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SUMMARY

This dissertation attempts to determine the grating shape and phy-
sical mechanisms in lithium niobate holographic recording. A four part
research program is conducted. The first part of this research program
is a simple method of calculating arbitrary-order diffraction efficien-
cies of thick transmission gratings with arbitrary periodic grating
shapes. The analysis uses a coupled-wave theory to obtain a closed-form
expression for the diffraction efficiency of an arbitrary order. This
method provides results with relative computational ease and results that
are in close agreement with those obtained by extending Burckhardt's nu-
merical method.

The aecond part of this research program is the investigation of
the relationship between the grating shape and the physical mechanisms
(diffusion and drift of charge carriers) that are occuring during holo-
gram recording. The space-charge field patterns (and thus the grating
refractive index profiles for lithium niobate crystals) generated through
diffusion and drift of electrons during hologram recording in ferroelec-
tric crystals are obtained by numerically solving the appropriate dif-
ference-differential equations. The treatment allows for the presence
of an effective electric field due to the photovoltaic effect and an ex-
ternally applied electric field. The results of this approach agree with
those of the existing analytic approaches.

The third part of this research program presents a procedure for

determining the refractive index profiles (grating shapes) of optically-
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induced thick dielectric gratings in ferroelectric crystals. This pro-
cedure, based on the coupled-wave theory, requires a knowledge of the
modulation ratio and the fundamental and the higher-order diffraction
efficiencies of the grating. The calculational accuracy of the procedure
is tested by determining the refractive index profiles from the calcula-
ted diffraction efficiencies of known grating profiles. As an illustra-
tion of the procedure, the refractive index profile of a lithium niobate
holographic grating is determined from measurements of its fundamental
and higher-order diffraction efficiencies.

The fourth and last part of this research program is an experimen-
tal application of the preceding procedure to a lithium niobate crystal.
Three typical experiments with different experimental conditions are con-
ducted. The holograms in these three experiments are recorded in dif-
ferent parts of the crystal. The diffraction efficiencies of these gra-
tings are measured. The grating profiles of these gratings, as well as
the percentage amounts of diffusion and drift in the process of hologram

recording, are determined.
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CHAPTER I

INTRCDUCTION

1.1 Background

The principle of holography was discovered by Gaborl in 1948 and
later extended by Leith and Upa.tn:leks.2"'{‘L Holography, essentially, con-
sists of two processes: (1) production of the hologram by interference
of light beams, and (2) reconstruction of the wavefront by diffraction.
In the early years, the thecry of holography was based on the assumption
that the hologram is recorded on a two-dimensional surface. The fact

that holograms can be recorded in a three-dimensional medium was first

5

described by Denisyuk5 and van Heerden6 in 1963. Denisyuk~ assumed that

the emulsion of the hologram had a finite thickness. In his recording
configuration, the object beam and the reference beam impinged on the ho-
logram from opposite sides and, therefore, a standing wave pattern was
recorded in the three-dimensional emulsion. This standing wave pattern,
when illuminated with light, reflects waves of the same form and wave-
length as that which originally produced the pattern. Van Heerden6 has
analyzed the case where the reconstruction wave is identical to one of
two original exposing waves. The impinging and diffraction properties
of thick holograms (three-dimensional holograms) are significantly dif-
ferent from those of thin holograms (two-dimensional holograms).

Thick holograms recorded in three-dimensional emulsions have

received a large share of attention over the years, whereas thick holo-



grams recorded in crystals have been relatively neglected because of a
lack of extended thickness recording materials. However, recent develop-
ments in recording materials (such as lithium niobate) have led to a
shift of emphasis to this area. The thickness of the recording material

may be hundreds or even thousands of times greater than the wavelength

of light.

1.2 Applications of Thick Holograms

Thick holograms have attracted a great deal of interest by their
use in high-capacity information storage,6 in color holography,7 and in
white-light reconstruction of holograms.8 Thick holograms may be regarded
as recordings of an infinite number of thick gratings. Thick diffraction
gratings differ from thin gratings in a number of important ways. Among
these are the capability of high diffraction efficiency,9 wavelength
selectivity,9 angular selectivity,9 and reduced noise.lO These give rise
to the use of thick gratings as highly efficient diffraction gratings,
narrow-band spectral filters,ll thick-grating optical components, such as
1enses,12 and imaging systems capable of spectral resolution of extended
objects.lo In the field of integrated optics, thick gratings may be used
as diffraction gratings for surface guiding of waves,l3 for thin-film
distributed-feedback 1asers,1u for frequency-selective grating reflectors
in thin-film lasers,l5 for grating couplers for launching single-mode
light waves into thin-film waveguides,16’17 and for electro-optic grating
deflectors and modulators.lB

In the area of high-capacity information storage, thick holograms

are especially important due to their ability to store information in



three dimensions. The theoretical storage density of two dimensional
(thin) holograms is 4 x 108 bits/cm2 (one bit per square area one wave-
length on a side) whereas in three dimensional volume (thick) holograms
the theoretical storage density is 8 x 1012 bits/cm3 (one bit per cubic
volume pone wavelength on a side).6 For truly high capacity storage, thick
holograms (such as in optical crystals) are vastly superior to thin holo-
grams (such as in photographic emulsions or metal films). Holographic
memory systems have been described that utilize three dimensional sto-
rage.l9'2o These systems superpose many holograms at a single location
inside the thick recording medium by using a different reference beam
angle for each hologram. Because of their volume nature, these holograms
exhibit very strong angular selectivity.g’zl That is, in order to read
a hologram, the reference beam must illuminate the hologram within a nar-
row angular corridor about the Bragg angle for that hologram. Illumina-
tion outside of this angular corridor produces a rapidly decreasing in-
tensity of reconstructed data. In addition, the thicker the hologram is,
the narrower the angular corridor for reconstruction becomes. The super-
position of multiple holograms at a single volume location introduces

the additional problem of writing new holograms in that volume without
affecting those already there. When lithium niobate is used as the three
dimensional storage material, this problem may be solved by the applica-
tion of an external electric field.22'23 This greatly increases the sen-
sitivity for writing, while the sensitivity for erasure remains unchanged

at a much lower value. Thus as a new hologram is written, the other ho-

lograms at that location are only slightly erased.



1.3 Motivation

The properties of thick holographic gratings are now in general
well understood. However, the investigations of the higher-order dif-
fraction efficiencies and the grating shapes (refractive index profiles)
of thick gratings, so far, have not been available, The grating shapes
are usually assumed to be sinusoidal because the light interference
patterns are sinusoidal. But, this is not always true because of the
nonlinear response of the material. In addition, as will be seen in
Chapter III, different physical mechanisms (such as drift or diffusion of
charge carriers) in electro-optic recording materials generate different
grating shapes. Therefore, as a part of this thesis, a method of calcu-
lating arbltrary-order diffraction efficiencies of thick gratings with
arbitrary grating shape is developed. In addition, a method of deter-
mining the grating shape of a thick grating by external measurements is
also developed. These two methods are presented in Chapter II and Chapter
IV, respectively.

The grating patterns of thick holograms are optically induced
refractive index changes in the bulk material. Three different models
of the physical mechanisms have been proposedza_26 to explain the pheno-
menon of this optically induced refractive index change. Chen24 explained
the refractive index change by drift of photoexcited carriers under the
influence of an internal field. He assumed that there are electron traps
in the material. TInitially, some of the traps are filled and neutral
and they provide electrons upon photoexcitation. The others are empty
and they capture electrons. He also assumed that there is an internal

electric field in the direction opposite to that of the spontaneous



polarization. The photoexcited electrons drift toward the positive side

of the field (or the spontaneous polarization) leaving behind positive
charges of ionized trap centers. The photoexcited charges will be re-
trapped and reexcited out of the traps until they finally drift out of
the illuminated region and are trapped. Therefore, a space-charge field
is created between the positive ionized centers and the trapped negative
charges. This space-charge field causes the spatial variation of the
refractive index via the electro-optic effect of the sample. The need

21 by

for an internal field in Chen's model was removed by Glass et al.
introducing the concept of high-field photoeffect. They found that the
current inside the crystal is due to a bulk photovoltaic effect and not
due to internal fields.

Johnston25 proposed a light-generated polarization pattern to
explain the variation of the refractive index. In his model, an extremely
high density of free electrons is required to generate the large field
necessary to account for the variation of the refractive index.

Another model has been proposed by Amodei.z6 He has pointed out
that charge migration by diffusion is an important factor in holographic
recording for sufficiently small grating periods. He has shown that even
in the absence of an internal field or an externally applied field, the
photoexcited electrons still can migrate out of the illuminated region
by thermal processes. Further, he has derivedZB expressions for the
electric field patterns generated through drift and through diffusion,
respectively, for plane-wave holograms for the cases of the initial and
the steady-state stages of holographic recording.

Young et al.29 have generalized Amodei's formulation by removing



the assumption that the diffusion length is small compared to a grating
period. This treatment applies only to the initial stage of hologram
formation.

All of the above work has undoubtedly contributed greatly to our
understanding of the fommation of phase plane-wave holograms in crystals.
However, in none of these investigations is a comprehensive treatment
developed either to reveal the relaticnship between the grating profile
and the exposure for the entire process of holcgram recording or to de-

termine the grating profile by measuring the diffraction efficiencies of

the grating. In this dissertation, both of these two problems are solved.

1.4 Approach Taken in Thesis

The goal of this dissertation is to determine the grating shape
and physical mechanisms in lithium niobate holographic rescording. To
achieve this goal, a four part research program is conducted. Each part
of this research program is respectively presented in a chapter.

Chapter II presents a method for calculating arbitrary-order dif-
fraction efficiencies of thick, lossless transmission gratings with ar-
bitrary grating shapes. A Fourier-series representation of the grating
profile is employed, along with a coupled-wave theory of diffraction.
For illustration, numerical values of the diffraction efficiencies at
the first three Bragg angles are calculated for sinusoidal, square-wave,
triangular, and saw-tooth gratings. Numerical results for the same gra-
tings with the same parameters are also calculated for comparison, by
extending Burckhardt's numerical method for analyzing thick sinusoidal

gratings. The comparison shows that the coupled-wave theory provides



results with relative computaticnal ease and results that are in agree-
ment with calculations obtained by extending the more-rigorous Burckhardt
theory to nonsinusoidal grating shapes and to higher-order Bragg angles.
The descriptions of the extended Burckhardt theory for H mode and E mode
polarizations are presented in the appendix.

Chapter III presents the description of the relationship between
the grating profile and the exposure for the entire range of exposures.
This is accomplished by numerical methods. The electric field patterns
generated through diffusion and drift of electrons are obtained. The
treatment allows for the presence of an effective electric field due to
the photovoltaic effect and an externally applied electric field. The
results of this approach agree with those of the existing analytical
.methods.

In Chapter IV, a method for determining the refractive index pro-
files (grating shapes) of thick dielectric gratings is presented. This
method, based on the coupled-wave theory, requires a knowledge of the
modulation ratio and the fundamental and the higher-order diffraction
efficiencies of the grating. The method also allows for the presence of
an effective electric field due to the bulk photovoltaic effect and an
externally applied electric field. The calculational accuracy of the
method is tested by determining the grating profile from the calculated
diffraction efficiencies of known grating profiles. In addition, as an
illustration of the method, the grating profile of a lithium niobate
holographic grating is determined from measurements of its fundamental
and higher-order diffraction efficiencies.

In Chapter V, three typical experiments under different experimen-



tal conditions are presented. The diffraction efficiencies of the grat-

ings are measured. With these diffraction efficiency data, the refrac-

tive index profiles of the gratings are determined using the method des-

cribed in Chapter IV. The magnitude as well as the direction of the ef-

fective electric field during recording is estimated by means of the least

square best fit of the analytical expression to the predicted grating

profile. The relative amounts of diffusion and drift in a hologram re-

cording are also calculated.



CHAPTER II

ARBITRARY-ORDER DIFFRACTION EFFICIENCIES OF THICK GRATINGS

2.1 Introduction

The diffraction of a plane wave by a thick sinusoidal grating at
or near Bragg incidence has been considered by Burckhardtjl and by Kogel-
nik.9 Burckhardt has treated this case by solving the exact electro-
magnetic boundary-value problem and has obtained numerical results with
a digital computer to determine the eigenvalues of a matrix and to solve
the resulting set of linear algebraic equations. Kogelnik has obtained
a closed-form expression for the diffraction efficiency at the first-
order Bragg angle by employing a coupled-wave theory. Coupled-wave
theories have been used successfully in the treatment of light diffrac-~
tion by acoustic waves.32’33 Recently, Chu and Tamirja treated this
problem by using a guided-wave technique. They assumed sinuscoidal moedu-
lation of the relative permittivity by the sound wave. Their treatment
was based on a rigorous modal approach, utilizing the interrelationships
between the characteristic-mode and the coupled-mode representations.
With their method, not only the diffraction efficiency at the first order
but also that of any higher order can be obtained.

In this chapter, the coupled-wave approach is extended to examine
the first- and higher-order diffraction efficiencies of thick, arbitrary-
shape gratings. Because of the periodicity of the grating, a Fourier-

series representation of the grating is employed. The gratings are
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assumed to be lossless. The reflections at surfaces of the gratings are
at first neglected in the derivation, because, in practice, these can be
eliminated by antireflection coatings. When surface and internal reflec-
tions are present, the results are corrected by a multiplicative trans-
mittance factor.35 For illustration, numerical values of the diffraction
efficiencies at the first three Bragg angles are calculated for sinusoidal,
square-wave, triangular, and saw-tooth gratings. For comparison, numeri-
cal results for the same grating shapes with the same parameters are also
calculated by extending Burckhardt's numerical method (see Appendix).

The comparison shows that the results from these two methods are in close

agreement and that the present method 1s computationally simpler and more

efficient.

2.2 Theoretical Analysis

The model for a thick periodic grating is represented by Fig. 1.
The x axis is chosen in the plane of incidence and parallel to the sur-
faces of the medium, the z axis is perpendicular to the surfaces of the
medium, and the y axis is perpendicular to the page. For convenience,
the fringe planes of the grating are assumed to be perpendicular to the
surfaces of the medium and to the plane of incidence. The grating vector
Rfis, therefore, parallel to the x axis. Thus, for lossless periodic
gratings, the fringes of the grating can be represented by a spatial

medulation of the relative dielectric constant

E o
e (x) = sLx) e+ ¢ [echcos(th) + E%hsin(th)], (1)
h=1



Figure 1.

Geometry of a Thick Grating with Unslanted Fringes.

11
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where K = 2 m/L, L is the period of the grating, e is the average value

of € ot and Bl and €.y 2re the spatial modulations of € the subscripts
¢, s, and h denote the quantities connected with the cosine gratings, the
sine gratings, and the h th-harmonic grating, respectively. Correspond-

ing to the distribution of the relative dielectric constant, the distri-

bution of the refractive index of the medium is

n(x) = i, hgl [nchcos(th) - nshsin(th)], (2)

where n is the average refractive index of the medium, and non and n_y

are the spatial modulations of n (no >> 10, nsh)'

There are two typical polarizations for the electric field of the
incident wave; it can be polarized either perpendicular to or parallel
to the plane of incidence.

2.2.1 H-Mode Polarization

In this case, the electric field of the incident wave is polarized
perpendicular to the plane of incidence. Assume that the incident wave
is of the form exp[j(nox ¥ B = wot)]. The wave propagation in the gra-

ting can be described by the scalar wave equation
[v? + ke (0)]B(x,2) =0, (3)

where k = 2 ﬂ/kr, A is the free-space wavelength of the incident (read-
ing) plane wave, and E(x,z) is the complex amplitude of the y component
of the electric field, which is independent of y.

Bquation (3) has been solved by Burckhardt,3l using separation of
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variables, an infinite-series solution for the x-dependent equation, and
a matrix method to solve the eigenvalue problem associated with a trun-
cated set of the resulting infinite system of equations. This approach
has been used to obtain numerical results for sinusoidal gratings.
Kaspar36 has extended Burckhardt's method to find the diffraction effi-
ciency for nonsinusoidal absorption gratings. He has pointed out that
when the absorption is strong, the phase-grating contribution to the dif-
fraction efficiency is very small.

Chu and Tamirjq have shown that the field inside the grating can
be described in terms of coupled modes if the modulations of the relative
dielectric constant (or the refractive index) are very small. In general,
in addition to the zeroth mode, many higher-order modes are excited, be-
cause of the presence of the grating. For an incident wave (zero-order
mode) of wavelength Ay and at an incident angle 8, the fundamental grating
will diffract this wave if the Bragg condition, mkr = 2L sineg, 1s satis-
fied or nearly satisfied. For this particular wavelength and angle, the
harmonic gratings may or may not produce diffraction, depending on whether
or not their corresponding Bragg conditions are satisfied or nearly satis-
fied. These diffracted modes of the fundamental and the harmonic gratings
propagate in the same direction,

The dimensionless quantities
2
1, = 2(L/hA)%e,, h=1,2,3, -, (4)

and
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2 _
g g = 2(L/hlr) € h=1, 2,3, **° (5)

34,37

are called the effective-modulation indices. Because €oh and €h
would typically be 10"4 or smaller, dap and ag, are small even if L is
many times as large as Ar. For example, if 8= 50 and € = 10", then
Q. = 0.0066. When q is very small compared to unity, it can be shownja
that two coupled-wave equations and therefore two modes are sufficient
to describe the coupling effects when the incident angle is equal to or
near the Bragg angle. Therefore, for an incident wave of wavelength A,

and at an angle 6, the electric field inside the grating can be written

as the sum of the fundamental mode and an arbitrary mode
V) AV L i L 6)
E(x, z) = 5 (z)exp(jnx) + S (2)exp(jn x), (
i

where Eo and n, are the zeroth-mode and the m th-mode (with respect to

the fundamental grating) transverse wave numbers, respectively. The

continuity of the electric field at z = 0 and the Floguet theorem require

Il

N, - 2mm /L. The notations with ~

N . N
that no = RS k sing, and nm = nm

on the head denote the quantities inside the dielectric medium when the
gratings are present. The integer subscript m represents the m th-order
diffraction. The integer h represents the h th-harmonic grating. Dif-
fraction occurs when the h th-harmonic grating satisfies or nearly satis-
fies the Bragg condition moA, = 2(L/h) sing , where m represents the
m_ th-mode (with respect to the h th-harmonic grating) excited due to

the h th-harmonic grating. Exact Bragg conditions occur when m is equal

to m/h, where h divides evenly into m. Near-Bragg conditions occur for
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the wavelength A when (i) the angle of incidence is near, but not equal

to 6. and/or (ii) when the value of m is large, and h divides nearly

evenly into m, so that m/h is almost an integer. Thus gm(z) in Eq. (6)

represents the total amplitude, together with the propagation factor in

the z direction, of the diffracted mode due to all of the gratings that

satisfy or nearly satisfy the foregoing Bragg condition. At the boundary
v "

z =d, SO propagates at the angle qm’ whereas Sm propagates at an angle

eé, which is determined by
B' = - sin“l(n /k) = ~ sin"l(sine - m)ul_/L). (7)
m m m

The diffracted modes due to the gratings that are far from obeying the

n
Bragg condition are assumed to be negligibly small compared with SO and

gm' Therefore, the interaction between go and gm can be characterized
by the coupled-wave euation539
dg m
EEQ - jgégo - J ( i (Cchm * jcshm )) é& =0, (8)
h h
dgm _ W m B
iz ~ %n°n " J ( g (cchmh B jcshmh)) T B (9)

where Eg and Eﬁ are the longitudinal wave numbers inside the medium when

.
the grating bsent, T i by £ = 2 B, =
gratings are absent hey are given by Ess k(gro) cosgb}TI and Em
2 L Bk : ;
{k Es = [kiﬁrol sing - (2mn/L)1}2, where b+ the refraction angle in
1
V2

the medium, 1s given by o = sin_l[(sinq#/(éroi 1. The notations with a

bar on the head denote the quantities inside the medium when the gratings
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are absent. For a given value of the integer m, the subscript h may be

any integer that divides evenly or nearly evenly into m, provided that

m
the corresponding h th-harmonic grating exists. The symbol 1 denotes the
h
summation over all of these possible values of h. The coupling coeffi-
n
cients in Eqs. (8) and (9) are given by3 38
e 2 m
- 1 1 i 2 1 h
Cchmh - - (mh—l) (575) f[(qch) * (qsh)?] }
£ T &n \(2) (mh - 1)
-1
x cos[m, tan (Esh/ech)]’ (10)
e
2 1 I
1 i 2 51 h
= +
cshmh = = T, -1) (575) { [(agy) <qsh)ﬁ |
8 T En 2) (mh - 1) !
x sin[m tan"l(e /e )] (11)
h sh’ "ch’ 4’
If the grating does not exist, Cchm = Cshm = 0, there is no coupling
h h

between 50 and Eﬁ and therefore no diffraction. Under this condition,
only Eq. (8) has physical significance. It represents the propagation
of the furdamental mode (incident wave) inside the medium.

The solutions of Eqs. (8) and (9) are of the form

v 4V
A exp(je z) + B exp(je z), (12)

we
—
s
—
I

S (2) = A exp(JE_2) + B _exp(J 2). (13)
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" "
The wave numbers £ and Em can be found directly by substituting Egs.
%)

(12) and (13) into Egs. (8) and (9). They are

2

£+ B B =B m 2 /m 2
g - [&] m t [(go m ) +( T (] - ) = ( by qum ) J F (lq‘)
2t 2 2 h “"n h ™y

where the plus sign corresponds to Eo and the minus sign to Em' The

ol

constants AO, Bo' Am' and Bm are determined by the boundary conditions

and

m 4" i
(i (Cchmh - ‘]Gshmh)> Ao h (Eo - E;1'11)Am = O (15)
z ( )) F o) (16)
z (C - iC B -(g -¢)B =0, 1
(h chmh shmh 0 m m m

which are obtained from Eqs. (9), (12), and (13). To specify the boundary
conditions, the amplitude of the incident wave is assumed to be unity at

z = 0 so that, from Eq. (12),
ny
s(0) =A +B =1, (17)

Initially, the amplitude of the diffracted wave is zero. Therefore,

evaluating Eq. (13) at z = 0 gives

4"
sm(o) il o Bm = B (18)

Solving Egs. (15), (16), (17), and (18) for Al Bo' A, and Bm gives
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1l
N
.
oy
e}
|
|
=
o
+
o~
o |
I
!
S
[ae]
+
ey
L—
T
o il o =1
=X
5
3
e SRR
4V]
+
_
o o =1
|
Z
ol
o R
fav]
|
e —
nej
\-,_‘_____/

fn " bm
B =7 v
° &0 T &nm
_ m 2 m 2 5
(e -5+ & 57 [(F o) [ o) N)/
2 m 2 m 2493
o[ o] o))
A =-B
m m

F) . (21)

For the exact Bragg condition, Em =¢ and ' = Bm. Hence, Egs. (14),

(19), (20), and (21) become

( m 2 m ) 2
5 C +zr : (22)
\h oy ) ( - J

(23)
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(24)

_ m 2 m 2%
SO(Z) = GXP(jEOZ)COS{[(i Cchmh> + (i cshmh) ] z}, (25)

5,(2) = 52 _exs(JE 2)

m 2 m %
X sin{[(h Cchmh) L (i Cshmjj! Z}, (26)

chmh and Cshmh are given by Egqs. (10) and (11) with Em = Eo' and

A is given by Eq. (24). Equation (26) is the general formula for the

s |

where C

m th-diffracted mode due to any periodic grating when the incident angle
of the zeroth mode satisfies the Bragg condition m J\r=2L sinem. The

diffraction efficiency for the m th order of diffraction is defined as

- Em(d) E;(d)/%é(o) E;(o), (27)

where the asterisk denotes complex conjugate. For exact Bragg conditions,

5 m 2 m 2%
. = 5. \ E E
DE in H(h cchmh) + (h csmh) ] d}. (28)

Upon substituting Eqs. (10) and (11), with Eﬁ = Eo' into Eq. (20) and
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performing some algebraic manipulations, we find that

L(mh—l) 2
(m, -1)

m kil

DE sin

Il

Z
b (2)B \(n - 1)2(h)

{[(Ech)z i (Esh)zj%}mh —- [mhta‘n—l(gsh/ech)}
. (2mh—l) .
(x)

r

EE
(Ero) cos¢

O Vleg)® + )

m, -1) 2m, -1
(2) * \ (m - i “r)( ER

T L

2

tole

sin{m, ta _1(6 e )
ln[ h ?1 sh/ ch-] (29)

4

Fl
(ero) cos¢

Equation (29) is the general expression for the diffraction efficiency
at the m th-order Bragg angle for a periodic grating of arbitrary grating
For example, the first-, second-, and third-order diffraction

shape.

efficiencies for a grating, whose dielectric constant profile can be

expressed as a Fourier sine series, are

e -wd

DE, = sin2 511 ; (30)
. 22 (e_ )cosd

r* ro 1

fo)

i

S
pafps

, (31)

o

zAr(Ero) cos¢2
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and

Ll&(ssl)3 m d

. (32)

DE., = sin € . = T
- lé(lr)4 2¥r(€ro)2cos¢3
In Eqs. (30), (31), and (32), only the Fourier grating components €1
ész, and 653 are.required to evaluate the diffraction efficiencies DEI'
DEz. and DEB' Table 1 gives these Fourier components, normalized to the
amplitude of the fundamental grating &1 for gratings having sinusoidal,
square-wave, triangular, and saw-tooth dielectric constant profiles.
Note that the sinusoidal, square-wave, and triangular grating shapes can

each be represented by a Fourier cosine series also. In this case, the

resultant diffraction-efficiency expressions contain only €10 o0 and

9

ECB' If Ny << Ny and N, << n, which are true in most cases,” it can
1
, _ _ . .
be shown that e, =2nn, and e, =2nn,. Therefore, with (Ero) n_s
Eq. (29) becomes
-1 2
DE = ain? Ik L(mh ; 1)
£, = sin i (mh_l) (no)
h Mmy- 1) !(h)
L
2 2951 h 2
i ‘i[(n(‘h) + (nsh) ] j COC'[ITI tan_l(n h/n )]
(2mh-I) i b sh/ “ch
(2,)
m L(mh-l) 2 (mh"l)
* § (n_)
y (mh—l) o
h (mh— 1) !'(h)
2 24 21%
+ 2 2
X {[(nCh) ) il sinfm tan"I(n /n )] ra (33)
(2mh-1) h st/ “eh cos¢ '

(A

L



First Three Fourier Components for Various Relative

Table 1.
pielectric Constant Profiles (Grating Shapes). Com-
ponents are Normalized to the Amplitude of the Funda-
mental Grating e .
sl
Grating Sinusoidal Square-wave Triangular  Saw-tooth
component grating grating grating grating
ta/ &g : 1 4 L
Esz/ Bl 0 0 0 -1/2
0 1/3 -1/9 1/3

503/ By

=l L=l
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The results calculated with Egs. (30) - (32) do not agree with
those calculated by use of Burckhardt's matrix method. This is because
Burckhardt takes the boundary reflections into account, whereas they are
not included in the foregoing derivation. The results may be corrected
to include boundary reflections by multiplying the diffraction efficiency

by the transmittance factor
2 2 212 2
t, = (1 =& ) [1 + 2R cos(2g4d) + (R)“]/A[1 - (R )T+ 4(R )

X [coszfthd) + cosz(ZqﬁdI] - QHm[l + (Rm)%]coa(Z\hd)cos(2f%d)}, (34)

|

where R = sinz(em - ¢m)/sin2(em - ¢m), g =B “(aro) (cosqm)/}r, and

B = [(ZIQ Cohmh)z + (ZIE Cshmh)zj% evaluated with Em = g& for exact
Bragg conditions. This factor is the same as the transmittance factor
derived by Kogelnik and given as Eq. (8) in Ref. 35, but with vd in that
equation replaced by the argument of the sgquared sine function in Eq.
(28). This allows generalization to higher diffraction orders and non-

sinusoidal gratings.

2.2.2 E-Mode Polarization

When the electric field of the incident wave is polarized parallel
to the plane of incidence (E-mode polarization) and also of the form
exp[j(nox tEZ - mot)], the wave equation that describes the wave pro-
pagation in the grating is

2 _ .
vE—v(V-E)+k26r(x)E=O. (35)
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Here, in contrast to Eq. (3), the electric field is described by the vec-
tor quantity E and the term v(v . E ) is not necessarily zero. However,
the electric field inside the grating can also be written as the sum of

the fundamental and an arbitrary mode as given by Eq. (6), but with the
LV 7]

Ao n, T
scalar quantities E, So’ and Sm replaced by the vector quantities E, So'

W
and Sm’ respectively.
i

Assume that both §; and §; represent transverse waves and that the

polarizations of g; and E; do not change inside the grating. Then,

5 () = 8 ()5, (36)
5 (a) = 3(a)2, (37)

W N A
where SO(Z) and Sm(z) are the scalar amplitudes of the two waves and §

and ém are the unit polarization vectors independent of z., Therefore,

the coupled-wave equations for this case are

ds 5 m n
_ 0% L amE o £(., +3. )]S & =0 (38)
dz "o " J8% S5 T J chm Y¥shm m m ¥
h h h
and

5
ds m

m - ‘.—"'\.a e Ny s
=l g . 3 -5z - 3 < 0.
dz °m ~ ¥np Sy T ( ” (cchmh Jcshmh)) By Ty = B (39)

After forming the dot product of %O with Eq. (38) and of ém with Eq. (39),

we have



25

as_ s m Y e B
dz Y €o50 = ( E (Cchm * o )> (So * §y) Sp=0, (k0)
h h
d%‘ "\ n "
_sE X - 3 S +8)S =0. (4
Ca 358 -9 (o Jcshmh>) (6, - 5) 8 =0. ()

They are similar in form to Egs. (8) and (9). The only difference is a
reduction of the effective coupling coefficients by the dot product

(éo . %m] of the two unit polarization-vectors. For transverse waves,
it can be shown that (éo . ém) is equal to cos(ZBm). Therefore, similar
to the solutions for H-mode polarization, the general expression for the
E-mode diffraction efficiency at the m th-order Bragg angle of an arbi-

trary periodic thick transmission grating is given by

L(mh—l) 2

m

v o
DEm = sin -l)

o M3z

m (m
(2) * \(m-1)t(n) "

1.0 1 -
{[(e0% + (e )T} Peos[m tan (e /e )]

(2m, ~1) =
h (Ero)zcosﬂn

(1)

n . ( L(mh—l) 2 {[(ECh)2 " (gsh)z]i} h

+ z
i m (m -1) 2m -1
G \(mh— 1)!(n) ° (Ar)(_ =
sin{m ta -l(s e ) b
x [ 2 n; Sh/ L J d cos(26 ) |. (42)
(Ero)acosﬁn 2

Corresponding to Egs. (30), (31), and (32), the first-, second-, and

third-order diffraction efficiencies for a grating, whose dielectric
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constant profile can be expressed as a Fourler sine series, are

e .md cos(26. )
DB, = sin2< - 4 ) , (43)

=
2 A.r( e-ro) cos®,

TN 1
L (e ) 2 1d cos(26,)
DEZ = sin® <—-—-—-——SLZ + (552)2 T e g (44)
b( )‘r) 2 Ar( Ero) “cose,
and
b 3
L(e ) 7 d cos(286,)
DE, = sin® <653 - = 4> — ] : (45)
2
16( J\r) er(ﬁro cos¢3

Again, for n , << n_ and B << B, Eq. (42) can be rewritten as

(m,_-1) 2
DE = sin? {[? ( 2 ki (m -1 ) (n )(mh_l)
m h m, - ) o
(mh- 1) !(h)

{[(nc )2 + (ns )2].21—}“‘]:1 ] 2
X 4 (Emh}jl) cos[mhtan l(nsh/nch)]

(2,)
2 140
dz L) L {[(n )%+ (n) "]} "
" (11 ] l) !(h)(mhwl) o] (Ar;zmh—l)

ol

rd CGs(zem)

2
X sin[mhtan_l(nsh/nch)]] } S04, ; (46)
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Similar to H-mode polarization, the results of Egs. (43), (44), and (45)
may be corrected to include boundary reflections by multiplying by the
transmitiance factor as given by Eq. (34) but with Hm in that equation

; 2 2 ¢ i
bei derined R =+t - t + . In addition, for
eing ined as R an (sm ¢m)/ an (em ¢m)
this polarization there 1s a trivial case of a Bragg angle of QSO where

-~

(so . §n> = 0 and the intensity of the diffracted wave goes to zero.

2.3 Results and Comparison with Numerical Method

The coupled-wave analysis in the preceding section was numerically
implemented on a digital computer and calculations were performed for
gratings having sinusoidal, square-wave, triangular, and saw-tooth dis-
tributions of the dielectric constant.

2.3.1 Results for H-Mode Polarization

Tables 2 and 3 give numerical values for the H-mode diffraction
efficiencies (without boundary reflections) at the first-, second-, and
third-order Bragg angles for these gratings. Diffraction efficiencies
of less than 5 x 10“&% have been listed as mero in the tables. Table 2
presents data for gratings with a fundamental spacing of L = 3.6303 pm
(resulting from recording with two beams of Ar=632.8 nm at 91= t 5.00).
Table 3 presents data for gratings with a fundamental spacing of L =
1.822 pm (resulting from recording with two beams of xr=632.8 mm at 81=
i 10.00}. The H-mode transmittance factors for these gratings are given
in Tables £ and 5. In tables 6 and 7, the H-mode diffraction efficien-
cles with boundary reflections included are presented for the same set
of gratings. These results represent DE1 T DE2 T and DE3 Tj as ob-

tained frem Eqs. (30) — (32) and (34) with S 203028 (value used in
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Refs. 30 and 34) and B lohhﬁro. For comparison, the results obtained
by extending Burckhardt's numerical method (see appendix) to nonsinusoi-
dal gratings are also shown in Tables 6 and 7. These results were cal-
culated by programming an extension of Burckhardt's method on a digital
computer and solving the eigenvalue problem and the set of linear alge-

braic equations. Tables 6 and 7 show that the results of these two me-

thods are in close agreement; the deviation between these two methods

%.

does not exceed 2.8% for diffraction efficiencies larger than 5 x 10
Diffraction efficiencies smaller than 5 x 10'@% are less significant
physically because the corresponding low-level diffracted intensities
are difficult to measure. In addition to the results in Tables 6 and 7,
calculations were performed for other grating thickness30 (10 and 100 pm)
and another wavelength (514.5 nm). It was found that the deviation
between the coupled-wave analysis and the numerical method does not ex-
ceed 6.7% for any case with a diffraction efficiency larger than 5x10~§%.
Typically, the percentage deviation is a few tenths of one percent.

2.3.2 Results for E-Mode Polarization

Tables 8 and 9 present the E-Mode diffraction efficiencies with
boundary reflections included for the same set of gratings. These re-
sults were obtained from Eqs. (43) — (45) and (34) with the appropriate
Rm. The results obtained by extending Burckhardt's method to nonsinusoi-
dal gratings for this polarization are also given in the tables for com-
parison, The comparison shows that the results of these two methods are
also in good agreement for this polarization.

2.3.3 Comparison with Numerical Method

Although Burckhardt's numerical approach is rigorous, a number of
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Table 3. Same as Table 2 but for Grating Periodicity Length L = 1.8221um.

Grating Diffraction Diffraction Efficiency
Fhicknes? order (in % with power of ten in parentheses)
microns
Sinusoidal Square-wave Triangular Saw-tooth

grating grating grating grating
1 3.262a3§ 3.265—3% 3.265-33 3.26?-3?

15 2 0.00(-5 0.00(-5 0.00(-5 8.49( -
3 0.00(-5)  4.05(-4) 4.50(-5)  4.05(-4)
1 3.62§~2% 3.62%-2) 3.625-2) 3.62§-2§
50 2 0.00(-5 0.00 -5§ 0.00(-5) 9.43(-3
3 0.00(-5)  4.50(-3 5.00(-4)  4.50(-3)

1 1.38E+1) 1.38§+13 1 38E+1g 1.38(+1

1000 2 1.40(-5) 1.40(-5 1.40(-5 3.73(+0
3 0.00(-5)  1.79(+0) 2.00(-1)  1.79(+0)

1 2.925+1) 2.92§+1; 2.92€+1 2.92§+1

1500 2 3.15(-5) 3,15(-5 3.15(-5 8.25(+0
3 0.00( =5) 4.00(+0) 4.49(-1) L ,00(+0)

1 4.76§+1; 4.?6E+1§ 4.?6§+1g 4, 76(+1

2000 2 5.60(-5 5.60(-5 5.60(-5 1.44(+1
3 0.00(-5)  7.03(+0) 7.98(-1)  7.03(+0)
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Table 4. H-Mode Transmittance Factor at the First-, Second-, and Third-
order Bragg Angles for Gratings With the Same Average and
Fundamental Fourier Grating Components. The Grating Parameters
Are: € = 2,3225, €., = lO“uE}O, L = 3.6303 pm, and the Wave-

1engthr01r=0.6328 um?l

Grating Diffraction Transmittance Factor
thickness order
(microns) Sinusoidal Square-wave Triangular Saw-tooth
grating grating grating grating
1 1.09 1.09 1.09 1.09
15 2 0.95 0.95 0.95 0.95
3 L.03 1.03 1,03 1.03
1 0.72 0.72 0.72 0572
50 2 0.91 0.91 0.91 0.91
3 0.89 0.89 0.89 0.89
1 0.89 0.89 0.89 0.89
1000 2 1.20 1...20 1.20 1.8
3 1.01 1.01 1.01 B
1 1.05 1.05 1.05 1.05
1500 2 0.70 0.70 0.70 0.72
3 0.96 0.96 0.96 0.96
1 0.83 0.83 0.83 0.83
2000 2 1.20 1.20 1.20 1.14
3 0.74 0.75 0.74 0.75
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Table 5. Same as Table 4 but for Grating Periodicity Length L = 1.822lum.

CGrating Diffraction Transmittance Factor
thickness order
(microns) Sinusoidal Square-wave Triangular Saw-tooth
grating grating grating grating
1 0.96 0.96 0.96 0.96
15 2 Q.75 0.75 0.75 0.75
3 1.19 1.19 1.19 1.19
1 0.89 0.89 0.89 0.89
50 2 0.67 0.67 0.67 0.67
3 0.74 0.74 0.74 0.74
1 0.93 0.93 0.93 0.93
1000 2 Lol 1.1 Tad L 1.10
3 0.61 0.61 0.61 0.61
1 1.01 1.01 1.01 1.01
1500 2 1.00 1.00 1.00 0.99
3 0.76 0.77 0.76 0.77
1 0.82 0.82 082 . 0.82
2000 2 0.88 0.88 0.88 0.89
3 1:23 1.19 1:23 1.19




Table 6. Conparison of HMde DffractionEficiency in Percent at the First-, Second-, and Third-
order Bragg Angles for Transm ssion Gatings Wth Boundary Refl ections and Wth the Sane
Average and Fundarental Fourier Gating Conponents. The Grating Paraneters Are e =2. 3225,

e = 10" e , L =3«8303 nm and the Wavelength A =0.6328 um D ffractionEficiencies
of Less ThaR5 x 10" ™ Are Listed as 0.00(-5). *

Dffraction Efficiency (in % wth power of ten inparentheses'

Gating Dffraction S nusoi dal Squar e- wave Triangul ar Saw-t oot h
t hi ckness or der grating grating grating grating
(m crons)
Coupl ed Coupl ed Coupl ed Goupl ed
wave Mat ri x wave Mat ri x wave Matri x wave Mat ri x
1 3.53(-3) 3-53(-3 3.53(-3) 3.53(-3 3.53-3 3.53-3 3.53G3) 3.53(-3
15 2 0.00(-5) 0.00(-5 0.00(-5) 0.00(-5 0.00(-5) 0.0i(-5) 7.75(-") 7.73(-*U
3 0.00(-5) 0.00(-5) 3.78(-4) 3.78(-4) 4.20(-5) ~.2n(-5) 3 78(-4) 3.83(-4)
1 2.58(-2) 2.58(-2 2.58(-2) 2.58(-2 o 58(-2) 2.58(-2 2.58(-2) 2.58(-2)
50 2 0.05G 5) o0.00(-5 0.05(-5) 0.03(-5 ¢ 05(-5) 0.i3(-5 8.25(-3) 8.36(-3)
3 0.00(-5) 0.00(-5) 3.65(-3) 3.6"(-3) k.05{-b) = 4. 08(-4) 3.65(-3) 3.70(-3)
1 .21 (+) 1.20(+ 1.21(+) 1.2 (H .21 (+) 1.21(+ 1.2 (+H) 1.21(+1)
1000 2 2.53(-M 2A6(-4 2.53(~M 2.46(-4 2.53(-M 2A6(-4 ~. 23(+0) *K26(+0)
3 0.00(-5) 0.00(-5) 1.&K+0) 1.&K+0) 1.83(-1) I.&MW 1) 1.64(+0) 1.66(+0)
1 3.03(+) 3.03(+ 3.03(+) 3.03(+ 3.03(+) 3-02(+ 3.03(+) 3.02(+)
1500 2 3.33(-7) 3.12(-4 3-33(-4) 3.12(-~ 3.33(’+) 3.12(-4 5.69(+0) 5.75(+0)
3 0.00(-5) 0.00(-5) 3.79(+0) 3.79(+0) 3.92(-1) 3.95(-1) 3.79(+0) 3.53(+0)
1 3.92(+) 3.92(H 3.92(H) 3.92(+) 3-92(H) 3.91(+) 3-92(+H) 3.9 (+)
2000 2 1.01(-3) 9.76(-4 1.01(-3) 9.76(-4) 1.01(-3) 9.76(-4) 1.57(+) 1.58(+1)
3 0,00(-5) 0.00(-5) ~.83(+0) ~.83(+0) 5.39(-1) 57°3(-1) *k83(+0) 4.90(+0)



