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SUMMARY 

Two relatively new methods of vibrational analysis of nonuniform 

rotor blades in combined flapwise bending and torsion are reviewed. 

The structural dynamic characteristics of an example blade are evalu­

ated using the Transmission matrix method and are later used in flutter 

analyses. 

An automated procedure is developed to obtain the matched flutter 

point of a rotor in an axial flight condition. The determinant method 

of flutter prediction turns out to be impracticable. By developing a 

method called the approximate true V- g method, it is shown that the 

failure of the k method to accurately predict the damping at subcritical 

speeds is mostly due to the method of numerical solution. 

The principles of the p - k method are explained and it is shown 

that this method is well suited to analyze the damping and flutter char­

acteristics of rotor blades. An alternative numerical method of solution 

is provided based on an eigenvalue analysis. An example flutter prob­

lem is solved by various methods. An unsteady rotor aerodynamic theory 

of the p type is derived and the results from this analysis tend to 

show that the implied assumption of the p-k method is sound. 
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CHAPTER I 

INTRODUCTION 

All rotary wing aircraft such as helicopters, autogyros, VTOL 

and STOL aircraft fitted with prop-rotors, are subject to the poten­

tially catastrophic phenomenon of rotor blade flutter. This aeroelastic 

instability is characterized by self excited undamped oscillations of the 

blade lifting surface in torsion and bending (elastic flapping). This 

problem is generally solved by mass balancing the blade about the quar­

ter chord and designing the elastic axis to lie at the quarter chord 

position. This solution usually results in added blade weight. Conse­

quently, the rotor hub has to be designed heavier to withstand the 

increased centrifugal tensile forces. 

Contemporary high performance main rotor systems are made of 

light weight composite construction. The outboard sections of the blade 

operate in the compressible subsonic Mach number regime, and are made 

of cambered airfoil sections to improve the hover aerodynamic efficiency. 

Furthermore, to augment the stability of the rotor in ground resonance, 

air resonance, rotor-pylon aeromechanical stability, etc., the kinematic 

aerodynamic coupling like flap-lag coupling, pitch-lag coupling, pitch-

flap coupling etc., are built into the system. These considerations 

render the advanced rotor systems liable to a variety of potentially 

dangerous aeroelastic instabilities, one of which is rotor blade flutter. 

In the next decade, the rotor system designer will have a great need for 
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being able to accurately predict the amount of stability present in 

the various aeroelastic modes at subcritical speeds. These data are 

very important for correlating with and guiding the flight flutter test­

ing and non-destructive wind tunnel testing. 

In the last two decades, considerable work has been done in the 

areas of rotor blade structural dynamics, rotor unsteady aerodynamics 

and rotor aeroelasticity. The state of the art can now be considered 

satisfactory in the area of structural dynamics. The task of obtaining 

the unsteady aerodynamic forces on the helicopter rotor blade in forward 

flight still remains formidable. The unsteady aerodynamic problem of a 

rotor in hover or ascending vertical flight, or that of a prop-rotor in 

the propeller mode of operation, seems to have been relatively well 

solved. This thesis deals with the aeroelastic analysis of the rotor 

under such an axial flight condition. 

The structural dynamic principles are briefly discussed and an 

example problem is solved in Chapter II. The aerodynamic theories are 

reviewed and flutter equations of motion are derived in Chapter III. 

The conventional method of flutter analysis consists of employing 

an unsteady aerodynamic theory suitable for simple harmonic motion of 

the lifting surface. By some approximate considerations, this method 

provides an estimate of the stability present in the system at subcritical 

speeds. This method is called the k method or the conventional V-g 

method. While this method is satisfactory for prediction of the flutter 

boundary flight condition, the estimation of the stability present in 

the system is not acceptable at speeds below the critical speed. The k 

method needs to be considerably modified before it can be employed for 
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subcritical damping predictions. Results of one such analysis carried 

out by Pierce and White [1] are shown in Figure 1. The modal damping is 

oscillatory with respect to rotor speed and is even multivalued. They 

recommended that the flutter criteria be based on the curve labeled 

effective damping. 

One main objective of this thesis is to explore methods that will 

estimate the stability at subcritical speeds more accurately than the 

results of Pierce and White. A relatively new method called the p-k 

method has been highlighted by Hassig [2] in his study to improve the 

damping prediction of fixed wings. 

An aerodynamic theory is considered to be of the p type if it 

deals with the motion of the lifting surface that decays in an exponen­

tially damped simple harmonic fashion. In general, all sophisticated 

p type aerodynamic theories require excessive computer time. Hence the 

p method of aeroelastic solution, which can be considered exact, is 

numerically time-consuming. 

However, if a k type (undamped simple harmonic motion) aerodynamic 

theory is applied after suitable modifications to a p type motion, a 

reasonably accurate and simplified formulation results. This is called 

the p-k method. In Chapter IV the k method is discussed and in Chapter 

V the p-k method is analyzed. Chapter VI contains a derivation of a 

p-type rotor aerodynamic theory in an attempt to investigate the implied 

assumption of the p-k method. 
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CHAPTER II 

STRUCTURAL DYNAMICS OF A ROTATING BLADE 

The geometry of the rotor blade considered in this thesis is 

shown in Figure 2. It possesses a smooth planform% and the local cen­

ter of gravity location gradually changes with the spanwise coordinate 

y. The blade consists of symmetric airfoil sections with varying angles 

of incidence relative to the x-y reference plane. The spanwise varia­

tion is constituted by the built-in twist (required to optimize the steady 

aerodynamic performance of the rotor) and the aeroelastic twist (due 

to the noncoincidence of the center of pressure axis and the elastic 

axis). This variation in angle of incidence must be added to the angle 

of incidence at the root (collective pitch) to obtain the local pitch 

angle. The elastic axis is assumed to be straight. 

Throughout this thesis, only torsional and out-of-plane (flapwise-

bending) deformations are considered. The edgewise (lead-lag) bending 

deflections, due to vibration in the horizontal plane of rotation are 

not considered. For the low inflow case considered here, the edgewise 

bending oscillations are assumed not to produce any significant unsteady 

aerodynamic forces. 

A self excited vibrational phenomenon known as "ground resonance," 

which can be catastropic, has been experienced by several helicopters 

and autogyros [3]. This phenomenon occurs frequently when the heli­

copter is supported on the ground by relatively soft tires, resulting in 
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a low natural frequency of the machine in the sideward motion. The 

resonance is characterized by the blade lagging vibrations coupled with 

the vibration of the aircraft fore and aft, and sidewards. While ana­

lyzing self excited vibrations of this kind, blade lag vibrations are of 

prime importance. 

The main objective of this investigation is to develop some numeri­

cal programming schemes to automatically determine the true flutter 

point. Edgewise oscillations are not considered throughout this thesis. 

Another separate investigation must show the degree of validity of the 

assumption of ignoring the in-plane oscillations. It is hoped that the 

new principles brought about in this thesis regarding damping and flutter 

analysis could be used for solving aeroelastic problems of similar 

formulation. 

Equations of Motion and Boundary Conditions 

Houbolt and Brooks [4] have derived a comprehensive set of differ­

ential equations of motion for combined flapwise bending, edgewise bend­

ing and torsion of a twisted nonuniform rotor blade. The development 

is based on the principles of beam theory, and secondary effects such as 

deformation due to shear are not included. Other than assuming that the 

elastic axis is straight, there are no major restrictions in their 

derivation. The following additional assumptions are made here: 

1) The distance between the elastic axis and the axis about 

which the blade is rotating is zero at the root. 

2) The distance between the area centroid of the tensile member 

and the elastic axis is zero. 



3) The blade is untwisted and the mean angle of incidence at 

every spanwise station equals the collective pitch. 

4) In-plane deformation (edgewise bending deflection) is zero. 

The first three assumptions are made simply because the computer 

program available to carry out the vibration analysis does not have a 

provision to include these terms. The flutter program to be developed 

incorporates normal modes as input, so, if normal modes which include 

these terms are available they can be used in an identical fashion pro­

vided the resulting governing equations are formally the same. The 

last assumption has been discussed already. 

With these assumptions, the governing differential equations 

become: 

-[(GJ )A']' " ft2myeW' + ft2m(k2 - k 2 )A 
m mZ ml 

_ 2 •• 
+ m k A - m e W = Q (1) m 

-[EIWM]" + (TW')' - (AyeA)' 

+ m(-W + eA) = -F (2) 

where 

GJ = GJ + Tk2 (3) 
m A 

and 

2 2 
EI = EI cos 6 + EI sin 3 (A) 
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Separating the time dependent and time independent parts of the external 

forces and the resulting displacements 

Q(y,t) = qQ(y) + q(y,t) 

F(y,t) = f (y) + f(y,t) 
o 

(5) 

W(y,t) = WQ(y) + w(y,t) 

A(y,t) = aQ(y) + ot(y,t) 

Then the following pairs of differential equations are obtained 

-(GJ a ' ) ' - A y e w ' + ft2m(k2 - k 2 J a = q 
mo J o m2 ml o n o 

- ( E I w " ) M + ( T w ' ) ' - (ft2myea ) ' = - f o o J o o 

(GJ a ') ' - A y ew" + ft2m(k2 - k2 )a m J m2 ml 

+ m k a - m e w = q 
m ^ 

( E I w " ) " + ( T w 1 ) ' - ( A y e a ) ' 

(6) 

(7) 

+ m(-w + ea) = - f . 

I n E q u a t i o n (6) q and f c o n t a i n t i m e i n d e p e n d e n t t e r m s p r o p o r -

2 
t i o n a l t o ft a s w e l l a s t h e mean o p e r a t i n g c o n s t a n t a e r o d y n a m i c f o r c e s . 
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To obtain the mean aerodynamic forces knowing the deformation of the 

blade in addition to the built-in twist, a theory like simple momentum 

and blade element analysis,can be used. A more sophisticated theory like 

vortex analysis or even good experimental results can be utilized. In 

general, the relationship of the aerodynamic forces in axial flight with 

respect to angle of attack at root is nonlinear. Equation (6) repre­

sents the static aeroelastic problem where the static equation of equili­

brium and the steady aerodynamic relationship must be simultaneously 

satisfied. Nagaraja [5] has numerically obtained the solution for a 

typical problem. The static aeroelastic solution establishes the mean 

inflow; the wake spacing in the axial direction is then known. This 

factor is important in evaluating the unsteady aerodynamic forces. 

Equation (7) represents the dynamic equations of motion of the 

blade. q and f are the resulting unsteady aerodynamic forces. A linear 

aerodynamic theory would be employed to relate q and f to a and w. 

Hence Equation (7) is linear and homogeneous. The following boundary 

conditions would be employed in the solution. 

For hinged root: w(y,t)| _ = 0 

w"(y,t)| y = 0 = 0 (8a) 

«(y,t)|y = 0 = o 

For fixed root 
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w ( y ^ ) | y = 0
 = ° 

w'(y,t)| Q = o (8b) 

«(y,t)| = o 

For free tip: 

w"(y,t)|y=R = 0 

[(EIw")' + Q2m Rea]| _ „ = 0 (8c) 
y - K 

« ' ( y . t ) | R - o 

The above are linear and homogeneous boundary conditions, satis­

fied by time dependent as well as time independent parts of the deforma­

tions A and W. 

2 
The Tk term contained in the (GJ ) term and the (T w1 )' term of 

a m 

Equation (7) show the effect of centrifugal forces in increasing the 

effective torsional and bending stiffness of the beam. There are other 

terms which arise because of elastic coupling and inertia loading due to 

vibratory and centrifugal accelerations. The derivation is explained 

in detail by Houbolt and Brooks [4]. For a nonuniform beam such as the 

one considered here, GJ, k , m, e, k 0, k , k , EI_, EI will be func-
a mz ml m 1 Z 

tions of the spanwise coordinate y. 

Free Vibration Analysis 

In Equation (7), let 
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a = a(y,t) = a(y) exp(iu)t) 

w = w(y,t) = w(y) exp(iuot) (9) 

f = q = 0 

The following two coupled, homogeneous, ordinary differential equations 

are obtained: 

-(GJ a')' - f.w1 + f_a - mco2(-ew + k2a) = 0 (10) 
m 1 2 m 

-(EIw")" + (Tw,)f - (f^a)' - moo2(-w + ea) = 0 (11) 

where 

?1 = A y e (12a) 

f0 = ^
2m(k2„ - k2J (12b) 

2 mz ml 

The boundary conditions that a and w should satisfy are given by 

Equation (8) by replacing w and a by w and a. 

Thus a and w satisfy homogeneous differential equations with homo­

geneous boundary conditions. If there exists an w, say w , correspond­

ing to which a nontrivial solution exists, then a natural frequency, oo , 

and a vacuum mode shape, a = a and w = w, are obtained. Some numeri­

cal techniques to solve this problem are discussed in detail by Murthy 

[6]. Two of the methods are briefly summarized here in the interest of 

completeness. 
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Transmission Matrix Method 

Let {Z(y)}be a column vector defining the states at the spanwise 

station y, given by 

w(y) 

w'(y) 

ot(y) 
(Z(y)} = •< (13) 

Qy(y) 

M (y) 
x 

V (y) 
Z J 

The governing linear differential equations of vibration can be written 

as a set of first order equations in matrix form as 

dy 
(Z(y)} = [A(y)]{Z(y)} (14) 

The transmission matrix [T(y)J is defined by 

(Z(y)} = [T(y)]{Z(0)} (15) 

I t can be shown t h a t 

f- [T(y)] = [A(y)] [T(y)] (16) 

By shrinking y to 0, it is noted that [T(0)] is an identity matrix. 

From Equation (15) 

(Z(R)} = [T(R)]{Z(0)} (17) 
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Applying the boundary conditions at the root and the tip regarding 

bending deflection, slope of neutral axis, torsional deflection, shear 

force, bending moment, and torque, part of Equation (17) can be written 

as 

{0} = [T1(R)]{Z1(0)> (18) 

where [T (R)] is a partitioned matrix of [T(R)], and {Z (0)} is the 

corresponding part of {Z(0)} representing the nonvanishing quantities 

at the root. Clearly, for a nontrivial solution for {Z (0)} to exist, 

|[T1(R)]| = 0 (19) 

which becomes the characteristic equation. The elements of [T (R)] are 

obtained through Runge-Kutta numerical integration. S. Rubin [7] is 

one of the pioneering investigators of this method and Murthy [6] has 

extended it to cover the vibrational analysis of a very general case of 

a rotating blade. 

Several trial frequencies are chosen in an increasing sequence. 

The frequency determinant is evaluated at each trial argument and the 

vanishing of this determinant corresponds to a natural frequency. This 

frequency choice method has one disadvantage in that if the determinant 

function is not carefully analyzed, two or more of its zeros may go 

undetected. Hence caution must be exercised when two natural frequencies 

are expected to be close together. 

Using the above obtained natural frequencies, the boundary condi­

tions of the problem, the transmission matrix obtained through integration, 
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and the information contained in Equation (18), the mode shapes are 

readily obtained. One very outstanding feature of this elegant method 

is that the mode shapes could be obtained at as many spanwise stations 

as desired without increasing the order of the frequency determinant. 

Of course, the numerical round off errors might grow if the Runge-Kutta 

interval of integration is very much reduced. 

Integrating Matrix Method 

Let g(x) be a continuous and smooth function of one independent 

variable x in the interval x < x < x . Let the interval be divided 
o — — n 

into n equal subintervals and let the values of g be known at these 

(n+ 1) interval points as g(x.), j = 0,1,2,...,n. Assume that g(x) can 

be represented approximately by a polynomial of degree r(r <̂  n). This 

polynomial equation may be expressed in the form of Newton's forward-

difference interpolation formula. Using this formula the function can 

be integrated analytically in terms of the values of the function at the 

end points of the sub-intervals. The following matrix equation can then 

be written: 

0 

j g(x)dx 

o 

x„ 
/ g(x)dx 
X 

/ g(x)dx 

- ifi y 

n 

(20) 
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The matrix [̂ ] of Equation (20) is called the integrating matrix. 

Premultiplying the column matrix consisting of the values of the func­

tion at the chosen points by [j], the integrals of the function are 

obtained. 

The solution to the governing differential equations of motion 

is developed entirely in matrix notation which allows the numerical 

solution to be developed in a compact and orderly fashion. The matrix 

differential equations are then integrated repeatedly by using the 

integrating matrix as an operator. Next, the constants of integration 

are evaluated by applying the boundary conditions. Finally, the result­

ing matrix equation is expressed in the familiar concise form of the eigen­

value problem. Hunter [8] used this method to study the vibrational 

characteristics of propeller blades. 

An outstanding feature of this method is that, when carried out 

numerically accurately, the frequencies of vibration are obtained 

rapidly. Such an initial estimate could profitably be used as the 

input to a more sophisticated method like the transmission matrix method 

and thus the eigenvalues could rapidly be refined. 

Example Blades 

Although several assumptions have been made and discussed, Equa­

tions (10) and (11) still represent a sophisticated description of the 

problem. The transmission matrix approach is a powerful method to obtain 

the normal modes accurately. Two example blades have been chosen and 

their mode shape and frequencies have been computed by the computer pro­

gram prepared by Murthy [6] which utilizes the transmission matrix. It 
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is believed that the seven modes obtained and described below for each 

blade represent an accurate description of their structural dynamic 

properties. An attempt is made to provide all the details of the 

blades and the results of the vibration analyses, since it will be a 

useful reference in the literature. The blades chosen are nearly the 

same as the model blades tested by Brooks and Baker [9]. It is believed 

that the example blades will provide a realistic and informative pic­

ture of rotor aeroelasticity. 

The example blades numbered 1 and 2 are identical except that 

Blade No. 1 is hinged at the root whereas Blade No. 2 is fixed at the 

root. These two blades have the following uniform properties along the 

span: 

m = 0.00135 slug/inch 

EI = 26000 lb-inch2 

GJ = 10000 lb-inch2 

R = 46.0 inch 

b = 2.0 inch 

e = -0.45 inch. 

k _ = 0.1 inch 
ml 

k . = 0.976 inch 
m2 
kA = 0.948 inch. 
A 

The above given data are sufficient to determine the normal modes of 

the blades. 

Figures 3 and 4 show the variation of the natural frequencies of 

Blades No. 1 and 2 respectively, with rotor speed. The strong effect 

of centrifugal forces in stiffening the blade Is reflected in the 
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monotohic increase of the natural frequencies with rotor speed. All the 

points lying on a straight line though the origin in these two Figures, 

are such that they have the same value for the ratio of natural frequency 

to rotor speed. It is conventional to draw these fan lines because the 

frequency ratio can then be readily seen at any point of interest. 

Figures 5(a) through 5(h) illustrate the first seven mode shapes 

of Blade No. 1 at ft = 0 and ft = 12.53. Figures 6(a) through 6(g) 

illustrate the first seven mode shapes of Blade No. 2 at ft = 0 and 

ft* = 12.53. 

Figure 5(a) shows that the first mode of Blade No. 1 is essen-

JL 

tially a flapping mode with no torsional deflection at ft =* 0 and very 

small torsional deflection at ft =12.53. Figure 3 shows that the natu­

ral frequency of this mode is essentially the same as that of the rotor 

speed. The graph of the first mode shape of Blade No. 2 can be seen 

in Figure 6(a). The bending part is the first cantilever mode and there 

is little torsional deflection. For ft > 30 rad/sec., the frequency of 

this mode is only slightly higher than the rotor speed. 

Figure 5(b) shows the second mode shape of Blade No. 1. This is 

predominantly a bending mode at lower rotor speeds. Figure 3 shows the 

considerable influence of rotor speed in increasing the natural fre­

quency of this mode. Figure 6(b) is the graph of the second mode shape 

of Blade No. 2; this is also a predominantly bending mode at low rotor 

speeds. 

It is generally observed that modes exhibiting predominantly 

torsional deflections are relatively unaffected by rotor speed in terms 

of changes in natural frequency. Figures 3 and 4 show small increases 
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for the natural frequencies of the third mode whereas large changes are 

observed for the fourth mode of both blades. At ft = 0, because of the 

close vicinity of third and fourth modes, the third mode exhibits con­

siderable bending (see Figure 5(c)). But at ft* = 12.53, the bending 

part of this mode loses both the nodal points and the mode becomes pre­

dominantly torsional. This demonstrates the complex interaction of 

centrifugal forces and bending-torsion coupling effects. However, the 

third mode shape of Blade No. 2 as can be seen plotted in Figure 6(c) 

is predominantly torsional. There is also a considerable separation 

in the natural frequencies of the third and fourth modes for this blade 

even at low rotor speeds. 

For Blade No. 1, the fourth mode also has a drastic change in the 

mode shape as the rotor speed changes from ft = 0 to ft = 12.53 (see 

Figure 5(d)). But Blade No. 2 (see Figure 6(d)) exhibits predominant 

bending oscillations in the fourth mode. The natural frequencies of the 

fourth mode for both blades increase considerably with rotor speed (Fig­

ures 3 and 4). 

The fifth and seventh modes of both the blades are predominantly 

bending and their natural frequencies are highly dependent on rotor 

speed (see Figures 3,4,5(f),5(h),6(e) and 6(g)). It can also be noted 

that the mode shapes of the fifth and seventh modes of one blade are 

similar to those of the other blade. Comparing the plots in Figures 3 

and 4, it is seen that the fixed root results in higher frequencies 

than hinged root, in case of predominantly bending modes. 

The sixth mode for either blade is predominantly torsional as 

shown in Figures 5(g) and 6(f). As can be expected, the difference in 
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the root boundary condition has not affected either the frequency or 

the mode shape (see Figures 3 and 4). This is because of the fact that 

as far as torsional deformation goes, hinged as well as fixed roots pro­

vide only a fixed boundary condition. The frequencies of the third mode 

for both the blades are approximately equal at all rotor speeds; this 

is another indication that this mode is also predominantly torsional. 

For both the blades, the bending deflections of the fifth, sixth 

and seventh modes show respectively 3, 1, and 4 nodal points. Although 

generally an ordered increase in the number of nodal points can be 

expected with increasing mode number, it is believed that this need not 

always happen. The frequency determinant was examined carefully at 

some high rotor speeds and the behaviour of the determinant function 

was found to be satisfactory. It is further believed that the seven 

modes shown in the graphs for each blade are free of significant numeri­

cal errors. 

A final remark is made regarding the effect of rotor speed on mode 

shapes. For the fifth, sixth and seventh modes of either blade, the 

mode shapes are not very different for ft = 0 and ft = 12.53. For the 

Blade No. 2 it can be said that for 0 _< ft <̂  12.53, all the mode shapes 

are similar at least in "pattern," but for Blade No. 1, the third and 

fourth modes are considerably different at different rotor speeds. These 

factors must be considered if an attempt is made to use non-rotating 

mode shapes in a dynamic response analysis of a rotating beam. 

Orthogonality and the Generalized Equations of Motion 

The mode shape of the r-th mode, a (y) and w (y), and the frequency 
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(i) , satisfy the differential equations (10) and (11) and boundary con­

ditions (8). An orthogonality property can be derived which states 

that for OJ ^ m , i.e., for the r-th and s-th modes possessing distinct 
r s 

frequencies, 

_R _ 
i m{w w + k a a - e(w a + w a )}dy = 0 (21) 
; r s m r s r s s r v 

o 

If a solution is sought of the form 

a(y,t) = I a (y)£ (t) r r r=l 

W(y,t) = I w (y)£ (t) 
r=l 

(22) 

for the differential equations (7), then the normal coordinates £ (t) 

are obtained by solving 

Mr£r(t) + o)^Mr?r(c) = Hr(t), r = 1,2,3,... (23) 

where 

R _ 2 2 2 
M = [ m{w + k a - 2ew a >dy (24) 

r ; r m r r r y v ' 
o 

and 

R R 
(t) = / f(y,t)wr(y)dy + / q(y,t)a r(y)dy (25) 
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When f and q are known, 5 (t) can be computed and £ (t) can be deter-
r r 

mined from Equation (23). Then the response of the beam is 

obtained from the modal series of Equation (22). 

For the uniform example blades, Equation (21) implies that 

r * * 2 * * 
J tw w + r a a (26) 
J r s a r s v ' 

o 

- Cr) [w a + w a ] } d n = M = M b r s s r r s s r 

0 i f r 4 s 

M 
r 

i t r = s — 2 
mb R 

M has been evaluated for Blades No. 1 and 2 at several rotor speeds. 
rs 

It has been observed to form an almost diagonal matrix at every rotor 

speed. Tables 1 and 2 illustrate the 7 x 7 M matrix for both the 
rs 

blades at ft = 12.53. The nonvanishing of the off-diagonal elements is 

due to the numerical inaccuracy of the normal modes shown in Figures 

5(a) through 5(h) and 6(a) through 6(g). However, the results can be 

considered quite satisfactory. 



Table 1. M Matrix for Blade No. 1 at Q = 1 2 . 5 3 r s 

\ s 
r \ 1 2 3 4 5 6 7 

1 0.33333 

2 -0.033xl0"6 0.19320 

3 -0.051x10"6 -0.074xlO~6 0.096265 M =M 
rs sr 

4 -0.137xl0"6 0.208xl0~6 0.341xl0~6 0.26371 

5 -0.302xl0~6 -0.330xl0"6 0.357xl0~6 0.330xl0~6 0.25211 

6 -0.062xl0~6 -0.098xl0"6 -0.010xl0"6 -0.327xl0"6 -1.223xl0"6 0.091576 

7 -1.072xl0~6 -0.384xl0~6 0.351xl0~6 -1.652xl0"6 -2.394xl0~6 2.677xl0~6 0.27620 

4> 
O 



Table 2. M Matrix for Blade No. 2 at H =12.53 
rs 

\ -
1 2 3 4 5 6 7 

1 0.29036 

2 -0 .248x l0" 6 0.18344 M =M r s sr 

3 -0 .017xl0~ 6 -0 .228x l0~ 6 0.097163 

4 0.059xl0" 6 -0 .268x l0~ 6 0.389xl0~6 0.23654 

5 -0 .761xl0~ 6 0.483xl0~6 0.148xl0~6 -1 .885xl0~ 6 0.26795 

6 -0 .162xl0~ 6 0.017xl0~6 -0 .016x l0" 6 -0 .869x l0" 6 -0.536xl0~ 6 0.092588 

7 -0 .697x l0" 6 -1 .714x l0~ 6 0.919xl0" 6 1.482xl0~6 -lO.OxlO"6 2 . l 8 2 x l 0 - 6 0.30184 
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CHAPTER III 

UNSTEADY AERODYNAMICS AND FLUTTER EQUATIONS 

In this chapter, the flow about a rotor operating at a steady 

mean inflow with small simple harmonic perturbations in flow parameters 

is briefly discussed, and some theories available to determine the 

unsteady forces are reviewed. A simple example is used to illustrate the 

importance of considering the wakes below the rotor. The flutter equa­

tions with this flow phenomenon are derived. 

Unsteady Rotor Flow Field 

A rotor in hovering or ascending vertical flight trails a tip 

vortex which is blown axially downward so that, if otherwise undisturbed, 

it would form a contracting helix as shown in Figure 7(a). For simpli­

city, consider that the inflow over the disc, u, is constant; then, the 

fluid that comes off the trailing edge of the blades makes a helical 

surface with horizontal radial elements (see Figure 7(b)). 

Now, if there is an oscillation in blade effective angle of 

attack, blade lift will alternate also, and as a result of these changes 

in lift, vortices will be shed continuously at the blade trailing edge. 

These vortices fall along the horizontal radial elements of the helical 

surface shown in Figure 7(b), so long as the oscillations in angle of 

attack are small. Figure 7(c) shows this helical sheet of shed vorticity. 

Vorticity is considered to be on the helical surface and the vertical 

displacements from that surface (as in Figure 7(c)) represent the strength 
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of the vorticity at a particular azimuthal and radial position. The 

variation in the vortex strength around the azimuth corresponds to the 

history of the motion of a given blade element at a fixed radius; the 

variation of the shed vortex strength in the radial direction at any 

fixed azimuth angle is a function of the variation with the blade span 

of 1) blade chord, 2) amplitude of the oscillation in effective angle 

of attack and 3) relative air velocity. A variation of shed vorticity 

in the radial direction implies the existence of trailing vortices at 

constant radii similar to and inboard of the tip vortex. These trailing 

vortices have been included in Figure 7(d). 

The schematic drawings of Figure 7(a) through 7(d) indicate pic-

torially the complexities of attempting to obtain a complete represen­

tation of unsteady rotor aerodynamics. When 2^u/Q^, the vertical spacing 

between adjacent helical surfaces of shed vorticity, is very large, then 

one would expect that all shed vorticity beyond a small fraction of a 

revolution would be too far below the blade in question to have an 

effect on the blade loading. Under these conditions, it would be suffi­

cient to account for only the attached vortex sheet within that fraction 

of a revolution, as in Figure 8(a). On the other hand, when 2TTU/Q^ is 

very small, all the sheets of shed vorticity tend to pile up on each 

other, and the effect of that vorticity close to the blade in question 

(shed by the several previous blades and/or in the several previous revo­

lutions) is of more importance than that which exists beyond a small 

aximuth angle on either side of the blade. This situation is depicted in 

Figure 8(b). 
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Figure 8. Schematic Representation of Unsteady 
Rotor Flow Field. 
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The first condition exists at high rotor thrust coefficients; the 

second condition is associated with low thrust coefficients and is 

encountered in "wake-flutter." Only the case of low inflow flutter is 

considered in this thesis. Henceforth, the aerodynamic models that 

are explained and used are for low inflow cases. 

Loewy's Incompressible Aerodynamic Model 

In arriving at a model which is mathematically tractable for the 

case of low inflow, it is assumed that only the vorticity contained within 

a small double azimuth angle straddling the blade is of real consequence. 

The flow problem at a given blade radius is considered two dimensional and 

this theory can then be applied in a strip theory fashion to a three-

dimensional rotor. The portion of the circular cylindrical surface which 

is determined by 1) a particular blade radius, 2) the azimuth angle on 

either side of the blade section (within which the shed vorticity is of 

importance), and 3) the vertical distance spanned by a given number of 

rows of vorticity, can be developed and projected on to a plane - one 

in which the two-dimensional unsteady aerodynamic problem may be 

attacked. The above considerations form the basis for the incompressible 

flow model suggested by Loewy [10]. This model is shown in Figure 9. 

The aerodynamic lift and moment acting on the airfoil are evaluated in 

terms of nondimensional coefficients which are functions of reduced fre­

quency, frequency ratio, inflow ratio, number of blades and the phase 

differences in the oscillation of other blades in the rotor with respect 

to the reference blade. In the case of compressible theories, the Mach 

number would also be included in the list of parameters on which the 

aerodynamic coefficients depend. 
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Two Compressible Aerodynamic Theories 

Jones and Rao [11] have solved the above problem for compressible 

flow utilizing a model very similar to that of Loewy [10]. Their 

analysis of the problem follows a technique developed earlier by Jones 

[12] for a two-dimensional fixed wing oscillating in subsonic flow. 

Coincident with the work of Jones and Rao, Hammond and Pierce [13] 

independently analyzed a slightly different model of the two dimensional 

compressible problem. Their model is illustrated in Figure 10. By intro­

ducing the acceleration potential, the governing integral equation for the 

flow and its attendant downwash boundary condition are developed and solved 

numerically using a pressure mode assumption and a collocation technique. 

Hammond and Pierce [13] have shown that for small values of the frequency 

ratios near and above 1, the aerodynamic coefficients are in good 

agreement. 

Pierce and White [1] employed the two compressible theories men­

tioned above, to predict the flutter speed of a model which had been 

flutter tested by Brooks and Baker [9]. Both the theories predicted 

flutter speeds which agreed well with the experimental results of 

Brooks and Baker. Frequency ratio is a dominant factor in the flutter 

analysis at low inflow. The flutter frequency ratio for the above case 

was 2.3 and corresponding to this value, the two theories are in close 

agreement. White [14] concluded from some theoretical flutter calcula­

tions that the theories of Jones and Rao [11] and Hammond and Pierce 

[13] predict essentially the same flutter speeds but the former theory 

requires significantly less computer time. For the flutter calculations 

of this thesis, the theory of Jones and Rao [11] will be used. 
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