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SUMMARY

Piezoelectricity has been employed in a variety of engineering applications pertaining

to vibration control and noise reduction using passive and active methods. Speci�cally, in

the domain of piezoelectric shunt damping, predominantly linear or switching analog cir-

cuits have been implemented over the past several decades, mostly with a focus on linear

structures. Low-frequency applications of piezoelectric shunt damping have also triggered

the research on implementing synthetic impedance circuits to eliminate the need for bulky

analog circuit components (e.g., large inductors). Most of the existing efforts on synthetic

impedance shunts have been limited to emulating linear circuits. In this research, we ex-

plore nonlinear synthetic impedance-based piezoelectric structures through experiments

and modeling, by introducing nonlinearities in the circuit domain. In the �rst part, we

introduce a Duf�ng oscillator by means of a cubic synthetic inductance. The synthetic

Duf�ng circuit is used as a nonlinear shunt circuit for a mechanically linear piezoelectric

cantilever, and it is shown that the cubic nonlinearity can be introduced and programmed

by varying the respective gain in the synthetic impedance circuit to change the bandwidth

and bifurcation points in the frequency response. A nonlinear electromechanical model

is developed, and numerical simulations are performed via time-domain solutions as well

as approximate analytical solution using the method of harmonic balance. The next step

following the hardening and softening Duf�ng oscillator cases is the nonlinear energy sink

(NES) implementation for wideband vibration attenuation without a preferential linear res-

onance in the shunt. We explore the performance of the NES for a linear cantilever as well

as a cantilever with dominant piezoelectric softening nonlinearity. Experiments are guided

xx



by numerical simulations throughout the work, and the underlying nonlinear electrome-

chanical models are validated for various excitation amplitudes and nonlinear coef�cients.

Other than time-domain simulations and the method of harmonic balance, an alternative

simulation approach is also proposed to explore the nonlinear vibration frequency response

by means of machine learning for enhanced computational ef�ciency.
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CHAPTER 1

INTRODUCTION

1.1 Overview

Undesired vibrations might undermine the safety of structures and decrease their durability

in a variety of applications spanning from civil to mechanical and aerospace engineering.

Mitigating harmful structural vibration in lightweight and �exible structures such as those

used in aerospace applications requires solutions other than conventional methods that typ-

ically result in substantial mass addition to the primary system. The use of smart materials,

particularly piezoelectric materials, has been one of the most commonly employed alter-

natives and therefore piezoelectric concepts for vibration attenuation have been leveraged

over the past several decades. Piezoelectric shunt damping techniques using linear circuits

(e.g., resistive-inductive) and switching circuits (e.g., synchronized switch on inductor)

have been extremely well studied for suppressing resonant vibrations in �exible structures.

Both analog circuits and synthetic impedance circuits with digital control have been ex-

plored for linear concepts. In a parallel body of work, from the domain of mechanical

methods of vibration attenuation and isolation, it is also known that leveraging nonlineari-

ties (e.g., stiffness nonlinearity) can enhance the frequency bandwidth and offer amplitude-

dependent suppression over a range of frequencies. However, the existing piezoelectric

shunt damping techniques have been mostly limited to linear or switching nonlinear cir-

cuits, with the exception of a few analog nonlinear capacitance or bulky nonlinear inductor
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efforts. This research aims to introduce various nonlinearities in the synthetic impedance

circuit (hardening Duf�ng oscillator, softening Duf�ng oscillator, and nonlinear energy

sink (NES) with essential nonlinearity) attached to piezoelectric structures with precise

digital programming and tuning capability. In the following sections, a brief background

and literature review on nonlinear vibration absorption, piezoelectric shunt damping, and

synthetic impedance circuit is given, which is followed by the dissertation outline.

1.2 Nonlinear Vibration Absorption

The study of nonlinearity in dynamical systems [1, 2] has captivated researchers for decades

not only for a fundamental understanding but also to leverage nonlinear dynamic phenom-

ena in engineering problems. The broad range of examples span from vibration absorption

[3, 4, 5, 6, 7, 8] and isolation [9, 10, 11, 12, 13, 14] to energy harvesting [15, 16, 17, 18,

19, 20, 21], where designed and intentionally introduced nonlinearities can be exploited

for performance and bandwidth enhancement. Some examples of leveraging nonlinearities

are shown in Figure 1.1. Furthermore, other nonlinearities of importance that need to be

understood and accurately modeled include inherent material nonlinearities [22, 23, 24] as

well as geometric nonlinearities [24, 25].

In the domain of nonlinear vibration absorption, researchers have dedicated efforts to-

wards exploring the advantages of attaching a nonlinear mechanical oscillator to a linear

primary structure. Yanget al. [26], for instance, explored the steady-state behavior of a

bistable dual-stage vibration isolator with experimental veri�cation. Romeoet al. [27]

studied the dynamics of a linear oscillator with a strongly nonlinear energy sink compris-

ing a negative linear and a cubic nonlinear stiffnesses. In another work, Johnsonet al. [28]
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Figure 1.1: Examples of leveraging nonlinearities in vibrations. (a) Wideband nonlinear
vibration attenuation in a metamaterial beam [8]. (b) Nonlinear vibration isolator with a
quasi-zero stiffness characteristic [13]. (c) Wideband vibration energy harvester due to
bistability of a piezomagnetoelastic structure [15].
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examined the ef�ciency of a bistable attachment by the method of harmonic balance with

experimental validation. Considering a monostable system, Li and Peng [29] proposed

a design method of a nonlinear Tuned Mass Damper (TMD) with hardening-type Duf�ng

nonlinearity and studied its control performance. Moreover, Djemalet al. [30] explored the

nonlinear dynamics of a two degree of freedom system with a nonlinear cubic stiffness and

experimentally observed the jump phenomenon of the nonlinear TMD. In the aforemen-

tioned research efforts among various others, nonlinear mechanical absorbers enhanced the

vibration mitigation performance compared to their linear counterparts (as demonstrated in

the results shown in Figure 1.2 from Yanget al. [26] and Figure 1.3 from Li and Peng [29],

for a bistable and a monostable system, respectively), albeit by signi�cantly loading the

primary system with additional masses, which is not tolerable in a variety of applications

such as aerospace structures.

1.3 Piezoelectric Shunt Damping

1.3.1 Introduction

Since the early research by Forward [31] and Hagood and von Flotow [32], piezoelec-

tric shunt damping [31, 32, 33, 34] has been used in lightweight structures as an electronic

damping technique that offers signi�cant advantages compared to conventional mechanical

vibration damping methods [35] that typically cause mass loading to the primary system.

Piezoelectric materials have been widely used as sensors and actuators in vibration damp-

ing and control applications due to their desirable characteristics, which include ef�cient

energy conversion and ease of integration [36]. When bonded to vibrating structures, piezo-
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Figure 1.2: Enhancement of vibration isolation performance in a nonlinear bistable system
[26]. (a) Schematic of the bistable dual stage isolator. (b) Comparison of the frequency
response for the bistable dual stage isolator with equivalent linear isolators.

Figure 1.3: Enhancement of vibration attenuation performance in a nonlinear monostable
system [29]. (a) Schematic of the monostable system. (b) Comparison of the frequency
response for a linear TMD and different nonlinear TMDs.
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electric materials can convert mechanical energy of the structure into electrical energy, and

vice versa. Researchers have developed various passive and active techniques by exploiting

this energy conversion capability.

Piezoelectric transducers can function as an effective means of dissipating mechanical

energy when coupled with suitable circuitry. These transducers, in the form of piezoelectric

patches as a speci�c instance, can be attached to structures to mitigate vibration by con-

verting mechanical energy into electrical energy. The dissipation of electrical energy can

then be achieved through a resistive electrical impedance. That is, the energy is eventually

dissipated from a vibrating structure through Joule heating. To implement piezoelectric

shunt damping, an electrical circuit is connected to the electrode terminals of the piezo-

electric interface that is attached to the primary structure. Piezoelectric shunt damping has

been extensively investigated for a wide range of structures for decades, including tabletop

experimental beam setups [32], aircraft panels [37], and space truss structures [38], among

others. These studies have demonstrated numerous successful outcomes.

1.3.2 LinearPiezoelectricShuntDamping

In vibration attenuation, various linear shunt circuits, including resistive, capacitive, in-

ductive, and resistive-inductive shunt circuits, have been commonly employed [39]. The

resistive shunting approach, initially introduced by Uchino and Ishii [40], exhibits a sim-

ilar effect on structures as constrained-layer damping treatment. Capacitive shunting, on

the other hand, modi�es the structural stiffness by changing the external capacitance, thus

affecting the resonance frequencies [39]. Forward [31] investigated inductive shunting and

demonstrated that the inductance can be tuned to create an undamped dynamic vibration
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absorber effect. Inspired by the work of Uchino and Ishii [40], Hagood and von Flotow

[32] connected a resistor and an inductor in series to realize the damped dynamic vibration

absorber effect, analogous to the Den Hartog vibration absorber [41]. Wu [42] proposed

an alternative con�guration by connecting the resistor and inductor in parallel, resulting in

a reversed damping trend compared to the series connection. Both series and parallel con-

nections of resistive-inductive shunt circuits have received signi�cant attention due to their

ability to create the damped vibration absorber effect with proper selection of inductance

and resistance [39]. Researchers have also explored the effect of distributed piezoelec-

tric elements for achieving multimodal damping in continuous electroelastic systems [43,

44, 45]. However, a linear piezoelectric shunt is speci�cally tuned to a precise electrical

resonance frequency according to that of the primary mechanical structure. As a result,

their control performance can be substantially reduced if the target frequency is altered due

to time-varying characteristics, environmental variations, nonlinearities, and other factors.

Therefore, linear techniques are viewed as not being robust.

1.3.3 NonlinearPiezoelectricShuntDamping

To enhance the vibration suppression bandwidth of piezoelectric absorbers, nonlinear piezo-

electric shunt damping techniques have been explored in many research efforts. Notewor-

thy contributions include the utilization of state-switching for vibration control, as demon-

strated by Clark [46] and Corr and Clark [47]. Additionally, Richardet al. [48, 49], Lefeu-

vre et al. [50], Badelet al. [51], and Guyomaret al. [52] have successfully utilized

synchronized switching in piezoelectric shunt damping to achieve vibration mitigation. An

example of synchronized switch damping on inductance (SSDI) from [49] is presented in
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Figure 1.4: An example of SSDI technique employed to address the problem of resonance
damping on a mechanical structure [49]. (a) Comparison of various damping approaches
with SSDI. (b) The switch device used to control the voltage on the piezoelectric elements
along with the system response.

Figure 1.4.

More recently, researchers have also explored the implementation of nonlinear induc-

tive and capacitive analog circuits for effective vibration attenuation [53, 54, 55, 56]. An-

other important type of nonlinear piezoelectric absorbers that has received recent attention

[57, 58, 59] for overcoming the limitations of linear shunt circuits is a nonlinear energy

sink (NES) with essential nonlinearity. This shunt is based on the well-established nonlin-

ear targeted energy transfer concept [60, 61, 62, 7]. An essentially nonlinear attachment

has no preferential resonance frequency which, under certain conditions [60, 63, 62, 64],

offers wideband nonlinear energy pumping from the primary structure to the absorber in

irreversible transfer of energy. Viguié et al. [65] conducted numerical simulations of a

piezoelectric-based nonlinear energy sink. In a more recent study, Zhouet al. [57] in-

vestigated the implementation of an essentially nonlinear shunt circuit to mistuned bladed

disks. Furthermore, Silveet al. [58] experimentally demonstrated an analog piezoelectric

NES circuit for vibration attenuation and demonstrated its robustness. For further insights

into the subject of piezoelectric shunt damping, the reader is encouraged to consult the
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