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SUMMARY

The presence of intrinsic curvature of an ambient space in uences the dynamics of
point particles moving through it as typically considered in applications of differential ge-
ometry in physical contexts, such as general relativity. We aim to utilize the mathematics
of differential geometry to instead consider the collective curvature effects on extended
body systems in some generic curved space. To this end we develop a mathematical frame-
work which serves as the foundation of a general dynamics solver numerical toolkit in
which users can simulate the dynamics of discrete extended body systems in generic curved
spaces. Through analyzing the dynamics of such extended body systems we recognized a
relationship between deformation of the body during its dynamics as a result of the ambi-
ent curvature. This led us to expand our mathematical model of extended bodies to include
deformable bodies. We nd that such deformable bodies can generate collective motion
via deforming their body even in a ambient space lacking curvature. This is due to the
presence of an abstract notion of curvature de ned on the con guration space of the sys-
tem via considering the system as being described by a mathematical object known as a
ber bundle. This revelation allows us to discuss the dynamics of such deformable control
systems using the ideas of geometric mechanics. In particular, we consider recasting our
system in a geometric mechanics framework to address the question of determining opti-
mal controls of how to deform the system so as to minimize some cost function. This is
based on considering the optimization problem as a variational problem whose solutions
correspond to optimal controls of the system. We develop this variational approach into a
numerical toolkit acting as the foundation of a more general purpose optimization toolkit

for deformable control systems described by bers bundles.

XV



CHAPTER 1
INTRODUCTION

The presence of curvature can have interesting and sometimes non-intuitive consequences
on the dynamics of systems. Typically, this is a result of the ambient space having some in-
trinsic curvature, like the surface of a sphere. Point particle dynamics in such curved spaces
are direct results of applying differential geometry, however for extended body systems the
collective curvature effects on different components of the body can result in interesting
dynamics of the extended body as a whole. With this in mind, we develop a theoretical
framework to allow for simulation of discrete extended body systems in some curved space
both speci ed by the user.

Physical space curvature can be thought of in terms of 2-dimensional creatures, for ex-
ample, living on the surface of a sphere. For these creatures to notice the curvature effects
depends on their length scale relative to the curvature of the surface. Humans are much
smaller than the Earth so we can approximate dynamics in everyday live without worrying
about curvature despite us living on a spherical planet. However, curvature effects becomes
more important at larger scales, such as when considering weather and ocean currents. Our
focus for this investigation will consider the latter regime in which the curvature effects
have noticeable effects on the dynamics of extended body systems. We aim to implement
our theoretical framework to develop a general purpose dynamic solver to investigate the
physics of such systems in generic curved spaces. In particular, we are interested in inves-
tigating the dynamics of not just point particles, but the collective dynamics of extended
body systems. Perhaps the simplest examples of geometric curved spaces are those with
constant curvature at every point. These can be separated into three main categories in
terms of the sign of the scalar curvature at each point. If the curvature is zero it is the usual

euclidean geometry we are familiar with, but for spaces with nonzero values of curvature



they are said to possess elliptical (spherical) geometry if the curvature is positive and hy-
perbolic geometry if the curvature is negative. In spaces with these three constant curvature
spaces, the dynamics of harmonic spring potentials and the orbits of the Kepler problem
have been investigated for simple particle systems [1, 2, 3]. While these are important
example systems for a general curved space dynamics solver, we would like to probe the
effects physical curvature have on potentially more complicated extended body systems.
With this in mind, we identify three key dynamics important for understanding extended
body dynamics: internal dynamics, system constraints, and collisions.

We construct a theoretical model for generic extended bodies designed to implement
these key features for simulating systems in generic curved spaces (see chapter 2). In our
investigation, we simulate extended bodies by reducing them to discretized systems. We
follow the common practice in computational dynamics of modeling extended bodies via
discrete networks of point particles. This can be seen in modelling 1-dimensional systems
like hair [4, 5], 2-dimensional systems like fabric [6, 7], as well as 3-dimensional sys-
tems typical in nite element analysis of materials [8]. A fundamental starting point for all
these systems is treating the extended body as a "ball and spring" network which allows
for the system to maintain its structure as well as respond to external forces. The springs
allow for the system to deform in response to external or internal stimuli acting on the sys-
tem, however sometimes it is required certain quantities remain constant, such as length
or volume. These conditions can be satis ed during the dynamics of the system through
imposing constraints. Depending on the constraints, the system can be reparameterized
such that the constraint is implicitly satis ed at all times or can be included in the dynam-
ics via Lagrange multipliers. From a geometric perspective, the constraints partition the
unconstrained con guration space of the system into accessible and inaccessible regions.
With this in mind, we utilize a non-intersection constraint to determine if a collision has oc-
curred between two objects or between two components of the same object. We exploit this

boundary between accessible and inaccessible con guration space to generalize collision



dynamics to a geometric re ection of con guration space trajectory of the system at one
of these boundaries. Including these three main attributes in a dynamics solver provides
a foundation for more sophisticated analysis of extended bodies on general parameterized
manifolds in future versions.

While simulating the dynamics of extended bodies in curved space, we observe that the
presence of curvature results in a deformation of the extended body. This deformation is in
response to the curvature effects and thus can be thoughpakat/edeformations of the
system. Recognizing that body deformations can be generated by dynamics in the presence
of ambient curvature led us to ask if the relationship acted in reverse, i.e. can dynamics be
generated by deformations of the extended body and if so what is the associated curvature
for systems existing in euclidean space. We consider thethee deformation since they
are controlled by the body. The concept of deformation generating dynamics should be
completely familiar to the reader from everyday life, such as moving one's legs to walk
around, sh wiggling their bodies to swim, and birds apping their wings to y. With this
in mind, we extend our theoretical model of extended bodies to include internal degrees
of freedom which facilitate the active deformations of the body. We refer to such systems
as deformable body syste(see chapter 3). The active deformations produced through
manipulating these internal degrees of freedom will be referredriomsgid deformations
For example, if we treat the length of the triangle as an internal degree of freedom then
possible nonrigid deformations are shown in Figure 1.1a. This is to differentiate them from
what we will refer to agigid deformationsof the system which correspond with rigidly
translating or rotating the system in the ambient space, as shown for the same triangle
system in Figure 1.1b. Thus we are interested in analyzing if through solely nonrigid
deformations of the system we can generate some external change in the system (external
degrees of freedom), i.e. the resulting locomotion of the biomechanical examples above,
which we refer to asigid deformations

Conveniently, this type of system is central to the eld of geometric mechanics. In ge-



(@) (b)

Figure 1.1: Visual representation of what we will refer to as a) nonrigid deformations and
b) rigid deformations of a deformable body system.

ometric mechanics, the con guration space of the system can be frame as having a mathe-
matical structure known as a ber bundle [9, 10, 11]. In such structures, the con guration
space of the system can be thought of as being composed of two main components: the
bers and a base space. The bers can be thought of as characterizing the symmetries,
typically as some symmetry group, of the ambient space containing the system. These
symmetries are associated with the possible rigid deformations of the system. For exam-
ple, if our system was 2-dimensional and con ned to a plane in familiar euclidean space the
bers would represent the possible rigid transformations of the system, i.e. isometries, in
the plane given by translations and rotations, as shown in Figure 1.1b. The base space can
be thought of as characterizing the nonrigid deformations and thus representing the internal
state of the system. Therefore, the base space can be thought of as son&pspaneeter-

izing the internal state, i.e. shape, of the deformable body. The relationship between rigid
and nonrigid deformations, i.e. external and internal degrees of freedom, is characterized
by a connectiorA which generates a corresponding curvatBreThis provides a natural

answer to the question of what is the analog of the physical ambient curvature, i.e. the



abstract curvaturB on con guration space.

Interesting, this con guration space structure can be found in various elds of physics
and mathematics spanning robotics [12], biomechanics [13, 14, 15, 16], LRN swimmers
[17, 18], quantum mechanics [19, 20, 21], and geometric swimhfi22s 23, 24]. In future
work, we plan to explore this mathematical framework spanning these various elds in
terms of a review of the differing terminology used in each which are effectively discussing
the same ideas. While not included in the content of this thesis, the goal of such a review
is to construct a “Rosetta Stone" to translate ideas between each eld to highlight their
similarities and facilitate easier communication of research between seemingly different
elds.

We can interpret the active (nonrigid) deformations of the deformable body system as
some set of controls available to the system. With this in mind, we specify our deformable
body from this perspective asdeformable control systemAs a control system, we can
consider the nonrigid deformations of our system from the perspective of optimization, i.e.
what is the optimal sequence of nonrigid deformations with respect to some cost function
(see chapter 4). Assuming that there are no external forces acting on the system, any rigid
deformation of the system is the result of these controlled nonrigid deformations. Optimiza-
tion of control systems has a vast literature; however we focus on two main incarnations:
gradient descent ows and an alternative variational approach. Gradient descent ow is
a common tool when optimizing discrete sets of data with respect to some cost function
[25]. Additional constraints can be imposed on the ow via projecting out components
of the gradient corresponding to attributes of the system which should remain constant.
Therefore, given some trial solution of nonrigid deformations we can optimize with respect
to some cost function, which we will relate to the energy expenditure required to perform

the nonrigid deformation, while preserving the net rigid deformation associated with the

1Geometric swimmers here are extended bodies existing in a ambient space with intrinsic curvature which
can generate rigid motion by nonrigid deformation where the abstract curvature is related to the physical space
curvature.



initial trial solution. In chapter 4, we discuss that while gradient descent is appropriate
for some systems other introduce additional complications in the form of noncommutative
symmetries. By noncommutative, we mean that the order of a general sequence of rigid
transformation of the system is important. For example, if we again consider the isometries
of a 2-dimensional system in a euclidean plane then we can see that a translation follow by
a rotation about the origin will result in a different nal con guration of the system if the

order was reversed as shown in Figure 1.2.

Figure 1.2: Visualization of the same two rigid transformations acting on a triangle (black)
in the euclidean plane applied in different orders. The red triangle under gpestation
about the origin followed by a translation of 3 units in the x direction while the blue
triangle rst translates by 3 units in the x direction and then is rotate§ lpout the

origin. The green circle is to identify the orientation of the triangle.

For such systems, the order in which we apply the gradient matters due to the additional
constraint we have imposed on preserving the rigid deformation of the trial solution. Previ-
ous work has been done to develop clever methods to mitigate the noncommutivity present
in the rigid deformations of deformable control system. In particular, the work of Hatton
and collaborators has investigated the effects of nding optimal coordinates to analyze opti-
mization problems for such systems as well as including correction terms in the calculation

of the rigid deformation of the new solution at each iteration of their gradient descent opti-
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mization scheme to approximate the noncommutivity [13, 26, 27]. Alternatively, the non-
commuitivity of the symmetries can be handled more systematically through considering a
variational approach to nding optimal sequences of nonrigid deformations of the system.
Based on the work of Koon and Marsden [28], we can utilize the ber bundle structure
of our deformable control system to recast the optimization problem in terms of a varia-
tional problem. The solutions to this variational approach correspond with optimal control
sequences of nonrigid deformations representing minimizers of a metric on the shape of
internal degrees of freedom which is given by our cost function. This allows us to more
systematically probe the space of internal degrees of freedom for our deformable control
system to nd optimal controls which satis es some additional criteria for the dynamics of
the deformable control system. With this in mind, we aim to develop a numerical toolkit
utilizing this variational approach to provide an alternative method to address optimization
problems for systems possessing a ber bundle structure.

Given these optimization strategies highlighted above, we consider speci c examples
of deformable control systems to show these approaches in action for systems with both
commutative and noncommutative symmetries. In light of our initial inquiry of deformable
bodies generating dynamics from nonrigid deformations, we consider examples found in
biological systems in which locomotion is produced via deforming the body of the or-
ganism. Speci cally, we consider two model systems representing LRN microswimmers.
These microorganisms live in a uid environment, however their size means that even fa-
miliar liquids like water are viscous like molasses. The rst model known as the PMPY
swimmer, developed by Avron et al. [29] uses cyclic body elongations to propel itself
through the surrounding uid. Due to its axial symmetry it can only generate motion along
its symmetry axis [29, 30, 31]. This 1-dimensional motion represents a commutative sym-
metry, i.e. forward and backward motion, thus allowing us to analysis the system with
both optimization approaches. Previous work by Alouges et al. [18] has investigated the

optimal control problem for the PMPY swimmer in a similar method to the variational



approach considered in this thesis. However, our goal is to show the general utility of
using the variational approach given by Koon and Marsden which is more directly applica-
ble to more general systems possessing a con guration space with a ber bundle structure.
Particularly in regards to the second model known ag8thek Purcellswimmer. First pro-
posed by Purcelldurcell_life_nodatg], this system has been been extensively studied in
the microswimmer dynamics community [32, 33, 34, 35, 36]. We include it in our discus-
sion of optimization since its dynamics are characterized by noncommutative symmetries.
While this prevents us from using the gradient descent method in its standard form, we can
employ the variational approach to nd optimal controls for swimming dynamics of this
system showing its power as a tool in optimization analysis of deformable control system.
Below we outline the dissertation chapter-by-chapter and highlight what is new in each

chapter.

Chapter2

In this chapter, we highlight some important subtleties that must be considered when in-
vestigating dynamical systems in curved space, particularly parallel transporting vectors.
With this in mind, we develop a theoretical framework for extended bodies systems that
can be implemented in a numerical dynamics solver applicable to generic curved spaces.
We construct the foundation of this dynamics solver as a numerical toolkit and investigate
particular attributes of key importance for general purpose dynamics solvers: presence of
external/internal potentials, presence of constraints on the system, and the interactions be-
tween objects during physical collisions. We also explore some additional systems where

the effects of curvature result in interesting dynamical consequences.

Chapter3

Building off the theoretical framework developed in chapter 2, in this chapter we extend our

discussion of dynamics of extended bodies to extended body systems that can actively de-



form themselves. Particularly, we investigate the possibility of generating dynamics solely
through controlled nonrigid deformations. We provide an intuitive development of such
deformable control system and its relationship with the mathematical objects known as
ber bundles. This relationship provides a a natural connection between the deformation
induced by the physical curvature on dynamical extended body systems seen in chapter 2
and an abstract notion of curvature on the con guration space of deformable control system

which allows for generating rigid deformations solely through nonrigid deformations.

Chapterd

In this chapter, we consider the question of optimally controlling systems which can be con-
sidered deformable control systems as discussed in chapter 3. In particular, we consider
the optimization of two model systems (the PMPY swimmer and 3-link Purcell swimmer)
representing microorganisms locomoting in a LRN uid environment. We investigate the
systems using a variational approach that utilizes the ber bundle structure of the con g-
uration space to systematically nd optimal solutions for deformable control systems re-
gardless of the commutativity of the symmetries of the ambient space. Our analysis can be
thought of a rst step to employing the previous work of researchers in the eld of geomet-
ric mechanics into an open-source numerical toolkit for analyzing optimization problems

for systems possessing a ber bundle structure.



CHAPTER 2
DYNAMICS OF EXTENDED BODIES IN GENERIC CURVED SPACE

2.1 From Flat to Curved Space: Reevaluating Mathematical Assumptions

As we begin our discussion of dynamics in curved spaces, it is important to point out some
important features in at space that we take for granted. This intuition, be it from every-
day experience or formal education in physics courses, needs to be considered a special
case of a more general eld of dynamics. With this in mind, we highlight some core ideas
important in dynamics and how extending them to curved space introduces interesting con-

sequences.

2.1.1 Metric & Coordinates

Let us consider our generic curved space is represented by some mahif@eometric
guantities are measured using lengths, volumes, and angles, so in a mathematical theory of
geometry we need tools to talk about all these things. MoB&mannian geometkegins

with the observation that all these quantities come from a single source: an inner product
at each poinp 2 M of space called thmetric tensor ¢u;Vv) acting on some vectorgv 2

TpM. The norm induced by this inner product gives in nitesimal arc lengths, rescaling by
division by the norms of the input vectors gives angles, and with appropriate mathematical
care all other geometric information can be extracted [37, 38].

Since the metric tensor directly lets us measure the speed, i.e. norm of tangent vec-
tor, and angle between tangent vectors, successfully replicating any euclidean discussion
involves their presence in a curved space. While the metric is an abstraction de ned by
the geometry of the space, its coordinate representation is effected through choice of co-

ordinates. For example, this can be seen in at space when comparing cartesian and polar
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coordinates with 2-dimensional metrics given by

2 3 2 3

gcartesian: 21 Og gpolar: 91 Og
01 0 r?

In cartesian coordinates, the components of the metric are constant everywhere, however
in polar coordinates the metric components are position dependent and even worse become
ill-de ned at the origin. One important consequence of the metric components being de-
pendent on position is seen when comparing vectors based on their coordinate description.
By coordinate description we mean the components describing the vector in the coordinate
basis where it is located in the space.

For example, consider the vector described in a cartesian coordinate basisltfy +
2fly. Regardless of the location of the vector in space it will have the same Ig#gth
P g(v;v) = P 5 since the metric components are position independent. However for a vector
with the coordinate description in a polar coordinate basis given . + 214 this is

not true. Consider two arbitrary points in polar coordingtgsqgi) and(rz;g2). We see

that the length of our vectar at each point is different, i.gjvjj = P giv;iv) = 1+ 4r§

at(rq;q1) andjjvjj = P giwvv) = 1+ 4r§ at(ro;d2). Thus, even though they have the
same coordinate description, these two vector are not the same at different points (with
r, & rp) in the space. Here we see that even in at space it is important not to forget where

a vector is based, particularly when comparing vectors. This is a very important point when
considering dynamics of physical systems in some generic curved space and is related to
the process of transforming vectors between tangent spaces at different points in the space

known asparallel transport

2.1.2 ParallelTransportGeodesics& Curvature

In physics, vectors are initially taught as "arrows that can be based at different points and

slid around the space". For example, this freedom often comes up in geometrically de ning
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vector addition, where one can take two vectors based at different points of a space (say,
the forces on different parts of an object), slide them head-to-tail, and add them up to
get the total or net contribution of the two vector components. This freedom allows us
to draw the arrows representing a vector quantity at any part of the space we wish and
drag them around arbitrarily along any path. This trivial transport of vectors provides
a simple calculus to compute many quantities of interest, such as adding up individual
forces on a body to get the net force (typically thought of as acting at the center of mass),
computing vector-valued integrals over an extended object like forces felt on a membrane
by a uid, and adding velocities of an object at different times as in computing numerical
approximations to accelerati@ = (v; + 1)=e. Of course, none of these quantities are
really well de ned in at space, as the vectors do not really all live in a single vector
space rather each is de ned in the tangent space of a single point. Therefore, performing
these calculations requires understanding how to equate vectors in different tangent spaces.
Vector operations like addition only make sense within a single vector space so the key
is to gure out how to properly transport vectors from one tangent space to another. Our
discussion here utilizes standard tools from Riemannian geometry, but we direct readers
seeking more formal derivation and discussion of these concepts to [38].

Formally, the process of parallel transporting vectors is assigning the path chosen be-
tween two points to isomorphisms between tangent spaces. In practice, parallel transport-
ing on some Riemannian manifol along a given patly generally involves solving a

differential equation given by

whereN is the covariant derivative o M, g is the tangent vector to the pagf andv
is the vector being transported. The covariant derivative is a generalization of the partial

derivative on an arbitrary Riemannian manifold where its action on a vectorsome
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coordinate basis is given by

Nb\la = ﬂbVa + Gngm (21)

whereG), characterizes how in nitesimally close tangent spaces can be connected to one
another and is thus known as tkennectionof the space. These transformations be-
tween tangent spaces are determined in nitesimally through this connection, which can

be uniquely determined by the metgwia the Levi Civita connection given by

1
Em= Egah (ToOmh+ TmGho  ThOom) (2.2)

The Levi Civita connection also possesses two useful properties in that it is torison free, i.e.
G =G, and metric compatible, i. &, g, = 0. With this in mind, we can rewritten the

parallel transport expression of vectoalong the parameterized paift) in coordinates

(g (1)) via

1¢°

NgV— ﬂt NbVa 0
_1P 1 TP m_
= Wan+ Cﬁm—v =0 (2.3)

G‘gmﬂi\/m =

Here we see that the second term in the parallel transport expression depends on both
the connectior] , as well as the tangent vector to the parameterized transporg(iath
Therefore, when the connection componegjs, are not all zero at every point along the
pathg(t) we see that the parallel transport process may be path dependent, i.e. depends
ong(t). Ifinstead the connection compone@$,, are zero then the path dependence of

the transport process trivially vanishes. The connection characterizing path independent

For the remainder of this thesis if summations are not explicitly present we utilize Einstein notation for
summation over pairs of lower and upper indices given by the same variable.

13



parallel transport is known as at connection. This is the case for cartesian coordinates
in at space and hence why we can "slide" vectors around the space as discussed at this
beginning of this section. However, a at connection does not require all connection com-
ponents be zero as in the case of considering polar coordinates in at space. The position
dependence of the metric in these coordinates results in nonzero connection components
G, however through performing the process of parallel transport it can be shown that the
process is path independénthis suggests that the path dependence does not depend on
coordinates but rather the geometry of our manifdld~or example, if instead we consider
vectors tangent to the surface of a sph®fave can readily see that path dependence of
parallel transporting vectors as shown in Figure 2.1. We can intuitively observe that the
sphere represents a curved surface while the plane does not, however we can make this
description more precise through utilizing the covariant derivativélcend thus the con-
nection components; . However, before discussing curvature we would like to highlight
a particularly important case of parallel transport describing geodesics.

A geodesic can be thought of as a generalization of the notion of a straight line in at
space to its equivalent in some generic curved space. This description leverages on de ning
geodesics as a cunggt) which parallel transports its own tangent vector, i[‘NQJg =0,

which when written in coordinates gives theodesic equation

- TP T 1 T 1g™
Ngg = =2 22 -0
Sl T T T L T 20
_ 1e? 1¢° 19" _
- ﬂtz + Ggm ﬂt ﬂt - O

Similar to the case of a straight line in at space, solutions to the geodesic equation repre-
sent the length minimizing path between points in the space and in terms of dynamics cor-

responds to trajectory of some point particle undergoing force free nfotExpressions

2This is an exercise in differential geometry which we omit proving here.
3See [38] for proof and further details.
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Figure 2.1: Visualization of path dependence of parallel transport of vector along paths on
a curved manifold1 = S?).The starting vector (blue) is transported along the yellow

curve and produces the transported vector (red) while when transported along the green
curve produces the transported vector (dark green). The red and dark green vectors
represent the result of transporting the blue vector along two different paths to the same
point.

of this form will appear later when considering solutions to the Euler-Lagrange equations
which describe the dynamics of extended body systems (section 2.5).

To discuss dynamics in a curved space, it is important to quantify curvature. Above we
expressed that derivatives on curved manifolds are given by the covariant derivative where
the connection given b@  characterizes how to transition between in nitesimally close
tangent spaces. Therefore, one approach to quantifying the curvature of our mighifold
to compute the commutator of the covariant derivative acting on some wecitve com-
mutator of the covariant derivative can be thought of as measuring the difference between
parallel transporting the vectarbased at some 2 M along two different in nitesimal
paths which can be prescribed by two coordinate basis vectors characté@pllngor the

case of a torsion free connection, commutator relationship simpli es to
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=(1aG, ©h& + S G GGV (2.5)
= Rl?ab v

whereR® ,~ are components of thRiemann curvature tensoiThese in nitesimal paths
can also be prescribed by two arbitrary vector elsandY in TM, in which case the

Riemann curvature tensor takes the more abstract form

RX;Y)Z= RxNyZ NxNvZ NpyyZ (2.6)

whereZ is the vector being transported along the in nitesimal paths. Note that while we
are considering vector elds, the operation of computing the Riemann curvature tensor is
de ned at some poinp 2 M and thus all vector operations are de ned in its tangent space
TpM. This abstract de nition includes a third term that was not present in the previous
calculation, i.eN[x;Y]. This term is concerned with the commutativity of the vector exds
andY and was absence in our previous calculation du€aadY being given by coordinate
basis vectors which trivially commutg ; 1,] = 0).

The Riemann curvature tensor can be thought of as characterizing all curvature infor-
mation about the manifolM. Therefore, the presence of some nonzero component of the
Riemann curvature tensor suggests that the mankNbladbssess some intrinsic curvature.
Recall we saw that the coordinate description of the connection can sometimes be sug-
gestive of path dependence in terms of parallel transporting vectors despite the underlying
geometry being at. Therefore, it stands to reason similar issues could stem from consider-
ing the curvature of the space based on the coordinate description of the Riemann curvature
tensor. However, it is shown in [38] that when considering the Levi Civita connection, if

there exists a valid parameterizationMfwhich allows the metrig,, to be expressed
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such that it is independent of the locationNh i.e. constant, then all components of the
Riemann curvature tensor are z&%, = 0 for any parameterization. The relationship in
equally valid in the reverse in that if all components of the Riemann curvature tensor are
zero there exists a parameterizatiorMbtuch that the metric is a constant. Therefore, we

see that the curvature of the manifditlis independent of the parameterization used and

is instead an intrinsic property of the geometryMn This is apparent from the coordi-

nate independent expression shown in Equation 2.6, but we make this point explicit since
calculations for speci ¢ systems require some coordinate parameterization in general. For
our numerical investigation later in this chapter, we are particularly interested in discussing
one consequence of a nonzero Riemann curvature tensor which corresponds to the process

of geodesic deviatian

Figure 2.2: Visualization of discussion concerning geodesic deviation of family of
geodesics making udg.

In at space, we have an intrinsic property per the parallel postulate of Euclid that if
two straight lines (geodesics) are initially parallel then they will remain parallel along their
entire length [39]. However, when generalizing this notion of parallel geodesics to the

curved space we encounter situations where two geodesics that are initial parallel are not
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always parallel. For example, the case of two initially parallel geodesics on the surface
of sphere, which corresponds to two great circles, will eventually cross. Therefore, to
generalize the notion of parallel to curved space we follow the discussion given in [38]
in which we instead consider how initially parallel geodesics behave as you travel along
their length. With this in mind, let us de ne a one parameter family of geodes(ts
wheres 2 R andt parameterizes the geodesic along its length. We can treat this family
of geodesics as characterizing an embedded 2-dimensional makigald some higher
dimensional curved space described by our manifdld If we focus on a region oM
where our family of geodesics do not intersect, we can thindpés being parameterized

by a coordinate basis given Isyt as shown in Figure 2.2. This allows us to de ne two

vector elds onMg corresponding to the tangent vectdrslong the geodesics given by

a_ 1€
™=

and what we will case the deviation vect&@given by

R
= 4s

which at each point along a given geodesic points towards neighboring geodesilgs on
Considering thaBcharacterizes the direction from one geodesic to the next we can consider
how the vector eldSchanges as you ow along neighboring geodesics by considering its
covariant derivative with respect b, i.e. NtS= T2N,S. We can interprefS as
measuring how the direction from one geodesic to its in nitesimal neighbor is changing
along its length. Taking an additional covariant derivative with respect to the vector eld
T, i.e. Nt (NtS) allows us to de ne a notion of if the changes in the deviation vector eld
Sis accelerating or decelerating along the length of the geodesics. If we denote this notion

of acceleration in coordinates A8, then via some computation we nd [38]
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A? = TPR, (TSN S)
= TN, (SN T?)
=(T°RpS)(Ns T2) + TP S N, N T2
= (SN TS)(Ns T2) + TPS (RN, T2+ R T)
= (PR TS)(Ns T2) + SN (TP, T?) (SR TPY)(Rp T2+ RA T TP S
=R T T°S
2.7)

Here we used the fact that the vector el@isandSrepresent our coordinate basis which
implies [T;S] = 0 and thusT2RN, S = SN, TP as well as the fact thal2N, TP = 0
from the geodesic equation. The result of Equation 2.7 is known agetheesic deviation
equationin which we see the second order rate of chang®with respect tol along our
family of geodesics is related to the curvature of our 2-dimensional marigld M via
the Riemann curvature tensor it

Let us try to make this more concrete by considering some simple examples. Speci -
cally, consider curved spaces which have constant sectional curvature at every point. The

sectional curvaturl is can be expressed in terms of the Riemann curvature tensor via [40]

a(R(Y; X)X;Y)
g(xX; X)a(Y;Y)  g(X;Y)?

K(X;Y) = (2.8)

whereg is the metric orM andX;Y are some vector elds it M. Again, we are evaluating

the sectional curvature, like with the Riemann curvature tensor, at a singleggMtsuch

that all vector operations are performedlgM. Abstractly, the sectional curvature can be
thought of as ascribing a notion of curvature to the 2-dimensional subspace spanned by
X andY in T,M. This curvature is equal to the Gaussian curvature of the submanifold

generated by the collection of geodesic curves passing thrpugith that their tangent
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vectors atp are contained in the subspace spanneX landY in T,M [37].

In spaces with constant sectional curvature, we can charackem@sea constant value
at all pointsp 2 M. In general, this value df can be positive, zero, or negative. Taking
jKj = 1, these three options describe three canonical geometries: spherical geShmetry
Euclidean geometri", and hyperbolic geometrf”, respectivel§. We consider the ef-
fects of geodesic deviation in each of these spaces by considering how the distance between
initial parallel geodesics varies while owing along the geodesics. This is shown for pairs
of geodesics in 2-dimensional versions of each space in Figure 2.3. When the sectional
curvature is positive we see that the initially parallel geodesics converge over time while
the case of negative sectional curvature results in the opposite in that geodesic diverge over
time. Of course, the case of zero sectional curvature is equivalent to euclidean geometry
in which the parallel geodesics will remain parallel forever. Given that extended body sys-
tems are constructed from constitutive parts, be it volume elements for continuum systems
or discrete masses for discrete systems, the relative dynamics will be effected by the pres-
ence of curvature as is seen with the geodesics in Figure 2.3. Therefore, in some generic
curved space, motion of an extended body will result in deformation of the body. From this
perspective, we can interpret the curvature effects as some geometric force acting on the
individual constituents of an extended body. This geometric force is investigated quantita-

tively in section 2.7 through both derived analytical results as well as physics simulations.

2.1.3 Symmetry& Conservation

If our space, which we consider as some Riemannian marMaduipped with some met-

ric g, possesses some symmetry this means there exists a transformation map btween
and itself that preserves its geometry. More precisely, if this transformation map leaves the
metricg on M unchanged and then these symmetries are referredisom&tries Typi-

cally encountered in a rst course on lagrangian mechanics, there is an intimate relationship

4We will discuss these three spaces in more detail in section 2.6 as they the main spaces we are using to
valid the results of our dynamics solver.
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Figure 2.3: Visualization of geodesic deviation between initially parallel geodesics in
2-dimensional example of constant sectional curvature spaces: a) Positive sectional
curvature inS? results in converging geodesics b) zero sectional curvatUé iesults in
equidistant geodesics, and c) negative sectional curvatié iesults in diverging
geodesics. Color indicates change in length relative to initial separation with blue
representing compression and red representing extension.

between symmetries of a space and the presence of conversation laws. This relationship
is encapsulated formally by Noether's theorem and provides a straightforward correspon-
dence between conserved quantities to symmetries and vice versa [41, 38]. More precisely,
Noether's theorem expresses that for every differentiable symmetry generated by a local
action there exists a corresponding conserved quantity. Therefore, if the description of the
dynamics, i.e. the lagrangian in the lagrangian formalism, is left invariant under this sym-
metry transformations it implies a constant of motion. Common examples from Euclidean
space are the conservation of linear momentum, angular momentum, and energy if the
dynamics of the systems possesses translational, rotational, and time-reversal symmetry,
respectively.

Two important symmetry properties of geometric spaces that we consider in our current
investigation are homogeneity and isotropy. The homogeneity of a space is connected
with the notion of translational invariance along a given direction, i.e. the conservation
of linear momentum in at space. If the space is isotropic then it possesses a notion of
rotational invariance about some xed point, i.e. the conservation of angular momentum in

at space. In practice, the presence of these as well as other symmetries can be determined
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by observing if, in some coordinate system, the metric is independent of some coordinate
X . This implies that motion in thé&y direction, i.e. the transformation ! x + a,
leaves the metric unchanged. We can think of this as vector eld at every pdihinvhich
effectively generates the symmetry. Formally, this vector eld is known lésliag vector

eld ® K& which represent solutions #filling's equationgiven by

where we are using the Levi Civita connection in the covariant derivative. In certain spaces,
the Killing vector elds can be characterized through the action of Lie groups and their
associated Lie algebras. For the constant curvature shalcese correspond witBQ(n +

1) for S", SE(n) for E", andSQ(n; 1) for H". We will discuss Lie group and Lie algebras in
more detail in section 3.2 and for more details on the speci c relationship between the Lie
groups and Killing vector elds for the constant curvature spaces see Appendix B. Given
that their ows preserve the metric we will use Killing vector elds as a means to provide
a uniform velocity eld to all components of our extended body systems when running
numerical simulations in the constant curvature spaces in section 2.7.

In euclidean space, the familiar conservation laws of linear and angular momentum cor-
respond to the Killing elds associated with translational and rotational symmetry of the
metric, respectively. We are used to thinking of these as global conservation laws due to the
trivial nature of transporting vectors between tangent spaces in euclidean geometry. How-
ever, in curved space these conservation laws maintain their true local nature in that they
are individually de ned in the tangent space of each point in the space. However, for ex-
tended body systems the presence of internal interaction between constitutive components

may break these symmetries induced on the individual components.

5In our discussion will we use Killing vector eld and Killing eld interchangeably.
6For the remainder of this thesis when we refer to constant curvature spaces we are referring to the spaces
with constant sectional curvature, i®", E", andH". We will make special note otherwise.
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2.1.4 Centerof Mass

The notion of a center of mass is particularly useful when considering an extended body
system within the framework of Newtonian mechanics. It allows for the collective dynam-
ics of a system to be simpli ed to evaluating the motion of a unique point from which the
dynamics of any other part of the system can be reconstructed. Therefore, it is natural to
ask if such a simpli cation method is present in curved space. To address this question, we
rst consider how it is typically derived in euclidean space.

Given a mass distribution describing a mechanical system of interest, such as a collec-
tion of discrete point particles with massagsor a continuous extended body with mass
densityr (¥), a typical simpli cation in Newtonian mechanics of the system's dynamics is
to de ne a center of mass (COM). If we consider our system to be a collection of point
particles in euclidean space with positigngnd massesy, then we can express the total

dynamics of the system as

é, Freti = é, mia; (2.9)
[

|
whereF,eti is the net force acting on the particle andg; is the acceleration of thigh
particle.

We can decompose this net force acting onithparticle as

o]
Freti = Fexti + A Fint:ij
j

whereFeyt; are the external forces acting on iHéparticIe andSn;ij are the internal forces
of the jt" particle acting on thé&" particle. Per Newton's third law, the summation of the
net forces on th&" particle results in all internal forces acting on iHeparticle to cancel

out, i.e.Fint;ij = Fint;ji- Therefore, the summation of net forces can be rewritten as
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é ﬁneti = é ﬁexti
i i

Turning our attention to the righthand side of Equation 2.9, we can make the following

transformation

o o d(mw) _ d o (Mmv)
ama=aqa ar - Mot g Mror

whereMiot = §;m is the total mass of the system. We can call the quantity inside the

derivative theCOM velocitywcom Which we can use to de ne theOM positionrconm Vvia

(2.10)

With this identi cation, we can now recast the collective dynamics of the system of parti-

cles as

d?com

Fext= Mot ae

(2.11)

which has reduced the dynamics of the system to that of a point particle withivgss
located at the COM positiorcom.

While the mass weighted position de nition, described above, is perhaps the most com-
mon description of a center of mass, we immediately notion some issues when considering
it in a curved space. Firstly, there is not a notion of a position veditmthe familiar sense
of a vector in a curved space. Instead, a position in the space, usually characterized by
some manifoldV, is speci ed via the parameterization bf. Additionally, we again have
the issue of relating vectors from different tangent spaces. Particularly, the summation pro-
cess would require all velocity vectors to be transported to the tangent space of the center
of mass position. While the transport process to bring all vectors to a common tangent

space can be done given a speci ed transport path for each, the main issue is that there is
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no unique procedure to determine where the center of mass is for an extended body system
in curved space. The main utility of the center of mass stems from being able to recover the
dynamics of all constituent parts from the dynamics of a single unique point. In a generic
curved space, there is no such point that can characterize the dynamics of all constitutive
points of an extended body system. This is due to the nontrivial relationship between tan-
gent spaces as well as the localized curvature acting on the trajectory of each point of the
extended body system individually. We consider a simple example of an extended body

system on the surface of a sphe®8)(as shown in Figure 2.4.

Figure 2.4: Visualization of ill-de ned notion of center of mass for simple extended body
system in curved space. a) “center of mass" for ring system (brown ring) is taken to be
closest equidistant point. b) ring system about to transition between hemispheres. c)
closest equidistant point discontinuously changes between antipodal points on sphere.

Take as our extended body system a ring possessing a uniform mass distribution moving
on the sphere. Given the symmetry of this example, it is reasonable to denote the point
equidistant from all elements of the ring system as a "center of mass". However, there
are two such points on a sphere (antipodal points). Can specify that the point closest to
the ring will be considered as a "center of mass" for the ring system. We encounter an
issue if the ring system moves to coincide with a great circle on the sphere. At this point,

there is no unique notion of "center of mass" based on our simple criteria. Worst still

when it transitions between hemispheres, the "center of mass" will discontinuous transition

between the antipodal points equidistant from the ring. Here even for this simple and highly
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symmetric extended body system, the notion of center of mass is not well de ned, let alone

uniquely de ned. Therefore, the absence of a usual notion of center of mass means that
all parts of a general system have to be considered individually to characterize the net
dynamics of extended body system.

As discussed in subsection 2.1.3, the symmetries, if present, in a generic curved space
generate local conservation laws at each point in the space. As mentioned above, this is
intimately connected to the lack of a unique notion of center of mass and can result in some
surprising effects on the dynamics of the system as a whole. In particular, this allows for the
ability of the system to undergo cyclic deformations of its component parts such that once
returning to their initial con guration the system as a whole may have undergone some
net change. In this way, the system can effectively use the ambient curvature to generate
locomotion. This relationship between net motion and body deformation can be found in
at space as well where the curvature is not physical curvature of the ambient space but a
more abstract notion of curvature on the con guration space of the extended body system.
We explore deeper implications of this connection between dynamics of extended body

system and some notion of curvature in chapter 3 and chapter 4.

2.2 Extended Objects in Curved Space

The reliance of Newton's original formulation on vectorial quantities de ned across an ex-
tended object makes generalization to arbitrary background spaces challenging. This is a
direct consequence of concepts highlighted in the previous section, such as the lack of a
notion of position vectors and path dependent vector transport. However, such issues evap-
orate in the more modern re-interpretations of Hamiltonian and Lagrangian mechanics,
where the physics is encoded bgalar functionson (co)tangent bundles to the con gu-
ration space describing the system. For speci city, we work within the Lagrangian for-

malisnY, and describe the role of the background geometry in the description of physical

’An analogous framework can be constructed for Hamiltonian systems via the Legendre transform, as
usual.
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properties and dynamical laws below.

Throughout this section, we aim for generality by avoiding making any unnecessary
assumptions about the ambient geometry or the extended body. This is to both increase
accessibility to mathematically-inclined readers as well as allow the direct import of these
ideas by researchers interested in modeling systems beyond the scope of the latter half of
this chapter. See section 2.4 for an in-depth application of this theory to the case of dis-
cretized systems, and section 2.5, section 2.7, and section 2.8 for concrete implementations

thereof.

2.2.1 Con guration Space

Fix a topology, a geometry, and a collection of conservative environmental forces given by
a smooth manifoldX with metric g and potential functiot: X! R, respectively. We
will call such a triple(X; g;V) theambient space, background spaoeenvironmentbf our
physical system, and denote it simply ¥ywhen the metric and potential are understood.

An extended body is described abstractly by choosing a suitable topologicalBpace
called thereference bodywhose points correspond to the dynamical degrees of freedom
of the system being modeled. Here we choose to only consider bodies with time invariant
topologies since they can be modelled by some abstract reference shape. Therefore, we
do not consider bodies that can divide themselves into separate bodies or separate bodies
that can coalesce into a single body. For example, a full description of a solid ball may
takeB= fb2 R3jjbj 1g, whereas various coarse-grained models may Bal@ be a
simplicial complex resulting from some triangulation of the sphere, or even a singleton;
B = f bg, tracking only the center of the ball.

Depending on the situation being modeled, such a reference body may come naturally
equipped with additional data. Whéhis rigid or subject to internal forces, a choice of
reference metriadisiz: B B! R describes the intrinsic geometry Bf Physical data,

such as mass or charge, is often recorded by a densBy blathematically, these densities
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Figure 2.5: Reference bod/given by Figure 2.6: Reference bod/given by
closed interval with con guration space volume element with con guration space
mappingQ to embedding in the ambient mappingQ to embedding in the ambient
spaceX subject to xed lengthL spaceX subject to xed volume/

are modeled by equippirlgwith ameasurea real valued function de ned on the sub$ets
U B in a way compatible with interpreting the valugU) = RU dm as theamount of
mass contained in U

Having carefully set up an abstract description of the system of interest, we look to reify
things by considering how the system is placed within its environmergalizationof the
extended bodf is anembedding of B into the ambient spacé. Each realization is given
by a suitable functiog: B! X, which describes aule for where to place each point 8f
in X. When necessary we denote the space of all possible embeddings bg;Emlwhich
provides a natural home in which to begin construction ofdtye guration spaceof our
extended body. Some examples of reference body embeddings are shown in Figure 2.5

and Figure 2.6.

Realizable Con gurations

For many physical systems, not all embeddings of the reference body constitute physically
realizable con gurations, rather geometric properties of the body praadstraintsvhich

the embedding must satisfy. As a concrete example consider the con guration space of

8Mathematically inclined readers may be quick to point out that of course this is only de neddar
surable subsetsHappily, the many technicalities of measure theory do not play a large role in the overall
theoretical development here.

9An embeddings a smooth map frorB into X that is a homeomorphism onto its image.
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Figure 2.5. If an interva]O;L] R provides the reference body for a non-stretchy string
with lengthL, embeddingg: [O;L] 7! X represent physically possible con gurations of
this string if and only if their images have lendthn the environmenk.

We call an embedding: B! X aphysical realizatiorwhen it satis es the constraints
imposed by our choice of reference bdgBlyWe denote the set of all physical realizations
by Q, as this will serve as the true con guration space for our extended Badly. These
constraints on the con guration space can be broadly considered as holonomic or nonholo-
nomic based on the integrability properties of the distribdfidhey generate iff Q. Holo-
nomic constraints depend only on the con guration of the sysjemd can be expressed in
the formb(q) = 0 which represents an immersed submanifol@irin contrast, a nonholo-
nomic constraint represents a constrainffdp that depends on the con gurati@pand its
tangent vectogq, i.e. a(q;q) = 0. The present discussion implicitly only allows holonomic
constraints since they are based solely on the geometBy bé. only concerning static
relationship between constitute components. For the remainder of this chapter, we shall
concern ourselves only with physical realizations speci ed by holonomic constraints, and
will make careful note whenever the occasion arises to consider an embedding which does
notlie in Q. We will return to nonholonomic constraints and the integrability of distribu-
tions in chapter 3 and chapter 4 where we consider active deformations of nonholonomic
systems.

While any choice of geometric constraints Brsingles out some subsétof embed-
dings, we shall freely assume that the chosen constraints desambeath submanifold Q
of EmK(B; X). This is both necessary to proceed with the standard Lagrangian framework,
and satis ed by a wide variety of common constraints. A common way such constraints
arise is as the level sets of a smooth functforEmb(B;X) ! R" on con guration space.

If we interpretf as measuring some quality of embeddings, a level set

10Given a manifoldM, adistribution D assigns to any point2 M a vector subspadg, TM
110f course, this subset may be empty for constraints that are impossible to satisfy.
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Q= f Yp)=fq2 EmB;X)j f(a) = pg

is all of the con gurations thaf sends tgp. One can interpret this functiohas a realiza-
tion of the holonomic constraint characterizing the immersed submaigyoldEmb(B; X).

In this section, we do not aim to exhaustively list the types of constraints that occur
in physically realistic systems, but instead just illustrate the concept with two common

geometric constraints: incompressability and rigidity.

Incompressability:  An object is incompressiblé if its volume is invariant under all
physically possible evolutions. Thelumeof an object measures its geometric extent:
we shall use this word generally but note that it is standard to call 0O-dimensional volumes
numbers(of objects), 1-dimensional volumésngths and 2-dimensional volumeseas

For a given embedding of B into X, we de ne thevolume of go be the volume of the

resulting subseg(B) X measured using the geometryXfi.e.

vol: Emh(B; X)! R o (2.12)

This volume function takes on a variety of forms depending on the chosen reference object
B. For example, wheB is a smooth full-dimensional subsetXfor smooth submanifold,
we may calculate the volume enclosed by an embedditigough integration, v@t) =
Rq(B) dvol, wheredvol is the volume form induced og(X) from the Riemannian volume
form on the environmen%jﬁd”x. Alternatively, wherB = [ ;D; is a nite cell complex
embedded with totally-geodesic faces, the volume is given as a sum over the volumes of all
embedded top-dimensional cells (@l= &;vol(q(D)).

If the physical system being modeled is to have a xed vol\fgethe space of physi-

cal realizations is not the entire embedding space @) but rather the submanifotd

2In applications where the internal points Bfhave physical signi cance, a more nuanced notion is
necessary. Precisely, one requires not just that the overall volume is preserved, but also that the velocity eld
corresponding to any evolution 8fis divergence free.

L3Technical note: this is only a submanifold when the vol is smooth and the valyise regular value.
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consisting of only those embeddings which have volMnm X.

Q=fq: B! Xjvol(q) = Vog (2.13)

This type of constraint oB is present in the examples shown in Figure 2.5 and Figure 2.6.

Rigidity: We will call an objectigid if its internal components cannot move relative to one
another under time evolution. This provides a strong constraint on the space of physically
realizable embeddings for a reference bdlyln the familiar case of homogeneous and
isotropic spaces (such as the constant curvature spaces), this notion is directly captured by
symmetries of the environmeKt Precisely, amsometry or rigid motionof a Riemannian
manifold (X; g) is a transformatiorX ! X which preserves the metric. Two embeddings
q;9% B! X of a reference body anegidly equivalentif there is some rigid motiorf
taking one to the othef:q= o

To preserve our desired level of generality, we take a moment to rephrase this relation so
that it equally applies to arbitrary Riemannian manifolds, replacing discussisnragtry
with distance Whenq: B! X is an embedding, we may de ne an associated distance
function onB by taking the pull back of the Riemannian distanceXormhis measures how

far apart any two points d lie after being embedded iX:

distg( ; ) = distx(a( );a()) (2.14)

In a homogeneous space, if two embeddiggs are rigidly equivalent by the original

de nition above then they must have equal distance functions:

qis rigidly equivalent tay® () disty = disty (2.15)

Equating distance functions makes sense for any metric space, soberbitrary we
take this as thde nition of rigid equivalence. Going further, we say a con guration subset

Q of the space of embeddings Bfinto X represents a rigid objecdt any two embeddings
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in Q are rigidly related.

As rigidity is a relational property utilizing it as a constraint requires Xxing some
reference metrion B, to which we compare various realizations. Such a metric may be
speci ed directly** on B, or may be induced by xing some particular embeddipg B!

X as a reference embedding, and de ning glistdisty,. Extending the notation above, we

say that an embeddingg B! X isrigidly equivalentto B when its distance function equals

the reference distance. While there may be additional constraints on the geometry of our
reference bod¥, rigidity alone imposes nothing further, and we ne the con guration

space of a rigid bod with reference metric digtto be the submanifold &ll embeddings

rigidly equivalent to the reference.

Q=fq: B! Xj disy= distg (2.16)

2.2.2 PhysicalProperties

The physical properties of an object are extra data that we attach to the object. These
properties can broadly take two forms relating to if they are independent of or dependent
on the geometry of the object. Data connected to the geometry of an object is given as a
function/measure oB while data independent of geometry is given as a function/measure

on Q. We highlight an example of each type of physical property below.

Properties on B

Specifying the mass (respectively, charge) of an extended body is more involved than for
point particles, as the eventual dynamical laws depend not only dotddenassbut rather
its distribution throughout the body. Formally, this mass or charge density is a measure

onB as the densities are related to geometry of the object. For concreteness, we will discuss

140ne should note that an arbitrarily chosen reference metrigmay admit no physical realizations into
a given spac&. When this occurs, the desired objecirgossible and the resulting con guration space is
empty. As the theory of impossible objects is rather trivial, we focus here on constraints which admit at least
physical realization.
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the mass case in further detail below.

Mass:

This is a very general setup, encoding both continuous and discrete mass distributions,
as well as a whole range of intermediate possibilities (mass concentrated on curves and
surfaces, etc). Choosing appropridteoordinates and a measure of voludteon B, this
is most commonly encountered asnass densityg: B! R, which, whenB is discrete,
reduces to a sum of individual point masses.

8

R
Z 2 ursdb B continuous

mU) = dm= S (2.17)
v “ &p2um(b) Bdiscrete

To understand the dynamics of an extended objet, we are not concerned directly
with the reference mass distributiom but rather itsphysical realizationglescribing the
mass of an embedded objectB! X. For a given physical realizatiapt B! X, we shall
denote bym, the mass distribution on the subséB) induced by the reference distribution
mand the embedding Conceptually, thinking of the embedding as a rule for how to place
B into X, we can apply this rule not just to tip@ints of B but also to the mass distribution,
sending mass located at a poin2 B to the pointq(b) of the realization. Formally, this
process is described by computing thesh-forwardof the measuren by g. Below we
give a concrete description of these physical mass distributions in two important cases, i.e.
whereB is discrete and is a full-dimensional subset .

If B is discrete, then the mass measnren B is just a counting measure, assigning to
each poinb 2 B the amount of mass\(b) concentrated at that point. Given an embedding
g: B! X, the physical realizatiomy of this mass distribution is supported by the nite
point setq(B), and so is a weighted sum of Dirac measures, with weig(ln) located at

eachq(b):

15That is, a measure that is absolutely continuous with respect to the mass measure.
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dmy= @ m(b)dyy(p a(b)) (2.18)
b2B

wherep 2 X.

WhenB is a full-dimensiondP subset ofX, the mass distributiomy is not concen-
trated in points but rather spread out amass densitpver the image)(B). This density
rq: q(B) ! R, carries the information athe mass per unit volume located (&), and

is de ned in terms ofmy with respect to the Riemannian volume vol of the environment

(X;9) by

dmy = rqdvol (2.19)

Properties on Q

Forces comprise various non-geometric effects which may act on an object, altering its
dynamics. Within the framework of lagrangian mechanics, we restrict oursela@mto
servative or non-dissipativeorces, and to simplify some of the discussion surrounding
collisions (see subsection 2.2.5), we also assume that our forces do not vary explicitly with
time.

Conservative forces arise from a real-valued potential energy assigned to each possible
physical realizatiom: B! X of our extended bod. Formally, this de nes a functiok

on the con guration space of realizable embeddings

(2.20)

where the gradient de ning the forde is taken with respect to the Riemannian metric

on the environment. Forces of this type can arise from interactions with the environment

16And My is absolutely continuous with respect to Riemannian volume for of
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or from the internal dynamics of the object itself. We brie y discuss each of these cases

below.

External Forces: Recall that we included in our description of the ambient spaee
potential energy functioNeny: X! R representing the net total of all external in uences
on the system. The net effect of this environmental potential on a physical realization
g: B! Xis found by adding up, or integrating, its contribution at each point with respect

to a physically sensible measure

Vext: Q! R
Z

q7! Venvdm
a(B)

(2.21)

When the potential arises from universal gravitation, this is the mass mehadiscussed
above, though in other cases it may be more appropriate to consider the pufit§eekl)

of the volume form fromX.

Internal Forces: By contrast, internal forces dependly on the overall Shape of a
physical realization and not on itecation i.e. any two rigidly equivalent embeddings
should experience the same internal forces. A natural way to de ne such potentials on
the total con guration spac@ is to consider functions that only depend on the distance
functions dis§ in Equation 2.14, and perhaps their relation with a reference metric. Such

potentials are of the form

Vint: Q! R
Z

q7! f disty(; );distg(; ) dk
B B

(2.22)

wheref is an integrable function arlds a measure oB B encoding the&oupling strength

of the interaction between pairs of pointsBn For an explicit example, xingf(x;y) =
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Iz‘(x y)2 gives theharmonic potentiafor an object composed of spring-like constituents

with stiffnessk. See section 2.7 for a concrete implementation between point masses.

2.2.3 SystemStateObservables

During the evolution of the dynamics of a system, various observable quantities can be cal-
culated that relate to its current state. Thelsservablesire quantities that are described by
both the embedding of the system as well as the physical data attached to it. While de ned
on Q, observables are usually phrased as integrals or sumgyBgmas they depend on
guantities de ned at each point. We brie y highlight two observables relevant to dynamics

of the system: velocity and kinetic energy

Velocity

The velocity of an object speci es its rst-order change in state under time evolution. Ab-
stractly, this de nes @angent vectarso avelocityof some con guratiorg 2 Q is a vector
v 2 TqQ, and the space of possible velocities is taegent bundle TG [ 4qTqQ. Con-
cretely, we may use the fact that individual physical realizatgase embeddings d8
into X to describe velocities as certaiactor elds on ¢B).

Indeed, consider a patty of embeddingdB! X passing througlg att = 0. For
eachb 2 B this determines a curva(b) in X, whose tangent vector g(b) we denote
by v(b). Over all points of the reference body, this de nes a vector eld assigning to each
q(b) 2 q(B) a vectorv(b) 2 Ty X.

Note that while it makes sense to add two velocity vectors de ned at the same con gu-
ration, itdoes not make sense to add velocities from different con guratidohsourse, this
is conceptually nonsensical even in Euclidean space, but when the environment is turved
the underlying mathematics makes this impossible even in practice for the same reasons

discussed in subsection 2.1.2. The corresponding velocity elds are de ned pointwise on

Precisely, when the Levi-Civita for the metric ¥nis not at.
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different tangent spaceand nontrivial parallel transport does not allow any unique path-
independent identi cation between them.

As a consequence, tlaecelerationof a path of physical realizations is not simply the
limit of the difference quotient of their velocities, as we would nd in Euclidean space.
Instead, velocities need to be differentiated with respect to smmeectioron the con g-
uration space€). This connection is uniquely speci ed by the metric tensor, which we meet

below under its more familiar namkinetic energy

Kinetic Energy

The kinetic energy of a body is the conserved quantity of time evolution in the absence
of any intervening forcé$. For a point particle at positioq traveling at velocityv, this
takes the familiar fom%mkvk)% Wherekvk>2< = gx(v;Vv) is the norm-square of the velocity,
as measured by the metgon the environment at the positicr2 X.

For extended objects, where “positions' are abstracted to embedglir§s X of
a reference body and velocities are vector eilden B, the kinetic energy of the entire
body is theaggregatekinetic energy of its parts. Whdais discrete andimis a counting
measure, this is simply the sum of the kinetic energies of the individual constitueBita®f
detailed in section 2.4. Unlike the earlier discussion on velocity, it is perfectly sensible to
add up kinetic energy contributions originating at different locations in space because it is
a scalar quantity. In generality, where the reference body's mass is given by some measure
m, the kinetic energy of a velocity for some con guratiorq is half theintegral of kvk%
with respect to mass:

Z
K(qV) = % - kvkgdm (2.23)

Kinetic energy carries more structure than an arbitrary assignment of velocity vectors to

18When the geometry of the environment is unchanging in time; a constraint we assume throughout this
chapter
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real numbers. Indeed, for a given con guratignB! X, kinetic energy de nes aorm‘®
measuring speed on the spag® of all possible velocities, which is induced directly by
the normk kx on the environmenX via integration.

This normk kx on the environment in turn comes directly from the Riemannian metric
gonX, i.e. ifv2 T,X thenkvk? = gy(v;v). Consequently, the norm de ning kinetic energy
onQ comes from an inner product dm, de ned as thentegral of the inner products from
the environmenbn the physical realizations of the extended body. Precisely, B! X
is a realization oB in X, we may de ne an inner produtt; iqonTQ by

z

. 1

This inner product de nes Riemannian metrion the entire con guration spadcg, which

allows us to measure both in nitesimal lengths and angles between tangent vectors. In-
nitesimal lengths have an immediate physical interpretation, as their square is just the
kinetic energy de ned above.

z

1
K(gv) = huvig= 3 5 Jo(b) (L V)dimy (2.25)

o
In nitesimal angles in this metric can be interpreted asea correlationbetween two ve-
locity vectors based at the same con guration. Preciselywfare two unit velocity elds
de ned at the con guratiory, theangle between them given by the inner product

z

. 1
cosg = hu;vig = > )gq(b)(u;v)dnh (2.26)

(B
The geometrythis Riemannian metric imparted on the con guration sp@oeaptures
the unforced dynamics of the reference bdglyn the environmenX. The Levi-Civita

connectionN® of this metric measures thaccelerationof an extended body, alleviating

91t commutes with scaling, respects the triangle inequality, and is only zero when the velocity is zero.
More precisely, the kinetic energy is tequareof a norm onT Q.
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R
the issue raised in subsection 2.2.3. Minimizers of the functigridl gK(g;g)dt are

geodesics of this connection, and determine the analog of inertial trajectories of thB body
in X,as pathg: 1! Q satisfyingNSg = 0. Additionally, theangle measurevith respect
to this metric plays a pivotal role in the descriptioncoflisionsbetween extended objects
in the Lagrangian framework; see subsection 2.2.5 for a detailed discussion.

In a sense this metric captures t&sentially geometrieffects of the environmerX
on the dynamics of an extended bdglgvolving within it. However, the dynamics of many
interesting systems are dominatedfbyces originating both from self-interactions of the
microphysical components of the boéy and its reaction to xtures of the background

environment.

2.2.4 SmoothDynamics

While the previous subsections have built up the mathematical machinery requded to
scribethe possible states of an extended body in a curved background space, we now turn
our attention to the time evolution of such a system. Happily, the hard work is now behind
us, as the Lagrangidhformulation of classical mechanics comes well equipped to deal
with arbitrary con guration spaces and potential/kinetic energies. Indeed, we retuire

modi cationsto the standard theory, and as such we only brie y review it below [41].

The Lagrangian & Action

ThelagrangianL is a real valued function de ned on the tangent buntif@ to the con-
guration space of the system. For a classical system evolving under a collection of con-
servative forces, there is a canonical form for the Lagrangian in terms of the kinetic energy

K(g;g) and the net potentidd (g) = Vint(q) + Vext(q):

L (0;0) = K(g;a) V(q) (2.27)

20As well as the Hamiltonian formulation, though we do not pursue that here.

39



This produces the laws of physics through ginmciple of least actionTheactionis a
map assigning potential physical trajectories to real numbers by integrating the lagrangian
R
alongthemg7! S(g)= (L ds From this perspectiveNewton's Lawsbecome the state-
ment that the physically realized trajectories are stationary points of the action. Precisely,
such pathg satisfy
Z
do L ds=0; (2.28)
9
wheredg is the variation over all pathg: I ! Q with a xed choice of endpoints. After
xing a choice of coordinates fo), these trajectories satisfy an appropriate form of the

Euler-Lagrange equations

The Euler-Lagrange Equations

Given some initial conditions the time evolution of the system is given by solutions to the

Euler-Lagrange equations, but in practice characterizing these solutions, either analytically
or numerically, requires choosing some parameterization. Depending on the particulars of
the system in question, there are two natural approaches to coordinatization that may prove

useful. We discuss both below and give their corresponding Euler-Lagrange equations.

Putting Coordinates on  Q: The most familiar approach is to choose a coordinate sys-
temd' directly on the con guration spad®, and extend these to a set of coordingtésy')
on the tangent bundl& Q. Writing the Lagrangian as a function of these coordinates

L =L (qd;q), the Euler-Lagrange equations become

IL dfL

T dtfd (2:29)

While in general choosing such coordinates and re-writing the lagrangian may be dif-
cult (hence the alternative approach below), this approach proves most useful when the

constraints de ning the physically realizable con guration spcsigni cantly reduce its
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dimensionality. A productive source of such examples is the imposition of rigidity, which
cuts the often in nite-dimensional space of topological embeddings of an extended object
B down to a con guration space of dimension at most%iwhenB is connected ani is

3-dimensional.

Describing Q as a submanifold of Emb (B;X): There are a variety of factors that may

make choosing useful coordinates@Qmif cult in practice, including:

» The constraints produce a submanif@dvith rather intricate topology, precluding

it from being covered by any reasonably small number of coordinate charts.

» Usable coordinates are available @rbut it is dif cult to express the metric informa-

tion inherited fromX necessary to compute kinetic energy, and thus the Lagrangian.

In such cases, it is more effective to eschew coordinatizing the con guration §pdce
rectly, and rather work explicitly with the full space of embeddings, wi@rsits as a
submanifold satisfying pre-speci ed constraints. The advantages of this approach address

directly the dif culties above:

» Natural, oftentimes simple coordinates on embeddings can be constructed from a

choice of coordinates oX.

* Kinetic energy, and hence the Lagrangian are easily pulled back from their descrip-

tion on X to such coordinates on the space of embeddings.

In fact, when modeling a discrete object consisting pbints, which is the main object of
study in section 2.4, these coordinates identify EB)iX) with an open subset of full mea-
sure in the producX”, with kinetic energy the familia% &;mkvik%. The downside of this
approach is that the coordinates do not themselves parameterize the con guration space,

but instead a larger space including unphysical con gurations, which will never appear

21This is the maximal dimension of an isometry group for 3-dimensional Riemannian manifolds.
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amongst the solutions to the equations of motion. To account for this, the differential equa-
tions describing the time evolution of the system are modi ed, becomingdhstrained
Euler-Lagrange equations

Constraining dynamics to the submanifold of physically realizable con gurations is
achieved via Lagrange multipliers [41]. For concreteness, we denog& &ychoice of
coordinates on the space of embeddings (andde') the induced coordinates on its
tangent bundle). Then lét be a function on the space of embeddings cutting out the

con guration space as a level set. For expository clarity we takeo have co-domain

andQ to be its zero level set. Expressing the lagrandiate';e') and the constraints
f fm(e)g in terms of the coordinate system on the space of embeddings, the constrained

Euler Lagrange equations are

—— = J (2.30)
m

These equations, with theauxiliary variabled | ;g, are to be solved simultaneously with
the n constraintd fj(ei) = 0g. Since the constrainfsfy(e')g are only depending on the
e', we can make the observation that they correspond to holonomic constraints on the

Emb(B; X) where the submanifol@® represents the zero level set.

2.2.5 Collisions

A collisionis an interruption of smooth dynamics, when a solution to the laws of physics

reaches some impossible con guration. Collisions can occur in the self-interaction of a
single object (such as a piece of cloth folding back onto itself), or in the interaction between
two sub-systems (such as two balls colliding). An understanding of collisions at the level
required to simulate physical systems requires baflescriptionof when they occur and

a prescriptionof their immediate after effects, in language amenable to incorporation into

the Lagrangian formalism.
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A common source of collisions is the interaction between different moving objects in
a composite system. Because of this, we brie y discuss the creation of such composite
systems below. Strictly speaking, there is nothing new to add here, as we have been careful
throughout to never make any assumptions about the referenceByahd so this con-
struction applies equally well wheis connected or wheB is a disjoint union of distinct
bodies.

However, from a practical perspective, it is often much simpler to construct the con-
guration space of a system containing several mostly independent components by con-
structing each of their respective individual con guration systems, and then combining
them into a whole. Given a collectidB;g of reference bodies with con guration spaces
Qi and Lagrangiang ;, we construct the combined system preturbatively, starting with
the interaction-free dynami¢sand then incorporating interaction forces and intersection
constraints.

Sans interactions, the total con guration space is the Cartesian product of the individual
spaces);, and the Lagrangian is the sum of the individual Lagrangians. Interafciioes
are given by an additional potential, which does not factor trivially as a sum of potentials
on each of theQ;. Thus, such non-contact interactions (via gravity or electrostatics for
example) require no new theoretical machinery.

In contrast, direct physical contact between extended bodies requires a re nement of
both the collective con guration space and laws of dynamical evolution. We sallision
occurs when two of the bodies intersect non-trivially, and embeddings corresponding to
such intersecting con gurations are disallowed. Thus, the oveoallguration space Qs

a proper subset of the interaction-free con guration spfice

Q C)Qi =0

' (2.31)
L = é Li Vinteraction

[
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A more careful description of ho® sits within the interaction-free spa(‘:bis the rststep

to specifying the dynamics of collisions, and is given below.

Con guration Space Boundaries

To develop some intuition on the effects present by taking the con guration space of the
composite syster® as being a subset of the interaction-free con guration s@cme rst
consider some simple examples

The con guration space of a solid sphere of radiusan be parameterized by tracking
its center. For a system of two such spheres, the interaction-free con guration space is just
pairs of points in the environmeix, as shown in Figure 2.7. Of course, not all of these
are physically realizable, such as when the two cenigre are within a distance ofr2
of one another. In this situation, the spheres would be intersecting, which is an impossible
con guration for rigid balls. Thus, the true con guration spaeis the subset of the

interaction-free spao@ = X X consisting of pairs of points at distance at leasagart:

Q="f(xy;x2) 2 X X jdist(xs;x2) 2rg

This example illustrates a rather general situation: oftentimes the interaction-free con-
guration space@ of a composite system admits a functisn b R giving a signed
distancebetween objects in the composite system. That is, for a physical realizgitien
signed distance () represents either 1) the minimal distance between components of the
system, when all components are disjoint, or 2) negative the maximal overlap, when at least
two components intersect.

More abstractly, the functios on the interaction-free con guration spadewill be
called acollision detectoiif s maps inadmissible con gurations to negative numbers, and
admissable con gurations to positive ones. Therefore, the true con guration §pasdbe
set of admissable con gurations and its boundary, which representslifon condition

The boundaryQ is described by the zero preimagesof
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Figure 2.7: Con guration spad® of reference bod consisting of two geometric
spheres. The trajectogthroughQ is smooth until encountering bound&f®) given by

s = 0. The collision algorithm takes the inadmissible velo®i® T4 Q at the moment of
collision with boundary and replaces it with the admissible veloR(ty) 2 Tq1 Q.

n o]
Q= q2®js(@ ©
n o (2.32)

1Q= d28js(g)=0
We will restrict our attention to the case where zero is a regular valee 86 that the col-
lision condition determines a smooth codimension-one submanjf@ldf the interaction-
free spac@. In this situation, our con guration space ismooth manifold with boundary
where the interioQ corresponds to embeddings with admissible con gurations far away
from intersection and the boundafyfQ represents con gurationat the moment of inter-
section as shown in Figure 2.7. These boundary points have the peculiar property that only
certain velocities lead to physically possible trajectories.

We call a vectown based at a boundary poig2 1Q admissablef v is inward point-

ing, so the smooth dynamics ow along a path of non-intersecting con guration3.in
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Conversely, annadmissabldangent vector at a boundary pointaatward pointing and

smooth dynamics would lead immediately to intersecting con gurations, i.e. along a path
not contained iM). The appropriate replacement of smooth dynamics for paths with in-
admissable tangents corresponds to our second requirement to understand collisions, i.e. a

prescription of their immediate after effects.

Collision Dynamics

The non-smooth dynamics of collision interactions are insensitive to the aetusdof the
collision (whether it is a self-collision, or interaction between distinct bodies), so through-
out this section we proceed abstractly, denoting®@yf(Q) the con guration space of the
overall system.

Thedynamical lawof a collision is an extension of the smooth dynamics on the interior
of Q, which are prescribed by the Euler-Lagrange equations, to trajectories impacting the
boundaryfQ 22. Precisely, ifg is a solution of the smooth dynamics fol [a;b) but
g(b) = g2 YQ is a point in the boundary, the extended dynamics must prescribe how
to update the inadmissable tangent vecster g(b) with an admissable one, from which
smooth dynamics can take back over. From general considerations abaantivauity
of physical trajectoriés, the actual con guratiory is unchanged by this instantaneous
process, and so the resulting admissable velocity must also be bagedstractly then,
this update procedure takes the form of a map de ned on the tangent spaces of boundary
points, i.e.R: TgTQ! T4TQforg2 TQ.

Happily, there is a unique choice of collision dynamics given by an astonishingly beau-
tiful geometric principle:A collision satisfying the laws of physics is equivalent to its tra-
jectory in con guration space geometrically re ecting off the boundary, with respect to the

metric inducing kinetic energysee Appendix A for our argument for this principle.

22Not all con guration spaces with boundary require collision dynamics. This is only necessary when
trajectories of time evolution beginning in the interior@feach the boundary in nite time.

23That is, “solutions' to the problem of collisions that instantaneously teleport to colliding objects away
from one another to allow the continuation of smooth dynamics are unphysical.
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This principle provides an explicit extension of causal dynamics to include the case of
collisions. LetQ be the con guration space of a system of extended bodies, with boundary
1Q describing the con gurations which are involved in collisions. getla;b]! Q be a
path of physical realizations of an extended b8datisfying the Euler-Lagrange equations
on [a;b) but with g(b) 2 Q being a point of collision. Then aj= g(b), one can nd
the inward pointing unit normal vectar 2 T4Q to the boundanyfQ Q. If v= g(b)
is the velocity of the con guration at the point of collision, which is outward pointing
thus leading directly to inadmissable con guratiouss updated bye ection at 1Q to an

inward pointing vector allowing smooth dynamics to continue

R(v)=v 2hvnign (2.33)

wheren is the normal vector of the boundafyQ at g(b). If Q is a level set of some
functions : Q! R, thenn can be computed by taking suitable normalization of the the

gradient ofs atq

h/NSqu

R(v)= v 2kN 2

(2.34)

where the gradient is taken with respect to the kinetic energy metric of the system.

2.3 Heuristics of Modeling Discrete Systems

As we transition from abstraction to implementation, we rst highlight some high level

heuristic considerations for simulating discrete systems. This involves both choices in how
the system is discretized as well as various options on how to model certain behaviors.
Our goal in this section is to present situations where choices need to be made regarding
the discretization of the system being modelled and discuss the choices we made in our

investigate.
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The dynamics of extended continuous bodies while important in simulating real-world
systems can be challenging to implement in a computational environment. Discretiza-
tion is an important tool even when considering continuous model since to evaluate the
surface/volume integrals on a computer requires discretization. However, an alternative
approach common in the computational dynamics community is to discretize the contin-
uous body into something like a ball and spring network [42, 4, 5, 43, 7]. This coarse
graining of the continuous system, as shown in Figure 2.8 allows for the total body dy-
namics to be simulated as a type of molecular dynamics system of coupled point masses.
This simpli es the dynamics from being described by PDEs to a system of coupled ODEs
which can be evaluated by one of the numerous numerical schemes that exist [44]. The
computational ef ciency of solving the system of coupled ODEs is largely dependent on
the coarseness of the discrete network representing the system. Therefore, it is ideal to nd
a balance between using the simplest network, i.e. one with minimal points, while still
recovering the dynamics of the physical system being modelled by the discrete network.
Real world systems usual can involve a combination of rigidity constraints and internal
dynamics and thus discrete models will need to address all these concerns simultaneously
in general. With this in mind, some of the springs in the ball and spring network may be
thought of as being replaced by rigid length constraints. Most systems are also not isolated
and thus beyond modelling the discrete system itself, one needs to consider how to mediate
interactions within the system as well as with its environment, i.e. collision dynamics.

Therefore, recognizing how best to abstract the dynamics of interest into a discrete net-
work helps improve the computational ef ciency and accuracy of simulating the desired
dynamical system. For simplicity, we will consider these three cases, i.e. internal poten-
tials, rigidity constraints, and collision interactions, separately to discuss factors to consider
in each. We also, highlight these three particular properties of physical system since we
consider them to be fundamental aspects of any dynamics solver to evolve the dynamics of

physical systems regardless of if they are in at space or curved space.
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Figure 2.8: Simpli ed representation of ball and spring network used to approximate
continuous extended body.

2.3.1 ModelingDiscreteSystemsSubjectto SomelnternalPotential

The presence of an internal coupling potential allows us to reproduce the body's response to
perturbation. Here we are interested in the passive deformation of the system in response
to some perturbation, such as the wiggling that results from poking a Jello cube or the
bending of a sheet of rubber. This is in contrast to active deformations which are directed
by the system, such as sh moving their body to swim, which we consider in chapter 3 and
chapter 4. In general, passive deformations can be modelled by some potential energy
function, however this can involve dif cult to derive and/or computationally expensive
guantities. If the form of such a potential is known for the discrete system it can be included
into the dynamics given the framework of the dynamics solver.

However, as discussed above, a common approach to modelling extended body systems
that are able to possess internal dynamics, i.e. passively deform, is via a ball and spring
network. A coarse example of such a 2-dimensional network is shown in Figure 2.8. Here
the internal potential between the discrete components of the system takes the form of a
harmonic potential. Note that while we are modelling the coupling potential via springs,

there are no physical springs present in the model as they are just physical proxy to visualize
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the coupling potential.

The coupling potential is typically taken to be Hookean, thus there is a linear relation-
ship between the restoring foréeand the displacememx given byF =  kDx wherek
is the spring stiffness. This pairwise coupling between the point masses can be modelled

through describing the internal coupling potential via

V(ai;qj) = g(diSt(Qi;QJ) lres)? (2.35)

for each spring in the network where digtq;) is the distance function of the ambient
spacek is the stiffness of the spring, angs is the length of spring when no stress is
present. While having an analytical distance function simpli es the calculation of the po-
tential, numerical approximations, such as precalculated look-up tables, can be used for
generic curved spaces.

An important caveat of using the ball and spring network approach when discretizing an
extended body concerns making sure the model is resolving the right length scale behavior
as well as taking into account the degree of coupling between nodes of the network. The
issue of resolution can be thought of in terms of how coarse of the discretization of the body
is in compared to the desired response being simulated. Perturbations at a smaller length
scale than the discretized network will not be recovered so a more re ned discretization
may be needed. Additionally, considering coupling between non-nearest neighbor nodes
can potentially allow for better approximations of bending or twisting deformations of
the body. However additional nodes and springs in the network can quickly increase the
computation time for each time step of the dynamics as well as introduce the possibilities of
the system accumulating unphysical high frequency oscillations in the network. Therefore,
one needs to nd a balance between the resolution of the network modelling the system
and the computation time of the dynamics solver. We say the high frequency oscillations
are unphysical because in real systems there would be some dissipation of energy due

to physical processes of the body, usually in the form of heat. Thus, one can minimize
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the accumulation of this unphysical oscillations via including some dampening into their
system. Our dynamics solver does not include any such dampening, since we have only
been considering conservative forces and potentials, however we note the potential need of

dampening for readers who may be interested in modelling systems with re ned networks.

2.3.2 ModelingDiscreteRigid System

For the case of a discrete rigid body, we can still model our extended body via a ball
and spring network, however now the spring coupling potential between nodes is replaced
by holonomic distance constraints. In terms of thinking of the springs as proxies for the
harmonic coupling potential, we can think of the rigidity constraints as being rigid rods
connecting pairs of nod&s From this perspective, the discrete network can be thought
of as modelling the system as a rigid frame since our rigidity constraints only consider
distance between nodes.

In Euclidean space, we are familiar with associating a rigid frame with a rigid continu-
ous object. For example, consider a simple triangle network consisting of three nodes and
thus three pairwise rigidity constraints. Any rigid deformafidaf our triangle system will
satisfy the constraints. By construction, we can also say that the rigid deformation also
preserves the distance between a node of the triangle and any interior point if we consider
the triangle frame to be modelling a solid 2-dimensional triangle. If we now evolved our
triangle network via some arbitrary dynamical path, we would like to determine if it still
can be thought of as modelling a solid 2-dimensional triangle. In euclidean space, the an-
swer is yes because we are able to characterize any dynamically evolution as a sequence
of rigid deformations. However, in generic curved spaces which may lack rigid deforma-
tions, i.e. isometries, we cannot make this same argument. This relates to the discussion in

subsection 2.1.2 in which the local effects of the curvature on the general dynamics of each

24pgain, there are no physical rigid rods in the discretized system, they are considered to visually represent
the rigidity constraints.

25Here we are referring to rigid deformations of the system as characterizing some isometry transformation
of the system.
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constitute can deform components of the body not subject to explicit rigidity constraints.
Thus, in some generic curved space the triangle body cannot be thought of as representing
a rigid solid triangle rather it is only con rmed to be a rigid triangle frame due to the three
pairwise rigidity constraints.

Therefore, for a discrete rigid system in a generic curved space, we can only consider
its rigidity in terms of a pairwise framework. Thus, to approximate a solid body would
require increasing the re nement of the discrete network used to model our system. As
with the case of the spring network, increasing the re nement can quickly increase the
complexity of the discrete system and thus the computation required for each time step
of the simulation of the dynamics. Again, a balance between re nement and computation
speed needs to be determined when simulating the dynamics of system being modelled.

From this discussion, we hoped to highlight the importance of making sure the dis-
cretization correctly models the desired physical system. Of course, this is based on our
decision to de ne rigidity pairwise between points of our system. Thus, in our framework
the discrete system can only be said to be rigid pairwise between the balls characterizing
the discrete mass distribution of the discrete mass and rigid rod network describing the ex-
tended body system. We return to this idea in section 2.8 where we consider the dynamics

of a rigid body in a space lacking some rigid deformations.

2.3.3 Modelling DiscreteCollision Interactions

Physical systems are rarely isolated and thus it is important to understand how the com-
ponents within a single body and between multiple bodies interact with each other via
collisions. Abstractly, our discrete bodies are represented by a collection of point masses
which may be subject to constraints or potentials, as considered in the previous subsec-
tions, through the con guration space mapping to the ambient curved 3padéile we
considered springs and rigid rods as visual proxies for our internal potentials and rigidity

constraints, respectively, the only physical components of our discrete system correspond
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to point masses making up our ball and spring (or rigid rod) network. Therefore, once an
object is mapped t&X we will consider any collision interaction as being mediated by in-
teractions of the discrete point masses. We model this interaction as a local collision event
between hard spheres.

We take the point masses as being represented as tiny geometric spheres since mathe-
matically a point is a 0-dimensional object. This gives them some physical extent which
more physically describes their dynamics as constitutive components of the extended body.
The radius of these spheres will be determined by the system in question, particularly in
regards to the length scale being investigated. We take the hard spheres, which are centered
at the point masses, to interact with each other completely elastically. This collision inter-
action corresponds with the non-intersection condition discussed in subsection 2.2.5 and
thus is quanti ed by the collision detector functisn There are many collision detection
algorithms which have shown to be effective in simulations of at space, such as I-Collide
[45], CinDer [46], V-Clip [47], and variations of distance routines developed by Gilbert,
Johnson and Keerthi (GJK methods) [48, 49]. However, we elect to employ a pair-wise
distance evaluation between all vertices in the simulation since it only relies on de ning
a distance function of the ambient space and does not rely on more complex structures to
describe the extended body. Representing the point masses as hard spheres is advantageous
in that they are rotationally symmetric and can be completely characterized through the
distance function oiX thus allowing straightforward evaluation ®fin any generic curved
space with a distance function. Also, by treating the vertices of the discrete body as hard
spheres, the collisions interaction has a straightforward implementation via the re ection
rule given by Equation 2.34. While computationally expensive, evaluatipgirwise be-
tween all point masses in the simulation additionally allows for the dynamics solver to
handle collisions between distinct bodies as well as different sections of the same body.

The method we present above and implement in the dynamics solver is but one choice

of how to handle interactions between colliding objects. While we have encoded a colli-
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sion event via a non-intersection condition, it is also common in small scale many-body
simulations to consider collisions as being mediated by some pairwise interaction poten-
tial that is sharply peaked when the relative distance between two bodies gets small. A
standard example of such a potential is the Leonard-Jones potential [50, 51] where the in-
teraction force from the negative gradient of the potential is very small when bodies are far
apart but becomes very large as the distance between them gets small. While this potential
approach to collisions is convenient in that it allows the collision dynamics to be directly
represented in the Euler-Lagrange equations for the system, it can be a rather coarse approx-
imation of the non-intersection condition. Hence utilizing our re ection rule for collision
dynamics allows us to more accurately model the contact interaction associated with the
non-intersection condition of colliding rigid objects.

We conclude this section by taking a step back to address some subtleties in treating
collisions via a re ection rule at the boundary of con guration space. We constructed the
re ection rule in Equation 2.34 through use of the kinetic energy metriQoiVhile this
may be considered through symmetry considerations, an additional assumption must be
made about the dynamics at the bound@&@/to ensure the kinetic energy metric is de ned
on the boundary. One such physically motivated assumption is that the boundary represents
the interaction potentials in the limit of in nite steepness. From this perspective, it seems
reasonable to consider in such a limit that the kinetic energy can be de ned at the boundary

and thus for the re ection rule to be valid.

2.4 Discretization & Simulation

The general framework developed over the previous sections applies to a wide variety of
physical systems, both continuous and discrete. While both present interesting challenges
from a theoretical perspective, the goal of writing a dynamics solver draws our interest
in the latter half of this chapter especially towards discrete systems with nitely many

components. While the heuristics in the previous section provided insight into certain
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consideration to be taken into account when discretizing a physical system, we aim to
provide a discretization of the general framework outlined in section 2.2. The goal of this

section is to present the process of setting up the discretization of the simulation which
can be broken into three main consideration: the environment, single object systems, and

multiple object systems.

2.4.1 TheEnvironment

The choice of environment is independent of the particular system to be simulated. Fix
a smooth manifoldX, and choicé® of coordinatesd, which induce coordinate&d;x?)

on the tangent bundl€ X. Fix a Riemannian metrig, described in these coordinates as
g0 = &pcOhc(¥®) dX°  dx¢ on X, and a scalar functio¥en(x?). These fully determine

the ambient environment in which our discrete body will live out its simulated life.

2.4.2 Individual Objects

In the previous section, we presented the discretization of the system as a network of point
masses which once embeddedirs subject to some rigidity constraints and/or potentials.
Moving forward, we will consider the abstract syst@&as consisting of a nite point set
possessing some physical data, such as a discrete mass density, as functions on this point
set. Once embedded X through the mapping provided by the con guration sp&Xe

the constraints and any relevant potential will be imposed on the embedded system. This
process will be taken to be informed by the heuristics to ensure that the discrete system
approximates the desired system and can resolve the dynamics at the appropriate length

scale.

26Here we assume for simplicity that a single coordinate chart covers ¥llmire generally you work in
each coordinate chart individually, transitioning between them on overlaps.
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Build the Space of Embeddings

Let B be nite point set representing the geometry of the discretized system of interest.
Writing jBj for the number of vertices (the abstract pointsByf a choice of coordinates
onBis given by xing a label for each elemer,= f by;by;:::bgg. An embedding o8

into X is given by specifying a distinct point X for each vertex. This provides a natural
set of coordinates on En(B; X) induced from the coordinate$ on X, assigning to each

g: B! Xitsimage

q7! qby);a(be);z:albg) = (OG0 X)) (2.36)

a shorthand fo(x%;::: ;xjaBj). The set of all such points forms the cartesian product space
XIBl which we take as the space of embedd¥iga mass density on the nite s&= fb;g

of point masses is a sum of Dirac measures. We record this data (and the analogous data

m. when convenient.

Energy and the Lagrangian

The environmental potentialeny on X induces a potential oX!B, which in these co-
ordinates decomposes as a sé@imVen(X?). This environmental potential may be supple-
mented bynternal potentialgle ned as follows. Let the notatiorﬁ denote the set of ait+
element subsets &. This is the familiar expression for binomial coef cients, but with the
top input representing the set we are choosing from. For eacl ipaljg 2 B we may
choose a potentidfij: X X! R depending on the relative position;%andx‘]?‘ of these

particles, and then form the total internal potential as their élﬁf}"(g)vij (xia;xj?‘). A typi-

2’Mathematically inclined readers may note that this space includes things sghpas:; p) where
distinct points of the discretization coincide ¥» Thus X/® is more properly the space ahmersions
though the measure zero difference between these two will not concern us in practice.
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cal choice may be to x a general form (such as the harmonic potevfigl distx (x?; x)2
as discussed in section 2.3), and apply uniformly acréssto all pairs of vertices. One
may also want to apply it to only a speci ¢ subset by setting the potential between all other

pairs to zero. The overall potential @8 is the sum of these components

Vo = @ Ve @ Vi) (2.37)
i2B i12(5)

A general potential may be an arbitrary real-valued function of the vertices, and so may
include sums over arbitrary subset spac%s An example may be an internal force on a
3-dimensional object whose potential depends on the volume of various cells de ned by
the points of the discretization. Such a potential may contain tern% ifor tetrahedra, or

g for cubes. This adds no additional dif culty to the setup beyond replacing the second
term in Equation 2.37 witl; g; éaz(E) Va (X5 100%5).
The Riemannian metrig on X induces a kinetic energy for each vertéxof B given

by K; = %mi ApcObc(®) dX¥  dx¢. All together, these energies induce a Riemannian metric

K on X/Bi

hiig= 8 & Tobfdf of (2.39)
I bc

This metric induces a norm on the tangent bundle, whose square computes the kinetic
energy of a tangent vectaf to the con guration represented b§. With a slight abuse of

notation, we also denote this norm Ky

KOEE) = b

.o m (2.39)
=88 - o) XX
i bc

Using Equation 2.37 and Equation 2.39, we can write down the full (unconstrained) La-

grangian for the system, in the coordinatg’ x) on the tangent bundle /Bl
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L oxig =Kogg V¢ (2.40)
Constraints

The reference bod may be subject to a number of constraints. These (holonomic) con-
straints are expressed as a function of the embedding coordbxjatéshe points ofB,
altogether forming a list d¥ functionsf f1(>g?); o fm(xj‘); A (V) (fo'j‘)g describing the con-
guration spaceQ as their common zero-level set
n 0

Q= X2 X | ()= 0 (2.41)
These constraints can come from a variety of physical sources which include: xing vol-
umes (Equation 2.13) or distances (Equation 2.16), xing certain angles between geodesics
connecting pairs of vertices, and combinations thereof. While the constraints imposed on
a given model system can come from a variety of physical considerations, once the con-
strained space has been constructed the laws of motion are completely determined by the

general theory, as below.

Dynamics

If the system being modeled is subject to no geometric constraints, the standard Euler
Lagrange equations (Equation 2.29) on the con guration sgiace XI8 determine the
time evolution of the system. This is a systen{@imX) j Bj many coupled second order

differential equations,
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Cat oo 1 oge)

dt  x® @

(2.42)

However, in the presence of constraint functiohs:::; fu): X/B'1 R, the constrained
trajectory is speci ed via the method of Lagrange multipliers (Equation 2.30). This aug-
ments the system ¢flimX) j Bj second order differential equations with a systenviof

additional equations and additional variables (the Lagrange multipligrs),

8 9
%E“L (60 ML 09X)_ gy, Tl g
at e - P
m(X) (2.43)
a2fl;::;;dimXg
12f1;:::;)Bjg
m2f1;:::;Mg

2.4.3 Multiple Objects

Build System-Wide Con guration Space

discretized bodies making up the total system. For é&achB , we build the above con-
guration spaceQ-  XI/Bl and dynamics controlled by the Lagranglanand constraints
F describingQ-. In coordinates, the vertices & are speci ed by(x?)-. To slow the

ever-growing collection of abstract indices, for each xed objgctve abbreviate the co-
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ordinates ay- = (%), and write the entire s¢y,;:::y ) again with a vectorized subscript:

= ) 0L (2.44)

Compute System-Wide Lagrangian

On the product)- Q, the individual Kinetic energies of each object (Equation 2.38 and

Equation 2.39) combine to give a Riemannian merigy-)

h;iy=ah;iy
o m (2.45)
=8 & & 5 ol d¥
ij Bjbc

As done previously, we writE (v.; W) := kv~k>2,* for the norm-square calculating the actual
kinetic energy.

The individual potential energids of each object contribute to the total potenia)
but are supplemented by interaction teivizg, for each pair of objecté/m; yn). Commonly
these inter-object interactions further factorize as some common general form (such as the

1=r potential for gravitation or electrostatics) applied to pairs of vertic&in By, though

this is not a necessary condition. In total, the system-wide potential energy is then

Voye = @ V() + @ Vinn(Ymi ) (2.46)

mn
The total Lagrangiah controlling the smooth evolution of the system is then given by
the difference betweeld andV , which we see to be simply the sums of the Lagrangians

of each individual object minus the interaction potentials
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L oysye =K ygye V ow

(2.47)

aL (v:y) @ Vinlymiyn)

mn

Compute Collision Constraints

To implement collision dynamics, a collision detector funcsode ning the non-intersection
condition on the combined con gurations spa®eQ- is needed. The details of this func-

tion depends on the precise discretized systems involved, but may involve components
checking for intersections of pairs of objects, or self-intersections of a single deformable
object.

When the points of eadB represent the vertices of a discrete body, a natural collision
detector function is given by the signed distance between convex hulls. Because the choice
of such a function is wholly dependent on how the system was discretized, we must leave it
abstract here. Precisely, let Body be the function taking a nite point sEttmthe subset

of X that this discretization represents, and demnéy

s (y~) = min distx(Body(ym); Body(yn)) (2.48)

where disk is the extension of the Riemannian distance functioX émthe signed distance

between subsets &T X given by

) _ distx(sit) st2S\' T
distx(S;T) = inf (2.49)
t522$} distx(s;t)  otherwise
Here we note that this description of collisions is not restricted to disjoint object interac-
tions. Given that our collision algorithm (subsection 2.2.5) is based on interactions between

vertices, it can handle collisions between disjoint objects as well as self-interactions within

a single extended object equally well. This allows the freedom to choose when to include
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self-interactions depending on the system being simulated.

As discussed in subsection 2.2.5, the collision algorithm models each vertex as a rigid
sphere. Since the "surface" of these spheres is not physical, the only quantities to track are
their centers® and their radir;. The function Body assigns each center point to the sphere
it represents, and the non-intersection condition for some collection of vertices is given via

the collision detector as

s() = n|1|1n distc O x¥)  (ri+rj)

Givens expressed in the coordinatgsof Q- XIB'I for each object, we compute the true

con guration space of the system as

Q= y.js(y) O

Q= y.js(y)=0

(2.50)

Implement Dynamics

At points in the interior of the resulting con guration spaQedynamics are controlled by

the appropriate Euler Lagrange equations for the lagrangian in Equation 2.47. When there
is no interaction between the individual bodies, the evolution of this combined system is
precisely equivalent to evolving each of the individual subsystems in parallel using either
Equation 2.29 (for unconstrained systems) or Equation 2.30 (for systems with constraints).
When the individual systems have pairwise interactions, the overall Lagrangian of the com-
bined system is modi ed as in Equation 2.47. This modi es the Euler Lagrange equations
by requiring for each degree of freedog¢hthat we also consider the interaction potentials

V - modeling interactions with th&" body, asx? describes a portion of the position of

one vertex of this body. Written out explicitly in terms of the Lagrangiansof each

subsystem and the interaction potentMls, the unconstrained Euler Lagrange equations
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becomes

Catiogd) ILogod) |, TneEeR)

dt 1 e naL ¢ (2.51)

A similar modi cation is required for the constrained Euler Lagrange equations

d TL-CEE)  TL-08¢) ﬂVn*(@;@_ol T fm (2)
at N 1@ a7 CaimTye

NN/ C©

(2.52)

VW AW 00
= W

fm(xﬁ): 0

To implement collision dynamics at the points¥®, we compute the normal vector
eld given by Ns at pointsy. of the boundary, and re ect outward pointing tangent vectors
y. on Q via the update rule of Equation 2.34 so that smooth evolution may continue.

hye; Ns (y)iy.

! ~ A :
Yo 7ly. 2 Wi (yk)ki Ns (y~) (2.53)

2.5 Implementation

With the equations of motion determined for our discretized system, we now need to dis-
cretize the Euler-Lagrange equations of motion for the system so that they can be solved
numerically. While there are a wide variety of numerical schemes to solve systems of
ODEs, not all schemes are built equal. Properties like numerical stability and the order of
local and global error play a part in determining the effectiveness of a numerical scheme to

accurately generate the solution to the differential equation. With this in mind, we utilize
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implicit numerical schemes which provide improved stability and accuracy compared to
explicit methods at the cost of additional computations.

Additionally, we would like the numerical solution to preserve physically relevant quan-
tities, such as energy, and properties, such as time reversibility. Therefore, we will restrict
our implementations of the unconstrained dynamics to numerical schemes that are sym-
plectic, i.e. preserves energy and is time reversible. There are many options of implicit
symplectic numerical schemes, however we use the Gauss collocation scheme [44]. When
the Euler-Lagrange equations are subject to constraints, the constraints represent additional
algebraic equations characterizing the dynamics. This situation represents what is known
as a differential algebraic equations (DAE) problem. For such constrained systems we
use a RadaullA numerical scheme, similar to the commonly used RADAUS method in the
DAE community, which while not symplectic ensures that the constraints are satis ed at
all points along the solution trajectory [52, 53].

Regardless if the system is constrained or not, the beginning of each time step includes
an evaluation of the collision detection functisrto determine if a collision has occurred
as a result of the dynamics update from the previous time step. In the remainder of this
section we will consider in more detail the implementation of the constrained and uncon-
strained dynamics as well as how collision dynamics are checked for and subsequently

implemented.

2.5.1 Collision Dynamics

At the beginning of each time step, the collision detection funcios evaluated pairwise
between all vertices of the discrete systens If O for a pair of vertices then the collision
dynamics is initiated. We note that while the subject of handling multibody collisions is an
important topic of research in the computational dynamics community, we are restricting
our current discussion to the simple case of two vertices colliding. Realizing multibody

collisions will be considered in future iterations of the dynamics solver.
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When a collision event occurs, it is extremely unlikely that the equality O will
correspond exactly with one of the discrete time steps of the simulation. In practice, this
means that a collision event will be identi ed via a violation of the non-intersection condi-
tion, i.e.s < 0. This prevents us from immediately applying the re ection protocol since
it is de ned at the boundary of the con guration space of the sysfgpi.e. whens = 0.

We address this issue in a two step process. Firstly, we specify a small tolerance parameter
ds such that ifs < ds then we say the con guration is "close enough"{i@ to apply

the collision re ection rule. If the violation of the non-intersection condition is outside the
tolerance, then we reevaluate the previous time step by iteratively recalculating the time
step with smaller and smaller step sizk® such thatt’< dt wheredst is the user speci ed

time step size. This process is done for a set number of iterations or until the vadue of

is within the tolerance. At which point the re ection rule is applied to the con guration

at the more accurate time step corresponding to the collision. The results of the re ection
rule are then used as the initial conditions for evaluating the dynamics using the remaining
portion of original time step with step sizh%% dt  dt® This method provides a means to
more accurately determine when the collision occurs so that the re ection rule can be used
appropriately. In future work, we plan to consider more ef cient methods to determine the

moment of collision along the solution trajectory of the system.

2.5.2 UnconstrainedndConstrainedynamics

With collision events handled, the dynamics of the system at the next time step are deter-
mined. As aforementioned, the method used will depend on if the system represents an
unconstrained or a constrained system.

Unconstrained System

For unconstrained systems, the dynamics is not restricted to a submanifgldiasome

constraint and thus we only need to address the inclusion of some potential acting on the
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system. The lack of constraints allows more exibility in what numerical schemes can be
used. Motivated by the fact that the simulated systems are based on physical system, we
employ symplectic numerical integration schemes, speci cally Gauss collocation schemes.
Given that Gauss collocation is an implicit multi-stage Runge-Kutta method, we can in-
crease its accuracy by including additional intermediate stages in a given time step [44].
Particularly, we include the option for the user to utilize a 1-stage, 2-stage, and 3-stage ver-
sion of the Gauss collocation scheme. This allows for the user to balance the computational
time needed to evolve the system with the desired level of accuracy. When solving for the
dynamics in curved space additional accuracy can be important in the delity of the dynam-
ics for extended simulation times. This is particularly important if the parameterization of
the curved space involves fast growing functions, such as exponentials, which will result in
expedited accumulation of numerical error [54]. The size of the discrete timelsspo

in uences the accuracy of the solution. The local error of the Gauss collocation methods
behave likeO(dt?®) wheres represents the number of intermediate stages in a single time
step [44]. See section 2.7 for a more in depth error analysis comparing numerical schemes

with different number of intermediate stages and step size selections.

Constrained System

For constrained systems, the dynamics are constrained to a submanif@ldiaathe ad-

dition of a set of holonomic constraintdi(g) = 0g. We chose these constraints from a
physically relevant perspective since it is one of the key dynamics features the solver is
designed to model, i.e. rigid body dynamics. Our rigidity constraints take the form of dis-
tance constraints between pairs of vertices. These length constraints are characterized by

the distance function on the ambient spXcand is given by

flengtr(Gi; @) = dist(qi;dj)  Ifixea= O (2.54)
where dis{q;; g;) is the distance function of the ambient spacand|ixeq is the set dis-
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tance between the vertices. Depending on the system, it may be advantageous to recast the
constraint agdist(q; qj))2 I%ixed = 0 which may be numerically easier to manipulate and
evaluate.

As discussed in section 2.4, constraints are imposed through the use of Lagrange multi-
pliers. When systems with holonomic constraints are solved analytically, only the algebraic
constraint equationsf(g) = Og need to be considered, however this can be problematic
when numerically evolving the system. The dynamics ideally should be constrained to the
submanifold ofQ where the constraints are satis ed, but due to the numerical approxima-
tions the solution trajectory will begin to drift off of the submanifold.

In the DAE literature, this problem can be addressed by including additional constraints
that ensure the velocity of the solution trajectory is tangent to the constraint manifold [55,
56, 53]. Lettingg = [ f1(6)::: fm(€)]" = O represent the constraint manifold@) then this
additional constraint takes the formgf G(g) q= 0whereG(g) is the jacobian of. This
is equivalent to taking the time derivative of the constrgint 0. Similarly, an additional
constraint can be placed on the acceleration of the system via including the second time
derivative of the constrairg = 0.

Following the work presented by Schweizer and Li [53], we employ a RadaullA numer-
ical scheme such that the constraints are satis ed at each point along the solution trajectory.
Their method exploits the relationship between the structure of the discrete system of equa-
tions being solved and the number of intermediate stages in the RadaullA scheme. Specif-
ically, if we set one lagrange multiplier for each expressiog s O and its derivatives
g=0 and/oré = 0), then we can include the velocity constraint with a 2-stage RadaullA
scheme while we can include constraints on the velocity and acceleration with a 3-stage
RadaullA scheme. This relationship between the number of stages and which time deriva-
tive of the constraints are considered is important to ensure the jacobian corresponds with
a square matrix. With the jacobian given by a square matrix we can determine its inverse

which is needed since we are solving the discrete equations of motion through a Newton
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root solving method. Therefore, the solution is more closely constrained to the submanifold
corresponding to thg = 0 in Q for both methods. This is due to the 2-stage method addi-
tionally constraining the dynamics to the tangent bundle of the constraint submanifold and
the 3-stage method constraining the dynamics to both the tangent bundle and the tangent

tangent bundle of the constraint manifold.

2.6 Example Geometries

With the generic numerical implementation of the dynamics solver discussed, we consider
the necessary inputs that must be provided to the dynamics solver by the user. Fundamen-
tally, this can be broken into two key elements: the geometry information of the ambient
space and the system being simulated. Here we present a selection of canonical curved ge-
ometries with the necessary components required to simulate the trio of key feature for an
effective general purpose dynamics solvers highlighted in section 2.5, i.e. internal dynam-
ics, rigid body dynamics, and collision dynamics. We discuss simple test bodies that can
be implemented in the constant curvature spaces in section 2.7 which we use to validate the
results of the solver in section 2.7 and explore interesting features of some of the following

curved spaces in section 2.8.

2.6.1 Geometries

While our dynamics solver is designed to be compatible with arbitrary geometries, there
are some key pieces of information that must be provided by the user in regards to the
particular the ambient space being simulated. Firstly, the geometry of the ambient space is
provided via the metric tensgr However, the explicit form of}, i.e. one used for perform-

ing explicit computations, relies on some coordinate system to parameterize the ambient
space. Once a parameterization is selected, it can then be used to explicitly describe any
external and/or internal potentials as well as body constraints present. Ideally, the ana-

lytical expression for the potentials and constraints are provided by the user so it can be
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incorporated into the equations of motion for the system. For distance dependent mechan-
ics, such as spring potentials and rigid rod constraints, a method of determining distance
in the space needs to be provided by the user. Ideally, this would be an analytic distance
function, but as aforementioned most generic curved spaces do not possess such a function,
so adjustment might need to be made when utilizing other methods, such as precalculated
lookup tables. With the user providing the parameterization of the space, metric tensor
represented in those coordinates, and distance function (if needed), the implementation of
other relevant quantities can be derived, such as the norm of a vector, Christoffel symbols,
and the gradient.

We highlight some fundamental examples of curved geometries which we use in sim-
ulations discussed in the remaining sections of this chapter. These geometries are chosen
because they all possess analytical distance functions as well as interesting curvature prop-
erties that effect the system dynamics in varying ways. In particular, the constant curvature
spaces are simple enough such that the dynamics for some simple systems can be de-
termined analytically. This allows us to evaluate the accuracy of the dynamics solver to

generate the correct dynamics of such systems which we discuss in section 2.7.

Constant Curvature Geometries

As discussed in subsection 2.1.2, the curvature of a space is represented by its Riemann
curvature tensor. We highlighted three particular varieties of spaces which possess con-
stant sectional curvature, which we refer to as ¢bhastant curvature spaced hese in-

clude spaces with constant positive curvat{ite> 0) referred to as possessing spherical
geometry, spaces with constant zero curvafre 0) referred to as possessing Euclidean

( at) geometry, and spaces constant negative curvaikire 0) referred to as possessing
hyperbolic geometry. Canonical examples of these n-dimensional spaces correspbnd to
with K = 1, E" with K = 0, andH" with K = 1, which we brie y discussed in subsec-

tion 2.1.2. We focus on the 3-dimensional versions of each space for our simulations where
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Figure 2.9: Visual representation of the embedding surfaces upon which our
parameterization characterize the 2-dimensional verions of the constant curvature
geometries: spherical geome®¥in Figure 2.12a, euclidean geomeEy in
Figure 2.12b, and hyperbolic geometty in Figure 2.9c.
we use isotropic parameterizations to remove any directional bias from coordinate choice.

The embedding surfaces of 2-dimensional versions of the constant curvature geometries

are shown in Figure 2.9.

Euclidean Geometry ES:

The most familiar constant curvature space is the 3-dimensional euclidean geometry
we experience in everyday life. More formally, it is a 3-dimensional vector spaBe in
with a dot product given by the standard dot product at each point. A standard isotropic

parameterization dE2 is spherical coordinates given by

X= a sinb cosg
y = a sinb sing

Z= acosh

In this coordinate system, the metric is given as
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0 1
10 0

gEg(a;b;g)=<%o az 0 E (2.55)
0 0 aZsirfb

For this metric, the Christoffel symbo@; characterizing the Levi Civita connection cor-

respond to

0 1
0O O 0
Gr=B0 a 0 g
0 O a sir‘b

I
@mo@jﬂmo
o 9 O
o O 9
o O

00D

sinb cosh
1
1
0 0 3
C%r= 0 0 cotb§
1 cotb O

wheren andr are indices that take valuesfia; b;gg which identi es the corresponding
component in the matrix. For examp[é;b = la. The gradient of some functiohin this

parameterization is given by

1
azsinzbg

The distance function i3 is given by the 3-dimensional version of the Pythagorean

~ 1

Theorem in Cartesian coordinates via (listq;) = P (X2 x)2+(y2 Y)2+(z2 z)2

Thus in spherical coordinates, the distance function between two points becomes
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dist (qi;q;) = (a2+ a? 2ajaj(cosbjcosb;
(2.56)

+cogg gj)sinbjsinb;))

Due to the familiarity of dynamics in at space, simulating test systems in this geometry
acts as a sanity check for the dynamics solver.
Spherical Geometry S

To build intuition for this space, let us consider the lower dimensional ve&ioffhis
2-dimensional space can be thought of as corresponding to the surface of the unit sphere
embedded irR® as shown in Figure 2.12a. The surface of the unit sphere can be parame-

terized byf a;bg which in the embedding space coordindtgsy;, zg would give

X = sina cosb
y = sina sinb

Z= COsa

By writing the basis vectors fdra ;b gin terms of the basis vectors bX; y; zg, we can use
the inner product of the embedding space to calculate the metric on the surface of the unit

sphere in our parameterization. ket fXx;y; zg then

N Tat n A A
€= - _ = cosa coshé + cosa sinb sina
TR Y & & &
&= 5" - sinbéc+ coshd,+ 0,
1 Mo ¥]

wherejj jj is the Euclidean norm in the embedding space. This provides a straightforward

method to compute the metric in tha; b g basis via
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0 1 O 1

8 Br By 6 1 0
CTOEE . R K (2.57)
& & & § 0 sirfa

where is the Euclidean inner product on the embedding space.
Returning toS3, we can construct a similar parameterization, but this tim@4nOur
parameterizatioha ;b ; gg of S° in terms of the embedding space coordindtey, z, wg is

given by

X = sina sinb cosg
y = sina sinb sing
z= sina cosb

W= COSa

Using this parameterization, the metric is given by

0 1

1 0 0
g5(a;b;g) = %o sirta 0 g (2.58)

0 0 sirfasirb

For this metric, the Christoffel symbo@; characterizing the Levi Civita connection cor-

respond to
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0 1
0 0 0
G = %)0 sina cosa 0 g
0 0 sina cosa siréb
0 1
0 cota 0
Gﬁr = %}cota 0 0 §
0 0 sinb cosh

1

0
0 0 cota
G = % 0 0 coﬂog
cota cotb O
wheren andr are indices that take valuesfia; b;gg which identi es the corresponding

component in the matrix. For examptégb = cota. The gradient of some functiohin

our parameterization is given by

- 1 1
Nf = fa+q,f——Db+ N, f ———
T T sirfa T sinzasinzbg

In this embedding, the distance function between two point®4ris expressed by
dist(p1;P2) = arccogP: P2) wherep; andp, are position vectors in the embedding space
and the dot product is given by the standard euclidean dot product in the embedding space.
In this way, the distance function is measuring the arc length along the embedding of the
unit 3-sphere irR* by measuring the angle between the two position vectors via the dot
product. As discussed in subsection 2.1.2, an interesting feature present in spaces with pos-
itive curvature is that geodesics that start parallel will eventually converge. We model this
geometric consequence in section 2.7 via the presence of geometric compressive forces in-
uencing the dynamics of discrete body systems consisting of spring potentials and rigidity

constraints.
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Hyperbolic Geometry HS3:

In a similar fashion to the previous geometry, we build intuition about this space by
considering the lower dimensional versibif. This 2-dimensional space can be thought
of as corresponding with the surface of the unit hyperboloid of 2-sheets embed®éd in
represented by?+ y?* z2= 1 (while both sheets are geometrically equivalent we will
discuss the sheet wheze 0) as shown in Figure 2.9c. We parameterize the surface of the

upper-sheet hyperboloid bya ; b g which in the embedding space coordinates would give

x = sinha cosb
y = sinha sinb

Z= cosha

By writing the basis vectors fdra;bg in terms of the basis vectors ok;y; zg, we
can again use the inner product of the embedding space to calculate the metric on the
surface of the hyperboloid. However, unlike the previous geometry, the inner product on the
embedding space is Minkowskian rather than Euclidean and is givgrlgiag(1;1; 1).
We will refer to such an n-dimensional spaceEs 1! which has a metric characterized by
a diagonal metric of 1's with the last diagonal entry being negative. Again Aettx;y; zg

then

€ = ..ﬂaf.. = cosha cosb &+ cosha sinb &, + sinha &,
)1 Ta))

&= 5" - sinbé+ coshd,+ 06,
11T

whergjj jj is the Minkowski norm in the embedding space. This provides a straightforward

method to compute the metric in the ; b g basis via
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0 1 O 1

6y 61 6 6 1 0
Haby=B * = K-8 K (2.59)
& & & & 0 sinta

where is the Minkowski inner product on the embedding space.
Returning toH3, we can construct a similar parameterization, but this time embedded
in E31. Our parameterizatiofa ; b; gg of H3 in terms of the embedding space coordinates

fX;y,zZwg is given by

X = sinha sinb cosg
y = sinha sinb sing
z= sinha cosb

w= cosha

Using this parameterization, the metric is given by

0 1

1 0 0
gHS(a;b;g):%o sinffa 0 g (2.60)

0 0 sintfa sirfb

For this metric, the Christoffel symbo@; characterizing the Levi Civita connection cor-

respond to
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0 1

0 0
0 sinha cosha 0 g
0 sinha cosha siréb
0 1
cotha 0
cotha 0 §
sinb cosh

1

0
0 0 cotha
= % 0 0 cotb E
cotha cotb 0
wheren andr are indices that take valuesfia; b;gg which identi es the corresponding

component in the matrix. For examp@";b = cotha. The gradient of some functiohin

our parameterization is given by

1

NT=Tafa+ sml"?asinzbg

sin hzaﬁ-lrﬂg

In this embedding, the distance function between two pointsihis expressed by
dist(p1;P2) = arccosl{p:r P2) wherep; andp, are position vectors in the embedding
space and the dot product is given by the Minkowski metric on the embedding space. In
this way, the distance function is measuring the arc length along the embedding of the
hyperboloid inE3! by measuring the angle between the two position vectors via the dot
product. Like in spherical geometry, there is an interesting interaction between curvature
and initially parallel geodesics, as discussed in subsection 2.1.2. The negative curvature
of the space results in initially parallel geodesic diverging away from each other. This
divergence of geodesics produces a geometric stretching force on extended bodies. We

probe this geometric force in section 2.7 via its in uence on the dynamics of discrete body
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systems consisting of spring potentials and rigidity constraints.

Product Geometries

Another category of geometries which many readers may not be formally familiar with are
product geometries. These are geometries that are constructed as the Cartesian product of
two (or more) geometries. Whereas the constant curvature spaces were both homogeneous
and isotropic, product spaces can be constructed such that one, both, or neither of these
properties are present. This can be done by taking the Cartesian product with spaces with
varying geometric properties. Here, we highlight a homogeneous but anisotropic prod-
uct spaces constructed via the Cartesian product of lower dimensional constant curvature
geometries. Using the constant curvature geometries allows us to maintain homogeneity
despite introducing anisotropy. In particular, we consider the product geoidétryE.
This space is generated by taking the Cartesian product of a 1-dimensional subspace with
euclidean geometry and a 2-dimensional subspace with hyperbolic geometry.

Fortunately, product geometries have a well-de ned analytic distance function which is

given by

q
dist® *2(q;q5) = (dist(ci; 0y)) 2+ ( dist®(a; ;)2 (2.61)

whereX; and X, are the two geometries making up the product geom¥éfry X, [57].

This distance function can be used to investigate how the anisotropy of the space effects
the dynamics of discrete extended bodies which has its internal dynamics being effected
by both geometries. The anisotropy of the space results in the reduction of the symmetries
present, i.e. rotations about certain axes do not correspond with an isometry of the space.
In the case oH? E these axes correspond to the coordinate axes characterizing the 2-
dimensional hyperbolic subspace, i.e. there is no isometry which generates rotations out
of the hyperbolic plane. We investigate the consequence of such dynamics on a discrete

extended body in section 2.8.
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Figure 2.10: Visual representation of the model we are usingifor E. Given by an

in nite unit cylinder with each cross section corresponding to the hyperbolic plane (here
shown using the Poincare Disk model) and motion parallel to central axis (green lines)
correspond to the euclidean subspace.

H? E Geometry:

ForH?2 E, the sectional curvature is not isotropic with= 0 in theE submanifold and
K= 1 intheH? submanifold. Discussing the curvature of a space requires two dimen-
sions to make sense. Therefore, we meankhatO in planes containing the direction.
We parameterize the product spaceflay, b;gg wherea ;b describe the hyperbolic sub-
manifold andg describes the euclidean submanifold. To visualize this product geometry,
we can model the space as an in nite cylinder embeddd®firi.ef (x;y;2) j X+ y? < 1g.
In this model oH? E, slices with constartare all disks that we give thé? Poincaré disk
metric whereas curves with constant valueg ahdy correspond to the 1-dimensional eu-
clidean submanifold, as shown in Figure 2.10. With this in mind, the metric is constructed

via the block diagonal combination gt’ andgE giving
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0 1
0 1

1 0
2 9H2 021
g E(a:big)= ® X=EBo0 sinffa 0 (2.62)
0 2 oF
0o 0 1

For this metric, the Christoffel symbo@; characterizing the Levi Civita connection cor-

respond to

0 1
0 0
G = BoO sinha cosha 0
0 0 0
0 1
0 cotha O
C'Er: cotha 0 OE
0 0 0
0 1
00
Gur = %0 0
0 0O

wheren andr are indices that take valuesfia; b;gg which identi es the corresponding
component in the matrix. For examp@gb = cotha. The gradient of some functiohin

our parameterization is given by

1
sinffa

From Equation 2.61, the distance function for this product space is given by

Nf=Tafa+q,f

b+ ﬂgfg
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dist"” E(qi;q;) = ( arccostfcosha; cosha|

sinha; sinhajcogb; bj))? (2.63)

He @)

An interesting feature of the product space is the ability to exploit non-uniform curva-
ture effects on extended body system dynamics. Explicitly, the anisotropy means that for
all but a small subset of dynamics, such as motion restricted to a single subspace, the body
will experience differing amount of geometric forces on its constitutive components. For
H?2 Ein particular, motion involving théa ; b g coordinates will experience an expansive
geometric force in those directions due to the negative curvature in that subspace while mo-
tion in the euclidean subspace will experience no such geometric effects. The interplay of
orientation dependent geometric forces also results in consequences for how to model solid
rigid extended bodies in such spaces. This relates to the lack of isometries being present in

some directions; see section 2.8 for in depth example.

Inhomogeneous (IH) Geometry

The nal category of geometries we consider in the current investigation consists of ge-
ometries that are isotropic but inhomogeneous. In particular, this space is isotropic, i.e.
rotationally symmetric, about one a single point which we will parameterize as the origin

of our coordinate system. As aforementioned, it is very rare for generic curved spaces to
possess an analytic distance function. Fortunately, there is an inhomogeneous space whose
distance function has been analytically derived [58], see Appendix C for derivation. The
parameterization of the 3-dimensional version of this space, which we will refer to as the
inhomogeneous (IH) space, are givenflay,b;gg. The IH space consists of a spherically
symmetric region of localized negative curvature around the origin which asymptotically

goes to zero curvature radially outward from the origin. The metric of the space is given by
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0 1
10

g"(a;b;g)=(a*+b*+ g+ 2Bo 1 (2.64)
0 01
With an expression for the metric in our coordinates, we can quantity the inhomogeneous

curvature via the Ricci curvature scakpof the space given by

6(a2+ b2+ g2+ 4)
(a2+ b2+ 92+ 2)3

We construct the Ricci scalar curvature from the Riemann curvature tensor via a series of
index constractions with the metrig?8.
For this metric, the Christoffel symbo3 characterizing the Levi Civita connection

correspond to

0 1
a b g
a
O 1
b a 0
C‘\?r (aZ+ b2+ 2+ Z)% g E
0

g 0 a
G = o b2+g2+2)%o E

wheren andr are indices that take valuesfia; b;gg which identi es the corresponding

component in the matrix. The gradient of some functidn our parameterization is given

280ne contraction to lower the indiceRy,s; = Gan Rb, ) followed by another to generate the Ricci tensor
Rab (Ror = 075 Rypsr ) @nd nally one more contraction to give the Ricci scalar curvaR(®= g°' Ry, ).
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by

1

Nf = (a2+ b2+ gZ+ 2)

(Tafa+ T, O+ Tgfo)

Evaluating the distance function is aided by de ning an auxiliary funckgn) given

by
... C cC c2+2
F(c)= arcsmr(p—§)+ 5 (2.65)
and using this auxiliary function, the distance function can be expressed as

wherej | represents the Euclidean norm in 3 dimensions.

The asymptotic atness of the IH space allows for some interesting middle ground
between at and curved regions within the same space. We leverage this inhomogeneity
in curvature to design a simple method to detect passing through a localized region of
nonzero curvature using a discrete system consisting of two masses connected via a spring
potential. In principle, this acts as a "curvature detector” when the system traverses spaces

with different curvature. See section 2.8 for example and discussion.

2.7 Validation of Simulation Dynamics

As discussed in section 2.5, we identify three key features that generic dynamics solvers
should be able to simulate: internal dynamics mediated by potentials, rigidity constraints
for rigid body dynamics, and collisions dynamics. With this in mind, we highlight the
process of implementing two simple test bodies that we use to characterize the ability of
our dynamics solver to accurately simulate two of these features, i.e. presence of internal
potentials and rigidity constraints in an extended body system. Analysis of the collision

dynamics will be considered in more detail in future work where we consider the process
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Figure 2.11: Visualizations of the two discrete extended body systems we consider as test
systems: a) the rod body and b) the triangle body. The connections between vertices
correspond to pairwise interactions between vertices, i.e. rigid rod constraints or harmonic
spring potential. The labels designate important lengths in the analysis of the systems.

of how best to handle multibody (more than 2) collisions. We will refer to the explicit test
bodies, shown in Figure 2.11, as ttoel bodyand thetriangle body

While they may seem like simple systems, they serve as natural test cases since they
can be thought of as the building blocks of more complicated objects. They are also small
systems and thus the dynamics can be solved numerically relatively fast. They are partic-
ularly useful for the current investigation since their geometric simplicity allows for the
exact dynamics to be analytically derived in the constant curvature spaces given some spe-
ci c initial conditions. This allows us to compare the results of the dynamics solver with

these solutions to validate its accur&éy
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Figure 2.12: Visualization of the two extended body test systems we consider, i.e. a) rod
body and b) triangle body, and their corresponding initial conditions. The Killing vector
eld used to provide uniform initial velocities to the vertices is characterized by the value
of vo. The Killing vector eld used in our analysis for both test systemkjgsandK,,, for

H3 andS®, respectively. See Appendix B

2.7.1 RodBody - ElasticandRigid Body Dynamics

The rod body consists of a reference bdlgharacterized by two vertices subject to some
internal coupling. When that internal coupling is given by a spring potential we will refer to
the system as the elastic rod body. For a spring interaction potential, the con guration space
Q of the system represents unconstrained dynamics. Here, we will not allow for internal
collisions of the system, i.e. vertices can pass through each other without colliding, since
we are interested in characterizing the dynamics due to the spring potential. The dynamics
of the system can be completely discussed in terms of the geodesic distance between the
two vertices. With this in mind, the geodesic distance between the vertices as a function of

time can be derived in the three constant curvature spaces to give the expressions

29The source code used for this analysis and the systems in the following section can be found at
https://github.com/bday336/curved_space_dynamics_solver
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V2sirf(D) k(I D) _ 3
% sinz(l)tarz'(l) e for X=5
= % for X=E3 (2.67)

vcos(D)tani(l)  2k(I D)

— 3
=0 — for X=H

wherev, is the initial velocity eld provided to the systen) is the equilibrium length of
the spring potentialk is the stiffness of the spring potential, andis the mass of each
vertex; see section D.1 for full derivation. Hereepresents half the geodesic distance
between vertices 1 and 2 thus the solution must be doubled to gives the total geodesic
distance between vertices. The initial velocity is directed perpendicular to the geodesic
between the vertices, as shown in Figure 2.12, and to provide a uniform ow velocity to
each vertex we elect to use one of the Killing vector elds of the ambient sgac@/e
select the Killing eld which has its ow axis orthogonal to the center of the connecting
geodesic, which in our setup will corresponddg, for the rod body irH3 andKy, for the
rod body inS® (see Appendix B for details).

Taking all the system parameters to be unity for simplicikly£ k= D= m= 1), we
use our highest order numerical scheme, i.& ddder Gauss method, wittit = 10 °
to solve for the separation as a function of tihfe) so as to provide a "ground truth”
solution to compare the results of the dynamics solver against. The ground truth solution
in each geometry as a function of time are shown in Figure 2.13. We omit discussion of the
euclidean data when considering the data for both test systems to highlight the curvature
effects on the extended body systems. Thus, the following analysis for the rod body and
triangle body will focus on dynamics of each system in the constant curvature spaces with

nonzero curvature, i.¢43 andS°.
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Figure 2.13: Vertex separation distance as a function of tirl(¢)jZor elastic rod body
system in constant curvature geometries.

Qualitatively, the results in Figure 2.13 are consistent with the relationship between
initial parallel geodesics in the constant curvature spaces considered in subsection 2.1.2.
The diverging nature of geodesics in negatively curved space increases the distance be-
tween vertices while in positively curved space the separation decreases and they tend to
converge. However, due to the presence of the spring potential between the vertices, these
geometric effects are opposed by a restoring force which we have modelled as being lin-
early dependent on the separation distance. Therefore, the dynamics take on a oscillatory
behavior due to the interplay between the curvature effects of the space and the restoring
force of the spring potential.

Using this ground truth solution for each constant curvature geometry, we assess the
accuracy of the results produced by the dynamics solver for the elastic rod body system.
Using the same system parameters as the ground truth solution, we begin by investigating
how the error scales with time step siefor the three Gauss methods we have included

in the dynamics solver. Speci cally, the three Gauss methods corresporf wrder
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Figure 2.14: Error scaling relationship for vertex separation with respect to integration
time step sizelt between numerical integration schemes used for simulating the elastic
rod body. We include the expected scaling relationship given for each method for the data
in each geometry: &3 and b)S°.
Gauss collocation, '8 order Gauss collocation, and"érder Gauss collocation, which
have local error scaling relations given Bydt?), O(dt%), andO(dt®), respectively [59].
For brevity when plotting data, we will refer to the three methods above as gs1, gs2, and
gs3, respectively, which is based on the number of internal stages each collocation involves.
The maximum relative error of the separation distance between the dynamics solver data
and the ground truth solution for various time steps is shown in Figure 2.14.

We see that the results from th&8%brder Gauss method follows the expected error
scaling, however there seems to be an "error oor" that occurs for time dtepd0 2 in
both geometries pertaining to th& 4nd 6" order Gauss methods. While this is seen in
both geometries, it occurs at orders of magnitudes higher values for the negatively curved
space compared to the positively curved space. We can see the origin of this difference
in error oor value between the two geometries by looking at the relative error for the
separation distance as a function of time for each method at the smallest time step tested
(dt= 10 °) which is shown in Figure 2.15.

From the plots in Figure 2.15, we can see that the relative error in the d&id fegins
to grow dramatically toward the end of the simulation. This behavior can be explained by

growing numerical error in function operations as the system gets farther away from the
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Figure 2.15: Relative error in the vertex separation as a function of time for the elastic rod
body simulations wittdt = 10 °in H2 is shown in Figure 2.15a and 8% is shown in
Figure 2.15b. Figure 2.15c and Figure 2.15d provide a zoomed in perspective of the data.

origin of the coordinate system. Given that the parameterizatiet? afivolves hyperbolic
trigonometric functions, they will grow exponentially large away from the origin [54]. This
results in the accumulation of round-off error which eclipses the truncation error due to the
numerical method. In contrast, the error 8tis much more well behaved since its pa-
rameterization involves only ordinary trigonometric functions which are bounded on their
entire domain. Thus, we consider the error oor present inhpossibly originates from
numerical tolerance used in our Newton root solving method when computing each time

step of the dynamics. Therefore, we can consider the dynamics solver to be accurately
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reproducing the expected dynamics for both geometries, with the caveat ththe re-
sults become exponentially more inaccurate the farther the system is from the origin in our
coordinate system.

If instead the interaction between the vertices represents a rigid rod constraint then the
resulting dynamics oQ will be constrained to the submanifold satisfying the holonomic
length constrainfiengi(d1; d2) = dist(g:1;02) D= 0 whereDis the rigid distance between
the vertices. As discussed in section 2.5, the constrained dynamics are solved with the
addition of a velocity constraint or velocity and acceleration constraint to help ensure the
numerical solution remains in the constraint submanifold. For the rigid rod body, we have
two potential methods to assess the accuracy of the dynamics solver results: comparing
the vertex trajectories with the Killing eld ow and analytically solving for the lagrange
multiplier corresponding to the constraint. The Killing vector eld ow corresponds to
rigidly acting on our system via isometry which is equivalent to rigid body dynamics of
our system corresponding to the Killing vector eld that provided the initial velocities to
the vertices of our system. Alternatively, we can analytically derive an expression for the
lagrange multiplier given the simplicity of our system which we can use to compare with
the results from the dynamics solver. For our current discussion, we will focus on the
latter approach so as to gauge the ability of the dynamics solver to satisfy the constraints
throughout the dynamics.

Using an alternative parameterization féf, the ow of the Killing eld can be asso-

ciated with a coordinate direction. This parametermization is given by

x= coshd sinhb
y = sinha

i (2.68)
z= cosha coshb sinhg

w= coshd coshb sinhg
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In this coordinate system, tiecoordinate corresponds with the Killing eld ow, i.e. the
b coordinate axis corresponds with the Killing eld ow axis. We will refer to this Killing
vector eld asKg 0.

We can consider the rigid rod body as a 1-dimensional system since the constraint force
corresponding to the Lagrange multiplier is only acting along the geodesic connecting the
two vertices. If the midpoint of the rod body is positioned at the origin of the coordinate
system and it is oriented along t@eaxis then varying théd coordinate is equivalent to
owing along K. UsingK; to provide the initial velocities of the vertices results in the
system being con ned to the con guration submanif@d 0. Additionally, since theo
direction corresponds witk; we only need to consider the dynamics in thelirection.

In this coordinate system, this is given by

O 1. . ~\ 22 rod;Hﬂerngth
a= 2smr(Za)b I G (2.69)

and if the rigid rod is owing along{; thena = 0 due to the rigidity constraint maintaining

separation between the vertices. Therefore, we can solve for the Lagrange multiaker

| TodH Zsinh(24)b?

1 flength
Ta

(2.70)

For the rigid rod body irS%, we can instead use the parameterized provided in section 2.6
and consider a similar analysis. By making a similar argument in that the rigid rod body
is con ned to the con guration submanifold = & and that theg direction corresponds
with the Killing vector eld ow Ky 31 we only need to consider the dynamics in the

direction. This is given by

.. 1 . 2 d: 1 flen th
a= Zsin(2a | rod:SZ _—engH 2.71
5sin(2a)g ia (2.71)
30For this parameterization &3, the Killing vector eld K;; corresponds with the Killing vector eltpx
discussed in Appendix B
31Given our parameterization &, the Killing vector eld Kg corresponds with the Killing vector eld
Kwz discussed in Appendix B

91



and if the rigid rod is owing alongy thena = 0 therefore we can solve for the Lagrange

multiplier |

1 2

| rod:S 5Sin(2a)g
ﬂflength
Ta

Using these expressions for the lagrange multiplier in our two test geometries, we can

(2.72)

compare with the corresponding values from the dynamics solver, as shown in Figure 2.16.
Similar to the shorthand used for the Gauss methods, we will refer to the RadaullA method
with the additional velocity constrainfigngn= 0) as rs2 and the RadaullA method with the
additional velocity fength= 0) andacceleration constrainﬁ@ngth: 0) as rs3. The relative

error data presented in Figure 2.16a and Figure 2.16b correspond with the data from the
rs2 method inH3 and S, respectively, while the data in Figure 2.16c and Figure 2.16d
correspond with the data from the rs3 methodHif and S°, respectively. We see that

for both geometries, the relative error dramatically decreases as a result of including the
additional acceleration constraint. We again see the coordinate effects of the hyperbolic
trigonometric functions in the data fét2 as the relative error begins to grow dramatically

as the system moves farther from the origin of the coordinate system. We note that while the
results largely match the expectations of the author, we are not sure for the reason behind
the large jump in error in Figure 2.16b for the simulation vt :001. One would expect

that the error should decrease with time step size, but this seems to be the opposite here.
Given that including the additional acceleration constraint in rs3 gave a relative error of
zero for all three time step sizes over the course of the simulation the oddity of the rs2 data
in S® may stem from a clerical error in the rs2 solver code or may correspond with some
numerical drift off the constraint manifold is somehow made worse by reducing the time
step when only considering the additional velocity constraint. Despite this oddity from
the simulation data with from rs2 solver, it appears that using the rs3 solver accurately

reproduces the expected rigid body dynamics of the rigid rod body system.
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Figure 2.16: Relative error in the lagrange multiplier values for the rigid rod body
simulations with various time stepdt(= :1;:01;:001). Simulations utilizing the rs2 solver
are shown in Figure 2.16a and Figure 2.16bHdrandS®, respectively, and simulations
utilizing the rs3 solver are shown in Figure 2.16¢ and Figure 2.16H faandS®,
respectively.
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2.7.2 TriangleBody - ElasticandRigid Body Dynamics

The triangle body consists of a reference b&Igharacterized by three vertices with each
pair of vertices subject to some internal coupling. For pairwise spring potentials, the con-
guration spaceQ again represents unconstrained dynamics. As with the rod body, we will
not allow for internal collisions of the vertices so that the dynamics are purely due to the
spring potentials. As shown in Figure 2.12, the triangle is oriented such that the Killing
vector eld providing the initial velocities to the vertices has its ow axis passing through
the symmetry axis of the triangle, i.e. orthogonal to the geodesic connecting vertices 2 and
3 and passing through vertex 1. Given these initial conditions, we can argue by symmetry
that the con guration space of the triangle body can be represented by two coordinates:
the half length of the bisected geodek&nd the length from the midpoint of the bisected
geodesic to vertex H. Thus, 2 characterizes the geodesic distance between vertices 2 and
3 and the second characteristic lengthrepresents the geodesic distance between vertex

1 and the midpoint of the geodesic connecting vertices 2 and 3, as seen in Figure 2.11.
For the three constant curvature spaces, the valukamdH as functions of time can be

derived for the triangle body with these particular set of initial conditions to give
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(2.74)

whereD is the equilibrium length of the spring potenti&ljs the stiffness of the spring

potential,mis the mass of each vertew, is the velocity of vertex ly»3 is the velocity of

vertices 2 and 3 (which are equal by symmetry v3 = Vp3), andP is a conserved quantity
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given bym(vy + 2v,3c0€(5)) in SB, m(vy + 2v,3) in E3, andm(vy + 2vpzcostf(D)) in H3;
see section D.2 for full derivation.

The actual side lengths of the triangle body as a function of time, i.e. the geodesic
distance related to the spring potential between each pair of vertices, can be recovered
from the characteristic lengthsandH through trigonometric identities in each geometry.

As previously mentioned, the length of the side between vertices 2 and 3 is sihily 2
while the length of the remaining two sides, which are equal by symmetry, is givs(t)by

which in each geometry is

8

% arcogcogH) cogl)) for X=S°

P

s(t) = H2+ |2 for X=E3 (2.75)

~ arcosk{coshi{H) cosi{l)) for X = H3

As with the rod body, we take all system parameters to be unity for simp(i¢ity vo3=
k= D= m= 1) and use the'8 order Gauss method witt = 10 5to nd a ground truth
solution for the side lengths, i.el(2) ands(t), in each geometry to be used to compare with
the results from the dynamics solver. These ground truth solutions are shown in Figure 2.17
The oscillatory behavior of the separation distance between the vertices has increased in
complexity compared to the rod body due to the interplay of competing restoring forces of
multiple springs acting on each vertex. However, we can observe that the side lengths in
H3 are larger on average compared to the equilibrium leBytvhile the sides lengths in
S® are smaller on average compared to the equilibrium length. This agrees with the expec-
tations from the effects of sectional curvature on the dynamics of the vertices discussed in
subsection 2.1.2.

With the ground truth solutions for the dynamics of the elastic triangle body, we con-

sider how the relative error between the ground truth solutions and the results from the
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Figure 2.17: Vertex separation distance as a function of time for each side of the elastic
triangle body in the nonzero constant curvature geometries. Based on the labeling in
Figure 2.12, we only include data for the sides connecting vertex 1 a{t) Rgnd vertex

2 and 3 (2(t)) since by symmetry the side connecting vertex 1 and 3 issgt3o

dynamics solver scale as a function of time step as shown in Figure 2.18. We present the
data for each side of the elastic triangle body separately where we label the side connecting
vertex 1 and 2 as s12, the side connecting vertex 1 and 3 as s13, and the side connecting
vertex 2 and 3 as s23. Even though the data for s12 and s13 should be equal theoretically,
we present the data for both to show the accuracy of simulation results to preserve all sides
individually. Again, the 29 order Gauss method follows the expected error scaling, how-
ever we again see an error oor as was observed in the rod body data. With that in mind,
we again turn to plotting the relative error as a function of time for the numerical results
from the dynamics solver with time steft = 10 ® which is shown in Figure 2.19. The
relative error as a function of time for each of the side lengths rdisplays the same

exponential growth of error in the later stage of the simulations, even more so than in the
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rod body data. This is again due to the presence of exponential functions being a part of our
parameterization which grow quickly as you move away from the original thus introducing
more and more numerical error as the system gets farther away from the origin [54]. In
S8, there is a much more gradual growth trend in the relative error for the side lengths.
While expressing similar behavior to the relative error in the rod body, the magnitude of
the relative error displays a lower accuracy for the triangle body compared to the rod body
in the H® results whereas the opposite is true for the triangle bod$?iwhich displays
more accurate results compared to the results of the rod body. For the case of the elastic
triangle body inH3, we can consider the decrease in accuracy is due to the presence of the
additional vertex and coupling potentials would may be compounding the numerical error
due to our parameterization. Therefore, we can again consider the dynamics solver to be
accurately reproducing the expected dynamics for both geometries, with the caveat that in
H3 the results still become exponentially more inaccurate the farther the system is from the
origin in our coordinate system.

We now replace the harmonic coupling between pairs of vertices with rigid rod con-
straints to simulate a rigid triangular frame. The dynamics of the triangle body is now

con ned to the submanifold of) satisfying the set of three holonomic constraints

flengt(C; ) = dist(dz; )  D12= 0
fiengtt(1; 03) = dist(d1;G3) Di3= 0 (2.76)

flengt(d2; G3) = dist(dz;03) Doz= 0

whereD;j is the rigid distance between vertideand j. For simplicity, we will consider all

the rigid distances to be the same = Di3= Dy3= D. As we did for the rigid rod body,

we focus on analyzing the lagrange multipliers to gauge how well the dynamics solver is
able to maintain the constraints during the dynamics.

Solving for the Lagrange multipliers for the triangle body dynamics is more com-
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Figure 2.18: Error scaling relationship for vertex separation of each pair of vertices with
respect to integration time step sidebetween numerical integration schemes used for
simulating the elastic triangle body. The data for sides s12 and s13 are shown in
Figure 2.18a and Figure 2.18c, respectively,Hdrand in Figure 2.18b and Figure 2.18d,
respectively, foiS®. The data for side s23 are shown in Figure 2.18d+¥dand in

Figure 2.18f forS%. We include the expected scaling relationship given for each method
for the data in each geometry.
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Figure 2.19: Relative error in the vertex separation values for each side of the triangle
body as a function of time wittt = 10 °. The data for sides s12 and s13 are shown in
Figure 2.19a and Figure 2.19c, respectively,Hdrand in Figure 2.19b and Figure 2.19d,
respectively, foiS®. The data for side s23 are shown in Figure 2.19é¢4®and in

Figure 2.19f forS®.
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plicated since there are two multipliers acting at each vertex. For notational clarity, we
will associate each lagrange multiplier with the side where it represents the rigidity con-
straint. For example, the lagrange multiplige will correspond with the length constraint
flengtr(d1; d2) characterizing the s12 side of the rigid triangle body. The dynamics of the
rigid triangle body can be thought of as contained in 2-dimensional submanifQlgieen
our initial conditions in both geometries. We will consider the same set of parameteriza-
tion used for the rigid rod body, i.é.é;ﬁ;gg for H2 as described in the previous section
(subsection 2.7.1) arfch ;b ; gg for S® as given in section 2.6. Due to the dynamics being
contained in a 2-dimensional submanifold@fwe can restrict our attention to equations
of motion describing tha andb coordinates iH3 anda andg coordinates irg2 for each
vertex. This is true if we consider our rigid triangle body system as being contained within
a con guration submanifold speci ed b§= 0 for each vertex and the Killing vector eld
providing initial velocities is agail; in H3 and byb = B for each vertex and the Killing
vector eld providing initial velocities is agailig in S8. This allows us to solve for the
multipliers in terms of the dynamics of the vertices.

Using the alternative parameterization Fb¢, given by Equation 2.68, we can focus on
the interplay of the two lagrange multipliers acting at one of the three vertices. Considering
the rigid triangle body as a 2-dimensional system the constraint forces corresponding to
the lagrange multipliers act along the geodesics connecting each vertex to its neighbors.
We orient the triangle body such that the midpoint of the geodesic connecting vertex 2
and 3 is positioned at the origin of the coordinate system and vertex 1 is situated on the
b axis. Here again, owing in thd coordinate direction is equivalent to owing along
K;. Since the system is con ned to the con guration submanii@k 0 we only need to
consider the dynamics in the andb directions for each vertex. Let us consider vertex 2
since its dynamics are in uenced by bdth, andl »3. Due to the symmetry of the rigid
triangle body, we can sdy;> = | 13 thus if we solve for one we have an expression for both

multipliers. In coordinates this is given by
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5 1. o~ tHﬂIth tHﬂfI th
a,= ES|nr(2a2)b22 | 15 ﬂgn; | g’ —ﬂ:ln;

23
bz = 2tant(d2)d.b, | H—ﬂ length "i;Hﬂflefgth
ﬂbZ 23 ﬂbz

(2.77)

where the superscript on the constraifitgg:n denote which side it characterizes. Since the
rigid triangle body is owing along the Killing eldK thena, = 0 andgz = 0 therefore

we can solve for the Lagrange multiplidrg, andl 23 giving

£23
2tant(a2)a2b2 length+ Slnr(za )bzﬂ length

| tri;H — 2 by
12 \l flength \l flength \l flt%gth \l flength
ﬂbz ﬂaZ ﬂaZ ﬂbz (2 78)
1sinh(24,)b feng 2tani(@)asb 'e“g”‘
i 2 h( )2ﬂb r(2)22
|l fIength \l fIength Al fIength \l fIength
by fa, fa, by

For the rigid triangle body ir8%, we again use the parameterization provided in sec-
tion 2.6. By making a similar argument in that the rigid triangle body is con ned to the
con guration submanifoldh = 5 and that theg direction corresponds witKg, we only
need to consider the dynamics in theand g coordinate directions. We again consider
vertex 2 in particular since by symmetry solving for the lagrange multipliers in uencing
its dynamicsl(12 andl »3) gives expressions for all three lagrange multipliers acting on the

rigid triangle body sincel (12 = | 13). The dynamics of vertex 2 is given by

| trl Sﬂ Iength | tri; Sﬂ Iength
ﬂa 23 ﬂaz

| tri;Sﬂ Iength | tri; Sﬂ Iength
12 ‘ng 23 ‘ng

&= %sin(2az)gz2
(2.79)

& = 2cofay)arep

where the superscript on the constraifitsgn denote which side it characterizes. Since

102



the rigid triangle is owing along the Killing eld therd = 0 and§ = 0 therefore we can

solve for the Lagrange multipliets;» andl 23

2C0(a2)a 92 Iength+ Sln(2a )gz Iength

| tri;S _ —
12 |l fIength \l fIength |l fIength \l fIength
T ﬂaZ faz T (280)
3sin(2a )92 'e“g“‘ 2cofaz)arp ﬂ";”zgt“

| tri;S —
\l fIength Al fIength \l fIength 1 fI':-zngth
e fa faz Yo

Using these expressions for the Lagrange multipliers acting at each vertex, we can com-
pare with the corresponding values from the dynamics solver for both geometries. Given
our initial conditions, we nd that 12 = 0 andl ;3= 0 in each geometry from the analyt-
ical expressions. Therefore, we display the absolute error as opposed to the relative error
of the simulation results for the lagrange multipliers compared to the analytical expression
derived above. The absolute error data presented in Figure 2.20 correspond with using the
rs2 solver while the absolute error data presented in Figure 2.20 corresponds with using the
rs3 solver for the rigid triangle body. As with the data for the elastic triangle dynamics, we
present the absolute error data for each lagrange multiplier individually so as to consider
how well the individual constraints are being satis ed by the dynamics solver. We again
see that for both geometries, the error dramatically decreases as a result of including the
additional acceleration constraint. Also, the coordinate effects of the hyperbolic trigono-
metric functions (which can be de ned in terms of exponential functions) are still present
in the data foH?3 which greatly effects the accuracy of the data as the system moves farther
from the origin of the coordinate system. We note that while the magnitude of the error is
much lower compared to the data fld? we again see some unexpected behavior for the
S® simulation data withdt = :001. It appears for both solvers (rs2 and rs3) as possessing
the greatest magnitude of variation in error compared to the simulation data with larger

time stepsdt = :1 anddt = :01. This result is odd in that the error should tend to go down

103



(a) (b)

(©) (d)

(e) (f)

Figure 2.20: Absolute error in the lagrange multiplier values for the rigid triangle body
simulations using the rs2 solver with various time stefis=(:1:;01;:001). The data for

| 15 is shown in Figure 2.20a and Figure 2.20b bt andS?, respectively. The data for

| 13is shown in Figure 2.20c and Figure 2.20d kbt andS®, respectively. The data for

| »3is shown in Figure 2.20e and Figure 2.20f bt andS®, respectively.
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Figure 2.21: Absolute error in the lagrange multiplier values for the rigid triangle body
simulations using the rs3 solver with various time stefis=(:1:;01;:001). The data for

| 15is shown in Figure 2.21a and Figure 2.21b bt andS?, respectively. The data for

| 13is shown in Figure 2.21c and Figure 2.21d kbt andS®, respectively. The data for

| »3is shown in Figure 2.21e and Figure 2.21f fdf andS®, respectively.
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with decreasing step size. While the magnitude of the absolute error for both geometries is
rather small for the case of using the rs3 solver we say that the dynamics solver accurately
generates the expected dynamics of the rigid triangle body system. We plan to investigate
if the origin of the error behavior seen in tB82 is a result of a clerical error in the code or

a more abstract consequence of the numerical schemes being consider.

2.8 Exploration of Curvature Effects on Dynamics

Having analyzed the ability of the dynamics solver to accurately simulate dynamics in the
previous section, we now turn to an exploration into various model systems to investigate
how the presence of curvature in uences their dynamics. The systems in this section are
chosen to highlight additional properties that come into play when considering dynamical

systems in curved spaces.

2.8.1 ApproximatingRigid Body Motion in the Absenceof Isometries

As expressed in section 2.2, rigid body motion is closely related to the isometries of the
ambient space. This makes intuitive sense in that acting by isometry preserve distances and
angles thus maintaining the rigidity constraints we consider in our investigation. However,
curved spaces in general will not have such isometries due to the absence of symmetries be-
ing present. This can be problematic when modelling the dynamics of rigid bodies in such
a space, especially if we are approximating a solid object with a coarse discrete network of
vertices as discussed in subsection 2.3.2. With this in mind, we consider the dynamics of
the rigid triangle body in the product spaeé E. As expressed in section 282 E
is rotationally symmetric about the euclidean subspace direction at every point, however
there are no symmetries that corresponds to rotating out of the 2-dimensional hyperbolic
subspaces.

As a preliminary example, let us rst consider the case of the rigid rod body with

length constraints initialized to rotate about one of the axes orthogonal to the euclidean

106






	Title Page
	Acknowledgments
	Table of Contents
	List of Figures
	List of Acronyms
	Summary
	1 | Introduction
	2 | Dynamics of Extended Bodies in Generic Curved Space
	From Flat to Curved Space: Reevaluating Mathematical Assumptions
	Extended Objects in Curved Space
	Heuristics of Modeling Discrete Systems
	Discretization & Simulation 
	Implementation
	Example Geometries
	Validation of Simulation Dynamics
	Exploration of Curvature Effects on Dynamics
	Conclusion and Future Directions

	3 | Interaction between Deformable Systems and their Environment
	Theoretical Model of Deformable Body
	Motion from Internal Deformations
	Describing Deformable Systems with Fiber Bundles
	Control Theory of Deformable Control Systems
	Fiber Bundles and Curvature
	Conclusions

	4 | Optimal Control Problems for Deformable Control Systems
	Microswimmers at Low Reynolds Number
	Velocity Kinematics
	Theoretical Model of Deformable Control Systems
	Optimization Strategies for Deformable Bodies
	Model Systems for Deformable Bodies - LRN Microswimmers
	Internal Deformation Optimization Analysis of Microswimmer Models
	Conclusions

	5 | Conclusion
	Appendices
	A | Collisions via Reflection
	B | Constant Curvature Space Killing Fields
	C | IH Geometry Distance function
	D | Derivation of Exact Spring Body Dynamics in Constant Curvature Geometries
	E | Derivation of Spherical Pendulum on a 2-Dimensional Raft Deformable Control System

	References

