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SUMMARY

The rapid growth of Distributed Energy Resources (DERs), electri�cation, and the push

for decarbonization are transforming the operational landscape of power distribution sys-

tems, creating new challenges and opportunities. This thesis presents novel contributions to

advance distribution system modeling and energy scheduling methodologies, focusing on

improving ef�ciency, reliability, and scalability. The key contributions are categorized into

three main areas: (i) development of a standardized distribution modeling framework, (ii)

proposing and enhancing energy scheduling formulations, and (iii) applications to critical

operational problems. A generalized modeling framework based on primitive admittance

matrices is proposed, offering seamless translation between standard and per-unit represen-

tations. Based on this framework, we extend the traditional forward-backward sweep iter-

ative technique for solving the nonlinear power �ow equations. The enhancements to tra-

ditional energy scheduling formulations incorporate realistic distribution system features,

including three-phase networks, loss penalties, reactive power considerations, and a branch

constraint screening algorithm. A novel scheduling approach is proposed using the custom

forward-backward sweep equations for providing a sequential linearization approach to the

exact nonlinear optimization model. Empirically, we demonstrate that the proposed formu-

lation obtains near-optimal primal solutions while reducing computation times by an order

of magnitude. Some of the considered Applications include dynamic pricing for Electric

Vehicle (EV) smart charging, scheduling-based operating envelopes for DERs, and a web-

based interactive visualization interface for supporting sense making when analyzing oper-

ations planning results. The EV charging model illustrates how smart strategies can defer

infrastructure upgrades, while operating envelopes dynamically manage DER uncertainty

by computing in-advance maximum power injection limits. Additionally, a web-based in-

terface was developed to analyze and support sense-making of operations planning results.

Together, these advancements support the integration of DERs, enhance grid �exibility,

xxi



and provide tools for modern distribution network management in a rapidly evolving en-

ergy ecosystem.
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CHAPTER 1

INTRODUCTION

The electric power grid is undergoing a fundamental transformation. Traditionally designed

for one-way power delivery–from large, centralized power plants to passive consumers–the

grid is now evolving into a dynamic, distributed system with a myriad of �exible resources.

This shift is largely driven by the increasing deployment of Distributed Energy Resources

(DERs), such as rooftop solar panels (PVs), battery storage systems (BSSs), electric ve-

hicles (EVs), and demand response loads (DRs). These technologies are connected at the

distribution level of the power system. The portion of the grid responsible for deliver-

ing electricity from substations to end users, typically through low- and medium-voltage

networks.

Unlike the transmission grid, which is relatively balanced and modeled with aggre-

gated behaviors, the distribution grid is characterized by its three-phase and multi-wire

representation of unbalanced loads and branches, radial or weakly meshed topologies, and

a growing number of controllable and stochastic devices. This complexity presents new

challenges for system operators, particularly in the area of operations planning, the task of

scheduling controllable resources over a planning horizon (e.g., hours and days-ahead) to

ensure reliable and cost-effective grid operation.

Operations planning in distribution networks must account for a range of technical and

economic constraints: maintaining voltage levels within allowable limits, balancing sup-

ply and demand across all phases, coordinating devices with discrete or time-coupled be-

haviors, and managing uncertainties introduced by variable generation and user behavior.

Moreover, these decisions must often be made in real-time or near real-time, making com-

putational ef�ciency and interpretability crucial.

Despite signi�cant advances in distribution system modeling and optimization, key
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gaps remain between research developments and real-world practice. Most existing tools

and formulations rely on oversimpli�ed network representations, neglect detailed device-

level considerations, or fail to scale to large, realistic feeders. In practice, the vast major-

ity of distribution utilities do not yet implement Optimal Power Flow (OPF) methodolo-

gies. Instead, their operational focus remains on managing voltages and minimizing losses,

rather than actively scheduling or optimizing distributed energy resources (DERs). While

the OPF problem is well established in the context of transmission systems and real-time

operations, less attention has been given to the Energy Scheduling (ES) problem—also

known as Multiperiod Optimal Power Flow (MOPF)—which is more relevant for planning

the operation of emerging DER-rich distribution systems under uncertainty and temporal

constraints.

1.1 This Dissertation

This dissertation addresses these challenges by developing a standardized, scalable, and

trackable framework for distribution-level operations planning. The work is grounded in

three core areas:

1. Distribution System Modeling: The study introduces a detailed representation of

unbalanced, three-phase networks using analytically derived primitive admittance

matrices. It also leverages sensitivity analysis and power �ow linearization tech-

niques—derived analytically and through perturbation-based methods—to approxi-

mate system operation.

2. Energy Scheduling Formulations: Building on these models, the research formulates

multiperiod scheduling problems that coordinate DERs and voltage regulation equip-

ment. These formulations incorporate device-level constraints (e.g., device limits,

dead bands, state-of-charge limits) and network constraints, which are compatible

with both commercial and open-source solvers. Additionally, the scheduling formu-
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lations are compatible with traditional power �ow modeling, but add DERs modeling

and optimization, which is not found in many tools.

3. Visualization and Decision Support: Recognizing the importance of interpretability,

the work integrates spatio-temporal information visualization techniques. A dedi-

cated software architecture is developed to support decision-making by enabling op-

erators and researchers to explore scheduling outcomes and system behavior across

time and space.

In doing so, the dissertation contributes to the state of the art in power systems op-

erations by bridging the gap between high-�delity distribution system models and scal-

able, solver-friendly scheduling formulations. It demonstrates the importance of integrat-

ing power system physics, computational optimization, and visual analytics to address the

emerging needs of distribution network operations in the age of distributed energy.

1.2 List of Published Research

Most of the following chapters are sections from published or forthcoming papers. A list

of published works is provided alongside the corresponding chapters of this dissertation.

chapter 3: Talkington S., Turizo D., Grijalva S., Fernandez J., D Molzahn, “Conditions for Estimation

of Sensitivities of Voltage Magnitudes to Complex Power Injections,” IEEE Transactions on

Power Systems vol. 39, 2024, pp. 478 - 491.

chapter 4 Fernandez J., Grijalva S., “Penalty factor-based formulation to support energy scheduling

under highly constrained lines in distribution systems,” Texas Power and Energy Conference

(TPEC), 2022, ISBN- 978-1-6654-7902-8.

chapter 5 Fernandez J., Grijalva S., “Implicit Reactive Power Flow Representation to Support Distri-

bution System DER Energy Scheduling,” North American Power Symposium (NAPS), 2022,

ISBN- 978-1-6654-9921-7.
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Generalized Distribution Modeling
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CHAPTER 2

DISTRIBUTION SYSTEM MODELING

2.1 Introduction

Distribution system modeling plays a critical role in the planning and operation of mod-

ern electric power systems, particularly as distributed energy resources (DERs) become

increasingly integrated at the grid edge. Accurate models of distribution networks are

essential for understanding system behavior, ensuring reliability, and enabling advanced

decision-making in both operational and planning contexts. Unlike transmission systems–

where modeling often leverages simpli�cations such as balanced operation assumptions

which lead to symmetrical component decomposition– distribution systems are inherently

unbalanced, multi-phase, and radial in topology. These features necessitate more detailed

and specialized modeling approaches to properly capture their behavior.

Traditionally, distribution system modeling has been dominated by methodologies es-

tablished in specialized textbooks, i.e., Kersting's Distribution System Modeling and Anal-

ysis [1], or implemented in widely used open-source tools such as OpenDSS, which comes

with a detailed user manual [2]. These approaches are well-suited for conventional studies–

such as power �ow and short-circuit analysis–and rely on computations performed in base

electrical units (volts, amps, and ohms). This use of the International System of Units (SI)

facilitates interpretability and aligns closely with physical measurements, enabling intuitive

assessment of intermediate and �nal results.

Kersting's SI-based approach is grounded in a generalized matrix framework in which

network component (overhead lines, transformers, step-voltage regulators, and capacitor

banks) are modeled using matrices that directly relate terminal voltages and current �ows

in a way that can be directly employed for Forward Backward Sweep (FBS) power �ow
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computations. FBS is a �xed-point-inspired iterative solver for the nonlinear power �ow

equations that exploit the radial nature of distribution networks [3, 4, 5]. This modeling

approach requires deriving generalized matrices through circuit analysis, particularly for

different transformer models, where short-circuit admittances must be correctly referred to

the appropriate side (typically the secondary) of the transformer.

OpenDSS, on the other hand, adopts a modeling approach based on primitive admit-

tance matrices [2]. These matrices allow representing terminal currents (known as primi-

tive currents) as a function of terminal voltages (known as primitive voltages). Instead of

relying on per-unit-based lookup tables–such as those found in [6]–for transformer model-

ing, OpenDSS employs a frame transformation method detailed in [7], and more recently

discussed in the Opal-RT reference article [8]. This method supports the numerical compu-

tation of primitive admittance matrices for arbitrary transformer con�gurations directly in

SI. As explained in [9], the SI units in OpenDSS was a deliberate choice, motivated by pref-

erence, interpretability and result validation, and ease of value manipulation for traditional

distribution system analysis.

However, the transition from simulation-based analysis to optimization-based applications–

such as optimal power �ow (OPF), DER coordination, and energy scheduling–introduces

new modeling challenges. General-purpose optimization solvers used in these frameworks

often struggle with the large numerical magnitudes associated with SI units, leading to poor

numerical conditioning and convergence issues. To address this, many researchers adopt

the per-unit (pu) system as a normalization strategy to improve numerical performance.

Yet, this shift to per-unit modeling introduces its own drawbacks. Transformer mod-

els are frequently constructed using per-unit primitive admittance matrices derived from

lookup tables [6, 10]. These matrices may embed hidden assumptions or simpli�cations,

making it dif�cult to reverse-engineer SI-interpretations or verify consistency of results.

While such simpli�cations may be acceptable for traditional power �ow studies, they can

compromise accuracy in optimization problems that enforce tight voltage and power con-
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straints [11]. Additionally, lookup tables may not include all the transformer con�gurations

that may be required in practice.

To bridge these gaps, this study proposes a distribution modeling framework that is

both physically accurate and computationally tractable. It builds on the primitive admit-

tance approach and extends the frame transformation technique for transformer modeling

by deriving analytical expressions, rather than relying solely on numerical computations.

These expressions can be translated between SI and per-unit formulations, providing both

interpretability and compatibility with optimization solvers.

2.2 Notation

In the following sections, lower-case letters represent scalars, bold lower-case letters repre-

sent column vectors, and bold upper-case letters represent matrices. Standard linear algebra

manipulations are employed.

The three-phase power distribution network is modeled by an undirected graphN ; E.

The setN := f 1; 2; : : : ; Ng [ f Sg is the set of buses with busS being the slack bus or

substation. Likewise,E := f (nm)g � N � N is the set of branches representing the series

elements. De�ne the set of neighboring buses to busn asNn := f mj(nm) 2 Eg. For a

series element(nm) 2 E, let � nm = � mn denote the set of its phases. De�nei �
nm as the

current �owing from busn to busm on phase� 2 � nm . Further, de�ne the set of phases of

a busn as� n := [ m2N n � mn . Let i nm 2 Cj � nm j collect the currents on all phases �owing

from busn to busm through the set of phases� nm . Wherej � j denotes the cardinality of a

set. For busn, let vn 2 Cj � n j denote its line-to-ground voltages andi n 2 Cj � n j denote its

net current injections.

2.3 Passive Element Modeling using Primitive Admittance Matrix

In multi-phase settings, a standard procedure is to model passive elements, i.e., lines, trans-

formers, and capacitors using their primitive admittance matrix (Yprim) [12]. This modeling
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approach creates an abstraction of distribution system elements which can serve as baseline

for subsequent processing stages. Instead of relying on the actual parameters of the devices,

we can focus on theirYprim. Also, this modeling approach enables a seamless translation

of between International System of Units (s.i. by its acronym in French) and the per-unit

(p.u.) system as will be discussed later. The primitive admittance matrix computation for

passive elements is presented next:

2.3.1 OverheadPowerLines

Overhead power lines are a set of conductors held high by electric poles. Typically, these

conductors include three phases and a neutral. These lines create a path for current to move

from one physical location (denoted by busn) to another (denoted by busm). Figure 2.1,

presents the mathematical model for representing power lines, known as the Pi model:

vn

i nm

1
2Y sht

nm

vm

i mn

1
2Y sht

nm

Z nm

Figure 2.1: Pi model of a multi-phase power line.

From Figure 2.1, the voltage drop creates a current path
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Similarly, currenti mn can be obtained by the following expression:
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In this case, by symmetry:Y (m)
mn = Y (n)

nm andY (n)
mn = Y (m)

nm .

Equation 2.1 and Equation 2.2 are known as theseries element model[12]. In matrix

form, it yields theYprim of the line:
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2.3.2 Three-phaseTransformers

In distribution feeders, three-phase transformer banks provide distribution level voltage (4

kV - 46 kV) from the transmission or sub-transmission level voltages (69 kV - 765 kV).

There exist multiple transformer connection types. These connection types are mainly

associated with the load being served and the feeder network in place [1].
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i c
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w

iC0

w

iC
1
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1

i c
sc
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i c
1 i c
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Figure 2.2: Delta - Grounded Wye 3-phase transformer bank in the 1v-reference frame.

Assumption 1(“Symmetric transformer banks”). For simplicity, we assume that symmetric

transformer banks, i.e., all single-phase transformers in a transformer bank share the same

short circuit impedance and power rating.

For obtaining theYprim from the transformer connection in Figure 2.2, and in general

for any transformer connection, we employ the frame transformation technique presented

in [7] and Assumption 1: First, de�ne matrixYsc1= Z � 1
sc1 2 C3� 3 collecting all short circuit
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admittances in the 1v-reference frame:

Ysc1 =

2
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(2.4)

whereysc1 = 1=zsc1 is the winding short-circuit admittance in the one-volt reference frame:

ysc1= ysc[p.u.]
�

(snom)=3
12

�
(2.5)

wheresnom is the nominal power rating of the transformer.

The short-circuit currents in the one-volt reference frame are obtained by using Ohm's

law, in matrix form:
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The terminal currents in the one-volt reference frame are related to the short circuit

currents on the same frame by matrixB 2 R6� 3:

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

iA
1

i a
1

iB
1

i b
1

iC
1

i c
1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1 0 0

� 1 0 0

0 1 0

0 � 1 0

0 0 1

0 0 � 1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

�

2

6
6
6
6
4

i a
sc

i b
sc

i c
sc

3

7
7
7
7
5

=) i 1 = B � i sc (2.7)

12



Likewise, the following voltage relationships can be derived in the 1v-reference frame:
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5

�

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

vA
1

va
1

vB
1

vb
1

vC
1

vc
1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

=) vdrop
1 = B > � v1 (2.8)

Replacing:

i 1 = B � i sc1

= B � Ysc1 � vdrop
1 ; Replacedi sc1 from (Equation 2.32)

= B � Ysc1 � B > � v1; Replacedvdrop
1 from (Equation 2.8)

=) i 1 = Y1 � v1 (2.9)

whereY1 2 C6� 6 is de�ned by:

Y1 =

2

6
6
6
6
4

Y a
1 0 0

0 Y b
1 0

0 0 Y c
1

3

7
7
7
7
5

(2.10)

In particular,Y a
1 ; Y b

1 ; Y c
1 2 C2� 2 with values for the wye-wye connection equal to:

Y a
1 = Y b

1 = Y c
1 =

2

6
4

ysc1 � ysc1

� ysc ysc1

3

7
5 (2.11)

Next, the winding currents are related to the terminal currents on a 1-volt base by the

13



transformation matrixN 2 R12� 6:

2

6
6
6
6
4

i a
w

i b
w

i c
w

3

7
7
7
7
5

=

2

6
6
6
6
4

N a 0 0

0 N b 0

0 0 N c

3

7
7
7
7
5

�

2

6
6
6
6
4

i a
1

i b
1

i c
1

3

7
7
7
7
5

=) i w = N � i 1 (2.12)

where i a
w = [ iA

w ; iA 0

w ; ia
w ; ia0

w ]> , with similar de�nitions for i b
w and i c

w . Likewise, i a
1 =

[iA
1 ; ia

1]> with similar de�nitions for i b
1 andi c

1. Further,N a; N b; N c 2 R4� 2, with values:

N a = N b = N c =

2

6
6
6
6
6
6
6
6
6
6
4

1
N1

0

� 1
N1

0

0 1
N2

0 � 1
N2

3

7
7
7
7
7
7
7
7
7
7
5

(2.13)

Following a similar procedure, we can express the voltage relationship in terms of theN

matrix:

2

6
6
6
6
4

va
1

vb
1

v c
1

3

7
7
7
7
5

=

2

6
6
6
6
4

N >
a 0 0

0 N >
b 0

0 0 N >
c

3

7
7
7
7
5

�

2

6
6
6
6
4

va
w

vb
w

v c
w

3

7
7
7
7
5

=) v1 = N > � vw (2.14)

whereva
w = [ vA

w ; vA 0

w ; va
w ; va0

w ]> , with similar de�nitions for vb
w andv c

w . Likewise,va
1 =

[vA
1 ; va

1]> , with similar de�nitions forvb
1 andv c

1.
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We want a relationship likeYw � vw = i w , thus:

Yw � vw = i w

= N � i 1; Replacedi w from (Equation 2.12)

= N � Y1 � v1; Replacedi 1 from (Equation 2.9)

= N � Y1 � N >

| {z }
Yw

�vw ; Replacedv1 from (Equation 2.14)

Then, matrixYw 2 C12� 12 is given by:

Yw = N � Y1 � N >

=

2

6
6
6
6
4

N a � Y a
1 � N >

a 0 0

0 N b � Y b
1 � N >

b 0

0 0 N c � Y c
1 � N >

c

3

7
7
7
7
5

=

2

6
6
6
6
4

Y a
w 0 0

0 Y b
w 0

0 0 Y c
w

3

7
7
7
7
5

(2.15)

whereY a
w ; Y b

w ; Y c
w 2 C4� 4, with values:

Y a
w = Y b

w = Y c
w = N a � Y1a � N >

a

= ysc1

2

6
6
6
6
6
6
6
6
6
6
4

1
N 2

1
� 1

N 2
1

� 1
N1N2

1
N1N2

� 1
N 2

1

1
N 2

1

1
N1N2

� 1
N1N2

� 1
N2N1

1
N 2N 1

1
N 2

2
� 1

N 2
2

1
N2N1

� 1
N2N1

� 1
N 2

2

1
N 2

2

3

7
7
7
7
7
7
7
7
7
7
5

(2.16)
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Finally, the terminal currents and the winding currents are related by matrixA 2 B6� 12:

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

i a
nm

i b
nm

i c
nm

i a
mn

i b
mn

i c
mn

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
4

1 0 0 0 0 0 0 0 0 1 0 0
0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 1 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0

3

7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

iA
w

iA 0

w

i a
w

i a0

w

iB
w

iB 0

w

i b
w

i b0

w

iC
w

iC0

w

i c
w

i c0

w

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

=) i prim = A � i w (2.17)

Matrix A can also be used to represent the winding voltages in terms of the terminal volt-
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ages:

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

vA
w

vA 0

w

va
w

va0

w

vB
w

vB 0

w

vb
w

vb0

w

vC
w

vC0

w

vc
w

vc0

w

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
0 0 0 0 0 0
0 0 1 0 0 0
1 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 0 0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

va
n

vb
n

vc
n

va
m

vb
m

vc
m

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

vw = A > � vprim (2.18)

We want a relationship likeYprimvprim = i prim, thus:

Yprim � vprim = i prim

= A � i w ; Replacedi prim from (Equation 2.17)

= A � Yw � vw ; Replacedi w = Yw � vw

= A � Yw � A >

| {z }
Yprim

�vprim; Replacedvw from (Equation 2.18)
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Finally, Yprim 2 C6� 6 is:

Yprim= ysc1

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

2
N 2

1
� 1

N 2
1

� 1
N 2

1
� 1

N1N2
0 1

N1N2

� 1
N 2

1

2
N 2

1
� 1

N 2
1

1
N1N2

� 1
N1N2

0

� 1
N 2

1
� 1

N 2
1

2
N 2

1
0 1

N1N2
� 1

N1N2

� 1
N2N1

1
N2N1

0 1
N 2

2
0 0

0 � 1
N2N1

1
N2N1

0 1
N 2

2
0

1
N2N1

0 � 1
N2N1

0 0 1
N 2

2

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

Given voltage relationshipsN1 =
p

3vbase
n (line-to-line voltage base) andN2 = vbase

m

(line-to-ground voltage base), theY prim
nm parts take the following form:

Y (n)
nm =

ysc1

(
p

3vbase
n )2

2

6
6
6
6
4

2 � 1 � 1

� 1 2 � 1

� 1 � 1 2

3

7
7
7
7
5

| {z }
C 0

Y (m)
nm =

ysc1p
3vbase

n vbase
m

2

6
6
6
6
4

� 1 0 1

1 � 1 0

0 1 � 1

3

7
7
7
7
5

| {z }
C 1

(2.19a)

Y (n)
mn =

ysc1p
3vbase

m vbase
n

2

6
6
6
6
4

� 1 1 0

0 � 1 1

1 0 � 1

3

7
7
7
7
5

| {z }
C 2

Y (m)
mn =

ysc1

(vbase
m )2

2

6
6
6
6
4

1 0 0

0 1 0

0 0 1

3

7
7
7
7
5

| {z }
C 3

(2.19b)

Remark 1 (“Series element normalization scheme”). The analytical primitive admittance

matrices sub-blocks obtained in(Equation 2.19), is a fundamental result in this research.

It explicitly shows the normalization scheme necessary for each matrix sub-block. In the

following section we will formalize this normalization scheme for any series element.

The following relationship holds between two of the constant matricesC2= C >
1 . It

is important to mention that for Delta - Wye transformers, depending on the connection

(step-up or step-down) matricesY (m)
nm andY (n)

mn must be transposed. In particular:

18



If N1 > N 2 (step-down):

Y (m)
nm =

ysc1p
3vbase

n vbase
m

C2 (2.20)

Y (n)
mn =

ysc1p
3vbase

m vbase
n

C1 (2.21)

or if N1 < N 2 (step-up):

Y (m)
nm =

ysc1p
3vbase

n vbase
m

C1 (2.22)

Y (n)
mn =

ysc1p
3vbase

m vbase
n

C2 (2.23)

In following subsections we will useYprim sub-blocks and, in many cases, the inverse

of these sub-blocks will be required. As seen in Equation 2.19, all but oneYprim sub-block

are rank de�cient. This means that they are not invertible. To overcome this situation,

there is a discussion in [12] where, where without introducing signi�cant error, �ctitious

small shunt admittances are connected from the isolated transformer sides to the ground.

Mathematically, this can be achieved by adding a diagonal matrix to the rank-de�cient

constant matrices in Equation 2.19:

Ĉ0 = C0 + 
 I (2.24a)

Ĉ1 = C1 + 
 0I (2.24b)

Ĉ2 = C2 + 
 0I (2.24c)

where0 < 
 � ysc[p.u.] and0 < 
 0 < 
 .
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2.3.3 SeriesElementPer-UnitNormalization

From the obtained analytical primitive admittance matrix in (Equation 2.19), each sub-

block is by a different voltage relationship.Y (n)
nm depends on(vbase

n )2, Y (m)
nm depends on

(vbase
n vbase

m ), Y (n)
mn depends on(vbase

m vbase
n ), andY (m)

mn depends on(vbase
m )2. It follows that each

sub-block must be normalized by a different admittance base:

Y (n)
nm [p.u.]= Y (n)

nm [
 � 1] � ybase
nn = Y (n)

nm [
 � 1] �
(vbase

n )2

sbase
(2.25a)

Y (m)
nm [p.u.]= Y (m)

nm [
 � 1] � ybase
nm = Y (m)

nm [
 � 1] �
vbase

n vbase
m

sbase
(2.25b)

Y (n)
mn [p.u.]= Y (n)

mn [
 � 1] � ybase
mn = Y (n)

mn [
 � 1] �
vbase

m vbase
n

sbase
(2.25c)

Y (m)
mn [p.u.]= Y (m)

mn [
 � 1] � ybase
mm = Y (m)

mn [
 � 1] �
(vbase

m )2

sbase
(2.25d)

where� and� are the element-wise division and multiplication, respectively.vbase
n and

vbase
m are rated line-to-ground voltages at each side of the series element, andsbase is the

apparent power base which is a user de�ned value and depends on the feeder. Note that the

Yprimitive representation in Equation 2.19 clearly suggests the correct normalization for

each sub-block.
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2.3.4 Center-tappedTransformers

A single-phase center-tapped transformer in the 1v-reference frame is presented in Fig. Fig-

ure 2.3:

Terminals

Short circuit

N1:1
i �
nm iwA

i ref
nm iwA 0

iA1

vAx 1
i sc1;1zsc1;1

vxa1
i sc1;2zsc1;2 1:N2

i a1 i �
mn

iwa

i ref
mn

iwa0

1:N3

vxb1

i sc1;3

i b1

z
sc1;3

i ref
mn

iwb

i � 0

mn
iwb0

vx1

i sc1;x

z
sc1;x

Figure 2.3: Single phase center-tapped transformer

whereN 1 = vbase
n , N 2 = vbase

m , N 3 = vbase
m are line-to-ground base voltages at both ends

of the transformer. Center-tapped transformers are de�ned by three short circuit impedance

zsc;hl , zsc;ht andzsc;lt obtained from experimental tests for each pair of terminals. These

impedances can be translated to the one-volt reference frame by:

2

6
6
6
6
4

zsc1;hl

zsc1;ht

zsc1;lt

3

7
7
7
7
5

=

2

6
6
6
6
4

zsc;hl

zsc;ht

zsc;lt

3

7
7
7
7
5

�
�

12

snom

�
(2.26)

wheresnom is the nominal apparent power of the transformer and(� ) is the element-wise

multiplication.

To obtain the primitive admittance matrix using the frame transformation technique,

it is necessary to translate these “delta” short-circuit impedances to “wye” short-circuit
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impedances as shown in Figure 3.3.

2

6
6
6
6
4

zsc1;1

zsc1;2

zsc1;3

3

7
7
7
7
5

=
1
2

2

6
6
6
6
4

1 � 1 1

1 1 � 1

� 1 1 1

3

7
7
7
7
5

�

2

6
6
6
6
4

zsc1;hl

zsc1;lt

zsc1;ht

3

7
7
7
7
5

(2.27)

The red color is used to emphasize that the vector obtained in (Equation 2.26) is slightly

different from the one used in (Equation 2.27). The short-circuit currents are obtained using

Ohm's law:

i sc1;1 =
1

zsc1;1
vAx 1 = ysc1;1vAx 1 (2.28)

i sc1;2 =
1

zsc1;2
vxa1 = ysc1;2vxa1 (2.29)

i sc1;3 =
1

zsc1;3
vxb1 = ysc1;3vxb1 (2.30)

i sc1;x =
1

zsc1;x
vx = ysc1;x vx (2.31)

wherevAx 1, vxa1, andvxb1 are voltage drops between terminalsA; a; b and a �ctitious

nodex in the 1v reference frame.

We assume a high value for the impedance between �cticious node the ground impedance

in the 1v-reference frame (e.g.,zsc1;x =500k
 ) to avoid invertibility issues in subsequent

manipulations.

In matrix form:

2

6
6
6
6
6
6
6
4

i sc1;1

i sc1;2

i sc1;3

i sc1;x

3

7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
4

ysc1;1 0 0 0

0 ysc1;2 0 0

0 0 ysc1;3 0

0 0 0 ysc1;x

3

7
7
7
7
7
7
7
5

�

2

6
6
6
6
6
6
6
4

vAx 1

vxa1

vxb1

vx

3

7
7
7
7
7
7
7
5

=) i sc1 = Ysc1 � vx1 (2.32)
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The following relationship can be derived in the 1v reference frame between currents

�owing in and out the short circuit box in Figure 3.3:

2

6
6
6
6
6
6
6
4

iA1

i a1

i b1

i x

3

7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
4

1 0 0 0

0 � 1 0 0

0 0 � 1 0

� 1 1 1 1

3

7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
4

i sc1;1

i sc1;2

i sc1;3

i sc1;x

3

7
7
7
7
7
7
7
5

=) i 1 = B � i sc1 (2.33)

Likewise, the following voltage relationships can be derived in the 1v-reference frame:

2

6
6
6
6
6
6
6
4

vAx 1

vxa1

vxb1

vx

3

7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
4

1 0 0 � 1

0 � 1 0 1

0 0 � 1 1

0 0 0 1

3

7
7
7
7
7
7
7
5

�

2

6
6
6
6
6
6
6
4

vA1

va1

vb1

vx

3

7
7
7
7
7
7
7
5

=) vx1 = B > � v1 (2.34)

Replacing (Equation 2.32) into (Equation 2.33):

i 1 = B � (Ysc1 � vx1) (2.35)

Replacing (Equation 2.34) into (Equation 2.35):

i 1 = B � (Ysc1 � B > � v1)

= ( B � Ysc1 � B > ) � v1

=) i 1 = Y1 � v1 (2.36)
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whereY1 2 C4� 4 is the nodal admittance matrix on a 1v reference:

Y1 = B � Ysc1 � B > =
2

6
6
6
6
6
6
6
4

1 0 0

0 � 1 0

0 0 � 1

� 1 1 1

3

7
7
7
7
7
7
7
5

�

2

6
6
6
6
4

ysc1;1 0 0

0 ysc1;2 0

0 0 ysc1;3

3

7
7
7
7
5

�

2

6
6
6
6
4

1 0 0 � 1

0 � 1 0 1

0 0 � 1 1

3

7
7
7
7
5

=

2

6
6
6
6
6
6
6
4

ysc1;1 0 0

0 � ysc1;2 0

0 0 � ysc1;3

� ysc1;1 ysc1;2 ysc1;3

3

7
7
7
7
7
7
7
5

�

2

6
6
6
6
4

1 0 0 � 1

0 � 1 0 1

0 0 � 1 1

3

7
7
7
7
5

=

2

6
6
6
6
6
6
6
4

ysc1;1 0 0 � ysc1;1

0 ysc1;2 0 � ysc1;2

0 0 ysc1;3 � ysc1;3

� ysc1;1 � ysc1;2 � ysc1;3 ysc1;1 + ysc1;2 + ysc1;3

3

7
7
7
7
7
7
7
5

(2.37)

As discussed in [8], we can remove the effect of the �ctitious node by taking the inverse,

removing the row and column associated to the �ctitious node, and inverting again. From

this procedure, we get̂Y1 2 C3� 3:

2

6
6
6
6
4

iA1

i a1

i b1

3

7
7
7
7
5

| {z }
î 1

= Ŷ1 �

2

6
6
6
6
4

vA1

va1

vb1

3

7
7
7
7
5

| {z }
v̂1

(2.38)

From Figure 3.3, the following current relationships is derived from winding currents
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and currents in the 1v reference:

iwA =
1

N 1
iA1; iwA 0 = �

1
N 1

iA1; (2.39)

iwa =
1

N 2
i a1; iwa0 = �

1
N 2

i a1 (2.40)

iwb =
1

N 3
i b1; iwb0 = �

1
N 3

i b1 (2.41)

In matrix form:

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

iwA

iwA 0

iwa

iwa0

iwb

iwb0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1
N 1 0 0

� 1
N 1 0 0

0 1
N 2 0

0 � 1
N 2 0

0 0 1
N 3

0 0 � 1
N 3

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

�

2

6
6
6
6
4

iA1

i a1

i b1

3

7
7
7
7
5

=) i w = N � î 1 (2.42)

Likewise, the voltages have the following relationships:

vwA � vwA 0 = N 1vA1

=) vA1 =
1

N 1
vwA �

1
N 1

vwA 0 (2.43)

vwa � vwa0 = N 2va1

=) va1 =
1

N 2
vwa �

1
N 2

vwa0 (2.44)

vwb � vwb0 = N 3vb1

=) vb1 =
1

N 3
vwb �

1
N 3

vwb0 (2.45)
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In matrix form:

2

6
6
6
6
4

vA1

va1

vb1

3

7
7
7
7
5

=

2

6
6
6
6
4

1
N 1 � 1

N 1 0 0 0 0

0 0 1
N 2 � 1

N 2 0 0

0 0 0 0 1
N 3 � 1

N 3

3

7
7
7
7
5

�

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

vwA

vwA 0

vwa

vwa0

vwb

vwb0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

=) v̂1 = N > � vw (2.46)

We want a relationship likeYwvw = i w , thus:

Yw � vw = i w

= N � î 1; Replacedi w from (Equation 2.42)

= N � Y1 � v̂1; Replaced̂i 1 from (Equation 2.38)

= N � Y1 � N >

| {z }
Yw

�vw ; Replaced̂v1 from (Equation 2.46)

Then,Yw 2 C6� 6 is the nodal admittance matrix of a �oating single-phase transformer.

From Figure 3.3, we have the following relationships between terminal currents and

currents in the winding reference frame:

i �
nm = iwA ; i ref

nm = iwA 0 (2.47)

i �
mn = iwa; i ref

mn = iwa0 (2.48)

i � 0

mn = iwb; i ref
mn = iwb0 (2.49)
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In matrix form:

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

i �
nm

i ref
nm

i �
mn

i ref
mn

i � 0

mn

i ref
mn

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 0 1

0 0 0 0 1 0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

iwA

iwA 0

iwa

iwa0

iwb

iwb0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

=) i prim = Ai w (2.50)

Likewise, the voltages have the following relationships:

v�
n = vwA ; vref

n = vwA 0 (2.51)

v�
m = vwa; vref

m = vwa0 (2.52)

v� 0

m = vwb; vref
m = vwb0 (2.53)

In matrix form:

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

vwA

vwA 0

vwa

vwa0

vwb

vwb0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 0 1

0 0 0 0 1 0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

v�
n

vref
n

v�
m

vref
m

v� 0

m

vref
m

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

=) vw = A > vprim (2.54)
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We want a relationship likeYprimvprim = i prim, thus:

Yprim � vprim = i prim

= A � i w ; Replacedi prim from (Equation 2.50)

= A � Yw � vw ; Replacedi w = Yw � vw

= A � Yw � A >

| {z }
Yprim

�vprim; Replacedvw from (Equation 2.54)

Then,Yprim = Yw 2 C6� 6 is the single-phase transformer primitive admittance matrix.

Reducing the reference from the primitive admitance matrix, we end up with:

2

6
6
6
6
4

i �
nm

i �
mn

i � 0

mn

3

7
7
7
7
5

=

2

6
6
6
6
4

y11 y12 y13

y21 y22 y23

y31 y32 y33

3

7
7
7
7
5

�

2

6
6
6
6
4

v�
n

v�
m

v� 0

m

3

7
7
7
7
5

(2.55)

Rewriting to obtain an explicit series element model:

i �
nm = y11|{z}

y( n )
nm

�v�
n +

�

y12 y13

�

| {z }
y ( m )

nm

�vm (2.56)

i mn =

2

6
4

y21

y31

3

7
5

| {z }
y ( n )

mn

�v�
n +

2

6
4

y22 y23

y32 y33

3

7
5

| {z }
Y ( m )

mn

�vm (2.57)
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The corresponding normalization is given by:

y(n)
nm [p.u.]= y(n)

nm [
 � 1] �
(vbase

n )2

sbase
(2.58a)

y (m)
nm [p.u.]= y (m)

nm [
 � 1] �
vbase

n vbase
m

sbase
(2.58b)

y (n)
mn [p.u.]= y (n)

mn [
 � 1] �
vbase

m vbase
n

sbase
(2.58c)

Y (m)
mn [p.u.]= Y (m)

mn [
 � 1] �
(vbase

m )2

sbase
(2.58d)

2.3.5 ShuntCapacitorBanks

a
(i a

n )cap

1
j!cva

n

1
j!c

(i b
n )cap

b

1
j!c

(i c
n )capc

vab
n

Figure 2.4: Wye-connected Capacitor Model

From Figure 2.4, we employ circuit analysis to derive the capacitor'sYprim:

2

6
6
6
6
4

i a
n

i b
n

i c
n

3

7
7
7
7
5

cap

| {z }
i cap

n

= j

2

6
6
6
6
4

!c 0 0

0 !c 0

0 0 !c

3

7
7
7
7
5

| {z }
Y cap

prim= j B cap
prim

�

2

6
6
6
6
4

va
n

vb
n

vc
n

3

7
7
7
7
5

| {z }
vn

(2.59)

The correspondingYprim normalization is simply:

Y cap
prim[p.u.] = Y cap

prim[
 � 1] �
(vbase

n )2

sbase
(2.60)
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A similar procedure can be followed for delta-connected capacitors [1].

2.4 Forward Backward Sweep Power Flow based on Primitive Admittance Matrix

Power Flow is a traditional power systems study were a non-linear system of equations is

solved using iterative techniques for a particular instance in time [1]. The main goal is to

�nd voltage phasors at every bus and phase given system setpoints such as the complex

power demands. The buses can either be set to PV (were buses have a set active power and

voltage magnitude, reserved for buses with generators), PQ (where buses have �xed active

and reactive power, reserved for buses with loads), and Slack (only one where both the

voltage magnitude and angle are �xed). In chronologic multi-period settings, this study is

known as Quasi-Static Time Series (QSTS) simulations. The OpenDSS simulator, has very

enhanced capabilities for solving these power �ow simulations leveraging parallelization

and other intialization schemes for fast convergence [2].

At the distribution-level, solving the system of non-linear power �ow equations mainly

rely on �xed-point iteration variants. One of the most well-known techniques is the For-

ward Backward Sweep (FBS) detailed in the distribution analysis textbook [1]. This tech-

nique leverages the radial (or tree) topology of distribution feeders to perform a two-stage

�x-and-release approach. The �rst stage is known as the backward sweep, were voltages

are �xed and currents are computed backwards from sink buses (leafs of the tree) to the

source (root of the tree). In the second stage, known as forward sweep, currents from the

previous stage are �xed and then voltages are computed starting from the source to the sink.

Generally, a �at start for voltages is assumed to initialize the algorithm. A comprehensive

convergence analysis for this algorithm is presented in [5].

In this section, we developed a novel primitive admittance matrix-based Forward Back-

ward Sweep (FBS) model. The main advantage of this approach compared to the textbook

formulation is that it employs a generalized framework to compute generalized matrices

based on primitive admittance matrix which can in turn be easily translated between per-
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unit (p.u.) and standard units (s.i.). In turn, we show that even though the error is not very

big when translating to different normalization bases, the computational time is consider-

ably reduced.

Initially, we rewrite the primitive admittance model from (Equation 2.3) as two equa-

tions for anyt 2 T :

i nm = Y (n)
nm � vn + Y (m)

nm � vm (2.61a)

i mn = Y (m)
mn � vm + Y (n)

mn � vn (2.61b)

These two equations will be used to derive the FBS linearization model in terms ofYprim

sub-blocks.

2.4.1 BusCurrentInjection

For the iterative approach, we assume that we have access to a previous power �ow solution

(voltages at every bus). We can compute the net current injection for every bus based on

power injection from PQ buses and a previous voltage solution [11]:

i net
n;t = ( pnet

n;t � j qnet
n;t ) � �v0

n;t (2.62)

where�x is denoting the element-wise conjugation ofx , and� denotes element-wise divi-

sion. Splitting into real and imaginary parts8� 2 � n ; 8t 2 T :

i �; net
nd;t =

pnet;�
n;t v�; 0

nd;t + qnet;�
n;t v�; 0

nq;t

(v�; 0
nd;t )2 + ( v�; 0

nq;t )2
(2.63a)

i �; net
nq;t =

pnet;�
n;t v�; 0

nq;t � qnet;�
n;t v�; 0

nd;t

(v�; 0
nd;t )2 + ( v�; 0

nq;t )2
(2.63b)

In addition to the net current injection, we need to consider currents from capacitors,

to arrive at a total shunt currenti sht
n;t . Then, Figure 7.1 represents all the associated currents
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for a typical bus in a radial distribution feeder:

Figure 2.5: Representation of currents for a bus in a radial distribution feeder.

From Figure 7.1, the bus current injection is given by:

i n;t = i sht
n;t �

X

(nm )2En ! m

i nm;t (2.64)

with, i sht
n;t = i net

n;t � i cap
n;t (2.65)

whereEn! m denote branches connected “from”n.

Due to the radial topology, the number of incoming branches to busn will be at most

one, thus:

i n;t = i nm;t j(nm) 2 Em! n (2.66)

whereEm! n denote branches connected “to”n.

Splitting (Equation 2.64) into real and imaginary parts:

i nd;t = i sht
nd;t �

X

(nm )2En ! m

i nmd;t (2.67a)

i nq;t = i sht
nq;t �

X

(nm )2En ! m

i nmq;t (2.67b)
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2.4.2 BackwardSweep

We assume that we have access to voltages from a previous solution, i.e.,v0
m;t for all buses

m 2 N and a particular time-stept 2 T . Thus, we can �rst compute the total shunt current

i sht
n;t for leaf buses (sink) and then do a backward sweep to aggregate currents until the sub-

station (source). In particular, we want to represent the currenti nm;t from (Equation 2.64)

in terms of the current injection and voltage at busm for anyt 2 T :

i nm;t = C � vm;t + D � i m;t (2.68)

To obtain (Equation 2.68) in terms ofYprim sub-blocks, we solve (Equation 2.61b) for

vn;t and use the radiality assumption, i.e.,i mn;t = i m;t , arriving at:

vn;t = � (Y (n)
mn )� 1 � Y (m)

mn � vm;t + ( Y (n)
mn )� 1 � i m;t (2.69)

Then, we can take (Equation 2.69) and replace it into (Equation 2.61a) to obtain a back-

ward sweep expression in terms ofYprim sub-blocks:

i nm;t =
�

Y (m)
nm � Y (n)

nm � (Y (n)
mn ) � 1 � Y (m)

mn

�

| {z }
C

�vm;t + Y (n)
nm � (Y (n)

mn ) � 1

| {z }
D

�i m;t (2.70)

Splitting into real and imaginary parts and given that we have access tov0
m;t :

i nmd;t =

Cd � v0
dm;t � Cq � v0

qm;t + D d � i dm;t � D q � i qm;t (2.71a)

i nmq;t =

Cd � v0
qm;t + Cq � v0

dm;t + D d � i qm;t + D q � i dm;t (2.71b)
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2.4.3 ForwardSweep

From the backward sweep, we obtained an expression for current injections at every bus.

For the forward sweep, we compute voltages from the substation to leaf buses. Then, we

want to represent the voltage at busm in terms of the voltages at busn and the current

injected at busm for anyt 2 T :

vm;t = A � vn;t + B � i m;t (2.72)

To obtain (Equation 2.72) in terms ofYprim sub-blocks, we solve (Equation 2.61b) for

vm;t and use the radiality assumption, i.e.,i mn;t = i m;t :

vm;t = � (Y (m)
mn )� 1 � Y (n)

mn| {z }
A

�vn;t + ( Y (m)
mn )� 1

| {z }
B

�i m;t (2.73)

Splitting into real and imaginary parts:

vmd;t =

A d � vnd;t � A q � vnq;t + B d � i md;t � B q � i mq;t (2.74a)

vmq;t =

A d � vnq;t + A q � vnd;t + B d � i mq;t + B q � i md;t (2.74b)

2.5 Power Flow algorithm

Using the FBS power �ow equations from the previous section, the power �ow algorithm

form anyt 2 T is given by:
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Algorithm 1: FBS power �ow for t 2 T

1 Initialize v0
n;t = [1\ 0� ; 1\ � 120� ; 1\ 120� ] For all n 2 N

2 Set tol= 0:0001

3 for ( i = 0; i < 200; i = i + 1 ) f

4 Initialize the shunt current expression as in (Equation 2.65)

5 Add to the expression the net current injections for all PQ buses using

(Equation 2.63)

6 Subtract from the expression the capacitor current (Equation 2.59)

7 Do a backward sweep as in (Equation 2.68) from sink to source

8 Do a forward sweep as in (Equation 2.68) from source to sink to get all

voltagesvn;t for all n 2 N

9 Compute for all PQ buses:e =

8
>><

>>:

jjvn;t � v0
n;t jj l1 ; if kVA base> 0

jj (vn;t � v0
n;t ) � vbase

n jj l1 else

10 if e < tol then

11 return

12 else

13 Updatev0
n;t  vn;t

14 Go to step 4

2.6 Results

Figure 2.6 presents the distribution test feeders utilized throughout this dissertation. All

feeders are obtained from their OpenDSS implementations. The �rst is the IEEE 4-Bus

feeder, a three-phase network described in [1], featuring a delta/wye substation transformer

and three single-phase unbalanced loads. Since each bus is three-phase, the network com-

prises a total of 12 nodes (individual phase connections). The second is the IEEE 13-Bus

feeder, another unbalanced three-phase network with a delta/wye substation transformer,

35



followed by three single-phase step-voltage regulators. This feeder is notable for its com-

bination of three-phase primaries and one- to two-phase secondaries, resulting in a total

of 41 nodes. It also includes two three-phase wye-connected capacitor banks. The third

network is the IEEE 123-Bus feeder, a larger system that builds upon the 13-Bus case by

incorporating additional transformers, step-voltage regulators, and capacitor banks. This

network has 278 total nodes. Lastly, we employ a sub-network consisting of the �rst 510

buses from the IEEE 4800-Bus system. This medium-sized network contains 950 nodes

and features both primary and secondary distribution sections. It includes laterals served

by center-tapped service transformers and triplex cables connecting directly to customer

premises. Among the test cases, this feeder most closely re�ects the characteristics of

real-world distribution networks [13].
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Figure 2.6: Distribution test feeders to be employed throughout this dissertation. This
�gure also includes the associated 24 hour loadshapes with 1h intervals for every load.

The �rst step in this dissertation is to execute the proposed primitive admittance matrix-

based Forward Backward Sweep (FBS) algorithm (Algorithm 1) to compute power �ow

across multiple time steps, effectively transforming the problem into a Quasi-Static Time-

Series (QSTS) simulation. Figure 2.7 presents a visual comparison of the nodal voltage

pro�les obtained from OpenDSS and the custom FBS implementation. Across all test

feeders, including the large 510-bus network, thel1 (maximuml1 for each node) error

between the voltage magnitudes computed by OpenDSS and the custom FBS algorithm

remains below1%, demonstrating the high �delity and accuracy the proposed method with

respect to the benchmark.
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Figure 2.7: Quasi-Static Time Series (QSTS) simulation using OpenDSS and using the
Custom primitive admittance matrix-based Forward Backward Sweep (FBS) algorithm.

Figure 2.7, also presents the number of iterations that the custom FBS algorithm took

to converge (starting from zero). For all networks, it took between 4 and 2 iterations to

converge to a tolerance of0:0001p.u.. As expected, each iteration of the algorithm takes

more time depending on the size of the network being analyzed.

Finally, Figure 2.8 presents convergence error plots for the custom FBS algorithm un-

der different normalization schemes. The “standard units” case corresponds to running the

algorithm using physical units—Volts, Amps, Ohms, and Siemens—closely re�ecting the

textbook implementation in [1]. In contrast, our proposed approach enables explicit nor-

malization of all quantities (e.g., Volts! p.u., Siemens! p.u., kW! p.u., and kVAR!

p.u.) using each bus's voltage base and a speci�ed system kVAbase. As shown in earlier

sections, the normalization of the primitive admittance matrix—particularly for transform-

ers—naturally follows from the presented analytical derivation based on the frame trans-
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formation technique.

From the analysis of the convergence plots, we observe that applying per-unit normal-

ization typically reduces the number of iterations required for convergence. Beyond this

improvement, however, the speci�c choice of normalization base has minimal impact on

the algorithm's convergence rate or computational time. This indicates that normalization

does in�uence the ef�ciency of power �ow and QSTS simulations relative to using standard

units, but once normalized, further adjustments to the base values have negligible effect on

the solution behavior.

Figure 2.8: Comparison of Quasi-Static Time Series (QSTS) Simulations using different
normalization bases.

2.7 Conclusion

We have developed a primitive admittance matrix modeling approach that offers �exibility

to represent all standard distribution network element, including overhead lines, transform-

ers, capacitor banks, and center-tapped transformers. A key contribution of this work is
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the derivation of analytical expressions for transformer modeling based on the frame trans-

formation technique. This approach naturally yields the correct normalization for each

sub-block of the primitive admittance matrix, ensuring consistency and physical accuracy.

The resulting analytical expressions can be seamlessly translated between standard units

and per-unit representations, offering both interpretability of physical results and compat-

ibility with optimization solvers. This is a step forward from lookup tables which have

traditional dominated distribution modeling for optimization settings.

Additionally, we tested the proposed modeling framework for doing Quasi-Static Time-

Series (QSTS) simulations (time-series power �ow computations) of several distribution

feeder test cases from OpenDSS. Based on the �ndings, we conclude that the proposed

primitive admittance matrix-based FBS algorithm accurately replicates voltage pro�les

from OpenDSS across a range of test feeders, including medium-size realistic networks.

Moreover, applying per-unit normalization improves convergence ef�ciency without af-

fecting the �nal solution, demonstrating that normalization is bene�cial for computational

performance but does not alter the physical accuracy of the results.

In the subsequent sections, we apply this modeling framework to optimization-based

applications such as optimal power �ow (OPF), DER coordination, and energy scheduling.
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CHAPTER 3

MULTIPHASE SENSITIVITY ANALYSIS

3.1 Introduction

The power �ow Jacobian matrix plays a foundational role in optimization, security assess-

ment, and both operational and planning tasks in electric power systems. This matrix con-

tains the partial derivatives of the active and reactive power �ow mismatch equations with

respect to voltage magnitudes and phase angles, and is typically very sparse [14]. Access to

the Jacobian matrix enables engineers to quantify how changes in active and reactive power

injections affect the system's state. It especially central for the Newton-Raphson method,

which iteratively solves the nonlinear AC power �ow equations formulated in the Bus In-

jection Model (BIM) [15]. In this formulation, the primitive admittance matrix (Yprim) and

Kirchhoff's current law (KCL) are used to derive the multidimensional Ohm's law, leading

naturally to the bus admittance matrix (Ybus).

In the following section, we derive the power �ow Jacobian matrix for arbitrary multi-

phase networks using the bus admittance matrix. The Jacobian's entries quantify how

small changes in the voltage magnitude� v or angle� � affect active and reactive power

injections,� p and � q, often known as sensitivity coef�cients [16, 17, 18, 19]. These

coef�cients are widely studied across power systems and related �elds [20, 21, 22, 23,

24, 25, 26, 27], and serve as the basis for linearizing the nonlinear AC power �ow equa-

tions—especially valuable when network topology or circuit parameters are only partially

known [28].

This chapter presents the derivation of the Jacobian matrix and its use in construct-

ing linear sensitivity-based approximations for arbitrary multi-phase distribution networks.

We introduce a set of assumptions to derive the Multi-phase Power Transfer Distribution
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Factor (MPTDF) matrix, which accounts for both overhead lines and complex transformer

connections, including Delta–Grounded Wye con�gurations. The MPTDF expresses the

change in active power �ow on each branch� pnm , for all (nm) 2 E, as a function of

active power injection changes� p at the buses. We demonstrate that, under tight voltage

bounds (within� 5% of nominal), the MPTDF approximation remains within3% of the

true nonlinear power �ow results. This motivates the development of a sensitivity-based

optimization framework for day-ahead energy scheduling in following chapters.

3.2 Passive Element Modeling using Bus Admittance Matrix

As discussed in the previous chapter, the series model for a series element (overhead lines

or transformers) can be de�ned by its primitive admittance matrix sub-blocks [12]:

i nm = Y (n)
nm � vn + Y (m)

nm � vm (3.1a)

i mn = Y (m)
mn � vm + Y (n)

mn � vn (3.1b)

The application of Kirchhoff Current Law (KCL) at each busn 2 N leads to:

i n (vn ) =
X

m2N n

i nm ; 8n 2 N (3.2)

whereNn denotes all buses connected to busn

Leveraging Equation 7.24, we arrive at the multidimensional Ohm's law:

2

6
4

i s

i

3

7
5 = Y bus �

2

6
4

vs

v

3

7
5 (3.3)

wherevs andi s are the voltage and current at the substation. All other voltages and currents

are collected in andv = [ vn ]n2N nf Sg andi = [ i n ]n2N nf Sg, respectively. MatrixY bus is

known as the bus admittance matrix.
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From KCL we know that at each busn 2 N , the current injectioni n must be equal to

the current that �ows into the network:

i n = i G
n � i D

n =
X

m2N

Y bus
nm � vm (3.4)

Example: Current injection for the system in Figure 3.1.

Figure 3.1: 3-Bus test system, each line segment is 3-phase. Bus
1 has a substation (power generation) connected to it, bus 2 is an
intermediary, and bus 3 has a load (power consumption) connected
to it.

Using KCL and Equation 3.1:

i 1 =
X

m2N 1

i 1m = Y (1)
12 v1 + Y (2)

12 v2 (3.5)

i 2 =
X

m2N 2

i 2m = Y (2)
21 v2 + Y (1)

21 v1 + Y (2)
23 v3 + Y (3)

23 v3

= ( Y (2)
21 + Y (2)

23 )v2 + Y (1)
21 v1 + Y (3)

23 v3 (3.6)

i 3 =
X

m2N 3

i 3m = Y (3)
32 v3 + Y (2)

32 v2 (3.7)

In matrix form, it yields the multidimensional Ohm's Law:

2

6
6
6
6
4

i 1

i 2

i 3

3

7
7
7
7
5

=

2

6
6
6
6
4

Y (1)
12 Y (2)

12 0

Y (1)
21 (Y (2)

21 + Y (2)
23 ) Y (3)

23

0 Y (2)
32 Y (3)

32

3

7
7
7
7
5

| {z }
Y bus

�

2

6
6
6
6
4

v1

v2

v3

3

7
7
7
7
5

(3.8)
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3.3 Sensitivity-based Approximation of Voltage Magnitudes

3.3.1 BusInjectionModel

The complex power injection at busn, as a rank-1 matrix, is equal to:

Sn = vn � i �
n

= vn �

 
X

m2N

Y bus
nm � vm

! �

= vn �
X

m2N

v �
m � (Y bus

nm )�

=
X

m2N

vn � v �
m � ((Gbus

nm )> � j (B bus
nm )> )

=
X

m2N

jVnm j � (C(� nm ) + jS (� nm )) �
�
(Gbus

nm )> � j (B bus
nm )>

�
(3.9)

where() � is the conjugate transpose operator and(� ) is the element-wise operator.

When operating on vectors and matrices, letj � j be the element-wise absolute value of their

entries. MatricesjVnm j; C(� ); S(� ) 2 Rj � nm j�j � nm j . For the three-phase case (implicit

neutral), these matrices take the following form:

jVnm j =

2

6
6
6
6
4

jva
n jj va

m j j va
n jj vb

m j j va
n jj vc

m j

jvb
n jj va

m j j vb
n jj vb

m j j vb
n jj vc

m j

jvc
n jj va

m j j vc
n jj vb

m j j vc
n jj vc

m j

3

7
7
7
7
5
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C(� nm ) =

2

6
6
6
6
4

cos(� a
n � � a

m ) cos(� a
n � � b

m ) cos(� a
n � � c

m )

cos(� b
n � � a

m ) cos(� b
n � � b

m ) cos(� b
n � � c

m )

cos(� c
n � � a

m ) cos(� c
n � � b

m ) cos(� c
n � � c

m )

3

7
7
7
7
5

S(� nm ) =

2

6
6
6
6
4

sin(� a
n � � a

m ) sin(� a
n � � b

m ) sin(� a
n � � c

m )

sin(� b
n � � a

m ) sin(� b
n � � b

m ) sin(� b
n � � c

m )

sin(� c
n � � a

m ) sin(� c
n � � b

m ) sin(� c
n � � c

m )

3

7
7
7
7
5

Likewise,(Gbus
nm )> ; (B bus

nm )> 2 Rj � nm j�j � nm j . For the three-phase case:

(Gbus
nm )> =

2

6
6
6
6
4

gaa
nm gba

nm gca
nm

gab
nm gbb

nm gcb
nm

gac
nm gbc

nm gcc
nm

3

7
7
7
7
5

(B bus
nm )> =

2

6
6
6
6
4

baa
nm bba

nm bca
nm

bab
nm bbb

nm bcb
nm

bac
nm bbc

nm bcc
nm

3

7
7
7
7
5

(3.10)

Extracting real and imaginary parts from Equation 3.9:

Pn =
X

m2N

(jVnm j � C(� nm )) � (Gbus
nm )>

+ ( jVnm j � S(� nm )) � (B bus
nm )> (3.11a)

Qn =
X

m2N

(jVnm j � S(� nm )) � (Gbus
nm )>

� (jVnm j � C(� nm )) � (B bus
nm )> (3.11b)

Following [11], we are only interested in the diagonal elements of the power injection,

i.e., s�
n = v�

n
�i �

n , where �() is the conjugate operator. Thus, the real and imaginary power

injectionspn = diag(Pn ) andqn = diag(Qn ) take the following form:

pn = pG
n � pD

n = jvn j �
X

m2N

�
Gbus

nm � C(� nm ) + B bus
nm � S(� nm )

�
� jvm j (3.12a)

qn = qG
n � qD

n = jvn j �
X

m2N

�
Gbus

nm � S(� nm ) � B bus
nm � C(� nm )

�
� jvm j (3.12b)
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wherejvn j 2 Rj � n j andjvm j 2 Rj � m j . Equation 3.12 is known as the Bus Injection Model

(BIM) for power balance at busn.

3.3.2 PowerFlow JacobianandSensitivityMatrices

For solving Equation 3.12, a classical approach is to collect the power balance equations

for all buses, i.e.,p = [ pn ]8n2N nf Sg 2 Rk andq = [ qn ]8n2N nf Sg 2 Rk wherek is the

total number of nodes, and take the derivative with respect to variables� = [ � n ]8n2N nf Sg 2

Rk and jv j = [ jvn j]8n2N nf Sg 2 Rk . Then, we can employ the Newton-Raphson (NR)

algorithm, which iteratively solves the system of equations in Equation 3.13:

2

6
6
6
6
6
4

� p

� q

3

7
7
7
7
7
5

| {z }
(2k� 1)

=

2

6
6
6
6
6
6
4

@p
@�

@p
@jv j

@q
@�

@q
@jv j

3

7
7
7
7
7
7
5

| {z }
(2k� 2k)

2

6
6
6
6
6
4

� �

� jv j

3

7
7
7
7
7
5

| {z }
(2k� 1)

= J

2

6
6
6
6
6
4

� �

� jv j

3

7
7
7
7
7
5

; (3.13)

where� p; � q 2 Rk are vectors of small deviations in active and reactive power, respec-

tively. The power �ow JacobianJ is known to be relatively constant with respect to small

changes in power injections [16].

Consider the block submatrices of the inverse power �ow Jacobian. Hereafter, we refer

to blocks of the Jacobian as sensitivity matrices and their elements as sensitivity coef�-

cients. Denote the blocks of the inverse asSx
y 2 Rk� k . The inverse problem of Equa-

tion 3.13 can be written as:

2

6
6
6
6
6
4

� �

� jv j

3

7
7
7
7
7
5

| {z }
(2k� 1)

=

2

6
6
6
6
6
6
4

S�
p S�

q

Sv
p Sv

q

3

7
7
7
7
7
7
5

| {z }
(2k� 2k)

2

6
6
6
6
6
4

� p

� q

3

7
7
7
7
7
5

| {z }
(2k� 1)

= J � 1

2

6
6
6
6
6
4

� p

� q

3

7
7
7
7
7
5

: (3.14)
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3.3.3 VoltageMagnitudeSensitivities

Sensing devices that provide phase angle measurements have well-known bene�ts and ap-

plications. However, the large-scale deployment and application of such measurements

continues to be heterogeneous and challenging due to infrastructure costs and communica-

tion requirements.

Particularly in distribution systems, access to phase angle information� � may be un-

available due to low penetrations of phasor measurement units (PMUs) [29], making it

impossible to realistically solve the system of equations Equation 3.13 and Equation 3.14.

Furthermore, the system of equations needs to be solved in real time. The sensitivity ma-

trices are relatively constant inter-temporally, allowing for model behavior to be linearly

approximated [17, 16]. The voltage magnitudejvn j for all n 2 N , can be written as a

�rst-order linear approximation around a given operating condition:

jvn j � j vn j0 +
@jvn j
@p

� p +
@jvn j
@q

� q; (3.15)

wherejvn j0 is the voltage magnitude at busn in the given operating condition and@jvn j
@p ; @jvn j

@q 2

Rj � n j� k are rows of the sensitivity matrices corresponding to busn. From Equation 3.14,

we can write a rectangular linearized system which relates voltage magnitude variations to

active and reactive power variations:

� v|{z}
(k� 1)

=

"

Sv
p Sv

q

#

| {z }
(k� 2k)

2

6
6
6
6
4

� p

� q

3

7
7
7
7
5

| {z }
(2k� 1)

= ~S� x| {z }
(k� 1)

: (3.16)

The matrix~S describes the sensitivities of voltage magnitudes to active and reactive power

injections. Note that~S 2 Rk� 2k , thus,rank(~S) � k; andrank(~S) + dim(null( ~S)) = k,

which implies thatdim(null( ~S)) > 0. Thus, in general, there arein�nitely many solutions
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� x to the system of equations in Equation 3.16.

3.4 Approximation of Branch Power Flows

3.4.1 OverheadPowerLines

Assumption 2(Neglect line shunt admittance). We neglect the line shunt admittance, which

as shown in [1, Section 6.1] does not introduce signi�cant errors for distribution system-

level analysis.

Figure 5.1 presents the modi�ed line segment employing Assumption 2 (Neglect line

shunt admittance). Whereinm 2 Cj � nm j is the �owing current andZnm 2 Cj � nm j�j � nm j is

the series impedance.

vn

i nm
Z nm

vm

Figure 3.2: Modi�ed line segment model

From Kirchhoff Voltage Law (KVL), we obtain the following relationship:

vm = vn � Z nm � i nm (3.17)

Solving for the current:

i nm = Z � 1
nm �vn � Z � 1

nm �vm

=) i nm = Ynm �vn � Ynm �vm (3.18)

) i mn = � i nm = Ynm �vm � Ynm �vn (3.19)
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whereYnm 2 Cj � nm j�j � nm j is a symmetric admittance matrix. NormalizingYnm for work-

ing in [p.u.] results in:

Ynm [p.u.] = Ynm [
 � 1]�
vbase

n vbase
m

sbase
(3.20)

In general, for any branch element (overhead line or transformer) an expression for

the per-phase complex power �ow fromn to m, i.e., s�
nm , for each phase� 2 � nm , fol-

lows [30]:

s�
nm =( e� )> �vn � i �

nm �e�

= i �
nm �E � �vn

= i �
nm �u �

n (3.21)

wheree� is an indicator vector, i.e.,e� (f � g)=1 ande� (f � 0g)=0 for �; � 0 2 � nm and

� 0 6= � . Then,E � = e� �(e� )> is an indicator matrix. Finally,u �
n = E � �vn , is a vector with

entriesu �
n (f � g)= v�

n andu �
n (f � 0g)=0 .

For the modi�ed line segment in Figure 5.1, the per-phase complex power �ow is ob-

tained by:

s�
nm = i �

nm �u �
n

=( Ynm �vn � Ynm vm )� �u �
n

=( v �
n �Y �

nm � v �
m �Y �

nm ) �u �
n

= v �
n �(Gnm � j B nm ) �u �

n � v �
m �(Gnm � j B nm ) �u �

n

= v�
n �v �

n �(g�
nm � j b�

nm ) � v�
n �v �

m �(g�
nm � j b�

nm ) (3.22)

where vectorsg�
nm andb�

nm are columns ofGnm andB nm corresponding to the� -th phase.
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Replacing the dot products with a summation8� 0 2 � nm :

s�
nm =

X

� 02 � nm

v�
n �v� 0

n (g�� 0

nm � jb�� 0

nm ) � v�
n �v� 0

m (g�� 0

nm � jb�� 0

nm )

=
X

� 02 � nm

jv�
n jj v� 0

n j expj ( � �
n � � � 0

n )(g�� 0

nm � jb�� 0

nm )

�j v�
n jj v� 0

m j expj ( � �
n � � � 0

m )(g�� 0

nm � jb�� 0

nm )

=
X

� 02 � nm

jv�
n jj v� 0

n j
�

cos(� �� 0

nn )+ j sin(� �� 0

nn )
�

(g�� 0

nm � jb�� 0

nm )

�j v�
n jj v� 0

m j
�

cos(� �� 0

nm )+ j sin(� �� 0

nm )
�

(g�� 0

nm � jb�� 0

nm ) (3.23)

where� �� 0

nn = � �
n � � � 0

n , and� �� 0

nm = � �
n � � � 0

m .

Following a similar procedure, we arrive at the following complex power �ow fromm

to n:

s�
mn =

X

� 02 � mn

jv�
m jj v� 0

m j
�

cos(� �� 0

mm )+ j sin(� �� 0

mm )
�

(g�� 0

mn � jb�� 0

mn )

�j v�
m jj v� 0

n j
�

cos(� �� 0

mn )+ j sin(� �� 0

mn )
�

(g�� 0

mn � jb�� 0

mn ) (3.24)

Assumption 3(Near-nominal nodal voltage magnitudes). The distribution system is oper-

ated within ANSI voltage magnitude limits, i.e., within5% of its nominal value.

Assumption 4(Small per-phase angle differences). In typical distribution lines, the angle

difference at both ends is small, meaningcos(� ��
nm ) � 1 andsin(� ��

nm ) � � ��
nm .

Assumption 5 (Three-phase angle differences). In three-phase power systems, the angle

difference between different phases is approximately2�
3 , suggesting that� �� 0

nn � � �� 0

nm �

� 2�
3 .
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The active power can be extracted from Equation 3.23, obtaining:

p�
nm =

X

� 02 � nm

jv�
n jj v� 0

n j(g�� 0

nm cos(� �� 0

nn )+ b�� 0

nm sin(� �� 0

nn ))

�j v�
n jj v� 0

m j(g�� 0

nm cos(� �� 0

nm )+ b�� 0

nm sin(� �� 0

nm )) (3.25)

Taking elements� 0= � outside the summation, and noting thatsin(� ��
nn )=0 andcos(� ��

nn )=1

by de�nition, we have:

p�
nm = jv�

n j2g��
nm �j v�

n jj v�
m j(g��

nm cos(� ��
nm )+ b��

nm sin(� ��
nm ))

+
X

� 02 � nm
� 06= �

jv�
n jj v� 0

n j(g�� 0

nm cos(� �� 0

nn )+ b�� 0

nm sin(� �� 0

nn ))

�j v�
n jj v� 0

m j(g�� 0

nm cos(� �� 0

nm )+ b�� 0

nm sin(� �� 0

nm )) (3.26)

By Assumption 3 (Near-nominal nodal voltage magnitudes):

p�
nm � g��

nm � (g��
nm cos(� ��

nm )+ b��
nm sin(� ��

nm ))

+
X

� 02 � nm
� 06= �

(g�� 0

nm cos(� �� 0

nn )+ b�� 0

nm sin(� �� 0

nn ))

� (g�� 0

nm cos(� �� 0

nm )+ b�� 0

nm sin(� �� 0

nm )) (3.27)

By Assumption 4 (Small per-phase angle differences):

p�
nm � � b��

nm � ��
nm

+
X

� 02 � nm
� 06= �

(g� 0�
nm cos(� �� 0

nn )+ b� 0�
nm sin(� �� 0

nn ))

� (g� 0�
nm cos(� �� 0

nm )+ b� 0�
nm sin(� �� 0

nm )) (3.28)

Let x �� 0
2 R be the summand in Equation 3.28. By Assumption 5 (Three-phase angle
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differences):

x �� 0
= g� 0�

nm 1 cos(� �� 0

nn )+ b� 0�
nm 1 sin(� �� 0

nn )

� g� 0�
nm 1 cos(� �� 0

nm ) � b� 0�
nm 1 sin(� �� 0

nm )

� �
1
2

g� 0�
nm 1+

 

�

p
3

2

!

b� 0�
nm 1+

1
2

g� 0�
nm 1 �

 

�

p
3

2

!

b� 0�
nm 1

=0 (3.29)

Therefore, for all� 2 � nm and� � � � ��
nm � � :

p�
nm � � b��

nm � ��
nm = p��

nm (3.30)

Following a similar procedure, we can extract the real component from the complex

power �ow equation Equation 3.24 fromm to n:

p�
mn =

X

� 02 � nm

jv�
m jj v� 0

m j(g� 0�
nm cos(� �� 0

mm )+ b� 0�
nm sin(� �� 0

mm ))

�j v�
m jj v� 0

n j(g� 0�
nm cos(� �� 0

mn )+ b� 0�
nm sin(� �� 0

mn )) (3.31)

Using the same assumptions, we have that the per-phase active power �ow fromm to

n, for all � 2 � nm and� � � � ��
nm � � , can be approximated by:

p�
mn � � b��

nm � ��
mn = � p��

nm (3.32)

Sincep�
nm = � p�

mn , we can approximate the three-phase distribution line as three single-

phase lines:
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pa
nm

pb
nm

pc
nm

pa
mn

pb
mn

pc
mn

paa
nm

pbb
nm

pcc
nm

Figure 3.3: Three-phase distribution line approximate �ows

3.4.2 Three-phaseTransformers

For a delta/grounded-wye transformer in step-up connection, let the explicit per-unit ver-

sion of its primitive admittance matrix (introduced in Equation 2.19) be de�ned by:

Y (n)
nm [p.u.]= ysc[p.u.]

snom=3

(
p

3vbase
n )2

C0 �
(vbase

n )2

sbase =
1
3

yscsC0

Y (m)
nm [p.u.]= � ysc[p.u.]

snom=3
p

3vbase
n vbase

m
C1 �

vbase
n vbase

m

sbase = �

p
3

3
yscsC1

Y (n)
mn [p.u.]= � ysc[p.u.]

snom=3
p

3vbase
m vbase

n
C2 �

vbase
m vbase

n

sbase = �

p
3

3
yscsC2

Y (m)
mn [p.u.]= ysc[p.u.]

snom=3
(vbase

m )2 C3 �
(vbase

m )2

sbase = yscsC3

where

yscs = ysc[p.u.]
�

snom=3
sbase

�
(3.33)

Note that we multipliedY (m)
nm andY (n)

mn by a � 1 to start with a standard notation in the

following derivations. Starting from Equation 3.21, the per-phase complex power �ow
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from n to m, i.e.,s�
nm for each phase� 2 � nm , has the following form:

s�
nm = i �

nm u �
n

=( Y (n)
nm vn � Y (m)

nm vm )� u �
n

=( v �
n (Y (n)

nm )� � v �
m (Y (m)

nm )� )u �
n

= v �
n

�
1
3

�yscsC >
0

�
u �

n � v �
m

 

�

p
3

3
�yscsC >

1

!

u �
n

= v �
n

�
1
3

�yscsC0

�
u �

n + v �
m

 p
3

3
�yscsC2

!

u �
n

=
1
3

v�
n �yscsv �

n �c�
0 +

p
3

3
v�

n �yscsv �
m �c�

2 (3.34)

where vectorsc�
0 andc�

2 are columns ofC0 andC2 corresponding to the� -th phase. Re-

placing the dot products with a summation8� 0 2 � nm :

s�
nm =

X

� 02 � nm

1
3

v�
n �v� 0

n �yscsc
� 0�
0 +

p
3

3
v�

n �v� 0

m �yscc
� 0�
2

=
X

� 02 � nm

1
3

jv�
n jj v� 0

n j expj� �� 0
nn �yscsc

� 0�
0

+

p
3

3
jv�

n jj v� 0

m j expj� �� 0
nm �yscsc

� 0�
2

=
X

� 02 � nm

1
3

jv�
n jj v� 0

n j
�

cos(� �� 0

nn )+ j sin(� �� 0

nn )
�

(gscs� jbscs)c
� 0�
0

+

p
3

3
jv�

n jj v� 0

m j
�

cos(� �� 0

nm )+ j sin(� �� 0

nm )
�

(gscs� jbscs)c
� 0�
2 (3.35)

Following a similar procedure, we arrive at the following complex power �ow fromm
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to n:

s�
mn = i �

mn u �
m

=( Y (m)
mn vm � Y (n)

mn vn )� u �
m

=( v �
m (Y (m)

mn )� � v �
n (Y (n)

mn )� )u �
m

= v �
m

�
�yscsC >

3

�
u �

m � v �
n

 

�

p
3

3
�yscsC >

2

!

u �
m

= v �
m (�yscsC3)u �

m + v �
n

 p
3

3
�yscsC1

!

u �
m

= v�
m �yscsv �

m �c�
3 +

p
3

3
v�

m �yscsv �
n �c�

1 (3.36)

where vectorsc�
3 andc�

1 are columns ofC3 andC1 corresponding to the� -th phase. Re-

placing the dot products with a summation8� 0 2 � nm :

s�
mn =

X

� 02 � mn

v�
m �v� 0

m �yscsc
� 0�
3 +

p
3

3
v�

m �v� 0

n �yscsc
� 0�
1

= jv�
m j2 �yscs+

X

� 02 � nm

p
3

3
jv�

m jj v� 0

n j expj� �� 0
mn �yscsc

� 0�
1

= jv�
m j2(gscs� jbscs)

+
X

� 02 � nm

p
3

3
jv�

m jj v� 0

n j
�

cos(� �� 0

mn )+ j sin(� �� 0

mn )
�

(gscs� jbscs)c
� 0�
1 (3.37)

Next, we decoupled the active power �ow from the complex �ow equation Equa-

tion 3.35 and Equation 3.37. This is achieved by adding the following three Assumptions.

In particular, Assumption 6 comes from standard transformer building practices [1]. As-

sumption 7 and 8 derive from Assumption 6.

Assumption 6(“American standard 30� ”) . All variations of the wye-delta connections are

connected in the “American standard 30� ”, which de�nes a standard phase shift for volt-

ages and currents at both ends of the transformer.
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The standard for transformers in step-down connections is:

� ��
nm � 30� =

�
6

(3.38)

Likewise, for the step-up connection:

� ��
mn � � 30� = �

�
6

(3.39)

Assumption 7 (Transformer right angle differences). Let � y represents the phase to the

“right” of � , i.e., for list [a; b; c] if � = a, then� y= b. Given Assumption 6, the “right”

angle difference between phases at different ends will have a standard phase shift.

The standard for transformers in step-down connections is:

� �� y

nm � 150� =
5�
6

(3.40)

Assumption 8 (Transformer left angle differences). Let � � represents the phase to the

“left” of � , i.e., for list [a; b; c] if � = a, then� � = c. Given Assumption 6, the “left” angle

difference between phases at different ends will have a standard phase shift.

The standard for transformers in step-up connections is:

� �� �

mn � � 150� = �
5�
6

(3.41)

The per-phase active power �ow fromm to n is obtained by extracting the real compo-

nent from Equation 3.35:

p�
nm =

X

� 02 � nm

1
3

jv�
n jj v� 0

n j(gscscos(� �� 0

nn )+ bscssin(� �� 0

nn ))c� 0�
0

+

p
3

3
jv�

n jj v� 0

m j(gscscos(� �� 0

nm )+ bscssin(� �� 0

nm ))c� 0�
2 (3.42)
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Taking elements� 0= � outside the summation and noting thatc��
0 =2 andc��

2 = � 1:

p�
nm =

2
3

jv�
n j2gscs

�

p
3

3
jv�

n jj v�
m j(gscscos(� ��

nm )+ bscssin(� ��
nm ))

+
X

� 02 � nm
� 06= �

1
3

jv�
n jj v� 0

n j(gscscos(� �� 0

nn )+ bscssin(� �� 0

nn ))c� 0�
0

+

p
3

3
jv�

n jj v� 0

m j(gscscos(� �� 0

nm )+ bscssin(� �� 0

nm ))c� 0�
2 (3.43)

By Assumption 3 (Near-nominal nodal voltage magnitudes):

p�
nm �

2
3

gscs�

p
3

3
(gscscos(� ��

nm )+ bscssin(� ��
nm ))

+
X

� 02 � nm
� 06= �

1
3

(gscscos(� �� 0

nn )+ bscssin(� �� 0

nn ))c� 0�
0

+

p
3

3
(gscscos(� �� 0

nm )+ bscssin(� �� 0

nm ))c� 0�
2 (3.44)

Let x �� 0
2 R be the summation term in Equation 3.44. By Assumption 5 (Three-phase

angle differences) and given thatc� 0�
0 = � 1 andc� 0�

2 2 f 0; 1g for f � 0 2 � nm : � 0 6= � g:

x �� 0
=

X

� 02 � nm
� 06= �

1
3

(gsccos(� �� 0

nn )+ bscsin(� �� 0

nn ))c� 0�
0

+

p
3

3
(gsccos(� �� 0

nm )+ bscsin(� �� 0

nm ))c� 0�
2

�
1
6

gsc�

p
3

6
bsc+

p
3

3
(gsccos(� �� y

nm )+ bscsin(� �� y

nm ))

+
1
6

gsc+

p
3

6
bsc

=
1
3

gsc+

p
3

3
(gsccos(� �� y

nm )+ bscsin(� �� y

nm )) (3.45)

Where� y represents the phase to the right of� , i.e., for list [a; b; c] if � = a, then� y= b.
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Then, the active power �ow becomes:

p�
nm � gsc�

p
3

3
(gsccos(� ��

nm )+ bscsin(� ��
nm ))

+

p
3

3
(gsccos(� �� y

nm )+ bscsin(� �� y

nm ) (3.46)

By Assumption 6 (“American Standard 30� ”) and considering a step-down connection, we

can use the �rst-order Taylor series to linearize Equation 3.46 around�
6 :

p�
nm � gscs�

p
3

3

h
gscs

�
cos(

�
6

) � sin(
�
6

)( � ��
nm �

�
6

)
�

+ bscs

�
sin(

�
6

)+cos(
�
6

)( � ��
nm �

�
6

)
�i

+

p
3

3
(gscscos(� �� y

nm )+ bscssin(� �� y

nm ))

= gscs�

p
3

3

"

gscs

 p
3

2
�

1
2

(� ��
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�
6

)

!

+ bscs
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p
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2
(� ��

nm �
�
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)

!#
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p
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(gscscos(� �� y

nm )+ bscssin(� �� y

nm ))

=
1
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p
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6
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+

p
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6

h
gscs(� ��

nm �
�
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) �
p

3bscs(� ��
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�
6

)
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+

p
3

3
(gscscos(� �� y

nm )+ bscssin(� �� y

nm ))

=
1
2

gscs�

p
3

6
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p
3
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(� ��
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�
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p

3bscs)
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p
3
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(gscscos(� �� y

nm )+ bscssin(� �� y

nm )) (3.47)

By Assumption 7 (“Transformer right angle differences”), considering a step-down don-

nection, and given that� � � � �� y

nm � � , we can again use the �rst-order Taylor series to
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linearize Equation 3.47 around5�
6 given that :
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Simplifying more:
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This suggests that we can modelp�
nm as a power that splits into a self and mutual compo-

nent:

p�
nm �

�
�

1
2

bscs(� ��
nm �

�
6

)
�

+
�

�
1
2

bscs(� �� y

nm �
5�
6

)
�

= p��
nm + p�� y

nm (3.50)

Following a similar procedure, the per-phase active power �ow fromm to n is obtained by

extracting the real component from Equation 3.37:

p�
mn = jv�

m j2gscs

+
X

� 02 � nm

p
3

3
jv�

m jj v� 0

n j(gscscos(� �� 0

mn )+ bscssin(� �� 0

mn ))c� 0�
1 (3.51)
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Taking elements� 0= � outside the summation and noting thatc��
1 = � 1:
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Given thatc� 0�
1 2 f 0; 1g for f � 0 2 � nm : � 0 6= � g:

p�
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m j2gscs�
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Where� � represents the phase to the left of� , i.e., for list [a; b; c] if � = a, then� � = c. By

Assumption 3 (Near-nominal nodal voltage magnitudes):

p�
mn � gscs�

p
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(gscscos(� ��

mn )+ bscssin(� ��
mn ))

+

p
3
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mn ) (3.54)

By Assumption 6 (“American Standard 30� ”) and considering a step-up connection, we can
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use the �rst-order Taylor series to linearize Equation 3.54 around� �
6 :
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By Assumption 8 (“Transformer left angle differences”) and given that� � � � �� �

mn � � ,
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we can again use the �rst-order Taylor series to linearize Equation 3.55 around� 5�
6 :
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Simplifying more:
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Using similar assumptions, we have that the per-phase active power �ow fromm to n, for

all � 2 � nm , can be approximated by:

p�
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�
�

1
2

bsc(� ��
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�
6

)
�

+
�

�
1
2

bsc(� �� �

mn +
5�
6

)
�

= p��
mn + p�� �

mn (3.58)

Where� � represents the phase to the left of� , i.e., for list[a; b; c] if � = a, then� � = c.

In general,p�
nm 6= � p�

mn :

(� 1)�p�
mn � (� 1)�(p��

mn + p�� �

mn )

= p��
nm + p� � �

nm 6= p�
nm (3.59)

However,p� � �
nm is the same asp�� y

nm for another phase. Thus, we can model the three-

phase transformer as six shifted single-phase lines:
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Figure 3.4: Delta / Grounded Wye transformer approximate power �ow model.

3.4.3 MultiphasePowerTransferDistributionFactors

In the following discussion, we drop the busn 2 N and phase� 2 � n notation to favor a

node-based notation, i.e.,i 2 I . WhereI is the set of all nodes, representing all available

combinations of buses and phases. Since we approximate overhead lines and transformers

as single-phase lines, we are also dropping the edge(nm) 2 E and phase� 2 � nm notation

to favor a single-phase line notationk 2 K . whereK is the set of all equivalent single-phase

lines. Furthermore, letK i be the set of branches connected to nodei

The power through a single-phase equivalent linek 2 K can in general be represented

by (see subsection 3.4.1 and subsection 3.4.2):

pk = bk(� �
i � � �

j + � ) (3.60)

Following [31], we can rewrite in matrix form for allk 2 K :

pk = B dA � + B d � (3.61)
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whereB d 2 RjKj�jKj is a diagonal matrix containing the elementsf bkg8k2K . A 2 RjKj�jIj

is an incidence matrix relating all conductors and nodes.� 2 RjIj is a vector with all the

nodal angles.� is a vector containing �xed phase shifts given by the type of single-phase

equivalent (Equation 3.30) or (Equation 3.50).

The power net injection at nodei 2 I is equivalent to the summation of signed power

�ows from equivalent single-phase lines connected to nodei :

pi =
X

K i

pk (3.62)

The sign convention is positive for lines assumed to be connected “from” nodei , and neg-

ative for lines assumed to be connected “to” nodei .

In matrix form, the power net injection considering all single-phase equivalents is:

p i = A > B dA � +( B d �A )> � (3.63)

Solving for� :

� = ( A > B dA )� 1(p i � (B dA )> � ) (3.64)

Substituting (Equation 3.64) into (Equation 3.61):

pk =
�
(B dA )(A > B dA )� 1

�
p i

+
�
B d � (B dA )(A > B dA )� 1(B dA )>

�
� (3.65)

where the Multiphase Power Distribution Factors matrixMPTDF 2 RjKj�jIj is de�ned as:

MPTDF = ( B dA )(A > B dA )� 1 (3.66)
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Linearizing around a prior operating point:

pk � p0
k + MPTDF (p i � p0

i )

� p0
k + MPTDF � p i (3.67)

wherep0
i is the net injection at the prior operating point.

3.5 Results

Figure 3.5: Empirical power �ow comparison between the actual power �ow (computed
using the exact nonlinear equations) and the approximate sensitivity-based representation
across selected branches of the IEEE 123-Bus test feeder.

Figure 3.5 presents a comparison between real power �ows computed using the exact non-

linear power �ow equations and those estimated using a sensitivity-based linear approx-

imation across selected branches of the IEEE 123-bus test feeder. The top row includes

thermal limits to illustrate the proximity of actual �ows to operational constraints, while

the bottom row excludes thermal limits for clearer visibility, particularly in cases where

the thermal limit signi�cantly exceeds the observed power �ow (e.g., for l25 and l29). The
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results span various branch types, including three-phase (l115), single-phase (l29), two-

phase (l25) lines, and a three-phase transformer (rg1a). Across all cases, the approximation

error remains within0{3% at each time step. Notably, larger errors are observed in lines

electrically closer to the substation, indicating a sensitivity to network location. Overall

this makes sense since branches closer to the substation must aggregate power �ows from

several different branches types (including transformers and unbalances lines). An addi-

tional empirical observation reveals that the level of permitted voltage deviation in�uences

the approximation accuracy; speci�cally, constraining voltage violations within� 5%–as

recommended by ANSI Range A–yields the best overall accuracy in the linearized model.

3.6 Conclusions

In summary, this chapter presents a systematic derivation of the power �ow Jacobian for

arbitrary multi-phase networks and demonstrates its utility in constructing the Multi-phase

Power Transfer Distribution Factor (MPTDF) matrix. Empirical results show that, under

practical voltage limits, the MPTDF provides an accurate linear approximation of active

power �ows, with errors within3%. These �ndings validate the use of sensitivity-based

methods for modeling and optimizing distribution system operations, particularly for ap-

plications such as day-ahead energy scheduling.
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Part II

Energy Scheduling
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CHAPTER 4

SENSITIVITY-BASED ENERGY SCHEDULING

4.1 Introduction

Energy scheduling of distributed energy resources (DER) refers to the optimal operation of

resources connected to distribution circuits including: curtailable solar PV, energy storage,

demand response, electric vehicles, and small generators. Energy scheduling usually con-

siders a 24 to 48 hours-ahead problem with a granularity of 15 to 60 minutes [32]. Three

main considerations include: (i) The objective function, which usually includes overall

cost minimization, but can also include elements such as price of discomfort for demand

response [33]. (ii) The decision variables and limits related to the DERs [34]. (iii) Econ-

omy models and uncertainty management through robust optimization approaches [35].

Underpinning these considerations is the need to model the 3-phase unbalanced distribu-

tion grid, and to include in the model the grid constraints such as line thermal limits, and

node over- and under-voltage limits.

Traditionally, DER optimization approaches rely on linear programming (LP) algo-

rithms [36]. These strategies are usually preferred since they scale well to large and diverse

problems, have low computational burden, and can be easily integrated with standard eco-

nomic theory [37]. Furthermore, power systems tight operation margins such as ANSI

voltage constraints and line thermal limits constraints, allow system responses to control

actions to behave relatively linearly under normal operation conditions [38].

Sensitivity analysis projects non-linear power �ow equations into a linear space by

exploiting the linear relationships between: a) active power line �ows and active power

injections, and b) voltage magnitude and active power injections [39]. The coef�cients

usually employed to perform this mapping are computed using Jacobian-based methods,
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Gauss-Seidel formulations, and theZ matrix [40]. Recent techniques for computing such

coef�cients are based on Quasi-Static Time Series Analysis (QSTS) [41].

Power Transfer Distribution Factors (PTDFs) are linear sensitivities that relate the changes

in active line �ows due to a transfer of active power from a set of source nodes to a set of

sink nodes [38]. Since early reports employing PTDF-based LP, e.g., [42], and current re-

ports as in [38, 43, 36], methods have relayed on the PTDF to simplify the calculation of

line-�ows and have used a number of different approaches to include losses in the system.

The latter is required to make the solution as close as possible to a feasible AC power �ow

solution for each time point, usually computed using convex relaxation techniques [44].

For instance, in [36] the authors developed a post-processing strategy to correct power

�ows from an initial PTDF-based dispatch resulting in a model that is closer to the actual

AC power �ow. Authors in [43], proposed a PTDF-based dispatch with losses computed

via a piecewise linear approximation approach.

The main contribution of this chapter is to shows, through a set of experiments, that

the information contained in the PTDF can be both exploited for computing line-�ows and

system-wide losses via penalty factors. The resulting formulation is a full PTDF-based

energy scheduling approach that can be easily integrated with energy storage, PV sys-

tems, and Demand Response (DR) resources in the context of 3-phase, unbalanced distri-

bution networks. Furthermore, by employing voltage sensitivities, the optimal scheduling

of DERs observes also opterational security related to voltage limit. The results obtained

on the IEEE-13 test feeder, show that the proposed approach can decrease the total cost of

operating a feeder for 24 h in up to 14% when compared to the base feasible case.

4.2 Background

4.2.1 NotationandDe�nitions

Let B = f 0; 1; : : : ; Bg be the set of all buses in a distribution network. Index0 is reserved

for the substation bus, which is assumed to be the source for power transfers. The set of
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lines connecting system buses will beE. Each line, denoted byi � j 2 E or (ij ) 2 E,

connects a pair of busesi; j 2 B .

In distribution systems, each bus has multiple connection terminals that we term nodes

in our model. A node in a bus may be connected to a phase or to the neutral. Load

unbalances in the system require a phase-by-phase analysis. Leta; b; cbe the three phases

of a distribution network. Let� i be the phases of busi 2 B and� ij the phases of line

i � j 2 E. For simplicity, let us de�ne the set of nodesN , with jN j = N , containing all

existing combinations of buses and phases. The elements of this set are indexed byi:� .

For each bus, letpi:� denote the active power injection at nodei:� 2 N . For each line,

let pij:� be the active power �ow from linei � j through phase� 2 � ij .

4.2.2 PenaltyFactors

From the necessary conditions for an optimal economic dispatch for a point in time, we can

de�ne the incremental system losses due to power injection at nodei:� 2 N as@ploss=@pi:� .

Then, the penalty factor for each node is:

pf i:� =
1

1� @ploss=@pi:�
; (4.1)

The penalty factor is traditionally employed in transmission networks (balanced loads and

transposed lines) to include the effect of losses in dispatch [45]. Basically, the factor mul-

tiplies the incremental cost of generating units to accommodate transmission losses.

Given the fact that the reference bus will move its output when a change in generation

occurs and that this effect will ultimately create a change in system losses [46], i.e.,� p0:� =

� � pi:� +� ploss. We can express the incremental system losses as:

@pLoss

@pi:�
= 1+

@p0:�

@pi:�
; (4.2)
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Also, consider that a node-based PTDF can be de�ned as the active power change in phase

� of line i � j 2 E due to a 1-phase active power transfer from busi to bus0, that means:

PTDFi � j:�
i ! 0

=
@pij:�
@pi:�

; (4.3)

Finally, given that the nodal power balance at the reference isp0:� =
P

j :0� j p0� j:� , we can

rewrite the penalty factor as follows:

pf i:� = �
1

@p0:� =@pi:�
= �

1
P

j :0� j PTDF0� j:�
i ! 0

: (4.4)

4.3 Proposed method

Motivated by the way in which penalty factors can effectively introduce losses to the sys-

tem, we propose to include these factors into a conventional LP-based energy scheduling

strategy. We will call this approach Penalty Factor-based Energy Scheduling (PFES). The

proposed formulation considers static storage charging and discharging, solar panel pro-

�les and PV curtailment, and demand response as resources connected to the distribution

circuit.
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4.3.1 Multiple NodeCostFunctionFormulation

We want to minimize the total operating cost of serving electricity to a distribution feeder,

considering load pro�les, distributed energy resources and circuit constraints:

min
p

BX

i =1

X

� 2 � i

TX

t=1

cG(pG
i:�;t )+ cDR (pDR

i:�;t )

s.t. Nodal power Balance; Change in �ows;

Voltage constraints

Energy Balance, Battery limits;

Line and Generator Limits;

DR Limits

(4.5)

wherep := [ pG
i:� ; pDR

i:� ]i:� 2N . Likewise, cG is the cost of generation,cDR is the cost of

Demand Response.pG
i:�;t andpDR

i:�;t are decision variables representing the power injection

and power curtailment, respectively.

4.3.2 ConstraintDescription

Nodal power Balance:

X

j :i � j

pij:�;t =
1

pf i:�
pG

i:�;t � pD
i:�;t + pDR

i:�;t 8i =2 S (4.6)

X

j :i � j

pij:�;t =
1

pf i:�
pG

i:�;t � pD
i:�;t + pDR

i:�;t

- pSC
i:�;t + 1

pf i:�
pSD

i:�;t 8i 2 S (4.7)

wherepD
i:�;t andpDR

i:�;t represent power extraction and power curtailment in nodei:� 2 N

for time t. S � B is the subset of buses with battery storage. We propose to accommodate

system losses by adding a penalty factorpf i:� multiplying the power injection at nodei:� .

Both from generation 1
pf i:�

pG
i:�;t and battery power discharge1pf i:�

pSD
i:�;t . This factor will tend
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to increase the power injection according to the portion of system losses that it alleviates.

Change in �ows:

pjk:�;t =
BX

i =1

PTDFj � k:�;t
i ! 0

(
1

pf i:�
pG

i:�;t � pD
i:�;t + pDR

i:�;t )

8i =2 S (4.8)

pjk:�;t =
BX

i =1

PTDFj � k:�;t
i ! 0

(
1

pf i:�
pG

i:�;t � pD
i:�;t + pDR

i:�;t

-pSC
i:�;t + 1

pf i:�
pSD

i:�;t ) 8i 2 S (4.9)

In distribution feeders with a reference bus as the main power source, constraint (Equa-

tion 4.12) will propagate the effect of the penalty factors across the network. This formu-

lation will relate nodes in buses with batteries, i.e.,i 2 S , with nodes in the reference bus.

Voltage Constraints8i 2 B andt 2 [1; T]:

0:95vBase
i � vi:�;t � 1:05vBase

i (4.10)

wherevBase
i is the nominal voltage value at nodei ,

vi:�;t = v0
i:�;t +

X

8j:� 2N

@vi:�
@pj:�

(
1

pf j:�
pG

j:�;t � pD
j:�;t + pDR

j:�;t )

8i =2 S (4.11)

vi:�;t = v0
i:�;t +

X

8j:� 2N

@vi:�
@pj:�

(
1

pf j:�
pG

j:�;t � pD
j:�;t + pDR

j:�;t

� pSC
j:�;t +

1
pf j:�

pSD
j:�;t ) 8i 2 S (4.12)

Particularly, @vi:� =@pj:� is a sensitivity containing changes in nodal voltagevi:� given

changes in power injections at nodepj:� .

This constraint was motivated by [39]. There, it was demonstrated that nodal volt-
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ages change relatively linearly w.r.t active power injections/extractions. Parameterv0
i:�;t is

obtained from a distribution modelling software and will provide an initial nodal voltage

value for each time step. This initial value will include the effect of both active and reac-

tive power injections. The summation term will accommodate energy scheduling results to

modify the voltage [39].

Energy Balance and Battery limits8i 2 S andt 2 [1; T]:

E i:�;t � E i:�;t � 1 � � p SC
i:�;t +

1
�

pSD
i:�;t = 0; (4.13)

E i:�;t =0 = 0:4� E max
i ; (4.14)

E i:�;t = T � E i:�;t =0 = 0; (4.15)

0 � pSC
i:�;t ; pSD

i:�;t � pSmax (4.16)

0 � E i:�;t � E max
i (4.17)

where � is an ef�ciency parameter usually speci�ed by the employed storage technol-

ogy [43]. The initial battery energy is assumed to be 40% of the total energy capacity.

Moreover, the initial and �nal values of energy in the battery are assumed to be equal. Both

the charging and discharging power limits are assumed to be equal.

Line and Generator limits8t 2 [1; T]:

� pmax
jk � pjk:�;t � pmax

jk 8j � k 2 E (4.18)

pGmin
i � pG

i:�;t � pGmax
i 8i 2 B (4.19)

DR limits 8i 2 B amdt 2 [1; T]:

0 � pDR
i:�;t � pD

i:�;t (4.20)
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Figure 4.1: Constraint analysis for energy scheduling. Row 1: voltage constraints for all
nodes. Row 2: thermal limits for line rg60� 630, in all cases red diamonds represent hard
bounds. (a) and (e) base case. (b) and (f) combined effect of battery storage and PV
systems. (c) and (g) effect of enforcing line thermal limits (Demand Response). (d) and (h)
combined effect of enforcing line thermal limits and voltage constraints.

4.4 Simulation

4.4.1 Assumptions

We assume that there is no change in network topology during the simulation time frame.

All control actions such as substation transformer LTC and voltage regulator are disabled.

Additionally, all system connections, including transformers and loads, are assumed to be

wye-wye (no Delta-Wye or transformer tap connections). Finally, we assume unity power

factor control for injections from the PV systems and from storage discharge.

4.4.2 ExperimentalSetup

In this analysis we employ the IEEE-13 test feeder implemented in OpenDSS [47]. To

compute the PTDF and voltage sensitivity of this system, we use the perturb and observe

method as described in [48]. Initially, we solve a baseline power �ow and store line �ows

and nodal voltages. Then, by using the Python interface from [49], we iteratively connect a

1-phase 10kW generator to a node in the system, solve another power �ow, and compute

the difference between the baseline and this solution line �ows and nodal voltages. Once

each iteration ends, the 1-phase generator is disconnected. After all nodes are evaluated,
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we obtain two matrices. First, matrix PTDF2 RK � N with N = 41 being the total number

of nodes andK = 38 being the total number of node connections. Second, a voltage sen-

sitivity matrix [@V
@P ] 2 RN � N containing elements@vi:� =@pj:� .

To feed prices at the substation to our model, we use marginal prices obtained from a

simulation of the bulk transmission system in the Southeast. The input consists of hourly

marginal prices for a feeder for August 2018 and the demand pro�le for the same day. The

curve of hourly marginal prices is displayed in magenta in Figure 4.3d. Likewise, the em-

ployed load shape can be seen in Figure 4.3a. The cost of DR was assumed to be �xed

value ofcDR = 50[$=kW].

To obtain the initial voltage valuesv0
i:�;t , we employ the same Python interface from [49].

Particularly, we disable all control actions and multiply all feeder loads by the load shape.

Then, by solving power �ows for each time step, we obtain voltage magnitudes for all

nodes. These initial voltages contain the combined effect of active/reactive power injec-

tions and extractions.

Using the 2020 NREL's PV system and energy storage benchmarking report [50], we se-

lect two 3-phase PV systems with sizespPV1max = 200kW (600kW overall) andpPV2max =

100kW (300kW overall). For both units, we assume unity-power factor control. For the

PV system output pro�le, we employ a typical curve for Aaugust from the same report.

The power dispatch considering such curve can be seen in Figure 4.3d

The optimization program, as described in section subsection 8.2.4, was modeled in Python

using the gurobipy library [51]. Model assumption parameters include3 single-phase bat-

teries with maximum capacityE max = 300kWh and maximum storage charging/discharging

capacitypSmax = 100kW. Line thermal limits are obtained from OpenDSS using the de-

fault current limits, i.e.,pmax
jk:� = imax

jk:� � vLN
j:� , whereimax

jk:� andvLN
j:� are respectively the con-

ductor rating in amps and the line-to-neutral voltage at nodej:� .
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4.5 Results

4.5.1 ConstraintAnalysis

The constraint analysis is summarized in Fig Figure 4.1. Figures in row 1 display volt-

age constraint variations due to different DERs. Figures in row 2, show the thermal limits

variations of line rg60� 630 using the same DERs. This line was recognized to be the bind-

ing line constraint in the system. In the base case, Figure 4.1a and Figure 4.1e, all node

voltages are within limits and line rg60� 630 is overloaded. In this initial case, the energy

scheduling optimization is unfeasible because there are line thermal limits violations. Fig-

ure 4.1b and Figure 4.1f, show the combined effect of including one energy storage system

and two PV systems. The placing location of these DERs is arbitrary and will be explored

in the next subsection. Remarkably, both the storage system and PV systems help reduce

the peak and �atten the line �ow curve. Furthermore, Figure 4.1b shows a considerable

increase in voltage pro�les. However, the optimization remains unfeasible.

Figure 4.1c and Figure 4.1g show the effect of enforcing the line constraints using De-

mand Response (load shedding). It is appreciable that only enforcing line constraints will

result in over-voltage violations that make the optimization unfeasible. Finally, Figure 4.1d

and Figure 4.1h present the result of enforcing both voltage and line constraints. In turn,

this set of DERs enable the optimization to be feasible.

4.5.2 ResourcePlacement

Figure 4.2a shows a comparison of total operating cost curves for placing a energy storage

system at different locations. This analysis seeks to determine at which bus does connecting

a battery system yield the lowest operating cost. We also include the no connection case as

“NO”. At each iteration, we connect a 3-phase battery system at a bus, compute and store

the total operating cost for a day. Then, we remove the battery from the initial bus and

connect it to another bus. This procedure continues until all buses have been evaluated. The
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Figure 4.2: Operating cost-based DER placement analysis. (a) placement analysis of one
energy storage system. (b) placement analysis of two PV systems.

magenta line, termed “LossLess”, represents a lossless energy scheduling approach. As

depicted by its behavior, the lossless model is able to recognize that energy storage reduces

the total operating cost, i.e.,“No” (No battery) has a higher operating cost than having a

battery connected in any other bus. However, the particular location of the battery system

has no effect on the cost. This is the expected behavior of a lossless model. On the other

hand, the proposed method, PFES, is able to differentiate among connecting one battery

system at different locations. This is particularly important because in our formulation,

storage is allowed to be discharged to supply energy to the load. The results are aligned

with the fact that power injections near the load reduce losses and can result in a lower

operating cost. According to this simple analysis, the best location to place a battery is at

bus675. Figure 4.2b, presents the same placement analysis, this time, for two PV systems.

In this case, buses671, 692, and680 are good options. Numerically, the best result is

obtained when placing PV system 1 at bus692and PV system 2 at bus680. The energy
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Figure 4.3: Final results considering both voltage and line constraints. (a) feeder demand
pro�le. (b) Power dispatch including PV systems. (c) Demand Response. (d) Optimal
Energy storage pro�le.

scheduling results with best DER placement is presented in Figure 4.3. In particular, the

setup corresponds to an energy storage system connected at bus675and two PV systems

placed at buses692and680. Figure 4.3a and Figure 4.3b present the load shape employed

throughout this analysis and �nal power dispatch (both for conventional and PV system

generation). Figure 4.3d, shows the energy pro�le of the battery system at bus675. From

this image, we note that the battery will be charged when the energy prices are low and

discharged when they are high. Figure 4.3c, shows the Demand Response scheduled by the

optimization. The load curtailed at nodes675:1 and675:3 is of interest because at this bus

we connected an energy storage system. Particularly, Demand Response encourages the

batteries at these nodes to be discharged more quickly. Partially, this result can be explained

by understanding that load shedding is modeled at a very high price. The optimization

recognizes this condition tries to compensate by discharging the batteries at these nodes

sooner. Finally, Table 4.1 present a quantitative analysis of the resources studied in this

analysis. From Figure 4.1h, we know that Demand Response (load curtail) is necessary for
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Table 4.1: Cost function comparison between the lossless formulation and the proposed
PFES. Bold values indicate equal or lowest operating cost for each combination of tech-
nologies.

Lossless formulation PFES formulation

Technologies Operating costTechnologies Operating cost

Base case Infeasible Base case Infeasible

Forcing Constraints $1,846,080.63 Forcing Constraints $1,846,080.63

Forcing Constraints +

Storage
$1,824,531.98

Forcing Constraints +

Storage
$1,791,159.03

Forcing Constraints +

Storage + PV
$1,625,268.68

Forcing Constraints +

Storage + PV
$1,580,225.74

optimization feasibility. However, from Table 4.1 we quantitatively see the effect of DR. By

itself, DR will be expensive. Adding other resource technologies can help alleviate such

cost. Furthermore, it can be seen that the proposed PFES outperforms the lossless case,

obtaining a lower overall operating cost. Remarkably, the complexity from adding penalty

factors is negligible. The computation of these factors only depends on the calculation of

the PTDF, which in turn is also required for the lossless case.

4.6 Conclusion

In this chapter we introduced PFES: penalty factor-based energy scheduling, to support

optimal coordination of DERs. Our approach introduces losses to an optimization program

by computing penalty factors using well-known PTDF sensitivities. The added complexity

is negligible as computing the PTDF is also required for the lossless case. Through a

series of experiments, we demonstrate that the information contained in the PTDF can be

leveraged to compute both line �ows and losses. Results on the IEEE 13 test feeder shows

a successful energy scheduling under thermal limits and voltage constraints. Speci�cally,

integrating PV systems, energy storage, and DR as last resource results in cost savings of

up to 14%.
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CHAPTER 5

IMPROVING SENSITIVITY-BASED ENERGY SCHEDULING USING

OPERATING CIRCLES

5.1 Introduction

Energy scheduling (ES) addresses the day-ahead operation of distributed energy resources

(DERs) at the distribution level [52]. Also referred to as Active Network Management

(ANM)[53] or Energy Resource Management (ERM)[54], ES typically involves resources

such as distributed generation (DG), photovoltaics (PV), energy storage systems (ESS),

and demand response (DR). Like other optimization problems, ES involves: (i) an objec-

tive function—commonly minimizing operational costs, losses, emissions, or DR discom-

fort [55]; (ii) decision variables—typically DER power injections or curtailment levels;

and (iii) constraints—modeling network and device limitations. These components must

be grounded in sound distribution system modeling.

Most ES algorithms rely on linear sensitivity-based approximations, enabling the use

of Linear Programming (LP). LP offers scalability, computational ef�ciency, and produces

locational marginal prices (LMPs) as by-products [56]. Given the dynamic nature of power

system controls, fast LP-based solutions are particularly suited for distribution operations.

A common practice is to alternate between sensitivity-based scheduling and full AC power

�ow analysis to restore feasibility [57]. This process yields AC-feasible solutions that are

optimal within the linear approximation, a methodology we refer to as Sequential Energy

Scheduling (SES).

One major limitation of employing sensitivity-based approximations is that reactive

power is ignored. This introduces inaccuracies in the speci�cation of line thermal limits

(Ampere limits), as kW constraint limits. Furthermore, the operation of capacitor banks
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and voltage regulators is also disregarded [58]. To include reactive power while employing

LP technology requires conventional SES approaches to be improved. To this end, re-

searchers have proposed to introduce penalty functions and their corresponding slack vari-

ables [59], approximate nonlinear constraints using Taylor expansions [60], and construct

careful mathematical manipulations such as supporting hyperplanes and half spaces [56].

In all cases, proposals directly model reactive power which leads to an increased model

complexity. Furthermore, they rely on a simpli�ed one-phase grid equivalent that disre-

gards the realities of distribution system analysis such as 3-phase modeling, unbalanced

loads, and the necessity to consider the neutral.

Motivated by the above challenges and limitations, the main contribution of this chap-

ter is to extend SES approaches to consider an implicit reactive power �ow representation.

This falls into the category of power �ow derating strategies. However, as opposed to [61]

and [62] which are based on empirical strategies such as stochastic scenario reduction and

historical data, the proposed derating strategy is exact from the power �ow equations per-

spective. In particular, the proposal assumes constant voltages (as opposed to 1.0 p.u. volt-

ages used in DC power �ow), which enables the estimation of reactive power �ow change

within the computation of active power �ow change during the optimization. The method

utilizes the concept of limiting and operating circles in the active and reactive �ow plane

of the line [63]. We extend these concepts to a three-phase formulation, which considers

unbalanced loads and unbalanced �ows, and that includes the effect of the neutral. In this

manner, the line constraints can be speci�ed in terms of kVA limits and include the im-

pact of reactive power �ows. Results obtained on the IEEE-13 test feeder show that the

proposed approach effectively leverages the three-phase reactive power approximation to

schedule DERs in such a way that the apparent power �owing through each line is effec-

tively within line thermal limits.
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5.2 Proposed methodology

5.2.1 NotationandDe�nitions

Let B = 1; : : : ; B be the set of buses in a distribution network. Likewise, the set of distri-

bution lines isE. Each line, denoted by(jk ) 2 E, connects a pair of busesj; k 2 B . A bus

has connection terminals known as nodes that correspond to phasesa, b, c, or the neutraln

of a line. By assuming that the neutral will be grounded at each end, we can employ Kron

reduction to simplify the neutral from the analysis [64]. Let� j be the phases of busj 2 B ,

containing elements� j 2 [a; b; c]. In the same form, let� jk be the phases of line(jk ) 2 E.

For simplicity, let us de�ne the set of nodesN , with jN j = N , containing all existing

combinations of buses and phases. The elements of this set are indexed byj:� . Likewise, let

the set of all connections between nodes in adjacent buses be de�ned asK, with jKj = K .

Consider the modi�ed line segment from [64], where line shunt admittances are ne-

glected without introducing signi�cant error. The model for a three-phase line is presented

in Figure 5.1.

va
j

i a
jk

zaa

va
k

vb
j

i b
jk

zbb

vb
k

vc
j

i c
jk

zcc

vc
k

zab

zbc

zca

Figure 5.1: Modi�ed line segment model

From Figure 5.1, we can compute the voltage drop between busesj , k at phasea as:

� va
jk = va

j � va
k = zaa i a

jk + zab i b
jk + zac i c

jk (5.1)
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Following a similar procedure for the other phases, and writing in matrix form, we obtain:

� v jk =

2

6
6
6
6
4

zaa zab zac

zba zbb zbc

zca zcb zcc

3

7
7
7
7
5

jk| {z }
Z jk

i jk (5.2)

whereZ jk 2 C3� 3 is the impedance matrix,� v jk 2 C3 is a vector containing the voltage

drop between phases of busesj; k 2 B , andi jk 2 C3 is a vector of currents at each phase

of line (jk ) 2 E. If the impedance matrix is invertible, we can express the currents in terms

of the voltages as:

i jk = Y jk � v jk (5.3)

whereY jk 2 C3� 3 is known as the line Yprimitive matrix.

5.2.2 Implicit ReactivePowerFlow Representation

Under unbalanced conditions, the total transmitted power through a 3-phase line is:

sjk = va
j
�i a

jk + vb
j
�i b

jk + vc
j
�i c

jk (5.4)

where�() is the complex conjugate operator.

In vector form:

sjk = i �
jk v j

= ( Y jk (v j � vk)) � v j

= ( v �
j Y �

jk � v �
kY �

jk )v j

= v �
j Y �

jk v j � v �
kY �

jk v j (5.5)
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where() � is the conjugate transpose operator. Given thatsjk 2 C is a scalar, we can

re-write the above equation in a more useful notation:

sjk = v �
j Y �

jk v j � rej� (5.6)

wherer = jv �
j Y �

jk vk j and� = v �
j Y �

jk vk .

AssumingY jk = Y >
jk , i.e.,Y jk is symmetric. This is true for all lines in the considered

test cases. We can splitsjk into active and reactive power by:

pjk = v>
j G jk v?

j � r cos� (5.7)

qjk = � v>
j B jk v?

j � r sin� (5.8)

whereG jk andB jk are the real and imaginary parts ofY jk .

Leaving thecosandsin on the right, taking the square of both equations, and adding:

(pjk � v>
j G jk v?

j| {z }
pjk;c

)2+( qjk � (� v>
j B jk v?

j| {z }
qjk;c

))2 = ( jv>
j Y jk v?

k j
| {z }

sjk;c

)2 (5.9)

Assuming constant voltages in Equation 5.9, we can de�ne quantitiespjk;c , qjk;c , and

sjk;c . Which, in turn, yield the equation of a circle with center in(pjk;c ; qjk;c ), known as the

operating circle:

(pjk � pjk;c )2+( qjk � qjk;c )2 = s2
jk;c (5.10)

At the line thermal limit, the following relationship holds:

p2
jk + q2

jk = ( smax
jk )2 (5.11)

wheresmax
jk is the rated line thermal limit. Equation 5.11 is known as the limiting circle.
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Figure 5.2 shows a representation of both circles for a particular power line. We can obtain

the actual active power limit at the intersection of both circles.

Figure 5.2: Active power limit computation.

To �nd such intersection, we expand Equation 5.10 and substract Equation 5.11, to

obtain:

qjk =
1

2qjk;c
[((smax

jk )2 � mc) � 2pjk pjk;c ]; (5.12)

mc = s2
jk;c � p2

jk;c � q2
jk;c

Now, by replacing Equation 5.12 into Equation 5.10 we end up with:

(p2
jk;c + q2

jk;c )
| {z }

a

p2
jk � ((smax

jk )2 � mc)pjk;c
| {z }

b

pjk

+
1
4

((smax
jk )2 � mc)2 � (smax

jk )2q2
jk;c

| {z }
c

= 0 (5.13)

In particular, Equation 5.13 is a quadratic equation onpjk , which yields the following
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output:

a p2
jk + b pjk + c = 0 =) p?

jk =
� b�

p
b2 � 4ac

2a
(5.14)

Given the� sign in Equation 5.14, there will always be two real solutions. However,

depending on the assumed power �ow direction, there will only be one positive solution.

For all lines in the feeder, we calculate the correctedp?
jk based on the implicit representation

of reactive power �ow and the actual line thermal limit.

To compute the active power �ow limit for each phase of the distribution line, we as-

sume the same conductor for all phases. Thus, let the per-phase active power limit be

plim
jk:� = p?

jk =j� jk j. wherej� jk j is the number of phases of line(jk ) 2 E. Considering the

phases of all lines (total node connections,K ) and given that the computed limit is time

dependent (obtained assuming �xed voltages), we obtainp lim
jk;t 2 RK .

5.2.3 EnergyScheduling

Let the decision vector at each time of the simulation be represented byx t = [ pG
t ; pDR

t ],

wherepG
t ; pDR

t 2 RN are power injection and demand response at every node in a distribu-

tion feeder. The optimal energy scheduling has the following cost function:

min
p

J =
TX

t=1

c>
t x t (5.15)

wherect = [ cG
t ; cDR

t ] is the cost vector. In particular,cG
t ; cDR

t 2 RN , are the generation and

demand response costs, respectively.

Constraints:

Given load unbalances, the feeder-wide power balance of generation and load has to be

treated independently for each phase. The power balance is then:

BX

j =1

1
pf j:�

(pG
j:�;t + pDR

j:�;t ) =
BX

j =1

pD
j:�;t (5.16)
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where the penalty factor1=pfj:� is included to represent feeder losses [52]. Assuming

� 2 [a; b; c], Equation 8.2 represents three different constraints

Power �ow constraint:

jp jk;t j � p lim
jk;t (5.17)

Using a �rst order approximation, we can express:

p jk;t � p0
jk;t +

�
@p jk

@p

�
� p t (5.18)

� p t = p t � p0
t (5.19)

where,p t = pG
t + pDR

t andp0
t = ( pG

t )0+( pDR
t )0 is an initial estimate of powers of interest.

Finally, Equation 5.17 is rewritten as two constraints of the form:

�
�

@p jk

@p

�
p?

t � p lim
jk + p0

jk;t �
�

@p jk

@p

�
p0

t (5.20)
�

@p jk

@p

�
p?

t � p lim
jk � p0

jk;t +
�

@p jk

@p

�
p0

t (5.21)

Voltage Constraints in p.u.:

0:95vbase� v t � 1:05vbase (5.22)

wherevBase 2 RN , is the rated voltage at each node in the feeder. Using a �rst order

approximation, we can rewrite the system voltage vector as:

v t � v0
t +

�
@v
@p

�
� p t (5.23)
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Finally, Equation 5.22 is rewritten as two constraints of the form:

�
�

@v
@p

�
p?

t � � 0:95vbase+ v0
t �

�
@v
@p

�
p0

t (5.24)
�

@v
@p

�
p?

t � 1:05vbase� v0
t +

�
@v
@p

�
p0

t (5.25)

Generation and Demand Response limits:

pGmin � pG
t � pGmax (5.26)

0 � pDR
t � pD

t (5.27)

5.3 Simulation

5.3.1 Assumptions

During the simulation time frame, there is no change in network topology. All control ac-

tions such as substation transformer LTC and voltage regulators are disabled. All system

connections, including transformers and loads, are assumed to be Wye-Wye. Additionally,

all loads connected between lines are replaced by equivalent single-phase loads. Though

some of these assumptions might seem problematic, they are necessary to properly show-

case the implicit reactive power representation proposal. In future work we will show how

to handle the other assumptions while incorporating the proposal.

5.3.2 ExperimentalSetup

Figure 5.3 presents a sketch of the proposed Implicit Reactive Power Flow Representation

to support Sequential Energy Scheduling (IRPF-SES). Initially, an OpenDSS Quasi-Static-

Time-Series (QSTS) simulation is performed to compute time series data of power �ows

and voltages, i.e.,P0
jk 2 RK � T andV 0 2 CN � T , where T is the total number of time steps
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dividing the simulation time frame. Additionally, for each line, we extract the Yprimitive

matrix Y jk 2 C3� 3 and line thermal limit by computingsmax
jk = 3 vBase

j i �
jk;r , wherei �

jk;r

andvBase
j are respectively the conductor rating in amps and the base line-to-ground voltage

at busj . Per-phase,smax
jk:� = vBase

j i �
jk;r .

This data is passed to the sensitivity-based SES algorithm, which enforces grid con-

straints by load shedding (Demand Response). For restoring AC feasibility, it is neces-

sary to send back scheduled powers to a QSTS simulation. Namely, power injections

PG 2 RN � T and demand response powersPDR 2 RN � T . Accordingly, the DSS �le is

modi�ed by the scheduled power injections/extractions assuming unity-power factor. From

this modi�cation, the DSS �le returns actual values of power �ows and voltages. The loop

converges when all line power �ows and voltages are within operational limits.

Figure 5.3: Sketch of the proposed methodology.

5.4 Results

Figure 5.4 presents the main results of this chapter. In particular, Figure 5.4.(a) shows

the power �owing through each phase of line 650632 which is an output from the initial
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OpenDSS QSTS simulation using the IEEE-13 default demand and load-shape. We note

that there is a big peak between 10:00 and 20:00 hours corresponding to the highest load

condition of the feeder. Under this load condition, both the per-phasesmax
jk:�;t thermal limit

and computedplim
jk:�;t limit are breached. Figure 5.4.(b) and Figure 5.4.(c) are the results

from enforcing the line thermal limit (�xed value) using energy scheduling. The algorithm

load sheds nodes7:3 and6:4 to meet the thermal limit constraint. Figure 5.4.(d) and Fig-

ure 5.4.(e) show that enforcing the time-dependent limitplim
jk:�;t requires a higher amount of

load shedding at the same nodes. It can also be seen that during non-peak hoursplim
jk:�;t is

really close to the �xedsmax
jk:� . Furthermore, it is only at peak hours when these two val-

ues differ. This effect can be explained by looking at Equation 5.9. During peak hours,

voltagesv j :vk 2 C3 are lower which correspond to a decrease in quantitiespjk;c , qjk;c and

sjk;c . Figure 5.5, shows graphs for these quantities. It is apparent that the change rate of

quantitiespjk;c andqjk;c is much smaller than for quantitysjk;c . This last quantity will de-

termine the overall shape of the operating circle. During peak hours, whensjk;c decreases,

the operating circle gets smaller. Thus, its interception with the limiting circle will be at a

higher point of the Y-axis (see Figure 5.4.(i)). Which in turn, makes the computedplim
jk:�;t

smaller.
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Figure 5.4: Power analysis for line 650632 from IEEE-13 test feeder. Row 1: (a), (c),
(e) represent active power �owing through each phase for a day of operation. (b) and
(d) are demand response values required to enforce �ow limit. The violet and red dotted
lines represent the per-phase line thermal limit and computed active power limit. Row 2:
actual aggregated 3-phase apparent power �ow (blue and red stars) drawn on top of both
the limiting and operating circles.

Figure 5.5: Operating circle quantities for different instances of time.

The second row of Figure 5.4, correspond to the the actual apparent power �ow during

different hours of the day. These show the effect of employing directly line the thermal

limit or the computed active power limit during a scheduling procedure. Let the red star

represent the apparent power �ow (output of the OpenDSS QSTS simulation) through line
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650632 given energy scheduled powers for enforcingsmax
jk:�;t . Likewise, let the blue star

be the corresponding apparent power �ow given energy scheduled powers for enforcing

plim
jk:�;t . It can be seen that at the early hours of the day (00:00 - 12:00 h) the apparent power

�ow from both solutions is close and within the limiting circle. However, during early

afternoon hours (13:00 - 17:00 h) we can clearly see that the apparent power represented

by the red star is outside the limiting circle. Reaching is maximum out side value at 15:00

h (Figure 5.4.(i)). This result can be explain by understanding that when enforcing directly

the line thermal limit in a sensitivity-based scheduling approach, we leave no room for the

reactive power �ow. Which increases vertically the apparent power and pushes it outside

the limiting circle. Remarkably, the computed limitplim
jk:�;t limits the active power �ow in

such a way that the actual apparent powers are within limits for every operation condition

of the day.

5.5 Conclusion

We introduced an Implicit Reactive Power Flow Representation to support Sequential En-

ergy Scheduling, termed IRPF-SES. Our approach, proposes an implicit three-phase re-

active power �ow representation based on the limiting and operating circles formulation,

which has been used in transmission-level ATC analysis. Through a series of experiments,

we demonstrate that the proposal is able to schedule power injections/extractions in such a

way that the apparent power �owing through every line is effectively within the line thermal

limit. To this end, we compare the results from a SES framework that uses directly the line

thermal limit as the active power limit, against a SES framework that computes the active

power limit based on the proposed implicit reactive power �ow representation. In this man-

ner, we discovered that there is a pressing need to include information of reactive power

�ow in conventional SES approaches to avoid programming power injections/extractions

that will overload lines with the potential to incur in long-term issues. The IEEE-13 test

feeder was selected for this analysis because it provided a relatively small and highly loaded
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system which allowed us to clearly show how to handle overloaded lines using the proposed

approach.
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CHAPTER 6

DISTRIBUTION BRANCH SCREENING TO SUPPORT SCHEDULING-BASED

OPERATING ENVELOPES

6.1 Introduction

There has been rapid adoption of Distributed Energy Resources (DERs) at the edge of the

grid, such as rooftop solar photovoltaic panels (PVs), battery storage systems (BSS), and

electric vehicles (EVs). In part, this adoption is driven by aggressive electri�cation efforts

from Federal and State Governments [65]. To orchestrate these resources, the FERC order

2222 enabled aggregator agents (aggregators) to bundle several small DERS for participat-

ing in the wholesale electricity market [66].

These aggregators aim to build extensive DER portfolios to attain �exibility for gener-

ating a substantial aggregated response at the system level [67]. However, the unmanaged

simultaneous injection and extraction of power by these devices can result in voltages and

currents exceeding the the limits of the distribution network [68]. Leveraging the existing

distribution infrastructure while ensuring its integrity, particularly regarding its physical

limits, becomes a critical challenge [69].

Operating Envelopes (OEs) are a set of limit values for power injections and extrac-

tions as a function of time. They allow DER aggregators to operate their devices within

the physical limits of the grid. This concept addresses the previously discussed challenge

by positioning the Distribution System Operator (DSO) as a neutral facilitator. While the

DSO has limited authority to control behind-the-meter devices, it plays a crucial role in

calculating limits for injections and extractions at each possible connection site [70]. Once

calculated, these OEs are communicated to aggregators, who must adhere to them as max-

imum limits while managing their DER portfolio. This approach ensures that the network
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operates within acceptable technical limits, thereby guaranteeing the provision of bottom-

up services [71]. A key advantage of this approach is that it does not require the aggregator

to have detailed information of the network or to run network related computation, but only

to adhere to the OE limits.

Current methods for computing OEs rely on power �ow calculations. Due to the time-

varying nature of OEs, there are two primary computation methods. The �rst is near real-

time, which calculates operating envelopes for the upcomming operation interval, typically

the next 5 minutes [72]. This approach requires the electric utility to have the best data

available, consideration of both active and reactive power, and support for mitigation ac-

tions. The second method is in-advance or look-ahead, involving the calculation of OEs for

multiple time intervals [73]. In-advance OEs can be approximated using forecasted data

and transmitted to aggregators aiming to participate in the reserve market which typically

operates in operations planning horizons (a few hours or a day ahead) [74].

This chapter introduces an in-advance Operating Envelope calculation method based on

Energy Scheduling, designed for day-ahead operations planning. Energy Scheduling refers

to the optimization of distributed energy resource (DER) power injections over a planning

horizon, with the objective of meeting forecasted demand at minimum cost while satisfying

network constraints [52]. Unlike prior approaches [70, 72, 69], which compute a sequence

of single-period Optimal Power Flow (OPF) solutions, Energy Scheduling employs a for-

mal optimization framework that incorporates intertemporal relationships, resource limits,

and both initial and terminal conditions. This is particularly important for energy storage

systems, whose state-of-charge (SOC) constraints link decisions made at one time step to

all others across the planning horizon. From an optimal control perspective [75], Energy

Scheduling corresponds to identifying an optimal trajectory subject to two boundary con-

ditions, rather than a collection of isolated decisions made at individual time points.

Further, we enhance the proposed methodology by incorporating a distribution branch

screening algorithm inspired by [76]. In transmission systems, it is well-known that not
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all branches (lines and transformers) become binding constraints in problems such as OPF.

Similarly, in the context of distribution feeders and a multi-phase analysis of distribution

branches, this concept is applicable. The incorporation of such screening contributes to the

re�nement and ef�ciency of the proposed methodology. DSOs can bene�t from this work

as it provides a feasible proof of concept regarding the computation of in-advanced oper-

ating envelopes. DSOs must communicate limits to DER aggregators ahead of time. This

is particularly important for aggregators wishing to participate in reserve markets where

services are usually bid in operations planning horizons.

6.2 Energy Scheduling Formulation

6.2.1 Notation

We model a three-phase power distribution network with buses and devices. Speci�cally,

we denote a bus in the set of buses asi 2 I . We usej to represent a device, that can either

belong to the set of source devicesJ so, producersJ pr, consumersJ cs, battery storageJ bs,

or AC branchesJ ac.

In this network representation, buses have connection terminals called nodes. Let a

node in the set of nodes be denoted asn 2 N . These nodes are connected to the phase or

neutral of a device. For a given devicej , let � j 2 f a; b; cg denote its phases. Consequently,

the available phases of a busi can be de�ned as� i := [ j 2 J i � j .

6.2.2 Operatingcostminimization

From the perspective of the DSO, the objective is to minimize distribution system operating

costs while ensuring the physical limits of the grid:

min
X

t2 T

(
X

j 2 J so

zen
jt +

X

j 2 J pr

zen
jt �

X

j 2 J cs

zen
jt +

X

j 2 J dr

zdr
jt +

X

j 2 J ac

zop
jt ) (6.1)
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This expression encompasses energy costs associated with source devices at the substation,

energy costs from producing devices, revenues generated by consuming devices, costs in-

curred from consumers participating in demand response programs, and penalties arising

from branch over�ow. The objective function is evaluated over the time horizonT.

6.2.3 PowerBalance

For each busi 2 I , phase� 2 � i , and time-stept 2 T let the net power injection �owing

into the node be de�ned by:

pi�t =
X

j 2 J so
i

pj�t +
X

j 2 J pr
i

pj�t +
X

j 2 J dr
i

pj�t

�
X

j 2 J cs
i

pj�t +
X

j 2 J bs
i

pj�t �
X

j 2 J d
i

pj�t (6.2)

This expression takes into account the contribution from source devices inJ so
i , �exible gen-

erating devices inJ pr
i , demand response from devices inJ dr

i , �exible consumption devices

in J cs
i , battery storage devices inJ bs

i , and �xed consumption devices inJ d
i .

The net injectionpi�t is equivalent to the summation of the signed power �ows from

branches connected to busi :
X

j 2 J ac
i

pj�t = pi�t (6.3)

The sign convention is such that positive power �ows denote branches assumed to be con-

nected ”from” busi , and negative power �ows represent branches assumed to be connected

”to” bus i . Ensuring nodal power balance throughout the entire network requires satisfying

jN j�j Tj equality constraints.
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6.2.4 VoltageLimits

Bus voltage magnitudes are subject to ANSI ratings and modeled as a hard constraint:

0:95vbase
i � vi�t � 1:05vbase

i (6.4)

Given this tight operation margin, a �rst-order approximation can be employed to model

voltage change [77]:

vi�t � v0
i�t +

X

i 2 I

X

� 2 � i

@vi�
@pi�

� pi�t (6.5)

where@vi� =@pi� is a sensitivity relating voltages changes w.r.t. active power changes. The

amount of active power change is determined by:

� pi�t =
X

j 2 J cs;pr;bs
i

pj�t � p0
j�t (6.6)

where bothv0
i�t andp0

j�t are initial voltages and powers coming from a power �ow simula-

tion of a distribution network. The summation in Equation 6.5 represents the contribution

of active power scheduling to bus voltage magnitude change.

6.2.5 OperatingEnvelopesfor �exible devices

As previously discussed, Operating Envelopes (OEs) are dynamic power limits that are

communicated by the DSO to aggregators. These OEs are computed based on grid-level

limits and device constraints. In contrast to the traditional Hosting Capacity (HC), which

is determined based on the most constraining condition of the feeder, OEs change through

out the year leveraging the dynamic nature of the grid (see Figure 6.1).
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Figure 6.1: Visual comparison of static hosting capacity (HC) and Operating Envelopes
(OEs) at different time frames. HC (upper left) is determined by the most constraining
condition of the feeder. Hourly OEs (upper right) are able to closely track real available
capacity. Daily OEs (lower left) are able to track coarse weekly changes. Finally, monthly
OEs (lower right) can track seasonal trends. Given the dynamic nature of the grid, HC gets
outdated very quickly.

In our scheduling framework, we can model OEs by including �exible producing and

consuming devicesj 2 J pr;cs which will be dispatched depending on the operating condi-

tions of the network. The dispatchable power will then be considered the operating enve-

lope of that device. Additionally, each device has lowerplb
j�t and upperpub

j�t bounds given

as inputs:

plb
j�t � pj�t � pub

j�t (6.7)

6.2.6 Demandresponsedevices

Demand response devices, denoted asj 2 J dr, introduce an additional decision variable

representing the amount of load that can be voluntarily disconnected, denoted aspdr
j�t � 0.
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There exists a maximum load that can be disconnected, given bypd
j�t , modeled as a hard

constraint. The costzdr
jt associated with demand response is:

zdr
jt =

X

� 2 � j

dtcdrpdr
j�t (6.8)

Here,dt represents the length of time-stept as a fraction of an hour. The demand response

variable is subject to the constraint:

pdr
j�t � pd

j�t (6.9)

This constraint ensures that the demand response does not exceed the maximum allowable

disconnection limit.

6.2.7 BatteryStorageDevices

Battery storage devices, represented byj 2 J bs, are modeled as single-phase devices with

the ability to either produce power when discharging (pbsc
j�t � 0) or consume power when

charging (pbsd
j� � 0). The energy balance equation governing these two variables is ex-

pressed as:

esoc
j�t � esoc

j�t � 1 � dt (� p bsc
j�t �

1
�

pbsd
j�t ) = 0 (6.10)

Here,dt represents the length of time-stept as a fraction of an hour.esoc
j�t � 0 is a variable

denoting the state of charge of the device, and� is the ef�ciency parameter speci�c to the

storage technology. This equation ensures that simultaneous charging and discharging is

avoided, and it constrains the charging or discharging based on the state of charge of the

battery at any given time.

Batteries are subject to charging and discharging limits de�ned by the nameplate pa-
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rameterein
j� . The battery storage capacityemax

j� limits the state of charge:

dtpbsd
j�t ; dtpbsd

j� � ein
j� (6.11)

ej�t � emax
j� (6.12)

Initial and �nal conditions on the state of charge are:

ej� 0 = 0:8�emax
j� (6.13)

ej�T = 0:8�emax
j� (6.14)

The charging and discharging can be combined into a single variable to be included in the

net injection Equation 7.10:

pj�t = pbsc
j�t � pbsd

j�t (6.15)

6.2.8 EnergyCostandRevenue

The distribution utility is assumed to be purchasing power from the Independent System

Operator (ISO) at the substation's Locational Marginal Price (LMP). Thus, the energy pro-

duced or consumed by �exible devices will impact the exchange of power between the dis-

tribution feeder and the ISO (represented by the source devices). The dispatchable power

from producing and consuming devices contributes to a term in the objective functionzen
jt ,

which represents either a cost (for producing devices) or a revenue (for consuming devices).

Speci�cally, the power from source devices at the substation is regarded as having a cost,

determined by the LMP. For �exible producing devices, there is a very small operational

cost incurred when these devices produce power. Fixed consuming devices such as houses

and buildings generate a regulated revenue and are therefore not considered in this context.

On the other hand, a �exible consuming device is assumed to be price-driven, contributing
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to revenue. The objective term is expressed as:

zen
jt = dt

X

� 2 � j

cen
jt pj�t (6.16)

6.2.9 BranchDevicesandOver�ow Penalties

Branch �ows are subject to limits that are modeled as soft constraints, with an over�ow

incurring penalty that appears in the objective. For each branchj 2 J ac and time interval

t 2 T, a Static Branch Rating (SBR) is used to limit the active power that can �ow through

the device. It is modeled as a soft constraint. Thus, the branch over�ow is represented as a

non-negative variablep+
j�t � 0, and the penaltyzop

jt is de�ned as:

zop
jt =

X

� 2 � j

dtcopp+
j�t (6.17)

The SBR limit is then represented by:

jpj�t j � psbr
j� + p+

j�t| {z }
plim

j�

(6.18)

Using distribution factors [52], we can approximate:

pj�t �
X

i 2 I

X

� 2 � i

@pj�
@pi�

pi�t (6.19)

where@pj� =@pi� is a sensitivity relating power �ow changes w.r.t changes in active power

injections.

6.3 Distribution Branch Screening

As is the case in transmission networks, we claim that there is only a small subset of

distribution branches that are going to be binding constraints. Thus, there is no need to
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modeljN j equality constraints for enforcing active power balance. Power balance can be

satis�ed using a “load balancing” approach:

X

i 2 I

pi�t = 0; � 2 f a; b; cg: (6.20)

In other words, the net injection at every time-step for each phase must be zero. The

combination of Equation 6.20 and Algorithm algorithm 2 to determine which branches

are binding constraints, is termed DBS-ES. In our implementation, we kept the parameters

described in [76], i.e., settingk = 5, using sparse linear algebra libraries for matrix manipu-

lations, employing priority queues for representing� , and parallelizing �ow approximation

computations.

Algorithm 2: Distribution Branch Screening

1 Build a relaxed energy scheduling model without branch rating constraints
2 Solve
3 Compute branch power �owspj�t using Equation 6.19
4 Let 
 j�t = maxf pj�t � plim

j� ; 0; � pj�t � plim
j� g

5 Let � = f (j�t ) : 
 j�t > 0g be the set of branches with violations
6 if � = fg then
7 return
8 else
9 Keep in� thek branches with the highest violations

10 For every violation in� , add the corresponding cut to the model
11 Go to step 2

6.4 Experimental Setup

6.4.1 Framework

Figure 6.2, shows the framework for computing Operating Envelopes (OEs) using Energy

Scheduling (ES). First, an initial Quasi-Static Time-Series (QSTS) simulation is performed

on a particular network and given a day-ahead load pro�le for every load. This initial

simulation has a granularity of 1 hour and might have voltage or power �ow violations.

106



Figure 6.2: Energy scheduling (ES)-based computation of operating envelopes, red dotted
lines are limits. The input to ES is a Quasi-Static Time Series (QSTS) simulation with
disabled controls. This simulation might include constraint breaching. Then, ES is used
to enforce grid limits by managing device outputs. As a by product, Operating Envelopes
(OEs) are obtained.
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It also provides a warm-start for ES, which is intended to orchestrate distributed devices

while enforcing that grid (ANSI voltage limits and branch limits) and device constraints.

Since DER are managed to meet system constraints, their dispatch power is considered the

dynamic OE, i.e., if all devices follow the scheduling plan, no constraint will be violated.

In particular, Figure 6.2 show the computed demand OE (negative sign) at a particular

connection site. The area under the curve represents the kilowatts (kW) that a �exible

load (rated at 20 kW) can draw from the network (at that site) without contributing to

breaching a network limit. Since ES employs an approximate linear formulation of the

distribution network, there is a need to run a new QSTS simulation with the scheduling

results to recover AC feasibility. The proposed framework is then a sequential two stage

process which alternates between solving ef�cient power �ow-based QSTS simulations and

linearized resource scheduling.

6.4.2 TechnologyStack

Figure 6.3: Technology stack for the proposed Sequential Energy Scheduling. A custom
Quasi-Static Time Series (QSTS) simulation wrapper is developed in Python leveraging the
OpenDSS API and data manipulation libraries. Then, JSON �les are used for interfacing
with Julia where the Energy Scheduling model is built and solved. Scheduling results are
sent back to the QSTS module for recovering AC feasibility
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Figure 6.3, presents a technology stack for the proposed framework. The architecture

incorporates a Python API for the OpenDSS1 version provided by [78]. On top of this API,

we developed a custom wrapper to facilitate the management of QSTS simulations. In

general, OpenDSS is responsible for handling the nonlinear network and providing power

�ow-based solutions. Interaction with Julia is established through a JSON interface. This

interface closely follows the standard provided by PowerModelsDistribution [79]. In Julia,

the ES problem is formulated as a LP using JuMP (Julia's mathematical optimization in-

terface). Subsequently, the scheduling results are sent back to OpenDSS for recovering AC

feasibility.

6.4.3 Simulationsetup

We employ three test feeders implemented in OpenDSS, namely the IEEE13, IEEE123,

and EPRI Secondary network. All available at [80]. For both the IEEE123 and IEEE13 we

use the default daily loadshape available in OpenDSS. For the EPRI Secondary network,

we use the �rst day of data of from the yearly loadshapes shipped with the test feeder. To

feed costs to our simulation, at the substation, we assign LMPs from a simulation of the

bulk transmission system in the Southeast, USA. Flexible generation costs are assumed

to be �xed at 0:01 [$/kWh]. Over�ow penalties are assumed to be �xed at10 [$/kWh].

Demand response costs are assumed to be �xed at5 [$/kWh]. Flexible demand revenues

are assumed to be �xed at� 0:1 [$/kWh]. Finally, we assume single-phase batteries with a

maximum capacity of20kWh and a maximum charging/discharging limit of7:6 kWh.

Other assumptions include no change in network topology and disabled control actions

such as substation transformer LTC and capacitor controls. Further, we assume that all sys-

tem connections, including transformers and loads, are assumed to be Wye-Wye. Finally,

we assume unity power factor control for scheduled injections.

1OpenDSS is an open-source distribution system simulator designed to support distributed resource inte-
gration and grid modernization efforts.
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6.5 Results

Table 6.1: Numerical comparison of the proposed Distribution Branch Screening Energy
Scheduling (DBS-ES) and standard ES formulations for computing operating envelopes.

DBS-ES ES

Circuit Build time Solve time Total time Obj value Build time Solve time Total time Obj value

EPRI Secondary 1.724� 0:099 1.061� 0:100 2.784� 0:174 -380.24 2.208� 0:084 0.467� 0:050 2:675� 0:111 -380.245

IEEE13 0.261� 0:030 0.141� 0:016 0:402� 0:028 29204.46 0.341� 0:028 0.084� 0:008 0.425� 0:031 29204.46

IEEE123 9.965� 0:789 5.193� 0:409 15:158� 1:006 20284.88 13.204� 0:586 3.303� 0:251 16.507� 0:620 20284.88

6.5.1 EnergyScheduling-basedOperatingEnvelopes

Figure 6.4: Energy Scheduling (ES)-based Operating Envelopes (OEs) and grid constraints.
Row 1 and 2 present the ES-based OEs for two different conditions: demand only and
demand and generation (The sign assumption for power injection is negative for demand
and positive for generation) at bus65 of IEEE123. Row 3 shows input and output to ES
which enforces constraints on system voltages and power �ows.

Table 6.1 shows a clock time comparison of both the proposed DBS-ES and the baseline

energy scheduling formulation (ES) presented in section 6.2. In every case, both formula-

tions obtain the same objective value. The proposal build time is smaller than the baseline.

Since the proposal requires a screening algorithm, the solve time is larger compared to the

baseline. For two of the three considered networks, the proposal achieves a better overall

time than the baseline. When investigating, we noted that the EPRI secondary network has
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very large branch limits, which renders the screening algorithm unnecessary. This step just

increases the overall solution time.

Rows 1 and 2 of Figure 6.4 show the obtained operating envelopes under two different

conditions for bus 65 of IEEE123 test case. The �rst condition shows the demand-only

envelope. It assumes that a customer on this bus can extract at most 20 kW of �exible load

at every phase. In this case, we note that for phases 1 and 3 the operating envelope only

allows this load to be connected for one hour. On the contrary, phase 2 has plenty of hosting

capacity for extra load, excluding the peak hours of the feeders between 12 and 3 pm. The

second condition showcases a joint (computed at the same time) demand and generation

envelopes. This is the most general case in which there is a target of 20 kW of �exible

demand and a target of 10 kW injection. Since this circuit has low overall voltages and

over�ow at a few distribution lines close to the substation during peak hours (see the �rst

two �gures of row 3), the scheduling allows any power injection when available. Lastly,

row 3 shows the voltages at every bus (highlighted at bus 65) and power �ow at a selected

line assuming operating envelopes for the third condition discussed above. In general,

we see that the scheduling is able to determine the operating envelopes while effectively

enforcing constraints.

Finally, Figure 6.5 shows the effect of storage on the operating envelopes for bus 65

of IEEE123 with phase 1 highlighted. From Figure 6.4 we know that phase 1 is both the

most loaded and with the lowest voltages of the three phases. Storage helps by increasing

the demand hosting capacity of every phase. At phase 1, it increases the number of hours

(during the early morning) in which the �exible load can be connected. However, even

when discharging completely during peak hours, there is no room for a �exible load to be

connected at phase 1 during these hours.
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Figure 6.5: Energy Scheduling (ES)-based Operating Envelopes (OEs) with a Battery Stor-
age System (BSS) composed of three-single-phase batteries at bus65of IEEE123 test case.
State of charged (SOC) highlighted for battery connected to phase1. In this case, OEs are
computed for both demand and generation.

6.5.2 Equilibriumof IterativeApproach

Since the proposed approach requires iterating between an ef�cient nonlinear QSTS simu-

lation and a linearized energy scheduling, this section presents results regarding the equi-

librium of the solutions.

From the OpenDSS QSTS simulation, we can obtain total circuit losses (mismatch be-

tween total generation and total demand) at each point in time. Figure 6.6, shows circuit

losses through iterations (each color is a different iteration). In total, we ran the experi-

ment for 10 iterations. In Row 1, the �rst iteration (blue line) represents the losses of a

QSTS simulation before scheduling. Subsequent iterations (after solving the scheduling

and running an updated QSTS simulation) are visibly less variable. In Row 2, we removed

the large blue line from Row 1 to better appreciate variability due to computation method

i.e., ES and DBS-ES. In general, we can notice more variability through iterations in the

ES solution. This suggests that the ES solution is oscillating. On the contrary, the solution

from DBS-ES is stationary through iterations, converging to the same loss pro�le after a
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few iterations.

Figure 6.6: Active power losses through time and iterations of the sequential approach.
Different colors represent iterations. Row 2 is the same as Row 1 but removing the initial
QSTS losses (large blue line) for each case.

To further analyze the solution quality of the iterative approach, Figure 6.7, show volt-

age magnitude errors through iterations. In general, letV 2 RN � T be a voltage magni-

tude matrix (for all nodes and time steps) at iteration . The norm of matrixV+1 � V+1 is

then a notion of similarity between solutions at different iterations. The approach involves

reaching a stationary point in which the difference between voltage matrices at subsequent

iterations is small.

From analysis of the losses experiment, we know that the ES solution is oscillating.

Figure 6.7, shows this effect by employing different error metrics. In general, the L1, Linf,

and Frobenius norms all show that the DBS-ES solution has smaller error than the solution

from ES (which is consistent with the previous experiment). It is particularly interesting

the graph from Linf since it is effectively showing that the solution from ES is oscillating

while the solution from DBS-ES reaches an equilibrium point.

The Linf norm of a matrix, takes the maximum L1 norm of its rows. In our case,
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the rows are timeseries differences of voltage magnitudes at the same node. Since we are

feeding our model the same costs for demand response, �exible generation, and �exible

load at every node, it is likely that the problem has multiple solutions (due to employing

defaults rather than more diverse values). The ES solution seems to be particularly sensitive

to this issue. On the other hand, the DBS-ES solution is more resilient. In particular, DBS-

ES consistently �nds the same solution. This could be due to it enforcing the thermal limits

of lines with largest violations �rst and thus driving the optimization engine to the same

solution each time.

Figure 6.7: Voltage magnitude error (in Volts) for all nodes per iteration. The error is
computed using four different norms on the voltage magnitude matrix difference at each
iteration.

6.6 Conclusion

We introduced an energy scheduling-based formulation for computing operating envelopes

using a custom distribution branch screening algorithm, termed DBS-ES. In particular, we

demonstrated the viability of computing operating envelopes using a scheduling formula-
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tion. Further, we improved the formulation by introducing a distribution branch screening

algorithm. This algorithm is inspired by the unit commitment (transmission-level problem)

in which it is well-known that not all transmission lines are going to be binding constraints.

It turns out that the same concept applies in distribution feeders where only a small subset

of branches are going to be overloaded. Moreover, in such overloaded branches, not all

phases are going to be overloaded. Thus, doing a phase-by-phase analysis is an effective

way for both enforcing voltage ANSI and power �ow ratings, while computing operating

envelopes using scheduling. Results on three different distribution networks demonstrate

the viability of computing operating envelopes using scheduling. The proposed DBS-ES

further improves the performance of such computation by showcasing a percent decrease

of 24:5% in model building time and a percent decrease of8:17% in total processing time,

while maintaining the same scheduling result as the baseline.
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CHAPTER 7

LINEARIZATION-BASED ENERGY SCHEDULING

7.1 Introduction

The challenge of solving the energy scheduling problem lies in the complexity of solv-

ing the energy scheduling problem when incorporating AC power �ow equations. Con-

sidering these equations renders the formulation to be a nonconvex and nonlinear opti-

mization program which can take signi�cantly time to solve, specially if the network size

increases [73]. Strategies for solving the problem usually rely on convex relaxations or

lineariazations of the power �ow equations. Convex relaxations techniques typically in-

volve de�ning tight convex envelopes around nonconvex feasible regions [30]. Common

approaches, such as second-order cone programming (SOCP), semide�nite programming

(SDP), or McCormick envelopes rely on the assumption of nearly balanced voltages to

provide good quality solutions [81]. However, this assumption does not always hold, par-

ticularly for unbalanced distribution networks with delta-connected loads [11].

To overcome such limiting assumption, some researchers have proposed sequential ap-

proximations of the power �ow equations coupled with an iterative process to ensure AC

feasible solutions upon convergence [82]. Linearized power �ow equations for energy

scheduling typically leverage the availability of a prior solution, either from a previous

power �ow calculation or an earlier operating point, allowing accurate and practical mod-

eling of unbalanced distribution networks [83]. Among previous approaches, sequential

quadratic programming (SQP) techniques have been proposed to solve both the centralized

and decentralized optimal power �ow problem for single-phase equivalent networks [84].

Other sequential linear programming (SLP) approaches have been proposed for unbalanced

distribution networks without considering inter-temporal constraints due to Battery Storage
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Systems (BSS) [85].

The forward backward sweep (FBS) is a well-known power �ow linearization tech-

nique, thoroughly described in thedistribution system analysistextbook [1]. This technique

is speci�cally designed for analyzing radial distribution feeders. In this context, its conver-

gence is equivalent to �xed-point iteration variants [5]. By leveraging the radial structure of

distribution feeders, the power �ow equations can be decoupled into forward and backward

sweep expressions, which are derived through circuit analysis [3]. These expressions estab-

lish relationships between voltages and currents at both ends of a branch (power lines and

transformers) using generalized matrices. Since the transformer's short circuit admittances

most be referred to either the primary or the secondary of the transformer for computing

the generalized matrices. The FBS approach requires the use of the international system of

units (s.i.) [4].

The primary issue we aim to address is the reliance on simplifying assumptions by

researchers when incorporating per-unit versions of FBS into optimization frameworks.

The per-unit (p.u.) system is a normalization technique that can drastically reduce com-

putational complexity when solving optimization programs. For power �ow studies, it is

common practice to ignore line capacitances due to their minimal impact on the overall

power �ow solution. This assumption simpli�es the model and trivializes its p.u. trans-

formation, which has lead to its widespread adoption, even in optimal power �ow (OPF)

approaches [11]. However, in optimization programs like OPF and energy scheduling,

where voltage limits must be strictly enforced, ignoring line capacitances might not be an

appropriate assumption.

Additionally, researchers have relied on the per-unit tables from [6] for de�ning trans-

former Yprimitives [86]. The challenge with this approach lies in the dif�culty of recov-

ering s.i. versions from Yprimitives, as the per-unit normalizations for each Yprimitive

sub-block are not explicitly de�ned. Using s.i. versions of transformer Yprimitives can

signi�cantly enhance the interpretability of intermediate results [87]. We argue that for
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optimization programs such as OPF and energy scheduling, these simpli�cations are not

appropriate. Specially, if computational burden is not drastically reduced.

To standardize the FBS linearization for optimization frameworks, this chapter intro-

duces a comprehensive FBS linearization approach based on Yprimitive sub-blocks for

energy scheduling, capable of seamlessly translating between s.i. and p.u. representations.

The Yprimitive matrix relates current injections with voltages at the terminals of a device.

Rather than deriving generalized matrices directly from circuit analysis, this approach cal-

culates them from Yprimitive and uses standard procedures for computing Yprimitives via

circuit analysis. The proposed formulation is equivalent to conventional generalized matri-

ces when working in s.i., but offers a key advantage: it seamlessly translates into per-unit

(p.u.) representation without relying on simplifying assumptions such as ignoring line ca-

pacitances [88] or using p.u. tables to de�ne transformer Yprimitives, which can lead to

incorrect normalizations [6].

7.2 Energy Scheduling Formulation

In distribution systems, energy scheduling is an operations planning problem that seeks to

optimally schedule energy resources to serve a forecasted load at minimum cost [52]. The

considered energy resources include power provided by the bulk system at the substation

and distributed energy resources (DERs). The obtained schedule most adhere to grid limits

(ANSI voltage limits), power �ow equations, and energy resources limits.
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7.2.1 OperatingCostMinimization

Energy Scheduling typically uses the following objective function, i.e., operating costs

minimization:

min ztot=
X

t2T

0

@zsub
t +

X

j 2J pr

zpr
j;t �

X

j 2J cs

zcs
j;t +

X

j 2J bss

zbss
j;t

+
X

j 2J dr

zdr
j;t +

X

n2N

zp
n;t +

X

n2N

zq
n;t

1

A (7.1)

This expression includes energy costs associated with power from the substationzsub
t ,

energy costs from producing deviceszpr
j;t , revenues generated by �exible consuming devices

zcs
j;t , penalties to discourage simultaneous battery charging and dischargingzbss

j;t , costs from

consumers participating in demand response programszdr
j;t , and penalties for activezp

n;t and

reactivezq
n;t power mismatches. The objective function is evaluated over time horizonT .

7.2.2 VoltageLimits

For every busn 2 N , phase� 2 � n , and time-stept 2 T , the nodal voltages are repre-

sented by realv�
nd;t and imaginaryv�

nq;t variables.

In turn, nodal voltages are subject to ANSI ratings. These limits are modeled as nonlin-

ear inequality constraints (for each phase) on the voltage real and imaginary variables for

each phase:

q
(v�

nd;t )2+( v�
nq;t )2 � 1:05vbase

n (7.2a)
q

(v�
nd;t )2+( v�

nq;t )2 � 0:95vbase
n (7.2b)

Constraint (Equation 7.2a) is convex and requires the voltage to be inside of a circle, this

constraint can be casted as a Second Order Cone (SOC). On the other hand, (Equation 7.2b)

is non-convex and requires the voltage to be in a region outside of a circle.
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7.2.3 Substation

The substation is the primary power source of the feeder. As such, a common assumption is

to �x the voltage at the substation bus. In modeling terms, this is known as a “stiff” voltage

source. The �xed voltage assumption simpli�es the computation of the power injected by

this stiff voltage source. In particular, it is computed as the the power �owing through the

�rst series element connected downstream the substation. This power is initially computed

as a rank-1 matrix:

Ssub;t = Snm;t = vn;t � i �
nm;t

= vn;t �(Y (n)
nm �vn;t + Y (m)

nm �vm;t )�

= vn;t �(v �
n;t �(Y (n)

nm )� + v �
m;t �(Y (m)

nm )� )

= vn;t �v �
n;t �(Y (n)

nm )�

| {z }
A t

+ vn;t �v �
m;t �(Y (m)

nm )�

= A t + vn;t �v �
m;t �

�
(G (m)

nm )> � j (B (m)
nm )>

�
(7.3)

Given the �xed voltage assumption, matrixA t from the above equation is constant at

every time-step. Thus, we skip it from subsequent algebraic manipulations:

Ssub;t = A t + vn;t �v �
m;t �

�
(G (m)

nm )> � j (B (m)
nm )>

�

= A t +
�

(vdn;t + j vqn;t ) �(v>
dm;t � j v>

qm;t )
�

�
�

(G (m)
nm )> � j (B (m)

nm )>
�

= A t +

0

B
@(vdn;t �v>

dm;t + vqn;t �v>
qm;t )| {z }

Vdnm;t

� j (vdn;t �v>
qm;t � vqn;t �v>

dm;t )
| {z }

Vqnm;t

1

C
A �

�
(G (m)

nm )> � j (B (m)
nm )>

�
(7.4)
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Extracting real and imaginary parts from (Equation 7.4):

Psub;t =

Realf A tg+ Vdnm;t �(G (m)
nm )> � Vqnm;t �(B (m)

nm )> (7.5a)

Qsub=

Imagf A tg� Vdnm;t �(B (m)
nm )> � Vqnm;t �(G (m)

nm )> (7.5b)

As discussed in [11], we are only interested in the diagonal elements of the power

injection. Thus, the real and imaginary components of the power injection at the substation

become:

psub;t = diag(Psub;t )= diag(Realf A tg)

+
�
(vdn;t � G (m)

nm �vdm;t )+( vqn;t � G (m)
nm �vqm;t )

�

�
�
(vdn;t � B (m)

nm �vqm;t ) � (vqn;t � B (m)
nm �vdm;t )

�
(7.6a)

qsub;t = diag(Qsub;t )= diag(Imagf A tg)

�
�
(vdn;t � B (m)

nm �vdm;t )+( vqn;t � B (m)
nm �vqm;t )

�

�
�
(vdn;t � G (m)

nm �vqm;t ) � (vqn;t � G (m)
nm �vdm;t )

�
(7.6b)

The distribution utility is assumed to be purchasing power from the Independent System

Operator (ISO) at the substation's Locational Marginal Price (LMP). Thus, the power from

the substation contributes to the model objective function by a termzsub
t which is a cost

determined by the LMP.

zsub
t =

X

� 2 � sub

dtcLMP
t p�

sub;t (7.7)
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7.2.4 BusPowerMismatch

For each busn 2 N j n 6= sub and time-stept 2 T , the penalized power mismatchesp+
n;t

andq+
n;t are the absolute values of signed mismatchespn;t andqn;t variables:

pn;t � p+
n;t (7.8a)

� pn;t � p+
n;t (7.8b)

qn;t � q+
n;t (7.8c)

� qn;t � q+
n;t (7.8d)

The absolute mismatches are included as a linear penalty into the objective function:

zp
n;t =

X

� 2 � n

dtcpp+
n;t (7.9a)

zq
n;t =

X

� 2 � n

dtcqq+
n;t (7.9b)

7.2.5 PowerNet injection

For each busn 2 N j n 6= sub and time-stept 2 T let the active and reactive net power

injection be de�ned by:

pnet
n;t = pG

n;t � pD
n;t =

X

j 2J pr
n

pj;t +
X

j 2J dr
n

pj;t �
X

j 2J d
n

pj;t �
X

j 2J cs
n

pj;t +
X

j 2J bs
n

pj;t + pn;t (7.10a)

qnet
n;t = qG

n;t � qD
n;t =

X

j 2J pr
n

qj;t +
X

j 2J dr
n

qj;t �
X

j 2J d
n

qj;t �
X

j 2J cs
n

qj;t +
X

j 2J bs
n

qj;t + qn;t (7.10b)

This expression considers �exible generating devices inJ pr
n , demand response from de-

vices in J dr
n , �xed consumption devices inJ d

n , �exible consuming devices inJ cs
n , and
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battery storage devices inJ bs
n . Signed mismatches are included as an additional control

variable.

7.2.6 FlexibleProducingDevices

Flexible producing and consuming devicesj 2 J pr;cs, e.g., Photovoltaic (PV) systems

or Electric Vehicles (EVs), will be dispatched for active power considering the operating

conditions of the network. The dispatchable power is a variable with lower and upper

bounds given as inputs for each of its phases� 2 � j :

pmin
j;t � p�

j;t � pmax
j;t (7.11)

For �exible-producing devices, there is a small operational cost incurred when these

devices produce power:

zpr
j;t =

X

� 2 � j

dtcprp�
j;t ; j 2 J pr (7.12)

For �exible-consuming devices, there is a revenue from serving this additional load:

zcs
j;t =

X

� 2 � j

dtccsp�
j;t ; j 2 J cs (7.13)

7.2.7 DemandResponseDevices

Demand response devicesj 2 J dr, introduce a non-negative variable representing the

amount of load that can be voluntarily disconnected, modeled as a hard constraint:

p�
j;t � pmax

j;t (7.14a)

tan(cos� 1(pf)) p�
j;t � qmax

j;t (7.14b)

where pf is the load power factor associated with the load participating in the demand

response program. This constraint ensures the demand response does not exceed the maxi-
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mum allowable disconnection limit.

The costzdr
j;t associated with demand response is:

zdr
j;t =

X

� 2 � j

dt cdrp�
j;t (7.15)

Here,dt represents the length of time-stept as a fraction of an hour.

7.2.8 BatteryStorageDevices

Battery storage devices,j 2 J bs, are modeled as single-phase devices with unity power

factor. They can inject power when discharging (non-negative variablep�; bsc
j;t ) or extract

power when charging (non-negative variablep�; bsd
j;t ).

The energy balance equation constrains charging or discharging based on the remaining

energy of the battery at any given time, expressed as:

e�;
j;t � e�;

j;t � 1 � dt (� p �; bsc
j;t � 
 p �; bsd

j;t )=0 (7.16)

Again,dt represents the length of time-stept as a fraction of an hour.e�;
jt � 0 is a variable

denoting the remaining energy of the device. The charging ef�ciency parameter0:8 � � �

1 is speci�c to the storage technology. This parameters is employed to simulate that the

power �owing into the battery when charging is larger than the power actually contributing

to charging the battery. Similarly, the discharging ef�ciency parameter1 � 
 � 1:2 is also

speci�c to the storage technology. It is employed to simulate that the power going out of

the battery when discharging is larger than the power provided to the grid.

To avoid simultaneous battery charging and discharging, it will be necessary to intro-

duce binary decisions variables. However, we can approximate this behavior by including

a small penaltyzbss
j;t to both charging and discharging, which will discourage simultaneous

124



nonzero values for the charging and discharging variables:

zbss
j;t =

X

� 2 � j

dt cbss(p�; bsc
j;t + p�; bsd

j;t ) (7.17)

Batteries are subject to charging and discharging limits de�ned by the nameplate pa-

rameterein
j . The battery storage capacityemax

j limits the remaining energy:

dtp
�; bsd
j;t ; dtp

�; bsd
j;t � ein

j (7.18a)

emin
j � e�;

j;t � emax
j (7.18b)

Initial and �nal conditions on the state of charge are:

e�; soc
j; 0 =0:8 emax

j (7.19a)

e�; soc
j;T =0:8 emax

j (7.19b)

The charging and discharging can be combined into a single variable to be included in the

net injection equation (Equation 7.10):

p�
j;t = p�; bsc

j;t � p�; bsd
j;t (7.20)

7.3 Fordward Backward Sweep Power Flow equations

For guaranteeing AC feasibility, it is important to include power �ow equations into our

Energy Scheduling model. Thus, we developed a novel Yprimitive-based Forward Back-

ward Sweep (FBS) model that can be easily integrated into the problem formulation. In

general, FBS is a power �ow linearization technique that computes currents and voltages

iteratively by leveraging the radial topology of distribution feeders [1]. In this section, we

employ the primitive admittance matrix to derive the FBS model.
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The series element model (Equation 2.61) for anyt 2 T is:

i nm;t = Y (n)
nm �vn;t + Y (m)

nm �vm;t (7.21a)

i mn;t = Y (m)
mn �vm;t + Y (n)

mn �vn;t (7.21b)

These two equations will be used to derive the FBS linearization model in terms ofYprim

sub-blocks.

7.3.1 BusCurrentInjection

For the iterative approach, we assume that we have access to a previous power �ow solution

(voltages at every bus). From (Equation 7.10), we compute the net power current injection

at every bus using the this previous solution [11]:

i n =( pnet
n;t � j qnet

n;t ) � �v0
n;t (7.22)

where�x is denoting the element-wise conjugation ofx , and� denotes element-wise divi-

sion.

Splitting into real and imaginary parts8� 2 � n ; 8t 2 T :

i �; net
nd;t =

pnet;�
n;t v�; 0

nd;t + qnet;�
n;t v�; 0

nq;t

(v�; 0
nd;t )2+( v�; 0

nq;t )2
(7.23a)

i �; net
nq;t =

pnet;�
n;t v�; 0

nq;t � qnet;�
n;t v�; 0

nd;t

(v�; 0
nd;t )2+( v�; 0

nq;t )2
(7.23b)

In addition to the net current injection, we must consider the current �owing into ca-

pacitors for arriving to a total shunt current injectioni sht
n;t . Fig. Figure 7.1 represents all bus

currents for a typical bus in a radial distribution feeder:
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Figure 7.1: Representation of currents for a bus in a radial distribution feeder.

From Figure 7.1, the bus current injection is given by:

i n;t = i net
n;t � i cap

n;t| {z }
i sht

n;t

�
X

(nm )2En ! m

i nm;t (7.24)

whereEn! m denote branches connected “from”n.

Due to the radial topology, the number of incoming branches to busn will be at most

one, thus:

i n;t = i nm;t j(nm) 2 Em! n (7.25)

whereEm! n denote branches connected “to”n.

Splitting (Equation 7.24) into real and imaginary parts:

i nd;t = i sht
nd;t �

X

(nm )2En ! m

i nmd;t (7.26a)

i nq;t = i sht
nq;t �

X

(nm )2En ! m

i nmq;t (7.26b)

7.3.2 BackwardSweep

We assume that we have access to voltages from a previous solution, i.e.,v0
m;t for all buses

m 2 N and time-stepst 2 T . Thus, we can �rst compute the total shunt currenti sht
n;t for
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leaf buses (sink) and then do a backward sweep to aggregate currents until the substation

(source). In particular, we want to represent the currenti nm;t from (Equation 7.24) in terms

of the current injection and voltage at busm for anyt 2 T :

i nm;t = C �vm;t + D �i m;t (7.27)

To obtain (Equation 7.27) in terms ofYprim sub-blocks, we solve (Equation 7.21b) for

vn;t and use the radiality assumption, i.e.,i mn;t = i m;t :

vn;t = � (Y (n)
mn )� 1 �Y (m)

mn �vm;t +( Y (n)
mn )� 1 � i m;t (7.28)

Then, we can take (Equation 7.28) and replace it into (Equation 7.21a) to obtain a back-

ward sweep expression in terms ofYprim sub-blocks:

i nm;t =
�

Y (m)
nm � Y (n)

nm �(Y (n)
mn ) � 1 �Y (m)

mn

�

| {z }
C

�vm;t + Y (n)
nm �(Y (n)

mn ) � 1

| {z }
D

�i m;t (7.29)

Splitting into real and imaginary parts and given that we have access tov0
m;t :

i nmd;t =

Cd �v0
dm;t � Cq�v0

qm;t + D d � i dm;t � D q� i qm;t (7.30a)

i nmq;t =

Cd �v0
qm;t + Cq�v0

dm;t + D d � i qm;t + D q� i dm;t (7.30b)

7.3.3 ForwardSweep

From the backward sweep, we obtained an expression for current injections at every bus.

For the forward sweep, we compute voltages from the substation to leaf buses. Then, we

want to represent the voltage at busm in terms of the voltages at busn and the current
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injected at busm for anyt 2 T :

vm;t = A �vn;t + B �i m;t (7.31)

To obtain (Equation 7.31) in terms ofYprim sub-blocks, we solve (Equation 7.21b) for

vm;t and use the radiality assumption, i.e.,i mn;t = i m;t :

vm;t = � (Y (m)
mn )� 1 �Y (n)

mn| {z }
A

�vn;t +( Y (m)
mn )� 1

| {z }
B

�i m;t (7.32)

Splitting into real and imaginary parts:

vmd;t =

A d �vnd;t � A q�vnq;t + B d � i md;t � B q� i mq;t (7.33a)

vmq;t =

A d �vnq;t + A q�vnd;t + B d � i mq;t + B q� i md;t (7.33b)

7.4 Experimental Setup

7.4.1 Framework

The framework for computing Energy Scheduling using the custom Yprimitive-based Ford-

ward Backward Sweep (FBS) linearization is described in Figure 7.2. The �rst step is to

obtaining an initial Quasi-Static Time-Series (QSTS) simulation for a day (24 hours) with

a granularity of 1 hour from OpenDSS. For interfacing with OpendSS, we employ the cus-

tom OpenDSS python API from [2]. In this step, we assume typical loadshape curves for

every load and disable all control actions (tap changes and capacitor switches). This initial

QSTS simulation is effectively a power �ow solution driven exclusively by the loadshapes

and serves as initialization for scheduling.

The Energy Scheduling model is built using Julia and the mathematical optimization
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interface JuMP [89]. During the model-building phase, variables such as voltages and

power dispatches are created, including their associated constraints, which involve voltage

and device limits. The power �ow equations are included using the custom Yprimitive-

based FBS linearization.

Once the model is constructed, the IPOPT solver is used to obtain an initial solution.

Then, a convergence check is performed based on speci�c criteria, which will be discussed

later. If the convergence criteria is met, the energy scheduling solution is obtained. If

not, the model's initialization is updated, the model is rebuilt, and the solver is triggered

again. This process iterates until it converges to a solution that both satis�es the power �ow

equations and network constraints.

Figure 7.2: Framework for computing FBS-based Energy Scheduling.

7.4.2 ConvergingCriteria

The discussed framework checks for voltage convergence after each iteration. In our ap-

proach, the convergence criterion is determined by constructing two matrices: one for the

newly obtained voltage magnitudes and another for the voltages from a previous iteration.

The in�nite norm (L1 ) is then applied to the difference of these two matrices. If the change

in voltage magnitudes is less than the tolerance (� = 0:001), the algorithm is considered to
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have converged.

While one approach is to ensure that all network voltages have converged, we found

that a more ef�cient method is to focus on the convergence of voltages at buses with loads,

as discussed in [1]. This targeted convergence check reduces computational effort while

maintaining the accuracy.

7.4.3 SimulationSetup

We consider four test feeders from OpenDSS: the IEEE4-Bus feeder [1], the IEEE13-Bus

feeder, the IEEE123-Bus feeder [90], and a sub-network of the �rst 510 buses from the

IEEE4800-Bus feeder [13].

The locational Marginal Prices (LMPs) at the substationcLMP
t [$/kWh], come from a

simulation of the bulk transmission system in the Southeast, USA. Mismatch penalties

are assumed to becp=10 [$/kWh] andcq=10 [$/kvar-h]. Flexible generation costs are

assumed to be �xed atcpr=0:01 [$/kWh]. Flexible consumption revenues are assumed to

be �xed atccs=0:5 [$/kWh]. Demand response costs are randomly sampled from a uniform

distributioncdr � � (0:5; 1:5) [$/kWh]. Finally, we assume a �xed small penalty for battery

charging and discharging given bycbss=0:01[$/kWh].

Considered PV systems and electric vehicle chargers are assumed to be rated at a ca-

pacity ofpmax
j;t =10 kW. Batteries are assumed to have a capacity ofemax =100 kWh and a

minimum discharging level ofemin =20 kWh. The maximum charging/discharging limit is

of 20kWh, the charging ef�ciency is of� =0:9, and the discharging ef�ciency is
 =1:11.

7.5 Results

Table 7.1 presents the results form the base comparison tests in this chapter. It shows per-

formance metrics for solving the energy scheduling problems using different power �ow

formulations. In this initial comparison, distributed resources are not considered, and the

optimizer relies on power mismatches, as discussed in subsection 7.2.5, to enforce con-
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Table 7.1: Numerical comparison of solving energy scheduling using different power �ow
models. The simpli�ed versions of the models neglect line capacitances. All tests were run
in per-unit (p.u.) using a power base ofsbase = 100 kVA. We ran each test 10 times and
report the average (and standard deviation for the processing times).

FBS FBS Simpli�ed NLF NLF Simpli�ed

Circuit # Iterations Processing time [s] Objective value [$]# Iterations Processing time [s] Objective value [$]Processing time [s] Objective value [$]Processing time [s] Objective value [$]

IEEE4 3 0:39� 0:04 4498:06 3 0:30� 0:006 4499:02 0:65� 0:10 4500:69 0:64� 0:07 4501:66

IEEE13 4 2:09� 0:06 10467:58 4 1:88� 0:01 10475:19 3:00� 0:05 10466:89 3:12� 0:05 10474:50

IEEE123 3 10:24� 0:07 2006:25 3 9:1� 0:05 2007:60 246:35� 5:90 2005:65 261:58� 6:61 2007:46

510Bus 3 40:05� 0:17 2822:72 3 38:69� 0:24 2845:66 – – – –

straints. The formulations compared include the proposedYprim-based Forward Backward

Sweep (FBS) and a simpli�ed version (FBS Simpli�ed) that neglects line capacitances [1,

11]. Additionally, we include a branch �ow model with polar voltage coordinates (NLF) as

the exact model. We also include a simpli�ed version of the exact model that ignores line

capacitances (NLF Simpli�ed). These comparisons provide insights into the performance

of various power �ow formulations under energy scheduling scenarios.

In terms of objective value in Table 7.1, we assume that the NLF formulation yields the

optimal scheduling cost for the considered circuits, as it includes the full nonlinear power

�ow equations. Nonetheless, as the size of the problem increases, the time for �nding a

feasible solution for this formulation increases considerably. Moreover, for the 510 Bus

case, the solver is not able to �nd a solution. As expected, the simpli�ed versions, for both

NLF and FBS formulations, provide a slightly higher costs. This increase is due to the

absence of line capacitances, which forces the optimizer to rely more on penalized reactive

power mismatch to mitigate voltage drops. When considering processing time – time to

build, optimize, and in the case of FBS versions, iterate – a signi�cant difference emerges,

particularly for the IEEE 123-Bus circuit. The NLF versions take considerably more pro-

cessing time, nearly to20X longer than FBS versions, while only providing slightly better

results in terms of operation costs, less than0:1%.

Figure 7.3 presents the initial QSTS simulation, which do not enforces system con-

straints, and the solution from the FBS-based Energy Scheduling in per-unit onsbase=100
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kVA. Visually, we note that for all four networks, the optimization program is able to

enforce the voltage limits by using power mismatches. For the three �rst networks, the op-

timization algorithm relies on reactive power mismatches to enforce voltage limits. For the

510 bus system, the system mainly relies on active power mismatches to enforce voltage

limits. In both cases (active and reactive), the bus mismatch penalty is the same. However,

reactive power has much greater impact on the voltages. So, for the very complicated 510

bus system, the optimizer is mainly relying on active power mismatches to have a more

granular approach for enforcing the limits.

Figure 7.3: Starting QSTS and �nal FBS-based Energy Scheduling voltage results.
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Table 7.2: Comparison of running FBS-based Energy Scheduling under different normal-
ization schemes. We ran each test 10 times are report the average and Standard deviation.
Run on a Dell Precision 3630 with 1 TB of storage, 2 GB graphics card, 64 GB of Ram,
and Intel Core i9 at 3.10 GHz.

FBS (standard units) FBS Simpli�ed (standard units)

Circuit # Iterations Processing time [s] Objective value [$]# Iterations Processing time [s] Objective value [$]

IEEE4 3 0:56� 0:006 4498:07 3 0:49� 0:02 4499:03

IEEE13 4 5:91� 0:16 10452:79 4 5:20� 0:06 10460:4

IEEE123 3 15:54� 0:38 2006:08 3 15:70� 0:08 2007:42

510Bus 3 143:14� 4:71 2823:16 3 143:963� 0:56 2846:10

FBS (per unit, sbase=10 kVA) FBS Simpli�ed (per unit, sbase=10 kVA)

Circuit # Iteration Processing time [s] Objective value [$]# Iteration Processing time [s] Objective value [$]

IEEE4 3 0:38� 0:02 4498:06 3 0:31� 0:003 4499:02

IEEE13 4 2:57� 0:04 10467:60 4 2:30� 0:03 10475:21

IEEE123 3 12:71� 0:28 2006:37 3 11:43� 0:13 2007:72

510Bus 3 39:17� 0:26 2823:118 3 48:91� 0:36 2846:07

FBS (per unit, sbase=100 kVA) FBS Simpli�ed (per unit, sbase=100 kVA)

Circuit # Iteration Processing time [s] Objective value [$]# Iteration Processing time [s] Objective value [$]

IEEE4 3 0:39� 0:04 4498:06 3 0:30� 0:006 4499:02

IEEE13 4 2:09� 0:06 10467:58 4 1:882� 0:012 10475:19

IEEE123 3 10:24� 0:07 2006:25 3 9:1� 0:05 2007:60

510Bus 3 40:05� 0:17 2822:72 3 38:69� 0:24 2845:66

FBS (per unit, sbase=1000 kVA) FBS Simpli�ed (per unit, sbase=1000 kVA)

Circuit # Iteration Processing time [s] Objective value [$]# Iteration Processing time [s] Objective value [$]

IEEE4 3 0:32� 0:07 4498:00 3 0:28� 0:004 4499:96

IEEE13 4 1:90� 0:05 10467:41 4 1:50� 0:09 10475:02

IEEE123 3 11:68� 1:14 2005:05 3 9:80� 0:12 2006:40

500Bus 3 48:49� 0:17 2818:73 3 45:03� 0:60 2841:67
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Table 7.2, shows a comparison of FBS and FBS Simpli�ed formulations under different

normalization schemes for comparison. In particular, when solving the model in standard

units all calculations are in base units such as Watts, vars, Ohms, Amperes, and Volts [7].

This representation offers the advantage of clear interpretability of intermediate results.

However, it requires handling very large numbers, in the order of109 signi�cant �gures

(e.g., power quantities in megawatts), which can adversely impact solver performance.

Figure 7.4 shows a visual representation of the data in Table 7.2. On this represen-

tation it can be seen that there is a substantial processing time reduction using per-unit

representations when compared to running on standard units. Furthermore, the different

representations reach virtually the same objective function (there is a small tilt, but it is

visually unnoticeable).

Figure 7.4: Visual Comparison of running FBS-based Energy Scheduling under different
normalization schemes. Running on a Dell Precision 3630 with 1 TB of storage, 2 GB
graphics card, 64 GB of Ram, and Intel Core i9 at 3.10 GHz.

Figure 7.5 is similar to Figure 7.4, but this time running on a personal computer (this

case does not use the data from Table 7.2). The most noticiable thing is that the process-

ing times for solving the 510Bus case using FBS(simpli�ed)-based energy scheduling are

closer together. In general, understanding this behaviour will require a deep discussion on
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high-performance computing and how each machine is managing its resources for running

the IPOPT solver. However, it is evident that the FBS-based energy scheduling represents

a much better conditioned system.

Figure 7.5: Visual Comparison of running FBS-based Energy Scheduling under different
normalization schemes. Running on a Dell Inspiron 14 plus 7440 with 1 TB of storage,
128 MB graphics card, 32 GB of Ram, and Intel Core Ultra i9 at 2.50 GHz.

In general, Table 7.2 shows that processing takes2 to 4X more time for solving the

energy scheduling problem in standard unit when compared to using normalized represen-

tations. In general, the best processing time results are obtained when thesbase=100 kVA.

In some cases, such as for the IEEE13-Bus case, the normalization scheme saturates for

both processing time and objective value. For the 510Bus case, thesbase=100 kVA yield

the best processing time, but the normalization withsbase=1000 kVA reaches a lower ob-

jective value. This suggests that there is a trade-off between objective value and processing

times for every network which must be more closely analyzed.

Figure 7.6 presents the convergence details for the iterative FBS-based energy schedul-

ing algorithm under different normalization bases. In general, we note that for each network

the algorithm under different bases converge in similar shapes. However, the processing

time per iteration is drastically different. When solving the optimization models in standard
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units, the optimizer takes the most time per iteration. When normalized, most cases yield

similar processing times. Thesbase=100 kVA yields slightly shorter processing times when

compare to all other bases.

Figure 7.6: Convergence error for FBS-based Energy Scheduling under different kVA
bases. Running on a Dell Inspiron 14 plus 7440 with 1 TB of storage, 128 MB graph-
ics card, 32 GB of Ram, and Intel Core Ultra i9 at 2.50 GHz.

Table 7.3: Numerical comparison of Energy Scheduling scheduling performance for the
test case in Figure 7.7. The test case was run in Per-Unit (p.u.) using a power base of
sbase=100 kVA. We ran 10 times and report the average and standard deviation.

Modi�ed 123 Bus from Figure 7.7

Power Flow Model # Iteration Processing time [s] Objective value [$]

FBS 3 40:64� 0:58 1496:72� 0:00

FBS simpli�ed 3 36:32� 0:97 1496:84� 0:00

NLF – 277:41� 6:74 1496:90� 0:00

NLF simpli�ed – 261:05� 3:79 1496:98� 0:00

Figure 7.7, depicts a modi�ed version of the IEEE123-Bus network, incorporating

distributed energy resources (DERs) placed at random buses in the network. This con�g-

uration corresponds to a10%penetration of photovoltaic (PV) systems,10%penetration
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Figure 7.7: IEEE 123 network as a test case with random placing of devices for demon-
strating Energy Scheduling results. In particular, blue nodes are three-phase buses, green
nodes are two-phase buses, and orange nodes are single phase buses. The substation is
located at Bus150. Buses50and96have both demand response and PV systems. Bus610
has both demand response and storage.
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Figure 7.8: Scheduling error computed asjjpNLF
j;t � pother

j;t jj l1 for every t 2 T, with other
being NLF simpli�ed, FBS, or FBS simpli�ed. Top left, represent the error from substation
power dispatch. The top right, represent the PV injection power error. The bottom left,
represent the demand response power dispatch error. The bottom right represent the battery
remaining energy error.
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of loads in demand response programs, and one price-driven 3-phase battery storage sys-

tem (BSS). In this modi�ed network, the PV system maximum power injection is driven

by a typical day-ahead power production curve for a summer day. Energy scheduling is

employed to determine the amount of this typical curve that the PV systems can inject into

the network without causing voltage violations. Similarly, the price-driven BSS responds to

price signals, aiming to charge during periods of low energy costs and discharge when costs

are high. Energy scheduling is employed to manage these devices while adhering to power

�ow equations and both device and network constraints. This setup allows for evaluating

the performance of different energy scheduling formulations under realistic conditions of

DER penetration.

Table 7.3, shows the performance results for different energy scheduling formulations

applied to the test case shown in Figure 7.7. Overall, including DERs in the IEEE 123

network reduces the overall operating cost when compared with mismatch-only cases (Ta-

ble 7.1 and Table 7.2). The results con�rm the established trend: FBS versions achieve

drastically shorter processing times while maintaining comparable objective values to those

of NLF-versions. As observed previously, simpli�ed versions provide slight advantages

processing time advantages, but could be hiding potential over voltage issues. This rein-

forces the idea that a more comprehensive representation, including line capacitances, is

necessary for accurate and ef�cient energy scheduling in the presence of DERs.

Figure 7.8, compares the scheduling result's accuracy between the “gold standard”

NLF formulation and all the other formulations. The error is computed asjjpNLF
j;t � pother

j;t jj l1

for everyt 2 T, with other being NLF simpli�ed, FBS, or FBS simpli�ed. In terms of

total power dispatched from the substation, NLF simpli�ed provides the closest solution to

the NLF formulation. In terms of dispatched power from PV systems, all models yield the

same solutions as NLF formulation, indicating consistent PV system dispatch. For demand

response, the FBS formulation closely matches the NLF results. Finally, in terms of battery

remaining energy, NLF simpli�ed again provides results closest solution to those of NLF.
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These comparisons highlight that FBS Simpli�ed formulation yields the worst scheduling

results compared to NLF. The FBS formulation performs particularly well in capturing

demand response accurately, and the NLF simpli�ed formulation is competitive in terms of

total power dispatched by the substation and battery remaining energy.

7.6 Conclusion

We introduced a comprehensive energy scheduling formulation considering a custom For-

ward Backward Sweep (FBS) linearization based on primitive admittance matrices. By

de�ning the FBS linearization in terms of primitive admittance matrix we effectively make

use of a comprehensive distribution modeling approach that provides standarization and

allows for seamless translation between standard units and per-unit representations. This

approach avoids limiting assumptions, such as neglecting line capacitances or using p.u.

tables for transformer primitive admittance matrices, which can lead to incorrect normal-

izations. Our results demonstrated that the complete model, without simpli�cation assump-

tions, provides fast and reliable scheduling solutions across four different distribution test

feeders when the appropriate power base for the per-unit representation is employed. No-

tably, for the IEEE123-Bus test case, the custom FBS-based energy scheduling method

achieves a20X reduction in processing time while maintaining a gap of less that0:1%

when compared to an equivalent formulation using nonlinear power �ow equations. The

presented methodology must be further studied for providing convergence guarantees.

The current FBS-based energy scheduling is still non-convex problem due to the volt-

age lower limit in rectangular representation. In the future we will explore approaches to

convexify this constraint. Additionally, other convex relaxations based on second-order

cone representations will also be explored to exploit high-performance conic solvers. An-

other limitation of the current approach is the time it takes to build the model. Since we

need to perform the backward sweep and then the forward sweep, there is a need to tra-

verse twice the network to build a complete iteration of the optimization model. This can be

141



specially time consuming for large systems (more than 500 buses). Thus, we will explore

decentralization and multi-threaded strategies to parallelize model creation.

In future work, the authors will further explore applications of the proposed energy

scheduling with Yprim-based FBS linearization. These applications include computing

distribution locational marginal prices (dLMPs) for dynamic pricing scenarios, determin-

ing dynamic operating limits (also known as operating envelopes), and assessing hosting

capacity. Developing strategies for incorporating discrete regulators and thermal limits into

energy scheduling will be an active area of research.
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Part III

Applications
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CHAPTER 8

ENERGY SCHEDULING TO SUPPORT DECENTRALIZED SMART

CHARGING

8.1 Introduction

Given the rapid increase in Electric Vehicle (EV) sales, there is concern about uncontrolled

EV charging and its impact on the electricity grid [91]. The concern relates to the current

grid capacity to withstand a large number of EVs [33]. To fully solve this problem, an

expensive infrastructure upgrade will be necessary. However, the scale of the upgrade will

likely be overestimated, given that not all EVs will be connected at the same time and

charging preferences among EV owners are very different. As an alternative, authors have

proposed a procedure called “Smart Charging” (SC) [92]. This term describes a set of

methodologies intended to produce charging pro�les that fully take advantage of current

infrastructure while considering physical limits, electricity prices, and owner preferences.

In SC scenarios, there are two main types of agents: power utilities and EV owners.

Constraints, objectives, and preferences from either agent are part of the SC problem for-

mulation [93]. In general, utilities seek to minimize their operating costs while guarantee-

ing safe, reliable, and high-quality electricity to all customers [52]. On the other hand, the

objectives of EV owners vary, as they are often a matter of personal preferences. For ex-

ample, some EV owners might want to minimize their electricity bill, fast charge their EV,

maximize consumption of renewable energy, or minimize battery degradation [33]. Fur-

thermore, EV owners are subject to the physical limits associated with their EV batteries,

charging equipment, and household circuits.

The interactions between the utility and EV owners in SC can be classi�ed into two

categories: centralized and decentralized [94]. In Centralized Smart Charging (CSC), the
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utility performs a day-ahead energy scheduling, and includes all EV-owner speci�cations

as constraints. The utility's operating cost is minimized, and the charging requirements of

EV owners are satis�ed. However, the utility is in complete control of each EV's charging

behavior. In Decentralized Smart Charging (DSC), there is a clear separation between

the utility and the EV owner at the electricity meter; the EV owner controls power �ow

downstream of the meter, and the utility controls power �ow upstream of the meter. A

recent DSC approach proposed in [33], incorporated competing owner preferences into the

SC problem of a single EV, extending its predecessors which only considered electricity

bill minimization or EV fast charging. However, this algorithm does not consider grid-

level constraints, making it unsuitable to be deployed in a distribution network as it will

likely contribute to voltage drop violations and line overloads.

In light of the above, this chapter proposes to integrate a utility-side Sequential En-

ergy Scheduling (SES) approach, which will handle grid-level constraints, to support the

owner-centric DSC formulation of [33]. In the proposal, both the utility and EV owners

exchange information via a four-stage, iterative process. 1) The utility passes price signals

to each EV owner within a service area which captures relevant grid constraints. 2) Each

EV owner then determines a projection of their power consumption based on the price

of electricity and personal preferences, and sends this information back to the utility. 3)

The utility aggregates power demand projections over the service area, and dispatches its

generation resources accordingly (by performing day-ahead energy scheduling). As a by-

product, Locational Marginal Price (LMP) signals are produced. LMP signals re�ect the

cost of serving one additional unit of power to a particular location [32]. 4) The utility then

passes LMP signals to each EV owner, and the process repeats. This methodology satis�es

objectives and constraints associated with both EV owners and the utility. Moreover, it

lends complete control over the charge behavior to the EV owner.
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Figure 8.1: Sketch of the proposed methodology.

8.2 Proposed methodology

Figure 8.1 presents a sketch of the proposed approach. The methodology consists of two

main modules, a SES loop which handles grid-level constraints and a DSC module which

considers EV owner preferences and provides individual optimal charging pro�les.

8.2.1 Inputs

Let B = 1; : : : ; B be the set of all buses in a distribution network. A bus has multiple

terminals known as nodes. LetN denote the set of all system nodes, withjN j = N . We

index this set using notationj:� , wherej 2 B and� 2 [a; b; c] is a phase. Likewise, the set

of lines connecting system buses will beE, with jEj = E. Each line, denoted by(jk ) 2 E,

connects a pair of busesj; k 2 B . Let the set of conductors connecting all system nodes be

K, with jKj = K .

System inputs are located outside the main SES-DSC loop (see Figure 8.1). From an

OpenDSS feeder simulation, we extract the thermal limits from all conductorsp lim
jk 2 RK ,

generation limits from all nodespGmax 2 RN , and de�ne both generation and Demand Re-

sponse (DR) costs (time dependent) for all nodesCG; CDR 2 RN � T , whereT is the total
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number of time steps dividing the simulation time frame. Assuming presence of utility Bat-

tery Storage Systems (BSS), we provide storage capacityeSmax 2 RN and its corresponding

maximum power charge/dischargepSmax 2 RN . The OpenDSS perturb and observe rou-

tine, as described in [47], is employed to compute sensitivity matrices[@p jk =@p] 2 RK � N

and[@v=@p] 2 RN � N which relate changes in power �ows and voltages to power injec-

tions. The former is the well-known Power Transfer Distribution Factors (PTDF).

Other inputs to our model are de�ned by each EV owner. They depend on speci�c pref-

erences and motivations. Thus, to model uncertainty, we draw these inputs from probability

distributions (see Table 8.1).

Table 8.1: Decentralized Smart Charging inputs for residential customers

EV operational limits EV owner preferences

Battery capacity: Arriving time:

eEVmax � U ([101:5; 109:5])kWh tarr � U ([16:00,22:00])h

Maximum charging power: Departure time:

pEVmax = 8:6 kW tdep � U ([06:00,12:00])h

EV initial energy:

einit � U ([18; 70])kWh

Charging weights:

w � Dir([1; 1; 1; 1])

Drawing samples from a multivariate Dirichlet distribution with four dimensions gen-

erates a point in a four-dimensional space whose components are numbers between zero

and one that add up to one. By considering that all nodes may have an EV connection, we

get vectorseEVmax; pEVmax; t arr; t dep; einit 2 RN and matrixW 2 RN � 4. Given that not all

nodes in the system will have EV, BSS, or load, we initialize every vector and matrix with

zeros and populate only the indexes with a connection.
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8.2.2 Interaction

At the �rst iteration, i.e.,i = 1, of data exchange between the two modules, the system

performs an SES routine with the in�exible feeder demand. In this case, all but the EV

demand is considered to be in�exible. The output from this module is a matrix of LMPs

� i 2 RN � T , in�exible demandPD
i 2 RN � T , and operating costJi 2 R for the day

of operation. This data is passed to the DSC module, which performs a multi-objective

quadratic optimization for all EVs in the feeder and returns their optimal charging pro�le

PEV
i 2 RN � T . By aggregatingPD

i + PEV
i , we get a new feeder demand that is returned

to the SES module and a new iteration begins. This process is repeated until a stopping

criteria is met.

8.2.3 StoppingCriteria

To de�ne a stopping criteria for our iterative algorithm, we employ the difference of LMP

matrices, i.e.,jj � i � � i � 1jj � tol. Considering that, in our case, the total cost of operating

a feeder is on the order of� $2:5 million USD, the tolerance was obtained by trial and

error and set to tol= $100 USD.

8.2.4 SequentialEnergyScheduling

Inside the SES loop, an OpenDSS Quasi-Static-Time-Series (QSTS) simulation is per-

formed to compute time series data of active power �ows and voltage magnitudes, i.e.,

P jk 2 RK � T andV 2 RN � T . This data is passed to a conventional energy scheduling

algorithm which schedules DERs enforcing grid-level constraints. Given that the schedul-

ing algorithm considers sensitivity-based approximations, it is necessary to send scheduled

power back to the QSTS simulation for restoring AC feasibility. Namely, distributed power

generationPG 2 RN � T , energy storage charge and dischargePSC; PSD 2 RN � T , and DR

powersPDR 2 RN � T . The initial DSS �le is modi�ed according to scheduled powers as-

suming unity-power factor and the loop continues. The SES loop stops when all line power
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�ows and voltages are within operational limits.

Objective function

Let the decision vector at each time be represented byp t = [( pG
t )> ; (pDR

t )> ; (pSC
t )> ; (pSD

t )> ]> .

The optimal energy scheduling has the following cost function:

min
p

Ji =
TX

t=1

c>
t p t (8.1)

wherect = [( cG
t )> ; (cDR

t )> ; (0t )> ; (0t )> ]> is the cost vector. In particular,cG
t ; cDR

t 2 RN ,

are the generation and DR costs, respectively.0t 2 RN is employed to let the system

charge and discharge the storage, i.e.,pSC
t ; pSD

t .

Constraint description

To account for load unbalances, the feeder-wide power balance (generation = load) has to

be treated independently for each phase. The power balance is:

BX

j =1

1
pfj:�

(pG
j:�;t + pDR

j:�;t + pSD
j:�;t ) � pSC

j:�;t =
BX

j =1

pD
j:�;t (8.2)

The penalty factor1=pfj:� increases the value of the distributed power injection propor-

tionally to the amount of system wide losses that it reduces [52]. Assuming� 2 [a; b; c],

Equation 8.2 represents three different constraints.

Line power �ow constraint:

� p jk;t � p lim
jk (8.3)

p jk;t � p lim
jk (8.4)

wherep lim
jk 2 RK is the maximum power �owing through each phase of all distribution
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lines (jk ) 2 E. Note that Equation 8.3 and Equation 8.4 are equivalent tojp jk;t j � p lim
jk .

Using a �rst order approximation, we express line power �ows as:

p jk;t � p0
jk;t +

�
@p jk

@p

�
� p t (8.5)

� p t = p?
t � p0

t (8.6)

Moreover,p?
t 2 RN is the optimal decision variable vector at timet andp0

t 2 RN is an

initial estimate. Finally:

�
�

@p jk

@p

�
p?

t � p lim
jk + p0

jk;t �
�

@p jk

@p

�
p0

t (8.7)
�

@p jk

@p

�
p?

t � p lim
jk � p0

jk;t +
�

@p jk

@p

�
p0

t (8.8)

Voltage Constraints in p.u.:

0:97vbase� v t � 1:03vbase (8.9)

wherevBase 2 RN , is the rated voltage at each node in the system. Rewriting as two

constraints:

� v t � � 0:97vbase (8.10)

v t � 1:03vbase (8.11)

Using a �rst order approximation, we can rewrite the system voltage vector as:

v t � v0
t +

�
@v
@p

�
� p t (8.12)
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Finally:

�
�

@v
@p

�
p?

t � � 0:97vbase+ v0
t �

�
@v
@p

�
p0

t (8.13)
�

@v
@p

�
p?

t � 1:03vbase� v0
t +

�
@v
@p

�
p0

t (8.14)

Generation and DR limits:

pGmin � pG
t � pGmax (8.15)

0 � pDR
t � pD

t (8.16)

Utility-size storage energy balance:

ej:�;t � ej:�;t � 1 � � (� t pSC
j:�;t )+

1
�

(� t pSD
j:�;t ) = 0 (8.17)

where � is an ef�ciency parameter usually speci�ed by the employed storage technol-

ogy [43]. Additionally, � t is the time step length required for the discrete-time approx-

imation to obtain energy.

The complete set of storage parameters includes:

• Initial storage energy assumed as40%of the rating capacity, i.e.,e1 = 0:4 eSmax.

• Final energy equal to the initial energy, i.e.,eT � e1 = 0.

• Charging and discharging limits, i.e.,0 � pSC
t ; pSD

t � pSmax.

• Total energy stored limits, i.e.,0 � et � eSmax

8.2.5 DecentralizedSmartCharging

The smart charging algorithm charges each EV battery independently. To this end, it per-

forms an optimization consisting of a weighted sum of four different objective function
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terms. The output of the algorithm is the optimal charging pro�lepEV 2 RT . If we con-

sider that all nodes may have an EV connection, we getPEV
i 2 RN � T , at iterationi of

information exchange.

LMP novelty criterion

Given the iterative nature of our algorithm, we will have multiple matrices of LMPs un-

til meeting a stopping criteria. Our algorithm responds to price signals, however, it is

completely independent of previous iterations. We need to give a “memory” to the DSC

algorithm to account for past iterations. This is achieved by implementing an LMP novelty

criterion.

Let � i = jj � i � � i � 1jj , where� 2 RT is a row of matrix� 2 RN � T (LMP at a

particular node with an EV connection). Considering past iterations, we can compute a

novelty criterion-corrected LMP by:

� i =
iX

k=1

� k

� +
i

� k (8.18)

� +
i =

iX

l=1

� l

For all nodes, we get� i 2 RN � T . Equation 8.18 computes a weighted average of past

iteration LMPs. The weights depend on the metric difference between consecutive LMPs,

giving “novel” LMPs higher values.

Objective function

Let � t be an element of� i . Let mt denote utility's `grid mix' signal indicating the fraction

of renewable energy at substation level at any given time.

The objective function is composed of four terms which captures various EV owner

preferences. Each owner speci�es charging weights,wn , depending on the relative impor-
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tance of each term.

The SC problem, which computes individual charging pro�lespEV 2 RT , has the fol-

lowing cost function:

min
p EV

4X

n=1

wnFn (pEV) (8.19)

wherewn is the relative weight assigned by an EV owner to termFn . Note that in Equa-

tion 8.19, The ratios betweenwn de�ne the problem rather than their numerical values.

For this reason, in practice (see Table 8.1), we draw these weights from a four-dimensional

Dirichlet distribution such that the sum of thewn is always one.

The cost of the electricity bill is measured by:

F1(pEV) =
TX

t=1

� t pIN
t (8.20)

wherepIN
t = pD

t + pEV
t is the power drawn from the grid by the household to supply in�exi-

ble demandpD
t and �exible demandpEV

t .

The maximization of renewable energy consumption is equivalent to the minimization

conventional energy consumption. The conventional energy consumption is measured by:

F2(pEV) =
TX

t=1

((mt � 1)pIN
t )2 (8.21)

Charging as fast as possible is equivalent to minimizing a monotonically increasing

function:

F3(pEV) =
TX

t=1

t pEV
t (8.22)

Finally, to minimize battery degradation, we employ the following function which en-
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Table 8.2: Convergence analysis of the proposed SES-DSC

Cases
NEV 60 75 95

l1 l2 l1 l1 l2 l1 l1 l2 l1

Base case

i � 11 13 11 6 10 20 4 30 9

jj � i � � � i � � 1jj [USD] 0 0 0 0 0 0 0 619.6497 67.5216

Ji � [Million USD] 2.5690 2.5687 2.5683 2.6171 2.6163 2.6119 2.6684 2.6685 2.6684

Including

utility PV

i � 30 16 7 7 30 21 30 10 13

jj � i � � � i � � 1jj [USD] 2007.9013 0 41.9016 0 263.0256 99.6442 2678.1974 0 67.5216

Ji � [Million USD] 2.2948 2.2949 2.2968 2.3434 2.3407 2.3397 2.3927 2.3931 2.3910

Including

utility storage

i � 4 3 3 5 4 3 4 3 2

jj � i � � � i � � 1jj [USD] 0 28.4068 13.1497 0 0 19.0123 0 46.2259 11.1784

Ji � [Million USD] 2.5587 2.5587 2.5587 2.6065 2.6066 2.6067 2.6595 2.6595 2.6595

Including

both utility

PV and storage

i � 3 2 2 3 2 2 4 2 2

jj � i � � � i � � 1jj [USD] 0 21.2561 13.5328 1.2898 28.0046 26.8061 0 35.8595 23.4273

Ji � [Million USD] 2.2811 2.2811 2.2811 2.3285 2.3285 2.32852.3816 2.3816 2.3816

Count of fastest convergence 0 0 4 2 0 2 1 1 2

couragespEV
t to be low in amplitude and temporally �at:

F4(pEV) =
TX

t=1

(pEV
t )2 (8.23)

Constraint description

EV battery energy balance:

eEV
t = eEV

t� 1+(� t pEV
t ) (8.24)

The complete set of EV storage parameters includes:

• Energy when the vehicle arrives to the household, i.e.,einit, must be provided by the

owner.

• Maximum charging power, i.e.,0 � pEV
t � pEVmax.

• Total energy stored limits, i.e.,0 � eEV
t � eEVmax.
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8.3 Simulation

8.3.1 Assumptions

During the simulation time frame, there is no change in network topology. All control

actions such as substation transformer LTC and voltage regulators are disabled. All system

connections, including transformers and loads, are assumed to be Wye-Wye. Additionally,

all loads connected between lines are replaced by equivalent line-to-ground loads. Finally,

we assume unity power factor control for injections from PV systems and storage discharge.

8.3.2 ExperimentalSetup

For testing, we selected the IEEE-123 test feeder [47]. In particular, it is an unbalanced

three-phase system withB = 130 buses,N = 274 nodes,E = 124 lines (including

switches), andK = 271 node connections. To feed generation costs to our model, i.e.,

CG 2 RN � T , we assign to substation nodes the marginal prices from a simulation of the

bulk transmission system in Southeast-US. Likewise, we assign to nodes with PV con-

nection a small �xed operational tariff (10% of the electricity price at the substation).

Furthermore, we recognize that the cost of DR is different at different nodes. Thus, we

let cDR
j:� � U ([100; 300]) [USD/kW] and �x this value 8t. Finally, considering a ball-

park estimate for a feeder of these characteristics, we assume3 single-phase batteries

with maximum capacityeSmax = 200kWh and maximum charging/discharging capacity

pSmax = 50kW. We maintain these considerations8i .

8.4 Results

Table 8.2 shows the convergence analysis of our algorithm under different cases, num-

ber of EVs, and metrics. For instance, if we take the row corresponding to the base case

and the column of 95 EVs, we see that by employing thel1 norm, the system converges

at i � = 4, the LMP difference isjj � 4 � � 3jj 1 = 0 < 100, and the operating cost is
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J4 = $2:6683Million USD. In the same way, by employing thel2 norm, we geti � = 30

andjj � 30 � � 29jj 2 = 619:6497> 100, which means that the algorithm did not converge

and it stopped when reachingi = maxIter = 30. Lastly, by employing thel1 norm, we

get i � = 9, jj � 9 � � 8jj 1 = 67:52 < 100, and the operating costJ9 = $2:6684Million

USD. When considering all combinations of cases and number of EVs, we get that thel1

norm converges in all cases without reaching the maximum iteration limit and gets fastest

convergence in8 of 12possibilities. Thel1 norm of a matrix, takes the maximuml1 norm

of its rows. In our case, the rows are differences of LMPs at consecutive iterations for par-

ticular nodes. In this formulation, an LMP at different iterations may only differ if a grid

constraint is violated, which will be re�ected as a very high price. Thus by minimizing the

l1 norm, we are effectively addressing one by one the charging behaviors of the nodes that

are causing the largest violations. Furthermore, the novelty criterion described in subsub-

section 8.2.5, keeps track of past iteration's LMPs (individually), such that the result found

by the iterative process does not oscillate.

Figure 8.2 shows the grid constraint analysis across iterations for the base case, 95

EVs, and using thel1 norm. Fori = 1, the DSC module charges all EVs independently

according to the in�exible demand LMP. Accordingly, considering the new aggregated

demand within an OpenDSS QSTS simulation, results in both voltage and thermal limit

violations around 10 am and 8 pm. Thus, the energy scheduling algorithm applies DR at

loads S10.a, S71.a, and S114.a to meet grid constraints. We can see large DR values in

Figure 8.2 fori = 1. For the next iteration, the resulting LMP will re�ect this increased

cost at hours of the violations. Latter, sayi = 4 or i = 7, we see that the DSC algorithm,

responding to price, starts to avoid breaching grid constraints by charging EVs at different

hours. Furthermore, at the �nal iterationi = 9, the smart charging algorithm obtains a

solution that reaches a solution with binding constraints at peak hours. The �nal solution

only has a small voltage violation after 8 pm which results in a very low (< 0:3 kW) DR.
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Figure 8.2: Evolution of grid constraints and DR along information exchange iterations.

Figure 8.3: Operating cost and LMP difference across iterations.

Lastly, Figure 8.3 shows the operating cost and LMP differences across iterations. In

particular, we note that there is a sharp decrease in the objective function cost ati = 1. This

iteration has the largest voltage and thermal limit violations (see Figure 8.2). Thus, it makes

sense that the corresponding operating cost is very high. Fori = 2, the system knows the

previous iteration LMP and schedules new charging pro�les that are away from violating

limits. For this iteration, the LMP is very different from its predecessor, thus thel1 norm

of the difference between LMP matrices is also very high. After iterationi = 2, the system

157



continues to decrease both the operation cost and the LMP difference until iterationi = 6.

Following this sudden increase (expected as the algorithm tries to obtain a solution with

biding constraints), the system converges in iterationi � = 9 to a solution that has a low

operating cost, is within grid limits, and hasjj � 9 � � 8jj 1 < 100.

8.5 Conclusion

We introduced a Sequential Energy Scheduling approach to support Decentralized Charg-

ing of Electric Vehicles, termed SES-DSC. Our approach includes both utility and EV

owner objectives and constraints in a decentralized, multi-agent, smart charging scenario.

Through a series of experiments, we demonstrate that for enforcing grid-level constraints,

there is a need to exchange information between both the utility and EV owners in an it-

erative fashion. To this end, we proposed an iterative scheme wherein i) individual EVs

determine demand pro�les based on a utility-provided LMP signal, ii) the utility deter-

mines new LMPs based on the aggregation of the EV-provided demand, in�exible demand

of the household, and generation costs. To account for past iterations, we implemented

an LMP novelty criterion which stores past iteration's LMPs and computes a weighted av-

erage LMP. In this manner, we give a “memory” to our algorithm that helps to keep the

smart charging pro�les within grid limits. Finally, the convergence of the information ex-

change process depends on the difference between consecutive broadcasted LMPs. With

this methodology, we exploit the information contained in the LMP, which is de�ned as

the cost of serving the next unit of power at a particular location, to enforce grid-level con-

straints in smart charging of EVs considering owner preferences. Results on the IEEE 123

test feeder show that thel1 norm is the most suitable metric for this analysis, achieving

convergence in all12 studied scenarios and obtaining the fastest convergence in8=12 of

them. Remarkably, the proposed methodology obeys strict voltage limits.
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CHAPTER 9

ELECTRIC VEHICLE HOSTING CAPACITY CONSIDERING

DECENTRALIZED SMART CHARGING

9.1 Introduction

Uncontrolled Electric Vehicle (EV) charging is becoming increasingly problematic due to

the physical constraints of the grid [33]. As a result, utilities in the Southeastern US are

already taking action by creating dedicated electricity pricing rates to prevent EV-related

loads from contributing to the native peak load condition of the system (afternoon hours

when people arrive home). For instance, in this region, customers are exposed to a rate

named “Plug-In EV,” which promotes EV charging from 11:00 pm to 07:00 am by assign-

ing a relatively cheap kWh cost to charging at these hours. However, this pricing rate is

static and only changes seasonally. Therefore, it will shift the EV-related load and create

another peak during the lower-price cost hours. On the other hand, authors have proposed

Decentralized Smart Charging (DSC) as a methodology to mitigate the problem of uncon-

trolled EV charging by casting it as a multiple-objective optimization problem [94]. In

particular, DSC results in EV charging pro�les constrained by physical limits, electricity

prices, and owner preferences. DSC can take advantage of diverse owner preferences to

prevent creating new EV-related peak-load conditions.

Publicly available distribution test feeders usually do not consider secondary networks,

i.e., circuits from the secondary side of service transformers [47]. Service transformers

are not modeled in these feeders, and load aggregates, which approximate the behavior

of several smaller loads, are connected directly to primary nodes. The most critical as-

pect of ignoring secondary networks is removing service transformers. Ignoring them can

negatively affect hosting capacity assessments by removing transformer winding ampere
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ratings, which could become binding constraints for hosting capacity analysis [95].

Another essential modeling element is the need for temporal simulation. IEEE test feed-

ers consider a snapshot of a distribution system at a particular time. Thus, there is no native

support for time-varying analysis. Hour-by-hour consumption pro�les must be assigned to

each load to address this issue. These consumption pro�les usually come from smart meter

data captured for single houses or buildings. Since secondaries are not modeled, several

consumption pro�les must be aggregated to match the native feeder load, which introduces

approximation errors. Furthermore, the substation model is stiff and does not represent the

time-varying conditions of the sub-transmission network [52].

This chapter presents an EV-hosting capacity assessment based on the perturb-and-

observe technique in the context of DSC and static pricing rates for distribution feeders with

secondary networks. Through simulations, we demonstrate that transformer ampere ratings

are binding constraints. Also, we show that dedicated static pricing rates shift EV-related

load creating a new peak load which decreases the hosting capacity. Furthermore, we show

that minimizing the proposed regularization term yields the actual hosting capacity of the

feeder. Lastly, we also show that this same hosting capacity is obtained when setting DSC

to Bill Minimization with minimal consideration of the regularization weight.

9.2 Electricity Pricing Rates

This analysis considers pricing rates during summer, which have more variability and

higher costs. In particular, customers in the Southeastern US can participate in several

different static pricing rates [96]. We consider the following rate plans: Plug-In EV, Smart

Usage, and Residential Service. Each plan includes a basic service charge, price signal,

and other miscellaneous fees such as Environmental Compliance Cost Recovery, Nuclear

Construction Cost Recovery, Demand Side Management Residential Schedule, and Munic-

ipal Franchise Fee. Given that all three considered rates share miscellaneous fees, we will

not consider them in this analysis. Figure 9.1 presents the price signals for the Plug-In EV
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and Smart Usage rates.

9.2.1 Plug-InEV

This rate shifts EV charging by assigning different costs per kWh during the day. During

business days (Monday through Friday), there are three different �xed costs per kWh as

shown in Figure 9.1. For weekends, it reduces to only two �xed costs. Additionally, this

rate has a basic service charge is of$ 0.4603 per day.

9.2.2 SmartUsage

This rate gives more control to the customer over their monthly electricity bill. During

business days, there are two �xed costs per kWh, as shown in Figure 9.1. For weekends, it

reduces to only one �xed cost. Additionally, this rate includes a basic service charge of$

0.4603 per day and a demand charge computed by extracting the maximum kW consumed

during the month and multiplying it by$ 8.21.

9.2.3 ResidentialService

This rate is the conventional staircase for which the cost per kWh depends on the house-

hold's total energy consumption. If the total household consumption is less than 650 kWh,

the price signal is 0.058366$/kWh. If the consumption is between 650 and 1000 kWh, the

price signal is 0.096943$/kWh. Finally, if the consumption is over 1000 kWh, the price

signal is �xed at 0.100336$/kWh. Additionally, this rate includes a basic service charge of

$ 0.4603 per day.

Proposed Methodology Let us de�ne the set of loads in a distribution feeder asL , with

jLj = L. Given smart metering infrastructure, we have access to historical consumption

data in the form off p l ; qlgL
l=1 , wherep l ; ql 2 RT are ordinal hourly measurements of

active and reactive power consumption for every load in a distribution feeder. Additionally,

T 2 Z represents the number of samples in the dataset; typically, the sampling period is

161



Figure 9.1: Hourly price signals for a week corresponding to Plug-In-EV and Smart Usage
pricing rates.

� t = 1h. Depending on the electricity pricing rate from section 9.2, we also have hourly

prices denoted by� 2 RT .

9.2.4 DecentralizedSmartCharging(DSC)

For each EV and charging session, there are multiple objectives that an EV owner might

want to pursue, i.e., Fast Charging (charge battery as soon as possible), Bill Minimization

(charge when the price signal is cheap), or a weighted combination of the two. Further-

more, these charging objectives can be penalized by a regularization term that can help

with battery degradation by forcing charging to be low in amplitude and temporally �at. If

we consider that all loads in a distribution feeder might potentially have an EV connection,

DSC will independently producef pEV
l gL

l=1 , wherepEV
l 2 RT .

Consider the following objective functions:

• Fast Charging

J2(pEV
l ) =

TX

t=1

(1� � ) t pEV
l;t + � (pEV

l;t )2 (9.1)

Given thatt will increase monotonically, minimizing this objective will shift charging

towards the beginning of the charging session.
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• Bill Minimization

J1(pEV
l ) =

TX

t=1

(1� � ) � t pIN
l;t + � (pEV

l;t )2 (9.2)

wherepIN
l;t = pl;t + pEV

l;t is the power drawn from the grid to supply the in�exible

demandpl;t and �exible demandpEV
l;t .

• Weighted combination

J3(pEV
l ) =

TX

t=1

(1� � )
2 (� t pIN

l;t + t pEV
l;t )+ � (pEV

l;t )2 (9.3)

In all cases,(pEV
l;t )2 is a regularization term that forces the resulting pro�le to be low in

amplitude and temporally �at. This effect can have positive implications for decreasing

battery degradation [33].� 2 [0; 1] is a hyperparameter that determines the relative weight

of the regularization term.

EV battery energy balance constraint:

eEV
l;t = eEV

l;t � 1+ � l (� t pEV
l;t ) (9.4)

where� l is an ef�ciency parameter that depends on each EV battery technology and charg-

ing conditions[43].

Other EV considerations and constraints:

• EV arrival time: arrl � U ([18:00, 24:00])h.

• Battery energy at arrival:earr
l � U [40; 50]kWh.

• Maximum charging power:0 � pEV
l;t � 7:6 kw (assuming level 2 charging output).

• Battery capacity:emax
l � U [80:5; 110]kWh.

• Battery ef�ciency: � � U [80; 90]%.
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• Maximum stored energy at any time:0 � el;t � emax
l .

• EV departure time: depl � U ([06:00, 10:00])h.

• EV battery level at departure:0:9 emax
l � edept

l � emax
l .

Table 9.1: Mean and standard deviation of EV-hosting capacity for each combination of
charging session objective and pricing rate.

Rates a

Plug-In EV Smart Usage Residential Service

Charging session objectives
Hosting

capacity

Voltage

violations

Trafo current

violations

Computing

time

Hosting

capacity

Voltage

violations

Trafo current

violations

Computing

Time

Hosting

capacity

Voltage

violations

Trafo current

violations

Computing

Time

Fast charging (� = 0) 7.6 � 3.0 4 28 � 10.1 s 7.6 � 3.1 6 27 � 9.1 s 7.8 � 3.4 7 26 � 10.4 s

Bill minimization (� = 0) 10.7� 3.8 2 30 � 13.0 s 10.7� 3.7 6 29 � 11.7 s 10.0� 4.0 7 25 � 12.5 s

Combination (� = 0) 8.1 � 3.3 4 28 � 10.1 s 8.0 � 3.4 4 28 � 9.6 s 8.1 � 3.1 6 28 � 10.43 s

Battery degradation

minimization (� = 1)
34.0� 6.3 3 26 � 40.4 s 32.8� 6.0 1 28 � 41.9 s 34.5� 4.6 2 28 � 42.1 s

9.2.5 EV-HostingCapacityAssessment

To perform the EV-hosting capacity assessment, we employ the heuristic perturb-and-

observe technique [48]. As its name suggests, the technique connects energy resources

to a distribution feeder and increases their capacity, number, or both, until violating ei-

ther voltage or current limits. The state of the system prior to meeting the constraint is

considered its hosting capacity.

For a randomly chosen load, sayl = l � , we assign an EV and compute the daily EV

charging pro�lespEV
l � according to the proposed DSC formulation subsection 9.2.4. This

procedure is repeated until there is charging data for a whole month. Then, we add this EV-

related demand to the original demand creating the consumption pro�lef p l � + pEV
l � ; ql � g.

For all other loads the consumption pro�les are simplyf p l ; qlgL
l=1 jl 6= l � . After assigning

each of these pro�les to a speci�c node in a distribution feeder, a Quasi-Static Time Series

(QSTS) simulation is performed [39]. The outputs of this simulation are time-dependent

voltage magnitudes for the nodes and current for both lines and transformers in the sys-

tem. We evaluate if every node voltage magnitude is within ANSI tolerance bounds (�

164



5% of nominal values), if the current at each phase of every line is below its ampere rat-

ing, and if the current at each winding of every transformer is below its ampere rating.

While these bounds are not violated, we randomly select another load, compute its corre-

sponding monthly EV charging pro�le, aggregate to the consumption pro�le, and perform

a new QSTS simulation. The EV battery capacity is not controllable for this variant of the

perturb-and-observe approach since it is randomly assigned. Thus, increasing the number

of EVs deployed in the feeder until a violation is caused terminates the iterative process

and determines the EV-hosting capacity.

Given the random nature of the initialization, we validate the obtained hosting capacity

by repeating the process 30 times and reporting the average and standard deviation.

9.3 Results

9.3.1 SimulationSetup

For testing, we employ the Secondary Test Circuit [80]. The circuit topology is presented

in Figure 9.2. Note that the actual �gure was generated using the Sandia National Lab-

oratories GridPV Toolbox [97]. This feeder includes: 46 single-phase loads, 71 lines

(three-phase for the primaries and several types of single-phase equivalent triplex cables

for the secondaries), and 13 transformers (one three-phase substation LTC transformer and

multiple single-phase equivalent service transformers). The substation model includes a

time-varying, non-stiff (which reduces its output in response to the load) voltage source

behind an impedance to represent the sub-transmission network. This source is connected

to the substation LTC transformer.

For the QSTS simulation, we assume a �xed network topology. Also, the test circuit

includes hourly consumption pro�les for every load in the feeder for a year. For our EV-

hosting capacity assessment, we employ the consumption data for July.
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Figure 9.2: Secondary Test Circuit modeled in OpenDSS. Figure obtained using the the
GridPV toolbox from [97]

9.3.2 NumericalAnalysis

Table 9.1 presents the main results from this analysis. It shows the mean EV-hosting ca-

pacity for the distribution feeder considering each combination of charging objective and

static pricing rate. It includes the count of voltage and transformer winding violations for

each of the 30 repetitions. This table shows the overall smallest hosting capacities when

selecting Fast Charging with� = 0. In this case, the pricing rates are irrelevant since DSC

is not responding to price; we see that hosting capacity across all rates is statistically the

same. A small EV-hosting capacity is expected since the DSC will charge EVs as soon

as they arrive home. This EV-related load overlaps with the feeder's existing peak load

conditions, creating grid-level violations. As seen in the table, for all the cases, the most

common violations are transformer winding current violations. In our analysis, line ampere

ratings were never violated and, thus, are not included in the table. Note that both voltage

and winding current violations might occur at the same time.

Interestingly, selecting the Bill Minimization objective also results in small EV-hosting
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Figure 9.3: Grid-level violations for two different combinations of Charging objectives and
Pricing rates.

capacities. The �rst two rates (Plug-In EV and Smart Usage) are designed to push charging

away from the peak load condition of the feeder. However, as seen in the weekly demand

plot from Figure 9.3, the peak-to-valley difference in load (solid lines) for the whole feeder

and per phase is just� 40 kW. Assuming a single-phase level 2 charging station for ev-

ery household with an output of 7.6 kWh, 40 kW represents� 5 EVs. This is precisely the

difference in hosting capacities seen for the Plug-In EV rate between setting Bill Minimiza-

tion (which charges at valley load condition) and Fast Charging (which charges at peak load

condition). Setting DSC to a weighted combination of the previous two objectives does not

improve the hosting capacity.

In addition to the demand plot, Figure 9.3 also shows the violations that occur while

computing the EV-hosting capacities considering both Fast Charging and Bill Minimization

objectives. DSC does not respond to price in the �rst case, Fast Charging with� = 0

and Plug-In EV rate. It starts charging as soon as the EV gets home. Voltage magnitude

violations appeared during the �rst week of July after introducing three EVs connected to
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loads (load45, load15, and load35) of the test circuit. Note that in the weekly feeder

demand, the EV-demand pro�les (dashed lines) contribute to the peak load condition of

the feeder, increasing this peak even more. In the second case, Bill Minimization with

� = 0 and Plug-In EV rate, DSC responds to price. In this case, we see both voltage

magnitude violations and transformer winding current violations since the very �rst week

of July. In this case, we added nine EVs to the feeder connected to loads: (load127,

load42, load123, load12, load33, load15, load54, load73, and load34).

Finally, � = 1 is the extreme case of setting any previous objective to minimize the

penalization term, which is referred to as Battery Degradation Minimization. In this case,

DSC forces the EV Charging pro�les to be low in amplitude and temporally �at. Remark-

ably, note a signi�cant improvement in the feeder's hosting capacity with respect to the

previous objectives. This exciting result motivates the parameter saturation curve from

Figure 9.4. We use the Plug-In EV rate for this curve and present the average EV-hosting

capacity after repeating the assessment 30 times. The Bill Minimization objective saturates

the fastest, reaching the highest hosting capacity after setting� = 0:1. Instead of DSC

charging at maximum capacity once the kWh is cheap, it �attens the pro�le so that the EV

battery is charged to the desired level but at a slower pace. We do not observe the saturation

effect for the other objectives, Fast Charging, and Weighted combination. In each case, in-

creasing� keeps increasing the hosting capacity until reaching the same hosting capacity

of setting� = 1.

For the actual deployment of DSC technology, we expect most EV owners to be inter-

ested in decreasing cost, i.e., Bill Minimization. As depicted in Table 9.2, when consider-

ing the Plug-In EV rate, setting this objective with� = 0 yields, on average, the overall

smallest monthly cost at $ 20.56� 3.8. However, as previously discussed, this combina-

tion is just marginally better than Fast Charging and the Weighted combination, both with

� = 0, in terms of EV-hosting capacity. This situation arises by intentionally creating an

EV-related peak at 11:00 pm, corresponding to the beginning of the lowest electricity cost.
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Figure 9.4: Mean EV-hosting capacity with respect to� .

For this speci�c feeder, the difference between peak and valley load conditions is only

of � 5 EVs, which is not much if we consider that there might be 46 loads that can have

EV connections. On the other hand, setting� = 0:1 and promoting Battery Degradation

Minimization helps boost the hosting capacity to its actual maximum, i.e.,� 34 EVs. Fur-

thermore, in terms of cost, it only increases the customer electricity cost by about $ 14, to

a total of $ 35.21, which is still considerably less than paying, on average $ 64.90 a month

for Fast Charging.

Table 9.2: Mean monthly cost of charging an EV with DSC and Plug-In EV rate.

Objective

Bill Minimization

with � = 0

Bill Minimization

with � = 0:1

Fast Charging

with � = 0

Average monthly cost [$] 20.56� 3.8 35.21� 3.4 64.90� 3.3

9.4 Conclusion

We introduced an EV-hosting capacity assessment for a distribution feeder with secondary

networks based on the perturb-and-observe technique. This analysis considered the effect

of Decentralized Smart Charging and static pricing rates. We start by assigning an EV to
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a randomly selected load in the system, setting its charging objectives according to owner

preferences, and computing monthly EV charging pro�les. If this new demand does not

violate any grid-level constraint (voltage or current), we continuously add more EVs to

the feeder until a constraint is met. The number of EVs before causing any violation is

considered the EV-hosting capacity of the feeder. We repeat this process 30 times to address

the uncertainty associated with random initialization. Through simulations for a feeder

with both secondary networks and smart meter consumption data, we demonstrate that

static pricing rates have minimal impact on determining EV-hosting capacity. Remarkably,

the proposed regularization, which forces EV charging pro�les to be low in amplitude

and temporally �at, actually determines this capacity. Also, we demonstrate that service

transformer winding ampere rating is a binding constraint and must always be considered.

Finally, we show that while considering Bill Minimization, the maximum hosting capacity

of the feeder is achieved by assigning minimal weight, i.e.,� = 0:1, to the regularization

term.
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CHAPTER 10

OPERATING ENVELOPES VISUALIZATION

10.1 Introduction

Distributed energy resources (DERs) such as photovoltaic panels (PVs), electric vehicles

(EVs), energy storage (BSS), and �exible loads are being interconnected to the distribution

grid at a rapid pace. Unmanaged, simultaneous injections of power from these DERs can

result in grid violations, such as ANSI voltage standards or conductor thermal limits [89].

Operating envelopes represent an operations planning paradigm that de�nes dynamic limits

for power injections at speci�c connection sites. This paradigm is particularly relevant in

the context of FERC Order 2222, which allows aggregators to bundle multiple small DERs

for participating in the wholesale electricity market [70]. To prevent unmanaged DER

injections, the distribution system operator (DSO) must communicate dynamic limits to

aggregators ahead of time. This enables aggregators to manage their DER �eet in a way

that is pro�table, while guaranteeing the integrity of the grid [72].

From a grid operator perspective, visualizing operating envelopes in power systems

is challenging due to the need to understand both spatial and temporal data for multiple

devices simultaneously. Early efforts to represent complex spatial relationships were pi-

oneered by PowerWorld [98]. Researchers utilized visual cues such as contours and ani-

mations to capture operators' attention when control actions were required. These actions

included generator set point adjustment, load shedding, or capacitor or line switching to

maintain system stability [99]. Additionally, modeling software such as PSSE, PSLF, and

PowerWorld incorporated planning tools for analyzing “what-if” scenarios, enabling users

to add, remove, or modify devices and disconnect elements to simulate potential network

changes [100]. However, emerging operations planning paradigms, such as operating en-
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velopes, require additional temporal visualization capabilities. These can be introduced by

user interaction techniques [101], such as brushing and linking, revise-and-recon�gure, and

details-on-demand, for operators to explore and analyze grid changes with greater �exibil-

ity, facilitating better decision-making in both operational and planning contexts.

The power system community has often relied on ad hoc visualization approaches, such

as scripting notebooks [102] or charting libraries [103], to analyze operations planning re-

sults. While these tools are accessible and versatile, they present signi�cant drawbacks.

Switching between high-level overviews (e.g., the distribution network) and detailed views

(e.g., voltage pro�le at a speci�c bus) can be time-consuming and labor-intensive. More-

over, operations planning results are usually short lived, lasting only few hours or less.

This requires the development of complex automation mechanisms and data pipelines to

ensure visualizations are consistently updated, which adds to the workload when using ad

hoc approaches.

There is also an inherent trade-off between customization and ease of implementation.

Fully customized visualization approaches provide greater �exibility but demand extensive

development effort and expertise. On the other hand, charting libraries enable rapid cre-

ation of visualizations, assuming data is properly formatted, but they generally lack the

features needed for advanced custom designs and complex user interactions. This high-

lights the need for a platform that balances �exibility and ef�ciency: one that supports

primitive visual encoding for custom designs while leveraging a large community to re-

duce development effort.

In light of the above discussion, we present a collection of architecture decisions for

supporting web-based visualization of distribution system operating envelopes. The goal is

to leverage interactive visualization techniques to tackle the challenges of analyzing com-

plex spatio-temporal data inherent to operating envelopes. We chose the web-platform for

its broad accessibility, as most web browsers can host the developed visualizations without

additional installations. The platform also bene�ts from a large community with vast doc-
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umentation and troubleshooting support. The graphical interface of the web is built using

the Document Object Model (DOM), which relies on three core programming languages:

Hypertext Markup Language (HTML), JavaScript (JS), and Cascading Style Sheets (CSS).

These are further enhanced by a variety of libraries for interactive visualization, such as

Data Driven Documents (D3.js) and React.js. However, integrating these libraries poses a

challenge due to their differing approaches to controlling the DOM. D3.js uses an imper-

ative model, directly manipulating the DOM, while React.js follows a declarative model,

leveraging an intermediate build process. This chapter explores and compares the uti-

lization of these libraries in developing an interactive visualization engine for operating

envelopes. It provides insights into their respective strengths and challenges, especially in

combining them to create a robust and user-friendly interface for visualizing distribution

system operating envelopes.

10.2 Operating Envelopes Visualization Challenges

Operating envelopes are dynamic limits on power injections for active connection sites

(refer to Fig. Figure 10.1 left). These “active” connection sites typically require increase

attention from an operational perspective due to their characteristics. They may host sub-

stantial energy resources, such as utility-scale solar farms or electric vehicle charging sta-

tions, or be identi�ed as problematic due to high loading or vulnerability to faults. Such

sites are assigned dynamic operating envelopes that aggregators with connected resources

must comply with. In contrast, a “passive” connection site generally receive a �xed host-

ing capacity determined in advance and maintained throughout operations planning (see

Fig. Figure 10.1 right). The distribution system permits the connection of any resource

producing or consuming power within this prede�ned limit.

The main challenge in visualizing operating envelopes lies in managing spatio-temporal

data. Active connection sites are scattered across a wide geographical area, each with

distinct operating envelopes that evolve over time. From an operator's perspective, it is
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Figure 10.1: Illustration of operating envelopes for active connection sites and hosting
capacity for passive connection sites. In this case, the operating envelope follows the avail-
able capacity (head room of the �xed network load until reaching a network limit). Hosting
capacity is given by the most constraining load condition of the network.

crucial to monitor the system to identify regions consistently constrained by tight operating

envelopes. This information can be used to prioritize system upgrades based on operational

considerations.

From an operator's perspective, effective visualization and interaction with operating

envelopes for sense-making require:

1. Network Overview: The ability to view the entire network for gaining an overview

of the operational area.

2. Site-Speci�c Insights: The capability to select a speci�c connection site (or bus)

and examine its associated operational values, including but not limited to voltage

pro�le, load pro�le, and operating envelope.

3. Comparison Across Sites:The functionality to select multiple connection sites and

link their operational values, enabling visual comparisons.

4. Scenario Analysis:The ability to add, modify, or delete network devices to analyze

“what-if” scenarios.
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10.3 Proposed Microservice Architecture

Figure 10.2 presents the proposed application architecture, which includes a web-based

user interface and two processing modules. These processing modules have been con-

tainerized to ensure strong separation of duties, portability, and ef�cient lifecycle manage-

ment [104]. Containers enable the processing modules to be fully self-contained, allow-

ing them to execute and terminate independently without requiring additional environment

provisioning or dependency resolution. This approach enhances modularity, simpli�es de-

ployment, and ensures consistency across different computing environments [105]. How-

ever, containers can introduce notable delays to network traf�c due to their consumption

of limited computing resources [106]. To fully understand this potential drawback in the

context of our application, we plan to evaluate this architecture decision against a non-

containerized implementation. This comparison will help assess the trade-offs between the

bene�ts of containerization and its impact on network performance.

Figure 10.2: Microservice oriented architecture to support the visualization of distribution
system operating envelopes. The application includes a user interface for case selection and
interactive visualization. It also includes processing modules for Quasi-static Time Series
(QSTS) simulations and operating envelope computations through scheduling.

The web-based user interface features a case selection mechanism where users specify

the test case (e.g., distribution feeder) to analyze via an input form. The data collected

through this form is parsed to construct a GET request for the Quasi-Static Time Series

(QSTS) module, i.e., a module for chronological time series AC distribution power �ow.
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It is exposed as a RESTful API endpoint designed to handle GET requests from the client.

Upon receiving the request, the endpoint processes it and extracts the necessary information

to de�ne and execute the speci�ed test case. Internally, the QSTS module maintains a

library of test cases that can be run to produce QSTS simulations. Once the simulation

is complete, the API endpoint returns the results as a JavaScript Object Notation (JSON)

object. This JSON object is then interpreted and visualized via the interactive user interface.

From the interactive visualization component of the user interface, an operator can spec-

ify active buses by assigning a �exible generator or �exible load to a speci�c connection

site. Then, it can send a POST request to the scheduling module, with the QSTS simula-

tion data as payload. The scheduling module is designed to execute a linearized version

of a three-phase unbalanced multi-period optimal power �ow for a day-ahead scheduling

horizon. This module generates a solution that enforces grid-level constraints while com-

puting the maximum allowable power injection (operating envelopes) at the speci�ed active

buses for the given scenario. The computed solution is then returned to the user interface

module, where the interactive visualization component enables operators to analyze and

interpret the results effectively.
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Figure 10.3: Web-based user interface (UI) for visualization of distribution systems operat-
ing envelopes. The �rst screen is a user form which enables an operator to select a test case
from a list of available test cases (Network Model) and its associated main �le (InFile1).
The second screen includes the interactive visualization component with header �lters, a
network graph on the left, and an operational values as line charts on the right.

10.4 Network Selection Mechanism

The primary input required to initialize all subsequent processing stages is a network imple-

mented in OpenDSS [2]. OpenDSS serves both as simulation software and as a �le-based

network de�nition system. A given network may consist of multiple associated.dss

text �les. Typically, a main �le speci�es the type of analysis to be performed—such as

single-period power �ow, Quasi-Static Time Series (QSTS) simulation, or dynamic anal-

ysis. Complementary �les de�ne speci�c components of the network, including power
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lines and their con�gurations, transformers, step-voltage regulators, and load models. Due

to the distributed and interdependent nature of these �les, developing a robust parser to

extract and integrate all relevant information can be a complex task.

To simplify this process, all OpenDSS networks are preloaded and made accessible to

the QSTS module. From the user interface, the user simply selects the desired network, and

the system automatically populates the associated main �le, streamlining the initialization

process. Then, the QSTS module directly interacts with the OpenDSS API to parse the �le

and extract all relevant information for subsequent processing stages.

10.5 Web-based User Interface

For interactive data visualization, we employed React.js and D3.js [107]. In particular, we

implemented two custom screens displayed in Figure 10.3. The �rst screen is an input form

were the operator selects from a drop down menu the network model to analyze (Network

Model) and its associated main �le (InFile1). On submission, the data extracted from this

input is used to generate a back-end HTTP GET request to the QSTS module. This screen

employs React.js state management to handle the asynchronous process of data retrieval.

While waiting for the response, the interface displays an intermediate wait screen to inform

the operator that the system is processing the request.

Once the QSTS data is received, the second screen is displayed. This screen includes

the interactive visualization component where the results are shown, allowing the operator

to analyze the system's QSTS results. This screen includes a header, three different charts,

and a toggle button to select between QSTS and Scheduling. The header is employed for

the user to select which operational value to display, it can be branch power �ows or val-

ues associated with the substation, loads, batteries, demand response, �exible generators,

�exible loads, and power mismatches. The �rst chart from the content is a network graph.

The second chart displays voltage magnitudes and third chart displays operation values,

both as line charts. On click on the scheduling toggle button, a back-end HTTP POST
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request to the Scheduling module is initiated. Once the Scheduling data is received, React

state management is employed to visualize both QSTS and Scheduling data (by clicking

on the QSTS/Scheduling toggle button) without generating new HTTP request. To trigger

new HTTP requests, the underlying network dataset must be updated by adding, editing, or

deleting a network device.

For interactive visualization we leverage two main libraries: D3.js and React.js, each

with distinct approaches for controlling the DOM. D3.js is a JavaScript library that provides

utility functionalities such as scales, transformations, and data parsing. It also introduces

a paradigm for manipulating DOM elements known as the Enter-Update-Exit (EUE/join)

pattern, which is designed to create dynamic visualizations using pure JavaScript (also

called vanilla JavaScript) [108]. Since D3 is built directly on top of JavaScript, it uses an

imperative (low-level) approach for manipulating the DOM, giving developers �ne-grained

control over how elements are added, updated, or removed. While React can also be consid-

ered a JavaScript library, it does much more, and thus, it is often referred to as a framework.

React introduces a declarative (high-level) approach to DOM manipulation, which is more

akin to UI toolkits used in other programming languages. React abstracts the DOM inter-

actions and allows developers to describe the user interface using JSX, a declarative syntax

that is later translated into plain JavaScript via an intermediate build process.

Given the above discussion, combining D3.js and React.js for developing operating en-

velope visualizations while fully leveraging the bene�ts of each library is not trivial. To

address this, we implement the network graph using two distinct approaches. In the �rst

approach, React is responsible for de�ning the layout of the network graph, while D3 han-

dles the rendering of the graph itself. This setup provides a clear separation of concerns,

allowing us to take full advantage of D3's advanced functionalities. D3 is used for ren-

dering the graph as well as enabling advanced user interactions such as details on demand,

revise and recon�gure, and brushing and linking. These interactions are crucial for explor-

ing complex spatio-temporal data. In the second approach, React takes full control over
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the DOM and is responsible for rendering all visual elements. Here, D3 is used primar-

ily as a utility library to compute transformations, scales, and, in some cases, interactions

wrapped as React effects. This approach leverages React's declarative nature and virtual

DOM handling, while D3 provides computational tools for the visualization tasks. In the

experiments section we formally compare both implementations by measuring processing

times on graph interactions.

The main visual interactions implemented in the network graph include:

1. The ability to select a bus and display its voltage and other operational values in the

line charts.

2. The ability to select multiple buses, in a brushing motion, and display their associated

voltages and operational values in the line charts.

3. The ability to add, edit, and remove devices by clicking on a bus in the network.

These interactions are built using both React and D3, enabling any visual element to

trigger a mouse event and link this state change to an update in the line chart. The brushing

and linking functionality, which is traditionally a feature of D3 graphs, has been adapted

to work within a React-controlled rendering environment using a combination of React

hooks [109].

In particular, the brushing interaction is de�ned using D3'sd3.brush but rendered

by React. This is achieved using theuseRef hook to reference a DOM element and then

the useEffect hook to manage side effects related to the brush interaction. For state

management, theuseCallback hook is used to update an empty state with the selected

buses when a brushing interaction ends. This approach follows the React pattern of “lifting

state up,” which ensures that the selection of buses is maintained and can be accessed by

other widgets in the component tree. Lastly, for adding, editing, and removing devices, and

“edition mode” is implemented. During edition mode, a bus click initiates a React state

update which creates a new device (with default values) or deletes an existing device. If
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the device is visible, a click on the device triggers a user input form where the operator can

modify its parameters.

A demo is presented in the following link:

https://www.youtube.com/watch?v=2UbbSE96gqU

10.6 Experimental Setup

In this chapter, we aim to analyze the performance of the proposed architecture decisions to

support the visualization of distribution system operating envelopes. As such, we propose

the following experiments:

1. Endpoint Performance In this case, we are exposing the processing modules in

two different ways, one is running the endpoint directly from a terminal and the

second is running the endpoint from within a container. Additionally, we will run

the same processing task without any network request to understand the effect of

communication delay.

2. Visualization Interaction Performance In this case, we want to compare perfor-

mance of visualization interactions under two different implementations. One, is

a D3-controlled network graph and the other is a React-controlled network graph.

We will measure processing time (using browser developer tools) between both ap-

proaches to understand bene�ts and drawbacks from each approach.
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Figure 10.4: Performance of the QSTS simulation and Scheduling modules when executed
as a script (Local), as a �ask/genie endpoint (Flask/Genie), and as a �ask/genie endpoint
within a Docker container (Docker) for each of the four test networks. The comparison
also considers the response size in kB for each of the test networks as a grey line and a dual
axis.

10.7 Results

10.7.1 EndpointPerformance

The QSTS module is implemented in Python and utilizes theopendss-direct inter-

face [78]. It can be executed in three different modes: locally by running the main script

(Local), as a Flask endpoint (Flask), or as a Flask endpoint hosted within a Docker con-

tainer (Docker). Figure 10.4 left, presents the performance of these approaches for running

QSTS simulations. The results include average processing time (represented as a bar chart,

left axis) and response size (depicted as a gray line, right axis) for various test networks.

When run locally, the QSTS simulation demonstrates a quasi-linear relationship between

processing time and the number of buses in the system. However, exposing the module as

an endpoint introduces signi�cant processing delays, resulting in a trend that approaches

exponential growth. This is primarily due to the delays from network traf�c and data trans-
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fer. Notably, hosting the Flask endpoint within a Docker container does not substantially

increase the processing time compared to directly running the Flask endpoint. The con-

tainer housing the QSTS module having a size of 1.23 GB, this includes feeders test case

�les (OpenDSS �les).

The Scheduling module is developed in Julia and features a custom JuMP implemen-

tation of a linearized three-phase unbalanced multi-period optimal power �ow [89]. It

uses the QSTS solution as the initial condition for its optimization algorithm. The module

supports three execution modes: locally by running the main script (Local), as a Genie

endpoint (Genie), or as a Genie endpoint hosted within a Docker container (Docker). Fig-

ure 10.4 right, presents a performance comparison for doing scheduling computations. The

results include processing times, displayed as a box plot (left axis), and response sizes,

represented by a purple line (right axis), for different test networks. Due to the linearized

formulation of the optimization problem, processing times exhibit signi�cant variability,

making a box plot more appropriate than a bar chart for visualization. The general trend

observed in the QSTS module persists, where network traf�c and data transfers introduce

notable delays when exposed as an endpoint. However, the difference in processing times

between the Genie endpoint and the Genie endpoint within a Docker container is minimal.

Hosting the module in a Docker container provides strong isolation and other bene�ts. In

this implementation, the Docker container for the Scheduling module has a size of 2.59

GB.
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