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SUMMARY

This dissertation examines the problem of lateral-torsional buckling under

i " pure bending moments of simply supporfed,_-prism;'altlc box beams Wlith doubly sym-
metrical thin-walled rectangular cross-sebﬁdns. This problem is cohsidered both
in the elastic range_ and in the _in'glaa'tic range. .' In the elastic range, fwo solutions

afe obtained. The first elastic solution neglects the effect of deﬂecﬁons in the
plane .of the .primary bending mbment'l on the curvature of the beam. The second
elastic éolui:ion, however, takes this_éffe'ct into consideration. An approximate
method is used to obtain the elastic solutiona.l In this méthbd, one establishes

the differential equation f_dr non-uniform tér's_ion of a box section ..ba'sed on tﬁe ordi-
nary simple bending theory. The _elé.s_tic éoluﬁﬁné have be_en'shoﬁ to be quite
straight—forWard.. The foi:mulae obtained ca.n be eagily #pplie'd- in practical engi-
neering works. _In.the inel_astig range, an approximate .lower bound solution is
obtained based on the argume‘nt fhat, with proﬁer modiﬁc;tions of the coefﬂcients,

the formulae for the elastic solution can be applicable in the inelastic range.  These

mod.iﬁed coefficients are computed on the basis that, at buckling, no previously

yielded fibers will unload elastically, and that additional deformation is resisted

by the unyielded elastic core of the cross-section. Due to the complications created
by a partially yielded condition, no simple, explicit equation is given in the inelastic
range. The method of solution is a numerical one. Two major conclusions were =

obtained in this paper:
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It is quite imlikely for ordinary box beams with dimensions and laterally
unsupported span length conceivable in engineering practices to fail in the

mode of lateral-torsional buckling.

Except for box beams with very small Iy/lx-'ratios, the stability of box beams

against lateral-.torsional buckling d_des not diminish rapidly in the inelastic
range. In many instances a box beam can bécome more stable against lateral-

torsional buckling after the flanges of the box beam have been fully yieided.




CHAPTERI

INTRODUCTION

1. Some Practical_ Considerﬁtions pf Box Beams

' The problem considered in this dissertation is that of lateral—torsioﬁal
buckling under pure bending mbmentg of sim‘ply supported, 'prismatic box beaﬁs
with dﬁub_ly symﬁetrical thin-Walled reétang'tﬂaf cross-sections. The buckling |
problem will be studied both in the e';a".'stic range and the inelastic range. It is
believed that finding solutions to this prqplem. may bhe very helﬁful in the practical
application of box be.ams. One is familiar with the fact that a déep and narrow
rectangular beam or wide-flange beam will buckle lateral torsionally under the
action of pure bending moments acting about the primary principal axis of bending.
Lateral bracing is often required to provide additional lateral rigidity in order
that the beam can carry the primary l_:uendi_ng moments. The cost of f_abricatihg
and installing lateral bracing is often a sizable proportion of the cost of a structure
will‘,h respéct to the weight of material and the cost of manufacturing and labor. In
practice, latgrauy unsupported main s_truc_tural membhers are sometimes desirab_le
either when space :eqtured to pﬁt up the lateral support system is ﬁot availéble or
when one triés to reduce the cds't of manufacturiné and erecting the lateral bracing
systerh-s._ When the latter is the case, a box beam, due to its higher resistance
against lateral-torsional buckling, may be more efficient and more economical than’

a wide-flange beam having approximately the same primary bending capacity.




An intereeting c_omperisen ofa box beam and a wide-ﬂange beam is made
- here using the result of tests on boi: beame carr_ied out by Moran [1]* at Georgia.
Institute of Technology and the result of tests on wide-flange beams carried out by
Lee and Galambos [7]. In the'tests '-'carrie& out“tby-'Moran,‘_ : fonr "late.rally' unsup-
ported box beams of the same cross—sect:lon as shown in Figure 1a were tested
for different span lengths under pu.re bendmg momente It was found that in all
four tests, in which the maximum unsupported span was 15 feet 7%inches, the
_ plastic moment of the section was attained ‘and the bea.ms sustained the plastic
‘moment through large plasﬁc'roiations. ** Local buckling was then observed in
each of the four tests. In the experiments conducted by Lee and Galambos, five
wide-flange beams (W10 X 25) were tested with different lengths between lateral
supports. | The purposes of their experiinents-were to determine the maximum
per:_nissible unsupported span lengths for wide-flange beams subjected to censtant
plastic moment and to study the post-buckling strength of “dde—ﬂange beams. I
was found that the lateral stability of wide-flange beams is closely related to the
ratio of unsupported span length thr’ divided by the radiue of gyration about the
secondary bending axis (ry). Test result shoﬁved_ that for beams with Ly, /ry < 45,
failure was caused by local buckling of ihe cempreesien flange and that these beams
showeci considerable post buckling strength, and in.each case a plaetic hinge of large

rotation capacity was formed. It was also found that wide-flange beams with Loy/ty

Number in brackets refers to corresponding reference listed in the Bibliography
section on Page 165.

ok ' o ' .
Of all the tests performed by Moran, the minimum ratic of rotation at failure to
‘rotation at first yield (df/dy) is equal to 4. 0.




ratio larger than 45 failed by lateral-torsional buckling.

The wide-flange beam section shown in Figure 1b has approximately the
same weight and plastic moment capacity as the box beam- section shown in Figure
la. If the wiee-ﬂange beam were regquired to support the plsstic moment through
large plastic _rotetlons under the pure bendj-l-lg cendition, the m_immurs spacing of
lateral support can be computed by the test result obtained by Lee and Galambos.
For the wide-ﬂange' beam shews in Figure 1b, Iy = 0.845 inch. Thus Loy =(45)
(0. 845) = 3 feet 2 inches. The compar’ison;. between the lbox beam and the wide-
flange beam in f‘igure 1 is summarized in."-I'a'ble 1. It can be seen that for a span

length of 15 feet 74inches the box beam can sustain the plastic moment with-no

lateral support necessary. On the other hand, lateral support is required at 3 feet |

2 inches intervals if the wide-flange beam was to support the plastic moment. With
this practical applicat:lon in mind, it is thus worthwhile to carry out an investigation

on the lateral-torsional buckling characteristics of box beams.

2. A Brief Historical Sketch of the Problem of Lateral-Torsional

Buckling of Beams and the :Analys_is of Box Beams

Two possibilmes arise when a beam buckles lateral-torsionally under the
action of pure bending moments. In the first case, the stresses at every point of
the beam are still within the elastic limit of the material In the second case, part
of the cross-section has been stressed above the elastic limit into the plastic range.

The problems of elastic and“'inezlasti’c. lateral-torsional buckling of solid

rectangular beams and wide-flange beams subjected to pure bending have been
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Figure 1. Configuration of the Box Beam Used in the Tests Carried
Out by Moran [1]and a WideéFlange Beam With

Comparable Plastic Moment Capacity.




Table 1. Comparison Between the Box, Beam and the Wide-Flange Beam

as Shown ih i"fgure 1

Mp MaxlmumUnsupported Span Length

Type Area | (k-in) | _Permitting ;ar Plastic Rotations .

| 2 | £=39.7ka From: Tests - . From Tests by

(in) | 7y " {byMoran _Lee and Galambos

‘Wide-
Beam 2.088 214.0 - | gftpin
Box |
Beam 2.390 207.0 15ﬂ7%i'“' S

thoroughly studied by many investigators. Timoshenko [4] presented deiailed
_solutioﬁs of elastic critical pure _bending moments for both rectangular beams and
wide-flange beams, Neal [5] derived an additional equation fc;r _elasﬁc lateral-
torsional buckling of rectangular beams taking into accduirt.the effeét'ﬁn the buck-
ling cha_facteristics of the curvature of the beaﬁ; in the plane of the priniary. bend-
ing moment. He él_so derived a soluti-on.lfor the critical pure bending moment of

a rectangul#r'beam when the cross-s'ection.has part_ially 'yielded. I-iisl inelastic
solution is. valid for mild steel which has a pronouh'ced t;pper yield stress. ‘
Wittrick [6] generalized Neal's inelastic solution for rectangular-beamé to include

materials having a general type of stress-strain diagrai:n.




Much theoretical and ekper_imental work on the problems of inelastic

lateral-torsional buckling of wide-‘ﬂa.n'gé beams has been done at Lehigh University

during the last two decades or so. Their results and recommendations are sum-
marized and adapted in the Commentary on Plastic Design in Steel [3], and in the
AISC Specifications [2]. In the tests of wide-flange beams carried out by Lee and

Galambos [7] it was found that under the pure bending conditioﬁ, wide-flange beams

with Lm.;’ry < 46 failed by local buckling of ‘the compression flange. It was also -

found that for wide-flange beams with Lcr/ry >45, failure was caused by lateral-
torsional buckling. Galamboe [8] discussed .the effect of residual stresses and
obtained an inelastic solution for wide_—ﬂi_mﬁe beams under pure bending, assuming

a knowﬁ pattern of residual stresses throughout the crdss—section. Lay and
Galambos [9, 10] pointed out that the i_’nelasﬁ_c lateral-torsional buckling and ine-
lastic local buckling of steel beams are functions of the strain-hardening modulus
(Est) of the material. The lower the strain hardenjng.stifﬁless, the lower is the
resistance of the. member against either lateral-torsiohal buckling or loéal buckling .
in the inelastic range. Sn'ain-hardening isa prope.rty. of increase in stress fﬁllow— "
ing the yielding stage. The importance of t.h_is property in the theories of plastic
steei desigh was discussed by Hrehm‘koff [11). .'He argued that the yielding property,
alihough .necessar-y, is not“ su_f_ﬁdiehf for the applicability :o'f plastic steel design
theories. The material 1:.nust. possess stram-'ahardeni;ng: characteristics. ‘Lay and
Smith [12] used numeric.ali é:té:mpleé. to Ishoﬁv that 1f a.m'at:érial does not possess’
strain—hardéning charactéristics, it is noflﬁpossible for the members to form a

mechaniem. Hrennikoff [ 13] later ran an acfual test to prove this argument.




.There were also many other vﬁlu’ablé papers. The above c_]:isc&"-'ssion ﬁras
meant only to su:ﬁmarize studies made on the most i-mportant areas concerning
the problem of lateral-torsional buckling of rectangular and wide-flange beams.
Although the solutigns for reétangular and wide-flange beamé can not be directly
applied to box beams, they nevérthel-eés provide good references and \}aluable
informaﬁon. Not much theofetical work has been doné on the problem of lateral
torsional buckling of box beams. Most of the earliei' studies of box beams were
associated with the investigations of the stress distributidn and deformations in
an airplané wing. Reissner [14) has shown that the state of s’tresé_ in a box be'arh"_
under bending is necessarily different ﬁ'om fhat given by elementary beam theory.
Consider the cantilevered box beam -a8 shown in Figure 2a.. The box beam is
loaded in some maﬁner- on.the ﬁbper:ﬂanée. The dbwnv?ard loads are transmitted
by tl3e upper flange to the web plates at the sides (Figure 2b). The forces acting
on the web plates are in éqﬁilibriutﬁ wi_th verticﬂ.al shear fofces in these members.
If the thickness of the w_éb is small, the vertical shear stress can be considered
as uniformly distributed across the thickness of the web. Due to the léw of distri-
bution of shear stresses, horizontal shear stresses are also acting on cross-
sections of the web parallel_ to thé.z-axis. Thus af the edges of Ithe ﬂal_lge plates
horizontal shear stresses are distriﬁuted' as shown in Figure 2c. In the elementary
theory, the state of stress in the flanges is given by a simple Iéw such that the
normal stresses Will_be constaﬁt across the flange plate, 'and- éhear stresses will
vary linearly (Figure 2d) .- In reality, the state of stress in the flanges is not given

by a simple law. The edge shear forces cause a stirain in the plate which decreases




Figure 2. Stress Diétribution in A Box Beam

(due to Reissner [14]),




Distribution of shear _Distribution of normal
stresses g__ according S ‘stresses a, according to

“to elementary theory ~ elementary theory

Actual stress distribution

Ce)

Figure 2 (Continued). _Stresé Distribution in A Box Beam

(due to Reissner [14]).
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from the edges toward the middle of the plate. -Cohsequently the normal stresses
decrease toward the middle of the plate (Figqre 2¢€). And for reasons of equﬂi-'
brium, there exist transverse normal streases o, of the same order of magnitude
as the longitudinal normal etresses 0,

Many investigators have- made:eimﬁcaot eontributio'ns in evaluating these
stresses. Reissner [14, 15, 16 17] solved the problem using both the theorem of
least work which isthe basic m.lmmum p‘.l.‘lnClple for the stresses, andthe theorem
of minimum potenhal energy whmh is t.he basm mnumum p‘.l‘m01ple for the strain,
However, his methods led to approximate reaults Hildebrand [18] obtained exact |
~ solutions with a rigorous mathematical p‘_rocedu‘re. Many other con___tnbutmns canbe
found in the literature concerning the stréss distributions in airplene wing structures.

In studying the lat'e'ral-torsionall eharactaéristics- of e box beam, an ﬁnder-
standing of the behavior of a bax section under torsion is of great impottance. The
assumption that.plane cross-sections remain plane,‘ which is a basis for the bend-
ing theory, is not valid for the case of torsion of a box section because warping of
the cross section may occur under. the.action of thé torsional moment. There are
two cases of torsion of a bar, namely the uniform torsion and the non-uniform tor~
sion eondititms. It is well-known that the problem of uniform torsion of a prisma-
tic bar leads to a simple soli.ltion. This solution, commonly known as the Saint
ifenant solution [19] for an open section and as the Bredt-Batho solution [20] for a
hollow cylindrical section, gives a system of strains and stresses uniform Ialong
the longitudinal aﬁtis of the bar. Axial stresses vanish throughout the bar and

shearing stresses due to uniform torsion produce warping of the cross-section
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which {s constant along the iongimdins.l' axis of the bar. In the case of non-uniform
torsion, th-at'is_, when warping is prevented or limitéd in some manner or when the |
torque is nbt uniform albng .thé iengt_h of the baij,_ the strains .and_ stresseé will vary
from section to section, and thefe will be axia] stresses in addition to shearing
stresses. Warpin_gl will also vary along the'_longjit"udiné.l axis of the bar.

The nature pf the warping djsﬁlacenients of a box beam under torsion ca.n
be ‘visualized with shanley's simpl_iﬂ'ed'model T21] as shown in Figﬁré 3. The ﬁox
in Figure 3:a was consti_‘dcted éo that the two end.sect.ions were originally plane.
Fig'ﬁre 3b "sh.ovlvs the unfolded view of the plates from which the box is made. Nﬁte
that the ends of the plates fdrn__a straight lines before loading iis. applied. When a
torsional moment M is applied at the end, each of the four .platés cpnstituting the
Bom wﬂl have shear deformation. Assuming that the stress distribution is suéh
that the amount of shear deformation is the same for each plate, then the edges of
the unfolded box will remain as straight lines (Figure 3c). When these IdistOrted
plates are put back into a closed box the ends of the box beam will re.main plane,
providéd the cross—secﬁdﬁ is not bc;:nsffa:-ihed; But if the cross-section is forced

to remain rectangli-af, each plate must then rotate in its own plane. This will

~ cause warping of the cross-section.

Another ‘case of warping occurs when the shear strain distribution is not
uniform over the four plates. Figure 3d is an example in which the wider plates

AD and BC have a larger angle of rotation. If the right end of the box is forced to

_remain plane, the continuity of the plates will be violated. There will be gaps and

overlaps as shown in Figure 3d. In order to regain the original continuity, each
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plate must rotate. Plate AB must increase its angle of rotation and plate BC
must decrease its angle of rotation, and so on. The final compatible configuration
is shown in Figure 3e. The edges of the unfolded box are no longei straight lines.

I these plates are put back into a box, the ends will not be plane surfaces, If the

.right end is .forced to remain plane;; éxi'_éllh'tétréfsses as siiown'in Figure 3f are pro-
duced. Some regions are .unﬁer tenslle S?l_‘es‘ses _.a'm_:l some regions are Uﬂder.coth-
pressive stresses. Figure Sélshoﬁs.me fst'ifes__fs distribution when both ends are
forced to fem#in plane. If .the box beam is.acted on by the -_\tprslional moment alone,
thé resultant of the'axial.stressés must 'bejzer-o'. However, as shown in Figure 3g,
these stresses. produce bt_a_nding of eacllm. plate in ité own pléme. Thus part of the
torsional moment is resisted by bending of the plates that form the box.

Williams [20] made thorough studies of the problem of non-uniform torsiéﬁ
of a rectangular hox beam. His approach iﬁ obtaining a rigorous mathematical
solution was first to solve for the warping displacements of a thin-v{ralled rectangu-
lar box béam under uniform torsion using the "semi—inverse." method due to St.
Venant, and then to solve for the s&ess distriﬁution under non-uniform torsion by
introducing proper stress functi.onsl to satisfy the differenﬁal equations of- the plfob-_
lem and the'corre.sponding bdundary_'conditions. He later [22] obtained #pproximate

| soluﬁoﬁs based on the simple behdin'g theory. It was found that this approximate
solution wéts more easily applicable in désign and with negligible sacrifice 01:5 accu-
racy when coinp'ared to the rigorous inethod. This approximate method was further
diécussed' by Payne [23] and McGuire [24]. It can be seén latér that this approxi-

mate method becomes very useful in the development of this dissertation.




In a somewhat different manner, another approximate solution can be
-obtaiﬁed if the variation of twist along the 1_ong'itudina1 axis of the bar is amall.
Theﬁ as a zero order approximaﬁoﬁ, -the warping of the section can be calculated
from the Saint- Venant theory COri'esponding to thq local value of twist at any par._
ticular section. The a)ciél'rate- of -change. of the ﬁrarping 80 calcujated gives an

induced axial stress. This induced axial stress will then serve as the starting

point of a first order approximation of the shear stre‘ssés due to variable warping-- -

2 correction to the Saint-Venant solution. In mathematical language, this method
is an iteration procéss. .Timoshe_nko, Gol'cf:dier [19] and others used this method
to solve the stability problems of a'ﬁ 'ope.n"sectlio_n_under torsion and bending, and
under torsion and axial compression. Von Karman _and Christensen [25] used this
method to analyze open, closed, and multicell sections under non-uniform torsion.
Smith [26] used a similar approachto analyze torsion of box beams with relatively
thick walls. | |

The instability problems of a box beam were also stucﬁéd to soﬁle- extent.
Lundquist [27] calculated critical stresses for local instability of symmetrical
rectangular tubes. .He utilized Timoshenko's solution for the critical stress of a
rectangular plate under edge co‘mpreésidn. '”Bl.ldi‘i"l.néky.,t ‘Stein and Gilbert [28]
gave theoretical solutions for the buckling’ of a long square tube in torsion and
compression. If was found thét- zin appreciable arﬁoimt of tofsi-on may be present
without reducing the compression required for buckling. Falconer [29) discussed
the effects of initial deviations from pg;‘__fec-t‘ ﬂat‘héss of the plating of a square box

on its buckling behavior under torsion. He found that the development of buékling

W=

—— e ——1
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is greatly influenced by the magnitude of the initial deformations and that where
there are initial deformations, however smail, ‘deviation from linearity of the
reia‘t;ionship between rotation and torque wﬁll o'ccuf at a load well below the criti-
cal load. |
Tests on ﬂle"latei'é.l-fofsional buc'k'l.ing of box beams were carried out by
Morén [1]. In his tests the box beams were éubject to pure beﬁding'ﬁoments and
were loaded well into thé plaéi:iq range. - _ﬁo. iaterq._i Buckling of the hox beams was
observed (éross— section c;f. box beamé ié shown in Figure 1a). Failure was caused
by local buckling of the compression flange. Teddick [30] also conducted tests on
box beams at Gedféia institﬁté of Te..c'lm.oldgy_.-f In his tests the box section consis-
ted of two M8 x 6.5 beams welded f‘:iall-g_e-'to'lﬂa__ﬁ'gel. Two beams and one portal
frame were constructed with this"'bOX's:éctiqn. In the beam tests the maximum |
unsupported span length was equal to 13 feet 4 inches, a constant plastic moment
was attained over a length of 6 feet 8 inches in the middle of tﬁe span. The beams
sustained the plastic moment Ithrdﬁgh considerable deﬂecﬁon and rotation* before
failure occurred by a simultanelous.actiﬁn' of local and lateral buckling near mid- |
span. The portal frame tested by Leddick had a span of 16 feet and a height of 8
feet 8 inches. The frame was left unbraced over its entiré length--horizontal
member and columns. Failure was iniﬁated by local buckling at the top portions.
of columns. This was followed By lateral buckling in the'horizontal m‘emﬁer. The

completely unbraced frame carried 96.2% of its predicted ultimate load through

* _ ' T
- The minimum ratio of 6t/dy for Leddick's beam tests was equal to 3. 08.
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cohsidérable deflection, attaining a ratio of_'rofation at failure to rotation at first
yield (ﬁf/ !5y) of 3.45.. Tésts conducted by Moran [i] and Leddick [30] proved that
a box beam has very high rigidity ag'ains_t lat_eral-torsionai bui:kling.

Theoretical work on the problem of lateral torsio:né.l buckling of box beams
is not yet available. ' It is thus the purpose of this dissertation to find analytical .

solutions for this prdblern.

2. Method of Solution

" Two sets of solutions are intended. herein, one th be applicable in the elasﬁc
range and the other to be alﬁplicable in the inelastic range. The elastic solutions
.are derived on the basis thaf. the Stabﬂity limit of the beam is defihed as fhé'pdint .
at which a slightly defleeted equilibrium _19951_‘319}1___0_1' the beam becomes possible. -

In Chapter II the writer first derivesthed.lfferent:lal e-cj;.nation for non-unifdrm'tor-
sion of box secﬁoﬁs ﬁnder vaﬁable toﬁlué. This 'de"riv.a;;tion follows the work of
McGuire [24, 32] who derived the differential equation fof non-uniform torsion of
' canﬁlevered box beams under cdnstanf- torque. - 'ﬁ'éing the différential equétion for -
' variable tortlue, the mathematical model for the first elastic solution is set up by
neglecting the effect of deflections in the plane of &e primary bending momeﬁt.
The problem of finding the critical buckling moment is then reduced fo solving a
fourth order differential equatio:ﬁ. In the later part of Chapter H_ﬂﬂs fourth ofder
differential equation is solved and the critical buckling moment is obtained.
In Chapter ITI a secﬁnd elastic solution is de’riired by.considering the effect
of deflections in the plane of the primary bending moment. In setting up the mathe-

maticai model, the writer utilizes Kirchhoff's general equilibriﬁm equations for

o ———
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the bending and twisting of beams. The problem of finding the critical buckling :
moment is reduced to soiving a fifth orﬁer diffe_rent_ial equation. In the later part
of Chapter I this fifth order 'ﬁift;erentia.l eqiaétion is solved and the critical buckling
moment {s obtained.

Thé solutia:;ns in the inelastic. fange are derived using_the argument that
wii;h proper modifiéation of the stiffness coefﬁcients the buckling equations for the
elastic range-can be applicable m the'inelastic range.. This argument has been
recognized by przictical_ly all investigatofé in the-analysis of lateral-torsional buck-
ling of solid rectangular- beamsl and wide—ﬂange beams. Sincé the lateral stability |
prOblem.of box b'ea.msl is ﬁnalogous to that of wide-flange beams, it is thus logical
to utilize this argument in this dissertation. In Chapter iV formulae for the modi~
fied sﬁffness coefficients are derivedl and equatioﬁs for determining the eritical

buckling moment in the inelastic range are obtained.
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. CHAPTER II
THE FIRST SET OF SOLUTIONS IN THE ELASTIC RANGE

1, .ASSu_mptions

A solution can be obtained for the q;ﬁiti'oal._p;_ur_e bending moment in the elas-
tic range, neglecting'thé o‘ffectl of. defledtioné in the piane of the primary bending
moment (¥Y-Y plorie in 'Figur'e 1) This' "solutioo is ju"stifiagle if the deﬂe'ctioné in
the plane of the pnmary bending moment are relatively small and the primary
flexaral rig]chty (EI ) is large compared to the secondary ﬂexural rigidity (EI ),
the torsional rigidity (ECl), and the ,warpmg'consta.nt {CZ). One shall consider
thé mattei' of an el_aéﬁc body fo be homogeneous and continuousiy distributed over
its voiinhé so that the smallest element cut from the body has the same speoiﬁc
physical properties as the body. We shall also consider the body to be isotropic,
so that the eiastic properties are thé same in .all directions. The box beam is '
assumod to be prismdtic along its longitudinal axis, to be perfectly stra_.ight in its
initial con_d‘itloﬁ, and to have a doubly_ symmetrical cross-section. A linear relation- _
ship is assumed to e_xist be'tweeln increments of stress and strain. The deviaﬁon
from linearity of the distribution of bending stress in & box beam as explained in
Article 2 of Chapter I (see Figure 2) is to be neglected. This is juotifiable because
this deviation from linearity is appreciable only when.the width of the box beam is
many _times greater than its depth. But this is not generally the case for box beams

used in civil engineering structures. The dimension of the width of such box beam
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is not usuélly many times greater than its depth. One can imagine that the shear

forces built up at the edges of the ﬂang‘és of a box beam are of the same order of

magnitude as those built up at the ﬂange-web junetion of a wide-flange beam. Just

as the effect of these shear forces on flange bending stress distribution is neglected

for wide-flange beams, this effe.;:t ghall also be neglected in the bending of box

beams conceived in this paper.

It shall be assumed that the wall thickness of the box beam is thin, i.e. it

is relatively small compared to other dimensions of the box cross-section. It

shall also be assumed that premature'failures such as local buckling do not occur

| prior to the initiation of lateral-torsional buckling of the box beam. In addition,

we consider the box section to retain its rectangular shape upon buckling away
from its original plang of stable equilibrium (Figure 4). Williams [20, 22] hasl
discussed the justification of this.assumption. He showed that in the case of a
box beam subject to torsion the work done in deforming the shape-retaining dia-
phragms is small so that it is poé.sible to assume they are figid in their own
planes and that there is an infinite number of them along the longitudinal axis of

fl_le box beam. This assumption was adopted by practically all investigators in

_ analyzing' a box beam under torsion. Finally, the possibility of the existence of

‘residual stresses in the eross-section is to be neglected in the analysis.

2. 'The Differential Equation foxr Non-Uniform Torsion of A

" Thin-Walled Bax Section

In Appendix A the warping displacement due to-uniform torsion of a box

section as shown in Figure 5 is derived. It is assumed in the derivation that the

e ————
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T Y'. (Secoﬁdary bending axis)

N

= X (Primary bending axis)

Figure 4. A Box Beam Retains its Rectangular Shape Upon Buckling

Away from its Original Plane of Stable Equilibrium.

torque (M) is applied at the énds of thebeam .'a'nd. thaf the cross-sections of the

beam are frée to warp. _Under such conditions warping is the same for all.crc.'ss-

sections and takes place without any axial strain in -thé longitudinal fibers. The

~ case of non-uniform torsion occurs if any cross-_slec't_ion is not free t'o'warpl or

if the toﬁ]ue varies along the lépgth of the beam. The amount of v&arp’ing will -
then vary along the beam. 'I;he difference in warping displacements between two
adjacent sections produces axial strains, 'fhe longitudiﬁal _fibel_'s of the beam will

- be subjected to tensile or compressive axial sti‘esses depending on whether the

fiber is extended or compressed. Since the beam is acted on by torques alone,
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the resultant of the warping sti'ésseé at any cr.osS—sect_ion must equal to zero. In
-addition, the angle of twist per unit léng'th (6) will no longer be constant but will
_vary along the axis of the beam. . Obtaining a solution of non-unjfdrm torsion of a
box section -ﬁsing a rigbfous mathematical p;rocedure can be q'uif'se. invqlved and
the results may not be easﬁy applied to evefy day engineering pi'actice. Fortu-
nately, an approximate solution is. pos.sib:le based on the‘ ordinarjr theory of simple
bending. It has been de'lmonstrated by Williams [22] and Paﬁe [23] that solution
based on the ordinary bending 1;heo_i3§"-1éads to-_ results that are. much more easily
hpplicable to engineering practice.. ._.Williﬁﬁié-. [22] has Shown that the accuracy of
the approximate solution is __co;ﬁp#abl_e_fo that ?f. ._'_th'_e. ri_gq_rqus soh_lt'ibn; In an
unpublished note [32], McGuire sblvéd-the preblemof cai;atileveréd box beams
under the action of a constant twisting _moment using the approximate method. In
this article the differential equation. .for‘ nor_xfuniforni torsioﬁ of a box section based
on the siniple bending thedrj is derive;j,. folil[c')wing the work of McGuire. A variable
twisting moment is co_nsidefed here in contrast to the constant twisting moment
 considered by Mc.Guire'.

Consider now a -case of non—ﬁnifqrﬁ _tors_ion as shown in Figure 6, in'which.
the box beam is fixed #t one end and a torque M, is applied at the other end. Since
warping of the kind shown in Figure 30 of Appendix A cannot oécur at the fixed end,
the original plane .croés-section at that end is forced to remain plaﬁe. . But this
requires that the fixed base exert forces F in each ﬁlate acting in the directions
as indicated in Figure 6b (for the purpose of clarity, omy"fhe bottclam and right—sidé

plates are illustrated, similar forces are also acting on the other two plates but in
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Figure 6. Internal Forces Developed in A Box Beam Under Torsion.

.apposite diréctions); ‘These F forces 'p_rodt@e bending of each plate in its ov}n

- plane. -T,he magnitudes of the bending mo'ménts' diminish as the distance from the
| fixed end increases. Shear stressés_ (Gﬁ and 1:*21_ are produced by the effect of
differential be_nding and are acting in the.d_irections shown. These shear stresses
are solely due to the effect of non-uniform torsion and are in addition to the shear
stresses caused by uniform tbrsion .bf tlie' crbss. section. There is, theréfore, a |
change in the manner in which the total torqﬁe M, is resisted. Partof M is
balanced by shear streséses_due to uniform torsion and part balanced by resistance
to bending of the plates that make up the box beam. It is important to note that
since there is no externally applied axial force, thé resultant of the F forpes must

be zero.
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The portion of torque (denoted by Mzb'that is balanced by uniform torsion

can be expressed by Equation (2-1). This equai:ioh was derived by Bredt [19] and

has since been used as a standard equation - for uniform torsion of a general thin-

walled closed section.

Here A is the mean of the areas enclosed by the outer and the inﬂer boundaries
of the box section, t is the thickness of the wall, and s is the arc length which is
positive when increasing in the éounterclockwi_ge direction. Equation (2- 1)'c‘=an'

be further rearranged into a ‘more convenfent form by denoting

c = 4‘/4&_? - i | @)
t
Hence, - Myy—Cs ig — — (2-3)

* : _
For the derivation of Equation (2-1), one is referred to the work of Timoshenko

[19].

The coefficient C1 for a bhox lbea'm as shown in Figure 5 can be evaluated'aa follows.
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Next consider a general cas{e_ of nori-imiform torston of a box section as |
shown in Figure 7. The directions-' of.'sheai';, forces are. assigned based on the dis-

cussions related to Figure 30 of Appendix A and Figure 6 (i.e. assuming bwti>

bttw)'
" Hence | - . o '
My =HbwtVobg ——— — (2-5)
My =H, byt Virby — (2-6)
Mzo =He by ™ Ve bs . - (2-7)
and | _ |
M, = Mas + My, | — - (2-8)

Knowing that both bending and shear stresses exist and vary along the longitudinal

axis, one can imagine that the curvature of each plate of the box beam consists of
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Figure 7. Shear Forces in A Box Beam Due to Non-Uniform Torsion. -

two portions,one portion due to simple bending and the other due to shear. Con-
sider first the effect of the curvature due to simple bending alone. In Figure 8b

is shown an elementary strip of the bottom flange. The bending moments are shown

in théir positive directions. By taking moment about point n and neglecting second |

order terms, we have

)(o‘w‘ d Mg - M3 - H,-dz + d Hy=d2 -0

H,= iff _ (2-9)
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Figure 8. Free Body D'iagralﬁs of Bottom Flange of A Box Beam

Under the Action of Simple Bending Alone.

Similarly, from the elementary strip of the right side web shown in Figure 9b,

we have

M +dM, -Mg—l{e-dz_+dmz — 0

' . of My
" Ve = dzw - — -(2-10)

It is necessary to point out that there is an imporfant difference between the
character of the displacement due to simple bending and the displacement ciue to

shear. The diaplaCement'of ‘8 beam cross~section due to simple bending has the
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Figure 9. Free Body Diagrams of Right-Side Web of A Box Beam

Under the Action of Simple Bending Alone.

effect that all cross-sections of a beam perpendicular to the neutral axis. before
displacement remain perpeﬁdiculgr aft_er displacement. On the other hand, the
displacement due to shear ﬁas the effeét that crolss-sections parallel before dis-
placerrlleﬁt remain paraliel after displacement, go that if the end cross-section of
a horizontal beam is fixed in a vertical posiﬁon all cross-sgections originally
vertical remain vertical as long as the disbla;cement is caused by shear alone. It
is thus clear that displacements at the longihidinhl edges of a beam .in the direction
of its axis canbe produced only by éctidns of sinmple bending. IFor displacements

perpendicular to the beam axis, both the actions of bending and shear must be taken
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into eonsideration.'

The displacemelli'ts.of a box secti'on.under non-uniform torsion have to
meet certain compatibility conditlons The first' of these conditions calls for
identical axial diSplacement at the common edges of the four plates. Consider
for example the axial dlsplaeement at pomt C of Figure 5b. Knowing that this
axial displacement can only beeausedlby acfions of b’eh&ing alone, we have -

{Axial dispiacement ot} . - Axial displacement of
point C in plate BC. - of point C in plate DC.

- .,-‘5. s b
j:*b (Az) (_i) - %8' (AZ)(_EQ) —— (2-11)

where Xy and yblsre deflections due to bending only. ’fhe'negaﬁve sign on the

right .side of fhe equation is due to the negative curvature in the right-side web.

The reiationship established by Equation (2.-11') actually dictates that the curvatures
‘of the bottom .ﬂa.nge and the rigﬁt-side web must be of oeposite signs*'in order te

meet the compatibility requirement at the common edge (Figure 10). Furthermore,

d%, o o MF
42" EIf

(2-12)

4% =.-ﬁm
dzt | EIW !

Similar condition applies to the other two plates.




- Axial displacement
of point C

Figure 10. Compatibility Condition at the Common Edge

Between Two Plates of A Box Beam.

3 _
l"fb f ) . twbws
where If =1 and Iw = "1 , we have

Coo31

(2-13)

(2-14)

RpR——

S R
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dMs _ d/_ buls),
Hz = dz d'Z( b'flw)‘Mw

_ _ bnIs [dMy) - .
Hp = -bJ;fNIw. el - (2-15)

Substituting Equations (2-10) and (2-15)into Equation (2-7), we have

Mzz ‘V;Af__....én?i R_z'm'*b J__m
M,, — — (b Ii"'bf ) - 2-16
ze ( bsl,, o ' E=29
bz__éf_é.'z. — 63._&_@.&.
M. = w2 F /2 CdMy
z2 b Lubs | 4z
| 4 /2 '

2z

M =.t—if(bwtw-6ftj)‘%w

It is eeen from the above eduai;ion thet there exists e special case of non~uniform

torsion in wlnch the reswting moment M due to warping is reduced to zero when

b t = bftf There is warpmg of the croas-secﬁon. But the amount of warping is |

such that the resisting moments H2-b-W and V2- by cancel each other (see Figure 7).
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With M__ = 0, Equation (2-8) is reduced to Equation (2-3}. That is, the différen-
z2 .
tial equation for the case of uniform torsion now becomes the governing differential

equation.

Next coﬁsider the effect of the c_iJrvatﬁre due to shear alone, Consider the

bottom flange as shown in Figure 11, -

|
%

al
L ' ll Bottomﬂangeofbox‘beam'
|._—-—_-] ——
l-__;Jl 42 - \ .
b 1‘ % H=Hy+ Hy
\ { dx
i}

Figure 11. Free Body Diaérams of Bot(:om Flange of A Box Beam

Undei'_ _th,é_- Action of She#r Alone,

where Cs 15 a constant [ 33, 34] whose magnitude depends on the-shape of the cross-

. _ dx
section. For a rectangular cross-section Cs = 1.2, 'Since?% = &;E, where X
denotes the deflection due to shear alone, we have
dX¥s  (Cs-H (2-18)

dz bsts GG
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Similarly considering the .right-sidé web as shown in Figure 12, we have

~d¥s . Ce V. 194
7w dz bwtn,G (2-19)
1 r T Right side web of box beam
| I | | v
. T E '
| dz | '
l.l_ T n T /h————-—\
1 l. W Y=U-K
\ 1 d&q
1 . 1
-4

Figure 12, Free Body Diagrams of the Right-Side Web of A Box Beam

Under the Action of Shear Alone,

From Equations (2—18) and (2-19), we obtain the curvature of the plates due to the

action of shear alone:

dXs _ _Cs  dH
dz? bty G dz

| | (2-20)
% _ _Cs  dV
o£22  4,¢(.G dz




35

The total curvature of the plates can be obtained by adding the Equations

in (2-12) and (2-20) respectively. Thus

A _d , dUs Mg, Cs . dH
dze — dze ¥ Tzt T T EIg TBitsG dz

(2-21)

d _ d% S Me, Cs . dV
dzZE T dz? | dz? £z, b,t,G dz

The second con;patibilify condition of the box section under non-uniform
. torsion is expresséd in‘terms of the total deflections in the X and Y di:ections. This
condition is based on an earlier assuniption that the rectangular sh'ape of the box
remains undistorted under lIoad, so that the angle of twist 4 at any cross-section
can be correcily defined by either ¢ = 2!{/bw or = 2y/‘bf (Figure 13), considering

small displacements, Thus_.

2
'(2-22)'
bg o
y =5
dZ 2 dz
'(2-23) |

dy _ bs df
dz € dz
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d“x,_b_m,deé
dz* 2 dzz
. _ . : — (2-24)
‘\' d'y __ be d¥
'\ e ¥Ad 2 dZa"
- by
lﬁ;_ ..-.
I '.--""*—"— q
= \ Vi :
R i |
|
SR =t I S
VR S R (N
va \ \
. \ -.\_ }
1 L}B- L..-—‘j
A
L A
Figure 13. Rotational Displacements of A Box Beam Under Torsion,
Also since ¢ === ¢
we have X = -%‘L-y @2-25)
dx _ by . 4Y

e T 3 R T
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dzt b dz?
Substituting Equation (2-24) into Equation (2-21), we have

d%

______Z___ 2Cs __ dH
dz* b E Iy Me T Db 846 w2
de __ M _2Cs  dV

R e
d'zz _ beIw w bwbd:fwcr dZ

From Equation (2-5), we have
My = H bw* V-bs

U g

Since Mz varies along Z-axis,

dH _ /. dMg_ b dV

d2 bw o Z bw AZ

- (2-27)

- (2-28)

' (2-29)

Substituting Equations (2-14) and (2-29) into the first of Equations (2-28), we have
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e Ry o R

+ 'b?%t?;)(bw) ﬂz bwqctfa)(b,,, dz

2

-2 M ___Qs__dl_;__;_i_@i_.m
dzt b ETIT, ™

q,ifcr dz © BIb,1;G dz

Multiplying both sides by b, ter

byt 2C dV 2C§ de
b”’tfdz? beET, M“’ L +

(2-30)
Also multiplying both sides of the second of Equations (2-28) by'bftw,
d%é __ _ 2b£tu ._2_92_.1}_[ | 2-31
bft“ azt bsEL,, ._.M " byG dz (#-30
Adding Equations (2-30) and-(2-31), we have
_.Q' _é.Cj_ dMz . (539
(buts * bitul e =B F T, “’wff bffwmw bubiG dg D
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In the discussion at the end of Appendix A'it has been shown that if bwtf =h ftw
. there is no warping of the cross-section under torsion. If the section does not
warp, the resis'ting moment ]!«flz2 due to warping is equal to zero. Then the prob-

lem reduces to that of a case of uniform torsion and the governing differential.

equation is g:wen by EquatiOn (2- 3) Thus there are two conditions for which the

.~

problem of non-uniform toreion of-a box sectmn is reduced to the case of uniform
torsion. The first condition is b, 1‘-‘---- 2y (i . b t = bftf). and the second con-
dition is bwt.f.= bftw. In the follomng d1scussmns of this Article, these two con-
ditions for which M, , = 0 are to be excluded.. They will bé discussed specifically
in Article 3 of Chapter IV and in Appendix C. _ |

. Assuming now that b t, .

wi
by (bwtf - bftw_) and rearranging, we have

- byt # 0 and dividing both sides of Equation (2-32)

om, = BEEL (b s bet )d__é CsEL, /| dMz

o Bw - b6t/ A7t byG (bi-bt) dz
dMw _ b.fEIw bwff*'bflf' é_é CsETw ._d?z”zz
oz bwis-bsty. dz? by G (Rts-4t,) 22

Substituting into Equation (2-16), we have

Mo, _ _ buIs- b.fIw b;f-'l'w byts+ bsty \,‘d’é
2= bew Z bwf bflfw az3

ot en




4*_b§£I§;:J2§;I¥L. . ‘:SEEIRV c12}1
' bs Tw bwG(bwfg bftﬂ) dz’-

(b3 If—bgzIwY_Eﬁ:_*'_g:?ﬁ __%_

(b f: - bg Iw) CsE d%
b b’(b ff b_f w) dzz

Denote
Ic - bs?I, \/ bwls*bsty \ f
(“'” = )(-butf-bf-tw/’f
(bff?: bwtn) [ 1 (b 2p2 ¢ Bt )El
ot oo
and

o waf bjr C E
=, bg) (b % - bfz‘,,) (8 )

(bst Cs E
- (bi‘ng bj%l:% (b bf)( 2 )j'
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{2-33)

(2-34)
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Note that in both Equanons (2-33) and (2-34), we have (b_ t - bftw) ;4 0 and

(U I—b I)a!o Thus

. 3 ..2
—c,4Z 525 "‘Cs dMa

M Tz TE (2~35)

22 =

By substituting Equations (2-3)-and (2-35) into (2-8), one obtains the differential

equation for non-uniform torsion of a box section.

dz3 T 65 g2 - . (2-36)

~ where C, Cy and C, are defined by Equations (2-2), (2-33) and (2-34) respectively,

and C, # 0, Cg # 0,

3. An Elastic Solution Neglecting the Effect of Deflections in the

Plane of the Primary-Bending Moment
The differential equations for this solution can be set up using the elastic

.
buckling concept as defined in the classical theory of elastic stability. This con-

cept states that the critical pure bending moment is determined by the criterion

Thxs method has been thoroughly dlscussed by Tmoshenko [4], Bleich [34] and
many others.
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that the stability limit of the beam is reached when a deflected conﬁgura}tion'
infinitesimally near to the équilibrium form in the vertical plane is possible,
1ndicating bifurcation of the equilibrium positibn. This means that as long as
the pure bending moment on the box beam is-below the critical value, the beam
will be stable. As the pure bendmg moment increases in mag'nitude, a condition
is reached at which a shghtly deﬂected and twisted form of equilibrium infinitesi-
mally away from the vertical plane of bending become-s possible. The plane con-
ﬁguration of the beam is thus unstable, and the lowest mome'nt._at which this
critical condition occurs r_e'presénts the critical pure bending momént.

In Figure 14 the box beam is s’ubj_éqted to pure bending moments acting in
the Y-Z plane, which is the plane of meximum flexural rigidity. In deriving the .
different_ial equations one shall use the fiied co.ordinate axes X, Y, Z. In addition,
the origin of the coordinate au-&es E, 12 ,'f is taken gt'{he shea:; center of a cross-
section (which is coincident with the centroid for a box section). 'The'- a.xes§ and 7
are respectively the major and minor principal axes of the cross;secﬂon and ¥-
axis is in the direction of the tangent to the deflected axis of the bax beam after

‘buckling. The deflection of the beam is defined by the components u and v of the

displacement of the centroid (or the shear cen!_;er) of the cross-section in the X and -

Y directions respectively, and by the anglé of rotation ¢ of the cross-section.
For small relative deﬂec‘ﬁc_ms, _thé-cﬁrvattn'bs of the deflected axis in the

XZ and YZ planes can be taken as (121 and 513 respectively. For small angle of
_ = >
dz dz

twist ¢, one can also assume that the curvatires in the §)°and 7 ¢ planes be taken
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_'(c) Section 1-1 _ . \\;~| .

Figure 14. Lateral-Torsional Buckling of A Box Beam

Under Pure Bending Moments.

S




2 -2 _ o » _ :
- as d—g— and E_ZY respectively. Thus the moment-curvature relationships for
dz dz : : : '
bending of the box beam about the} amd 7] axes can be written as
2y _'_. o . _ '_
EL Lo = ¢ — (2-37)
_ dfU . pr - - : 2—3.8
£y Gz =t — (2-38)

Figure 15. Sign Convention of Moments.
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The differential equatioﬁ f&r-- nbn-‘-unifé);m. 'toi’%ioﬁ- df'a box se.ction is given by
Equation (2-386). App;jring this equation to the buckled box beam, we have

(T "‘Cf—édz3 M),+_.c'3__.i. e o - — (2 39)'

where C,, C, and 63 are constants defined by Equations (2-2), (2-33) and (2-34)
respectively, and C, # 0, _cé_;é 0.

The bending and twisting mom'en'ts. at any croés-éectioﬂ of the buckled box
beam (Figu.re 15) ean be found by tak_in'g qoﬁ;ponents of the applied_m_oment M about
the¥, 7 and ¥ axes. To do this one shall Sﬁeedlth.e expressions of thé cosines of the
angles between the coordinate axes X, Y, Z and ;’, 7.¥. These expre‘ssioﬁs afe
given in Tablé 2 (see also Figure 16). Tﬁey are valid with the assumption that the
deflections u, v, 4 are small.

Thus using the first column of Table 2 and using the sign convention of
moments according to Figure 15, one can compute the components of the épplied

pure bending moment M taken at any cross-section as follows.

M)Z = — M-Cos (?X)

#-M

. : d
My = =7 Cos(YX) = —T7 ' M

.

Substituting these values into Equations (2-37), (2-38) and (2-39), one obtaing




Figure 16. Displacements of A Bax Beam After Lateral-Torsional

Buckling Has Occurred.
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Table 2. Cosines of Small Anglés'Between

Axes},‘lz_, ¥ and Axes X, Y, Z.

x v z
€ 1 d ('ﬁgi -
1| -4 1 ("%
v W & :

rfIf%‘” =0

~ _dfu _ -
451‘7 oy s o

Az Az3

_ 3, du __ ‘u
f’ﬂ_c’eg}%*j{dz Mo EE=o-
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(2-40)

(2-41)

(2-42)

Equations (2-40), (2-41) and (2-42) are the governing differential equatlohs

for the problem of lateral-torsional buckling of a box beam. With proper given

boundary conditions thes‘e_'differential equations can _readily be solved and the criti-

cal pure bending moment can he determined, By' differehﬁating Equation (2-41)

twice by z, we have




2 ' '
'c-_dé_,cz,ﬂ M. du_M c,. 3;4=_o_._;__(2-44)

48
o g-rgh o
E’fq_z% — M- j;f - °
dd;‘( = Ej-%rz_' Z.-;é — _ . | oy .

Differentiating Equation (2-42) by z,

odz4 dz8

Substituting equations (2-41) and (24-_43) into Equation (2-44), we have

a2t _c, 2%, ME 4 G P

1 g 72 a7t T E1 £z, "gzf = o
o — —
Cé dz24 ?_) dzz EI{ ¢ c '

since 02 # 0, we have

G — Lo~y )22

d g9 I

£L,) 4722 T T EI—,Z p=o (2-49)
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There are three possibl'e sli;{lution's to Equation (2-45), depending on the
signs of the coefficients. From Equations {2-33) and (2—34), it can be shown that
C and C always have the same sngn The first two solut:lons can be obtained by

assuming C amd C are both negative constants Let
Bg-__— Icg ' ; By = | Cs I R . (2-486)
we have

Cy=~By , C3=-Bs

Eqguation (2-45) hecomes

_djé L. .Lz..deé'
dz+ T B, (C,+ B4 ET ) gzt

Let (X 7

3 ' — (2-47)

wehe‘fe
14, 2,
L 2t Ghv pp = o

The euxiliary equation of this differential equation is

f‘fb + Zd'ff'e -f-p’ = O —— . ...(2-48)




The first épluti_on caﬁ be derived by assuming -
a“le Z £ |
Thus- d;z—ﬂl #o

And the roots of the auxiliary equation .ar'e given as follows.

Pre=— &+ [ —p = —(t,~/IF=7")

7?3?4' = _‘;t'l_ df;ﬁf =_ (0‘7+dd’2*ﬂ;) -
= ST

T = .__""'-1/ «, "'.J"C;i -5

Tts = "‘:'\/"(’; *Jg’cyef/sl

Ty = —</ +m

Let

50
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we have
#= Af et + Aae—im.z + -'A-’-‘e_aﬂz_ ’ IA.4€;"‘Z
P = A cogmz) + A Lsin(mz) + A”g cos(m2) . A, 4- sinlmz)

T Azcos(Z)+ Az i-sin(ng) + Ag Cos(nz)~ Ag L-5in(n2)

@ = (A+ Az)r:os'(mz)' + (A, =Az) L-Sin(m 'z)
+ (Aa+ As) Cas(ri_z) + (As-'AqL)Jf.- sin(n 2)

Substitut_ing'a new con‘sté.ht Al f01; (A 1t A 2)_ and A 9 for (A 1 A 2)i and so on, .we
have : _ :
P= A, Cos(m2) + Ag Sintme) + Azcos(nz) + A4Sin(nz) — (2-49)
Consider the caée of a sifnply supported box beam in which the eﬁds' 6f the
bo;: beam cannot rotate about ‘the ‘Z-axis but are free to warp (A schematic 'pictui'e
-of this end condiﬁ_on is shown in Figure 17). We have, sir.lce it eannot rotate at the

ends, the first iwo boundary conditions, namely,

p =0 at Z=0

. (2-50)

If the ends are free to warp, there will be no bending moments due to warping and

thus the curvature due to bending is zero. Since only small deflection is considered,
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Figure 17. A Schematic Picture of A Particular End Condition.
the curvature due to shear at the ends is v"e’ry small and ‘can be neglected. Thus

* At the ends curvature due to bending is equal to zero,
curvature due to shear is very small.

Any individual plate :
of the box beam. Small deflection

Figure 18. Deflection and Curvature of an Individual Plate of A Box Beam.

from Equations (2-21) and (2-24), one arrives at the last two b_o‘undai'y conditidns,

which are approximately true for all practical purposes, if only small deflection

is considered.




—
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~ 2
%= ©, o Z=2
z\ . i |
dz28 ~ %/ all z=14

Applying the first two boundary conditions to Equation (2-49), we have
O == A’, <+ A!, )I L. A, = --A‘S
and’

0 = A COS(ML) + Ag SIn (ML) + Az CoS(NL) + AsSin(nL)

Also, by differentiating Equation (2-49) twice, we have

-j-% = - A, m*cos(mz)- Azm*Sin(m2) - AsTL?CoS (7 2)-A4N'Sin(nz)
z .

Using the last two bwndary chiﬁons, we have
o= —AM?— Asm*
o. - — A;mQSf'n(mL) - A4nzsfnc_nL)

= — 2 af-p ¥ ©




e ——

i i = " T i e e e am s =
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the first of these equations gives

A= A= o

. There are left two constants to be solved from the following h'qmogenéous equations

A Sin(mL)+ AsSin(ni) = o
~ArmEsin(mL) — Agnesin(nL)y = o

For a non~trivial solution’bt}ie determ-iné.'nt,'o'_f 'these équatioﬁs must equal zero.
Thus
—(sin mLXmPsin nL) +{Scn nL Y msin L) = o

(sinmLY sin nL)(mi—7n?) =0

2
Since m - n2 # 0,
Let SinmL =0,

The smallest root of this equation is

= &
M= 7

,\/a(, —JOL,Z-_/?T? ==

s

. 72
_a{'; _4""-;2‘ P = 7E
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754
de fal'— dlg 2 }Lg f‘ L4
3= Zﬂ +20(! fz : _——— . (2-52)
2 R 2
M =-——£—+ / ;L-z

r ? T 8; L2
Yet
/ - T e
L* 8 o
* = < 7 - (2-53)
j ) B@"'—,{_—f) _
2 4 _
We have : .




TeE Ly
M, = (R) '_'Z*g_z'_‘c‘;

Next, let Sin{nL)= 0. The smallest root of this equation gives

Comparing this equation with Equation {2~52), one finds that it gives the same

solution of M as Equation (2-54).

The next solution of M may be derived by assuming

66

(2-54)




Starting with Equation (2-48),

1ty 2o nPr B, =0

1 2/ 124 B - 2 o 2o pim o
Since 012 - Bl <0, o > 0 and ﬁl > 0, we have

JE -, >0

Hence

(ﬂe’*fﬂ_; )2"'[71.‘,/2(;//3,_;4.,) ]z= .

[n%pf2p~4)+d@ 1[1* ﬂm + ,/ﬁ, J=o0

T"}z= —2mESIm-En ‘
i | 2 : -

Since

57
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one reassigns 71 = 2"' o , and the-four roots of the auxiliary equation
become

/ ‘71, (A

o = T meen

(

fla= m+<in

| ﬂ4 = M - LT
Hence the general solution of Equaition (2-45) is

m —{n)Z

(m+£7z)Z+ A% e

(—mein)Z ~m—in Z '
¢ m+m)Z+A A )+ Aze

¢=Ale -4

7

= (A€ % A€T)ETE (A€ AT EIETTE
i 4

= (A, a7 osnarisinnz) s (4,€ i Ay € Neosnzisin nz)

= [+ A)EE (Agr b )E o nz +Hfih-ANE % i (A3~ AQE Jsmnz

Substituting new constants Al.for __(Al + Az)’ A2 for (A3 + A A3 for i (A.l -A

4_)’ 2)

and A4 for 1(A3 - A4), we have

D= (A€ T2+ Ay€ N os nz + (A3€ 4 Ay €72)Sin n2
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g‘%#-(—m@e'mi ?nAze’")caé na ._ (NAET "+ NAE™ )sinnz
+{(—-mA; e‘””."@,- m&e"‘”)s&.n 7z Q-(R'Asc”mg 7A€ %) cos 7z
= [(-mA,+7A3)E % (m A, + sz4)¢ sz cos nz
-+ [(-n4 -mAa)é;”’z+ (~nAy + M A )E™2 ] sin nz
d?4

Sz7 = [(M*A,-mrAC™" %+ (m24, + m A7) tos nz

+[(mnh - A3)E s (~mnA, - 7PALYC T sin nz
+(mrA mA)ET S CmnAst MPA)E™ sin 2y
+ [(~71%A, - mNA)E T (~n%hp + MR AL)E %] cos nz

24 : . - .
_"‘c:,; = [[(mz—??.z)/‘l,—zmﬂﬂ_g]@ mg'[(mz-ﬂe)A2+27IZ7ZA4]sz Cos 72

+[[2mnA, +HMERDAIE o [~2mn A, - (méysz),q“]e’”z}sm nz

p=o
Using the boundary condition [ » we have
A =-A

r_._
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|

d24 _
Using the boundary condition { d22=° , we have

2= o0

O = [(m.z— 722)/4, -2 72'/‘43] *-[(7’22—7.!2).1431'27.7172/44]

2.

Eliminating A2 and A 4 from the .expressio'n's of ¢ and dd
: : dz

b= A (€™~ @™%) Cos nz + Ag( &_“'"2 + &"%)sin nz
: ez
g zz { [mE7nA, —ermAsjc [~(m?ne)4,*2mn43]c fcas nz

+['Z(2mnA,+(m n?)As]E "% + [2Mn A, + (MET )Asjc’”f]-sm nz

‘Using the boundary condition { ;f: , we have

A (€7 €™ Jeos aL +Ag (€7 £™Y)sin 1L =0 ——— (2-55)

Using the boundary condition { 51 , have
=L .

[[(m“’- n2)A, — 2mnAs1€ ™, [—(m2E n?)A, + EmnAs Je""b] cos 7L

+f[zmnA,+(m?;7zz)A3 Jc_m‘?[fm;z/l,f(mi n¥)A31C wj} sinmy =©
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{L(m"-ﬂa)A,“ gmnﬂsje"mz;';. [- (mﬁ-?;z)A, + zmn&;?c’”L}Cos ML

+{ [ 2mnA,+ (m’i 1A ICy [2mn A+ me n?As] e’”’*j SinNL =o

e nde " im2 nOEM]cos nL. + [2mn 7t Pmn ] SinaLlA,

+ [[-2mne™ 2mn e cos nu + L(MERDE™ 0w (2 e o0 n 70 _}A‘g#o
{e™= a™Xmtnipos m)r (€% & Nemn)(sin nL)} A,

+HE™ ™ -2mueosm) + (€ F €™ Nm: nPXsin AW Az 0 —— (2-56)

For a non~-trivial solution of M, the determinant of Equations (2-55) and (2-56)

must equal zero. Hence

—

(e M_ &™) cos ne, (e""’".;.. e”’") Sin nL

(e & Nm n)cos e, (&= 7 N-2mn)cos 7L =0

HE G Y emn)sinme HE TG NMERD)sin L

—(e™" e™ YizmnXeos nu)’+ (€ 72— @2M)(mZ n2) cos nL)(sin 7L

—(&7 e P mt n? Meos muX(sin nL)—(E s € izm }’)(533’ o

2mafe "% 2 + e¥eNcos LY+ (@77 2 + @¥ s w)e] = o

P —
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—E, @y 2esindny — CoSL)] = & — (2-57)

(zmmn) [e

If 2imn = 0, then either m = 0, or n = 0 will givé a solution of M. In either case,

one arrives af the condition
B =0y .
But this condition has already been 'covq,éred by the solution p_i'evipusly derived:

Equations (2-53) and (2-54)." Thus it gives no new solution of M. Next the second

term of Equation {2-57) is set to zerb.

€2y @Mt 4 2rsin® ne - Césg nL) = O -+ (2-58)

This is a transcendental equation. The first two terms of this equation represent
a hyperholic function (Figure 19a). The élﬁa]__liest value of the hyperbolic function

2L, &?9L 40 oqual to 2.

=2 2mL o o {na '2(5/72‘12!..-(.’05272&)

(M>0)

me ’/% Bk om
| -2 | |
'_ | B ._

()

Figure 19. Graphical Solution of Equation (2~58).
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The third term of this equation is a trigonométric function illustrated in Figure 19b.
The smallest algebraic value of this function is -2. It can be shown that thé only
possible root of the transcendental equatibn.i.s such that m and n are both equal to
zero simultaneously. This leads to the con&itibn of 8, = a12. Again, the solution
of M for thié cohdition is given by Equations' (2-53) and (2~54). Thus it can be con—
cluded that there is no solution of the critical moment under the assumption
c:lz - B, <0. This implies that the box beam is in a ;state of stable equilibriﬁm.

| Another s.olu.tion of M can be 'obtaine’c_:l by.assuming_ C 2 and C 3 to be both

positive. Then Equation (2-45) can bhe rewritten as

d% y pm® S o el
ozt~ 8z2CC— -85 ELz)dzz 52 EI'Z g =0
~ where 32 and B3 are defined by Equations (2-46). Let
- _ I —_ _ ﬂa
d'z"— 280 CC’ Bs E I’[ )
‘ |
(2-59)
_ L. _MmE
2= B: EIp .
we have o : | _
——Qdﬁ — 2o, 24 dzz pz $ =0 — (2-60)

The auxiliary equation of the differential equation (2-60) is
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pt-2denit —fr=o — (2-61)
Observing that

e
de +Be >0 .

' ‘-v‘d.g*ﬁz — ol }O

Equations (2-62) are true ré'gai'dlés's'of- thé"éiéil of oy Thus the roots of Equation

(2-61) can be written as - Yo

('ﬂ'zz= e dg"'ﬂz + oz

ﬂaff =_'qfdzz+/32 +d.2= —_ ( /;{g_ +p2 -dg)

(=4 /)faZ+ g + ol2
Te = “/2i+ e +ote

p,

fls:'l',f.. ’ ,d; _'-_pz_diz

Ty = 4o JfAE g



ZcLz.pt

65

Let

Hence the general solution of the differential equation (2-60) becomes

P Ae™s A & Azt s AT

AT, Ay e‘.-.mz - /'45 (c;_;, nZ +isin #2) + A ;(dos nZ~-i-Sin NZ)
, ., - :

= A,E™%4 Ag€ Py (Agt+Ag)os RT+ (A3-Ag)i-Sin RZ

Substituting a new constant A 3 for A gt A 4 and A' 4 for (A3 -A 4) i, we have

b= ATl + A € "%+ A3COS N2+ AySin nz - (2-63)

Differentiating Equation (2-63)twice, we have

d 2%

Applying the boundary condition {g : g to Equation (2-63), we have',

o= A+hg+ Ay . - (2-68)

46 _ = A, m“@mz + ﬂz mee™”" "/437?6'05 n2-AnPsin nl ——— (2-64)
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9
iz _,
Applying the boundary condition . to Equation {2-65), we have,
' z=0
O = Am% Apm*-Asn? _ - ' (2-66)

Adding Equations (2-65) and (2—66); we 6btain' '
O = (M2+ N2 A+ (M 712 A,

m2 + n2 # 0, hence
Substituting into Equation (2-65), we have -
A 3 =0

Thus = ¢ = A, ™% AT+ Ay Sin 22

$ = A (€M%~ &™) + Agsin nz S (2-67)
—d—d;‘i =A,mAe™- &)~ Aynsin 1z - (2-68)
| &4 o
Substituting the boundary conditions d'_:;_‘ and { dzz into Equations (2-67) and
' z=L

{2-68) respectively, we have
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A (€™~ e ™)+ Agsin AL = ©

Am(ET~ €M)~ Agnisin b =0

For a non-trivial solution, the determinant of the above homogeneous equations

must equal to zero. Hence,
(e€™- e'”’i‘) - Sin m
Moy mteinm
—ne(e™m. e-""}sz;é_nz, I—“m’-( e"’"'— e“”ia)s;:ﬁ 'n}.:'_= o
(me+n2)(cML - e""’”-')sin'm. = o
(ZM)f e @ h)gin L, = o

(2"‘ ole + s )T — €™) does not always equal zero, hence e

Sin 7L = o

The smallest roof of this equation gives

_ T
7=




ol -l-ﬂg
..f 2 ol
2 Zz
Ll

i A
_
q!zf-/a
2
-
z =

Li

ol +
2
el
2 +

[__,2.

|2
27 2
ol + = c{,"' T /4
-4
3 + 2o -+
2—; |
L.4
4

Pz
=2
oy E
L™ yia
(2-69)

L* -

e Al

= L

| B, c,—
B3 =5,

=£__e__~i

. :

o /‘—1!

A & B S

Ge EX; L% L4
| L

E
51 5
52 B
5.1‘5_2
22 Le} =
;zz
52'*.1,12}
2

M*>
- 2ga;
T
I/ . ;f
4 i L 7
2

Lz
{_f_
ﬁz_,___éé
Bz‘f:}
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Let
I-z+ Ly
LE By .
e = i(s Z2 370
B, 3 72 "")
then, - L _
P75 | \
My = B,- —#c’ : (2-71)

Equaﬁons (2-70) and (2-71) are applicable iﬁvhen .C ‘and C 3 Eir,e both po'sitive.

2
Equations (2-54) and (2-71) can be combined into one equation. Let

z_ <

227 ¢ | |
* = [— — (2~72)
—C—e'(cs- F-}- i") ‘

we have
eE T, _ ' _-
Moo= £ [T —2— ¢, _ (2-73)

Tilus Equations (2-72) and (2-73) define the ﬂrst éplution of the elastic buckling
moment M. It is to be noted that this elastic buckling moment does not depend on
the primary flexural rigidity I(EI}S.) .of the box beam. . This is a coné&que;nce of the
assumption that the deflections in the Qéftical plane are small and that the primary

flexural rigidity (EIB) ig large when compared with the secondary ridigity (EII) and
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the uniform torsion constant (C 1). If fﬁe_magxﬁ’tude of EI"L is not too small when
compared with EIE’ then a second sblution is necessary to include tl;e effect of
bending in the Y-Z plane. This solﬁﬁon is to be discussed in Chapter III. |
.As an example of how to appl"y Equations '(2-72).a;1d (2~73), consider the
box aecﬁdn_(Figdre 1) used in the tests conducted by Moran [1] at Georgia Institute
of Technology. First, we shall evaluate the constants C,, C, and c,. Taking

_ 2 '
Cs =1.2, G/E = 1/3 and E = 30, 000 KAn , we have

c _. ZCbeﬁ)‘thwf;f)G'
1= T Cbwbs + byt) S

- @[ 25)?/. g1%(o. 1193 )(a, ;;.93) &
(C.25Xo0.#93)+(1.807) 0. #93)

(2)[127.87 (0. oz425) &
(0. 748 )+ (0.2/6)

= (B.7NG (xk-in2)

{bfff_“‘bwtw) . ! L
Cz = Couls — gty [ 77 ¢ ""bf)a(”.wff+bf£w)ﬁj

- (1.807)(0.2193)— (6, 25X0.1/93) [ L (6.26+1847)(0. 746 +0, 210) E _} |
(G.25)( 6. 11 ?3)_—- (/.87 0t 937 2¢ . '

= —5/2E (K-in%)
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. (bgts - ﬂ,f'y_ b C'sE
= Conts bt {75 out) =G

= _.-.-(n 3)(/.2)(3)
— — 3.39 . (in®)

‘Substituting the values of:Cl, C, and C

5 Into Equations (2-72) and (2-73), we have

'E_QL
_ ) 17T
Tl k)

. _
. _9.89 . 287  _ ©.00028

LT Tc/87.5)2 35, 700 (,.,z)
C'f_ 32.77¢ _ __ SR
T, -512E o.2¢C ()
P = _0.00028 ~ la. Edto _ ]/ o 2467
(-0.240) [(-3.39)(c.00028) + 1] ©. 2457
ﬁ - . ,c o
-/ TREL, L
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The value under the radical sign in Equation (2-74) represents the lateral-torsional
buckling moment of the box beam urider uniform torsion (i.e. without the benefits
of warping resistance). Equation (2-74) shows that for the box beam shown in

Figure 1, the benefit of warping resistance is negligible. The resistance due to

~ warping is anticipated not to be large. Since in Figure 7 it can be shown that the

warping resistance of a box sed_tion co’nsi’sﬁs ;_of ‘two couples acting in the opposite
directions. One couplé is adding to and the other couple is cancelling out the

resistance against torsion. But the main reason for the low value of k is because

-this first elastic solution is not exactly ac_durate. In this particular examplé EI?L

(2. 08E in4) is not too small when compared to EI§(13. 94E in4). A more accurate
solution is necessary,therefore, to include the effect of behding in the plane of the
primary bending moment (YZ plane). The value of the critical moinenf in kip~-

.inches is evaluated as follows:

2E I, . ' -
_157.,2_2._,4 - (7-6‘7;??3{)(?-"7)(.3_77)(@‘900)- 830 (k~(n)

M = (1.0)(830) = 830 (K-in)

Since the elastic lateral-torsional buckling moment M ié much greater than the
plastic moment (Mp = 207 K-in for fy = 36 Ksi) of the box section considered. This
indicates that the box beam will ﬁot_buckle in the elastic range. This conclusion had

been proven by the tests conducted by Moran [1] at Georgia Institute of Technology.

R ity
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CHAPTER III
THE SECOND SET OF SOLUTIONS IN THE ELASTIC RANGE

1, An Elastic Solution Cohsidering the Effect of Deflections in the

Plane of the Primary Bending Moment

In Appendlx B the derivation of Kirchhoff‘s general equlhbrlum equations
for a bent and twisted heam in space has been shown. These equations are given

in the following.

—

(LAY — vy 7; + Fi ke + T =

L Vet —FpKay + Vi = @

%*@Kﬂ“?&f(zz*ﬁ =
L - My K~y = o
‘d_d’g«“””szzsr“"&"z’z*?’é + My =o

dMy
Jd5

— My ICzx + MyKzy + /‘72 =0 :

-

In the above equations there are nine unknown quantities namely Vx’. v,

Ep——y

Ty
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F_ Hx’ My, M, K_, Kz.y am:l"’{,;5 . ‘i‘he first six quantities afg the remmt
internal forces and moments acting on thé face of a cross-section. They are
defined by Equatioﬁ (B-11) of Appendix B. K, and K are the components of
curvature of the deformed centroidal axis on ZX plane and ZY plane respectively.
't;, is the twist pef unit length of the deformed centroidal axis. \-fx , Vy, f‘z are
the components of the resultant external force per unit length of the centroidal
axis, and ﬁ[x, ﬁty, lﬁz are the components of the resultant external moment per
unit length of the centroidal-axis. If there are provided three additj.onal equations
correlating these nine unknown qﬁa'ntities, 'oné then has sufficient number c-)f equa-

tions to determine all unknown quantities. In the situation where uniform torsion

of the beam exists, one can get a solution by .assuming

r

My = ETx Kzy

My = ELyg Ry ' (3-1)

Mg = C, 2%

Since only small deflections are considered, the difference between ds and dz can

be neglected. Hence ‘2; = —gfg = g-g In the situation where non-uniform torsion

of the beam exists, the third of Equations (3-1) is replaced by Equation (2~36):

* ' '
dz differs from ds only by the square of a small quantity since

ds — dz2 = dZo/I--f- (g;@a —dza—é—(g-g-a.dz
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d’ A
MZ—CI 27.2}%“""5 dz”:

| When a beam is subjected to the action of puré bending moments applied
at its ends, the poﬁential energy of the beam continues to build up as the moments
increase gradually in magnitude. When the critical value of the moments is
reached the potential epergy of the beam is at a relative maxim'u:fn. The equili-
brium position of the beam _becomes unstable, the beam will teﬁd to assume a
new deflected equilibrium i)osiﬂon for which the potential energy of the beam _
is less than that of the relativé maximum value. One asks now, ‘when will the
beam under the action of pure bending moments buckle out of its vertical equili-

brium position? That is, when will such a variation of the condition from

K =0, a¢ = 0 to a condition where K__ and L4 do not vanish give a possible
k> S ZX dz
equilibrium form ?

Observing that for pure hending, we have

F =0,
Z

V=0,
X

vV =0,
y

F =0,




=l
[
g

21
"
o

" So that the variation givés us th‘e following equations:
dz

2% B _

dz * °©

t dz.

Ve Kzg — 'V,;cKzz_c =0

dM d¢ '
dz M&'dz+MzKZZ—@=°

S LW - Ry My S Y =0

L MKy ¢ My Ky =

My = EIyKgy

My - EIy Kgzy

M= C 4%~ C, 44 + o, L%

76

(3-2)

1
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Eliminating g—g— from the first and second equations,

Thus sz + vyz = Constant for z = 0toz = L. Since VX.2 + Vy2 = 0 at the ends of
the beam, it follows that Vx = Vy: Ofor z=0toz=L. The first three equations
of (3-2) are thus identically satisfied. ‘Assuming small deflections, one can write

(as discussed in Article 3 of Chapter II),

Using this equation plus the fifth through the ninth equation of (3-2), one obtains

the following set of three simultaneous differential equations:

dz (I, )CEZy)

Mo M dd e
M2 - Fz, gz —— 69

dz = M(1— £3) Key - ' (3-4)
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e y
Mz=.c,_a!_¢; ¢, 2. dzs + G2 (3-5)

These are the governing differential equations for the second set of solutions of
Jateral-torsional buckling of box beams, |

Differentiating Equatibn, (3-4)'1iri_th respect to z, we have

d. 2May M(/. EIS)dK__z_

AZE (3-6)
Substituting Equétion (3-3) .igto (3-6),
LR (- £33 )([Iz EIy)MZ - MG~ £5E 223 ‘3%_
| d 2,a = (- £-T-:r )([1' )MZ (-3¢ EIx EPJE‘Z :: — (3-7)

Substituting Equation (3-7) into (3-5),
Jé _ ' ot WL
HZ"C‘dz ng?s*—(’ fl'z )( )% —¢ x){cs)(f'l.})a’_z-

[;_(,_.%)(Ec )] Z—[C *'(f— )(CSJ(EI-g)]dZ CZ%
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The factor Li-(i- E = )(E 2 )( AL ) J ~does not alwajrs_-equai

to zero. Hence,

[ —(/—- EIs)(Ca)(é-J- )] cé P _
[ Efy)(E Iga] dz ' [“"0“ Efx)(f'r )(Efy)] 4z

Mz=

Let 4 EZI

ﬁ (3-8)

L E I,

Note _that while the constants A and B are unitless, the unit of C is equal to in2 and

the unit of D is equal to 1/Kips.

Thus,

[c;-—n—A)(c"s)(EI,)j b c;_ L sg
z ﬂ (-AXOXFE, L] 22 [i-(1~A)oX- J] dz

(3-9)
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Substituting Equation (3-9) inte {3-7)

[c —(/-A)('Cs)(E 1'3)] ,_-/395 o S % _
i-a-mxFE)] G2 [i--axox L2y @2

M Ca _db
[ ~U-AXOKY J] ez

N "”‘"*)(‘3)(%? ) 4 /
‘- %Ir e, ﬂ:] Eg; ety

—U-ANFT) I

2 afza -le,-a 'AJ(C’)(EI )"' - AX < X’ﬁ az?

4—{ (1-AXC ;1'; )( ;} ) = (/- /‘Dz( )( Ty ;)= (=) (.._'_3_33)

_.. 2 M2\, 4
+(/ AJ(D)(?};)} dz ©

4L 15, cs-AXCs- c;(%) j4% - ﬁ)_AJ(/-.B)( A2 )]

Since C 9 # 0, we have
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L% . Lle,—a- A)(C'a-‘c-’)%"—)]dzs -[f/-ﬂl'/ -8, FEe ﬁ“'“ 10)

The auxiliary equation of the above ﬂdifferenﬁal equation is
s 1 . M"' TR agz
fr— 52‘[‘?: ¢ A)_(.Ca ot JC;"_% Jn -'C—é[(/-ﬂ)( f*&)(ﬁy‘ﬂ =20

1'[ 7= LO—mAXCs—C EIy)]ﬂ - —ff" AXI-8 Uf =°

Assuming thaf fll, flz, 1’.'-3 and ﬁ4 ave-the roots of the second factor of the above

equation, then the general solution of quation {3-10) can be writteil_ in the form:

¢ =A, e™? + p,efe? + AseT™Z+ AsetMlo Ag

It can be easily seen that the constant A_ represents a rigid body rotation of the
beam. Since we do not considér sﬁpport rotations or settlements, there can be no

rigid body rotation of the beam. Hence A. = 0, and it follows that the solution of

the dif_ferential equation

-;L‘;‘f, & Le,— 1-AXes-CYAL )] S 'C’lﬁ' ~A)I- 6)é—1796=o ——3-12)

will be fully sufficient to define the deflected shape of the beam.
It is to be noted that in the case where EI_of the box beam is very large and

that the ratios E1 /E1_and C,/EL .ave small enough to be neglected when compared

e

———e A b
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to uhity; and I/EIx is small enough to be neglected when coinpared to C3/C 2,'. one

can write | _
| ((1~A)= |

{(I-8)Y={

(3- 12)

Thus Equation (3~11) is reduced fo the following form:

-/ M2

' . S
—%—zfcf“csff;]g—;é- Ce £ Iy

This is exactly the same equation as Equation (2-45), in which the effect of the

curvature in the blane of the primary bending moment is not considered.

I C

In most practical cases, EI -is relatively large and the ratios h, _1,
x | '~ EL FI
X T x
I 2re rather small so that one can make the following assumptions
% .
' -
(/-A)>0
' . | (3-13)
c({=-8B)>0
G _ & - Ca_ L 5o
L Ca C-z_ Cze EIﬁﬂ '

With these assumptions, one can solve Equation (3- 11) following the same procedure

- as discussed in Article 3 of Chapter II.
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B.=|C2 |, Qaéylcat

and let C2 and C3= be both negative gquantities. Hence 02 = 'Bz’ C3 = -B

Equation (3-11) becomes

A% L L (-aB,-) +—[(/—AJ(/-
&,

dz* chfz P

(3-14)

3

]gé-aa

(oL = -—[c + - A)(&s-/c{)-&d >e
\@, 5-2;0' A)(/-8) EIJ,J
we have

(3- 15)

] ' .. r. - o
oo g - o

The first solution can be obtained by assuming
r2 ’
oy - Z
2——. P; Zo

Solution for this case leads to Equaﬁon'(2—52):'

(3-16)
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. E ' Ez
}6]'='—'—?'L +29Lj L..Z

from which,
L (=AY -ME = - - - -
5, (1=AX s)EI_ﬂ L4»f(z) [c +(1—AXBy "Dz.-r jLz
(83 /-c/)r Nyl 'c,. %
513{6(“005) ’AL.} By L%
K A »
MZ=/ 7('25:.9] B, LZ
CLE AJ/(/**B) _(@-_/‘-‘L f
Let ._
Z_ <
' Z 8 -
B ”‘43[053 /c/)———(/-e)],
we have . ' L ' _ . o
- (.,& ) Mﬁy_,(;’ (3-18)

Ag it has been discussed in Article 3 of Chapter I, the condition a‘lz- ﬁ'l < 0 does
not lead to a solution of the critical buckling moment. This is an indication that the

box beam is at a state of stable equiiibrium.
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Another solution for M can be obtained by assuming 'Cz and 03 to be both

' positive and"recog_nizing the.validity of Equations (3-13). - Now that

Equation (3-11) can be rewritten as

—f;i 4 wla- (/—A)(e. c)ﬁ ——zé ’; f(/-ﬁ)(/-@)% Jé=o

Let

a&é = %[C —<f ‘4)(63 ) ] |
(3-19)
Py = —[o -AY(1- 6)—%] >o
Wehaﬁe S __ . , _
.dfé.‘_za(_é_izé -_pz'éﬂo ' ' (3-20)

az? A Ze

The solution of Equation (3-20) leads to Equation (2-.69):'

' . e /g
Pz = f’-"*z) Le T IF

L avi—gy 221 i _- 27 r? 4
&-lo-axi-8) 5] { B le,-0 A)(Bg-c)f-% _}}F - %4
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' [(/-A X/=8) (/—-ﬂ)(&s <) w 2 & T
E-T:f B2 2] /20 8, sz

Pye 7C2' Cr
M2 =( z lez L"

Let

z-z C‘I ;
’ Lz. r g ' .
-ﬁz = 2' (3-21)
(/‘-‘0[663 C._')"'-—'* C/—B)J
T we ilave

= (- 2) 7[25 3 ' : ' (3-22)

Equations (3-21) and (3-22) are applicable when Cz and C3 are both positive. Again,

Equations (3- '18)' and {3-22) can be combined into one equation by letting

-z, i .
7 = L* Cz . {3-23)
= (f—A)[( Cs= r-') 7, «-8)] |

Il
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Hence,

M'= £") %TL, c;, (3-24)
Equations '(3-_23) and (3-24) define the second solution of the elastic buckling load
M’, in which the effect of the bending curvature in the ZY pl ane is included. Note

that if one observes the validity of Equations (3-12), then Equations (3-23) and (3-24)

will be reduced to the form of Equations (2-72) and (2-73), which are the governing

equations of the solution in which the effect of the bending curvature in the ZY_. plane
is not considered. |

It is to be noted also that '.if the .raﬁo'Elsr/EIx is gﬁproaching to unity, the
value of k' and theréfore the cr’iticﬁl buckling momént M’ approach infinity. |

This means that for a box beam in which -EIy = EIx’ _laferal torsional buckling will

not occur under the action of pure bending moments,

Applying Equations (3-23) and (3-24) to the box beam shown in Figure 1, we

have
Ty=/3.94 (in*) , Iy = 2.08 (/n¥) .
C, = 3.77G (xK-mB) s Cp= —&./2E (k-/n*%)

Ca = —3.37 (/n*) .J'.G - £/3 , EZ&=&.0¢925(‘;§;

£y 3.94

O./EG

oy et ey R TR R




38

5_ Cy — 3. ’77(3'-

= c.l ‘-L=
Ei; — 73.94& — (9 Z7Xg)= o.27

Coe L8 _ =542F o _ &.367 (in?
E Iy /13.94L c_’ 7 (e7%)

S 377G o _(o.738XL) = — 0. 24C ()
C'z Z5./0F (.7 8)(?) — e

xzzt, &
42",-‘- Cz

'k’ E—] Ty — o7 — :
ZLu-Mfics- )+ 1-8)]

_ . (0.00028 0. P46)
T 0.24C)0.85D[~(3. 023)(0.00°028)+ ©-F/]

= [ =o. 29572 i=-/___— 0. 24572 _ ; ,35
T . (~o.zr0)C0.909) Zo./9/

M= ¢/.735) E%;& C, == (1.136)(830) = 944 CK-/7)

Thus a more accurate solution shows that when both the existence of warping resis-

tence and the effect of bending in the Y-2Z plane are considered, the critical buckling

moment is 13 5% more than that for the case in which the box beam is under uniform

torsion. In this particular example, the more accurate critical moment is 944 (K-in)

compared to 830 (K-in) as obtained at the end of Article 3 of Chapter II.
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CHAPTER IV

LATERAL-TORSIONAL BUCKLING OF BOX BEAMS

IN THE INELASTIC RANGE

1. Introduction to:the Melastic Solution

Except for the fact thét gtress and strain 1_-1'4"}3_ exceeded fhe elastic lir:nit-
in part of the cross-section, the aééﬁyipﬁoxjs'_ci_fed for the elastic solutions are
applicable for the inelagtic .ﬁolgut:l_on.- In a__.ddiiii_on, i_t shgll be assumed that 'thé
stress-strain diagrém of the méte?ial is as shown in Figure 20. This is the |
typical idealized stress-strain cﬁrve addﬁted in the theoretical works of plastic
des'ign of structural stgels t3]. The stress-strain curve is assumed i:o be the
same in tension and compression. If the material is loaded beyond_.thé elastic
limit and the stress is reversed slightly, the material will respdnd elastically
with a modulus equal to the Young's modulus (E). Although the qécurrence of
strain hardening is a pogsibility, it has been shown [§]that it is reﬁsonable to
assume that the stresses may nowhere excéed the yield stress fy. The strain
distribution is assumed to be linear across a vertical cross-section of the box
beam. |

In the classical theory of elastic stability it is assumed tha.t,. when the
critical load is reached, buckling occurs while the load remains constant. In
the inelastic range, however, it is difﬁeuit to give a clear cut definition to the

critical load. When yielding has occurred under the action of the primary bending
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€s¢ €

Strain hardening
Figure 20. Idealized Stress-Strain Curve.

moment before lateral deflection takés place; one Iias to détermjne exactly what
is meant by the critical bending moment.- In pﬁm-iple, the 'prbblem of inelastic
buckling'of beams is analogoué to the problem of inelastic buckling of perfectly
straight columns. In the column problem, if it is assumed that thé_ columﬁ re-
mains straight until a certain critical load _is re.ached and then buckling occurs
under 6onstant load, the critical load is g‘iven-‘ by the reﬂuced--modulus formula
of Von Kérmén [39]. Shanley [40]bas shown, however, that this 18 not the

smallest load at which the column can agssume a deﬂ'ected-positibn. He stipuiates

- that lateral deflections can occur with increasing load at a value giv"en by the tan~

gent modulus formula of_ E:ligesse'f'. He concludes i:hat the true buckling load lies
somewhere between the tangent modulus load and the reduced modulus load.

In the problem of lateral-torsional buckling of beams under pure bending',
by analogy,. one can define a lowe-r~b6ﬁnd critical bending moment at which lateral

deflection and twist can occur with increasing bending moment and define an upper-
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bound critical bending moment at which, if no previous lateral deflection has
occurred, the beam can buckle lateraIQtdréibnally _under constant bending moment.
The true buckling moment will lie sdmewhére béfween the lower and upper critical
moments. | | |

 Neal [6] and Wittrick [6] have shown that for a solid rectangular beam
mad_é of annealed mild steel whose stress-strain curve is as shown in Figure 21,
the difference between the lower and uj:per eritical pure bending moments is very
small, being of the order of 0.5%. Ex.pel.;iments conducted by Neal [5]have veri-
fied that the true buckling mbmeﬁts- fall very close to the theoretical uppef-bound

critical moment. Wittrick later demonstrated that Neal's conclusion can hold

~ true only for the particular material which has the kind of stress-strain diagram

in which the material exhibits a high ratio of upper to lower yield stress. He has
furthei‘ showﬁ that for m#terial which does not exhibit a pronounced upper yield
stress (such as aluminum all-oy), the difference between the lo;ver-.bound and upper-
bound 'cri_tical moments is quite appreciable (being of the order of 5% for alummum

alloy over a large part of the range considered). 1t is felt that this is also true

( A is in the order of 1.4
for annealed mild steel.)

Figure 21. Stress-Strain Curve of Amnealed Mild Steel.
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for other more complicated sections thaﬁ the simple réétangular section, Move-
over, the lower-bound critical moment gives a éiightly cohaervative estimate of

the true buckling moment and thus b.earé g'réater practical s_ign:iﬂcance than the |
upper-bound critical mc;cm.ent.' For these reasons, thila paper is restricted to the

search of a.lower-bound solution for the critical buckling moment.

2. An Approximate Lower-Bound Solution of Inelastic

Lateral-Torsional Bucklu_gg r of Bax Beams

It can be seen by the works of Wittnck (6] that a more exact .lower bound
solution (considering unlbading of some yielded portion) is rather involved and
tedious, and that the resulting accuracy d'oes: not warrant the amot_int of labor.

The idea of Figure' 22 was first proposed by Galambos [’é]. In these fig'ufes are
shown schematically the load--deflection curveé for box beams failing by lateral
buckling in the inelastic range; Figure 22a _shbwé two possible deflection configu-
rations into which a box béam under pure bending may deform. In the first possible

configuration, the only déforﬁ;ation is the vertical deflection v, as the moment is

increased from zero to M .. If no lateral buckling were to occur, the curve

would follow the broken line portion until it would'approach the full plastic moment .

of the crdss—ection. During the entire course of this curve the beam's vertical

axis would remain vertical and parallel to the plane of the primary bendi_ng.momem:.

" The second possible configuration represents the buckled f_orth of the box beam.

The corresponding deformations are the vertical deflection v, the lateral deﬂection _

u, and the rotation . Bifurcation of the equilibrium position occurs at the critical




93

N C;ifurcaticn pbint '

cé)

Figuré 22, Schematic Moment-Déflection Curves

(Due to Galambos [8]).

moment Mcr ,. in whliéh. Mcr is above the 'elﬁsﬁq limit .Imoment Miy The cross-
section moves from its undeﬂected position té an infinitesimally close Bﬁckled '
position, and the deﬂection.curve'deviatea from its original course because ot
lateral buckling. The beam.wﬂl still be'éble' to sustain a certain amount of in- |
crease in moment uﬁtil the poiﬁt.Mmax is reached (Figure 22b), after wh_ich B
initiation of unloading indicates failure. In solving the problem of inelasﬁc late-
ral buckling of wide-flange beams, Gaiambbs [8]1has shown that Mcr can be ﬁaed
~as a lower l;ound to the maximum moment. This lower bound moment is COmﬁuted

on the basis that, at buckling, no previously yielded fibers will unload elastically,
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and that additional deforﬁaﬂpn is rccisced by the unyielcled elastic core' of the
cr'css- section. The criﬁcal moménf'i\{ci. -cOr'r.esp'dnds to the tangent modulus
load of axialiy loadecl columns f_ailing_ in'the--.inclgcticl- ngnge':[35 1 -By an analogy
that the tangent modulus load is‘taken as the c'ritic.al. load for axially loaded
column, the moment M» cauamg initiaticn of lateral buckling of 2 box beam
under pure bending is taken as the critical moment at which the moment capacity
of the box beam is reached.

It has heen demonStratcd .[5' 6,8] that with proper modification cf tne"

stiffness coefficients (E1 , EI , C_,
. Ty 1

elastic range can be applicable in the inelastic range, For an apprOximate lower

bound Mcr’ these coefficients will ‘be modified according to the asslimnﬁOns cited
in the previous paragraph. |

The Buckling Equations

~ Fora box beam under pure bending, one uses the more accurate elastic

solution which is represented by Equations (3-23) and (3-24), namely,

71:2 c
p = " fZ’ETﬂ .c
o —L(!*A)[(Cg c)u_,ﬂ'r c)] L= g

EL ,

By letting - Sx = EL
S =EI1,

y ¥

the above equation can be rearranged in the following manner:

C and C ) the buckling equahons for the
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& c.f--A)[(Cs—. c)(%)_z(%ﬁ_)ia-s)] 2ieilsd
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EH-Al ot BT

in which.r'y is the radius of‘gyration' ofthe full Efbé'é-secﬁOn, taken about the
secondary bending axis. Equation (4-1) éxpre-ases the elastic critical bending
moment interns of the slenderness-ratio L/ry of the hax beam. This equation

¢an be further expanded_as fq}lows-. e
- g2.0C 4. 5 o 3 TNE : 4 o
A P e -5 TS5 (B

Agsuming that (1-A)# 0 and (1-B)}# 0, we have

L fleg See oyt e _rp_,
19)4+ a iﬁ) Mcﬁ-(f—A)(lf-E)' (39)?23) ME(1-m(/=8) (z;,) =°
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Figure 23. Partially Yielded Cross-Sections of A Box Beam.
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Let 1'. / s -C, _ (ca ¢) ]_l)
, (/—A)ﬁ—s) (/-8) I\ ry

< - . - ' (4-2)

N —  Sg-Cp -7

L.ﬁZ Mex (1-A)(/—8) (75,)
we have

LY N o ' _

() — 1) —re=¢ —

Thus

-ﬁ;'h/ﬁ, + 47 . o
(r (4-4)

| The larger root given by Equation (4-4) detei'mines the critical value of L/ry.

With proper modification of the stiffness coefficients, Equation (4-4) can be appli-
cable in the iﬁelastic range,

One must be cautioned in using 'Eqﬁation (4-4) that this'eq_usition is only
applicable" as long as the flanges of the box beam have not fully yielded. This is
because that if the ﬂanges are not fully yielded, the remaining elastic core (see
unshaded area of Figure 23a) still constitutes a closed box section. The nbﬁ-
uniform torsion differenﬁai equation [_E'quaﬁon_ (2-36)] with which Equation (4-4)

is derived, is still applicable if one substitutes (1-a)-t, for t. {@<1) in'éomputing

‘the constants C, and C,. To use Equation {4-4), one would first choose & to be

some positive number which is less than 1. Once & is chosen, one determines
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the  stress distribution (sée Figure 23a), from which Mcr is calculated. .Next,
modifigd éﬁffness coefficients (SX’ SY" C_l’ C, and C,) are cbmputed based on

the assumption that resistance to 1ateral-tor5'ionaﬁl bucklihg in the inelastic range
is furnished by'the unyielded elastic core of the cross-section. &xbsututing Mlcr
and the rﬁodified coefficients into Eqﬂati;ns -(4-2) and_ (4-3), we obtain the factors
P, and Py which are then substituted into:Equ'ation (4-4) for computing the _critical
value of L/r_. | |

When the flanges of the bax Bea-'m are fully yielded, the warping resistance
of the remalining elastic 'cpre. is provided by i_:wo DATTOW -re'ct_augular_ sections (see
Figure 23b). It is well known that the warping resistance of a narrow rectangular

section is equal to zero [4). The non-uniform torsion differential 'equation i8 now

given by Equation (2-3), namely .

M= c2S ' (4-5)

The constant C,is the uniform torsion coefficient  of the box section. According
to Neal [5j, the amount of ylelding has no éffect on the value of C, at the start of
lateral buckliﬁg, so that the full elastic value of C,, which is given by Equation
(2-4), can be used for substitution into the buckiing eqﬁa_tions. The buckling prob-
lem is now g&verned'by Equations (3-3), (3-4) and (4-5). Neal [4] presented the
solution to this problem without a derivation (The derivation of his solution is given

in Appendix C).

N _
It is also referred to as St. Venant's torsional stiffness.
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His solution can be rearrénged into the followihg formulae:

[ [xEL
MM‘ =_/ C/~AYC/-8D ’ yx3 - € _1 (4-6)
L T [Tz, _ (4-7)

(-?yJaT' T HMa o (FA/=8)

in which A and B are defined by Eqﬁa.tigns' (3—'8_) and. ry i the radius of gyration
of the original unyielded box’ section 'aboui;. the Y-axis. Equations (4-6) and (4-7)
will be applicable once the flanges of the box heam are fully 'ﬁelded. In using
Equation'(4-7), one would follow the same procedure as it has been 'expla_ined in
using Equation (4-4). | |

The Effective Stiffness Coefficients 8, 8., C., C. and C’
. X'y 2" 73 2

~ Once the amount of yielding over the cross-section of a box beam is known
(or assumed), the effective value of S# and S& cim be easily determined according
to the shape of the rem’a:inilig elaétic core. If yielding has not yet covered the

entire flanges of the box section,- C2 and 03 can be computed according to the -

remaining elastic core using Equations (2-33) and (2-34). If yielding has extended

beyond the flange-web junctions, then the coefficients C2 and .03 are no longer

applicable, rather only coefficient C. is now useful. In each step, the computed

1
values of these coefficients are substituted back to the correct buckling equations,

which are valid in that particular instant, for computing Mcr or {L/ry;)cr.
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1

‘Neal [5] has démo_nstrate'd an a.Lr'gume.nt theoretically and expeﬁmentallf,
that, if a beam has partially yielded unaef the action of pure bending moments,
the torsional coefficient C1 remains at its elastic value independent of the amount
of yielding. Fo;- a complete discussion in this paper, Neal's argument is given
as follows.

It has been postulated in the theory of plasticity that each component of

strain at any point in a yielded body may be regarded as the sum of an elastic

strain which is caiculﬁble according to elastic laws and is recoverable upon re-
moval of the load, and a plastic strain which develops under the action of the
applied Iétress system in accordance with certain criteria of plastic flow. When
an increment of load is applied, the stress and strain change instantaneously
according to the elastic laws, and then the material flows plastically in a manner
governed by the changed stress system. It is assumed tﬁat the inerement of load
causes the body to remain yielded, so 'that‘ the étress components must continue .
to obey some criterion for yield .(for example, the Von Mises Hypothesis of con-
stant elastic shear strain energy).. With_the above considerations, Hﬂl; Lée and

Tupper [41] showed, in discussing the theory of combined elastic and plastic

~ deformation, that the differential relations between shear stress and shear strain

in a yielded body are given by the following equations:

G dgy = o Tuy * Tzy- dX - #9
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Gol Yy = o Tyz + T+ dA —— (4-9)

Gdry — A Wzzx + Zzx-AA . (4-10)

In Equations. (4-8), (4-_9). and (4- 10},. tﬁe ﬁret term on the right-hand side corres-
ponds to a recoverable elastic strain 'ﬁcrement and the second term corresponds
to an irrecoverable plastic sti‘ain inerement_. The term dAis a non-dimensional
proportionality introduced into the equaﬁon to express the degree of plastic flow.

G is the shear modulus of rigldity

Conceive now that a prismatic -bar partially yielded under the action of
pure bendi_ng moments, is subjected to a small twisting mom_ent. about its ‘longi-
tudinal axis. In the yielded regions the shear stresses ?;z and ?;x are negli-

gibly small, so that we can neglect them freni Equations (4-8) and. {4-9). Hence

G e Yoy — at'z;,, _ _ _ (4-11)

GdYy = d Tyz . — — (4-12)

The equation of equilibrium in the direction of the Z-axis is

Yoi . dTay , T _
)z T oz T Ty e

It can be shown that %Ez_ = 0, such that

the above equation is reduced to the following form;
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97'2:_!_ -0 — — (4-13)

One can see now that Equauons (4- 11), (4-12) and (4~13) are exactly the same
equatmns governing the problem of -*ela-suc torsion of pmematic bars. It followe
therefore that the umform torelon coefﬁc1ent C reta.ins its elastlc value.

Part of Neal's experlmental work involved applymg small twist:lng moments
to rectangular mild steel bars, which were already subjected to the action of pure
bending moments. Flexural and tore1onal deformatione were recorded at ea.ch
increroent of twisting moment. In two of his tests, the bars were entirely elastie,
and in two other tests the bars had been partially yielded before the _applieatlon of
torsional moment. Test results showed :thet, ‘in all cases, there was no sign of
creep in the torsion readings during these tests, and when the applied twisting '
moments were removed the p.erma'neni set in rotatiox_lal deformation was negligible.
This was an indic_ation that no apprecialole amount of plastic flow had occurred.
The greatest difference of the value of C, calculated between any two test results
wasg about 1/3 of one percent. Considering.the probability of contributing errors
due to random sampling, Neal concluded that there was no reeson to atippoee that
the value of Cl changed beceuee of parﬁal yielding, and that if in fact there was
a change, it was negligibly small. -

Neal's work dealt with the problem of lateral-torsional buckhng of pris-
matic Bars. This problem is analogous to the problem of lateral-torsional buckling
of rectangular box beams. Moreover, the agsumptions with which Equations (4-8),

(4-9) and (4-10) are derived, apply equally well to the type of stress strain curve
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(‘Figure 20) used in this paper. It is iogi&al, thei-e;fore, to incorporate Neal's
argument in the inelastic solution of lateral-torsional buckling of rectangular box '
beams. | |

In summary, dué_ to the éoinplicaﬁoﬁs_cfeated by a partimy yielded con-
dition, no simple, explicit equation is obtained for the critical bﬁckling momeént
in the inelastic range. The method of sc')lgﬁ'on- is 1 numerical one, involving. two
sets of equations. The first set of equtidné [Equhtidns 4~ 1) thrdugh_ (4-4)]is
applicable if the flanges of the box beam a!;*é not yet fully yielded. The second
set éf equations [ Equations (4-6) and (4-7)] are applicable if ylelding has extended
beyond the flange-web junctions. ﬁiaﬁﬁieé"df the utilization of these two sets of

equations will be discussed in the next Arﬁipie.._

3. Numerical Examples

The M. versus .(L/ry)cr curves of'-lﬁhree partiéﬁlér box sections are
illustrated in Figures 24, 25a and 26. The box section shown in Figure 24 is
gimilar to the box 'se_ctlon used in Mofan's expei'iments. The (L/ry)cr ratio fﬁr
this section at first yield is 1750. As yielding progresses toward the neutral axis
of the section, the (L/t'y-)cr rgﬁo incre#sés rapidly. .This is an indication that the
box beam is becoming more stable against lateréi—torsiqnal buckling as ﬁae moment
is increased above the first yield moment value. The box section shown in Figure
25a Has about the same area and 1!»1'1_J a8 that .of awsx 31-_section._ The (L/ry)cr
ratio for this bax section at first yield is equal to 4000. Again, the (L/ry)cr ratio

increases rapidly as the moment is increased above the first yield moment value.
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The buckling curve of a W8 x 31 beam under pure bending is shown in Figure 25b.

This curve is takén from the work of Galambos [8] and is shown here for the pur-

~ pose of comparison with the boX beam shown in Figitre 25a. From these two figures

‘it can be shown that a box beam is much stronger against lateral-torsional buckling

than a wide-flange beam of comparable area and M_p. The box section in Figure 26

- is intended to show the exceptio‘nal strength'a box section may have against lateral-

torsional buckling. The Iy./Ix ratio of this section is as small as 2%. The L cr/ry'
ratio at first yield is 575. There is a slight decrease of the (L/‘ry-)-cr ratio when
the moment is increased above the first yield moment value. But once the moment

is increased to more than 0. 92'Mp, the (L/ry ')cr ratio increases rapidly again.
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CHAPTER V
CONCLUSIONS AND RECOMMENDATION

The problem of lateral 'torsion"al'blickling of box beams .has been solved
in this dissertation. Solutions h’éve-ﬁeen obtained both in the elastic and in the
inelastic range., A solution in the elastic range is d_eri‘fed neglecting the effect
of deflections in the plane of the priméry bending moment, -Thi'é 'solutidn is
- represented by Equations (2- 72) and (2-73). A seoond_ so;uﬁbn in the elaaﬁc
range is derived consgidering the effeet of déﬂections in the ﬁlane of fhe primary
bending moment. This solution is _z%eprésented by Equations (3-23) and (3-24).
The solution in the inelastic range is a nﬁ.merical one, involv_ing two sets of

equations. The first set consis.ts of Equation (4-1) through Equatlon (4-4). These

equations are applicable if the flanges of the box section are not yet fully yield_ed. '

The secoﬁd consists of Eqﬁaﬁons (4-6) and (4-7). This set of equations is appli-
cable if yielding has Qx'ﬁendéd beyond the ﬂange?web junéﬂons. Numerical exam-
ples have been given in the form of Mcr versus Lcr/ry' éurves as shown in
Figures 24, 25 and 26. o
" Three conclusions of practical usefulness can bé drawn from the work of

this dissertation.

(1) A box beam with an i.msupportéd len_gth conbeivable in practical appl.i—.
caﬁons generally does not buckle lateral-torsionally under the action pf pure

bending moments. In Figure 26 it is seen that with an Iy/Ix ratio as small as
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.O.I02, the lowest Lcr/ L ratio is equal to-4b0, .correspbnding to a buckli.r_:-g moment
equal to 0, 92 Mp. |

(2) Unlike a wide-ﬂange beam, a box beam does not gradually lose its
strength against lateral—torsional buckling due to penetration of yielding over the
cross-section, A box beam can become more stable against .laterai-,torsioﬁal
buckling if the moment is artificially mcr;eé,éed above the value at first yield, *

An explanation for this.phenomenon can be given as follows: It was shoivn at the
end of Ait:lcle 1 of Chapter III that the lateral stability of a box beam istoa large
degree controlled by the I'y/I' ratio of the section. The L/ /L, ratio of the elastic
core of a partially yielded box beam increases rapidly as yielding spreads gradu-
ally from the outer fibers toward the neutral axts of the cross-section, The
increased value of the IY/I ratio results in the increase of lateral atability of

" the box beam in the i.nelagtlc range,

Only .for box sections with 4 very small ISr/tx ratio (Figure 26) does the _
lateral 'stabﬂitj of the section show a small decrease after yielding has begun,
This small decrease of lateral stability will be recovered since the 5/1‘x ratio
will be on the increase once yielding has penetrated to a certain extent; eventually,
the section will_ gain mofe' stability as the applied moment épj:roaches'the plastic
moment of the cross-section. | |

(3;' Since lateral-torsional buckling is not likely to ocetir, the stability of

a box beam subject to pure bending is mainly controlled by local buckling of the

Obviously, it will fail in lateral-torsiona.l buckling in the elastic range before
any yielding,
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compression flange. This conclusion is evident also in the experiments carried -

out by Moran [1] and Leddick [30].. In practically all of their tests._of box beams
with unusually long unsupﬁorted.Span lengths, failure of the box beams was
initiated by local buckling of the compression ﬂénge.

Finally, there are two exceptiqnal ‘cases of box sectioné governed by the

following conditions:

1]
<

_bft £~ Pty

bft“; - bt -0
In either case, the torsion of thé bax secﬁmn mreduced to a case of uniform
torsion. The critical buckling moment is -givén- by Equgtion (4-6) and the critical
value of _Lcr/ry is given by Equation (4-7). At the end of Chapter I, it was shown
that the effect of warping on the lateral 'stabﬂity. of the box beam is very small.
The writer recommends that the effect of warping can be neglected in determining

the lateral stability of hox beams. The result will be conservative.
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APPENDIX A
WARFING OF A RECTANGULAR BOX SECTION

UNDER THE CONDITION OF UNIFORM TORSION

The problem of uniform torsibn_ of_'thin;walled mcmﬁgﬁlar box heams was
solved by Williams- [20] using the so called semi-inverse meﬂmd due to St. Venant
and Bredt, Timoshenko [19] presented solutions by the same method, in the case
of uniform torsion of open sections. The material contained in this A]:;pendix is
due to Timoshenko and Williams, It is given hevre for a compléte discussion.

Let it be assumed that the deformations of a twisted rectangular box Beam_
as shown in Figure 5 consists i) of rotations of cross-sections of.the'beam as in

the case of a circular bar under uniform torsion and ii) of wafping displacements

| of the cross-section which are the same for all cross-sections under the condition

of uniform torsion,
Taking the origin of coordinates at an end section (Figure 5), the displace-
ments corresponding to rotation of the cross-section are
U=— B 2Y

v = &-2%

where u is the displacement of a point in the X-direction and v is the displacement
of the same point in the Y-direction. 0= dg/dz is the unit twist along the rotation

axis Z. The value of § is a constant in the case of uniform torsion. Thus 6z




gives the angle of rotation () at a distance z from the origin.
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It is further assumed that the warping of the cross-section is defined by |

where w ié the Warj:iing"dis_placemeqt‘pa_ra._llel to the longitudinal axis (Z)

of the beam, "
Subatltutmg these dlsplacements mto the fundamental relationshms between o

strains and dlsplacements [19], we obta:l.n

since

— 2V
eg-— oY o
ez___._.a—;r:Q

o= 3+ 32 = 0[32-9]




where

we havé,
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(6 m — YE —£ &
* = Ur v )-22) ¢+ Tz %z

Sy = TN ET) € * Ter €
Oz = -(rwz;?f-zy) € * )fzf €z
?;:y = G 7’"‘3
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The equation of equilibrium without body force can be written as

D 6, 2Cvy 3‘?;9 —
3;+ S5+ + 53 o
26y , _2DTxy ﬂ& —_

15T S e

Sz 2%z , 274z _
5z x Y @

Substituting with the exprés‘sioné for stre.éses, it can be shown that the

first and second of the equilibrium écjtiations are indentically satisfied and the
third equation becomes

Since 6 does not vanish for the entire.lquth of the beam, we have

2 a2
P
sz"'. oyt = 0

(A-1)

Thus the functiong with which one defined the warping displacement must
satisfy Equation (A-1).

The boundary conditions under the condition of no body force can be
written as follows. |
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(63 COSCNX) + Thy CosCNY) + 23z COS(NZ) -o

§ 6ycos(NY)+ Ty Cos CNZ) + Ty COSCNX) = o

Gz cos(NZ) + Tiz COSCNX) + WYz coSCNY) = 0O

where N represents the normal direction at a point on the boundary (Figure 27),

Ny

Figure 27, Relatlonship' Between the Normal and the

Rectangular Coordinates at thé Boundary.

The direction cosines of N are given by

[ cos(nx) = -;!}_

A,

JY

Cos(NY) n
— dZ __
Lc«:’s(,ﬁ.*hZ)_ an o
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Substituting these values into the boundary equations, one finds that the first two

~of the boundary conditions are identically zero, and the third gives

Ge[%;f - ﬁJCas(NX)'* Ge[j—;f-*:t];os C'.Ni’,_) = o

%;f COS(NX) + %;,ﬁ'cds (NY) = tLos(NA)~X coS(NY)

Since 0P _ 59 x , 29.99
on ox on Y on

> 2L cos(nK) +?'§_ COS(NY)

- the boundary condition remains

%;f = Y- cos(NX)— xCos (NY) - (A-2)

Thus the problem of torsion reduces to the problem of finding a Mctionffsaﬁsfy-

ing Equation (A-1) and the boundary condition (A-2). In the casé of a thin-walled

hollow cylinder the variation of the warping displacement w across the thickness

of the wall can be neglected, Only its variation along the wall in the s-direction
needs to be considered, as shown in Figure 28, From the definition iﬁtroduce'd
for warping displacements, we have

ow 8- 29
28 )
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Consider the difference of the warping displacements between any two '

points Q and R in the cross-section, we have

WR“WQ =5q —glsr-ds = ejq%ds —— (A-S)

Figure 28, Relationship Between Arc Length and the

Rectangular Coordinates at the Boundary,

From equation (A-1) one finds that F(x,y) has continuous second deriva-
tions and satisfies the Laplace equation. It follows that the conjugate function
}é(x,y) of ¥(x,y) exists and also satisfies the Laplace equation and that f’(x', y) is

given by the Cauchy-Riemann equations [31]. Thus

(2% _

x 25
¢

¢ __ 2t
f--5z
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The condition of #(x,y) on the houndary is determined as follows. From

. Figure 28, we have

cos(NX)= 4L

Compaﬁng these results with"fh'déé obtained ‘with respect to Figure 27, we have

29 X , 99 Y L 2¥ Y  2¢Y 2%
—773%;2’_ n+3§;an oy Js T ox 3s
we have
| ® _ 2%
n 25 .
Similariy,

= 3% om Toxtm
PTINS .
25 on

Furthermore, from Equation (A-2), we .have




120
2¥ o . . d¥ W A
9s =¥ s T X g

¥ — (2Tsy?) = Comalant ' - @y

Equation (A-4) must hold true at all points along the boundary.

Let

Yo - (s gt) ———— — a-5)

then¥ must be constant along the boundary.
Differentiating Equation (A-5) by n, and with re_fei-enee to Figure 2_'9', we

have

_ o .

where r and p are the respective distances of the origin O from any point P in
_ * _

the boundary and of the origin O from the tangent to the boundary at P; Bis then

the angle hetween OP and the tangent at P'(Fig'ilré 29, From Equation (A-3),

- _
The origin O shall be chogen coincident with the shear center of the cross-
section,
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Figure 29, Defining t!ie Relative Position of

A Point at the Boundary,
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Wg—. .——GJ-K( 94’4.71)445 g _ (A-6) |

For a multiply connected region with i closed boundries; the function'® must be

constant at each boundafry. Thus

where ki is the consfant value of the function¥ at the ith boundﬁry.- In the case of

a box section as shown in Figure 6, we have
q..’, -,
?} = -k.,

where /. is the value at the inner boundary and'cP'I is the value at the outer boundary;
k0 and kl are some constants, Now that the wall of the box section is thin one can

arbitrarily choose 4’0 =0, and approximately express

0 _ % .
on T - Sl

This is legitimate as only the quanﬁty')‘}' is important. Thus

LR R :
We-Wa - -ofg [ gt [pa]

-

We—Wa = — 9[¢?J:_d-&i + 2A'] - (A-9)
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" in which A’ is the area included between the 'ﬁeriphery QR as déﬁned by the mean
curve between the inner and outer boundaiies é.n’d the terminal radii.
To determine the value rll"l, ‘one finds that on integrating completely round

the boundary,
— Py ds
- WQ = D = — 9} ) n
where § represents the integral along a closed boundary. Since® is not identically

zero, we have

§%;é-d5 f-o
5[?’-%”--& fods]=o

T-P}f—";'&i-!-zA —'=°

Y- - ds (A-10)
K3

where A is total area enclosed by the box periphery, Applylng Equation (A-10) to -

the box section as shown in Figure 6, we have

A wa bt
.TI’; _1 % bw =—(bwf_f+bftw |

And considering the difference of warping displacements between points D and E

in Figure 6, we have, when using Equations (A-6) and (A-7) and recognizing that

e —————— ————




124

8 is negative in passing flrom- £ to D,

w./D—'.v\qE - —aép(gf +7z){-9’s)

| Wp- W = 9[%_(57,;(_65;)(_%‘_)] |

2
Thas :
oo - o[t
- Simil-arlj,'

e =0 [5, G2 eyt

v _ o [~bwbs(bwts-bst,) Cacim
e o A =

Adding Equations (A-12) and (A-13) we obtain

W;!-WE’O

8o that points H and E and therefore algo points F and G remain in the same plane

which is perpendicular to the longitud‘,ina.l axis Z o:f the box beam. It is also evi-

dent from Equations (A-8) and (A-11) .that the warping displacement varies

*Equation‘s (A-12) énd (A-13) were obtained by Williams [20],
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linearly from E to D and from D to H, ete. | One c.én now conclude that points D
and C are displaced out of the plane of the c’ross—sectidn by an equal and opposite'
'amount of warping di:v.placement. By symﬁ:.etry, one can conclude that points B

and A have identical displacements as points D and C respectively, In Figure 30

is shown a schematic picture of the relative wa.rpi.ng displacements of a box sec-
tion under uniform torsion (aséuming that b_t > bt ). The rotational displacement

of the box section is omitted from the figure.

./
Y j'g
N ;o
AL L~ 'Mz_\
A ~J£
4L T -:""'-..___ -~ D
/ o\
/ \
[} \ .
hy .l/F | - ‘H— {
l _’/O ' \
e \
- //I ' -
ﬁ 1/)8 S.-—[7°F
- M L/l,..--"'-‘ Q
B .

Figure 30. Warping Displacements of & Box. Beam

Due to Uniform Torsion ®,t> bt ).

It is of interest to point out a speéial ‘case of torsion of box beams in which
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'bwtf =h tw' It is seen from Equations {A-12) and (A-13) that under this condition |

b
we shall obtain the following resulfs:

WD- WE =0
and
WH--WD = 0

Thus points H, D and E (Figure 10) remain in the same plane _aé they were before
loading. Since warping displacement varies lméarly frém HtoD and from D to E,
the entire quadrant of the box beam therefore remains in the game plane, ] This
relsult is also obtained for -the other three quadrants. One can ¢ohdude therefore,
that for box beams with bwtf = bftw ther-e;'.'.ié:-itao warping of the cross-section gnder
torsion i, e. plane cross—aecﬁons remain plane before aﬁd after the application of
tdrsional moment, The reason that warping of the cross-section does not occur
is that the shear deformations in the planes of the four piafes are equal to eaéh

other. The possibility that this case of torsion may occur has been cited in the

discussions of Article 2 of Chapter I (Figure 3),




APPENDIX B

DERIVATION OF KIRCHHOFF'S EQUILIBRIUM EQUATIONS

" OF A BENT AND TWISTED BEAM

- In finding a solution of lateral-torsional buckling of box beams considering

the effect of _deﬂéc_t:ibns. in the plane of the primary bending moment,._'. one has to .
make use 6f -Kirchhoff’s [38,39] equ.ﬂibr.iun:; equations of a bent and tvnsted beam
in éﬁace. Although Kirchhoff's equations have been known, ﬁue to reasoné’ of .
n@ﬂons and sign comrenﬁons and for the "pu__rpo'se-of a cbmi)lete d:_iscuséion, the :
derivation of thése equations is given in this appendix. |

To derive Kirchhoff's equations, one.has to gStablish the relét:lonéhiﬁsi'- -

between the components of curvature of a space curve with respect to a set qf S

moving axes whose origin moves along the space curve at unit velocity (Figure 34).

Consider a space curve as shown in Figure 31 at any poiﬁt A, one can construct 3

: -+
the Unit Tangent Vector u.

£4
]

%‘ﬁﬁ

- ' :
~where rrepresents the directional vector of the space curve and s represents the

arc length of the space curve. The curvature K of the space curve at any point A

is a function of the arc length & and is defined by

-

- du
K'p".'ds
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Unit Principal Normal Vector
Unit Binormal Vector

Figure 31. Coordinate System for A Space Curve.

where -p'is the Unit Principal Normal Vector at poinf A By ﬂﬁs definition one
can see thai: the magnitudé- o.f the Principal Nbrmal Vectqr at A is equal to the
curvature of the space curve atA, T K#0, ;1' and d_ﬁ'/ds "ﬁfe two orthbgonal
vectors. The positive direction of the ﬁMiml Normal "Vector is taken to be
pointing toward the center of curvature of ti_le space cu:rve: -"With respect to the

Unit Tangent Vector u and the Unit Principal Normal Vector B, one can define -

the Unit Binormal Vector 3 at any point on the space curve as

+ 4
b= uxp
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such that the vectors E -1; and b constitute a right-handed triple of orthogonal unit
vectors (Figure 31). | ..
Since the Principal Normal Vec:tor of'a .space-curv_e 1s not always easily
defined, one shall consider thé curvature of a space curve in a diffefent manner.
Consider now that the ongm of a set of three orthogonal axes X, Y, Z is |
moving along a Spaee curve at unit veloc1ty Suppose that the Z-axis is always

tangent to the curve but the other two axes X and Y may or may not coincide with

the directions of the Principal Normal Vector and the Binor'mél Vector respectively
(Figure 32). Then across an. infinitesi_mal'al.rc iength dg, the instantaneous angular
speed (ddy /ds) with which the ZX plane rbté.tes about the Y-axis gives the compo-
nent of curvature of Ithe space curve on the ZX plane. This component of curvatﬁre
can be represented by the magnitude of a velocity vector* which is pointing in the f

positive direction of the Y-axis. In the case of a plahe curve, for instance, if one

. B.,V. = Binormal Vector

P.N.V. = Principal Normal Vector

Figure 32. Relationship Between Unit Vectors

and Moving Axes on A Space Curve.

*It is a velocity vector which defines the instantaneous rate with which the ZX plane
is rotating about the Y-axis. )
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considers that the Z-axis and the _X-a%cis are choisen to be coliﬁ;:ident with the
Tangent Vector and the Princlipal Normal Vector respéctively, then this velocity
vector acts in the direction of the Binormal Vector (Figure 33). .Simﬂarly, the
instantaneous angular speed (d¢ ’{ﬂs) with which the ZY plane rdta_te‘s about the X-
axis gives the component of curvature of t_ﬁe ‘space curve on the zZY plane. This
component of curvature can be represented by tile magnitude of 2 velocity vector
acting in the positivé direction of the X-axis. The resultant of these two vectors
gives tiue curvature of the space curve. Notice that the resultant vector acts in
the direction of the Binorma] Vector of the space curve at the point of discussion..
It is also to be noted that as the set of axes X, Y, Z moves along the space curve
in unit veloeity, the XY plane is rota;tiﬁg about the Z-axis. The insténtaneous
speed of this rotation (dpiz/ds) is called the twist of the cuzfve. |

Next, one shall esfablish the kinematic relations among the bbmponents

of curvature and the twist of the space curve. LetX, Y, Z be a set of orthogonal

Figure 33. Coordinate System for A Plane Curve.
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- Moving axes X, Y, Z move along
space curve at unit velocity.

. R
¥ - Fixed axes X', Y', Z'
ya _

Unit vectors which do not vary

Figure 34. Relationship Between A Set of Fixed Axes in Space and A Set

of Moving Axes on A Space Curve.

axes whose origin moves aloﬁg tlie__ spa’ée cufve é.t unit velocity. The axis Z is
always tétngent to the space curve. The other two axes X 'and Y .may or may not
coincide with the Principal Normal Vector and Binormal Vector respectively
(Figure 34). At point 01 on the space curve, the set of moving axes X, Y, 2

Z_.. But at an arbitrary point O, the

may have taken up the positions Xl’ Yl’ 1

positions of the axes are designated by X, Y, Z. Let Rbe any vector in space

and 3, ;r’, ﬁr’ be its components projected on the moving axes X, Y, Z respectively.

—————— e ————
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of rotat;ion as in the previous diacussions, we can replace the term

182

Let AB be any straight line fixed in space and-that the direction cosines of AB
with respect to the moving axes X,' Y, Z at any point O can be designated by .
cos ¢, cos B, cos Y resl:aeét:lvely; Let ﬁl be the prd‘jection' of ft’on"AB-. Hence,_'
R, = {1’ cos o+ Veos B * wcos Y

1

As the set of moving axes moves along the space curve at unit velo‘city, the posi=

tions of the moving axes have changed. The space vector R may have also varied."

Differentiating R1 with respect to 8, we have

d R, "{u(.‘oso/.+ "’ c._bSp-;-" AW . ~osy

As EX) s
— . g ‘_Ld_ ; cﬁ_ oy ¥y F )’_ - ._ .
: Sin ol e -u- sm}e s w-sin Y Z‘{E (B-;) _

Since AB is any fixed line in space, let it be 36 dhdse.n that the moving éxi?s OX_

coincides with it at point O. . Thus

= wa ' L _ _' (B-Z)

Y= w2

B is the angle hetween AB and OY of the mbving axes. dp/ds e:tpreaa‘es the angu- e
lar speed with which the XY plane rotates about the Z axis as the set of moving

axes moves along the space curve "at unit velocity. . Using the symbol ¢ for angle

a, %
ds "Yds °
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Similarly, the term ar expresses the angular speed with which the ZX plane is

ds
| dé _
rotating about the Y axis and can be replaced by - T:EI . The negative sign was

used because this rotation diminishes the angle between the fixed line AB and the

‘moving axis OY. Substituting this new term and'Equatiohs (B-2) into Equation (B-1),

we have
dﬁ -+ | dé dg ' ;
_x_du o 2z ¥ | (B-3)
ds ds ds ds '

Two more equations similar to Equation (B-3) can be obtained if we choose

the fixed line AB to coincide with axes OY and OZ respectively. We have

r;J—R__;=£{£ —_ ‘t._f* d¢z+ J,fﬂ'
as ASs as a8
dRY _ AT _ = d¥r | = de | &
i 72 w-os t w25 . (B-4)
— _— .
dRz  dw APy — d
G =G5 — % e "_'Tﬁ’

' It has been explained in the previous dil-scus's.i.ons that dﬂ&/ds represents thecom..
ponent of curvature of the space curve projected on the ZX plane. Let this
component of curvature be denoted by sz _Simi_larly, let thé component of curva-
ture on the ZY plane be denoted by K, and the twist of the curve be denoted by

qr# . Equation (13-4) can be reduced to the following form.
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— .--'r - *
_w.xzy-i--u.?-é. . (B-5)

Suppose that the moﬁhg axes X, Y, Z are comiected to an arbitrary set of

fixed axes X’, Y’, Z’ in space with the following orthogonal relations (Figure 34):

X Y Z
, _
X 11 | 12 13
' X .
Y m, m,, m, e . (B-86)
, _
YA nl n2 n3

In Relations (B-6), 11, 12, 13 are the direction cosines of the fixed axis X ' referred

to the instantaneous position of the moving axes X, Y, Z, ar_ld .so on. Hence the
direction cosines are functions of s.

In order to utilize the results of Equations (B=5), one conceives now that
the space vector b being a noh—varﬁng unit vector in the direction of the fixed axis

X' (Figure 34). Since ﬁx’ ﬁy-, ﬁz' are projections of the non-varying unit vector

* ' . '
Similar relations have been obtained by Kelvin and Tait [35], and Routh [36].

e —— e e — et = T et




on the fixed line AB when AB is chosen to coincide with the directions of X, Y, Z

respectively, f{;, f’.y, ﬁz do not change with \respeet to s. Hence

raﬁx'
e
_-.._

T dR

3 -X_
ds

-
Ty
ds .~
. _

— - dtt _ di ., i dl
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(B-7

Thus considering the space vector.-ﬁ'ﬁéing " a non-varying unit vector in the X -

direction, one reduces Equations (B-5) to the following form:
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dfz_" £s- Kzy _ f;“’l'z-. — ; — ~(B-8)

Similarly considering the space vectbr R being a non-varying unit vector in the

Y “direction, we have

r m . ’
i‘g'= My Ty — MKy
: = ma Ky =M% @9




And considermg the space vector ﬁ being a non—varying unit vector in the Z -

direction, we have

. > AE g A
d=Fm o, =R G
. | 7T 5 AT
{ = R -TNg ; % = . a!ﬁe
e P d . o _d7s
u-w 7% 72'5 Y as ® as
and

n . Y
<A — ngT, - Ny Kax

272 — 73 Hyy — 7" Tz -

_d??s 7, K - Mg }{éz.

When a‘beam is bent -'and' tmsted "the forces .ac'ﬁng- on the face of '-'a.‘croés-_- B

(10

section can be resolved into the follo“dng six forces and moments actmg at the

centrmd of the cross—secnon, namely,
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(Fp=ffoydzay 5 My=[-(qg. az)d;dy

1y = [ Tpdrdy , My [[-(z- &) drdy — 1)

V2 = [Tz dzay , =ff_'cx‘°2,§rz ~Y Txp)dxdy

: — Y
' 85 = Small JIMA ezggdaz
e : : . _

X'"\_ Fixed Axes X', Y', Z'

(a)
¥ o
| i'/',x | 3 | ey
*”‘x('E}'_‘if ¥ K :—_—.__9--’5-
Y.
¢b)

Figure 35. Coordinate Systems for A Bent and Twisted Box Beam.
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In Equation (B-11), F_ is the resultant a:iigl force, positive if in tension. v, and
VY are the resuthnt shear forces alon'g' the X and Y axes i*espg'ctively, pﬁsitive if
acting in the positive directions of these axes. M and M are bending moments -
about the X and Y axes respectwely, their positive directions are indicated in
Figure 35b M is the twisting moment aborut the Z-axis, its positive direction
is according to the right—hand rule. | |

The external forces applied to the portion of the beam between sections

drawn through points P and P, in Figure 35a can be resolved to a force and a

1
moment acting at P. Lét ﬁx’ Vy, fz be the éompone’nts of the resultant external
force per unit length of the centroidal axis, and lﬁx; ﬂ_[y, ITt[z be ﬂle cd:’mpbnents of
the resultant external moment per unlt. length of the centroldal axis. Now that

the forces applied to the portion of thé beam between sections drawn through P
and P1 balance the internai resisting fbrce's and xﬁamems acting oﬁ the two. Cross-
sections. Let § dénote' the difference of the value éf any quantity bélonging to the
section through P1 compared to the value belonging to the section through P. Let

X, Y, Z be the coordinate axes of any poinl_:'on the centroidal axis, the Z-axis is

‘taken always to be tangent to the centroidal axis, the X and Y axes are respectively

the pﬁmary and the secondary bending axes of the cross-section. At P the axes
X, Y, Z will take the positions X, Y, Z and at ?1 they will take the posiﬁoﬁs' X,
Y, 2,. Also let the aikés X, Y, Zbe referred to an arbitrary set of fixed axes
X', Y, 2 Iin space by the orthogonal scheme as shown in Relations (B-6) (see
Figure 35). | |

Considering the equilibrium of forces in the X “direction TF_, = 0), we
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have, when assuming P and P, are only at a small disténce apart (see Figure 36),
(Vi + SV)( L, + S4,) - Vi d, + (Vs 5V )Ly 542) ~ Vig 4

S5+ 58

+(Fg+ SFo)Us» 5.45) - F Ly +f (B L+ Tyl T llsyds =0
A | _ |

T Ss-Sma(fM

L~ .
X L Fixed Axes X', Y’, 2’

Figure 36. Free Body Diagrams of A Beat and Twisted Box Beam.

(B-12)
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Dividing the left hand side of thé above equation bySs and taking the limit as

Ss +0, we have, when neglecting higher order terms,

s2 , $Va. sL
Ve g2+ 55t he + 5

3s ‘3’5_ S(£ *22 V-f',eg Fz)d-s_]

F AL+ Ly Vg + L) =2 (B-13)

Since the set of axes X', Y’, 2'is an arbitrary set of axes in space, we cé,n assume
the axes X, Y', Z' to be coincident with X, ¥, Z. Thusl =1, } =0, 1,

) 1= 0
Also, from Equation (B-8), we have
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%"ea Uz — A3 Kgy =0

Py,

dhe = by Ky~ b, T = - %

d.&'-"'— ﬁ Kzz Jéz sz = Kpy.

-

Substituting these results into Equation {B-13) we have

dVx Vg}"z;;-;-ﬁz Ky + Vg =0 (B-14)

Considering the equilibrium of forces in the Y’ direction (7"_,Fy : = 0), we

have
(Ve+$15Xm,+ 5m,) - Varm, +(Vg,,+§ & W1z + 57}~ V- 771,
s+$s o _
+(Fg+ SFZ)(WI3+57’?3) Féms Vz W/ ;y‘mz*Fz‘MS)ds_:"o
i [ S m s e G, B
Ss .

S+§5 S
+ —g-?-m_, + Fy- §m3+ —f(‘i& -m, + v Myt . 7”3)“5]= e
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V.4
;2 4 Y- is’*‘”?: z{”“y 7“*‘7” %’2*“2%’—7’
+(Vgm ,+V_;, 2+Fz 7723)=-o

Since by choosing X', Y', Z'to coincide with X, Y, Z, we have m

.1=0§ m2=1,
3=0. And from Equations {B-9),
¢ AW : -
_%L=mz-’£‘z'—7f?3'}fzz=-‘2§
| =Ty Ky~ 7y, = 0
s 1oy T 72 ry Kay
Thus
3?-’-1&.%'—.&:2.1(234— Vj, = 0. . — ' (B-15)

Considering the equilibrium of forces in the Z -direction (Z;Fz =0, we
have




| Since n =0,-n2=0
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(1&+5V)(7z,+57z.«) Va7, +(V3*57/:5r)(7?z*5732) %7z

s+ 58

+(Fz+5Fz)(7ls+5"33) Fz: 7?3"'.[ (Vi 7"-:”‘9”2"": 7"3)‘(5""

Ss—»o (51&,?’ % _%m* é-sV':”z_"'I./? .-?_:,._iz_ 7’3"""1’ <%

$+355 SRR |
] (G, e 7 mye £ s [ o

: A g AN A L o7
S+ Ny AL . Wo-T5 + g S F iy 2

1 » N, = 1when X', Y’ Z’ are coincident with X, Y, Z. And

from Equation (B- 10), we have

. . .
r %S— 7?2 "Z'é ﬂg‘Kzz = - Kzz

n o
L5 = 7. Kzs T = Kzy

™,

—Z‘Z’— ﬂ;’Kz;z -7 Kzy = o

Vo
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Thus

-1

Next, consider the eduilibriﬁm of moments about the X “axis (EMx = 0)

in the following manner:

a) Projecting the moment vectors Mx' My, Mz at sections through P1 and

(Mt SMEXL + SE)-My £+ (My + SMG) Ly + 545)

= My 34, + 3My-d; + JMx-éﬁ,+Mf-£,QM,, £,

T

-+ Mg éfz + é)‘%-ﬂz + ijsfg +M3;€3~M3-£2

+ My 545+ 5Mz.-.€3 + 3My-SLy+ My Ly -z Ly

= M,x‘. 542;"5/’&,@, +M3‘ 513 + §My'£2* Mz‘ .523 o+ 5Mz -jg

b) Takiﬁg moment: aﬁo’ut the X’-axis, for the compohe‘nts" of Vx and (Vx +
évx) on to the Z’ -directic;n. Here, .we assume the coordinates of P ére X, V, &

and the coordinates of. P'1 are x, =X '475 X, jrl' =y +§y, Z =z +5z when referred

L2+ Vg Koy — Vi Kgg+ Fz =0 —— (B-16)




to the axes X', Y/, Z’.

(Vs SV )7, + 57,)(y+ 59) — Vo7, o

= Va7, Yt Va-S%-Yr 5Vi-7, 3 » 3V 57, Y4 Vo7, 59

+ Vo -SN,-5Y+ SV 7, 'Sy-+ SV - §.7Z, . 55‘—_ ?3'7?; '_y
— (59X 57, v 5% 7))+ (59)(R, Vi)
+ 9[5S V-T, > Vi 57+ 5157, ]
Taking moment about X “-axis for co:ﬁpohéﬁfé"‘of V_}'c and (Vx +§.Vx) onto the Y-

“direction,

~ (Y + SV, + SN2+ S2)+ (Vi 7y Z)
= VMl 2~V 57 2~ SV m, 72— 5V -5M,-2 - Vg, 5z '
— Vg M- 57 ~ 'éV.,}-?rt, 9% — 3V, .5-};:! 52+ Vg7, 2

= —(s2)(Vx -5m+ 51&; 7”/) - (-SZ)('IQ-M,) .

- (Z)(s"fx'_mr* Vg Sm, + 5]@57’3;)
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¢) Taking moment about X ~axis for the components of VY and (‘Vy +5Vy)

onto the Z ."-direction,
(Va+ SVeX( o+ 8 XY+ 89 — Vy-712-Y
= (SH(Ve 870+ SV 1) + (5 9)( M0 Vi)

+ CHI(5Ve Ny ¥ V- STy+ 5V -57y)

Taking moment ahout X “axis for the components of Vy and (V’y fSV&) onto the

Y ~direction,

— (Vi + 8V5 X(Mor SN2+ 52) + Vipmz -2

= —(52)( Vo STz + S V5 e) — CSZX( Viy- )

-~ (Z)(sy_;j‘W?g+ Vy - sz + oVy 'Sﬂfz)

d) Taking moment about X “axis for the components of Fz and (ZE‘z + SFZ)

onto Z ~direction,

(Fz+ 5P )(M3+.873)("y+ 8Y) — Fz- 713y
= (39)(Fz-5T3+ $Fz-TI3)+ (SYN Ng-Fz)

+(9)(5Fz2 N3 + Fz N3 + 5Fz-57)
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Taking moment about X ~axis for the components of Fz and (Fz +& Fz) onto the

Y “direction,
— (Fz + 8Fz )73 ¢'§m3)?z+§z-) + Fz-73 .2
= —(SZ) Fy - SMy+ Sky-my)— (S2Y(Fy - 735)

— (Z)(5Fz- M3+ F3-5Mg+ SFy.5ms)

e) Taking moment about X’-axis for the components of the external loads

Vv, V, F onto the Z’'-direction.
x 'y Tz

S+9S

. [(1-71: AN+ ( 'l,—/; ds)(ﬂg) + 'f);z-AS)(ﬂay(ﬁ- 3;)

s+ 85 _
=5 (Y= YW,V + Tg- Vo + Rg- F7)- s
. Ve

Here Xy ¥y zl, denote the coordinates at Pl and X, y, 2 denote those at any point
on the centroidal axis. Taking moment about X '-axis for the components of the

external loads ‘-fx’ i'fy, fz onto the Y “~direction, we have

S+5%

— g g ds )(m,)-; (Vo dsYComg)+ (% ds)my)J(Z- Z,)
s .

S+9%

== 5 (Z-Z,)(?;?,Vz * mﬂ%}? ﬁg-ﬁ.)ds
(3 _ '
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f) Projecting the external moment vectors lﬁx, lﬁy, ﬁz onto the X “direction,

S+ 59 o ._
Sty 4 Mg Ly + Mg - L5 )els

Summing up all the terms in the équaﬁon_i:mx, =0, ve have
My 8L+ 5MyL, +ij"5‘€z* Sty Lo + Hz'5fs * SMZI -,é’é
SOV S+ SV M)+ (S Y 7, ) fyﬁféw-rz; # Yy SN+ 81y 57 ]
— (S2)X(Vg5m # SV ) - (S2X(Vym,) - (2)[ SV m, *IV; S, + S V;{, Srz;] |
+ (SYNVyy- Sngt 3y M)+(SUX Ve 12) # LB Va gt Vg 572 SV S|

—(52)(Va - Syt S5 7p)-(82)(Ve-m,) —(z)[;ig Mt Vo S+ 514 -5’#2]

+(SYXFz-8M3+ 5Fz-113) + (59X Fz -3t (G)5Fz Tia# Fp-Sat 5555731

— (58)(Fz- Sz~ SFp-me)-(52)(Fgmy) - (Z)[SFz M3 +Fz -SMat 5Fp-Smpy]
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5455 o .
“"S [(9-9.)(7, Vg + 7, Vg + M3 By )= (2-2,) (m ; Vg + M5 % +m5g)]ds
X |

S+dS

+§ (My- L, +My-Lp+ My Lg)ds — o
=

Divide both sides of the above equation by 38, and pass to a limit by diminishing
Ss indefinitely. Meanwhile, one chooses the arbitrary fixed axes X, Y/, 2'to

coincide with the axisX, Y, Zat P, Thus one can writex=0, y=0, 2=0and

11 = 1 . 12 = 13 =0
m1= 0 . .- m2= 1 o m3= 0
n, = 0 n, = 0 n, = 1

One observes now that all terms multiplying by x, y or z will vanish and when
using the results of Equations (B-8), we have

Lim

3s-+0

[_fz‘z— S4,+ SMy A, ¥ My-5hot SMy Mot My 505 + 5Mz-Ms ]
-1 _ '
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= M 5+ X e T s a2 "MZ'%S“‘%@«&; |
= Myl G-l K G2 4y Uy Ky~ )+ el G )
= _dMx

a3 Mﬁ'% + Mz'xzx

Since X and Y axes are normal to the arc length ds and the Z-axis is tangent to

ds, hence

i
Ss»e 58  ds  °
Lm. Sz - dz ;

L Ss5%0 “53 3




S —

’ Flli'thermore,
5§30
e sg .‘ ) . . .
(L 32)] i (v 5me5 )]+ i Viem, $E = ©

oLem. (53)(1@ §7z;+ Svy- n;}r(és)(?@ 7zz) .
Fs5»0 | 55 =0

ig&,,,_ . (§9XF§»§7:3+§F;:-723)£ ?39)_('Fz;733)-
555 . 35 e

(Lim. _Cﬂ_)_Ck’z__ﬁm.- +351; 4'_7?&)*(5_)(1/5: . H I

S5>0

o ! 5Z ' | ) l - .
~ (ﬁz’&-s—s)[@(w s+ 55 m) g Ve $E = o

z’m _(52)(1*& 5m:+5»@ 71,) + (Sz)(va 7;)

2540

§5+o X.Ss-)o ( ]@ 574’?2 +5 1@'7’722_]_5%3]? 7”_2.' gg =_ - ]@

st:ﬁ, . _(52)(FzSmay s?‘;m,y (52)(Fs-7M3)

= d&'&n_jz y S A |
\ ~En-Efnremsnm)-LnamfE-o
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| s+ds . :
S+ 0 .Ssjs [(?" YR, Vg + Tp - Vo' + 75 F7)
_(2“2?)(7”;‘17;*':7”2";?_* 73 "‘:2-1_')]5‘5 —o

and

s+ 35

550 _'5'3‘j (Hy-4, + My Ly + My Ly dels
=) |

Thus, the equilibrium equation for EMx ; = 0 is reduced to the following form:

"Td’:“—/"’fy'_’i%*ﬂ’/zfxzz“yé*Mx=b — _. (B-17)

L

Considering the equilibrium of moments about the Y ‘-axis (CM .= 0), one

shall obtain -

My 57, + SMz -7, + Moy STp + Sty 1,

+ Mz 5»7_9 +'§M’z‘ M3+ 32)(Var SL,+ SIQ'ZI )
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: -;‘ (52)(’1&-,.6,')‘1-_: E.Z)t’;v&.'fﬁ"Vi‘sﬁz*é"i"s‘e/)

— (SO(Vy-37,+ 51./54-72,) — _(.S:t)('l&' 7,) _.

- DG 57, ; 5% -é‘iz})f (52)(vg 54yt S L)
| ‘ 53, ;ez) + cz)'( 5 ?5:;22 + Vg 54z + 515-54,)
— (éz)_(l@-rzgﬁl@-ﬂz). ~ Céz.)(@'?zz)'—.(zxévg' 3
+V3-szz+étg-§ﬂz ) .,. (;z)'(ﬁg . 5;23_4- jf;,.-;s‘ég) |
.+ (Sz2)(Fz -13) + ('z)fsﬁ'f@ v Fp 5ds v 5"'-2'5'_@3) |

= (50(Fg-5m3+ 3y I5)~ (52)C g 75)

~0I(SFz-715+ Fz- 573 + SFz "5”3)

S+ Ss : ' ,
”'js-[(z-z,)(@-.f, + Vel # Fz-£3)
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S+tds :
+f(M -, Mg m2+Mz mgjds =0

By dividing both sides of the above equation by 8 s and taking the limit as § s

155

" approaches to zero, while at the same time choosing X', Y/, Z'to coincide with

X, Y, Z respectively, we have, when using the results of Equations {B-9),

Lim [

SS*OL

AT AMy L, Mz, dMz o
=Mygs fe_ﬁzmﬂ“"”ﬁf e e G e T

= My %y~ ms‘f_fzz) + My (3 Kyy — M, Tz)*
+ Mg (M, Kogy — M- Kzy)

igy— My Ky + My Iy

[Cﬁz)('Vi: .52, +.§1&£,)+(§Z)('J£x JJ]
53*0

My-Sm, + SMy-m, +Mg-5m§+$@—mz +Mz;;5???3+'§/“7§-773%
. S

4y

as
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_"(Ss-w Si )[ 55«)»0 51: + 51@. ﬂ )]-!-55” 1&1,%?—.—.: Vi

/ s+ 3%
> 58 (”z My + My

"'S‘-’

1ty + My - mg)- oS

= My-m, + M.v-m,_-r;f;-mg = /q:; '

The rest of the terms are equal t1

is reduced to the following form:

My
T ds - M- KZ&' * M-

Finally, by considering the-

(EMZ ,= 0}, we have

> zero. Thus the equﬂibrium equation EMY + =0

g+ Vgt My =0 — (B-18)

 equilibrium of moments about the Z ~axis

Sy SMy Tyt My Sy + SMy Ty My-57l3 + SM Tl5.

£ (S0(Ve ST, + 5V 1) + (52 V- m,)
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ACXICSVy- T, + Vg S, v .51/5,4 ‘.S..?zz,)..—'('sf.f)(@'ﬁf,*ﬁ'l/&'f,)
— (59 XV £,) ~ (3)(51@1,+1452+ $%-54,)
+ (%) V- Sy + 51/.3 7/?9)4- (;«i‘)(vg;m;~“) |
— (SyXVy-54,+ 575, ) ;. (S ;ez);(gj(gz@-,ez) |
Ty 5Lyt Vg 54,) - (53¢ Fa-5 35, Y+ CSHXF .70
* (RSP M3+ Fy- Smgt Sz - Smy) -_(éé)(&-%v‘ Iy kg)
~(5y) Fg-L3) - I(‘-fl.)(éFz My #Fg-5d3 + SFg - 543) H

S+5S .

I [(z-z,)(z/;,-z'z,+'Vg,-7fzz+Fé»m)%ﬁ-%)(t&%H{«,'iz*/’é‘fz’]"’s |
5 . .

S+55 : | | :
[ (T, + Fy mys peagyets = o
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Again, divide both sides of the above equation bySs and take the limit as9s +0.

Choosing the axes X’ Y Z’ to coincide with X, Y Z reSpecnvely and using the

results of Equations (B-10), we have

Lim My - STy + §M¢ 72, -+ M-g 5?2‘& + M- ﬂg-f-ﬁ’fiﬁﬂa-ﬁﬁ/’fz -3
9820 _ o5 '

IR X7} Mr o - d7a dMy.
— My S5+ Sy 417y EZ _+. =7,

= My (n, T, — Wi Kgg) +My (t-Kgy — 7, 73)

My, Kgy — Ny -Kgg) + SF

%z _ M'z.' sz + M_J.sz

S¢+5S _
Lim !l _— -_— C—
Ss+0 55 S(Mz'ﬂ/ # My-Tp + Mg T3) dS

R T DRI Rk R
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= /‘_’f-x,n,-}-l‘:zg"nz +Mz'_725 = Mz

The rest qif the terms vanish. The equilibrium equation ZMZ ;~ 0 is thus reduced
to the following form:

Equations (B-14) through (B-19) are thie équilibriuin equations* for a bent

and twisted beam in space. These equat%qu"are conveniently grouped in the

following manner:

r%—wa% +onzzx -+ V%ﬂ O..

N L
GV Ty~ Fy Kyt Yy =o

ci};z-/-Vé'Kgg‘][z'xfﬂf + Fz =O _
P . _ | (B-20)
oM o

e Mgty My Ky — Uy + My =

LTS ply Ky M T+ Vi * Mg o

L °"""~M,‘ Ky + M Koy $ iy =0

These equations are referred to as K1rchhoff's equilibrium equatlons See
Reissner [37] and Love [38].
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APPENDIX C

Lateral-Torsional Buckling of Beams of Narrow

Rectangular Cross-Section

The case of lateral-torsional buckiing_-of narrow reétziﬁgluar beam, in_
which the effect of priﬁaary bending cur'vat_ure is poﬁsidered, had been solved by
Neal. In his paper {5], Neal presented the solution without showing the develop-
ment which led to his equation. In the following discussion, a detatled d_erlvatlon_‘
of his equation is given. It has been shown in Article 2 of Chaptér IV that this

buckling problem is defined by Equations (3-3) , _(344) and (4-5). Namely, |

d Koy _ M ap M dE |
[ %z = CErycEry Mt T E Iy dz T €0
{2y (- £50) Ky (€-2)
| Mg = C,- :: — - (C-3)

Differentiating EQuation (C-2) with respect to z, we have

2 dﬁf
gt =1 (1=- ) 2

£ (©=H

Substituting Equation (C-1) into (C-4),
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% =/~ 55,?)(51,, Ty )”2 (";Ii g Zﬂ_(c ?
Substituting Equation (C-3) into (C-5},

C}j—zéa =(- £zz)(£[ zrj)‘;ag | (’ fzz ;;:)'ﬂ

3
2 0 22

/ dg.
frz)( I, c‘,) @z T °

Using the expressions

A= £1
EIy _ | |
) . - (C~6)

B = K

. £ Iy

we have
M dé | : - ) B

azs T ~AX(/-8) EL, G a!z o (c-1

Assuming that the value of Elx is relatively large when compared to the values of

[a-a> 0 _ |
i-B)> 0 (C-8)

]5:]y and Cl' we have




162

Let

_ mr N .
oL_u A)(I -B): 145, > _ (C-9)

Equation (C~7) then becomes

b oAb o
2z +aL rE _{,o 3 — ( )

The auxiliary equation of Equation (C~10) is
p>+ap=0 -

givihg- the roots p, = 0, P, = t\/_ and Py = N/_ Thus the general solution of

Equation {C-10) can be writtén as follows

~if&

é= A, c—:""’E + A €7 4 Ag

Here the constant A, represents a rigid body rotation which is equal to zero, since

we do not consider the beam to have rigid body movements. Hence

$= Ay p e T

= (A+AZ)C0S L2 + (A—Ag)Sin JI-Z

Substituting a new constant Al for A 1 + A 9 and A2 for Al - Az' we have .




P = A,cos JXZ + Az Sin Jd -2

~ Using the boundary condition {g : g » we have

Hence ' '
- 6= A, sinVaz

Using the boundary condition _‘ {: : 2‘ s we have

0= A2 sin\/c;-L

For a non-trivial solution, A, must not equal to zero. Thus '

sin’\E-L = 0

The smallest root of Equation (C-11) is

VaL=

. = g
Vo - L

Substitutibg Equation (C-9) into (C-12), we have

— Me . _ T
J=AWI=8)  ——————m—— = -
¢ ) .'gzg.gj - L
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(C-11)

(C-12)

v e S Y

ekt it b L i
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L (/_.,[Ix){/_

({C-13)

This is the equation obtained by Neal [5].

(C-13) becomes

/ 2£ 1.‘3 . - (C-14)
)O—A)u— : : :
And
(L)Y o _T [ EIgC L
( Ty )a = = Ma | A8 T ,' (€19

It is to be noted that although Equations (C-14) and (C-15) are derived for .
narrow rectangular beams, they are also applicable to box beams in which there
is no warping resistance, At the end of Article 2 of Chapter 1I, it has been shown

that a box section has no warping resistance under either of the conditions:
bwtf = bft-w

ot e

In each cagse Equations (C-14) and (C-15) are applicable.

With further rearrangements, Equation
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