed, the convolution decreases

by 2. If one has been removed, then the convolution decreases by 1. If both have been

removed, the convolution does not change. Thus, each step the convolution decreases by at

most 2, and we have

1A ∗ 1−A(1) ≥ N − 2|Ac| = N − 2(1− δ)N = 2δN −N.

Therefore, we’ve shown in the 1 dimensional case that

max(0, 2δ − 1)N ≤ 1A ∗ 1−A(1) ≤ δN,

so

max(0, 2δ − 1) ≤ α ≤ δ. (2.7)

Now we consider the general d dimension case. Given A ⊆ G, let

δ := |A|/|G|, αi := 1A ∗ 1−A(ei)/|G| for all 1 ≤ i ≤ n.

For any αi, we may swap the first and ith coordinate and look at α1 instead. Thus without
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loss of generality, we consider α1. For all x ∈ ZN2 × ...× ZNd
, define

Ax := {a ∈ ZN1 : a
⌢x ∈ A}.

Define

αx
1 := 1Ax ∗ 1−Ax(a)/N1, δ

x := |Ax|/N1.

Since each Ax ⊆ ZN1 , by the bounds in one dimension Eq. (2.7), we have for all x ∈

ZN2 × ...× ZNd

max(0, 2δx − 1) ≤ αx
1 ≤ δx. (2.8)

Note that Ax corresponds to a partition of A, so

∑
x∈ZN2

×...×ZNd

|Ax| =
∑

x∈ZN2
×...×ZNd

|{a ∈ ZN1 : a
⌢x ∈ A}| = |A|,

dividing everything by |G| gives

∑
x∈ZN2

×...×ZNd

δxN1/|G| = δ (2.9)

Note that for any a⌢x, (a+1)⌢x ∈ A that contribute to the convolution at e1, a, a+1 ∈

Ax. Thus, to calculate α1, we simply have to sum the contribution to the convolution for

each Ax.

1A ∗ 1−A(e1) =
∑

x∈ZN2
×...×ZNd

1Ax ∗ 1−Ax(1)

α1 =
∑

x∈ZN2
×...×ZNd

αx
1N1/|G|

and by Eq. (2.8) and Eq. (2.9),

max(0, 2δ − 1) = max

0,

 ∑
x∈ZN2

×...×ZNd

2δxN1/|G|

− 1


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= max

0,
∑

x∈ZN2
×...×ZNd

2δxN1/|G| −N1/|G|



= N1/|G|max

0,
∑

x∈ZN2
×...×ZNd

2δx − 1


≤ N1/|G|

∑
x∈ZN2

×...×ZNd

max(0, 2δx − 1) ≤ N1/|G|
∑

x∈ZN2
×...×ZNd

αx
1 = α1

and

α1 =
∑

x∈ZN2
×...×ZNd

αx
1N1/|G| ≤

∑
x∈ZN2

×...×ZNd

δxN1/|G| = δ.

Therefore for all αi, we have αi ∈ [max(0, 2δ − 1), δ], and S ⊆ C.

Remark. Note that by our construction, we actually have |A| = δ|G|+O(|G|/Nm), where

m = argmini(αi).

2.1.2 Set Image for Sum Sets

The same statements made about the set image of difference sets can be said about sum

sets. The construction for sum sets is similar to the construction in difference sets but with

some ”mirroring”. There are also technical differences in the inductive step that one needs

to be careful of.

Theorem 2.5 (Set Image of Standard Basis for Sum Sets). Theorem 2.4 is also true if you

replace 1A ∗ 1−A with 1A ∗ 1A.

Proof. We will follow a similar structure for the proof of Theorem 2.4, with adjustment to

the construction of Ai and the inductive step. Without loss of generality, by swapping the

Cartesian products we may assume that α1 ≤ α2 ≤ ... ≤ αn. Let

t1 := α1N1/2 +O(1), t2 := (δ − α1/2)N1 +O(1)

be α1N1/2 and (δ − α1/2)N1 rounded to the nearest integer, respectively. Construct A1 ∈
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ZN1 to be the interval A1 := [−t1, t2]. This construction is valid as t1, t2 ≤ N/2, given by

α1, 2δ − α1 ≤ 1.

The size of A1 is

|A1| = t1 + t2 +O(1) = (α1/2 + δ − α1/2)N1 +O(1) = δN1 +O(1).

Now we consider the set of elements in A1 that sum to −1, 0, 1. Since

(δ − α1/2)N1 ≥ δN1/2 ≥ α1N1/2,

we have t2 ≥ t1 and [−t1, t1] ⊆ A. For −1, all elements of [−t1, t1 − 1], contribute

to 1A1 ∗ 1A1(−1). For 0, all elements of [−t1, t1], contribute to 1A1 ∗ 1A1(0). For 1, all

elements of [−t1, t1 + 1], contribute to 1A1 ∗ 1A1(1). Thus we have

1A1 ∗ 1A1(−1), 1A1 ∗ 1A1(0), 1A1 ∗ 1A1(1) = 2t1 +O(1) = α1N1 +O(1).

Denote Pi =
∏i

k=1Nk, and mi = min1≤k≤iNk. Let Ai ⊆ ZN1 × ...× ⊆ ZNi
be a set

such that

|Ai| = δPi +O(Pi/mi)

and

1Ai
∗ 1Ai

(−ej), 1Ai
∗ 1Ai

(ej) = αjPi +O(Pi/mi)

1Ai
∗ 1Ai

(0) = αiPi +O(Pi/mi)

for all 1 ≤ j ≤ i. We will construct Ai+1 in the following way: Let

t :=
αi+1 − αi

δ − αi

Ni+1 rounded to the nearest even number

Ai+1 := (−Ai × [−t/2 + 1, 0]) ∪ (Ai × [1, Ni+1 − t/2]).
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This construction is valid since αi ≤ αi+1 ≤ δ, so 0 ≤ t ≤ 1.

As Ai+1 is Ni+1 copies of −Ai and Ai,

|Ai+1| = |Ai|Ni+1 =
(
δPi +O(Pi/mi)

)
Ni+1 = δPi+1 +O(Pi+1/mi+1).

For −Ai,

1−Ai
∗ 1−Ai

(ej) = 1Ai
∗ 1Ai

(−ej) = αjPi +O(Pi/mi)

1−Ai
∗ 1−Ai

(−ej) = 1Ai
∗ 1Ai

(ej) = αjPi +O(Pi/mi)

(2.10)

so all copies of −Ai, Ai contributes Eq. (2.10) to 1Ai+1
∗ 1Ai+1

(±ej). Therefore, for all

1 ≤ j ≤ i,

1Ai+1
∗ 1Ai+1

(ej) = 1Ai
∗ 1Ai

(ej)Ni+1

=
(
αjPi +O(Pi/mi)

)
Ni+1 = αjPi+1 +O(Pi+1/mi).

and

1Ai+1
∗ 1Ai+1

(−ej) = 1Ai
∗ 1Ai

(−ej)Ni+1 = αjPi+1 +O(Pi+1/mi).

Let ϵ ∈ {−1, 0, 1}. Now we consider 1Ai+1
∗ 1Ai+1

(ϵei+1). All contributions to the

convolution are of the form a⌢s,−a⌢(−s + ϵ) ∈ Ai+1. If s ∈ [1, t/2] then −s + ϵ ∈

[−t/2 + ϵ,−1 + ϵ], and vice versa. Thus, we need −a ∈ −Ai, which is true for all a ∈ Ai.

For all

s ∈ [−t/2 + ϵ,−1 + ϵ] ∪ [1, t/2], a ∈ Ai,

we have a⌢s,−a⌢(−s + ϵ) ∈ Ai+1. Thus all elements within this interval contributes to

the convolution. The contribution for the interval [−t/2 + ϵ,−1 + ϵ] ∪ [1, t/2] is

|Ai| · |[−t/2 + ϵ,−1 + ϵ] ∪ [1, t/2]| = t|Ai| = t
(
δPi +O(Pi/mi)

)
= tδPi +O(Pi+1/mi).

(2.11)
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Now we consider the interval [t/2 + 1, Ni+1 − t/2− 1 + ϵ]. For any s ∈ [t/2 + 1, Ni+1 −

t/2−1+ϵ],−s+ϵ is also in [t/2+1, Ni+1−t/2−1+ϵ]. Therefore, any a⌢s,−a⌢(−s+ϵ)

that contribute to the convolution must have a ∈ Ai,−a ∈ Ai. The number of such a is

exactly 1Ai
∗ 1Ai

(0). Thus, the contribution within this interval is

|[t/2 + 1, Ni+1 − t/2− 1 + ϵ]| · 1Ai
∗ 1Ai

(0) = (Ni+1 − t− 1 + ϵ)(αiPi +O(Pi/mi))

= αiPi+1 − tαiPi +O(Pi+1/mi).

(2.12)

Since [−t/2+ ϵ,−1+ ϵ]∪ [1, t/2] and [t/2+1, Ni+1− t/2− 1+ ϵ] covers all but O(1)

of ZNi+1
, combining Eq. (2.11) and Eq. (2.12), gives the total contribution up to O(Pi).

Therefore

1Ai+1
∗ 1Ai+1

(ϵei+1) = tδPi + αiPi+1 − tαiPi +O(Pi+1/mi).

=

(
αi+1 − αi

δ − αi

δ + αi −
αi+1 − αi

δ − αi

αi

)
Pi+1 +O(Pi+1/mi) = αi+1Pi+1 +O(Pi+1/mi).

(2.13)

Thus, for all ϵ, the convolution is equal to Eq. (2.13). We have

1Ai+1
∗ 1Ai+1

(−ei+1), 1Ai+1
∗ 1Ai+1

(0), 1Ai+1
∗ 1Ai+1

(ei+1) = αi+1Pi+1 +O(Pi+1/mi)

All convolutions match our desired values. Setting A := Ad completes our construction.

Since for all δ ∈ [0, 1], α1, ..., αd ∈ [max(0, 2δ − 1), δ] there exists a set A such that

1A ∗ 1A(ei) = αi|G|+O(E) for all 1 ≤ i ≤ d, we have

C ⊆ S + [0, 1]d ·O(E).

Now we show the second part of the theorem: S ⊆ C. We show that for all A ⊆ G, if

|A| = δ|G|, then for all 1 ≤ i ≤ d, 1A ∗1A(ei) = αi|G| for some α1, ..., αd ∈ [max(0, 2δ−
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1), δ].

First consider the one dimensional case. Let A ⊆ ZN , and let δ := |A|/N. We would

like to consider the upper and lower bound of α := 1A ∗ 1A(1)/N. For each a ∈ A, a

contributes to the convolution if −a+ 1 ∈ A. We may partition A into the sets of the form

{a,−a+ 1}. If N is even, each of the subset has 2 elements. If N is odd, all but one of the

subset has 2 elements. That one subset is the case a = 1/2, which has one element since

a = −a+1. To maximize α, all but at most one element of A should be in a pair. We have

1A ∗ 1A(1) = δN or δN − 1.

Now we consider what the minimum of α can be. For any set A, consider the following

process: start with the whole group ZN , then remove each element in AC one by one. For

each x ̸= 1/2 ∈ AC removed, if −x+1 has not been removed, the convolution decreases by

2; otherwise, the convolution does not change. If 1/2 is removed, the convolution decreases

by 1. At each step, the convolution decreases by at most 2, so

1A ∗ 1−A(1) ≥ N − 2|Ac| = N − 2(1− δ)N = 2δN −N.

We’ve shown in the 1 dimensional case that

max(0, 2δ − 1)N ≤ 1A ∗ 1−A(1) ≤ δN,

so

max(0, 2δ − 1) ≤ α ≤ δ. (2.14)

Now we consider the general d dimension case. Given A ⊆ G, let

δ := |A|/|G|, αi := 1A ∗ 1−A(ei)/|G| for all 1 ≤ i ≤ n.
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For any αi, we may swap the first and ith coordinate and look at α1 instead. Thus without

loss of generality, we consider α1. For all x ∈ ZN2 × ...× ZNd
, define

Ax := {a ∈ ZN1 : a
⌢x ∈ A}.

Define

αx
1 := 1Ax ∗ 1Ax(a)/N1, δ

x := |Ax|/N1.

Since each Ax ⊆ ZN1 , by the bounds in one dimension Eq. (2.14), we have for all x ∈

ZN2 × ...× ZNd

max(0, 2δx − 1) ≤ αx
1 ≤ δx. (2.15)

Note that Ax corresponds to a partition of A, so

∑
x∈ZN2

×...×ZNd

|Ax| =
∑

x∈ZN2
×...×ZNd

|{a ∈ ZN1 : a
⌢x ∈ A}| = |A|,

dividing everything by |G| gives

∑
x∈ZN2

×...×ZNd

δxN1/|G| = δ (2.16)

Note that for any a⌢x, (−a+ 1)⌢x ∈ A that contribute to the convolution at e1, a, a+

1 ∈ Ax. Thus, to calculate α1, we simply have to sum the contribution to the convolution

for each Ax.

1A ∗ 1−A(e1) =
∑

x∈ZN2
×...×ZNd

1Ax ∗ 1−Ax(1)

α1 =
∑

x∈ZN2
×...×ZNd

αx
1N1/|G|
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and by Eq. (2.15) and Eq. (2.16),

max(0, 2δ − 1) = max

0,

 ∑
x∈ZN2

×...×ZNd

2δxN1/|G|

− 1



= max

0,
∑

x∈ZN2
×...×ZNd

2δxN1/|G| −N1/|G|



= N1/|G|max

0,
∑

x∈ZN2
×...×ZNd

2δx − 1


≤ N1/|G|

∑
x∈ZN2

×...×ZNd

max(0, 2δx − 1) ≤ N1/|G|
∑

x∈ZN2
×...×ZNd

αx
1 = α1

and

α1 =
∑

x∈ZN2
×...×ZNd

αx
1N1/|G| ≤

∑
x∈ZN2

×...×ZNd

δxN1/|G| = δ.

Therefore for all αi, we have αi ∈ [max(0, 2δ − 1), δ], and S ⊆ C.

If G is a vector field, then we may generalize e1, ..ed to any basis by linear transforma-

tions.

Corollary 2.6 (Set Image of General Basis in Finite Fields). Let p be a prime. Let v1, ...vd ∈

Fd
p be a basis. Given δ ∈ [0, 1], and α1, ..., αd ∈ [max(0, 2δ − 1), δ], there exists a set

A ⊆ Fd
p such that |A| = δ|pd|+O(pd−1), and for all 1 ≤ i ≤ d

1A ∗ 1A(vi) = αip
d +O(pd−1).

Moreover, let S be the set image of the random variable 1A∗1−A(v1, ..., vd) and let C ⊆ Rd

be

C := |G| · CH({[0, 1/2]d, (1, 1, ..., 1)})

then

S ⊆ C ⊆ S + [0, 1]d ·O(pd−1).
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The same statement is true if you replace 1A ∗ 1A with 1A ∗ 1−A.

Proof. The case for the standard basis e1, ..., ed, is given by Theorem 2.4 and Theorem 2.5.

For general basis v1, ..., vd, a linear transformation that maps e1, ..., ed to v1, ..., vd is a

Frieman 2-isomorphism that maps 0 to 0. Thus, by Proposition 1.6, the set image is pre-

served.

If each N1, ..., Nd ∈ Z is coprime, and G := ZN1 × ... × ZNd
. Let ϕ1 be some group

automorphism of G. Let ϕ2 : G → ZN be a group isomorphism given by the Chinese

Remainder theorem. Let ϕ3 : ZN → [0, N) be the inverse of the cannonical quotient

homomophism from Z to ZN . The composition of these three mappings

ϕz := ϕ3 ◦ ϕ2 ◦ ϕ1 (2.17)

gives a mapping for the previous theorems from G to Z.

Corollary 2.7. Let each N1, ..., Nd ∈ Z be coprime, and G := ZN1 × ...× ZNd
. Let ϕz be

a mapping in the form in Eq. (2.17), and let xi := ϕz(ei) for all 1 ≤ i ≤ d. Given N ≥

|G|, δ ∈ [0, 1], and α1, ..., αd ∈ [max(0, 2δ−1), δ], there exists a setA ∈ [−⌊N/2⌋, ⌊N/2⌋]

such that

|A| = δN +O(N/(min
i
Ni) + |G|)

1A ∗ 1A(xi) = αiN +O(N/(min
i
Ni) + |G|)

The same statement is true if you replace 1A ∗ 1A with 1A ∗ 1−A, or if [−⌊N/2⌋, ⌊N/2⌋] is

replaced with ZN

Proof. Let A′ ⊆ G be the set such that |A′| = δ|G|+O(E) and for all 1 ≤ i ≤ d

1A′ ∗ 1A′(ei) = αi|G|+O(E),

as described in Theorem 2.5. Since ϕ1, ϕ2 are group isomorphisms, by Proposition 1.6,
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ϕ2 ◦ ϕ1(A
′) has the same size as A′, and

1A′ ∗ 1A′(ei) = 1ϕ2◦ϕ1(A′) ∗ 1ϕ2◦ϕ1(A′)(ϕ2 ◦ ϕ1(ei)).

Then by Lemma 2.1, let A := ϕtile

(
ϕ2 ◦ ϕ1(A

′), ϕ2 ◦ ϕ1(A
′)
)
. Then

|A| = N

|G|
|A′|+O(|G|) = N

|G|
(δ|G|+O(E)) +O(|G|) = δN +O(N/(min

i
Ni) + |G|)

1A ∗ 1A(xi) =
N

|G|
1A′ ∗ 1A′(ei) +O(|G|)

=
N

|G|
(αi|G|+O(E)) +O(|G|) = αiN +O(N/(min

i
Ni) + |G|).

For the 1A ∗ 1−A case, let A′ ⊆ G be the set such that |A′| = δ|G| + O(E) and for all

1 ≤ i ≤ d

1A′ ∗ 1A′(ei) = αi|G|+O(E),

as described in Theorem 2.4. By Lemma 2.2, let A := ϕtile ◦ ϕ2 ◦ ϕ1(A
′). By the same

calculation as the sum set case, we have our result.

For the ZN , case, one may map A to ZN through the canonical quotient map. As

described in Lemma 2.1 and Lemma 2.2, the size of the set and convolution is unchanged.
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CHAPTER 3

SET IMAGES OF CONVOLUTIONS AT ARITHMETIC PROGRESSIONS

In this chapter, we will look at convolution at arithmetic progressions. Unlike the previ-

ous case of ”independent” sets, there are now complicated influences between the values.

We will prove a recurrence relation, and utilize it to understand the set image in lower

dimensions.

3.1 A Recurrence Relation for Distribution of Convolution at Arithmetic Progres-

sions

Here we will consider the group ZN , and Z. Many of our arguments in this section will

work for both groups by simple projection mappings. Therefore, we will use a slight abuse

of notation, by identifying intervals [−i, i] as either a subset of ZN , or Z, depending on the

context. Under the context that we are talking about ZN , we have [−⌊N/2⌋, ⌊N/2⌋] = ZN .

3.1.1 A Recurrence Relation for Sum Sets

Let b ∈ B = {0, 1}n be a set of binary vectors. For any b, define b′ ∈ {0, 1}n−1 as the

sub-vertex of b with the last coordinate removed. Define

Ai := P([−i, i])

as the power set of [−i, i] ⊆ ZN or Z. For any A ∈ Ai, we may identify A as a 2i + 1

dimensional binary vector vA, where the first coordinate corresponds to −i, and the last

coordinate corresponds to i. The jth coordinate is 1 if −i − 1 + j ∈ A. Consider the

projection mapping ψ : Ai → B, where A ∈ Ai is mapped to the vector that is the first n
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coordinate of vA. Define

Ai
b := {A ∈ Ai : ψ(A) = b}.

Definition 3.1. For all y ∈ [0, N ]n+1, b ∈ B, define

ci(y, b) := |{A ∈ Ai
b : 1A ∗ 1A(0, 1, ..., n) = y}|.

Again, we may understand this definition through projections. For each A ∈ Ai
b, we

map it to 1A ∗ 1A, viewed as a vector in ZN . Mapping 1A ∗ 1A to 1A ∗ 1A(0, 1, ..., n) is then

a projection to Zn. Therefore, ci(y, b) is the number of A ∈ Ai
b such that

A→ 1A ∗ 1A → 1A ∗ 1A(0, 1, ..., n)

is mapped to y.

The function is of interest because for a random subset A ⊆ ZN ,

ci(y, b)/|Ai
b| = P(1A ∗ 1A(0, 1, ..., n) = y|A ∈ Ai

b).

Note that if we are working with ZN , [−⌊N
2
⌋, ⌊N

2
⌋] = ZN , is the whole group, so

∑
b∈B

c⌊
N
2
⌋(y, b)/2N = P(1A ∗ 1A(0, 1, ..., n) = y).

Thus, calculating ci(y, b) gives the distribution for 1A ∗ 1A(0, 1, ..., n).

Remark. Let x = (x1, x1+r, ..., x1+nr) be a arithmetic progression where r is coprime to

N and 2|x1 (or 2r is coprime to N ). Note that |{A ∈ ZN : 1A ∗1A(x) = y}| is not actually

dependent on x. By Proposition 1.6, the case of arithmetic progressions are equivalent to

the case x = (0, 1, ..., n), due to the following Freiman isomorphism:

ϕ(x) :=
2x− x1

2r
. (3.1)
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For all 0 ≤ i ≤ n, xi = xi + 0, so

ϕ(xi) + ϕ(0) =
2xi − x1

2r
− x1

2r
=

2x1 + 2ir − x1
2r

− x1
2r

= i.

Thus

1A ∗ 1A(x) = 1ϕ(A) ∗ 1ϕ(A)(ϕ(x) + ϕ(0)) = 1ϕ(A) ∗ 1ϕ(A)(0, 1, ..., n)

Since ϕ is an bijection,

|{A ∈ ZN : 1A ∗ 1A(x) = y}| = |{A ∈ ZN : 1ϕ(A) ∗ 1ϕ(A)(0, 1, ..., n) = y}|

= |{A ∈ ZN : 1A ∗ 1A(0, 1, ..., n) = y}|

Therefore, although our recurrence relation only considers the convolution at (0, 1, ..., n),

it is equivalent to the general case x = (x1, x1 + r, ..., x1 + nr).

We can generate the following recurrence relation for ci on i.

Theorem 3.2 (Recurrence Relation for Convolution of Intervals for Sum Sets). Let G =

ZN or Z, and let ci be defined as above. Let B = {0, 1}n, then for all y ∈ [0, N ]n+1, b ∈

B, n/2 < i < N−n
2
,

ci(y, b) = ci−1(y, b′⌢0)+ ci−1(y, b′⌢1)+ ci−1(y−2 · b⌢0, b′⌢0)+ci−1(y−2 · b⌢1, b′⌢1).

Remark. The argumentation is the same for G = ZN or Z. For convenience, throughout

the theorem and lemmas, we will treat the ambient group as ZN . However, any intervals

[−i, i] ⊆ ZN can be mapped directly to [−i, i] ∈ Z without influencing the proof. More-

over, the upper bound N−n
2

only exists due to the ”wrap-around” of ZN . For Z, the only

constraint on i is n/2 < i.

To prove Theorem 3.2, as well as the convexity property of the set image, we first prove

the following lemma:
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Lemma 3.3. Let G = ZN or ZN be the ambient group, and n/2 < i < N−n
2

. Given

T ⊆ {−i, i}, define the mapping ϕT (A) := A ∪ T. For all A ∈ Ai−1, if T = ∅ or {−i},

then

1A ∗ 1A(0, 1, ..., n) = 1ϕT (A) ∗ 1ϕT (A)(0, 1, ..., n).

If T = {i}, for all b ∈ B,A ∈ Ai−1
b ,

1A ∗ 1A(0, 1, ..., n) + 2 · (0⌢b) = 1ϕT (A) ∗ 1ϕT (A)(0, 1, ..., n).

If T = {i,−i}, for all b ∈ B,A ∈ Ai−1
b ,

1A ∗ 1A(0, 1, ..., n) + 2 · (1⌢b) = 1ϕT (A) ∗ 1ϕT (A)(0, 1, ..., n).

Proof. Since A and T are disjoint, we have

1ϕT (A) ∗ 1ϕT (A)(0, 1, ..., n) = 1A∪T ∗ 1A∪T (0, 1, ..., n)

= 1A ∗ 1A(0, 1, ..., n) + 2 · 1A ∗ 1T (0, 1, ..., n) + 1T ∗ 1T (0, 1, ..., n)

First, consider the case T = ∅ or {−i}. For T = ∅, ϕT is the identity mapping so the

convolution is trivially equal. If T = {−i}, assume

1A ∗ 1T (0, 1, ..., n) ̸= 0,

then there must exist some a ∈ A such that a − i ∈ [0, n], so a ∈ [i, i + n]. However

A ⊆ [−i+ 1, i− 1], and

[−i, i− 1] ∩ [i+ 1, i+ n] = ∅,

as i + n < N − i by the bounds on i. Thus, no such a exists. We also have 1T ∗
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1T (0, 1, ..., n) = 0, as the bounds have −2i > n − N, so −2i /∈ [0, n]. Thus, the con-

volution is equal in both cases.

Now, consider the case T = {i} or {i,−i}. We’ve shown in the previous case T =

{−i} that −i alone does not contribute to the convolution. Therefore,

1A ∗ 1T (0, 1, ..., n) ̸= 0

if and only if there exists a ∈ A such that a+ i ∈ [0, n]. For all a ∈ A ∩ [−i+ 1,−i+ n],

we have bi+a = 1 by definition of b. Thus a, i contributes to the i + a coordinate of

1A ∗ 1T (0, 1, ..., n). Thus

1A ∗ 1T (0, 1, ..., n) = 0⌢b.

For T = {i},

1T ∗ 1T (0, 1, ..., n) = 0,

as 2i > n, so 2i /∈ [0, n].

For T = {−i, i}, i− i,−i+ i = 0 contributes 2 to 1T ∗ 1T (0), the first entry. Thus

1T ∗ 1T (0, 1, ..., n) = 2 · e1,

and

2 · 1A ∗ 1T (0, 1, ..., n) + 1T ∗ 1T (0, 1, ..., n) = 2 · (1⌢b).

ϕT increases the convolution as described.

Now we prove Theorem 3.2 using the mapping ϕT .

Proof of Theorem 3.2. For any subset T ⊆ {−i, i}, let ϕT : Ai−1 → Ai be as described

in Lemma 3.3. For any A ∈ Ai−1, since T ∩ A = ∅, each ϕT is one-to-one. For any set

A′ ∈ Ai, if

T = A′ ∩ {−i, i}, A = A′ ∩ [−i+ 1, i− 1],
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then ϕT (A) = A′. Moreover, each mapping ϕT has a disjoint image. Therefore, the four

images of each ϕT give a partition of Ai.

Define

S := {A ∈ Ai
b : 1A ∗ 1A(0, 1, ..., n) = y},

then

ci(y, b) = |S| =
∑

T⊆{−i,i}

|ϕ−1
T (S)|.

Thus to figure out ci(y, b), we simply have to calculate the number of sets that map into S

by all ϕT .

By the definition of b, for all b, A ∈ Ai−1
b , if T = ∅ or {i}, then ϕT (A) ∈ Ai

0⌢b′ . If

T = {−i} or {i,−i}, then ϕT (A) ∈ Ai
1⌢b′ .

Now we calculate the size of S for some given b,y. If b0 = 0, by Lemma 3.3, we see

that for all A ∈ Ai−1, if T = ∅, then ϕT (A) ∈ S if and only if

A ∈ Ai
b′⌢0 ∪ Ai

b′⌢1, 1A ∗ 1A(0, 1, ..., n) = y.

The number of such A is

|ϕ−1
∅ (S)| = ci−1(y, b′⌢0) + ci−1(y, b′⌢1), (3.2)

If T = {i}, then ϕT (A) ∈ S if and only if

A ∈ Ai
b′⌢0, 1A ∗ 1A(0, 1, ..., n) + 2 · b⌢0 = y,

or

A ∈ Ai
b′⌢1, 1A ∗ 1A(0, 1, ..., n) + 2 · b⌢1 = y.
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The number of such A is

|ϕ−1
{i}(S)| = ci−1(y − 2 · b⌢0, b′⌢0) + ci−1(y − 2 · b⌢1, b′⌢1). (3.3)

If T = {−i}, {−i, i}, then ϕT (A) /∈ S, since b0 = 0. Thus we have

|ϕ−1
{−i}(S)| = |ϕ−1

{−i,i}(S)| = 0. (3.4)

The sum of Eq. (3.2), Eq. (3.3), Eq. (3.4) gives the desired recurrence relation.

If b0 = 1, then the same argument also applies, except now with ϕ−1
∅ , ϕ−1

{−i} swapped,

and ϕ−1
{i}, ϕ

−1
{−i,i} swapped:

|ϕ−1
{−i}(S)| = ci−1(y, b′⌢0) + ci−1(y, b′⌢1),

|ϕ−1
{−i,i}(S)| = ci−1(y − 2 · b⌢0, b′⌢0) + ci−1(y − 2 · b⌢1, b′⌢1),

|ϕ−1
∅ (S)| = |ϕ−1

{i}(S)| = 0

The sum of above equations also gives the desired recurrence relation.

3.1.2 A Recurrence Relation for Difference Sets

We may prove an analogous theorem for 1A ∗ 1−A(0, 1, ...n).

Let b ∈ B = {0, 1}n be a set of binary vectors. For any b, define b′ ∈ {0, 1}n−1 as the

sub-vertex of b with the first coordinate removed. Define the sets

Di := P([0, i])

to be the power set of [0, i]. For any A ∈ Di, we may identify A as an i + 1 dimensional
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binary vector vA, where the first coordinate corresponds to whether i ∈ A, and the last

coordinate corresponds to whether 0 ∈ A. The jth coordinate is 1 if i − j + 1 ∈ A, and 0

otherwise.

Consider the projection mapping ψ : Di → B, where A ∈ Di is mapped to the vector

that is the last n coordinate of vA. Now we define

Di
b := {A ∈ Di : ψ(A) = b}.

For all y ∈ [0, N ]n+1, andb ∈ B, define

di(y, b) = |{A ∈ Di
b : 1A ∗ 1−A(0, 1, ..., n) = y}|

As in the sum set case, if we are working with ZN , [0, N − 1] = ZN is the whole group, so

∑
b∈B

dN−1(y, b)/2N = P(1A ∗ 1−A(0, 1, ..., n) = y).

Thus, calculating di(y, b) gives the distribution for 1A ∗ 1−A(0, 1, ..., n).

Remark. Let x = (0, r, ..., nr) be an arithmetic progression starting at 0, where r is co-

prime to N. As in the case of sum sets,|{A ∈ ZN : 1A ∗ 1−A(x) = y}| is not actually

dependent on x. Due to the Freiman isomorphism ϕ(x) := x
r
, 1/r exists, since r is coprime

to N. Similar to the case of sum sets,

ϕ(xi) + ϕ(0) = i+ 0 = i.

Moreover, ϕ(−A) = −ϕ(A). Thus,

1A ∗ 1−A(x) = 1ϕ(A) ∗ 1ϕ(−A)(ϕ(x) + ϕ(0)) = 1ϕ(A) ∗ 1−ϕ(A)(0, 1, ..., n).
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Since ϕ is an bijection,

|{A ∈ ZN : 1A ∗ 1−A(x) = y}| = |{A ∈ ZN : 1ϕ(A) ∗ 1−ϕ(A)(0, 1, ..., n) = y}|

= |{A ∈ ZN : 1A ∗ 1−A(0, 1, ..., n) = y}|.

Therefore, although our recurrence relation only considers the convolution at (0, 1, ..., n),

it is equivalent to all x.

We can generate the following recurrence relation for di on i.

Theorem 3.4 (Recurrence Relation for Convolution of Intervals for Difference Sets). Let

G = ZN , and let di be defined as above. Let B = {0, 1}n, then for all y ∈ [0, N ]n+1, b ∈

B, n− 1 < i < N − n,

di(y, b) = di−1(y, b′⌢0) + di−1(y, b′⌢1) + di−1(y − b⌢0, b′⌢0) + di−1(y − b⌢1, b′⌢1).

Remark. As in the case of sum sets. The argumentation is the same for G = ZN or Z. As

before, we will treat the ambient group as ZN . The upper bound N − n only exists due to

the ”wrap-around” of ZN . For Z the only constraint on i is n− 1 < i.

To prove Theorem 3.2, as well as the convexity property of the set image, we first prove

the following lemma:

Lemma 3.5. Let n−1 < i < N−n. Given T ⊆ {i}, define the mapping ϕT (A) := A∪T.

For all A ∈ Di−1, if T = ∅, then

1A ∗ 1−A(0, 1, ..., n) = 1ϕT (A) ∗ 1−ϕT (A)(0, 1, ..., n).

If T = {i}, for all b ∈ B,A ∈ Di−1
b ,

1A ∗ 1−A(0, 1, ..., n) + (1⌢b) = 1ϕT (A) ∗ 1−ϕT (A)(0, 1, ..., n).
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Proof. Since A and T are disjoint, we have

1ϕT (A) ∗ 1−ϕT (A)(0, 1, ..., n) = 1A∪T ∗ 1−(A∪T )(0, 1, ..., n)

= 1A ∗ 1−A(0, 1, ..., n)+ 1A ∗ 1−T (0, 1, ..., n)+ 1T ∗ 1−A(0, 1, ..., n)+ 1T ∗ 1−T (0, 1, ..., n)

For the case T = ∅, ϕT is the identity mapping so the convolution is trivially equal.

For the case T = {i}, assume that there exists a ∈ A, such that a − i ∈ [0, n], so

a ∈ [i, i+ n]. However, A ⊆ [0, i− 1], and

[0, i− 1] ∩ [i, i+ n] = ∅,

as i+ n < N by the bounds on i. Therefore, no such a exists and we have that

1A ∗ 1−T (0, 1, ..., n) = 0.

Now,

1T ∗ 1−A(0, 1, ..., n) ̸= 0

if and only if there exists a ∈ A such that i − a ∈ [0, n]. For all a ∈ A ∩ [i − n,−i], we

have ba−i+n+1 = 1 by definition of b. Thus a, i contributes to the a− i+ n+ 1 coordinate

of 1T ∗ 1−A(0, 1, ..., n). Thus

1T ∗ 1−A(0, 1, ..., n) = 0⌢b.

Lastly, i− i = 0, contributes to 1T ∗ 1−T (0), the first entry. Thus

1T ∗ 1−T (0, 1, ..., n) = e1,
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and

1T ∗ 1−A(0, 1, ..., n) + 1T ∗ 1−T (0, 1, ..., n) = 1⌢b.

ϕT increases the convolution as described.

Now we prove Theorem 3.4 using the mapping ϕT .

Proof of Theorem 3.4. We follow the proof of Theorem 3.2. For any subset T ⊆ {i}, let

ϕT : Di−1 → Di be as described in Lemma 3.3. For any A ∈ Di−1, since T ∩ A = ∅, each

ϕT is one-to-one. For any set A′ ∈ Di, if

T = A′ ∩ {i}, A = A′ ∩ [0, i− 1],

then ϕT (A) = A′. Moreover, each mapping ϕT has a disjoint image. Therefore, the two

images of each ϕT give a partition of Di.

Define

S := {A ∈ Di
b : 1A ∗ 1A(0, 1, ..., n) = y},

then

di(y, b) = |S| =
∑
T⊆{i}

|ϕ−1
T (S)|.

Thus to figure out di(y, b), we simply have to calculate the number of sets that map into S

by all ϕT .

By the definition of b, for all b, A ∈ Di−1
b , if T = ∅, then ϕT (A) ∈ Di

0⌢b′ . If T = {−i},

then ϕT (A) ∈ Di
1⌢b′ .

Now we calculate the size of S for some given b,y. By Lemma 3.5, we see that for all

A ∈ Di−1, if T = ∅, then ϕT (A) ∈ S if and only if

A ∈ Di
b′⌢0 ∪ Di

b′⌢1, 1A ∗ 1A(0, 1, ..., n) = y.

41



The number of such A is

|ϕ−1
∅ (S)| = ci−1(y, b′⌢0) + ci−1(y, b′⌢1), (3.5)

If T = {i}, then ϕT (A) ∈ S if and only if

A ∈ Di
b′⌢0, 1A ∗ 1A(0, 1, ..., n) + b⌢0 = y,

or

A ∈ Di
b′⌢1, 1A ∗ 1A(0, 1, ..., n) + b⌢1 = y.

The number of such A is

|ϕ−1
{i}(S)| = di−1(y − b⌢0, b′⌢0) + di−1(y − b⌢1, b′⌢1). (3.6)

If T = {−i}, {−i, i}, then ϕT (A) /∈ S, since b0 = 0. Thus we have

|ϕ−1
{−i}(S)| = |ϕ−1

{−i,i}(S)| = 0. (3.7)

The sum of Eq. (3.5), Eq. (3.6), Eq. (3.7) gives the desired recurrence relation.

3.2 Convexity Sum Sets in 2d

Now we can prove the convexity property of the set image of convolutions using the re-

currence mapping of Lemma 3.3. Let 2Z denote the even numbers. Then we have the

following description of the set image:

Theorem 3.6 (Convexity of Sum Set for 2-d). For N ≥ 3, x1, x2 ∈ ZN , if x1 − x2 is

coprime to N, then the set image S of 1A ∗ 1A(x1, x2) is nearly convex in the following

sense: Let

C = CH({(0, 0), (N/2, 0), (0, N/2), (N,N)}).
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If N is odd, then

S = C ∩ Z2 \ {(N − 1, N − 1)}.

If N, x1 is even, then

S = C ∩ (Z× 2Z) \ {(0, N/2)}.

If N is even and x1 is odd, then

S = C ∩ (2Z× Z) \ {(N/2, 0)}.

Remark. It is probably possible to have a combinatorics proof that is simpler by consid-

ering sets that maximize or minimize the convolutions. However, this proof: 1. Provides

a interesting connection between the recurrence relation of convolutions and translations

of geometric objects. 2. Allows us to consider the three dimensions. Combinatorial argu-

ments seem to become much more difficult to manage when considering three dimensions

or more. These mappings to geometric objects allows us to talk about three dimensions.

Proof. By Proposition 1.7, we only need to show the case 1A∗1A(0, 1) due to the following

Freiman isomorphism: Let N be odd, or x1 be even. Given x1, x2, we have the Freiman

2-isomorphism

ϕ1(x) :=
2x− x1

2(x2 − x1)
.

1/(x2 − x1) exists, since it is coprime to N. If N is odd, then 1/2 exists. If x1 is even, then

x1/2 exists. Therefore, this mapping is valid in both cases. Note that x1 = x1 + 0, x2 =

x2 + 0,

ϕ1(x1) + ϕ1(0) =
2x1 − x1
2(x2 − x1)

− x1
2(x2 − x1)

= 0.

ϕ1(x2) + ϕ1(0) =
2x2 − x1
2(x2 − x1)

− x1
2(x2 − x1)

= 1.

If N is even and x1 is odd, then x2 is even since x1 − x2 is coprime to N. Then, we can

swap x1, x2 to get the previous case. The set image is then equivalent to 1A ∗ 1A(1, 0).
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Thus, by Proposition 1.7, the set image of 1A ∗ 1A(x1, x2) is the same as 1A ∗ 1A(0, 1) or

1A ∗ 1A(1, 0). We will look at the case 1A ∗ 1A(0, 1).

Let Si
b ⊆ [0, N ]n be the set image corresponding to Ai

b, that is

Si
b := {y ∈ [0, N ]2 : ∃A ∈ Ai

b, 1A ∗ 1A(0, 1) = y}.

We first show a recurrence relation for Si
b using ϕT as described in Lemma 3.3. For any

T ⊆ {−i, i}, define the mapping

χT (S
i−1
b ) := {y ∈ [0, N ]2 : ∃A ∈ Ai

b, 1ϕT (A) ∗ 1ϕT (A)(0, 1) = y}.

For any set A′ ∈ Ai, A′ = A ∪ T for some unique A ∈ Ai−1, T ⊆ {−i, i}. Therefore, the

four images of each ϕT give a partition of Ai. Ai
0 is covered by the image of ϕ∅, ϕ{i}. Ai

1

is covered by the image of ϕ{−i}, ϕ{−i,i}. The set image Si
0, S

i
1 is then covered by the four

χT . More specifically, we have

Si
0 = χ∅(S

i−1
0 ) ∪ χ∅(S

i−1
1 ) ∪ χ{i}(S

i−1
0 ) ∪ χ{i}(S

i−1
1 )

Si
1 = χ{−i}(S

i−1
0 ) ∪ χ{−i}(S

i−1
1 ) ∪ χ{−i,i}(S

i−1
0 ) ∪ χ{−i,i}(S

i−1
1 )

(3.8)

Now we evaluate what each set gets mapped to by each χT . First consider the cases

T = ∅, {−i}. By Lemma 3.3, for 1A ∗ 1A(0, 1) = 1ϕT (A) ∗ 1ϕT (A)(0, 1). Thus we have

χ∅(S
i−1
0 ) = χ{−i}(S

i−1
0 ) = Si−1

0 , χ∅(S
i−1
1 ) = χ{−i}(S

i−1
1 ) = Si−1

1

since none of the convolutions changed.

Now consider the cases T = {i}, {−i, i}. By Lemma 3.3,

1A ∗ 1A(0, 1) + 2 · (0⌢b) = 1ϕ{i}(A) ∗ 1ϕ{i}(A)(0, 1),
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and

1A ∗ 1A(0, 1) + 2 · (1⌢b) = 1ϕ{−i,i}(A) ∗ 1ϕ{−i,i}(A)(0, 1).

Thus we have

χ{i}(S
i−1
0 ) = Si−1

0 + 2 · (0, 0) = Si−1
0

χ{i}(S
i−1
1 ) = Si−1

1 + (0, 2)

χ{−i,i}(S
i−1
0 ) = Si−1

0 + (2, 0)

χ{−i,i}(S
i−1
1 ) = Si−1

1 + (2, 2)

(3.9)

Adding the points to the sets Si−1
b denotes the translation by that point. Combining Eq. (3.9)

with Eq. (3.8), we have that for all i,

Si
0 = Si−1

0 ∪ Si−1
1 ∪ (Si−1

1 + (0, 2))

Si
1 = Si−1

0 ∪ Si−1
1 ∪ (Si−1

0 + (2, 0)) ∪ (Si−1
1 + (2, 2)).

(3.10)

Now, using induction we will show that for 1 ≤ i < (N − 1)/2,

Si
1 = Ci

1 ∩ (Z× 2Z) (3.11)

where

Ci
1 := CH({(0, 0), (i+ 1, 0), (0, i− 1/2), (2i+ 1, 2i)}).

and

Si
0 = Ci

0 ∩ (Z× 2Z), (3.12)

where

Ci
0 := Ci−1

1 ∪ (Ci−1
1 + (0, 2)),

For the base case i = 1, 2,we show in appendix Chapter B that Eq. (3.12) and Eq. (3.11)

holds. Now assume by the induction hypothesis that Eq. (3.12), Eq. (3.11) holds for i −
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1, i − 2. Since all terms are intersecting Z × 2Z, including the translated terms which are

translated by 2, we may rewrite Eq. (3.10) with the induction hypothesis as

Si
0 =

(
Ci−1

0 ∪ Ci−1
1 ∪ (Ci−1

1 + (0, 2))
)
∩
(
Z× 2Z

)
=
(
Ci−2

1 ∪ (Ci−2
1 + (0, 2)) ∪ Ci−1

1 ∪ (Ci−1
1 + (0, 2))

)
∩
(
Z× 2Z

)
=
(
Ci−1

1 ∪ (Ci−1
1 + (0, 2))

)
∩
(
Z× 2Z

)
Si
1 =

(
Ci−1

0 ∪ Ci−1
1 ∪ (Ci−1

0 + (2, 0)) ∪ (Ci−1
1 + (2, 2))

)
∩
(
Z× 2Z

)
=
(
Ci−2

1 ∪ (Ci−2
1 + (0, 2)) ∪ Ci−1

1 ∪ (Ci−2
1 + (2, 0))

∪(Ci−2
1 + (2, 2)) ∪ (Ci−1

1 + (2, 2))
)
∩
(
Z× 2Z

)
=
(
(Ci−2

1 + (0, 2)) ∪ Ci−1
1 ∪ (Ci−2

1 + (2, 0)) ∪ (Ci−1
1 + (2, 2))

)
∩
(
Z× 2Z

)
.

Thus to show Eq. (3.12) and Eq. (3.11), we only need to show

Ci
0 = Ci−1

1 ∪ (Ci−1
1 + (0, 2)) (3.13)

and

Ci
1 = (Ci−2

1 + (0, 2)) ∪ Ci−1
1 ∪ (Ci−2

1 + (2, 0)) ∪ (Ci−1
1 + (2, 2)) (3.14)

Eq. (3.13) is the definition of Ci
0, thus it is trivial. Now we look at Eq. (3.14). Ci−2

1 +

(0, 2), Ci−1
1 , Ci−2

1 + (2, 0), Ci−1
1 + (2, 2) has vertices

{(0, 2), (i− 1, 2), (0, i− 1/2), (2i− 3, 2i− 2)}

{(0, 0), (i, 0), (0, i− 3/2), (2i− 1, 2i− 2)}

{(2, 0), (i+ 1, 0), (2, i− 5/2), (2i− 1, 2i− 4)}

{(2, 2), (i+ 2, 2), (2, i+ 1/2), (2i+ 1, 2i)}.

(3.15)
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We will first show that

Ci
1 ⊇ (Ci−2

1 + (0, 2)) ∪ Ci−1
1 ∪ (Ci−2

1 + (2, 0)) ∪ (Ci−1
1 + (2, 2)) (3.16)

by showing thatCi
1 contains all of the vertices in Eq. (3.15). SinceCi

1 contains the rectangle

with vertices

{(0, 0), (i+ 1, 0), (0, i− 1/2), (i+ 1, i− 1/2)},

by convexity we have

{(0, 2), (i− 1, 2), (0, i− 1/2), (0, 0), (i, 0),

(0, i− 3/2), (2, 0), (i+ 1, 0), (2, i− 5/2), (2, 2)} ⊆ Ci
1.

(2i − 3, 2i − 2) and (2, i + 1/2) falls in L1, the line from (i + 1, 0) to (2i + 1, 2i).

(2i− 1, 2i− 4) and (i+ 2, 2) falls in L2, the line from (i+ 1, 0) to (2i+ 1, 2i). The slope

of L1 is 1/2. The slope of the line from L2 is 2. The slope of the line from (2i− 1, 2i− 2)

to (2i+ 1, 2i) is 1. Thus, (2i− 1, 2i− 2) falls within the two lines and is in Ci. Therefore,

Ci contains all vertices in Eq. (3.15). By convexity, we have Eq. (3.16).

Now we show

Ci
1 ⊆ (Ci−2

1 + (0, 2)) ∪ Ci−1
1 ∪ (Ci−2

1 + (2, 0)) ∪ (Ci−1
1 + (2, 2)). (3.17)

Note that the shapes above have symmetry across the line x = y in R2, thus it is

sufficient to show inclusion for x ≤ y. Consider P, the closure of Ci
1 \ Ci−2

1 with x ≤ y..

We have

P = CH({(0, i− 3/2), (0, i− 1/2), (2i− 1, 2i− 2), (2i+ 1, 2i)}).
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Note that Ci−1
1 + (2, 2) covers

CH({(2, i+ 1/2), (2, i− 1/2), (2i− 1, 2i− 2), (2i+ 1, 2i)})

and Ci−2
1 + (0, 2) covers

CH({((0, i− 3/2), (0, i− 1/2), (2, i+ 1/2), (2, i− 1/2)}).

Thus, P is completely covered, and we have Eq. (3.17). Combining with Eq. (3.16)

shows Eq. (3.14).

Now let i = ⌊N/2⌋. Note that S = Si
0 ∪ Si

1. By Eq. (3.12), Eq. (3.11), we have

Si−1
0 = Ci−1

0 ∩ (Z× 2Z)

Si−1
1 = Ci−1

1 ∩ (Z× 2Z).

However, our recurrence relation does not extend to ⌊N/2⌋, thus we have to calculate it

explicitly.

First consider the case N, x1 is even, i = N/2 = −i. Thus for the mapping χT , the

only mapping is T = ∅, {i}. We have

Si
0 = χ∅(S

i−1
0 ) ∪ χ∅(S

i−1
1 )

Si
1 = χ{i}(S

i−1
0 ) ∪ χ{i}(S

i−1
1 )

For T = ∅, it is the identity mapping, so trivially we have

Si
0 = Si−1

0 ∪ Si−1
1 .

For T = {i}, i+ i = 0, thus it increases the convolution at 0 by 1. The sets in Si−1
1 contain

−(i− 1) = i+1, and i+ i+1 = 1, thus the convolution at 1 increases by 2. Thus we have
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Si
1 = (Si−1

0 + (1, 0)) ∪ (Si−1
1 + (1, 2)).

So

S = Si
1 ∪ Si

0

=
(
Ci−2

1 ∪(Ci−2
1 +(0, 2))∪Ci−1

1 ∪(Ci−2
1 +(1, 0))∪(Ci−2

1 +(1, 2))∪(Ci−1
1 +(1, 2))

)
∩
(
Z×2Z

)
=
(
(Ci−2

1 + (0, 2)) ∪ Ci−1
1 ∪ (Ci−2

1 + (1, 0)) ∪ (Ci−1
1 + (1, 2))

)
∩
(
Z× 2Z

)
. (3.18)

Therefore, we need to show Eq. (3.18) is equal to C ∩ (Z× 2Z) \ {(0, N/2)}.

Now Ci−2
1 + (0, 2), Ci−1

1 , Ci−2
1 + (1, 0), Ci−1

1 + (1, 2) has vertices:

{(0, 2), (i− 1, 2), (0, i− 1/2), (2i− 3, 2i− 2)}

{(0, 0), (i, 0), (0, i− 3/2), (2i− 1, 2i− 2)}

{(1, 0), (i, 0), (1, i− 5/2), (2i− 2, 2i− 4)}

{(1, 2), (i+ 1, 2), (1, i+ 1/2), (2i, 2i)}

(3.19)

We first show that C contains all vertices in Eq. (3.19). C contains the rectangle with

vertices

{(0, 0), (i, 0), (0, i), (2i, 2i)}.

By convexity we have

{(0, 2), (i− 1, 2), (0, i− 1/2), (1, 0), (i, 0), (1, i− 5/2), (0, 0), (0, i− 3/2), (1, 2)} ⊆ Ci
1.

The rest of the points fall between the line from (i, 0) to (2i, 2i) or the line from (0, i)

to (2i, 2i). Note that (0, i) is not in Eq. (3.19), so C ∩ (Z × 2Z) \ {(0, N/2)} contains

Eq. (3.18). Now we show that Eq. (3.18) contains C ∩ (Z × 2Z) \ {(0, N/2)}. Q, the

closure of C \ Ci−1
1 is
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Q = CH({(0, i− 3/2), (0, i), (2i− 1, 2i− 2), (2i, 2i)}).

Note that Ci−1
1 + (1, 2) covers

CH({(1, i− 1), (1, i+ 1/2), (2i− 1, 2i− 2), (2i, 2i)})

and Ci−2
1 + (0, 2) covers

CH({(0, i− 3/2), (0, i− 1/2), (1, i− 1), (1, i+ 1/2)}).

The only point left is (0, i). Thus Eq. (3.18) contains C ∩ (Z × 2Z) \ {(0, N/2)}, and

that the two is equal.

Now we consider the case N is odd, i = (N − 1)/2. We have Eq. (3.8) as before. Since

χ∅, χ{i} is still the same mapping as in Eq. (3.9), Si
0 is the same as in Eq. (3.12). However,

now adding −i = 1/2 increases the convolution at 1 by 1, so

χ{−i}(S
i−1
0 ) = Si−1

0 + (0, 1)

χ{−i}(S
i−1
1 ) = Si−1

1 + (0, 1)

χ{−i,i}(S
i−1
0 ) = Si−1

0 + (2, 1)

χ{−i,i}(S
i−1
1 ) = Si−1

1 + (2, 3).

We then have

Si
1 = (Si−1

0 + (0, 1)) ∪ (Si−1
1 + (0, 1)) ∪ (Si−1

0 + (2, 1)) ∪ (Si−1
1 + (2, 1)), (3.20)

which is similar to the case i < N/2− 1, except shifted by (0, 1). Thus

Si
1 =

(
Ci

1 ∩ (Z× 2Z)
)
+ (0, 1)
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Thus we have

S = Si
0 ∪ Si

1 =
(
Ci

0 ∩ (Z× 2Z)
)
∪
((

Ci
1 ∩ (Z× 2Z)

)
+ (0, 1)

)
. (3.21)

To show

S = C ∩ Z2 \ {(N − 1, N − 1)},

we have to show

Ci
0 ∩ (Z× 2Z) = C ∩ (Z× 2Z) \ {(N − 1, N − 1)}, (3.22)

(
Ci

1 ∩ (Z× 2Z)
)
+ (0, 1) = C ∩ (Z× 2Z+ 1). (3.23)

We first show Eq. (3.22). For any (x, y) ∈ C ∩ (Z × 2Z), the convext hull falls left

of the line from (i + 1/2, 0) to (2i + 1, 2i + 1). Thus, x ≤ (y + 2i + 1)/2. For y even,

(y + 2i + 1)/2 is not a integer so x ≤ (y + 2i)/2. Therefore we may shift the line by

(−1/2, 0) and now consider the line from (i, 0) to (2i + 1/2, 2i + 1). Since 2i + 1 is odd,

and we’ve removed {(N − 1, N − 1)} = (2i, 2i) we may consider the line from (i, 0) to

(2i − 1, 2i − 2). Similarly, consider the line from (0, i) to (2i + 1, 2i + 1), we may shift

the line by (0, 1/2) without including any additional points. Thus we consider the line

from (0, i + 1/2) to (2i + 1, 2i + 3/2). Since 2i + 1 is odd, the line from (0, i + 1/2) to

(2i+ 1, 2i+ 3/2). becomes (0, i+ 1/2) to (2i− 1, 2i). C ∩ (Z× 2Z) \ {(N − 1, N − 1)}

then have vertices at

{(0, 0), (0, i), (i, 0), (2i− 1, 2i− 2), (2i− 1, 2i)},

which is the same as Ci
0 ∩ (Z× 2Z).
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For Eq. (3.23),
(
Ci

1 ∩ (Z× 2Z)
)
+ (0, 1) has vertices

{(0, 1), (i+ 1, 1), (0, i+ 1/2), (2i+ 1, 2i+ 1)},

which is the same as C, except missing then line from (0, 0) to (i, 0), which is in Z × 2Z

and not in Z× 2Z+ 1.

Thus Eq. (3.21) holds and we’ve shown the theorem in both the even and odd case.

Note that the 2 dimensional case of the difference set 1A ∗ 1−A(0, 1) is equivalent to the

1 dimensional case of Theorem 2.4. This is because |A| = 1A ∗ 1−A(0). By Theorem 2.4,

the set image of 1A ∗ 1−A(0, 1) is approximately

CH({(0, 0), (N/2, 0), (N,N)}).

Therefore, we will consider the 3 dimensional case for difference set. We will utilize a

similar strategy of considering the change of the set images through out the recurrence

relation. This will allow us to approximate the set image up to a small constant error term.

We express this error term as O(1)[0, 1]3, which is the box [0, 1]3 dilated by some constant.

Theorem 3.7 (Convexity of Difference Set for 3-d). For N ≥ 3, x ∈ ZN , if x is coprime

to N, then the set image S of 1A ∗ 1−A(0, x, 2x) is nearly convex in the following sense:

Let

C = CH({(0, 0, 0), (N/3, 0, 0), (N/2, N/4, 0), (N/2, 0, N/2), (2N/3, N/3, N/3), (N,N,N)}),

then

C ⊆ S +O(1)[0, 1]3 ⊆ C +O(1)[0, 1]3

Proof. By Proposition 1.7, we only need to show the case 1A ∗ 1−A(0, 1, 2) due to the

Freiman 2-isomorphism ϕ(t) = t/x. x has a inverse, since it is coprime to N. Since
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ϕ(−t) = −ϕ(t),

1A ∗ 1−A(0, x, 2x) = 1ϕ(A) ∗ 1ϕ(−A)(ϕ(0), ϕ(x), ϕ(2x)) = 1ϕ(A) ∗ 1−ϕ(A)(0, 1, 2),

which has the same set image as 1A ∗ 1−A(0, 1, 2), since ϕ is a bijection.

We will first show that S ⊆ C + O(1)[0, 1]3. Let Si
b ⊆ [0, N ]n be the set image corre-

sponding to Di
b, that is

Si
b := {y ∈ [0, N ]3 : ∃A ∈ Di

b, 1A ∗ 1−A(0, 1, 2) = y}.

Now we will establish the recurrence relation for all Si
b, using ϕT as described in

Lemma 3.5. For any T ⊆ {i}, define the mapping

χT (S
i−1
b ) := {y ∈ [0, N ]3 : ∃A ∈ Di

b, 1ϕT (A) ∗ 1ϕT (−A)(0, 1, 2) = y}.

For any set A′ ∈ Di, A′ = A∪T for some unique A ∈ Di−1, T ⊆ {, i}. Therefore, the two

images of each ϕT give a partition of Di. More specifically, we have

Si
00 = χ∅(S

i−1
00 ) ∪ χ∅(S

i−1
01 )

Si
01 = χ∅(S

i−1
10 ) ∪ χ∅(S

i−1
11 )

Si
10 = χ{i}(S

i−1
00 ) ∪ χ{i}(S

i−1
01 )

Si
11 = χ{i}(S

i−1
10 ) ∪ χ{i}(S

i−1
11 ).

(3.24)

Now we evaluate what each set gets mapped to by each χT . Let A ∈ D⟩−∞.First consider

the cases T = ∅. By Lemma 3.5, for 1A ∗ 1−A(0, 1, 2) = 1ϕT (A) ∗ 1−ϕT (A)(0, 1, 2). Thus

we have that χ∅ is the identity mapping.

Now consider the cases T = {i}. By Lemma 3.5,

1A ∗ 1−A(0, 1, 2) + (1⌢b) = 1ϕ{i}(A) ∗ 1−ϕ{i}(A)(0, 1, 2).
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Thus we have that

χ{i}(S
i−1
00 ) = Si−1

00 + (1, 0, 0)

χ{i}(S
i−1
01 ) = Si−1

01 + (1, 0, 1)

χ{i}(S
i−1
10 ) = Si−1

10 + (1, 1, 0)

χ{i}(S
i−1
11 ) = Si−1

11 + (1, 1, 1)

(3.25)

Combining Eq. (3.25) with Eq. (3.24), we have

Si
00 = Si−1

00 ∪ Si−1
01

Si
01 = Si−1

10 ∪ Si−1
11

Si
10 = (Si−1

00 + (1, 0, 0)) ∪ (Si−1
01 + (1, 0, 1))

Si
11 = (Si−1

10 + (1, 1, 0)) ∪ (Si−1
11 + (1, 1, 1))

(3.26)

Now let

Ci := CH({(0, 0, 0), (i/3, 0, 0), (i/2, i/4, 0), (i/2, 0, i/2), (2i/3, i/3, i/3), (i, i, i)}).

We will show using induction that for 3 ≤ i < N − 2,

Si
00 ⊆ Ci+1

Si
01 ⊆ Ci+2

Si
10 ⊆ (Ci + (1, 0, 0)) ∪ (Ci+1 + (1, 0, 1))

Si
11 ⊆ (Ci−1 + (2, 1, 0)) ∪ (Ci + (2, 1, 1)).

(3.27)

First, consider the base case i = 3. The appendix Chapter C gives the 16 subset of [0, 3],

which can be verified manually to exists in the convex hulls.

Note that since we have the recurrence relation Eq. (3.26), we may rewrite Eq. (3.27)
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as

Si−1
00 ∪ Si−1

01 ⊆ Ci+1

Si−1
10 ∪ Si−1

11 ⊆ Ci+2

(Si−1
00 + (1, 0, 0)) ∪ (Si−1

01 + (1, 0, 1)) ⊆ (Ci + (1, 0, 0)) ∪ (Ci+1 + (1, 0, 1))

(Si−1
10 + (1, 1, 0)) ∪ (Si−1

11 + (1, 1, 1)) ⊆ (Ci−1 + (2, 1, 0)) ∪ (Ci + (2, 1, 1)).

(3.28)

Now as the inductive hypothesis, assume Eq. (3.27) holds for i− 1. We first look at the

first inclusion of Eq. (3.28). By the induction hypothesis, we have

Si−1
00 ∪ Si−1

01 ⊆ Ci ∪ Ci+1 ⊆ Ci+1.

Now we look at the second inclusion of Eq. (3.28). By the induction hypothesis, we

have

Si−1
10 ⊆ (Ci−1 + (1, 0, 0))∪ (Ci + (1, 0, 1)), Si−1

11 ⊆ (Ci−2 + (2, 1, 0))∪ (Ci−1 + (2, 1, 1)).

Thus we need to show

(Ci−1 + (1, 0, 0)) ∪ (Ci + (1, 0, 1)) ⊆ Ci+2,

(Ci−2 + (2, 1, 0)) ∪ (Ci−1 + (2, 1, 1)) ⊆ Ci+2.

(3.29)

To show this, we will show that for all k ≥ 4,

Ck−2 + (1, 0, 1), Ck−3 + (1, 0, 0), Ck−3 + (2, 1, 1), Ck−4 + (2, 1, 0) ⊆ Ck (3.30)

We look at all four cases: for any x ∈ Ck−2 + (1, 0, 1), we may express

x =
k − 2

k
y + (1, 0, 1)
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for some y ∈ Ck. Note that y, (k/2, 0, k/2) ∈ Ck,

x =
k − 2

k
y +

2

k
(k/2, 0, k/2),

k − 2

k
+

2

k
= 1,

so x ∈ Ck by convexity. Therefore, Ck−2 + (1, 0, 1) ⊆ Ck.

For any x ∈ Ck−3 + (1, 0, 0), we may express

x =
k − 3

k
y + (1, 0, 0)

for some y ∈ Ck. Note that y, (k/3, 0, 0) ∈ Ck,

x =
k − 3

k
y +

3

k
(k/3, 0, 0),

k − 3

k
+

3

k
= 1,

so x ∈ Ck by convexity. Therefore, Ck−3 + (1, 0, 0) ⊆ Ck.

For any x ∈ Ck−3 + (2, 1, 1), we may express

x =
k − 3

k
y + (2, 1, 1)

for some y ∈ Ck. Note that y, (2k/3, k/3, k/3) ∈ Ci,

x =
k − 3

k
y +

3

k
(2k/3, k/3, k/3),

k − 3

k
+

3

k
= 1,

so x ∈ Ck by convexity. Therefore, Ck−3 + (2, 1, 1) ⊆ Ck.

For any x ∈ Ck−4 + (2, 1, 0), we may express

x =
k − 4

k
y + (2, 1, 0)
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for some y ∈ Ck. Note that y, (k/2, k/4, 0) ∈ Ck,

x =
k − 4

k
y +

4

k
(k/2, k/4, 0),

k − 4

k
+

4

k
= 1,

so x ∈ Ck by convexity. Therefore, Ck−4 + (2, 1, 1) ⊆ Ck. Therefore, we’ve shown

Eq. (3.30), and Eq. (3.29) follows if we set k = i+ 2.

Now we look at the third inclusion of Eq. (3.28). By the induction hypothesis, we have

Si−1
00 ⊆ Ci, Si−1

01 ⊆ Ci+1

thus

(Si−1
00 + (1, 0, 0)) ∪ (Si−1

01 + (1, 0, 1)) ⊆ (Ci + (1, 0, 0)) ∪ (Ci+1 + (1, 0, 1))

immediately follows.

Now we look at the last inclusion of Eq. (3.28). We break the inclusion into two com-

ponents,

Si−1
10 + (1, 1, 0) ⊆ (Ci−1 + (2, 1, 0)) ∪ (Ci + (2, 1, 1)) (3.31)

and

(Si−1
11 + (1, 1, 1)) ⊆ (Ci−1 + (2, 1, 0)) ∪ (Ci + (2, 1, 1)). (3.32)

Note that Eq. (3.31) is equivalent to the induction induction hypothesis

Si−1
10 ⊆ (Ci−1 + (1, 0, 0)) ∪ (Ci + (1, 0, 1)),

except everything is shifted by (1, 1, 0). Thus Eq. (3.31) is true. Now we want to show

Eq. (3.32). By the induction hypothesis we have

Si−1
11 ⊆ (Ci−2 + (2, 1, 0)) ∪ (Ci−1 + (2, 1, 1)).
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Shifting everything by (1, 1, 1) gives

Si−1
11 + (1, 1, 1) ⊆ (Ci−2 + (3, 2, 1)) ∪ (Ci−1 + (3, 2, 2)).

Thus to show Eq. (3.32), it is sufficient to show

(Ci−2 + (3, 2, 1)) ∪ (Ci−1 + (3, 2, 2)) ⊆ (Ci−1 + (2, 1, 0)) ∪ (Ci + (2, 1, 1)). (3.33)

To show Eq. (3.33), we will show that for all k ≥ 1,

Ck−1 + (1, 1, 1) ⊆ Ck (3.34)

For any x ∈ Ck−1 + (1, 1, 1), we may express

x =
k − 1

k
y + (1, 1, 1)

for some y ∈ Ci. Note that y, (k, k, k) ∈ Ci,

x =
i− 1

k
y +

1

k
(k, k, k),

k − 1

k
+

1

k
= 1,

so x ∈ Ck by convexity. Therefore, Ck−1 + (1, 1, 1) ⊆ Ck. Therefore we’ve shown

Eq. (3.34). Eq. (3.33) follows as we can set k = i or i − 1 and apply shifts (2, 1, 0) or

(2, 1, 1).

Thus we’ve shown Eq. (3.27). Note that Ci+2 ⊆ Ci +O(1)[0, 1]3. Thus we have for all

b,

SN−3
b ⊆ CN +O(1)[0, 1]3.

Now for any A ∈ ZN , B ∈ DN−3,

A \B ⊆ {N − 1, N − 2}.
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The contribution to any convolution given by A \B is therefore O(1). Thus for all b,

SN
b ⊆ CN +O(1)[0, 1]3, S ⊆ C +O(1)[0, 1]3.

Now we want to show the second part

C ⊆ S +O(1)[0, 1]3.

For any point y ∈ C, we simply have to construct a set A such that

1A ∗ 1−A(0, 1, 2) = y +O(1)[0, 1]3. (3.35)

We first show Eq. (3.35) for the vertices of C. Consider the following sets. Let ϕtile be

as described in Lemma 2.2. For y = (0, 0, 0), we have A = ∅. For y = (N,N,N), we have

A = ZN .

For y = (N/3, 0, 0), Let A = {0} ⊆ Z3, then

1A ∗ 1−A(0, 1, 2) = (1, 0, 0),

1ϕtile(A) ∗ 1−ϕtile(A)(0, 1, 2) = (N/3, 0, 0) +O(1)[0, 1]3.

For y = (N/2, N/4, 0), Let A = {0, 1} ⊆ Z4, then

1A ∗ 1−A(0, 1, 2) = (2, 1, 0),

1ϕtile(A) ∗ 1−ϕtile(A)(0, 1, 2) = (N/2, N/4, 0) +O(1)[0, 1]3.

For y = (N/2, 0, N/2), Let A = {0, 2} ⊆ Z4, then

1A ∗ 1−A(0, 1, 2) = (2, 0, 2),
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1ϕtile(A) ∗ 1−ϕtile(A)(0, 1, 2) = (N/2, 0, N/2) +O(1)[0, 1]3.

For y = (2N/3, N/3, N/3), Let A = {0, 1} ⊆ Z3, then

1A ∗ 1−A(0, 1, 2) = (2, 1, 1),

1ϕtile(A) ∗ 1−ϕtile(A)(0, 1, 2) = (2N/3, N/3, N/3) +O(1)[0, 1]3.

Now we consider the non-vertex points. Let v1, .., v6 be the 6 vertices. For any y ∈ C,

by convexity there exists λ1, .., λ6 ∈ [0, 1], such that

y =
6∑

i=1

λivi

and
6∑

i=1

λi = 1.

LetA1, ..., A6 ⊆ ZN be sets constructed according to v1, ..., y6 respectively. Define λ0 := 0.

For 1 ≤ i ≤ 6, define

A′
i := A2 ∩

[ i−1∑
k=0

λkN,
i∑

k=0

λkN

)
.

Let A :=
6⋃

i=1

A′
i. Note that since each Ai is translation invariant by 3 or 4, we have

1A′
i
∗ 1−A′

i
(0, 1, 2) = λi1Ai

∗ 1−Ai
(0, 1, 2) +O(1)[0, 1]3.

The convolution contribution between the three components is O(1), so we have

1A ∗ 1−A(0, 1, 2) =
6∑

i=1

λi1Ai
∗ 1−Ai

(0, 1, 2) +O(1)[0, 1]3

=
6∑

i=1

λivi +O(1)[0, 1]3 = y +O(1)[0, 1]3.
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Thus we have C ⊆ S +O(1)[0, 1]3.

Now we consider the sum set case. for the sum set case, we only include one direction

of the inclusion. We show that the set image contains a convex polytope.

Theorem 3.8 (Convexity of Sum Set for 3-d). For N ≥ 3, x ∈ ZN , Let r be coprime to N

and 2|x, or let 2r be coprime to N . The set image S of 1A ∗ 1A(x, x+ r, x + 2r) is nearly

contains a convex polytope in the following sense: Let

C = CH
(
{(0, 0, 0), (N/3, 0, 0), (0, 0, N/3), (0, N/2, 0), (N/2, N/4, 0),

(0, N/4, N/2), (N/2, 0, N/2), (2N/3, N/3, N/3), (N/3, N/3, 2N/3), (N,N,N)}
)

then

C ⊆ S +O(1)[0, 1]3.

Proof. By the Freiman 2-isomorphism defined in Eq. (3.1), we only need to consider the

case (0, 1, 2). Moreover, 1A ∗ 1A(2, 1, 0), also has the same set image, so the first and the

third coordinate is symmetric. We may flip the first and third coordinate. If (a, b, c) is in

the set imagine of 1A ∗ 1A(x, x+ r, x+ 2r), so is (c, b, a).

We first consider sets that correspond to the vertices. Let ϕtile be as described in

Lemma 2.1. For y = (0, 0, 0), we have A = ∅. For y = (N,N,N), we have A = ZN . For

y = (N/3, 0, 0), Let A,B = {0} ⊆ Z3, then

1A ∗ 1B(0, 1, 2) = (1, 0, 0),

1ϕtile(A,B) ∗ 1−ϕtile(A,B)(0, 1, 2) = (N/3, 0, 0) +O(1)[0, 1]3.

For y = (0, N/2, 0), Let A = {0, 2}, B = {1, 3} ⊆ Z4, then

1A ∗ 1B(0, 1, 2) = (0, 2, 0),
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1ϕtile(A,B) ∗ 1−ϕtile(A,B)(0, 1, 2) = (0, N/2, 0) +O(1)[0, 1]3.

For y = (0, N/2, 0), Let A = {0, 1}, B = {0, 3} ⊆ Z4, then

1A ∗ 1B(0, 1, 2) = (2, 1, 0),

1ϕtile(A,B) ∗ 1−ϕtile(A,B)(0, 1, 2) = (N/2, N/4, 0) +O(1)[0, 1]3.

For y = (N/2, 0, N/2), Let A,B = {0, 2} ⊆ Z4, then

1A ∗ 1B(0, 1, 2) = (2, 0, 2),

1ϕtile(A,B) ∗ 1−ϕtile(A,B)(0, 1, 2) = (N/2, 0, N/2) +O(1)[0, 1]3.

For y = (2N/3, N/3, N/3), Let A,B = {1, 2} ⊆ Z3, then

1A ∗ 1B(0, 1, 2) = (2, 1, 1),

1ϕtile(A,B) ∗ 1−ϕtile(A,B)(0, 1, 2) = (2N/3, N/3, N/3) +O(1)[0, 1]3.

Now we consider the non-vertex points. Let v1, .., v10 be the 10 vertices. For any y ∈ C,

by convexity there exists λ1, .., λ10 ∈ [0, 1], such that

y =
10∑
i=1

λivi

and
10∑
i=1

λi = 1.

Let A1, ..., A10 ⊆ ZN be sets constructed according to v1, ..., y10 respectively. Define λ0 :=
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0. For 1 ≤ i ≤ 10, define

A′
i := A2 ∩

[ i−1∑
k=0

λkN,
i∑

k=0

λkN

)
.

Let A :=
10⋃
i=1

A′
i. Note that since each Ai is translation invariant by 3 or 4, we have

1A′
i
∗ 1A′

i
(0, 1, 2) = λi1Ai

∗ 1Ai
(0, 1, 2) +O(1)[0, 1]3.

The convolution contribution between the three components is O(1), so we have

1A ∗ 1A(0, 1, 2) =
10∑
i=1

λi1Ai
∗ 1Ai

(0, 1, 2) +O(1)[0, 1]3

=
10∑
i=1

λivi +O(1)[0, 1]3 = y +O(1)[0, 1]3.

Thus we have C ⊆ S +O(1)[0, 1]3.

As we’ve seen in Chapter 2 and 3, the set images are convex polytopes in the cases we

look at. This leads us to the conjecture that set images are always approximately convex

polytopes:

Conjecture 3.9 (Shapes of Set images). Let G be a finite abelian group, and x ∈ Gd. Let

S be the set image of 1A ∗ 1A(x). There exists a convex polytope C ⊆ Rd with O(f(d))

many vertices such that

S ⊆ C ⊆ S + [0, 1]d ·O(d).

The same is true for 1A ∗ 1−A(x)

Here, it would be interesting to understand what f(d) should be, and understand if the

polytope C has some special structure.
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CHAPTER 4

A SMOOTHNESS PROPERTY OF CONVOLUTION

In this chapter, we will prove a smoothness property for 4-fold convolutions 1A∗1A∗1A∗1A

for sets A that are sufficiently dense. We will then make a conjecture on 3 and 2 fold

convolutions. In the last section, we will construct different sets to see the potential bounds

of these conjectures.

4.1 Preliminaries

Here are some concentration results in probability that we will utilize.

Theorem 4.1 (Markov’s Inequality). Let X be a non-negative random variable. For all

t > 0,

P(X ≥ t) ≤ E(X)

t
.

Theorem 4.2 (Bernstein’s Inequality). Let X1, ..., Xn be independent random variables. If

P(|Xi| ≤M) = 1 and E(Xi) = 0, then for any t > 0

P

(
n∑

i=1

Xi ≥ t

)
≤ exp

(
− t2

2
∑n

i=1 E(X2
i ) + 2Mt/3

)
.

For our purposes, we will often work with complex non-centered random variables. In

this case we can restate Bernstein’s Inequality as:

Proposition 4.3 (Bernstein’s Inequality for Complex Random Variables.). Let X1, ..., Xn

be independent random variables. If P(|Xi − E[Xi]| ≤M) = 1, then for any t > 0

P

(∣∣∣∣∣
n∑

i=1

Xi − E[Xi]

∣∣∣∣∣ ≥ t

)
≤ 4 exp

(
− t2

4
∑n

i=1Var(|Xi|) + 4Mt/3

)
.
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Proof. Denote X :=
∑n

i=1Xi − E[Xi]. Since |ℜ(X)|2 + |ℑ(X)|2 = |X|2, that

∥X| ≥ t =⇒ |ℜ(X)| ≥ t√
2

or |ℑ(X)| ≥ t√
2
.

Thus

P(|X| ≥ t) ≤ P(|ℜ(X)| ≥ t√
2
) + P(|ℑ(X)| ≥ t√

2
).

Both P(|ℜ(X)| ≥ t√
2
),P(|ℑ(X)| ≥ t√

2
) can be bounded by Bernstein’s Inequality:

P(ℜ(X) ≥ t√
2
),P(ℑ(X) ≥ t√

2
) ≤ exp

(
− t2

4
∑n

i=1Var(|Xi|) + 4Mt/3

)
.

The same is true for P(−ℜ(X) ≥ t√
2
),P(−ℑ(X) ≥ t√

2
), thus by union bound

P(|X| ≥ t) ≤ 4 exp

(
− t2

4
∑n

i=1Var(|Xi|) + 4Mt/3

)
.

Our proof will utilize the following approximation for binomial coefficients, which

utilizes Stirling’s formula [17, 16].

Lemma 4.4 (Stirling’s Formula for binomial coefficients). For all α ∈ (0, 1),

(
n

αn

)
∼ 2nH(α),

where H(α) := α log(1/α) + (1− α) log(1/(1− α)) is the binary entropy function.

4.1.1 Fourier Analysis Preliminaries

In this section, we will define the Fourier analysis tools that we use, specifically in the finite

abelian group setting. Let the ambient group G be a finite abelian group.
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Definition 4.5 (Bilinear forms). A bilinear form on a ambient group G is a mapping

(ξ, x) → ξ · x from G × G → R/Z, that is a homomorphism for both variables ξ, x

separately. A bilinear form is degenerate if the mappings x → ξ · x, is identically zero

for some non-zero ξ, or the mapping ξ → ξ · x is identically zero for some non-zero x. A

bilinear form is symmetric if ξ · x = x · ξ.

With a bilinear form, we can define the Fourier transform. Let e(θ) := exp(2πiθ), then

we have the following:

Definition 4.6 (Fourier transform). Given a function f : G → C and bilinear form, define

the Fourier transform f̂ : G→ C as

f̂(ξ) =
∑
x∈G

f(x)e(ξ · x).

Note that in the view of Fourier analysis, all choices of bilinear form are equivalent.

For our purpose, we will work with the specific standard choice of bilinear form. For an

example, in the case of G = ZN , the bilinear form is ξ · x = ξx/N. The Fourier transform

is then

f̂(ξ) =
∑
x∈G

f(x)e2πiξx/N .

We will use the following important properties of Fourier transform [12]:

Proposition 4.7 (Properties of Fourier transform). Let f, g : G → C be two functions,

then:

• f̂(0) =
∑
x∈G

f(x).

• (Parseval identity)
∑
x∈G

|f(x)|2 = |G|−1
∑
ξ∈G

|f̂(ξ)|2.

• (Plancherel theorem)
∑
x∈G

f(x)g(x) = |G|−1
∑
ξ∈G

f̂(ξ)ĝ(ξ).
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• (Fourier inversion formula) f(x) = |G|−1
∑
ξ∈G

f̂(ξ)e(ξ · x).

• (Convolution) f̂ ∗ g = f̂ ĝ.

Definition 4.8 (Spectrum). For any subset A ⊆ G, we define its α - spectrum to be

Specα(A) = {ξ ∈ G : |1̂A(ξ)| ≥ α|A|}.

By Parseval’s identity and Markov’s inequality, we can give the following upper bound

for the size of the spectrum:

Lemma 4.9 (Upper bound for size of spectrum). Given 0 < α ≤ 1 and A ⊆ G,

|Specα(A)| ≤ α−2|G||A|−1.

Proof.

|Specα(A)| = |G|P(|1̂A(ξ)| ≥ α|A|) = |G|P(|1̂A(ξ)|2 ≥ α2|A|2) ≤ |G|E(|1̂A(ξ)|2)α−2|A|−2

=

(∑
ξ∈G

|1̂A(ξ)|2
)
α−2|A|−2 = |G|

(∑
x∈G

|1A(x)|2
)
α−2|A|−2 = α−2|G||A|−1

4.2 A Smoothness Property of 4-fold Convolution

In this section, we are interested in a smoothness property of convolution.

Given a setA large enough, for all sets S that is large enough where 1A∗1A(s1+s2) ≈ 0,

for all s1, s2 ∈ S, then there exists a s ∈ S such that 1A ∗ 1A(2s) ≈ 0. Similarly, if

1A∗1A(s1+s2) ≫ 0, for all s1, s2 ∈ S, then there exists a s ∈ S such that 1A∗1A(2s) ≫ 0.

Perhaps the conditions can be relaxed, where 1A∗1A(s1+s2) doesn’t have to be all large

(or small.) The result can also be strengthened to say more or all s ∈ S has 1A ∗1A(s1+s2)

large (or small).
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This is related to Roth’s theorem, as 1A∗1A(2s) ̸= 0 corresponds to solutions to x+y =

2s, which is a 3-AP. If A is too small, this is not true, as Behrend’s Type construction tells

us that there are sets of size n
ec

√
logn without any 3-AP’s. Thus, we should maybe look at

sets of size |A| > n
(logn)10

, |S| > (log n)10.

Theorem 4.10 (4-fold convolution). Fix 0 < ϵ < 1, and Let N > N0(ϵ). Let G be a finite

abelian group such that |G| = N. Let A, S ⊆ G be such that |A| ≥ N1−ϵ, |S| = N cϵ for

some c. If for every s1, s2 ∈ S, s1 ̸= s2,

1A ∗ 1A ∗ 1A ∗ 1A(s1 + s2) < |A|3N (2−3c/2)ϵ, (4.1)

then, there exists s′ ∈ S, such that

1A ∗ 1A ∗ 1A ∗ 1A(2s′) < |A|3N (3−c/2)ε.

Note that if c ≤ 6, the bound is |A|3 trivial, so we may assume c > 6, where we are

giving polynomial bounds. To prove the theorem, we first show the following lemma:

Lemma 4.11. Let R, S ⊆ G, be subsets of a finite abelian group, where |G| = N >

64, |R| = k ≥ 4, |S| = l, and l ≥ 15k+3. There exists a sequence of weights (w1, ..., wl) ∈

{−1, 0, 1}l not all zero, such that for all r ∈ R,

∣∣∣∣∣
l∑

t=1

wte(st · r)

∣∣∣∣∣ < l

2l/(3k)
,

and for all ξ ∈ G, ∣∣∣∣∣
l∑

t=1

wte(st · ξ)

∣∣∣∣∣ < 6
√
k logN.

Proof. Enumerate the elements of S as {s1, ..., sl}. Let δ1, ..., δl be Bernoulli random vari-

ables with P(δi = 1) = k
l

for all 1 ≤ i ≤ l. For all ξ ∈ G, define the random variable
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Xξ =
l∑

t=1

δte(st · ξ).

We have

|δte(st · ξ)− E(δte(st · ξ))| ≤ 1,
l∑

i=1

Var(|δte(st · ξ)|) = l
k

l
(1− k

l
) ≤ k.

Therefore, by Proposition 4.3, for any ξ ∈ G,

P(|Xξ − E(Xξ)| ≥ 3
√
k log(N)) ≤ 4 exp

(
− 9k log2(N)

4k + 4
√
k log(N)

)
≤ 4 exp

(
−9k log2(N)

6k log(N)

)
= 4N−3/2 <

1

2N
.

(4.2)

By the union bound

P(∀ξ ∈ G, |Xξ − E(Xξ)| ≥ 3
√
k log(N))

= 1− P(∃ξ ∈ G, |Xξ − E(Xξ)| ≥ 3
√
k log(N))

≤ 1−N · P(|Xξ − E(Xξ)| ≥ 3
√
k log(N)) <

1

2
.

(4.3)

Let ∆ ⊆ {0, 1}l denote the set of all sequence (δ1, ..., δl) such that, for all ξ ∈ G,

|
l∑

t=1

δte(st · ξ)− E(Xξ)| < 3
√
k log(N) (4.4)

By Eq. (4.3), |∆| > 2l(1− 1/2) = 2l−1.

Now consider the set {x+ iy ∈ C : |x|, |y| ≤ l}k. Partition the set into translates of the

cell

{x+ iy ∈ C : 0 ≤ |x|, |y| ≤ l/2⌈l/(3k)+1/2⌉}k.
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The number of translates in the partition is

(2 · 2⌈l/(3k)+1/2⌉)2k ≤ (2 · 2l/(3k)+3/2)2k = 22l/3+5k.

Since l ≥ 15k + 3, |∆| > 2l−1 ≥ 22l/3+5k. Enumerate all the elements of R = {r1, ..., rk}.

By the pigeonhole principle, there must exist (δ1, ..., δl), (δ′1, ..., δ
′
l) ∈ ∆ such that

(
l∑

t=1

δte(st · r1), ...,
l∑

t=1

δte(st · rk)

)

(
l∑

t=1

δ′te(st · r1), ...,
l∑

t=1

δ′te(st · rk)

)

belong to the same cell. Let (w1, ..., wl) := (δ1, ..., δl) − (δ′1, ..., δ
′
l). For such weights, we

have for all r ∈ R

∣∣∣∣∣
l∑

t=1

wte(st · r)

∣∣∣∣∣
2

=

∣∣∣∣∣
l∑

t=1

(δt − δ′t)e(st · r)

∣∣∣∣∣
2

= ℜ

(
l∑

t=1

(δt − δ′t)e(st · r)

)2

+ ℑ

(
l∑

t=1

(δt − δ′t)e(st · r)

)2

≤ 2
(
l/2⌈l/(3k)+1/2⌉)2 ≤ 2

(
l/2l/(3k)+1/2

)2
=
(
l/2l/(3k)

)2
.

By Eq. (4.4) and the triangle inequality, for all ξ ∈ G,

∣∣∣∣∣
l∑

t=1

wte(st · ξ)

∣∣∣∣∣ =
∣∣∣∣∣

l∑
t=1

δte(st · ξ)−
l∑

t=1

δ′te(st · ξ)

∣∣∣∣∣
≤

∣∣∣∣∣
l∑

t=1

δte(st · ξ)− E(Xξ)

∣∣∣∣∣+
∣∣∣∣∣

l∑
t=1

δ′te(st · ξ)− E(Xξ)

∣∣∣∣∣ < 6
√
k log(N).

Thus (w1, ..., wl) is our desired weight.

Proof of Theorem 4.10. Enumerate the elements of S as {s1, ..., sl}. Let α = N (1−c/2)ϵ,
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and define the set R := Specα(A).

Let (w1, ..., wl) be the weights as described in Lemma 4.11, according to S and R. Let

j be an index such that wj = 1; if no such weight exists, then simply multiply all weights

by −1 so the bounds of Lemma 4.11 is still satisfied. Let s′ := sj. We define the following

functions:

F (ξ) := N−11̂A
4
(ξ)e(s′ · ξ)

W1(ξ) :=
l∑

t=1

wte(ξ · st),W2(ξ) :=
l∑

t=1
t̸=j

wte(ξ · st).

By Fourier inversion in Proposition 4.7, we have

1A ∗ 1A ∗ 1A ∗ 1A(2s′) = N−1
∑
ξ∈G

1̂A
4
(ξ)e(ξ · 2s′)

= N−1
∑
ξ∈R

1̂A
4
(ξ)e(ξ · 2s′) +N−1

∑
ξ∈Rc

1̂A
4
(ξ)e(ξ · 2s′)

= N−1
∑
ξ∈R

1̂A
4
(ξ)e(ξ · s′)e(ξ · s′) +N−1

∑
ξ∈Rc

1̂A
4
(ξ)e(ξ · s′)e(ξ · s′).

Since e(ξ · s′) = W1(ξ)−W2(ξ), we have

=
∑
ξ∈R

F (ξ)(W1(ξ)−W2(ξ)) +
∑
ξ∈Rc

F (ξ)(W1(ξ)−W2(ξ))

=
∑
ξ∈R

F (ξ)W1(ξ) +
∑
ξ∈Rc

F (ξ)W1(ξ)−
∑
ξ∈G

F (ξ)W2(ξ).

(4.5)

We will first look at the first sum. By Lemma 4.9, |R| ≤ α−2N |A|−1. For ξ ∈ R, by

Lemma 4.11,

|W1(ξ)| ≤
|S|

2|S|/(3|R|) ≤ |S|2−α2N−1|S||A|/3 ≤ N cϵ2−N2ϵ−cϵ−1+cϵ+1−ϵ/3
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= N cϵ2−Nϵ/3 ≪ N (2−c/2)ϵ,

and

|F (ξ)| ≤ N−1|A|2|1̂A(ξ)|2.

Thus, the first sum is bounded by Parseval

∣∣∣∣∣∑
ξ∈R

F (ξ)W1(ξ)

∣∣∣∣∣≪ |A|2N−1
∑
ξ∈R

|1̂A(ξ)|2N (2−c/2)ϵ ≤ |A|3N (2−c/2)ϵ. (4.6)

For the second sum ξ ∈ Rc, we have |1̂A(ξ)| ≤ α|A|, and W1(ξ) < 3
√

|R| logN by

Lemma 4.11.

∣∣∣∣∣∑
ξ∈Rc

F (ξ)W1(ξ)

∣∣∣∣∣ ≤ 6
√

|R|(logN)N−1
∑
ξ∈Rc

|1̂A(ξ)|4 ≤ 6(logN)
√
|R|N−1α2|A|2

∑
ξ∈Rc

|1̂A(ξ)|2.

By Lemma 4.9,
√

|R| ≤ α−1N1/2|A|−1/2, so

≤ 6(logN)N1/2|A|−1/2α|A|2N−1
∑
ξ∈Rc

|1̂A(ξ)|2 ≤ 6(logN)N1/2|A|−1/2α|A|3

= 6(logN)|A|3N (1−c/2)ϵ+ϵ/2 ≪ |A|3N (2−c/2)ϵ. (4.7)

For the third sum, we have

∑
ξ∈G

F (ξ)W2(ξ) =
∑
ξ∈G

N−1e(ξ · s′)
l∑

t=1
t̸=j

1̂A
4
(ξ)wte(ξ · st)

= N−1
∑
ξ∈G

l∑
t=1
t̸=j

1̂A
4
(ξ)wte(ξ · (s′ + st)) =

l∑
t=1
t̸=j

wtN
−1
∑
ξ∈G

1̂A
4
(ξ)e(ξ · (s′ + st))
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by Fourier inversion

=
l∑

t=1
t̸=j

wt1A ∗ 1A ∗ 1A ∗ 1A(s′ + st).

By our assumption of convolution at sums of different elements,

∣∣∣∣∣∑
ξ∈G

F (ξ)W2(ξ)

∣∣∣∣∣ < N cϵ|A|3N (2−3c/2)ϵ = |A|3N (2−c/2)ϵ. (4.8)

Putting Eq. (4.6), Eq. (4.7), and Eq. (4.8) together, we have our desired result.

As shown in the proof, the 4-fold of the convolution is necessary for the Fourier coef-

ficients to decay at a sufficient rate. Thus, to get a power-like bound, 4-fold convolution

is perhaps necessary. However, there may be arguments utilizing almost-periodicity and

Bohr neighborhood that allow us to get similar results. These arguments typically work

with sets of size n/e(logn)c for some c. Here we have an conjecture for the smoothness of

2-fold convolution.

Conjecture 4.12. LetG be a finite abelian group such that |G| = N. Let A, S ⊆ G be such

that |A| > N/e(logN)1/6 , |S| > e2(logN)1/6 . For every s1, s2 ∈ S, s1 ̸= s2,

1A ∗ 1A(s1 + s2) ∼ 0. (4.9)

Then, there exists s′ ∈ S, such that

1A ∗ 1A(2s′) ∼ 0.

4.3 Construction on the Bounds of the Smoothness Property

In this section, we are interested in understanding the bounds one would expect for 2 con-

volution versions of Theorem 4.10. We want to construct A, S such that |A|, |S|, is large

and 1A ∗ 1A(2s) is large, but 1A ∗ 1A(s1 + s2) is small for all s, s1, s2 ∈ S. We would like
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to see how big the gap between 1A ∗ 1A(2s), 1A ∗ 1A(s1 + s2) can be, while keeping A, S

as dense as possible.

These constructions are inspired by the construction of Behrend for the lower bound of

Roth’s Theorem [1]. They also share some similarities with the Niveau set construction of

Ruzsa [19], or Gowers [11].

LetM ∈ Z be a boundary parameter. For all constructions in Zd,we are going to map it

to [−M,M ]d ⊆ Z using the following Frieman 2-isomorphism υ : Zd → [0, (4M +2)d] ⊆

Z,

υ(x) :=
d∑

k=1

(xk +M + 1)(4M + 2)k−1. (4.10)

We begin with a relatively simple construction of hyper cubes in Zd :

Proposition 4.13 (Hypercube Construction). Given N, d, let M = ⌊N1/d/4− 1/2⌋. There

exists sets A, S ⊆ [0, N ] ⊆ Z such that |S| = d, |A| ≥ d(2M)d−1, and for all s ∈ S,

1A ∗ 1A(2s) ≥ (2M + 1)d−1.

For all s1 ̸= s2 ∈ S,

1A ∗ 1A(s1 + s2) ≤ (2M + 1)d−2.

Proof. Let ei, 1 ≤ i ≤ d be the standard basis in Zd. Let S = {Mei : 1 ≤ i ≤ d} and

A := {v ∈ Zd : ∥v∥∞ =M}

is the hypercube formed by all hyperplanes normal to points in S. Then we have

|S| = d, |A| = (2M + 1)d − (2M)d ≥ d(2M)d−1.

Given s ∈ S, if x is in the hyperplane normal to s, then 2s − x is also in the hyperplane.
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Thus,

1A ∗ 1A(2s) ≥ (2M + 1)d−1.

Let x + y = s1 + s2, x ∈ Asy ∈ As′ . We have x · s = d, (s1 + s2 − x) · s′ = d. This is

equivalent to the system

[s,−s′]Tx = [d, d+ (s1 + s2) · s′]T .

This is equivalent to the shifted null space of the matrix [s,−s′]T . Shifting the hyperplane

to the origin only increase the number of points in the box, thus

1A ∗ 1A(s1 + s2) ≤ |{v ∈ [−M,M ]d : [s, s′]Tv = 0}|

Since s1 ̸= s2, ∥s1 + s2∥22 < 2d. If s = s′, then x, y lie in the same hyper plane and

∥x+ y∥22 ≥ 2d. Therefore s ̸= s′ and [s, s′]T has rank 2. Thus there exists two columns i, j

that are pivot columns. Therefore, i, j coordinate of v must be 0 for [s, s′]Tv = 0. Thus we

have (2M + 1)d−2 choices for the other coordinates.

1A ∗ 1A(s1 + s2) ≤ (2M + 1)d−2 (4.11)

Now mapping A to Z with υ in Eq. (4.10) gives our desired set.

In a similar way, we may look at cross-polytopes instead of hyper cubes.

Proposition 4.14 (Cross-Polytope Construction). Given N, d, where d is even, let M =

⌊N1/d/4− 1/2⌋. There exists sets A, S ⊆ [0, N ] ⊆ Z such that

|S| = 2d−1, |A| ≥ 2d−1(2M − 1)d/(Md− d+ 1)−
(
2d−1

2

)
(2M + 1)d−2

and for all s ∈ S,

1A ∗ 1A(2s) ≥ (2M − 1)d/(Md− d+ 1).
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For all s1 ̸= s2 ∈ S,

1A ∗ 1A(s1 + s2) ≤ (2M + 1)d−2.

Proof. Let S = {s ∈ {−1, 1}d : s1 = 1} and let

A := {v ∈ [−M,M ]d ⊆ Zd : ∃s ∈ S such that v · s = d}.

is the cross-polytope formed by all hyperplanes normal to points in S. Fix s ∈ S, we would

like to find a lower bound for the size of

As := {v ∈ [−M,M ]d ⊆ Zd : v · s = d}.

Without loss of generality, we may assume s = (1, 1, ..., 1). Note that if v · s = 0, v ∈

[−M + 1,M − 1]d, then (v + s) · s = d, (v + s) ∈ [−M,M ]d. Therefore, We may instead

consider

A0 := {v ∈ [−M + 1,M − 1]d ⊆ Zd : v1 + ...+ vd = 0}.

Let

rx = {(v1, ..., vd/2) ∈ [−M + 1,M − 1]d/2 : v1 + ...+ vd/2 = x}.

For any x, If

v1 + ...+ vd/2 = w1 + ...+ wd/2 = x,

then

v1 + ...+ vd/2 − w1 + ...+ wd/2 = 0.

Then we have (v1, ..., vd/2, w1, ..., wd/2) ∈ A0. This is true for any pairs of vectors v.w ∈ rx.

rx is none empty for x ∈ [−Md/2 + d/2,Md/2− d/2]. By Cauchy–Schwarz, we have

|A0| ≥
∑
x∈Z

|rx|2 ≥
(∑

x∈Z

|rx|
)2

/ |[−Md/2 + d/2,Md/2− d/2]|

76



=

(∑
x∈Z

|rx|
)2

/(Md− d+ 1) = |[−M + 1M − 1]d/2|2/(Md− d+ 1)

= (2M − 1)d/(Md− d+ 1) (4.12)

Now we give a upper bound for the intersection of two hyper planes. If x ∈ As ∩ As′ ,

then [s, s′]Tx = [d, d]T . The intersection is equivalent to the shifted null space of the matrix.

[s, s′]T . Thus

|As ∩ As′ | ≤ |{v ∈ [−MM ]d : [s, s′]Tv = 0}|

All s ̸= s′ are independent from each other, so [s, s′]T has rank 2. By the same argument

as Eq. (4.11),

|As ∩ As′| ≤ (2M + 1)d−2

By inclusion exclusion, Eq. (4.12), and Eq. (4.11) we have

|S| = 2d−1, |A| ≥ 2d−1(2M − 1)d/(Md− d+ 1)−
(
2d−1

2

)
(2M + 1)d−2 (4.13)

All a ∈ As contribute to the convolution 1A ∗ 1A(2s) so

1A ∗ 1A(2s) ≥ |A0| ≥ (2M − 1)d/(Md− d+ 1) (4.14)

by Eq. (4.12). By the same argument as Eq. (4.11) again,

1A ∗ 1A(s1 + s2) ≤ (2M + 1)d−2.

Now mapping A to Z with υ in Eq. (4.10) gives our desired set.

4.3.1 Intersections of many faces of a Cross-polytope

Now we consider a more sophisticated construction.

Theorem 4.15. Given d ≥ d0, N , where 3|d. Let M := ⌊N1/d/4− 1/2⌋, and k, k′ be such
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that kk′2 = 1.058d. There exist sets A, S ⊆ [0, N ] ⊆ Z such that

|S| ≥ k, |A| ≥ kk′(2M − 1)d/(Md− d+ 1)−
(
kk′

2

)
(2M + 1)d−2

and for all s ∈ S,

1A ∗ 1A(2s) ≥ k′(2M − 5)d/(Md− 3d+ 1)−
(
k′

2

)
(2M + 1)d−2.

For all s1 ̸= s2 ∈ S,

1A ∗ 1A(s1 + s2) ≤ (2M + 1)d−2.

Proof. LetH0 = {−1, 1}d, S0 = {−3, 3}d.We will pick a random k-subset S := {s1, ..., sk} ⊆

S0.

Let H := H(S) be the set of all sequences H = (h11, ..., hkk′), where each hij follows

the following conditions:

1. For all 1 ≤ i ≤ k, 1 ≤ j ≤ k′, we have hij · si = d.

2. Each hij is distinct.

3. For all 1 ≤ i ≤ k, 1 ≤ j ≤ k′ and sa, sb ∈ S, sa ̸= sb, we have hij · sa+sb
2

̸= d.

We would like to show that there exists a set S with the conditions above, by showing

E(|H|) > 0. Let H1 be the set of sequences that satisfies conditions 1, and H2 be the set of

sequences that satisfies conditions 1 and 2. Note that for a given si, for si · hij = d, 2d/3

of the entry has to match signs with hij , and d/3 of the entries has to have opposite signs,

giving
(

d
d/3

)
choices. Therefore we have |H1| =

(
d

d/3

)kk′
choices if we allow repetitions. To

get distinct elements, as each hij is chosen, it has to be removed from the pool of potential

choices. Then, we have

|H2| ≥
kk′∏
t=1

((
d

d/3

)
− t

)
.
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Now let Hijab ⊆ H1 be the set of sequences that satisfies conditions 1, but

hij ·
sa + sb

2
= d.

Assume a ̸= b; this means Hijab is the subset of H1 that fails condition 3 on the elements

hij, sa, sb. Therefore, we have H = H2 \ (
⋃

i,j,a̸=bHijab), the set of sequences that satify

all 3 conditions. Note that Hijab = Hijba, so we simply have to account for the cases when

a < b. Thus, by union bound we have

|H| ≥ |H2| −
∑

i,j,a<b

|Hijab|.

Note that E(|Hijab|) is the same for all i ̸= a, b, and the same for all i = a or b. We will

show that for all i, j, a, b,

E(|Hijab|) ≤
(
d

d/3

)kk′

2−d

(
d

d/3

)
.

First consider i = a or b. For any h ∈ H0 where h · sa = d, h · sa+s
2

= d, if and only if

h · s = d. Let sa be given, and h ∈ H0, s ∈ S0 be randomly chosen:

P(h · sa + s

2
= d|h · sa = d, s ̸= sa) = P(h · s = d|h · sa = d, s ̸= sa).

As discussed, there are
(

d
d/3

)
, s ∈ S0 such that h ·s = d. Since s ̸= sa,we have

(
d

d/3

)
−1

choices. Thus, given a h, let s ∈ S0 \ sa be randomly selected.

P(h · s = d|h · sa = d, s ̸= sa) =

((
d

d/3

)
− 1

)
/(2d − 1) ≤ 2−d

(
d

d/3

)
. (4.15)

Thus for each 1 ≤ a, b ≤ k, 1 ≤ j ≤ k′, we give the upper bound to the expectation:
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E(|Hajab|) = E(|Hbjab|) ≤
(
d

d/3

)kk′

2−d

(
d

d/3

)
.

Now we consider i ̸= a, b. Let sa ̸= sb be given. Let s ∈ S0 be randomly selected, then

h ∈ H0 be randomly selected amongst vectors such that h · s = d:

E(|Hijab|) = E(|H1|)P(h · sa + sb
2

= d|h · s = d, s ̸= sa, sb).

To give a upper bound to the expectation, we separate the probability using conditional

probability:

P(h · sa + sb
2

= d|h · s = d, s ̸= sa, sb) =

P(h · sa + sb
2

= d|h · s = d)/P(s ̸= sa, sb)

−P(h · sa + sb
2

= d|h · s = d, s = sa or sb)P(s = sa or sb)/P(s ̸= sa, sb).

(4.16)

We would like to give an upper bound to Eq. (4.16). We first calculate P(h · sa+sb
2

=

d|h · s = d), the probability that condition 3 is satisfied for h, sa, sb. Note that because s is

selected independently from sa, sb, we have

P(h · sa + sb
2

= d|h · s = d) = P(h · sa + sb
2

= d).

Let t be such that sa+sb
2

has d
3
+ 2t entries that are non-zero. Since we are trying to get

a upper bound, first assume that the probability is non-zero. This implies that 0 ≤ t ≤ d/3

is an integer. Since the calculation is the same, assume without loss of generality that all

non-zero entries are 3, and not −3. Note that if t < 0, then h · sa+sb
2

< d for any h ∈ H; ,

the condition is not satisfied. If t ≥ 0, then if h is −1 at t of the non-zero entries, and 1 at
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all other non-zero entries,

h · sa + sb
2

= 3(
d

3
+ t)− 3t = d.

Thus we have
( d

3
+2t
t

)
choices for the non-zero entries. For the 0 entries, h can be anything,

thus giving us 2
2d
3
−2t choices. Thus, given a random h ∈ H , the probability is then:

P(h · sa + sb
2

= d) = 2−d

(
d
3
+ 2t

t

)
2

2
3
d−2t.

For any 0 ≤ t ≤ d/3, we have that

(
d
3
+ 2t

t

)
2−2t

/[(
d
3
+ 2(t+ 1)

(t+ 1)

)
2−2(t+1)

]
=

4(t+ 1)(d
3
+ t+ 1)

(d
3
+ 2t+ 1)(d

3
+ 2t+ 2)

< 1

because 4(t+ 1) + (d
3
+ t+ 1) ≤ (d

3
+ 2t+ 1) + (d

3
+ 2t+ 1), thus

4(t+ 1)(
d

3
+ t+ 1) ≤ (

d

3
+ 2t+ 1)2 ≤ (

d

3
+ 2t+ 1)(

d

3
+ 2t+ 2).

The probability monotonically increases as t increases, and is maximized for t = d
3
, and

P(h · sa + sb
2

= d) ≤ 2−d

(
d

d/3

)
.

Now we calculate P(h · sa+sb
2

= d|s = sa or sb). Note that this is the same as the first

case considered, when i = a or b. Thus, this is equal to Eq. (4.15). We also have that

P(s = sa or sb) = 21−d,P(s ̸= sa, sb) = 1− 2−d+1.
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Combining everything we have, Eq. (4.16) has the upper bound

P(h · sa + sb
2

= d|h · s = d, s ̸= sa, sb) ≤(
2−d

(
d

d/3

)
− 2−d

(
d

d/3

)
21−d

)
/(1− 21−d) = 2−d

(
d

d/3

)
.

(4.17)

Thus for each 1 ≤ i, a, b ≤ k, 1 ≤ j ≤ k′, we give the upper bound to the expectation:

E(|Hijab|) ≤
(
d

d/3

)kk′

2−d

(
d

d/3

)
.

Thus we have

E|H| ≥ E (|H1|)− E

( ∑
i,j,a<b

|Hijab|

)

≥
kk′∏
t=1

((
d

d/3

)
− t

)
−
∑

i,j,a<b

E|Hajab|

≥
kk′∏
t=1

((
d

d/3

)
− t

)
− k′k

(
k

2

)(
d

d/3

)kk′+1

2−d

≥
((

d

d/3

)
− kk′

)kk′

− k′k

(
k

2

)(
d

d/3

)kk′+1

2−d

≥
(
d

d/3

)kk′
(1− kk′(

d
d/3

))kk′

− k′k

(
k

2

)(
d

d/3

)
2−d

 .
By Lemma 4.4,

(
27
4
− ϵ
)d/3

<
(

d
d/3

)
<
(
27
4

)d/3 for d large enough. Let c = 2·22/3
3

− ϵ ≈

1.058, k′k2 = cd. Then we have that

k′k

(
k

2

)(
d

d/3

)
2−d < cd

(
27

4

)d/3

2−d = o(1).

Note that (
1− kk′(

d
d/3

))kk′

=

(
1−

(kk′)2/
(

d
d/3

)
kk′

)kk′

(kk′)2 = 1.0582d <
(
27
4
− ϵ
)d/3

<
(

d
d/3

)
. Thus as d→ ∞,
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(
1− kk′(

d
d/3

))kk′

→ e0 = 1.

Therefore E|H| > 0. There exists a H = (h11, ..., hkk′) such that all three conditions are

satisfied.

Let S be a set such that H(S) is none empty, and let H be a element of such H(S).

Define

A = {a ∈ [−M,M ]d ⊆ Zd : ∃h ∈ H such that a · h = d}.

The size of A is very similar to that of Eq. (4.13). Except now we have kk′ hyperplanes

instead of sd−1. Therefore, we have

|S| = k, |A| ≥ kk′(2M − 1)d/(Md− d+ 1)−
(
kk′

2

)
(2M + 1)d−2.

1A ∗ 1A(2s) is similar to the case of Eq. (4.14). Except this time, S is vectors in {−3, 3}d

instead of {−1, 1}d. Thus everything needs to shift by 3 instead of 1 to the origin. We have

the contribution of a single hyperplane to the convolution of 1A ∗ 1A(2s) is

(2M − 5)d/(Md− 3d+ 1)

There are k′ hyperplanes through each s. By the same arguement, the intersection of each

hyperplane is at most Eq. (4.11). Thus we have

1A ∗ 1A(2s) ≥ k′(2M − 5)d/(Md− 3d+ 1)−
(
k′

2

)
(2M + 1)d−2.

By Eq. (4.11) again,

1A ∗ 1A(s1 + s2) ≤ (2M + 1)d−2.
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Appendices



APPENDIX A

NOTATION

A+B Sum set (Definition 1.1)

A−B Difference set (Definition 1.1)

a⌢b Concatenation of vectors a and b (Section 2.1)

c · A Dilation of set A by element c

x · ξ Bilinear form (Definition 4.5)

exp(x) ex, exponential of x

e(x) exp(2πix) (Section 4.1.1)

x Complex conjugate of x

|x| Absolute value of x. If x is a complex number, then the 2-norm of x.

ℜ(x),ℑ(x) The real and imaginary part of the complex number x.

O(f(x)), f ∼ g Big O notation (Definition 1.8)

Ac Complement of set A

P(A) Power set of set A

x|y x divides y

B [0, 1]n the set of binary vectors of length n (Section 3.1.1)

A \B {a ∈ A : a /∈ B}, the set difference
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APPENDIX B

COMPARISON OF C1
0 AND S1

0

In this section we will verify that the base cases for Theorem 3.6 holds.

First, look at the base case i = 1.

C1
0 = CH({(0, 0), (0,−1/2), (1, 0)}) ∪ CH({(0, 2), (0, 3/2), (1, 2)}),

so

C1
0 ∩ (Z× 2Z) = {(0, 0), (1, 0), (1, 2)}. (B.1)

Now let’s look at S1
0 . For the four possible sets A ∈ A1

0 :

A = ∅ : 1A ∗ 1A(0, 1) = (0, 0)

A = {0} : 1A ∗ 1A(0, 1) = (1, 0)

A = {1} : 1A ∗ 1A(0, 1) = (0, 0)

A = {0, 1} : 1A ∗ 1A(0, 1) = (1, 2).

(B.2)

We see that the points of Eq. (B.1) and Eq. (B.2) matches exactly.

C1
1 has vertices

{(0, 0), (2, 0), (0, 1/2), (3, 2)},

thus it contains (1, 0), (2, 1). Thus,

C1
1 ∩ (Z× 2Z) = {(0, 0), (1, 0), (2, 0), (3, 2)}. (B.3)
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For the four possible subsets A ∈ A1
1 :

A = {−1} : 1A ∗ 1A(0, 1) = (0, 0)

A = {−1, 0} : 1A ∗ 1A(0, 1) = (1, 0)

A = {−1, 1} : 1A ∗ 1A(0, 1) = (2, 0)

A = {−1, 0, 1} : 1A ∗ 1A(0, 1) = (3, 2).

(B.4)

We see that the points of Eq. (B.3) and Eq. (B.4) matches exactly. Now we look at the

case i = 2 :

C2
0 = CH({(0, 0), (2, 0), (0, 1/2), (3, 2)}) ∪ CH({(0, 2), (2, 2), (0, 3/2), (3, 4)}),

so

C1
0 ∩ (Z× 2Z) = {(0, 0), (1, 0), (2, 0), (1, 2), (3, 2), (0, 2), (2, 2), (3, 4)}). (B.5)

Now let’s look at S1
0 . For the 16 possible sets A ∈ A2

0, we list the 12 that are not listed in

Eq. (B.1):

A = {−1} : 1A ∗ 1A(0, 1) = (0, 0)

A = {−1, 0} : 1A ∗ 1A(0, 1) = (1, 0)

A = {−1, 1} : 1A ∗ 1A(0, 1) = (2, 0)

A = {−1, 0, 1} : 1A ∗ 1A(0, 1) = (3, 2)

A = {2} : 1A ∗ 1A(0, 1) = (0, 0)

A = {0, 2} : 1A ∗ 1A(0, 1) = (1, 0)

A = {1, 2} : 1A ∗ 1A(0, 1) = (0, 0)

A = {0, 1, 2} : 1A ∗ 1A(0, 1) = (1, 2)
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A = {−1, 2} : 1A ∗ 1A(0, 1) = (0, 2)

A = {−1, 0, 2} : 1A ∗ 1A(0, 1) = (1, 2)

A = {−1, 1, 2} : 1A ∗ 1A(0, 1) = (2, 2)

A = {−1, 0, 1, 2} : 1A ∗ 1A(0, 1) = (3, 4). (B.6)

We see that the points of Eq. (B.5) and Eq. (B.6) matches exactly.

C2
1 has vertices

{(0, 0), (3, 0), (0, 3/2), (5, 4)},

thus,

C1
1 ∩ (Z× 2Z) = {(0, 0), (1, 0), (2, 0), (3, 0), (1, 2), (2, 2), (3, 2), (4, 2), (5, 4)}. (B.7)

Now let’s look at S1
0 . For the eight possible sets A ∈ A2

1, we list the 12 that are not listed

in Eq. (B.1):

A = {−2,−1} : 1A ∗ 1A(0, 1) = (0, 0)

A = {−2,−1, 0} : 1A ∗ 1A(0, 1) = (1, 0)

A = {−2,−1, 1} : 1A ∗ 1A(0, 1) = (2, 0)

A = {−2,−1, 0, 1} : 1A ∗ 1A(0, 1) = (3, 2)

A = {−2, 2} : 1A ∗ 1A(0, 1) = (2, 0)

A = {−2, 0, 2} : 1A ∗ 1A(0, 1) = (3, 0)

A = {−2, 1, 2} : 1A ∗ 1A(0, 1) = (2, 0)

A = {−2, 0, 1, 2} : 1A ∗ 1A(0, 1) = (3, 2)

A = {−2,−1, 2} : 1A ∗ 1A(0, 1) = (2, 2)

A = {−2,−1, 0, 2} : 1A ∗ 1A(0, 1) = (3, 2)
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A = {−2,−1, 1, 2} : 1A ∗ 1A(0, 1) = (4, 2)

A = {−2,−1, 0, 1, 2} : 1A ∗ 1A(0, 1) = (5, 4). (B.8)

We see that the points of Eq. (B.7) and Eq. (B.8) matches exactly. Thus, the set image

is as described for the base case.
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APPENDIX C

SUBSETS AND 1A ∗ 1−A(0, 1, 2)

In this section, we list the base cases for Theorem 3.7. We give all 16 subset of [0, 3], and it’s

convolution 1A ∗ 1−A(0, 1, 2). Subsets are expressed in its vector form vA, so A = {0, 2, 3}

would be vA = [1, 0, 1, 1].

vA 1A ∗ 1−A(0, 1, 2)

[0, 0, 0, 0] (0, 0, 0)

[1, 0, 0, 0] (1, 0, 0)

[0, 1, 0, 0] (1, 0, 0)

[1, 1, 0, 0] (2, 1, 0)

[0, 0, 1, 0] (1, 0, 0)

[1, 0, 1, 0] (2, 0, 1)

[0, 1, 1, 0] (2, 1, 0)

[1, 1, 1, 0] (3, 2, 1)

[0, 0, 0, 1] (1, 0, 0)

[1, 0, 0, 1] (2, 0, 0)

[0, 1, 0, 1] (2, 0, 1)

[1, 1, 0, 1] (3, 1, 1)

[0, 0, 1, 1] (2, 1, 0)

[1, 0, 1, 1] (3, 1, 1)

[0, 1, 1, 1] (3, 2, 1)

[1, 1, 1, 1] (4, 3, 2)
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