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SUMMARY  

The dissertation delves into the pivotal role of mathematical modeling in unraveling 

complex biological systems, ranging from cellular to organ levels. Despite extensive 

research, certain conditions like preeclampsia (PE), lymphedema, and peripheral arterial 

disease (PAD) remain insufficiently explored. These disorders are intricately linked to the 

mechanical environment, encompassing factors such as fluid transport, solid mechanical 

responses, and growth and remodeling mechanisms. For instance, in PE, compromised 

vascular remodeling of the uterine vasculature leads to reduced blood flow to the placenta, 

resulting in hypertension and related complications. 

Hemodynamics, crucial for normal physiological function, is often studied using 

mathematical models. While simpler models lack the capacity to capture axial wave 

behavior, higher-order models like 1-D models offer a balance between complexity and 

computational efficiency. These models account for spatial variations along each vessel 

axis, providing insights into cardiovascular regions with valves or bifurcations. 

The dissertation aims to assess the utility of employing 1-D mathematical models 

to investigate biological phenomena influenced by wall phenotype, such as during 

pregnancy. The objective is to validate whether these models, coupled with established 

concepts like growth and remodeling, can analyze biological events where the vascular 

system significantly impacts fluid transport mechanisms. Ultimately, leveraging 

established mathematical frameworks and paradigms, the dissertation endeavors to provide 

valuable insights into the underlying mechanisms governing disease manifestations.
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CHAPTER 1. INTRODUCTION  

Mathematical modeling has emerged as a valuable tool for investigating biological 

systems spanning from cellular to organ levels. Despite decades of research on biological 

systems, many conditions and diseases remain inadequately explored through modeling. 

Among these, Preeclampsia (PE), Lymphedema, and Peripheral Arterial Disease (PAD) 

stand out due to insufficient understanding of their underlying mechanisms and 

progression. These diseases are heavily influenced by the mechanical environment, 

encompassing factors such as fluid transport, solid mechanical responses, and 

mechanically mediated growth and remodeling, which significantly impact their 

phenotypes. For instance, in PE, compromised vascular remodeling of the uterine 

vasculature results in diminished blood flow to the placenta, ultimately leading to 

hypertension and associated complications. Hence, elucidating the fluid, solid, and growth 

and remodeling mechanisms in these conditions is crucial for comprehending their 

progression. 

Hemodynamics plays a crucial role in maintaining the body's normal physiological 

functions. When studying hemodynamics, one may simplify the problem using a lumped-

parameter or 0-D model, where blood vessels are represented as conduits with resistance 

and compliant behavior. However, such models lack the ability to capture the axial wave 

behavior of blood flow, hindering the tracking of wave metrics relevant to disease 

causality. To address this, higher-order models, such as 1-D models, are recommended. 

These models account for spatial variations in bloodstream properties along each vessel, 

with mechanical parameters being functions of both the vessel axis and time. More 
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complex 2-D or 3-D models, where blood flow varies within each cross-section, are 

particularly useful for studying cardiovascular regions with curvatures or bifurcations. 

However, these simulations can be time-consuming due to their highly discretized domains 

in multiple directions, and they may encounter convergence issues, especially in cases of 

significant vessel wall deformations. Among these models, 1-D models offer a balance, 

providing wave behavior similar to that addressed in 2/3-D models while retaining the 

simplicity and computational efficiency of 0-D models. They are also valuable for 

modeling the overall vasculature of a species, yielding accurate results within a reasonable 

computational cost. 

The aim of this thesis is to assess the suitability of employing a 1-D mathematical 

model of fluid transportation within blood or lymph vessels to investigate the associated 

biological phenomena primarily influenced by the underlying wall phenotype. For 

example, during pregnancy, the growth and remodeling of maternal vasculature, 

particularly in the uterus, are pivotal in orchestrating hemodynamic alterations for a healthy 

gestation. Thus, the central proposition of this study is whether a 1-D solid-fluid 

mathematical model, in conjunction with established concepts like growth and remodeling 

and vasoactivity, can be employed to analyze the mechanics of biological occurrences 

where the vascular system significantly affects fluid transport mechanisms. To validate this 

hypothesis, mathematical models will be developed for each biological scenario and 

verified using various methods depending on the nature of the condition, ranging from 

clinical data to ultrasound or microscopic imaging techniques. 

A combination of three prevalent diseasesðPreeclampsia, Lymphedema, and 

Peripheral Arterial Diseaseðaffects approximately 10% of the US population1-3, a 
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statistic unaffected by pregnancy, which itself is highly prevalent among various 

physiological conditions. The primary motivation behind establishing a mathematical 

framework is the significant number of patients that can benefit from this study. To 

comprehensively address each condition, individual models must be developed and 

validated using clinical or experimental data, which can offer additional insights into the 

physiological system and the underlying mechanisms driving the progression of respective 

complications. For instance, in Preeclampsia, there remains uncertainty regarding the 

interaction between high vascular resistance in the placental vascular bed, total peripheral 

resistance, and the distribution of blood flow to other organs. Similarly, ongoing research 

is exploring the impact of altered wall shear stress in lymphatic vessels, stemming from 

disrupted contractility and pump action, on signaling mechanisms. 

Furthermore, in each modeling approach, it is imperative to utilize experimental data 

for either model development or validation. Depending on the characteristics of the 

biological system and the available methodologies, an experimental setup needs to be 

designed to gather the required data or to retrieve existing data from literature sources. This 

process ultimately contributes to filling gaps in data quantification. For instance, due to 

inconsistencies in clinical data found in the literature, there remains uncertainty regarding 

the variations in mean arterial pressure during pregnancy. Similarly, the alteration of wall 

shear stress in the controlled femoral artery during animal studies of PAD has not been 

fully elucidated. Therefore, employing ultrasound imaging to track this critical parameter 

during PAD studies proves advantageous for both current and future investigations. 

Ultimately, this modeling package holds importance as it leverages established 

concepts and paradigms such as 1-D fluid-solid interaction models, growth and remodeling 
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principles, and vasoactive wall mechanics. Through these frameworks, a set of 

mathematical models will be created to tackle various biological conditions. Each model 

has the potential to provide valuable metrics, thereby enhancing our comprehension of the 

underlying mechanisms governing the progression of respective complications. 

In the subsequent chapters of this thesis, I will present a background on each physio-

pathological condition, elucidating the relevant governing laws and mathematical 

equations. However, as a shared basis for all these conditions, the 1-D mathematical 

framework and its solver will be outlined in the forthcoming chapter. Lastly, concluding 

remarks and future directions will be addressed at the end.  



 5 

CHAPTER 2. ONE-DIMENSIONAL FLUID -SOLID GROWTH 

AND REMODELING FRAMEWORK  

2.1 Why 1-D Fluid-Solid Growth & Remodeling Model? 

 Hemodynamics, the study of blood flow dynamics within the body, is fundamental 

to maintaining normal physiological functions. One common approach to studying 

hemodynamics involves using simplified models, such as lumped-parameter or 0-D 

models. In these models, blood vessels are conceptualized as simple conduits with 

resistance and compliant properties. While useful, these models fall short in capturing the 

intricate axial wave behavior of blood flow, which is crucial for understanding certain 

disease processes. 

 To overcome this limitation, higher-order models, such as 1-D models, are 

recommended. Unlike 0-D models, 1-D models account for spatial variations in 

bloodstream properties along the length of each vessel. In these models, mechanical 

parameters such as pressure and flow are considered functions not only of time but also of 

the vessel's axis. This allows for a more detailed representation of blood flow dynamics, 

particularly in scenarios where axial wave propagation plays a significant role. 

 Although more complex 2-D or 3-D models offer even greater fidelity in 

representing blood flow dynamics, they come with increased computational costs and may 

encounter convergence issues, especially when dealing with highly deformable vessel 

walls or intricate geometries like vascular bifurcations. For instance, when considering the 

lymphatic system, which depends heavily on the coordinated function of a series of 

lymphatic vessels for efficient lymph transport, relying solely on lumped-parameter 

models proves inadequate for capturing wave behaviors accurately. On the other hand, 
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employing 2/3-D models to address this complexity introduces challenges in 

straightforwardly solving multiple lymphangions. In contrast, 1-D models strike a balance 

between accuracy and computational efficiency. They provide a level of detail similar to 

2/3-D models while retaining the simplicity and computational tractability of 0-D models. 

This makes them particularly valuable for studying the overall vasculature of a species and 

for investigating disease mechanisms within a reasonable computational budget. 

 In summary, 1-D models offer a good understanding of blood flow dynamics, 

allowing researchers to explore the role of axial wave behavior in disease progression while 

balancing computational demands. Their versatility and efficiency make them a valuable 

tool in the study of hemodynamics and its implications for human health. 

2.2 Why Use the 2nd Order Backward Difference Method? 

 Second-order backward difference methods offer several advantages over other 

numerical methods in solving differential equations, particularly ordinary differential 

equations (ODEs). Here are some benefits: 

Convergence: These methods demonstrate good convergence properties, meaning that as 

the step size decreases, the numerical solution approaches the true solution of the 

differential equation. This ensures that the numerical results become increasingly accurate 

with finer discretization, allowing for reliable predictions and analysis. This proves 

particularly advantageous when solving hemodynamics equations for the general 

vasculature, such as during pregnancy, where numerous arteries are involved. Employing 

a smaller step size to enhance accuracy significantly escalates computational costs. 

Stability: Second-order backward difference methods are often more stable than higher-

order methods such as forward Euler or central difference methods. Stability refers to the 

ability of a numerical method to produce reliable results without numerical instabilities, 
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such as oscillations or divergence. Second-order backward difference methods typically 

exhibit better stability properties, making them suitable for a wide range of problems. 

Accuracy: Second-order backward difference methods provide higher accuracy compared 

to first-order methods. By using backward differences to approximate derivatives, these 

methods achieve second-order accuracy, meaning that the error in the approximation 

decreases quadratically as the step size decreases. This improved accuracy allows for more 

precise solutions to differential equations, especially when dealing with stiff systems or 

rapidly changing phenomena which happens in the lymphatic system when the valves 

open/close in a fraction of a second due to a very low differential pressure. 

Versatility: Second-order backward difference methods can be applied to a wide range of 

differential equations, including ordinary differential equations and partial differential 

equations.  

Easy Implementation: Second-order backward difference methods are relatively simple to 

implement compared to higher-order methods. The backward difference formula can be 

straightforwardly derived from Taylor series expansions, and the algorithm for solving 

differential equations using these methods is conceptually simple. 

2.3 Balance Equations 

 Any arterial network can be modeled as tapered, elastic tubes in a one-dimensional 

pulsatile fluid flow framework. Conservation of mass requires that 
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where ὃᾀȟὸ is the instantaneous arterial lumen cross-sectional area, ὖᾀȟὸ is the luminal 

pressure, and ὗᾀȟὸ is the volumetric flow rate; ᾀ is the direction along the vessel axis, ὸ 

is time, ” is the blood density, Ὢ is the frictional force per unit length. 

2.4 Velocity Profile Approximation 

We prescribe the velocity profile, ό ὶȟᾀȟὸ, at any instant ὸ and location ᾀ  as 

 
ό ὶȟᾀȟὸ όᾀȟὸ

‒ ς

‒
ρ

ὶ

ὶ
 (3) 

where όᾀȟὸ ὗᾀȟὸȾὃᾀȟὸ is the mean velocity, ‒ is a constant that governs the shape 

of the velocity profile, ὶ is the radial coordinate, and ὶ is the lumen radius. Using the 

Naiver-Stokes equations and integrating Equation 29 gives 

 
Ὢ ς‒ ς‘“

ὗᾀȟὸ

ὃᾀȟὸ
 (4) 

where ‘ is the apparent blood viscosity. 

2.5 Mechanics of Blood Vessels 

The modeling approach for vessels varies depending on the nature of the problem, with 

different types of wall mechanics being employed. For instance, blood vessels primarily 

exhibit passive behavior governed by the pressure-wall relationship. Conversely, 

lymphatic vessels are heavily influenced by contractility, which significantly impacts 

vessel response under specific biomechanical conditions. However, a commonality exists: 

there are three unknowns at each axial location and time - ὖὼȟὸ, ὗᾀȟὸ, and ὃᾀȟὸ. To 

complete the governing equations, a third equation arises from solid mechanics, which 

relates applied loads to geometric changes in the artery wall. 
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For the blood vascular model, we let the reference distensibility Ὀ  be defined through 

the empirical relationship, 

 
Ὀ ὨӶȟὖ

ρ

”ὥ ὨӶϳ
 (5) 

where ὨӶ is the reference diameter, and ὥ and ὦ are parameters. To account for the strain-

stiffening response of arteries, the distensibility at any pressure Ὀὖ was calculated as 

 

Ὀὖ

ụ
Ụ
Ụ
ợ
ὥ

ὦ

ρ
ὖ ὖ
ὖ Ứ

ủ
ủ
Ủ
Ὀ  (6) 

where ὥ=0.4, ὦ=5, ὖ =2.67 kPa, and ὖ = 4.0 kPa. The area compliance ὅ is 

related to the distensibility as ὅ= Ὀὃ, which can be integrated to yield an expression for 

ὃ versus ὖ, as 

 ὃὖ ὃ ὩὼὴὥὈ ὖ ὖ

ὦὈ ὖ ὸὥὲ
ὖ ὖ

ὖ
ὸὥὲ

ὖ ὖ

ὖ
 

(7) 

2.6 Mechanics of Lymphatic Vessels 

For modeling the vessel in the lymphatic modeling, another approach is used where to 

determine the diameter for a given pressure and muscle activation, we utilized a weighted-

average of pre- and peak-twitch diameters where the weight function is a general activation 

function, namely, 
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 ᾀȟὸ Ὠ Ὠ ὸ Ὠ  (8) 

In this equation, Ὠ  and Ὠ  denote the pre-twitch and peak-twitch diameters, 

respectively, at the pressure from the preceding time step of the node, while ὸ  represents 

the contraction parameter, varying between 0 and 1. While the equation may not explicitly 

depend on spatial (ᾀ) and temporal (ὸ) variables, since both the pre- and peak-twitch 

diameters alter at each node based on past pressure and ὸ  varies both spatially and 

temporally, the equation implicitly functions with respect to ᾀ and ὸ. 

Unlike utilizing a recognized constitutive law to address both active and passive 

mechanical responses and solving a complex nonlinear inverse problem related to 

geometry, such as diameter, while also factoring in applied loads like pressure and the 

properties of active and passive materials, Equation 29 facilitates an approximate 

calculation of the diameter at each specific time and position. This approach results in 

reduced computational expenses. 

Area compliance may be expressed as 

 
ὅ
‬ὃ

‬ὖ

‬ὃ

‬Ὠ

‬Ὠ

‬ὖ

‬Ὠ

‬ὖ

‬

‬Ὠ

“

τ
Ὠ

“

ς
Ὠ
‬Ὠ

‬ὖ
 (9) 

Thus, at pre- and peak-twitch contraction states we have 

 
ὅ

“

ς
Ὠ

‬Ὠ

‬ὖ
 (10) 

 
ὅ

“

ς
Ὠ

‬Ὠ

‬ὖ
 

(11) 
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where ὅ  and ὅ  represent the compliances of pre-stretch and peak-stretch at Ὠ  and 

Ὠ , respectively. Also, ὨὈὨὖϳ  and ὨὈὨὖϳ  denote the slopes of the 

pressure-diameter curves. Similar to diameter, in order to estimate the compliance, we let 

 ὅᾀȟὸ ὅ ὅ ὸ ὅ  (12) 

2.7 Boundary Conditions at Arterial Junctions 

In any vascular network, it's common to encounter bifurcations where a blood or lymphatic 

vessel divides into two, three, or even more branches. In such instances, it's necessary to 

enforce governing laws to ensure the continuity of pressure and flow fields, preventing 

divergent responses. At these bifurcations, we enforce the continuity of flow and dynamic 

pressure at each branching point, disregarding minor pressure losses that may arise in the 

vicinity of the bifurcation. 

Thus, we let 

 

ὗ ᾀȟὸ π (13) 

 ὖᾀȟὸ  
”

ς
ό ᾀȟὸ  ὖᾀȟὸ  

”

ς
ό ᾀȟὸȟ     ὭȟὮ ρȟςȟȣȟὔ (14) 

where Ὥ and Ὦ denote different vessels of the junction and ὔ represents the total number of 

branches at the junction. 

2.8 Terminal Boundary Conditions of Vascular Beds 

Towards the end of a vascular network, the vessels typically terminate in smaller vessels. 

Instead of individually solving for each of these terminations, we can simplify by assuming 
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a grouped representation of vessels at that location. This involves adding a single vascular 

element to encompass the collective response of these smaller vessels. To capture the 

resistance and compliance of the peripheral vasculature, beyond the terminal artery 

branches, a three-element Windkessel (WK3) model is applied, which accounts for the 

proximal resistance (Ὑ), compliance (C), and distal resistance (Ὑ); where the total 

terminal resistance Ὑ Ὑ Ὑ. We let Ὑ ὤ, where ὤ is the characteristic 

impedance of the last arterial segment proximal to the terminal WK3. 
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CHAPTER 3. MATHEMATICAL MODELING OF 

HEMODYNAMICS OF PREGNANCY AND PREECLAMPSIA  

3.1 Introduction  

Throughout pregnancy, the vascular network within the uterus experiences significant 

growth and remodeling (G&R), surpassing the levels observed in other adult vascular 

systems. This entails a more than twofold expansion in vascular diameter, possibly 

accompanied by a substantial elongation of vessels, as the uterus expands to over five times 

its original diameter and length due to the developing fetus1. After placentation, 

extravillous trophoblasts penetrate the myometrium of the uterus. This initial step triggers 

the conversion of spiral arteries from high-resistance, vasoreactive vessels into low-

resistance passive conduits, potentially facilitating the development and alteration of 

arteriovenous (AV) shunts2. This localized decrease in peripheral resistance enhances the 

blood flow within the uterine vasculature, prompting growth and remodeling (G&R) 

processes in the nearby vasculature to further augment blood flow3. This vascular G&R, 

coupled with a 30ï50% rise in cardiac output, facilitates a significant increase in blood 

flow through the uterine vasculature, ranging from 5 to 20 times, from conception to term. 

The dysfunction of vascular growth and remodeling (G&R) during pregnancy may result 

in various pregnancy complications, such as fetal growth restriction (FGR), preeclampsia, 

and other forms of pregnancy-induced hypertension. Hemodynamic parameters like the 

uterine artery pulsatility index (UA-PI), resistivity index, or the presence of an early 

diastolic notch in the uterine artery centerline velocity profile have demonstrated utility as 

early indicators for assessing the risk of pregnancy complications. Nevertheless, these 

metrics exhibit only moderate predictive accuracy. 
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One-dimensional computational fluid dynamics models, often referred to as pulse wave 

propagation models, offer predictions regarding blood pressure, blood flow, and artery 

diameter waveforms across the cardiac cycle throughout the vascular network. These 

models also delineate the flow of blood from the heart to peripheral vascular beds4. 

Establishing a validated pulse wave propagation model of the maternal vasculature, 

inclusive of the uterine vasculature, could serve as a valuable tool for quantifying 

alterations in maternal hemodynamics during normal pregnancies and for examining 

conflicting hypotheses concerning impaired vascular growth and remodeling, which may 

contribute to differences observed in maternal hemodynamics with conditions like 

preeclampsia and fetal growth restriction (FGR). Although limited in quantity, 

mathematical models have been documented to capture significant aspects of maternal 

hemodynamics during pregnancy5-7. However, as of now, there are no models that 

comprehensively depict the vascular growth and remodeling (G&R) processes of the 

maternal vasculature throughout pregnancy and their implications on maternal 

hemodynamics. This paper aims to develop an integrated 1D hemodynamic model that 

incorporates vascular G&R for the human maternal vasculature across gestational periods 

in uncomplicated pregnancies. Furthermore, the model will be validated using existing 

findings from the literature. Based on the vascular network framework introduced by 

Reymond et al. 8, a model representing the uterine vasculature was incorporated. In this 

model, blood flow waveforms at the aortic sinus were prescribed incrementally at 4-week 

intervals from 0 to 40 weeks of gestation. Adjustments to peripheral resistances of terminal 

vessels were made iteratively to attain target flow rates and mean arterial pressure for each 

gestational age, with these target values derived from a synthesis of findings from various 

studies. The model accounts for shear stress-mediated growth and remodeling across the 

entire maternal vasculature, as well as axial expansion of the uterine vasculature in 

response to the enlarging uterus during pregnancy. Additionally, a phenomenological 

model was employed to represent changes in vessel distensibility in relation to vessel 
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growth. Compliance values of terminal vessels were slightly modified to match target 

values of systolic blood pressure and uterine artery pulsatility index, obtained from a 

compilation of literature findings. The simulations conducted covered a spectrum of 

cardiac output and uterine flow rates, ranging from high to low values reported in the 

literature. The modeling outcomes were then compared to a diverse array of literature data 

documenting changes in maternal vascular structure and blood flow dynamics throughout 

pregnancy. 

Therefore, it's clear that throughout pregnancy, significant adjustments occur in both the 

hemodynamic factors affecting maternal systemic flowðlike heart rate and total peripheral 

resistanceðand the biomechanical aspects such as vessel compliance, length, and 

thickness, all essential for a successful pregnancy9-14. For various reasons, sometimes these 

adaptations fail to occur, resulting in common pregnancy complications such as 

Preeclampsia (PE), intrauterine growth restriction (IUGR), and others. One common 

feature among these conditions is inadequate perfusion of the placenta, possibly due to 

increased resistance in the placental arteries. PE, for instance, is characterized by 

disturbances in both maternal and uterine blood circulation, affecting serum and 

hemodynamic levels. In PE, the failure of placental spiral arteries to transition into low-

resistance conduits restricts blood flow to the fetus. This triggers the release of certain 

blood factors and disrupts flow distributions, leading to significant alterations in blood flow 

patterns, which serve as early indicators of PE during pregnancy. Addressing the fluid 

mechanical aspects necessitates the development of a 1-D mathematical model. This model 

incorporates uterine vessels into the maternal vasculature and incorporates cardiac and 

peripheral parameters at different stages of gestation to predict maternal changes 

throughout pregnancy. Additionally, adjustments to cardiac and peripheral parameters are 

required to monitor hemodynamic alterations in PE. Utilizing a 1-D model allows for the 



 16 

implementation of a growth and remodeling scheme, improving the accuracy of estimating 

physical and mechanical changes during both normal and preeclamptic pregnancies. 

Preeclampsia-eclampsia syndrome ranks as the second leading cause of maternal mortality 

worldwide. Its prevalence is significantly higher in developing nations compared to 

developed ones, with a seven-fold difference. Additionally, it affects black women in the 

USA 60% more than white women, and its incidence is higher among women from rural 

areas compared to urban settings both in the USA and globally15-18. Preeclampsia manifests 

as a multisystem disorder characterized by new-onset hypertension occurring after 20 

weeks of gestation, coupled with new-onset proteinuria, thrombocytopenia, renal 

insufficiency, impaired liver function, pulmonary edema, or cerebral or visual symptoms. 

Changes in maternal hemodynamics, such as altered uterine artery velocity waveforms, 

often precede the onset of preeclampsia by several months19-22. Metrics like the uterine 

artery pulsatility index (UA-PI) and the presence of an early diastolic notch in the 

centerline velocity profile between 11 to 14 weeks of gestation serve as valuable indicators 

for early assessment of the risk of preeclampsia and fetal growth restriction. Moreover, 

once high-risk cases are identified, interventions such as the early administration of low-

dose aspirin have proven effective in preventing or mitigating the severity of certain forms 

of preeclampsia23. 

The exact cause of preeclampsia remains unclear. It is now widely acknowledged that 

preeclampsia may manifest in various forms, including early and late onset, each stemming 

from distinct mechanisms24,25. There are multiple definitions used to distinguish between 

early versus late forms of preeclampsia, based either on the gestational age at onset of 

preeclampsia or gestational age at delivery. Many define early onset versus late onset 

preeclampsia as the onset of preeclampsia before or after 34 weeks of gestation 24,26-34; 

others use onset before or after 37 weeks of gestation 35,36. Other groups distinguish early 

versus late forms of preeclampsia based on the date of delivery, either before or after 34 
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weeks 37-51 or 37 weeks 41,50,52-57. Due to limited data availability, we aggregate information 

from various sources, utilizing these varied definitions, categorizing them broadly as 'early 

forms' and 'late forms' of preeclampsia, while acknowledging potential discrepancies 

arising from the specific criteria employed. 

Early occurrences of preeclampsia typically stem from irregular placentation or 

dysfunction in the utero-placental interface. This form is marked by heightened UA-PI, 

reduced cardiac output, and increased total peripheral resistance (TPR) compared to 

uncomplicated pregnancies. Blood pressure tends to be elevated throughout gestation in 

early-onset preeclampsia, with a rapid surge occurring in the latter half, leading to 

hypertension between the 20th and 34th weeks of gestation. These early manifestations of 

preeclampsia tend to be more severe, often linked with fetal growth restriction and 

necessitating preterm delivery. Late-onset preeclampsia, on the other hand, may result from 

pre-existing maternal conditions like subclinical cardiovascular issues such as endothelial 

dysfunction or heightened arterial stiffness. This variant is characterized by slightly 

elevated UA-PI, modestly increased cardiac output, and normal pre-term TPR, with 

hypertension typically emerging at term. Although early and late forms of preeclampsia 

may be driven by distinct mechanismsðearly forms primarily related to placental factors 

and late forms associated with maternal factorsðrisk factors from both maternal and utero-

placental origins can coexist and potentially amplify the development, progression, timing 

of onset, and severity of preeclampsia. 

The complex nature of this condition presents challenges in predicting risk. Hemodynamic 

indicators (e.g., UA-PI) and circulating biomarkers at 11-14 weeks have shown some 

predictive value in anticipating the onset of preeclampsia. However, their prognostic 

accuracy for early-stage preeclampsia is modest, and they may be even less effective for 

late-stage cases58. Moreover, metrics like cardiac output, TPR, and UA-PI necessitate high-

resource imaging tools and trained healthcare professionals (e.g., obstetric Doppler 
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ultrasound, echocardiography). While these resources are widely available in high-

resource settings, they are often lacking in low-resource settings, where preeclampsia 

prevalence is high. To enhance preeclampsia prevention and mitigate health disparities, 

there's an urgent need for more precise risk assessment tools that are robust, resource-

appropriate, and equitable. These tools should enable early identification of different forms 

of preeclampsia, facilitating timely preventive measures for high-risk mothers. 

One-dimensional (1D) hemodynamics models of the arterial tree offer precise estimations 

of pressure, flow, and diameter wave propagation throughout the arterial system59. A 

validated 1D hemodynamics model, incorporating vascular growth and remodeling 

alongside hemodynamic alterations across gestation, allows for comparisons between 

healthy pregnancies and early and late stages of preeclampsia. Such a model could serve 

as a valuable tool in comprehending the development and progression of these 

complications, potentially enhancing early risk assessment. We use a mathematical 

framework detailing maternal vascular growth and remodeling, as well as hemodynamic 

changes in uncomplicated pregnancies60. This study aims to develop models characterizing 

early and late forms of preeclampsia, validate these models against existing literature 

findings, and compare vascular and hemodynamic characteristics across various simulation 

scenarios. Utilizing a validated 1D model of the human vascular tree from literature, we 

prescribed inlet blood flow waveforms at the ascending aorta in 4-week intervals from 0 to 

40 weeks of gestation. Adjustments to peripheral resistances of each terminal vessel were 

made to attain target mean arterial pressure and flow rates at clinically relevant vascular 

sites for each gestational age. Vessel growth was regulated by wall shear stress (and axial 

lengthening in uterine vessels), while changes in vessel distensibility were modeled based 

on vessel growth. Illustrative results are juxtaposed with a comprehensive array of 

literature findings for comparison. 
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3.2 Methods 

3.2.1 The Inlet Blood Flow Waveform Versus Gestation 

To establish the inlet blood flow waveform, we let 

 
ὗ ὸ ὅὕ ήὸὨὸ (15) 

where ὅὕ is the prescribed cardiac output, ὸÓÅÃφπȾὌὙ, HR is the prescribed 

heartrate in beats per minute (bpm), ήὸ describes the shape of the inlet flow waveform, 

where ᷿ ήὸὨὸρ. We digitized the mean of the inlet blood flow waveform to 

determine ήὸ. Changes in ὅὕ and HR throughout gestation were prescribed by fitting a 

representative curve to a broad set of results from the literature and were used to adjust ὸ 

and the inlet blood flow waveform ὗ ὸ. 

3.2.2 Outlet Boundary Conditions Versus Gestation 

We adjusted the terminal resistances Ὑ  for all terminal sites so that the mean arterial 

pressure (MAP) matches target values by fitting a representative curve to a broad set of 

results from the literature 28-30,35,52,57,61-73, and that the relative changes in flow rate through 

the common iliac, renal, and internal carotid arteries match, as closely as possible, trends 

reported in Gleason and Sedaghati, 202260. To match these values, we altered the limb, 

trunk, and cerebral resistances by the factors, Ὢ, Ὢ, and Ὢ,, respectively, where Ὢ

Ὑ Ὑϳ , where Ὑ  are the terminal resistances from the Reymond et al. network and 

ὐ ὒȟὝȟÏÒ ὅ. The compliances of all terminal sites were found via the relation Ὑὅ

ὥ  , where ὥ  was the same value for all terminal vessels, except radial arteries. For 

the radial arteries of the non-gravid uterine vasculature, ὥ  was adjusted for all radial 
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arteries so that the UA-PI reached target values. For the gravid uterine vasculature, ὥ  

for placentally-engaged radial arteries was adjusted so that the UA-PI reached target 

values; ὥ  for non-placentally-engaged radial arteries was set to the value in non-gravid 

radial arteries. 

3.2.3 Model Uteri Across Gestation 

To create a model uterine vasculature, we create a model uterus at each gestational age 

under study, based on literature reports of uterus size Figure 1, and overlaid the uterine, 

arcuate, and radial arteries on the model uteri. We approximate the size of the uterus as an 

egg shape, using the following equations for the uterus cross section in the coronal plane 

and sagittal plane. 

 ᾀ ὧ

ὧ

ὸᾀὶᾀ
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where ὶᾀ and ὶᾀ are the distance from the centerline to the uterine wall in the coronal 

and sagittal planes, z is the axial direction along the uterus midline, a, b, and c are shape 

parameters related to the mid-uterus diameters in the transverse, anteriorïposterior and 

midline directions, and ὸᾀ, which accounts for the asymmetry in the z direction, is given 

as ὸᾀ ρ ὯᾀȾρ Ὧᾀ. Then we can solve for the transverse and anteriorïposterior 

diameters as 

 

ὶᾀ
ὥ

ὸᾀ
ρ

ᾀ ὧ

ὧ
 (18) 



 21 

 

ὶᾀ
ὦ

ὸᾀ
ρ

ᾀ ὧ

ὧ
 

(19) 

 

 

Figure 1 ï Illustration of the coronal (A) and sagittal (B) cross sections of the model 

uterus throughout gestation. The numbers along the top edge of the cross sections 

indicate the gestational age in weeks. 

3.2.4 Quantifying Arcuate Artery Lengths Throughout Gestation 

To create Very little data is available on the geometry of arcuate arteries. We used the 

model uterus to determine the locations and lengths of the arcuate arteries. We overlaid 8 

arcuate arteries in each quadrant (anterior right, anterior left, posterior right, and posterior 

left) of the model uterus 74-76, each arcuate arises from the right or left uterine artery and 

terminates in an anastomosis with the contralateral arcuate artery. Arcuate arteries are 
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highly tortuous, in a spiral configuration, in the non-gravid uterus76. The length of each 

arcuate artery was calculated as ὒ ‏ ὒ , where ὒ  is the arc length of uterus wall 

over which the arcuate artery travels and ‏  is the tortuosity of the arcuate artery. There 

are no published values of ‏  and it is not clear to what degree the arcuate arteries simply 

óuncoilô as the uterus expands versus the degree of growth in the axial direction throughout 

gestation. We calculate ὒ  from the model uterus at the level of each prescribed arcuate 

artery and prescribe values of tortuosity to decrease monotonically from ‏ ςȢςυ in 

non-gravid uteri to ‏ ρȢπυ at 40 weeks of gestation. 

3.2.5 Quantifying Uterine Artery Lengths Throughout Gestation 

Similarly, the model uterus was also used to determine the length of each segment of the 

uterine artery, between each arcuate artery branch. The uterine arteries were located along 

the right and left sides of the uterus and the length of each segment was calculated as ὒ

‏ ὒ , where ὒ  is the arc length of uterus wall over which the uterine artery travels and 

‏  is the tortuosity of the uterine artery. There are no published values of ‏ . We 

calculate ὒ  from the model uterus for each uterine artery segment and prescribe values of 

tortuosity to decrease monotonically from ‏ ρȢψπ in non-gravid uteri to ‏ ρȢπυ 

at 40 weeks of gestation. 

3.2.6 Quantifying Radial Artery Locations 

The terminal location of the uterine vasculature was at the mid-myometrial radial artery. 

Radial arteries terminate with a WK3 that captures the changes in resistance and 

compliance of the spiral arteries, basal arteries, AV-shunts, and the peripheral venous 

circulation. Based on histological examination, Brosens and colleagues estimated that there 

are 120 spiral arteries that terminate in the intervillous space at the 39th week of 

pregnancy77-80. We estimate that the placenta covers ~ 20% of the uterus; thus, we estimate 
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600 spiral arteries across the entire uterus. Brosens and Dixon observed that radial arteries 

typically bifurcate into 2 to 3 spiral arteries; thus, we estimate that there are 240 radial 

arteries across the entire uterine body. We set the terminal location of the radial artery as 

2.5 mm away from the arcuate artery. The location of each branch point of radial arteries, 

from the arcuate artery, was determined so that the radial arteries were evenly spaced across 

the entire length of the arcuate arteries. 

3.2.7 Adjusting Vascular Lengths for A Representative Woman 

We consider an average size woman of height 162.5 cm and 62.5 kg and adjust the lengths 

of all arteries from Reymond et al. by a factor of 162.5/175.5=0.9259, where 175.5 cm 

represents the height of the average man. 

3.2.8 Quantifying Changes in Vascular Caliber Throughout Gestation: Shear Stress-

Mediated Growth 

It is well established that mechanically mediated vascular growth correlates well with 

restoration of the wall shear stress and local transmural wall stresses81,82. The vasculature 

appears to grow so that the mean wall shear stress (†Ӷ) from blood flow is restored to target 

values †Ӷ ; for arteries, †Ӷ  generally takes values of 0.25ï5.0 Pa. Based on available 

literature data, for most large vessels, †Ӷ  (calculated from reported mean volumetric flow 

rate, ὗ, and vascular diameter values, d, as †Ӷ σς‘ὗ“Ὠϳ ) remains nearly constant 

throughout gestation, but values are reported that vary within a narrow range (Ò0.25 Pa) of 

values. We calculated the values of shear stress from Reymond et al. model vasculature 

and then scaled values for all artery segments to match available reported values at the 

ascending aorta, the internal common carotid artery, the common iliac, and the external 

iliac. We let the †Ӷ  for all uterine artery segments follow a prescribed, nonlinear 

trajectory, with different target values for the low, medium, and high simulations. We let 
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†Ӷ for the arcuate arteries equal 1.05-times that of the uterine artery target value and let 

†Ӷ for the radial arteries equal 1.10-times that of the uterine artery target value. Finally, 

note that there are a few artery segments where shear stress regulation was not used to 

specify the artery diameter. First, there are several vessel segments that represent 

anastomoses, e.g., arcuate bridge vessels (segments 610ï625) which anastomose right and 

left arcuate branches, uterine artery óbridgingô vessels (segments 122ï123), which are 

generally the stagnation point between the internal iliac derived uterine flow and the 

ovarian artery-derived uterine flow. Finally, while very little data is available, it has been 

reported that the uterine arteries provide ~80% of the uterine blood flow during pregnancy 

and the ovarian arteries provide the remaining 20%83. We defined the diameters of the 

ovarian arteries (segments 100ï101) so that 20% of the total uterine blood flow was 

supplied through the ovarian artery, while the remaining 80% was supplied through the 

internal iliac. 

3.2.9 Vessel Wall Distensibility Versus Gestation 

Wall mechanics in the pregnancy model arises from the observation that, in healthy, young 

individuals, the distensibility of arteries along the vascular tree correlates with their 

diameter. In addition to growth (e.g., changes in vessel diameter and axial length) that 

occurs in many arteries throughout gestation, it is likely that the distensibility also changes 

throughout gestation. With the increased cardiac output and increase perfusion of the 

uterine vasculature, some vessels increase their diameter by > twofold. Further, given the 

increase in uterus size, vessels that transverse the uterus increase their length by 2- to 3-

fold. For the gravid vascular networks, we propose a phenomenological model that relates 

changes in the reference distensibility to the growth of the vessels; namely 
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where ί denotes the gestational age, ‗ ί ὨίȾὨί π and ‗ ί ЉίȾЉί π 

are the fractional increases in diameter (Ὠ) and length (Љ) from the non-gravid vasculature 

(i.e., at ί π) and the gravid timepoint of interest, Ὧ, Ὧ, and Ὧ are remodeling 

parameters, and Ὑ  is the value of the expression in the square brackets at ‗ ί‗ ί = 1. 

We let Ὧ =2.2 and Ὧ =1.7 and let Ὧ  = -0.85. 

3.2.10 Numerical Solver for 1d/0d Fluid Dynamics Model 

An implicit finite difference scheme was devised, following the approach of van den Boom 

et al., to solve the governing equations with the given vascular geometry and material 

properties and the governing Windkessel parameters84,85. We discretized the time domain 

into ὲ υππ time-steps per cardiac cycle; since the heart rate changes across gestation, 

the time step is also slightly different for each gestational age and is given as dt = 60ù(HR 

 znt). We let Ὠᾀ πȢυ ὧά; for vessels with length segment length < 0.75 cm, we let dz = 

(segment length)/2, to ensure that there are at least two elements for all vessel segments. 

Solutions typically converged after iterations through 5 cardiac cycles, but all results are 

shown for the 10th cardiac cycle. 

3.2.11 Illustrative Simulations and G&R Solving Routines for Normal Pregnancy 

Conditions 

Given a prescribed time-courses of the cardiac output and target values for brachial artery 

mean and systolic blood pressure, blood flow distributions, uterine and ovarian blood flow 

rates, wall shear stresses for all vessel segments, and uterine artery pulsatility index, we 

iteratively solved for the terminal resistances, terminal compliances, and reference values 
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for the diameters for each artery segment, following the logic illustrated (Figure 2). Briefly, 

given that mean blood pressure and the distribution of blood flow are primarily governed 

by the values of the terminal resistances, Ὑ , we first identified the values of terminal 

resistances that yield the target mean brachial artery blood pressure and arterial flow rates, 

for which literature results are available; namely, uterine, ovarian, external iliac, renal, and 

internal common carotid arteries. Note that, for the external iliac, renal, and internal 

common carotid arteries, we calculated the ratio of the actual flow to the target literature 

value, Ὢ ὗ ὗϳ , and iterated the code until Ὢ Ὢ Ὢ . After the mean blood 

pressure and blood flow targets are achieved, we iteratively adjusted all vessel radii until 

the wall shear stresses reach target values. After the pressure, flow, and shear stress targets 

are met, we adjusted the terminal compliances until the target uterine artery pulsatility 

index and systolic blood pressure (and blood pressure, blood flow, and shear stress) target 

values are achieved. We considered three illustrations that represented low, medium, and 

high values of cardiac output and uterine artery flow. 
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Figure 2 ï Flowchart illustrating the solver routine for the growth and remodeling the 

maternal vasculature during pregnancy. Terminal resistances are first iteratively adjusted 

until the target mean flow rates and mean arterial pressure are achieved (Level 1). Once 

target flow rates and mean blood pressure are achieved, reference diameters are adjusted 

to achieve the target means wall shear stresses at the mid-point of each vessel segment 

(Level 2). When the target mean flow rates, mean blood pressure and mean wall shear 

stresses are achieved, the terminal compliances are adjusted to achieve the target systolic 

pressure and uterine artery pulsatility index (Level 3) 
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Given a We consider three illustrative simulations, meant to capture the changes in the 

maternal vasculature in uncomplicated pregnancies and in early and late forms of 

preeclampsia. Whenever possible, modeling input targets were prescribed from, and 

modeling results were compared to, published results. Since normal values of 

hemodynamic parameters may be different across different studies, regions, and people 

groups, to characterize differences between uncomplicated pregnancies and pregnancies 

complicated with early or late preeclampsia, we calculated multiples of the mean (MoM) 

as the ratio of the reported value in early or late preeclampsia to the reported value from 

the normal control group from the same study. We sought literature results that 

distinguished outcomes between early versus late preeclampsia 24,26-50,52-57; however, 

studies often do not make this distinction 20,21,25,42,86-107. To estimate the time course of the 

hemodynamic parameters with early versus late preeclampsia, we only considered results 

that make the distinction between early versus late forms. We do, however, include results 

that do not make the distinction between early versus late forms when presenting 

simulation results. The goodness of fit of the time course of each parameter, compared to 

available literature values, is assessed by calculating the root mean square error, ὙὓὛὉ

В ὼ ὼ Ⱦὲ, where ὼ  are the literature values and ὼ the model 

values at the corresponding gestational age and ὲ is the number of experimental data points. 

3.3 Results 

3.3.1 Cardiac Output, Heart Rate, Blood Pressure, and Total Peripheral Resistance 

Blood pressure, cardiac output, heart rate, blood pressure and total peripheral resistance 

(TPR) all adapt throughout pregnancy (Figure 3, Figure 4)9,11,14,62,64-68,70,71,73,108-142. During 

uncomplicated pregnancies, there is typically a 30% to 50% rise in cardiac output from 

conception to term, with a significant portion of this increase happening in the initial 
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trimester. Our illustrative simulations cover the spectrum of reported values found in the 

literature, including low, moderate, and high ranges. The increase in cardiac output occurs 

due to a ~20% increase in heart rate and a 6ï17% maximum increase in stroke volume. 

Elevations in stroke volume generally occur during the initial trimester, while rises in heart 

rate happen continuously throughout pregnancy. 

In contrast to the abundance of data regarding systemic hemodynamic parameters, there is 

a scarcity of reports detailing alterations in blood flow and vessel diameter throughout the 

maternal vasculature. Despite a considerable rise in cardiac output through the ascending 

aorta during gestation, mean wall shear stress values, as calculated, remained notably 

consistent across various studies and throughout the gestational period65-

67,69,109,110,112,124,143. We prescribe the shear stress in the ascending aorta and the systolic 

diameter of the low, medium, and high simulations generally followed the trends of a 

gradually increasing ascending aorta diameter with gestational age, consistent with 

literature results. 

On average, the brachial artery blood pressure, including mean, systolic, and diastolic 

values, typically declines in the initial trimester of pregnancy and experiences a slight rise 

in the third trimester. TPR is formally defined as the difference in pressure between the 

aortic sinus and the peripheral venous system at the distal end of the vena cava divided by 

the cardiac output; however, practically, clinical studies define TPR = MAP/CO, where 

MAP=(SBP+2DBP)/3, and SBP and DBP are the systolic and diastolic blood pressure 

measured at the brachial artery. To draw consistencies between computational modeling 

results and clinical data, we define TPR as done in clinical studies. In our model, TPR 

decreased in the first trimester and then plateaued with a modest increase toward term, 

which generally follows the results from the literature. 
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Figure 3 ï Cardiac output (A), heart rate (B), stroke volume (C), aortic blood flow 

waveform (D), and ascending aortic shear stress (E) and ascending aortic diameter (F) 

versus gestational age for the Low (dashed line), Medium (solid line), and High (dash-dot 

line) illustrative simulations and for data reported in the literature. 
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Figure 4 ï Mean arterial pressure (MAP, A), systolic blood pressure (SBP, B), diastolic 

blood pressure (SBP, C) and total peripheral resistance (TPR, D) versus gestational age 

for the Low (dashed line), Medium (solid line), and High (dash-dot line) illustrative 

simulations and for data reported in the literature. 

3.3.2 Hemodynamics and Remodeling of Uterine Vasculature 

Uterine artery blood flow, diameter, and calculated values of †Ӷ show high variability 

across studies, compared to changes across gestation in other larger arteries13,63,83,121,128,144-

148 (Figure 5). The combined volumetric blood flow through the right and left uterine 

arteries is ~ 75 ± 50 mL/min throughout the menstrual cycle and increases to ~ 725±125 

mL/min at 36 weeks, with the greatest rate of increase occurring in the second trimester. 

For the low, medium, and high simulations, we prescribed the target bilateral blood flow in 



 32 

the uterine arteries to increase monotonically, but nonlinearly, from 25 to 548, from 107 to 

766, and from 189 to 984 mL/min, respectively, from 0 to 40 weeks of gestation, which 

represent a 22-, 7.2-, and 5.2-fold increases in flow, respectively. A broad range of values 

for uterine diameter have been reported, ranging from 1.4 to 3.9 mm in non-gravid women 

and from 3.4 to 6.5 mm at 36 weeks of gestation. The uterine artery wall shear stresses, 

calculated based on reported values of diameter and blood flow, also show a very high 

degree of variability across studies and across gestation. The target values for the low, 

medium, and high simulations, combined with the prescribed blood flow, yield uterine 

artery diameter values that span the range of reported values and represent a 1.6-, 1.8-, and 

2.3-fold increases in diameter for the low, medium, and high simulations. 
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Figure 5 ï Uterine artery bilateral blood flow rate (A), calculated mean wall shear stress 

(B), diameter (C) and peripheral resistance (D) versus gestational age for the Low 

(dashed line), Medium (solid line), and High (dash-dot line) illustrative simulations and 

for data reported in the literature. 

The peripheral resistance of the uterine vasculature, ὖὙ ὓὃὖὗϳ , where ὗ  is the 

bilateral uterine flow reduced dramatically in the first trimester, then more gradually during 

the second and third trimester; modeling results capture well the observed values from the 

literature. The reduction in ὖὙ  is attributed primarily to the reduction in the values of 

RT for the placentally engaged radial arteries, which led to an 87-, 26-, and 18-fold increase 

in flow and (to restore the target shear stress) a 3.6-, 2.8-, and 2.4 fold increase in the 
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diameter of the placentally engaged radial arteries for the low, medium, and high 

simulations, respectively. Similarly, the first arcuate artery branches, at the level of the 

center of the placenta, show 68-, 20-, and 14-fold increases in flow and 3.4-, 2.6-, and 2.2- 

fold increases in diameter for the low, medium, and high simulations. 

The flow through the ovarian arteries was prescribed to be 20% of the entire blood flow to 

the uterine vasculature (Figure 6). This flow was governed by adjusting the ovarian artery 

diameter to achieve the target flow rate. The shear stress of the ovarian arteries that resulted 

from the solved values of diameter was 3.5- to 5-times higher than the shear stress 

prescribed in the uterine arteries. Remarkably, the ratio of shear stress in the ovarian artery 

to that in the uterine artery was very consistent across the low, medium, and high 

simulations and only increased slightly with gestation. 
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Figure 6 ï Ovarian artery bilateral blood flow rate (A), wall shear stress (B), diameter 

(C), and peripheral resistance (D) for the low, medium, and high simulation. 

The shape of the uterine artery centerline blood velocity resembled well those reported in 

the literature149,150 (Figure 7). Experimental results across a large number of studies suggest 

that metrics characterizing the shape of the Doppler ultrasound-measured centerline 

velocity profile in the uterine artery over the cardiac cycle changes dramatically throughout 

gestation; while changes across gestation are large, the time-course of these values is 

tightly conserved across studies from multiple continents and people 

groups10,63,121,144,149,151-202. Ὗὃ ὖὍ ὺ ὺ ὺӶϳ  has emerged as a reliable indicator 

of peripheral resistance of the uterine vasculature and early indicator of risk of 
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preeclampsia and fetal growth restriction, where ὺ  is the peak systolic centerline 

velocity, ὺ  is the end diastolic centerline velocity, and ὺӶ is the time-averaged mean 

centerline velocity of the uterine artery, usually taken in the ascending branch of the uterine 

artery at level of the cervical os or near the intersection point of the uterine artery and the 

external iliac artery. 

 

Figure 7 ï Uterine artery centerline blood flow velocity profiles over one cardiac cycle 

for Low (A), Medium (B), and High (C) illustrative simulations for each gestational age 

considered from 0 to 40 weeks. Notice the presence of the early diastolic notch in the first 

trimester, but not in the second and third trimester, waveforms. Uterine artery pulsatility 

index (UA-PI) versus gestational age (D) for the illustrative simulations (Low, Medium, 

and High, solid line) and for data reported in the literature. 
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3.3.1 Hemodynamics and Remodeling of Other Non-Uterine Vasculature 

A few studies are available for blood flow in the internal carotid127, renal134, and 

common iliac and external iliac63,83,121,203 arteries. In general, our low computational 

modeling simulations most closely capture the reported flows and diameters of these 

published results (Figure 8, Figure 9, Figure 10); the medium and high simulations show 

higher flow and diameter values. Nevo et al., reported changes in the ICA across gestation 

and calculated values of shear stress, using their results, showed a nearly constant shear 

stress across gestation. Reported values of renal blood flow increase from~ 880 to ~ 1330 

mL/min from 0 to 20 weeks and then decrease back toward ~ 900 mL/min at term. No 

diameter data were reported for the renal arteries, so shear stress calculations and diameter 

comparisons were not available. Blood flow in the common iliac artery increases, primarily 

due to increases in the uterine blood flow. Note that the studies that report common iliac 

blood flow rates generally report lower than average values of uterine artery flow rates; 

while the nominal calculated values of shear stress in common iliac arteries vary between 

0.2 and 1.0 Ὠώὲὧάϳ , all studies show that the shear stress in the common iliac remains 

nearly constant throughout gestation. A gap also remains in the literature describing the 

time course of changes in perfusion differ in different vascular beds, as a fraction of total 

cardiac output. In our model, the combined uterine and ovarian flow comprises 0.8ï3.3% 

of the total CO at conception to 12ï14% at term (Figure 11). The renal perfusion varies 

from 20ï27% of the total CO, initially increasing in the first trimester, then decreasing in 

the second and third trimester. Cerebral perfusion varies from 9ï13% of total CO, initially 

decreasing, then increasing in the third trimester. Perfusion of the arms and legs decreases 

in the first trimester and then remains nearly constant. 
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Figure 8 ï Internal carotid artery (ICA) bilateral blood flow rate (A), wall shear stress 

(B), diameter (C), and peripheral resistance (D) for the low, medium, and high simulation 

and the results from Nevo et al127. (blue triangles) 
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Figure 9 ï Common iliac blood flow rate (A), wall shear stress (B), diameter (C), and 

peripheral resistance (D) for the low, medium, and high simulation and the results from 

Palmer et al.83 (blue circles), Zamudio et al.203 (cyan stars), Wilson et al.121 (red 

triangles), and Browne et al.63 (cyan squares). 
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Figure 10 ï External iliac blood flow rate (A), wall shear stress (B), diameter (C), and 

peripheral resistance (D) for the low, medium, and high simulation and the results from 

Palmer et al.83(blue circles), Zamudio et al.203 (cyan stars), Wilson et al.121 (red triangles), 

and Browne et al.63 (cyan squares) 
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Figure 11 ï Blood flow perfusion rates of the renal, cerebral, leg, arm, and uterine 

vasculature versus gestational age presented as a percentage of the total cardiac output. 

The low, medium, and high simulation results are presented as the dash-dot, solid, and 

dashed lines, respectively, for each vascular bed. 

3.3.2 Changes in Vessel Distensibility 

Pulse wave velocity (PWV) has emerged as a useful surrogate clinical metric to assess 

large artery stiffness and vascular age, with carotid-femoral (cf) PWV considered the gold 

standard metric204. Numerous methods have been used to assess central arterial stiffness in 

pregnancy in pregnancy, including cf-PWV62,124,138,205-209, radial-femoral (rf) PWV62,207,208, 

brachial-ankle PWV210, and augmentation index62,138,206-209. Our computational modeling 

results show a slight decrease in cf PWV and crPWV in the first half of pregnancy, then an 

increase in these values in the second half of pregnancy (Figure 12). Cyclic strain, defined 

as Ў‐ Ὠ Ὠ ὨӶϳ , decreases over the first trimester in arcuate arteries and over 

the first half of pregnancy for uterine arteries, asymptotically to values<1%; this is because 

the arcuate and uterine arteries experience large circumferential growth (‗) due to large 

increases in flow and shear stress-mediated remodeling and large axial growth (‗) 
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associated with the dramatic growing uterus. Non-uterine arteries do not grow axially and 

experience only modest circumferential growth. Cyclic strain in non-uterine arteries 

generally increases in the first half of pregnancy and then decreases in the second half of 

pregnancy. 
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Figure 12 ï Carotid-femoral pulse wave velocity (PWV, A), carotid-radial PWV (B) and 

cyclic strain for the aorta (AO), common iliac (CI), internal carotid artery (ICA), uterine 

artery (UA) and arcuate artery (AA, C) for Low, Medium, and High illustrative 

simulations for each gestational age considered from 0 to 40 weeks. The legend for each 

mark shape, color, and fill for the literature data are provided in Appendix A. 
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3.3.3 Cardiac Output, Blood Pressure, and Total Peripheral Resistance 

Pulse wave velocity Cardiac input (CO) increases by 20-30% from conception to term in 

uncomplicated pregnancy 24,25,28-30,35,52-55,57,86-100,211-261 (Figure 13). In early forms of 

preeclampsia, CO is generally lower, reaching ~80% of the CO of uncomplicated 

pregnancies beyond 20 weeks, whereas, in late forms of preeclampsia, CO is ~5% higher 

than uncomplicated pregnancies beyond 20 weeks 24,28-30,35,52-54,57,253. Differences in CO 

may be due to changes in heart rate and stroke volume, which are both lower in early forms 

of preeclampsia compared to late forms of preeclampsia and uncomplicated pregnancies. 

Mean arterial pressure (MAP) is slightly higher in both early and late forms of 

preeclampsia, before 20 weeks and began to increase at ~20- and ~32-weeks in early and 

late forms of preeclampsia, respectively 24,26-30,35,52-57,86-91,93-100,211-222,224-226,228-232,235,236,238-

246,248-256,259,260,262,263. The total peripheral resistance (TPR) decreases in the first trimester, 

in all cases, but the TPR is higher in early forms, compared to normal and late forms of 

preeclampsia, throughout pregnancy 24,25,27,30,35,52-55,57,86-90,92,94-96,98-100,211-215,217-222,224-

226,228-231,233,234,236,238-243,245,248-257,259,261. In early forms, TPR starts at 1.1-fold higher at 

conception, 1.24-fold higher at 12 weeks, and increases to 1.7-fold higher 32 weeks. The 

TPR of normal and late forms of preeclampsia is similar until 32 weeks of gestation; after 

32 weeks the TPR increases in late forms of preeclampsia, reaching 1.14-fold higher at 36 

weeks. 
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Figure 13 ï Cardiac output (CO, panel a and b), mean arterial blood pressure (MAP, 

panel c and d), and total peripheral resistance (TPR, panel e and f) presented both as 

multiples of the mean and true values versus gestational age for the normal (solid gray 

line), early preeclampsia (dashed red line), and late preeclampsia (blue dash-dot line) 

illustrative simulations and for data reported in the literature. Data points were compiled 

from the literature for normal (gray open circles), early preeclampsia (red), and late 

preeclampsia (blue). 
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3.3.4 Uterine Artery Pulsatility Index and Perfusion 

The UA-PI serves as a non-invasive measure that corresponds to the decrease in peripheral 

resistance of the uterine vasculature, thereby indicating vascular perfusion. In pregnancies 

without complications, there is a significant decrease in UA-PI between 4 and 20 weeks of 

gestation, and these values remain consistent across various studies20,21,25,31-34,36-39,41-

47,49,50,56,102-107,233,259,261,262,264-313 (Figure 14). UA-PI may be slightly increased (~1.1- to 

~1.2-fold) between 12- and 32-weeks of gestation in late forms of preeclampsia, but are 

more dramatically increased (~1.4- to ~2.0-fold) between 12- and 32-weeks in early forms 

of preeclampsia 31,32,34,36-50,56,288,304. The central velocity of the uterine arteries indicates 

that, by the 12th week of gestation, variations in UA-PI primarily emerge due to reduced 

diastolic velocity, as peak systolic velocity remains similar between normal and early 

preeclampsia instances. By the 32nd week of gestation, disparities in both systolic and 

diastolic central velocity become evident. 

 Fewer studies are available that quantify the uterine artery (UA) blood flow rate 

and diameter in normal pregnancy and early and late forms of preeclampsia 239,262,269,288,314-

321 (Figure 15). Bilateral uterine artery blood flow increases by >8-fold. Only two studies 

were found that report changes in UA blood flow and diameter in early and late forms of 

preeclampsia 27,34. Brown et al., and Lamale-Smith et al., reported UA blood flow rates of 

0.47 and 0.39 MoM in early forms of preeclampsia at 33 and 32 weeks of gestation and 

0.87 and 0.96 MoM in late forms of preeclampsia at 37 and 32 weeks, respectively. Both 

studies reported UA diameters to be nearly equal for normal pregnancy and early and late 

forms of preeclampsia. Note that the normal values for uterine artery diameter from these 

studies were higher than the average values from other studies. As a result, the diameters 
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from early and late forms of preeclampsia from these papers are also above the target 

values; however, since the MoM values were near 1.0 from these studies, the target 

diameters were prescribed to be similar to normal pregnancy. UA wall shear stress values, 

calculated from blood flow and diameter from these studies, were 0.49 and 0.48 MoM in 

early preeclampsia and 0.82 and 0.84 MoM in late preeclampsia, respectively. The 

peripheral resistance of the uterine vasculature decreased significantly in the first half of 

pregnancy, with similar values in late forms of preeclampsia and uncomplicated 

pregnancies but decreases less in early forms of preeclampsia. These results are consistent 

with the changes in UA PI, which are a surrogate indicator of peripheral resistance in the 

uterine vasculature. 
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Figure 14 ï Uterine artery pulsatility index (panel a and b) and centerline blood flow 

velocity profiles over one cardiac cycle at 12weeks (panel c) and 36weeks (panel d) of 

gestation for normal (gray line), early preeclampsia (red dotted line), and late 

preeclampsia (blue dashdot line) illustrative simulations. Data points were compiled from 

the literature for normal (gray open circles), early preeclampsia (red), and late 

preeclampsia (blue) 
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Figure 15 ï Uterine artery bilateral blood flow rate (panel a), calculated mean wall shear 

stress (panel b), diameter (panel c) and peripheral resistance (panel d) versus gestational 

age for normal (gray line), early preeclampsia (red dotted line) and late preeclampsia 

(blue dash-dot line) illustrative simulations. Data points were compiled from the literature 

for normal (gray open circles), early preeclampsia (red), and late preeclampsia (blue) 

3.3.5 Arterial Stiffness 

The carotid-femoral pulse wave velocity (PWV) stands as the foremost non-invasive 

measure for evaluating alterations in aortic stiffness. With age, both aortic stiffness and 

PWV elevate, making PWV a reliable composite measure for gauging vascular aging and 

a significant, autonomous predictor for forthcoming cardiovascular events322. In normal 
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pregnancy, the PWV decreases in the first half of pregnancy and increase in the second half 

25,26,51,56,105,232,248,251,256,290,323-327. In early and late forms of preeclampsia, PWV is elevated 

by ~1.13-1.18 fold early in pregnancy, then increases more dramatically as blood pressure 

increases 26,51,326 (Figure 16). The carotid-radial PWV also follows this trend 

26,51,56,105,323,324.  

 The augmentation index (ὃὍ) serves as another parameter employed in evaluating 

arterial stiffness. ὃὍ is evaluated through pulse wave analysis, a method that involves 

estimating the blood pressure waveform in the ascending aorta. This estimation is achieved 

by applying a generalized transfer function to the blood pressure waveform obtained from 

a peripheral artery, typically either the radial or brachial artery. The aortic blood pressure 

waveform has two characteristic pressures, ὖ and ὖ, which represent the systolic peak of 

the advancing blood pressure waveform (ὖ) and the peak of the composite of the 

advancing and reflecting waveforms (ὖ). ὃὍ is the ratio of the augmentation pressure 

(ὃὖ ὖ ὖ) and the pulse pressure (aortic DBP ï aortic SBP). With arterial stiffening, 

the reflecting wave returns faster and stronger to the ascending aorta, increasing ὖ, thereby 

increasing ὃὖ and ὃὍ. Wilkinson et al., also showed that ὃὍ is correlated with heart rate 

and suggest that, for appropriate comparison of ὃὍ across groups, ὃὍ should be adjusted 

to a value at a heart rate of 75 beats per minute, denoted ὃὍ and calculated as ὃὍ

πȢσωὌὙ χυ ὃὍ 326,328. In normal pregnancy, ὃὍ decreases in the first trimester, 

then increases or remains nearly constant in the second and third trimester 

25,26,51,56,105,248,251,256,324,329. With early and late forms of preeclampsia, ὃὍ is elevated, 

compared to normal pregnancy, particularly in the third trimester, when blood pressure is 

elevated 25,26,51,56,105,324. 
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The actual diameter of the ascending aorta experienced a slight increase during simulations 

of normal and late-stage preeclampsia, while remaining relatively stable during early-stage 

preeclampsia simulation. The ascending aortic artery diameters in vivo are influenced by 

the desired wall shear stress and cardiac output. As blood pressure fluctuates throughout 

pregnancy, the reference diameters (Ὠ , set at 100 mmHg) decrease with rising blood 

pressure. In vivo distensibility Ὀὖ declined during the third trimester across all scenarios, 

with more pronounced stiffening observed in early and late-stage preeclampsia. However, 

the reference distensibility Ὀ  showed minimal variation throughout gestation, indicating 

that substantial alterations in PWV and ὃὍ primarily stem from the strain-stiffening 

response, rather than substantial shifts in material properties associated with genuine 

remodeling response. 
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Figure 16 ï Carotid-femoral pulse wave velocity (PWV, panel a and b), carotid-radial 

PWV (panel c), augmentation index (AI75 x , panel d), reference and in vivo ascending 

aorta diameter (panel E), and reference and in vivo ascending aorta distensibility versus 

gestational age for normal (gray line), early preeclampsia (red dotted line) and late 

preeclampsia (blue dash-dot line) illustrative simulations. Data points were compiled 

from the literature for normal (gray open circles), early preeclampsia (red diamonds), and 

late preeclampsia (blue triangles) 
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3.4 Discussion 

Sufficient growth and remodeling (G&R) of the maternal vasculature, along with an 

increase in cardiac output, are crucial processes to ensure adequate blood flow to the 

placenta during pregnancy. The uterine vasculature undergoes significant G&R, with 

vascular changes initiated early in the first trimester. During this period, extravillous 

trophoblasts form a plug in the spiral arteries and distal regions of the radial arteries, 

obstructing blood flow into the intravillous space. Subsequently, these trophoblasts replace 

spiral artery endothelial cells and smooth muscle cells, resulting in the transformation of 

the spiral arteries from high resistance vasoactive arterioles to low resistance passive 

conduits once the plug resolves1,2,330. The occlusion of spiral arteries could potentially 

induce the development of arteriovenous shunts connecting radial arteries and veins 

throughout the upper portion of the myometrium3. If A-V shunts are present, they would 

notably decrease uterine peripheral resistance within the initial 10 weeks before 

experiencing increased blood flow to the intravillous space. This leads to an augmentation 

in blood flow through various arteries and veins, triggering flow-mediated growth and 

remodeling (G&R) in these vessels. This process might prepare these vessels for the 

substantial surge in flow required during the subsequent trimesters. Spiral artery occlusions 

begin resolving around 8 weeks and are fully resolved by 12 weeks of gestation, facilitating 

blood flow to the intravillous space. Our model integrates spiral artery remodeling and A-

V shunt formation through the WK3 model at the conclusion of each of the 60 placentally 

engaged radial arteries. Target blood flow values, covering a range reported in literature, 

were utilized to iteratively determine the WK3 resistances in placentally engaged radial 

arteries. To attain the target uterine flow values, there was a significant reduction in the 
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total resistance (RT) of the placentally engaged radial arteries, with the most substantial 

decrease observed in the initial four weeks, coinciding with spiral artery occlusion, 

indicating that nearly all flow must pass through the A-V shunts. 

We also specified alterations in resistance (RT) across various regions including the leg, 

arm, trunk, and cerebral vasculature throughout gestation. This was done to accurately 

capture changes in blood flow and vessel diameter in specific arteries such as the internal 

carotid artery, common and external iliac arteries, and renal artery. However, there were 

no studies that measured blood flow in multiple body regions within the same group of 

subjects. Data on pelvic vessels, internal carotid artery, and renal artery came from separate 

sources, often without providing total cardiac output. It appears that the available data align 

most closely with our conservative simulation. Adjustments in assumed changes in blood 

flow across the vasculature significantly impacted uterine perfusion and parameters like 

UA-PI; hence, conducting parametric studies is essential to quantify the influence of blood 

flow distribution on placental perfusion. Moreover, there is an urgent need to quantify 

changes in blood flow and peripheral resistances in each vascular region throughout 

gestation in the same individuals. Developing subject-specific models, validated with data 

collected from individual subjects across gestation, for both normal pregnancies and those 

complicated with conditions like preeclampsia and fetal growth restriction, could elucidate 

the intricate interplay between hemodynamic and vascular alterations. 

After adjusting the RT values for all terminal vascular segments to align with the target 

flow rates, vessel growth was initiated by iteratively modifying the vessel diameter (while 

concurrently adjusting RT) to restore wall shear stress, all the while ensuring the 

maintenance of target flow rates. Although literature findings are scarce, computed shear 
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stress values from various vessels such as the ascending aorta, internal carotid artery, and 

common iliac indicate that, despite notable alterations in flow and diameter, wall shear 

stress remains relatively stable in these vessels throughout gestation. However, some 

studies suggest a slight decrease in wall shear stress in the external iliac artery as gestational 

age progresses. In contrast, the reported shear stress values in the uterine artery exhibit less 

consistency in the literature, with studies showing significant discrepancies in shear stress 

values. While certain studies indicate a decline in uterine artery shear stress with gestation, 

others suggest an increase, and some indicate constancy. This variability could be 

attributed, at least in part, to incomplete remodeling of the uterine vasculature in response 

to substantial increases in diameter and blood flow. Additionally, the variations in diameter 

and shear stress values may stem from redundancies in the uterine blood supply, including 

redundancy in the ovarian and internal iliac blood supply and the existence of right-to-left 

redundancies in blood supply. 

Our modeling findings also indicated that, to limit ovarian flow to 20% of the total 

perfusion of the uterine vasculature, the wall shear stress in the ovarian artery was 3.5 to 5 

times higher than that in the uterine arteries. This ratio remained consistent across a wide 

range of uterine perfusions and cardiac outputs, encompassing low, medium, and high 

simulations. Limited studies have quantified ovarian flow throughout gestation, likely due 

to the challenges of accessing ovarian arteries with ultrasound as the uterus enlarges. Even 

slight variations in the proportion of ovarian flow had notable impacts on the shape of 

uterine artery centerline blood flow velocity waveforms, thereby affecting metrics like UA-

PI (results not presented here). The distribution of blood flow to the uterus from the ovarian 

and uterine arteries is ultimately regulated by the differing vascular growth and remodeling 



 56 

dynamics between these pathways. Hence, there is an urgent necessity to enhance our 

understanding of how ovarian artery growth influences perfusion in the uterine vasculature 

and hemodynamic markers used for assessing pregnancy risk, utilizing both innovative 

experimental techniques and computational models. 

Along with growth (i.e., changes in vascular caliber and length), we also defined 

remodeling (i.e., changes in vessel distensibility) to correlate with changes in vessel 

diameter and length. By far, the largest decreases in vessel distensibility occurred in the 

uterine and arcuate arteries, which experienced large growth; both circumferential growth 

(‗) and axial growth (‗). We found that the reduction in distensibility was necessary to 

achieve the target values of UA-PI and that these changes resulted in a significant reduction 

in cyclic strain in the uterine and arcuate arteries. Little data are available on the 

distensibility or cyclic strain of the uterine vasculature, like because cyclic strains are <2% 

for much of gestation; it is difficult to detect these small diameter changes with ultrasound. 

The remaining vasculature showed only modest changes in distensibility. Changes in cyclic 

strain result from changes in vessel geometry (e.g., increased diameter), applied loads (e.g., 

change in systolic and diastolic blood pressure), and material properties (e.g., vessel 

distensibility). Very few direct measurements of cyclic strain are available; however, Rang 

et al. showed a decrease in cyclic strain of the ascending aorta from 12 weeks (8.0%) to 22 

(6.3%) and 33 (6.5%) weeks and post-partum (6.3%) in uncomplicated pregnancies124. 

After adjusting the Ὑ  values and vessel diameters to align with blood flow rates and wall 

shear stresses, the terminal compliances underwent iterative adjustments to synchronize 

with the uterine artery pulsatility index (UA-PI) and systolic blood pressure. Given the 

significance of UA-PI as a prognostic indicator for pregnancy complications like fetal 
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growth restriction and preeclampsia, we placed particular emphasis on matching the uterine 

artery centerline velocity waveform and UA-PI to existing literature reports. It's important 

to note that while radial artery terminal compliance values were manipulated to meet target 

values, numerous other parameters, including shear stress targets, remodeling parameters, 

and inlet flow waveform shapes, contributed to achieving these objectives. 

In addition to UA-PI, several other features of this waveform have been reported, with 

which we can compare our computational results. The trends in ὺ  differ in the three 

illustrative simulations. In the low simulation, ὺ  increased from 67 cm/s to 144 cm/s 

from 0 to 40 weeks of gestation. In the medium and high simulations, changes in ὺ  

were much lower. Few reports are available, but some suggest that values of ὺ  generally 

increase with gestation from ~40 cm/s in non-gravid women to ~ 140 cm/s by 18 weeks of 

gestation154,158, which are consistent with the low simulation. Other reports suggest more 

modest increases in ὺ  from ~ 45 cm/s to 84 cm/s121,202, consistent with the medium and 

high simulations. Most reports in the literature show a uniform increase in end diastolic 

velocity that corroborates the increase in perfusion. Our velocity waveforms are also 

consistent with most studies which show the presence of an early diastolic notch in the first 

trimester that goes away early in the second trimester149,150. This early diastolic notch is an 

important feature of these velocity waveforms given that the presence of the early diastolic 

notch at 12ï14 weeks of gestation is considered a risk factor for later development of 

preeclampsia and other complications. Taken together, our illustrative simulations capture 

well the blood flow through the uterine artery and capture seemingly discordant results 

from the literature. 
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Early manifestations of preeclampsia were distinguished by reduced cardiac output and 

elevated total peripheral resistance throughout pregnancy in contrast to uncomplicated, 

normotensive pregnancies. There are limited literature findings differentiating between 

early and late forms of preeclampsia, showing considerable variability, with early 

preeclampsia exhibiting cardiac output values ranging from 0.68 to 1.0 times the median 

(MoM). Our research indicates a less than 5% increase in cardiac output from conception 

to term in early preeclampsia, contrasting with an approximately 30% increase observed in 

uncomplicated pregnancies. Despite the lower cardiac output, elevated total peripheral 

resistance leads to consistently higher blood pressures during pregnancy, notably 

escalating to nearly 1.4- to 2-fold higher values beyond 20 weeks, contributing to pre-term 

hypertension. These distinctions associated with early preeclampsia coincide with 

heightened uterine artery pulsatility index values, which are approximately 1.4-fold higher 

at 12 weeks and double in the third trimester. The disparities in total peripheral resistance 

may intensify as pregnancy progresses, potentially suggesting that early preeclampsia 

initiates from compromised uterine vascular remodeling, with increased total peripheral 

resistance serving as a secondary response to augment blood flow to the more resistant 

uterine vasculature. In contrast, late-onset preeclampsia is characterized by a slight (5-

13%) elevation in cardiac output and nearly identical total peripheral resistances compared 

to uncomplicated pregnancies during the first 32 weeks of pregnancy, resulting in slightly 

higher blood pressure (5-6%). However, after 32 weeks, total peripheral resistance and 

blood pressure surge significantly, leading to hypertension at term. 

 The findings from these models, drawn from existing literature, suggest that early 

and late onset preeclampsia likely stem from distinct underlying causes, indicating the need 
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for different approaches to risk assessment, prevention, and treatment. Elevated uterine 

artery pulsatility index (UA-PI) during the 11ï14-week gestation period emerges as a 

significant risk marker for early preeclampsia and fetal growth restriction. Our model 

confirms that UA-PI may serve as a reliable indicator for early onset preeclampsia, yet its 

predictive value diminishes for late onset cases. Limited data are available specifically for 

early onset preeclampsia at 12 weeks, but our findings suggest that total peripheral 

resistance (TPR) could be approximately 25% higher in early onset cases, attributed to an 

18% decrease in cardiac output and a 6% increase in blood pressure. Consequently, UA-PI 

and TPR emerge as potential hemodynamic markers for predicting early preeclampsia. 

However, distinguishing between normal pregnancies and late onset preeclampsia early in 

gestation proves challenging. By the 12th week, both cardiac output and blood pressure 

show slight elevations (7% and 5% respectively) in late onset preeclampsia, alongside a 

~2% difference in total peripheral resistance. UA-PI registers approximately 10% higher 

in late onset preeclampsia compared to uncomplicated pregnancies at 12 weeks. These 

subtle differences, all below 10%, pose challenges in predicting late onset preeclampsia. 

Notably, the ASPRE trial demonstrates varying effectiveness of low-dose aspirin in 

preventing preeclampsia in high-risk individuals, significantly reducing early onset cases 

by 62% while showing no significant impact on late onset cases23. Furthermore, our results 

suggest that arterial stiffness indicators like carotid-femoral pulse wave velocity (cf-PWV) 

and augmentation index (AIx-75) may be elevated both pre-conception and early in 

pregnancy for both early and late onset preeclampsia, potentially aiding in risk assessment. 

However, data availability in the first half of pregnancy to validate this finding remains 

limited. Additionally, it's worth noting that many ónon-gravidô results we incorporated 
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from the literature pertain to post-partum assessments, which could include sustained 

cardiovascular changes induced by pregnancy and may not fully represent pre-conception 

values. 
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CHAPTER 4. MATHEMATICAL MODELING OF THE 

LYMPHATIC SYSTEM AND LYMPH TRANSPORT  

4.1 Introduction  

The lymphatic system functions to transport interstitial lymph fluid from tissues back into 

the venous system, often working against an opposing pressure gradient. Initially, lymph 

is gathered by primary lymphatics and then conveyed through contractile and collecting 

lymphangions, primarily via coordinated contractions of lymphatic muscle cells. Along its 

journey, lymph traverses through lymph nodes and ducts before reintegrating into the 

circulatory system. Primary lymphatic vessels absorb interstitial fluid by interfacing with 

the surrounding interstitium through primary lymphatic valves, facilitating the 

transportation of generated lymph331. This process involves the autonomous contraction of 

secondary lymphatics, propelling lymph through one-way valves. Such independent 

contractile activity is influenced by various factors, including mechanical stretch of 

lymphangions, chemical microenvironment, and electrical conductivity, among others332-

335. Dysfunction within the lymphatic system results in lymphedema, a condition 

characterized by localized swelling and the accumulation of lymph within specific limbs 

or regions. 

Computational models have demonstrated their utility in understanding the behavior of 

lymphatic contractions and lymph transport336,337. Nonetheless, significant gaps persist in 

our understanding of how contractions are coordinated among lymphangions338. The 

precise synchronization of contractions between adjacent lymphangions is crucial for 
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effective lymph transport. Emerging evidence suggests that the timing of lymphatic 

contractions may be regulated by pacemaker cells within the lymphatic vessels. These 

specialized cells act as initiation sites for spontaneous transient depolarization, which 

initiates lymphatic contraction and electrically spreads to neighboring lymphatic muscle 

cells339,340. 

Lumped-parameter models (LPMs) are the most used approach to studying lymphatic 

mechanics and simulating lymph transport 337,341. In such models, the solver takes input of 

the pressure gradient and contraction frequency of a lymphatic vessel and calculates the 

transmural pressure and flow. However, these models have some drawbacks. They do not 

specifically locate the pacemakers, do not consider contraction propagation speed, and do 

not account for pressure/flow waves. These features, which have been suggested to 

influence lymphatic pump performance in more complex 3D fluid-structure interaction 

models, are missing in LPMs 342,343. Another limitation of the LPMs is that they do not 

address the nonlinearity of the balance laws in the algebraic equations. For example, 

Bertram et al. demonstrated that pressure evenly ramps up along a lymphatic chain, which 

may not be the case 344. Furthermore, studying the coordination of contractions in multi-

lymphangions is an interesting aspect that is not accessible in the LPMs 345. Additionally, 

the lymphatic function is significantly disturbed in damaged lymphatic vessels, where both 

the contractile and mechanical properties are compromised 346. To the best of our 

knowledge, no studies, including the recent 1-D models, have implemented pacemaking 

activity and contraction propagation speed in their models 347. To address these issues, a 1-

D discretized model would be helpful in quantifying the time and space-dependent physical 

fields. 
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In previous mathematical simulations, the activation function has been extensively studied 

as the principal driver of lymphatic muscle cell twitch and contractility. However, these 

simulations commonly utilize trigonometric functions with a time delay between 

lymphangions to regulate contractions along a lymphatic chain348,349. The main challenge 

in determining the activation function stems from the lack of experimental pacemaking 

metrics, resulting in conflicting outcomes350. For example, early experimental data on the 

coordination of lymphatic contractions along a lymphangion chain suggested that while 

one lymphangion might initiate contraction, adjacent ones could be in the diastolic phase, 

indicating that contractions are not always synchronized351. Conversely, it has been shown 

that adjacent lymphangions are electrically connected, implying that disruptions in a 

pacemaker can influence nearby contractile activity352. 

Furthermore, an ongoing debate surrounds the occurrence of maximum pumping in the 

absence of time delay between lymphangions353, with some proposing that subsequent 

contractions between lymphangions generate stronger propulsion349. McHale et al. 

suggested that an antegrade pumping is more efficient354, while Venugopal et al. argued 

that the coordination of lymphangions and the direction of contraction propagation 

minimally affect the pumped flow353. Wolf et al. highlighted that the speed of contraction 

waves significantly impacts pumping efficiency343. However, their study did not 

incorporate the coordination of a chain of lymphangions, and pacemakers were not 

included in the contractions. Based on experimental observations, the delay and opening 

duration of secondary valves are highly dependent on the activation function355, and 

computational models have suggested that slight changes in the relaxation time during 

diastole can almost double the mean lymph flow rate356. Therefore, there is an urgent need 
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to explore the mechanics of contractions and lymph transport by focusing on pacemaking 

activity and contraction wave propagation. 

Hence, the aim of this study is to create a computational model aimed at examining the 

mechanics of the lymphatic system and assessing the effects of irregular wave propagation 

on pumping efficiency. This endeavor seeks to establish a one-dimensional mathematical 

framework based on governing equations for fluid-solid interactions, incorporating a 

generalized activation function. This activation function will be devised utilizing 

parameters related to pacemaking, including initiation sites per unit length, propagation 

velocity, and contraction frequency. The model will simulate lymphatic transport in both 

normal and Connexin-45 knock-out (KO) mice, as documented in existing literature. Prior 

research has shown that the absence of connexin-45 disrupts the coordination among 

lymphatic muscle cells, ultimately leading to anomalies in contraction wave propagation 

and impaired lymphatic function357-361. The outcomes derived from both the WT and KO 

models will be compared to pertinent published data to authenticate our computational 

discoveries. 

4.2 Methods 

Based on existing experimental data in the literature359, we constructed a model of a 

lymphatic vessel comprising three lymphangions and four secondary valves (Figure 17). 

In all illustrative simulations, the inlet and outlet pressures were set at σȢυ and τ ὧάὌὕ, 

respectively. 
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Figure 17 ï schematic representation of the lymphatic network including three 

lymphangions and four secondary valves. 

4.2.1 Theoretical Framework 

Each lymphangion is modeled as a tapered, elastic tube within a one-dimensional pulsatile 

fluid flow framework. The principles of mass conservation and linear momentum dictate 

that 

 ὅᾀȟὸ
ȟ ȟ

π    and    ρ ‏
ȟ

ȟ
 (21) 

In the given context, ὃᾀȟὸ represents the instantaneous cross-sectional area of the lumen, 

ὖᾀȟὸ denotes the luminal pressure, ὗᾀȟὸ represents the volumetric flow rate, and 

ὅᾀȟὸ represents the area compliance, given by the expression ‬ὃᾀȟὸ ‬ὖᾀȟὸϳ . Here, ᾀ 

denotes the direction along the vessel axis, while ὸ refers to time. Other variables in the 

equation include ” which is the blood density, and † represents the frictional force per unit 

length. The velocity profile, ό Ὠȟᾀȟὸ, is prescribed at any given instant ὸ and location ᾀ 

as 
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where όᾀȟὸ is the mean velocity defined as the ratio of ὗᾀȟὸ to ὃᾀȟὸ, ‒ is a constant 

that determines the shape of the velocity profile, Ὠ is the radial coordinate, and Ὠ 
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represents the lumen diameter. By utilizing the Naiver-Stokes equations and integrating, 

the viscous force can be calculated as follows 

 
† ς‒ ς‘“

ὗᾀȟὸ

ὃᾀȟὸ
 (23) 

where ‘ is the lymph viscosity. This framework is explained in detail in a previous study60. 

4.2.2 Solid Mechanics 

To proceed, Equations 29 require information on the cross-sectional area, ὃᾀȟὸ, and 

compliance ὅᾀȟὸ at each time (ὸ) and location (ᾀ), given the applied loads (ὖᾀȟὸ) and 

the activation state along the lymphangion wall. To characterize the behavior of the wall, 

we utilize data from Davis et al.355. Figure 18 depicts the mechanical states before and at 

the peak twitch. The pre-twitch represents the dilated configuration when muscle cells are 

fully relaxed, while the peak-twitch state corresponds to the muscle cellsô peak contractile 

state. 
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Figure 18 ï Pressure-diameter data of the mesentric lymphatic vessel from male Sprague-

Dawley rats 355. Black and Red represent pre- and peak-twitch data in an inflation test. 

Ὠ  and Ὠ  correspond to pressure from the previous time step. 

To determine the diameter for a given pressure and muscle activation, we utilize a 

weighted-average of pre- and peak-twitch diameters where the weight function is a general 

activation function, namely 

 Ὠᾀȟὸ Ὠ Ὠ ὸ Ὠ  (24) 

where Ὠ  and Ὠ  represent the pre-twitch and peak- twitch diameters at the pressure 

from the previous time step of the node, and ὸ  is the contraction parameter ranging from 

0 and 1. Although the equation is not explicitly a function of space (ᾀ) and (ὸ), as the pre- 

and peak-twitch diameters change at each node based on previous pressure and ὸ  

changes both temporally and spatially, the overall function is implicitly a function of ᾀ and 

ὸ. 

In contrast to employing a known constitutive law for the active and passive mechanical 

response and solving a highly non-linear inverse problem regarding geometry (i.e., 
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diameter) while considering applied loads (i.e., pressure) and active and passive material 

properties) enables an approximate determination of the diameter at each time point and 

location, with reduced computational cost. 

Area compliance may be expressed as 
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Thus, at pre- and peak-twitch contraction states we have 
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where ὅ  and ὅ  represent the compliances of pre-stretch and peak-stretch at Ὠ  and 

Ὠ , respectively. Also, ὨὈὨὖϳ  and ὨὈὨὖϳ  denote the slopes of the 

pressure-diameter curves. Similar to diameter, in order to estimate the compliance, we let 

 ὅᾀȟὸ ὅ ὅ ὸ ὅ  (28) 

4.2.3 Valve Mechanics 

Lymphangions represent segments of lymphatic vessels confined between two neighboring 

pairs of valve leaflets. These leaflets function as one-way valves, facilitating the forward 

movement of lymph within the network. Given their small size, extracting a valve and 
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assessing the mechanical properties of the leaflets pose significant challenges. As a result, 

numerous experimental investigations have been undertaken to quantify the mechanics of 

secondary valves under varying pressure differentials. These studies typically propose a 

sigmoidal relationship between pressure and flow. In our research, valve gating is solely 

dictated by pressure waves within the lymphangions, with the valves' actions unaffected 

by external factors. The only assumption made regarding valve behavior is the valve 

equation. We adopt the valve behavior introduced by Bertram et al. 349, 
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The parameters introduced in Equation 29 are provided in Figure 19. 

 

Figure 19 ï Sigmoidal curve of secondary valve resistance vs. pressure difference 344. 

4.2.4 Spatiotemporal Activation Function 

The pacemaking function plays a vital role in lymphatic contractility. Multiple 

research endeavors have revealed that distinct sites along lymphatic vessels instigate 

contractions, and these sites can differ from one lymphangion to another. These specific 
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regions are commonly termed "pacemaking sites" or "pacemakers". Besides identifying 

these locations, various parameters are often assessed to examine contractions, including 

frequency, propagation speed, and the distance between pacemakers339,340. These 

investigations demonstrate that contractions display wave-like characteristics, emphasizing 

the importance of utilizing a 1-D modeling strategy to explore the lymphatic system. This 

method facilitates the measurement of contraction propagation along a vessel. Expanding 

upon research conducted by Zawieja et al., it has been noted that contractions within a 

lymphatic network spread both spatially and temporally at a specific velocity. These waves 

are known to transfer between neighboring lymphangions through gap junctions351. Thus, 

the spatial-temporal spread of contractions serves as the foundational principle of our 

model. 

The temporal and spatial propagation of contractions is quantified using a 2-D 

bivariate Gaussian function, which has the general form of 
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ρ

ς“„„ ρ ”
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where ‘ represents the spatial location of a pacemaker determined by pacemaking 

distance, ‘ denotes the temporal location of a pacemaking signal, and „, „, and ” are the 

spatial, temporal, and correlated standard deviations, respectively. In this function, the 

center of a distribution is positioned at the pacemaker site (‘) when it is expected to 

generate a signal (‘). The temporal standard deviation („  is associated with the rate at 

which the contraction wave diminishes over time. Physically, this parameter may be 

influenced by the speed at which ion channels are excited, how rapidly gap junctions 
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transport ions, and how quickly this translates into force generation. The spatial standard 

deviation („  is linked to the distance traveled by the contraction wave along the length 

of a chain of lymphangions. Essentially, this parameter simulates cellular resistance and 

the ease with which cells transmit the contraction wave. 

To determine the pacemaking parameters, we assume that contractions must decay 

between any two pacemakers in a contraction period timeframe. Spatially, there should be 

two decays between any two pacemakers. Mathematically, one decay corresponds to 

approximately 4 standard deviations, denoted as „ ὒ ψϳ . Similarly, there 

should be one decay within a contraction period, resulting in a standard deviation of „

Ὕ τϳ  (refer to Figure 20). ”, known as the ñcorrelationò, represents the 

contraction speed and describes how the activation distribution is skewed in the time and 

the space domains. The minimum value of ” is 0, indicating a high contraction propagation 

speed and a non-skewed distribution. The maximum limit of ”, derived from the definition 

of the Jacobian of the covariance matrix, is „„. This occurs when the propagation speed 

is low, and the distribution is highly skewed in the space-time domains (see Figure 21). 
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Figure 20 ï Spatial and temporal standard deviations are correlated to the pacemaking 

distance and contraction frequency, respectively. Zero correlation results in a symmetric 

Gaussian distribution or non-skewedness which happens in high contraction propagation 

speed. 

 

Figure 21 ï Low contraction propagation speed results in a significant correlation and 

skewedness of the Gaussian distribution. 

To construct the overall activation distribution of a lymphatic chain, we employ the 

widely-used concept of ñsummationò in neurophysiology362. According to this concept, the 

resulting signal is formed by the simultaneous (spatial) and repeated (temporal) summation 

of multiple signals. In our model, this principle is applied to combine Gaussian functions 

generated at pacemakers, thus creating the overall spatiotemporal contraction distribution 
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of a lymphatic network (Figure 22). Specifically, the activation parameter of each 

discretized node in the lymphatic chain is determined by the normalized algebraic 

summation of all signals at that node. 

 

Ὂᾀȟὸ ὪӶᾀȟὸ ὪӶᾀȟὸ ὪӶᾀȟὸ Ễ ὪӶᾀȟὸ (31) 

where ὪӶ is a 2-D Gaussian function positioned at each pacemaker, while ὑ denotes the 

number of pacemakers, and Ὂ represents the overall activation function that encompasses 

the time-space domains. The value of ὸ  for each node at each time step is calculated as, 
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where ɜ is the maximum activation parameter among all nodes during a contraction period. 

 

Figure 22 ï Using the concept of ñSummationò to generate the overall activation function 

based upon individual Gaussian distributions at pacemakers. 
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4.2.5 Mathematical Solver 

An implicit finite difference scheme was employed to solve the governing 

equations, considering a given vascular geometry and material properties. The collecting 

lymphangions are discretized with Ὠᾀ υπ ‘ά and the time domain was divided into time 

steps of dt = 5 ms (Table 1) Using the discretized equations, a MATLAB routine was 

developed to calculate the general matrix of unknown pressures and flows at each time 

step. To assess the solver's robustness, conservation of mass was verified during each 

contraction cycle. This verification ensures that the cycle-averaged flow entering the first 

lymphangion remains constant along the chain. Furthermore, a sensitivity study was 

conducted to ensure the utilization of appropriate time and spatial steps. 

Table 1 ïSimulation parameters 

Parameter Value Parameter Value 

ὒ  άά  1 [359,363] Ὠὸ άί 5 

Ὠᾀ ‘ά 50 ὖ  ὧάὌὕ  3.5 

ὔ  3 ὖ  ὧάὌὕ  4 

Ὀ ‘ά 255 Lymph viscosity ὧάὌὕȢί 10-5 [364] 

Lymph density 
Ȣ

 1070 10-6 Velocity profile constant (-) 2 
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4.2.6 Ejection Fraction and Fractional Pump Function 

Ejection Fraction (EF) indicates the amount of lymph that exits the vessel during 

each contraction and is calculated using the average end-diastolic (ὃ  and end-systolic 

(ὃ  areas. 
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ὃ ὃ

ὃ
 (33) 

And Fractional Pump Function (FPF) is defined as follows 

 ὊὖὊὊὶὩήὉὊ (34) 

4.2.7 Signal-To-Noise Ratio 

Alongside magnitude, we propose that the smoothness of the WSS signal plays a 

crucial role in mechanotransduction events in lymphatic muscle cells. To explore this 

concept, we employed a metric known as the signal-to-noise ratio (SNR), derived from the 

mean-squared error (MSE) between a WSS signal and its filtered counterpart365. 
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Where ὓὛὉ and ὓὛὉ are calculated as follows 
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ὓὛὉ
В ύίίὲ

ὔ
 

(37) 

where ύίίὲ represents the original signal containing noise, ὔ is the length of the signal, 

and ύίίὲ corresponds to the denoised signal obtained by sliding a window of length 

windowSize along the data and calculating the average of the data within each window. 
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ρ
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4.2.8 Radial Contraction Velocity 

Another metric is the radial contraction velocity, which is defined as the time 

derivative of the radius: 

 
ὺ
Ὠὶ

Ὠὸ
 (39) 

4.2.9 Valvular Energy Loss 

In the field of biomechanics, an important parameter for examining valves is the 

energy dissipation resulting from the inefficient function of leaflets, along with the level of 

turbulence observed in the flow field adjacent to the valves. Energy loss refers to the overall 

energy difference at the valve. The total mechanical energy per volume (ɮ) is defined as366. 

 
  ὖ

ρ
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ὖ represents the luminal pressure, ” is the lymph density, and ό denotes the lymph axial 

velocity. The energy loss at a valve is determined by the difference in total mechanical 

energy before and after the valve: 

 ῳ       (41) 

4.2.10 Experimental Data 

To construct and validate the model using the experimental data, we utilized data 

from a study conducted by Gonzalez et al. that presents a comprehensive dataset on 

contractility in both wild-type and knock-out mouse strains 359 (Table 2), 

Table 2 ï Contractility metrics used to prescribe the activation function. The same 

parameters were used in three cases of the KO model. 

Mouse line 

Conduction 

Speed (cm/s) 

Number of 

Initiation 

Sites (1/cm) 

Contraction 

Frequency 

(1/min) 

Contraction 

Period (sec) 

WT 0.98 10 8.3 7.23 

KO 0.06 31 15.8 3.80 

The contraction propagation speed reported by Gonzalez et al. aligns with values 

previously documented by other researchers 339,345. The control group is based on data from 

the wild-type (Cx45fx/fx) (WT) mouse, while the abnormal group consists of the Smmhc-

CreERT2; Cx45fx/fx [TMX] (6 -11 weeks) (KO) mouse line which is expected to exhibit 

notable differences in contraction patterns. As previously mentioned, the influence of 



 78 

contraction wave propagation direction poses an ongoing challenge 353,354. In order to 

assess the impact of propagation direction on lymphatic pumping in the KO mouse, three 

scenarios were considered. The first scenario assumes all contraction waves are antegrade, 

while the second scenario involves every other pacemaker generating a retrograde signal. 

In the third scenario, all pacemaking signals are retrograde. A diagram illustrating the 

directionality of pacemaking signals for each scenario is presented at the bottom of Figure 

23. The reason these scenarios were not explored for the WT model is that the high 

contraction propagation velocity renders the effect of wave propagation direction 

negligible. 

 

Figure 23 ï Time-space mapping of contractions of the lymphatic network during a 

contraction cycle. The contraction cycle of the WT and the KO models are different due 

to the frequency discrepancy. Contraction patterns of three cases in the KO model are 

different due to directionality of pacemaking signals. Cyan represents fully contracted 

state/activated, and purple represents non-contracted state/relaxed. 
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4.3 Results 

4.3.1 Activation Function and Lumen Contractions 

To illustrate contractions across time and space, we showcased activation function 

and diameter patterns on a discretized 2-D lymphatic network, alongside mapping 

contraction periods. This mapping reveals that peak contractions vary in timing along the 

lymphangion chain, influenced by both propagation speed and proximity to pacemaker 

regions (see Figure 23). We observed a notable variance in the spread of contraction among 

the four mappings, which we attribute to differences in contractility metrics and signal 

directionality. Qualitatively, the model accurately reproduces contraction patterns 

observed in experiments. To quantify this, we introduced a dimensionless parameter 

termed activation integration (AI), representing the volume integral under the time-space 

mapping. AI values were 189, 51, 69, and 49 for the WT and KO models, respectively. 

Since AI correlates with the work applied by the vessel, one would anticipate higher pump 

efficiency in the WT model. Despite similar AI values across the three KO models, 

particularly in Case 1 and 3, variations in pumped lymph flow occurred due to the valves' 

tendency to remain open even at zero pressure gradients. Essentially, the forward 

propagation of waves is facilitated by the valves' inclination to stay open. 

 The activation function was utilized to calculate the diameter and compliance of 

each node. The resulting diameter mapping revealed that diameter patterns were opposite 

to the activation mappings (Figure 23); in other words, increased activation led to 

decreased diameter. The average lumen area contracted by 80% in the WT model, followed 

by a distinct relaxation period (Figure 24). In contrast, in all of the KO models, the area 
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reduction reached a maximum of 30% with no relaxation period. This continuous activation 

in the KO models may potentially induce fatigue, exacerbating the abnormal contractility. 

The ejection fraction (EF), which represents the ratio of the volume of fluid dispensed at 

peak systole to the diastolic volume, was 0.78 for the WT model, while ranging from 0.20 

to 0.33 in the KO models. The EF, along with the applied frequency, resulted in a Fractional 

Pump Function (FPF) of 6 and 4 άὭὲ in the WT and KO models, respectively. Figure 

25 illustrates the diameter pattern of the middle node of each lymphangion. 

 

Figure 24ï Normalized average area reduction vs. normalized contraction period. Blue 

corresponds to the WT model showing significant area reduction followed by a relaxation 

period. Red/Purple/Black correspond to the KO model showing less remarkable area 

reduction and missing relaxation period. 
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WT KO ï Case 1 

  

KO ï Case 2 KO ï Case 3 

  

Figure 25 ï Diameter patterns represent how contraction waves propagate along the 

network. 
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4.3.2 Pressure Patterns 

The pressure of the middle node of each lymphangion during a contraction cycle 

illustrates the propagation of pressure waves along the chains (Figure 26). In the WT 

model, all lymphangions experienced an equivalent pressure rise, matching the total 

pressure gradient of the chain and the mean pressure in all lymphangions approached the 

average of ὖ  and ὖ . However, in the KO models, only the pressure in L3 oscillated 

between ὖ  and ὖ , while the pressures in L1 and L2 remained near ὖ . This suggests 

that the primary work performed on the fluid was carried out by a single lymphangion 

(refer to Table 3). 

 

WT KO ï Case 1 

  

KO ï Case 2 KO ï Case 3 
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Figure 26ï Pressure pulses and the inlet (red dashed line) and outlet (green dashed line) 

pressure profiles. 

Table 3 ï Mean pressure in each lymphangion during a contraction cycle. The mean 

pressure is calculated by averaging the pressure throughout a contraction cycle along the 

length of a lymphangion. 

 

Mean pressure (╬□╗╞) 

(Average of ὖ  and ὖ  is 3.75 

ὧάὌὕ) 

Model L1 L2 L3 

WT 3.73 3.73 3.74 

KO ï Case 1 3.50 3.50 3.71 

KO ï Case 2 3.52 3.52 3.72 

KO ï Case 3 3.52 3.55 3.73 
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4.3.3 Flow Patterns 

The flow patterns displayed a sudden surge in flow at the midpoint of each 

lymphangion, aligning with systole in the WT model. Subsequently, there was a decline 

attributed to relaxation and lumen expansion, leading to flow retracement. As a result, a 

net pumped lymph flow of υȢττ ‘ὒȾὬὶ was attained (Figure 27). The KO models did not 

exhibit comparable patterns. Unlike in other cases, where a substantial flow traversed the 

last lymphangion during systole, the initial two lymphangions displayed opposing flows, 

with either zero or negative values. Similarly, during diastole, the flow direction in L3 

reversed, while L1 and L2 maintained forward flows. The average lymph flow over the 

cycle for Cases 1, 2, and 3 of the KO models was 2.9, 2.8, and 1.17 ‘ὒȾὬὶ, respectively. 

 

WT KO ï Case 1 

  

KO ï Case 2 KO ï Case 3 
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Figure 27ï Lymph axial flow profiles during a contraction cycle. 

The node with the highest flow within each lymphangion at every time step was denoted 

as the "Bottleneck" point. Upon analyzing flow patterns along the length of each 

lymphangion, we noted that the bottleneck node remained fixed across all lymphangions 

in the WT model throughout a contraction cycle. This suggests that irrespective of the 

phaseðbe it systolic or diastolicða consistent region consistently displayed the highest 

lymph velocity. In contrast, in the KO models, the bottleneck point exhibited instability 

and shifted along the length of the lymphangion. This variability could offer an additional 

explanation for the lower net flow observed in the KO cases. At one instance, point A 

showed the maximum flow, whereas at a subsequent time step, point B, situated away from 

point A, displayed the maximum flow, leading to conflicting lymph momentum and 

disrupting the pressure wave within each lymphangion. 

4.3.4 Wall Shear Stress (WSS) 

In the WT model, the average, peak systolic and diastolic WSS were 0.08, -2, and 

4 ὨώὲȾὧά , respectively (Figure 28). Once more, the sudden pressure wave impulse in the 



 86 

WT model was evident in the WSS patterns. The systolic lymphatic push led to an abrupt 

decline in WSS, succeeded by a gradual reversal pattern. Furthermore, the shear stress 

exerted on the wall was negative, a condition conducive to triggering the subsequent 

contraction cycle by activating endothelial cells. However, this was not the case in the KO 

models, where the average WSS was almost zero and the extremum WSS values were 

lower. In the KO models, WSS varied between -1 to 1 ὨώὲȾὧά , and the averages were 

0.04, -0.07, and -0.07 ὨώὲȾὧά  in Cases 1, 2, and 3 of the KO models, respectively. There 

was a considerable contrast observed in the signal-to-noise ratio (SNR) of the wall shear 

stress (WSS) between the wild-type (WT) model (1.24) and the knockout (KO) models 

(0.88, 0.69, and 0.70), indicating higher levels of noise in the WSS in the KO models. 

Essentially, this suggests that due to internal interactions among pressure waves, the 

lymphatic endothelial cells might have encountered significant shear disturbances. 

Considering the hypothesis that WSS serves as a critical mechanical regulator in aiding 

lymphatic contraction control, the turbulent fluctuations in WSS observed in the KO 

models could potentially compromise pumping efficiency367-370. 
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WT KO ï Case 1 

  

KO ï Case 2 KO ï Case 3 

  

Figure 28ï Wall shear stress (WSS) patterns exerted on the lymph flow at the wall 

boundary. 

Although the average values of wall shear stress remain consistent throughout the cardiac 

cycle, the figures displayed in Figure 29 illustrate the symmetric distribution of ὡὛὛ  
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during a contraction. The WT model displayed nearly identical shear stress on the vessel 

wall between systole and diastole. Conversely, in the KO models, this symmetry was 

lacking, resulting in disorganized shear forces, especially during diastole. Furthermore, 

sudden spikes were observed in early systole and late diastole. 

 

WT KO ï Case 1 

  

KO ï Case 2 KO ï Case 3 
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Figure 29ï The normalized average wall shear stress vs. the normalized contraction 

frequency. Green and yellow show positive and negative values, respectively. 

4.3.5 Lymph Velocity 

In the WT model, a distinct peak velocity during systole, reaching its maximum in 

the final lymphangion, was succeeded by a velocity reduction, with the highest reverse 

velocity also occurring at the same location (Figure 30). This suggests that the activation 

function enhanced momentum along the vessel during each propulsion cycle. In the KO 

models, it was generally observed that the lymph velocity in the initial two lymphangions 

partly countered that of the last lymphangion during both systole and diastole. It's worth 

noting that in all KO models, the peak systolic and diastolic velocities did not surpass 0.9 

and -1 mm/s, respectively, whereas in the WT model, they peaked at 2.4 and -3.8 mm/s. 

Additionally, the velocity profiles were out-of-phase in the KO models, with the systolic 

and diastolic phases of contraction being indistinguishable in the initial two lymphangions. 

Furthermore, in the WT model, a resting state was observed when the net lymph velocity 

was zero in all lymphangions. However, in all the KO models, contraction started while a 






































































































































































































