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SUMMARY

Functionally Graded Lattice (FGL) Structures have shown imprpeeidrmance
over uniform lattice structures in different fields. These structures contahcelisitof
varying porosity based on different functional requirements, which alters the properties of
the structures. Another form of functional grading can baisematerials in nature, where
the cellular structure can vary in bottell porosity and sizeTherefore, ¢ distinguish
between lattice structures that vary in porosity only and lattice structures that vary in both,
we will refer tothe lattenin this research as Naturally Functionally Graded Lattice (NFGL)
structures. Howevergsearch into NFGL structurggerformance against FGL structures
in the literature is lacking-urthermore, theurrent methods the literatureto generate
these structures aseverelylimited and suffer from multiple drawbacks, such as being
computationally expensivegenerate nowonformal lattice structurestochastic in

structure, limited in their ability to vary the wuéll size ratiosand other drawbacks

To address these issues, this research aims to develop a frajmeamdy the
NFGL Frameworkto generate NFGEtructures without the drawbacks that exist in current
methodsand toimprove the performance of the generated structures using the NFGL
FrameworkagainstexistingFGL structuresThe NFGL Frameworkisesa novelmethod
to generatenodes forNFGL structures fronthe nodes of a finite element mesh that
conforms to the design domaand a density field input of the domaising adeveloped
simplified sphere packing algorithm which are then connectedsing Delaunay
TriangulationsFurthermore, the NFGL Framewaz&n perform a similarity analysis using

a modifiedMean Structural Similarity (MSSIM) index to improve the performance of the

XXiV



generated NFGL gicture. The generated structures using the NFGL Frameweini
tested against the existing methods and showedvercome the drawbacks of these
methods witimproved performancand computational timé&urthermore, thgenerated
NFGL structures wertesteal against FGL structuresd the results showed a performance
gain from the use of NFGL structures over FGL structunéis a reduced computational

cost.
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CHAPTER 1. INTRODUCTION

1.1 Cellular Solids

Cellular solids are structures madeaainterconnected network of plates or struts.
The plates and struts form the faces and the edges of what is called a cell. Cellular solids
are common in nature and can be seen in materials such as wood,anohesal [1].
Cellular solids have been recently used to design structures that can provide multi
functional materials that can fulfa variety of requirements such as high specific strength,
thermal insulation, heat transfer gegy absorptionrand energy harvestijg-4]. They can
be classified ird two types a two-dimensional array of polygonand threedimensional
polyhedra cells as shown kgurel-a. Three-dimensional cells are further classified into

opencells Figurel-b) and closedells (Figurel-c).

Figure 1 Classification of cellular solids into a) twedimensional polygons and three
dimensional b) opencellsc) closed cells polyhdra

The fabrication of these structures varies depending on their typedifivemsional
polygons, such as honeycomb structures, can be formed by sheet metal pressing and
extrusion. Threalimensional structuresan befabricated by foaming and soltate
processing such as electteposition and vapeteposition5, 6]. However, the produced

cells are random in their arrangement. Varying the manufacturing parameters of these



processes can alter the shape and the size of the cells but the getreretiees still inherit

a stochastic nature in the structutdoreover manufacturing processes, such as
deformation forming and investment casting, have been used to fabricate three
dimensional, nosstochastic, arrangement of cellular structufég However, these
manufactumg processes require precise control, complicated appaaatifurther steps

to assemble the structures.

Cellular solids can further be classified basedttmair cellsd configurationinto
stochastic and nestochastic structuress shown irFigure2 [8]. Slochastic structures are
commonly known as foams and they carlagsified intaopencells or closeetells foams.
Non-stochastic structureme known as lattice structures and the cell is called ecathit
A unit-cell can beddfined as a geometric set of pointefined by aunction "Qatuhy |
insideaboundng domain " Qafuhy | such that' Qatuhy 1! oo N 8 s Qadud
T . The unitcell can be replicated, scaled, and oriented across the design dgnfein
important property of lattice structures is the relative densitwhich is a ratio between
the volume of the cellular solieth the unitcell and the volume othe bounding domain.
The inverse of the relative densitykeown as the porosity of thenit-cell. Therefore,

properties that increase witblative density, reduces as the porosity increases.

With the rise of additive manufacturing (AM) metho[®, the fabrication of
complex lattice structures has gained considerable attention over foams due to their ability
to provide lightweight and stronger structures compared to foams. The deformation of
lattice structures is governed by the stretching ofcelis, unlikemostfoams where their
deformation is governed by the bending of the cell faces and edges. This deformation

behavior affects the strength of the cellular struckli€el3]. Furthermore, the strength of



cellular structures is related to their relative dengitye strength of foams scales’4$

while lattice structures strength scales’ RS herefore, a lattice structure with a relative
density of’[[ 1@ is three times stronger than a foam counterpart with the same relative
density. As a result a lot of commercial software have included opsofor lattice

generation and desiqt4, 15] or created their own lattice design platfdrb, 17].

Cellular
solids
, 1 )
[ i
Stochastic structure Noyl—stochasnc
(foam) (lattice structure)

Open-cell Closed-cell 2D lattice 3D lattice
foam foam structure structure

Figure 2 Further classfication of cellular solids based orcell configuration [8]

Another important aspect oéllularstructures is their ability to generate structures
that conform to the design domafuch structureare called conformal lattice structures,
which is a term coined 18] and they provide better stiffness to the structure than uniform
structuresFigure3 showsanexample of a uniform and a conformal lattice structiibe
term conformal will be used in this research in the same manner to dmzilntar

structures that conform to the design domain surface.



a) uniform lattice

b) conformal lattice

Figure 3 Example of a wiform and conformal lattice structures [18]

1.2 Topology Optimization

Topology opimization aims to optimize the material distribution in a given design
domain under specified loading conditions to satisfy design constraints. Topology
optimization can be divided based on the type of structure being optimized into two types:

Discrete andContinuumas shownn Figure4.

Discrete topology optimization has been employed mainly to truss and frame
structures. The first study in discrete topology optimization was conducted by Michell in
1904[19], which showed that the weight of the structure reaches a minimum when all the
members follow the path of maximum strain magnitude. A stractinat follows this
optimality criterion iIis called a AMitchell
in Figureb5. Following his work, no significant work was done for half a century until 1964
when methods for discrete structures optimization gained trd@pnTrhese methods can
be categorized into three categories: Geometric, Hybrid, and Ground St{@djuta the
geometric method, the design variables are the joint coordinates and theectomsal

properties of the members. The number of design variables remains fixed during the



optimization process and the jointordinates and crossectional properties are optimized

at the same time. In the hybrid method, the optimization of the members is carried out first,
then the location of the joints is optimized. As for the ground structure method, a dense
network of member with all potential connections to joints is generated in the design
space, as shown Figure6, and the size of the members is then optimized while keeping
the locaion of the joints fixed. Extensions have been made to the ground structure method
to include the change in joint location and the growth of new memi®2&4]. However,

with the increase in the number of design variables, discrete topology optimization methods
become computationally expensive. The complexity of optimizing thasetistes raises

exponentially with the number of design variables.

Figure 4 Topology optimization a) Discrete optimization b) Continuum optimization

[23]



Figure 5 An example of a Michell Truss[19]

b)

Figure 6 Discrete optimization of a truss structurewith Ground Structure
optimization a) Ground structure b) optimized truss desigrj26]

The early use of topology optimization in continuum structures traces back to the
homogenization approach by Bendsoe and Kikuchi in 1288 The homogenization
approach is a mufscaling optimization, wherthe design space is partitioned into small
patternednicrostructuresfal ower scal e compared asshownhe act
in Figure7. In this optimizaion method, lte design variables are the parameters of the
lower scale compositesThis, however, increasesthe computationally expensive
immensely which makes itcumbersome if not impossibte evaluatgfor optimization

casesother than compliangghe optimal parameters of the microstructureirthermore,



there is no definite lengthcale associated with the microstructures, making it difficult to
fabricate thegeneratediesignd 28, 29]. Due to these drawbacks with the homogenization
approach Bendsoe proposed a simplified density apprd&€h, which was named the
Solid Isotropic Material with Penalty (SIMP) approd&i]. The SIMP approach usesth
Finite Element Method (FEM)as shown irFFigure 8, to represent the design domain
under specified loading conditions and assumes a relative deasity” (not to be
confused with the cellular solids relative denSifithat is assigned to each element in the
FEM model. The design variables in the SIMP optimization are the relative density values
" of each elemeri€in which a value of p denotes a solid region and a valu€ of
Ttdenotes a void region in the design domain. However, using a discrete védluedoitd

require the use of discrete optimization methods. So, in order use gradient based
optimization methods, the values dfare allowed to take any value between 0 and 1. To

avoid any ambiguity on the interpretation of intermediate valuésapenalty is imposed

on these values to push them to either O or 1.
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Figure 7 Homogenization topology optimization for continuum structures[27)
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Figure 8 Topology optimization problem of a generalized shape




A typical SIMP optimization formulation for minimizing compliance has the

following form:

=T T (1)
C
Subject to
T 2
N € € (3)
d)u (b (4)

Where0 is the compliance of the structureis the vector of containing the relative
densities’ of the FE model) is the number of FEM elements in the modgls the
penalty exponent of the SIMP formulatian,is the vector of nodal displacementsjs
global stiffness matriX,  is the minimum relative density value to avoid any numerical

instability in the FEM modekp is the volume of the FEM elesnt, ® is the target

volume. The penalty exponent is typically chosem aso [32] to ensure that a design

with distinct solid and voidegions is obtained from the optimization process. However,

the generated structures from topology optimization often resemble organic shapes that are
often difficult if not impossible to manufacture with traditional manufacturing methods,
which might ale require shape optimization and manually interpreting the generated

designs[33]. This has moved the attention towards AM to fabricate the generated



structures. Howevemtermediate densities that still exist are converted into either a solid
or void, which leads to differencestiveen the optimization results and the fabricated part
via AM as can be seen iRigure 9-b. This difference will cause changes in stress
distribution in the part andould also violate the volume constraint, due to the conversion
of elements into solid$zurthermoregven with AM technology, the organic shape of the
generated structure can still pose a problem during fabricati@noverhangs present in

the generatedicture require support structures, which increase the build time, cost, and
difficulty in postmachining(Figure9-c) [34]. Moreover threedimensionapartscan hae
enclosed voids that can trap support material or build matewhich are impossible to
remove without damaging the fabricated p@figure 9-d) [35]. Another issue with
generated structures from topology optimization is that the obtained design is not optimal
mathematically compared to using lower penalty values fds directed attention to the

use of lattice structures. Since lattice structures are open cells, they can be fabricated with
AM without excessive use of support materials or creating enclosed voids that can trap
build material inside. Furthermore, la# structures allow the use of different penalty
values in the optimization process, allowing for a more optimal solution compared to the
solid counterparf14]. This combinationof topology optimization and lattice structures

facilitated the design of structures known as Functionally Graded Lattice structures.
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Intermediate density ~ Large overhang structure  Enclosed void

(a) (b) () (d)

Figure 9 Structure optimization with SIM P method a) Design domain b)
Optimization result c) Solid model obtained from optimization showing large
overhangstructure d) Section view showing enclosed voi@®5]

1.3 Functionally Graded Lattice (FGL)

Functionally Graded Lattice (FGL) structures are structures where the density
gradientof the solid materiathanges over the volume, which leads to changes in the
mechanical properties of the lattice sture [36]. The change in density gradient can be
due to changein porosity, unitcell size or orientation A similar gradient change can be
seen in cellular structures in nature such as band8ower stemsas shown irFigure10
[37-39], where the relative density changes based on function and location. The earliest
use of FGLstructuregan be traced back to the homogenization optimizatifii/inwhere
the patterned composites that constitute the structurevaayieg relative density. But, as
mentioned in sectiofi.2, the process was computationally expensivethadabrication
of such structures had its complicatiomut, with advances in AM technologies, it

facilitated the fabrication of FGstructuresvith reasonable time and cost. Thus, directing

researchersodé attenti on i nt siructunesndtherdegignt i ng

and fabrication methods.
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Crass saction of an elk hom Micrograph of gerbera flower stem

Figure 10 Example of functionally graded cellular structures in nature [37, 38, 40]

Kalita et al.[41] used fused deposition modeling (FDM) to fabricate scaffolds with
segments of varying relative density in the radial direc®shown ifrigure 11. However,
the relatve density in each segment was determined manually by having the innermost
segment of low density and the outermost of high density. This was due to the lack of
models that relate the lattice grading to the mechanical requirements in the CAD systems

that ime to produce a continuous grading in the lafi3.
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Figure 11 Scaffold design with varying radial porosity[41]

Burblieset al.[43] proposed the use of topology optimization and Selective Laser
Sintering (SLS) to design and fabricate 2D FGL structures to mimic bone tissue porosity.
The FE mesh elements were used as basiecalé and the porosity of each uo#ll was
determined bynapping the relative density from the optimization resnl&gurel2-ato
each unicell in Figure12-b. However, while the optimization method was similar to the
SIMP optimization, it used discrete porosities that were correlated to the optimization

relative density values.

Nguyenet al. [44] used FEM stress results in their Size Matching and Scaling
method to generate FGL structures from a library of-celis where the diameters were
pre-optimized based on thedal stress states for each wetl. The method relies on the
observation that the stress distribution in the lattice-aglltwill be similar to that of a
solid FEM element of similar shape. This allowed the method to reduce the massive

number of desig variables into two variables, which are the minimum and maximum

13



diameter values. Thus it can generate FGL structures with a reduced computational cost
compared to using discrete topology optimization algoritigure 13 shows the unit

cell library and its application on a Micro Air Vehicle (MAV).

The use of the SIMP method to create NFGL structures was proposed by Brackett
et al.[45] in 2011, where the untell porosity is treated as a continuous variable that is
correlated to optimization results. This allowed for the relaxation of the penalty value
during the optimization process, whialiows for the generation of more optimal designs
compared to using a penalty valuaiof o. Although a value off p is possible to use,
most of the work in the literature uses a value around 2, which better correlates the stiffness
oftheunitc el | wi th the optimization resyll.ts and
Figure 14 shows an example of mapping the SIMP results to an FGL structure for a

cantilever beam subjected to a point load at the bottom corner end.

a)
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Figure 12 a) Topology optimization resultunder bending loading condition b)
Generated FGL structure from optimization result mapping [43]
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Stress field results ¢) Generate@GL structure [44]

Figure 14 Generated FGL structure from mapping SIMP optimization resultsto
unit-cell porosity [45]
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In our lab[46], wedeveloped the Relative Density Mapping (RDM) method, which
used multiobjective SIMP optimization to map the relative density values to a lattice
structure that is larger in scale to the FEM mesh used in the optimizatibke the work
done inby Brackettet al, the RDM methodwas notmapping the relative density values
by anfielement to unitelld basis, but rather from a collection of elementgaunding the
str uct u.Medeative demsities were also weighted based on their distatiee to
strut, thus reducing the influence of elements thatwatbdraway from the FGL strutn
t he st rToetr@GLsstrusturezwas shown to handle multiple loading conditions with
a reduced computational cost in the design prodégsire 15 shows an application

example of the RDM method.
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Figure 15 Application of RDM method a) SIMP optimization results b) Generated
FGL structure [46]

The approach of using the SIMP method to generate §t@&ictureswas then
implemented by14] in theirsoftware Optistruct. The FE mesh edges are replaced by beam

elements with their diameters determined based on the optimization relative density values.
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Panesaet al.[47] presented in their wk different strategieor mapping SIMP
optimization resultso design lattice structures. In their work, they used the optimization
results to generate a structure that is mixed between solid and uniform lattice, which they
called intersecteda gradeddttice structurgand scaled lattice that uses scaled porosity
values compared to the graded strucagshown irFigurel6. However, the optimization
was unpenalized, which caused discrepaadetween the lattice stiffness and the
optimization result. The solid structure in their whdd the highest stiffness followed then
by the intersected and graded structure but it required more supporting strutheres.
uniform lattice had the lowest stiffness of all lattice structures, which is similar to the

findings in[48].

Figure 16 Different strategies to generate FGL structures a) Intersected b) Graded
c) Scaled47]
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Other work in the literaturased Asymptotic HomogenizatigAH) to derive the
material stiffness matrix of the FEM elemerats a function othe unitcell porosity and
then utilizing it in the SIMP optimization to generate F&€ituctureg49-52]. This allowed
for the optimizaibn to be carried out without having discrepancies between the lattice
properties and the optimization result, but it is limited to the-ealltconfiguration that
was homogenize@nd it increases the computational cadtthe optimization process
compard to the SIMP optimizatior]51, 53]. Further application of AH to design FGL
structuresan be seen ifb4, 55, where FGLstructuresvere usedo optimize the cooling
channelf injection moldsAH was used to derive the thermal and mechanical properties
of stiffness and conductivity matrices for a cubic wall. Similarly, the AH approaciwas
deployedin [56-58] to design and fabricatéifferent FGL unit-cell types The approach
was appliedo designFaceCentered Cubic (FCCBody-Centered CubidBCC), and Octet

unit-cellsin [56, 57] andto designGyrod FGLstructuresn [58] and.

On the experimental work sid&jaskeryet al. [59] conducted an experimental
investigation on the mechanical behavior of FBlucturecompared to nograded lattice
structures. The experiments have shown that §i@lctuesare more favorable for energy
absorption due to their predictaloleformation behavior. The same findings were observed
in [3, 36, 60, 61] when comparing FGL structures using differentaeil configurations.
The plateau stress was also notably higher in B@icturesvhen compared to their nen

graded counterparts astowedbetter energy absorpti@s can be seen kigurel?.
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Figure 17 Experimental compression test oruniform lattice structure sand graded
lattice structures[60]

All the work mentioned abovYecusedon FGLstructureswvith a porosity gradient
only while keeping the unitell size fixed.However, as seen iRigure 10, structures in
nature tend to not only vary in mmity but also thesize of the cellsTherefore, ¢
differentiate betweethe research done &L structures with only porosity gradient and
FGL structureswith both porosity and unitell size gradient, we will use the name
Naturally Functionally Gradient Lattice (NFGL) structures in this resesrdbr FGL
structures with both porosity and ucll size vaiation, since these structures are closer

to functionally graddmaterials in nature.
1.3.1 Naturally Functionally Graded Lattice (NFGL) Structures

As mentioned in the previous section, the term NFGL will be tseénote FGL
structures with both porosity amhit-cell size variatiorio differentiate betweethem and

FGL structure with a porosity gradert only. In this section, aeviewof theresearcldone
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on NFGL structures in the literature will be provid€ktailed on some of the work

regardingthis work will be provided ilCHAPTER 2to fully explain

A parametit approachusing Function Representation (Frep) to create lattice
structures with varying unitell sizes was proposed Byaskoet al.[62] in 2010and was
improved uporby Frayazinovet al.[63] in 2013 The unitcell would bedefined using a
continuous real function inside the design domaivd replicated using a replication
function. This wouldallow for the change in porosityunit-cell size and even typas
shown inFigure 18. However, this requires pametrizing the unitellsanddetermining
an appropriateeplicating functiorfor different design domains accordinglhis becomes
an issue when dealing withultiple compkex design domainsspecially when conformal

unit-cells are requirednd can distd the unitcellsseverely

Figure 18 Generated NFGL structures using Function Representation a) Unitell
type grading [63] b) Unit-cell size grading[62]

Brackettet al.[64] in 2014usedError Diffusion methodgq65] to ditherthe pixels
of a density field inputThese pirls thenform the jointsor nodesof the NFGL structure
which thengeneratehe struts of the structungsing Delaunay triangulatioor Voronoi

tessellation based on a density field input that represente desired functional gradient
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as shown irFigure19. But since théerror Diffusion method relies on the use of a filodr
a fixed size it limits the ability to freely set the maximum ucill size that can be
generated within the structuréurthermore, itequires a rectangulapahain to dither the

NFGL structure nodes

b)

Figure 19 Application of the Error Diffusion method to generate NFGL structures
a) Input density field b) Generated NFGL structure[64]

The Error Diffusion approach was also adapted in the workubgt al.[66] and
Kuiperset al.[67]. In [66] the Error Diffusion method was used to craabees that will
ad as sites for Vorondoam cellsbased on a stress field inptihe number of sites and
the porosity of each site are then optimizedminimize the total weight of the structure
under stress constraintsigure 20 shows the steps used in generatind aptimizinga
foamstructure As for the work in[67], the design domain is first subdivided into cells of
various sizes based on the required density distributiam Error Diffusion is further
utilized toreduce the discrepancy between the subdiviedidandthe density distribution.
The generated cells were then used to create $iflawg surfacesaccordinglywhich are
then trimmed to create the foam struetaf the design domaas shown ifrigure21. Both
methods rely on creating foam structures that are trimmed in order to fit inside the design

domain as seen the figures.
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Figure 20 Generated structure using Error Diffusion a) Stress field b) Generated
Voronoi sites ¢d) Two steps of the optimization process e) Optimizegraded foam
structure [66]

(a) (b) (c) (d)

Figure 21 Generation of graded foam structure using Quadtrees and Error
Diffusion a) Design domain b) Input density field c) Generated Quadtree structure
d) Quadtree structure after Error Diffusion e) Generated spacdfilling structure f)

Generatedgraded foam structure[67]

Martinezet al. [68] developed anethodto use randomlyglistribute nodes inside
cells based oadesireddensity fieldinputto generatéd/oronoi foamsas seen ifrigure22.
Although thestructure generated is considered a foam strudioeemethod can still be
used to generate NFGL structur@fie generateshodesare then usedto generateghe
Voronoi cells which edgesvi | | become t henlike the BrroMiftlusioad s st r
method, tke generatedtructureswith this methodare not restricted in the urgell size
generatedHowever, due to the randomness in the algorithm, each realization will have a

deviation in the elastic modultisatwas measured to be aroun8%. This approach was
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thenused in[68] to generate orthotropic foams htjlizing the stress field taontrol the
orientation of thestruts andthe density field from SIMP optimization to contrible
porosity and stretcbf the generated cell$he strutsare generateldy connecting anode
to its k-nearest aighborsin an asymmetrical manner controlled by the orientation and

stretchdesiredat the node

Figure 22 A model of a finger generated using randomized Voronoi foarf68]

Another approach, to generate Voronoi foams with varying-agiitsize, was
proposed by Wangt al.[69]. But it also relies on randomness when distributing nodes
inside the design domain. The nodes areegated in a uniform manner as showFigure
23, and then randomly displaced inside a spherical region, which radius is based on the
required spatial variation. Th@des are then used to generate the Voronoi cells that would
become the foam structure. However, the generation of the uniform nodes requires the
distribution function to be known in order to generate the nodes. And this is not always
available especiallywhen using distributions that are generated from FEM or topology

optimization results, which limits the use of this method.
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(b)

Figure 23 Generation of NFGL structure by random nodal displacement a) Uniform
nodes b) Randomly displaced nodes c¢) Gerated NFGL structure [69]

Wu et al.[70] used 2d extruded graded rhombic woetls as setsupporting infills.
The generation of the structure was carried out by subdividing Baatbic unitcell as
neededThis allowed the method to generate size variation in eaclcelhtiut it required
an optimization processsing penalized SIMP optimization with additional constraints
which affects the computational cos$tigure 24 shows an example of an optimized
structure using this method@he structuren Figure24-ais the initialshape of the design
domain. The unitcells are then subdivided through the optimization process until the

objective and constraints are minimized as showfigare24-b.

a) b)

Figure 24 Structure optimization by using rhombic unit-cells a) Initial structure b)
Optimized structure [70]
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Another approach to creasémilar graded structuresas proposed biee et al.
[71] where ellipses were used instead of rhombic cells. The ellipses are creditstl by
producing a Voronoi diagram tiie crosssection withthe highest area that is parallel to
the build directon, and themplacinga circle approximation of thellipseat the vertex with
the largest empty circle called the clearangmbe The Voronoi diagram is then
regeneratedbcally with the new ellipse includeand the process is then repeated until a

required amount of ellipses is generated as showhiguare 25. The ellipses are then

extruded to fill the part that is being fabricated.

Figure 25 Generated hollowed foam structure a) Voronoi diagram with inserted
ellipse b)Insertion of four more ellipses c)Voronoi Diagram with 100 ellipses d)
Fabricated part [71]

Zhanget al. [72] desigred orthopedic casts to be used for thermal comfort, by
distributing Voronoi unicells across the surface. The distribution &b carried out
through an optimization process to optimize the location of the cell centroid based on a
thermal distribution rap over thedesign surfaceFigure 26 shows a comparisofor the
temperature differendeetweerthe cast with optimized undell sizeand a unifornunit-
cell cast As shown in the figure, the cast with varying wrell size showed lower

temperatures compared to the unifarast.
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Before wearing cast After wearing

Figure 26 Skin temperature before and after wearing an ah opedic cast desigh
optimized castb) uniform unit -cell cast[72]

Wu et al.[73] propogda methodo generate NFGlstructuresy adding docal
volumeconstraint to the SIMP optimization algorithm that controls the percentage of solid
material in a given region of elemerit$is allowed the method to create bdike porous
structures as slwn inFigure27. However the largest unitell size is restricted by the size
of the region of elements used to determine the percentage of solid matetlarmore

the additional constrainiscrease the computational time for the optimization to converge.
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Figure 27 Generation of bonelike porous structure using local volume constraint
optimization [73]

Wu hasalsoproposedhe AdaptiveQuadtree optimization approach[74], which
focused on subdividing cells similar to the wor§70]. But it also relied on conducting a
penalized SIMPoptimization proceswith additional constraintsand the generated

structure does not conform to the desiigmainsurface.

As canbe seen from the above literatuiigtld work has beemone in researching
the performance of NFGktructuresand the work shown in the literature to generate
NFGL structuressuffers from multiple limitations.It either has aimit onthe maximum
unit-cell size, relies on randomness in the distributionaafesor require an optimization
process to be carried out in order to generate structuhgshincreases the computational
cost with the increase in design variables due to tleel ¢ conducting FE in each
iteration. However the work in the literaturéhat does require theseof optimization
methodstendto generate NFGlstructureswith varying unitcell sizes.This showsthat
NFGL structures generatestructures with improved gosformance compared tBGL

structures which is apparent in naturahaterialsalsa However, the research done into
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generating thesBFGL structures for use in practical applicatiarsd theirperformance

compared to FGL structurésstill limited and neés further exploration.

1.4 Research Objectives

The limitations of theexisting methods in the literaturen generating NFGL
structuresand the limited work on investigating the performance of NFGL structures
against FGL structurdsnit the utilization of these structures in practical applicatidrse
work in thisresearch aims tovercome these limitationghus, tle objectives of this

researclare:

1 The development of a framework to design NFGL structuresle@iexministic and
computatiomlly efficient manner.

1 To provide the ability tacreate NFGL structures of varying ueill size ratios
without strict limitations orrestrictions.

1 To provide better structural performances of NFGL structures against existing FGL

structures

1.5 Research Quesons

In sectionl1.3.], it was mentioned that some of the algorithms in the literature rely
heavily on conducting an optimization algorithm to optimize the logatfcodes in order
to generate NFGLstructures This requires the use of FEW each iteration of the
optimization processwhich increases the computational cost to generate the structure.
Moreover, some of the algorithmaly on pseudeaandom algorithm#o generate seeds that

are used to generate the structuwdes This use of randoly generated nodds generate
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the structure will produce a different structure with each execution of the algorithm,
causing a difference in the properties of the generated structures. This difference will add
to the computational cost when uncertainty quantification is needed #dviligfianalysis
[75-77]. Furthemore, since the nodal placement is randibmvjll not generate conformal
NFGL structuresTo addressheseissues, the following research question is formulated

and answered in this research.

Research Question 1:

How can we reduce the computational cekile controling the randomness nodal

placements$o generate conformalaturally functionally graded lattice?

Hypothesis 1:

If the NFGL nodal placement is determined based on a predetermined uniform grid of
nodes that conforms to the desidomain surface in a neiterative manner, then the
computational cost would be reduced and the NFGL structure would be generated in a

deterministic way and conforming to the design domain

Based on hypothesis he algorithm that determines thiacement of nodes in the
design domain that will be used to generate the NFGL structure plays a significant role. To
reduce the computational cost, the algorithm should not require the use of an optimization
algorithmto adjust the location of nodes inclateration But it can utilize the information
from a density field that can be generated franupenalizedSIMP optimization or the

solution of an FEA problem, such as temperature or stress distribution.
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Using the solution of ra unpenalizedSIMP optmization would not cause a
significant increase ithe computational cossincethe topology optimization problem
would be reducednto a convex optimizatior78], which is not as computationally
expensive apenalized5IMP optimization.Furthermore, the same density field can be used
to determine different nodal placements to generate different EGtturesvith varying
unit-cell size ratios without having to regenerate a new density field for each structure, thus
saving more computatiohadime. Moreovey the number of elements used the
optimizationwould bewould lower Unlike optimizing the NFGL directlyn each iteration
wherethe optimizatiorprocessequires additional constrainfsner meshand penalization
to ensure distinct solid/void regioms the other approaches that were proposed in the
literature as discussed earliéfhus increasing thewumber of design variables and
computational costnmensely compared to just using the resuttenflunpenalized SIMP

optimization.

To control the randomness in the generated NFGL structure, the algorithm should
use the information from the density field to determine the placement of nodes without
relying on stochastiapproachesrhis can be achievefithe nodes were generated from a
uniform grid of predetermined nodes in the structédwe.stated in hypothesis 1, the
placement of these predetermined nodes conforms to the design domain, then the generated
NFGL structure will also conform to the dgs domain. Tagenerate such gird, the use
of FE mesh nodes that conform to the design domain is proposed. A similar ¢concept
althoughd o e s n 6 t  w-rectangular aesignndonmainsan be seem the work by
Brackettet al [64] where thedensity field image pixelsiere used to generadeuniform

grid of nodes that arransformed into a grid of varying distances betweemduesusing

3C



Error Diffusion. However, the use of error diffusion has its limitations on the maximum
unit-cell size ratio that can be generated. The filters used in the p{@&ssstricts the

size of the maximum unttell size based on the filter sig®0]. Using a larger filter will

affect the smallest uniell size achievable. Furthermore, controlling the-aalt size ratio
requires modifying the input density field in an iterative process to reach the desired ratio.

From these issues, we formulate the second research question as follows:

Research Questin2:

How can we remove the restriction on thetwall size ratio ofNFGL structures in a

computationally efficient w&y

Hypothesis 2:

If a node can control the presence of other nodes adjacent to it from a normalized density
field input rather than ahared effect of multiple nodes on the existence of a node, then the

unit-cell size ratio can éadjusted

From hypothesis 2he proposed algorithm should alldkae nodes in the FE mesh
to control if other nodes should be adjacent torihot unlike wken using a filter where
the nodes alter the value of other adjacent nodes according to how the filter is set up. The
adjacency to a node should also be controlled by the density field value at the node. A
similar concept can be seen in adaptive mesjdfjg where FE elements of varying sizes
are generated based on the concept of ellipse pa@@hgEllipses in 2D or ellipsoids in

3D of specific size and orientation are generated based on the size and anisotropy
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requirements in the elements. Then, these ellipses/ellpsoa packed in an iterative
process where the ellipses are moved to ensure no overlapping between them. The center
of each ellipse/ellipsoid is then used to genettadarodes to create the FE mesh. In this
manner, adaptive meshing controls the presehoedes around each other, allowing for

the generation of elements with different size ratios as needed that can be used to generate
different unitcell size ratios. However, the use of an iterative process to pack the
ellipses/ellipsoids will incur adddnal computational cost each time the domain is
remeshed and used to generate NSBucturesat different unicell size ratios. This led

to the consideration of using sphere packing instead of ellipsoids in this reseachiinces

the computational cosissociated with the orientation of ellipsoids. But this approach
would also require the packing of spheres to be computed for each NFGL size

requirements.

A simpler approach is proposed to be used in this research to eliminate the need to
compute thephe r @acking procesand further reduce the associated computational cost
The approach relies on utilizing the predetermined nodes that conform to the design
domain, as explained in the requirements for the first research question. These nodes are
then @ther removed or kept from the mesh based on their valtreeimormalized density
field and the unitell size ratio needed. Each node will be treated as a sphere with a radius
that is inversely proportional to the density value of the node. This wMerbnodes of
higher density values into spheres of smaller sizes compared to nodes of lower density
values. If a node of lower density value is inside the sphere of a node of higher density
value, then the node withe lowerdensity value will be removeddom the mesh. Once the

process removes all the nodes that need to be removed, the resulting grid would be used to
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generatehe NFGL structurestruts By varying the radii of the spheres, the toetl size
ratio can be controlled without the need to regate a new mesh or through an iterative
process that requires modifying the density field input for each desiredalirsize ratio.
CHAPTER 3will provide a detiled explanation of thalgorithms based on hypotheses 1

and 2

With the proposedalgorithm being able to generate NFGitucturesat different
unit-cell size ratios, the performance of the generated structure will vary. Algorithms that
use optimizationmethods in each iteratidend to generate structures of varying ol
sizes This shows that the variation in wall size can indeed improve the performance
of structureswhich is alsosimilar to materials in nature. But as the variation in-gait
size increases, it can reach a point where it does not accurately represent the density field
input. In this case, the performance is most likely to drop. From this issue, the third

reseach question is formulated as follows:

Research Question 3:

How can we determine an appropriate ucetl size ratio to improve the performance of

NFGL structuresto satisfy multifunctional requiremefits

Hypothesis 3:

If we can quantitativelyneasure the similarity between the NFGL structure and the density

D

field input that generated it, then we can correlate the variation inaglitsize to th

structural performance of the NFGL structure
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Based on hypothesis Biere needs to be a way ¢orrelate the generated NFGL
structure to the input density fielince the NFGL structure and density input are different
in terms of the data that each represents, it is necessary to convert the NFGL into an
approximate density field based on its toetl size ratio. The approximate density field
shouldthenbe compared to the input density field to determine how similar the NFGL
structure is to the input density field. To compare the two density fields, it is proposed in
this research to utilize imagyuality assessment (IQA) methg88]. Three methods were
investigated, Root Mean Square (RMS), Peak Signal to Noise Ratio (PSNR) and Mean
Structural Similarity (MSSIM)index [84]. Both RMS and PSNR fail to capture certain
distortions in images comparedttee MSSIM index Images of different distortions could
have the same RMS and PSNR error values even if some of these distortions do not cause
a significant change in similaritp the original image. Furthermore, RMS error values are
calculated such that the higher the error is, the hitffeRMS value becomes. Similarly,
PSNR error values are calculated such that the lower the error is, the thiggRSNR
value becomesSo her is no direct relation between the error values and how similar two
images are, since the error values are unbounded. This makes it difficult to measure the
similarity between the density fields and investigate the effects of change-telisize
ratio on the performance of NFGL structures. Astfr MSSIM index the similarity is
calculated as a value between 0 and 1, where 0 means that the images being compared are
totally uncorrelated while 1 means that the images are exactly theFRamhermoresince
the values are bounded between 0 and 1, this facilitates the investigation of the effects of
change in unitell size ratio for different geometries on the performance of NFGL

structures.
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Sincethe MSSIM index was developed to be used on pixeffe tmethod will be

improved upon in this research to deal with voxels that represent the density fields in 3D.

Furthermorethe MSSIM indexwill be modified to deal withhedensity fields of different

geometriesA detailed explanation of the impvement ¢ the MSSIM index will be

provided inCHAPTER 3

1.6 Dissertation Organization

Theorganization of the chapters of this dissertattsshown inTablel. Chapter 1

provides an introductioto cellular structures and topology optimization methahls.

literature review of FGL and NFGL structures is also provided in the chdptechapter

also outlines the objectives of this research and the research questions and hypothesis

Table 1 Organization of the Dissertation

Chapter 1

Chapter 2

Chapter 3

Chapter 4

Chapter 5

Introduction

Current State of the Art

Naturally Functionally Graded Latti¢dlFGL) Framework

Application Examples

Conclusions and Future work

Chapter 2outlines the curreit existing methods thatan generate NFGL

structures and provides a detailed explanatibeaczh method and how thegnerate

NFGL structures along wittheadvantages and drawbacks of each method. The chapter
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then gives a summarized discussion on the drawbacks of these methedswaaade the

expected advantages of this research in generating NFGL structures.

Chapter 3will provide a detailed explanan of the framework that will be
developed to generate NFGL structures in this reseBeath algorithm that is involved in
the development of the framework will be discussed in dataihg with an example

showing how each algorithm work.

Chapter 4will demonstrate the application of the developed framewotkree
examples. The first example wdbmpae the developed framewoviith the methods in
chapter 2o evaluate the performance of the framework. The second exampdealilate
the performancefdhe developed framework against an FGL structure on the design and
optimization of an automotive control arm. The third example will also evaluate the
performance of the developedahework against an FGL structure but on a

thermomechanicaroblem.

In chapter 5, concluding remakers will be provided by addressing the research
guestions and determining how the wat&ne in the researchnswers therrand a list of
the contributions this research is providing. Tteelist of the areas on whidarther future

work can be exploredill be presented
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CHAPTER 2. CURRENT STATE OF THE ART

In this chapter, the common methods that are used toaemétFGL structures
will be discussed in detail and their advantages and drawbacks will be ouflimesk
method are thé&rror Diffusion method by Bracket al.[64], Stochastic Nodal Generation
by Martinezet al. [68], Local Volume ConstrainDptimization by Wuet al. [73], and
Adaptive Quadtree Optimization by Wt al.[74]. These methods were chasence the
other methods in the literature build upon them or are similar in concept taatiteoan
be used to generate NFGL structures and not just {oEmesmethods were named based

on the procedure used in order to generate NFGL structures.
2.1 Error Diff usion

The basic idea of this method is to use ditheringetoerate NFGL structure nodes
as shown inFigure 28. The figure shows an input density fielBigure 28-a) and the
generated NFGL nod€Bigure28-b) usingError Diffusion to dither the pixels of the input

density field.

To generate the NFGL nodes, an array representing the values of the input density
field from O to 255is generated. The values in the arrgyare then compared to a

predefined valud, as follows

- ¢uvuv Q¥ o

Wy, 5
h m £TDI 0 QI Q ©)

37



where®represents the values in a separate array that determines f¥stebuld
be placed or not based Gvalues (255 = white pixel and 0 = black pixel). Once the value

of wfor a pixel is determined, an error teffdjs calculated as

% Np Ox (6)

Figure 28 Generation of NFGL nodes using Error Diffusion a) Input density field b)
Generated NFGL nodeq64]

The pixels adjacent g are thermodified based on the value @by diffusing the
error to the adjacent pixels, hence tizene of the method. The diffuse process is done by

applying a filter orthe adjacent pixelas follows
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Where™Qis a fraction determined by the filter used. The filter used tivasone
proposed by Floyd and Steinbdigf] which is shown irFigure29. The error diffusion

process continues until all the pixéls) are used and all the valuesiiare calculatedAn

example of this process is showrFigure30 for a 5x5 grid

ni | 7/16

3/16 | 5/16 | 1/16

Figure 29 The two-dimensional filter proposed by Floyd and Steinberg

As for the boundary pixels, a owmensional Error Diffusion is applied. This is
done by using the same filter but without diffusing the error valudise pixels that are
not on the boundary. Once all NFGL nodes are generated, the NFGL structure is created
using either Delaunay triangulation or Voronoi tessellattagure31 shows the generated

NFGL structure using Delaunay triangulations for the NFGL nodes shokigune28.
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Pixel 1 Pixel 2 Pixel 3 Pixel 4 Pixel 5 Pixel 25

Figure 30 An example of the dithering process using the Error Diffusion method for a 5x5 grid of pixe[64]
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Figure 31 Generated NFGL structure from Error Diffusion method a) NFGL nodes
b) Generated NFGL structure using Dedunay triangulation [64]

Based on the stepisatthe Error Diffusion methodonducts, it can be pprent that
there are drawbacke the methodThe first drawback is that it requires anage of the
input density field to use its pixel values, which metina the design domain has to be
rectangularlf a nonrectangular design domaias usedit has to be placed into one so
that it can be used. The second drawback is that the generated NFGL structures will not be
conformal if the design domain is not rectangulanich will be shown later igsection
4.1.4 The third drawback is that there is still a restriction on the maximunceithisize
ratio that can be aahied by this methodlhe size of the unitells s affected by pixel
density used to represent the input density field and on the values of the density field.
Increasing the pixel density would create smaller-ceilis, but would also reduce the size
of the large unitells. Adjusting the input densityalues would increase the large unit

cells size, buthe increase is limited due to the size of the fifggure32shows an example
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of how the unicell edge lengtlis affected as the input density field values are increased.
The values were changed from 0240 as the method produces empty spaces when the

value is close to 255.
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Figure 32 Change in mean unitcell edge length as thenput density field values are
increased[64]

The advantages of this method can be seen in its low computational cost, as it
doesndt ¢ ondu c izatian mlgorithimewhentgeneratingdpGLi nadébe
second advantage is that it can deal with any type of density field input as long as itis in a
rectangular domainThe method willplace the nodethroughthe design domain in a

manner that captures theurt density distribution requirement.

2.2 Stochastic Nodal Generation method

This method was used to generate Voronoi foams in the liter&lokeever, it
could be adjusted to generate NFGL structimegriangulating thegeneratedhode using

Delaunay trianglation just like in the Error Diffusion method@he key idea of this method

42



is to subdivide cells basaih an input density field. Unlike the Error Diffusion method,
the Stochastic Nodal Generationethodgenerate its own nodes rather tharsing pre
placal nodes and turning them on or off. However,ribdes are generated in a stochastic
manner The node generation process starts by fiedermining an input ceflize & and
center i, that will be used in an input density functidn, If the value ot " “Yis
greater tharg, in atwo-dimensional caseor @ " Y is greater tharg for athree
dimensional case, the cell is subdivigedl the valugof dand"Yarechangedad reflect the
new cell size and center. This process carries on until the conditioretis Once the
condition is met, nodes are placed randomly insatelomsubdivisiors of the currently
selected cellThe higher thelensity value, the more subdivisions are neededdet the

required condition.

An example ofhis is shown ifFigure33. The input density field is shown Figure
33-a, while Figure33-b shows the cell subdivisions based onitipit density fieldlt is
clear in the figure thahecell has more subdivisions regions of higkrdensitycompared
to regions of lower densityrigure 33-c shows the generated nodbat were placed in
random locations inside of each subdivisidmle Figure33-d shows the generated NFGL

structure from the nodes
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Figure 33 Generation of NFGL nodes usingStochastic Nodal Generation methoe)
Input density field b) Cell subdivisionc) generated NFGL nodes

Thestochastimature of the methoaldds uncertainty to the generated NFGL nodes
locationas can be seen irigure 34. Although thisbehaviorcould be modified in this
method, it wil still be included in order to address the issues associated with random nodal
placementsince there are other methods in the literature thabrektochastiecneans to

generate NFGL nodedhis would help in addressintye other issues that this method

exhibits.
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Figure 34 Different NFGL nodes generated with each iteration of th&tochastic
Nodal Generationmethod
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Based on the description of the methad,couple of drawbacks arise when
generating NFGL structures. The firag stated earlier, is that each iteration of the method
can generate structures with different NFGL nodéss difference causekeviation in the
mechanical properties of the generated structure which can reach 3.3%, which when added
to uncertainties froormanufacturingcan add morel'he second issue is that the generated
structures wilbe conformalvhen creating NFGL structures with Delaunay triangulations.
Using Voronoi tessellations will create foam structures that are bending dominant, which
are weakelas explainedn sectionl.1 regardlesof the node placementvhether it is
random or natThe third and major issue is the dependence of the method on the scale of
the design domainf condition to place nodes was maithout the methogdeqatdy
subdividing the cell based on the input density field, the method would generate nodes that
do not represent the input density field at all. This can happen in-scadéd problems
where small values afcancreate valuesat are less than or ¢ . Further discussion on

thisissue will be discussed in details in sectdoh.3

As for the advantages of the method, the first is itsdomputational costThis
related to the fact that the method does not require expessiva@zation processes when
placing the nodes inside the design domain. The second advantage igeéhatdites its

own nodes without the need to have an initiad @fi nodes.

2.3 Local Volume Constraint Optimization

This method aims to generate bdike structureghat can be used as infills for 3D

printed partdy introducing additional constraints to the SIMP optimization methbd.
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additioral constraints aim a restrict the local material acumdation in a region

surrounding an elementhe optimization formulation is as follows

[ ES  Phoen ©)
C
Subject to

N g € 9)
N Tip (10)

Pg
3 11
0 g | - (11)
Q Tt (12)

where is acontinuousdesignvariable thais projected to the relative density
of the elements is the vector containing values 0 is the group of elements
surrounding elemerifbased on a certain distance is p-norm exponent, is the total
volume ratio limit for the elementsin ,”  is the average relative density of the design

domain| is the limit on the volumeatio of the design domain

The projection of unto” is done in order t@nsurea 0-1 value br” by first

applying a fiter tol to prevent checkerboard patterns.
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(13

where is the filtered valuef for elementQ is the weight of the effect of

elemenfn elementQ

After the filtering of is done, the vakiof is projected unt6 as follows

om%t_ OATIE g
. (14)
cC)ATTEE

wherd is a paameter that controlsow sharg value changes from 0 to(@hosen
as 16) Once the value df is determined, it is penalized in a similar manner to15g.

ensurehat intermediate values are pushed further towards 0 and 1.

The constraint ifEq. 11 controlsthe local volume in the elementsin to ensure
that it doesndt mmlinoty whilethelcanstrhind io Bd2ensusels u me
that the total volume ohmedesi gn domain doesnodt exceed

@ . This is done byumming up the volume ratio of all elemeass

" B u—— (19

WhereD i s t he el e mshouddhes notedthautm esummation is done

over all of the element$ , in the design domairf the constraint in Eql2 wasignored,
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the generated structure will strictly impose the local volume ratio constraint, which will set

an upper limit value aof .

After setting up the optimization problem and solving it, the genemsdn
would have a bonkke shape that resembles NFGL structufféigure 35 shows three
generated structures after the optimization with differeralueswithout imposing the
constraint in Eq1l2. The structures were generatesinga radius value o¥  @. The size
of the cells in the structure does show a variation across the design domain. As the value
of | reduces, theporosity in the structure increases as expected. Howinezestriction
on the local volume ratiforces the structure toreate porosities across even when not
needed. This can reduce the performance of the strusince the material cannot
accumulatein locations where it can strengthen the structiardorm thicker struts
Increasinghe radiugo include more surrounding elements helps in incredbimgize of
the generated celéad creating thicker strués shown ifrigure36. However, it will cause

more material to be forced into locationdhher e it 6s not needed to

As for the total volume constrairdf the generatedstructure, mposing the
constraint in Eq12 allows the generated structure to satisfy the total volume constraint as

shown inFigure37-b and owhile trying to maintain the local volume constraint
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Based on the above description of the method, some drawbacks can be pointed out.
The first is that the method requiréspology optmization in each iteration when
generating the NFGL structund/ith the additional constraints and increased nonlinearity
of the problem, the computational cost of this approach increases significantly
Furthermore, when creating different designs at @ffesizes, the topology optimization
needs to be rerun again, thus increasing the computational cost flitieesecond
drawbackthat waspointed out earlier is that the local volume ratio, while it helps in
generating NFGL structures, limits the accuatioin of elements in areas where thicker
struts are needed. This can reduce the performance of the generated sisithiureer
struts would be generat@dareas where it would require more mateffdlis also causes

a restriction on thenit-cell size ratio across the structure.

There are a couple of advantages to this method for creating NFGL structures. The

first is the ability of the method to generatieuctures are conformed the design domain
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The second advantage is the abitibycontrol the orientation of the strufBhe second
advantages that the generated structsrare not limited to a certain cell typelrhe
generated cells and connectivity between ttagm generatethrough the optimization

process

2.4 Adaptive Quadtree Optimization

This method shares some similarities with$techastic Nodal Generatiomethod
where the design domain is subdivided to generate the NFGL stridterkey difference
is that the edges of the subdivided cells are what constitutes the Nft®_astd nodes,
rather tharplacing the nodes inside the celsiother difference is that the subdivisions
are caused by modified SIMPtopology optimization process rather than relying on an

input density field.

The modification of the SIMP optimizati is done through introducing @gesign

variable thatontrols thesubdivision of cells in the design domain as follows

[ Ed gh £ (16)

Subject to
f £ ¢ 17)
LpN mph Q pt8 Q (18)
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T (19

Where..; is thecontiruousvariable that controls the subdivision of césnd™Q

at subdivision levelQ Qis the maximum allowable subdivision is related to the siza& of

C ¢ squareFEM mesh used in the design domam

Q a4 (20)

Figure 38 shows an illustration of a rectangular design donsaimwingthe cells
and subdivisionswith a different color for each levelnd the underlying FEM mesh
generatedlt is apparent that this rtfeod imposes a restriction on the number of FEM
elements that will be uden the design domain to allow for appropriate subdivisions to be
included.Based on Eq20, the minimum i&e ofthe FEM mesh to be used with only one

level would be 8x8

To perform the optimization process, the design variakléhas to be mapped to
the relative density of the FEM elemerits The mapping is doing by using a sparse
transformation maix 4| of sizeg ¢ ¢ & & , where¢ and¢ are the number of
cells before subdivisions in tf@nd Qirection as already shown Figure 38, which in
this case would beé 1 and¢ ¢; and¢ andé are the number of cells at tf@
level in the’Cand "Qirection (for'Q ¢l Pande T). The values of are then

calculated as
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1 F (21)

As apparent from the equation, thereos
So if the optimization was to be carried out as is, the generated structure would end up with
many suspended struts as showikigure 39. To refine the structure, a filtering process

can be applied as follows

] (22)
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Figure 38 Quadtree gid of a rectangular design domain a)Cell subdivision b) FEM
mesh of the domain68]
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Figure 39 Generated cantilever beam NFGL structure without the refinement of
values|[68]

By applying therefinement filter on the same cantilever beantrigure 39, the
suspended struts no longer exist as showfignre40. However, the generated structure
d o e s n 6agradudlchamge in the subdivisions of the cells. Thibesause the cell is
only affected by its parent cefi the filtering process. By including the influence of cells
that are neighboring the parent cettee change in subdsions can become more gradual

This is done by introducing different filtering on the values..gf that can produce

balancedQuadtree subdivisions

NF - — (23)
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which is similar to Eql4 withT controlling how sharp.[; goes from 0 to 1 in a

continuous manner. The relative densstyhen updated to
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1 F (29)

wherel is the vector of all.[ values.

The generatedalancedstructure using the filter in EG3is shown inFigure41. Allowing
the cells to gradually subdivide increashe robustness of the sttupe under uncertain
load, but with a sacrifice in the compliance of the structure compared to the unfiltered

structure.

Figure 41 Generated cantilever NFGL beam after the balanceQuadtree
refinement filter is applied [68]
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A couple of drawbacks arise when using this method to create NFGL structures.
The first is that thegeneratedNFGL structues are not conformal as can be seen in the
previous figures anéigure 42. Anotherissue is the increase in the computational cost
associated with performintpe topolgy optimization process in each iteratiddso, the
method requirethatthe number of elements has todoaultiple of 2 to the power o8 or

moreand that the struts be of a fixed crsgstion of two elements

The advantage of the method is its ability to generate NFGL struoiities
different cell size ratios by adjusting the number of levels that it can produce. However,
this comes at the cost increasing the computational tinieshould be noted that the size

ratio is an integer since it can only be generatetthé&gubdivision of the parent csll
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Figure 42 Different structures geneated using Adaptive Quadtree ptimization
method [6§]
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2.5 Drawbacks of ExistingMethods

This section willsummarizerthe drawbacksind advantagesf all the existing
methodsdiscussedn this chapterhighlight the expected advantagestbé proposed
method inthis researchThe proposed method will be nhamed the Naturally Functionally
Graded Lattice (NFGL) Framewarlwhich will be the name that wilie used to refer to
the method throughout this researthble2 shows the advantages and drawbacks of the

existing methods discussed earlier in this chapter.

From the table, it is apparent that the Error Diffusion and Stocastich Nodal
Generation methods share the same advantage of being low putedional cost. The
Error Diffusion method has the advantage of being able to handle any type of input density
field (assuming itdéds rectangul ar) compared
it requires an input grid of nodes to be generated forbe used. Also, the filter limits the
possible unicell size ratios that the method can attain. Unlike the Stochastic Nodal
Generation method, where it generates its own nodes without requiring an input grid of
nodes. However, the generated nodes m@ndom and introduce uncertainty in the
generated structure. Furthermore, its dependence on the actual scale of the design domain
to generate the nodes can cause issues with its ability to handle different input density
fields. Both methods also sharendar drawbacks, such as the need to alter the input
density field if a different size for the urgells is required and their inability to generate
conformal NFGL structures. Moreover, if a unéll size ratio is desired, it cannot be
achieved intuitivly. Different iterations have to be conducted from both methods until the
desired ratio is achieved. But compared to the Adaptive Quadtree and Local Volume

Constraint methods, the Error Diffusion and Stochastic Nodal Generation have the
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advantage of not qriring the topology optimization process (if used) to be rerun to

generate different NFGL structures.

As for the Local Volume Constraint method, it suffers from having a significantly
high computational time compared to the other existing metllogs to the added
constraints and high nonlinearity of the objective function being optimized. It also
constrains the size ratio of the cells in the generated structure, so they cannot be controlled
freely and limits the accumulation of materials that fwam thicker sturts where needed.

But it has the advantage of being able to generate conformal NFGL structures compared to
the other met hods. F u r t-delgyperiobe assignedtto itsioce s n 6 t
it generates the cells based on tpémization process. On the other hand, the Adaptive
Quadtree method is able to generate NFGL structures of differertalingize ratios by

just increasing the number of subdivision levels. However, this adds up the computational
cost quickly, since itequires adding more elements for the optimization problem. And the

size of the FEM mesh has to be constrained to a power of 2 being 3 or higher. Moreover,
the generated NFGL structures are not conformal to the design domain. Both the Local
Volume Constrait and Adaptive Quad methods share the same drawback of requiring the
topology optimization process to be rerun whenever the design parameters are changed,

further incurring more computational cost.

58



Table 2 Advantages anddrawbacks of the existing methods

Adaptive Quadtree

Local Volume Constraint

Error Diffusion

Stochastic Nodal Generation

Advantages:

9 Can generate NFGL
structures with varying
unit-cell size ratios

1 Deterministic

Drawbacks:

1 High computational cost

9 Structures are not
conformal to design
domain

1 Constrains used FEM me;s
size

1 Requires rerunning the
optimization process whel
parameters are changed

1 Fixed strutcrosssection

Advantages:

1 Can generate conformal
NFGL structures

1 Controlled strut orientatior

1 Does not require a undell
type to be assigned

1 Deterministic

Drawbacks:

1 Significantly high
computational cost.

I The @ll size ratio is
constrained

1 Requires rerunning the
optimization process wher
parameters are changed

Advantages:

1 Low computational cost

1 Can handle any type of
rectangular density fields

1 Deterministic

Drawbacks:

1 Structures are not
conformal to the design
domain

1 Requires a rectangular
density field

9 The wit-cell size ratio is
restricted

1 Requires altering the inpu
density field to adjust the
size of unitcells

Advantages:

1 Low computational cost

1 Generates NFGL nodes
without aninitial grid of
nodes

Drawbacks:

1 Generated nodes and
structure are random

9 Structures are not
conformal to the design
domain

1 Dependence on trezale of
the design domain

1 Requires altering the inpu
density field to adjust the
size of unitcells
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The proposed NFGL Framework in this research aims to overcome most of the
drawbacks in generating NFGL structures that exist in the methods discussed in this
chapter. From the research questions and hypotheses in sgédjothe following

advantages are expected from the NFGL framework:

1 Low computational cost

1 Can handle any type of density fields regardless of shape

1 Can generate Conformal NFGL structures

1 Can generatBlFGL structures with varying undell size ratios without restrictions

1 The generated undell size ratio is intuitive and adjustable

1 Does not require altering the input density field or rerunning a topology
optimization process

9 Deterministic

To assess the ability of the NFGL Framework to provide these advantages, the
NFGL Framework will be applied to different application exampleSHAPTER 4 The
nextchapter will discuss the NFGL Framework in detail and the underlying algorithms that

will be used to generate NFGL structures.
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CHAPTER 3. NATURALLY FUNCTIONALLY GRADED

LATTICE (NFGL) FRAMEWORK

This chapter willbutline the NFGL Framework artiscuss thalgorithmsthat are
involved in developinghe frameworkthat will be used to generate NFGiructures
Figure 3 shows a process flowchart of MEGL Framework and highlights where each
algorithmwill be involved. The process starts by the user providing four infhéslensity
field, the base mesh that will be used, the requiredaatiitsize ratio’yY and the lattice
diameter typé (further details will be provided in secti@»?). The density field can be
obtained from processes such as topology optimization, BE&ny usedefined density
field input. Once the density field isbtained a density field functioni, , that calculates
the density value based ¢ime coordinates given is creatétle function could also be
provided directly to the framewoykf the density field is based on scattered points in the
design domain, as in the case from FEA or topology optimization,”themuld perform
a linear inerpolation between the scattered points to determine the density Aslta.
the base mesh, it can either be generated by the user using common FE meshing algorithms
or by utilizing the mesh that was used in topology optimization or FEA to providegle ba
mesh node coordinaté®. The three inputs are then used to generate the NFGL tbdes
and the algorithm to do swill be outlined in detail in sectiéhl Once the nodes are
obtained,the corresponding NFGL structure struts,, and diametersH are generated
using the algorithm outlined section3.2 The usecan then choose whether to conduct a
similarity analysis (sectio8.3) or accept the generated NFGL structure data. If the user

decided to conduct the similarity algsis, the MSSIM index igpdated (sectioB.4) and
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if the value is acceptable, the process ends by providing the three NFGL stoutpue
data"ERE AT "M If not, then thevalue of"Y is updatedusingthe algorithm in section

until an acceptable MSSIM value is reachegroduce the outputs

Start )
Inputs [ I
Diameter Topology Optimization
type FEM Base mesh exist?

dr User defined field v

T Generate
Density field function Mesh nodes
Pr N

Unit-cell
size Ratio
Sg

base mesh

F o e e e e e e e e e = e = e e = e e = =
» G te NFGL
Algorithm 1| | ™" ° |
NFOL nodes Algorithm 4 | | Update S,
N,
Algorithm 2 N Generate NFGL

NFGL Framework Str”ft”re
NFGL struts Diameters
L. d
[ I
Algorithm 3
onduct Similarity Yes ) Calculate
Analysis MSSIM

Yes

Outputs

Figure 43 Framework to generate NFGLstructures
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3.1 NFGL Nodes GenerationAlgorithm (Simplified Sphere Packing)

This Algorithm is the first component of the NFGL Framewdrke focus of this
algorithmis to create the nodes that will be used to generate the NFGL structure by using

the inputsSE,” and"Y that were provided by the usdihe key idea of thislgorithm is

to treat the nodes ifE as spheres of varying radii values that can affecpthsencef

other nodes aroundthirough a very simplified sphere packing procé&égorithm 1 shows

the steps that will generate the NFGL nodes. The algostants by first calculating the
relative density of all the nodes’in "E and storing them in . Then the values in

are arrangetiased on their relative density vatue descending order. This arrangement
helps in reducing the computationalst by preventing any calculations to be done on
nodes that will be potentially removed. Once the nodes are organized, the exterior nodes
are assigned to vector of sized p, whered is the number of exterior nodes in the

"E, while preserving therderingof the nodes based on their relative density values. By
starting with the exterior nodes first, the generated NFGL nodes will have the geometrical
boundary of the design domain preserved from b&ntpered withy an interor node.

The next step starts from the first nodé inwhere an influence sphere radius is calculated
based on the relative density value of the node and theelhize ratio that the user
inputs. Figure 44 shows an illustration of the influence sphere of a node inT2ia.

influence sphere radius is calculated as

YQ Y p QY 0 (25)

whereY "Q is the radius of the influence sphere for nd@& is the largest

permissible influence sphere radius avidis the smallesinfluencesphere radius. The
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value of'Y is chosen to be theameas the size of the smallest element in the base,mesh
unless the user wants to change it. The vallé @fan be calculated from the waill size

ratio as

Y — (26)

where"Y is the unitcell size ratio requested by the user.

Algorithm 1. NFGL nodes generation

Procedure NFGL_Nodes'ER RY
Input: Base mesh node coordinatEs density field functiori , Unit-cell size
ratio"Y

Output: NFGL node Coordinateé&
N Determine node relative density frdm "E
Arrange in descending order
i N Extract exterior nodes froi
For'® 1 do
TN Find all nodesnsidetheinfluence radius ofE "Q
TN Find all nodes 1 0
RemoveE 1
End For
i N Extract interior nodes frorit
10:RepeatSteps 48
11:'E N "E
12:Return "E
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Figure 44 Influence sphere radius of three nodes, colored in black, in a density field

The algorithm then loops across all nodes iffinds all the nodes that are inside
the influence sphere of an exterior node. If a n&einside the influence sphere of node
‘with  "Q “Qthen that node is flagged for removahis flagging eliminates the
need to calculate any influemc of a node since it shoul dnot
removal by another node. Hence why the algorithm starts from the nodes divailyles.
Once all the nodes in have been cycled through, the algorithm assigns the interior nodes
toi ofsized  p, whered isthe number of interior nodes. The process is tepeated
for the interior nodes. Once both exterior and interior nodes are processed, the algorithm
finishes and producdabe NFGL nodes E, that will be utilized in the nexdection The
sizeof Eis0 0 wherel isthe number oNFGL nodes and is the dimension (2
or 3).Figure45shows anliustration of this process. The two marked nodes are considered
for removal since their relative density valaesless than that of the colored no&eure
46 showsthe generated NFGL nodes after the algorithm finisig process can be

described as a simplified sphere packagpheresiircles with a radius that is half tife
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influencesphere radiufor each noddrigure47 showsthe circles generated using half the
radius of the influencephereand how it looks similar to sphere packing but without the
iterative process of moving the nodes, hence wtoan be called a simplified sphere

packing process

Figure 45 Removal of nodes insid¢he influence sphere ofa colored node if their
relative density is less than the colored node relative density

Figure 46 NFGL nodes generated by the algorithm
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Figure 47 lllustration of the simplified sphere packing

An initial test of the algorithrwasperformed by supplying a test density input field
” and mesh nod€g of a cube as shown Figure48. The density field ramps from high
density to low density linearly from bottom to top. Four NFGL nodes were generated with
different value®f"Y pfp®ic AT das shown ifFigure49. The generated results show

consistency to the input density field where the bottom nodes remain unaffected while the

spacing for the top nodes change8yasalue changes

Figure 48 Algorithm 1 inputs a) Density field zgb) input mesh nodes“El_}
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Figure 49 Generated NFGL nodesEwith &) by 8o Al

To further test Algorithm l1athreedimensional section of gectangulatapered

beam with acircularthroughhole asshown inFigure50 will be tested The density field

of the tapered beashanges as

" cBUo WD O (27)

The resulting NFGL nodes for the beam for diffef&hvalues are shown lrigure

51 The generated nodes show good agreement with the density field as expected.
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Figure 50 Section of a tapered beam with a circular hole a) Beam initial mesh b)

Density field

c)

|4 values a){ b) {4
6¢

i

Figure 51 Generated NFGL nodes at differen



3.2 NFGL Structure Generation Algorithm

This algorithm shown in Algorithm 2,s the second component of the NFGL
Framework ands usedto generate the NFGL structure from the nodes geneiratedhe
algorithm1. The NFGL structure will be generatdcbm tetrahedral/triangular untells
since they provide stretch dominated structures Gamdbe generated from any NFGL

nodes Algorithm 2 will use’E, Q , and” as inputs and provide the lattice connectivity

‘E and diameter valué$ibased orQ) . The algorithm first starts by creating Delaunay
Triangulations from the NFGL node3¥. The reasos for choosing Delaunay
Triangulations isecause it igvailable in almost all commercial softwatke available
implementation in Mtlab that is based ro the Computational Geometry Algorithms
Library (CGAL) implementationcan create unique triangulations even wi#generate
cased85], and most importantlyt creates equiangular triangulatiothgt can prevent the
formation of long and thin struts from badly shaped elemédtee tle triangulation
process is done, the connectivity list for the triangulations is storgdvitnich will contain

0 elements that correspond to the number of-calis that will be created using these
elementsOnce the unitells are created, the aoectivity list is used to create lattice struts
between each pair of nodes and is store ithat will contain0 struts. Each strut i

will be treated as aircular rod in this research.

7C



Algorithm 2. NFGL struts generation

Procedure NFGL_StrutsE, Q ,” )

Input: NFGL node Coordinatég with 0 nodes, diameter tyg@ , density field

function”

Output: Lattice struts connectivit¥e , struts/nodal diametéH

1: | with0 unitcellsN Unit-cell connectivity list from Delaunay
Triangulationof "E

> E withs 606 OBEre

3: For'®¥ po & do

4 If threedimensional design

5: "H ‘Qvia Eq. @5)

6 Else

7 "H ‘Qvia Eq. @6)

8 End if

9: End For

10:1fQ p

11: For'® po & do

12: TN Find struts sharing nod& "Q

13: "HQ | ETH i

14:  End For

15:Else

16: For® po & do

17: TN Find duplicates oE "Q

18: "HQ | A@H i

19: End For

20:End

21:Remove duplicate struts

22: Return E and™H

small increase itheaccuracyof”

The next step is to determine the strut diameter values in eaetelinit

This requires the calculation of the effective relative density,, for each lattice unit

cell. The use ofGaussLegendre quadratures was explooedparedto sampling points

inside the unicell. But the need to map arbitrary elements to evalliate increases the

computational cost slightly compared to sampling the points inside thealinitith a very

To do so, interior nodes will be generated in each-arat! | based
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dimensionality. In the case of tetrahedral elements, layers to facilitate the generation of
these nodes in a uniformanner is created. The number of layers is determined according

to the volume of the unttell in the following manner

(28)

Where™Y is the number of interior points, which is also known as e¢tahedral
number in 3D or Triangular number in 286], w is the volume of the solidlement
counterpart of the unitell. The number of interior points in the unéll is then determined

as

aQ p 29

where( is the number of layergigure52 shows an example of three unit

cells and the interior nodes rgrated based oiY values. In the case of a triangular
element, the area of a sobtementcounterpart is used to determiné

N (30

- (31)
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Figure 52 Interior nodes generation in a tetrahedral unitcell a)4 Leg» D)
JJ +(mhr C)J=I (g

Once the interior points are generated, the valu® of,is calculated as

p 2
~ ” 32
y (32

Where” * is the relative density value of the interior nodes for the-eaaiit The

value of” is then used to calculate the required lattice volume or aread
d) ” ab (33)
0 "D (34)

The crosssectional area of the struts is assumed to be the same ircalyrgb the

lattice diameter is determined as follows for 3D and@gpectively
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(36)

Where'H "Qis the crossectional area of the lattice struts in wretl "andd
is the length of the striin the unitcell. These diameter values are not unique since there
are still duplicate struts between uadlls. So, a unique value for the diametarst be
determined. The diameter values are either determined as nodal diameters or strut
diameters based d2 value. If a nodal diameter is desired  p , the minimum value
is chosen from the duplicate diameters of strufsgure53-a shows an illustration of the
case when the minimum value is used Bigdire53-b shows when the maximum diameter
is used. It is clear from the figure, that using the maximum value would produce struts of
large diameters in areas of low relative density value. Hencemihienum value is

preferred.

"HQ mi dH i (37)

where"Hcontains the unique diameter valudfiernatively, if a strut diameter is
desired Q  p , the maximum value is chosen from the duplicate diamefessuisi.
Figure54a shows an illustration of the case when the maximum value is usétigame
54b shows when the minimum diameter is used. In this case, using the minimum value
would produce struts of small diameters in adehigh relative density, which is why the

maximum value is preferred.

"H'Q ma XH i (39
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Figure 53 NFGL nodal diameters based o, + <« /alyes a) usinghe minimum
value b) usingthe maximum value

' () y O

a) O b) ; O

Figure 54 NFGL strut diameters based orM, 4 <« dalyes a) usinghe maximum
value b) usingthe minimum value

To test Algorithm 2, the generated NFGL nodes for the tapered bdaigume51
were used to generate the NFGL structiigure55 shows the generated structure using
nodal diameter value2  p at different’Y values andrigure56 shows the geerated
NFGL structures using strut diamet&  p at different’Y values.Figure57 shows a
close up of two structurdeom both figures atY v to show how the diameters vary in

the strucures.
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Figure 55 Generated NFGL structures using nodal diamter a)
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Figure 56 Generated NFGL structures using strut diameter a
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Figure 57 A closeup view of the generated NFGL strutsat {4 for a) Nodal
diameter b) Strut diameter

3.3 Similarity Analysis using MSSIM Index Algorithm

This algorithm is optional in theFGL Framework if the user requires to improve

the performance of the gensxd NFGL.If the user only requires @ertain unitcell size

ratio, then they can proceed to generate the NFGL structumethe outputs of algorithm

1 and 2without utilizing this algorithnor algorithm 4

As explained in research question 3, this algorithm will utilieMSSIM indexto

determine the similarity between the generated NE@lctureand density field input. The

algorithm to calculatehe MSSIM index will be extended to include threémensimal
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voxelsin this researchin the beginning, two tensoms andfj of size¢ & d&that
containgherelative density values for both the density figdutand the NFGL structure
respectively are created. The valuegjiandr] are at uniformly distbuted points that
cover the design domain. Since the armgscontain points that are outside of the design
domain,as shown inFigure 58, these points will be assigd a value ofl. The figure
shows a matrix ch two-dimensionafeneralized shape, where elements inside the domain
are assigned a valugndthe elements outside are assigned a valud of his will help in
reducing the computational cost of having &idcalatethe MSSIM index for the entire
design domain and improves the accuracy of the similarity analysis by only focusing on
the pointsthat arein the design domain. TheR,andr are provided to Algorithm 3 as
inputs. The algorithm starts by choosihg first element in the array and checking if its
value is equal tel. If the value is1, then the algorithm cycles to the next element in the

array. Otherwise, the calculation of a local structural similarity (S&it¥xis carried out.

1|3 x| X W\\-l a1l
-1//)( X [ x| x| x[x|x)1]1
X | X [ x [ x|[x|[x|[x]-1]-1
XX [ [ [ N |
X | X [ X[ X[ X |[x]|Xx][X x\\l
X [ X | X | X[ x[x][x|[x]|x h
-1\\& X | x| x [ x| x[x[|x x}
A .
AL NG X [ X

Figure 58 Relative density Array for a generalized shape showing assigned values
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Algorithm 3. MSSIM Calculation

Procedure MSSIM

Input : Input relative density tensofs NFGL relative density tensay
Output: MeanStructural Similarity MSSIM

1. 0 m

2. For' N po &

3 For'ON po &

4 For QN po &

5: If B "@AQ

6: 0o 0 p

7 60N Select] "A@Q and appropriate neighboring poin
8 6N Select] "A@Q and appropriate neighboring poin
9: Apply gaussian filter t@ ando

10: SSIM 0O N Determine using ando via Eqg. é6)

11: End If

12: End For

13: End For

14:End For

15:MSSIM via Eq. é47)
16: Return MSSIM

SSIMindexis calculated around a local set of poiatando, as shown irFigure
59, in i andn that are weightetb a circulay symmetricGaussian filte[87]. To extend
the calculation of SSIM to voxels, a 3D Gaussian filter will be uSkd.SSIM is defined
as a function of three components: luminagog) , contrastonf and structure

i AM . The luminance is defined as

aold ———m (39

Where* and‘ are the mean intensity values, which corresponds tonten
relative density valuef the pointsn 6 ando respectivelyd is constant for stability when

both* and' are zeroThevalue of* , and similarly ,is determined as follows
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‘ ] (40)

Whered number ofpointsin 6 ando respectively] is the gaussian weight of

point"‘@ndw is the relative density value for thaint ino. As for 0 , it is defined as

6 T8 ¢ (41)

Where0 is the dynamic range of the elements in the arrays, which in teeo€as

relative density is 1. Therefore, the valuéofvould bep p 1 .

The contrast is defined as

(42)

Where, and, are the standard deviations for the pointé ando respectively

and is definedor,, and similaity,, as

" T w0 (43

The structure is defined as

(44)
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Where, is the covariance and is defined as

w (49
After all three functions are evaluated, the SSIM is calculated by multiplying all three.

"YY'OOa o Jno J o (46)

If 0 was exactly similato 0, all three components would be equal to 1, times
SSIM index would be 1 as well. Once the vatuef all local SSIM indicesfor all the
elements in the arrays are calculated MSSIM indexis then obtained as the mean value

for all local SSIM values calculated.

0 "YY'Gm YUY Qb hoy 47

L
0
The value of MSSIM willdetermine how similar the generated NFGL is to the
density field input. With the increase in the wueetl size ratio, the value of MSSIM will
decrease. This will help in providing a proper range to theagtlisize ratio for the NFGL

structure.
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Figure 59 Relative density Array for a generalized shape showing assigned values
a) Input density field matrix b) NFGL structure density matrix

To test Algorithm 3, the tapered beavil be used to determine the change in the
MSSIM index values a% value change$igure60shows the lsange in the MSSIM index
as’Y value increases. The figure shows that M®SIM index value starts tdecrease

similar to a power functionf the form

0 "Y'Y'OURDY (48)

wherea andb are constants:urthermore, the figure shows the fitggower curve
in Eq.48to the data points of the MSSIM indeiae fitted curve shows good agreement
to the MSSIM index curvedowever, thebeginning of the curvappears to have samall
plateau regionSo using a higher value ™ when fitting the curve wuld be recommended
to avoidincreasing the number of iterations due tolibginning of the curvikaving a very
small slope.The figure also shows two fitted curves, one with the inclusion of all data

points and one by ignoring the points nearglaeau region.
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