FORMATION CONTROL UNDER LIMITED
SENSORY RANGE CONSTRAINTS

M. Egerstedt!, M. Abubakr?, and X. Hu?

! Electrical and Computer Engineering
Georgia Institute of Technology
Atlanta, GA 30332, USA
magnus@ece.gatech.edu
2 Electrical and Computer Engineering
Georgia Institute of Technology
Atlanta, GA 30332, USA
abubakr@ece.gatech.edu
3 Optimization and Systems Theory
Royal Institute of Technology
SE-100 44 Stockholm, Sweden
hu@math.kth.se

Keywords: Multi-Agent Coordination, Sensor
Modeling.

Abstract

Based on the assumption that all robots in a given
multi-agent scenario can evaluate a global forma-
tion function, we show how a model independent
coordination strategy for multi-agent formation
control can be obtained. The main theorem states
that under a bounded tracking error assumption
our method stabilizes the formation error. We
furthermore complement this result with an in-
vestigation of how limited sensory range capabil-
ities affect the group performance.

1 Introduction

In the maturing field of mobile robot control,
a natural extension to the traditional trajectory
tracking problem [5, 8, 10, 19] is that of coor-
dinated tracking. In its most general formula-
tion, the problem is to find a coordinated con-
trol scheme for multiple robots that make them
maintain some given, possibly time-varying, for-
mation at the same time as the robots, viewed as
a group, executes a given task. The possible tasks

could range from exploration of unknown environ-
ments, where an increase in numbers could poten-
tially reduce the exploration time, navigation in
hostile environments where multiple robots make
the system redundant and thus robust [2], to co-
ordinated path following [6]. The latter of these
tasks is applicable in manufacturing or construc-
tion situations where multiple robots are asked
to carry or push objects in a coordinated fashion
[13, 16].

The formation problem for multiple robots has
been extensively studied in the literature, and,
for instance, in [2] a behavior based, decentral-
ized control architecture is exploited, where each
individual platform makes sure that it is placed
appropriately with respect to its neighbors. In
[6, 7], the situation is slightly different and the
solution is based on letting one robot take on
the role of the leader, meaning that all of the
other robots position themselves relative to that
robot. Furthermore, in [12, 22] an extensive line
of work has been conducted with the dynamic
model taken into account explicitly, while a very
specific type of “string stability” is achieved for
multiple autonomous vehicles.

In contrast to this, the approach suggested in



this paper is both platform independent, provenly
successful, and general enough to support a num-
ber of different actual control designs. The idea
that we capitalize on is that the tracking con-
trollers can be designed independently of the co-
ordination scheme, which provides us with some
additional freedom in the control design. Our am-
bition is thus that the strategy, proposed in this
paper, should be thought of as an abstract co-
ordination principle rather than a solution to a
very specific multi-agent problem, as illustrated
in [9]. Furthermore, the proposed globally stable
coordination strategy is defined with respect to
formations of the form

Xm) = > Tl — xg]* = af)?,

i=1 j#i
(1)

where x; € R", ¢ = 1,...,m, are the individual
robot states, 7;; = 7;; are scalar weights that de-
termine how important it is that robot ¢ and j
are located appropriately relative to each other,
and a;; = aj; are the desired relative distances. In
Section 2 it will be shown that by generating de-
sired trajectories for the individual robots, using
a steepest descent method, then, as long as the
real robots track their reference trajectories well
enough (the tracking error should be bounded),
F can be driven asymptotically to a (non-unique
with respect to group rotations) global minimum.

F(Xl,...

However, it is clearly not always the case that
the various members of the robot team are within
sensory range of each other, and in this paper we
investigate what effect limited range sensing ca-
pabilities have on the stability of the group. This
bounded range sensor capability will be the topic
of Section 3, and the sensory capabilities will be
modeled as simple thresholding functions, where
robot ¢ has a knowledge of the state of robot j
only if ||x; — x;|| < §;. This relation will not be
assumed to be symmetric, i.e. §; is not necessarily
equal to d;, since it is conceivable that different
robots may have different sensing capabilities. It
will be shown that this limited sensory capability
has direct implications on the global performance
of the multi-agent group. The main results ob-
tained in Section 3 is thus a study of the different

conditions under which the following three differ-
ent formation behaviors emerge:

1. Global formation keeping can be achieved.

2. The formation consists of one weakly con-
nected component.

3. The formation consists of disconnected com-
ponents.

By weakly connected we understand that all
robots in the team can be observed implicitly,
i.e. robot 1 can observe robot 2, that can ob-
serve robot 3, and so on, and these results di-
rectly imply that perfect formation keeping under
bounded range sensing capabilities is not always
possible. In fact, in Section 3.3 we briefly outline
how the local interactions (e.g. social potential
fields [14, 20, 21]) should be defined in the pres-
ence of bounded sensory capabilities.

2 Global Formation Control

In this section we follow the development in [9],
and the multi-agent system is given by m mobile
robots, each of which is governed by its own set
of system equations

x; = fi(xi, w), (2)
where x; € R" is the state of the 7th robot and
u; € R* is the control. The m robots should
keep a certain relative position and orientation, as
specified by the formation function in (1), while
moving along one given path, specified for the
wvirtual leader, e.g. the geometric center of the
formation.

We thus need to allow for the possibility of hav-
ing a moving formation since we want the virtual
leader to follow a given reference path. If the
desired path that we want the virtual leader to
follow is given by py(-), we choose to parameter-
ize the trajectory for the virtual leader, xy € R",

Xo(t) = Po(s0(t)), (3)

where sy € R is a function of ¢ (time), and where
we assume that the trajectory is smooth, i.e.
1%Bel0) | £ 0 for all sp.



The reason for calling xg, together with its dy-
namics, a virtual leader (see for example [9]) is
because it takes on the role of the leader for the
formation. Using this terminology, our additional
task is to design m new virtual robots for the in-
dividual robots to follow. We are thus free to
design the evolution of these additional virtual
vehicles, and we ignore the question concerning
how to actually track these new virtual vehicles
within the context of this paper. (See for exam-
ple [5, 8, 10, 19] for a representative sample of
the literature on asymptotically stable trajectory
tracking.)

In light of the previous paragraph, it is more con-
venient to consider a moving frame with coordi-
nates centered at xp. In the new coordinates we
thus have x = x — xq. Let the desired trajecto-
ries (subscript d), or virtual vehicles, be defined
in the moving frame by

iid:f)-(si), i=1,...,m
s p.(s)) s (4)
Xid = ~ 55, Si

where we have not yet specified what the desired
trajectories should look like. In fact, pl(s) and
$; € R can be designed by us, and they should be
chosen in a systematic fashion so that the forma-

tion constraint is respected.

The solution we propose is to let the desired tra-
jectories be given by the steepest descent direc-
tion to the desired formation, i.e., we set

op(s) .
=-VF 5
" (%), 6
where we have grouped together the contributions
from the different robots as
. k)’ ar&a”
YF(X) B ( X4 7;&1'7 a)tmd )
B(S)” = (B7(51), - BT (5] )
ST = (81, . .,Sm)
Xg = (X[g = X(, -, Xy — X[).

The idea now is to let the evolution of the dif-
ferent virtual vehicles be governed by differential
equations containing error feedback in order to
make the control scheme robust. This can be

viewed as a combination of the conventional tra-
jectory tracking, where the reference trajectory is
parameterized in time, and a dynamic path fol-
lowing approach [19], where the criterion is to
stay close to the geometric path, but not nec-
essarily close to an a prior: specified point at a
given time.

In order to accomplish this, we define the evolu-
tion of the reference points as

(7)

where ¢, a; > 0 and p; = ||x; — Xial| = [|%; — Xial.
We furthermore want the motion of sy to capture
how well the formation is being respected. For

this we define
m
= Z Pi
i=1

s g
S =ce M g =1,...,m,

(8)

and set .
. 0 _
=
dso

9)

where ¢y, g > 0.

With these designs we have the following stability
theorem:

Theorem 2.1 (Coordinated Tracking and
Formation Control) Under the assumption that
the real robots track their respective reference tra-
jectories perfectly, it holds that

lim F(&4) = 0.

t—00

(10)

Proof:

d ~\T< __ - 6F()~cd) 2 .. —0;p;
th( %4) = VF(Xg) %4 = ;”aTid” ce”%ibi
(11)

Now assume that we have perfect tracking, i.e.
pi =0, 2 =1,...,m. This assumption, combined
with the that, by definition, F' is positive defi-
nite and convex, implies that 4 F(x,) is negative
definite. This concludes the proof. n



Corollary 2.1 If all the tracking errors are
bounded, i.e. it holds that p; < p < o0, 1 =
1,...,m, then

(12)
t—o00

The proof of this corollary is just a straight for-
ward extension of the proof of the previous the-
orem. This corollary is furthermore very useful
since one typically does not want p = 0 due to
the potential chattering that such a control strat-
egy might give rise to [8]. Instead it is desirable
to let p > 0 be the look-ahead distance at which
the robots should track their respective reference
trajectories.

Example 2.1 (Triangular Formations) In
order to illustrate the usefulness of the proposed
coordination strateqy, we consider a triangular
formation without the orientation fixed:

F(z) =
= (%1 = Rl = 1) + (|| — %2 — 1)?
- . N 1
+ (% =% = 17 + (Il - 57
b (IRl = Sy 4 () - Ly2
3 3 3/

which corresponds to maintaining an equilateral
triangular shape (side lengths equal to one) be-
tween the different robots. (One of the terms in
the function is actually redundant for defining the
shape.) The mid-point of the triangle is the vir-
tual leader in this case. An example of this can
be seen in Figure 1.

As pointed out in [13, 16, 17] such rigid body
formations are useful in a number of applications
where groups of robots are asked to carry or push
objects in a coordinated manner.

3 Bounded Range Sensory Capa-
bilities
The assumption that (4) and (7) can be evaluated

exactly by all individual robots is clearly unrea-
sonable. Not only does that assumption rely on

Figure 1: The evolution of a triangular forma-
tion under a perfect tracking assumption. The
triangular formation and the reference path for
the mid-point of the triangle are shown.

that each robot has perfect knowledge of where all
the different robots are located, but also that this
knowledge can be obtained, i.e. that the range
sensors can measure long enough distances. In
this section we assume that robot ¢ has a knowl-
edge of the state of robot j only if ||x; —x;|| < 4.
This relation will not be assumed to be symmet-
ric, i.e. d; is not necessarily equal to d;, since
it is conceivable that different robots may have
different sensing capabilities This sensory model
is similar to the formation graph network model
proposed in [18]. Even though the thresholding
model is somewhat crude, i.e. it does not model
actual sensor capabilities exactly, it is still a rich
enough model to capture some aspects that are
relevant for illustrating the limitations they im-
pose on any global coordination strategy, such as
the one proposed in Section 2.

3.1 Global Formation Keeping

From (11) we directly see that as long as ||x;(0) —
x;(0)|| < €;; for some ¢;; > 0 then we can in fact
guarantee that ||x;(¢) —x;(¢)|| < min{d;,d;}, V¢ >
0, as long as a;; is sufficiently smaller than both ¢;
and ;. The reason for this is as follows: Assume



that we have F(x(0)) = 27(e}; — az;)?, i.e. that
all other robots are in perfect formation. Since F'
is decreasing along trajectories, we must in fact
have that

(Ihei(t) = x; (B)]1* = aiy)* < (€ — ag3)”.

(13)
If we assume that €; > a;; as well as ¢; <
min{d;,d;} this directly implies that ||x;(t) —
x;(t)|| < min{é;,0,} as well. This is furthermore
true for all robot pairs. Thus, if the individual
robots start close enough to each other, and the
desired distance is achievable using the limited
range sensors, then global formation maintenance
can be achieved. An example of this is shown in
Figure 2 (a).

3.2 Connected and Disconnected Compo-
nents

The assumptions in Section 3.1 that imply global
formation keeping are clearly not always satisfied.
In fact, if two robots are initialized outside each
other’s sensory range then Theorem 2.1 has no
chance of holding true.

In [18] the notion of a formation graph was in-
troduced. The idea is that each robot can be
defined as a node in a graph, where the existence
of an edge e;; between nodes v; and v; implies
that information can be shared between the two
robots i and j. In [18] this graph structure is en-
visioned to capture the information that can be
shared between different robots over a wireless
network, but it can easily be modified to capture
the limited range sensory situation in this paper.
Since the range sensor limitations are potentially
asymmetric (i.e. ¢; # 6;), the resulting formation
graphs would be digraphs. In other words, the
edges are directed, and the digraph consists of a
finite set V' of nodes that correspond to the indi-
vidual robots, and a collections of ordered pairs
of disctinctive nodes from V. Any such pair is
called a directred graph, denoted by v;v;, and the
existence of such an edge imples that robot j is
within robot ¢’s sensory range. Such a digraph is
strongly connected if every two nodes are mutully
reachable from each other, but, due to the poten-
tial asymmetries in the range sensors (0, # 0,)

we focus our attention on weak connectedness in-
stead. A semipath between v; and v; is an alter-
nating seugence of nodes and edges through the
digraph from v7 to v;, and the digraph is said to
be weakly connected if every two nodes are joined
by a semipath, as defined in [4].

As seen in Figures 2 (b) and (c) there are differ-
ent initial conditions in which the resulting for-
mations are weakly connected and disconnected,
and a conclusion to be drawn from these figures is
that global formation keeping is not always pos-
sible. This implies that we need to study and
design the local interactions between the differ-
ent robots, i.e. shape the social potential fields
[14, 20, 21] in such a way that limited range sen-
sor capabilities can be modeled in a natural way.

3.3 Local Interactions

Since the direct approach to multi-agent coordi-
nation (i.e. to first define global formations and
then try to achieve them) run into difficulties un-
der limited range sensor capabilities, it seems nat-
ural to complement the direct approach with an
inverse approach. In other words, design the lo-
cal interactions first and then try to extract the
global formation. A lot of work has gone in to
the development of such social potential fields
[14, 20, 21] and stability of the swarm dynam-
ics has been shown for a number of different type
of constructions [11] under the assumption that
the robots can observe each other perfectly. The
main idea is to define an attractive potential field
that draws the robots together, and to augment it
with a short-range repelling component in order
to avoid collisions. However, it is straight forward
to reshape these potential fields in such a way
that they cut off at a given thresholding value,
which would then incorporate the limited range
sensor capabilities. To formally show what global
formations would come out of this constructions
has not yet been done, and it is an interesting
avenue of research that will be pursued in the fu-
ture.
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Figure 2: In the top figure the initial conditions
are such that the hexagonal formation is globally
achievable. In the middle figure a weakly con-
nected formation graph is obtained, while a dis-
connected formation graph is depited in the lower
figure.

4 Conclusions

In this paper, we propose a model independent
coordination strategy for multi-agent formation
control. The problem is defined by a formation
constraint in combination with a desired reference
path for a non-physical, so called virtual leader.
We show that if the robots track their respective
reference points perfectly, or if the tracking errors
are bounded, our method stabilizes the formation
error. This is a very useful fact since it allows
us to decouple the coordination problem into one
planning problem, with proven features as long
as the tracking is good enough, and one tracking
problem.

However, we also show that by modeling the
limited range sensor capabilities of the different
robots as a thresholding function, global forma-
tion keeping can not always be achieved. In fact,
situations can arise when the resulting formation,
defined as a directed formation graph, is discon-
nected. What this implies is that unless perfect
information is available, global formation main-
tenance can not always be achieved. This di-
rect approach to solving the coordination prob-
lem (given a formation, define the individual mo-
tions) should thus be complemented with an in-
verse approach (given the local interactions, gen-
erate the global formation) for understanding the
effect of limited sensory capabilities on the malti-
agent coordination problem.
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