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SUMMARY

frhe propuisive efficiency of the helicopter rotor system has
in the past been obtained from flight data. This study presents a theo-
reticak solution to an equation which expresses a propulsive efficiency
as arbitrarily defined for a helicopter rotor sttem and which is derived
from two-dimensional Blade element theory.

The propulsive efficiency, as defined in the mathematical pre-
sentation, is expressed as the ratio of an incremental increase éf drag
t§ a corresponding incremental increase of shaft power as the limit of
the drag increment approaches zero.

The development of an expression which would express the incre-
ment of power required in terms of the increment of drag added was made

possible by utilizing accepted perfdrmahce equations which have been
published by earlier authors.l Some of the advantages oﬁtained by using
these equations are that they permit the use of large angles and simpli-
fied inplane force and moment equations. The_gxact equation expressing
the incremental increase.of_shaft power is restricted to the assumptions
which condition the accepted performﬁnce equations.

The efficiency equation can be useful_in calculating the effi-
ciency of any conventional siﬁgle rotor system, By calculating the effi-
ciency of many similar systemé, with only one or two rotor parameters
changed in each system, it is believed that a highly effective aﬁd effi-

cient rotor can be developed prior to building a prototype model.




ix

A sample problem is included to reveal the mechanics of the equa-
tion. The efficiency factors calculated by no means validate the theo-
retical solutionj however, they do compare very favorably with solutions

obtained from using available flight data.




. CHAPTER I
- INTRODUCTTON

It is the intent of this study to mathematically derive an expres-
sion from which a propulsive efficiency as arbitrarily defined for a heli-
copter rotor system can be calculated by means of a theoretical solution,

- The propulsive efficiency is defined as the ratio of an iﬁcremental
increase of drag to a corresponding incremental increase in shaft power
as the limit of the drag increment approaches zero. Given any curve-that
represents the efficiency of a rotor system, any point on this curve can
be expressed in terms of the power required versus drag force imposéd on
the system. Such a curve is represented in Figure 1. Obviously, any
change in the drag force would change the rotor efficiency. Furthermore,
for any change in drag force, the required cﬁange in power required can
be caikulated in terms of the unknown drag increment. whgn taking the
limit of this drag increase it can be proven mathematically that as the
limit of the drag increment approaches zero, the incremental change in
. efficiency likewise approachés zero. Requiring the drag increment to
approach zero places the helicopter in a stabilized flight cohfiguration
and establishes the resulfant drag-power ratic as a fixed constant. This
constant fepresents the efficiency of the rotor.

The approach in calculating the-change in power reqﬁired utilizes

a performance solution by Castles (1);1 Some ¢f the advantages that this

1Numbers represent order of listing in Bibliography.




solution offers aré that it permits'the use of large angles and simpli-
_fied inplane force and moment equations. The assumption is:made that
the induced veiocity remains constant and that it is distributed in a
triangular pattern along the blade radii with the mean thrust center
located at the three-quarter radius. A further assumption is made that
the profile drag coefficient is accurately represented by the first two
terms of an even power series. 6

A t?pical force system is represented in Figure 2. Using this force
system as an initial flight condition an incremental element of drag is
added to the existing drag force. With the establishment of the require-
hent that equilibriﬁm is to be maintained'throughout the time interval that
the element of drag is added a new force system is formulated and is rep-
résenféd in Figure 3. These two systems of equations and the use of the
accepted performance solution méke possible the development of the effi-

ciency equation.




CHAPTER 1I

ANALYSIS

System of Equations

-The efficiency equation has been defined as the ratio of an
incremental increase of drag to a corresponding incremental increase

in shaft power in the limit that C, —» O. 1In equation form this is

d
: p
represented by Equation (1)}.
f (&Cd }
: 1
ne lim = (1)
g, (ac ) _
ACdp-)O 1" dp

where the drag increment is represented by

fl(e.cdp) = % p1|:R2(QH)2{(VACap) + (cdp av)} : (2)

and the power increment by
9)(aC, ) = pxRo0%aC, | (3)
p

when

R = radius of blade
Q = mean angular'velocity of rotor blade
¥ = freestream velocity
ACd = drag increment
p
AC. = power increment .




The equation expressing the increment of shaft power is developed
from performance equations derivéd by Castles (1). Those equations needed
for thé derivation of the efficiency equation are included without proofé..,1

Equations expressing the incremental changes to the variods rotor

parameters are developed as required.

Equation for Change in Angle of Attack

Consider that a single rotor has a balanced force system, which
is illustrated in Figure 2. Further assume that the helicqpter is in a
level unaccelerated flight coni’igurationo These two assumptions'are
not neéessary to ob.tain a va.lid solutiong howev'er; 1;.hey simpiify the
syétemvof equations immensely.

The static force equations in the X and' z direction can.be
derived from this balanced system, and are represented by equations (4)

and (5), respectively.

(4)

L}
[
o

T sin aR + Fxlcos GR £

(5)

[}
=

T cosa_ -~ Fx sin g

R R

where,
T = resultant roter thrust acting pmrpend1cu1ar to the tip
path plane

F, = component of the resultant force acting along the inter-
section of the XZ-plane and the tip path plane

D_. = total resultant d}ag force acting parallel to and in

direction of relative wind = % pv2fa

W = weight of the helicopter

Subscrlpts indicate supplemental material 1s provided in Appendix;
listings are alphabetical.




fa = frontal area of helicopter
and
ap = (BY t o)
51n(-aR) = - sinap

cos(-aR) = + cos ap

When an increment of drag is added to the system represented in
Figure 2 the force structure becomes unbalanced until sufficient power
is added to overcome the added increment of drag. This new force system
is representéd in Figure 3. The new force equations are crepresented by

Equations {6) and (7), respectively.

[T + ar][cos ap €os Ao - sinag sin aaR] +

[Fx + AFX][- sin ap cos dap - cos ap sin AnR] = W (6)
[T + aTl{sin ap €0s dap + cos ap sin ﬂuH] +

[Fx + afx][cos ap €08 My - sinap sin ﬁnR] =-D;-aD, (7)

where

A = increment of change to each variable in the force system and,

sin -(én + ﬁuR) - sinay cos fup - cosa

R R sin AnR

¢os -(aR + ana) = cos ap Cos Mg - sin ap sin g

The unknowns which require a solution are the change in thrust,
AT, and the change in rotor angle, daH. The change in rotor angle of

attack is represented by:-Equation (B-10), -




o = -ADf cos ap + AFx

2
-,[de cos ap + de] [Fx + ﬁFx] (5.10)
(T - ap, sin uR]3

Expressing Equation (B-10) in coefficient form, neglecting small quanti-
ties of second and higher orders, the equation is reduced to the follow-

ing expression:

- ACd coS ap + ACX

_ p
fag = TR ac, sinag (8)
p

where,

AD

f
AC, =
% Loexr® (aR)®

oF,
&y 7 T3 2
5 puR (aR)
T
C. = —p—n .
T pﬂRQ (93)2

Equation for Change in Required Thrust

The equation expressing the increase in required thrust is like-
wise derived from Equations (4), (5), (é), and (7). The change in
thrust due to the added increment of drag is represented by Equation

(C-6)co'




+F_AF +an2]

-[TADf sina  + 4D, AFy cos ap + AD.Fy cos ap +FyAF,

f X R f X
T + 4D; sin ep

AT

u

TzﬂD2 sin2 ap + TAD F, sina_, cos a, + 402 F2 c032 a
. f f X R R f X (C-6)
3
(T + oD, sin aR)

Expressing Equation (C-6) in coefficient form, and neglecting second and

higher order terms, the AT equation is reduced to

- ﬂgfp'[ch sinap + Cx.cos.mR] + G a0,

AC. = __ 9
T 4C_ + 2aC, sina )
T d R
p
when,.
&Cp = A; 2
pmR (QR)

Equation for Change in Component of: Rotor: Force.Coefficient CX

Equation (A-31) provides a solution for obtaining the component
of rotor force acting along the intersection of the XZ-plane and the

tip path plane. This equation is shown below for further developmentf

2 2 d
CX = -_%% J; IX :iY sinV d¥ dx (A-31)
1

where x =

== Ly

When the drag disturbance is applied to the rotor system Equation (A-31)

is expanded to

¢, + 4G, ---f j

Xy dCyy + d‘“cxv

sin¥ dV¥dx (10)

In the limit as acd approaches zero the function is assumed to be linear;




therefore,

U - A : o - | |
oy = - an f 10w ¥ dx (11)

. The complexity of obtaining a solution to Equation (11} overshadows the

obvious fact that the &Ex

and could be neglected without introducing any appreciable error into

force is definitely a very small quantity

the final efficiendy equation. Therefore, for the purpose of obtaining
a solution to Equations (&) and (9) the ﬂCx force is assumed to be
zero. It will be shown in the sample calculation that this assumption

was justifiable.

Equations for Change in Freestream Velocity Components

All velocity components are illustrated in Figure 4. The inplane
-Qelocity fatio, B, 1is changed so s;ightly by the addition of the drag
eleﬁeﬁt that it is'éséﬁmed to, be baaéiéﬁi; Theaihplahé:veiocity ratio
is represented by |

|

V cos ap

B . (a-6)

Adding the increment of drag expands Equation (A-6) to

(v + aV) cos (aR +'AuR)

Neglecting second order terms and removing 'p from Equation (12),
Ap reduces fo
AV cos g, - VMa, sina
a = R —B _B.o (13)

QR




Rewriting Equation {13), AV can be sclved for directly in terms of the

change in angle of attack.
&V = VAo, tan ap (14)

The change in the freestream inflow velocity ratio is solved for in the

manner prescribed abdve. Representing s by

V sin GR
Ya T TR (8-7)

Adding the ihcrement of drag expands the A equatioen to

(V + av) sin (ap + &up)
\.r'.f_;| + mra = oR (15)

Neglecting second order terms and substituting Equation (14) for AV

reduces Equation (15) to

Vea vaGy |
av. = R - - P " (16)

a QR cosa QR 2C_. - AC, sina,]

R T d R
P

where
2 L2

cos “R + s5in e, = 1

Equation for Change in Average Blade Angle per Revolution

In considering a solution for the change in the average blade
angle it is necessary to first conéider the original thrust equation,
{A-8), represented by

e

- 3 - - 1 - -
b, = (AO +70,) K -8 K +v K -v +3 vKy - 3,K, (a-8)
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and the rolling moment equation (A-10), which is represented by

20MX 5 93
abo,, = 2A0K5 + 291 (Z ;: -1} p - a,K, + v Ky = viKg +y (A-10)
where the K factors are represented by
d
- 1. 271
K, =1+51° (17)
3
d o
4 1 272
Ky = = +5p° == (18)
2 da 2 9
¢ .
Ky = b 2 . (19)
O3
o
Ky = == - (20)
o
d
3
Ko = p == (21)
o
_,43,2% -
K6._ 1L+7k o (22)
o
92 :
: ' ¢
- 1,22
Kg = 1+74 Y (24)
when
X .
L 2 el
% T R I ox dx (A-9)
.1

By adding the increment of the required change of thrust to Equation (A-8)
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and solving for the total thrust required, Equation (25) is readily

obtained:
ofCp + AC.] o e
T . 3
abo, [(a, +84)) + 26,1 K -86)Ky - (a) + 8a))K,
1 | -
+ (va + &va) Ky + 5 yKS - v, (25)

When the basic parameters are removed from Equation (25) the desired

change in thrust is expressed by

20y

abo3

= A K, - AalK3_+ av K, (26?

Similarly, by adding the respective parameter increments to the rolling

moment equation, Equation (27) is obtained.

2[c, + ac, ]
S S P I S e B
abo , K5 o o 1 44,
- (al + ﬂ.al)](6 + (va + Ava) K, = v, Ky +y ' (27)

Again removing the original parameters from Equation (27) and remember-
ing the =M about the mast for the air forces will equal zero. Equation

(28) is developed.

2K A - BaK o + v K, % O - (28)

The desired change of ﬂAo is obtalned from a simultaneous solution of

Equations_(26) and (28).
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258C_K
___I.é -
ZFo, av, (KK, - 7.3]_ (
AR = - 29)
o.. K1K6 - 2K5K3
where
- d CT sin ag ~ ACdp Cx cos ap
AC. = - — (9)
CT ﬂCT + 2ACd sin °R
P
and
- V-ﬁCdE |
= et . 16
Va oR[2C; - &C, sin nR] (16)
P

gguations for Change in Cyclic Pitch
The lateral angular component of the ¢yclic pitch is also obtained

from a simultaneous solution of Equations (26) and (28).

4AC_K

5

v (2K Ky - KjKo) - abo,,

ba) = K. K. - K.K (30)

3% 176

By applying the incremental changes to the air force pitching moment
equation the change in the longitudinal component of the cyclic pitch

angle can be determined. Expressing first the basic moment equation by

20?0! d o
Y _ 1 2 3 fan
aba4_ b1(1+4|.|. 4)+a B °4+w {A-15)

Then by adding the incremental changes to the variables and remembering
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that in steady flight the EMY about the mast equals zero, Equation (A-15)

becomes

2(C. + 4C. )
My My

_-abo4

=0 = - (b1 - abl) Kg + (a0 - Aao) Kg + W (31)

Subtracting Equation (A-15) from Equation (31). the increment of the
longitudinal component can be sclved for directly. That is,

ba K
o)

o _ba ke |
) = 2 (a2

Since any change in the coning angle would be a small quantity of the
second order, the change in the longitudinal component would alse be of

the second order. Hence, Equation (32) is reduced to

fb, = 0 (33)

Equation for Change in Power Required

Having derived all the equations for expressing the incremental
changes created by the added drag disturbance the required increment of
power necessary to maintain equilibrium can now be calculated. This is

best'accomplished by writing the rotor torque equation.

Cq = - ETgET ffz“ fx2 { f;%! } x dx d¥ (A-30)
0 xl..

Equation {A-30) represents the power required tb maintain the steady-
state condition represented in Figure 2, After the arbiirary increment

of drag has been applied, the power required can be represented by
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X d (C ACXY

o 2n "
CQ+AC —(2—1[-7 j I xdxd. (34)

where in the limit as ACd —% 0, Equation (34) can be assumed to be
p
linear. This permits that part of the power equation required solely

to balance the increment of drég to be removed from Equétion'(SA)o

d(AC
© 5720) f f 2 g x 0x 4V (35)

L]

The total incrément of force acting along the chord of the airfoil

and in the plane of rotatipn is represented bydz

AC.. = __ {[U San@

XY R] +[ “(U Sinlg)(acgn)]} dx

acQ

5 X

2o [2 x}

R j c{va Aya v, Avax dx
X .

| 21tR I2 2¢ {aCQ {acQR} dx | (D-8)
where,
952%2_2 = Va T V¥ | | (A-sz)
ZAN +y.x+Y 2 4 (Y. + Y, x) sin¥ + (Y_+7.x) cosV¥
acQR 0 1 2 3 47! 57 Tg 15 Y

+ Y7 sin 2¥ + Y

g €0 2V (A-16)




and

24

X
acQR

= ﬂro + ﬁYl

15

2
+ A x4 (ﬁva + £Y4x) s;n1#

+ (&rg + Orgx) cosW +4; sin 2¥ + argcos2¥ (36)
AU s;n ? . av, (37
=v -1, : ' (A-17)
a~ 2% b
- 3y . -
= Ao + y: E)l v] {A-18)
= = 91 (A-lg)
- 3 -
= (A, +798) u (A-20)
= - (al -y -8 (A-21)
= = ao |.|, (A-22)
= bl - W (A-23)
Y (A-24)
2 0 B
1
= 3 al i (A-25)
= 4v_ - % 0a (38)
a " 2% P
= AA ‘ ’ . ‘(39)




&r, = 0
#YB = AA_
3Y4 = - Aal

6 1

&, = % b = 0
7 7 2 B°F

&y = 1 Aa
g - 2 B89

.ﬁifferehtiating Equation (D-8) with respect to x gives

)

dﬂcXY = 3¢

24 2r :
o = 2 (v, - vy (Sop)] + 5 [(G5R) (av,)]
8o° ' ea c iy

B :ﬁf [Vaﬂva - Viavax] [(acQR acQR)]

16

(40)

(a1)

(42)

(43)

(44)

(45)

(46)

(47}

The increment of power required, represented by Equation (34), can now

be expressed “in terms of the blade circulation distribution.

2x

.
“Ta;- .[ .f : {3% (v, - vy ‘)(aCQR)]

) C
{Av )] - -- [v ﬂv -V

ﬂvax]

I:(acQR i
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R [(acQR acQR)]} dx d | (48)

The amount of additional torque required to offset the added
increment of drag is obtained from the double integration of Equation

(48) and is répresented by Equation (49)3.

At_:Q -- -% (ClAYO + Cav, + c3mr1 - C4m'3 - 05AY 4" céa*rs) (49)
where,
C, = 2.5av, - 1.667av, - 2.5ea2ro - 1.667ea%r, - 1.25¢a%,  (50)
C, = 2@5\70 + 1.667aY, + '1.25aY2 - 2»560\:'a.'l+ 1.66?50\.'1 . {51)
C, = 1.667av, - 1.25av, - 1.667ca’r - 1.25632T1 - ea2T2 (52)
C, = 1.25ea2f3 + .ésaea2r4 | (53)
Cg = .833r3éa2 + ;6?5eazr4 (54)
G, = ieéseazvs | | | (55)

Equation for the Propu151ve Eff1C1encY of the Rotor System

The effic1ency equation has been defined as

- £,(80, ) S
n=_. lim ._Y__.E__ (1)
acq =» 0 9 Acdp)
p - |

Substituting Equations (2) and (3) into Equation (1) gives
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1
wr |YAC., + C, AV
20R [ a_ " v ]
n=  lim 2= (56).
ACd-"%O ‘ Q
4]

Substituting Equation (14) and neglecting small quantities of the second

order the numerator of Equation (56) becomes

vac 2CT - c _Sin a

1 -[ - : dE dp R (57}
= |VaC. + C ﬂV] = L : e 57
2Qﬁ dp dp 2QR_ 2LT - ACd sinap
P .
then
VAC 2C. - C, sina
dE T dp R
20R | 20p - ACy o4y ap
n = lim . = 2 (58)
ACd -2 0 : Q '
P
Multiplying the numerator and denominator by the expression,
2 2 .2 . -
4CT - Acd sin”ap, gives
p .
VﬂCd
—F - I - _
. TR [2cT cy sin aR][ch +4C, sin aR]
n = lim —L %3 R ' (59)
4C, =>0 ACQ [4CT - 4G, sin uR]
p
where,
(4012 - Ach sin2 ag) f,(aC, )
= P P 0
faledy ) o (60)

and
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_ 2 .2 .2 :
g2(acdp) = (4CT - é.Cdp_sin ?"R) ACQ.I (61)

Equation (59) can now be tested to determine if an indeterminate condi-

tion exists when AC equals zero. Since the equation takes on an

%

indeterminate selution when the limit is reached it becomes necessary to
exercise L'Hospital's Rule.
Differentiating the numerator of Equation (59) with respect to

the drag increment yields:

v .
20R g - CgCy sinap -2,

2 .
{4C_° + 4C_sina,. AC
T CT R P p P

fé(ACd ) = sinzqRACd )
- p p

(62)

Differentiating the denominator of Equation (59) with respect to

the drag increment yieldsf:
gé(ﬂccj ) = 2P (Cp + 4G, sinap) - P,(Cp + 4Gy sin ag)
p - P P
+ 2P3(CT - 4C, sin nR) + QPA(CT - 46, sin aR)
p P
- 2P (Cp + ACy sin ap) (F-9)
p .
where
_ bo
) A -
Ppmz [6 48] IR - (F-4)

2K - K K
_beg i 1 v 4Xg = K1Kg i
Py = 5 [58C) - G + 5 uC[] [21(‘31% z leé] (F-6)
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Tle 1
61 5°3 '
b - KK - KK
- i v 1 |5sRe = K3 i
Py = =5~ [C5 - #C,] [QR] [K6K1 - 2K5K3] (F-8)

A check of Equations (62) and (F-9)-reveals that the indeterminate con-
dition no longer exists. Therefore, the efficiency of rotor system can

be represented by

’ i —y— - - 3
fQ(AQd ) .(2QR.)(20T Cd sin aR)

n = _ lim ] = - =2 -
ncd - 0 gz(AcdiT Pl P2 + p3 +P, - P
P

" (63)

5




APPLICATION OF EFFICIENCY EQUATION

The efficiency of the rotor design given below is calculated
using the equations presented in this study.

namely the HU-1A US Army Helicopter, was used to give a means of com-

CHAPTER III

Procedure

21

A known rotor head design,

parison with a.helicopter for which flight data were readily available.

The rotor data used in thé HU-1A US Army Helicopter conformed

Ro?or_Data

to MIL-H-8501 dated 5 November 1952.

Gross Weight
Airfoil

Effective Flat

Plate Area (fé)

R

v .
normal cruise

6600 1bs.

Q01%

20 ftz

22 ft.

1.25 ft.

700 ft/sec

.0368

3 degrees = .05%24 rad,

- 120 = - ,2094 rad.

100 knots = 168.9 ft/sec
2n

2 .

.J
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Qutline Presentation

»

Step l: Detérmine Drag Force Coefficient -

I - JO
D, =3 pVii,= 680 lbs.

c, = Df/f% ox’RY) = 000767
p : |

Step 2: Determine Flight Path Inclination

(=]
L]

R (o, + Bv)

Step 3: Calculate Axial Velocity Ratio

v = 168.9 sin_(-5.880) _

a 700 - 00247
Step 4: Calculate Inplane Velocity Ratio
From Equation (A-6)
V cos ap
u = QR - n240

22




Step 5: Calculate Thrust Coefficient

From Eduation {A-24)

CT = .00376

Step 6: Calculate Induced Velocity

From Equation (A-2)

v, = ,01245
i

From Equation (A-3)
|y = .00598
From Equation (A-4)

%
it

.00915

Step 7: Calculate Sigma Factors

From Equation (A-9)

¢, = -0165

¢, = 00898
oé'= .00603
04 = .00452
35.% 100362

Step 8: Calculate Rotor Force Acting Along X Axis

From Equation {A-32)

23




CX = -,0000634

Step_9: Calculate Collective Pitch

From Equation (A-12)

Ao = 1761
Step 10: Calculate Cyclic
From Equation (A-13)

8, = 0965
From Equation (A-15)

b1 = ,0257

Step 11: -Calculate K Factors

From Equation (17)

Kl = 1,079
From Equation (18)
K2 = ,793
From Equation (19)
‘ K3 = ,39%7
From Equation (20)
K, = 1.489

24
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From Equafion (21)

From Equation (22)

From Equation (23)

From Equation (24)

Step 12: Calculate

From Equation (50)

From Equation {51}

From Equation {(52)

From Equation {53)

C Constants

Kg = .320
Ke =1.086
K, = .476

Kg = 1.029
Cy = - «575
62'= 1.142
‘Ca = —.3?8

C, = .00262

25




From Equation (54)

= 000725

S T
1

5
_From Equation (55)

06 = ,00455
Step 13: Calculate P Constants
From Equation (F-4)

Pl = ,000495
From Equation (F-5)

P2 = 0000281
From Equation (F-6)

P3 = -.00000219

From Equation (F-7)}

P, = .00001808
From Equation (F-8)

Py = 000531

Step 14: Calculate Efficiency

From Equation (63)

26




% (.241) [2(.00376) - (.000768)(- .1)]
" = 7000495 - .0000281 - .00000219 + .O0OOP180O8 + 000531
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CHAFTER 1V

CONCLUSIONS -

l. The equation for the rotor efficienéy, which is based on
.the blade element theory, is derived in coefficient form and can be
applied to any single rotor c&nfiguration.

2. While the efficiency equation is presently déveIOped for.
the single rotor, it is believed that no appreciable error would be
introduced if the same method as used to calculate the efficiency of
the single rofor was likewise applied to the tandem rotor design.

3. The efficiency of the HU-1A helicopter was calculated to
be ninety per cent. This compares favorably with the available flighf
data. |

4. Optimum use of the efficiency equation would be achieved
with the assistance of a digitallcomputer. By varying the rBtor param-
eters which are constant for a particular rotor configuration, it is
believed that through a large number of iterafions, a highly efficient

rotor system could be developed.




Fig. 1

Drag Power Graph of Efficiency Equation
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wrTosinap + Fy cosap = - Dy * {X-Direction)
--;{a£95-aﬁ TL'EX sinap: = W (z-Direction)

Fig. 2 Balanced Force System Before Drag Disturbance




cbs'ann;fisin_aﬁﬁsin Adﬁ);(X;Direction)

(T #:4T){sin ep

+ (Fx + AFx)(cos ap cos dap - sin ap sin Ana) = - (Df + 3Df)

{T + aT)(cos ap €0s Map - sinap sin AaR) (Z-Direction)

+.(FX + AFX)(- sin 93 cos dap = cos ap sin ﬁnR) =W

Fig 3 Balanced Force System After Drag Disturbance




V cos ap £os

YV ¢os ap
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Fig, 5 Geometry of Blade Element
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APPENDIX A

PERFORMANCE EQUATIONS EXTRACTED

FROM HELICOPTER PERFORMANCE ESTIMATION (1) -

Equation for Induced Velocity

v

5% = VX - yX sin¥ 4+ wx cos¥

where

| i |
v, = =
E - (- )T e

y=2vp

3z 3
) 5 AN °75Vi v, - o?ﬁvi )
w = v, (1-1‘-.811. )/1 +(""“"II"—""'> ‘/( W

Coefficient of Rotor Thrust

T

pinRd :

C. =

%peed Ratio or Inplane Velocity Rati6 '

¥ cos aR

L Tm

3%

.(A-l)

{A-2)

(A-3)

(a-4)

(A-5)

(A-6)
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Freestream Inflow Velocity Ratio

V sin ap _
Va T "R (A-7)
Thrust Equation
2C. ' -] d g
T, 1.2% 4.1 2%
aba, = (A + <798)) {1 T3k g } "el{ . T2k g }
3 3 3 3
¢ ¢ ]
2 P 1 2
A, p=—=+v, —=-v, +Eyp-—= (A-8)
17 e, 3 o, i 2 L _
and the blade area parameters
X
1 2 n-1
o, = nR.[ tx dx (A-9)
*1
where,
r
i
' "R
T
= =2
*> =R
Rolling Moment Equation
2CM j) d o d
X 3 3 3 3 272
=2A p=+20 (F=-1)p ~a,(l +3p°==)
(abd4 0% g, 1 44, 1 | 4 N
] ¢
: 2 _ 3 -
TV oy vy g p +y (A-10)
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Pitching Moment Equation

2CM | ) | |
Y. 1 2_2 ' -3 -
(abd>—-b1.(l+4p oy aop. +w (A-11)

4

Collective Pitch Equation

{E-gﬁ |.l.2'-§\f +v.(l-§p-2)] (1+, n )+(3v + v, )p.
A - B 1P "2 VatViii 3 > (A-12)
0 | PRI .

(l-l--é'p, 4

Lateral Cyclic Equation

%{a -%91 i"z‘%va(1+2l‘l )+ v, (1- uz)}p

a (A-13)
1 2.2
(l-l-g } 4|,|,
where,
= _ 3.2, 3, 2_3 3 3.2, -
u-—AO(1+2p.)+891p -231g+2va.-—vi(1—2p) (A~14) :
4
Longitudinal Cyclic Equation
I%aop,-l-‘w
b, = : (4-1%)
1 1 2
1+-2'p

Exact Blade Circulation Distribution

a4
amR-‘Yo-l-‘t'l:vz-l-'f2

x2 4 (sin‘i’)('\f',_3 + T4X)

+ (cos V¥ )(*r5 + Tbx) + (sin 2V) Yo+ {cos Q‘P)TB (A-—l6)l




where,

1 .
Yo T Va T3 Nk
- 34 -
Y2 = - 81

Yo - (a -y -0
Y5 = - ﬁo-p ;
Y6=b1-w
Y7 = % by p
Ye % L

Inplane Component of Force Equatibh

where,

Cyy = (Gl - (va)ao - (Cxy),

(c

a
1

) x .
X¥'a 1 i Using 2
~ nR I; ©Tor)  TacoR) dx

(a-17)
(A-18)
(a-19)
(A-20)
(A-Zl)
(A-22)
(A-23)
(A-24)

(A-25)

(A-26)

(A-27)




(CXY)b s U cos o 1
_ 4 i ( ) = dx
Y Eﬁ ¢ R cOs @
0 X
1
(CXY)g I cos dx
2 2nR acQR ?
€a
Rotor Torque Equation
2C 2n X dCX
Q. _,_L.J J‘ 2 Y
b - " ox ax  xd¥dx
. xl

Component of Rotor Force Acting Along X Axic Equation

J‘Zﬁ sz —-x— Y sinW d¥ dx

_ . _
10 0 8 a
c, = d (2v. - = v,)p+— (3u) - T ea
X (1_“2) a 371 | a 3= 1-“2

where b, is assumed to be approximately .008.

Tip Path Plane in Level Flight

‘,I

D, cos q:c

taneyg'w-D sing

Rotor Thrust Coefficient

c _W-Df 51nq>c+Fx smf_!y
T -

pr 92 R4 cos BY

39

{A-28)

(A-29)

| (A-30)

(A-31)

(A-32)

{(A-33)

(A-34)
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APPENDIX B

SOLUTION TO EQUATION EXPRESSING CHANGE IN ANGLE OF ATTACK

i

Given Equations (4), (5), (6), and (7):

Equation (6) represents the re-balanced force system along the Z axis.

cos fap - sinap sin AaR)

(T + AT }{cos ap R

+ (Fx + AFX)(- sina, cos s, -~ cos a_ sin ﬂaR) =W  (6)

R R R
Equation {7) represents the re-balanced force system along the X axis.

{T + AT)(sin ap €os fap + cos ap sin aaR)

+ (Fx + &FX)(cos a

p 608 &ap - sinag -sin auR)= -D, -4D; (")

R R f

Equation (5) represents the initial force system along the Z axis.

T cos ap + FX(- sin uR) =W {5)

Equation (4) represents the initial force system along the X axis.

T sinap + Fy cosap = - Df (4)

R R

Using small angle approximations, whereby
cos-daR 41

sin AaR = A“R
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Equation (B-l) is obtained by subtracting Equation'(5) from Equation
{(6).

| AT cos a, = TAaR sin GR - AaRAT sina, - aFX sina

R R R

- &F, fap cos ap - Fy fap cosap =0 (B-1)}
Equation (B-2} is obtained by subtracting Equation (4) from Equation
(7).

TAnR cos ap + AT SID.GR + ATﬂaR cosa, - F aaR sina

R X R

+ AF, cos ap - 4F, bap sinap = - ADf (B-2)
Solving Equation (B-1) and (B-2) separately for AT yields Equations
(B-3) and (B-4), h

Tz's:::R sina, +4F, sinaR+AFquR-co§'aR + Fyla, cos ag

R
AT = {B-3)
cos ap - :ﬁnR sin ap

FX_AuR sinap - TA‘IR cosap -A.FX cos °‘R+AF}{MR sina, - AD

R f
AT
sin ap + anR ¢os a

(B-4)
R

Equating (B-3) to (B-4)

Taa. sin® a, + aF, sin® a. + AF.la

R R R X sina

Cos CIR R

R
2
+ FanR.cos ap cos ap s;n ap + TanR sin ap cos ap
+ AF M0, cOS 's'n + AF, 4a 2 0052
xR Gg sihap xR a

2 2 _
R + FanH cos ap -_

o A mm—n TR
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2 2
= annR sin ap co; ap - Toa, cos a fa&Px cos q

R R R

. . . . : . : . 2 2
+ &FxAnH;51n ap €S ap - Achos ap - FxAnR sin ¢y

2 L. ci
+ TauR cos “R sin ap +_anauR cos uR sin ap

2 2 . : '
- OF0op” sin” ap +4aDMop siney . (B-5)
and using the simple trigonometric relation where

sin2a + coszu =1
Equation (B-5) is simplified to

2

2, . Cv
Toap + OF, + AF 00 + Fylap +aD[cos ar - fapsinay) = 0 (B-6)

R X
Rewriting Equation (B-6) in the following form giveS'tHe°quadratic equa~-
tion:
: 2 .
(AFX + Fx)&aR + (T - ADf51n aR)&aR + (Achos a

gt AFy) = 0 (B-7)

The change in ¢p can now be solved for directly.

- [T - aD;sin “R]
M = )
R " 3(E, ¥ AF,)

M-

. ,
\ [(T - ADgsin aR) - 4(&chos uR-kaFX)(Ain-Fx)] (8-8)
. 2(Fx + aFX)

Using the binomial expansion,

T e T e e b e s e
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1
{1 - x)2 =1 - % X -2 x° -

the expression is reduced to

R

- {T - &D,sina,) + T - 4D.sin a
bap = f2(1= EaF)"f '
x ¥ A&y
(D cos ap + AF,)(aF, + F,)
R - ansin Cp
2(F, + oF,)

-2

[Achos a, + AFX)(AFx + Fx)]2

R

3
F = AD.sin
L ( f uFf) _ (B-9)
2(Fy + 4F,)

_ s
8

X
Rearranging and neglecting small quantities

' 2
o . - 4D cos ap +A4Fy ) (ﬁchos ap + AFX) (Fx + AFX) (8-10)
R T - ADfsm ep (T - ADf-sin uR)S _




APPENDIX C

SOLUTION FOR EQUATION EXPRESSING INCREMENTAL

INCREASE IN ROTOR THRUST
Given Equations (B-1) and (B-2)

AT cos a, - TAaR sin ap - &T&1R sin ap - AFX sin ap

R

44

- AFXﬂﬁR cos ap - FanR cos a_ = 0 (B-1)

R

+ ATA ap cos a,., - F'AnR sin ap

Toa, cos ap + AT sin g B X

R R

+ OFy cos ap - AFy bdap §in ap = - 4D

Solving Equations (B-1) and (B-2) separately for tap yields:

P (B-2)

-oF, sinag + AT cos a
ta, = ____B____ X (c-1)
R T sinap + 4T sinap + AF, cos ap + Fy cos ap
-AD, - AT sin ag - AF, cos a
ba = f _ R X, R (C-2)

T cos ap + AT cos a

R - Fx sin Gp - AFX sin ap

Equating (C-1) to (C-2}

cos a., - AF AT sin g 2“R

- TAF,, sin a R X R

X R cosa. + FXAFxsin

R

+ Asz sin2 ap + TAT cos2 a. + AT2 cos2 dR - F AT sin ap cos a

R X

- AT&Fx sin ep cos @, = = TADf51n ap -AD?ST sin ap

R

R

h
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5

-ADfAFx cos ap -ADf'Fx cos ap - TAT s.’m2 ah - AT2 sin2 Sp

- ATQFX Sin.uﬁ cosaR - ATFX cosuR sin ap - TAPXI sin ap cosaR

| 2 2 2
- AF,AT sinag cos a, - OF," cos” ap - F,4F, cos” ap (c-3)

Equation {C-3) can easily be reduced to

AT? + (T + 4D, sin ag)aT + (TaD;siria + oD, AF, cos a

f R i ¢ R
+ F AD.cos a +F'AF.-+AF 2) =0 {C-4)
Xt R XX X
Solving the equation for AT gives
} T +_ﬂDfsin ap
AT = - _
2

l.

) . 2 . . 2\92

[(T + aD;sin aR) - 4(TADgsin ap +8D.DE, cos ap +4D(F, cosap + F AF, + AF, )]

*

2
(C-5)

The equation for AT can be further reduced by using the binomial expan-

sion

. ' _ 2
- [TADfsmuR +ADF, cosap, + 8D.F, cosap + FyOF, + AF, ]

AT = T +ADfsinn

R

&

]‘2AD2 sin2 a. + 'l'ﬂD2 F, sina_cosa, + AD?F 20092a
N et ; R f X R (c-6)

R R X
(T + aDgsin aR)a '
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APPENDIX D
DERIVATION OF THE 4C,, EQUATION

Given the equaﬁion for the inplane component of force

S = Cda - Gy - (ny)e. o - e29)
where
(va?a - o f"1 m][ anR] dax (A-27)
Cy)s =1:R -ff T gl Gos g (h-28)
(c}w.)\‘3 = %ﬁl—i f:lz c [aCQR cos p dx (A-29)

Adding the increment to Equation (A-27) expands the portion due to 1lift
to

(CXY + ACXY)a nﬂf 2 [}LM + A(Usmep ][TacQR J dx (D-1)

!

Subtracting Equation (A-27) from Equation (D-1) gives (D-2)

—




47

X2
- =2
(ACXY)_a_ T nR.jx

e [(U sin Q)( )(AUSin 0)] dx, (D'2)

acQR) acQR

By using the above procedure for the profile drag similar expres-
sions are obtained for Equations (A-28) and (A-29).
_ Rewritihg Equation (A-28), the constani term of the profile drag

‘can be expressed by

(Coyds = = f cl(x +p sin¥)? +5 (v, - v,x)ldx  (D-3)
0
X
then,
2, *2 2
(CXY+ACXY)6 =;ﬁf c{[(x+p, sin'VW)°] +
o) X
1
1 -2 '
% [(va + Ava) - vix] } dx - (D-4)

The variable part is derived in like manner:

ggff"z 21 + AL ]2
xR

(Cyy + ACXY) acOR (dx - (p-8)

Assuming that cos o = 1 introduces a very small conservative

error, and in the limit that 4C approaches zero, this assumption

d
P

‘does not affect the efficiency solution. Therefore

(Cyy + OCyy), = 21:R f 2 %azgﬁ‘w]dx , (D-6)




P
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then

(QCXY)B I 2 ¢ [(2 (acQR (acQR acQR) ] dx (D7)
l

Neglecting small quantities

X
(8Cyy) = Eaﬁ.f: [(U an. g)(amcm)
1

+ (

b X
Using _o 2 : .
acQRJ(A( Nlex - & fx_ ¢(vy - vyX)av, dx

1l

I k acQR acQR)] dx (D-8)




gives
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APPENDIX E
INTEGRATICN OF THE POWER REQUIRED EQUATION

Substituting Equations (38) through (46) into Equation (48)

2

ac-
ACQ —(—-Sf f [ [v (ATO + AY, x + &y X
+ (AY3 +AY4x) sin¥W + (Af5 +AY6x) cosY + Ay, siﬁ 2%
"2

+ m's cos 2¥) - vix(M'o+M’lx+ﬁr2x + Ma siny

+ M4x éin‘# + AY, cosVY + A‘r6x cosY + A‘Y7 sin 2w

5

+ &g cos 2¥) +Ava(Yo+1'3 siny + Yg cos VW + Y? sin 2V

_ | | 2
+ Yg cos 2¥) + ::?.\«_a(‘rl1 +Y, sin’¥ + Y6 cos¥V)ix + v Y. x ]

& ¢ ‘ 2 |
(o) €3 ¢ . 2
Py [vaAva. vi{lvax] - == [(ro Y% T x

+ Y, sin¥ + Y ,xsinV+ Y5.cos'\|’ + YoxcosW + ¥, sin2V

3

2

+ Yg cos 2Y¥) (A‘ro + AR XHAY x° 4 oY, siny + 6\‘_4'.)_-.( Siﬂ\p

+ AY,

5 cos¥ + AT6x cosV¥ + AY.? «in 2V +AY8 cos Q?ﬂxdxd‘r’ . {E-1%




+ Y. cosV¥ +Y7 sin 2¥Y + Y
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Collecting like terms, Equation (E-1) is reduced to

—?—TI I { [v t_\.‘r tv AYa -“sin‘-l’ + VaﬂY5 cos

+ VaAY'? sin 2V + vam's'cos 2V + avayo_-i- Y, sinV¥ Ava

3

+ Y cos‘Pav AL sin 2\;JAV + Yg cos Z‘MV ]+ [V ATl

o+ _vaAY4 siny + v, A cosV - v A‘Yo - \_rim‘a siny

6 i

viAY5 cos¥ - v, A, sin 2V - _ViAYB cos 2% + av,¥y

+avY, sinV +avy, cosV¥]x + [v a8y - VoY,

2 ac 3
vi sinV¥ LW'4 - Vim‘ﬁ cosV¥ + Ava"rz]x +‘IR [-viﬂfz] x

bc bC 2
'—-[vﬁv]-—[-vav]x- [(’1’ +Y, sin¥

cos 2Y) (AYO + 47, siny+ AY. cos¥

5 8 3 2

-+

. 2
. £3ac rp
oY, sin 2W+ AY cos 9] - == [(r'o+~r3 sin¥ +rg cos ¥

&

+Y_ sin 2V + Y'B cos 2‘P)(A‘r1 + &Y, sinV + ar cos W)

+ (Y.l +¥, sin¥ + ¥, cos \P)(AYO +ar, sinV¥ + oY cos ¥

6

: 2
. . _ea‘c . |
+47, sin 2 + &Y, cos 2¥)]x = [Cr, + Y, sinV + Ys cosy

B
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+y, sin 2W + g oS Z‘i’)(ﬁ‘(?) + (Yl +v, sin¥ +y, cos ‘I’)(A’rl
+ 0y, sinV + oy, cosy) + (1-2) (ﬁro + by g siny + oy g cos ¥

+ oy, sin 2Y + Ayg cos 2W)]-x2 - e:Rc [-rl + ¥y sin¥ + v, cos‘l’)fﬂYz)

2 |
+ brp)(ory + oy sin¥ + oy cosylx® - 25 (¢ ) (ar,)] x4} xdxd¥ (E-2)

Remembering that Ayz =0 and 1mp1e}nenting the sigma factor equation,

(A-9), Equation (E-2) becomes

: . 39 )
. . - - b ! i Py LT
dCQ = m IO {“2 [vaaro + Vs sin¥ A‘rs + v, ¢os r’A‘l’5

+ v, sin 2‘#&?7 + v, cos 2‘{).{\?8 + YoV, T, sm\Mv.af‘rs cos“i’ava

+ Y7 sin Q‘Pava + g ;os 2‘1’:}va] + aastvam'l +v, sinVy &,

+ v, cosW AT6 - vi&"ro - v sin 2‘1’&7

i

.81n\II’AY3 - vy cos‘l’m’s - vy

- Vi. cos 2WaY_+ Y

8 18v, t .s1n‘PT4 b, + T6 cosWAva]

+ 2, [- Vi, - vy sin¥ar, - vy cosWar, -I-YzAva] 'boFYaﬂvaJ_ o,
+ 804 [viav ] - ea%o, [{r  + 7, sin¥ +Y, cosY + 7Y sin 2y
+1g cos 2¥)(ar ) + sinWar, + cosWarg + sin 2War, + cos 2Va1’8.]

- €3 d3[ (Yo ¥, sinVy + Y cosW + Y, sin 2HJ+YB cos 2‘!’)(&71

Y




B2

+ 'sin‘i’.AT4 + cos\PAYG) + (71 + ¥, sin¥ + Te cos"{’)(ATo
+ sin‘l’ﬂr3 + cos‘i’ars + sin 2‘#&77 + cos. 2\1?&)'8]
- ea2d4[(1'1 + 74 sinV + Te ¢:os"~l’)(£'.‘av1 +or, siﬁ"-&»‘ + &y cos V)

o+ (Yz)(é'f"o + sirh’&ya +-co'$"~IJAT5 + ¢in 2"1):377 + cos 2‘I’ﬂrr8]

- ea [(r,) (8, + sin¥ay, + cos¥iy,)] AV (E-3)
Final integration of Equation (E-3) reduces it to Equation (E-4)
__._.acQ ;'ﬂ%ﬂ adz[vamro(z ) + Tonva (:21:)]'+ adSFVaATI(?')
- vybr (2n) + Yl.ﬁva(h)] + ao'4[1'2&va.(ﬁu.) - vybr, (2n)]
= 8 0 [v dv, (2x) + 3 g [v,dv, (21)] - eraédz[*roﬂvo('zx)
+Yabra(x) + yglyg(n) + v Ay (x) + vy (n)]
- - eazaa[‘t’oﬁ*rl(i‘t) + Ta0r 4 (®) + by (%) + v 07 (2n)
+ Y 07 4(m) + oy by (n)] - sa2a4[7101'1(2t) + Y4AY4(I)

+redrg(®) +voor (20] - ealor oy, (20)] (E-4)
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-where,

2n 2 ' :
sin"y dy == } (E-5)
0
2.,
IZx cos Wy dy =1 (E=6)
0
on
f cos¥ siny dy = 0 (E-7)
0
h R
[ cos 2% siny daw =0 " (E-8)
0 |
on
[ cosw sin2vav =0  (E-9)
0

To assist in simplifying Equation (E-4} the assumption is made that
¢
2 -2 (E-10)

This assumption is true for constant chord blades and if X, = 0,
x2=lo .
Substituting in Equations (E-9) through (E-10)} the increment of

'pdwer required can be reduced to

bg
:_\GQ-- 3 {2¢5a Va ar o+ 2°5avoe.va + 10667ava&71 :

ava - 1,25aviﬂfl

- 1o667aviﬂY° + 19667Y1ava,+ 1o25§Y2




2
- 2,58 v Av. + 1.6678 v.Av_ - 2.5¢a 3

Yoﬂro - 1925£a%‘31.w
2 .
- 1.,258321’5&?5 - 1.25¢a T7AY7 - 1.25€agrBﬂY8 - 1.667£a?\’oﬂ"(1

2 e o
- 833¢ca 733‘(4 - =833€a275AY6- l.667ca 'r‘lAYO- u833€az1‘4AY3

2
- 0833632*6AY5 - 1025832Y1AT1 - 062583 Y4QY4 - 0625Ea2T6AY6

2 ;
- 1.25¢a” T,0r - ea?j'zﬁfl} (E-11)

Rewriting Equation (E-11) the change in power requifed is expressed in

final form.

bg a
= . 2 - - -
ACQ = > {[2.5ava l.667avi 2¢58a2Y0 1«667532Y1

1,25ea2~r2.] by + [2.58r  + 1.667aT, + 1,25a7, - 2,58 v_

2

2

+

1-66760\'1] ﬂVa + [196673\0"8 - 1.253Vi- 1966783 YO - ln25€a Yl]AYl

[1.25ea2'1" + .833ea2~r4]m'3 - [.833332Y

2
3 g+ -625ea7Y, Jar,

2

[1.25eaY 2

2
s + -633€a’y Jar, - [.B33ca’y, + ,625sa%'6]mr6

- 1.25832YTKY7 - 1»25532Y8ﬂYg} (E-12)
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APPENDIX F
SIMPLIFICATION OF EQUATION (é4)

Equation (64) is represented by

gZ(AC ) (40T p 2 4in2 aR)AqQ (64)

When Equations (39) through {46) and Equation (49) are substituted

into Equation (64) the equation can be reduced to

bd

‘gylac, ) = (4CT2- ac, 25ir a )(- )(C ava-% C, wéa,
P : P o
1
+ Cav +C0A - CuoA  + Cola, - 5 Cy pda (F-1)
Regrouping like terms
_ bg
0,(8C, ) = (ac? - ac, ? sin® a ) (- =) [(C] +:C,) av,
p p
(1 - 1 - -
(58 C) - G+ 5uG) La) + (Cy - uC,) oA] (F-2)

When Equations (9), (16), (29), and (30) are substituted into Equation
(F-2), 92(&Cd ) can be expréssed solely in terms of the increment of
p

drag.
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gQ(ACdp) = PIACdp (QQT_+ ACdp sin aR)

- PQACdp (2CT + ACdp sin uR) + PSACdp (2(:T —_apdp sin aR)

+ P4“Cdp(2C'r - acdp sin aR) - psacdp (ch + chp sin uR) | {(F-3)

where,

- i
Py = [C +Cllgr) (F-4)
be 2k K. = K.K
Posly . . L1 v, [ s - KKy _
Py = 2[2*”1 Cs*z*‘%] [QR][2I<'K -KK} (F-5)

379 176

: - 1 '
ba 4K sina., + = C,, cos a -
_bog 1 5 | |Spsinag +3 Gy R
P, = [58C, - C5 + 5 1C,] [a. } [ X, J (F-6)

bba 2l<',31(5 - KK

1 .
ba 2K CT sina, + = C, cos a
5 : 6 R 2 X" R -
P, = [CS - p04] [ 3] [ J - {F-7)

- [K,K, - K,K )
| Vaq|lahe = *s | )
3 - #C4] [5] [K6K1 KK ] (F-8)
Equation (F-3) differentiates to

gé(ACh ) = 2P1(CT +4C, sin aR) - 2P2(CT +-ch sin uR)

P P \ P

+ 2P3(CT - aCdp sin aR).+ 2P4(CT - aCdp sin uR)

- 2P5(CT + aCdp*sin uR) (F-9)
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