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SUMMARY  

System identification through online estimation algorithms allows for a 

comprehensive understanding, prediction, and assessment of the intricate behaviors 

exhibited by complex in-situ systems in a variety of applications. This model-based 

technique leverages the system's noisy output data and integrates existing mathematical 

physics-based models to infer the unknown inputs or unobservable dynamic states. The 

adoption of these online techniques in real-world settings has gained momentum over the 

past several years, owing to their ease of implementation, the robustness and reliability of 

the results, and the continuous advancements in sensing technologies. Furthermore, when 

structural systems are loaded beyond their elastic limit, they exhibit inelastic behavior 

which necessitates different methods to accommodate this complex nonlinear 

phenomenon. This dissertation contributes to this research area by developing a robust 

framework that integrates hysteretic models with nonlinear stochastic filtering methods to 

quantify the input characteristics of systems exhibiting inelastic behavior due to material 

plasticity.  

Towards this goal, an input-state estimator for linear systems is first established. 

The estimator is designed to reduce the dependency on heuristically chosen input statistics 

by incorporating an online input covariance updating routine. Numerical and experimental 

validation is conducted, the results of which highlighted the robustness of the estimator in 

successfully tracking the input and state time history for various initialized input statistics. 

The estimator is then extended to nonlinear systems using an Extended Kalman framework. 

To efficiently model the system dynamics in the presence of hysteresis or plastic 
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deformation, two modeling approaches of the continuum system are explored: an 

equivalent single degree of freedom formulation combined with a uniaxial Bouc-Wen 

model and a planar multiaxial hysteretic beam model. A comprehensive numerical 

validation of the proposed framework is conducted to gain insight into the performance of 

the inelastic models and the estimation algorithm. The results underscored the effectiveness 

of the proposed estimator and integrated models in successfully characterizing the input 

and states in the presence of nonlinearities in the system. Finally, the framework is 

experimentally validated using data collected from a beam subjected to an impact at its 

midspan. The novel estimator, along with the integrated models, adequately tracked the 

impulsive load. As such, these efforts represent an important contribution to the 

experimental validation of joint input-state estimation methods for inelastic continuum 

structures subjected to high-rate dynamic inputs. 
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CHAPTER 1. INTRODUCTION  

There exist many applications in which structural systems are subjected to unknown 

loading conditions that induce various structural responses, including both elastic and 

inelastic deformations. Additionally, it is often of interest to characterize the behavioral 

variability of a structure by quantifying its current parameters, such as stiffness and 

damping, and states, including displacement and velocity, for monitoring and assessment 

purposes. In such instances, it is often unrealistic or impractical to measure these quantities 

directly. It is more practical to take and utilize sparse measurements of the structural 

response, measured at a limited number of locations. To utilize the sparse measurements, 

there is a need for robust and efficient algorithms capable of providing adequate estimates 

of the unknown quantities from the limited output data available. For this purpose, joint 

input-state estimation has become widely used and adopted for structural health 

monitoring, validation, and updating of computational models. The estimation process, 

illustrated in Figure 1-1, aims to provide adequate estimates ὀ of the states ὀ of stochastic 

dynamical systems subject to unknown inputs Ἵ, as well as estimates Ἵ of these unknown 

inputs, given a model of the system along with noisy sensor measurements ὁ.  

 

Figure 1-1 Illustration of estimation process   
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The topic of input-state estimation has amassed interest within the scientific 

community and has been the subject of a substantial body of literature due to its various 

applications in many different fields, including but not limited to structural dynamics [1], 

bridge weigh-in-motion [2], aeronautics [3], robotics [4], and fatigue damage detection [5]. 

Furthermore, when a system undergoes hysteresis or becomes damaged, it exhibits 

highly nonlinear behavior and can risk undergoing further deterioration [6, 7]. Inelasticity 

and nonlinearity cause systems to become more complex, which necessitates the 

establishment of different identification methods. Advances in computational models and 

techniques, coupled with state-of-the-art sensing equipment, can help alleviate the 

challenge and have motivated the development of numerical methods to identify quantities 

of interest when nonlinearities arise. This is valuable for structural damage identification 

and quantification and for updating analytical models to more accurately represent the real 

condition of the structure.  

To address the outlined challenges, this research will first explore and establish 

robust estimation algorithms for joint input-state estimation of linear and nonlinear 

stochastic systems. The established estimators can be used for a plethora of applications 

given a mathematical model of the system, which is not restricted to structural dynamics 

applications. Furthermore, this research is also interested in understanding and identifying 

damage caused by extreme dynamic inputs, particularly impulsive loads, resulting in 

inelastic nonlinear systems. For this purpose, different simplified nonlinear models for 

structural systems will be explored and incorporated within the estimation framework. 

Finally, the mechanical behavior and progressive plastic characteristics of structures 
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subjected to successive impacts will be experimentally investigated and used to validate 

the proposed framework. 

1.1 Background and Motivation  

In this section, a comprehensive literature review of pertinent topics is presented. 

First, input-state estimators for linear and nonlinear systems are reviewed. Then, the 

importance of quantifying impulsive loads is highlighted, followed by an overview of 

methods used for characterizing the time history of such loads within the field of impulsive 

loading. Next, modeling approaches for nonlinear and inelastic structures within estimation 

applications are reviewed. Finally, the relationship between estimation and damage is 

discussed.  

1.1.1 Introduction of Input-State Estimation  

Identifying quantities of interest using estimation algorithms has amassed 

significant interest within structural applications. Consequently, various estimators have 

been developed and utilized in conjunction with structural mathematical models for linear 

and nonlinear systems.  

Towards performing simultaneous input-state estimation from sporadic output data 

within structural applications, Lourens, et al. extended the estimator formulated by Gillijns 

and De Moor [8] to account for numerical instabilities [9]. Moreover, Maes, et al. 

developed, through a minimum-variance unbiased framework, a Weighted Least Square 

(WLS) input-state estimator and a novel uncertainty quantification method for the 
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identification of unmeasured quantities of interest for linear systems [10]. Numerical 

validation of the WLS input-state estimator was performed for various inputs, including an 

impact load. Additionally, experimental validation was performed using data collected 

from a footbridge in [11]. To account for the non-deterministic nature of the unknown 

dynamical input, Lourens, et al. developed the Augmented Kalman Filter (AKF), where 

the input is modeled to encompass a stochastic component [12]. The stochastic input is 

then added to the state vector whereby the conventional Kalman Filter (KF) [13] is used to 

provide estimates of the input and states. To alleviate the issue of drift observed by the 

AKF in the presence of acceleration measurements only, Eftekhar Azam, et al. proposed a 

dual implementation of the KF [14]. In this Dual Kalman Filter (DKF) approach, the input 

is estimated in one stage through a fictitious input process driven by the zero-mean white 

Gaussian process, and the states are estimated through a subsequent KF implementation. 

In the case of large input process noise, the DKF appears to suffer from drift. To overcome 

this issue, the Finite Input Covariance (FIC), derived using a minimum mean square error 

(MMSE) framework, models the stochastic input as a white Gaussian noise with zero-mean 

and a defined finite input covariance [15]. The accuracy of the estimates is found to depend 

on the proper definition of the initialized covariance. Alternatively, within the Bayesian 

framework, Sedehi, et. al. proposed sequential Bayesian formulations to estimate the state 

and input of a linear time invariant (LTI) system [16]. To overcome drift suffered by the 

estimation of the state and input, the input is assigned a new zero-mean white Gaussian 

prior distribution. This aims to eliminate the direct transmission of the estimated input into 

the state vector used for the input estimation. Moreover, in addition to the input and state 
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prediction and update, Sedehi, et. al. developed an online recursive update of the process 

and measurement noise covariance matrices, eliminating the need to manually tune these 

covariance matrices prior to implementing the estimation algorithm.  

The existing estimators discussed up to this point are formulated for linear state-

space models. As such, they can perform input-state estimation only when the structural 

system is linear elastic, and the parameters are known. To overcome this limitation, the 

formulation of input-state-parameter estimators through the conjunction of input-state and 

state-parameter estimators has been a major field of research. Naets, et al. proposed an 

input-state-parameter approach by augmenting the unknown inputs and parameters to the 

state vector and modeling their dynamics through a random walk model [1]. The Extended 

Kalman filter (EKF) [17] is then used to perform the coupled estimation. The estimator 

was validated numerically and experimentally but was shown to necessitate a displacement 

measurement. Dertimanis, et al. [18] developed a joint input-state-parameter estimator 

using a Bayesian framework through the combination of the DKF [14] and the Unscented 

Kalman Filter (UKF) [19]. The former is used to estimate the unknown excitations, and the 

latter is used to estimate the states and parameters. The resulting estimator was validated 

numerically in the case of one or multiple unknown parameters. These algorithms require 

some form of offline regularization, reducing its ease of implementation for online 

applications. Alternatively, Lander proposed an extended Finite Input Covariance (eFIC) 

filter by combining the FIC with the EKF to enhance its identification abilities to include 

input-parameter-state estimation [20]. Similar to the FIC, the results are contingent upon 

proper definition of the input covariance. The estimator was validated numerically and 
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experimentally but was limited to linear elastic structural systems. Moreover, Impraimakis, 

et al. developed an input-state-parameter estimator utilizing the UKF in conjunction with 

a two-stage input estimation process, whereby the input is first estimated using the 

predicted states and parameters and then corrected with measurement updated states and 

parameters [21]. The estimator was validated numerically and was shown to suffer from 

drifts in the inputs estimated for highly nonlinear problems in the absence of measured 

displacement data.   

As is apparent from the reviewed literature, the performance of some estimators 

requires offline regularization or tuning of the input characteristics. To alleviate the issue, 

in this work, a robust input-state estimator is proposed for linear systems and extended for 

nonlinear systems. The estimators are designed to reduce the reliance on input 

characteristics, specifically the input covariance matrix, which is unknown a priori in many 

practical applications.  

1.1.2 Introduction of Inelastic Structural Systems Subjected to Impulsive Loads  

When systems are loaded dynamically beyond their elastic limit, they exhibit a 

nonlinear inelastic response, which significantly influences their overall performance. In 

such cases, the system does not return to its original configuration and sustains permanent 

deformations after applying the external dynamic load. Within structural applications, this 

behavior usually occurs when structures are subjected to unexpected and extreme dynamic 

loading, such as strong earthquake excitations or impulsive loads from impacts or blasts 

[22, 23]. This research particularly focuses on impulsive loads, which often result in 
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inelastic systems. In recent years, there has been a growing emphasis on understanding 

how systems respond to these impulsive loads, given the potentially disastrous 

consequences of such loads on structures. These types of loads, typically acting within 

milliseconds, encompass sudden impacts (i.e., mechanical shock), accidental explosions, 

or intentional blasts. Throughout the lifespan and operational serviceability of structures, 

the potential for encountering such damaging loads is inherent. These abrupt dynamic loads 

can pose significant concerns to the integrity and safety of existing structures, either in the 

form of immediate damage or progressive collapse. Failure to design for such occurrences 

can lead to significant loss of human lives, infrastructure, and monetary resources. 

Additionally, the indirect effects of impulsive events, exhibited as shockwaves or 

projectiles of debris, can further threaten the overall stability and functionality of 

surrounding structures. Furthermore, impulsive loads constitute a unique set of challenges 

given their magnitudes and complexity, thus necessitating specialized nuanced approaches 

to mitigate the results of these catastrophic events. While military structures, including 

buildings, munitions, bunkers, and onboard components, are usually designed to resist a 

range of such loads based on the threat scenario, many civil structures are not, making them 

more vulnerable to sudden impacts, resulting in more severe damage.  

To design solutions that mitigate damage, develop retrofits for existing structures, 

or create more resilient components capable of withstanding these threats, it is essential to 

first understand and quantify how structures respond to impulsive loads. A key aspect of 

addressing this challenge is the accurate assessment and characterization of the impulsive 

load-time history. The impulsive load-time history is often unknown since these types of 
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loads are often evolving, meaning that the initiator of the threat can increase the load or the 

technology type as well as the target location at will. Determining the force-time history of 

the impulsive load is critical for the construction of numerical and computational models 

capable of accurately and reliably modeling the structural behavior [24]. Furthermore, the 

significance is also apparent within structural health monitoring applications, particularly 

when assessing the extent of structural damage and retrofitting measures needed.  

1.1.3 Introduction of Impulsive Load-Time History Identification Methods  

Given the critical significance of obtaining accurate input characteristics for the 

applications, different methods have been used within the field of impulsive and blast 

loading to identify the force-time history. Prevailing methods, along with some limitations, 

are herein summarized.  

Among these methods, hydrocodes [25-28] have effectively been used as a 

numerical modeling tool to provide a rigorous description of blast waves that account for 

the physics of shock wave propagation and interaction with structure for various scenarios. 

They can therefore be used to provide a detailed time history of the reflected pressure and 

impulse at a specific location, thus aiding in estimating the blast load. Estimating the force-

time history acting on a structure requires knowledge of important factors such as the size 

of the charge, distance from the source to the target, type of wave propagation, and 

geometry of the structure. Oftentimes, access to this information is not readily available, 

rendering estimation of the impulse through the above methods difficult. Additionally, 

hydrocode simulations require extensive computational resources and are highly dependent 
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upon the mesh size, where the erroneous or non-ideal choice of the mesh can affect the 

accuracy of the numerical results.  

More generally, specialized software has been established to aid in estimating the 

blast load. The programs, based on experimental and empirical data, take input parameters 

such as the explosive type and size, distance from the origin of the explosion, and structural 

details to provide blast load estimates and detailed three-dimensional nonlinear dynamic 

analyses. Some examples include LS-DYNA, BLASTX, FEFLO, ALE3D, CONWEP, 

AUTODYN, ALE3D, CTH [29]. Many commercial software utilizes a computational 

fluids dynamics (CFD) framework and numerical codes to model the fluids dynamic nature 

of the blast wave, providing detailed information on its characteristics. Consequently, this 

enables the accurate estimation of the force-time history acting on the structure of interest. 

While the latter can act as supportive tools, assisting engineers in blast load estimates and 

subsequent structural analyses, CFD simulations are monetarily and computationally 

expensive. More importantly, accuracy depends on the underlying models and assumptions 

of the software. Significant expertise and skill are then required to assess the accuracy of 

the output and suitability to the modeled scenario.  

Moving beyond computational methods, the literature also encompasses empirical 

approaches that take advantage of full-scale field testing. Following rigorous field 

experimentation and data collection from on-site blast tests [30-34], a wide range of 

empirical equations have been derived. These equations relate key blast parameters such 

as peak pressure, impulse, and duration to the important motivating factors such as charge 

size, explosive type, and distance from origin. The empirical relations are readily available 
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and often used in engineering practices to estimate blast loads based on known data [34-

37]. A recent comprehensive review of the methods using the aforementioned empirical 

equations has shown that the accuracy of such equations is contingent upon the distance 

from the explosive charge and the use of the appropriate empirical relations based on the 

specific real-life situation [36]. The study also suggests improvements to existing empirical 

formulae to enhance accuracy and reliability. Furthermore, the equations can be restricted 

to certain scenarios, whereby the prediction accuracy may decrease for distinctive 

circumstances outside of the underlying experimental database used to derive these 

equations.  

Notably, experimental field testing plays a paramount role in understanding both 

the characteristics of blast and the ensuing structural response. However, the associated 

costs of full-scale field tests can be high. Additionally, it can be challenging to reproduce 

similar explosion scenarios for a series of tests [38]. Consequently, different methodologies 

and tools have been devised to replicate such blast environments within controlled settings. 

One such widely used method involves the employment of a blast generator, which has 

been shown to be an effective tool for simulating and imparting shock loads [39-41]. The 

blast generator requires users to input parameters such as initial impact mass position, 

initial chamber pressure, valve opening/closing, and total assembly mass. These 

parameters subsequently determine the ensuing peak force and load durations and can be 

used to estimate the load-time history of the blast generator a priori [42]. However, the 

time history imparted is also dependent upon the mass and stiffness of the impacted 

specimen and can be difficult to obtain accurately. Consequently, the true force-time 
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history transferred to the specimen needs to be accurately determined following testing 

[43]. Some methods have been proposed in recent years, which require collected load cell 

data in conjunction with a detailed numerical model to quantify the time history of interest 

[24]. Moreover, the use of experimental measurements through pressure sensors 

strategically placed at various locations has been widely researched within recent years. 

Employed within controlled blast settings, this approach can provide actual blast load-time 

histories that the mass imparts to a specimen. Specifically, an experimental method was 

developed and validated in [44] to directly measure the force-time history imparted to a 

specimen during impact testing while taking into account the inertial forces of the impact 

mass recorded by the load cell. The latter utilizes only collected data from four 

piezoelectric dynamic load cells strategically placed at the back of the impactor to derive 

the force-time history of the impact upon collision. However, these methods typically 

require additional resources including instrumentation and analysis methods.  

In this work, an input-state estimation framework is explored as an alternative 

method to explicitly identify the impulsive load from the structural response.  

1.1.4 Introduction to Nonlinear Modeling in Estimation Framework   

This section focuses on the modeling of nonlinearity and inelasticity in the literature 

within online recursive estimation applications, including the scope of estimation and type 

of validation performed. Prevalent phenomenological models include high-fidelity beam-

column elements or hysteretic beam elements, and uniaxial Bouc-Wen models or other 

nonlinear springs in discrete systems including shear frame structures.  
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Within the first class of models, Astroza, et. al. utilized a distributed plasticity finite 

element (FE) model and the UKF to estimate model parameters from spatially limited 

output data [45]. Specifically, the FE model was constructed using beam-column elements 

and a distributed plasticity model. No input estimation was performed in this work, and the 

validation was performed on numerically simulated systems. Subsequent work expanded 

on these findings to include systems with unknown inputs. Astroza, et. al. proposed a 

method to estimate the input and parameters of nonlinear systems using the UKF [46]. The 

model utilized a uniaxial modified Giuffré-Menegotto-Pinto (GMP) material constitutive 

law [47] to describe the stress-strain behavior of each fiber for a steel structure. In contrast, 

a modified GMP material constitutive model and a Popovics-Saenz material formulation 

[48] were used to model the uniaxial cyclical behavior of the reinforcing steel and the 

longitudinal concrete fibers respectively in a reinforced concrete frame structure. The 

approach was validated numerically for different seismic excitations.  Among other works 

dealing with nonlinear high-fidelity models, Castiglione, et. al. proposed a framework to 

estimate the parameters and unknown inputs of nonlinear structural models from sparse 

output data [49]. The framework consisted of modeling the unknown input using a time-

varying auto-regressive model [50] and utilizing the UKF [51] to perform the estimation 

of the unknown input and model parameters. However, the input model was restricted to 

seismic excitations. The inelasticity in the structural system was modeled using nonlinear 

fiber-section beam-column elements [52]. Specifically, a modified nonlinear GPM 

formulation [47] was utilized to model the constitutive material response, assuming 

uniaxial stress-strain behavior of the steel. The framework was validated numerically on a 
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steel frame structure. The computational cost of the identification process is high given the 

high-fidelity of the model and depends on the number of iterations and order of the input 

model. Furthermore, Amir, et. al. utilized a parametrized plasticity hysteretic FE model 

that incorporates degradations and moment-shear interactions [53]. A scaled spherical 

simplex filter (S3F) was then used to estimate the unknown states and parameters of the 

system. The work was limited to systems with known inputs, and no experimental 

validation was performed.  

Alternatively, hysteretic shear frame structures are widely used in estimation 

applications given their implementation and computational ease. Azam, et. al. performed 

parameter-state estimation using a combination of the EKF and the particle filter [54]. To 

model the nonlinearity in the single degree of freedom (SDOF) and multi degree of 

freedom (MDOF) shear frame model, RFS-type functions [55] were assigned to model the 

spring behavior. The work was validated numerically, and the input was assumed known. 

Alternatively, Lei, et. al. developed a novel UKF with unknown input (UKF-UI) for 

identification of nonlinear systems [56]. The framework was validated numerically and 

experimentally on a hysteretic shear chain where the nonlinear restoring force was 

governed by the Bouc-Wen model. Within the same class of hysteretic models, Yang, et. 

al. proposed an adaptive sequential nonlinear least-square estimate (SNLSE) for joint 

input-state estimation and validated the approach numerically on a five-DOF hysteretic 

structure with the restoring force following a Bouc-Wen model [57]. Other instances of 

modeling springs using a Bouc-Wen model include [58] for state and parameter estimation 

and [59] for input-state-parameter estimation. The frameworks were validated numerically. 
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Within the same Bouc-Wen type models exploring inelastic structures, Zhang, et. al. [60] 

used a generalized Bouc-Wen formulation encompassing 13 control parameters to describe 

the inelasticity in the springs of MDOF systems. Subsequently, the EKF was used to 

estimate the parameters only. Additionally, duffing type shear frame structures [59] or 

duffing two-DOF nonlinear systems were used to model the inelasticity [21] for input-state 

applications. These nonlinear models only consider a single translation DOF at each floor 

of the shear frame, restricting their applications for multiaxial systems.  

This work is interested in distributed structural systems exhibiting inelasticity in 

the form of material plasticity. Within the literature, the use of uniaxial Bouc-Wen models 

has been limited to shear frame structures and lumped MDOF models dealing with a single 

translation DOF per mass. Additionally, no relation has been made regarding the use of 

uniaxial Bouc-Wen model for continuum systems. In contrast, existing high-fidelity 

models offer an accurate and realistic analysis by employing complex beams-column 

elements. These approaches, however, can become computationally intensive and 

complex, especially when dealing with high-rate and dynamic loads such as those resulting 

from impulsive events. In this case, due to the short duration of the load, explicit solvers, 

small time steps, and fine meshing are recommended and can exacerbate numerical 

convergence issues and the computational burden [61]. Moreover, within the context of 

online identification and estimation, the computational burden is exacerbated given the 

implementation of time and measurement updates utilized by online filtering methods. 

Therefore, simplified analysis techniques can offer alternative, efficient, and accessible 

methods for predicting the response to the dynamic load and are explored in this work. 
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They are widely employed for the analysis of different systems including pile foundations 

[62, 63], cable-supported structures [64], composite structures [65-67], continuous beams 

[68], sandwich structures [69, 70], and reinforced concrete structures [71-73]. 

Consequently, two different numerical modeling approaches are investigated in this 

dissertation and integrated within a recursive estimation framework. First, for continuum 

beam models subjected to impulsive loads, an equivalent simplified SDOF model is 

formulated and employed in conjunction with the uniaxial Bouc-Wen formulation, 

condensing the global dynamic response of the structure to a single point of interest, 

namely the impacted area. Second, a planar beam model, which extends the response of 

the beam to locations outside the contact area and accounts for the bending effects and 

propagation of plastic areas, is derived and examined. Both formulations are integrated 

within an estimation framework and validated numerically. Additionally, existing literature 

pertaining to experimental validation of online identification methods for inelastic systems 

with unknown inputs is very limited. This work aims to contribute to that foundation and 

assess the behavior of the framework when deployed within experimental settings.  

1.1.5 Estimation and Damage  

The exposure to shock-like loadings poses a serious risk of critical damage to 

essential parts of systems and can significantly disrupt the normal operation of structural 

and mechanical systems and electrical components. Understanding and characterizing the 

input and response of a structure subjected to such events can aid in assessing its post-

shock condition and potential damage. 
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First, estimating the input-time history is important to assess the integrity of a 

structure. Pressure-impulse (P-I) diagrams can serve as a key application linking dynamic 

load characteristics with structural performance. P-I diagrams are widely utilized tools 

aiding in the assessment of the response of structural members to dynamic loads. Various 

researchers have derived such diagrams for different structural elements. These diagrams 

illustrate the relationship between the peak overpressure and the impulse imparted by the 

load and encompass three domains: impulsive, dynamic, and quasit-static loading [74]. 

They are usually accompanied by thresholds associated with various failure modes, limit 

states, structural damage or human injury. Specifically, P-I diagrams can provide valuable 

insights into the combination of load characteristics that can result in structural failure or 

varying degrees of damage [75-78]. Therefore, quantifying the input characteristics 

through estimating the force-time history allows for an evaluation of the damage sustained 

by a structure and an assessment of the integrity of the structure.   

Additionally, the response of structural components to shock is a critical 

consideration when evaluating systemôs safety and longevity. Obtaining response 

measurements directly, including displacement and velocity, is often difficult in practice. 

Therefore, the ability to obtain reliable and accurate estimates through different indirect 

methods can prove to be beneficial. Response estimates, in conjunction with tools such as 

shock response spectrums (SRS), can provide valuable information on the integrity and 

health of the structure and its components. SRS are typically constructed and used as an 

analytical evaluation tool to assess the potential risk faced by the system or integrated 

components within a system. They are derived by evaluating the peak response of a range 
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of SDOF systems with different natural frequencies subjected to the input. Specifically, the 

shock excitation is applied to different mass spring damper SDOF oscillators with various 

natural frequencies. Each systemôs response is calculated, and the peak response magnitude 

is then plotted as a function of the natural frequencies of the system, yielding the SRS curve 

[79]. The response can be quantified through the peak displacement, velocity, and 

acceleration. Following the transient shock event, SRS can be used to ascertain the extent 

of the damage. This can be done by comparing the appropriate response of the system to 

the maximum expected response provided by the SRS data. Of these three quantitative 

measures, velocity is the critical metric when assessing damage [80] within certain 

frequency ranges. Moreover, the maximum stress „  is shown to be directly proportional 

to the maximum modal velocity ὺ  , where the relationship for a beam can be derived 

[81] as   

„
ὧӶ

–
ὧὺ  (1-1) 

where –   is the radius of gyration,  ὧ  is the wave speed of the material, Ὅ is the 

moment of inertia, ὃ is the area of the cross-section, ” is the material density and ὧӶ is the 

distance from the neutral axis to the extreme outer fiber. Eq. (1-2) can be generalized to 

accommodate different complex structures  

„ ὑ”ὧὺ (1-2) 
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where ὑ is the proportionality constant accounting for the geometry and type of structure, 

generally taken between ρ ὑ ρπ [81, 82]. Again here, the velocity is a critical factor 

given its close correlation with the maximum stress experienced. Using Eq. (1-2), the 

threshold velocity ὠ  can then be calculated from the yield stress of the material. 

Afterwards, the estimated peak velocity can be compared to the threshold velocity to 

indicate the onset of yield or fracture, depending on the metric of interest. Threshold 

velocities for certain materials have been calculated and tabulated in [83]. Given mild-steel 

properties, as used in this dissertation, the threshold velocity is determined as 130 in/s. A 

common flooring limit has been set to 100 in/s. Similar threshold velocities can be obtained 

using a common empirical rule in MIL-STD-810E [84]  and SMC-TR-06-11 [85], whereby 

a SRS is deemed severe if one if its components surpasses the threshold. While the relation 

is presented in terms of acceleration, it indirectly sets a velocity criterion [86]. Specifically, 

[84] suggests that military-grade equipment does not experience shock failures if the 

velocity is below 100 in/s.  

1.2 Research Objectives  

This research develops a framework for the simultaneous input-state estimation of 

stochastic systems subjected to dynamic inputs, with an emphasis on inelastic systems 

exhibiting material plasticity. The research objectives can be succinctly summarized as 

follows:  

1. To formulate a robust input-state estimation algorithm for linear systems, named 

the finite input covariance with input updating (FICIU) estimator, aimed at 
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reducing the dependency on input properties that are unknown a priori. The 

estimator is then extensively investigated numerically and validated using both 

numerical simulations and experimental data.  

2. To extend the developed linear estimator to nonlinear systems using an Extended 

Kalman framework, resulting in the extended Finite Input Covariance with Input 

Updating (eFICIU). The resulting estimator is validated numerically for a variety 

of structures and investigated experimentally using acquired sensor data.  

3. To investigate and integrate numerical constitutive models within an estimation 

framework to perform online identification of input and states for systems 

exhibiting material plasticity using the proposed estimator. Towards that, a 

simplified analysis method using a uniaxial hysteretic model is explored for 

systems subjected to impulsive loading. Furthermore, a multiaxial hysteretic beam 

model is derived for distributed systems.  

4. To design and execute experimental testing of a steel beam structure subjected to 

multiple successive impacts using drop weight apparatus to gain valuable insight 

into the inelastic behavior of the structure and continuously collect data for post-

processing. Notably, experimental validation of input-state estimation for high-rate 

dynamic inputs resulting in inelastic behavior is absent from the literature. 

Therefore, the experimental data collected in this study will be used to assess the 

proposed framework, bridging the gap and providing key experimental 

observations. 
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1.3 Organization of Dissertation  

The rest of the dissertation is organized as follows.  

Chapter 2 focuses on the formulation of the linear input-state estimator by 

integrating an input covariance updating routine into an existing estimator. The 

performance of the resulting estimator is comprehensively assessed using various input 

time histories. Experimental validation of the linear estimator is conducted using a full-

scale reinforced concrete frame structure. Extension of the estimator to nonlinear systems 

using an Extended Kalman approach is derived. The nonlinear estimator is preliminarily 

numerically validated in the context of an input-state-parameter estimation application, 

with more comprehensive validations performed in subsequent chapters.  

Chapter 3 examines the use of online identification methods to characterize the time 

history of impulsive loads and the ensuing nonlinear response of the beam. A simplified 

analysis method is explored and integrated with a uniaxial constitutive model to efficiently 

model the inelastic response of a beam using an SDOF model. Offline identification is 

performed to identify the model parameters. The constitutive model and nonlinear 

estimator are then validated numerically.  

Chapter 4 explores a multiaxial hysteretic model for distributed systems. Essential 

fundamentals of the theory of plasticity are provided to pave the way for the modeling of 

nonlinearity. A two-dimensional planar beam hysteretic model is formulated by integrating 

additional hysteretic curvatures at the DOF. Using an FE formulation, the multiaxial model 

is then integrated within an estimation framework. A numerical investigation of the 
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resulting model is conducted. The proposed nonlinear estimator is numerically validated 

for this application.    

Chapter 5 presents the experimental investigation of a small-scale steel beam 

subjected to repeated impacts. It also serves as experimental validation for the proposed 

framework. The testing configuration, sensor instrumentation, and data acquisition are 

delineated. Furthermore, three different computational models of the beam specimen are 

developed: a commercial LS-DYNA model, equivalent SDOF model, and full-scale planar 

hysteretic beam model. The latter two models are used in conjunction with the developed 

nonlinear estimator to assess the ability to estimate the input characteristics from 

experimental data.        

Chapter 6 succinctly summarizes the results of this research, along with potential 

future research and recommendations.  
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CHAPTER 2. JOINT INPUT -STATE ESTIMATION METHODS 

FOR LINEAR AND NONLINEAR DYNAMIC SYSTEMS  

This chapter introduces online identification methods employed to conduct 

simultaneous estimation of the input and states of linear and nonlinear dynamical systems. 

The chapter first focuses on linear elastic systems, describing the problem formulation and 

an existing FIC estimator. Subsequently, the formulation of a novel filter, denoted as the 

FICIU estimator, along with the underlying mathematical framework, is detailed. The 

accuracy and performance of the estimator is investigated, with an emphasis on assessing 

the performance of the FICIU in the case where a priori knowledge of the input is 

unavailable. A description of the structure used for simulation is provided, encompassing 

the numerical model and dynamic characteristics of the system used. Following that, the 

in-situ frame structure used for experimental validation, and its FE model are introduced, 

along with the analytical model of the dynamics of the structure. Comprehensive analyses 

of the estimation results are presented for both the simulated and experimental validation. 

Conclusions regarding the performance of the estimator and the convergence of critical 

input characteristics are drawn and elaborated on.   

Next, the problem formulation for nonlinear dynamic systems is presented. The 

FICIU estimator is then extended to nonlinear systems using an Extended Kalman 

framework and referred to as the eFICIU estimator. Numerical validation of the eFICIU 

estimator is performed within the context of input-parameter-state estimation of an elastic 

structure.  
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2.1 Estimation for Linear Elastic Systems  

2.1.1 Problem Formulation  

In the field of optimal estimation and filtering, the state-space form plays an 

instrumental role in the implementation of the algorithms [12]. The state-space 

representation allows for a simple and effective representation of complex systems 

consisting of potentially multiple inputs and outputs. Therefore, it is introduced in this 

section and ultimately used to describe the underlying dynamics and constitutive models. 

The case of linear systems, pertinent to the implementation of the estimator in this section, 

is herein examined and introduced.   

This state-space representation first entails a state dynamics equation describing the 

rate of change ὀὸ
ὀ

 of the state vector ὀὸ, which represents a set of ὲ coupled 

first-order ordinary differential equation, written in vector notation as  

ὀὸ Ἃὀὸ ἌἽὸ  (2-1) 

where ὀὸ ɴ ᴙ  and Ἵὸ ɴ ᴙ  are the continuous-time state and input vectors at time 

ὸ and Ἃ ᶰᴙ  and Ἄ ᶰᴙ  are the continuous-time state and input matrices 

respectively. 

Secondly, the measurement function provides the measured quantities ὁὸ as a 

function of the state ὀὸ and input Ἵὸ 
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ὁὸ Ἅὀὸ ἎἽὸ  (2-2) 

where ὁὸᶰᴙ   is the continuous-time output vector at time ὸ and Ἅᶰᴙ  and 

Ἆ ᶰᴙ  are the continuous-time output and feedthrough matrices respectively.  

 By defining a state vector ὀ consisting of internal variables known as states, the 

complex dynamical system can be described using a first-order differential equation shown 

in Eq. (2-1). Next, the continuous-time state-space model presented needs to be discretized. 

On one hand, practical measurements are obtained from sensors at discretized time 

intervals determined by the sampling frequency and thus need to be reflected in the state-

space model. On the other hand, estimators work in the digitized space, and consequently 

need to be provided a discrete state-space model for optimal computational efficiency. 

Thus Eq. (2-1) and Eq. (2-2) can be discretized with respect to a constant sampling interval 

ɝὸ to yield their discrete counterparts  

ὀ Ἃὀ ἌἽ Ἷ  (2-3) 

ὁ Ἅὀ ἎἽ Ἶ (2-4) 

where the timestep Ὧ corresponds to ὸ Ὧɝὸȟ Ἷ  and Ἶ  account for process and 

measurement noise respectively, and ἋȟἌȟἍ and Ἆ are the discrete counterparts of the 

state, input, output, and feedthrough matrices respectively with the same dimensions.  
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It is important to introduce the notation used throughout this work: ὁȡḯ

ὁ ὁ Ễ ὁ denotes the matrix containing consecutive time history sensor 

measurements of the output up to time instant ὸ= ὰɝὸ; ὀȿḯ ὀȿὁȡ  and Ἵȿḯ

Ἵȿὁȡ  denote the MMSE optimal estimates of ὀ  and Ἵ at time step Ὧ, given all 

observations up to time step ὰȟ with state estimation error covariances ὀȿḯÃÏÖὀȿὁȡ  

and input estimation error covariances ɫἽȿḯÃÏÖὀȿὁȡȟ and cross covariance 

ὀἽȿḯÃÏÖὀȟἽȿὁȡȢ  

2.1.2 The Finite Input Covariance Estimator (FIC) 

Different estimators have been proposed over the years for linear systems. Among 

the most recent contributions, Liu developed, through an MMSE framework, several 

recursive algorithms for the simultaneous estimation of the input and state for linear 

dynamic systems with and without direct feedthrough [87]. One proposed algorithm, the 

FIC estimator is herein briefly described, including some of the underlying assumptions 

and modifications. An extensive derivation of the FIC algorithm, along with all the 

assumptions and subsequent validation is provided by Liu, et al [15]. 

The FIC estimator is based on the linear stochastic dynamical model represented 

by Eq. (2-3) and Eq. (2-4). The estimator treats the input at each time step as a random 

variable with unknown dynamics. The input is thus modeled as white Gaussian noise with 

zero-mean and a predefined constant input covariance (i.e., Ἵ  ﬞͯ ȟ ). Additionally, 

the process noise Ἷ  and measurement noise Ἶ are modeled according to a random 
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Gaussian process, whereby Ἶ and Ἷ  are independent for all Ὧ and ὰ. Finally, the initial 

state ὀ is random and follows a Gaussian distribution (i.e., ὀ  ﬞͯ ȟ ).  

The FIC algorithm, presented in Table 2-1, consists of measurement updates, where 

the input and states are updated based on the acquired sensor measurements using the 

appropriate input gain ἘἽ or state gain Ἐὀ , and time updates, where the model is used to 

update the input and state estimates.  
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Table 2-1 Finite Input Covariance (FIC) Estimation algorithm  

Initialization:  

 ὀȿ ὀȟ   ὀȿ ὀȟ Ἵȿ  Ἵ   

for Ὧ πȟρȟȣȟὲ  

Measurement update of input:  

 
ὁȿ Ἅὀȿ Ἅ Ἆ ἽἎ Ἶ (2-5) 

 
 ἘἽ ἽἎ ὁȿ  (2-6) 

 
Ἵȿ ἘἽ ὁ Ἅὀȿ  (2-7) 

 
Ἵȿ ἓ ἘἽἎ Ἵ (2-8) 

 
ὀἽȿ ὀȿ Ἅ ἘἽ  (2-9) 

Measurement update of state:  

 Ἐὀ ὀȿ Ἅ ὁȿ  (2-10) 

 ὀȿ ὀȿ Ἐὀ ὁ Ἅὀȿ  (2-11) 

 ὀȿ ἓ ἘὀἍ ὀȿ  (2-12) 

Time update of state:  

 
ὀ ȿ Ἃὀȿ ἌἽȿ (2-13) 

 
ὀ ȿ

Ἃ Ἄ
ὀȿ ὀἽȿ

Ἵὀȿ Ἵȿ

Ἃ 
Ἄ 

Ἷ (2-14) 

Time update of input:  

 Ἵ ȿ π (2-15) 

 ӶἽ ȿ Ἵ (2-16) 

 ὀ Ἵ ȿ Ἵ ὀ ȿ
π (2-17) 

end  

The FIC serves as an important basis to the proposed estimator which is established 

in the next section. 
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2.1.3 The Finite Input Covariance with Input Updating Estimator (FICIU) 

In a substantial portion of the literature, the input is assumed a zero-mean Gaussian 

white noise distribution, with some defining an input covariance matrix [16, 87-89]. 

Furthermore, this covariance matrix is not known a priori and is chosen heuristically prior 

to starting the estimation process. The quality and performance of the input and state 

identification relies heavily on the statistical characteristics assigned to the input, namely 

the input covariance matrix. The incorrect choice of the covariance matrix can deteriorate 

the quality of the estimates and may lead to divergence from the true values. This indicates 

the need for more robust algorithms that automatically adapt to the in-situ characteristics 

of the actual input. Therefore, to increase the estimatorôs reliability and performance and 

to reduce the reliance on the heuristically chosen and nonadaptive input covariance value, 

this thesis proposes a new estimator, named the Finite Input Covariance with Input 

Updating (FICIU) estimator. 

Motivated by the recent contributions to the field of online noise covariance 

updating [90, 91], a covariance input updating routine utilizing the same scheme is 

proposed. This leads to the ability to adaptively update the input covariance matrix in an 

online manner.  

Before establishing the proposed input covariance updating routine, it is first 

important to reexamine some of the intrinsic input assumptions of the FIC estimator.  

1. The unknown input Ἵ  at each time step Ὧ is assumed to be a random vector 

whereby input Ἵȡ is independent from ὀȟἾ and Ἷ  for all Ὧ and ὰ. 
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2. The unknown input Ἵ  is modeled as white Gaussian noise with zero-mean and a 

predefined input covariance Ἵ (i.e., Ἵ  ﬞͯ ȟἽ ). 

These assumptions lead to the following time updates for the input  

Ἵ ȿḯ Ἵ ȿὁȡ
 Ἵ  (2-18) 

Ἵ ȿ
ḯÃÏÖἽ ȿὁȡ

 
Ἵ (2-19) 

ὀ Ἵ ȿ
ḯÃÏÖὀ ȟἽ ȿὁȡ

 
Ἵ ὀ ȿ

π (2-20) 

It can be seen from the input covariance time update that the input covariance at time-step 

Ὧ ρ, which is conditional on the collected measurements up to time step Ὧ, Ἵ ȿ
, is set 

to the constant finite input covariance matrix Ἵ. Additionally, the measurement update of 

the input, particularly the expressions in Eq. (2-5), Eq. (2-6), and Eq. (2-8) utilize that input 

covariance matrix Ἵ. The latter is defined in the initialization step of the algorithm and is 

kept constant throughout the entirety of the input updating process. Oftentimes in practice, 

the input characteristics are not known a priori and can be regarded as tuning parameters 

that influence the quality of input and state estimates. Consequently, the performance of 

the estimator is expected to degrade when erroneous or nonideal input covariance values 

are used to initialize the estimator. The aforementioned serves to motivate the primary goal 

and contribution of this chapter. The next section focuses on the integration of a routine 

which will allow for the estimation of certain input characteristics under some additional 
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assumptions of the input. In what follows, the estimator with a time varying input 

covariance is referred to as the Finite Input Covariance with Input Updating (or FICIU for 

short) estimator.  

2.1.3.1 Time Varying Input Covariance  

The proposed FICIU estimator is designed by implementing an online recursive 

input covariance update routine to the FIC estimator to reduce the dependency on the initial 

heuristic value. For this purpose, the input is modeled as white Gaussian noise with a time 

varying input covariance matrix Ἵ . Hence, the original input assumptions previously 

introduced are retained with the exception of the input covariance matrix now being time 

varying, described as   

Ἵ  ﬞͯ ȟἽ . (2-21) 

The zero-mean white Gaussian noise assumption is preserved, thus alleviating the issue of 

drift and unobservability in the case of acceleration only measurements. With the mean of 

the input assumed to be zero, only the covariance of the input needs to be recursively 

updated.  Accordingly, the distribution of the input covariance matrix conditioned on the 

observation is described using an Inverse Wishart (IW) distribution. In other words, the 

distribution of the input covariance matrix ♅Ἵ  conditioned on the measured observations 

ὁȡ
  can be written as 
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ὴ Ἵ ȿὁȡ
 Ὅὡ Ἵ Ƞ ȟ”  (2-22) 

where Ἵ ᶰᴙ , and  ɴ ᴙ  and ”  ᶰᴙ  are used to parametrize these 

probability distributions. Here, the IW distribution, parametrized by  and ”, is defined on 

real-valued positive definite matrices  

Ὅὡ ἽȠ ȟ”ḯ 
ȿἽȿ

ς  ɜ
”
ς

 ȿἽȿ ÅØÐ 
ÔÒ Ἵ

ς
 (2-23) 

where Ἵȟ are positive definite matrices, ” ὲ ρ, and  ɜ ẗ is the multivariate 

gamma function, all used to characterize the distribution. Additionally, ȿẗȿ and ÔÒẗ denote 

the determinant and trace of a matrix respectively. Of relevance to the formulation of the 

proposed estimator is the mode of the IW distribution, given as  

” ὲ ρ
 (2-24) 

It is also worth noting that the maximum a-posteriori (MAP) estimations of the IW 

distribution can also be derived to take the form in Eq. (2-24)  [16]. 
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2.1.3.2 Mathematical Background  

In this section, the mathematical justification behind the choice of an IW 

distribution is delineated. Using an MMSE optimality condition, the estimate that 

minimizes ὀ ὀȿ  is given by  

ὀȿ ὀȿὁȡ
  ὀ᷿ὴὀȿὁȡ

   Ὠὀ (2-25) 

Applying the towering property of expectation, ὀȿ can also be expressed as  

ὀȿ   ὀ ὀȿ‫ȟὁȡ
   ὁȡ

     (2-26) 

  ᷿ ὀ ὀȿ‫ȟὁȡ
    ὴ‫ȿὁȡ

  Ὠ(2-27) ‫ 

  ᷿ ὀ᷿ὴὀȿ‫ȟὁȡ
  Ὠὀ  ὴ‫ȿὁȡ

  Ὠ(2-28) ‫ 

  ᷿ ὀȿ ‫ὴ‫ȿὁȡ
  Ὠ(2-29) ‫ 

Note that ,denotes the value that needs to be adaptively updated. For simplicity ‫ 

represents the scalar variance of a scalar input Ἵ. Using Bayesô rule, ὴ‫ȿὁȡ ‫
  in Eq. 

(2-29) can be expressed and simplified as  

ὴ‫ȿὁȡ
   ὴ‫ȿὁȟὁȡ  

  (2-30) 
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  ὴὁȿ‫ȟὁȡ  
  ὴ‫ȿὁȡ  

 

ὴὁȿὁȡ  
  (2-31) 

 θ ὴὁȿ‫ȟὁȡ  
  ὴ‫ȿὁȡ  

  
(2-32) 

By assuming a multivariate normal distribution for the likelihood function, and its 

conjugate, the IW distribution, for the prior, the posterior ὴ‫ȿὁȡ
   in Eq. (2-32) is also 

known to follow an IW distribution [92]. In other words, by assigning prior distributions 

in the same family as the likelihood function, the posterior distribution is known to have 

the same functional form as the prior, significantly simplifying the analysis [93]. Therefore, 

by assigning certain distributions to the likelihood and prior to exploit conjugacy, 

ὴ‫ȿὁȡ
  and consequently the integral in Eq. (2-29) can be simplified. To further simplify 

the integral in Eq. (2-29), the IW distribution is approximated with a point estimate, namely 

its mode, given by Eq. (2-24) [91]. The aforementioned assumptions further simplify the 

problem, and only parameter updating is required for posterior computations as follows   

  (2-33) 

”  ” ρ (2-34) 

where  is a Gaussian sample.  
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2.1.3.3 Input Covariance Updating  

After defining the appropriate distributions, the input covariance needs to be 

updated from the prior to the current time step. Using Bayesô rule, the posterior distribution 

of the input covariance matrix Ἵ conditional on the observation ὁȡ
  can be expressed as  

ὴ Ἵ ὁȡ  ὴ Ἵ ὁȟ ὁȡ  (2-35) 

 
ὴὁ Ἵȟ ὁȡ ὴ Ἵ ὁȡ

ὴὁȿὁȡ
 

(2-36) 

 θ
ὴὁ Ἵȟ ὁȡ ὴ Ἵ ὁȡ  (2-37) 

The transitional distribution ὴ Ἵ ὁȡ  in (2-37) can be rewritten as  

ὴ Ἵ ὁȡ ὴ Ἵ Ἵ ȟὁȡ ὴ Ἵ ὁȡ ὨἽ

 

Ἵ

 (2-38) 

By assuming that the process is a slow varying stochastic process, the variation of Ἵ  over 

each time step can be neglected. As a result, ὴ Ἵ Ἵ ȟὁȡ  can be written as the 

Dirac delta function ‏ Ἵ Ἵ , where the Dirac delta function for a matrix argument 

ἦ ὼ ᶰᴙ
 
 can be defined as   

ἦ‏ ὼ‏  (2-39) 
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Importantly, the matrix definition generalizes the scalar Dirac delta function to matrix 

spaces, and maintains key mathematical properties including the shifting property  

ὴἦ‏ἦ ἋὨἦ ὴἋ  (2-40) 

This substitution results in  

ὴ Ἵ Ἵ ȟὁȡ ‏ Ἵ Ἵ  (2-41) 

By substituting Eq. (2-41) in Eq. (2-38), the transitional distribution takes the form    

ὴ Ἵ ὁȡ ‏ Ἵ Ἵ ὴ Ἵ ὁȡ ὨἽ

 

Ἵ

 (2-42) 

Replacing the prior distribution from Eq. (2-22) into Eq. (2-42) and using the shifting 

property in Eq. (2-40) results in    

ὴ Ἵ ὁȡ ‏  Ἵ Ἵ Ὅὡ Ἵ Ƞ ȟ” ὨἽ

 

Ἵ

 
(2-43) 

 Ὅὡ ἽȠ ȟ”  (2-44) 

Attention is next shifted to the likelihood function ὴὁ  Ἵȟ ὁȡ , derived in [87] to 

be normally distributed. By leveraging the conjugacy property delineated in Section 2.1.3.2 
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and applying it to Eq. (2-37), the update of the input covariance matrix Ἵ  can be deduced 

to follow an IW distribution and therefore  

ὴ Ἵ ὁȡ  Ὅὡ Ἵ ȟ ”  (2-45) 

where  ᶰᴙ  and ” represent the posterior distribution parameters. Finally, by 

approximating the IW distribution in Eq. (2-45) with its MAP estimation shown in (2-24), 

the updated input covariance matrix can be calculated as  

Ἵ  
” ὲἽ ρ

 (2-46) 

The problem is then simplified and reduced to recursively updating only the parameters of 

the IW distribution. The scalar parameter ” is revised by adding one to the prior value 

with each new observation 

” ” ρ (2-47) 

The matrix parameter  update requires a Gaussian noise sample for the  term in Eq. 

(2-33). For that purpose, using the difference between the current estimate Ἵȿ and the 

time updated prior Ἵȿ , which is the mean of the input distribution, is proposed. The 

parameter update thus becomes 

   Ἵȿ Ἵȿ Ἵȿ Ἵȿ  (2-48) 
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As a result, the input covariance matrix can be adaptively updated in an online manner. 

Finally, to complete the development of the algorithm, the time update of the input 

needs to be derived. As mentioned, the input is assumed to be zero-mean white Gaussian, 

resulting in Ἵ  and Ἵȡ being statistically independent. This assumption helps alleviate 

the unobservability issue that arises with the use of acceleration measurement only [12]. 

Additionally, it can be shown that Ἵ  is independent from ὀȟἿȡ ȟ and Ἶȡ  [87]. 

As a result,   

Ἵ ȿὁȡ
  ﬞͯ πȟἽ  (2-49) 

The time updated input estimates can then be written as 

Ἵ ȿḯ Ἵ ȿὁȡ
 Ἵ  (2-50) 

Ἵ ȿ
ḯÃÏÖἽ ȿὁȡ

 
Ἵ  (2-51) 

ὀ Ἵ ȿ
ḯÃÏÖὀ ȟἽ ȿὁȡ

 
Ἵ ὀ ȿ

π (2-52) 

The resulting algorithm is summarized in Table 2-2, and consists of measurement 

updates, where the input and states are updated based on the acquired sensor measurements, 

and time updates, where the model is used to update the input and state estimates.  
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Table 2-2 Finite Input Covariance with Input Updating (FICIU) algorithm  

Initialization:  

 ὀȿ ὀȟ   ὀȿ ὀȟἽȿ Ἵ ȟ”ȿ ὲȟ ȿ    

for Ὧ πȟρȟȣȟὲ  

Measurement update of input:  

 
ὁȿ Ἅὀȿ Ἅ Ἆ Ἵ Ἆ Ἶ (2-53) 

 ἘἽ Ἵ Ἆ ὁȿ  (2-54) 

 
Ἵȿ ἘἽ ὁ Ἅὀȿ  (2-55) 

 
Ἵȿ ἓ ἘἽἎ Ἵ  (2-56) 

 
ὀἽȿ ὀȿ Ἅ ἘἽ  (2-57) 

 
 Ἵȿ Ἵȿ Ἵȿ Ἵȿ  (2-58) 

 
” ” ρ (2-59) 

 
Ἵ  

  

” ὲ ρ
 (2-60) 

Measurement update of state:  

 Ἐὀ ὀȿ Ἅ ὁȿ  (2-61) 

 ὀȿ ὀȿ Ἐὀ ὁ Ἅὀȿ  (2-62) 

 ὀȿ ἓ ἘὀἍ ὀȿ  (2-63) 

Time update of state:  

 
ὀ ȿ Ἃὀȿ ἌἽȿ (2-64) 

 
ὀ ȿ

Ἃ Ἄ
ὀȿ ὀἽȿ

Ἵὀȿ Ἵȿ

Ἃ 
Ἄ 

Ἷ (2-65) 

Time update of input:  

 Ἵ ȿ π (2-66) 

 Ἵ ȿ Ἵ  (2-67) 

 ὀ Ἵ ȿ Ἵ ὀ ȿ
π (2-68) 

end  
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The input covariance matrix is now time varying and updated recursively at each 

time step Ὧ by using the mode of the IW distribution and its updated parameters. This will 

reduce the dependency on the initialized value of the input covariance matrix to produce 

more robust estimates.  

2.1.4 Numerical Validation  

To evaluate the performance of the proposed estimator, a comprehensive validation 

process employing numerical simulations is henceforth presented. A numerical study 

consisting of the linear time-invariant (LTI) dynamical system illustrated by Figure 2-1, is 

designed. 

  

(a) Structure subjected to forcing function 

at fourth DOF   

(b) Structure subjected to ground motion 

acceleration  

Figure 2-1 Four-story shear structure 
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The system consists of a four-story shear frame structure. Each floor is represented by 

one DOF and therefore ὲ τ. The structural properties of the system, namely the 

masses and inter-story stiffnesses, are shown on Figure 2-1. The resonance frequencies are 

identified as Ὢ πȢως (ÚȟὪ ςȢτυ (Ú, Ὢ σȢψσ (Ú, and Ὢ υȢπς (Ú. Two different 

scenarios are used here to evaluate the performance of the proposed estimator. The 

dynamical state-space model is then formulated based on the appropriate governing 

equation of motion for each scenario. The first scenario considers a forcing function 

applied to the fourth DOF, represented by Figure 2-1(a). In this scenario, two types of input 

excitations are used to assess the estimatorôs performance:  

1. A white Gaussian input excitation with a covariance of ρππ . (i.e., 

Ἵ  ﬞͯ πȟρπ). 

2. A chirp excitation, or a swept frequency cosine signal, characterized by an 

instantaneously changing input frequency (i.e., Ἵ ÃÏÓ ς“Ὧɝὸ ). 

The second scenario, illustrated in Figure 2-1 (b), considers the case where the structure is 

subjected to ground motion excitation, namely the El-Centro earthquake record. This case 

is chosen on purpose to show the versatility of the state-space model considering ground 

motion excitation, and to underscore the ability of the estimator in the case where the input 

violates the white Gaussian noise assumption. The numerical validation study is 

summarized in Table 2-3. 
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Table 2-3 Summary of numerical validation study 

Input 

Scenario  

Forcing function Ἵὸ applied at 

fourth DOF (Figure 2-1 (a)) 

Motion acceleration Ἵ ὸ 

applied at ground (Figure 

2-1 (b)) 

Input types 

White Gaussian 

noise 

 Ἵ ρππ .  
Chirp Input El Centro earthquake record 

Input 

Covariance  Ἵ ρȟπππ .  Ἵ ρπ .  Ἵ ςπ m2/s4 

IW 

parameters 

(FICIU only) 

ȿ Ἵ  

”ȿ ὲ  

Initial state 
Static 

ὀ ,  ὀ  

Process noise  Ἷ  Ἷ  ρπ ἓ 
1)  Ἷ  Ἷ  ρπ ἓ 

2)  Ἷ  Ἷ  ρπἓ 

Measurement 

noise Ἶ  Ἶ ρπἓ  

2.1.4.1 Problem Formulation  

The dynamical state-space model is then formulated based on the appropriate 

governing linear elastic equation of motion for each scenario. 

2.1.4.1.1 Case 1: Excitation at a DOF  

In the case of an excitation at a DOF, the governing equation of motion can be 

written in its general case as  
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ἙἹὸ Ἅ
 
Ἱὸ ἕἹὸ Ἵὸ (2-69) 

Here Ἑ, Ἅ , ἕ ᶰᴙ
 
are the mass, proportional damping, and stiffness 

matrices; Ἱὸ, Ἱὸ and Ἱὸᶰᴙ  are the displacement, velocity, and acceleration 

vectors at time t, and Ἵὸᶰᴙ  is the input vector; ᶰᴙ  is the input influence 

matrix, relating the input location to the corresponding DOF(s). The mass and stiffness 

matrices can be constructed from the structural properties shown in the Figure 2-1 as   

Ἑ

υ π π π
π υ π π
π π υ π
π π π υ

 ËÇȟἕ

σπςπ ρφχπ π π
ρφχπςωςπ ρςυπ π
π ρςυπςςχυ ρπςυ
π π ρπςυρπςυ

.ȾÍ (2-70) 

The damping matrix Ἅ  is modeled as Rayleigh damping and can thus be written as 

Ἅ ‌Ἑ ‍ἕ (2-71) 

Ἅ  consists of a mass proportional term related to the mass matrix M  using the 

coefficient ‌, and a stiffness proportional term related to the linear stiffness matrix K  

through the coefficient ‍. Typical damping ratios of 0.02 are assigned to the first two 

modes to calculate the coefficients ‌ and ‍, and result in a damping matrix Ἅ  



 

 43 

Ἅ  

 φȢυσφρ σȢρτψσ π π
σȢρτψσφȢστχφ ςȢσυφυ π
π ςȢσυφυ υȢρσρφ ρȢωσςσ
π π ρȢωσςσ ςȢχχυρ

.ÓȾÍ (2-72) 

By defining the state vector ὀ with length ςὲ  to encompass the displacement and 

velocity vectors,  

ὀ
Ἱ
Ἱ (2-73) 

the second order differential equation in Eq. (2-69) can be rewritten in the continuous state-

space form presented in Eq. (2-1) and takes the following form  

ὀ
Ἱ
Ἱ

π ἓ
Ἑ ἕ Ἑ Ἅ

Ἱ
Ἱ

π
Ἑ

Ἵ Ἃὀ ἌἽ (2-74) 

where π π π ρ  given the forcing function is applied at the fourth DOF. To 

construct the simulated observation model, consider the case of obtaining acceleration 

measurements only at each DOF 

ὁ Ἱ (2-75) 

where ἓɴ ᴙ    is the selection matrix for acceleration measurements, relating the 

sensor location to the appropriate DOF(s) in the model.  The measurement equation of the 

state-space model thus assumes the form  
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ὁ Ἑ ἕ Ἑ Ἅ
Ἱ
Ἱ Ἑ Ἵ Ἶ = Ἅὀ ἎἽ (2-76) 

2.1.4.1.2 Case 2: Ground Motion Excitation  

In the case of ground motion acceleration Ἵ, the governing equation of motion 

assumes the following form 

ἙἹὸ Ἵ Ô Ἅ
 
Ἱὸ ἕἹὸ π (2-77) 

Using the state-space vector from Eq. (2-73) and a similar measurement scheme, the state-

space model takes the form  

ὀ  
Ἱ
Ἱ

π ἓ
Ἑ ἕ Ἑ Ἅ

Ἱ
Ἱ Ἵ Ἃὀ ἌἽ (2-78) 

ὁ Ἑ ἕ Ἑ Ἅ
Ἱ
Ἱ Ἑ Ἵ  = Ἅὀ ἎἽ (2-79) 

where ρ ρ ρ ρ .  

2.1.4.2 Discretization Scheme 

The systems described by the state equations in Eq. (2-75) and Eq. (2-78) and 

measurement equations in Eq. (2-76) and Eq. (2-79) constitute the continuous-time state-

space models and are not directly suitable for the implementation of discrete filtering 

algorithms. Thus, as previously established, the system needs to be discretized. Many 
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methods exist to digitize a state-space model, where a tradeoff usually occurs between 

stability, accuracy, and computational efficiency. In this numerical example, the system is 

linear elastic, and consequently, the system model consisting of the introduced state 

matrices is assumed to be constant and known a priori. This greatly simplifies the 

discretization process, and can therefore be performed in an offline fashion, without 

requiring additional computational effort during the estimation process. For this structure, 

a zero-order hold method, where the input is held or assumed constant for one sampling 

interval, is chosen and implemented. Thus, under the zero-order hold assumption for a 

chosen sampling interval ɝὸ, the discrete-time state, input, output, and feedthrough 

matrices respectively are expressed by [94]  

Ἃ ὩἋ  (2-80) 

Ἄ Ἃ ἓἋ Ἄ  (2-81) 

Ἅ Ἅ (2-82) 

Ἆ Ἆ  (2-83) 

The discrete matrices maintain the same dimensions provided along with the introduction 

of the continuous-time matrices.  

In what follows, the noisy acceleration output measurements, sampled at 200 Hz, 

are assumed to be available at all DOFs and are used to estimate the unknown inputs as 

well as the displacements and the velocities at the four DOFs. Unless otherwise noted, 
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additive white Gaussian noise is added to the simulated states with ʎ◌ ρπἓ to 

account for modeling uncertainty and to the simulated measurements with ʎ○ ρπἓ 

to account for sensor noise.  

2.1.4.3 Simultaneous Input-State Estimation Results  

This section presents the input and state estimation time history results of the 

aforementioned numerical study using the existing FIC estimator and the proposed FICIU 

estimator. The focus of the study is to evaluate the performance of the proposed estimator 

and its dependency on the initial input covariance matrix Ἵ  provided to the estimator. 

Therefore, the estimator process noise Ἷ  and measurement noise Ἶ  are assumed to 

equal to those used for simulation (i.e.,  Ἵ Ἵ  and Ἶ  Ἶ ). The initial state 

mean ὀ  and diagonal entries of the state covariance ὀ  are set to zero, assuming the 

structure is initially known to be at rest.  For both the FIC and FICIU,  Ἵ  is the initial 

input covariance value provided to the estimators. For the FICIU, the IW distribution 

parameters ” and  are initialized to be equal to ὲ ρ and Ἵ  respectively. First, the 

case of white Gaussian noise with Ἵ ρππ . is examined. Figure 2-2 shows the time 

history estimation results of the input using both the FIC and the proposed FICIU for an 

initialized value of Ἵ ρȟπππ .ȟ chosen deliberately to differ from the true 

covariance.  
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(a) 0~2s FIC and FICIU input estimation  

  

(b) 59.5~60s of FIC input estimation  (c) 59.5~60s of FICIU input estimation 

Figure 2-2 Input estimation of white Gaussian input 

It can be seen from Figure 2-2 (a) that both the FIC and FICIU estimators provide similar 

adequate estimates of the input Ἵȿ during the initial 2 seconds. To attain a more in depth 

understanding of the performance of the estimator, attention is drawn to the updated input 

estimation error covariance Ἵȿ, more specifically its square root Ἵȿ, which is used as 

a metric of uncertainty. The former can be regarded as a measure of correlation between 

the estimated and true values. For that purpose, plots of the last 0.5 seconds of the input 

estimate, along with the shaded interval σἽȿȟσἽȿ  representing the confidence 

interval are presented in Figure 2-2 (b) and (c). Upon inspection of those plots, the FICIU 

provides a tighter confidence interval than the FIC, indicating that the estimated values 

provided by the FICIU are more closely clustered around the actual values, providing 
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higher confidence in the estimateôs accuracy and reliability. Furthermore, a comparative 

analysis of the input estimation error covariance Ἵȿ time history for the FIC and FICIU 

estimators is presented in Figure 2-3. The graph demonstrates rapid convergence to a 

steady state at around 9 seconds for the FICIU estimator, compared to 20 seconds for the 

FIC estimator. Additionally, the FICIU estimator settles at a lower steady-state value, 

indicating a smaller estimator error covariance and higher reliability in the input estimates.  

 

Figure 2-3 Input estimation error covariance for white Gaussian input 

Next, the estimation results for the chirp signal excitation are provided for Ἵ

ρπ . . The chirp signal is deliberately chosen to assess and compare the performance of 

the estimator in the case where the input contradicts the Gaussian input assumption the 

estimators are derived upon.  
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(a) Entire time history of FIC and FICIU estimation 

  

(b)  7~7.5s of FIC estimation  (c)  7~7.5s of FICIU estimation 

Figure 2-4 Input estimation of chirp input signal  

Figure 2-4 (a) shows that both the FIC and FICIU estimator exhibit similar performance 

for the first half of the time history, after which the FIC can be seen to drift over time. This 

drift appears to exacerbate with time and is particularly evident for approximately 6 to 9 

seconds. The FICIU outperforms the FIC and can adequately track the true value of the 

overall time history whereas the estimates from the FIC begin to diverge away from the 

true value and are affected by low frequency drift. Close-up plots for approximately 7 to 

7.5 seconds, shown in Figure 2-4 (b) and (c), illustrate again the drift sustained by the FIC, 

whereas the input estimates from the FICIU closely match the true values of the estimate. 

Furthermore, a similar phenomenon is observed looking at the confidence interval, 

whereby the FICIU estimator provides a tighter confidence interval indicating more 
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reliable estimates. The input estimation error covariance Ἵȿ  time history, shown in  

Figure 2-5,  illustrates that the proposed FICIU estimator rapidly converges to steady state 

at around 2 seconds, surpassing the convergence time of the FIC estimator.   

 

Figure 2-5 Input estimation error covariance  
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Finally, the results for the case of ground motion acceleration, namely the El-Centro 

earthquake record, are presented. The input estimates, along with close-up plots and 

confidence intervals, are shown in Figure 2-6.  

 

(a) Entire time history of FIC and FICIU estimation 

  

(b) 25~30s of FIC estimation  (c) 25~30s of FICIU estimation 

Figure 2-6 Input estimation of El Centro earthquake record  

At first glance, similar conclusions can be made for the input estimates, where the FIC and 

FICIU exhibit similar performance of the time history estimate, with the FICIU providing 

a tighter confidence interval and therefore a more reliable estimate. However, upon 

inspection of the displacement time estimates at the four DOFs, shown in Figure 2-7, the 

advantage of the smaller input error covariance Ἵȿand the input covariance updating of 

the FICIU becomes apparent.  
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(a) Displacement estimate at first DOF  (b) Displacement estimate at second DOF 

  

(c) Displacement estimate at third DOF (d) Displacement estimate at fourth DOF 

Figure 2-7 Displacement estimation of structure subjected to ground motion excitation 

The FIC and FICIU first appear to be performing equally well until around 5 seconds, after 

which state estimates ὀȿ from the FIC start to deviate from the true values. The drift 

exhibited by the FIC is exacerbated over time for all the displacement estimates. On the 

other hand, the FICIU can properly update the initially provided covariance value to yield 

more reliable and accurate estimation results. Consequently, the FICIU outperforms the 

FIC, where the former can adequately track the true value of the displacements for the 

entire time history without exhibiting any drift.  

To further highlight the robustness of the proposed FICIU, estimation results are 

presented in Figure 2-8 for a larger process noise covariance, where Ἷ Ἷ
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ρπἓ, in the case of greater uncertainty in the dynamical stochastic model. All other initial 

parameters remain unchanged.  

 

(a) FIC and FICIU input estimation for the entire time history 

  

(b) 5~10 s of input estimation  

  
(c) Displacement estimation Ñ

ȿ
 at first 

DOF 

(d) Displacement estimation Ñ
ȿ

 at 

fourth DOF 

Figure 2-8 Estimation of white Gaussian input with larger process noise 

The input estimate Ἵȿ shows noticeable sporadic drift in the estimates provided by the 

FIC, with a close-up for approximately 5 to 10 seconds highlighting the divergence from 

the true values along with a large confidence interval, representing less certainty in those 
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estimates. On the other hand, the FICIU is capable of providing adequate estimates in spite 

of the increased model uncertainty. A similar phenomenon can be observed upon 

inspection of the displacement estimates Ñ
ȿ

 and Ñ
ȿ

 at the first and fourth DOF, with 

similar behavior exhibited by the displacement estimates across all other DOFs.  

2.1.4.4 Effects of Initial Covariance on Estimation Results  

In most applications, the covariance of the unknown input is rarely known. 

Moreover, the significance of this tuning parameter in influencing the performance of the 

estimator is evident and has constituted the main motivation of this chapter. Therefore, this 

section serves to highlight the importance of the input covariance update routine within the 

estimator proposed when the estimator is employed in real-world settings. To compare and 

quantify the accuracy of the estimators, the root mean square (RMS) error  

Ὡ ḯ ὁ ὁȿ ȟ    (2-84) 

where N is the number of time steps, ὁ is the true value and ὁȿ is the estimated value at 

time step Ὧȟ is computed. The FIC and FICIU estimators are initialized for different values 

of Ἵ  ranging from ρπ  to ρπ .  and the estimation is performed for each value, for 

a total of 110 estimation runs. The RMS errors are then computed using the entire estimated 

time histories for Ἷ ρπἓ and Ἶ ρπἓ. The results plotting the input and 
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displacement RMS error Ὡ  for a white Gaussian noise input as a function of the 

initialized input covariance matrix Ἵ are first presented in Figure 2-9.  

  

(a) RMS error of input estimation (b) RMS error of displacement estimation 

Figure 2-9 RMS error of estimation with white Gaussian input  

Figure 2-9 (a) and (b) show that the FICIU can achieve a smaller RMS error for a larger 

range of initialized values for both the input and displacement estimates respectively. It is 

worth noting that the minimum input RMS error achieved by the FIC Ὡ πȢφτσς . is 

for Ἵ φσ . , which is close but not exactly equal to the true input covariance Ἵ

ρππ . . Alternatively, the minimum error attained by the proposed FICIU estimator is 

Ὡ πȢφσψφ . . The former is closely maintained for a large range of Ἵ .  

A similar phenomenon can be observed in the case of ground motion excitation, 

which violates the white Gaussian noise assumption of the input. These results are 

presented in Figure 2-10.  



 

 56 

  

(a) RMS error of input estimation (b) RMS error of displacement estimation 

Figure 2-10 RMS error of estimation with El Centro earthquake input 

Overall, the FICIU can achieve a smaller RMS error for a larger range of initialized 

values for both the input and displacement estimates, where the FICIU is less dependent 

on the initial heuristic value provided to the estimator. Thus, in the case where little to no 

knowledge of the input is available, the FICIU can be used as a robust estimation tool 

providing reliable results.   

2.1.4.5 Adaptive Covariance Convergence  

To gain better insight into the proposed estimator and assess the efficiency of the 

input covariance value updating, input covariance identification is examined. For that 

purpose, the formulated system for a forcing function at the fourth DOF is used, along with 

Ἷ ρπ ἓ and Ἶ ρπἓ. Namely, the white Gaussian input with a known 

covariance of ρππ .  is intentionally chosen, such that the updated covariance values can 

be compared to the true value used to generate the input signal. Accordingly, three cases 

are considered and investigated, where the initial value provided to the estimator Ἵ  is 

either:  
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1. Overdetermined and larger than the true value 

2. Undetermined and smaller than the true value (order of magnitude lower than the 

true value) 

3. Equal to the true value 

The results depicting the adaptive input covariance identified by the FICIU are 

presented in red in Figure 2-11, along with the true covariance value of ρππ . , 

represented by the solid black line.  

   
(a) Ἵ ρππ .  

exact  

(b)  Ἵ ρȟπππ .  

overdetermined  

(c)  Ἵ  πȢπρ .  

underdetermined 

Figure 2-11 Updated input covariance for overdetermined, undetermined, and exact 

cases 

For all cases, the input covariance value converges to the true value within only a few 

iterations. These results can also provide insight into the RMS error plots previously 

provided. As such, it can be concluded that for a large range of Ἵ , the FICIU is able to 

update the erroneous heuristic initial value within a few iterations only, thus aiding the 
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joint input-state estimation process providing consistently reliable estimates with low RMS 

errors.   

2.1.5 Experimental Validation  

To ensure practical utility and further investigate the robustness of the proposed 

estimation algorithm, this section addresses the experimental validation of the FICIU 

estimator. This validation approach serves to bolster the algorithmôs credibility when 

deployed for real-world applications, and to offer insightful information on its adaptability 

in the case of non-ideal, dynamic, and unpredictable environments. The validation process 

entails acceleration data collected from a full-scale concrete frame. The in-situ structure, 

instrumentation, controlled excitation, and finite element model are first briefly introduced. 

Next, using the post-processed acceleration response data experimentally obtained, the 

input is estimated using the proposed estimator and compared with estimates from different 

existing estimators. Additionally, to further demonstrate the robustness of the proposed 

estimator within an experimental setting, the accuracy of the proposed estimator is 

quantified through the variation of the RMS error as a function of the heuristic input 

covariance matrix.  

2.1.5.1 Test Structure and Instrumentation   

The in-situ structure, sensor instrumentation, test scenario, and model formulation 

are summarized as they pertain to the experimental validation of the proposed FICIU 

estimator, with more details found in [95].  
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The experimental concrete frame constructed at the Structures Laboratory at the 

Georgia Institute of Technology, shown in Figure 2-12, is used for the experimental 

validation. The structure consists of four identical concrete frames, each consisting of two 

stories (story height of 12 feet) and two bays (column spacing of 18 feet) each. The existing 

gap between frames is by design and allows for free in-plane longitudinal motion. 

Therefore, each frame can then be interpreted as a stand-alone structure. In light of this, 

the first frame, indicated by ñ1ò in the figure, was tested independently from other frames, 

and constitutes the focus of the collected data for experimental validation used in this study.   

 

Figure 2-12 Full-scale concrete frame structure [95] 

To ensure proper data acquisition of the dynamic response of the structure within a 

controlled test setting, a hydraulic linear inertial shaker with a moving mass was installed 

at the middle of the second elevated slab. The shaker was used to impart a prescribed in-

plane excitation consisting of a 1-inch scaled El Centro earthquake record. The structural 

monitoring system consists of a total of 44 acceleration channels, comprising of 17 vertical 

and 27 longitudinal directions. Details of the instrumentation deployed on the structure is 

illustrated in Figure 2-13.  
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Figure 2-13 Acceleration instrumentation [96] 

It is worth noting that the identified natural frequencies are Ὢ ρȢωχ (ÚȟὪ

υȢτυ (ÚȟὪ ρσȢψφ (Úȟ and Ὢ ρωȢψφ (Ú. The acceleration response of the structure 

subjected to the mentioned excitation is sampled at a high temporal resolution of 200 Hz 

and post-processed accordingly prior to conducting input-state estimation. The dynamic 

excitation was minimal and caused no visible inelastic damage to the structure.  As a result, 

the structure is modeled as 2D linear elastic frame, with a transverse and longitudinal DOF 

at each node. To enhance the computational efficiency of the algorithms given the large 

system model generated by the FE model, modal decomposition is used as a model 

reduction technique. Details of model updating, system identification, and model reduction 

can be found in [96], whereby the final updated FE model is used in this section to perform 

joint input-state estimation. In particular, the resulting equation of motion from the modal 

decomposition is used to construct the reduced order model. The state-space model is then 

discretized using a zero-order hold obtain the model described by Eq. (2-3) and (2-4), with 

Ἃᶰᴙ ȟἌᶰᴙ ȟἍᶰᴙ  and Ἆᶰᴙ . 
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2.1.5.2 Effects of Initial Covariance on Estimation Results 

This section highlights the pivotal role played by the proposed input updating 

routine within an experimental framework. The acceleration response experimentally 

collected from 44 channels, both in the transverse and in-plane longitudinal directions, is 

used, along with the updated reduced state-space model, to conduct joint input-state 

estimation. Specifically, this section focuses on input estimation, which can be compared 

with the known excitation prescribed to the inertial shaker. In addition to comparing the 

results of the proposed FICIU to the FIC estimator, the traditional weighted least square 

(WLS) estimator, the weighted least square with drift filter (WLSF) and the limited 

frequency bandwidth estimator (LFB) are also included for a comprehensive comparison. 

It is important to note that the LFB assumes some knowledge of the frequency bandwidth, 

from which an exogenous input model is incorporated to improve estimates [87]. 

Specifically, recall that the input Ἵ  for the LFB is modeled using an exogenous dynamic 

system with an additional internal state , driven by zero-mean white Gaussian noise Ⱪ 

(i.e., Ⱪͯ︣ πȟ ). The assumption of additional bandwidth knowledge contradicts the 

central aim of this work. Nevertheless, it is included for comparison purposes to underscore 

the reliability and performance of the proposed estimator despite the absence of any input 

knowledge.   

The accuracy of the estimates is quantified using the defined RMS error Ὡ  in 

Eq. (2-84). As such, the estimation is performed for each initialized appropriate value 

depending on the tuning parameters of the estimator. More specifically, the FIC and LFB 
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estimators are operated for a plethora of heuristic values of Ἵ  and  respectively, 

ranging from πȢρ to ρπ Ë. . Similarly, the FICIU estimator is initialized for values of 

Ἵ  in the aforementioned range, with ȿ Ἵ  and ” ὲ . Finally, operation of 

the WLS and WLSF do not require input covariance tuning and are therefore run only once. 

For each estimation run, the RMS error is computed by using the corresponding estimate 

from the estimator Ἵȿ and the true prescribed value Ἵ . Note that the measurement noise 

covariance is set to Ἶ ρππÎÇἓ, based on the accelerometer noise specification 

obtained from the datasheet. The process noise covariance is defined as Ἷ ρπ ἓ to 

consider model updating and reduction. Furthermore, the initial state of the structures is 

assumed to be static with  ὀ , and ὀ ρπ ἓ to account for some uncertainty in 

the initial state of the experimental structure. The initialized estimator parameters are 

succinctly presented in Table 2-4. 

Table 2-4 Summary of estimator initialized parameters 

 
Estimation 

FICIU FIC LFB 
WLS/

WLSF 

Input ȿ   Ἵ , Ἵ   

ρπȟρπ  Ë. 
Ἵ   

ρπȟρπ  Ë. 

 

ρπȟρπ  Ë. 
- 

Initial state Static: ὀ π,  ὀ ρπ ἓ 

Process noise Ἷ ρπ ἓ 

Measurement 

noise Ἶ ρππ ÎÇἓ 
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The ensuing input RMS error as a function of the described tuning parameters 

defined, employing the four distinct estimators in the literature, along with the proposed 

FICIU estimator, are illustrated in Figure 2-14.  

 

Figure 2-14 RMS error of input estimation using experimental data  

 Notably, the proposed FICIU consistently outperforms the other existing estimators, 

exhibiting the lower RMS error for a large spectrum of initialized values. More specifically, 

a low RMS error of πȢρχχυ Ë. is approximately maintained for a range between 0.1 and 

800 Ë. , after which the FICIU still sustains the lowest RMS error among estimators up 

until Ἵ ḙχ ρπ Ë.Ȣ While the LFB provides the lowest overall RMS error of  

πȢρχυχ Ë. for an almost singular value of Ἵ ȟ it requires an exogenous model 

characterized by a frequency bandwidth, and generally yields a higher RMS error across 

the covariance range. The FIC estimator attains its lowest RMS error of πȢρψπυ Ë. for 

Ἵ ρȢςυψω Ë.ȟ registering a higher RMS error and therefore diminished accuracy 

compared to the proposed FICIU for all the initial values in the observed ranges. The WLS 

provides the upper bound error, whereby the FIC converges to the WLS for higher input 
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covariance, as derived in [96]. As anticipated, the WLSF provides a lower RMS error when 

an online drift filter is incorporated within the WLS, albeit still consistently outperformed 

by the FICIU for most of the considered range. This comprehensive study and subsequent 

performance analysis, now utilizing experimental data from a large-scale concrete frame, 

further accentuates the robustness and superior accuracy of the proposed FICIU estimator. 

The role of the input updating routine within the FICIU is once again substantiated within 

the estimation framework, reinforcing its contribution as a notable improvement over other 

existing estimators in the literature. 

2.1.5.3 Simultaneous Input-State Estimation Results with Experimental Data   

 The time history results of the input estimates using experimentally acquired data 

measurements are visualized in this section. Specifically, attention is focused on results 

obtained from the operation of the FICIU and the FIC estimators, considering the FIC 

estimator was thoroughly compared to the other existing estimators in [87] and shown to 

outperform the latter estimators. The initialized estimator parameters summarized in 

Section 2.1.5.2 are maintained for consistency. The time history estimation results for 

Ἵ ρπ Ë.ȟ chosen based on Figure 2-14 to generate on par estimates by both the 

FICIU and FIC estimators, are first provided in Figure 2-15. 
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(a) Entire time history of FIC and FICIU estimation 

  

(b) 6~11s of FIC and FICIU estimation 

  
(c) 25~30s of FIC and FICIU estimation  

Figure 2-15 Input estimation using experimental data for Ἵ ρπ Ë.2 

As anticipated from the RMS error plot in Figure 2-14, Figure 2-15 (a) shows that 

the input estimates from the FIC and FICIU estimators closely align with the actual 

prescribed value of the input over the entire time history, with some slight discrepancies 

exhibited by the FIC during the start of the time history. However, looking at the close-up 
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plots presented in Figure 2-15 (b) and (c) to cultivate a more in-dept insight of the 

estimatorôs behavior, a discernible distinction between estimators is apparent. Specifically, 

focusing on the confidence intervals associated with the algorithms, the FICIU exhibits a 

tighter confidence interval throughout the estimation time history, indicating that the 

FICIU yields a more reliable and constrained estimate. This observation implies that 

although both algorithms in this case are adequately able to track the true value of the input, 

the FICIU is capable of providing more reliable estimates with a higher degree of 

confidence in the accuracy of its predictions.  

Next, results are presented for the case of Ἵ ρȟπππ Ë. , where the RMS error 

of the input estimates generated by each of the FICIU and FIC are noticeably different. The 

corresponding input time histories are presented in Figure 2-16. 
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(a) Entire time history of FIC and FICIU estimation 

  

(b) 6~11s of FIC and FICIU estimation 

  
(c) 25~30s of FIC and FICIU estimation  

Figure 2-16 Input estimation using experimental data for Ἵ ρȟπππ Ë.2 

By inspection of the input estimates provided in Figure 2-16, a more noticeable disparity 

is observed amongst the estimators. The FICIU can consistently track the true value of the 

input for the entire time history, further highlighting its robustness. In contrast, estimates 

from the FIC can be seen to diverge away from the true values steadily following the initial 
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5 seconds, with a close-up provided in Figure 2-16 (a), where the drift becomes more 

noticeable and is sustained until the end. This deviation highlights potential limitations of 

the estimator when deployed in certain practical applications with unknown input 

characteristics and erroneous input initialization. Additionally, for completeness, 

confidence intervals are included in close-up plots for Figure 2-16 (b) and (c). These plots 

once again highlight the tighter confidence intervals exhibited by the FICIU estimator, 

suggesting the estimatorôs enhanced ability to tightly bound the estimation error, yielding 

more precise, constrained, and reliable estimates. To quantify the estimatorôs performance 

for each of the two cases illustrated, the RMS errors are summarized in the Table 2-5. It is 

also worth mentioning that the computational effort required by each of the FIC and FICIU 

are similar, averaging around 0.65 seconds for this formulated problem.  

Table 2-5 Input RMS error comparison  

 Input RMS error [kN] 

Estimator FICIU FIC 

Ἵ ρπ Ë.  0.1784 0.2061   

Ἵ ρȟπππ Ë.  0.1843 0.4076 

Overall, the plethora of estimation results provided in the form of insightful 

graphical analysis, along with the combination of numerical inspections and experimental 

validation, have consistently served to underscore the superior robustness, accuracy, and 

reliability of the proposed FICIU estimator.  
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2.2 Estimation for Nonlinear Systems  

The proposed FICIU estimator is then extended to nonlinear systems. Towards that, 

the general state-space model for nonlinear systems is first introduced. Secondly, the 

extended Kalman Filter (EKF), a popular nonlinear estimator, is presented. Next, the 

FICIU is extended to nonlinear systems using an Extended Kalman framework, and the 

final algorithm is tabulated. Finally, the estimator is preliminarily validated on a four-story 

linear elastic structure within the context of joint input-state-parameter estimation. 

Validation of nonlinear systems is given in the subsequent chapters. 

2.2.1 Problem Formulation  

Consider a continuous-time nonlinear system defined by the following state and 

measurement equations 

ὀ ἮὀȟἽȟὸ (2-85) 

ὁ ἰὀȟἽȟὸ (2-86) 

where Ἦẗ ɴᴙ denotes an ὲ-dimensional nonlinear system transition function, and 

ἰẗ ɴᴙ   represents the ά- dimensional nonlinear measurement function. The systems 

in Eq. (2-85) and Eq. (2-86) can be written in the discrete-time domain, assuming a time 

step of ῳὸ, as  
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ὀ ἮὀȟἽ Ἷ  (2-87) 

ὁ ἰ ὀȟἽ Ἶ (2-88) 

where the time step Ὧ corresponds to ὸ Ὧɝὸ, Ἦẗ ɴᴙ denotes an ὲ-dimensional 

discrete-time nonlinear system transition function at time step Ὧ, and ἰ ẗ ɴᴙ  

represents the ά-dimensional discrete-time nonlinear measurement function at time step 

Ὧ. Moreover, ὀ ᶰᴙ  is the state vector at time step Ὧ , Ἵ ᶰᴙ  is the unknown input, 

Ἷ ᶰᴙ  is the process noise accounting for uncertainties in the dynamic model, ὁᶰᴙ  

is the measured output, and Ἶᶰᴙ  is the measurement noise accounting for noise in the 

sensors. For this work, the noise is modeled using a mutually independent white Gaussian 

distribution, characterized by  

Ἷ
Ἶ  

Ἷ
Ἶ  

Ἷ‏ π π

π Ἶ‏ π
 (2-89) 

where ‏  is the Kronecker delta, ὀ = ὀὀἢ  is the covariance matrix and ὀ ὀ is 

the mean vector.  

It is important to note that linearity of the system refers to how the states evolve 

over time, and to distinguish system nonlinearity from material or structural nonlinearity. 
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2.2.2 The Extended Kalman Filter (EKF) 

The EKF [97], which is an extension of the linear KF [13, 98],  is among the most 

widely used nonlinear recursive minimum mean square error (MMSE) filters, and will be 

briefly discussed herein. Notably, knowledge of the systemôs input is an essential 

requirement for the successful application of the EKF. In that case, the filter can effectively 

propagate the state estimates and associated uncertainties through the nonlinear 

transformations to provide estimates of the states.  

Consider a discrete nonlinear system whose states evolve in a nonlinear manner, 

where the state and measurement equations are described respectively by Eq. (2-87) and 

Eq. (2-88). The EKF requires linearization of the state and measurement equations about 

the current available state estimate at each time step. This is accomplished using a first-

order Taylor expansion and is first demonstrated for the case of the state equation 

ὀ Ἦ  ὀȿȟἽ  Ἃ ὀ ὀȿ  Ἷ  (2-90) 

where  

Ἃ
ἮὀȟἽ

ὀ ὀ  ὀȿ 

 ɳὀἮ ὀȿȟἽ  
(2-91) 

In this case, the linearization is done around the updated state estimate ὀȿ. Expanding 

Eq. (2-90) yields  
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ὀ Ἃὀ  Ἷ Ἦ  ὀȿȟἽ  Ἃὀȿ  (2-92) 

where Ἃὀ  Ἷ  constitute stochastic terms, with all other variables deterministically 

known and calculated at times step Ὧ. Similarly, linearization of the measurement equation 

in Eq. (2-88) about the time updated state estimate ὀȿ  results in  

ὁ Ἅὀ  Ἶ  ἰ  ὀȿ ȟἽ Ἅὀȿ  (2-93) 

where 

Ἅ
ἰ ὀȟἽ

ὀ ὀ  ὀȿ 

ὀɳἰ ὀȿ ȟἽ  
(2-94) 

and Ἅὀ  Ἶ constitute the stochastic terms.  

By inspection of the stochastic terms in Eq. (2-92) and (2-93), the resulting model 

becomes linear. Consequently, the classical KF can be applied to the linearized equations 

for state estimation. The resulting algorithm is provided in Table 2-6.  
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Table 2-6 The Extended Kalman Filter (EKF) algorithm  

Initialization:  

 ὀȿ ὀȟ   ὀȿ ὀ   

for Ὧ πȟρȟȣȟὲ  

Linearization of the measurement equation:  

 Ἅ ὀɳἰ ὀȿ ȟἽ  (2-95) 

Measurement update of state:  

 
ὁȿ Ἅ ὀȿ Ἅ Ἶ (2-96) 

 
Ἐὀ ὀȿ Ἅ ὁȿ  (2-97) 

 
ὁ  ἰ ὀȿ ȟἽ  (2-98) 

 
ὀȿ ὀȿ Ἐὀ ὁ ὁ  (2-99) 

 
ὀȿ ἓ ἘὀἍ ὀȿ  (2-100) 

Linearization of the state equation:  

 Ἃ ὀɳἮ ὀȿȟἽ  (2-101) 

Time update of state:  

 ὀ ȿ ἮὀȿȟἽ  (2-102) 

 ὀ ȿ
Ἃ ὀȿἋ Ἷ (2-103) 

end  

2.2.3 The Extended Finite Input Covariance with Input Updating Estimator (eFICIU) 

Both the FICIU and the EKF estimators are derived using an MMSE framework, 

which minimizes the mean squared error between the estimated and true values. Therefore, 

their combination is a natural choice for developing an effective nonlinear input-state 

estimator. The formulation of the combined estimator extends the linearization around the 
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current input estimate, in addition to the conventional state estimate, thus facilitating the 

integration of the FICIU algorithmôs input identification capabilities.  

Assuming the nonlinearity in the discrete-time state-space model is smooth, a first-

order Taylor expansion can be used to linearize Eq. (2-87). Recall that the input is assumed 

to be stochastic and unknown. Therefore, the state equation is linearized around both the 

current state estimate ὀȿ and input estimate Ἵȿ, resulting in  

ὀ Ἦȿ ὀȟἽ  Ἃ ὀ ὀȿ  Ἄ Ἵ Ἵȿ  Ἷ  (2-104) 

where  

Ἦȿ ὀȟἽ Ἦ  ὀȿȟἽȿ  (2-105) 

Ἃ
ἮὀȟἽ

ὀ ὀ  ὀȿ
 Ἵ  Ἵȿ

 ɳὀἮ ὀȿȟἽȿ  
(2-106) 

Ἄ
ἮὀȟἽ

Ἵ ὀ  ὀȿ
 Ἵ  Ἵȿ

 ɳἽἮ ὀȿȟἽȿ  
(2-107) 

Applying an analogous procedure to that employed for the process equation, assuming the 

nonlinearity in the measurement equation is smooth, Eq. (2-88) is linearized using a first-

order Taylor expansion around both the current state estimate ὀȿ  and input estimate 

Ἵȿ , yielding  
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ὁ ἰȿ ὀȟἽ Ἅ ὀ ὀȿ Ἆ Ἵ Ἵȿ  Ἶ (2-108) 

where 

ἰȿ  ἰ  ὀȿ ȟἽȿ  (2-109) 

Ἅ
ἰ ὀȟἽ

ὀ ὀ  ὀȿ
 Ἵ  Ἵȿ

ὀɳἰ ὀȿ ȟἽȿ  
(2-110) 

Ἆ
ἰ ὀȟἽ

Ἵ ὀ  ὀȿ
 Ἵ  Ἵȿ

 ɳἽἰ ὀȿ ȟἽȿ  
(2-111) 

 Expanding Eq. (2-104) and Eq. (2-108) and separating the stochastic and deterministic 

terms results in  

ὀ  Ἃὀ  ἌἽ Ἷ  
 

 

 Ἦ ὀȿȟἽȿ  Ἃὀȿ  ἌἽȿ 

 

 

(2-112) 

ὁ  Ἅὀ ἎἽ  Ἶ  
 

  

ἰ  ὀȿ ȟἽȿ  Ἅὀȿ  ἎἽȿ  

 

 

(2-113) 

Therefore, by inspection of the stochastic terms in Eq. (2-112) and Eq. (2-113), the state-

space model is linear with respect to the input and state and assumes the form in Eq. (2-3) 
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and Eq. (2-4). Consequently, the FICIU algorithm can then be applied to the linearized 

model. The resulting extended FICIU (eFICIU) estimator is summarized in Table 2-7. 

Table 2-7 The Extended Finite Input Covariance with Input Updating (eFICIU) algorithm  

Initialization:  

 ὀȿ Ⱨὀȟὀȿ ὀȟἽȿ Ἵ ȟ”ȿ ὲ ȟ ȿ Ἵ    

for Ὧ πȟρȟȣȟὲ  

Linearization of the measurement equation:  

 Ἅ ὀɳἰ ὀȿ ȟἽȿ  (2-114) 

 Ἆ Ἵɳἰ ὀȿ ȟἽȿ  (2-115) 

Measurement update of input:  

 
ὁȿ Ἅ ὀȿ Ἅ Ἆ Ἵ Ἆ Ἶ (2-116) 

 ἘἽ Ἵ Ἆ ὁȿ  (2-117) 

 Ἵȿ ἘἽ ὁ ἰὀȿ ȟἽȿ  (2-118) 

 
Ἵȿ ἓ ἘἽἎ Ἵ  (2-119) 

 
ὀἽȿ ὀȿ ἍἘ  (2-120) 

  Ἵȿ Ἵȿ Ἵȿ Ἵȿ  (2-121) 

 ” ” ρ (2-122) 

 
Ἵ  

  

” ὲ ρ
 (2-123) 

Measurement update of state:  

 Ἐὀ ὀȿ Ἅ ὁȿ  (2-124) 

 ὀȿ ὀȿ Ἐὀ ὁ ἰὀȿ ȟἽȿ  (2-125) 

 
ὀȿ ἓ ἘὀἍ ὀȿ  (2-126) 

Linearization of the state equation:  

 Ἃ ὀɳἰ ὀȿȟἽȿ  (2-127) 

 Ἄ Ἵɳἰ ὀȿȟἽȿ  (2-128) 

Time update of state:  

 ὀ ȿ ἮὀȿȟἽȿ  (2-129) 

 
ὀ ȿ

Ἃ Ἄ
ὀȿ ὀἽȿ

Ἵὀȿ Ἵȿ

Ἃ

Ἄ
Ἷ (2-130) 
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Time update of input:  

 Ἵ ȿ  (2-131) 

 Ἵ ȿ
 Ἵ  (2-132) 

 ὀ Ἵ ȿ Ἵ ὀ ȿ
π (2-133) 

end  

2.2.4 Numerical Validation  

The same linear damped shear structure in Figure 2-1, used in the previous 

validation example in Section 2.1.4, is utilized in the context of joint input-state-parameter 

estimation to validate the proposed eFICIU estimator.  

The nominal weight of each floor is set to 5 kg. After being in service, the stiffness 

of the first and second floor of the structure is significantly reduced by 50% and 60% 

respectively, resulting in Ὧ  φχυ .ȾÍȟ and Ὧ ρππς .ȾÍ. Additionally, the inter-

story damping coefficients are modeled as ὧ  ω .ÓȾÍȟὧ  ψ .ÓȾÍȟὧ  χ .ÓȾÍȟ 

and ὧ φ .ÓȾÍ. The true in-service values of the structure are annotated in Figure 2-17.  
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Figure 2-17 Four-story shear structure subjected to excitation at the second DOF  

Modal identification of the in-service structure reveals resonance frequencies of 

Ὢ πȢχς (ÚȟὪ ςȢςπ (Ú, Ὢ σȢσχ (Ú, and Ὢ τȢτφ (Ú. These observed frequencies 

suggest possible changes in the structural parameters. Therefore, the objective of the online 

identification numerical problem is to identify the unknown external excitation Ἵ, the inter-

story stiffness parameters ἳ, as well as the displacements Ἱ and velocities Ἱ at the DOFs 

from noisy acceleration data. 

While the shear frame is excited such that the structure remains in the linear elastic 

regime, the task of identifying the parameters, in addition to the input and structural states, 

renders the identification problem nonlinear. To construct the state-space model, the state 

vector is defined. Given the challenges in modeling damping accurately, damping 

coefficients are treated as estimation variables, and therefore augmented to the state vector. 
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Consequently, the floor stiffnesses Ὧ and damping coefficients ὧ are augmented to the 

state vector, yielding 

ὀ Ἱ Ἱ ἳ Ἣ  (2-134) 

where the vectors ἳ Ὧ Ὧ Ὧ Ὧ  and Ἣ ὧ ὧ ὧ ὧ  encompass all the 

inter-story stiffnesses and damping coefficients. Consequently, the system damping, and 

stiffness matrices can then be derived as 

Ἅ

ὧ ὧ ὧ π π
ὧ ὧ ὧ ὧ π
π ὧ ὧ ὧ ὧ
π π ὧ ὧ

ȟ  

ἕ

Ὧ Ὧ Ὧ π π
Ὧ Ὧ Ὧ Ὧ π
π Ὧ Ὧ Ὧ Ὧ
π π Ὧ Ὧ

  

(2-135) 

Utilizing the equation of motion for linear elastic systems and assuming the 

parameters are time invariant, the process equation describing the evolution of the state 

variables can be constructed as  

ὀ

Ἱ
Ἱ

ἳ
Ἣ

ἓ
Ἑ ἕὀ Ἑ Ἅ ὀ

Ἱ
Ἱ
ἳ
Ἣ

Ἑ
Ἵ ἮὀȟἽ (2-136) 
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The nonlinearity of the identification problem becomes more evident through inspection 

of Eq. (2-136). In this equation, the structural states and parameters, which are both part of 

the augmented state vector ὀ, exhibit correlations that contribute to the overall nonlinearity 

of the problem. Based on the sensor output and configuration, the measurement equation 

can then be defined as  

ὁ ὁ Ἑ Ἵ Ἑ ἕὀἹ Ἑ Ἅ ὀἹ ἰὀȟἽ (2-137) 

In this numerical scenario, the second DOF of the structure is subjected to an 

external impulsive excitation with a peak magnitude of 100 N and a duration of 3 ms, 

resulting in an input influence matrix  π ρ π π . Sensor data is assumed to be 

available in the form of acceleration measurements at the first, second, and third DOFs. 

The output influence matrix is then defined as 
ρ π π π
π ρ π π
π π ρ π

. 

Output acceleration data is simulated using the in-service structural parameters 

shown in the Figure 2-17. A fourth-order Runge-Kutta discretization scheme is employed, 

with sampling at 1,000 Hz over a total duration of 10 seconds. White Gaussian noise, with 

an RMS noise-to-signal ratio of 3% for the output acceleration, is added to the 

measurements to simulate sensor noise, resulting in Ἶ .  

To achieve the estimation, the initial values for the inter-story stiffness are set to 

their nominal values (i.e., Ὧȟȿ  ρυσπ .ȾÍȟ Ὧȟȿ  ρφχπ .ȾÍȟ Ὧȟȿ

 ρςυπ .ȾÍ, and Ὧȟȿ  ρπςυ .ȾÍ). The mass is assumed to be accurately measured 
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and invariant. The initial estimates for the inter-story damping coefficients are set to 

ὧȟȿ  ψ .ÓȾÍ for Ὥ ρȟςȟσȟτ. The structure is assumed to be at rest, leading to the 

initial state mean vector ὀ ἳȿ Ἣȿ , where  ἳȿ  and Ἣȿ  are vectors 

encompassing the initial estimates of the parameters. Diagonal entries of the initialized 

state covariance ὀ  are given a small non-zero value to account for uncertainties in the 

initial estimates.  Furthermore, the standard deviation of the process noise is defined as 

Ἷ ρπἓ, while the standard deviation of the measurement noise, usually obtained 

from sensor datasheets, is assumed to be equal to the value used in simulation (i.e., Ἶ

Ἶ ). Finally, the input covariance value is set to Ἵ ςππ . . Note that numerical 

Jacobins are employed in the implementation of the proposed eFICIU estimator.  

The estimation of the input Ἵ using the proposed eFICIU is first depicted in Figure 

2-18. After the impact, the estimated input Ἵȿ returns to zero, indicating the end of the 

impact event. Furthermore, the close-up on the estimation excitation Ἵȿ highlights the 

eFICIU estimatorôs ability to accurately characterize the impact, effectively capturing both 

its peak magnitude and duration, even in the absence of displacement data and complete 

response characteristics for all floors of the structure. 
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Figure 2-18 Input estimate using eFICIU 

Next, the state estimates ὀȿ, namely the displacement Ἱȿ and velocities Ἱȿ at 

each DOF, are illustrated in Figure 2-19.  

 

  

Figure 2-19 Displacement and velocity estimates using eFICIU 


























































































































































































































































































































































































































