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SUMMARY

There are two parts 1n this the.sis. Nuclear magnetic double resonance
in chemically exchanging systems is discussed in Part One. Overhauser studies
in three spin systems are treaj:ed_ in Part Two.

In Part One, a density matrix description of nuclear magnetic double reso-
nance on chemically 'exchangi.ng. system is developed using a double résonance basis
set. The chemical exchange coefﬁcients have many propefﬁesanalogous to the

relaxation coefficients. This allows the density matrix computation to be expressed

‘in terms of symmetric array. The solutions then can be detained in terms of an

1

eigenvalue procedure. . The formalism is illustrated by self-exchange in the 'ABZ
system, 2,2, 2-trichloroethanol. Comparison of theoretical and experimental

double resonance spectra allows the determination of the chemical exchange life-

‘time and the relaxation parameters..

In Part Two, the simple liﬁ;e-l'approiima;tion of the density matrix equation

is used to describe the Overhauser effeqts in three spin systems. Intramolecular

and intefmolecular dipolar interactions are Studjed. The symmetry properties of

the relative fractional change -of intensities in the weak coupling limit are discussed.

In addition, the relations between the relative fractional change of intensities for

“different double resonance experiments are established. The summation rule for-

the fractional change and relative fractional change of intensities arée found to be

very useful. The formalism is illustrated by the ABX system of vinyl bromide,
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- Two samples of vinyl bromide are investigated. Sample A is degassed. The
double resonance experiments indicaie 53% intramolecular dipolar interaction.
Sample B has a small amount of oxygen added to it. The double resonance experi-

ments indicate 18% intramolecular dipolar interaction.




PART ONE

® NUCLEAR MAGNETIC DOUBLE RESONANCE IN

CHEMICALLY EXCHANGING SYSTEMS

Part One was published in The ‘Journal of Chemical Physics, Volume 54,
Number 4, pages 1779 to 1786, 15 February 1971. This article appears as the

Appendix of this dissertation and also as reference 1.




 PART'TWO

OVERHAUSER STUDIES IN THREE SPIN SYSTEMS




CHAPTER I
INTRODUCTION

Double resonance has been a useful technique for studying the relaxation
processes bf nqclear spin system_s. In this technique, one of the transitions of
a high resolution nuclear magnetic resonance spectrum is irradiated by é second
r.adio frequency field and the rest of transitions are obse_rved by a weak rf field.
I the sti-ength of the second rf is small so that no splittings are observed, one
obtains the well known general Overhausér effect spectra. 1In this case, the second
rf only causes the population changes at various energy levels without affecting the
sﬁin energies. If the strength of the second rf is strong, it will produce new
transition lines.-in addition to having the population changes at various levels.
Information about the relaxation mechanisms can he obtainéd from tﬁe analysis of
double resonance spectra. The single spin sya‘stem has been studied in great detail
by Bloch,2 Baideschwieler, 3 Gordon4 and Rao. > Two spin systems 6-9 weré inves-

1,10 and ABX12

tigated extensively, both theo.retic'all'y and experimentally.. AB2
three spin sySi;ems were also 'étudied by'steady state double resonance.

In general, the double resonarﬁ:e experiments are sensitive to the specific
relaxation processés for different kinds of molecules. An advantage of this tech-
nique is that information about the relaxation process can be obtained by u’si_l_ﬁg

only a sin.gle set of external cbnditions.

Weak double resonance experiments, in which the irradiation strength is




comparable to the strerigth of relaxation, are quite sensitive to the relaxation
mechanism. In addition, the experiment and spectral analysis of weak double
resonance spectra are simpler than thlo‘se from strongl'0 or pulsee:l11 double reso-
nance experiments, The abseolufe relaxation parameters can also be obtained by
this method.

Recently, two spin systems were studied by this weak'irradiation technique.
In this thesis, three spin systems are studied by the éame technique,

The density matrix equation and the possible relaxation mechanisms are
discusse.d in Chapter II. The equations for the weak irradiation experiments are
formulated in Chapter III. The fractional intensity changes, Fab, cd’ and relative
iractional intensity changes, Gab, og’ 2Te defined and discussed in terms of this
formulation. Algebraic solutions for the weak coupling limit are given. The com-~
puter solution for a tightly coupled three spin-system is discussed. The formalism

is illustrated by the ABX system vinyl bromide in Chapter IV,




CHAPTER II
DENSITY MATRIX FORMALISM FOR DOUBLE RESONANCE

A. Density Matrix Equation

The spinrdhensit'y matrix eq_uatioﬁ'_for double resonance is given by

do _ .y |
o =i +¥ 1) + K@), ol -T@- o) S (1)

where ois the spin density mafx_'ix, and c, is gat thermal equilibrium with no rf
field. In the high temperature approximation;: 06 = 1/N - qK(;, where q =‘h/N'kT

7 Also,

= (s .
o 2‘"{2 Voilz(l) +.Z} .
i i<j

T |
3,(t) = D, explicyt) + D, exp(-iwt) , |

| ¥, (1) = D,,, expligt) + D,_exp(-igt) ,

v =y K/ op - 5D = gFp 1
oi = % 0/ D,, nEU2i1+(1), D,_ TTV:_Z‘!:ZiI_(l),

| iy 4H,

Dy = 7200, Dy = m D 1@, vy =5 vy =5~

: ')f}i is the magnetogyx;i;c ratio of nucleus i ineluding the chemical shift and J., is
the Spin-Spin coupling constant between i and j in cycles per second. The T'(0- g )
. - o

term describes relaxaﬁon, and is given by




(2)

Lar @0 == Roonp €07 Oy
bb :
The Raa b’ matrix elements are given by the Redfield formulation:
. = i i - )
Raa ‘bb 2T aba ' * 0, b’ L9 obea ~ Sab & Jea’ch’ 3)
In: equation (3} gnder extreme narrowing approximation,
‘ *
= ! W /
T rat’ 'rc<<ap€(t)|b><a |3¢(t) |0’ > Sy (4)

where < >AV indicates an ensemble average. The summation and symmetry

properties of the Raa"bb‘:' are given by equations (6) and (7) in reference 1..

As in reference 1, it is convenient to define a difference matrix ¥ (t) by

Y@ty =0- G - Equation (1) then becomes
KB = irm_x1)]- 1000, 0+ ®1-T0 (5)

The calculation for ¥ (t} here is based upon the basis set of single resonance,

la>, tb>...etc.,

where X la>=w |a>. - (6)
o a'

Small latin letters are used to specify the single. resonance basis set. The calcu-
lation of ¥%(t) in reference 1 is based upon the basis set of double resonance in
equation (4) of reference 1, The diagonal elements. of X (t) calculated here can be

interpreted directly as the population changes from the equilibrium spin density




matrix.

B. Relaxation Mechanisms in Three Spin Systems

Three relaxation mechanisms are discussed in this analysis.

1. Intramclecular Dipolar ]’.nterraction
This is the dipole-dipole interaction between nuclei within the molecule.

' : 10
The interaction Hamiltonian  in the laboratory frame is given by

; _ (7)

where

+2 & & 2l 40 70 7

AT T S A 2L 80 e )

o (A2 1/fH oo - Y1 .

Ay = @) {I]{'Sk"-4f(ﬁ<sk’+11<sk‘>} g (8)
and q - - : a

Hy = &_) MY % T Yo (BN ¢N)

The subscript N indicates a pair of spins Ik and Sk ‘e rN is the distance between

I_k and S ‘e Y (GN q) ) are the spherical harmonics of rank 2 with BN and Cb

specifying the orlentatlon of r__ relative to the laboratory coordinate system The

N

H(; are random functions of time. Substituting equation (7) in equation (4) the spee-

tral density becomes

Jabah! =T E. 3 Iiz-y Yo Y. Y 1*—31:—3
aba'b’ ~ ' 20 - q T
C N>N 0 " LS\ Tqs Sy N

X

(3 °°S-2°”NN Dk ff-‘»lA%‘lb?-‘fé:. lA% JP e




where QNN' is the angle between-rN and r Equation (9) will be written in the

N’

following form for convenience in discussing vinyl bromide:

®

.1_

- Z<alad |B><a’ad,|B'>
Type'8’ =D NEN'gNN!q | NI ol N |B (10)
30632 | 1 r'6 |
where - COS PN L Tap ‘ (11)
10 ‘3-r3
NN/
and
4 2
A _ . C , S (12)
D 6
2r

Fab

In vinyl bromide, r_, is the distance between the geminal protons. The dipolar

ab
interactfion of the geminal protons is the strongest. TD would give the dipolar
contribution to the relaxation time of the geminal protons if the vicinal proton

were not present,

2. Imtermolecular Dipolar Interaction

This is the dipole dipole interaction between nuclei in different molecules.

The isotropic external random field is used to describe the intermolecular dipolar

1
interaction, rather than using a detailed sum process. 7 The result of such a
model is generally in agreement with experiment, The interaction Hamiltonian

1
for isotropic external random field 0 is given as

e (27 - - n
3¢/ (8). = E r {Hk(t)lk + %‘:H;(t)lk +H (t)Ii: (13

| 7, 2 L2 - @
where < 1B M5y = 2<lmm|S, = =<mnl> s




H(t) H (1:)+1H_k

and H.E(t), H_f‘f(t)_ and H:(t)

are the Z, X and Y components of the random field strength respectively at spin

site k. For ABX three spin systems, equation (13) can be rewritten as

sty = Sy, B0 3 [F T (tuk]} - a4)

k=A,B,X

where A, B and X indicate the nuclear sites A, B and X respectively. From

equations (4) and (14), the spectral density can be obtained as

2 .
p k | Z Z
Fi = B 1L—<a| lb><a’l 17 |b'> +
aba'’ T o 2Tk[ Ik Ik

2<|Ik|b><a |Ik[b >+ k<al 1;11)><a’|.11:[b">}

, T |

R e e Y
k<k’ 2

1:<al Iflb> <a|If,lb’>+ %<alglb><?’l 1;;:|b'>+
%<a‘11;‘b><a"]1:"bl>] (15)

where

_1_,_.
T, ~ 387

|H t)\ ,k=A,B,X . | (16)
k N

AV

2 (wZo2 3
<l 1%, =3 < 515, =3 <o,

i




3 - 2
5 <|Hk(t)| k=A,B,X,

AV
and

a q
<O B O,y

Kk Tora 2 42
<o fs, o <lud ol F

c | | (1)

is the relaxation time of random field at spin site k. C,, , are the correlation

T e

k

constants between k and k' varying between 0 to 1 for no correlation and complete

correlation.

3. Spin-Rotational Intéraction
The interaction between the'nuclear spins in a molecule and the magnetic
field produced by the rotation of the 'moiec.ule containing these nuclei is called

spin-rotational interaction. The interaction Hamiltonian18 is given by
H)=1-C(t)J , | (18)

where J -is the’ia@ngq;la_r_momeqtgim_ o)f_the'r.';pblecule containing the nuclear spin I ,

‘and C is the/ _.s_tj)in'urlota_-t:ion tensor." F@Ijx"é. spherical molecule the interaction
7S ’ e

1 i
Hamiltonian 8 in the molecular fixed frame is given as

) ll : ' ‘
’ :.‘ i
}_{(t)‘”: = Cy AqJ ! , (19)
) q':-]_ q,
where A®- 12, At o

-:I-J.‘_ZT I ;
°=3% 575 f?‘._.-(ijiJY) :




CO=C” =CZ andCi1=-C_L.=CX=C

Transforming A and J from the molecular fixed frame to the laboratory frame by

’ = .
A%- 3 a%pY) (o) and
q aq

!

J

. (1) |
=Z I)_q "q"’ ('n')

the interaction Hamilteniarrinthe~laberatory-framéis given by

I’

'R’(t): Z oD ch o ") D ru(-ﬂ) 5 (20)

: , o 1
where Dé ) (.n) and D( )q” ‘are rotatienal matrices.9 The spectral density is

given by Hubbard as

2 .
NIkT (2C “)' 214
Taba'b’ = { "
'—1+(L.,Iq7- ) :l
2(C C ) 2T . :
= 2} e <a|b><b’/|T%a> (21)
i 1+(¢Tq +l>
where
™ is the char}‘écteristic time ;fbr the change of components. of angular mbmentum'
Jq;

7'2 is the characteristic ti;me for the molecular reorientation and 1'12 is

i = ; = ion (24 ]
defined as 1/'1-12 1/';-1 + 1/1-2. T 1 << T g Tig Ty and equation (24) becomes




10

NIkT 2 2 : q PR
Jaba'b'zﬁ?n“z_(z‘b: ojj )x <allfp> <[ a’> (22)

This is eqﬁivalent in form to the spectral density of the intermolecular dipolar
interaction. Therefore, the relaxation mechanism of spin-rotation is mathe-
matically equivalent to the intermblecular dipolax_f relaxation mechanism.. Raa b’
can be obtained from equations (3) and (22). This interaction has been studied in
a number of molecules. For example,- in 'NHS, 20 the contribution to the relaxa-
tion time for spin-rotation at 2500 is about 100 seconds. However, the relaxa-

tion time for vinyl bromide is about 20 seconds. - Therefore, this interaction will

not be important for the experiments discussed in this thesis.
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CHAPTER TI
SOLUTION OF DENSITY MATRIX EQUATION

A, The Energy Level Diagram of an ABX System

The discussion of this section will be in terms of the ABX spin system,

vinyl bromide,

BB  HEX)

v

| H(4) - Br

Jﬁ w :
. H E B : . .
The wave functions, ener—gy'va_hies and spectral parameters are given in Chapter IV.

L
¥ i

The energy level diagram of vi.:‘rfyl broénide isl presented as a cube in Figure 1,
Each corner in Fig.- 1 represents a spin state. The eight spin states are labelled

- .in the weak couplir;é 11m1t ‘Eac‘h 'f)ositive‘ sign indicates one spin up and each nega-
tive sign indicates one spiﬁ down. The ordér of the signs from left to right is X,

B and A, respectively. The top of the energy cube correspondé to the lowest

energy. The horizontal ordering of the energy levels assumes uo A >v0B >v0X,

. . . . q 21
J AX and J Bx 2re pos;tlve and J Ap 18 negative for vinyl bromide. . _Era_u_zhfzdge

represents a nondegenerate single quantum transition, each face diagoné.l connec-
ting 1 or 8 represénts ‘a double quantum transition. The other face diagonals
represent zero quantum transitions. Double and zero quant:u‘in transitions are

explicitly indicated for the AB pair in this figure. Each transition has a label




L

| |

1

X4 X3 X2 X1 B4 B3 B2 B1 A4 A2 A3 Al

| 4 | H—>

Fig. 1. Energy Level Diagram and Spectrum of ABX System.
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shown below:
Transition 541 6+ 2 743 844 442 39 1 8+ § 745 4+ 3 24 1 847 645

Label X4 X3 X2 X1 B4 B3 B2 Bl A4 A2 A3 Al

In the weakly coupled l.irnit,'. X4, X3, X2 and Xl are X proton transitions; B4,
B3, B2 and Bl are B proton tré.nsitions; and A4, A2, A3 and Al are A profon
transitions. '

When the ifradiation stl_'ength is weak, it does not produce splittings.
- Therefore only intensity changes iﬁ_each line are observed in the double resonance
spectra. This is known as the nuclear Overhauser effect.

It is assumed that transition ab is irradiated by a weak rf field. The
energy of state b is higher than the energy of state a. If transition ab is well

separated from any other line, equation (5) reduceSG to

x =2l | (23)

c aace '¢C 2ab
}(::; Rlc)bcc Xc - 212ab (24)
and ) _
#RsrccXe =0 € #2,b | (29)
where Xa = Xaa’ Xb = Xbb )
2ab. T ~2 - S - (26)
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a1,
2 2" ab
AZ — ‘ 73 {27)
1+ |d2| TzTab+(w2—a3)_;T2
: B _ -T 28
and o _ Tab :,;Ta T, | (28)
where Ta and Tb are defined below: -
= . = . . 2
Xa, Talab’ Xb TbIab (29)
Then equations (23) to (25) become
Z R T = 2 (30) |
C -macc ¢
LR bee Lo (1)
and T R T =0 . ¢’ #a,b (32
¢ “ecelcc e *T )

Tc interprets the measurements of intensities, the fractional intensity changes

are defined by

R SR

ab, cd ‘ ISR
ab, B

_ 6 .
where I , , , are the measured infensities, F g¢an be expressed in terms
a'b’ ab ab, ed

of the Tab's as F T

= 22, ' O 34)
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In equation (34), ab is the line observed and cd is the line irradiated, It is useful
to define the relative fractional change of intensity. The relative fractional change

of intensity G is given by

ab, cd’

F T
ab,ed _ _ab ©(35)
|F |

cd,cd‘ |Tcdl

Gab, ed

where line ab is observed and line cd;is irradiated.

The Fab od obey a _sdm_matioﬁ rule. The summation rule is that the sum-~

mation of the Fab d arcund any closed circuit of edges on the energy level cube
L

is equal to zero. - This rule can be used to compute ¥ This is important

cd’ cd

because the line irradiated in a double resonance experiment can not be observed

directly. As an example, F ‘may be obtained by apﬁlying the summation rule

84, 84
to faces 8437 or 8426 of the energy level cube, Using the 8437 face

~(F F (36)

Foa 84" Fyg g4 Fg7. 847 F78 84)

Using the 8426 face

F ~-{F {(37)

84,84~ T 84" Fog g4 Fog g4 -

Therefore, the experimental value of F is obtained "by taking the average of

84, 84

these two values. The G obey the same kind of summation rule. This will

ab, cd

affect the number of independent G There are 144 Ga for a three spin

ab, cd’ b, cd

system. There are 12 lines one can ir'radiate,. and hence 12 double resonance

_ experiments. The summation rule shows that for each double resonance experiment,




16

there are in general 7 independent Ga Therefore, for 2 general three spin

b, cd’

eystem there are 84 independent Gab, od

B. Algebiraic Solution for a Weakly Coupled Three Spin System

In this section we obtain algebraic solutions for the G assuming the

ab, cd

Weakly coupling limit. In this ealculation, the intramolecular dipolar interaction
~is considered only for the AB péir. Then this interaction can be treated like an
AB two epin system. 7 In vinyl bromide this amounts to neglecting the dipolar
* interactions involving the X proton (i.e. AX and BX pairs). As for the random

field interaction, it is seen from equation (15) that R is independent of the

abed

correlation censtants in the weakly coupled limit. - TA and TB are assumed equal
because the A and B nuclei are attached to the same carbon atom.

Using this relaxation model and assuming the weak coupling limit, it is
seen that there are relations between different double resonance experiments.
This reduces the number of independent double resonance experiments to two for

the X lines, one for the B lines and one for the A lines. The Gab od for irradi-

for irradiating X4, and the G . for irradi-

ating X1
dnpg are related to the Ga ab, cd

b, ed

aﬁng X3 are related to the G for irradiating X2. Therefore there are only

ab, ed

two independent double resonance experiments on the X lines. | When B4, B3, B2

and Bl are irradiated, all the G, are related, therefore there is only one

b, cd
independent double resonance.experiment on the B lines. All the G.ﬁb od are
related when A4, A3, ‘Az_aﬁid A1l are irfadiated; Therefore, there is only one

independent double resonance experiment for the A lines. The symmetry relations

will be explicitly shown in the following.
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When X1 is irradiated, there are the following syiﬁmetry relations:

' (’}43}84, i} G4_2, 8¢~ "Ug6,84 = Uy, 84 (38)
31,80~ Y21,84 = "C5,84 = "15,84 (?f?)

and
CGr3 84 = Y2, 84 (40)

These symmetry relations also hold for F when X1 is irradiated by the

ah, ed

second rf. By using the summation rule on the 3157 face and the symmetry
properties, the following relation is obtained:

G G G G

31,847 V15,84 T V57,84 " V73,84

= G G G G

31,84 °51,84 ~ V75,84 °73,84

G31,84 ~ 951,84 " 931,84 7 73, 84

G = 0 .

=G 51,84

G

31,84 7 73,84

b

Therefore, G (G (41)

31,80~ 7C59 g4~ Cr3 g4

and there are only three independent Ga when X1 is irradiated by the second

b’,ab
rf.

In a similar manner, there are only thrée independent G when X4 is

ab, cd

irradiated by the second rf. These three independent Gab od can be related to
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those for irradiating X1 as follows:

CGe5,51 = Cas, 84> Cp2,51 7 Cra, 84 94 Cgy 517 051,84 - (42)

Similarly, there are three independent G when X3 or X2 is irradiated

ab, cd
by the second rf. They have the following relations:

Csa,73 = O51,62° G273~ O3, 620 4 Cgr 757 Ca1,62 - (43)
The Gab, ed when irradiating B4 and B2 have the following relations:

Gyo 42 = Yge, 867 Usa, 42 = Va4, 86.; CGg2,42 = 'Gez,ss_?

Gy, 42 = Y7, 86" 21,42 = B65, 86° Ps7,42 = C43, 86 and | (44)

G5, 42~ Y21, 86"
The Gab, od chosen here are seven independent Gab,-c d a§ may be seen by using
the summation rule. - Therefqre, all of the Gab, od for irradiating B4 and B2 are

related. The Gab od for irradiating B4 and B3 have the following relations:

2 42~ Ga1,31° 84,42 7~ "C51, 310 G242 "C73, 30
Cas,42 = Y21, 515 Y21, 42 = Cu3,31° Ca7,42 = C65,31; and (45)
CGg5,42 = G




The Gab, ed

the summation rule. Therefore, all the G
-~ ah,ed

related. The relations of G -
ab, cd

relations of Gab, od

seen that all the G |,

ab, cd for irradiating B4, B3,

chosen here are seven independent G

19

ab, cd as may be seen by using

for irradiating B4 and B3 are

for irradiating B3 and Bl are similar to the

for irradiating B4 a_hd B2. From the above analysis, it is

B2 and B1 are related. Therefore,

there is only one indé_iaeﬂiieht B ‘double resonance experiment.

Because of the symmetry between the A and B protons, it can be seen

that _all the Gab, od

for the B lines.

“manner as the Gab, cd

A double resonance experiment.

for iri'adiating A4, A3, A2 and Al are related in the same

Hence, there is also only one independent

Let us choose -the double resonance experiment where X1 is irradiated as

an example fo discuss the Gab, cd

in detail. The population changes of each energy

level have the following relations when X1 is irradiated by the second rf,

This reduces the number of unknowns to three.

tions are obtained in matrix form;

-(2W1A+2WX+ Wz)
W
1A —(2WX+ 2-W1A)
W2 2W1A -{(2W

(46)

Therefore, three couples equa-

W2 Tl 0
W T3l _|0 _
1A T (47)
1A+ W2+2WX) T4 )




where w =W1+W i W, =W_;

1A A A B’
W2 C5TD. W= Tomp
W, = —:==R R R: =R

AT 2TAT T1122 T 1133 T 4433 T 4422

- R R R R

22117 133117 3344 2244 °
W. = —L_ -R =R =R =R
X 2TX = "M1155  “'5511.° '3377 7733
= R8s ™ Bggaa
The solutions are
T, = KW2 +W. W +W_ W
1 ( 1A 1A 72 X 2)

2
T3 = K(WXWlA + W1A + WIAWZ)

.and

2 :
T4- K(ZWX+W?_A + 4WXW]_A +WXW2 A-WLAW2

where K = - % and

A= _SWX(WX + W+ Wz)(WX + 2W

1A

1A)

To'simplfy the following discussion, let us assunie that W, = WB = WX.

A

G - can be expressed in terms of a single parameter, r,». ... .

ab,¢ed

20

(48)

(49}

(50)

Then
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where
r— ‘f.}_{._ _5_'12 . (51) |
W T
1
From equation (48), (49), (50), (51) and W 5= 4W 1 the Gab od 2¥€ obtained as
follows:
g21;2.~1r‘7r+5)
-
73,72 = T 2 S (52)
? 7r +14r+5
. - +10 +5
Geigg = -—L———)—E S , (53)
’ 7r +14r+5
.2
+ _
and Cus 84 = '5; . (54)
’ 2(7r +14r+5)
2
' r-37
G31,84 = 2 ' (55)
: 2(7r" +141+5)

In order to estimate the contribution of intramolecular:and intermolecular-

dipolar interactions, G can be plotted as function of the fractional contribu-

ab, cd

tion of intramolecular dipolar interaction. The fractional contribution of intra-

molecular interaction, F, is defined as

_1
- TD 5
F__l_+_1_ﬁ5+r' (56)
™ TX
Figure 2 shows G43’ 84’ G73, 84’ G51, g4 and G31’ g4 38 a-function of F.

G73 84 monotonically decreases from -.29 at F = 0to-1.0at F = 1. This may

be qualitatively explained as follows using the energy cube in Figure 1. When X1




.25

Fig.

2.

ab, 24

5. : |
43, 84
.0
| Ca1 g4
Bt G

Versus F from Approximate Calculation.

22
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is irradiated, ){4 is + and XB . is -. When F = 0,% _ will be more negative than

7

: X3 because )(7 is conneeted.to %:8 by:A3.and. X is.connected. t;o_;yx&_ by:A#... Hence,

3

G is negative when ¥ = 0. When F = 1, X,:? will be much more negative.than

73, 84

Y because X7 is connected to’ﬁ'( 8 and in addition to X5 which is connected to X 3 by

3

the strong 5-+8 double quantum transition, and X3 is connected toX, and in addition

4

to X 7’ which is connected to X4 by the: étrong 1+ 4 double quantum transition.

-Hence, G i ml.}ch more _'rneg_ativé-tat F=1.

73, 84

G, g4 decreases from -.14 at F =0 to=1.0at F = 1. When X1 is irra-
’ : ' . . ) . .

diated, X4 is + and Xs'is“‘—. Wh_eh F =0, X‘B is more negative than Xl because X5

is indirectly connected to X 8 by Bl and A3 and Xy is indirectly connected toX 4 by

B3 and A4. Hence, is négative when FF =0, When ¥F =1, X5 will be much

51,84

more negative than Xl because Xs is directly connected 1:0')(8 by strong double

quantum transition 5+ 8 and Xl is directly connected to X4 by strong double quan-

tum transition 1+4, Hence, G is muech more negative at ¥ = 1.

51, 84

G,q a4 monotonically decreases from .36 at F = 0to 0at F=1. When

Xl.is.irradiated.X 4:-’1"3‘ 4+ and X 8 is -, WhenF =10, % 4 will be more positive than

5(3 because X3 is indirectly connected to'X8 by X3 and A3. Hence, G is posi-

43, 84

tive when F =0, When F = 1, X is connected to Xl by the strong double quantum

4
transition 4 +1 and XB is connected Xl by B3. Hence, G43 84 becomes 0 at F = 1,
b
G31, 34 monetonically decreases from .071at F = 0to 0at ¥ = .53. G31, 84

becomes negative when F continues to increase and finally goes back to zero at

F = 1. When X1 is irradiated X4 is + and XS is -. When F = 0, X, will be more

3

positive than 'Xl because X3 is connected to X 4° Hence, G is positive when

31, 84
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F=0. When F > .53, X3 will be more positive than )(3 because ¥ 1 is connected

to X " by the strong: double quantum transition 4- 1. :,_Hence, G is negative

31,84
when F > .53, When F =1, x3-- is equal to Xl hecause XS is connected to x4 and

Xl, and xl

Gyy gq 18 08t F = 1. The magnitude of G

and ¥ ,.are connected by strong double guantum transitions 4-+1. Hence,
4
31. 84 is always close to zero and there-
3

fore is not useful.

C. Computer Sclution

Equation (30), (31} and (32) can be expressed in matrix form as

RT = K | (57)

‘where R is a symmetric matrix, Equation (57) can be solved by using the trans-

formation U which diagonalizes R, i.e.

R = U_LRU, R,=r6 (58)

Then, the transform of equation (57) is

RT = K (59)

where

- -1 -

T= U Tand (60)

- -1

K=U'K (61)
The transfoi'm Tis given by

T. =3+ (62)




25

and : - R
T = UT . (63) |

The difficulty with the above is that r = 0. However, ﬁl = 0 also. This is

because
- -1 .
K1=Z(U‘)..K.=EU K
i 1y oy i1
1 N
= Z K =0
N j=1 13

Therefore, the general solution of (57) can be written as

-1 N
G =1 U L U K (64)
a 1 rl al me1 ml m

The sum o-ver lin (54) does not include 1 =11 ai_1d is restricted-to.xalues of 1 for
which r # 0. It is useful to note that these terms could be included with arbiti'ary
values for 'the corresponding aIl. In thié cllfése, the off diagoﬁal elements of ¥ would
not be affected, and a constant would be adiied to each diagonal element of X. This
would not affect the -computed values because only the differences between diagonal
elementsappea}r in subséquent computations. This is explicitly seen in the calcu-
1ation qf Gab, cd and Fab, cd in equatioﬁs (35) and (34), respectively. The advan-
tage of this calculation is that only one U is needed for all 12 double resonance
experiments, This method agreéd With the full calgulaﬁon'using the forrﬁal.ism

of Part One to three significant figures. This calculation for a tightly coupled

three spin system will be discussed in Chapter IV.
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CHAPTER IV
EXAMPLE: VINYL BROMIDE

A.  Experimental

1. Sam.gle.sr

Vinyl bromide is used to illustrate the Ovefhauser effects of an ABX threé
spin system. Two samples were prepared for this experiment. The first sample
wa.;s prepared with 10*1% v wnyl bromide in  C S2 golution. For a locking signal,
5% v TMS was added to this-_éample. This sample was degassed by the usual
freeze-thaw method, We shall call this sample A in the following.

' The second sample was prepared in a standard 5-mm-o0.d. NMR tube fitted
with a standard taper joint and ground glass Stopper. This sample was prepared
with 10% v vihyl bromide in C S2 solution. For a locking signal, 5% v TMS was
added ‘to this sample. Oxygenrgas was bubbled into this sample. We shall call
this sample B in the following. The relaxation of sample B will be dominated by
the intermolecular dipolar interaction of oxygen.

2. Imstrumentation

The instrumentation for this experiment was the same as in reference 1
except that the input to the phase detector was cbnnected tothe H 9 modulation out-
put through a Hewlett Packard 250-D attenuator and a .PAR Model JB-5 lock-in
amplifier. This feed-back signal was used to cancel the response due to H2. The

lock-in amplifier was used to control the phase of the feed-back signal. The phase
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and amplitude of the feedback signal were adjusted to completely cancel the
response to Hz. The experiment did not show complete cancellation. This might

have been due to the instability of the frequency and phase.

B. Spectra and Spectral Parameters for Samples A and B

The chemical shifts and coupling constants of vinyl bromide were obtained
by fitting the observed frequency and intensity of each line with computed values.
Table 1 shows the calculated and observed frequencies and intensities of all lines.
A single resonance spectrum is shown i_p Figure 3. The A and B protons are
attached to the first earbon atom. The X proton and bromine atom are attached to
the second atom. The larmor freeluenCy of the X proton is used as the reference.
for the measurement of all frequéncies. The intensity of each line measured is
relative to X4 line. The chemical Sh_ifts and. cqupling constants of vinyl bromide

were found as:

8,p= 15+.1H ; 6,, = 63.7 £ .1H ;
= N :i:. M = -1, * . .

GBX 48.7 | rle,‘ JAB 1.7 le_,
= 15.2+.1H ; =7.2 £ . .

JAX B le I 7 le ‘

BX
These results are in good agreement with pi'e'jfiously 'reported values. 21 Table 2
shows the expansion rc.oefﬁ?ciente ‘of the ei-ge'nkets ‘-‘.|’-‘a.>, |b->... with respect to the
product kets |MXMBM A>’ and the energy for each eigenket. In the weakly coupled
limit |a> |b>... correspond to J1>, |2>... respectively.. In the first column,

+% is denoted by &« The energy for each ket is given in the bottom row.




Table 1. The Calculated and Observed Frequencies

and Intensities of Vinyl Bromide

28

X4
X3
X2
X1
B4
B3
B2
B1
A4
A2

A3

Al

Intensities

Frequencies (H.z)
Calculated Observed Calculated
~12.269 -12.1 1.000
- 5.258 | - 5.2 1.280
2.040 2.9 1.545
9.951 " 9.9 | 2.130
44,644 w0 1.626
46.164 461  1.788
51.655 -'5;,5 o loss
53. 175  53.2 | 1.487
56.285 . 56.3 1.993
57.805 7.1 1.681
71.494 71.5 1.277

73.014 - 73.0 1.003

‘Observed

1.

a0

.29
.56
.09
.75
.96
.24
.67
.40
.01
.57

.25




'xa X3 X2 Xl

6¢
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Table 2. The Expansion Coefficients of the Elgenkets ja>, lb>
with Respect to- Product Kets IMXM Re and the Energy
for Each E1genket

MX MB MA a b c d e f g h
- = - 1.00 0 0 0 0 0 0 0
_ s 0 .993 .032 0 .110 0 0 0
- 4+ - 0 ~. 039 997 0 -.063 0 0 0
- o+ o+ 0' ' 0 0 .989 0 -.074 -.129 0
* - - 0 .107 © L0870 .992 0 0 0
fo- o+ 0 0 0 083 0. ..994 :_.'.,_065?_ 0
o+ -0 0 0 s 0-075 990 0
N o o o o o 1
Eo ) .3/_2vo_X %UOX %UOX %UOX ) %”oﬁc _%}OX _%voX _3/2voX

(HZ) -116.60 -15,13 -26.77 +73.33 -85.20 31.63 11.79 126.95




31

Fig. 3 shows single and double resonance spectra of sample A. A single
resonance spectrum_ziis on the bottom trace. Each line is well separated. A double
resonance spectrumg is on the top {race. In this double resonance experime_nt,‘ the .
X1 line is irradiated. The strength of H2 is . 63 Hz' This was obtained analyzing
strong irradiation double resonance spectra of 1, 1, 2-trichloroethane for one fixed

strength of modulation. This 'c'a]i__brat_ed.._Hz was attenuated to . 03 H_ with a Hewlett

" Packard 250-D attenuator. The beaf_: pattern is caused by the response of H,.

Fig. 4 showsi single _and double resonance spectra of sample B. A single
resonance spectrum is on the bottbm trace. .‘Althoﬁgh each line is broader than
the corresponding line in sample A, they are S’til} wel'l separated. The broadening
is caused by the dissolved oxygen gas in this saﬁple. The oxygen causes a strong
intermolecular dipolar interactiOn.L A double resonance spectrum is shown on the

top trace. - The X1 line is irradiét ed with a strength of . 076 HZ .

C. Dependence of Ga on F for Vinyl Bromide

b, cd

For intramolecular dipolar interaction, the structural parameters are

listed below:

<HCH = 120° and <HCC = 120°.
Thé gNN’ of equation (11) are calculated from the structural parameters as follows:

The AB, BX and AX pairs are numbered as 1,2 and 3, respectiveljr.

= .2000; By = . 0327, Bag = .0077;

€11 3

~.0405; 813 = " 0050 and €oq = . 0100,




X4

X3 X2

XL BAB3 B2BIA4A2 A3A]

Fig. 4. Single and Double Resonance Traces of Sample B with 2(t)‘ at X1.

e
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' For the intermolecular dipolar interactions; TA, TB and TX are assumed
equal because of the small distances between them and the rigid structure of vinyl

bromide. The correlation constants are assumed to be C AB ™ 1, CBX =0 and

C AX 0. The experimental and theoretical results are not sensitive to the vari-

ation of correlation constants.

The G. are plotted as a function of F by assuming 1, C =0,

ab, cd

Cox = 0and TA=TB=TX. The pﬁu-rvés'wei'e computed assuming TD = 18 sec.,

AB BX

however, the computed results depénd only on TD/TX. Figure 5 indicates the

plots of G73, 84 G51’ 84’ G43, g4 and G31’ 84 versus I from the exact calculation.

Figure 6 shows seven independent Gab 86 versus F from an exact calculation. The

independent G chosen here have the best sensitivity to the experimental re-

abh, 86

sults. . Figure 7 shows seven independent G versus F from exact calculation.

ah, 87

chosen here have the best sensitivity to the experimental

The 1ndepenF1ent Gab, 87

results.
The curves in Figure 5 can be compared with the corresponding curves in
Figure 2. For _the extreme case at F = 1, these curves are quite different. For

example, G in Fig. 5is -.44 and G in Fig. 2is-1.0at F=1.0. The

73,84 73, 84

difference results because now XS is connected to.y 8 by the 3 -+ & double quantum

transition of the AX pair. This makes x3 less positive, hence, G7 3. 84 less
negative,
in Fie. 5 is -. in Fig. 2 is - =1, s
G51, 84 in Fig. 51is -.65 and G51,84 in Fig is ~1at F =1, The difference

results because Xy is connected to 6 by the 1+ 6 double quantum fransition of the

AX pair. 1 is less positive, hence G is less negative.

51, 84
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. 5 .75
0 :
X
¢
o (’73,84
.
0

B e G43, 84 :
X Cs1, 84
0 O

-Fl_g. 5. Gab, 34 Versus I* from Exact Caleulgtlon.
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2 ' S
.25 S : .75 -1
0 — L T
x G75, 86
4 - | B
0 ‘ - : -
: 42,86 :
4
G
31,86
.0
~ CGes,86 |
0
.5 G87, 86.
0. | E -
x Gez, 86 |
0 _
X o n
5~  Sgq, 86
Fig. 6. G Versus F from Exact Calculation.

ah, 86
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.2-[ - .25 5 .75 |
| Ces, 87 |
of . X .
-.3
b4 G43,'87
.
~.4
0 -
- PV 5 G :
21,87
-3
61 :
X Crs, 87
0
Y o
S —
-6 84, 87
.8 L _ .
.
X © G5, 87
0 -
7 © _
-5l Ces, 87
. Fig. 7. G- )

_ab, 87

Versus T from Exact Calculation.
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G in Fig. 51is .25 and the G in Fig. 2is 0 at F = 1. The dif-

43,84 43,84

ference results because y 3 is connected to X8 by the 3 +8 d_ouble quantum transi~

tion of the AX pair. X3 is less positive, hence G in Fig. 5 is more positive

43,84
than in Fig. 2.

The magnitude of the G in Fig. 5 is less than.the ( in Fig. 2.

31,84 %31, 84

This results because X3 is connected to ¥ 8 by the 3+8 double quantum transition
and X1 is connected to Y 6 by the 1+ 6 double quantum transition. Both Xg and

X, are less positive, hence the magnitude of G in Fig. 5 is less than in

31,84
Fig. 2,

From this analysis, it is seen that there is a substantial effect when the
intramolecular dipolar mechanism is important. The plots in Figs. 6 and 7 can
all be explained qualitatively in a mammer similar to the discussion given for

G G

75,86 65,86’ 62,86’G

Fig. 2 in section IMIB. In Figs. 6 and 7, G 65, 87

G and G

43. 87 5. 87 are the most sensgitive curves.
H H

The curves in Figs. 5, 6 and 7 will be used to determine contributions tq
relaxation from ,intréﬁiolééﬂl&i‘r and iziizermolecul,a:r dipolar interactions for the

samples A and B. .

D. Results
Thé experimental results for the samples were expressed as relative
fracﬁonai change of intensities and cqmpared with the calculated curves in Figs.
5, 6 and 7. By obtaining the best fit with the‘calcu_lated curves, F was obtained

for each sample. . The F were used to obtain TD and TX. This gave an

ab, cd

independeﬁt check on the value of F obtained from the Gab od
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1, Sample A

Double resonance experiments were carried out on all twelve lines of

sample A, The line heights for single and double.resonance are given in Table 3.
In addition, the double resonance line widths, WD, are given when deviations from
the single resonance line widths occur. The line Width of eaéh single resonance
transition was . 37 Hz' The lines irradiated by the second rf with strength . 03 HZ
are given at the left hand side of the table. The lines observed are given at the top
of the table. The observed rsingle rescnance signal heights, ISR, are given at the
bottom of the table. Each eniry has two values. The value on the top is the signal
height of the double resonance line, IDR. ‘The value on the bottom is. the width of
double resonance line, WDR There are no entries for the irradiated lines and
some lines near the irradiated lines because they are covered by beat patterns.
. The Gab, cd for the twelve double resonanée ei:periments are listed in Table 4,

The lines irradiated by the second rf with strength . 03 HZ are .'g'l-ven at the left
hand side of the table. The lines observed are given at the top of the table. Each
entry has two values: thé;balefcp_l‘at;edfval-ué 1s ‘on the fop, thea experimental value is
~ on the bottom. Since the calqﬁlati_%on:does not consifier-_ tﬂe effects of intensity from
the splitting and field inhomoéer;eity, the ob:served ;iouble resonance line heights
were corrected as follows:

S )

PR PRy T (65)

R : : L
where ID and WD are the signal height and width re >tively in the doubleireso-

nance traée, and WS is the width in the single resonaﬁéé?trace. The lines subjected




Table 3. ISR, IDR. and WD of Sample A

X4

| X3 X2 X1 B4 B3 B2 B1 A4 A2 A3 Al
_(B1)  (73)  (62) (84)  (42) (31) (86) (75) (43) (21) - (87)  (65)

X4 ImD" . . 3.20 4.35 6.05 5.6 4.48 4.43 7.13 7.43 4,35 5.25 5.28
(51) W .39 .36 .43 -
X3 - PR 2,60 4,65 '5.38 6.00 8.30 3.95  3.53 4.85 6.05 6.23 4.33
(73) wP .36 o .38 .36 . 44 44 .37 '
X2 1IDR . 2.60  3.77 5.50  3.40 6.00 5.23 5.73 7.58 7.58 4,70 2.18
(62) . >~ WD .36 .46 .38 .39 .40 .38 .49
X1 1DR 2,74 3.38 4.06 6.48 6.63 2.33- 5.38 8.75 6.80 2.93 3.85
(54 WD S — : . A
B4 IDR 3.40 4.80  3.23 8.48 5.43. 3,13 5.08 4.83 8.13 4.93 4.65
(42) wD - .41 .38 41 .38 .46 - .40
B3. I1IDR 2900 5705503 7,90, K48 s 2 . 3.83 74783 9.53" 4,00 553 ~:4:75
(31) - w E"E I ‘ .40 .46 .3
B2 _ IDR. 3.45 3.95 6.38 4.68 4.88 6.05 5.18 7.75 7.1 3.68 5.23
(86) wD. .38 .37 .43 .38 .38 .36 .41 .38
B1 DR 4,25 3.05 5.83 7.1 5,53 5.73 3.60 8.10 6.70 6.80 2.53
(75) wD .38 .34 - .38 .36 .46
A4 PR 3.23 2.8 5.23 17.43 4.10 7.43 3.95 5.73 6.50 4.20 .3.78
(43) wD .36 .41 .39 .44 .36 .38 .39 .38
A2 PR 1.85 4.08 6.10 6.85 7.43 3.63 4.48 5.58 5.85 4.78 3.53
(21) wD 48 .39 .39 .38 .36 ...36
Ay PR 3.30 b5.10 4.88 5.20 5.70 6.50 3.03 6.05 6.73 6.20 3790
(87) wD , 38 .36 ' .38 .39 .38 '
Al DR 4.10 4.48 2.95 6.63 6.53 6.55 5.45 3.68 7.60 6.00 4.45
(65) wD .46 .36 44

R 3.40 4.38 5.30 7.10 5.95 6.68 4,20 5.68 8.15 6.83 5.35 4.25

6e



Table 4, G _ . of Sample A
ab,cd

S X4 X3 X2 X1 B4 B3 B2 B1 A4 A2 A3 Al
et (51) - (73) (62) (84)  (42) {31) (86} {75) (43) (21) (87) ~ (65)
X4 -1 -.3129 -.3170 -.2820 -~-.0095 -.3279 .0255 .3592 -,0317 =.3502 ~-.0008 .3328
(51 -1 -.30  -,28 -.23 -.05 -.30 . 08 41 .14 -3 =.03: .38

X3 - .2814 -1 -.1654 -.2863 .0688 .3913 -.0522 -.3271 -.3813 -.0587 .3322 .0574
(73) - .29 -1 -.13 -.28 - .01 .42 -.09 -.32 -.38 -.16 - .32 .01
X2 ~ .2786 -.1612 -1 -.2785 -.3347 -.0486 .3869 .0688 .0688 .3419 -.0615 -.3796
(62) - .28 ~,18-—-=1 - =30 -,32 . -.13_ ...38 . .QL-.. 05 36 -: .08 -.37
X1 - .2805 -.3155 -.3147 -1 .3508  .0823 -.3345 -.0025 .3300 .0114 -.3546 -.0226
(84) - .26 -.31 -.31 -1 .35 00 -.35 =07 .34 .00 - -.35- -.12 =
B4 - .0120 .0824 -.4180 .3840 -1 -.1615 -,1981 -.0672 -.3178 .5208 -.0161 . 1147
(42) - 0400..0 414w o241 089y -1 - SER20W. =017 0 -, 06 -.30 .51 -.12 .13 -
B3 - .3576 .4613 -.0622 .0331 -.1594 =T . 0643 -.1812 .5210 -.3197 .0927 -.0241
(31) .34 .40 -.07 .15 -.26 -1 -.12 -.20 .46 -.29 .04 =05
B2 .0266 -.0604 .4508 -.3489 -.1915 -.0632 -1 -.1502 -.0244 .1039 -.3129 .5370
(86) .03 -, 07" .45 -.34 -.19 -, 05 -1 -.16 -.02 .07 -.33 .55
Bl .4049 -.4019 .0876 -.0022 -.0702 -.1932 -.1600 -1 L1099 -.0132 .5097 .3305
(75) .38 -.38 .09 .00 -.12 -.21 -.21 -1 L11 .03 .50 .32
A4 - .0310 -~.4480 .0683 .3551 -.3105 .5189 -.0237 .1020 -1 -.1705 =-.1970 -.0713
(43) - .07 = -.47 . 03 .37 -.82 B2 =03 .11 -1 -.15 -.18 -. 07
A2 - - .3758 -.0698  .4163 .0123 .5106 -.3184 ~.1066 -.0123 >.1710 -1 -. 0891 -.2080
(21) - .37 <,10 .39 .01 .49 -.31 .10  -.03 -.23 -1 -.11 -.20
A3 - ,0011  .4033 -.0769 -.3933 -.0156 .0959 -.3321  .5003 -.2032 -.0918 -1 -.1676
(87) - .05 .39 ~.12 -.36  ~-.06 .06  -.30 .46 -.18 -.14 -1 -.14
Al .3478  .0688 -.4499 -.0251 .1113 -.0260 .5358 -.3050 -.0652 -.2025 -,1592 -1
{(65) .35 . 03 -.43 -.05 17 -.03 .50 -. 32 -.12 -.20 0.20 -1

0%




within experimental error', 8% Smce the absolute TD- and TX ca_

4]

to this correction are those lines in which the line width in the double resonance
trace shows a deviation from that of the single resonance trace. The experimen-

tal G ab, cd listed in Table 4 were then computed using the corrected IDR. The

experiment po1nts of G are drawn in the F1gs 5, 6and 7 as ‘circle o. The

ab, d

Gab od have an exper1menta,l error of 12%. The F corresponding to the experi-

mental point of G ab, cd var1es between .5 to .56. One best vertical line can be

drawn through the experimental points of G ab, cd at F = .53.

It was mentioned in section IVC that we assumed TA =TB=TX, C AB 1,

C AX 0 and CBX = 0. There_fcx_&e, the absolute TX and TD can be obtained by the

best fit of experimental and calculated F obtained by varying TD and TX. In

ab, cd

computing F TD was varied fror_n 15 to 21 seconds, and TX was varied from

ab, cd’

17 to 23 seconds. The computanon assumed C =1, C = ¢ and H

AB
.03 Hz. The TD and TX fcr the best fit of the expenmental a__d calculated F

ab, cd

are 18 seconds and 20 seconds,' reSpectwely. These Fab od for all twelve double

resonance experiments are listed in Table 5. The lines observed are given at the
top of the table. The lines irradiated are given at the left hand side of the table.

Each entry has calculated and observed Fab od’ The calculated value is on the

top of each entry and the observed value is on the bottom of each entry. The

experimental ¥ were corrected for line width changes as given by equation (65).

ab,cd

The experimental values of F are obtained from the average of equations

ab, ab

(36) and (37). The calculated and eXperimental F in Table 5 agree within

ab, ab

experimental error, 8%. The expenmental and calculated F in '_Teble 5 agree.

b,._c

e obta].ned from
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Table 5. Fab, od of Sample A
> X4 X3 X2 X1 B4 B3 - B2 Bl A4 A2 A3 Al
(5)  (78) (62) (8% (42 (1) (86) (75) @ (43) () (8T)  (85)
X4 -.5922 -.1853 -.1877 -.1670 -.0056 -.1942 . 0151 .2127 -.0188 -.2074 -.0005 1971
(1) -.64 -.19 -.18  -.15 ~ -.03 -.19 .05 .26 -.09  -.22 .02 .24
X3 -.1962 -.6971 -.1153 -.1996 .0480 ,2728 -.0364 -.2280 -.2658 -.0409 .2316 0400
(75) -.20  -.69 -.09 - -.19 .01 .29 -.06 22 -.26  -.11 .22 .01
X2 -.2092 -.1210 .-.7508 -.2091 =-.2513 -,0365 .2905 .0517 .0419 ,.2567 -.0462 -.2850
(62) -.21 -.14 -.76 - -.23 _ .24 -.10 .29 .01 .04 .27 -.06 -.28
X1  -.2119 -.2383 -.2377 -.7554 .2650 ,0244 -.2527 -~.0019 .2493 .0086 ~-.2679 -.0171
(84)~ -.19 -.23 -.237. -4 .26 .00 -.26 .05 .25 .00 -.26 -.09
rma0081. i 058 G5.28 01 .~ 6774 ~.1094 -, 1342 -,0455 -.2153 .3528 -.0109 0777
.10 2% —.69 R v S 04 -.21 .35  -.08 .09
.3258 -. 0234 -,1126" ~,7063 -,0454 -,1280 .3680 -.2258 .0655 -.0170
.30 -,05 117 -.20 -.76 -.09 .15 .35 -.22 .03 -.04
B2 . 0159 - -. 0361 2749 -.2086 -.1145 -,0378 -.5979 -.0898 -~.0146 ,0621 -,1871 .3211
(86) 02 -4 .26 -.20--- -,11 = -,03 -.58 .09 -.01 .04 -, 19 .32
B1 2601 -.2582 .0563 -.0014 -.0451 -, 1241 -,1028 -.6424 .0706 -.0085 .3274 -, 2123
(75) .25 -.25 .06 0.00 - -.08 -.14 -.14 .66 .07 -. 02 .33 -.21
A4 -.0225 -,3255 .0496 - .2580 -.2256 3770 -.0172 0741 -.7265 -.1239 -.1431 -,0518
(43) -.05 -.34 . .02 .27 -.23 .38 -.02 .08 -.73 -.11 -.13 -.05
_ A2 -.2602 -.0483 .2882 .0085 .3535 -.2204 .0738 -.0085 -.1184 -.6923 -.0617 -.1440
2y -.26  -.07 .27 007 .34 -.22 .07 -.02 -.16 ~.70  -.08 . -.14 . .
R L L0007 2508 = 0477 =- 2441 -.0097 L0595 =-2061 3105 =.1261 =I05707 516206~ =.1040
(87) . -.03 .26 -.08 -.24 -.04 .04 -.20 .30 -.12 -.09 ~.56 -.08
Al L2047 0405 -.2648 -.0148 0655 -.0153 .3154 -.1795 -.0384 -.1192 -.0937 -.5886
(65) .21 .02 -.26 -. 03 L1000 -, 02 .30 .19 -.07 . -.12 -.17 -.60

ey
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equation (56) as 0.53. This value of F agrees with that obtained from the best fit

of the G curves in Figs. 5, 6 and 7.

ab, cd
2, Sample B

Double resonance experiments were perfqrmed on all twelve lines of
sample B. The signal heighté of single and double resonance specira and the width
of the double resonance lines, WD, when different from the single resonance lines,
_ are listed in Table 6. The line width of eaéh single resonance line is .50 Hz' The |
strength of the second rf is . 076 Hz' The arrangement of the Table 6 is similar

to Table 3. The Gab C d for the twelve double resonance experiments are listed in

Table 7. . The arrangemelit of Tablé 7 is similar to Table 4. The experimental

Gab od listed in Table 7 were computed using the corrected ID R. The experimen-

tal points of G are d_raiwn in the Figs. 5, 6 and 7 as cross sign X. The G

ab, cd ab, cd

have an experimental error of _15%. The F cbr;-espo_nding to the experimental points

of Gab d may vary from .05 to .22, The best vertical line can be drawn through

the experimental points of Gab,c d at F = .13.

Again we assumed TA = TB = TX, C 1, CAX =0 and CBX = 0. The

absolute values of TX and TD can be obtained by the best fit of the experimental

AB

F . . and calculated F for different values of TD and TX. In computing

ab, cd ab, ed

F TD was varied from 15 to 21 seconds, TX was varied from 3 to 5 seconds,

ab, cd’

C,.=1,0C

AR Cpy = 0and Hy = .076 H . The TD and TX obtained from the best

AX ~ UBX

fit of the experimental and calculated F are 18 seconds and 4 seconds, respec-

ab, cd

tively. The Féb od for all twelve double resonance experiments are listed in

Table 8. The arrangement of Table 8 is similar to Table 5.




Table 6. ISR, IDR and WD of Sample B

X4 X3 X2 X1 B4 B3 B2 Bl A4 A2 A3 Al
(1)  (73) (62) (84) (42) (31) (86) (75) (43) (21) (87) (65)

X4 . _IJ_JR 3.5 4.4 6.3 5.4 4,8 4.0 6.2 7.0 5.1 5.2 4.6
(51) wD - .55 .48 .54 .46
X3 DR 2.5 4.4 5.4 5.3 6.5 3.4 3.8 5.1 5.5 5.4 3.7
(73) wD R .55 .56 .58 B
X2 DR 2.7 3.6 5.5 4,2 6.0 4.5 5.4 7.2 7.1 4.5 2.7
(62) wD - .51 .48 .53 .58
X1 R 2.9 3.5 4.3 6.7 6.5 2.8 5.3 87 6.5 3.5 3.7
(843 wD ' - .48 53 .48 .49 .54
B4 U 2.9 3.7 3.3 6.8 32 5.2 5.7 7.5 5.0 4.2
(42) wD .58 .54 .49 .53 .47 .48
B3 DR 2.1 4.7 4.7 6.8 ] 3.8 5.0 8.5 5.0 5.3 4.0
(31) wD .60 .47 . .48 o A8 47 .53 .47 .47
B2 PR 3.3 3.8 5.8 5.1 5.0 5.8 7.1 6.6 3.9 4.6
(86) wD .49 .45 .54 .51 .48
B1l 1DR 3.5 2.8 4,7 5.8 5.1 5.4 7.1 5.5 5.3 2.6
(75) wP .61 .55 o _ .55 .52 .59
A4 1ok 3.0 2.9 5.0 7.4 4.4 7.1 3.8 5.5 4.0 3.6
(43) wD .51~ . .53 '
A2 PR 2.1 3.6 5.3 6.5 6.1 4.2 4.0 5.0 4.4 3.2
21 WD .60 .53 53 .60 .48
A3 1DR 3.3 4.7 4.6 4.9 5.3 58 29 59 6.2 5,6
(87) - wD” .44 53 .54 .53 .51 .54
Al DR 3.6 4.6 3.7 6.2 57 60 42 4.6 7.0 5.9
(65) wD .53

SR .

1 3.1 3.7 4.6 6.3 5.3 6,1 3.6 5.2 1 6.4 4.7 3.8

¥




Table 7. G

ab, c

_, of Sample B
HY

X4 X3 X2 X1 B4 B3 B2 Bl A4 A2 A3 Al
(61) (73) (62) (84) (42) (31) (86) (75) (43) (21) (87) -~ (69)

X4 -1 -.2867 -.2851 -,1723 -.0553 -.3575 .0575 .3558 -.0666 -.3688 .0478 .3461
(1) -1 -. 16 -.13 .06 -.42 .32 .42 -.03 -.45 .32 .42

. X3 -.2800 -1 -.1433 -.,2768 ,0664 .3706 -.0671 -.3494 -.3762 -.0749 .3441 .0618
(75) -.39 -1 -.08 -.29 0 .33 -.12 -.35 -.35 =.29 .31 . 06
X2 -.2764 -,1423 -1 -.2772 -.3581 -.0687 .3647 .0655 .0615 .3510 -.0734 -.3726
(62) -.26 -.06 -1 -.26 -.38 -.04 .38 .08 .02 34 -.08 -.36
X1 -.1728 -,2843 -.2868 -1 .3525  .0605 -.3607 -.0510 .3430 .0510 -.3727 -.0630
{(84) -.13 -.11 -.15 -1 .46 .15 -.43 -.09 A3 0 040 -.41 -.07 .
B4 -.0569 L0700 -.3863 .3619 -1 -.2500 -.2578 -,1231 -,3411 ,4089 -,0492 (0856
(42 -.13 0 -.38 .36 -1 -.27 -.24° --,13 -.33 .42 =. 04 .11
B3 -.3632 .3855 -.0719 .0613 -.2466 -1 -.1134 -.2514  .4071 -.3464 .0829 -.0552
31y -.37 .37 -.08 .16 -.29 -1 -.06 -.24 .39 -.35 .08 -.06
B2 L0683 -.0697 .3814 -.3647 -.2539 -.1132 -1 -.2412 . -.0535 . 0872 -.3486 . 4103
{86) .16 0 .34 -.37 -.16 -, 13 -1 -.29 .08 -.39 .42
B1 .3703 ~.3722 ,0703 -.0529 -.1244 -, 2575 ~-.2475 -1 .0824 -.0508 .4017 -.3508
{75) .35 -.35 .04 -.17 - -.09 -.24 -.30 -1 0 -.13 .37 -.39
A4 ~.0683 -.3980 .0651 .3507 -.3397 .4109 -.0641 .0811 -1 -.2494 -,2513 -.1160

_ (43) -.05 -.39 .16 . 35 -.30 .40 .11 .11 -1 -.30 -.26 -.09
AZ ~.3758 ~-.0781 .3688 .0518 ,4047 -.3475 .0877 ~,0498 -.2479 -.2479 -.1179 -,2553
{21) -. 37 -.06 .36 .06 .38 -.35 .11 -.08 -.24 -1 -.11 -.31
A3 .0494  .3635 -.0781 -.3835 -.0493 .0842 -.3547 .3984 -.2529 -.1194 -1 ==, 2469
{87) .13 .34 -.37 -.11 -.37 .37 -.28 -.13 -1 -.26
Al .3528 .0645 -.3917 -.0640 .0807 -.0554 .4124 -,3437 -.1154 -.2554 -.2439 -1
{65) .34 .21 -.39 ° -.05 .21 -. 05 .45 -.32 -. 03 -.21 -.29 -1

Sy




Table 8. Fab,cd

of Sample B

X4

X3 X2 X1 B4 B3 B2 Bl A4 A2 A3 Al
(51) (13) =~ (62)  (84) (42) (31) (86) (75) . (43) (21) (87} (65)
X4 -.3771 -.1081 -.10756 ~.0650 -,0209 -.1348 .0217 .1342 -~ 0251 -,1391 ,0180 1305
(61) ~ -.31 ~-.06 -.04 0 02 -.13 100 .13 -.01 -.14 .10 .13
X3 ~.1260 -.4498 -,0645 -.1245  .0299 .1667 -.0302 -.1572...-.1706. =.70337 .1548 .0278
(75y -.19  -.49 -.04 -.14 0 .16 -.06  ~.17 -, 17 -.14 .15 .03
X2 -.1385 -.0713 -.5010 ~.1389 -.1794 -.0344 .1827 .0328 - .0308 .1758 -.0368 ~.1867
(62) -.13 -.03  -.50 -.13 -.19 -. 02 .19 .04 L0117 -. 04 .18
X1  '-.0972 -.1600 -.1614 ~-.5627 .1984 .0341 -.2030 -.0287 .1930 ,0287 -,2097 -.0354
(84 -.06 -.05 -.07.  -.46 .21 .07 -.20 -.04 .20 .02 -.18 .03
B4 -, 0277 .0341 -,1852 1762 -.4869 .-,1217. .-,1255 .=.0599 - 1661 ,1991 -, 0240 0417
42y -.06 0 -.17 - .16 -.45 : .11 -.06 -.15 .19 -.02 . 05
B3 -.1880 .1996 -.0373 -.0317 -.1277° =7 0587 75, 1302....,2108 -,1793  .0429 -.0286
(31) -=.19° 19 -4 .08 ~.15 _ .03 -.12 .20 -.18 .04 -.03
B2 .0229 -.0273  .1495 -.1429 -.0995 -.0444 -.3919 -.0945 -.0210 .0342 -.1366 .1608
(86) .06 L13 -.14  -.06  -.05 =.38 -.11 .03 -.15 .16.
B1 .1704 ~.1713 .0323 -.0243 -,0572 -.1185 -.1139 -~.4602 ,0379 -.0234 1848 -, 1614
- (75) .16 =16 .02 -.08 -.04  -.11 -, 14  -.46 0 -. 062 .17 .18
Ad ~.0370 -.2156 .0353 .1900 -.1840 .2226 -.0293 0440 -.5417 -,1351 -.1361 ~.0629
(43) =-.03 -.22 . 09 W20 0 - 17 .23 . 06 .06 -.57 -. 17 -.15 . 05
A2 "-.1887 ~-.0392 ,1852 .0260 .2032 -.1744 .0440 -.0250 -.1244 -.5020 -.0592 -.1282
(21) * ~.19  =,03 L1909 . 03 .20 -.18 .06 -.04 -.12 -51  -.06 .16
A3 .0211 1557 -.0335 -.1643 -,0211 .0361 -.1519 .1707 -.1083 -.0512 -.4283 -.1058
87y .06’ .16 =17 0 -.05 -.17 .17 -.13 -.06 -.46 .12
Al L1325 . 0242 -.1471 -.0240 .0318 -.0208 .1549 -.1291 ~,0433 -.0959 -.0916 -.3755
(65) .13 .08 ~.15 ~. 02 . 08 -.02 .17 -.12 -.01  -.08 ~.11 .38

o7
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The experimental values of F are obtained from the average of

ab, ab

equations (36) and (37). In general the experimental and calculated Fab d in

Table 8 agree within experimental error of 10%. Since the absolute TD and TX
can be obtained from the above comparison, F can be obtained from equation (56)

as .18. This value of F falls within the range qf the G curves in Figs. 5,

ab, cd

6 and 7. The range on Figs. 5, 6 and 7 is large because the experimental error

s . a ]
ab, cd curves in this region have a small slope

is large and most of the G

3. Discussion

From the above results.,lf‘Safnpl'é‘:..A has 5'5% i.ntramolecula::c' dipolar inter-
action with TD = 18 seconds and TX = 20 seconds and sample B has 18% intra-
molecular dipolar interaction with TD = 18 seconds and TX = 4 seconds. Because
the inake—up of the two. sample differ only by s?.mple B having dissolved 302, it is
reasonable to assume that TD is the same for bpi_;h sainple.s. Howevexj, éample B
haé a stronger intérmolecular dipolar interaction because of the oxygen molecules.
This shows up in a lower value of TX.

- The weak double resonance -exp_érimént isa straightforﬁvard and simple
technique for studying relaxation processes in three Spin systems. The features
of double resonance spectra can be in’perpreted from the dénsity matrix formalism.

The advantage of using G is that it is independent of small frequency

ab, ed

off sets and the strength of Hz,- and also requires only relative relaxation times

for interpretation. The disadvantage of uSin_g G is that it has a larger experi-

_ ab, cd
mentzal error than Fab cd’ Also, the absolute relaxation parameters can not be
obtained from the G . . The plots of G versus F serve a similar function
ab, cd ab, cd
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for estimating the relative contribution of different relaxation processes as the

E - &

strong double resonance éxperiments used by other i‘nvestigators.-lf.0 The reason

that the strong double resonance experiments depend only on the relative contri-

‘ 13
- butions is that the experiments may be described by Bloch's approximation.

This can be seen in equation (10) of reference 10.
The experimental results of three spin systems are sensitive to the relax-
ation mechanisms. The studies in two spin sy',stems in reference 6 showed the

same kind of sensitivity to the relaxation mechanisms. In addition, the three spin

systems have a great variety of features in their double resonance spectra. Hence,

this allows the Study of interesting relations like the symmetry properties and
summation rule of the Gab, od and Fab,c a4 The symmetry properties were

developed for the special case of weak coupling and simplified relaxation mecha-

nism. - It is interesting that these relations for the G hold approximately for

ab, cd
the tighily coupled three spin systems.

The two spin system can not be used to study anisotropic reorientation23
because.the Overhauser effect does not depend on the anisotropic reorientation.
Howeyer, for the three spin system, the Overhauser effect in principle does
depend on the anisotropic reorientation.6 Hence, it may be interesting to study

the effect of anisotropic reorientation on the double resonance spectra of three

spin systems.
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Nuclear Magnetic Double Resonance in Chemically Exchanging Systems*
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A density matrix description of nuclear magnetic double resonance on chemically exchanging systems
is developed using a double résonance basis set. The chemical exchange coefficients have many properties
analogous te the relaxation coefficients. This allows the density matrizx computation to be expressed in
terms of a symmetric array. The solutions can then be obtained in terms of an eigenvalue procedure. This
procedure is more efficient than standard Gauss-Jordan reduction and automatically takes into account
the constraints introduced by the summation properties of the relaxation and chemical exchangs coefficients
and by the symmetry of the spin system. The formalism is illustrated by self-exchange in the A B, system,
2,2, 2-trichloroethanol. Comparison of theoretical and experimental double resonance spectra allow the
determination of the chemical exchange lifetime and the relazation parameters even when the exchange
rates are slow compared with the experimental linewidths,

1. INTRODUCTION

In nuclear magnetic double resonance, the NMR
spectrum is swept by a weak observing ri, H,, while the
spin system is simultaneously irradiated by a .second
strong rf, H,'** The strong rf produces pepulation
changes which show up as intensity changes in the
recorded spectrum. In addition, double rescnance
splittings appear when the strength of the strong ¢f is
comparable to the linewidths.

Nuclear magnetic double resonance has proven to be
a valuable technique for studying relaxation processes
in coupled spin systems.?* Chemical exchange of
nuclear spins has many features similar to relaxation,
and one would expect that an analysis of the double
resonance spectrum of a chemically exchanging system
would provide information on both the chemical ex-
change processes and the relaxation mechanisms.

In this paper, a formalism for double resonance on
chemically exchanging systems is developed by combin-
ing the relaxation formalism of Redfield® with the
chemical exchange formalism of Alexander. The form-
alism is developed explicitly for intermolecular chemical
exchange. Intramolecular conformer changes, however,
are just a special case of intermolecular exchange.®

Double resonance techniques have been used often
to study chemical exchange processes by monitoring
transfer of saturation.S~* This paper differs from the
others in that chemical exchange is incorporated into a
density matrix deuble resonance formalism 2®

The formalism is developed using a double resonance
basis set.?* This provides a formulation which is
exact for all values of irradiation strengths.

The exchange coefficients have many properties
analogous to the relaxation coefficients. This allows
the double resonance calculation to be expressed in
terms of a symmetric array. The solutions can then be
obtained in terms of an eigenvalue procedure. This
procedure appears to be more efficient on a computer
than standard Gauss—Jordan reduction.

The formalism is illustrated by the AB, system,
2,2, 2-trichloroethanol. In addition to line broadening,

the chemical exchange tends to redistribute the popu-
lation changes caused by the strong rf field. Hence,

_ the nuclear Overhauser effect™ depends on the chemical

exchange rates. The chemical exchange lifetimes and
relaxation parameters may be measured by fitting
experimental and theoretical double resenance spectra,
This is possible even when the exchange rates are slow
compared with the experimental linewidths.

II. INSTRUMENTATIQN AND SAMPLES

Frequency sweep double resonance spectra were ob-
tained at 100 MHz with a JEOL 4H-100 NMR spec-
trometer. This instrument uses an internal lock modu-
lation frequency of 4 kHz. The strong rf, H., was ob-
tained from a General Radio 1164-A synthesizer. The
lowest frequency which can be directly obtained from
the GR synthesizer is 0.1 MHz. The required audio
signal was obtained from the synthesizer by mixing the
5-MHz synthesizer reference signal (J108 on the
synthesizer} with the synthesizer output signal, by
using a Hewlett-Packard 1951A mixer. The H, signal
was amplified using a GR 1206-B unit amplifier and
attenuated by a HP 250-D attenuater. Precision double
resonance experiments are difficult on compounds with
short relaxation times because of the large response due
to Hi. Interference from the strong signal at w, was con-
siderably reduced by placing a Spectral Dynamics
SD101B tracking filter with a 2.0-Hz bandwidth
hefore the audio phase detector.

The samples were prepared in standard 3-mm-o.d.
NMR tubes fitted with standard taper joints and ground
glass stoppers. The 2,2,2-trichloroethanot was ob-
tained from Aldrich and was distilled before use. It was
found that the hydroxyl exchange rate could be reduced
to extremely low levels by simply shaking the substance
with Fisher type 5A molecular sieves before use. The
experiments for Fig. 2 were on a CS, solution containing
about 3%, by volume of alcohol, 5% by volume of
tetramethylsilane for the lock signal, and a drop of
cyclohexane to monitor the receiver amplification.
The experiments for Fig. 3 were on a sample of ap-

1779
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proximately the same composition {as measured by the
chemical shift) but to which a few drops of CS; satu-
rated with HC] were added to increase the exchange
rate of the hydroxyl proton.

IIT. FORMALISM
A, Density Matrix Equaﬁons

The development of Sec. ITI will assume an excharige
process involving only one nucleus and one type of
molecule (self-exchange). The extension to one nucleus
exchanging between two types of molecules is treated in
the Appendix. The extension of the formalism to ex-
change of several nuclei may be done in a straight-
forward mannet..

In miicledr, thagnetic double resonance, the spin
system Is simultafiesusly irradiated by a strong satu-
rating rf field H; at angular frequency —w: and a weak
observing rf field at angular frequency —wy It is

assumed that double resonance on z chemically ex- ..

changing spin system is described in the rotating frame
by :

(d&/d) +i[Ho®, 51+ Dy, 7] exp(in't) +i[ Dy, 7]
Xexp(—iw') +T(F—o) +E(F)=0. (1)
In Eq, (1); # is the spin density matrix in the rotating

" frame, dnd ‘o, is ‘the equilibrium value of the spin

density matrix with no rf fields. ¥ is the time-inde-

_ pendent part of the Hamiltonian and is given by!?s

= 211’{2‘«4,.-’;5;(’5) +2T4F () F(N I+ Dot Do (2)

In Egs. (1) and (2), di= —toet (@/27), F(i) is the

spin vector for the magnetically equivalent set 4,
Dki= _wz_”hﬂ;ﬂ:(i’)s_ kﬂl, 2»

v =vile/ (210), k=0, 1,. 2,- -

;
W =W,

and the remaining symbols have their usual mean-
ing.t#»2 Tn this paper, op will be assumed to be ade-
quately described by :

o= (1/N)+ 2ng T (0), C®)

where N is the number of spin states and g= £/ (NkT).
In the following, the keis |a), [a'), | 8), | ), ---,

etc., will denote the basis in which 3C4® is diagonal 1210 -

such that
He® | a)=E.| a). (4)

The relaxation of the spin system is described by
T'(5—aoy), where

(o | T{(3—av) | B)__= - %’ Ruporp{ (o’ | 7| 8")
—{a' | w]| 8, (5)

and the Rug.sr elements are given by the Redfield

formulation ?*? The R,g.-s relaxation elements satisfy

the important relations®s!¢
3 Raaarpr=0 B

and - )
- Roparg = Ry ap= Rpagrar (N
The chemical exchange is described by E(7), where
E(7) was given by Alexander* as
E(8)=r[Q'Ps-5'P—~5] , (8)

In Eq. (8) r is average time between chemical ex-
changes, &' is the density matrix for a second molecule,
P is a permutation operator describing the chemical
exchange, and §' means trace over the spin states of
the second molecule.

The steady state density matrix equations are de-
rived by taking components of {1} with respect to the
double resonance basis, and substituting (2), (3), (5),
and (8). It.is assumed that

(| 31 B)=(at| o0 | B)+ (x| x| B)+ (i n|B), (9

where x is due to H; and 4 is due to H;. In addition, it is
assumed that the off-diagonal elements of (a|y]|8)
are given by

(@) n|B)={a|n*|B) exp(i't)+{a| 7| B)
' ‘Xexp(—iw't), (10)

where (a| "] 8Y={8]| #n~| a)*. Then, to first order in

w/ET and (2mtr)/Ragarsr, {o| x| 8) and {(a|7 | 8)
satisfy the equations

iwager | x | B)— 3; Roparpr e’ | x| 8)
- z_'ﬂll Eopapr (@' | x| B')= —i2mquag
X (a| z‘_:ﬂcﬁ:(i) | 8), (11)
i{wag—e') (| ™| B)~ 3?5’ Rapargle! [ 97| )
- :YE Eopwg (o [ =] 8')
=im (o | [F_, 21rq;vofﬂ:z(i)+x:| |8, (12)

and

Tla|x|e)=Elal v |a)=0, (13)

where w,g=F,— Fs. These equations are the standard
double resonance density matrix equations® ' except
for the additions of the exchange terms, described by
the elements Eagarg. The signal detected at «y is pro-
portional to S, where

S=ImZa(ai 7| 8) (81 54| @), (14)

and Im means the imaginary part.
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B. Exchange Coefficients
The exchange coefficients are given by
.Ea.ﬂﬂ".ﬂ' =7\[(TrB*>B*8/N,)+ (TrB*B**'/N,)
—Baabpp ], (15)
where the matrix B is defined by
(B“")ub=z{:cfc"crb", (16)

and Tr stands for trace. In Eq. (16}, Cy~ is an ex-
pansion coefficient for | a), defined by

la)=iZCfu"f i a), (17)

where | §) is a member of ‘a basis set for the exchanging
nucteus, and | @) is a member of a basis set for the non-
exchanging nuclei. N, is the dimension of | {}, and N,
is the dimension of | 4). 7 is the average lifetime of the
exchanging nucleus on one molecule. It is seen from their
definition in Eq. (16} that the B*® matrices satisfy the
relation (B*f) = (Bf)y,. The exchanpge coefficients
transform like 4th-rank tensors with respect Lo a change
of basis. Thus, if U,t= (a*| a},

Eatgthyyt= 2 UsteUpel 4 UstEapn. (18)
afivs
Other useful properties which may be proven from the
definition, Eq. (15), are
Euﬂu’ﬁ’=Eﬂa.B'ﬂ'= a’f'afly (19)
Z By =7y ¢
};tEumr(a I):vmff (2 | 8= 0 ()

and
Z‘, Eanarg = (NTV/N}1 15008 (22)

Equation (22} is obtained if the spm systemy has sym-
metry. Then T represents one species,; dnd: the sum-
mation is over all states which belong’ to that species.
NT is the dimension of the species T, and N is the total
nummber of spin states.

C. Soltion of Eq. (11) for No Relaxation

In order to understand the effects of chémical ex-
change, the solution of Eq. (11) will be examined in the
limit of Rap.,n,a-—>0, i.e.,

iwapla [ x| B} — %' Eaparp ' [ x ] 8)
= —ilrguapla | 2 w.(i) | B). (23)
Using Eq. (21), it is seen that an exact solution of Eq.
(23) is
= —2#qzvnggg(i) . {24)

This solution corresponds to complete saturation of the
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spin system. Notice, however, that (24) is the solution
of Eq. (23) even when E.p.p-=0. Physically, this occurs
because Eq. (23} is an exact description and every
transition is directly irradiated. Because there is no
relaxation to oppose the effects of the f field, every
transition is saturated. That the chemical exchange
does not oppose the saturation is no surprise; this may
be inferred directly from the Alexander operator ex-
pression (8). Therefore, relaxation must be included
in an analysis which allows saturation. This is true even
though chemical exchange by itself may be adequate in
formalisms which negiect saturation.!

D. Numerical Solution

When cne attempts to quantitatively describe double
resonance spectra with chemical exchange, one has the
practical difficulty that the chemical exchange may
couple the density matrix elements strongly. Then, the
widely used Bloch approximation and simple line ap-
proximation are not adequate® We have found that
the speed of a computation is improved by at least a
factor of 3 by using a diagonalization procedure. Be-
sides the advantage in computer time, this procedure
automatically accounts for the constraints introduced
by relations (6), (20), (21), and molecular symmetry
coupled with (22). The diagonalization procedure we
used will be discussed in detail in Sec. TT1.D.»

The real and imaginary parts of Egs. (11) and (12}
may be written in terms of a symmetric array by a
simple change of variables. With this in mind, it ic
convenient to designate the diagonal elements, and the
real and imaginary parts of the off-diagonal elements
as follows:

el xlar=(af x| 8), (25)
alx| By= (ol xiB+ila| x:18),  (26)

(| g [8)=(a| m~ | B)+ila|m{8). (2D)
Because ; is Hermitian,

ol ! By= (@ | xr | &)

o] 22| By=—{B]x:| &}. (28)

Only the elements {a|x:|8) with <8 need be
computed because of relations (28). The indices of
{a| x¢|8) will be considered to define an ordered
triplet faf. The taf triplets will be ordered in a linear
array by successively stepping each indéx through its
range of values, starting with.£. Thus, £ is incremented
from 0 to 2. When £ equals 0, the pair of is stepped
through the sequence 11, 225 .-+, AN, whére N is
the number of spin states. For ¢ equal to 1 or 2, the pair
«ff is stepped through the sequence 12, 13, ---, 1IN,
23, +++, 2N, «++, N—1N.

Let & denote the position of the triplet faf in the
sequence defined above. This defines a one-to-one

and

and
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TapLE I. Ase. metric. In fact, the reduced 4 matrix is obtained from

the A array for a complete calculation by simply delet-

£ & Aw ing the rows and columns corresponding to the approxi-
mated -elements. We have found it convenient to set

] 0 2(Raaw'ar+Eaourar) up the complete 4 array and then to delete the rows

0 1 2(Reaws+ Eocasr) and columns by an array transfer procedure before

0 2.0 o - using the ‘diagonalization procedure. When 4 is re-

1 1 (Raparpt Rapwrar) + ( Eaporsr T Eapirar) duced, the elements of K corresponding to the ap-

; ; “’_"f‘;:::‘:',_&wu,) (Foery—Eugre) proximated Xy are also deleted. The remaining elements

mapping of the ordered triplet {xf onto the single
index k. Therefore, (a8 is a function of £ and may be
written {af(k). Similarly, £ is a function of tef, and
may be written as k(£e8). The functional dependence

of £ on {af depends upon the spin system and must be

derived by the procedure described above. In general,
however, faf(k) =0kk for 1<E<N, where N is the
number of spin states. In the following, the second
index or second triplet-of indices will be primed, and
the functional depenldence of k£ on taf will be implied.
Therefore, Axgamirwes:) Will be written simply as
Arer and Raﬁ(.t)u‘ﬂ’(.t') will be written as Rapargl. With
these conventions, Eq. (11) will be compactly written as

AX=K, (2%
where
Xi=%(a| x0| a) for 1<k<N

={a| xt| 8) for k>N,
K= —2rqug{a | E i (1) | 8)dg,

and A Is a symmetric matrix whose elements 4y are
given in Table I for £<#’. The diagonal elements are
multiplied by 1/2 in order to make 4 symmetric. It
is seen that 4 = A, by using Relations (7) and (19).

The form of A4 is illustrated for an AB system in
Fig. 1. The upper-left-hand block, bounded by A,
Ay, Ay, and Ay represents the interactions between the

diagonal elements of x. The next block along the

diagonal, bounded by As, Asa, Aww, and s,

represents the interactions between the real parts of

the ofi-diagonal elements of x. The lowest block on the
diagonal, bounded by Aum, Auwas, 4res, and A,
represents the interactions between the imaginary
parts of the off-diagonal elements of x. It is seen that
there are no elements connecting the blocks for the
diagonal elements and the imaginary parts of the off-
diagonal elements.

In practice, many of the ofi-diagonal elements of x
may be approximated using the Bloch approximation 2
For each ofi-diagonal element of x for which

| op 13 (e | T(x) | 804 (| EGO) 18], (30)
| x| B~—2mgla| S w(i) [8).  (31)

Tt is obvious that the resulting 4 matrix is still sym-

of the reduced K array are then computed in an obvious
manner,

Since A is real and symmetric, it is diagonalized by
an orthogonal transformation U, where

AU =diag(ey, az, =+ +, @) (32)

Using Eqs. (6) and (20), it is seen that a general
eigenvector of 4 is U/, where

Ud=(1/NW),  1<k<N

=0,k>N,
and
’ a1= 2/1'

If the spin system has symmetry, and if a relaxation
mechanism such as uncorrelated external random field
is used, then R.swae=0 unless |«a), |3), | ') and
| ') belong to the same species.* If there are p ir-
reducible representations, then, using (22}, it may be
shown that the eigenvalue 0 occurs p—1 times.

The general solution of Eq. (29) is

X)‘= Z ﬂg‘lUH E Ulem- (33)

Il m=]1

The sum over I in Eq. (33) does not include =1 and is

A[. L] a - % . - - * A"‘o

* &4 ® e & s & & 8 = Qla
«- ® & - 8 e 8 a & ""H_
* & # 8 e s 4 & & 23
* & 8 & 2 e & & » s uz‘
L Y W Wo
2 ?u,n O g
\a * & + & s s
u“ a & & o *® =
2 s a & =& & e
14 s o e & a @

w A A
Hun’® * * ° wa

"F1c. 1. Schematic form of 4 for AB system. The elements which
have no symbol are identically zero.
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restricted to values of / for which a;70. It is useful to
note, however, that if desired, these terms could be
included with arbitrary values for the corresponding
a7 L In this case, the off-diagonal elements of x would
be unaffected, and a constant would be added to each
diagonal element of x. This would not affect the
computed spectra, however, because only the diferences
bhetween diagonal elements appear in subsequent
computations. This feature can be useful in computer
computations on systems with approximate symmetry
because the calculation is guaranteed to be stable. -

The computation of y— has the added feature that
{a|n | B) and {B| 7|} are not simply related and
can both contribute to the spectrum. Thus, the ordering
of the faf triplets must be slightly modified.

In analogy to the computation of %, £ is incremented
first, but now through only the values 1 and 2. For ¢
equal to 1 or 2, the pair of is stepped through the
sequence 12, 21, 13, 31, ---, 1N, N1, --+, 23, 32, -«
2N, N2, -+, N—1IN, NN —~1. Let k once again denote
the position of the triplet in the sequence just defined.
Similarly to the computation of x, this defines a one-to-
one mapping of the ordered triplet a8 onto the single
index k.

With these conventions, Eq. (12) may be written

GH=1L, (34)
where :

Hi= {a| m~ | 8),
Li=mn{a| [, Imx]| 8)3a

Foula | [3-, Rex+ 2T n ()] | BB,

and G is a symmetric matrix whose elements Gy are
given in Table II for k< A’. The form of the G matrix
is similar to the A matrix with the first ¥ rows and
columns delected. In practice, the G matrix may be
greatly reduced. If transition 5 is irradiated, then
{o| 7| 8)~0 for all transitions aff not overlapping
with +8. As with A4, the reduced G array is obtained
from the complete & array by simply deleting rows and
columns corresponding to the approximated elements.
The reduced G matrix is still symmetric. As with 4, we
have found it convenient to set up the complete G
array and then to delete the rows and celumns by an
array transfer procedure before using the diagonali-
zation procedure. In this way, one can optimize the
computation for different segments of a spectrum and
effectively obtain an exact computation using a small

TasLE IL. Gu:.
3 ¢ Grkr
1 1 Ragorgr+Eagar gy
1 2 (wap—w") Bandap
2 2 — Rapa'p— Eaga'sr

NYGE:

Q.10 Hz

0.00Hz

i

BiB2 B34- A AZAI A4 BiB2 B34 Al AZAI A4

Frc. 2. Experimental and theoretical double resonance spectra.
Values of #; are given on theoretical traces. Theoretical spectra
computed with r=4 sec, T, =T 5=288 sec, and A=0.2 Hz.

number of unknowns. The reduced L array is obtained
by simply deleting the elements corresponding to the
approximated Hi. Defining ¥ by

VGV =diag(g, g2, ***, £n), (35)

it is seen that
Hi=Y g Va2 Vaila. (36)
1 - ! !

The inhomogeneity of H, affects double resonance
spectra in a complicated manner. In this paper, the
field inhomogeneity will be accounted for in an em-
pirical manner by replacing all elements of the form
Rosagt Eapag bY Rogagt Eagas—M when computing the &
array. The parameter A measures the contribution of
field inhomogeneity to the half-width. This technique

essentially produces Lorentzian line shapes with an

inhomogeneity contribution of A to the half-width of
the lines.

IV. EXAMPLE: 2,2,2-TRICHLOROETHANOL

In Sec. IV, theory is compared with experiment for
the 4 By system 2,2, 2-trichloroethanol. In this material,
the hydroxyl proton undergoes acid or base catalyzed
chemical exchange.

Experimental and -theoretical frequency sweep
double resonance spectra for 2,2, 2-trichloroethanol are
compared in Figs. 2 and 3. The bottom trace in cach
figure is a single resonance spectrum; the upper traces
are double resonance spectra. The spectra were re-
corded with wi/2r decreasing from left to right at a
sweep rate of @ Hz/min. The hydroxyl resonances are
laheled A1 to A4, and the methylene resonances are
labeled B1 to B4. Line A2 corresponds to the anti-
symmetric transition.
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W&L"M
NJL\,JJJUM

BIB2 B34 A AZA3 A4 BIBZ B34 Al A2A3 A4

FiG. 3. Experimental and theoretical double resonance: spectra
Values of 7; are given on theoretical traces. Theoretical spectra
computed with »=0.5 sec, T4,=Tg=7 sec, and A=0.2 Hz.

The spectra in Fig. 2 were obtained using a 5% by
volume solution of the alcohol in CS;. The sample also
contained 5% by volume of tetramethy! silane for the
internal loek and a drop of cyclohexane to monitor the

field inhomogeneity and to test for receiver saturation .

due to the strong irradiation. The chemical shift and
coupling constant were determined to be 15.03-0.1
and 7.04+0.1 Hz, respectively, by fitting the experi-
mental and computed spectra.

The spectra in Fig. 3 were obtained with a sample of
approximately the same composition as that used for
Fig. 2, but with a trace of HCl added. The increased
exchange rate of the hydroxyl proten is apparent from
the increased linewidths. The chemical shift for this
sample was 14,04£0.1 Hz, and the coupling constant
remained 7.04=0.1 Hz. The feature in the upper-right-
hand corner of c.:ath experimental trace in Fig. 3 is
the cyclohexane resonance.

The double resonance specira were obtained by
irradiating A1 with the strong rf field, H,. Irradiation
of this line gave the most pronounced intensity changes.
The same values of ».(0.05, 0.10, 0.20 Hz) were used
for Figs. 2 and 3. The value of v, is given on each
theoretical ‘trace. The values of » were obtained by
calibrating a precision attenuator using an analysis
of double resonance spectra obtained with H, strong
enough to causé large splitting. The experiments
described here were restricted to comparatively low
values of v, because larger values produced an ap-
preciable decrease in detector amplification, as moni-
tored by the cyclohexane line.

Besides causing population changes, the strong rf
field, H;, produces a double resonance spectrum which
includes new transitions.! For the low values of n
-used here, these coherence effects are important only
for the directly connected transitions, Bl and B4,
The effects of field inhomogeneity in double resonance
are complicated and tend to reduce the inhomogeneity

contributions for Bl and increase the inhomogeneity
contributions for B4 1

The theoretical traces were computed from Eq. (14)
after obtaining H from Eqs. (29) and (34). Uncor-
related external random field was assumed to describe
the relaxation.® This was a satisfactory description

‘because the sample was not degassed. Within the frame-

work of this model, the relaxation is described by
relaxation times T, and T for the hydroxyl and
methylene protons, respectively, where

Tat=3%va%{ Ha(t) [*}wre, (37)

with a similar expression for T~ In Eq. (37), the
expression in angular brackets is the root mean square
random field at nucleus 4, and 7. is the correlation
time. Therefore, the experimental patameters are r,
T4, Tg, and X, The value of A, the inhomogeneity con-
tribution, was taken to be the half-width at half-height
of the cyclohexane resonance, 2x (0.20) rad/sec.
The values of r, T4, and T were determined by visually
abtaining the best agreement between the experimental
and theoretical traces. The same scale factor was used
for all four'traces in each figure. This gave Ty=T5=8
sec, and 7=4 sec for Fig. 2; and T,=Tp=7 sec, and
7=0.5 sec for Fig. 3. The theoretical traces were
sensitive to variations of .about 109 in these numbers.

It is seen that the computed spectra reproduce most
of the features observed in the experimental spectra.
The main disagreement is for the region around the
connected transition B4 in Fig. 2. The treatment of
field inhomogeneity using the single inhomogeneity
parameter \ is not adequate for this, region. In the
computed spectra, the splitting shows up as a line
broadening.

From the values of T4 and Tp obtained above, it is
seen that the relaxation is substantially the same for
Figs. 2 and 3. The- differences between the spectra in
Figs. 2 and 3 are due to the change in the chemical
exchange rate.

_Although chemieal exchange and relaxation combine
in a complicated manner in determining the spectral
contours, chemical exchange does produce character-
istic features in the observed spectra. Chemical ex-
change is the only mechanism which can transfer
saturation to the antisymmetric line 42. The external
random field mechanism used here gives zero proba-
bility for relaxation transitions connecting levels of
different symmetry; however, other relaxation mecha-
nisms will allow these transitions only under exceptional
circumstances.” [t is seen that for a given level of
saturation, as measured by the height of A1 in the
computed spectra, the spread of saturation to the lines
not directly connected to A1 is enhanced with an in-
crease in chemical exchange rate.

V. SUMMARY AND CONCLUSIONS

It was shown that the analysis of double spectra of
chemically exchanging molecules allows the simul-




NUCLEAR MAGNETIC DOUBLE RESONANCE

taneous study of chemical exchange and relaxation,

Relaxation opposes saturation by driving the spin

system towards a Boltzmann distribution, and chemical
exchange tends to distribute saturation throughout
the spin system. Although relaxation and chemical
exchange combine in a complicated manner in determin-
ing the spectral contrours, the chemical exchange
process does produce characteristic features, such as the
spreading of saturation between lines of different sym-
metry. This was illustrated by double resonance experi-
ments on 2,2, 2-trichloroethanol. The relaxation param-
eters and chemical exchange lifetime were obtained for
this self-exchanging system by fitting computed
and experimental spectra. This was possible even when
the chemical exchange rate was slow compared to the
linewidths. The formalism was developed specifically
in terms of double resonance eigenfunctions; however,
the properties of the exchange coefficients {18)-(22)
are valid for an arbitrary basts.

It was found convenient to redefine the unknowns so
that the density matrix equations were expressed in
terms of a real symmetric matrix. This allowed the
solution in terms of an eigenvalue procedure. This
procedure allows a more efficient computer computa-
tion, and automatically takes into account constraints
introduced by the summation relations (6), (20),
and (21),.and molecular symmetry coupled with the
summation relation {22). This automatic feature is
useful for computer computations on examples with
approximate symmetry because the calculation is
guaranteed to be stable.

The eigenvalue procedure is a generalization of similar
procedures used for calculations involving either the
off-diagonal elements® or diagonal elements®® of x,
separately. The obtaining of a symmetric matrix by the
construction outlined in Sec. IILD depends on the
validity of Relations (7). These relations are always
valid for extreme narrowing, and are valid in general if
the correlation functions for the long correlation time
mechanisms (i.e., scalar coupling to a strongly quad-
rupolar relaxed nucleus) obey the secular approxi-
mation.?
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APPENDIX

The formalism will be extended to the exchangé of one
nucleus between two types of molecules with density
matrices x' and x% Equation (11) is then replaced by

iwagle | X' | B)— %’ Ragarw (e | x° | B')

- Z,, Fpgerg™ e’ | X | B ) =L Eapa® e | 22| #)
algt v

= —i21rqw.,,s(al| Z w1} | 8), (Al).

1785

with a similar equation for 3% In Eq. (A1), the eigen-
states of molecule 1 are labeled by « and 3, and the
eigenstates of molecule 2 are labeled by u and », The
exchange coefficients are defined by

Eaﬂa‘ﬁ‘u=Tl—l[(TquﬁBﬁ’“’/N¢) —60‘“16”::]’ (AZ)

Eppr =1 [(TeB"B"¥/N,) —budr ], (A3)
and
Enﬂmfu = Tl-bl[TrB“B"ﬁ/Nn], (A4)
where
(AS5)

(B*¥)ap= 2 CramCu#,
1

with analogous definitions for B*f and B,

" These exchange coefficients have properties analogous
to those for the self-exchange case. The coeflicients,
Eoparg®, Euppw®, Eagu¥, and Eu.g" all transform
according to (18) with respect to a change of basis.
In addition, they also satisfy the following properties:

Eopa gt = Egagrart! = Egrprag, (A6)
Eyup'v'm=Evpv'ﬂ'n=Eﬂ‘ﬂ'yvu) {A7)
TI:Eaﬂww = TﬂEﬁwaﬂm = TlEﬂmmu = TZEmﬂu 121 { AS) ’
I Z&m'ﬁ’ll: T Warp, (Ag)
T B =180, (A10)
P .
(A1l)}

2 Eaap?= EEuwﬂzl: 0,
PR N a "
Eupue' (| Z wiF(5) | 87

+ X Eag i | 203 d) [ v)=0. (Al2)

)y

alfi’

Using these relations, one may demonstrate that all of
the properties discussed for self-exchange have an-

‘alogies for heteroexchange. In particular, the steady-

state equations may still be expressed as a symmetric
array. However, Condition (A8) necessitates one

" change. Assume that there are #; unknown elements

for x' and s, unknown elements for %, and that the
nyx! elements are assembled first, and the nsx? elements
are assembled second in the A and K matrices of Eq.
{29). Then, to obtain a symmetric array, one must
multiply the first #y rows of 4 and K by 1, and the
last 7y rows of A and K by n.
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