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SUMMARY

Dynamic optimization solves for the optimal strategy for a system that evolves over time.
It is an integral part of many disciplines such as optimal control theory and robotics.
Sampling-based methods have gained much popularity in recent years for solving dynamic
optimization problems due to their ability to handle discontinuities in the dynamics and
cost function. While many sampling-based dynamic optimization algorithms are devel-
oped, they are based on different theoretical foundations and are often designed for speci ¢
applications with heuristics. This thesis aims to bridge the gap between different theories,
derive the general forms of several state-of-the-art sampling-based dynamic optimization
algorithms and their extensions to various problem formulations.

We present three general perspectives for deriving sampling-based dynamic optimiza-
tion algorithms, namely Variational Optimization, Variational Inference and Stochastic
Search. We show the equivalence between Variational Optimization and optimal control
theory under certain assumptions. We justify previously used heuristics with proper prob-
lem formulation and derivation. In addition, we demonstrate that state-of-the-art Model
Predictive Path Integral and Cross Entropy Method algorithms can be recovered as special
cases under these perspectives. We discuss the connections between the perspectives and
the unique algorithmic characteristics of each perspective. A unifying analysis is performed
on the convergence, sampling complexity and variance.

Based on the three perspectives, we develop Model Predictive Control algorithms for
several application scenarios. We rst apply the different schemes to standard stochastic

optimal control problems. A risk sensitive extension is also derived to optimize with respect

Xiv



to the conditional value-at-risk of the cost function. The resulting algorithm performs opti-
mization on non-Gaussian beliefs provided by a particle Iter. We also apply the Stochastic
Search perspective to the complex jump diffusion process and opinion dynamics. Finally,
we propose a general distributed framework for scaling sampling-based dynamic optimiz-
ers for large-scale multi-agent control using consensus Alternating Direction Method of
Multipliers. The effectiveness and applicability of the proposed algorithms are highlighted
by results on various systems from control theory and robotics in simulation. In particular,

the distributed framework is tested on a 200-agent Dubins vehicle formation control task.
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CHAPTER 1
INTRODUCTION

1.1 Motivation and Prior Work

Numerical dynamic optimization algorithms have received increasing attention over the
past few decades, due to their applicability to a wide range of problems in reinforcement
learning, controls and robotics. Generally speaking, existing approaches can be classi ed
into two main categories: gradient- and sampling-based methods. Gradient-based meth-
ods use local approximations of the cost and dynamics functions and iteratively update
the reference trajectory to approach a solution. Popular gradient-based algorithms can be
characterized with three different techniques: 1) The Sequential Quadratic Programming
approach [1, 2] linearizes the dynamics, approximates the cost function quadratically, and
formulates a quadratic program with respect to the control policy. 2) The Pontryagin Max-
imum Principle approach [3] propagates the rst order approximation of the dynamics and
cost function along the reference trajectory and perform pointwise control policy update.
3) The Differential Dynamic Programming algorithm [4, 5] relies on Bellman's principle

of optimality and uses second order approximation for control policy update. A variety of
gradient-based algorithms of these form and their extensions have demonstrated successful
results in simulated and real-world application scenarios [6, 7, 8, 9].

Gradient information allows the above methods to attain fast convergence in various
settings [10, 11]. Nonetheless, in many practical applications gradient information may
not be available, and thus a different optimization strategy needs to be considered. These
include problems with inherent discontinuities, such as contact dynamics [12], or environ-
ments where only evaluations of the costs and dynamics are provided [13]. Potentially,

one can use smoothing techniques and/or learn data-based models to provide gradient in-



formation [14, 15]. However, numerical instabilities and poor generalizations may arise.
Sampling-based techniques circumvents the aforementioned limitations and have been ex-
tensively used over the past few years. Even though convergence is typically slower than
their gradient-based counterparts, their ability to handle discontinuities and lack of gradient
information is highly desirable. In addition, sampling-based algorithms are generally more
robust and less prone to local minima compared to their gradient-based counterparts [16].
Sampling-based dynamic optimization methods use a control policy distribution to gen-
erate control trajectory realizations. The control trajectory samples are then used to prop-
agate the dynamics to obtain system state trajectories. The cost of each state-control tra-
jectory is evaluated and used to update the control policy distribution. With the develop-
ment of Graphic Processing Unit (GPU), the sampling, propagation and cost evaluation
steps can often be executed in parallel. This signi cantly reduces the computation time
for sampling-based approaches and makes them suitable for real world applications. Most
sampling-based dynamic optimizers are characterized by two main components: the sam-
pling distribution and evaluation criterion. The sampling distribution for decision variables
determines the region to be explored. The evaluation criterion measures the importance of
each sample as a function of its cost. The choice of sampling distribution and evaluation cri-
terion depend on the theoretical foundation behind each algorithm. Popular sampling-based
dynamic optimizers like Cross Entropy Method (CEM) [17] and Genetic Algorithm (GA)
[18] are both originated from their static optimization counterparts. Their evaluation crite-
ria are heuristics inspired from rare event estimator and evolutionary process respectively.
Gradient-based Adaptive Stochastic Search (GASS) [19] is another general stochastic opti-
mization scheme that has seen many applications on dynamical systems. GASS optimizes
a control policy distribution from the exponential family via gradient updates on the policy
distribution parameters, for which the gradient always exists despite the discontinuities in
the dynamics and cost function. Recently, the Variational Inference (VI) framework has

also been applied to Stochastic Optimal Control (SOC) problems [20]. By formulating the



control problem as an inference one and minimizing the distance between controlled and
target distributions, the VI-SOC framework works directly in the space of control policy
distributions instead of speci ¢ policy parameterizations in most sampling-based optimiza-
tion frameworks. Variational Optimization (VO) is another variational approach that works
directly with policy distributions. The free energy and relative entropy relationship from
statistical mechanics is leveraged to derive the well-known Information Theoretic Model
Predictive Path Integral (MPPI) algorithm [21].

This thesis focuses on sampling-based optimization for dynamical systems. We sys-
tematically investigate three main perspectives on sampling-based dynamic optimization,
namely Stochastic Search, Variational Inference and Variational Optimization. We compare
between the perspectives and against state-of-the-art sampling-based dynamic optimizers.
A uni ed analysis on the convergence and sampling complexity of the perspectives is then
provided along with numerical examples. We also apply these perspectives in different sce-
narios. Starting with standard stochastic Model Predictive Control (MPC) and risk sensitive
optimization with Conditional Value-at-Risk (CVaR), we then move on to more complex
dynamical systems like the jump diffusion process and opinion dynamics. Finally, a gen-
eral distributed optimization framework is provided for scaling sampling-based dynamic
optimizers for multi-agent control using the consensus Alternating Direction Method of

Multipliers (ADMM) algorithm.

1.2 Structure of Thesis

The rest of this thesis is organized as follows:

Chapter 2:We review concepts from optimal control and optimization theory relevant
to the derivation and algorithmic development in later chapters.

Chapter 3:This chapter reviews the Stochastic Search, Variational Inference and Vari-
ational Optimization perspectives on sampling-based dynamic optimization. We derive the

policy update law for unimodal Gaussian, Gaussian mixture and stein variational policies.



The connections between perspectives are discussed along with the advantages and dis-
advantages of each perspective. Finally, a uni ed analysis is performed on the problem
formulation, convergence and sample complexity of the different perspectives.

Chapter 4: This chapter develops sampling-based MPC algorithms for different ap-
plication scenarios. We start with standard SOC where the objective is the expected cost.
Risk sensitive SOC is also formulated where the optimization is performed with respect
to the CVaR of the cost and an adaptive MPC algorithm is developed. We then consider
the complex jump diffusion process and derive the MPC algorithm from both Stochastic
Search (SS) and VO perspectives. We further extend the applicability of sampling-based
dynamic optimization to opinion dynamics. We conclude the chapter with a general dis-
tributed framework for scaling sampling-based dynamic optimizers for large scale multi-
agent control via consensus ADMM. The algorithms proposed are validated with simulated
experiments.

Chapter 5:We conclude the thesis and discuss possible future research directions.

1.3 Publications

The line of research discussed in this thesis resulted in the following articles:

Published papers:

» Ziyi Wang, Grady Williams, and Evangelos A. Theodorou. "Information theoretic
model predictive control on jump diffusion processes." In 2019 American Control

Conference (ACC), pp. 1663-1670. IEEE, 2019.

» George |. Boutselis, Ziyi Wang, and Evangelos A. Theodorou. "Constrained sampling-
based trajectory optimization using stochastic approximation.” In 2020 IEEE Inter-
national Conference on Robotics and Automation (ICRA), pp. 2522-2528. |EEE,
2020.

* loannis Exarchos, Marcus Aloysius Pereira, Ziyi Wang, and Evangelos Theodorou.
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"NOVAS: Non-convex Optimization via Adaptive Stochastic Search for End-to-end
Learning and Control.” In International Conference on Learning Representations.

2020.

» Ziyi Wang, Oswin So, Keuntaek Lee, and Evangelos A. Theodorou. "Adaptive risk
sensitive model predictive control with stochastic search.” In Learning for Dynamics

and Control, pp. 510-522. PMLR, 2021.

» Ziyi Wang, Oswin So, Jason Gibson, Bogdan Vlahov, Manan Gandhi, Guan-Horng
Liu, and Evangelos Theodorou. "Variational Inference MPC using Tsallis Diver-

gence." In Proceedings of Robotics: Science and Systems, 2021.

» Ethan N. Evans, Ziyi Wang, Adam G. Frim, Michael R. DeWeese, and Evangelos A.
Theodorou. "Stochastic optimization for learning quantum state feedback control."

In Physical Review A.

Under review papers:

 ZiyiWang, and Evangelos A. Theodorou. "Opinion Dynamics Steering using Stochas-

tic Search."

Under preparation papers:

 Ziyi Wang, Augustinos Saravanos, Hassan A. Almubarak, Oswin So, Evangelos A.
Theodorou. "Sampling-Based Optimization for Model Predictive and Large Scale

Stochastic Control."
 Ziyi Wang, Augustinos Saravanos, Evangelos A. Theodorou. "Feedback Model Pre-
dictive Path Integral Control with Robust Covariance Steering."

The following articles are published during my doctorate but are not part of this thesis:

» Marcus A. Pereirg Ziyi Wang', loannis Exarchos, and Evangelos A. Theodorou.
"Learning Deep Stochastic Optimal Control Policies using Forward-Backward SDEs."

In Proceedings of Robotics: Science and Systems, 2019.
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Ziyi Wang, Keuntaek Lee, Marcus A. Pereira, loannis Exarchos, and Evangelos A.
Theodorou. "Deep forward-backward sdes for min-max control.” In 2019 IEEE 58th

Conference on Decision and Control (CDC), pp. 6807-6814. IEEE, 2019.

Keuntaek Lee, Ziyi Wang, Bogdan Vlahov, Harleen Brar, and Evangelos A. Theodorou.
"Ensemble bayesian decision making with redundant deep perceptual control poli-
cies." In 2019 18th IEEE International Conference On Machine Learning And Ap-
plications (ICMLA), pp. 831-837. IEEE, 20109.

Marcus Pereirg Ziyi Wang', Tianrong Chen Emily Reed, and Evangelos Theodorou.
"Feynman-kac neural network architectures for stochastic control using second-order

fbsde theory." In Learning for Dynamics and Control, pp. 728-738. PMLR, 2020.

Marcus Pereira, Ziyi Wang, loannis Exarchos, and Evangelos Theodorou. "Safe
Optimal Control Using Stochastic Barrier Functions and Deep Forward-Backward

SDESs." In Conference on Robot Learning, pp. 1783-1801. PMLR, 2021.

Tianrong Chen, Ziyi Wang, loannis Exarchos, and Evangelos Theodorou. "Large-
scale multi-agent deep fbsdes." In International Conference on Machine Learning,

pp. 1740-1748. PMLR, 2021,

Oswin So, Ziyi Wang, and Evangelos A. Theodorou. "Maximum entropy differential
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CHAPTER 2
TECHNICAL BACKGROUND

In this chapter we state some mathematical preliminaries and review background mate-
rial including previous literature relating to our problems. Since we will be introducing

concepts from various disciplines, each subsection will have its own notation.

2.1 Optimization Basics

We rst consider a standard unconstrained optimization problem
x =argmin f (x); (2.1)
X

wherex 2 R" andf : R" ! R is a twice differentiable objective function. The goal is to

nd an optimal decisiorx such that
f(x) f(x); 8x2R" (2.2)

Choices ofx that satisfy eq. (2.2) is thglobal minimumwhich always exists for convex

optimization problems. For non-convex problefogal minimiamight exist where
f(x) f(x); 8kx xk (2.3)

Here the choice ok is only optimal in a region of radiusaround it. Local and global
maxima are similarly de ned. In particular, maximization problems can be easily converted

to minimization ones by optimizing with respect td .



The necessary condition far to be optimal is

rf(x)=0; (2.4)

and the suf cient condition for optimality is

ref(x) o (2.5)

For simple problems, the optimal solution can be obtained by explicitly solving eq. (2.4)
and veri ed with eq. (2.5). For many practical problems, however, closed form solution

can not be obtained easily and a scheme to approximate the solution is needed.

2.1.1 GradientMethod

We now introduce one of the most important and popular technique for solving general op-
timization methods: gradient descent. Starting from an initial estinfatgradient descent

iteratively update the candidate solution through
X = xko ke £ (xK); (2.6)

where ¥ 0Ois the stepsize at iteratidn The choice of stepsize can be constafitz

P
diminishing, ! 0; .., *=1,orsolved through an additional linesearch optimiza-
tion step as

kK=argminf (x* r f(x¥): (2.7)

The convergence analysis of gradient descent under different stepsize selection schemes
can be found in [22]. Variations of gradient descent, such as accelerated gradient descent
[23] and momentum gradient descent [24], enjoy improved performance and accelerated

convergence.



2.1.2 Constrainedptimization

In this section, we review several concepts from constrained optimization relevant to subse-
guent chapters. A detailed exposition can be found in [25]. Consider a general constrained

optimization problem formulation

x =argmin f (x)
st. g(x) O 2l (2.8)
hi(x)=0; i 2E;

whereg;;h; : R" ! R, andl ; E are the sets of inequality and equality constraints. To

solve eq. (2.8), we de ne the Lagrangian function as

X X
Lx;; )=f(Xx)+ iGi(X) + ihi (x): (2.9)
i2l i2E
Here ; 0; ; 2 R are called the Lagrange multipliers or dual variables. Intuitively, the

Lagrangian function penalizes constraint violation through the choice of Lagrange multi-
plier, e.g. i < O0whenh;(x) > 0. The necessary conditions of optimality for constrained

optimization problems are stated below

Theorem 1(Karush-Kuhn-Tucker (KKT) conditions)Suppose that the functiogsandh;

are continuously differentiable. ¥ is a local solution to eq(2.8), then there are Lagrange



multipliers ;; ; such that

rxL(x; 5 )=0
g(x) 0O;8i2l
hi(x )=0; 8 2E
082l

igi(x)=0:

X

i2l

2.1.3 DistributedOptimization

In this section we provide a brief overview of ADMM and its variations for distributed op-
timization. We refer the readers to [26] for more details. The standard ADMM formulation

considers problems of the form

X ;z =argmin f(x)+ g(2)
xz (2.10)

st.Ax + Bz = c:

Herex 2 R";z 2 R™ are the primal variable$,: R"! R;g:R™! R;A2R' ";B 2
R' ™:c2 R'. The augmented Lagrangian for the problem (Equation 2.10) can be formu-

lated as
L(x;z; )=f(X)+ g(z2)+ “(Ax+Bz o)+ EkAX + Bz ck? (2.11)

where 2 R'is the dual variable for the constraidik + Bz ¢ =0and > O0is
the penalty coef cient. The augmented Lagrangian is similar to the Lagrangian func-
tion (Equation 2.9) but includes an additional quadratic term for improved performance

for equality constrained problems. Standard ADMM solves the problem via the following

10



sequential updates

x*** = argmin L (x; z¥; ¥) (2.12a)
X

Z*t = argmin L(x¥*t:z; 4 (2.12b)
V4

Kl = kit (Ax*T + BZKT ©): (2.12¢)

This can be extended to a multi-block version with objective

D
fXigi=1; ~ = min fi(xi)
M s (2.13)
" .
S.t. Aixj = C:
i=1
The variablex;; ;xy are updated sequentially as
x* =argminL (x4, x5 x5 9) (2.14a)
X1
(2.14b)
xK = argminL (x5 x5 xn: ) (2.14c)
XN
Lok (AXET E AXETT+ + AGXET O (2.14d)

Now we introduce the consensus ADMM for distributed optimization. Consider a sep-
arable optimization problem similar to eq. (2.13) but without the constraint. Each of the
local variablesx; 2 R" consists of a subset of the components of the global variable
z 2 R". The mapping from local variable indices into global variable index can be written
asm = M (i;j ), which means that local variable componéxy); corresponds to global
variable componert,,. The consensus between local and global variables can be achieved
through

(Xi)j = zZm@jy: 8i=1;  N;j=1; n (2.15)

11



Writing zy (i) = (i), we can formulate the consensus optimization problem as

fX;Gi=1: . =argmin fi(x)
X1 XN =g

stx; #=0;8 =1; 'N:
The augmented Lagrangian can be formulated as

X
Lxzi )= (fia)+ T 2)+ ska o zkd);
i=1

and ADMM consists of the following steps

k1 =
|

argmin fi(x;) + " x + §kxi #ZK?

Xi

X

X
Z**1 = argmin 7+ Ekx!"'l zk?
i=1

_k+1 - ik+ (Xik+1 Z_ik+1):

Note that since the local variable updates are independent from each other, they can be
performed in a distributed fashion. Communications are needed to collect local variables

for the global variable update and to distribute the updated global variables for the Lagrange

multiplier update.

2.2 Optimal Control

Optimal control theory is one of the cornerstones of dynamic optimization. In this section
we review the basic concepts of optimal control theory. We also derive two state-of-the-art

sampling-based dynamic optimization algorithm, namely Model Predictive Path Integral

and Cross Entropy Method.
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2.2.1 DiscreteTime DeterministicFormulation

De ne x 2 R"™;u 2 R"™ as the state and control vectors of a dynamical system, a standard
discrete time optimal control problem can be formulated as
)7( 1
min J = [(X¢;up) + r(XT)
tor AT 1 t=0 (2.19)

S.t.X+1 = F(X¢; Uy);

whereT is the time horizon| : R™  R" I Rs the running costand: R™ ! Riis
the terminal cost. The optimization objective is to minimize the total damtibject to the
discrete-time dynamics described By: R"™< R"™ | R™ given an initial statexy. Let

us de ne the value function as

Vi(X¢) = min J: (2.20)

Ug, Ut 1

With the de nition of the value function we can use one of the most important concepts
in optimal control theory, namely Bellman's principle of optimality, to rewrite the value
function as

Vi(xt) = mlin [(Xt; Up) + Ve(Xee); (2.21)

with terminal conditiorVy (x1) = r(xt).

2.2.2 ContinuousTime Stochastid~ormulation

We will brie y provide the optimal control problem formulation for the stochastic case in

continuous time. Keeping the same notation as in section 2.2.1, the SOC problem is

Z
minJ(x;u) = E ' [(x(t); u(t))dt + r(x(T))
u 0 (2.22)

s.t.dx = F(x;u)dt + G(x)dw:

13



Here the dynamics is described by a stochastic differential equatiow andn,, dimen-

sional Brownian motion. The value function can be similarly de ned as
V(x(1);t) =min J(x;u): (2.23)
u

The corresponding stochastic Bellman's principle states that
z t+t
V(x(t);t) =min E [(x;u)dt + V(x(t+ t);t+ t) : (2.24)
u

t

2.2.3 Model PredictiveControl

While many algorithms have been developed to directly solve problems described by eq. (2.19)
and eq. (2.22) through iterative updates, their performance often become unsatisfactory
when the time horizon is too long or the environment (e.g. dynamics, constraints, etc.)
changes over time. In these cases, it is bene cial to solve the problem in a Model Predic-
tive Control fashion, which solves a simpler problem for a shorter time wirjtiaw H ]

and recedes the horizon. A generic MPC algorithm contains the following steps:
1. Initialize Xo; fUsQs=0: -1 and set = 0;
2. PerformK updates fof usgs=+. .t+n With a dynamic optimizer giver;
3. Execute the rst controli;
4. Recede horizoh= t +1;
5. Repeat 2-4 fol timesteps or until task completed;

Note that typically a few updates are performed for step 2 as opposed to running until

convergence for trajectory optimization over the entire time horizon.
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2.2.4 Model PredictivePathintegral

In this section we provide a brief derivation of the Model Predictive Path Integral algorithm.

The detailed derivation can be found in [21]. Consider stochastic dynamics of the form
Xi+1 = F(Xe;W); (2.25)

wherev; N (ui; ) isthe Gaussian noise-corrupted control input with constant variance.
DeneV = fvyg; ;vr 10,p(V) andq(V) as the probability density functions of the un-
controlled (1 = 0; 8t) and controlled input sequence. Using free EnergyandRelative

Entropyrelation in statistical mechanics of
Free Energy Work Temperature Entropy (2.26)
we can obtain the following relation for dynamical systems
00 Exvy xp( TS(V)  EquS(VI+ D (V) kp(v)):  (2:27)

P
HereS = C G is the composition of the state cdS(x;; ;Xt) = th1 l(x¢) and
mappingG: R™ T 11 R™ T 1from input sequence to state trajectory.
mathcalD . is the Kullback—Leibler divergence kl)qetween the controlled and uncontrolled

i
distributions de ned a®y, (q(V) k p(V)) = Eqvy ) . The inequality can be veri ed

av)

p(V)
through Jensen's inequality and is derived in section 3.2. Equation (2.27) shows that the
free energy is a lower bound for the state cost with a regularization term penalizing control
effort. The RHS of eq. (2.27) serves as the optimization objective and can be minimized

by the optimal distribution

(V)= Texp( Is(v)p(v); (2.28)
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where is the normalization constant. We can use the controlled distribution to approach

the optimal one through
U =argmin Dk, (q (V) kq(V;U)); (2.29)
U

whereU is the control trajectory similarly de ned ag. The minimization can be solved
explicitly to derive the control update law

2 0 1 3
1
1 1 1. >
u, = Eq(v;u)ﬁ—exp%b S+ (Gt v 1ut;£ vttz;: (2.30)

t=0 {z
J

Writingv, = u; + {with N (0; ) and de ning the total cost

X1

1
J=S(V)+ Eui Yug+2 ); (2.31)
t=0
the update law can be simpli ed as
1 1
U = U+ Eqviuy —exp =3 ¢ (2.32)

For implementation, the update can be approximated via Monte Carlo sampling as

PM

11my m
oexp( =3™)
Ut:Ut"' Pm—l t .

: 2.33
Mo, exp( 1Im%) (2:33)

In practice, the cost in eq. (2.33) is normalized during each optimization iteratidf as

)" . The additional normalization makes it easier to tune the hyperparame-

maxfJm%g minfJm%y

ter .
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2.2.5 CrossEntropyMethod

In this section we review the Cross Entropy Method for dynamic optimization. The readers
are referred to [27] for a full derivation. Using the same de nition®V; q; p and the
dynamics, we can dend = S(V) + %P tholvt> Rv; whereR 2 R" "u is the control
cost matrix. The goal of CEM is to estimaig) li; 4 . Here is a cost threshold.
A good unbiased estimator can be obtained by minimizing the variance of the importance

sampled estimator

. p(V)
V) =argmin Var 1 — 2.34
q (V)= argn 5 oq) (2:34)
The optimal importance sampling densitycan be derived as
1 \%
q(v)= 2 oPV), (2.35)

where is the normalization constant again. Similar to the derivation for MPPI, the optimal

density can be approached by the parameterized distribgfioynJ) through
U = argtrjnin Dk (q (V) ka(V;U)); (2.36)
which is equivalent to
U = arg[Jnax Eqv.uy lig gInq(V;U) (2.37)
The maximization can be solved explicitly to derive the control update law

1
u. = Eq(\/;u) —1fJ gVt - (238)
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Similar to MPPI, the update law can be approximated via

P M
— m=1 Ligm g {n
Uy = U + P 1 : (2.39)
mo=1 —fJm° g

P
To simplify the tuning process, an elite threshelguch that M

m=1

1igm g:"‘l\/l is

typically used.
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CHAPTER 3
DIFFERENT PERSPECTIVES ON DYNAMIC OPTIMIZATION

In this chapter we systematically review three perspectives on sampling-based dynamic
optimization. Throughout the thesis, unless otherwise noted, we consider the optimization

problem for dynamical systems with deterministic discrete time dynamics

Xer1 = F(Xt; Ut); (3.1)

wherex 2 R"™ andu 2 R". Note that continuous time dynamidg(t) = f (x(t); u(t))dt
can be discretized ag+; = f (X¢;u;) t for the same form. The optimization problem is
de ned as the minimization of an arbitrary cost functibn R™ T *  R"% T 11 Ron

the state and control trajectoryover time horizorr :

U =argminJ( )
v (3.2)

S.t. Xeer = F(X¢; Wp):
Here = fX;Ugwith X = fXq;X5; ;XTgandU = fug; uy; Ut 10.

3.1 Stochastic Search

The Stochastic Search framework proposed in [19] can be applied to dynamic optimization
by assuming a parameterized distribution from the exponential family on the controls such

thatu;  p(u; ). The objective function in eq. (3.2) can be transformed to

=argmin E[J( ;)] ; (3.3)
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where = f ¢o; 1;  ; 1 10. The expectation is taken over the control polpty; ) .

Note that the new objective function is an upper bound on original objeefd/e ; )]

J( ), and equality is achieved when all of the probability mass i®JonFor notational
simplicity, we drop the dependencedfon hereon. To facilitate the algorithmic devel-
opment we introduce a shape functién R! R™, which allows for different weighing
schemes of the cost levels, leading to different optimization behaviors [28]. The shape

function needs to satisfy the following conditions:

(a) S(y) is nondecreasing ip and bounded from above and below for boungledith

lower bound being away from zero.

(b) The set of optimal solutiorfarg minyg S(J ( ))gis a non-empty subset barg ming J( )g.

Common shape functions include: 1) the exponential funcigfy, ) = exp(y),

1

which leads to the MPPI update law [21]; 2) the sigmoid functi(y, ;' ) = el 7 )

whereyy, is a lower bound for the cost andisthe L )-quantile, which results in an up-

date law similar to CEM but with soft elite threshold To be consistent with GASS [19],

we turn the minimization problem into a maximization one by optimizing with respect to
J before applying the shape function. The problem is then transformed into:

h [
=—argmaxE S J() : (3.4)

Since the dynamics is deterministic, the pdf of each trajectory can be expressed as

p( ;)= p(U;) such that:

T{ 1
p(U; )= p(Ue; +) (3.5)
t=0
where
p(u; )= h(u)exp [T(w) A(y) ; (3.6)

is the standard form for exponential family distributionsre the natural parameters of the
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distribution andr (u) are the suf cient statistics af. For a Gaussian distributids ( ¢; )

with xed variance, we have

1 1. 1.
h(u) = pP———exp EUt Yu A()= 5 ¢ 1y
2 )] (3.7)

T(u) = %Ut; t =

N

N[
—

Finally, we apply another log transformation to obtain a gradient invariant to the scale
of the objective function. The optimization problem becomes:

h [
zargmaxin ES J() =argmaxl() : (3.8)

Sinceln : R ! R is a strictly increasing function, reformulating the maximization prob-
lem does not change the solution to the original optimal control problem. Now the gradient
can be taken with respect to the distribution parameters at each time step t:

R
2 JC)r p(Y; )du

TAO= ESCIOmUNd U

3.9
_ _SCH Pp;) r Inp(Us )d U, (39
SC J()p(U; )d U '
The termr |, Inp(U; ) can be calculated as:
X1 1
ronpUi)= ot nhu)+ T) 57
t=0 (3.10)
= T(uy) t:
Plug it back into the gradient we have:
R
C 0= SCRORUD( T gdy, (3.11)

S( J())p(Y; )du
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With the gradient the update rule foican be found as:
h Iy
ES( I(N(TW) 1)
ESC J())

ktl — K
t ¢t

(3.12)

Plugging in the parameters of the Gaussian distribution with xed variance, the mean up-

date can be found as: h Iy

o ey ESOIOE
E S( ()

t

; (3.13)

where N (0;) suchthauf = K+ ¥ If we want to also update the variance of the

Gaussian distribution, the distribution parameters are:

Z
hu) = p——i A()=In  h(u)exp ;T(u) du
2 @) 3 2 3
U 1 (3.14)
Tw=4 " & =9 ' ' &
vequiuy) ved. 3 ()
with the resulting update law as:
h i
o . ESCIONT) EMT))
= 0+ h [ ; (3.15)
ESC J())

Plugging in the mean part of the update law we get:

h iy

ES(I()(u  {)
k= kel Kk ! kg koKt h j ; (3.16)

ESC J())
and the variance update law will be

h Iy

ESC I(N(wuy  ( £+ ¢ )
1ot et h ! : (3.17)

ES( J())
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These update laws can be approximated via Monte Carlo sampling as in section 2.2.4 and
section 2.2.5. A sampling-based dynamic optimizer can then be developed with the follow-

ing steps:
1. Initialize control policy distribution.
2. SampleM control trajectorie$ U™ gm=1: m:; U™ p(us; o).
3. Propagate state trajectories "gm=1. m; Xy = F(X;ul).
4. Compute trajectory cosfs".
5. Update control policy distribution.

6. Repeat 2 to 5 until convergence.

The same steps can be used to develop algorithms from control policy distribution updates
for perspectives derived throughout the rest of this chapter and are henceforth omitted. This
framework can be readily extended to problems with stochastic dynamics by optimizing the

expected cost with respect to the system stochasticity. An additional step is then needed to

sampleN state trajectories per control trajectory sample.

3.2 Variational Optimization

In this section we take a Variational Optimization approach to derive an optimal control

policy distribution. Consider the stochastic optimization problem of the form:

Uu = argLrJnin E[J(X)+ H(U)] 518)

St Xee1 = F (X U, W);

where the functiond andU are state and control costs respectively. Note that this separa-

tion is a special case of the cost functible ned in previous sections. We de ne tiieee
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Energyof a dynamical system as

h [
F(J(X))= log Ep ) exp }J(X) ; (3.19)

wherep( ) is the path probability associated with zero controls. Now supposeythat
is the path probability associated with the optimized control policy,g{indlandp( ) are
absolutely continuous with each other, we have the following relation

" p( )’

F(J(X))= log Eq) exp 1J(X) ﬁ : (3.20)

Since logarithm is a concave function, we can apply Jensen's inequality and obtain

FUOX)  Eq IO+ Die (9 ) kp( ) (3.21)

The rst term on the right hand side is the expected state cost, and the second term is a
regularizer for the controlled distribution. These two terms characterize the new objective
function for the variational distribution and is lower bounded by the free energy. With this

we can de ne the variational optimization problem as

q()= angin Eq)[J(X)1+ Dxw (a( ) kp( )): (3.22)

The optimal distribution for the variational optimization problem can be found in closed

form as
exp( £J(X)p( ) .
Ep)lexp( 23(X)]

The optimal distribution can be plugged into the inequality in eq. (3.21) to verify that

q()= (3.23)

the negative free energy is a tight lower bound. More details on the variational optimization

perspective can be found in [29].
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3.2.1 Connectiorto Stochasti®ptimal Control

In this section we demonstrate the connection between the VO approach and SOC theory.
In particular, we show equivalence between the free energy and the value function. To facil-
itate the analysis, we work with continuous time SOC formulation. Consider the following

SOC problem
Z 1
(Q(x (1)) + Zu”Ru)dt + Qr (x(T))

| — {z }
J(x(t);u) (3'24)

u =argmin E
u

dx = A(X)dt + B (x)(udt + IC)_dw);

where is the inverse temperature as de ned earli€.2 R™ ™;R 2 R"™ " are the
state and control cost matrices, aid: R ! R"™;B : R™ | R"™ are the drift and
actuation functions. Note that this is a special case of the general formulation in eq. (2.22)
with quadratic control cost and af ne control. Despite the additional assumptions on the
form of the cost and dynamics functions, many problems in optimal control and robotics

can be represented in this form. The dynamics can be discretized as
Xte1 = X¢ + A(X) t + B(x)(ug t + p_W )= F(X U+ Wy): (3.25)
We can de ne the value function as
V(x();1) =inf I(x(t);u);  V(X(T);T) = Qr(x(T)): (3.26)

Using stochastic Bellman's principle [30], the value function's solution can be shown to

satisfy the Hamilton-Jacobi-Bellman equation

1 1
@\/+§ tr r «WBB” +r,V?A+Q ér V> BR B>r ,V =0: (3.27)
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We chooseR = | and introduce (x;t) = exp( 1V (x;t)) to get

1 1
@+§tr r« BB~ +r, A =Q =0; (3.28)
with
1
@= -@
rxv: _rX
1 .1
rxxV: _2rx rx _rXX:

The Feynman-Kac lemma [31] states that for the PDE in eq. (3.28), the solution can be

written as

Z

(x;t)= E exp E(Q(x(t))+ %u> udt = E exp EJ ; (3.29)
0

where the second inequality denotes time discretization. From the de nition of free energy
and , we can observe the equivalence between free energy and value function. This con-
nection shows that for the formulation considered in eq. (3.24), the optimal solution for the

VO and SOC problems are the same.

3.2.2 RenyiVO

While the VO approach introduced above results in an optimal policy distribution of the
form in eq. (3.23), the update law does not incorporate the normalization of the cost func-
tion in the MPPI update, which was added as a necessary heuristic to robustify computation
[32, 33]. Here we show that when using the Renyi divergence [34], the normalization

of the cost function arises in a natural way by using the proper choice of gaameter

and making it adaptive. Starting from the Renyi divergence de nition and following the
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steps of the VO approach we have:

q(U;) =argminD q (U)jjg(U; ) =argmin
q(U;) q(u;) 1

logE, % ; (3.30)

where > Oandlim , D = Dg_ . An iterative scheme can be derived as

gt =argmin D (g (U) k q(U; ))

q(u;) Z
i L au) °
= a;(gur;r;ln lIogZ ) g (U)du
R qUpL)
= a;%;ur;n)ln 1 |Og W g (U)dU

. 2 qw topu &30

= ag%:jur;r;m 1IogZ 0) ) g (U)du
o q (V) pu) °
= a(rq'?ur;rlln 1 IogZ o(0) ) p(U)duU
_ 1 q (V) p(Y) . :
B S () N (V7 R SRl

For a Gaussian distribution with mean the update law can be derived by setting the

gradient of the objective with respect toto zero

ki1 _ Eqrui)  EXP () U,
Equp exp ()

(3.32)

By de ning the parameter in the Renyi divergence as m one can derive the

MPPI update law with the normalization of the cdsto rang€[0; 1].

3.3 Variational Inference

In this section we provide the Variational Inference perspective on the stochastic dynamic
optimizaion problem. We can formulate the SOC problem as an inference problem and
apply methods from VI. To apply VI to SOC, we introduce a dummy optimality variable

o 2 f0;1g with o = 1 indicating that the trajectory is optimal. Table 3.1 compares
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Table 3.1: Notation comparison between Variational Inference and Variational Inference-
Stochastic Optimal Control.

VI VI-SOC
Notation Meaning Notation Meaning
X data 0 optimality
z latent variable trajectory
p(z) prior distribution p( ) prior distribution
q(2) variational distribution g( ) controlled distribution
p(xjz) generative model p(o ) optimality likelihood

p(zjx) posterior distribution p( jo) optimal distribution

the differences in notation between conventional VI methods and SOC formulated as a VI
problem.
The objective of VI-SOC is to sample from the posterior distribution
. . 1
p(o=1j )p( ) _ po=1j) ¥

XomD) T po=1y P Paliuwpu): (333

p( jo=1)=

Here p(X:+1jX¢; Up) is the state transition probabilitp(x,) is the initial state distribution
andp(u;) is some prior control distribution (e.g. zero mean Gaussian or uniform distri-
bution). For simplicity, we use to indicateo = 1 ando®for o = 0 from here on. We

can now formulate the VI-SOC objective as minimizing the distance between a controlled

distributiong( ) and the target distributiop( jo)

q()= arg(m)in DkL (a( ) kp( jo))
q

n #
, p(XjU)q(U)
=argmin Eq ) log— : 3.34
O PV GU)p(U) (3:34)
)7( 1
) . a(uy)
= argmin E logp(oj )+ log——=
%( i Eac) ap(9 ) ~ 9 )

where the constamqi(o) is dropped. The rst term in the objective measures the likelihood

of a trajectory being optimal while the second term serves as regularization.
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Splitting the expectation in the rst term, we get

n (0]

q (V)= arg(T)in Equ) [Epxjuy[logp(oj )]+ Die (q(U) kp(U)) ;  (3.35)
q

Qr 4

wherep(U) andq(U) represen? th01 p(u;) and ~,_," q(u;) respectively due to indepen-

dence ang(XjU) = pxo) © Lo® pXeus JXe; Ut)-

Optimality Likelihood

The optimality likelihood in eq. (3.35) can be parameterized by a non-increasing function
of the trajectory cosf (X;U) asp(o ) = f(IJ(X;U)). The monotonicity requirement
ensures that trajectories incurring higher costs are always less likely to be optimal. Com-
mon choices of includef (x) = exp( x) andf (x) = 1;x 4. Inthis paper, we choose

f (x) =exp( x)suchthatogp(o )= J(X;U). To avoid excessive notation, we abuse
the notation to de nel = E,x;u)[J (X;U)] and theM -sample empirical approximation

P
of the expectatiod = mzl [™(X;U)]. Hence, eq. (3.35) takes the form

q ()= arg(m)in Equ[3]1+ Dk (a(U) k p(V)) ; (3.36)
q(u
which can be interpreted as an application of the famous maximum entropy principle.

3.3.1 TsallisVI

In this section, we use the Tsallis divergence as the regularization function and derive
the Tsallis Variational Inference (TVI) framework for SOC. First, we de ne the deformed

logarithm and exponential as

g ()= X1 exp=@+(r NI (3.37)

1
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where( ). = max(0; ) andr > 1. Usinglog, andexp, we can de ne the Tsallis entropy

and the corresponding Tsallis divergence [35] as

Z
(@)= Efogaal= 5 a2dz 1 (339)
and
|
ro1 )
D/ (D) kp(@) = B log 20 =A@ N0 a1 (@39)

Notethatas ! 1,log, ! log,exp ! exp D, !D . andS, !S , whereS is the

Shannon entropy.

Versions of Tsallis Statistics:

In our de nition of the deformed logarithm and exponential in eq. (3.37), we use the vari-
abler instead of theg used in most literature to avoid assigning multiple meanings to
Also, our de nition oflog, andexp, differ from its original de nitions [36], but the original
can be recovered wittf =2  r, wherer®corresponding to the value used in [36]. Addi-
tionally, there are multiple formulations of the Tsallis entropy differing in their de nitions
of the internal energy and how expectations are taken [35, 37, 38]. We have chosen to use
the formulation from [35] due to its simplicity in computing the expectation. However, as
shown in [39], they are equivalent and can be recovered from each other via a change of
variables.

We can now de ne a new objective by replacing the KL divergence regularizer in
eg. (3.36) with the Tsallis divergence and introducing a parametéat multiplies the

optimality likelihood to make the regularization strength tunable:

q(U) = ar%(rLrJ])in 'Equy[31+ Dr (9(U) k p(U)) : (3.40)
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R
The controlled distribution has to satisfy the additional constraintgfu)dU = 1. The
optimal policy distributiong can be explicitly solved for by constructing the Lagrangian

as

Z
L= 'Equ[3]+ D (qU) kpU)+ ( qU)du 1) (3.41)
Setting the gradient to zero we have
T (V) B
r = J+ 1 pU) =0 (3.42)
ro1 o1 1
) 9= —= 13 71 p(u): (3.43)

r

Redening = (r 1)~ !andintegrating both sides to 1, we get

expp  ~ N p(U)
qU)=r

: (3.44)
expp ~ 13 p(U)du

We can now use eq. (3.44) to obtain the optimal control distribution by transforming the
prior distribution.
Reparameterization

To facilitate the analysis, we focus on tegp. term in eq. (3.44). Reparametrizing=

(r 1) ,weqget

exp( ~ )= 1

(3.45)

where is now the threshold beyond which the optimality weight is set to 0.

The reparameterization adjusts the original parametar every iteration to maintain
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Figure 3.1: Reparameterizeap, (eq:(3.45). Left r is varied with xed = 0:5. Itis
clearthaexp ! 1; gsasr !l .Right isadjustedaccordinglysuchthatp ! exp
asr! 1.

the same threshold, which is a more intuitive parameter. In addition, we have observed
that the reparameterized framework is easier to tune and achieves better performance than
the original formulation. Therefore, we focus our analysis and simulations on only the
reparameterized version hereon after. Note that in practice, it is easier to de eléean
fraction, which adjusts based on the scale of the costs, instead of usirigr easier
tuning.

Figure 3.1 illustrates the shapes of the function corresponding to diffeleamd val-
ues. Fod < ,asr!'1 ,exp( ~ 1J)! 1 Henceexp( ~ 1J) converges pointwise
to the step functiorls; g withr ! 1 . On the other hand, for arfy< 2 < 1, we have

that
exp( ~ '0) _

1 J
ex —log 1 -— : 3.46
op( =) "0 ol (3.46)

whichtendstd asr! 1. Henceexp -—‘;log 1 2 convergestds;—gasr! 1.

3.4 Policy Distributions

In general, it is computationally inef cient to sample from the optimal distributijofU)

via eg. (3.23) and eq. (3.44) directly. Instead, we can approximété) by some policy

32



(U) lying in a class of tractable distributions and solve for an iterative update law by

minimizing the KL divergence betweer{U) andq (U):
k1 () = ar(gr)nin Dk (q (U) k (U)): (3.47)
uU)2

However, because one can only evalugafg)) at a nite number of point§ U™gM_, , we
instead approximatg (U) by the empirical distributiom (U) with weightsw™:
X q(um)

g (U) = W' liy-ymg, W' = P : (3.48)
’ -1 0 (U™)

For each of the following update laws, we make use of the following equality:

** (U) = argmin Dy, (& (U) k (U))
Z Z (3.49)
=argmin ¢ (U)loge (U)dU g (U)log (U)dU:

We can drop the rstterm as it doesn't relate to grgminy:

YA
o1 (U) = argmin & (U)log (U)dU
Z
=argmax ¢ (U)log (U)dU (3.50)
W
=argmax  w"logq(U™):
m=1
3.4.1 UnimodalGaussian
For a unimodal Gaussian policy distribution with parameters f( ; )g~,", the p.d.f.
for each timestep's control has the form
1 1 .
N(Ut; ts t): p:exp —(Ut t) t (Ut t) ; (351)
(2 )] 2
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where we have that

roJogN(u; o o=(u ) * (3.52)

1 1 N
r t1|OgN(ut; t; t) é t é(ut t)(ut t) . (353)

Minimizing the KL divergence between(U) ande (U) and using eq. (3.49), we have

X

0= wmr logN (U™; ¢ ) (3.54)
m=1

0= wmr logN (uf; ¢ ¢): (3.55)
m=1

Using egs. (3.52) and (3.53) then results in the update laws pp

3.4.2 GaussiarMixture

Alternatively, the policy distribution can beLamode mixture of Gaussian distribution with
parameters = f (g, for | =( ;f 4; |;tgtT:01), where | is the mixture weight for

thelth component. With this we have

T{l

(U;) = t(Ut; ) (3.56)
t=0
X

t(U; 1) = N (U 15 0): (3.57)

=1

It is not straightforward to directly minimize the KL divergence betwedb); ) and
& (U). Instead, we can use the Expectation Maximization (EM) and introduce the latent
variablesf Z,,gM_, , Z,, 2 [L] which form a categorical distributiog(Z) over each of the

L mixtures and denotes which mixture each samiplewas sampled from. Then, we can
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writelog (U; ) as

Z
log (U;)= q(z)log (U; )d z
Z
_ (U;) p(zju;)
= g(2)log o(ZU:) Z dz .59

p(Y;z ) p(zjU; )
q(z) log —q(z) dz q(z) log —q(z) dz

F(a;)+ Dk (gkp):

HereF(q;) is the evidence lower bound or ELBO, and provides a lower bound for the
log likelihoodlogp(U; ) . Now, to optimizeF (g;) , we estimatey(z) via p(zjU; &),

where K is the previous iteration's parameters. Then, the ELBO becomes

Z
p(U;z )
) = log2—2 7 g
F(a;) Z0|(z)og Q) z ,
=  d(2)logp(U;z )d z q(z) logg(z)dz
Z z (3.59)

p(zjU; *)logp(U;z )d z p(zjU; *)logp(zju; ¥)dz

Q( ; )+ H(zu):

Since the second term is a function &f and thus is not dependent onit suf ces to

optimizeQ( ; ¥). To do so, the EM algorithm separates this into two steps:
1. E-step: Computp(zjU; ¥).
2. M-step: Computargmax Q( ; ).

An iterative update scheme for tker 1th iteration can be derived as

N 1
klzp 1. ko o (um)wmu; (3.60)
| L N|0 Iit N| t t
10=1 m=1
k+1 1 XA m mg¢,,m k+1 m k+1y> .
TN, (U)W (ug i (U ) (3.61)
m=1
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where

KN (ulj k@ k) W X1

(u) = P l ” t mlt ” I’_t 0 Ni = ((uMw™: (3.62)
oeg N (U] o f5y) m=1 t=0

The detailed derivation can be found in [40].

3.4.3 SteinVariationalPolicy

The policy can also be a non-parametric distribution approximated by a set of particles
= f g, for some parametrized policy(U; ) known as Stein particles [41]. We
follow [42] and take® to be a unimodal Gaussian with xed variance, wher@ R"™ (T 1

corresponds to the mean. The update law of each Stein particle forthéh iteration has

the form
X
:<+1 — :(+ A r)’ /\()= Q( ) G( D+ |Q( n) o (3.63)
= =1
G( )= =R 10g(UM: ), (3.69)
s=1 W(I's)

where theM is chosen such that = LS, w(s) = w(m*L{0 1) andS denotes the number

of rollouts for each of th& particle. The rstterm in eq. (3.63) measures the optimality

of each particle and is a kernel function that acts as a repulsive force in the second
term. Intuitively,r K pushes particles apart when they are close and prevents them from
collapsing into a single mode. As noted in [43], Stein Variational Gradient Descent (SVGD)
becomes less effective as the dimensionality of the particles increases due to the inverse
relationship between the repulsion force in the update law and the dimensionality. Hence,
we follow [42] in choosing a sum of local kernel functions as our choide. of addition,

we use radial basis function kerri|; 9 = exp(k %2=h) in this thesis withh =

med ')?=logL. We refer the readers to the appendix of [40] for the detailed derivation.
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Table 3.2: Comparison of the minimization objective and the update law for a unimodal
Gaussian policy with xed variance between different dynamic optimization approaches.

Approach Objective (Minimize) Update Law
) . P M expr( lJm)um
Tsa||IS VI E[‘J] + DI’ (q k p) {( ! = m=1 P m(kl expr( 1Jtmo)
P (1 ") Tup
Reparameterized TVIE[J]+ D, (gqkp) (= nM1:1 P, :mo tﬁ
m0=1 -
. P M exp 13mY)up
VO/MPPI EQ]+ Dk (gkp) (= [P mcgl(exp( )1Jtm°)
N P sEm)ur L7 M wn%)
SS E[S( )] A i
P m m
CEM E[J] A o

mo=1 im0

3.5 Connections between Perspectives

In this section, we compare between the different perspectives derived and against state-
of-the-art sampling-based dynamic optimization algorithms such as MPPI and CEM. A
comparison of problem formulations and update laws for different approaches with a uni-
modal Gaussian policy is in table 3.2.

CEM [17] is widely used in reinforcement learning and optimal control problems [44,
27]. As shown in section 2.2.5, the objective of CEM is to minimize the expected cost
E[J]. The policy update law for CEM is based on a heuristic indicator fundtjgn 4 that
averages the samples whose cost is below the elite threshbidoractice, a elite fraction
is used instead of the unnormalized elite threshold.

It can be observed that the VO and VI perspectives share a similar objective func-
tion with the expected cost/negative log optimality likelihood and a regularization term.
Both perspectives optimize directly with respect to the policy distribution, and the form of
optimal policy distribution depends on the regularization term. From section 3.2 and sec-
tion 3.3, we know that the objective of standard VO can be recovered from TVI by taking

r ! 1, which results in an update law similar to that of MPPI with unnormalized cost.
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Figure 3.2: Comparison of different perspectives.

Normalization can be incorporated through the use of Renyi divergence as shown in sec-
tion 3.2.2. On the other hand, the CEM update law is a special case of the reparameterized
TVI by takingr ' 1 with corresponding to the unnormalized elite fraction.

SS is a general stochastic optimization framework for policy distributions from the
exponential family, and optimization is performed with respect to the policy distribution
parameters via gradient descent. The form of the update is dictated by the choice of shape
function S() that transforms the cost function. As shown in table 3.2, the update law of
VO and TVI perspectives, as well as MPPI and CEM can all be derived through the SS
update and recovered with different shape functions. MPPI/VO correspoi@{g;to) =
exp(ix). A soft CEM update can be derived by takiBgx; ;' ) = ————1~—. The

rexp( (x "))

step function in CEM can be recovered with! 1 . TVI update law and its reparam-

1

eterized version are recovered wiigx; ;r ) = exp,(ix) andS(x; ;r) = 1+ 2% L .
respectively.

Figure 3.2 summarizes the relations between the perspectives. Despite the connec-
tions between them, there exist unique characteristics associated with each perspective as

a result of its theoretical foundation. From section 3.2.1, we know that the VO approach
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bridges variational optimization and optimal control theory, grounding the method on well-
established concepts. The VI perspective offers exibility in algorithmic design with the
choice of regularizing divergence and optimality likelihood function. Both variational ap-
proaches optimizes directly with respect to the distribution, allowing a wide selection of
policy distribution compared to the more restricting exponential family for SS. On the
other hand, SS is a general framework that recovers the update law of all other approaches.
It provides a uni ed platform for the theoretical analysis of different perspectives in sec-
tion 3.6. Its optimization formulation also allows for the use of many popular optimization

techniques for improved performance, such as accelerated gradient descent.

3.6 Analysis

3.6.1 Unied ProblemFormulation

From the connection between TVI, VO/MPPI and CEM through SS shown in section 3.5,
with the appropriate selection of the shape function, the update laws of TVI, MPPI and

CEM can be derived from the SS framework. For the optimization problem formulation
min Epxju); ;) [SQ XU (3.65)

TVI corresponds t&(J) = exp,( ~ 1)), MPPI corresponds t8(J) = exp( 17),
and CEM corresponds ©(J) = 1,

To analyze degree of risk aversion of each problem formulation, we can look at its
Taylor series expansion. For a cost likelihood funcigh ) whereJ is a stochastic cost
term parametrized by the parametethe Taylor series expansion arougfd ] .= J has

the form:

cd)=cI)+AIJ)J T + %COQI) J J g 0(J33): (3.66)
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Taking the expectation:
E[c(J)] oJ)+ % QI )Var(J ): (3.67)

On the other hand, if we de ne the certainty equivalent cbstz such thatc(J cg) =
E[c(J )], we have that

fQce)=cd)+T) Jee T +0Q &) (3.68)
Hence,
AT) e T % RJI)Var(J ): (3.69)

Dening A =J J ¢ astheAbsolute Risk Premiurfwhich is anegativequantity for
costminimization as opposed togositive quantity forutility/reward maximization), we

now have that

1c%¢T)
" T an Var(J ) (3.70)
= %A(J‘)Var(\] ); (3.71)

whereA( ) is the Absolute Risk Aversion (ARA) coef cient [45], de ned by

cRJ)
AJ) = ; (3.72)
c(J)
The ARA coef cient, de ned as SSZE)) for eq. (3.65), measures a scaled ratio of terms

corresponding to the mean and variance terms in the Taylor series expansion of the objec-
tive. Negative value of the coef cient corresponds to a risk-averse objective, and positive

value of the coef cient corresponds to risk-seeking behavior. ARA is originally used for
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utility maximization, where a larger ARA corresponds to greater risk aversion. This is the

opposite in our case when we are performing cost minimization. The ARA coef cient of

TVlis
Areaid(d) = r 2 . (3.73)
Tsallis - (I’ l)( J) . .
The ARA coef cients for MPPI and CEM are
1
Awvpri(d) = —; (3.74)
) 1
Acen(J) = ||("r1n k tanh Ek( J) : (3.75)

SinceAypp; IS @ positive constant, it corresponds to a risk-seeking algorithm. For a cost
below the elite threshold] < , Acem = 1 andAtsais 7 Oforr 7 2. This leads
to the Tsallis VI-SOC framework achieving lower variance than MPPI. For the same elite
threshold and a properly selectad we hypothesize that TVI results in lower mean cost
than CEM since CEM penalizes variance in nitely harder than the mean and assigns equal

weights to all elite samples.

3.6.2 Convergence

In this section we prove the convergence as well as the rate of convergence for the sampling-
based dynamic optimization framework. In section 3.5, it was shown that the update law
of different perspectives can be derived from the SS perspective. The analysis is performed
on the SS formulation and can be applied to other frameworks via speci ¢ choices of shape
functionS( ). In [19], the convergence and rate of convergence is demonstrated for static
optimization problems. Here we restate the proof for dynamic optimization. Consider the

SS dynamic optimization problem formulation

zargmaxIn(E[S( J)]); (3.76)
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with corresponding update law at each time step as

1= ky kg SCINTW)  ETU))

N N E[S( J)] (3.77)

The step size ¥ is introduced to facilitate convergence. The expectation can be approxi-
mated with Monte Carlo (MC) sampling. We now follow the same steps in [19] to show
convergence.

To start off, we can write the update laws in the form of a generalized Robins-Monro

algorithm as
R EIGY R (3.78)

whereD ( ) represents the true update atigdwhich behaves like a noise term, denotes
the difference between the MC approximati@y, £), and the true update. Now we make

a few standard assumptions:

Assumption 1. (a) The step size sequenice®g satises * > Oforallk, * & Oas

P
k!l ,and | *=

(b) The sample size for approximatibh® = M °k where > 0. In addition,f ¥gand

- . P
fN*gjointly satises = Mk = O(k ) for some constant> 1.
(c) The suf cient statistic functior 7! T(x) is bounded.

With these assumptions, we can apply Theorem 1 in [19] to show tligtconverges
w.p.1 to either a limiting set or a unique equilibrium poiptof the problem.

We proceed with the assumption tiaf'g converges to a unique equilibrium point
Dene Jp( ) = r D( ) as the Hessian matrix of the objective function. Assumepat
is continuous and symmetric negative de nite in a neighborhood aind select a step

size sequence of< = %=k with o> 0and0< < 1, and a polinomially increasing
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sample size sequendkk = M% withM?®> 1and > 0. We can rewrite eq. (3.78) as

= ¥+ % D(H+ %k f (3.79)

by subtracting, on both sizes and setting = - Using a Taylor expansion of

D( {) around and the factthab( )=0 we get

= ke % () &+ %k (3.80)

where ¥ lies between £ and , . We can rewrite this as

=0 k) kO 0wl (3.81)
where
= %(?)
Wi =k DPD( )
for some positive constant With the previous assumptions, we know that!  ; with

= °Jp( ) since K converges to,. Ifwelet > andMk = M% , then
there exists a positive semi-de nite matrixsuch thatimy; E[WfW/]= w.p.1 and
limes  E[lawre « KW{k?] =0 8r > 0. With this we can apply Theorem 2 in [46] and
obtain

kz(¥ DR (©oomQ*) (3.82)

whereQ is an orthogonal matrix such th@f ( °Jp( ,))Q = with being a diagonal

matrix and thdl,j )th entry ofM is given byM(i;j y = (( 0)2Q> Q)(i;j )( (i) + Gi )) L
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3.6.3 SampleComplexity

In this section, we investigate the sampling complexity for the expectation approximation
of the update law via MC sampling. For notational simplicity, the controls and their corre-
sponding policy parameters are assumed to be 1-dimensional. The results can be extended
to the multivariate case straightforwardly by analyzing a single dimension at a time. Con-

sider a generic update law of the form

1 E[S( J) (U)].
kil = kg £S5 3] (3.83)

whereS( ) denotes the shape function an@J) = (T(U) E[T(U)]). The MC approxi-

mation is performed through

PM m m
Mot Z ky e (SCIM) (UM)

- (3.84)
Moy (SC ™))

Following the sampling complexity results in [47] for MPPI, we make the standard,
easy to satisfy assumptions below

Assumption 2. (a) The error bound of MC approximation is smaller than the nor-

malization termE[S( J)]. 1.e. 1 < E[S( J)]
(b) The cost function is non-negative 0.
Under assumption 2, we can derive the following theorem.

Theorem 2. The error between the true policy upddEguation 3.83and its MC approx-

imation can be bounded as:

k+1 & 1 1 N+l k+1 Ez + 1+ 1
t
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with

N
RN

P Jél Elj 1 1= exp (386&)

<|

P JE, Ej 2= g(l(z-l[-s(l('lt)‘)n]z) (3.86b)

where

X
Ei= E[S( J)]; I‘Zﬁlz (SC IM)

m=1

X
E.= E[S( J) (uw)]=Ey; E;=  (S( I™) (u") =E;
m=1
q

(T(u))= M; 4MM3z+6M;M2 3MI+ M, MZ

HereM; = E[T (u;)'] denotes thé-th moment oT (u,). The probability bound in eq3.85)
is the product of the bounds in g@.86a)and eq.(3.86b)

Proof. To prove the theorem, we write the update law for a single timestep in a concise

form

. E[S( 9)] ES( ) (u)] _ |
A ) (3:87)

— E[S( )] — ES(J) (W)l Qimi i i i
whereA = ESC )] andB = TJ)}t Similarly, we write the approximation as

|
F P
Nt~ k, o EISC I me (SCI™) UD) - vy a8 (3g8)

Lt T (s am) ES( 9]
P
ith A = p_ EISC 3] — _m=(S(I™) (") ot kN
= p_—= -/ = =
with A Mo (S I andB “EsC 3y - 1he approximation error ig

AB AB. For choices of shape functi@( ) 2 [0; 1], we get eq. (3.86a) from Hoeffding's
inequality. Note that all shape functions in this paper are boundgj 14 With this we

can bound aroundA =1 as

1 ! A 1+ 1 (3.89)



Assumption 2(a) indicates that both limits of the boundAoare positive. Therefore, the
parameter error bound is upper bounded by the product of the bouddgodB, with B

asB  , B B+ , The productcan be computed as

1 = B AB 1+ 1 B+
£, . ( 2) E. . ( 2)
)k B 1 1 L ) A{‘J’l s B + 1+ ! 2:
El 1 El 1 El 1 El 1
]
i
S( J) (up)

To obtain the error bound,, we rst derive a bound/ar in the following

E[S( J)]

lemma.

Lemma 1. The bound on the variance of weighted policy parameter depenB§S3gn J)]

and moments of (u;) as

S( J) (w) _ Var(S( J) (w)) (T(w)) .

Var TEs( 9] ES( 2 ES( )P

(3.90)
Proof. Using the de nition of variance and covariance we get

Var(S( J3) (u))=Cov(S( 3)% (W)?)+ EIS( I)ZEL (u)? EIS( 3) ()P
Cov(S( 3)% (u)?)+ EIS( I)IEL (u)?]
var(S( 3)?)Var( (u)?) 2+ E[S( I)E[ (u)?]
Var( (u)?) £+ E[ (u)?]

= (T(w)

where the second inequality results from the Cauchy Schwartz ineq@aitgX; Y )

pVar(X)Var(Y)andtheIastinequalityresultsfrolEtiS( J)?] 1landvar(S( J)?)
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Figure 3.3: Comparison of mean cost and cost variance for the numerical analysis system
eg. (3.91). The cost achieved using the updaté®m a single update step, averaged over
4096different seeds, is shown over the entire range of the hyperparameter set for CEM,
MPPI and Tsallis VI-SOC. The hyperparameters which minimize the mean and standard
deviation of the cost are shown as a cyan and orange star respectively.

1, which is derived from the property of bounded random variable

Var(S( J)) (1 E[S(C J)DE[S( I)]  E[S( )] &

]

With eq. (3.90), eq. (3.86b) can be derived through Chebyshev's inequality and the
proof for theorem 2 is completed.

Theorem 2 provides a probabilistic bound on the MC approximated parameter update
A{”l from the desired one™*. For cases where the expected transformed Ef&t J)]
and moments of policy parameter's suf cient statistMgs can be explicitly calculated, the
risks 1; ,canbe analyzed based on the number of sanidlesd error bounds;; ,. The

risks decrease as the number of samples increase withO(e M) and , = O(1=M).
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Figure 3.4: A comparison of the updated means for CEM, MPPI and TVI using the best
set of hyperparameters on a single realizatior6éhoisy samples oti (green) for the
numerical analysis system. Each sample is a noisy realization.

3.6.4 NumericalExample

Static Optimization

We verify the analysis in section 3.6.1 that TVI results in greater variance reduction by
comparing theexp, cost transform with the CEM and MPPI cost transforms on the follow-
ing simple single-stage stochastic optimization problem:
2 3
sert * Werf p2t ¢

min E 4 5 +0:19; (3.91)
u

where N (0;1), erf( ) is the corresponding error function, the constanend are
chosento be = 0:2, = 2:5, andc andd are chosen such that the noiseless objective
function is normalized betweedandl1 for u 2 [ 5;5]. Figure 3.4 plots the objective
function near its minimum and the noisy objective values.

To ensure that only the weight computation of the three methods is tested, we sdmple
instances ofl uniformly from[ 5; 5]and use the same set of samples for all three methods.

We use the update law corresponding to the unimodal Gaussian with xed variance for each
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Table 3.3: Comparison on a simple single stage stochastic optimization problem eq. (3.91).
The best values are boldfaced.

Algorithm Cost (Mean) Cost (Std Dev) Mean Control Error

Tsallis 2.65 x 10 4.80 x 10 2.20 x 107
CEM 5.36 x 1¢ 9.26 x 10¢ 5.04 x 1¢
MPPI 7.95 x 10 1.16 x 1C° 4.33 x 10

Table 3.4: Mean cost and standard deviation comparison for a point mass system over 20
seeds.

CEM MPPI Tsallis
Mean |2734 107|329 1CF|2:725 102
Std Dev\ 2:3 \ 6:27 \ 2:76

algorithm and compare the resulting mean and standard deviation of the cost obtained from
each method after a single optimization iteration. A grid search is performed09ér
different hyperparameters, and the optimization metric is computed as the cost averaged
over4096random seeds. The results for the best performing hyperparameters are shown
in table 3.3 and agree with our intuition that the objective function of TVI should result in

a lower variance compared to MPPI and a lower mean compared to CEM. In addition, in
g. 3.3, we observe that mean cost increases slower as the elite fraction decreases from the

optimal value than when increases, while the opposite is true for cost standard deviation.

Simple Dynamic Optimization

We also tested the mean cost and cost standard deviation of the different frameworks on a
simple dynamic optimization problem. The task is to control a point mass starting from an
initial position to reach a target location while avoiding an obstacle. The point mass system
is characterized by the deterministic double integrator dynamics. Each framework is tuned
with the Neural Network Intelligence (NNI) AutoML tool [48] on 1 seed and tested on 20
random seeds. The results are included in table 3.4. We can observe that while TVI has the

lowest mean cost, CEM results in the lowest cost standard deviation.
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CHAPTER 4
APPLICATIONS

In this chapter, sampling-based MPC algorithms are derived from the perspectives in chap-
ter 3 for different application scenarios and problem formulations. In particular, we con-
sider standard SOC, risk sensitive SOC, jump diffusion process, opinion dynamics and

distributed multi-agent control problems.

4.1 Stochastic Model Predictive Control

4.1.1 Algorithm

With the update laws derived in chapter 3 and a choice of the cost transformation func-
tion, we can construct a MPC algorithm, summarized in algorithm 1.

Given the initial state distributiop(xo) and a prior policy distributionN M initial
states are sampled. Given the initial statdscontrol trajectories are sampled from the
policy distribution. For each control trajectory sampe state trajectories are propagated
for a total ofN M rollouts. The state transitions at each timestep are sampled from
the stochastic dynamid¢s(x; u; ) where corresponds to system stochasticity (zero mean
Gaussian N (0; ?21) used in this thesis). The cost of each trajectory is normalized to
[0; 1] for numerical stability and easier tuning. Depending on the choice of policy distribu-
tion class, the policy parameters are updated based on the update laws in section 3.4.

For the rst iteration, we perform additional warm-up iterations by running the opti-
mization loop (line 5 to 14) for a largét amupiterations before executing the rst control
and performing< optimization iterations in the ensuing MPC steps.

Control Selection: With the optimized policy distribution from the sampling-based

stochastic MPC framework, the control to be executed on the real system is selected differ-
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Algorithm 1 Sampling-based Stochastic MPC

1: Given: p(Xo): initial state distributionM : number of policy samples\ : number of
state samples: MPC horizon;T% number of MPC steps{ : optimization iterations
per MPC step

2: Initialize
3 fxg " ghm=1  P(Xo)
4: fort°=0toT® 1do
5. fork=0toK do
6: for m =1 toM in paralleldo
7: for n =1 toN in parallel do
8: xmm-ym = frollout(xg;m ; It(o)
9: Jnm = fcosl(x nm; Um)
10: end for =)
_ N n;m i nm
11; IM= T net T (g g
12: end for
13: lt(o+l = update(f\]m; Umgm=l)
14:  end for
15:  Executeq (Usoo)
16: ?o+1 = frecead FO)
17: end for

ently based on the choice of policy class. For the unimodal Gaussian policy, the mean of
the distribution is used. For the Gaussian mixture policy, the mean of the model with the

highest mixture weight is executed. In terms of the Stein policy, the Stein particle with the

highest weight is used.

Receding Horizon: After the control execution, the policy distribution is shifted to
warm start the optimization at the next MPC timestep. °dte the next iteration's starting
sequence and be the current iteration's sequence and §et ., fort =0;:; T 2
Finally, set the last item in the new sequencelas = 1 ;. Thisis known as the receding

horizon technique in MPC.

4.1.2 SimulationResults

In this section, we compare TVI algorithm against MPPI and CEM, which represent state-
of-the-art sampling-based SOC algorithms. Since in practice, the shape functions used in

SS corresponds to the ones which result in MPPI and CEM, we have chosen to only com-
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pare to MPPI and CEM. We showcase the scalability and performance of the TVI algorithm
on 2D point mass, quadcopter, ant, manipulator and humanoid systems in simulation under
the 3 aforementioned policy distributions.

The dynamics for the planar navigation and quadcopter tasks are solved via an Euler
discretization. Details of the dynamics can be found in [49]. For the manipulator, ant, and
humanoid tasks, we use the GPU-accelerated Isaac-Gym [50] to sample trajectory rollouts
in parallel. Additional system stochasticity is injected to each system through the controls
channel such thd (x;; ug; ) = F(Xg;up+ o).

The hyperparameters and system con gurations for all simulations are included in the
Appendix of [40]. To ensure fair comparisons, all hyperparameters for each method are
tuned using a combination of the TPE algorithm [51] from the NNI AutoML framework

and hand tuning.

Figure 4.1: Setup for the Planar Navigation task. The goal is for the robot (orange dot)
to reach the goal location (red cross) while avoiding the obstacles (blue squares) in the
middle. A crash cost af0000is incurred for crashing into the obstacles.

Planar Navigation

We rst test the different algorithms on a point-mass planar navigation problem. The task
is for the point-mass with double-integrator stochastic dynamics to navigate through an

obstacle eld to reach the target location. The dynamics and obstacle eld are set up the
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Table 4.1: Comparisons of mean and standard deviation of cost between TVI, MPPI and
CEM on different systems and policy classes. The policy classes are de ned as Unimodal
Gaussian (UG), Gaussian Mixture (GM), and Stein (S). Note that the negative of the re-

ward is used for the locomotion tasks (ant and humanoid). The mean and standard devia-

tion reduction percentages are included to the right where positive values correspond to a
reduction.

MPPI CEM Tsallis Tsallis vs MPPI Tsallis vs CEM
System Policy Mean Std Mean Std Mean Std Mean% Std% Mean% Std%
UG 30023.7 36441 346175 25233  28714.7 570.2 4.4 84.4 17.1 77.4
N:J%Z%Ln GM 39313.8 89248 533853 54940  31369.2 5683.2 20.2 36.3 41.2 3.4
s 38225.0 5169.9  38847.6 6641.8 333245 4006.4 12.8 225 14.2 39.7
UG 15266.2 13740  15756.8 2707.1 146734 1458.4 3.9 6.1 6.9 46.1
Quadcopter g 221455 4007.3 17654.1 1593.9 16430.6 1498.2 25.8 62.6 6.9 6.0
s 29238.3 5084.3  21064.7 2218.0  15976.0 12183 45.4 76.0 24.2 45.1
UG 64.2 8.4 66.4 18.4 57.4 55 10.6 345 13.6 70.1
Franka GM 67.2 8.3 68.7 13.0 59.2 5.4 12.0 34.9 13.9 58.5
s 72.4 4.2 80.4 14.0 718 33 0.8 21.4 10.7 76.4
UG 528.7 54.1 652.6 26.7 692.9 37.2 31.1 313 6.2 39.0
Ant GM 621.0 55.5 659.1 53.6 663.8 36.3 6.9 347 0.7 32.4
s 673.7 36.1 670.0 322 677.4 13.4 0.6 62.8 1.1 58.3
UG 4238 2338 660.8 208.5 899.3 80.1 112.2 65.7 36.1 61.6
Humanoid GM 592.9 170.2 725.9 164.9 738.1 103.8 245 39.0 1.7 37.1
s 794.7 174.0 840.8 168.1 919.7 105.9 15.7 39.2 9.4 37.0

same way as [42], which is demonstrated in g. 4.1. If a crash occurs, a crash cost is

incurred and no further movement is allowed.

Quadcopter

We also set up a quadcopter 3-D navigation task. The task is for the quadcopter to reach
a target location while avoiding obstacles. The quadcopter dynamics are taken from [52].
The quadcopter task is similiar to the planar navigation task, where the system is expected
to y through a randomly generated forest to reach the target location. If a crash occurs, a

crash cost is incurred and no further movement is allowed.
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Franka Manipulator

We next test on the Franka manipulator modi ed to have 7-DOF by removing the last joint
and xing the ngers. The objective of this task is to move the end effector around the
obstacles to the goal. An illustration of the task is in g. 4.2. It is worth noting that no
crash cost is in place for the Franka manipulator. Instead, contact is included as a part of

the simulation dynamics.

Figure 4.2: Task setup for Franka manipulator. The goal is to reach the red block while
avoiding the pink and green obstacles.

Ant

We also consider the task of locomotion. We test on the ant system, whic20lsiate
dimensions8 control dimensions, and is a widely used testbed for Reinforcement Learning

(RL) algorithms.

Humanoid

Finally, we test our approach on the complex humanoid locomotion task. The humanoid

system ha®6 state dimension21 control dimensions, and has very unstable dynamics.
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4.1.3 Discussion

In table 4.1, we can see the results of each experiment summarized between each robotic
system, policy parameterization, and choice of SOC framework. Across all systems we can
see TVI results in lower means and variances in most policy parameterizations. The trend
continues even as the complexity of the dynamics increases showing that the exibility
provided by the TVI framework is useful even in high dimensional systems.

First in the planar navigation case, we see that TVI outperforms the other algorithms
in almost all policy parameterizations. During testing, there was high variability in the tra-
jectories computed by each algorithm. The best performing algorithms would have a large
increase in velocity towards the goal state, and would have enough variation in sampled
trajectories to "see” obstacles via large costs in order to avoid them. When comparing the
trajectories computed through the GM policy parameterization we tend to see a reduced
ability to stabilize at the goal resulting in larger costs overall when compared to other pa-
rameterizations. For these systems, the Stein policy results in longer trajectories to the goal.
Next in the Quadcopter experiments, we observe that the TVI outperforms both MPPI and
CEM in mean cost for the unimodal Gaussian and Stein policies. When looking at the high
dimensional simulation environments, we see the same trend of TVI reducing the mean and
variance in comparison to CEM and MPPI holds even for complex systems with contact
dynamics.

The performance of the TVI can be attributed to the ability of the algorithm to sam-
ple policies that are low cost (via the elite fraction), but then improve beyond the CEM
by performing the cost weighted averaging similar to MPPI. These characteristics of TVI
are additionally heavily related to the choice of hyperparameters. From hand tuning, we
observe that reducing the elite fraction generally results in lower mean cost but higher stan-
dard deviation and vice versa. As the cost transform approaches that of CEM or MPPI,
the mean and standard deviation approaches their corresponding value. This veri es that

the TVI framework can be thought of as an interpolation between CEM and MPPI to a
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certain degree. The best performing con guration is usually somewhere in between these
two extremes.

Finally note that even though the TVI framework is typically used over multiple iter-
ations in optimization schemes where the parameters can evolve as the optimization pro-
gresses, we have shown the bene ts even in MPC mode, where a single iteration of opti-
mization is performed, reiterating the empirical result that a single step has higher reduction

in mean cost and variance compared to traditional MPC methods.
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4.2 Risk Sensitive Optimization

While the expected cost problem formulation in section 4.1 is popular for stochastic dy-
namic optimization problems, it only considers the mean performance and ignores the
effects of different cost distributions. In many applications, however, it is desirable to
consider the risk associated with the long tail events with high cost or low reward related
to a policy instead of its performance on average. A simple but practical risk measure is
the variance or mean-plus-variance [53, 54]. A major problem with variance is that it is
a symmetric risk measure. The undesired high cost scenario is penalized the same way
as the desired low cost outcome. Common asymmetric risk measures include exponential
utility [55, 56], which quanti es the exponential growth of risk as the cost increases, and
Value-at-Risk (VaR) [57], VaRX) = infft : P(X 1) g, which quanti es statisti-
cally the -quantile of the uncertain cost distribution with2 (0; 1) being the risk level.
While exponential utility and VaR penalize one side of the cost distribution as desired, they
are notcoherentrisk measures (see [58] Appendix A for de nition) [59]. CVaR [60] is a
natural extension to VaR de ned as CVaRX) = li R VaR' (X )dr, which is equivalent
to the conditional expectation beyond VAHX jX  VaR (X)], if X has continuous dis-
tribution. The main advantages of CVaR as a risk measure are that it is coherent, measures
only the worst cases compared to exponential utility, but takes into account the entire tail
instead of only the -quantile compared to VaR. Figure Figure 4.3 illustrates the difference
between risk measures on three distributions. Comparing the top and middle distributions,
it is clear that symmetric risk measures cannot capture the risk associated with a heavy tail.
From the middle and bottom distributions, it can be observed that CVaR is more sensitive
to the tail distribution than VaR.

CVaR has been used as a risk metric extensively in the eld of nance [61, 62, 63],
power utility [64, 65], supply chain management [66], etc. In recent years, itis also seeing a

rise in popularity in robotics research. However, CVaR optimization for dynamical systems
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Figure 4.3: Comparison of different risk measures across three different distributions of
costs. TheD:1 right-tail of each distributions is shaded in blue for clarity. The mean is
unable to account for tail risk and is thus lower in the bottom two distributions. Mean-
plus-variance is indifferent between the top and middle distributions. VaR, CVaR and ex-
ponential utility are higher in the bottom two distribution due to the longer tail. VaR only
takes into account th@9-quantile and is thus indifferent between the middle and bottom
distributions.

suffers from the problem of time inconsistency [67], meaning that the optimal policy at a
particular timestep might be suboptimal at a future time. We encourage the readers to refer
to [68] Section 6.8.5 for the mathematical de nition of time consistency and [69] Example

2 for an intuitive example on the time inconsistency of CVaR. The time inconsistency
makes directly applying popular methods in SOC and RL that originated from dynamic
programming to the CVaR optimization problem hard.

In this section, we extend the risk-sensitive formulation of GASS [70] and present Risk
Sensitive Stochastic Search (RS3), a general framework for solving CVaR optimization for
dynamical systems. The resulting algorithm bypasses the problem of time-inconsistency
by directly performing stochastic gradient descent on the sampling distribution parame-
ters. The framework is capable of handling uncertain initial states, parameters, and system

stochasticity.

4.2.1 ProblemFormulationandDerivation

R
In this section we usEyx) [f (x)] to denote the integral f (x)p(x)dx andp(x) is dropped

from the expectation for simplicity when it is clear which distribution the expectation is
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taken with respect to. We consider the problem of minimizing the CVaR of cost function

U =argmin CVaR [J(X;U)]; (4.1)
u2u

subject to nonlinear stochastic dynamics

Xier  P(Xes1 JXe5 Ugs ) (4.2)

Here we havédd R™ T as the set of admissible control sequences, aisdthe system
parameters. This formulation in eq. (4.1) is capable of handling uncertainties in state transi-
tion, p(X¢+1 jX¢; Uy), parametergy( ), and initial conditionp(Xo). The CVaR is computed

with respect to the uncertainty distributions. Assuming (k.1 jX¢; Ut; ), p(Xo) and

p( ) are independent continuous density functions ansl continuous, the minimization

problem in eq. (4.1) can be rewritten as
U =argmin Ey ([J(X;U)jJ  VaR (J)]: (4.3)
u2u

wherep( ) = p(Xo)p( )QLO P(X¢+1JX¢; Uy) is the joint pdf of all uncertainty distribu-
tions. We parameterize the contiolwith a policy  characterized by its parameters

The policy can be of any functional form, i.e. open-loop£ v;; = ), linear feedback

(uy = kexe + Vg = Tki; vig) or a deep neural network. Following the steps for SS in sec-
tion 3.1, we de ne a sampling distribution for the policy parameters from the exponential

family with a pdf of the form

P( & )= h( )exp tTT( ) Al (4.4)
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where are the natural parameters of the distribution &igd) are the suf cient statistics

of . The minimization is now performed with respect to the natural parameters
=argmin Ey. 1[J(X;U)jJ  VaR (J)]: (4.5)
2

The expectation is now taken with respect to the joint distribution of uncertainty and sam-
pling distribution. We then turn the minimization proble into a maximization one by opti-
mizing with respect to J, apply the shape function and logarithmic function to obtain the

transformed objective
= argmaxInE[S( CVaR [J(X;U)])] =argmax I( ): (4.6)
2 2

We can now take its gradient with respect to the parameters. Writing the expectation as an

integral with respect to the path probabilggX; U ; ) we get

Z Z
ES CVaR[J(X;U)] = S JOGU)p(X;U; )d d; (4.7)

where isdenedsuchthal VaR (J)ifandonlyif 2 ,and isde ned such

that ,(X;) 2 Uy; 8t. The path probability distribution can be decomposed as

PX;U;5 ) = p(Xtjxt 15 (X7 1) J)P( 7 15 7 1) P(Xo)p( ) (4.8)
Y1 Y1
= p(Xo)p( ) P(Xer1jXe; (Xe); ) P( 5 t): (4.9)
| = {2 2 fz—1}
p( ) p( )

Note that since the uncertainty and sampling distribution are independent, their joint dis-

tribution can be broken into the product of the two. The gradient of the objective function
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eg. (4.6) with respect to the parameters can be taken as

Pt
E[S(_ CVaR [J(X;U)Dr =0 MPCe o) 1.

)= E[S( CVaR 31X U)D] (4.10)

The detailed derivation can be found in [58] Appendix B. The gradient of the log parameter

distribution at each time step can be calculated as

ro.Inp(; =71 .In h()exp tTT( 1) A(y) (4.11)
=r, tTT( ) A() (4.12)
=T() r A(): (4.13)

Plugging it back into the gradient of the cost function, we get

E[SC CVaR JOGUIN(T() r ACII.

0= ES( CVaR (G U)D] (449
With this, we have a gradient ascent update law for the parameters as
= i I e: (4.15)

where is the projection operator ensuring the control constraints and the step size se-

quence X satis es the typical assumptions in Stochastic Approximation (SA):

k>0 8k; Jim k=0; k=1 (4.16)
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Practical Considerations

Numerical Approximation: The CVaR of the cost can be approximated [71] with

1 X .
=V +—— Jom W 4.17
1 X :
V. =inf x: N Lo x : (4.18)
n=1

The outer expectation can be approximatel[& CVaR [J(X;U)])] = Mi P mzl S( ém).
Note the expectation and CVaR in eq. (4.14) are computed as averages over costs de ned
on entire trajectories.

Model Predictive Control Formulation: The parameter update in Equation (4.15) can be
used for trajectory optimization as well as in a receding horizon or MPC fashion. MPC is
a powerful algorithmic approach for nonlinear feedback control which is essential in tasks
that involve risk measures or high order statistical characteristics of cost functions. In this
paper we will leverage parallelization using GPUs to implement eq. (4.15) in MPC fashion.
Adaptive Stochastic Search: The MPC formulation allows online interaction with the
stochastic system dynamics. Data from this online interaction can be used to feed adap-
tive or state estimation schemes that update the probability distribpfionin an online
fashion. In this work, we make use of a nonlinear state estimator, namely a particle lter,
to propagate and update distributipf ) over time. The resulting control architecture is a
sampling-based risk-sensitive adaptive MPC scheme that optimizes CVaR while adapting
the probability distribution over parametric uncertainties. The details of this approach are

further explained in the next section.

4.2.2 Algorithm

In this section we present the RS3 algorithm implemented in MPC fashion, as shown

in Algorithm 2 and Algorithm 3. At initial time, the policy parameter distribution's natural
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Algorithm 2 Stochastic Search for CVaR Optimization
Given:
F: Transition ModelK : Optimization IterationsM : Number of Control Sample$y :
Number of CVaR Optimization SampleE; Number of timesteps;: System parameters
vector; o: Initial step size; ;: Step size decay rate;: Policy; : Risk level,
Initialize:
9: natural parameters for polic$: Shape function;
while task not completedo
fX0On=1::N StateEstimatd)
f "Onh=1:N SampleSystemParametgrs

k _0
k 1
f m;kgmzl;:::;M D( ; k)
form 1toM in parallel do
forn 1toN in paralleldo
fort OtoT 1do
wgrooeem
Xgn o PO X U ™)
end for
Compute cost3™™ (X ™M, U™)
end for
EM  ComputeCVaRs( J"M); )
end for
k1 UpdateParametef€™g; *:f Mkg)
end for p
Perform Polyak averaging: Ki 21
Sample policy parameters p( ; )
Apply policy:  for timesteps
Recede horizon:° =1 ( X; )
end while

Algorithm 3 Parameter Update
Given:
M: Number of Control Samples;*: Stepsize;f *g: Policy samplesfCg: CVaR
values; : Projection operator for control constraints;
u
pin(€)
e €xp( (E™ )
forn 1toM do
Im lexp( lgém )
m 1 M
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parameters are initialized. Given an initial state and parameter distribution provided by an
estimator,N i.i.d. samples are obtained. In the presence of uncertain parameters in the
model, each sample is also associated with an i.i.d. sample of the model parameter distri-
bution.M policies are sampled from the policy parameter distribution and each copy of the
policy is applied to aIN samples of the initial states. In the case of stochastic dynamics,
the states of each of the¢ samples are propagated with an independent realization of the
stochastic dynamics. A cost is then calculated for each of the fbtalM trajectories.

For each policy sample, its associated CVaR cost is approximated with tdost samples

using eq. (4.17) and eq. (4.18). Using the CVaR values, the policy parameter distributions’
natural parameters can be updated using eq. (4.14) and eq. (4.15). In our simulations, we
use Gaussian distributions with xed variance to sample policy parameters, for which the
suf cient statistics arel' ( ;) = andr ,A( ) = E[T( {)]. The parameter update step

is detailed in algorithm 3. In this work, the projection step is done via clamping. As is
common in SA algorithms, Polyak averaging is performed on the natural parameters to im-
prove the convergence rate [72]. With the Polyak averaged natural parametersptimal

policy can be sampled and applied to the system ftimesteps. Finally, we apply a shift
operator! (; ) that recedes the optimization horizon and outpyts . . The last
timesteps of the natural parameters are re-initialized.

Note that the RS3 algorithm can handle any or all uncertainties from initial state dis-
tribution, uncertain parameters and stochastic dynamics provided that i.i.d. samples can
be generated from the uncertain distribution. To turn off a source of uncertainty, one can
simply set the distribution as a Dirac delta function centered at the true value of initial state
or parameter (or O in the case of stochastic dynamics).

In our simulation examples of belief space control, we use a particle Iter to provide
the initial state distribution. To handle uncertain model parameters, we augment the states
by the uncertain parameters and use a particle lter to learn its distribution (detailed in [58]

Appendix C). In both cases, i.i.d. particles from non-Gaussian distributions can be directly
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used in the RS3 algorithm. However, we want to stress that any Iter can be used together

with the RS3 algorithm.

4.2.3 SimulationResults

In this section, we showcase the general applicability of RS3 in dealing various types of
uncertainty. 1External noise:Comparing its performance against the Sample-based Dis-
tributional Policy Gradients (SDPG) algorithm for CVaR optimization.URcertain sys-
tem parameterscombining it with a particle Iter to perform risk sensitive control in belief
space. 3Uncertain initial condition This can be found in [58] Appendix D.

All simulations were performed with a risk level@®. The open loop policy (x) =
is used for all simulations, wheredirectly maps to the controls. The multivariate normal
distribution is chosen as the sampling distribution, and we use the method proposed in [73]
to handle the box control constraints in the simulation tasks by sampling from a truncated
multivariate normal distribution. The tuning parameters of all simulations are included in

the Appendix of [58].

Comparison Against SDPG

The SDPG algorithm [74, 75] is one of the most recent work on optimizing CVaR for
dynamical systems. SDPG [74] and the risk-sensitive version of SDPG [75] are actor-critic
type policy gradient algorithms in the distributional RL [76] setting.

The actor network parameterizes the policy and the critic network learns the return
distribution by reparameterizing simple Gaussian noise samples. The risk-sensitive version
of SDPG [75] is an extension of the naive SDPG [74] algorithm by using CVaR as a loss
function to train the actor network to learn a risk-sensitive policy. In this paper, We compare
RS3 and the risk-sensitive SDPG on two classic control systems in OpenAl Gym [77], a
pendulum and a cartpole.

Typical RL algorithms always receive some state feedback either fully or partially from
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Table 4.2: Reward comparison results between RS3 (ours) vs. risk-sensitive SDPG [75]

System Pendulum Cartpole
Noise Variance 0.3 1.0 2.0 3.0 0.3 1.0 2.0
Mean | 169.2| 172.0| 177.0| 183.1| 291.0| 299.3| 311.9
RS3 | VaR | 170.3| 175.9| 185.1| 196.1| 291.9| 302.5| 320.1
CVaR | 170.7| 177.6| 189.3| 203.7| 292.3| 304.2| 326.9
Mean | 171.1| 173.4| 178.4| 185.2| 302.1| 430.4| 591.3
SDPG| VaR | 172.4| 177.9| 188.3| 201.1| 302.6| 607.9| 650.8
CVaR | 172.9| 179.5| 191.6| 206.8| 302.8| 617.8| 659.6

Figure 4.4: The histograms of the nal cost in the case of injected control noise sampled
from N (0; 1): Left PendulumRight Cartpole.

environments. Thus, to fairly compare against SDPG, we exploited an MPC scheme in
RS3 to implicitly receive the state feedback and perform a receding-horizon optimization.
In addition, as SDPG is unable to handle uncertainty in the initial states and controls, we
consider deterministic initial states and system dynamics with additive noise h the control
channels. To match the RS3 framework, the Gym environment's controls were modi ed to
be continuous and use a quadratic cost function instead of the typical RL reward function
-1, 0, or +1 implemented in Gym. The cost function used in the simulation can be found in
[58] Appendix D.1.1. All other training parameters for risk-sensitive SDPG were the same
as the parameters used in the original work [75].

Under the aforementioned conditions, RS3 is shown to outperform SDPG overall by
converging to a lower CVaR value, especially in the case of larger noise levels. The mean,
VaR, and CVaR values of the nal costs obtained from both algorithms for the pendulum

and cartpole simulation are shown in Table 4.2 and a comparison of the histogram of the
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nal costs are shown in Figure 4.4. The state, control, and cost histograms for all the
simulation in Table 4.2 can be found in [58] Appendix D.1.

It is clearly shown in Figure 4.4 that the distribution of the nal cost has sharper tail on
the high cost region in RS3's results compared to SDPG's. As a result, the mean, VaR, and
CVaR of RS3's nal costs are smaller than SDPG's.

The reason why our method outperforms the RL framework is that we perform online
update of our policy whereas the RL policy is xed after training. This disadvantage of
RL algorithms comes from the nature of RL. Once a model is trained on a speci ¢ dataset
or with a speci ¢ noise pro le, the model fails to output correct predictions under a new
environment or given unseen inputs or noise. Our online optimization scheme solves this

issue and ts better in risk-sensitive control.

Belief Space Optimization

We next show results for the
uncertain parameter case from
the pendulum, cartpole and quad-
copter systems. In each trajec-
tory plot, the dotted lines repre-
sent estimates from the particle |-
ter with the error bars showing the

3 uncertainties of the nonlinear

belief. The solid line representsigyre 4.5: Nonlinear belief space optimization with

the ground truth states. uncertain pendulum mass in the Pendulum problem.

Pendulum:
We rst apply RS3 to a pendulum for a swingup task with unknown pendulum mass.

We assume deterministic initial condition and state transition model. The pendulum's true
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mass is set t@ kg. The prior for pendulum mass is set to Hg5:0;4:0). The initial
statesx = [ ; J are drawn from a normal distribution with meén O] and covariance
matrix diad[0:1; 0:1]). We assume full-state observability with additive measurement noise

N (0;1). From Figure 4.5, we can observe that RS3 is able to correctly estimate the
mass of the pendulum in the parameter estimation case. Without parameter estimation, RS3
overestimates the control effort required and overshoots the target angle.
Cartpole:

We apply the proposed al-
gorithm to the task of cartpole
swingup with with unknown pole
mass. The prior over the mass
of the pole is a normal distribu-
tion N (5:0; 5:0) and the true value
is 0:1kg. Our algorithm is able
to learn the true mass of the pole
and successfully perform a SWirl%igure 4.6: Nonlinear belief space optimization with
up (Figure 4.6). We compare thisincertain pole mass in the Cartpole problem.
with the case of not estimating the mass of the pole, where the algorithm does not sample
from the correct dynamics and is unable to correctly optimize for a trajectory that success-
fully swings up.
Quadcopter: Finally, we apply our algorithm to the quadcopter system (dynamics can be
found in [49]), where the task isto y a quadcopter with stdtey; z;X; y; z;r; p; y; 1. p; Yl
from position[0; 0; 0] to [2; 2; 2]. The drag coef cient of the system is unknown, the prior
over the drag is a normal distributidw (0:5; 0:5) and the true value i8:1. The algorithm
is once again able to learn the correct drag coef cient and manages to pilot the quadcopter
to the target position without signi cant overshoot despite the drag coef cient He)0§0

larger than the mean of the prior (Figure 4.7). For the case where we do not perform
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Figure 4.7: Nonlinear belief space optimization with uncertain drag coef cient in the quad-
copter problem. RS3 with parameter estimation is able to converge much closer in roll,
pitch and pitch velocity compared to without parameter estimation.

parameter estimation, since the prior of the drag coef cient is greater than the actual value,
the control policy found by the RS3 framework results in overshooting behavior before

convergence, although it still manages to converge to the target state due to the robustness

from optimizing for CVaR.
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4.3 Jump Diffusion Process

In this section, we derive a stochastic MPC algorithm for jump diffusion processes char-
acterized by Gaussian and compound Poisson noises. The resulting update law is derived

from both the VO and SS perspectives.

4.3.1 ProblemFormulationandDerivation

Consider a stochastic system with statand control; at time t. We assume the dynamics
also has additive noise from Brownian motidw 2 R™ and marked-jump proces# 2

R" with constant jump rate. We can formulate our stochastic optimal control problem as:

h Zy i
U =arg TZ!U Eo (Xr:T)+ L (X¢; ug; t)dt ; (4.19)

to
whereU is the set of admissible control sequences, and the expectation is taken with respect

to the probability measur® induced by the controlled dynamics:
dx; = F(X¢; ug; t)dt + B(x¢; )dw® + H (x; Q; t)dP D (4.20)

with E[dP®W] = ®@dtand @ is the jump rate. We assume zero mean normal distribution
for the mark distribution, o(c;t) N (0; ;). For the cost function we consider a state-

dependent cost and a quadratic control cost:
L (X¢; U t) = g(Xe;t) + %uf R(X¢; t)uy: (4.21)
We consider dynamics af ne in control:
F(X¢;ugt) = f (X t) + G(X¢; t)ue: (4.22)
The proof for existence and uniqueness of solution to the problem we are considering can
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be found in [78].

4.3.2 VO Approach

In this section we present the derivation of our sampling based stochastic trajectory opti-
mization method for jump diffusion processes using an information theoretic approach.
Recall that the free energy of a dynamical system is de ned as

h [
F(S(X))= log Ep exp ES(X) ; (4.23)

R
whereS(X) = (x1;T)+ tz g(x¢; t)dt. The expectation is taken with respec®owhich

is the probability measure induced by the uncontrolled dynamics:

dx; = f (X¢; t)dt + B(x¢; )dw® + H (x; Q; t)dP©; (4.24)

with E[dP@] = ©dt and the same mark distribution as the controlled dynamics. Now
suppose probability distribution@ andP as de ned previously are absolutely continuous

with each other, we have the inequality
F(S(X)) Eq[S(X)]+ Dk (QkP): (4.25)

The derivation here is the same as in section 3.2. To nd the KL-Divergence befeen

andP, we need@

45 Which can be found using Girsanov's theorem [79]:

Z
aQ_ exp 1 u; G(x;t)” ( xg;t) 1G(x¢; t)u,dt
dP 2 4
Z
+ WG, (xt) B (X t)dw? (4.26)
to
Z PY ()
(7 1) )t (M) M (Qus Ty )
to k=1

where ( x;;t) = B(X;t)B(x(;t)T, J(t) is the ratio of jump rates in the two dynamics,
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R R
OT Dt = OT J(t) @dt, and M(q;t) is the scaling between the mark distributions,
R w,, R i O
o, o (@tda= o M(qt) o' (gt)dg=1.
Here we consider the case where the change of measure only includes changes in drift,
and the jump rates and mark distributions are the same. Therefore, batid ™ have

the value 1, and the last two termshcan be dropped. Additionally, sinte is a Brownian

R |
motion with respect t@, we getEq OT dw® = 0. The KL-Divergence then simpli es

to:
hyZr i
DkL (QkP) = Eq > Uy G(xe; )™ ( xe;t) 'G(x¢; t)udt : (4.27)
to
Using this result, if we assume the control cost matrix has the form,

R(x;;t) = G (X;;1)” ( xit) 'G(x;t); (4.28)

we get

h 147 i

Eo[S(X)]+ DkL (QKkP)= Eq S(X)+ 5 Uy R(x¢; t)uedt (4.29)

to

Note that this is equivalent to a cost function. With this we have shown that the free
energy serves as the lower bound for our stochastic optimal control problem, and we can
rewrite eq. (4.25) as a minimization problem:

h i
F(S(X))=inf EoIS(X)]+ Dyu(QkP) : (4.30)

In this minimization problem we have a state cost and a control cost in the form of KL-
Divergence, which penalizes deviation from the uncontrolled distribution. We now de ne

the optimal measure that achieves the lower bound as:

dQ _ exp( *S(X)) .
dP ~ Eplexp( IS(X))

(4.31)
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With this we can solve the minimization problem de ned by eq. (4.30) by moving the
probability distributionQ induced by some control as close to the optimal distribution as
possible. The distance can be represented by the KL-Divergence between the two distribu-

tions and the problem becomes:

U =arg rL?ZILrJI DkL (Q kQ): (4.32)

KL-Divergence Minimization

Applying the de nition of KL-Divergence we have:

h

q i
D (Q kQ)= Eq log &
h dQ dPi (4.33)

We already havé% from its de nition. Forg—g, we can use Girsanov's theorem:

14T

> Uy G(xe; 1) ( Xiit) *G(xq; t)ucdt

Z - o (4.34)
U G(x;t)” ( Xe;t) 'B(x; t)dw®

dpP
— = exp

dQ

to

Setting the terms inside the exponentiall¥s<; U) and plugging the results back in
eq. (4.33) we have:

Dk (Q kQ) =
h L i (4.35)
Eo  —S(X) log(Ee[exp( —S(X))])+ D(X;U) :

SinceS(X) is not dependent on the control we can drop the rst two terms from the

minimization. Now we discretize the control as step functiopns= u; if j t t<
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(g +1) twithj =f0;1, ;N 1g. Thenwe have:

|
w1 1 Z tj+1 z tj+1 .
D(X;U) = Euf G(xi; t)dtu;  u? B(x;;t)dw© : (4.36)
j=0 4 {]
where
Gxi;t) = G(x;t)” ( Xi;t) G(xi;t) (4.37)
B(xt;t) = G(X;1)” ( xt;t) 'B(X¢;t) (4.38)
N=T=t (4.39)

Note that eacly; does not depend on the trajectory taken, so we can taken them out of

the expectation:

h ioxt g hZ 4., i
Eo D(X;U) :. éuj Eo ) G(x¢; t)dt u
1=0 t ‘ ! (4.40)
j+1
U Eq [ B(x¢; t)dw@] :
{;
We can approximate the two integrals for small enouglas:
tj+l
Gx; t)dt G (xy;t5) t (4.41)
{
tj+1 (O)p_
B(x;; )dw® B (xy:t) | t; (4.42)

§

where j(o) is a vector with standard normal variable in each eanK/, N (0; p). Then

we can ndu; by taking the gradient with respect tp, setting it to zero and solving for
u;. The optimal control is found as:

1 h [ h
t

1 oP —
u = Eq G(xy:tj)) Eq B(Xy:tj) t: (4.43)

J
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Importance Sampling

We have obtained the optimal control in the form of expectation with respect to the optimal
distribution. We can not sample from the optimal distribution, but we can sample from the
uncontrolled distributiorP to approximate the controls. Therefore, we need to change the

expectation through multiplying bgg and using the Radon-Nikodym derivati%%:

Rexp( 15(X))G(x, ;)1 1
Exlexp( LS(X))]

Nexp( 25(x)B(xy;t) @ 1

Erlexp( 1S(X))]

1
u = —
t

i Ep

(4.44)

P

The equation can be further simpli ed sinGx., ;t;) andB(xy, ;t;) are deterministic at

timet;: b
hexp( 1s(x)) @ "t
Ep[exp( £S(X))]

Note that the expectations are taken with respect to the uncontrolled dynamics. This

(4.45)

u =

1
i _tG(th !t]) 1B(th ’t] )EP

is not ideal since it means waiting for random Gaussian and jump noise to generate a

meaningful trajectory. Therefore, we need to change the sampling distribution to the control

induced distribution. In addition, we can also change the sampling variané8te ¢ ¢

to increase the state space explored. To perform importance sampling we muIti%y by

and change from the zero meé?i P ~ t to the non zero meaB(x)u; t+ j(l) P ot

p__ .

hexp( s(x)) " teEl 016
Eqlexp( 1S(X)) &

1
u = u; + —tG(Xt,- t) 1B(th 1)Eq
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We can use Girsanov's theorem again to%t

dP 1 Xt g
T = exp > U G(xy)”  TG(x )yt
j=0
p—
+UG(xy)  B(x) Yt (4.47)

+(1 ¢ PTB(x) Bx) Mt

The last terms comes from the change of sampling variance and the detailed derivation

can be found in [80]. The addition of these terms can be added into the state cost:

D(l
S(X)= (Xey:tn)+ &y Ui t) G (4.48)
j=0

where

M
>

1 .
&(Xt; Ui t) = Alxys4) + SUyRuj + U Bp=
2
t (4.49)

1 > >
+5 @ eHTBM) B =t

With the new state cost we can obtain the nal expression of optimal control update

rule: "
Eqlexp( S(X))e=]

u = u + G ti) B(Xy ;ti 4.50
= ) Bl e (4.50)
The term inside the square brackets is approximated as:
" el ts(xm)el
g=1 =P - (4.51)

M_Lexp( is(xm))

usingM sample trajectories.
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4.3.3 SSApproach

Consider a system with the same de nition of state, control and dynamics as in the previous

section, the optimal control problem can be de ned in the same way:
U =arg rlpzlﬂ E[J(X;U)]; (4.52)

whereJ is an arbitrary cost function. We can introduce an exponential shape function
L (y) = exp(y) to rede ne the optimal control problem as a maximization problem:

h [
1
U =arg rLrJlgbx EL =J(X;uU) (4.53)

The expectation is taken over the control policy, which is parameterized by a set of
parameters 2  that we have control over. Finally, we transform the maximization

problem with a logarithm function:

h

[
=argm2axln EL EJ(X;U)

(4.54)
=arg ngx [():

Probability Distribution Parameterization

Assume a time discretization of control policy with step functions, and the stochastic con-
trol policy at each time instant has additive Gaussian and jump noise around some mean,
uy = j+ pj + g5 P. We have the diffusion termp; N (0; p) and the jump
term 5; N (0; ;) with known variances, ane[ P] = t with known jump rate

. Assuming stochasticity enters the system through the control channels, the probability
density/mass function of each trajectory can be expressgXabl ; ) = p(U; ) since the
dynamics is deterministic. Assume the noise at each time instant is i.i.d., then the pdf/pmf

of each trajectory can be expressed as:
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N1

p(U; )= pu;; ) (4.55)

j=0
Although there is no closed form expression for the pdf/pmf of the entire trajectory, the
pdf/pmf at each time instant can be written out explicitly. For small enouggkuch that
t 1, the zero-one jump law [79] applies and the jump noise has Bernoulli distribution
with probability of jump being t. In addition, when jump occurs; N ( j; p+ 3)
is normally distributed with the variance as the sum of diffusion and jump noise since the
sum of two normally distributed random variable is still normal. Therefore the pdf/pmf can

be expressed as:

1 1 > 1
p ex (U + U
P 2 o+ ] p 2( i i) ( o 1) (Y i)

p(ui; )= 1;C 1)

1 1
+(1  1)@a t) pﬁexp E(Uj ) ot )

= h(u)exp 7T() A()) ;

(4.56)
where
!
1 1.
h(uy)=1;( t) p IR Su o+ )y
!
1 1.
+(1 IJ)(l t) pﬁexp éuj D Uj
(4.57)

The terml; term is an indicator function with; = 1 when jump occurs ang = 0 when
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there is no jump.

Gradient Descent

From section 3.1 we know the gradient with respect thas the form:

R
L( ZI0GUDRU: )(T(y) )dU,

1) = R 4,
10 L Z3(GU)p(U; )dU (4:59)
With the pdf/pmf de ned earlier the update rule focan be found as:
R 1 ’ !
o=k, kL RI0OGUDPU; X(T(w)  fdu
‘ ’ H L( +3(X;U))p(U; )dU
h 4.59
L ELCHOGUTM) P (4:59)
= [+ h j
E L( 1J(X;U))
Then ; can be substituted in for:
(D+Ijh\])%jk+1:( p+ I J)%Jk _
1 | I
EL( 20GUNC o+ 1y o) 2u ) (4.60)
+ h ! ;
EL( 1J(X;U))
The nal update law can be obtained as:
h iy
13(x: . ky
“1 = K, EL(hJ(X,U))(uJ i i)
‘ : EL( L3(X:U))
iy (4.61)
) E exp( RIGUNCE; + 15 5)

E exp( LJ(X;U))

The update law (Equation 4.61) is very close to the one (Equation 4.51) obtained from
the VO approach. In the case of noise entering the system through control channels only,

B andH matrices are the same & and the matrix transforr® B, which maps from
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state space to control space, goes to identity. Taking step sizé, the two control laws

differ only in the extra terms resulted from importance sampling.

4.3.4 Algorithm

From both approaches, we get an iterative update law for the optimal control policy at
each timestep. This allows for the algorithm to be implemented in a MPC fashion. In the
MPC setting, after the optimal control sequence is obtained, only the rst control action

is executed and re-optimization occurs from the new initial states. Since an entire optimal
control sequence is given at every timestep, we can keep the un-executed control sequence
to warm start optimization for the next iteration. This is very important for increasing the
performance of the algorithm as we are reusing information from previous optimization
iterations. The description of the proposed algorithm is given in algorithm 4.

The algorithm is based on the assumption that both Gaussian and jump noise affect
the states through the control channels. Jump noise is simulated using the zero-one jump
law, which states thatif t 1, the probability of more than one jump occuring at each
timestep can be neglected. A jump tinpas sampled from a uniform distribution to check
whether jump occurs at each timestep. When a jump occurs, a zero mean Gaussian vector

determines the magnitude of jump noise in each control channel.

4.3.5 SimulationResults

We compare the MPC algorithm for jump diffusion processes against the original MPPI
algorithm in [81] that doesn't account for jump noise on a cart pole and quadrotor in simu-
lation with arti cial Gaussian and jump noise. To avoid confusion, we refer to the algorithm
presented in this paper as the jump MPPI algorithm and the algorithm without jump noise
in sampling as the MPPI algorithm. In the trajectory plots the mean trajectory and 95%
con dence interval are plotted. Note that the con dence intervals are not labeled explicitly

but shaded with the same color as mean trajectories. The red line indicates the target state.
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Figure 4.8: Comparison of jump MPPI and MPPI on a cartpdlep left: cart position;
Top right: pole angle; Botton left: Gaussian noise; Botton right: Poisson noise

Cart Pole

Table 4.3: Success rates of jump MPPI and MPPI algorithm on a cart pole

Jump noise Jump MPPI  MPPI
=0:25 ;=1 100% 100%
=0:25 ;=15 96% 91%
=0:25 ;=2 96% 81%
=0:25 ;=3 88% 61%
=01 ;=2 97% 92%
=05 ;=2 91% 73%

We applied the both algorithms on a standard cart pole system in simulation. The
task is to swing up and stabilize the cart pole. We used 1000 trajectories during sampling
and ran each algorithm for 100 trials. We tested the robustness of both algorithms by
varying the jump amplitude and rate while keeping Gaussian noise the same. In table 4.3,
we demonstrate the simulation results. The jump MPPI algorithm has a higher success
rate in stabilizing the cart pole. Speci cally, with only small jump noise, both algorithms
managed to balance the cart pole. As the jump amplitude increased, both algorithms started
to fail, but the new algorithm has a higher success rate of stabilizing the pole than the old
algorithm. For a xed jump amplitude, increasing the jump rate results in lower success

rates in both algorithms and vice versa.
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Figure 4.9: Comparison of jump MPPI and MPPI algorithm on a quadrotor with 3000
trajectories in samplingTop left: x position; Top right: y position; Botton left: z position;
Botton right: roll angle

Figure 4.10: Comparison of jump MPPI and MPPI algorithm on a quadrotor with 3000
trajectories in samplingTop left: x velocity; Top right: y velocity; Botton left: z velocity;
Botton right: roll rate

Figure 4.8 demonstrates the responses of both algorithms in a trial when MPPI failed.
The pole angle plot and the Poisson noise plot show that MPPI failed after a noise spike
and had to restabilize the pole. On the other hand, the new algorithm experienced noise
spikes of similar magnitude and maintained balance. The cart position plot shows that the

new algorithm managed to maintain balance ef ciently around the origin.

82



Table 4.4: Success rates of jump MPPI and MPPI algorithm on a quadrotor

Jump noise New MPPI OIld MPPI
=0:2, ;=5 100% 100%
=0:2;, ;=10 100% 98%
=0:2;, ;=20 100% 97%
=0:2, ;=30 100% 87%
=0:1, ;=20 100% 98%
=05 ;=20 100% 91%

Quadrotor

We also applied both algorithms on a quadrotor system in simulation. The task is to y
from an initial position to a target position. Since it is a more complex system we increased
the number of sampling trajectories to 3000 and ran each algorithm for 100 trials. Again
we varied the jump amplitude and rate while keeping Gaussian noise the same. Table 4.4
lists the simulation results. Similar to the cartpole simulation, we found that the jump
MPPI algorithm has a higher success rate in completing the task. Speci cally, with only
small jump noise, both algorithms could carry out the task perfectly. As we increased
the jump noise amplitude, the failure rate of the MPPI algorithm increased while the new
algorithm maintained perfect task completion rate. Additionally, for a jump amplitude large
enough that the MPPI algorithm has a non zero failure rate, increasing the jump rate further
increases the failure rate of the MPPI algorithm and vice versa.

In g. 4.9 and g. 4.10, we compare the response of the two algorithms for one test
case ( = 0:2, ; = 20). The plots include the mean and 95% con dence region of the
responses. The x and y position plots show that the mean of trajectories resulted from both
algorithms follow a similar path to the target, but the variance of trajectories resulted from
the MPPI algorithm is much larger. From the z position plot, we observe that the variance
of trajectories resulted from the MPPI algorithm is signi cantly larger than the jump MPPI

algorithm since there are three crash runs. From the x and y velocity plots we nd distinct
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Figure 4.11: Comparison of old and algorithm on a quadrotor with 6000 trajectories in
sampling.Top left: x position; Top right: y position; Botton left: z position; Botton right:

roll angle.

areas where the variance of both algorithms increase. These areas correspond to the high
variance regions of the position plots.

We also took two testcases€ 0:2; ; =5and =0:2; ; =20)andran both algo-
rithms with 6000 sampling trajectories. Figure 4.11 and g. 4.12 show the response of both
algorithms with high jump noise amplitude. Doubling the sampling trajectories resulted
in one less crash run for the MPPI algorithm, while the jump MPPI algorithm maintained
perfect success rate. From the x and y position plots, we observe that the variance for both
algorithms are smaller than the case with fewer sampling trajectories. There is one region
in the z position plot where the variance for the MPPI algorithm increases signi cantly due
to the crash runs. The results suggest that increasing the number of sampling trajectories
correspond to a decrease in variance in generated trajectories. The decrease is resulted from
better approximation of the expectation with more samples.

In g. 4.13 we compare the total variance (sum of variance in all states over the entire
time horizon for all trajectories) of both algorithms with two jump noise levels using 3000
and 6000 sampling trajectories. We nd that with low jump noise amplitude, the MPPI al-
gorithm results in slightly lower variance than the jump MPPI algorithm. The jump MPPI

algorithm tends to generate trajectories that oscillate around the target location since the dy-
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Figure 4.12: Comparison of old and algorithm on a quadrotor with 6000 trajectories
in sampling.Top left: x velocity; Top right: y velocity; Botton left: z velocity; Botton right:
roll rate.

Figure 4.13: Comparison of total variance of trajectories resulted from jump MPPI and
MPPI algorithm under high (;=20) and low ( ;=5) levels of jump noise amplitude with
3000 and 6000 trajectories in sampling=0.2).

namics is perturbed more during sampling. For the case of high jump noise amplitude, the
difference in variance between the two algorithms is signi cantly reduced with increased
sampling trajectories. This is due to the bene t of better exploration by including jump

noise is reduced with increased sampling trajectories.
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Algorithm 4 MPPI Control on Jump Diffusion

Given:
M : Number of samples;
N : Number of timesteps;
(uo; ug; Uy 1): Initial control sequence;
Xo: Initial states;

t;f; G;B;H : System/sampling dynamics;
;q; ;R : Cost function parameters;
C; b, J; - Noise parameters
Uinit : Value for new control initialization;
while task not completedo

form=0toM 1do

Updatexo;
Sample’™ = g, ;N 1; "2N(0;c p);
fori=0toN 1do
p=U(0;1);
ifp< tthen
i = N(@©; ) p__ p__
Xisp = Xi +(f +Gu) t+B ™ t+H;
=t
else p__
Xis1 = Xj +(f + Gu)) t+B " t;
end if
S(X™M) = S(X™) + &(xi; uis {);
end for
end for

fori=0tol\'|D 1do

m
_ M_oexp  Ls(xm) P
Ui = Ui + —p—,

L exp  Ls(xm)
end for
Execute control policyy;
fori=0toN 2do
Ui = Ui+,
end for
UNn 1 = Uinit 5
end while
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4.4 Opinion Dynamics

In this section, we apply the SS framework to the opinion dynamics model proposed in [82],
which is a stochastic model of drift in human beliefs under neighbor in uence. We consider
the problem of opinion dynamics steering for partially actuated population in which only
a subset of all agents in the population can be controlled. We derive the update law for an
open loop and a feedback policy. In addition, we design an adaptive feedback policy that
optimizes with respect to which agents to actuate while keeping the active agent set size

constant in expectation.

4.4.1 ProblemFormulationandDerivation

We rst introduce the opinion dynamics model [82]. Consider a groupl aigents with
each agent having the state (opinicth)over a discrete time horizoh. The dynamics of

each agent is modeled as follows:

Xy =@ )xb+ f(X)+ wi; (4.62)

where the rsttwo terms denote the drift and the last term represent the state uctuations in
the form of independent Gaussian noise. Hei2 [0; 1] is thesusceptibility to local in u-
ence The functionf (X '(t)) is thecenter of biasand characterizes how the neighborhood

affects the agent's opinion. The neighborho6dand bias functiori are de ned as:

Xi=fxl;8 2f1L :Ngnijkxi xk g (4.63)
and
f (X)) = ix X | (4.64)
t thlj I '

j2x{
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Figure 4.14: Schematic of neighborhood of agent i. The color indicates the state of each
agent and the neighborhood consists of agents whose state is similar to the ego agent.

HerejX,j denotes the size of the neighborhood set. The neighborhood, as illustrated in
g. 4.14, is de ned as a 2-norm ball around the agent's current state that "pulls” the agent
towards its mean state. In this work we consider an actuation model that directly in uences
the agent's state in the form af added to eq. (4.62). In most practical scenarios, however,
not all agents in a population can be actuated. In this case we model two sets of agents
within the same population, namely a set of passive agenthe opinion of which is

only in uenced only by other agents and the active lsetof agents whose state can be
actuated based on an objective function. In mathematical terms this leads to the following

representation:

by =@ xb+ f(X)+ wi; 8i 2 Ip (4.65)

Xy =@ )xb+ f (X)+ul+ wi; 8i21,: (4.66)
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We can now formulate the opinion steering problem and apply the stochastic search frame-

work for 3 different policies. The opinion steering problem can be formulated as:

n !#
Xox X .
= argmin E gk Ko+ rkuk
t=1 i=1 i21p
StXiy =(1 )i+ f (X)+ wy 8i21p (4.67)

X =(1 )X+ F(X)+ (X O+ w821,
Xio P(Xo):

The goal is to steer the partially controlled population from an initial distribution to a target
state . Since the problem formulation ts the form considered in section 3.1, the stochastic
search framework can be readily applied to the problem with iterative update law derived

in eq. (3.12).

Open loop and feedback Policy

With the generic update law for distribution’s natural parameters, we can derive specic
parameter updates for an open loap= |; = f lg-,, and a feedback policy! =

Kyx! + ki, ¢ = fKy;kg. Note that the same feedforward and feedback terms are applied
to all controlled agents. In both cases, we assume that the policy parameters are sampled
from a Gaussian distributioN (; ) with xed variance and varying mean. In this case

the distribution parameter is only the meanThe natural parameters and suf cient statistic

of the distribution are ( ) = 2 andT( ) = 2 respectively. Plugging these into

eq. (3.12) we get:

h i
o b 1, G ESCNCE ELC D)
t t tot E[S( J)] (4.68)
) ko kg ESCINC 0.
t t E[s(C )]
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The expectation can be approximated via Monte Carlo sampling as:

PM m m k
o1 -k, maSCINCP .

i (4.69)
Vo S( M)

Adaptive feedback Policy

Alternatively, we can formulate an adaptive feedback policy that also optimizes with re-
spect to which agents are actuated. Assume that the percentage of actuated &gents
xed jlaj = N . The active agent sé}, is now part of the optimization. We assign an
actuation indicator variabla; to each agent in the population that represents whether the
agent is actuated. Each variable is sampled from the Bernoulli distribution and has an as-
sociated parametgx that denotes the probability of actuation. Since the active agent set
changes throughout optimization, a feedback palicy= Kx} is applied to the actuated
agents as opposed to the open loop policy.

The optimization is then performed with respect to both the policy parametensl
actuation probabilityp as

n !#
XX _ X :
'p =argmin E okxt  ki+  rkulk3
P t=1 =1 214

_ o o (4.70)
sitxt,, = F(xb (xh 0);pw)

Xo  P(Xo):

The feedback policy parameters are again assumed to be sampled from a Gaussian distribu-
tion and can be updated using eq. (4.69). For the Bernoulli random variables representing
the actuation probability, the natural parameters and suf cient statistic of the distribution

are () =log 1—pp andT (a) = a. Plugging these into the parameter update (Equation 3.12)
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we get:

k+1

og 1pT zloglpikpik+ <EIS( ;[)S(?J)]E[aa])]
) log pikgilk” “log * ikpik kE[S(E[é)((a;])] &) 4.71)
) pkil 1=(|O—1ik 1) exp kE[S(E[‘;)((a‘J)] PP
which leads to the actuation probability update:
ol = 14 p_lk 1) exp kE[S(E[é)((a;])] ) 472
The expectation can also be approximated via sampling as:
L PusCamar )
Pt = L+(x Dexp “oorp " S 37 ' (4.73)

Since the actuation probability update (Equation 4.73) and policy parameter update (Equation 4.6

are independent, they can be performed simultaneously during each optimization iteration.

4.4.2 Algorithm

We present the adaptive feedback stochastic search algorithm for opinion dynamics
control implemented in MPC fashion, as shown in algorithm 5.

At initial time, the feedback policy is initialized & (0; ) , and the actuation probabil-
ities are initialized ap” = . Ateach MPC step, the current state is used to initializé\the
trajectory rollouts. For each rollout, the actuation variabl® is sampled from a Bernoulli
distribution witha"™ = 1 indicating that the agent is actuated. The feedback policy param-
eterK ; and noisaw; are then sampled for each timestep and used to propagate the dynamics
over the planning horizon. A cost is computed for each state-control trajectory rollout and

used to update the feedback policy parameter and actuation probability distributions. Note
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Algorithm 5 Adaptive Feedback Stochastic Search Controller
Given: susceptibility: ; noise level: ; neighborhood size:; active portion: ; plan-
ning horizonT; MPC horizon: Ty initial distribution: p(Xo); Number of sampledvl ;
Number of agentdN ; Sampling variance ; Step size: ;
Sample initial stat&g  p(Xo);
Initialize policy p°; ©;
for tmpe = 0 t0 Tipe do
Copy initial statef Rygi=1. N = x‘tmpc;
form=1toM do
fori =1toN do
Samplea™  Bernoulli(p®tm-);
fort=0toT 1do
SampleK™ N ( :m’”; ) ;
Samplewy” N (0; 2
Compute control;™ = KR!

if a"™ =0 then
Propagate passive dynamitls, (Equation 4.65);
else
Propagate active dynamigs,; (Equation 4.66);
end if
end for
end for
Compute cosi™(X™: U™);
end for

Update 'm<*1 (Equation 4.69);
Updatept™*1 (Equation 4.73);

. . . tmpctl
Normalize actuation probabilitgimee*t = pN 2P
i=1 Vi

Execute control (™" ;
fort=0toT 1do

Recede horizon,™"* = fmt.
end for
end for

that the actuation probability update (Equation 4.73) can lead to changing active agent set
size. To avoid this issue, a normalization step is performed after the update. This ensures
that the expected active agent set size remains const:ﬁﬂ%alz iNzl p<] =  throughout
optimization. The active agent set for the current MPC step is decided based on a new set
of actuation indicators sampled from the updated actuation probabilities. The rst updated

feedback policy is then applied to the current state. Finally, we recede the optimization
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(a) Baseline (b) Uncontrolled (c) Open loop policy

(d) Feedback policy (e) Adaptive feedback policy (f) Comparison

Figure 4.15: Comparison of different policies for the unifying polarized opinion setup. (a)
- (e) are the population density plot over time, and (e) compares the state trajectory of each
agent.

horizon and re-initialize the feedback policy at the last timestep.

Note that the outlined algorithm performs a single iteration of optimization update at
each MPC step. In addition, only the rst policy step is executed every time. The proposed
algorithm can be straightforwardly generalized to multiple optimization iterations and pol-
icy execution. On the other hand, a single realization of the dynamics noise is sampled for
each rollout. This corresponds to the stochastic approximation scheme [83] from stochastic

optimization literature. A batched version of the algorithm can be derived similar to [58].

4.4.3 SimulationResults

In this section we present the simulation results of the proposed algorithm for opinion

dynamics control in two different scenarios. We compare the performance of the following
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policies:
« Openloop:ul = 1;8i 2 1,
 Feedback:u} = Kx! + ky; = fK;kg; 8i 2 I
« Adaptive feedback: ul = Kx!; = K;8a =1

against a hand-designed feedback contraliof x! as the baseline. The baseline
control has the avor of pinning control as a function of the distance to the desired state,
but it is unaware of the neighborhood. In addition, the control-free dynamics is included as

a reference for the equilibrium population distribution.

Simulation Setup

In both scenarios, we set the population dizes 200, active portion as0:25, suscepti-

bility to local inuence asO0:8, noise level asO0:1, and neighborhood sizeas1. The

state of each agent is bounded ir3; 3]. The active agents are randomly generated based

on the active agent set size. For the cost function, state cost coefgreri and control

cost coef cientr = 0:1 are used. For the stochastic search controller, the planning horizon

T is 10 and the algorithm is receded ovEg,. = 150 MPC steps. During optimization,

500 samples are generated and the sigmoid shape function is used to transform the cost
function with ; ;y |, values that correspond todal elite threshold. A constant step size

of 1is used.

Opinion Dynamics Steering

We rst demonstrate the capability of the proposed framework on a unimodal steering task.
The initial state of each agent is sampled from a uniform distributidgn i 1]. The goal

is to steer all agents t62. From the state trajectories comparison plot in g. 4.16, we can
observe that the uncontrolled population stays around the neutral position. The baseline

policy steers the active agents to the target position, but the passive agents remain around
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Figure 4.16: State trajectory comparison of different policies for the opinion steering setup
with 25% actuation percentage.

neutral position. While all three stochastic search policies manage to steer the population
to the target location, the open loop policy reaches the desired state much more slowly than
the feedback and adaptive feedback policies. Note that the feedback policy trajectories are
split, with the passive agents trailing the active one, while the adaptive policy avoids the

lag by adjusting the active agent set.

Unifying Polarized Opinion

We also test the different policies in a unifying polarized opinion setup. The initial state
distribution in this case consists of two modes: Unif@2n3) and Uniforn{ 3; 2). The
goal is to bring both modes to the neutral position. Since the neighborhood=siteand
noise level = 0:1, the agents in each mode are only in uenced by other agents in the same

mode. Therefore, the uncontrolled population stays in the polarized bimodal distribution,
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as shown in g. 4.15b. On the other hand, similar to the previous simulation setup, the
baseline policy steers the active agents to the neutral position right away, but they lose the
in uence on the passive agents from the two modes, as shown in g.4.15a. From g.4.15c
to g. 4.15e, we observe that all three policies manage to bring all agents to the neutral
position, with open loop policy being the slowest and adaptive feedback policy being the
fastest. A comparison of all policies against the baseline and uncontrolled case is included
in g.4.15f.

An additional comparison is performed for the same setup but with active portion
and0:1. From g. 4.17, we observe that the adaptive feedback policy performs similarly
to g. 4.15f despite working with a much smaller active agent set. On the other hand, it
takes the open loop and feedback policy much longer to steer the distribution. Note that the
feedback policy trajectories indicate that the number of active agent in the negative mode is

smaller than that of the positive mode, leading to worse steering performance for the mode.

Discussions

While open loop policy has been widely popular for sampling based MPC [21, 58, 84], the

results of this paper showcase the power of feedback policy. Despite the implicit feedback
through the MPC setup, explicit policy feedback parameterization results in faster conver-
gence in both scenarios. In addition, the adaptive feedback policy can handle very small

active portion with comparable performance.
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