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SUMMARY

In statistics and machine learning, often we need to sample from or partition data, e.g.,

for generating training-testing splits, subsampling for tractable statistical analysis, etc. This

thesis presents an optimal sampling/partitioning methodology and its applications. Chapter

1 provides the motivation behind the proposed methodology from a validation perspective,

Chapter 2 gives an efficient algorithm that makes the optimal sampling applicable to large

datasets, and finally, Chapter 3 presents a novel Gaussian process approximation exploiting

the proposed sampling methodology.

In Chapter 1, we propose an optimal method, referred to as SPlit, for splitting a dataset

into training and testing sets. SPlit is based on support points (SP), which was initially

developed for finding the optimal representative points of a continuous distribution. We

adapt SP for subsampling from a dataset using a sequential nearest neighbor algorithm.

We also extend SP to deal with categorical variables so that SPlit can be applied to both

regression and classification problems. The implementation of SPlit on real datasets

shows substantial improvement in the worst-case testing performance for several modeling

frameworks, compared to the commonly used random splitting procedure.

In Chapter 2, we develop a method named Twinning for partitioning a dataset into

statistically similar twin sets. Twinning is based on SPlit proposed in Chapter 1 and is

orders of magnitude faster than the SPlit algorithm, which makes it applicable to Big Data

problems such as data compression. Twinning can also be used for generating multiple

splits of a given dataset to aid divide-and-conquer procedures, and k-fold cross validation.

In Chapter 3, we propose a novel framework for Gaussian process (GP) modeling.

Contrary to the global, and local approximations proposed in the literature to address the

computational bottleneck with exact GP modeling, we employ a combined global-local

approach in building the approximation. Our framework uses a subset-of-data approach

where the subset is a union of a set of global points designed to capture the global trend

xii



in the data, and a set of local points specific to a given testing location to capture the local

trend around the testing location. Here we use Twinning, presented in Chapter 2, to identify

the set of global points. The correlation function is also modeled as a combination of a

global, and a local kernel. The performance of our framework, which we refer to as TwinGP,

is on par or better than the state-of-the-art GP modeling methods at a fraction of their

computational cost.
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CHAPTER 1

AN OPTIMAL METHOD FOR DATA SPLITTING

1.1 Introduction

For developing statistical and machine learning models, it is common to split the dataset

into two parts: training and testing (Hastie et al., 2009; Stone, 1974). The training part is

used for fitting the model, that is, to estimate the unknown parameters in the model. The

model is then evaluated for its accuracy using the testing dataset. The reason for doing this

is that if we were to use the entire dataset for fitting, the model would overfit the data and

can lead to poor predictions in future scenarios. Therefore, holding out a portion of the

dataset and testing the model for its performance before deploying it in the field can protect

against unexpected issues that can arise due to overfitting.

In this chapter, we consider only datasets where each row is independent of other rows,

that is, we will exclude cases such as time series data. The simplest and probably the most

common strategy to split such a dataset is to randomly sample a fraction of the dataset.

For example, 80% of the rows of the dataset can be randomly chosen for training and the

remaining 20% can be used for testing. The aim of this chapter is to propose an optimal

strategy to split the dataset.

Snee (1977) seems to be the first one who has carefully investigated several data splitting

strategies. He proposed DUPLEX as the best strategy which was originally developed by

Kennard as an improvement to another popular strategy CADEX (Kennard & Stone, 1969).

Over the time, many other methods have been proposed in the literature for data splitting;

see, for example the survey in Reitermanová (2010) and the comparative study in Xu

and Goodacre (2018). Some of these methods will be discussed in the next section after

proposing a mathematical formulation of the problem.
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It is also common to hold out a portion of the training set for validation. The validation

set can be used for fine-tuning the model performance such as for choosing hyper-parameters

or regularization parameters in the model. In fact, the training set can be divided into multiple

sets and the model can be trained using cross-validation. Our proposed method for optimally

splitting the dataset into training and testing can also be used for these purposes by applying

the method repeatedly on the training set.

The chapter is organized as follows. In Section 1.2, we provide a mathematical for-

mulation of the problem and propose an optimal splitting method called SPlit based on

a technique for finding optimal representative points of a distribution known as support

points (Mak & Joseph, 2018c). Support points are defined only for continuous variables.

Therefore, we extend the support points methodology to deal with categorical variables in

Section 1.3 so that SPlit can be applied to both regression and classification problems.

We apply SPlit on several real datasets in Section 1.4 and compare its performance with

random subsampling. Some concluding remarks are given in Section 1.5.

1.2 Methodology

Let X = (X1, . . . , Xp) be the p input variables (or features) and Y the output variable. Let

D = {(Xi,Yi)}Ni=1 be the dataset in hand. Our aim is to divide D into two disjoint and

mutually exclusive sets: Dtrain andDtest, where the training setDtrain contains Ntrain points

and testing setDtest contains Ntest points with Ntrain + Ntest = N.

1.2.1 Mathematical Formulation

Suppose the rows of the dataset are independent realizations from a distribution F(X,Y):

(Xi,Yi)
iid
∼ F, i = 1, . . . ,N. (1.1)
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Let g(X; θ) be the prediction model that we would like to fit to the data, where θ is a set

of unknown parameters in the model. The unknown parameters θ will be estimated by

minimizing a loss function L(Y, g(X; θ)). Typical loss functions include squared or absolute

error loss. More generally, the negative of the log-likelihood can be used as a loss function.

In postulating a prediction model g(X; θ), our hope is that it will be close to the true

model E(Y |X) for some value of θ. However, the postulated model could be wrong and there

may not exist a true value for θ. Thus it makes sense to try out different possible models

on a training set and check their performance on the testing set so that we can identify the

model that is closer to the truth.

The unknown parameters θ can be estimated from the training set as

θ̂ = Argmin
θ

1
Ntrain

Ntrain∑
i=1

L(Y train
i , g(Xtrain

i ; θ)), (1.2)

which is a valid estimator provided that

(Xtrain
i ,Y train

i ) ∼ F, i = 1, . . . ,Ntrain. (1.3)

How should we split the dataset to obtain training and testing sets? We propose that the

dataset should be split in such a way that the testing set gives an unbiased and efficient

evaluation of the model’s performance fitted using the training set.

To quantify the model’s performance, define the generalization error as in Hastie et al.

(2009, Ch. 7) by

E = EX,Y{L(Y, g(X; θ̂))|Dtrain}, (1.4)

where the expectation is taken with respect to a realization (X,Y) from F. Note that we do

not include the randomness in θ̂ induced byDtrain for computing the expectation.

We can estimate E if we have a sample of observations from F that is independent of

the training set. We can use the testing set for this purpose. Thus, an estimate of E can be
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obtained as

Ê =
1

Ntest

Ntest∑
i=1

L(Y test
i , g(Xtest

i ; θ̂)), (1.5)

which works if

(Xtest
i ,Y test

i ) ∼ F, i = 1, . . . ,Ntest. (1.6)

A simple way to ensure condition (1.6) is to randomly sample Ntest points from D.

Then, (1.5) can be viewed as the Monte Carlo (MC) estimate of E. The question we are

trying to answer is, if there is a better way to sample from D so that we can get a more

efficient estimate of E. The answer to this question is affirmative. We can use Quasi-Monte

Carlo (QMC) methods to improve the estimation of E. It is well known that the error of

MC estimates decreases at the rate O(1/
√

Ntest), whereas when sampling from uniform

distributions, the QMC error rate can be shown to be almost O(1/Ntest) (Niederreiter, 1992).

This is a substantial improvement in the error rate. However, most QMC methods focus on

uniform distributions (Owen, 2013). Recently, Mak and Joseph (2018c) developed a method

known as support points to obtain a QMC sample from general distributions. Although their

theoretical results guarantee a convergence rate faster than MC by only a log Ntest factor,

much faster convergence rates are observed in practical implementations. This leads us

to the proposed method SPlit (stands for Support Points-based split). We will discuss

the method of support points and SPlit in detail after reviewing the existing data splitting

methods in the next section.

1.2.2 Review of Data Splitting Methods

Interestingly, the original motivation behind CADEX (Kennard & Stone, 1969) and DUPLEX

(Snee, 1977) was to create two sets with similar statistical properties, which agrees with

the distributional condition mentioned in (1.6). However, these algorithms cannot achieve

this objective. For example, consider a two-dimensional data generated using (X1i, X2i)
iid
∼

N2(0,Σ) for i = 1, . . . ,N, where 0 = (0, 0)′ and Σ jk = 0.5| j−k|. We will omit the response

4



here because these algorithms do not use it. Let N = 1, 000 and Ntest = 100. The CADEX and

DUPLEX testing sets obtained using the R package prospectr (Stevens & Ramirez-Lopez,

2020) are shown in the left and middle top panels of Figure 1.1. We can see that both CADEX

and DUPLEX testing points are too spread out and therefore, their distributions do not match

with the distribution of the data. This can be seen more clearly in the marginal distributions

shown in the bottom panels. For comparison, the testing set generated using the proposed

SPlit method is shown in the top right panel. We can see that its distribution matches quite

well with the distribution of the full data, as desired.
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Figure 1.1: Comparison of CADEX and DUPLEX testing sets with SPlit testing set. 100
testing points (red circles) are chosen from 1,000 data points (black crosses). In the lower
panels, the marginal densities of the testing sets are plotted over the histogram of the full
data.

The sample set partitioning based on joint X-Y distances (SPXY) algorithm (Galvão

et al., 2005) is a modification of the CADEX algorithm which incorporates the distances

computed from the response values. Although incorporating Y was in the right direction of
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(1.6), the algorithm suffers from the same issues of CADEX and DUPLEX algorithms. Bowden

et al. (2002) proposed a data splitting method which uses global optimization techniques

to match the mean and standard deviations of the testing set and the full data. This is

again in the right direction of (1.6), however, matching the first two moments does not

ensure distributional matching. May et al. (2010) proposed further improvement to the

foregoing methodology using clustering-based stratified sampling. Although this provides

an improvement, it is well-known that clustering distorts the original distribution (Zador,

1982) and hence cannot satisfy (1.6). In summary, none of existing data splitting methods

except the random subsampling can ensure the distributional condition given in (1.6) or

(1.3).

Before proceeding further, we would like to mention about another possible approach to

solve the problem. One could think about splitting the dataset in such a way that the training

set gives the best possible estimation of the model under a given loss function. For example,

it is well-known that the best estimate of a linear regression model with linear effects of

the predictors under the least squares criterion can be obtained by choosing the extreme

values of the data from the predictor-space (Wang et al., 2019). Although such a choice can

minimize the variance of the parameter estimates, the model may not perform well in the

testing set if the original dataset is not generated from such a linear model. In our opinion,

the testing set should provide a set of samples for an unbiased evaluation of the model

performance and detect possible model deviations. For example, if we detect that quadratic

terms are needed in the linear regression model, then having a training dataset with only

extreme values of the predictors is not going to be useful. Therefore, the splitting method

should be independent of the modeling choice and the loss function. Random subsampling

achieves this aim and we will show that support points will achieve it even better!

Although support points have been used in the past for subsampling from big data

(Mak & Joseph, 2018b), it was done for the purpose of saving storage space and time for

fitting computationally expensive models due to limited resources. On the other hand, data
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reduction is not the objective in our problem. After assessing the model’s performance using

the testing set, the model will be re-estimated using the full data before deploying it for

future predictions.

1.2.3 Support Points

Let Z = (X,Y) be a vector of continuous variables. Then, the energy distance between the

distribution F(Z) and the empirical distribution of a set of points z1, . . . , zn is defined as

(Székely & Rizzo, 2013)

ED =
2
n

n∑
i=1

E‖zi − Z‖2 −
1
n2

n∑
i=1

n∑
j=1

‖zi − z j‖2 − E‖Z − Z′‖2, (1.7)

where Z,Z′ ∼ F, ‖ · ‖2 is the Euclidean distance, and the expectations are taken with respect

to F. Note that for the Euclidean distance to make sense, all the variables are standardized

to have zero mean and unit variance. The energy distance will be small if the empirical

distribution of z1, . . . , zn is close to F. Therefore, Mak and Joseph (2018c) defined the

support points of F as the minimizer of the energy distance:

{z∗i }
n
i=1 ∈ Argmin

z1,...,zn

ED = Argmin
z1,...,zn

2
n

n∑
i=1

E‖zi − Z‖2 −
1
n2

n∑
i=1

n∑
j=1

‖zi − z j‖2

 . (1.8)

They can be viewed as the representative points of the distribution F, which is the best

set of n points to represent F according to the energy distance criterion. Mak and Joseph

(2018c) showed that support points converge in distribution to F and therefore, they can

be viewed as a QMC sample from F. This property makes support points different from

other representative points of a distribution such as MSE-rep points (Fang & Wang, 1994)

or principal points (Flury, 1990) which do not possess distributional convergence (Zador,

1982).

In our problem, we do not have F. Instead we only have a datasetD, which is a set of

independent realizations from F. Therefore, to compute the support points, we can replace
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the expectation in (1.8) with a Monte Carlo average computed overD:

{z∗i }
n
i=1 ∈ Argmin

z1,··· ,zn

 2
nN

n∑
i=1

N∑
j=1

‖zi − Z j‖2 −
1
n2

n∑
i=1

n∑
j=1

‖zi − z j‖2

 . (1.9)

This simple extension to real data settings is another advantage of support points, which

cannot be done for other representative points such as minimum energy design (Joseph et al.,

2015) and Stein points (W. Y. Chen et al., 2018) even though they possess distributional

convergence.

At first sight, the optimization in (1.9) appears to be a very hard problem. The objective

function is nonlinear and non-convex. Moreover, the number of variables in the optimization

is n(p + 1), which can be extremely high even for small datasets. However, the objective

function has a nice feature; it is a difference of two convex functions. By exploiting this

feature, Mak and Joseph (2018c) developed an efficient algorithm based on difference-of-

convex programming techniques, which can be used for quickly finding the support points.

Although a global optimum is not guaranteed, an approximate solution can be obtained in a

reasonable amount of time. Their algorithm is implemented in the R package support (Mak,

2019). Although it is possible to create representative points using other goodness-of-fit test

statistics (Hickernell, 1999) and kernel functions (Y. Chen et al., 2010) instead of the energy

distance criterion, they do not seem to possess the computational advantage and robustness

of support points.

1.2.4 SPlit

We can use the support points obtained from (1.9) as the testing set with n = Ntest and

the remaining data can be used as the training set. Alternatively, we can use support

points to obtain the training set with n = Ntrain and then use the remaining data as the

testing set. However, the computational complexity of the algorithm used for generating

support points is O(n2(p + 1)). Since Ntest is usually smaller than Ntrain, it will be faster
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to generate the testing set using support points than the training set. In general, we let

n = min{Ntest,Ntrain} = min{Nγ,N(1 − γ)}, where γ = Ntest/N is the splitting ratio.

As discussed earlier, the testing set generated using support points is expected to work

better than a random sample fromD. However, there is one drawback. Support points need

not be a subsample of the original dataset. This is because the optimization in (1.9) is done

on a continuous space and therefore, the optimal solution need not be part ofD. To get a

subsample, we actually need to solve the following discrete optimization problem:

{z∗i }
n
i=1 ∈ Argmin

z1,··· ,zn∈D

 2
nN

n∑
i=1

N∑
j=1

‖zi − Z j‖2 −
1
n2

n∑
i=1

n∑
j=1

‖zi − z j‖2

 . (1.10)

Our initial attempts to solve this problem using state-of-the-art integer programming tech-

niques showed that they are accurate, but too slow in finding the optimal solution. Computa-

tional speed is crucial for our method to succeed because otherwise it will not be attractive

against the computationally cheap alternative of random subsampling. Therefore, here we

propose an approximate but efficient algorithm to subsample fromD.

We will first find the support points in a continuous space as in (1.9), which is very fast.

We will then choose the closest points inD to {z∗i }
n
i=1 according to the Euclidean distance.

This can be done efficiently even for big datasets using KD-Tree based nearest neighbor

algorithms. However, a naive nearest neighbor assignment can lead to duplicates and

therefore, the remaining data points can become more than N − n. Moreover, separating the

points can increase the second term in (1.10) and thus potentially improve the energy distance

criterion. This can be achieved by doing the nearest neighbor assignment sequentially. Our

method is summarized in Algorithm 1 and is implemented in the R package SPlit. A

critical step in this algorithm is to update the KD-Tree efficiently when a point is removed

from the dataset. We use nanoflann, a C++ header-only library (Blanco & Rai, 2014),

which allows for lazy deletion of a data point from the KD-Tree without having to rebuild

the KD-Tree every time a point is removed from the dataset.
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Algorithm 1 SPlit: Splitting a datasetD with splitting ratio γ [R package: SPlit]

1: InputD ∈ RN×(p+1) and γ = Ntest/N
2: Standardize the columns ofD
3: n← min{Nγ,N(1 − γ)}
4: Compute {z∗i }

n
i=1 using (1.9)

5: D1 ← {}

6: for i ∈ {1, . . . , n do}
7: û ∈ arg minu{‖u − z∗i ‖2 : u ∈ D}
8: D1 ← D1 ∪ {û}
9: D ← D \ {û}

10: end for
11: D2 ← D

12: returnD1,D2

1.2.5 Visualization

Consider a simple example for visualization purposes. Suppose we generate N = 100 points

as follows: Xi
iid
∼ N(0, 1) and Yi|Xi

iid
∼ N(X2

i , 1) for i = 1, . . . ,N. Both X and Y values are

standardized to have zero mean and unit variance. Figure 1.2 shows the optimal testing

set obtained using SPlit and a random testing set obtained using random subsampling

without replacement. We can see that the points in the SPlit testing set are well spread out

throughout the region and provide a much better point set to evaluate the model performance

than the random testing set.

Most statistical and machine learning models have some hyper-parameters or regular-

ization parameters, which are commonly estimated from the training set by holding out a

validation set, say of size Nvalid. One simple approach to create an optimal validation set is

to apply the SPlit algorithm on the training set. However, it may happen that such a set

is close to the points in the testing set, which is not good as it may lead to a biased testing

performance. We want the validation points to stay away from the testing points so that the

testing performance is not influenced by the model estimation/validation step. This can be

achieved as follows. Let {z1, . . . , zNtest} be the testing set and {zNtest+1, . . . , zn} the validation

10
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Figure 1.2: The circles are the testing set obtained using random (left) and SPlit (right)
subsampling.

set, where n = Ntest + Nvalid. Then, the optimal validation points can be obtained as

{z∗i }
n
i=Ntest+1 ∈ Argmin

zNtest+1,··· ,zn∈D

 2
nN

n∑
i=1

N∑
j=1

‖zi − Z j‖2 −
1
n2

n∑
i=1

n∑
j=1

‖zi − z j‖2

 , (1.11)

where the optimization takes place only over the validation points with the testing points

fixed at {z∗1, . . . , z
∗
Ntest
}. Because of the second term in the energy distance criterion, the

validation points will move away from the testing points.

Figure 1.3 shows 20 points selected out of the 80 training points using (1.11). A random

subsample is also shown in the same figure for comparison. Clearly, the optimal validation

set created using our method is a much better representative set of the original dataset

and therefore, it can do a much better job in tuning the hyper-parameter or regularization

parameter than using a random validation set. In fact, we can sequentially divide the

training set into K sets by repeated application of this method and use them for K-fold

cross-validation. Because of the importance of this problem, we will leave this topic for

future research.
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Figure 1.3: The squares are the validation set obtained using random (left) and SPlit (right)
subsampling from the training set. The testing set is shown as circles.

1.2.6 Simulations

Since support points create a dependent set, one may wonder if the testing set and training

set are related and if the dependence will create a bias in the estimation of the generalization

error in (1.5). We will perform some simulations to check this. Consider again the data

generating model discussed in the previous section:

Yi = X2
i + εi, (1.12)

where εi
iid
∼ N(0, 1) and Xi

iid
∼ N(0, 1), for i = 1, . . . ,N. Let N = 1, 000. Suppose we fit the

following rth degree polynomial model to the data:

Yi = g(Xi; θ) + εi,

where g(X; θ) = θ0 +θ1X +θ2X2 + · · ·+θrXr and εi
iid
∼ N(0, σ2). The unknown parameters θ =

(θ0, θ1, . . . , θr)′ can be estimated from the training set using least squares. The generalization
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error can then be computed as

E = EX,Y

[
{Y − g(X; θ̂)}2|Dtrain

]
= EX,Y

[
{Y − g(X; θ̂)}2

]
(by independence)

= EX

(
EY |X

[
{Y − g(X; θ̂)}2|X

])
= EX

(
{X2 − g(X; θ̂)}2

)
+ 1.

We can divide a given dataset into training and testing sets using various data splitting

methods and estimate the generalization error using (1.5). Thus, we can compute the

estimation error of a data splitting method as Ê − E. For comparison, we use SPlit, random

subsampling, CADEX, and DUPLEX. This procedure is repeated 100 times by generating

testing sets with splitting ratios of 10% and 50%. Owing to the deterministic nature, CADEX

and DUPLEX produce the same testing set each time. On the other hand, some variability

is observed in the testing sets produced by SPlit, which is mainly due to the random

initialization and convergence to local optima of the support points’ algorithm. Figure 1.4

shows the estimation errors over different values of r.

We can see that the bias in the estimation of generalization error using SPlit is small

compared to the other data splitting methods. This confirms the validity of the proposed

method.
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Figure 1.4: The error in the estimation of generalization error with splitting ratios of 10%
(left) and 50% (right) for different data splitting methods over 100 iterations.

1.3 Categorical Variables

Energy distance in (1.7) is defined only for continuous variables because its definition

involves Euclidean distances and therefore, support points can only be found for datasets

with continuous variables. However, a dataset can have categorical predictors and/or

responses. Therefore, it is important to extend the support points methodology to deal with

categorical variables in order to implement SPlit.

For simplicity of notations, let us consider the case of only a single categorical variable,

which could be a predictor or a response. It is easy to extend our methodology to multiple

categorical variables, which will be explained later. Let m be the number of levels of the

categorical variable and Ni be the corresponding number of points in the dataset at the ith

level, i = 1, . . . ,m.

The most naive approach to deal with a categorical variable is to simply ignore it and

find the n support points from a dataset containing N points using only the continuous

variables as in (1.9). For illustration, consider the same example used in Section 2.4,

except that we generate the data as follows. Let X1i
iid
∼ N(0, 1) and X2i|X1i

iid
∼ N(X2

1i, 1) for
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i = 1, . . . ,N with N = 100. They are scaled to have zero mean and unit variance. Consider

a nominal categorical response variable with three levels: Red, Green, and Blue. The

points are classified as Red with probability Φ(−6X1 − X2 − 5) and Blue with probability

Φ(6X1 − X2 − 5), where Φ(·) is the standard normal distribution function. The remaining

points are classified as Green. The data are shown in Figure 1.5.

Suppose our aim is to generate a testing set of 20 points. The result of applying the

naive method is shown in the left panel of Figure 1.5. In this dataset there are N1 = 21

Red, N2 = 59 Green, and N3 = 20 Blue. A testing set gives a good representation of the

categorical variable if
ni

n
≈

Ni

N
for all i = 1, . . . ,m, (1.13)

where ni is the number of testing samples for the ith level. Thus, we should have approx-

imately four Red, 12 Green, and four Blue in the testing set. However, the naive method

gives only two Red and three Blue, which is quite disproportionate to the number of Red and

Blue in the dataset. This is expected because the naive method does not use the information

in the categorical response for splitting.
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Figure 1.5: The circles are the testing set obtained using naive method (left), stratified
proportional method (center), and the proposed coding-based method (right). The three
categorical levels are shown as red triangles, green pluses, and blue crosses.

Another possible approach that can ensure the proportional sampling in (1.13) is to first

choose ni ≈ Ni/Nn and then find ni support points from the dataset containing only the ith
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level of the categorical variable while ignoring the remaining part of the dataset. The results

of this stratified proportional method is shown in the middle panel of Figure 1.5. We can

see that some points are too close and almost overlapping. Thus, although the stratified

proportional sampling approach ensures perfect balancing of categorical levels, the support

points in the continuous space may not be representative.

A yet another approach to deal with categorical variables is to first convert them into

numerical variables and then use the methodology that we developed earlier for continuous

variables. The first step is to represent the m levels of the categorical variable using m − 1

dummy variables assuming that the model has a parameter to represent the mean of the data.

There are many choices for creating the dummy variables such as treatment coding, Helmert

coding, sum coding, orthogonal polynomial coding, etc. (Faraway, 2015, ch.14). Here we

use Helmert coding as we have observed better numerical stability with it in the support

points’ algorithm.

Consider the example again. Using Helmert coding, the Red, Green, and Blue levels

are represented using two dummy variables d1 = (−1, 1, 0) and d2 = (−1,−1, 2). Now the

SPlit algorithm can be applied after standardizing the four columns of the augmented

dataset. The result is shown in the last panel of Figure 1.5. We can see that the categorical

levels are well-balanced and the points are well-spread out in the continuous space. Thus,

this coding approach seems to work very well. Moreover, it can be easily adapted for ordinal

categorical variables through scoring (Wu & Hamada, 2011, p. 647). Furthermore, it can

be used for multiple categorical variables by coding each variable separately. Thus, this

approach appears to be very general and simple to implement and therefore, we will adopt it

in the SPlit algorithm to handle categorical variables.

1.4 Examples

In this section we will compare SPlit with random subsampling on real datasets for both

regression and classification problems.
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1.4.1 Regression

Consider the concrete compressive strength dataset from Yeh (1998) which can be obtained

from the UCI Machine Learning Repository (Dua & Graff, 2017). This dataset has eight

continuous predictors pertaining to the concrete’s ingredients and age. The response is the

concrete’s compressive strength. We will make an 80-20 split of this dataset which has

1, 030 rows. Thus Ntrain = 824 and Ntest = 206. The split is done using both SPlit and

random subsampling. All the nine variables are normalized to mean 0 and standard deviation

1 before splitting.

A good splitting procedure should work well for all possible modeling choices. There-

fore, to check the robustness against different modeling choices, we choose a linear re-

gression model with linear main effects estimated using LASSO (Tibshirani, 1996) and a

nonlinear-nonparametric regression model estimated using random forest (Breiman, 2001).

Both the models are fitted on the training set using the default settings of the R packages

glmnet (J. Friedman et al., 2010) and randomForest (Liaw & Wiener, 2002). Then we

compute the root mean squared prediction error (RMSE) on the testing set to evaluate the

models’ prediction performance. We repeat this procedure 500 times, where the same split

is used for fitting both the LASSO and random forest.

The testing RMSE values for the 500 simulations are shown in Figure 1.6. We can see

that on the average the testing RMSE is lower for SPlit compared to random subsampling.

This improvement is much larger for random forest compared to LASSO. We also note

significant improvement in the worst-case performance of SPlit over random subsampling.

Furthermore, the variability in the testing RMSE is much smaller for SPlit compared to

random subsampling and therefore, a more consistent conclusion can be drawn using SPlit.

Thus, the simulation clearly shows that SPlit produces testing and training set that are

much better for model fitting and evaluation. Computation of SPlit for this dataset took

on an average 1.6 seconds on a computer with 6-core 2.6 GHz Intel processor, which is

a negligibly small price that we need to pay for the improved performance over random
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Figure 1.6: Distribution of root mean squared error (RMSE) over 500 random and SPlit
subsampling splits for the concrete compressive strength dataset.

subsampling.

Dataset Size Predictors Response

Abalone 4177 × 9 7 continuous
1 categorical (3 levels)

Continuous

Airfoil self-noise 1503 × 6 5 continuous Continuous

Meat spectroscopy 215 × 101 100 continuous Continuous

Philadelphia birthweights 1115 × 5 2 continuous
2 categorical (2 levels each)

Continuous

Table 1.1: Description of datasets considered for regression.

We repeated the simulation with several other datasets, namely Abalone (Nash et al.,

1994), Airfoil self-noise (Brooks et al., 1989), Meat spectroscopy (Thodberg, 1993), and

Philadelphia birthweights (Elo et al., 2001). Abalone and Airfoil self-noise datasets can

be obtained from the UCI Machine Learning Repository (Dua & Graff, 2017), while Meat

spectorscopy and Philadelphia birthweights can be obtained from the faraway (Faraway,

2015) package in R. The details of these datasets are summarized in Table 1.1. Figure 1.7

shows the testing RMSE values for both LASSO and random forest. We see similar trends

as before on all the datasets; SPlit gives a better testing performance on the average than

random subsampling and a substantial improvement in the worst-case testing performance.
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Figure 1.7: Distribution of root mean squared error (RMSE) over 500 random and SPlit
subsampling splits for the datasets described in Table 1.1.

1.4.2 Classification

For checking the performance of SPlit on classification problems, consider the famous Iris

dataset (Fisher, 1936). The Iris dataset has four continuous predictors (sepal length, sepal

width, petal length, and petal width) and a categorical response with three levels representing

the three types of Iris flowers (setosa, versicolor, and virginica). There are 150 rows in

total with 50 rows for each flower type. Following the discussion in Section 3, the flower

type is converted into two continuous dummy variables using Helmert coding. Thus, the

resulting dataset has six continuous columns. For modeling we will use multinomial logistic

regression and random forest. The classification performance will be assessed using the
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residual deviance (D) defined as

D := 2
I∑

i=1

J∑
j=1

yi j · ln
( yi j

p̂i j

)
, (1.14)

where I is the number of rows, J the number of classes, yi j ∈ {0, 1} is 1 if row i corresponds

to class j and 0 otherwise, and p̂i j is the probability that row i belongs to class j as predicted

by the model. Note that 0 log 0 is taken as 0 by definition.
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Figure 1.8: Visualizing a SPlit subsampling testing set (circles) for the Iris dataset.

Figure 1.8 shows a testing set selected by SPlit. We can see that they are well-balanced

among the three classes and the points are well-spread out in the space of the four continuous

predictors. We fit multinomial logistic regression and random forest on the training set and

then the residual deviance is computed on the testing set. This is then repeated 500 times.

Figure 1.9 shows the deviance results for SPlit, random, and stratified proportional random

subsampling. We can see that again SPlit gives significantly better average and worst-case
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performance compared to both random and stratified proportional random subsampling.
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Figure 1.9: Distribution of residual deviance (D) over 500 random, stratified proportional
random, and SPlit subsampling splits for the Iris dataset.

Dataset Size Predictors Response

Banknote authentication 1372 × 5 4 continuous Categorical (2 levels)

Breast cancer
(diagnostic, Wisconsin)

569 × 31 30 continuous Categorical (2 levels)

Cardiotocography 2126 × 22 20 continuous
1 categorical (3 levels)

Categorical (3 levels)

Glass identification 214 × 10 9 continuous Categorical (6 levels)

Table 1.2: Description of datasets considered for classification.

The foregoing study is repeated for four other datasets: Banknote authentication, Breast

cancer (diagnostic, Wisconsin) (Street et al., 1993), Cardiotocography (Ayres-de-Campos

et al., 2000), and Glass identification (Evett & Spiehler, 1989), all of which can be obtained

from the UCI Machine Learning Repository (Dua & Graff, 2017). The details of these

datasets are summarized in Table 1.2 and the results on the residual deviance are shown in

Figure 1.10. It is possible to encounter ∞ while calculating deviance; for the purpose of

plotting,∞ is replaced with the maximum finite deviance obtained from the remainder of

the 500 simulations. We can see that SPlit gives a better performance than both random

and stratified proportional random subsampling in all the cases. The improvement realized
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Figure 1.10: Distribution of residual deviance (D) over 500 random, stratified proportional
random, and SPlit subsampling splits for the datasets described in Table 1.2.

varies over the datasets and modeling methods, but SPlit has a clear advantage over both

random and stratified proportional random subsampling.

1.5 Conclusions

Random subsampling is probably the most widely used method for splitting a dataset for

testing and training. In this chapter, we have proposed a new method called SPlit for

optimally splitting the dataset. It is done by first finding support points of the dataset and

then using an efficient nearest neighbor algorithm to choose the subsamples. They are

then used as the testing set and the remaining as the training set. The support points give

the best possible representation of the dataset (according to the energy distance criterion)

and therefore, SPlit is expected to produce a testing set that is best for evaluating the
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performance of a model fitted on the training set. The ability of support points to match

the distribution of the full data is one of its big advantage over the other deterministic data

splitting methods such as CADEX and DUPLEX. We have also extended the method of support

points to deal with categorical variables. Thus, SPlit can be applied to both regression and

classification problems. We have also briefly discussed on how a sequential application of

the support points can be used to generate validation and cross-validation sets, but further

development on this topic is left for future research.

We have applied SPlit on several datasets for both regression and classification using

different choices of modeling methods and found that SPlit improves the average testing

performance in almost all the cases with substantial improvement in the worst-case predic-

tions. The variability in the testing performance metric using SPlit is found to be much

smaller than that of random subsampling, which shows that the results and the findings of a

statistical study would be much more reproducible if we were to use SPlit.
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CHAPTER 2

DATA TWINNING

2.1 Introduction

Often in statistics and machine learning we are required to partition a dataset, e.g., when (i)

splitting a dataset for training and testing, (ii) subsampling from Big Data for conducting

tractable statistical analysis or to save storage space, (iii) generating multiple splits of

a dataset for divide-and-conquer procedures to act upon, and (iv) creating k-fold cross

validation sets for model tuning and validation. For this purpose, we propose a novel method

named Twinning that can be used for partitioning a dataset into statistically similar sets.

Twinning is motivated from the work on optimal data splitting for model validation,

presented in Chapter 1. For model validation, the common practice is to randomly split the

dataset into training and testing sets, e.g., for an 80-20 split, 20% of the dataset is selected

randomly for testing, while the remaining 80% is used for training the model. It is easy

to see that such random splitting can plausibly give rise to pathological splits, wherein the

training and testing sets cover roughly disjoint regions of the feature space, thereby resulting

in poor testing performance of the model. Clearly there is a need to systematically split

data such that the training set provides sufficient coverage of the feature space. CADEX by

Kennard and Stone (1969) marks the beginning of such data splitting procedures in the

literature. CADEX pushes majority of the extreme points in the feature space into the training

set, while in DUPLEX, a procedure later presented by Snee (1977) as an improvement over

CADEX, the extreme points are about equally distributed between the training and testing sets,

thereby producing a more robust testing set for validation. Reitermanová (2010) provides a

detailed survey of various data splitting procedures that are geared towards this goal.

If rows of a given dataset, including the response, are assumed to be independent
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realizations from a distribution F , then an unbiased estimate of the model’s generalization

error is obtained when the testing set itself is a realization of F . Random data splitting

achieves this distributional similarity, but not CADEX and DUPLEX; furthermore, CADEX and

DUPLEX do not include the response in their computations. The SPXY procedure proposed

by Galvão et al. (2005) is similar to CADEX, but includes the response, even still, the

distributional similarity is lacking.

The procedure SPlit produces testing sets statistically similar to the original dataset.

Both parametric and non-parametric models built using SPlit exhibit promising results

over random data splitting, i.e., improved and consistent testing performance; only caveat

being the computational complexity of making the split. Consider some d-dimensional

datasets generated by sampling from a multivariate normal with µ = [0, . . . , 0]> ∈ Rd and

Σ ∈ Rd×d : Σi j = 0.5|i− j|,∀i, j ∈ {1, . . . , d}. Figure 2.1 plots the computation time to make an

80-20 split using 500 iterations of the original algorithm for SPlit on a 36-core Intel 3.0

GHz processor, against the size of the dataset. Although the algorithm can be executed in

parallel, the quadratic growth suggests a two day wait to split the 16-dimensional dataset if

it had a million rows, even with access to 36 cores. Hence, though apt for model validation,

the computational complexity of SPlit holds it back from being applied to Big Data that

are prevalent today in every domain. In this work, we develop an efficient algorithm named

Twinning that is capable of splitting Big Data with the same objective as SPlit. As will

be shown, the computational efficiency of Twinning, coupled with the statistical properties

of the splits generated, broadens its scope to a wide variety of problems that are inaccessible

for SPlit.

The remainder of the chapter is organized as follows. Section 2.2 reviews the theory

behind SPlit. Section 2.3 presents the new Twinning algorithm, and Section 2.4 provides

several computational experiments to assess the performance of Twinning. Section 2.5

extends Twinning for generating multiple splits of the dataset. Section 2.6 discusses

applications of Twinning in data splitting, data compression, and cross-validation. Finally,
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we state our concluding remarks in Section 2.7.
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Figure 2.1: Computation times for making an 80-20 split of d-dimensional multivariate
normal datasets with N rows, using 500 iterations of the original algorithm for SPlit, on a
36-core processor.

2.2 Review of SPlit

LetD = {Zi = [Xi,Yi]}Ni=1 ∈ R
N×d be the given dataset, where Xi is a d−1 dimensional vector

representing the d − 1 features in the ith row, and Yi denotes the corresponding response

value. Assume that each row of the dataset is independently drawn from a distribution F :

(Xi,Yi)
iid
∼ F , i = 1, . . . ,N.

The aim is to fit a model g(X; θ) to the data, where θ is the unknown set of parameters in the

model. To protect against overfitting, we will not use the entire data for estimation. Instead,

the dataset is split into two sets: testing set (D1) and training set (D2) with sizes n and

N − n, respectively. Then,D2 will be used for parameter estimation, andD1 will be used

for assessing the model performance.

To quantify the model’s performance, define the generalization error as in Hastie et al.
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(2009, Ch. 7) by

E = EX,Y{L(Y, g(X; θ̂))|D2}, (2.1)

where θ̂ is the estimate of θ obtained from the training set by minimizing a loss L(Y, g(X; θ)).

An estimate of the generalization error can be obtained from the testing set as

Ê =
1
n

n∑
i=1

L(Y1
i , g(X1

i ; θ̂)), (2.2)

where Ui = (X1
i ,Y

1
i ) denote the ith sample in D1. The estimate of the generalization error

will be unbiased if

Ui ∼ F , i = 1, . . . , n. (2.3)

Random sampling is the easiest method to ensure condition (2.3). However, random

sampling gives a high error rate of O(n−1/2) for |Ê − E|. Mak and Joseph (2018c) showed

that, under some regularity conditions,

|Ê − E| ≤ C
√
ED, (2.4)

where C is a constant that does not depend on the testing sample, and ED is the energy

distance (Székely & Rizzo, 2013) between the testing sample and the distribution F . The

energy distance can be estimated from the data using

EDn,N B
2

nN

n∑
i=1

N∑
j=1

‖Ui − Z j‖2 −
1
n2

n∑
i=1

n∑
j=1

‖Ui − U j‖2 −
1

N2

N∑
i=1

N∑
j=1

‖Zi − Z j‖2,

where ‖ · ‖2 is the `2 norm. Since the energy distance does not depend on the model g(·; θ)

nor the loss function L(·, ·), a model-independent testing set can be obtained by minimizing

the energy distance. The minimizer of the energy distance is referred to as support points
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(Mak & Joseph, 2018c):

{z∗i }
n
i=1 = arg min

{zi}
n
i=1

EDn,N

= arg min
{zi}

n
i=1

2
n

n∑
i=1

E‖zi − Z‖2 −
1
n2

n∑
i=1

n∑
j=1

‖zi − z j‖2. (2.5)

Mak and Joseph (2018c) also showed that using support points the error rate of random sam-

pling can be improved by a factor of log n and can even achieve almost O(n−1) convergence

in practice.

Thus, support points computed from (2.5) could be used as the testing set, which can

work much better than a random sample. This is the idea behind SPlit (Support Points

based split). However, there is one issue. The solution to (2.5) need not be a subsample of

the original dataset, because the optimization is done on a continuous space. What we really

need to do is to solve the following discrete optimization problem:

{U∗i }
n
i=1 = arg min

{zi}
n
i=1∈D

2
n

n∑
i=1

E‖zi − Z‖2 −
1
n2

n∑
i=1

n∑
j=1

‖zi − z j‖2. (2.6)

Instead of solving (2.6) directly, we proposed to solve it in two steps: first solve the

continuous optimization in (2.5) using the difference-of-convex (DC) programming technique

(Mak & Joseph, 2018c) to obtain an approximate solution to support points, and then use

a sequential nearest neighbor assignment to find the closest points in the dataset to the

support points. From here on in, we will refer to this two-step approach as DC-NN, i.e.,

difference-of-convex programming followed by nearest neighbor assignment. Although

much faster than an integer programming solution to (2.6), the computational complexity of

this approach is still high.

To arrive at the computational complexity of the DC-NN algorithm, we begin with the DC

program that has a complexity of O(dn(n + N)/P) per iteration, where P is the number of
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processor cores available. Let γ = n/N. Then, for τ iterations, we obtain

O(τdn(n + N)) = O(τdγN(γN + N)/P)

= O(τdγ(γ + 1)N2/P)

= O(τdγN2/P) ∵ γ ∈ (0, 1). (2.7)

The sequential nearest neighbor assignment can be efficiently performed using a kd-tree.

Building the kd-tree is O(dN log N), and n nearest neighbor queries are needed, each with

worst case complexity O(N1− 1
d ) and average case complexity O(log N). Thus, the average

case complexity of the overall procedure can be expressed as

O(dN log N + n log N + τdγN2/P) = O(dN log N + γN log N + τdγN2/P)

= O((γ + d)N log N + τdγN2/P)

= O(dN log N + τdγN2/P) ∵ γ < 1. (2.8)

The quadratic growth in complexity, with respect to the size of the dataset, is the major

computational bottleneck of SPlit. Mak and Joseph (2018c) also provide a version of

the DC program that uses stochastic majorization-minimization, where the expectations in

EDn,N are computed based on a random sample fromD within each iteration of DC, instead

of using the full dataset. Let us denote this procedure as SDC, wherein a random sample

of size min(κn,N) is sampled from D in every iteration. Thus, for the case of γ < 1/κ,

the complexity of SDC for τ iterations reduces to O(dn(n + κn)/P) = O(τdκγ2N2/P), and

the average case complexity of SDC-NN becomes O(dN log N + τdκγ2N2/P), which is an

improvement over DC-NN for small values of γ. However, for large values of γ, faster

algorithms are needed, which leads us to the main topic of this chapter that is discussed in

the next section.
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2.3 Twinning

The aim of Twinning is to partition a dataset into two disjoint sets such that they have

similar statistical properties. We will call the two sets as twins. The twins needn’t be of

the same size, but they should have similar statistical distributions. Let D1 = {Ui}
n
i=1 and

D2 = {V j}
N−n
j=1 be the twins such that D1 ∩ D2 = ∅ and D1 ∪ D2 = D. Let EDn,N−n be the

energy distance betweenD1 andD2, which is given by

EDn,N−n B
2

n(N − n)

n∑
i=1

N−n∑
j=1

‖Ui − V j‖2 −
1
n2

n∑
i=1

n∑
j=1

‖Ui − U j‖2 −
1

(N − n)2

N−n∑
i=1

N−n∑
j=1

‖Vi − V j‖2.

The twins are obtained by minimizing EDn,N−n with respect toD1 andD2, i.e.,

{U∗i }
n
i=1, {V

∗
j}

N−n
j=1 = arg min

{Ui}
n
i=1,{V j}

N−n
j=1

EDn,N−n

subject to: {Ui}
n
i=1 ∩ {V j}

N−n
j=1 = ∅

{Ui}
n
i=1 ∪ {V j}

N−n
j=1 = D.

(2.9)

At first sight, Twinning appears to be a much harder problem than SPlit since we

need to perform the optimization in Nd variables instead of nd variables. Interestingly, the

following result shows that the objectives of Twinning and SPlit are equivalent.

Proposition 1. Given n = γN, EDn,N = (1 − γ)2 · EDn,N−n

All the proofs are given in the Appendix. Proposition 1 shows that minimizing the energy

distance between D1 and D2 is the same as minimizing the energy distance between D1

andD. Thus, to solve (2.9), we can solve (2.6) and set {V∗}N−n
i=1 = D \ {U∗}ni=1. However, as

formally stated below, this is a difficult optimization problem.

Proposition 2. The optimization in (2.6) is NP-hard.

Hence, from Propositions 1 and 2, we have that solving (2.9) to optimality is intractable. An

efficient algorithm to obtain a reasonable solution to (2.9) is presented next.
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2.3.1 Algorithm

There are three parts to EDn,N−n that we will examine individually, they are

ED
1
n,N−n B

2
n(N − n)

n∑
i=1

N−n∑
j=1

‖Ui − V j‖2,

ED
2
n,N−n B −

1
n2

n∑
i=1

n∑
j=1

‖Ui − U j‖2, and

ED
3
n,N−n B −

1
(N − n)2

N−n∑
i=1

N−n∑
j=1

‖Vi − V j‖2.

(2.10)

Minimizing ED
1
n,N−n translates to bringingD1 andD2 closer to each other, whereas mini-

mizing ED
2
n,N−n and ED

3
n,N−n causes the points inD1 andD2, respectively, to be spread out.

Consider the case of CADEX and SPXY that were alluded to in Section 2.1, both procedures

effectively aim at minimizing ED
3
n,N−n alone, i.e., a well spread outD2 is produced, while

nothing can be said aboutD1 and its statistical similarity toD2. DUPLEX on the other hand

focuses on minimizing both ED
2
n,N−n and ED

3
n,N−n, still neglecting ED

1
n,N−n. DUPLEX is an

improvement over CADEX because in essence D1 is now a relatively rigorous validation

set as it is more spread out and potentially includes extreme points. When designing the

Twinning algorithm, we will incorporate ED
1
n,N−n as well, thereby tying all the three pieces

together.

Assume that γ = 1/r, where r is an integer, i.e., N = rn. The dataset D can now

be partitioned into n disjoint subsets each with r points in it. At this stage, if a single

point is selected from each of the n subsets into D1 and the remaining r − 1 points into

D2, the desired splitting ratio γ is achieved. What remains now is to perform the said

partitioning, and the selection within the n resulting subsets in a manner that respects the

EDn,N−n criterion. With this partitioning in mind, we propose a sequential approach where

given a starting position u1 ∈ D, the r− 1 closest points to u1 inD together with u1 form the

first of the n subsets. Let this first subset be S1 = {u1, v1
1, . . . , v

r−1
1 } ∈ D, here u1 is pushed
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intoD1 and the remaining v1
1, . . . , v

r−1
1 are pushed intoD2. For the sake of demonstration,

consider a simple two-dimensional dataset with N = 50 observations generated as follows:

Xi
iid
∼ N(0, 1) and Yi|Xi

iid
∼ N(X2

i , 1) for i = 1, . . . ,N. We have that r = 5 for an 80-20 split.

Plot (a) in Figure 2.2 depicts the first subset S1, given that we start from the encircled point

labelled as ‘1’ which represents u1.

Next, we select u2 ∈ D \ S1 based on some selection rule, and then proceed to identify

the r−1 closest points to u2 inD\S1. Let S1 = {u1, v1
1, . . . , v

r−1
1 } be such that ‖u1−vk−1

1 ‖2 ≤

‖u1 − vk
1‖2,∀k = 2, . . . , r − 1, i.e., v1

1 is the closest neighbor to u1 in S1, while vr−1
1 is the

farthest. Here we propose a selection rule where we select the closest point to vr−1
1 inD\S1

as u2. Similar to the first subset, let the second subset be S2 = {u2, v1
2, . . . , v

r−1
2 } ∈ D \ S1

where u2 is pushed intoD1 and the remaining v1
2, . . . , v

r−1
2 are pushed intoD2. Plot (b) in

Figure 2.2 shows both subsets S1 and S2 where the encircled point labelled as ‘2’ is u2.

Now we see the pattern where given Si−1, we select the closest point to vr−1
i−1 inD \ ∪i−1

j=1S j

to be ui. It can happen that when γ is restricted such that 1/γ is an integer, n , γN. In

such scenarios, it is straightforward to set n← dγNe, which results in the cradinality of the

final subset to be strictly lower than r = 1/γ, i.e., |Sn| < r. Algorithm 2 formally states the

Twinning algorithm. Since the sample dataset has 50 points, for an 80-20 split, we need to

identify 10 subsets: S1, . . . ,S10 each with 5 points in it as described. Figure 2.2 depicts the

subsets identified at the end of iterations 1, 2, 5, and 10 of Twinning. In plot (d) of Figure

2.2, the encircled points make upD1, and the remaining points formD2.

Twinning attempts to minimize all three parts of EDn,N−n that are outlined in (2.10). It is

immediately seen that, when the r points in each of the n subsets are closer to each other, we

end up reducing ED
1
n,N−n since for most testing points there are at least r − 1 of its neighbors

inD2. In other words, for most testing points there will not be another testing point closer

than its (r− 1)th neighbor, which in turn brings down ED
2
n,N−n. Reduction in ED

3
n,N−n is given

ifD2 is well spread out rather than aggregated in a region. With the proposed selection rule,

Twinning sequentially finds subsets Si,∀i = 1, . . . , n such that most subsets are expected
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to be adjacent to their previous subset with minimal overlaps. This in turn ensures thatD2,

which constitutes all but one point from each subset, sufficiently covers the region of the

dataset, thereby reducing ED
3
n,N−n as alluded.

Algorithm 2 Twinning [ R package: twinning ]

1: InputD ∈ RN×d, splitting ratio γ : 1/γ ∈ Z, and starting position u1

2: Standardize the columns ofD
3: n← dγNe; r ← 1/γ;D1 ← {};D2 ← {}

4: for i ∈ {1, . . . , n} do
5: if i , 1 then
6: ui = arg minu∈D{‖u − vr−1

i−1 ‖2}

7: end if
8: if i = n then
9: r ← |D|

10: end if
11: {v1

i , . . . , v
r−1
i } = arg min{v1,...,vr−1}∈D\{ui}

{
∑r−1

j=1 ‖v j − ui‖2}

12: D1 ← D1 ∪ {ui};D2 ← D2 ∪ {v1
i , . . . , v

r−1
i };D ← D \ {ui, v1

i , . . . , v
r−1
i }

13: end for
14: returnD1,D2

Figure 2.3 shows a random 80-20 split, a split from 500 iterations of DC-NN, as well

as the split obtained by Twinning on the same sample dataset. When comparing different

splits of a fixed dataset, it is easier to use EDn,N as the metric, i.e., energy distance between

the smaller twin D1 and the whole dataset D. Similar to how EDn,N−n in (2.10) has three

parts, EDn,N also has three parts, of which the third remains constant if the dataset is fixed.

Hence, for the remainder of this chapter, the energy that is being referred to in the plots is

ED
1,2
n,N B

2
nN

n∑
i=1

N∑
j=1

‖Ui − Z j‖2 −
1
n2

n∑
i=1

n∑
j=1

‖Ui − U j‖2, (2.11)

where {Zi}
N
i=1 is the dataset and {Ui}

n
i=1 is the testing set as before. ED

1,2
n,N for the split obtained

from Twinning in Figure 2.2 is 1.724636. We see that the performance of Twinning

comes close to that of DC-NN. In Section 2.4, we provide an extensive comparison between

Twinning and DC-NN, where we find that in higher dimensions and for larger values of N,

Twinning edges out DC-NN with substantially lower computation time.

33



−1

0

1

2

3

Y

−1

0

1

2

3

Y

−1

0

1

2

3

Y

−1

0

1

2

3

Y

(a) Iteration 1 (b) Iteration 2

(c) Iteration 5 (d) Iteration 10

−1 0 1 2

X

−1 0 1 2

X

−1 0 1 2

X

−1 0 1 2

X

Figure 2.2: The convex hull of subsets identified by Twinning at the end of iterations 1,
2, 5, and 10 for the sample dataset described in Section 2.3. Points in D1 are shown as
encircled points, and they are numbered in the order they were selected.

2.3.2 Computational Complexity

Much of Twinning’s computational complexity can be attributed to nearest neighbor queries.

Exact nearest neighbor queries in higher dimensions may not be efficient, and several

approximate nearest neighbor search algorithms have been proposed in the literature to

address this, e.g., locality-sensitive hashing (Slaney & Casey, 2008). Li et al. (2019)

provides a comprehensive evaluation of nineteen such algorithms. Nevertheless, following

the implementation of DC-NN (Vakayil et al., 2021) that uses a kd-tree based exact nearest
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Figure 2.3: A random split of the dataset described in Section 2.3 is shown on the left, while
a SPlit obtained using DC-NN is shown in the middle, and with Twinning on the right.
The encircled points constituteD1 in each of the three plots.

neighbor search (Blanco & Rai, 2014), we use the same in our analysis of Twinning.

Building the kd-tree is O(dN log N). In each of the n iterations, Twinning makes one

nearest neighbor query to locate ui, i , 1, and one r-nearest neighbors query to identify

{v1
i , . . . , v

r−1
i }; the former has a worst case complexity of O(N1− 1

d ), and O(N1− 1
d + r) for

the latter. The complexity of these nearest neighbor(s) queries is lower in practice, with

the average case complexity being O(log N) (J. H. Friedman et al., 1977). Updating the

kd-tree after each query is an expensive affair, hence, instead of deleting a point after it

has been queried out of the tree, the point is merely masked. The overall complexity of

Twinning in the worst case can be simplified to

O(dN log N + 2n(N1− 1
d + r)) = O(dN log N + 2γN(N1− 1

d +
1
γ

))

= O(dN log N + 2(γN2− 1
d + N))

= O(dN log N + γN2− 1
d ),

while the average case complexity is

O(dN log N + 2n log N) = O(dN log N + 2γN log N)
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= O((γ + d)N log N)

= O(dN log N) ∵ γ < 1, (2.12)

which is much better than the complexity of DC-NN given in (2.8).

2.4 Experiments

Consider d-dimensional datasets with N rows generated by sampling from a multivariate

normal with µ = [0, . . . , 0]> ∈ Rd and Σ ∈ Rd×d : Σi j = 0.5|i− j|,∀i, j ∈ {1, . . . , d}. In this

section we compare DC-NN and Twinning for splitting these datasets. The performance of

the splits is measured in terms of the computation time and the energy distance metric ED
1,2
n,N

defined in (2.11). Plot (a) in Figures 2.4, 2.5, and 2.6 considers smaller datasets, where the

experiments are run on a laptop with 6-core Intel 2.6 GHz processor, while plot (b) considers

bigger datasets, where the experiments are run on a 36-core Intel 3.0 GHz processor. The

plots show the ratio of ED
1,2
n,N obtained from Twinning to that obtained from DC-NN; hence,

an energy ratio of less than 1 for a given N, d, and γ indicates that Twinning performed

better than DC-NN with respect to the quality of the split.

Twinning is deterministic when u1 is fixed, and in this section u1 is chosen to be the

point farthest from the centroid of the dataset. With DC-NN, the split can vary over multiple

runs of the algorithm owing to its random initialization, hence, for stability, 500 iterations of

the iterative algorithm that computes support points is used; the quality of the split improves

with every iteration of the iterative algorithm. Moreover, DC-NN can be run in parallel, with

the computation time being inversely proportional to the number of parallel threads, whereas

Twinning is serial. Still, we see that the computation times for Twinning are significantly

lower compared to DC-NN. For example, consider plot (b) of Figure 2.4, where for N = 105,

d = 16, and γ = 0.2, the computation time for Twinning is better than DC-NN by a factor of

27, even though DC-NN is executed in parallel on 36 cores, i.e., if DC-NN were to be executed

on a single core, Twinning would observe an improvement in computation time by a factor
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of 27 × 36 over DC-NN. In addition, the quality of the split obtained by Twinning is better

than that obtained from DC-NN.
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Figure 2.4: Comparison between DC-NN and Twinning for varying N with fixed d and
γ. 500 iterations are used for DC-NN. The red circles and blue diamonds represent the
computation times for DC-NN and Twinning, respectively. The green crosses denote the
energy ratio of Twinning to DC-NN.

From Figures 2.4, 2.5, and 2.6, it is evident that Twinning outperforms DC-NN, both in

terms of computation time and quality of the split, when it comes to bigger datasets. It is

when N, d, and γ are all small, DC-NN produces better quality splits than Twinning. Hence,

for partitioning Big Data, Twinning is the algorithm of choice.
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Figure 2.5: Comparison between DC-NN and Twinning for varying d with fixed N and
γ. 500 iterations are used for DC-NN. The red circles and blue diamonds represent the
computation times for DC-NN and Twinning, respectively. The green crosses denote the
energy ratio of Twinning to DC-NN.
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Figure 2.6: Comparison between DC-NN and Twinning for varying γ with fixed N and
d. 500 iterations are used for DC-NN. The red circles and blue diamonds represent the
computation times for DC-NN and Twinning, respectively. The green crosses denote the
energy ratio of Twinning to DC-NN.
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2.5 Multiplets

It is often desired to split a dataset into multiple disjoint sets. In keeping with the terminology

thus far, if we divide the dataset into three sets with similar statistical properties, we call

them triplets, four sets as quadruplets, and so on. In general, we will call the sets multiplets.

There are several applications for multiplets. The well studied k-fold cross validation

approach proceeds by randomly splitting a dataset into k sets (Hastie et al., 2009). Moreover,

with the technological advances in parallel computing, divide-and-conquer methods that act

upon separate blocks of a dataset are becoming increasingly popular for statistical analysis

on Big Data (Guha et al., 2012).

When it comes to k-fold cross validation, an estimate of the generalization error of a

given model is made based on the individual error estimates on the k sets (Rodriguez et al.,

2010). The reliability of these k separate error estimates are bound to improve when the k

sets are themselves distributed similar to the whole dataset. The divide-and-conquer methods

split Big Data into, say, k manageable sets that are analyzed separately and the results are

carefully merged to form a combined inference on the Big Data, thereby circumventing

the storage and computational limits of analyzing Big Data on a single machine. It is only

reasonable to assume that when these k separate sets are distributed similar to their union,

i.e., the Big Data, the quality of the overall inference could improve, albeit further research

is needed in this regard.

Here we demonstrate how Twinning can be adapted to split a given datasetD ∈ RN×d

into k multiplets: D1,D2, . . . ,Dk such that ∪k
i=1D

i = D andDi∩D j = ∅,∀i , j. For ease of

presentation, we will explain the methodology to generate multiplets of the same cardinality,

i.e., |Di| = N/k,∀i. As defined in (2.11), let ED
1,2
ni,N be the energy ofDi with respect toD,∀i,

and let ED
1,2(∗)
n,N B max{ED

1,2
ni,N : i ∈ {1, . . . , k}}. A lower ED

1,2(∗)
n,N indicates that all the k sets

Di,∀i are distributed similar to D. We propose the following three strategies to generate

multiplets with Twinning,
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S1 Run Twinning onD with γ = n
N = 1

k to obtainD1 andD \D1. Next, run Twinning

onD\D1 with γ = 1/(k − 1) to obtainD2 andD\∪2
i=1D

i. Repeat untilDk−1 andDk

are obtained.

S2 Repeatedly run Twinning on D with γ = 0.5 until all the k sets D1, . . . ,Dk are

obtained, assuming k is a power of 2, i.e., k = 2a : a ∈ Z.

S3 Run Twinning on D with γ = 1
k . Let Se,∀e ∈ {1, . . . , n} be the n mutually

exclusive and collectively exhaustive subsets of D identified by Twinning. Let

Se = {ue, v1
e , . . . , vr−1

e }, where r = k. For subset Se, ∀e ∈ {1, . . . , n}, add ue to D1, v1
e

toD2, . . . , and vr−1
e toDk.

Figure 2.7: Pictorial representation of the three proposed strategies to generate quadruplets
of the same cardinality with Twinning.

Figure 2.7 provides a simple depiction of the three strategies S1, S2, and S3 for generating

quadruplets, i.e., k = 4. We see that both S1 and S2 require k − 1 runs of Twinning, while

strategy S3 gets away with a single run of Twinning on D. To assess the performance

of the three strategies, consider a d = 16 dimensional dataset with N = 10, 000 rows

generated by sampling from a multivariate normal with µ = [0, . . . , 0]> ∈ Rd and Σ ∈

Rd×d : Σi j = 0.5|i− j|,∀i, j ∈ {1, . . . , d}. We generate quadruplets of this dataset such that

ni = 2500,∀i ∈ {1, 2, 3, 4} using S1, S2, and S3, wherein Twinning starts from a random u1
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Figure 2.8: Distribution of ED
1,2(∗)
n,N over 250 multi-splits of the multivariate normal dataset by

random splitting, and the three proposed strategies for generating multiplets with Twinning.

in every run. We also make a multi-split randomly for comparison. This experiment is then

repeated 250 times on the same dataset, and Figure 2.8 reports the distribution ED
1,2(∗)
n,N over

these 250 multi-splits with the four strategies that includes random splitting. It is readily

observed that all the three strategies S1, S2, and S3 perform better than randomly splitting

the dataset into 4 sets such that ED
1,2(∗)
n,N is minimized. In addition, we see that strategies

S1 and S2 perform better than S3, at the computational cost of additional Twinning runs.

However, S3 can only produce multiplets of same cardinality, whereas it is straightforward to

generalize S1 and S2 for the case of unequal cardinalities by varying the γ in the Twinning

runs.

2.6 Applications

In this section, we discuss several applications of Twinning.

2.6.1 Data Splitting

Consider the problem of predicting taxicab trip duration from the trip characteristics such

as total trip distance and proportion of highway. Here, we use the New York City (NYC)
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taxicab dataset provided as part of the 2017 kaggle competition. In particular, we use the

dataset from Benmeida (2017) that contains 2, 074, 291 observations. We will use eight

continuous features for modeling, as done in Joseph and Mak (2021).

Before fitting the model, we will make an 80-20 split of the dataset, i.e., training set will

contain 1, 659, 432 observations and testing set 414, 859 observations. If we were to use

DC-NN, splitting alone would have taken about one month to finish on our laptop. SDC-NN

would also take similar amount of time because it is the same as DC-NN when κ ≥ 5 and

γ = 0.2. Thus, it is impractical to optimally split this big dataset using DC-NN or SDC-NN.

On the other hand, Twinning was able to make the split in just about two minutes! It is

clear that without Twinning one would have to be content with random subsampling. Thus,

the remarkable speed of Twinning makes optimal data splitting a reality, especially for Big

Data problems.

2.6.2 Data Compression

In the current data-rich age, computational resources are a bottleneck to analyze or store

the vast amount data that is being generated across domains. Furthermore, the trend is set

to continue into the foreseeable future, given the lackluster growth rate of computational

power over the decade, as we await technological breakthroughs (Theis & Wong, 2017).

Hence, we resort to data compression methodologies that attempt to reduce the size of Big

Data while retaining complete or partial information from the Big Data. There exists a

fundamental limit to lossless data compression (Shannon, 1948), i.e., there is a limit to the

extent which a given Big Data can be reduced in size such that no information is lost in the

process. The trade-off between the reduction in size and the amount of information retained

is what characterizes a lossy data compression that allows for further reduction in size at the

expense of information loss.

Twinning can be viewed as a lossy data compression methodology, where a statistically

similar subsample is obtained from the Big Data after compression. The statistical similarity
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can be associated with retention of information, i.e., the more statistically similar a given

subsample is to the Big Data, the more information is retained. Either of the twin subsamples

produced by Twinning can be the subsample in question, that can be used instead of the

Big Data for tractable statistical analysis. As we will see, the computational efficiency of

Twinning is a major factor that enables its use for data compression.

Since Twinning is based on support points, it can serve as a model-independent data

compression methodology, as opposed to the many model-based compression methods in

the literature, e.g., information-based optimal subsample (IBOSS) by Wang et al. (2019).

Additionally, unlike support points, Twinning produces a subsample of the original dataset,

and thus, it could be viewed as a data reduction technique in addition to data compression.

We note that, although Twinning makes use of the response column(s) in the dataset, it

still behaves like an unsupervised data reduction technique, which is quite different from

supervised methods for data reduction, e.g., supercompress by Joseph and Mak (2021).

To demonstrate the applicability of Twinning for data compression, consider again

the NYC taxi trip dataset introduced in Section 2.6.1. The training and testing sets have

1, 659, 432 and 414, 859 observations, respectively. Suppose we are interested in fitting a

random forest regression model using the randomForest package in R (Liaw & Wiener,

2002). Fitting a random forest under the default settings of this package runs into memory

allocation issues. Therefore, data compression is a must to train the random forest. Since it is

outright impractical to employ DC-NN for the same task, we will compare the performance of

Twinning with random subsampling and SDC-NN with κ = 10. Consider 90% compression,

wherein we apply Twinning on the training set with γ = 0.1. On a laptop with 6-core

Intel 2.6 GHz processor, Twinning takes about 40 seconds to reduce the training set, and

it takes 24 minutes to train the random forest on the reduced training set that has 165, 944

observations. However, SDC-NN would have taken more than 11 days for the same task and

therefore, it is impractical to use SDC-NN for data compression.

Table 2.1 lists the total modeling time under the three compression methods: random
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γ
Reduction Time Training Total Modeling Time

Random SDC-NN Twinning Time Random SDC-NN Twinning

0.1 0 11∗ days 40 sec 24 min 24 min 11∗ days ≈ 24 min

0.05 0 2 1
2
∗ days 28 sec 7 min 7 min 2 1

2
∗ days ≈ 7 min

0.01 0 153 min 15 sec 27 sec 27 sec ≈ 153 min 42 sec

0.005 0 38 min 14 sec 11 sec 11 sec ≈ 38 min 25 sec

0.001 0 101 sec 13 sec 2 sec 2 sec 103 sec 15 sec

Table 2.1: Time taken to reduce the NYC taxi trip training set, and then fitting a random
forest regression, on a laptop with 6-core Intel 2.6 GHz processor. Fields marked with an ∗

are estimates.

subsampling, SDC-NN (κ = 10), and Twinning, for γ values: 0.10, 0.05, 0.01, 0.005, and

0.001. We can see that the performance of Twinning is quite remarkable–it is almost as

fast as the random subsampling-based modeling. On the other hand, SDC-NN is clearly not

a feasible data compression method when γ is large. To compare the testing performance

of the fitted models under the three methods, we repeated the experiment 50 times for

γ ∈ {0.005, 0.001}. The testing performance is measured in terms of the root-mean-squared

prediction error (RMSE) on the testing set that has 414, 859 observations. Figure 2.9

provides the distribution of RMSE over the 50 repetitions, where we see that the testing

performance of the random forest models fitted with Twinning edges out those with random

subsampling and SDC-NN. It is quite amazing to see that Twinning outperforms SDC-NN

not only in computational time, but also in the quality of splits.

2.6.3 Cross Validation

In this section, we demonstrate how multiplets can be applied to cross validation, as alluded

to in Section 2.5. Consider the airfoil self-noise dataset (Brooks et al., 1989) from the

UCI Machine Learning Repository. The dataset was originally developed at NASA after

a series of aerodynamic and acoustic experiments on airfoil blade sections. The dataset

has 1,503 observations with five continuous features and a continuous response indicating
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Figure 2.9: Distribution of testing RMSE over 50 repetitions of compressing the NYC taxi
trip training set with random subsampling, SDC-NN (κ = 10), and Twinning, followed by
fitting a random forest regression model.

the sound pressure level in decibels. We will fit a regression model on the dataset with

LASSO (Tibshirani, 1996), where the regularization parameter λ is estimated by k-fold

cross validation.

Conventionally, the k folds are obtained by randomly partitioning the dataset into k

sets of similar size. Here, we analyze the effect of using multiplets, instead of the random

partitions as the k folds, e.g., for 4-fold and 8-fold cross validation, we can use quadruplets

and octuplets, respectively. The glmnet (J. Friedman et al., 2010) package in R is used to

fit LASSO, where the same sequence of λ values is used when comparing the performance

with random folds and multiplets. Let λmin be the λ corresponding to minimum mean-

squared cross validation error (MSCV). Depending upon the k folds supplied to LASSO,

the estimated value of λmin can vary. Consider fitting LASSO on the given dataset with

4-fold and 8-fold cross validation, the left panel of Figure 2.10 depicts the distribution

λmin estimated by LASSO, over 500 distinct random folds and multiplets, while the right

panel shows the distribution of MSCV at λmin. The multiplets used here are generated by

Twinning using the S2 strategy.
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It is readily observed from Figure 2.10 that the use of multiplets for cross validation leads

to a stable estimate for the regularization parameter, alongside consistent and smaller MSCV,

when compared to random folds. Another interesting takeaway is that even the 4-fold

cross validation with multiplets performs better than 8-fold cross validation using random

folds, which could prove to be a major computational advantage for tuning computationally

expensive models using cross-validation. However, more theoretical investigation and

computational experiments are needed to understand this better, which we leave as a topic

for future research.
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Figure 2.10: Distribution of λmin (left) and MSCV (right) at λmin, as estimated by LASSO
with 4-fold and 8-fold cross validation, over 500 distinct random folds and multiplets of the
airfoil self-noise dataset.

2.7 Conclusions

Twinning is built upon SPlit that is aimed at optimally splitting a dataset into training and

testing sets. The existing implementation of SPlit uses difference-of-convex programming

to find support points of the dataset, and then the testing set is sampled from the dataset

using a sequential nearest neighbor algorithm (the overall procedure is termed as DC-NN

in this chapter). This procedure can be time consuming, and thus, not applicable to even
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moderately large datasets. On the other hand, Twinning directly minimizes the energy

distance between the two twin sets, and is several orders of magnitude faster than DC-NN.

This computational breakthrough allows Twinning to solve many problems that couldn’t

even be imagined with SPlit.

We have described multiple potential applications of Twinning besides data splitting,

such as data compression and cross-validation, and have demonstrated its performance on

a few real datasets. For example, the taxicab dataset containing more than two million

data points were split into two sets of 1.66 million and 0.41 million using Twinning in

about two minutes on an ordinary desktop computer. This would not have been possible

with DC-NN, which would have taken about a month to compute on a similar computer.

This computational advantage is crucial for applications such as data splitting and data

subsampling. If an optimal procedure for data subsampling takes more time than fitting a

computationally expensive statistical model, then it does not make any sense to subsample

the data to save model fitting time, one could rather fit the model directly on the full data.

The speed at which Twinning can be executed is quite remarkable that it opens the door to

a wide variety of problems to which Twinning can be applied, and we expect many more

to be discovered in the future.
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CHAPTER 3

A UNIFIED GLOBAL-LOCAL GAUSSIAN PROCESS APPROXIMATION

3.1 Introduction

Gaussian process (GP) is a widely used Bayesian framework for nonparametric regression

(C. E. Rasmussen & Williams, 2005), and emulating computer models (Gramacy, 2020;

Santner et al., 2003). The objective is to approximate a latent function f (x), x ∈ Rd, for

which a functional Gaussian prior is assumed, and the posterior is obtained given the

observed training data. The posterior mean is treated as the point prediction at x, and the

posterior variance gives the associated prediction uncertainty. Regardless of being the best

linear unbiased predictor under the assumed model, a major drawback with GP modeling

that limits its applicability to Big Data is its O(n3) computational complexity, where n is

the number of observations in the training data. This is because GP modeling requires the

inversion of an n × n kernel (or correlation) matrix Rnn involved in posterior estimation.

Building GP approximations that scale reasonably well with large n is an active area of

research, and the various methodologies to do so can be roughly grouped into two categories:

(i) global, and (ii) local approximations.

Global approximations generally (i) focus on a subset of the training data with m � n

observations resulting in a much smaller Rmm to invert (Chalupka et al., 2013), where the

subset can be randomly selected, based on clustering, or with active learning (Keerthi & Chu,

2005; Lawrence et al., 2002), (ii) use a compactly supported kernel function (Gneiting, 2002)

to generate sparse Rnn, then exploit the sparsity to efficiently compute R−1
nn (Kaufman et al.,

2011), or (iii) approximateRnn with a low m-rank matrix plus diagonal using m � n inducing

points, that can be inverted in O(m2n) (Quiñonero-Candela & Rasmussen, 2005). Local

approximations essentially (i) build a local GP model for each testing location (Gramacy &
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Apley, 2015), or (ii) partition the training data into disjoint blocks and build independent

GP for each block resulting in a block diagonal Rnn that can be inverted efficiently (Das &

Srivastava, 2010).

Global or local approximations alone can be insufficient depending upon the data. To

model a complex latent function f (x) that varies significantly locally, a larger m would

be needed to adequately summarize the data, be it subset of data approach or inducing

points. Local approximations where a local GP is fit in the neighborhood of the testing

location ignore the global trend and often result in over-confident predictions due to local

over-fitting. On the other hand, local approximations where independent GPs are fit on

partitioned training data suffer from discontinuity at the boundaries of the local regions.

Park and Huang, 2016 show that greater the discontinuity lower the prediction accuracy,

especially at the boundaries.

Snelson and Ghahramani, 2007 build on the inducing points framework presented in

Quiñonero-Candela and Rasmussen, 2005 to incorporate local trend. To begin with, the in-

ducing points framework makes the assumption that given the inducing points I, the training

and testing conditional distributions are independent, i.e, for any training location x and test-

ing location x∗, p( f (x), f (x∗)|I) = p( f (x)|I)p( f (x∗)|I). The fully independent conditional

approximation (FIC) given in Snelson and Ghahramani, 2005 makes additional assumption

that given I, the conditional distribution of the latent function at any two locations (training

and/or testing) xi, x j are independent, i.e., p( f (xi), f (x j)|I) = p( f (xi)|I)p( f (x j)|I). Snelson

and Ghahramani, 2007 later present partially independent conditional approximation (PIC)

where the space is partitioned into disjoint blocks and given I, the conditional distribution

at any two locations are independent only when they belong to separate blocks. The depen-

dence within a block in PIC attempts to capture the local trend, with the limitation that at

boundaries of a block the dependence from locations in neighboring blocks are ignored.

The discontinuity problem alluded to before with local approximations that build in-

dependent GPs on partitioned training data is generally addressed by using some form of
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weighted averaging of the independent GPs (T. Chen & Ren, 2009; Deisenroth & Ng, 2015;

Gramacy & Lee, 2008; C. Rasmussen & Ghahramani, 2001; Tresp, 2000). Park and Apley,

2018 present a patching of the independent GPs (PK) where they augment the training data

with a set of pseudo observations located at the boundaries of neighboring regions, and

impose continuity by enforcing two neighboring GPs to make identical predictions at the

pseudo locations common to them. Though the discontinuity problem can be accounted for,

the global trend remains elusive for local approximations.

In this work we propose a novel methodology to capture both global and local trend in

GP modeling. We first select a set of observations from the training data, independent of the

testing location, to capture the global trend. The global point set is then supplemented with

observations from the neighborhood of a given testing location to capture the local trend.

The global trend is modeled using a power exponential kernel whose hyperparameters are

learned based on the global points alone, and the local trend is modeled using a compactly

supported kernel with a single hyperparameter that is predetermined based on the global

points. Both kernels act on the combined set of global and local points of size m � n,

resulting in an additive kernel. Vanhatalo and Vehtari, 2008 also use an additive kernel

where the global trend is modeled with FIC and local trend with a compactly supported

kernel, however, contrary to our approach, their compactly supported kernel acts on the full

training data and requires the training data to have lattice structure to efficiently invert the

kernel matrix by exploiting its sparsity. Our framework does not impose any restrictions on

the training data, and scales well in higher dimensions as we do not rely on the sparsity of

the compactly supported kernel matrix for efficient inversion. Furthermore, unlike FIC and

PIC, we do not make any assumptions on the conditional distributions.

We refer to our methodology as TwinGP owing to the twin set of training points and

kernels involved. The remainder of the article is organized as follows. Section 3.2 provides a

brief review of GP and introduces notation. Section 3.3 presents the new TwinGP framework.

Section 3.4 gives an illustration of TwinGP using a 1d function, and in Section 3.5 we
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compare TwinGP with popular global, and local GP approximations for emulation as well as

modeling real world datasets. Finally, in Section 3.6 we provide our concluding remarks.

3.2 Gaussian Process Review

Denote the training data as {Xn,Yn} B {xi, yi}
n
i=1 such that the inputs xi ∈ R

d and output

yi ∈ R, for all i. Let

yi = f (xi) + εi, for i = 1, . . . , n, (3.1)

where εi
iid
∼ N(0, ν2) is the random noise in the output. Our aim is to estimate the latent

function f (·) from the training data. In GP modeling, we assume that f (·) to be a realization

from a Gaussian process:

f (x) ∼ GP(µ, τ2R(x, ·)), (3.2)

where µ τ2, and R(·, ·) are the mean, variance, and correlation function of the GP, respectively.

The correlation function is defined as Cor{ f (u), f (v)} = R(u, v), which is a positive definite

function with R(u,u) = 1. We use the names correlation function and kernel function

interchangeably in this paper. Please refer to the books Santner et al., 2003 and Gramacy,

2020 for details on GP modeling.

From (3.1) and (3.2), we have Yn ∼ Nn(µ1n, τ
2Rnn + ν2In), where Rnn is the n × n

correlation matrix whose i jth element is R(xi, x j), 1n B [1, . . . , 1]′, and In is the n × n

identity matrix. Let η = ν2/τ2, known as nugget. Given an arbitrary testing location x∗ ∈ Rd,

we are interested in finding the conditional distribution of f (x∗)|Yn.

Define the 1 × n correlation vector as R(x∗,Xn) B [R(x∗, x1), . . . ,R(x∗, xn)]. In keeping

with the notation, we haveR(Xn, x∗) = R(x∗,Xn)′ andRnn = R(Xn,Xn) B [R(x1,Xn); . . . ;R(xn,Xn)].

The joint distribution of f (x∗) and f(Xn) B [ f (x1), . . . , f (xn)]′ is given by

 f (x∗)

f(Xn)

 ∼ Nn+1

(  µµ1n

 , τ2

 1 R(x∗,Xn)

R(Xn, x∗) Rnn + ηIn


)
.
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Then, the conditional distribution of f (x∗)|Yn, is given by

f (x∗)|Yn ∼ N(µ(x∗), σ2(x∗)),

where

µ(x∗) = µ +R(x∗,Xn)[Rnn + ηIn]−1(Yn − µ1n), (3.3)

σ2(x∗) = τ2
{
1 −R(x∗,Xn)[Rnn + ηIn]−1

R(Xn, x∗)
}
. (3.4)

There exists a multitude of correlation functions in the literature (C. E. Rasmussen &

Williams, 2005, Ch.4), each with their own set of correlation parameters θ that are estimated

from the training data. The empirical Bayes estimate of µ, τ2, η, and θ are given as follows

(Santner et al., 2003):

µ̂ =
1′n[Rnn + ηIn]−1Yn

1′n [Rnn + ηIn]−1 1n
, (3.5)

τ̂2 =
1
n

(Yn − µ̂1n)′[Rnn + ηIn]−1(Yn − µ̂1n), (3.6)

θ̂, η̂ = arg min
θ, η > 0

n log τ̂2 + log |Rnn + ηIn|. (3.7)

As evident from the above equations, much of the complexity in GP modeling stems from

the computation of [Rnn + ηIn]−1 and |Rnn + ηIn|, both requiring O(n3) operations. In the next

section, we propose our methodology to address this computational bottleneck for large n.

3.3 Global-Local Gaussian Process

In order to circumvent the O(n3) computational complexity, we build the GP using only

m � n points form the training data. Contrary to the global approximation methodologies in

the literature where the m points are chosen from the training data or artificially generated,

so as to summarize the whole data, we use a combination of g global points and l local
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points such that m = g + l. The g global points are independent of the testing location, while

the l local points are specific to the testing location x∗.

To capture the global trend, and local trend with respect to x∗, the kernel function R(·, ·)

is also modeled as a combination of two kernel functions (Ba & Joseph, 2012; Harari &

Steinberg, 2014), i.e.,

R(xa, xb) = (1 − λ)G(xa, xb) + λL(xa, xb), λ ∈ [0, 1]. (3.8)

G is designed to capture the global trend in the data, while L captures the local trend around

x∗. The hyperparameter λ controls the proportion of global and local trends used in building

R.

Let Xm ⊂ Xn represent the m training points, then Gmm = G(Xm,Xm), and Lmm =

L(Xm,Xm). With this setup, instead of inverting Rnn + ηIn in (3.3)-(3.7), we need only invert

Rmm + ηIm where

Rmm = (1 − λ)Gmm + λLmm. (3.9)

Thus, the computational complexity of fitting the GP reduces to O(m3). In the subsections

that follow, we present how to efficiently locate the m training points, the final predictive

equations, and how the kernel function R(·, ·) in (3.8) is determined.

3.3.1 Global and Local Points

Denote the global training points as Xg, and the local training points as Xl, we have

Xm = Xg ∪ Xl. Ideally, for a given testing location x∗, we should be denoting Xm as

Xm(x∗) = Xg ∪ Xl(x∗), a technicality we omit for ease of notation.

The objective we desire to achieve with Xg is to sufficiently model the global trend

in the training data. Mak and Joseph, 2018a proposed a nonparametric and model-free

data reduction technique known as support points that can produce a small set of points to
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represent the full dataset. Support points are obtained by minimizing the energy distance

(Székely & Rizzo, 2013) between its empirical distribution and that of the dataset using

difference-of-convex programming. However, support points need not be a subset of the full

dataset. Given the support points, SPlit uses sequential nearest neighbor assignment to

sample from the dataset. Even still, computing support points as given in Mak and Joseph,

2018a is O(n2). Twinning is an efficient sampling algorithm that minimizes the energy

distance in O(n log n). Since we are dealing with large datasets in this work, we will use

Twinning to find Xg.

Given the testing location x∗, Xl is obtained as the l nearest neighbors to x∗ in Xn \Xg, a

task that can be performed efficiently with kd-tree in O(l log l). Figure 3.1 gives a depiction

of the global and local training points identified for a given testing location, for a 1d example.

One can observe from the figure that fitting a GP on the local points alone, shown as green

diamonds, will clearly underpredict at the testing location, and it is shown to be not optimal

(Emery, 2009). In laGP proposed by Gramacy and Apley, 2015, the nearest neighbors are

supplemented with active learning, however, an optimization is required at each testing

location that adds to the computational complexity. On the other hand, our method makes use

of the predetermined global points (blue circles) to capture the global trend, and therefore,

nearest neighbors alone as the local points will suffice. This reduces the computational

burden in our framework.

3.3.2 Predictive equations

At this stage, given x∗, we have identified Xm. Assume that the kernel function R is fully

determined. Let Ym be the response vector corresponding to Xm, i.e., Ym = [Yg; Yl] where

Yg and Yl are the response vectors corresponding to Xg and Xl, respectively. The conditional

distribution of f (x∗)|Ym is given by N(µ(x∗), σ2(x∗)), where

µ(x∗) = µ̂m +R(x∗,Xm)[Rmm + ηIm]−1(Ym − µ1m), (3.10)
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Figure 3.1: Illustration of the training points (global and local) identified for a given training
data and testing location with TwinGP.

σ2(x∗) = τ̂2
m

{
1 −R(x∗,Xm)[Rmm + ηIm]−1

R(Xm, x∗)
}
, (3.11)

µ̂m =
1′m[Rmm + ηIm]−1Ym

1′m[Rmm + ηIm]−11m
, (3.12)

τ̂2
m =

1
m

(Ym − µ̂m1m)′[Rmm + ηIm]−1(Ym − µ̂m1m). (3.13)

For the prediction of a noisy observation, we have y∗|Ym ∼ N(µ(x∗), σ2
η(x∗)), where µ(x∗) is

the same as given in (3.10), but σ2
η(x∗) changes to

σ2
η(x
∗) = τ̂2

m

{
1 + η −R(x∗,Xm)[Rmm + ηIm]−1

R(Xm, x∗)
}
. (3.14)

Furthermore, Rmm + ηIm can be deconstructed as follows,

Rmm + ηIm =

Rgg + ηIg Rgl

Rlg Rll + ηIl

 (3.15)
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=

(1 − λ)Ggg + λLgg + ηIg (1 − λ)Ggl + λLgl

(1 − λ)Glg + λLlg (1 − λ)Gll + λLll + ηIl

 . (3.16)

SinceRgg = (1−λ)Ggg +λLgg is independent of the testing location x∗,Rgg and [Rgg +ηIg]−1

can be predetermined before testing. For a given x∗, the computational effort in inverting

Rmm + ηIm can be significantly reduced by using block matrix inversion as follows,

[Rmm + ηIm]−1 =

Σ
−1
gg + Σ−1

ggRglS−1RlgΣ
−1
gg −Σ−1

ggRglS−1

−S−1RlgΣ
−1
gg S−1

 , (3.17)

where Σgg = Rgg + ηIg, and S = Rll −RlgΣ
−1
ggRgl, thereby, per testing location we need only

invert S, a small l × l matrix.

3.3.3 Correlation Functions

To model the global trend, we use the popular power exponential kernel function (Sacks

et al., 1989),

G(xa, xb) = exp

− d∑
i=1

|xi
a − xi

b|
α

θi
g

 , α ∈ (0, 2], θi
g > 0. (3.18)

Denote the hyperparameters of G as θg, we have θg = {θ1
g, . . . , θ

d
g, α}. They can be estimated

with respect to Xg alone, i.e., independent of the testing location,

µ̂g =
1′g[Ggg + ηgIg]−1Yg

1′g[Ggg + ηgIg]−11g
, (3.19)

τ̂2
g =

1
g

(Yg − µ̂g1g)′[Ggg + ηgIg]−1(Yg − µ̂g1g), (3.20)

θ̂g = arg min
θg

g log τ̂2
g + log |Ggg + ηgIg|. (3.21)

We have constrained α ∈ [1, 2] in the optimization assuming the latent function f (·) to be

reasonably smooth and not too wiggly.
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To model the local trend, we use compactly supported correlation functions (Gneiting,

2002), which ensures identifiability of the local correlation parameters with respect to the

global correlation parameters. Specifically, we use Wendlands’s compactly supported radial

function (Wendland, 2004),

L(xa, xb) =

(
(q + 1)

‖xa − xb‖2

θl
+ 1

)
max

{
0,

(
1 −
‖xa − xb‖2

θl

)}q+1

, q = b
d
2
c + 2 (3.22)

where ‖·‖2 is the `2 norm and buc is the largest integer lesser than or equal to u. L has a

single hyperparameter θl which we set as the covering radius (Fasshauer, 2007, p. 22) for

Xg to cover Xn, i.e.,

θ̂l = min
{
ρ : Xn ⊆ ∪

g
i=1Bρ(xi), xi ∈ Xg, ∀i

}
, (3.23)

where Bρ(x) is a closed ball of radius ρ centered at x. Setting θl as in (3.23) makes it

independent of the testing location, thereby, allowing us to precomputeLgg in (3.16) leading

to the computational gains with block matrix inversion (3.17). In addition, almost surely

for any testing location x∗ there exists at least one global training point such that the local

kernel is active between them, i.e., there exists xg ∈ Xg : L(x∗, xg) > 0. The motivation here

is that we do not wish L to neglect the correlation between x∗ and Xg.

We need to specify two more parameters: λ and ηl. We could estimate them using

empirical Bayes methods as before, but since we have unused data in the training set, we

can do the estimation in a different and more robust fashion. We sample {Xv,Yv} from

{Xn,Yn} \ {Xg,Yg} by Twinning to create a validation set. Now, we can estimate λ and ηl

by minimizing the prediction error:

λ̂, η̂l = arg min
λ∈[0,1], ηl>0

MSE(λ) (3.24)

= arg min
λ∈[0,1], ηl>0

∑
x∈Xv

(yx − µ(x))2,
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where µ(x) is obtained as given in (3.10) with η = (1 − λ)ηg + ληl.

3.3.4 Computational complexity

The TwinGP procedure is summarized in Algorithm 3. The computational complexity of

TwinGP can be deconstructed as follows,

Testing

(i) Identifying Xl for a given x∗ is on average O(log n) using kd-tree.

(ii) The complexity in computing µ(x∗) and σ2(x∗) is dictated by inversion of Rmm. With

block matrix inversion as given in (3.17), computing [Rmm + ηIm]−1 is O(g2l).

Training

(i) Obtaining a twinning sample to identify Xg is on average O(n log n).

(ii) The complexity in estimating θg is dictated by inversion of Ggg + ηgIg that is O(g3).

(iii) θl can be estimated efficiently with a kd-tree in O(n log g).

(iv) The complexity in estimating λ and ηl is similar to testing, i.e., O(g2l) per validation

point.

Overall complexity

Thus, the overall computational complexity of TwinGP is O(g3 + tg2l), where t is the number

of testing locations. If we select g to be order of
√

n, the training complexity reduces to

O(n1.5), a substantial improvement over O(n3).
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Algorithm 3 TwinGP
1: Input training set {Xn,Yn} and testing locations X∗t
2: Identify global training points Xg (Section 3.3.1)
3: Estimate θg as in (3.21)
4: Estimate θl as in (3.23)
5: Estimate λ and ηl as in (3.24)
6: for x∗ ∈ X∗t do
7: Identify local training points Xl (Section 3.3.1)
8: Compute µ(x∗) and σ2(x∗) (Section 3.3.2)
9: end for

10: return {µ(x∗), σ2(x∗)},∀x∗ ∈ X∗t

3.4 1d Illustration

Here we illustrate how TwinGP overcomes the shortcomings of purely local or global GP

approximations. Consider the following function from Gramacy and Lee, 2012,

f (x) =
sin 10πx

2x
+ (x − 1)4, x ∈ [0.5, 2.5]. (3.25)

We first generate the training dataset with n = 500 observations, where x1, . . . , xn are selected

on a uniform grid in [0.5, 2.5], and we add a Gaussian noise to each observation as follows,

yi = f (xi) + εi, εi ∼ N(0, 0.01), ∀i = 1, . . . , 500. (3.26)

The testing set at 2, 000 locations are also selected on a uniform grid in [0.5, 2.5]. Plot (a)

in Figure 3.2 depicts f (x), the 500 training locations, and the prediction from a full GP

modeled using the mlegp (Dancik & Dorman, 2008) package. As evident, f (x) is recovered

extremely well with a full GP, in addition, the confidence intervals are tight.

To demonstrate the global GP approximation method, we use SGPR (Titsias, 2009) im-

plemented in GPyTorch (Gardner et al., 2018). SGPR is a low-rank GP approximation where

the inducing points and kernel hyperparameters are estimated with a variational learning

approach. For local approximation we use laGP (Gramacy & Apley, 2015) implemented
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Figure 3.2: Prediction and 2σ confidence interval (shaded region) with full GP, laGP, SGPR,
and TwinGP to model the 1d function in (3.25).

in the laGP (Gramacy, 2016) package. For each testing location, laGP starts with a set of

training points in its neighborhood and then sequentially adds more training points so as to

minimize the predictive variance.

For TwinGP we set the number of global points g = 22 and local points l = 25. For

SGPR the number of inducing points is set to be m = g + l, and for laGP l + 10 training

locations are considered per testing location, i.e., start with l neighborhood points and then

sequentially add 10 more points. Plots (b), (c), and (d) in Figure 3.2 give the predictions

and 2σ confidence intervals from laGP, SGPR, and TwinGP respectively. As expected,

laGP predictions are discontinuous owing to its local nature, while SGPR produces smooth

prediction neglecting the local oscillations of f (x). On the other hand, TwinGP gives

comparable predictions to the full GP. The total computation time for training and testing
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with the four methods are given in Figure 3.2. We can clearly see the computational saving

with TwinGP over the full GP, which will be even more substantial with large datasets as we

demonstrate in the next section.

3.5 Experiments

In this section, we make an extensive analysis of TwinGP performance on several emulation,

and real world datasets, compared to other scalable GP modeling frameworks. Similar to

Section 3.4, in our experiments we include SGPR for global approximation, laGP for local

approximation, and patchwork kriging (PK) by Park and Apley, 2018 introduced in Section

3.1. All the experiments presented in this section are carried out on a 2.6 GHz 6-Core Intel

i7-9750H processor with 16 GB memory. We apply the following general settings for the

different modeling frameworks, unless stated otherwise.

TwinGP: The number of global points g is set as min{50d, max{b
√

nc, 10d}}, i.e., at least 10d

points are chosen to model the global trend, with an upper bound of 50d. The local

trend is modeled with l = max{25, 3d} points. The number of validation points used

for estimating λ and η is set as 2g. The θg hyperparameter optimization is done with

grid initialization and multi-starts as outlined in Basak et al., 2022.

SGPR: For a fair comparison with TwinGP, we set the number of inducing points to be

m = g + l. We follow the implementation provided in GPyTorch documentation1. The

number of iterations in hyperparameter optimization is modified from constant 100

to min{250, b50 log (1 + d)c}, and a learning rate of 0.05 is used instead of 0.01. In

addition, separate lengthscales are learnt per dimension.

laGP: For each testing location, we start with l training points in its neighborhood and

sequentially add 10 more points to the design that minimize the predictive variance.

1https://docs.gpytorch.ai/en/latest/examples/02 Scalable Exact GPs/SGPR Regression CUDA.html
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The aGPsep function provided in the R package by Gramacy, 2016 is used to execute

laGP in parallel. For emulation datasets where there is no observation noise, the

nugget parameter is set to 10−7, and for real world datasets the nugget is set to NULL

in which case it is estimated.

PK: The training locations are partitioned into K disjoint blocks such that each block

contains at least 10d points. The spatial tree algorithm used to make the partition

benefits from K being a power of 2, hence, we set K = 2blog2
n

10d c. The number of pseudo

observations B introduced at the boundaries of neigboring blocks to enforce continuity

between the neighboring GPs is set to be 3. Our choice of B is conservative as the

complexity of PK scales proportionally to B3. We use the MATLAB implementation of

PK provided by the author2.

3.5.1 Evaluation criteria

The performance of the different modeling frameworks is assessed based on their prediction

accuracy and total computation time. The prediction accuracy is quantified with root mean

squared error (RMSE) and negative log predictive density (NLPD). RMSE measures the

quality of point predictions from the model, while NLPD measures how well the predicted

posterior distribution fits the testing data. Lower the RMSE and NLPD values, better the

performance of the model. Given the testing set {X∗t ,Y∗t } with t testing locations, we have

RMSE =

√√
1
t

t∑
i=1

{y∗i − µ(x∗i )}2, (3.27)

NLPD =
1
2t

t∑
i=1

[
{y∗i − µ(x∗i )}2

σ2(x∗i )
+ log{2πσ2(x∗i )}

]
. (3.28)

2https://www.chiwoopark.net/code-and-dataset
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3.5.2 Emulation

We consider three emulation problems here, the piston simulation function (Kenett & Zacks,

2021), the borehole function (Morris et al., 1993), and the Dette & Pepelyshev function

(Dette & Pepelyshev, 2010). For a given emulation experiment, the input dimensions

are scaled to [0, 1] and n = 10, 000 training locations are sampled uniformly from a d-

dimensional hypercube, i.e., Xn ∼ Unif(0, 1)n×d, and 2, 000 deterministic Sobol sequence

in d dimensions are the testing locations. A GP is modeled on the training locations using

TwinGP, SGPR, laGP, and PK. The performance of the fitted models is assessed based on the

criteria given in Section 3.5.1. The procedure is repeated for 50 iterations with different

training locations sampled similary, while the testing locations remain unchanged. The

distribution of RMSE and NLPD over the 50 iterations are presented as box-and-whisker

plots. Further information and code for the emulations problems can be obtained from

Simon Fraser University’s virtual library of simulation experiments3.

Piston simulation function

The piston simulation funtion models the cirular motion of a piston within a cylinder (Kenett

& Zacks, 2021). There are d = 7 inputs, which are piston weight, piston surface area,

initial gas volume, spring coefficient, atmospheric pressure, ambient temperature, and filling

gas temperature. The response is the time taken to complete one cycle in seconds. The

experiment results are given in Figure 3.3. We see that TwinGP performs the best in terms of

RMSE, and for NLPD, on average, its performance is comparable to that of PK. Compuation

time is the least for TwinGP, around 2 seconds, while PK took around 80 seconds.

3https://www.sfu.ca/∼ssurjano/emulat.html
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Figure 3.3: Distribution of RMSE and NLPD over 50 iterations of modeling the piston simu-
lation function with laGP, SGPR, PK, and TwinGP. The corresponding average computation
time per iteration is given in the right most plot.

Borehole function

The borehole function models water flow through a borehole (Morris et al., 1993). There are

d = 8 inputs, which are radius of the borehole, radius of influence, transmissivity of upper

aquifer, potentiometric head of upper aquifer, transmissivity of lower aquifer, potentiometric

head of lower aquifer, length of borehole, and hydraulic conductivity of borehole. The

response is the water flow rate in m3/yr. The experiment results are given in Figure 3.4.

We see that PK is the best performing modeling framework in terms of both RMSE and

NLPD, with TwinGP being the close second. However, in terms of compuation time, TwinGP

performance is far superior.

Dette-Pepelyshev function

The Dette-Pepelyshev function from Dette and Pepelyshev, 2010 with d = 8 input variables

is heavily curved in some variables, and less so in others. Following the general settings

described in the beginning of Section 3.5, running PK with K = 64 encountered numerical

instabilites, hence, we increased K to 128. The experiment results are given in figure 3.5.

In terms of RMSE, both TwinGP and PK perform the best with comparable results. PK

performance is the best when it comes to NLPD, though at a very high computational cost.
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Figure 3.4: Distribution of RMSE and NLPD over 50 iterations of modeling the borehole
function with laGP, SGPR, PK, and TwinGP. The corresponding average computation time
per iteration is given in the right most plot.
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Figure 3.5: Distribution of RMSE and NLPD over 50 iterations of modeling the Dette-
Pepelyshev function with laGP, SGPR, PK, and TwinGP. The corresponding average compu-
tation time per iteration is given in the right most plot.

3.5.3 Real world data

We consider four real world datasets here: the ozone column spatial dataset, protein tertiary

structure dataset, Sarcos robotics dataset, and the flight delays dataset. The same datasets are

considered in Park and Apley, 2018. For a given dataset, we first randomly split the dataset

in 90-10 proportion and a GP is modeled with TwinGP, SGPR, laGP, and PK on 90% of the

dataset, and the remaining 10% is used for testing the performance of the fitted models. The

experiment is repeated for 50 iterations using different random splits. The distribution of

RMSE and NLPD over the 50 iterations are presented as box-and-whisker plots.
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Ozone column

The ozone column dataset contains measurement of total column of ozone by the NIMBUS-

7/TOMS satellite on October 1, 1988, at different latitudes and longitudes over the globe.

There are 182, 591 observations with d = 2 inputs, latitude and longitude. The response is

the total column of ozone. The experiment results are given in Figure 3.6. We omit SGPR

in NLPD plot since it produced negative variances. In terms of RMSE, both TwinGP and

PK provide the best performance. For NLPD, TwinGP on average performs better than PK,

though PK is more consistent. Furthermore, TwinGP computation time is only 5 seconds,

and is the fastest compared to the rest, while PK is the slowest at around 208 seconds. We

used K = 1024 and B = 3 for PK, following the settings described at the beginning of

Section 3.5. Decreasing K to 512 reduced the computation time to about 150 seconds with

near identical RMSE and NLPD performance, even still, PK remained the slowest amongst

rest of the models. Further decreasing K or increasing B for PK was computationally more

expensive with no significant difference in RMSE and NLPD.
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Figure 3.6: Distribution of RMSE and NLPD over 50 iterations of modeling the ozone
column dataset with laGP, SGPR, PK, and TwinGP. The corresponding average computation
time per iteration is given in the right most plot.
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Protein tertiary structure

The protein tertiary structure dataset can be obtained from the UCI machine learning

repository4. The dataset has d = 9 input variables relating to the physiochemical properties

of protein tertiary structure, and the response is size of the protein residue. There are 45, 730

observations in total. The experiment results are given in Figure 3.7. TwinGP is the best

performing model in terms of RMSE. For NLPD, both TwinGP and PK performance is

comparable, and are better than the rest. Though laGP is the fastest at around 13 seconds

with TwinGP being the close second at about 17 seconds, laGP is the worst performing

model in terms of RMSE.
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Figure 3.7: Distribution of RMSE and NLPD over 50 iterations of modeling the protein
structure dataset with laGP, SGPR, PK, and TwinGP. The corresponding average computation
time per iteration is given in the right most plot.

Sarcos robotics

The Sarcos robotics dataset5 (Vijayakumar & Schaal, 2000) has d = 21 input variables

representing positions, velocities, and accelerations of a seven degrees-of-freedom Sarcos

anthropomorphic robot arm, and there are 7 responses corresponding to the 7 joint torques.

Similar to Park and Apley, 2018, we only consider the first response in modeling. The

4https://archive.ics.uci.edu/ml/datasets
5http://gaussianprocess.org/gpml/data
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dataset is provided as training and testing sets which we combine, resulting in 48, 933 total

observations, before making the 90-10 random splits. The experiment results are given

in Figure 3.8. Here we see that TwinGP is the best performing model in terms of all the

evaluation criteria. TwinGP computation time is only about 47 seconds.
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Figure 3.8: Distribution of RMSE and NLPD over 50 iterations of modeling the sarcos
robotics dataset with laGP, SGPR, PK, and TwinGP. The corresponding average computation
time per iteration is given in the right most plot.

Flight delays

The flight delays dataset6 consists of flight arrival and departure details for all commercial

flights within the USA, from October 1987 to April 2008. In keeping with previous studies

involving this dataset, 800,000 observations are randomly selected for this study from a total

of about 120 million observations. Following Park and Apley, 2018, d = 8 input variables

are used in modeling, they are the age of the aircraft, distance that needs to be covered,

airtime, departure time, arrival time, day of the week, day of the month, and month. The

response is the arrival time delay. The experiment results are given in Figure 3.9. SGPR ran

out of memory on our machine, and a single iteration with PK did not finish in one hour,

hence, we have excluded both SGPR and PK from the plots. Here, laGP performs better than

TwinGP in terms of RMSE and NLPD, while TwinGP is twice as fast.

6https://community.amstat.org/jointscsg-section/dataexpo/dataexpo2009
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Figure 3.9: Distribution of RMSE and NLPD over 50 iterations of modeling the flight delays
dataset with laGP and TwinGP. The corresponding average computation time per iteration
is given in the right most plot.

3.6 Conclusions

In this article, we presented a unified global-local GP approximation that addresses the

drawbacks of purely global, or local approximations in the literature. With our approximation

framework, referred to as TwinGP, GP modeling on a million data points can be performed

in just a few minutes on an ordinary personal computer. The two main features of TwinGP

are: (i) the set of design points considered per testing location is a union of global points

and local points, and (ii) the correlation function is modeled as sum of two kernels, one each

to capture the global and local trend. The set of global points are identified with Twinning,

and are independent of the testing location, while the local points are selected as nearest

neighbors to a given testing location in the training data. The training complexity of our

framework is O(g3) where g is the number of global points used, and for t testing locations,

the testing complexity is O(tg2l) where l is the number of local points used. Our experiments

show that the predictive performance with TwinGP is on par or better than state-of-the-art GP

modeling frameworks aimed at large datasets, moreover, at a fraction of their computational

cost.
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APPENDIX A

PROOFS

A.1 Proof of Proposition 1

We have that

EDn,N =
2

nN

n∑
i=1

N∑
j=1

‖Ui − Z j‖2 −
1
n2

n∑
i=1

n∑
j=1

‖Ui − U j‖2 −
1

N2

N∑
i=1

N∑
j=1

‖Zi − Z j‖2

=
2

nN

n∑
i=1

{ n∑
j=1

‖Ui − U j‖2 +

N−n∑
j=1

‖Ui − V j‖2
}
−

1
n2

n∑
i=1

n∑
j=1

‖Ui − U j‖2

−
1

N2

{ n∑
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‖Ui − U j‖2 + 2
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i=1

N−n∑
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N−n∑
i=1

N−n∑
j=1

‖Vi − V j‖2
}

=
2(N − n)

nN2

n∑
i=1

N−n∑
j=1

‖Ui − V j‖2 −
(N − n)2

n2N2

n∑
i=1

n∑
j=1

‖Ui − U j‖2 −
1

N2

N−n∑
i=1

N−n∑
j=1

‖Vi − V j‖2

=
(N − n)2

N2 ·
{ 2
n(N − n)

n∑
i=1

N−n∑
j=1

‖Ui − V j‖2 −
1
n2

n∑
i=1

n∑
j=1

‖Ui − U j‖2

−
1

(N − n)2

N−n∑
i=1

N−n∑
j=1

‖Vi − V j‖2
}

=
(N − n)2

N2 · EDn,N−n = (1 − γ)2 · EDn,N−n.

Λ

A.2 Proof of Proposition 2

To see that the optimization in (2.6) is indeed NP-hard, consider the special case where

n = N/2, so that we get

{U∗i }
N/2
i=1 = arg min

{Ui}
N/2
i=1 ∈D

4
N2

N/2∑
i=1

N∑
j=1

‖Ui − Z j‖2 −
4

N2

N/2∑
i=1

N/2∑
j=1

‖Ui − U j‖2
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= arg min
{Ui}

N/2
i=1 ∈D

4
N2

N/2∑
i=1

( N/2∑
j=1

‖Ui − U j‖2 +

N/2∑
j=1

‖Ui − V j‖2
)
−

4
N2

N/2∑
i=1

N/2∑
j=1

‖Ui − U j‖2

= arg min
{Ui}

N/2
i=1 ∈D

4
N2

N/2∑
i=1

N/2∑
j=1

‖Ui − V j‖2, (A.1)

where {V j}
N/2
j=1 = D \ {Ui}

N/2
i=1 . The optimization problem stated in (A.1) computes an edge-

weighted minimum bisection of a complete graph with N nodes corresponding to the N data

points inD, and the Euclidean distance (`2 norm) between the nodes as the edge weights.

Since graph bisection is known to be NP-hard for general graphs (Garey et al., 1974), we

have that the optimization in (2.6) is NP-hard.

Λ
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