
TRAIT-BASED MODELING FOR MULTI-ROBOT COORDINATION

A Dissertation
Presented to

The Academic Faculty

By

Glen Neville

In Partial Fulfillment
of the Requirements for the Degree

Doctor of Philosophy in the
School of Electrical and Computer Engineering
Institute for Robotics and Intelligent Machines

Georgia Institute of Technology

December 2022

© Glen Neville 2022



TRAIT-BASED MODELING FOR MULTI-ROBOT COORDINATION

Thesis committee:

Dr. Sonia Chernova
College of Computing

Dr. Harish Ravichandar
College of Computing

Dr. Seth Hutchinson
College of Computing

Dr. Magnus Egerstedt
School of Engineering

Dr. Nicholas Roy
Department of Aeronautics and Astro-
nautics

Date approved: September 27, 2022



Science means constantly walking a tightrope between blind faith and curiosity;

between expertise and creativity; between bias and openness; between experience

and epiphany; between ambition and passion; and between arrogance and conviction

- in short, between an old today and a new tomorrow.



To my partner Sara. Who was there for the Z�0#!
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�i�?���i �T�2�`�7�Q�`�K�b �r�2�H�H �Q�p�2�` �p���`�B�Q�m�b �/�v�M���K�B�+ �i�`���B�i�b ���M�/ �Q�m�i�T�2�`�7�Q�`�K�b �b�2�p�2�`���H �Q�i�?�2�`

�i�`���M�b�7�Q�`�K���i�B�Q�M�b�X

�j�X�R�h���b�F ���b�b�B�;�M�K�2�M�i

�h�Q �i�2�b�i �Q�m�` �7�`���K�2�r�Q�`�F�- �r�2 �m�b�2 �B�i ���H�Q�M�;�b�B�/�2 �� �i���b�F ���H�H�Q�+���i�B�Q�M ���H�;�Q�`�B�i�?�K �i�Q �b�?�Q�r �?�Q�r

�K�Q�/�2�H�B�M�; �i�`���B�i�b �+���M �B�K�T�`�Q�p�2 �T�2�`�7�Q�`�K���M�+�2�X �h�?�2 �i���b�F ���b�b�B�;�M�K�2�M�i �T�`�Q�#�H�2�K ���/�/�`�2�b�b�2�b

�?�Q�r �i�Q ���b�b�B�;�M ���;�2�M�i�b �i�Q �i���b�F�b �#�2�b�i �i�Q �K���t�B�K�B�x�2 �Q�p�2�`���H�H �i�2���K �T�2�`�7�Q�`�K���M�+�2�X �_�2�b�2���`�+�?

�B�M �i�?�B�b ���`�2�� �?���b �#�2�2�M �+�?���`���+�i�2�`�B�x�2�/ �#�v �i�?�`�2�2 �7���+�i�Q�`�b �(�e�-�R�k�8�)�X �h�?�2 �}�`�b�i �7���+�i�Q�` �B�b �i���b�F

�i�v�T�2 ���M�/ �7���H�H�b �B�M�i�Q �i�r�Q �+���i�2�;�Q�`�B�2�b �b�B�M�;�H�2�@�`�Q�#�Q�i ���M�/ �K�m�H�i�B�@�`�Q�#�Q�i�X �h�?�2�b�2 �+���i�2�;�Q�`�B�2�b

�/�2�b�+�`�B�#�2 �i�?�2 �M�m�K�#�2�` �Q�7 �`�Q�#�Q�i�b �`�2�[�m�B�`�2�/ �i�Q �+�Q�K�T�H�2�i�2 �2���+�? �i���b�F �B�M �i�?�2 �b�v�b�i�2�K�X �h�?�2

�b�2�+�Q�M�/ �7���+�i�Q�` �B�b �i�?�2 �`�Q�#�Q�i �i�v�T�2 ���M�/ �B�b �b�T�H�B�i �#�2�i�r�2�2�M �b�B�M�;�H�2�@�i���b�F ���M�/ �K�m�H�i�B�@�i���b�F ���M�/

�/�2�b�+�`�B�#�2�b �i�?�2 �M�m�K�#�2�` �Q�7 �i���b�F�b �� �`�Q�#�Q�i �+���M �T�2�`�7�Q�`�K �b�B�K�m�H�i���M�2�Q�m�b�H�v�X �h�?�2 �}�M���H �7���+�i�Q�` �B�b

�i�?�2 ���b�b�B�;�M�K�2�M�i �i�v�T�2�- ���M�/ �B�i �B�b �b�T�H�B�i �#�2�i�r�2�2�M �B�M�b�i���M�i���M�2�Q�m�b ���M�/ �i�B�K�2�@�2�t�i�2�M�/�2�/�X �h�?�2�b�2

�+���i�2�;�Q�`�B�2�b �/�2�}�M�2 �r�?�2�i�?�2�` �i�?�2 �i���b�F ���H�H�Q�+���i�B�Q�M ���H�;�Q�`�B�i�?�K �+�Q�M�b�B�/�2�`�b �Q�M�H�v �i�?�2 �+�m�`�`�2�M�i

�i���b�F �T�2�`�7�Q�`�K���M�+�2 �p�2�`�b�m�b �7�m�i�m�`�2 �b�+�?�2�/�m�H�B�M�; �+�Q�M�b�i�`���B�M�i�b�X

�h�Q �p���H�B�/���i�2 �Q�m�` �7�`���K�2�r�Q�`�F�- �r�2 �b�?�Q�r �Q�m�` �7�`���K�2�r�Q�`�F�ö�b �T�2�`�7�Q�`�K���M�+�2 �T���B�`�2�/ �r�B�i�? ��

�a�B�M�;�H�2�@�h���b�F �_�Q�#�Q�i�b �J�m�H�i�B�@�_�Q�#�Q�i �h���b�F�b �A�M�b�i���M�i���M�2�Q�m�b ���b�b�B�;�M�K�2�M�i �U�a�h�@�J�_�@�A���V ���H�;�Q�@

�`�B�i�?�K�X �q�2 �`�2�7�2�` �`�2���/�2�`�b �i�Q �(�e�-�R�k�8�) �7�Q�` �� �+�Q�K�T�`�2�?�2�M�b�B�p�2 �2�t�T�H���M���i�B�Q�M �Q�7 ���H�H �+���i�2�;�Q�`�B�2�b �Q�7

�i���b�F ���b�b�B�;�M�K�2�M�i ���M�/ �T�2�`�i�B�M�2�M�i �2�t���K�T�H�2�b�X �S�`�2�p�B�Q�m�b �`�2�b�2���`�+�?�2�`�b �?���p�2 �T�`�Q�T�Q�b�2�/ �b�2�p�2�`���H

�?�2�m�`�B�b�i�B�+�@�#���b�2�/ �b�Q�H�m�i�B�Q�M�b �i�Q �i�?�2 �a�h�@�J�_�@�A�� �T�`�Q�#�H�2�K �(�e�-�R�k�e�)�X

�j�R



�j�X�k �J�Q�/�2�H�B�M�; �.�v�M���K�B�+ �h�`���B�i�b

�j�X�k�X�R�.�v�M���K�B�+�h�`���B�i�h�`���M�b�7�Q�`�K���i�B�Q�M

���b �b�2�2�M �B�M �i�?�2 �T�`�2�+�2�/�B�M�; �+�?���T�i�2�`�b�- �K�Q�/�2�`�M �b�Q�H�m�i�B�Q�M�b �i�Q �i�?�2 �J�_�h�� �T�`�Q�#�H�2�K ���b�@

�b�m�K�2 �i�?���i �i�?�2 ���;�2�M�i�b�ö �+���T���#�B�H�B�i�B�2�b �`�2�K���B�M �m�M�+�?���M�;�2�/ ���M�/ �`�2�H�v �Q�M �b�i���i�B�+ �i�`���B�i �K�Q�/�2�H�b�X

�>�Q�r�2�p�2�`�- �i�`���B�i�b �/�Q �M�Q�i �Q�7�i�2�M �`�2�K���B�M �b�i���i�B�+ ���M�/ ���`�2 �B�M�b�i�2���/ �/�2�}�M�2�/ �#�v �7�m�M�+�i�B�Q�M���H �K�Q�/�@

�2�H�b �i�?���i �/�2�b�+�`�B�#�2 �i�?�2�B�` �/�v�M���K�B�+ �M���i�m�`�2�X �6�Q�` �B�M�b�i���M�+�2�- �� �`�Q�#�Q�i�ö�b �p�2�H�Q�+�B�i�vv �+�Q�m�H�/ �#�2

�K�Q�/�2�H�2�/ ���bv(b) = Smax � b�- �r�?�2�`�2b 2 [0; 1] �/�2�M�Q�i�2�b �i�?�2 �#���i�i�2�`�v �H�2�p�2�H ���M�/S�K���t �B�b

�i�?�2 �K���t�B�K�m�K �b�T�2�2�/�X �h�Q �#�`�B�/�;�2 �i�?�2 �;���T �#�2�i�r�2�2�M �i�?�2 �`�2���H�B�i�v �Q�7 �/�v�M���K�B�+ �i�`���B�i�b ���M�/

�i�?�2 �T�`���+�i�B�+���H �H�B�K�B�i�b �Q�7 �2�t�B�b�i�B�M�; �i���b�F ���b�b�B�;�M�K�2�M�i �7�`���K�2�r�Q�`�F�b�- �r�2 �T�`�2�b�2�M�i �i�?�2 �7�Q�H�H�Q�r�B�M�;

�7�`���K�2�r�Q�`�F �7�Q�` �b�v�b�i�2�K���i�B�+���H�H�v ���T�T�`�Q�t�B�K���i�B�M�; �/�v�M���K�B�+ �i�`���B�i �7�m�M�+�i�B�Q�M�b �B�M�i�Q �b�i���i�B�+ �i�`���B�i

�p���H�m�2�b�X

�A�M �Q�m�` �7�`���K�2�r�Q�`�F�- �r�2 ���H�H�Q�r �7�Q�` �i�?�2 �T�`�Q�T�2�` �i�`�2���i�K�2�M�i �Q�7 �#�Q�i�? �b�i���i�B�+ ���M�/ �/�v�M���K�B�+

�i�`���B�i�b�X �q�2 �/�2�}�M�2 �� �b�2�i �Q�7Ns �b�i���i�B�+ �i�`���B�i�b ���bS�- �r�B�i�? �B�i�bi �i�? �2�H�2�K�2�M�isi 2 R �/�2�b�+�`�B�#�B�M�;

�� �T���`�i�B�+�m�H���` �b�i���i�B�+ �i�`���B�i�X �q�2 ���H�b�Q �/�2�}�M�2 �� �b�2�i �Q�7Nd �/�v�M���K�B�+ �i�`���B�i�b ���bD�- �r�B�i�? �B�i�bi �i�?

�2�H�2�K�2�M�i �/�2�b�+�`�B�#�B�M�; �/�v�M���K�B�+ �i�`���B�i �7�m�M�+�i�B�Q�Mdi : X i ! R�- �r�?�2�`�2X i � R �/�2�M�Q�i�2�b �i�?�2

�/�Q�K���B�M �Q�7di (�) ���M�/F �/�2�M�Q�i�2�b �i�?�2 �b�T���+�2 �Q�7 ���H�;�2�#�`���B�+ ���M�/ �i�`���M�b�+�2�M�/�2�M�i���H �7�m�M�+�i�B�Q�M�b

�b�m�+�? �i�?���idi 2 F �X

�A�M �Q�`�/�2�` �i�Q �`�2���b�Q�M �Q�p�2�` �i�?�2 �/�v�M���K�B�+ �i�`���B�i�b �m�b�B�M�; �2�t�B�b�i�B�M�; �i���b�F ���b�b�B�;�M�K�2�M�i �7�`���K�2�@

�r�Q�`�F�b�- �r�2 �+�Q�M�b�B�/�2�` �� �b�2�i �Q�7 �i�`���M�b�7�Q�`�K���i�B�Q�M�b �i�?���i ���T�T�`�Q�t�B�K���i�2 �/�v�M���K�B�+ �7�m�M�+�i�B�Q�M�b�X �h�?�2

�b�2�i �Q�7N � �i�`���M�b�7�Q�`�K���i�B�Q�M�b �B�b �;�B�p�2�M �#�vT �r�B�i�? �2���+�? �2�H�2�K�2�M�i �/�2�}�M�2�/ ���b �� �i�`���M�b�7�Q�`�K���i�B�Q�M

� j : D � � j ! S 0 �i�?���i �K���T�b �� �/�v�M���K�B�+ �i�`���B�i �B�M�i�Q �� �b�i���i�B�+ �i�`���B�i�XS0 �B�b �i�?�2 �b�2�i �Q�7Nd

�b�i���i�B�+ �i�`���B�i�b �U�2���+�? �/�2�M�Q�i�2�/ �#�vs0
i 2 R�V �7�Q�`�K�2�/ ���b �� �`�2�b�m�H�i �Q�7 �i�`���M�b�7�Q�`�K�B�M�; �i�?�2 �b�2�i �Q�7

�/�v�M���K�B�+ �i�`���B�i�bD�X� j �B�b �i�?�2 �b�T���+�2 �Q�7 �?�v�T�2�`�T���`���K�2�i�2�`�b ���b�b�Q�+�B���i�2�/ �r�B�i�?� j �- ���M�/N � �B�b

�M�m�K�#�2�` �Q�7 �i�`���M�b�7�Q�`�K���i�B�Q�M�b�X �a�2�2 �6�B�;�X�6�B�;�m�`�2 �j�X�R�7�Q�` �K�Q�`�2 �/�2�i���B�H�b�X

�6�Q�` �B�M�b�i���M�+�2�- �+�Q�M�b�B�/�2�` �i�?�2 �i�`���M�b�7�Q�`�K���i�B�Q�M� �K�B�M�- �r�?�B�+�? �`�2�i�m�`�M�b �i�?�2 �;�H�Q�#���H �K�B�M�B�K�m�K

�Q�p�2�` �� �b�T�2�+�B�}�2�/ �`���M�;�2�X ���T�T�H�v�B�M�; �i�?�B�b �i�`���M�b�7�Q�`�K���i�B�Q�M �i�Q �� �/�v�M���K�B�+ �i�`���B�i �K�Q�/�2�Hdi (�)

�j�k



�6�B�;�m�`�2 �j�X�R�, �S�`�Q�T�Q�b�2�/ �T�B�T�2�H�B�M�2 �#�2�i�r�2�2�M �T�`�2�b�2�M�i�2�/ �7�`���K�2�r�Q�`�F ���M�/ �i���b�F ���b�b�B�;�M�K�2�M�i

�+���M �#�2 �/�2�M�Q�i�2�/ �#�vs0
i = � �K�B�M(di ; � �K�B�M)�- �r�?�2�`�2s0

i �B�b �i�?�2 �i�`���M�b�7�Q�`�K�2�/ �i�`���B�i �r�?�B�+�? �+�Q�M�i���B�M�b

�i�?�2 �;�H�Q�#���H �K�B�M�B�K�m�K ���M�/� �K�B�M= [ a; b] �+�Q�M�i���B�M�b �i�?�2 �?�v�T�2�`�@�T���`���K�2�i�2�`�b �i�?���i �b�T�2�+�B�7�v �i�?�2

�`���M�;�2 �Q�7x 2 X i �i�Q �#�2 �+�Q�M�b�B�/�2�`�2�/�X

�j�X�k�X�k�a�B�K�T�H�2�.�v�M���K�B�+�J�Q�/�2�H�h�`���M�b�7�Q�`�K�b

�A�M �i�?�B�b �r�Q�`�F�- �r�2 �p���H�B�/���i�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �i�`���M�b�7�Q�`�K�b �7�Q�` �/�v�M���K�B�+ �K�Q�/�2�H�b�,

� � �K���t(di ; � �K���t)�- �r�?�B�+�? �`�2�i�m�`�M�b �i�?�2 �K���t�B�K�m�K �p���H�m�2 �Q�7di (�) �Q�p�2�` �i�?�2 �`���M�;�2 �Q�7x �/�2�}�M�2�/

�#�v �i�?�2 �?�v�T�2�`�@�T���`���K�2�i�2�`�b� �K���t = [ a; b]�X

� � �K�B�M(di ; � �K�B�M)�- �r�?�B�+�? �`�2�i�m�`�M�b �i�?�2 �K�B�M�B�K�m�K �p���H�m�2 �Q�7di (�) �Q�p�2�` �i�?�2 �`���M�;�2 �Q�7x �/�2�}�M�2�/

�#�v �i�?�2 �?�v�T�2�`�@�T���`���K�2�i�2�`�b� �K�B�M= [ a; b]�X

� � �K�2���M(di ; � �K�2���M)�- �r�?�B�+�? �`�2�i�m�`�M�b �i�?�2 ���p�2�`���;�2 �p���H�m�2 �Q�7di (�) �Q�p�2�` �i�?�2 �`���M�;�2 �Q�7x �/�2�}�M�2�/

�#�v �i�?�2 �?�v�T�2�`�@�T���`���K�2�i�2�`�b� �K�2���M= [ a; b]�X

� � �j�Z(di ; � �j�Z)�- �r�?�B�+�? �`�2�i�m�`�M�b �i�?�2 �p���H�m�2 �Q�7di (�) ���i �i�?�2 �i�?�B�`�/ �[�m���`�i�B�H�2 �T�Q�b�B�i�B�Q�M �Q�p�2�` �i�?�2

�`���M�;�2 �Q�7x �/�2�}�M�2�/ �#�v �i�?�2 �?�v�T�2�`�@�T���`���K�2�i�2�`�b� �j�Z = [ a; b]�X

�j�X�k�X�j�o���`�B���M�+�2�@�#���b�2�/�.�v�M���K�B�+�J�Q�/�2�H�h�`���M�b�7�Q�`�K�b

�A�M ���/�/�B�i�B�Q�M �i�Q �i�?�2 ���#�Q�p�2 �i�`���M�b�7�Q�`�K�b�- �r�2 ���H�b�Q �T�`�2�b�2�M�i �i�r�Q �p���`�B���M�+�2�@�#���b�2�/ �i�`���M�b�7�Q�`�K�b

�i�Q ���/���T�i�B�p�2�H�v ���T�T�`�Q�t�B�K���i�2 �� �r�B�/�2 �p���`�B�2�i�v �Q�7 �i�`���B�i �K�Q�/�2�H�b�X

� �>�o��� (̀�)�, �q�2 �/�2�}�M�2 �i�?�2 �}�`�b�i �p���`�B���M�+�2�@�#���b�2�/ �i�`���M�b�7�Q�`�K ���b

� �>�o��� (̀di ; � �>�o��� )̀ = di (x �K���t) �U�j�X�R�V

�j�j



�6�B�;�m�`�2 �j�X�k�, �1�t���K�T�H�2 �Q�7 �i�?�2 �K�2���M ���M�/ �p���`�B���M�+�2 �Q�7 �� �/�v�M���K�B�+ �i�`���B�i ���b�b�Q�+�B���i�2�/ �r�B�i�? ���M
�2�M�i�B�`�2 �i�2���K �+�Q�K�T�Q�b�2�/ �Q�7 �/�B�z�2�`�2�M�i �b�T�2�+�B�2�b�X

�r�?�2�`�2x �K���t = ���`�; �K���tx2 � �>�o���` �p���(̀di (x)) �- �p���`(di (x)) �/�2�M�Q�i�2�b �i�?�2 �b���K�T�H�2 �p���`�B���M�+�2 �Q�7

di (x) �+�Q�K�T�m�i�2�/ ���+�`�Q�b�b ���H�H �b�T�2�+�B�2�b �U�b�2�2 �6�B�;�X�6�B�;�m�`�2 �j�X�k�7�Q�` ���M �2�t���K�T�H�2�V�- ���M�/� �>�o���` =

[a; b]�X �h�?�m�b�-� �>�o��� (̀�) �`�2�i�m�`�M�b �i�?�2 �p���H�m�2 �Q�7di (�) �2�p���H�m���i�2�/ ���i �i�?�2 �T�Q�B�M�i �i�?���i �K���t�B�K�B�x�2�b

�i�?�2 �p���`�B���M�+�2 �Q�7 �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�`���B�i ���+�`�Q�b�b ���H�H �i�?�2 �b�T�2�+�B�2�b�- �i�?�2�`�2�#�v ���+�+�2�M�i�m���i�B�M�;

�i�?�2 �/�B�z�2�`�2�M�+�2�b �#�2�i�r�2�2�M ���;�2�M�i�b�X �q�2 �?�v�T�Q�i�?�2�b�B�x�2 �i�?���i �i�?�B�b �i�`���M�b�7�Q�`�K �Q�m�i�T�2�`�7�Q�`�K�b �Q�i�?�2�`

�i�`���M�b�7�Q�`�K�b ���b �B�i ���H�H�Q�r�b �i�?�2 �i���b�F�@���H�H�Q�+���i�B�Q�M �b�v�b�i�2�K �i�Q �m�M�/�2�`�b�i���M�/ �i�?�2 �/�B�z�2�`�2�M�+�2�b �#�2�@

�i�r�2�2�M ���;�2�M�i�b �#�2�i�i�2�` �r�?�2�M ���b�b�B�;�M�B�M�; �`�Q�H�2�b�X

� �M�>�o���(̀�)�, �q�2 �/�2�}�M�2 �i�?�2 �b�2�+�Q�M�/ �p���`�B���M�+�2�@�#���b�2�/ �i�`���M�b�7�Q�`�K ���b

� �M�>�o���(̀di ; � �M�>�o���)̀ =
� �>�o��� (̀di ; � �M�>�o���)̀

1
C

P C
k=1 � �>�o��� (̀di ; � �M�>�o���)̀

�U�j�X�k�V

�r�?�2�`�2� �M�>�o��� =̀ [ a; b] ���`�2 �i�?�2 �?�v�T�2�`�T���`���K�2�i�2�`�b �i�?���i �/�2�}�M�2 �i�?�2 �M�Q�`�K���H�B�x���i�B�Q�M �`���M�;�2 �7�Q�`

�i�`���B�i�b�X �h�?�m�b�-� �M�>�o���(̀�) �`�2�i�m�`�M�b �i�?�2 �p���H�m�2 �Q�7dik (�) ���i �i�?�2 �i�?�2 �p���H�m�2 �Q�7x �i�?���i �K���t�B�K�B�x�2�b

�i�?�2 �p���`�B���M�+�2 �#�2�i�r�2�2�M ���H�H �Q�7 �i�?�2 ���;�2�M�i�b�ö �M�Q�`�K���H�B�x�2�/ �i�`���B�i�b�X �q�2 �M�Q�i�2 �i�?���i� �M�>�o���(̀�) �B�b

�j�9



�b�B�K�B�H���` �i�Q� �>�o��� (̀�) �B�M �i�?���i �#�Q�i�? �b�2�2�F �i�Q �K���t�B�K�B�x�2 �i�?�2 �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M ���;�2�M�i�b�X �>�Q�r�@

�2�p�2�`�-� �M�>�o���(̀�) �/�B�b�`�2�;���`�/�b �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�i ���#�b�Q�H�m�i�2 �[�m���M�i�B�i�B�2�b ���M�/ �B�M�b�i�2���/ ���H�H�Q�r�b

�i�?�2 �i���b�F ���H�H�Q�+���i�B�Q�M �b�v�b�i�2�K �i�Q �`�2���b�Q�M ���#�Q�m�i �i�?�2 �`�2�H���i�B�p�2 �K���;�M�B�i�m�/�2 �Q�7 ���;�2�M�i�b�ö �i�`���B�i�b�X

�"�Q�i�?� �>�o��� (̀dik ; � �>�o��� )̀ ���M�/� �M�>�o���(̀dik ; � �M�>�o���)̀ �?���p�2 �Q�T�T�Q�b�B�i�2 �H�Q�r �p���`�B���M�+�2 �2�[�m�B�p���H�2�M�+�2

� �G�o���(̀dik ; � �G�o���)̀ ���M�/� �M�G�o���`(dik ; � �M�G�o���`) �r�?�B�+�? �T�2�`�7�Q�`�K �b�B�K�B�H���`�H�v �i�Q �i�?�2�B�` �?�B�;�? �p���`�B���M�+�2

�+�Q�m�M�i�2�`�T���`�i �2�t�+�2�T�i �i�?�2�v �b�2�2�F �i�Q �K�B�M�B�K�B�x�2 �i�?�2 �p���`�B���M�+�2 �#�2�i�r�2�2�M ���H�H �Q�7 �i�?�2 ���;�2�M�i�b�ö

���#�B�H�B�i�B�2�b�X

�:�B�p�2�M �i�?�2 �/�2�}�M�B�i�B�Q�M�b �Q�7 �b�i���i�B�+ �i�`���B�i�bS ���M�/ �i�`���M�b�7�Q�`�K�2�/ �/�v�M���K�B�+ �i�`���B�i�bS0�- �r�2 �M�Q�r

�K�Q�/�2�H �i�?�2 �+���T���#�B�H�B�i�B�2�b �Q�7 ���;�2�M�i�b �r�B�i�?�B�M �i�?�2 �i�2���K�X ���b �K�2�M�i�B�Q�M�2�/ �2���`�H�B�2�`�- �r�2 ���b�b�m�K�2

�i�?���i �2���+�? ���;�2�M�i �B�M �i�?�2 �i�2���K �#�2�H�Q�M�;�b �i�Q �� �T���`�i�B�+�m�H���` �b�T�2�+�B�2�b�X �q�2 �/�2�}�M�2 �i�?�2 �i�`���B�i�b �Q�7 �i�?�2

k�i�? �b�T�2�+�B�2�b ���bq(k) = [ s1(k); s2(k); � � � ; sN s (k); s0
1(k); s0

2(k); � � � ; s0
Nd

(k)] 2 RU �- �r�?�2�`�2

U = Ns + Nd �B�b �i�?�2 �i�Q�i���H �M�m�K�#�2�` �Q�7 �i�`���B�i�b�-si (k) ���M�/s0
j (k) ���`�2 �i�?�2i �i�? �b�i���i�B�+ ���M�/

jth ���T�T�`�Q�t�B�K���i�2�/ �/�v�M���K�B�+ �i�`���B�i�b �Q�7 �i�?�2k�i�? �b�T�2�+�B�2�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X �L�Q�r�- �i�?�2 �b�T�2�+�B�2�b�@

�i�`���B�i �/�B�b�i�`�B�#�m�i�B�Q�M �K���i�`�B�t �B�b �;�B�p�2�M �#�vQ = [ q(1) T
; q(2) T

; � � � ; q(S)T
]T 2 RS� U �- �r�?�2�`�2S �B�b

�M�m�K�#�2�` �Q�7 �b�T�2�+�B�2�b �B�M �i�?�2 �i�2���K�X

�j�X�j �1�t�T�2�`�B�K�2�M�i���H �.�2�b�B�;�M

�h�Q �2�p���H�m���i�2 �i�?�2 �7�`���K�2�r�Q�`�F�- �r�2 �+�Q�M�/�m�+�i�2�/ �i�?�`�2�2 �2�t�T�2�`�B�K�2�M�i�b �i�Q �2�t�T�H�Q�`�2 �U�R�V �?�Q�r �i�?�2

�+�?�Q�B�+�2 �Q�7 �i�`���M�b�7�Q�`�K �m�b�2�/ �7�Q�` �/�v�M���K�B�+ �i�`���B�i�b ���z�2�+�i�b �i���b�F ���b�b�B�;�M�K�2�M�i �T�2�`�7�Q�`�K���M�+�2�- �U�k�V

�r�?�2�i�?�2�` �`�2���b�Q�M�B�M�; ���#�Q�m�i �/�v�M���K�B�+ �i�`���B�i�b �B�K�T�`�Q�p�2�b �T�2�`�7�Q�`�K���M�+�2 �Q�p�2�` �i�?�B�M�F�B�M�; �b�Q�H�2�H�v

�Q�M �b�i���i�B�+ �i�`���B�i�b�- ���M�/ �U�j�V �r�?�2�i�?�2�` �i�?�2 �#�2�M�2�}�i�b �Q�7 �/�v�M���K�B�+ �i�`���B�i �`�2���b�Q�M�B�M�; �Q�#�b�2�`�p�2�/ �B�M

�b�B�K�m�H���i�B�Q�M �b�m�+�+�2�b�b�7�m�H�H�v �i�`���M�b�7�2�` �i�Q �� �`�2���H�@�r�Q�`�H�/ �K�m�H�i�B�@�`�Q�#�Q�i �b�v�b�i�2�K�X

�j�X�j�X�R�h���b�F���b�b�B�;�M�K�2�M�i�h�2�b�i�@�#�2�/

�h�Q �`�m�M �i�?�2 �2�t�T�2�`�B�K�2�M�i�b �/�B�b�+�m�b�b�2�/ ���#�Q�p�2�- �r�2 �/�2�p�2�H�Q�T�2�/ �� �i�2�b�i�@�#�2�/ �7�Q�` �m�M�/�2�`�b�i���M�/�@

�B�M�; �?�Q�r �Q�m�` �K�Q�/�2�H�B�M�; �7�`���K�2�r�Q�`�F �+�Q�m�H�/ ���B�/ �i���b�F ���b�b�B�;�M�K�2�M�i ���H�;�Q�`�B�i�?�K�b�X �� �/�2�i���B�H�2�/

�+���T�i�m�`�2�@�i�?�2�@�~���; �;���K�2 �2�M�p�B�`�Q�M�K�2�M�i �r���b �+�`�2���i�2�/ �#�Q�i�? �B�M �b�B�K�m�H���i�B�Q�M ���M�/ �Q�M �i�?�2 �:�2�Q�`�;�B��

�j�8



�h�2�+�? �_�Q�#�Q�i���`�B�m�K �U�� �K�m�H�i�B�@�`�Q�#�Q�i �i�2�b�i�B�M�; �T�H���i�7�Q�`�K�V �(�R�k�d�)�X �h�?�2 �;�Q���H �Q�7 �i�?�2 �;���K�2 �r���b

�i�Q �i�`���p�2�`�b�2 �� �}�2�H�/�- �+���T�i�m�`�2 ���M �Q�T�T�Q�M�2�M�i�ö�b �~���;�- ���M�/ �`�2�i�m�`�M �B�i �i�Q �� �?�Q�K�2 �#���b�2 �#�2�7�Q�`�2

�i�B�K�2 �`���M �Q�m�i�X �h�?�2 �i�2���K �i�?���i �`�2�i�m�`�M�2�/ �i�?�2�B�` �Q�T�T�Q�M�2�M�i�ö�b �~���; �i�Q �i�?�2�B�` �#���b�2 �}�`�b�i �r�Q�m�H�/

�r�B�M�i�?�2 �;���K�2�- ���M�/ �i�?�B�b �r�Q�m�H�/ �#�2 �+�Q�M�b�B�/�2�`�2�/ ���b ���H�Q�b�b�i�Q �i�?�2 �Q�T�T�Q�M�2�M�i�X �A�7 �M�2�B�i�?�2�`

�i�2���K �r���b ���#�H�2 �i�Q �#�`�B�M�; �i�?�2�B�` �Q�T�T�Q�M�2�M�i�ö�b �~���; �#���+�F �i�Q �i�?�2�B�` �#���b�2 �B�M �i�?�2 ���H�H�Q�i�i�2�/ �i�B�K�2�-

�i�?�2 �i�2���K �i�?���i �#�`�Q�m�;�?�i �i�?�2�B�` �Q�T�T�Q�M�2�M�i�ö�b �~���; �+�H�Q�b�2�b�i �i�Q �i�?�2�B�` �?�Q�K�2 �#���b�2 �r���b ���b�b�B�;�M�2�/

�� �T���`�i�B���H �r�B�M�- ���M�/ �i�?�B�b �r�Q�m�H�/ �+�Q�m�M�i ���b ���T���`�i�B���H �H�Q�b�b�i�Q �i�?�2 �Q�T�T�Q�M�2�M�i�X �A�7 �M�2�B�i�?�2�` �i�2���K

�K�Q�p�2�/ �i�?�2 �~���; �Q�` �i�?�2 �i�2���K�b ���+�?�B�2�p�2�/ �i�?�2 �Q�#�D�2�+�i�B�p�2 ���i �i�?�2 �b���K�2 �i�B�K�2�- �i�?�2 �;���K�2 �2�M�/�2�/

�B�M ���/� �̀��r�X

�P�M �2���+�? �Q�7 �i�?�2 �i�2���K�b�- �i�?�2�`�2 �r�2�`�2 �7�Q�m�` �T�Q�b�b�B�#�H�2 �`�Q�H�2�b �7�Q�` �2���+�? ���;�2�M�i�,

� �.�2�7�2�M�/�2�` �U�/�V�,�h�?�2 �/�2�7�2�M�/�2�`�ö�b �;�Q���H �B�b �i�Q �b�H�Q�r �i�?�2 �Q�T�T�Q�b�B�i�B�Q�M �i�2���K�ö�b �T�`�Q�;�`�2�b�b �#�v

�T�`�Q�i�2�+�i�B�M�; �i�?�2 �~���; ���M�/ �b�i�m�M�M�B�M�; ���H�H �Q�T�T�Q�M�2�M�i�b �i�?���i �+�Q�K�2 �r�B�i�?�B�M �i�?�2�B�` �`�2���+�?�X ��

�b�i�m�M�M�2�/ �`�Q�#�Q�i �r�Q�m�H�/ �#�2 �m�M���#�H�2 �i�Q �K�Q�p�2 �7�Q�` �� �i�B�K�2 �2�[�m���H �i�Q �i�?�2 �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M

�i�?�2 �b�i�m�M�M�2�/ �`�Q�#�Q�i�ö�b �/�2�7�2�M�b�2 �b�+�Q�`�2 ���M�/ �i�?�2 �b�i�m�M�M�B�M�; �`�Q�#�Q�i�ö�b ���i�i���+�F �b�+�Q�`�2�X

� ���i�i���+�F�2�` �U���V�,�h�?�2 ���;�2�M�i�b ���b�b�B�;�M�2�/ �i�Q �i�?�B�b �`�Q�H�2 �i�`���+�F�2�/ �/�Q�r�M �Q�T�T�Q�M�2�M�i�b �?�Q�H�/�B�M�;

�i�?�2 �~���; ���M�/ �b�i�Q�H�2 �i�?�2 �~���; �7�`�Q�K �i�?�2�K �B�7 �r�B�i�?�B�M �`�2���+�?�X ���i�i���+�F�2�`�b �r�Q�m�H�/ �`�2�i�m�`�M ���M�v

�b�i�Q�H�2�M �~���; �i�Q �i�?�2�B�` �#���b�2�X

� �A�K�T�2�/�2�` �U�B�V�,�A�K�T�2�/�2�`�b �b�Q�m�;�?�i �i�Q �T�Q�b�B�i�B�Q�M �i�?�2�K�b�2�H�p�2�b �#�2�i�r�2�2�M �i�?�2�B�` �Q�T�T�Q�M�2�M�i�b ���M�/

�i�?�2�B�` �Q�T�T�Q�M�2�M�i�ö�b �;�Q���H �H�Q�+���i�B�Q�M�X �h�?�B�b �`�Q�H�2 �K���F�2�b �B�i �K�Q�`�2 �/�B�{�+�m�H�i �7�Q�` �Q�T�T�Q�M�2�M�i�b �i�Q

�`�2���+�? �i�?�2�B�` �;�Q���H ���M�/ �;�B�p�2 �i�?�2�B�` �i�2���K �K�Q�`�2 �i�B�K�2 �i�Q �r�B�M �i�?�2 �;���K�2�X

� �6�H���;�;�2�` �U�7�V�,�h�?�2 �~���;�;�2�` �`�Q�H�2 �B�M�p�Q�H�p�2�/ �M���p�B�;���i�B�M�; �i�?�2 �}�2�H�/ �i�Q �+���T�i�m�`�2 �i�?�2 �Q�T�T�Q�M�2�M�i�ö�b

�~���; ���M�/ �`�2�i�m�`�M �B�i �i�Q �B�i�b �?�Q�K�2 �#���b�2�X

�1���+�? �Q�7 �i�?�2 �`�Q�#�Q�i�b �?���/ �b�B�t �b�i���i�B�+ �i�`���B�i�b �i�?���i �p���`�B�2�/ �B�M �K���;�M�B�i�m�/�2 �#�2�i�r�2�2�M �`�Q�#�Q�i�b�X

�q�2 �`���M�/�Q�K�H�v �;�2�M�2�`���i�2�/ �2���+�? ���;�2�M�i�ö�b �i�`���B�i�b �7�`�Q�K �� �m�M�B�7�Q�`�K �/�B�b�i�`�B�#�m�i�B�Q�M �Q�p�2�` �i�?�2 �`���M�;�2�b

�b�T�2�+�B�}�2�/ �#�2�H�Q�r �7�Q�` �2�p�2�`�v �;���K�2�X �h�?�2 �b�B�t �b�i���i�B�+ �i�`���B�i�b ���M�/ �i�?�2�B�` �`���M�;�2�b ���`�2 ���b �7�Q�H�H�Q�r�b
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�K�2�M�i���H �i���b�F ���H�H�Q�+���i�B�Q�M �b�T���+�2�X �A�M �i�?�B�b �b�T���+�2�- �M�Q�/�2�b �`�2�T�`�2�b�2�M�i ���M ���H�H�Q�+���i�B�Q�M �Q�7 �`�Q�#�Q�i�b

�i�Q �i���b�F�b�X �L�Q�/�2�b ���`�2 �+�Q�M�M�2�+�i�2�/ �i�Q �Q�i�?�2�` �M�Q�/�2�b �i�?���i �/�B�z�2�` �Q�M�H�v �#�v �i�?�2 ���b�b�B�;�M�K�2�M�i �Q�7

�� �b�B�M�;�H�2 �`�Q�#�Q�i �U�b�2�2 �6�B�;�m�`�2�9�X�k�V�X �h�?�B�b �;�`���T�?�B�+���H �`�2�T�`�2�b�2�M�i���i�B�Q�M ���H�H�Q�r�b �Q�m�` �b�2���`�+�? �i�Q

�b�i���`�i �7�`�Q�K ���M �B�M�B�i�B���H �M�Q�/�2 �r�B�i�? �M�Q ���H�H�Q�+���i�2�/ �`�Q�#�Q�i�b ���M�/ �i�Q �B�M�+�`�2�K�2�M�i���H�H�v ���/�/ �`�Q�#�Q�i�b

�m�M�i�B�H ���M ���H�H�Q�+���i�B�Q�M �i�?���i �b���i�B�b�}�2�b �i�?�2 �/�2�b�B�`�2�/ �i�`���B�i �`�2�[�m�B�`�2�K�2�M�i�b �Q�7 �i�?�2 �i���b�F �M�2�i�r�Q�`�F �B�b

�7�Q�m�M�/�X

�h�Q �;�m�B�/�2 �i�?�2 �b�2���`�+�?�- �r�2 �?���p�2 �/�2�p�2�H�Q�T�2�/ �i�r�Q �?�2�m�`�B�b�i�B�+�b�,���H�H�Q�+���i�B�Q�M �S�2� �̀+�2�M�i���;�2 �_�2�@

�K���B�M�B�M�;�- �r�?�B�+�? �;�m�B�/�2�b �i�?�2 �b�2���`�+�? �#���b�2�/ �Q�M �i�?�2 �[�m���H�B�i�v �Q�7 �i�?�2 ���H�H�Q�+���i�B�Q�M�- ���M�/�L�Q�`�K���H�@
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�6�B�;�m�`�2 �9�X�k�, ���M �2�t���K�T�H�2 �B�M�+�`�2�K�2�M�i���H �i���b�F ���H�H�Q�+���i�B�Q�M �;�`���T�?�X

�B�x�2�/ �a�+�?�2�/�m�H�2 �Z�m���H�B�i�v�- �r�?�B�+�? �;�m�B�/�2�b �i�?�2 �b�2���`�+�? �#���b�2�/ �Q�M �i�?�2 �[�m���H�B�i�v �Q�7 �i�?�2 �K���F�2�b�T���M

�Q�7 �i�?�2 �b�+�?�2�/�m�H�2 ���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2 ���H�H�Q�+���i�B�Q�M�X �q�2 �m�b�2 �� �+�Q�M�p�2�t �+�Q�K�#�B�M���i�B�Q�M �Q�7 �i�?�2

�i�r�Q �?�2�m�`�B�b�i�B�+�b�- �r�?�B�+�? �r�2 �+���H�H�h�B�K�2�@�1�t�i�2�M�/�2�/ �h���b�F ���H�H�Q�+���i�B�Q�M �Z�m���H�B�i�v�X

���H�H�Q�+���i�B�Q�M �S�2� �̀+�2�M�i���;�2 �_�2�K���B�M�B�M�; �U���S�_�V

���S�_ �B�b �/�2�}�M�2�/ ���b �i�?�2 �T�2�`�+�2�M�i���;�2 �i�`���B�i �K�B�b�K���i�+�? �2�`�`�Q�`�X �a�T�2�+�B�}�+���H�H�v�- ���S�_ �B�b �+���H�@

�+�m�H���i�2�/ ���b

f apr (�� ) =
jj �K���t(E(�� ); 0)jj 1;1

jjY � jj 1;1
�U�9�X�R�V

�r�?�2�`�2�� �B�b �i�?�2 ���H�H�Q�+���i�B�Q�M �i�?���i �i�?�2 �?�2�m�`�B�b�i�B�+ �B�b �2�p���H�m���i�B�M�;�-E(�� ) = Y � � �� Q�- ���M�/jj�jj 1;1

�B�b �i�?�2 �2�H�2�K�2�M�i�@�r�B�b�2l1 �M�Q�`�K�X �A�M �i�?�B�b �2�[�m���i�B�Q�M�-(AQ) i;j �B�b �i�?�2 �b�m�K�K���i�B�Q�M �Q�7 �i�?�2j th �i�`���B�i

�7�`�Q�K �2���+�? �Q�7 �i�?�2 �`�Q�#�Q�i�b ���b�b�B�;�M�2�/ �i�Q �i�?�2i th �i���b�F�X �"�v �i���F�B�M�; �i�?�2 �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2

�/�2�b�B�`�2�/ �i�`���B�i �K���i�`�B�tY � ���M�/AQ�- �r�2 �;�2�i �i�?�2�i� �̀��B�i �K�B�b�K���i�+�? �K���i�`�B�tE �X �q�?�2�ME i;j < 0

�i�?�2�M �i�?�2 �+�Q���H�B�i�B�Q�M ���b�b�B�;�M�2�/ �i�Q �i�?�2i th �i���b�F �2�t�+�2�2�/�b �i�?�2 �`�2�[�m�B�`�2�/ �i�`���B�i �p���H�m�2 �7�Q�` �i�?�2j th

�i�`���B�i�X ���M �2�H�2�K�2�M�i�@�r�B�b�2 �K���t �Q�T�2�`���i�B�Q�M �B�b �T�2�`�7�Q�`�K�2�/ �#�2�i�r�2�2�ME ���M�/ �i�?�2 �x�2�`�Q �K���i�`�B�t�X

�h�?�B�b �`�2�K�Q�p�2�b ���H�H �i�?�2 �p���H�m�2�b �B�ME �r�?�B�+�? �`�2�T�`�2�b�2�M�i �i�?���i ���M ���H�H�Q�+���i�2�/ �+�Q���H�B�i�B�Q�M �2�t�+�2�2�/�b

�� �`�2�[�m�B�`�2�/ �i�`���B�i �p���H�m�2 ���M�/ �H�2���p�2�b �i�?�2 �p���H�m�2�b �i�?���i �`�2�T�`�2�b�2�M�i �i�?���i �� �`�2�[�m�B�`�2�/ �i�`���B�i �p���H�m�2

�8�j



�?���b �M�Q�i �v�2�i �#�2�2�M �K�2�i�X ���M �2�H�2�K�2�M�i�@�r�B�b�2 �b�m�K�K���i�B�Q�M �B�b �i�?�2�M �T�2�`�7�Q�`�K�2�/ �Q�M �i�?�2 �`�2�b�m�H�i�B�M�;

�K���i�`�B�t �i�Q �+�Q�K�T�m�i�2 �i�?�2�i� �̀��B�i �K�B�b�K���i�+�? �2�`� �̀Q�`�X �h�?�B�b �2�`�`�Q�` �B�b �i�?�2�M �M�Q�`�K���H�B�x�2�/ �#�v �i�?�2

�2�H�2�K�2�M�i�@�r�B�b�2 �b�m�K�K���i�B�Q�M �Q�7 �i�?�2 �/�2�b�B�`�2�/ �i�`���B�i �K���i�`�B�tY � �i�Q �+�Q�K�T�m�i�2 �i�?�2 �T�2�`�+�2�M�i���;�2

�i�`���B�i �K�B�b�K���i�+�? �2�`�`�Q�`�X �q�?�2�M �i�?�2 �2�`�`�Q�` �B�b �x�2�`�Q�- �i�?�2�M �i�?�2 ���H�H�Q�+���i�B�Q�M �b���i�B�b�}�2�b �i�?�2 �/�2�b�B�`�2�/

�i�`���B�i�b �K���i�`�B�t�X

���S�_ �/�Q�2�b �M�Q�i �m�b�2 ���M�v �B�M�7�Q�`�K���i�B�Q�M �7�`�Q�K �i�?�2 �b�+�?�2�/�m�H�B�M�; �H���v�2�` ���M�/�- ���b �b�m�+�?�- �i�2�M�/�b

�i�Q �b�2���`�+�? �i�?�2 �;�`���T�? �/�2�2�T�H�v�X �h�?�B�b �B�b �+���m�b�2�/ �#�v �M�Q�/�2�b �/�2�2�T�2�` �B�M �i�?�2 �;�`���T�? �?���p�B�M�; �K�Q�`�2

�`�Q�#�Q�i�b ���b�b�B�;�M�2�/ ���M�/ �� �b�K���H�H�2�` �/�2�b�B�`�2�/ �i�`���B�i �K�B�b�K���i�+�? �2�`�`�Q�`�X �h�?�B�b �H�2���/�b ���S�_ �i�Q �}�M�/

���M ���H�H�Q�+���i�B�Q�M �i�?���i �b���i�B�b�}�2�b �i�?�2 �/�2�b�B�`�2�/ �i�`���B�i �`�2�[�m�B�`�2�K�2�M�i�b �[�m�B�+�F�H�v ���i �i�?�2 �2�t�T�2�M�b�2 �Q�7

�B�;�M�Q�`�B�M�; �b�+�?�2�/�m�H�2�b �r�B�i�? �+�Q�M�b�B�/�2�`���#�H�v �b�?�Q�`�i�2�` �K���F�2�b�T���M�X

�L�Q�`�K���H�B�x�2�/ �a�+�?�2�/�m�H�2 �Z�m���H�B�i�v �U�L�a�Z�V

�L�a�Z �B�b �� �K�2���b�m�`�2 �Q�7 �?�Q�r �K�m�+�? ���M ���H�H�Q�+���i�B�Q�M �K�B�M�B�K�B�x�2�b �i�?�2 �K���F�2�b�T���M �Q�7 �B�i�b

���+�+�Q�K�T���M�v�B�M�; �b�+�?�2�/�m�H�2�X �a�T�2�+�B�}�+���H�H�v�- �L�a�Z �B�b �+���H�+�m���i�2�/ ���b

f nsq(C� ) =
C� � C� best

C� worst � C� best

�U�9�X�k�V

�r�?�2�`�2C� �B�b �i�?�2 �K���F�2�b�T���M�- �Q�` �+�Q�K�T�H�2�i�B�Q�M �i�B�K�2�- �Q�7 �i�?�2 �b�+�?�2�/�m�H�2� �-� �B�b �i�?�2 �b�+�?�2�/�m�H�2

�#���b�2�/ �Q�MT ���M�/�� �-� best �B�b �i�?�2 �b�+�?�2�/�m�H�2 �r�B�i�?�Q�m�i ���M�v �+�Q�M�b�i�`���B�M�i�b �T�H���+�2�/ �Q�M �i�?�2 �b�+�?�2�/�m�H�2

�7�`�Q�K �i�?�2 ���H�H�Q�+���i�B�Q�M ���M�/ �K�Q�i�B�Q�M �T�H���M�M�B�M�;�- ���M�/� worst �B�b �i�?�2 �b�+�?�2�/�m�H�2 �r�?�2�`�2 �i�?�2 �i���b�F

�M�2�i�r�Q�`�F �B�b �i�Q�i���H�H�v�@�Q�`�/�2�`�2�/ ���M�/ ���H�H �K�Q�i�B�Q�M �T�H���M�b ���`�2 ���b�b�m�K�2�/ �i�Q �#�2 �i�?�2 �H�Q�M�;�2�b�i �T�Q�b�b�B�#�H�2

�H�2�M�;�i�?�X

�h�?�2 �i�?�`�2�2 �p���`�B���#�H�2�b�� �-� best�- ���M�/� worst ���`�2 ���H�H �+�Q�K�T�m�i�2�/ �#�v �i�?�2 �b�+�?�2�/�m�H�B�M�; �H���v�2�`�X

���b �L�a�Z �Q�M�H�v �+�Q�M�b�B�/�2�`�b �i�?�2 �b�+�?�2�/�m�H�2 ���M�/ �M�Q�i �i�?�2 ���H�H�Q�+���i�B�Q�M�- �B�i �i�2�M�/�b �i�Q �7���p�Q�` �� �#�`�Q���/�2�`

�b�2���`�+�?�X �h�?�B�b �B�b �+���m�b�2�/ �#�v �M�Q�/�2�b �+�H�Q�b�2�` �i�Q �i�?�2 �`�Q�Q�i �?���p�B�M�; �7�2�r�2�` �+�Q�M�b�i�`���B�M�i�b ���M�/�-

�i�?�2�`�2�7�Q�`�2�- �H�Q�r�2�` �K���F�2�b�T���M�b�X �h�?�B�b �H�2���/�b �i�Q �L�a�Z �}�M�/�B�M�; ���M ���H�H�Q�+���i�B�Q�M �i�?���i �b���i�B�b�}�2�b �i�?�2

�/�2�b�B�`�2�/ �i�`���B�i �`�2�[�m�B�`�2�K�2�M�i�b �r�B�i�? �i�?�2 �K�B�M�B�K�m�K �K���F�2�b�T���M ���i �i�?�2 �2�t�T�2�M�b�2 �Q�7 �b�2���`�+�?�B�M�;

�8�9



�� �K�m�+�? �H���`�;�2�` ���`�2�� �Q�7 �i�?�2 �;�`���T�?�X

�h�B�K�2�@�1�t�i�2�M�/�2�/ �h���b�F ���H�H�Q�+���i�B�Q�M �Z�m���H�B�i�v �U�h�1�h���Z�V

�l�b�B�M�; �� �+�Q�M�p�2�t �+�Q�K�#�B�M���i�B�Q�M �Q�7 ���S�_ ���M�/ �L�a�Z�- �r�2 �+�`�2���i�2 �� �?�2�m�`�B�b�i�B�+ �i�?���i �+�Q�M�b�B�/�2�`�b

�#�Q�i�? �i�?�2 �[�m���H�B�i�v �Q�7 �i�?�2 ���H�H�Q�+���i�B�Q�M ���b �r�2�H�H ���b �i�?�2 �[�m���H�B�i�v �Q�7 �i�?�2 �b�+�?�2�/�m�H�2 �;�2�M�2�`���i�2�/ �7�`�Q�K

�B�i�X �h�1�h���Z �B�b �+���H�+�m�H���i�2�/ ���b

f tetaq (�� ; C� ) = �f apr (�� ) + (1 � � )f nsq(C� ) �U�9�X�j�V

�r�?�2�`�2� 2 [0; 1] �B�b �� �m�b�2�`�@�b�T�2�+�B�}�2�/ �T���`���K�2�i�2�` �i�?���i �+�Q�M�i�`�Q�H�b �2���+�? �?�2�m�`�B�b�i�B�+�ö�b �`�2�H���i�B�p�2

�B�M�~�m�2�M�+�2�X �A�7� = 0 �i�?�2�M �i�?�B�b �?�2�m�`�B�b�i�B�+ �B�b ���S�_�- ���M�/ �B�7� = 1 �i�?�2�M �i�?�2 �?�2�m�`�B�b�i�B�+ �B�b �L�a�Z�X

�h�1�h���Z �i���F�2�b �[�m���H�B�i�B�2�b �7�`�Q�K �#�Q�i�? �i�Q �T�2�`�7�Q�`�K �� �b�2���`�+�?�- �r�?�B�+�? ���H�H�Q�r�b �B�i �i�Q �#���H���M�+�2

�}�M�/�B�M�; ���M ���H�H�Q�+���i�B�Q�M �i�?���i �b���i�B�b�}�2�b �i�?�2 �/�2�b�B�`�2�/ �i�`���B�i�b �[�m�B�+�F�H�v �r�B�i�? �}�M�/�B�M�; �Q�M�2 �i�?���i

�K�B�M�B�K�B�x�2�b �i�?�2 �K���F�2�b�T���M �Q�7 �i�?�2 ���b�b�B�;�M�2�/ �`�Q�#�Q�i�b�ö �b�+�?�2�/�m�H�2�X

�9�X�k�X�k�a�+�?�2�/�m�H�B�M�;���M�/�J�Q�i�B�Q�M�S�H���M�M�B�M�;

�h�?�2 �b�+�?�2�/�m�H�B�M�; �H���v�2�` �/�2�i�2�`�K�B�M�2�b �B�7 �B�i �B�b �7�2���b�B�#�H�2 �i�Q �b�+�?�2�/�m�H�2 �7�Q�` �� �i���b�F �M�2�i�r�Q�`�F ���M�/

���M ���H�H�Q�+���i�B�Q�M ���M�/ �T�`�Q�p�B�/�2�b �i�?�2 �K���F�2�b�T���M �m�b�2�/ �#�v �i�?�2 �?�2�m�`�B�b�i�B�+�b�X �h�?�B�b �H���v�2�` �#�m�B�H�/�b

�i�?�2 �b�+�?�2�/�m�H�2 �#���b�2�/ �Q�M �i�?�`�2�2 �i�2�K�T�Q�`���H �+�Q�K�T�Q�M�2�M�i�b�, �i�?�2 �b�i���i�B�+ �/�m�`���i�B�Q�M �Q�7 �2���+�? �i���b�F�-

�i�?�2 �i�B�K�2 �M�2�2�/�2�/ �7�Q�` �2���+�? �`�Q�#�Q�i �i�Q �i�`���p�2�H �i�Q �i�?�2 �i���b�F�ö�b �B�M�B�i�B���H �+�Q�M�}�;�m�`���i�B�Q�M�- ���M�/ �i�?�2

�i�B�K�2 �M�2�2�/�2�/ �7�Q�` �i�?�2 ���b�b�B�;�M�2�/ �+�Q���H�B�i�B�Q�M �Q�7 �`�Q�#�Q�i�b �i�Q �2�t�2�+�m�i�2 �i�?�2 �K�Q�p�2�K�2�M�i�b �`�2�[�m�B�`�2�/

�i�Q �+�Q�K�T�H�2�i�2 �i�?�2 �i���b�F�X �h�Q �i�?�B�b �2�M�/�- �i�?�2 �b�+�?�2�/�m�H�B�M�; �H���v�2�` �T�`�Q�p�B�/�2�b �2���+�? �i���b�F�ö�b �B�M�B�i�B���H

���M�/ �i�2�`�K�B�M���H �+�Q�M�}�;�m�`���i�B�Q�M�b �i�Q �i�?�2 �K�Q�i�B�Q�M �T�H���M�M�B�M�; �H���v�2�`�X

�h�?�2 �K�Q�i�B�Q�M �T�H���M�M�B�M�; �H���v�2�` �m�b�2�b �i�?�2 �B�M�7�Q�`�K���i�B�Q�M �`�2�+�2�B�p�2�/ �7�`�Q�K �i�?�2 �b�+�?�2�/�m�H�B�M�; �H���v�2�`

�i�Q �/�2�i�2�`�K�B�M�2 �B�7 �i�?�2�`�2 �B�b �� �7�2���b�B�#�H�2 �K�Q�i�B�Q�M �T�H���M �#�2�i�r�2�2�M �i�?�2 �i�r�Q �+�Q�M�}�;�m�`���i�B�Q�M�b�X �A�7 �B�i

�+���M �+�Q�M�b�i�`�m�+�i �� �K�Q�i�B�Q�M �T�H���M�- �i�?�2�M �i�?�2 �K�Q�i�B�Q�M �T�H���M �B�b �b�2�M�i �#���+�F �i�Q �i�?�2 �b�+�?�2�/�m�H�B�M�;

�H���v�2�`�X �h�Q �`�2�/�m�+�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�b�i�b ���M�/ �`�2�m�b�2 �K�Q�i�B�Q�M �T�H���M�b�- �i�?�B�b �H���v�2�` �K�2�K�Q�B�x�2�b
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���H�;�Q�`�B�i�?�K �R�,�A�h���:�a
�A�M�T�m�i�,hT ; Q; Y � ; I c; X ; � i
�P�m�i�T�m�i�,h�� ; X ; � i

�R �`�Q�Q�i �2�K�T�i�v ���H�H�Q�+���i�B�Q�M
�k �T�[ �S�`�B�Q�`�B�i�v�Z�m�2�m�2�U�&�`�Q�Q�i�'�V
�j �r�?�B�H�2�T�[ �B�b �M�Q�i �2�K�T�i�v�/�Q

�f�f �A�/�2�M�i�B�7�v �i�?�2 �M�Q�/�2 �r�B�i�? �H�Q�r�2�b�i �i�2�i���[ �p���H�m�2
�9 �M�Q�/�2 �T�[�X�T�Q�T�U�V

�f�f �*�?�2�+�F �B�7 �i�?�2 �M�Q�/�2 �B�b �� �b�Q�H�m�i�B�Q�M
�8 �B�7�M�Q�/�2�X���T�` �4�4 �y���M�/ �M�Q�/�2�X�M�b�[< 1 �i�?�2�M
�e �`�2�i�m�`�M�M�Q�/�2�X�� �- �M�Q�/�2�XX �M�Q�/�2�X�

�f�f �*�Q�K�T�m�i�2 �?�2�m�`�B�b�i�B�+�b �7�Q�` �2���+�? �b�m�+�+�2�b�b�Q�`
�d �7�Q�`�+�?�B�H�/2 �;�2�M�2� �̀��i�2�a�m�+�+�2�b�b�Q�`�b�U�M�Q�/�2�V�/�Q

�f�f �*�Q�K�T�m�i�2 �m�b�B�M�; �1�[�m���i�B�Q�M �U�9�X�R�V
�3 �+�?�B�H�/�X���T�` ���S�_�U�+�?�B�H�/�-Q�-Y � �V

�f�f �*�Q�K�T�m�i�2 �b�+�?�2�/�m�H�2 ���M�/ �K�Q�i�B�Q�M �T�H���M
�N �; � best; � worst ; X  �b�+�?�2�/�m�H�2�U�+�?�B�H�/�-T �V

�f�f �*�Q�K�T�m�i�2 �m�b�B�M�; �1�[�m���i�B�Q�M �U�9�X�k�V
�R�y �+�?�B�H�/�X�M�b�[ �L�a�Z�U�; � best; � worst �V

�f�f �*�Q�K�T�m�i�2 �m�b�B�M�; �1�[�m���i�B�Q�M �U�9�X�j�V
�R�R �+�?�B�H�/�X�i�2�i���[ �4� � �+�?�B�H�/�X���T�`+ (1 � � ) � �+�?�B�H�/�X�M�b�[
�R�k �T�[�X�T�m�b�?�U�+�?�B�H�/�V

�R�j �`�2�i�m�`�M�L�m�H�H

�i�?�2 �T���i�? �7�Q�` �2���+�? �b�T�2�+�B�}�+ �T���B�` �Q�7 �+�Q�M�}�;�m�`���i�B�Q�M�b ���M�/ �b�T�2�+�B�}�+ �`�Q�#�Q�i �Q�` �+�Q���H�B�i�B�Q�M�X

�h�?�2 �b�+�?�2�/�m�H�B�M�; �H���v�2�` �i�?�2�M �m�b�2�b �i�?�2 �+�Q���H�B�i�B�Q�M�ö�b �b�T�2�2�/ �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �i�B�K�2 �M�2�2�/�2�/

�i�Q �2�t�2�+�m�i�2 �i�?�2 �K�Q�i�B�Q�M �T�H���M�X �A�7 �� �7�2���b�B�#�H�2 �b�+�?�2�/�m�H�2 �+���M �#�2 �7�Q�m�M�/ �i�?�2�M �B�i �+���H�+�m�H���i�2�b�� �-

� best�- ���M�/� worst �X

�6�Q�` �� �i�B�K�2�@�2�t�i�2�M�/�2�/ �i���b�F ���H�H�Q�+���i�B�Q�M�- �� �b�+�?�2�/�m�H�2 �?���b �i�r�Q �/�B�z�2�`�2�M�i �i�v�T�2�b �Q�7 �i�2�K�T�Q�@

�`���H �+�Q�M�b�i�`���B�M�i�b�, �T�`�2�+�2�/�2�M�+�2 �+�Q�M�b�i�`���B�M�i�b ���M�/ �/�B�b�D�m�M�+�i�B�p�2 �+�Q�M�b�i�`���B�M�i�b�X �h�?�2 �T�`�2�+�2�/�2�M�+�2

�+�Q�M�b�i�`���B�M�i�b �+�Q�K�2 �7�`�Q�K �i�?�2 �i���b�F �M�2�i�r�Q�`�F�X ���.�B�b�D�m�M�+�i�B�p�2 �+�Q�M�b�i�`���B�M�i�B�b �� �i�2�K�T�Q�`���H

�`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �i�r�Q �i���b�F�b�-ta ���M�/tb�- �i�?���i �2�M�b�m�`�2�b �i�?���i �2�B�i�?�2�`tb �K�m�b�i �}�M�B�b�? �#�2�7�Q�`�2

ta �b�i���`�i�b �Q�`ta �K�m�b�i �}�M�B�b�? �#�2�7�Q�`�2tb �b�i���`�i�b �(�R�j�R�)�X �� �/�B�b�D�m�M�+�i�B�p�2 �+�Q�M�b�i�`���B�M�i �B�b �+�`�2���i�2�/

�r�?�2�M �� �`�Q�#�Q�i �B�b ���b�b�B�;�M�2�/ �i�Q �� �i���b�Fta �K���F�B�M�; �B�i �m�M���#�H�2 �i�Q �T�2�`�7�Q�`�K ���M�Q�i�?�2�` �i���b�Ftb ���i

�i�?�2 �b���K�2 �i�B�K�2 ���bta�X
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�h�Q �}�M�/ �� �b�+�?�2�/�m�H�2 �i�?���i ���/�?�2�`�2�b �i�Q �#�Q�i�? �Q�7 �i�?�2�b�2 �i�v�T�2�b �Q�7 �+�Q�M�b�i�`���B�M�i�b�- �i�?�2 �b�+�?�2�/�m�H�@

�B�M�; �H���v�2�` �m�b�2�b �� �i�?�`�2�2�@�T���`�i �b�+�?�2�/�m�H�B�M�; ���T�T�`�Q���+�?�X �h�?�2 �}�`�b�i �T���`�i �+�Q�M�p�2�`�i�b �i�?�2 �i���b�F

�M�2�i�r�Q�`�F �B�M�i�Q �� �b�B�K�T�H�2 �i�2�K�T�Q�`���H �M�2�i�r�Q�`�F �U�a�h�L�V �(�R�j�k�)�- �r�?�B�+�? �T�`�Q�p�B�/�2�b �� �;�`���T�?�B�+���H �`�2�T�@

�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �b�i���`�i ���M�/ �2�M�/ �i�B�K�2�b �7�Q�` �2���+�? �i���b�F�- �r�?�2�`�2 �i���b�F�b ���`�2 �b�2�T���`���i�2�/ �#�v

�T�`�2�+�2�/�2�M�+�2 �+�Q�M�b�i�`���B�M�i�b�X �a�h�L�b ���`�2 �+�Q�K�K�Q�M�H�v �m�b�2�/ �7�Q�` �b�+�?�2�/�m�H�B�M�; �/�m�2 �i�Q �i�?�2�B�` ���#�B�H�B�i�v

�i�Q �#�2 �m�T�/���i�2�/ ���M�/ �+�?�2�+�F�2�/ �7�Q�` �+�Q�M�b�B�b�i�2�M�+�v �B�M �T�Q�H�v�M�Q�K�B���H �i�B�K�2 �(�R�j�j�)�X �q�2 �m�b�2 �� �p���`�B���M�i

�Q�7 �i�?�2 �b�B�M�;�H�2�@�b�Q�m�`�+�2 �b�?�Q�`�i�2�b�i �T���i�? ���H�;�Q�`�B�i�?�K �(�R�j�k�) �i�Q �+�Q�K�T�m�i�2 �i�?�2 �K�B�M�B�K�m�K �K���F�2�b�T���M

�b�+�?�2�/�m�H�2 �7�`�Q�K �i�?�B�b �a�h�L�X �h�?�B�b �b�+�?�2�/�m�H�2 �/�Q�2�b �M�Q�i �v�2�i �B�M�+�H�m�/�2 �i�?�2 �/�m�`���i�B�Q�M�b �Q�7 ���M�v �K�Q�@

�i�B�Q�M �T�H���M�b �M�Q�` �+�Q�M�b�B�/�2�`�b �i�?�2 �/�B�b�D�m�M�+�i�B�p�2 �+�Q�M�b�i�`���B�M�i�b �B�K�T�Q�b�2�/ �#�v �i�?�2 ���H�H�Q�+���i�B�Q�M�- ���M�/ �b�Q

�i�?�B�b �b�+�?�2�/�m�H�2 �B�b� best ���b �m�b�2�/ �#�v �L�a�Z�X

�h�?�2 �b�2�+�Q�M�/ �T���`�i �Q�7 �i�?�B�b ���T�T�`�Q���+�? ���/�/�b �B�M �i�?�2 �/�B�b�D�m�M�+�i�B�p�2 �+�Q�M�b�i�`���B�M�i�b �7�`�Q�K �i�?�2

���H�H�Q�+���i�B�Q�M�X �A�M �Q�`�/�2�` �i�Q �+�`�2���i�2 �� �b�+�?�2�/�m�H�2�- �i�?�2 �/�B�b�D�m�M�+�i�B�p�2 �+�Q�M�b�i�`���B�M�i�b �M�2�2�/ �i�Q �#�2 �+�Q�M�@

�p�2�`�i�2�/ �B�M�i�Q �T�`�2�+�2�/�2�M�+�2 �+�Q�M�b�i�`���B�M�i�b �#�v �b�2�H�2�+�i�B�M�; �Q�M�2 �Q�7 �i�?�2�B�` �i�r�Q �Q�`�/�2�`�B�M�;�b �U�B�X�2�X �7�Q�` ��

�/�B�b�D�m�M�+�i�B�p�2 �+�Q�M�b�i�`���B�M�i �#�2�i�r�2�2�M �i�r�Q �i���b�F�bta ���M�/tb �b�2�H�2�+�i�B�M�; �i�?���i �2�B�i�?�2�`ta �K�m�b�i �}�M�B�b�?

�#�2�7�Q�`�2tb �b�i���`�i�b �Uta � tb�V �Q�` �p�B�b�2 �p�2�`�b���V�X �q�2 �T�2�`�7�Q�`�K �� �i���#�m �b�2���`�+�?�(�R�j�9�) �Q�p�2�` �i�?�2 �T�Q�b�@

�b�B�#�H�2 �Q�`�/�2�`�B�M�;�b �7�Q�` �2���+�? �/�B�b�D�m�M�+�i�B�p�2 �+�Q�M�b�i�`���B�M�i �r�?�B�H�2 �K�B�M�B�K�B�x�B�M�; �i�?�2 �K���F�2�b�T���M �Q�7 �i�?�2

�b�+�?�2�/�m�H�2�X �1���+�? �M�Q�/�2 �B�M �i�?�B�b �b�2���`�+�? �B�b �i�?�2 �a�h�L �7�Q�`� best �r�B�i�? ���/�/�B�i�B�Q�M���H �2�/�;�2�b ���/�/�2�/

�7�Q�` �i�?�2 �T�`�2�+�2�/�2�M�+�2 �+�Q�M�b�i�`���B�M�i�b �+�`�2���i�2�/ �7�`�Q�K �i�?�2 �Q�`�/�2�`�B�M�; �b�2�H�2�+�i�B�Q�M �Q�7 �i�?�2 �/�B�b�D�m�M�+�i�B�p�2

�+�Q�M�b�i�`���B�M�i�b�X �h�?�2 �`�2�b�m�H�i�B�M�; �a�h�L �7�`�Q�K �i�?�B�b �T���`�i �Q�7 �i�?�2 ���T�T�`�Q���+�? �B�b �+���H�H�2�/ �a�h�Ld�X

�h�?�2 �i�?�B�`�/ �T���`�i �Q�7 �i�?�B�b ���T�T�`�Q���+�? ���/�/�b �B�M �i�?�2 �2�t�2�+�m�i�B�Q�M �/�m�`���i�B�Q�M�b �Q�7 �i�?�2 �K�Q�i�B�Q�M

�T�H���M�b �i�Q �i�?�2 �a�h�L�X �.�m�`�B�M�; �i�?�B�b �b�i�2�T�- �i�?�2 �K�Q�i�B�Q�M �T�H���M�M�B�M�; �H���v�2�` �/�2�i�2�`�K�B�M�2�b �B�7 �2�p�2�`�v

�`�2�[�m�B�`�2�/ �K�Q�i�B�Q�M �T�H���M �B�b �7�2���b�B�#�H�2�X �A�7 �7�2���b�B�#�H�2�- �i�?�2 �H�2�M�;�i�? �Q�7 �2���+�? �K�Q�i�B�Q�M �T�H���M �B�b �m�b�2�/ �#�v

�i�?�2 �b�+�?�2�/�m�H�B�M�; �H���v�2�` �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �2�t�2�+�m�i�B�Q�M �/�m�`���i�B�Q�M �Q�7 �i�?�2 �K�Q�i�B�Q�M �T�H���M�X

�A�7 �B�i �B�b �M�Q�i �7�2���b�B�#�H�2 �i�Q �}�M�/ �� �b�+�?�2�/�m�H�2 �7�Q�` ���M ���H�H�Q�+���i�B�Q�M�- �i�?�2�M �i�?�2 �i���b�F ���H�H�Q�+���i�B�Q�M

�H���v�2�` �B�b ���H�2�`�i�2�/�- ���M�/ �i�?�2 ���H�H�Q�+���i�B�Q�M �B�b �T�`�m�M�2�/ �7�`�Q�K �i�?�2 �b�2���`�+�?�X �6�B�M�/�B�M�; �� �b�+�?�2�/�m�H�2 �B�b

�B�M�7�2���b�B�#�H�2 �B�7�,

� �i�?�2 �a�h�L �7�Q�`� best �B�b �i�2�K�T�Q�`���H�H�v �B�M�+�Q�M�b�B�b�i�2�M�i
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�6�B�;�m�`�2 �9�X�j�, �h�?�2 �`�2�b�m�H�i�b �Q�7 �A�h���:�a �r�B�i�? �p���`�B�Q�m�b� �p���H�m�2�b �M�Q�`�K���H�B�x�2�/ �r�B�i�? �`�2�b�T�2�+�i �i�Q
�A�h���:�a� =0 :5�X y = 0 �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �A�h���:�a� =0 :5�X ���M�v�i�?�B�M�; ���#�Q�p�2y = 0 �B�b �r�Q�`�b�2
�i�?���M �A�h���:�a� =0 :5 ���M�/ �+�Q�M�p�2�`�b�2�H�v ���M�v�i�?�B�M�; �#�2�H�Q�r �B�b �#�2�i�i�2�`�X �õ� �ö �/�2�M�Q�i�2�b �b�i���i�B�b�i�B�+���H
�b�B�;�M�B�}�+���M�+�2 �r�B�i�? �� �T�@�p���H�m�2< �y�X�y�8�X

� �M�Q �i�2�K�T�Q�`���H�H�v �+�Q�M�b�B�b�i�2�M�i �a�h�L �+���M �#�2 �7�Q�m�M�/ �/�m�`�B�M�; �i�?�2 �i���#�m �b�2���`�+�?

� �i�?�2 �K�Q�i�B�Q�M �T�H���M�M�2�` �i�B�K�2�b �Q�m�i
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�i�?�2 ���b�b�B�;�M�K�2�M�i �Q�7 �� �b�B�M�;�H�2 �`�Q�#�Q�i�X �h�?�B�b �;�`���T�?�B�+���H �`�2�T�`�2�b�2�M�i���i�B�Q�M ���H�H�Q�r�b �Q�m�` �b�2���`�+�? �i�Q
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���H�;�Q�`�B�i�?�K �j�,�h���b�F ���H�H�Q�+���i�B�Q�M �G���v�2�`
�A�M�T�m�i�,hT; Y �

� i
�P�m�i�T�m�i�,h�� ; X; � i

�R Q  �7�`�Q�K �T�`�Q�#�H�2�K �/�2�b�+�`�B�T�i�B�Q�M
�k I c  �7�`�Q�K �T�`�Q�#�H�2�K �/�2�b�+�`�B�T�i�B�Q�M
�j �  �7�`�Q�K �T�`�Q�#�H�2�K �/�2�b�+�`�B�T�i�B�Q�M
�9 �  �m�b�2�` �/�2�}�M�2�/ �T���`���K�2�i�2�`
�8 �`�Q�Q�i �2�K�T�i�v ���H�H�Q�+���i�B�Q�M
�e �T�[ �S�`�B�Q�`�B�i�v�Z�m�2�m�2�U�&�`�Q�Q�i�'�V
�d �r�?�B�H�2�T�[ �B�b �M�Q�i �2�K�T�i�v�/�Q

�f�f �A�/�2�M�i�B�7�v �i�?�2 �M�Q�/�2 �r�B�i�? �H�Q�r�2�b�i �? �p���H�m�2
�3 �M�Q�/�2 �T�[�X�T�Q�T�U�V

�f�f �*�?�2�+�F �B�7 �i�?�2 �M�Q�/�2 �B�b �� �b�Q�H�m�i�B�Q�M
�N �B�7�M�Q�/�2�X���T�` �4�4 �y���M�/ �M�Q�/�2�X�M�b�[< 1 �i�?�2�M
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�f�f �*�Q�K�T�m�i�2 �?�2�m�`�B�b�i�B�+�b �7�Q�` �2���+�? �b�m�+�+�2�b�b�Q�`
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�R�9 �+�?�B�H�/�X�M�b�[ �L�a�Z�U�; � best; � worst �V
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f apr ( ��� ) =
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f nsq(C�� ) =
C�� � C� best

C� worst � C� best

�U�8�X�e�V

�B�M �r�?�B�+�?C� �B�b �i�?�2 �K���F�2�b�T���M�- �Q�` �+�Q�K�T�H�2�i�B�Q�M �i�B�K�2�- �Q�7 �i�?�2 �b�+�?�2�/�m�H�2� �-�� �B�b �i�?�2 �b�+�?�2�/�m�H�2
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�H�2�M�;�i�?�X �h�?�2 �H�Q�M�;�2�b�i �T�Q�b�b�B�#�H�2 �H�2�M�;�i�? �T���i�? �r���b �+���H�+�m�H���i�2�/ ���b �i�?�2 �b�m�K �Q�7 �i�?�2 �T�2�`�B�K�2�i�2�`
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�Q�7 �2�p�2�`�v �Q�#�b�i���+�H�2 �B�M �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i ���b �r�2�H�H ���b �i�?�2 �T�2�`�B�K�2�i�2�` �Q�7 �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i�ö�b

�#�Q�m�M�/�B�M�; �#�Q�t�X

�h�?�2 �i�?�`�2�2 �p���`�B���#�H�2�b�� �-� best�- ���M�/� worst ���`�2 ���H�H �+�Q�K�T�m�i�2�/ �#�v �i�?�2 �b�+�?�2�/�m�H�B�M�; �H���v�2�`�X

���b �L�a�Z �Q�M�H�v �+�Q�M�b�B�/�2�`�b �i�?�2 �b�+�?�2�/�m�H�2 ���M�/ �M�Q�i �i�?�2 ���H�H�Q�+���i�B�Q�M�- �B�i �i�2�M�/�b �i�Q �7���p�Q�` �� �#�`�Q���/�2�`

�b�2���`�+�?�X �h�?�B�b �#�`�Q���/ �b�2���`�+�? �B�b �+���m�b�2�/ �#�v �M�Q�/�2�b �+�H�Q�b�2�` �i�Q �i�?�2 �`�Q�Q�i �?���p�B�M�; �7�2�r�2�` �i�2�K�T�Q�`���H

�+�Q�M�b�i�`���B�M�i�b�- �K�Q�`�2 �+�Q�M�+�m�`�`�2�M�+�v�- ���M�/ �H�Q�r�2�` �K���F�2�b�T���M�b�X �h�?�B�b �#�`�Q���/ �b�2���`�+�? �H�2���/�b �i�Q

�L�a�Z �}�M�/�B�M�; ���M ���H�H�Q�+���i�B�Q�M �i�?���i �b���i�B�b�}�2�b �i�?�2 �/�2�b�B�`�2�/ �i�`���B�i�b �K���i�`�B�t �r�B�i�? �i�?�2 �K�B�M�B�K�m�K

�K���F�2�b�T���M ���i �i�?�2 �2�t�T�2�M�b�2 �Q�7 �b�2���`�+�?�B�M�; �� �K�m�+�? �H���`�;�2�` ���`�2�� �Q�7 �i�?�2 �;�`���T�?�X

�h�B�K�2�@�1�t�i�2�M�/�2�/ �h���b�F ���H�H�Q�+���i�B�Q�M �Z�m���H�B�i�v �U�h�1�h���Z�V

�h�Q �#���H���M�+�2 �i�?�2 �b�?�Q�`�i�+�Q�K�B�M�;�b �Q�7 �i�?�2�b�2 �?�2�m�`�B�b�i�B�+�b �r�2 �m�b�2 �� �+�Q�M�p�2�t �+�Q�K�#�B�M���i�B�Q�M �Q�7

���S�_ ���M�/ �L�a�Z �r�?�B�+�? �r�2 �+���H�H �h�1�h���Z�- �i�?�B�b �?�2�m�`�B�b�i�B�+ �+�Q�M�b�B�/�2�`�b �#�Q�i�? �i�?�2 �[�m���H�B�i�v �Q�7

�i�?�2 ���H�H�Q�+���i�B�Q�M ���b �r�2�H�H ���b �i�?�2 �[�m���H�B�i�v �Q�7 �i�?�2 �b�+�?�2�/�m�H�2�X �h�?�2 �2�[�m���i�B�Q�M �7�Q�` �h�1�h���Z �B�b ���b

�7�Q�H�H�Q�r�b

f tetaq ( ��� ; C�� ) = �f apr ( ��� ) + (1 � � )f nsq(C�� ) �U�8�X�d�V

�A�M �i�?�B�b �2�[�m���i�B�Q�M�-� 2 [0; 1] �`�2�T�`�2�b�2�M�i�b �� �m�b�2�`�@�b�T�2�+�B�}�2�/ �T���`���K�2�i�2�` �i�?���i �r�2�B�;�?�i�b �i�?�2

�`�2�H���i�B�p�2 �B�M�~�m�2�M�+�2 �Q�7 ���S�_ ���M�/ �L�a�Z�X �A�7� = 0 �i�?�2�M �i�?�B�b �?�2�m�`�B�b�i�B�+ �b�B�K�T�H�B�}�2�b �i�Q ���S�_�-

���M�/ �B�7� = 1 �i�?�2�M �i�?�B�b �?�2�m�`�B�b�i�B�+ �b�B�K�T�H�B�}�2�b �i�Q �L�a�Z�X �h�1�h���Z �m�b�2�b� �i�Q �i���F�2 �[�m���H�B�i�B�2�b

�7�`�Q�K �#�Q�i�? �i�Q �T�2�`�7�Q�`�K �i�?�2 �b�2���`�+�?�- �r�?�B�+�? ���H�H�Q�r�b �B�i �i�Q �#���H���M�+�2 �}�M�/�B�M�; ���M ���H�H�Q�+���i�B�Q�M

�i�?���i �b���i�B�b�}�2�b �i�?�2 �/�2�b�B�`�2�/ �i�`���B�i�b �[�m�B�+�F�H�v �r�B�i�? �}�M�/�B�M�; ���M ���H�H�Q�+���i�B�Q�M �i�?���i �K�B�M�B�K�B�x�2�b �i�?�2

�K���F�2�b�T���M �Q�7 �i�?�2 ���b�b�B�;�M�2�/ �`�Q�#�Q�i�b�ö �b�+�?�2�/�m�H�2�X

�6�Q�` �Q�m�` �2�t���K�T�H�2�- �i�?�2 �i���b�F ���H�H�Q�+���i�B�Q�M �H���v�2�` �T���b�b�2�b� i ���M�/�� k �i�Q �i�?�2 �b�+�?�2�/�m�H�B�M�;

�H���v�2�`�X

�8�X�k�X�9�a�+�?�2�/�m�H�B�M�;

�A�M �i�?�B�b �r�Q�`�F�- �i�?�2 �b�+�?�2�/�m�H�B�M�; �H���v�2�` �m�b�2�b �i�?�2 �i�?�2 �b�+�?�2�/�m�H�B�M�; �H���v�2�` �7�`�Q�K �Q�m�` �A�h���:�a

���H�;�Q�`�B�i�?�K �(�R�9�y�) �7�`�Q�K �Q�m�` �T�`�B�Q�` �r�Q�`�F �/�m�2 �i�Q �A�h���:�a �/�2�K�Q�M�b�i�`���i�2�/ �2�{�+�B�2�M�+�v�X �A�i �b�?�Q�m�H�/
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�#�2 �M�Q�i�2�/�- �?�Q�r�2�p�2�`�- �i�?���i �i�?�2 �:�_�a�h���S�a �7�`���K�2�r�Q�`�F �+���M �m�b�2 ���M�v ���H�;�Q�`�B�i�?�K �/�2�b�B�;�M�2�/ �i�Q

�b�Q�H�p�2 �i�?�2 �b�+�?�2�/�m�H�B�M�; �T�`�Q�#�H�2�K ���b �T�`�2�b�2�M�i�2�/ �B�M �a�2�+�i�B�Q�M�b�m�#�b�2�+�i�B�Q�M �8�X�R�X�j�X

�h�?�2 �b�+�?�2�/�m�H�B�M�; �H���v�2�` �/�2�i�2�`�K�B�M�2�b �B�7 �B�i �B�b �7�2���b�B�#�H�2 �i�Q �+�`�2���i�2 �� �b�+�?�2�/�m�H�2 �7�Q�` �i�?�2 �i���b�F�b

�B�M �� �T�H���M �r�?�B�H�2 �2�M�b�m�`�B�M�; �i�?���i ���H�H �i�2�K�T�Q�`���H �+�Q�M�b�i�`���B�M�i�b �B�K�T�Q�b�2�/ �#�v �i�?�2 �i���b�F �T�H���M�M�2�`

���M�/ �i���b�F ���H�H�Q�+���i�Q�` ���`�2 �b���i�B�b�}�2�/�X �h�?�B�b �H���v�2�` �`�2�+�2�B�p�2�b �� �T�H���M� i ���M�/ ���M ���H�H�Q�+���i�B�Q�M�� k

�7�`�Q�K �i�?�2 �i���b�F ���H�H�Q�+���i�B�Q�M �H���v�2�`�X

�h�?�2 �b�+�?�2�/�m�H�2�` �}�M�/�b �� �b�+�?�2�/�m�H�2� ���b�b�Q�+�B���i�2�/ �r�B�i�?� i ���M�/�� k �- �r�?�B�+�? �B�b �i�?�2�M �m�b�2�/

���b �T���`�i �Q�7 �i�?�2 �L�a�Z �?�2�m�`�B�b�i�B�+ �7�Q�` �i�?�2 �i���b�F ���H�H�Q�+���i�B�Q�M �H���v�2�`�X ���H�b�Q�- �i�?�2 �K���F�2�b�T���M �Q�7 �i�?�2

�b�+�?�2�/�m�H�2C� �B�b �m�b�2�/ ���b �i�?�2 �T���i�? �+�Q�b�i �Q�7 �i�?�2 �i���b�F �T�H���M�M�B�M�; �M�Q�/�2 �7�Q�`� �X �q�?�2�M �#�m�B�H�/�B�M�;

�� �b�+�?�2�/�m�H�2�- �i�?�2 �b�+�?�2�/�m�H�2�` �K�m�b�i �+�Q�M�b�B�/�2�` �i�?�`�2�2 �i�2�K�T�Q�`���H �+�Q�K�T�Q�M�2�M�i�b�,

� �h�?�2 �b�i���i�B�+ �/�m�`���i�B�Q�M �Q�7 �2���+�? �i���b�F�X

� �h�?�2 �i�B�K�2 �M�2�2�/�2�/ �7�Q�` �2���+�? �`�Q�#�Q�i �i�Q �i�`���p�2�H �i�Q �i�?�2 �i���b�F�ö�b �B�M�B�i�B���H �+�Q�M�}�;�m�`���i�B�Q�M�X

� �h�?�2 �i�B�K�2 �M�2�2�/�2�/ �7�Q�` �i�?�2 ���b�b�B�;�M�2�/ �+�Q���H�B�i�B�Q�M �Q�7 �`�Q�#�Q�i�b �i�Q �2�t�2�+�m�i�2 �i�?�2 �K�Q�p�2�K�2�M�i�b

�`�2�[�m�B�`�2�/ �#�v �i�?�2 �i���b�F�X

�h�Q �i�?�B�b �2�M�/�- �i�?�2 �b�+�?�2�/�m�H�2�` �T�`�Q�p�B�/�2�b �2���+�? �i���b�F�ö�b �B�M�B�i�B���H ���M�/ �i�2�`�K�B�M���H �+�Q�M�}�;�m�`���i�B�Q�M�b

�i�Q �i�?�2 �K�Q�i�B�Q�M �T�H���M�M�B�M�; �H���v�2�` �i�Q �/�2�i�2�`�K�B�M�2 �B�7 �i�?�2�`�2 �B�b �� �7�2���b�B�#�H�2 �K�Q�i�B�Q�M �T�H���M �#�2�i�r�2�2�M �i�?�2

�i�r�Q �+�Q�M�}�;�m�`���i�B�Q�M�b�X �h�?�2 �b�+�?�2�/�m�H�2�` �i�?�2�M �m�b�2�b �2�B�i�?�2�` �i�?�2 �`�Q�#�Q�i �Q�` �i�?�2 �+�Q���H�B�i�B�Q�M�ö�b �b�T�2�2�/

�i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �i�B�K�2 �M�2�2�/�2�/ �i�Q �2�t�2�+�m�i�2 �i�?�2 �K�Q�i�B�Q�M �T�H���M�X �l�b�B�M�; �i�?�B�b �B�M�7�Q�`�K���i�B�Q�M �i�?�2

�b�+�?�2�/�m�H�2 �i�?�2�M �+���H�+�m�H���i�2�b�� �-� best�- ���M�/� worst �X

�h�Q �}�M�/ �� �b�+�?�2�/�m�H�2 �7�Q�` �� �T�H���M ���M�/ ���M ���H�H�Q�+���i�B�Q�M�- �i�?�2 �b�+�?�2�/�m�H�2�` �K�m�b�i �?���M�/�H�2 �i�?�`�2�2

�/�B�z�2�`�2�M�i �i�v�T�2�b �Q�7 �i�2�K�T�Q�`���H �+�Q�M�b�i�`���B�M�i�b�,

� �T�`�2�+�2�/�2�M�+�2 �+�Q�M�b�i�`���B�M�i�b �B�K�T�Q�b�2�/ �#�v �i�?�2 �i���b�F �T�H���M�M�2�`�-

� �K�m�i�2�t �+�Q�M�b�i�`���B�M�i�b �B�K�T�Q�b�2�/ �#�v �i���b�F ���H�H�Q�+���i�B�Q�M�-

� ���M�/ �r���B�i �+�Q�M�b�i�`���B�M�i�b �B�K�T�Q�b�2�/ �#�v �i�?�2 �K�Q�i�B�Q�M �T�H���M�M�2�` ���M�/ �i�?���i ���+�+�Q�m�M�i �7�Q�` �i�?�2 �i�B�K�2

�`�2�[�m�B�`�2�/ �7�Q�` �`�Q�#�Q�i�b �i�Q �K�Q�p�2 �#�2�i�r�2�2�M ���b�b�B�;�M�2�/ �i���b�F�X
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�� �K�m�i�2�t �+�Q�M�b�i�`���B�M�i�B�b �� �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �i�r�Q �i���b�F�b�-ai ���M�/aj �- �i�?���i �2�M�b�m�`�2�b

�i�?���i �2�B�i�?�2�`aj �K�m�b�i �}�M�B�b�? �#�2�7�Q�`�2ai �b�i���`�i�b �Q�`ai �K�m�b�i �}�M�B�b�? �#�2�7�Q�`�2aj �b�i���`�i�b �(�R�9�k�)�X

�h�?�2�b�2 �K�m�i�2�t �+�Q�M�b�i�`���B�M�i�b ���`�2 �+�`�2���i�2�/ �r�?�2�M �� �`�Q�#�Q�i �B�b ���b�b�B�;�M�2�/ �i�Q �� �i���b�Fai �K���F�B�M�; �B�i

�m�M���#�H�2 �i�Q �T�2�`�7�Q�`�K ���M�Q�i�?�2�` �i���b�Faj ���i �i�?�2 �b���K�2 �i�B�K�2 ���bai �X

�h�Q �}�M�/ �� �b�+�?�2�/�m�H�2 �i�?���i �b���i�B�b�}�2�b �i�?�2�b�2 �+�Q�M�b�i�`���B�M�i�b�- �i�?�2 �b�+�?�2�/�m�H�2�` �m�b�2�b �� �i�?�`�2�2�@�T���`�i

�b�+�?�2�/�m�H�B�M�; ���T�T�`�Q���+�?�X �h�?�2 �}�`�b�i �T���`�i �+�Q�M�p�2�`�i�b �i�?�2 �T�H���M �B�M�i�Q �� �b�B�K�T�H�2 �i�2�K�T�Q�`���H �M�2�i�r�Q�`�F

�U�a�h�L�V �(�R�j�k�)�- �r�?�B�+�? �T�`�Q�p�B�/�2�b �� �;�`���T�?�B�+���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �b�i���`�i ���M�/ �2�M�/ �i�B�K�2�b

�7�Q�` �2���+�? �i���b�F�- �r�?�2�`�2 �T�`�2�+�2�/�2�M�+�2 �+�Q�M�b�i�`���B�M�i�b �b�2�T���`���i�2 �i���b�F�b�X �a�h�L�b ���`�2 �+�Q�K�K�Q�M�H�v

�m�b�2�/ �7�Q�` �b�+�?�2�/�m�H�B�M�; �/�m�2 �i�Q �i�?�2�B�` ���#�B�H�B�i�v �i�Q �#�2 �m�T�/���i�2�/ ���M�/ �+�?�2�+�F�2�/ �7�Q�` �+�Q�M�b�B�b�i�2�M�+�v �B�M

�T�Q�H�v�M�Q�K�B���H �i�B�K�2 �(�R�9�9�)�X

�1���+�? �p�2�`�i�2�t �B�M �i�?�2 �a�h�L �`�2�T�`�2�b�2�M�i�b �� �i�B�K�2 �T�Q�B�M�i�- ���M�/ �2���+�? �r�2�B�;�?�i�2�/ �/�B�`�2�+�i�2�/ �2�/�;�2

�`�2�T�`�2�b�2�M�i�b �B�M�2�[�m���H�B�i�v �+�Q�M�b�i�`���B�M�i�b �#�2�i�r�2�2�M �i�r�Q �i�B�K�2�@�T�Q�B�M�i�b�X �q�?�2�M �+�Q�M�p�2�`�i�B�M�; �i�?�2 �T�H���M

�i�Q �i�?�2 �a�h�L�- �i�r�Q �p�2�`�i�B�+�2�b ���`�2 �+�`�2���i�2�/ �7�Q�` �2���+�? �i���b�F�- �r�B�i�? �Q�M�2 �`�2�T�`�2�b�2�M�i�B�M�; �i�?�2 �b�i���`�i

�Q�7 �i�?�2 �i���b�F ���M�/ �i�?�2 �Q�i�?�2�` �`�2�T�`�2�b�2�M�i�B�M�; �i�?�2 �2�M�/ �Q�7 �i�?�2 �i���b�F�X �6�Q�` �2���+�? �i���b�F�- ���M �2�/�;�2

�B�b ���/�/�2�/ �7�`�Q�K �i�?�2 �p�2�`�i�2�t �`�2�T�`�2�b�2�M�i�B�M�; �B�i�b �b�i���`�i �i�B�K�2 �T�Q�B�M�i �i�Q �i�?�2 �p�2�`�i�2�t �`�2�T�`�2�b�2�M�i�B�M�;
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���M�/ �`�Q�#�Q�i�b �+���M �+�Q�K�T�H�2�i�2 �i���b�F�b �B�M�/�B�p�B�/�m���H�H�v �Q�` �+�Q�H�H���#�Q�`���i�2 ���b �� �+�Q���H�B�i�B�Q�M�- �/�2�T�2�M�/�B�M�;

�Q�M �i�?�2 ���p���B�H���#�H�2 �`�2�b�Q�m�`�+�2�b�X

�G�2�i �i�?�2 �i�`���B�i�b �`�2�[�m�B�`�2�/ �i�Q �+�Q�K�T�H�2�i�2 �i�?�2m�i�? �i���b�F �#�2 �/�2�M�Q�i�2�/ �#�vy(m) =
h
y(m)

1 ; y(m)
2 ; � � � ; y(m)

U

i
�-

�r�?�2�`�2y(m)
u 2 R� 0 �B�b �i�?�2 ���K�Q�m�M�i �Q�7uth �i�`���B�i �`�2�[�m�B�`�2�/ �7�Q�` �h���b�Fm�X �A�7 �i�?�2uth �i�`���B�i �B�b

�M�Q�i �`�2�[�m�B�`�2�/ �#�v �i�?�2mth �i���b�F�- �r�2 �b�2�iy(m)
u = 0�X �q�2 �+���M �i�?�m�b �K�Q�/�2�H �i�?�2 �`�2�[�m�B�`�2�K�2�M�i�b

�Q�7 ���H�H �i���b�F�b �m�b�B�M�; �i�?�2�/�2�b�B�`�2�/ �i�`���B�i �K���i�`�B�t�,

Y � =
�
y(1) |

; � � � ; y(N ) | � |
2 RM � U

+

�r�?�2�`�2Y �
mu �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2m�i�? �i���b�F ���M�/u�i�? �i�`���B�i�X

�h�Q �2�t�2�+�m�i�2 �h���b�Fam �- �� �`�Q�#�Q�i �U�Q�` �� �+�Q���H�B�i�B�Q�M�V �`�2�[�m�B�`�2�b ���+�Q�H�H�B�b�B�Q�M�@�7�`�2�2 �T���i�?�b�7�`�Q�K

�B�i�b �+�m�`�`�2�M�i �+�Q�M�}�;�m�`���i�B�Q�M �i�Q �i�?�2 �i���b�F�ö�b �B�M�B�i�B���H �+�Q�M�}�;�m�`���i�B�Q�MCm
I �- ���b �r�2�H�H ���b �7�`�Q�KCm

T �i�Q

�i�?�2 �i���b�F�ö�b �}�M���H �i�2�`�K�B�M���H �+�Q�M�}�;�m�`���i�B�Q�MCm
T �U�2�X�;�X�- �B�M �� �i�`���M�b�T�Q�`�i �i���b�F�- �� �`�Q�#�Q�i �M�2�2�/�b

�+�Q�H�H�B�b�B�Q�M�@�7�`�2�2 �T���i�?�b �i�Q �i�?�2 �T���+�F���;�2�- ���b �r�2�H�H ���b �7�`�Q�K �i�?�2 �T�B�+�F�m�T �i�Q �i�?�2 �/�`�Q�T�Q�z�V�X �h�Q
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�+�Q�K�T�m�i�2 �b�m�+�? �T���i�?�b�- �� �r�Q�`�H�/ �K�Q�/�2�HW�B�b �T�`�Q�p�B�/�2�/ �r�?�B�+�? �/�2�b�+�`�B�#�2�b ���H�H �Q�7 �i�?�2 �b�i���i�B�+

�;�2�Q�K�2�i�`�B�+ �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�i �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i�- �B�M�+�H�m�/�B�M�; �Q�#�b�i���+�H�2�b�X

�q�B�i�? �i�?�2 ���#�Q�p�2 �/�2�}�M�B�i�B�Q�M�b�- �r�2 �+���M �/�2�}�M�2 �i�?�2�T�`�Q�#�H�2�K �/�Q�K���B�M�m�b�B�M�; �i�?�2 �i�m�T�H�2

D = hT ; Q; Y � ; I c; LT ; Wi �- �r�?�2�`�2T �B�b �i�?�2 �i���b�F �M�2�i�r�Q�`�F�-Q �B�b �i�?�2 �i�2���K �i�`���B�i

�K���i�`�B�t�-Y � �B�b �i�?�2 �/�2�b�B�`�2�/ �i�`���B�i �K���i�`�B�t�-I c ���M�/LT ���`�2 �`�2�b�T�2�+�i�B�p�2�H�v �i�?�2 �b�2�i�b �Q�7 ���H�H �B�M�B�i�B���H

���M�/ �i�2�`�K�B�M���H �+�Q�M�}�;�m�`���i�B�Q�M�b ���b�b�Q�+�B���i�2�/ �r�B�i�? �i���b�F�b�- ���M�/W �B�b �� �/�2�b�+�`�B�T�i�B�Q�M �Q�7 �i�?�2 �r�Q�`�H�/

�b�i���i�2�X

�� �b�Q�H�m�i�B�Q�M �i�Q �i�?�2 �T�`�Q�#�H�2�K �b�T�2�+�B�}�2�/ �#�vD �+�Q�M�b�B�b�i�b �Q�7 �i�?�`�2�2 �+�Q�K�T�Q�M�2�M�i�b�,�B�V���M

���H�H�Q�+���i�B�Q�M �Q�7 �`�Q�#�Q�i�b �i�Q �i���b�F�b�-�B�B�V�� �i���b�F �b�+�?�2�/�m�H�2�- ���M�/�B�B�B�V�� �b�2�i �Q�7 ���b�b�Q�+�B���i�2�/ �K�Q�i�B�Q�M

�T�H���M�b�X

�q�2 �/�2�M�Q�i�2 �i�?�2 ���H�H�Q�+���i�B�Q�M �Q�7 �`�Q�#�Q�i�b �i�Q �i���b�F�b �m�b�B�M�; �i�?�2���H�H�Q�+���i�B�Q�M �K���i�`�B�t ��2 A

���b �7�Q�H�H�Q�r�b

�� =

2

6
6
6
6
4

o1;1 � � � o1;n

�X�X�X
�X�X�X

�X�X�X

om;1 � � � om;n

3

7
7
7
7
5

�r�?�2�`�2on;m = 1 �B�7nth �`�Q�#�Q�i �B�b ���b�b�B�;�M�2�/ �i�Q �i�?�2mth �i���b�F�X

���M ���H�H�Q�+���i�B�Q�M �B�b �+�Q�M�b�B�/�2�`�2�/ �p���H�B�/ �r�?�2�M �i�?�2���;�;� �̀2�;���i�2�/�i�`���B�i�b �Q�7 �2���+�? �+�Q���H�B�i�B�Q�M �b���i�B�b�7�v

�i�?�2 �i�`���B�i �`�2�[�m�B�`�2�K�2�M�i�b �Q�7 �i�?�2 �i���b�F �i�Q �r�?�B�+�? �B�i �B�b ���b�b�B�;�M�2�/ �(�R�9�R�)�X �6�Q�`�K���H�H�v�-�� �B�b ���p���H�B�/

���H�H�Q�+���i�B�Q�M�B�7 ���M�/ �Q�M�H�v �B�7�� Q �B�b �2�H�2�K�2�M�i�@�r�B�b�2 �;�`�2���i�2�` �i�?���M �Q�` �2�[�m���H �i�QY �
� �X �q�2 �/�2�M�Q�i�2

�i�?�2 �b�2�i �Q�7 ���H�H �p���H�B�/ �#�vNsol �X

�6�Q�`�K���H�H�v�- �r�2 �/�2�}�M�2 �i�?�2�b�Q�H�m�i�B�Q�M�i�Q �i�?�2 �T�`�Q�#�H�2�K �/�2�}�M�2�/ �#�vD �m�b�B�M�; �i�?�2 �i�m�T�H�2

S = h�� ; X; � i �r�?�2�`�2�� �B�b �� �p���H�B�/ ���H�H�Q�+���i�B�Q�M�-X �B�b �� �}�M�B�i�2 �b�2�i �Q�7 �+�Q�H�H�B�b�B�Q�M�@�7�`�2�2

�K�Q�i�B�Q�M �T�H���M�b�- ���M�/� �B�b �� �b�+�?�2�/�m�H�2 �i�?���i �`�2�b�T�2�+�i�b ���H�H �i�2�K�T�Q�`���H �+�Q�M�b�i�`���B�M�i�b�X

�L�Q�i�2 �i�?���i �i�?�2 �T�`�Q�#�H�2�K �7�Q�`�K�m�H���i�B�Q�M �7�`�Q�K ���#�Q�p�2 ���b�b�m�K�2�b �i�?���i ���H�H �2�H�2�K�2�M�i�b �Q�7 �i�?�2

�T�`�Q�#�H�2�K �U�2�X�;�X�- �i���b�F�b�- �`�2�[�m�B�`�2�K�2�M�i�b�- �`�Q�#�Q�i�b�- ���M�/ �r�Q�`�H�/ �K�Q�/�2�H�V ���`�2�b�i���i�B�+�X ���b �b�m�+�?�-

���M�v �p���H�B�/ �b�Q�H�m�i�B�Q�MS �i�Q �i�?�2 �T�`�Q�#�H�2�K �/�2�}�M�2�/ �B�MD �r�Q�m�H�/ �#�2 �`�2�M�/�2�`�2�/ �B�M�p���H�B�/ �r�?�2�M
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���M �m�M�2�t�T�2�+�i�2�/ �+�?���M�;�2 �Q�+�+�m�`�b �U�2�X�;�X�- �`�Q�#�Q�i �7���B�H�m�`�2�b ���M�/ �B�M�i�`�Q�/�m�+�i�B�Q�M �Q�7 �M�2�r �i���b�F�b�V�X

�h�Q �+���T�i�m�`�2�/�v�M���K�B�+�2�M�p�B�`�Q�M�K�2�M�i�b �r�B�i�? �m�M�7�Q�`�2�b�2�2�M �+�?���M�;�2�b�- �r�2 �/�2�}�M�2 �� �M�2�r �+�H���b�b �Q�7

�T�`�Q�#�H�2�K�b �r�2 �+���H�H�.�v�M���K�B�+ �h� �̀��B�i�@�"���b�2�/ �h�B�K�2 �1�t�i�2�M�/�2�/ �h���b�F ���H�H�Q�+���i�B�Q�M�X

�6�Q�`�K���H�H�v�- �r�2 �K�Q�/�2�H �i�?�2 �/�v�M���K�B�+ �T�`�Q�#�H�2�K �/�Q�K���B�M ���b

D k = hT k ; Qk ; Y �
k ; I ck; LT k ; Wk i ;

�r�?�2�`�2 �i�?�2 �b�m�#�b�+�`�B�T�ik �B�b �m�b�2�/ �i�Q �/�2�M�Q�i�2 �i�?�2 �7���+�i �2���+�? �/�Q�K���B�M �/�2�}�M�B�i�B�Q�M �B�b �Q�M�H�v �p���H�B�/ �7�Q�`

�A�i�2�`���i�B�Q�Mk �m�M�i�B�H ���M �m�M�2�t�T�2�+�i�2�/ �+�?���M�;�2 �`�2�/�2�}�M�2�b �i�?�2 �T�`�Q�#�H�2�K �/�Q�K���B�M �i�QD k +1 �X �a�B�K�B�@

�H���`�H�v�- �r�2 �/�2�M�Q�i�2 �� �b�Q�H�m�i�B�Q�M �i�Q �i�?�2 �+�m�`�`�2�M�i �T�`�Q�#�H�2�K �/�2�}�M�B�i�B�Q�M �m�b�B�M�;Sk = h�� k ; X k ; � k i

�r�?�2�`�2�� k �B�b �� �p���H�B�/ ���H�H�Q�+���i�B�Q�M�-X k �B�b �� �}�M�B�i�2 �b�2�i �Q�7 �K�Q�i�B�Q�M �T�H���M�b�- ���M�/� k �B�b �� �b�+�?�2�/�m�H�2

�7�Q�` ���H�H �i���b�F�b �i�?���i �`�2�b�T�2�+�i�b ���H�H �i�2�K�T�Q�`���H �+�Q�M�b�i�`���B�M�i�b�X

���b �r�2 �b�Q�H�p�2 �i�?�2 �/�v�M���K�B�+ �i�`���B�i�@�#���b�2�/ �i�B�K�2�@�2�t�i�2�M�/�2�/ �i���b�F ���H�H�Q�+���i�B�Q�M �T�`�Q�#�H�2�K�- �r�2 ���`�2

�B�M�i�2�`�2�b�i�2�/ �B�M �i�r�Q �Q�#�D�2�+�i�B�p�2�b�, �B�V�i�B�K�2 �2�{�+�B�2�M�+�v�, �K�2���b�m�`�2�/ �#�v �i�?�2 �K���F�2�b�T���MC(� ) �Q�7 �i�?�2

�a�+�?�2�/�m�H�2� �- ���M�/ �B�B�V� �̀2�b�Q�m� �̀+�2 �b�m�{�+�B�2�M�+�v�, �r�?�2�M ���;�;�`�2�;���i�2�/ �i�`���B�i�b�� Q ���`�2 �2�H�2�K�2�M�i�@�r�B�b�2

�;�`�2���i�2�` �i�?���M �Q�` �2�[�m���H �i�Q �i�?�2 �`�2�[�m�B�`�2�K�2�M�i�bY � �X

�S�`�Q�#�H�2�K �b�i���i�2�K�2�M�i�,�:�B�p�2�M ���M�v �M�2�r �T�`�Q�#�H�2�K �/�2�}�M�B�i�B�Q�M �b�T�2�+�B�}�2�/ �#�vD k �- �+�Q�K�@

�T�m�i�2 �i�?�2 �b�Q�H�m�i�B�Q�MSk �#�v �Q�T�i�B�K�B�x�B�M�; �7�Q�` �i�B�K�2 �2�{�+�B�2�M�+�v �r�?�B�H�2 �2�M�b�m�`�B�M�; �`�2�b�Q�m�`�+�2 �b�m�{�@

�+�B�2�M�+�v�X

�e�X�k�P�p�2�`�p�B�2�r �Q�7 ���T�T�`�Q���+�?

�h�Q �b�Q�H�p�2 �i�?�2 �/�v�M���K�B�+ �i�`���B�i�@�#���b�2�/ �i�B�K�2�@�2�t�i�2�M�/�2�/ �i���b�F ���H�H�Q�+���i�B�Q�M �T�`�Q�#�H�2�K�b �r�B�i�? �b�T���@

�i�B���H �+�Q�M�b�i�`���B�M�i�b�- ���b �/�2�}�M�2�/ �B�M �a�2�+�i�B�Q�M�b�2�+�i�B�Q�M �e�X�R�- �r�2 �B�M�i�`�Q�/�m�+�2 �Q�m�` �.�v�M���K�B�+ �A�M�+�`�2�K�2�M�@

�i���H �h���b�F ���H�H�Q�+���i�B�Q�M �:�`���T�? �a�2���`�+�? �U�.�@�A�h���:�a�V ���H�;�Q�`�B�i�?�K�X �h�?�Q�m�;�? �b�2�p�2�`���H ���T�T�`�Q���+�?�2�b

�?���p�2 �#�2�2�M �T�`�Q�T�Q�b�2�/ �7�Q�`�B�M�b�i���M�i���M�2�Q�m�b�i�`���B�i�@�#���b�2�/ �i���b�F ���b�b�B�;�M�K�2�M�i �(�3�- �9�y�- �R�8�j�)�- �r�2

���`�2 ���r���`�2 �Q�7 �Q�M�H�v �Q�M�2 ���T�T�`�Q���+�? �� �A�h���:�a �(�R�9�y�) �� �i�?���i ���/�/�`�2�b�b�2�b �i�?�2�i�B�K�2�@�2�t�i�2�M�/�2�/

�i�`���B�i�@�#���b�2�/ �i���b�F ���H�H�Q�+���i�B�Q�M �T�`�Q�#�H�2�K�X �a�B�M�+�2 �.�@�A�h���:�a �+���M �#�2 �b�2�2�M ���b �� �/�B�`�2�+�i �2�t�i�2�M�b�B�Q�M
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�Q�7 �A�h���:�a�- �r�2 �#�2�;�B�M �r�B�i�? �� �?�B�;�?�@�H�2�p�2�H �b�m�K�K���`�v �Q�7 �i�?�2 �b�B�K�B�H���`�B�i�B�2�b ���M�/ �/�B�z�2�`�2�M�+�2�b�- ���M�/

�T�`�Q�p�B�/�2 �/�2�i���B�H�b �B�M �a�2�+�i�B�Q�M�b�2�+�i�B�Q�M �e�X�j�X

�.�@�A�h���:�a �b�?���`�2�b �i�r�Q �7�m�M�/���K�2�M�i���H �T�`�Q�T�2�`�i�B�2�b �r�B�i�? �A�h���:�a�X �6�B�`�b�i�- �.�@�A�h���:�a ���/�Q�T�i�b

�� �i�?�`�2�2�@�H���v�2�` �M�2�b�i�2�/ ���`�+�?�B�i�2�+�i�m�`�2 �7�`�Q�K �A�h���:�a�- �B�M �r�?�B�+�? �i�?�2 �T�`�Q�+�2�b�b�2�b �Q�7 �h���b�F ���H�H�Q�+���@

�i�B�Q�M�- �a�+�?�2�/�m�H�B�M�;�- ���M�/ �J�Q�i�B�Q�M �S�H���M�M�B�M�; ���`�2 �B�M�i�2�`�H�2���p�2�/�X �a�2�+�Q�M�/�- �.�@�A�h���:�a ���M�/ �A�h���:�a

�+�Q�K�T�m�i�2 �b�Q�H�m�i�B�Q�M�b �B�M�+�`�2�K�2�M�i���H�H�v �#�v �T�2�`�7�Q�`�K�B�M�; �;�`���T�?�@�#���b�2�/ �b�2���`�+�?�2�b �r�?�B�H�2 �H�2�p�2�`���;�B�M�;

�?�2�m�`�B�b�i�B�+�b�X

�.�@�A�h���:�a �/�B�z�2�`�b �7�`�Q�K ���M�/ �B�K�T�`�Q�p�2�b �m�T�Q�M �A�h���:�a �B�M �b�2�p�2�`���H �r���v�b�X �6�B�`�b�i�- �.�@�A�h���:�a

�b�Q�H�p�2�b �K�B�t�2�/�@�B�M�i�2�;�2�` �H�B�M�2���` �T�`�Q�;�`���K�b �U�J�A�G�S�b�V �i�Q �+�Q�M�b�i�`�m�+�i �b�+�?�2�/�m�H�2�b �r�?�B�H�2 �A�h���:�a

�2�K�T�H�Q�v�b �h���#�m �b�2���`�+�?�X �a�2�+�Q�M�/�- �m�M�H�B�F�2 �A�h���:�a�- �.�@�A�h���:�a ���+�+�Q�m�M�i�b �7�Q�` �i�`���p�2�H �i�B�K�2�b �#�2�@

�i�r�2�2�M �i���b�F�b �r�?�B�H�2 �Q�T�i�B�K�B�x�B�M�; �b�+�?�2�/�m�H�2�b �#�v �2�{�+�B�2�M�i�H�v �[�m�2�`�v�B�M�; �i�?�2 �K�Q�i�B�Q�M �T�H���M�M�2�` �7�Q�`

�2�b�i�B�K���i�2�b�X �q�2 �/�2�K�Q�M�b�i�`���i�2 �i�?���i �i�?�2�b�2 �i�r�Q �/�B�z�2�`�2�M�+�2�b �b�B�;�M�B�}�+���M�i�H�v �B�K�T�`�Q�p�2 �+�Q�K�T�m�@

�i���i�B�Q�M���H �2�{�+�B�2�M�+�v �r�B�i�?�Q�m�i �b���+�`�B�}�+�B�M�; �b�Q�H�m�i�B�Q�M �[�m���H�B�i�v �U�b�2�2 �a�2�+�i�B�Q�M�b�2�+�i�B�Q�M �e�X�8�V�X �L�Q�i�2

�i�?���i �i�?�2�b�2 �B�K�T�`�Q�p�2�K�2�M�i�b �T�2�`�b�B�b�i �2�p�2�M �r�?�2�M �b�Q�H�p�B�M�;�b�i���i�B�+�i�B�K�2�@�2�t�i�2�M�/�2�/ �i�`���B�i�@�#���b�2�/

�i���b�F ���H�H�Q�+���i�B�Q�M�X

�h�?�2 �K�Q�b�i �b�B�;�M�B�}�+���M�i �/�B�z�2�`�2�M�+�2 �B�b �i�?���i �.�@�A�h���:�a �2�K�T�H�Q�v�b ���i��� �̀;�2�i�2�/ � �̀2�T���B�`�K�Q�/�@

�m�H�2 �r�?�2�M �/�v�M���K�B�+ ���M�/ �m�M�2�t�T�2�+�i�2�/ �+�?���M�;�2�b �`�2�M�/�2�` �i�?�2 �2�t�B�b�i�B�M�; �b�Q�H�m�i�B�Q�M �B�M�p���H�B�/�X �A�M

�+�Q�M�i�`���b�i�- �A�h���:�a �r���b �M�Q�i �/�2�b�B�;�M�2�/ �i�Q �?���M�/�H�2 �b�m�+�? �m�M�2�t�T�2�+�i�2�/ �2�p�2�M�i�b ���M�/ �i�?�m�b �r�Q�m�H�/

�?���p�2 �i�Q �`�2�b�Q�`�i �i�Q �`�2�+�Q�K�T�m�i�B�M�; �� �M�2�r �b�Q�H�m�i�B�Q�M �7�`�Q�K �b�+�`���i�+�?�X

�e�X�j �.�@�A�h���:�a

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �/�B�b�+�m�b�b �2���+�? �K�Q�/�m�H�2 �r�B�i�?�B�M �.�@�A�h���:�a�X

�e�X�j�X�R�h���b�F���H�H�Q�+���i�B�Q�M

�h�?�2 �i���b�F ���H�H�Q�+���i�B�Q�M �H���v�2�` �Q�7 �.�@�A�h���:�a �m�b�2�b �� �;�`�2�2�/�v �#�2�b�i�@�}�`�b�i �b�2���`�+�? �i�?�`�Q�m�;�?

�i�?�2 �i���b�F ���H�H�Q�+���i�B�Q�M �b�T���+�2A �K�Q�/�2�H�2�/ ���b �� �/�B�`�2�+�i�2�/ �;�`���T�? �B�M �r�?�B�+�? �L�Q�/�2N �/�2�M�Q�i�2�b

�i�?�2 ���H�H�Q�+���i�B�Q�M�� N �X �h�?�2 �/�B�`�2�+�i�2�/ �2�/�;�2 �7�`�Q�K �� �T���`�2�M�i �M�Q�/�2Np �i�Q �� �+�?�B�H�/ �M�Q�/�2N
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�6�B�;�m�`�2 �e�X�k�, ���M �2�t���K�T�H�2 �Q�7 �.�@�A�h���:�a�ö �i���`�;�2�i�2�/ �`�2�T���B�` �Q�7 �i�?�2 �i���b�F ���H�H�Q�+���i�B�Q�M �;�`���T�?
�r�?�2�M �� �`�Q�#�Q�i�ö�b �+���T���#�B�H�B�i�B�2�b �b�m�z�2�` �/�2�;�`���/���i�B�Q�M�X

�`�2�T�`�2�b�2�M�i�b �i�?�2 �B�M�+�`�2�K�2�M�i���H ���b�b�B�;�M�K�2�M�i �Q�7 �Q�M�2 ���/�/�B�i�B�Q�M���H �`�Q�#�Q�i�X ���b �b�m�+�?�- ���H�H �T�Q�b�b�B�#�H�2

���H�H�Q�+���i�B�Q�M�b �2�t�B�b�i �r�B�i�?�B�M �i�?�2 �7�m�H�H �;�`���T�?�X �6�m�`�i�?�2�`�- �2���+�? �M�Q�/�2N ���H�b�Q �+�Q�M�i���B�M�b �� �b�+�?�2�/�m�H�2

� N ���b�b�Q�+�B���i�2�/ �r�B�i�? �B�i�b ���H�H�Q�+���i�B�Q�M�� N �X �h�?�B�b �;�`���T�?�B�+���H �`�2�T�`�2�b�2�M�i���i�B�Q�M ���H�H�Q�r�b �m�b �i�Q �b�i���`�i

�7�`�Q�K �� �M�Q�/�2 �r�B�i�? �M�Q ���b�b�B�;�M�K�2�M�i�b ���M�/ �B�M�+�`�2�K�2�M�i���H�H�v ���b�b�B�;�M �`�Q�#�Q�i�b �m�M�i�B�H �r�2 �b���i�B�b�7�v �i�?�2

�i�`���B�i �`�2�[�m�B�`�2�K�2�M�i�b �Q�7 ���H�H �i���b�F�b�X

�a�B�K�B�H���` �i�Q �A�h���:�a �(�R�9�y�)�- �r�2 �+�Q�M�b�B�/�2�` �i�r�Q �?�2�m�`�B�b�i�B�+�b �i�Q �b�2���`�+�? �i�?�2 �i���b�F ���H�H�Q�+���i�B�Q�M

�;�`���T�?�,�B�V ���S�_�, ���H�H�Q�+���i�B�Q�M �S�2� �̀+�2�M�i���;�2 �_�2�K���B�M�B�M�;�;�m�B�/�2�b �i�?�2 �b�2���`�+�? �#���b�2�/ �Q�M ���H�H�Q�@

�+���i�B�Q�M �[�m���H�B�i�v�- ���M�/�B�B�V �L�a�Z�, �L�Q�`�K���H�B�x�2�/ �a�+�?�2�/�m�H�2 �Z�m���H�B�i�v�;�m�B�/�2�b �i�?�2 �b�2���`�+�? �#���b�2�/

�Q�M �b�+�?�2�/�m�H�2 �[�m���H�B�i�v�X �h�Q �#���H���M�+�2 �i�?�2 �#�2�M�2�}�i�b �Q�7 �#�Q�i�? �?�2�m�`�B�b�i�B�+�b�- �r�2 �m�b�2 �i�?�2�B�` �+�Q�M�p�2�t

�+�Q�K�#�B�M���i�B�Q�M�- �r�?�B�+�? �r�2 �+���H�H�h�1�h���Z�, �h�B�K�2�@�1�t�i�2�M�/�2�/ �h���b�F ���H�H�Q�+���i�B�Q�M �Z�m���H�B�i�v�X

���S�_ �+�Q�K�T�m�i�2�b �i�?�2 �T�2�`�+�2�M�i���;�2 �i�`���B�i �K�B�b�K���i�+�? �2�`�`�Q�` ���b �#�2�H�Q�r

f apr ( �N ) =
jj �K���t(E(�� �N ); 0)jj 1;1

jjY � jj 1;1
�U�e�X�R�V

�r�?�2�`�2�N �B�b �i�?�2 �M�Q�/�2 �#�2�B�M�; �2�p���H�m���i�2�/ ���M�/�� �N �B�b �B�i�b ���H�H�Q�+���i�B�Q�M�- ���M�/jj�jj 1;1 �B�b �i�?�2 �2�H�2�K�2�M�i�@

�r�B�b�2l1 �M�Q�`�K�X �h�?�2 �i�`���B�i �K�B�b�K���i�+�? �2�`�`�Q�`E(�� �N ) �B�b �/�2�}�M�2�/ ���bE(�� �N ) , Y � � (�� �N Q)�-

�r�?�2�`�2�� �N Q �/�2�M�Q�i�2�b �i�?�2 �`�2�b�Q�m�`�+�2�b ���;�;�`�2�;���i�2�/ ���i �2���+�? �Q�7 �i�?�2 ���b�F�b �;�B�p�2�M �i�?�2 ���H�H�Q�+���i�B�Q�M

�� �N �X �L�Q�i�2 �i�?���i ���M�v �2�H�2�K�2�M�i �Q�7 �K���t(E(�� �N ); 0) �r�B�H�H �#�2 �x�2�`�Q �B�7 ���;�;�`�2�;���i�2�/ �i�`���B�i�b
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�b�m�`�T���b�b �i�?�2 �`�2�[�m�B�`�2�/ �i�`���B�i�b �Q�7 �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i���b�F�X ���b �b�m�+�?�-f apr 2 [0; 1] �[�m���M�i�B�}�2�b

�i�?�2 �/�2�;�`�2�2 �i�Q �r�?�B�+�? �� �;�B�p�2�M ���H�H�Q�+���i�B�Q�M �K�2�2�i�b �i�?�2 �`�2�[�m�B�`�2�K�2�M�i�b�X

�L�a�Z �K�2���b�m�`�2�b �i�?�2 �`�2�H���i�B�p�2 �`�2�/�m�+�i�B�Q�M �B�M �K���F�2�b�T���M ���b �#�2�H�Q�r

f nsq( �N ) =
C(� �N ) � C(� LB )
C(� UB ) � C(� LB )

�U�e�X�k�V

�r�?�2�`�2C(�) �`�2�i�m�`�M�b �i�?�2 �K���F�2�b�T���M �Q�7 �� �;�B�p�2�M �b�+�?�2�/�m�H�2�-� �N �B�b �i�?�2 �b�+�?�2�/�m�H�2 ���b�b�Q�+�B���i�2�/

�r�B�i�? �i�?�2 �M�Q�/�2�N �#�2�B�M�; �2�p���H�m���i�2�/�-� LB �B�b �i�?�2 �2�b�i�B�K���i�2�/ �b�?�Q�`�i�2�b�i �b�+�?�2�/�m�H�2 �+�Q�M�b�i�`�m�+�i�2�/

�#�v �B�;�M�Q�`�B�M�; ���M�v �+�Q�M�b�i�`���B�M�i�b �7�`�Q�K ���H�H�Q�+���i�B�Q�M ���M�/ �K�Q�i�B�Q�M �T�H���M�M�B�M�;�- ���M�/� UB �B�b �i�?�2

�H�Q�M�;�2�b�i �b�+�?�2�/�m�H�2 �+�Q�M�b�i�`�m�+�i�2�/ �#�v �i�Q�i���H �Q�`�/�2�`�B�M�; �r�B�i�? �i�?�2 �H�Q�M�;�2�b�i �T�Q�b�b�B�#�H�2 �K�Q�i�B�Q�M �T�H���M�b�X

�q�?�B�H�2 ���M�v �m�T�T�2�` �#�Q�m�M�/ �Q�M �T���i�? �H�2�M�;�i�? �+���M �#�2 �m�b�2�/�- �r�2 �m�b�2 �i�?�2 �b�m�K �Q�7 ���H�H �2�/�;�2�b �B�M

�i�?�2 �i���b�F �M�2�i�r�Q�`�FT �B�M �Q�m�` �2�t�T�2�`�B�K�2�M�i�b�X ���b �b�m�+�?�-f nsq 2 [0; 1] �[�m���M�i�B�}�2�b �i�?�2 �`�2�H���i�B�p�2

�H�2�M�;�i�? �Q�7 �i�?�2 �b�+�?�2�/�m�H�2 �#�2�B�M�; �2�p���H�m���i�2�/�X

�h�1�h���Z �B�b �� �+�Q�M�p�2�t �+�Q�K�#�B�M���i�B�Q�M �Q�7 ���S�_ ���M�/ �L�a�Z ���b �#�2�H�Q�r

f tetaq ( �N ) = �f apr ( �N ) + (1 � � )f nsq( �N ) �U�e�X�j�V

�r�?�2�`�2� 2 [0; 1] �B�b �� �m�b�2�`�@�b�T�2�+�B�}�2�/ �T���`���K�2�i�2�` �i�?���i �+�Q�M�i�`�Q�H�b �i�?�2 �`�2�H���i�B�p�2 �r�2�B�;�?�i�B�M�; �Q�7

�L�a�Z ���M�/ ���S�_ �?�2�m�`�B�b�i�B�+�X

�e�X�j�X�k�a�+�?�2�/�m�H�B�M�;���M�/�J�Q�i�B�Q�M�S�H���M�M�B�M�;

�.�@�A�h���:�a�ö �b�+�?�2�/�m�H�B�M�; �H���v�2�` �+�?�2�+�F�b �i�?�2 �7�2���b�B�#�B�H�B�i�v �Q�7 �b�+�?�2�/�m�H�B�M�; �� �T���`�i�B�+�m�H���` ���b�@

�b�B�;�M�K�2�M�i ���M�/ �?�2�H�T�b �+�Q�K�T�m�i�2 �L�a�Z�X �q�2 �+�Q�M�b�B�/�2�` �i�?�`�2�2 �/�B�z�2�`�2�M�i �i�2�K�T�Q�`���H �+�Q�M�b�i�`���B�M�i�b�,

�T�`�2�+�2�/�2�M�+�2 �+�Q�M�b�i�`���B�M�i�b�- �K�m�i�2�t �+�Q�M�b�i�`���B�M�i�b�- ���M�/ �i�`���p�2�H �i�B�K�2 �+�Q�M�b�i�`���B�M�i�b�X �S�`�2�+�2�/�2�M�+�2

�+�Q�M�b�i�`���B�M�i�bP �2�M�b�m�`�2 �i�?���i �Q�M�2 �i���b�F �?���T�T�2�M�b �#�2�7�Q�`�2 ���M�Q�i�?�2�` �U�2�X�;�X�- �}�`�2 �K�m�b�i �#�2 �/�Q�m�b�2�/

�#�2�7�Q�`�2 �`�2�T���B�`�b�V�X �J�m�i�2�t �+�Q�M�b�i�`���B�M�i�bM �2�M�b�m�`�2 �i�?���i �i�r�Q �i���b�F�b �/�Q �M�Q�i �?���T�T�2�M �b�B�K�m�H�@

�i���M�2�Q�m�b�H�v �U�2�X�;�X �� �`�Q�#�Q�i �+���M�M�Q�i �T�B�+�F �m�T �i�r�Q �Q�#�D�2�+�i�b �b�B�K�m�H�i���M�2�Q�m�b�H�v�V�X �h�`���p�2�H �i�B�K�2

�+�Q�M�b�i�`���B�M�i�b �2�M�b�m�`�2 �i�?���i �`�Q�#�Q�i�b �?���p�2 �b�m�{�+�B�2�M�i �i�B�K�2 �i�Q �i�`���p�2�H �#�2�i�r�2�2�M �i���b�F �b�B�i�2�b �U�2�X�;�X�-
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�i�`���p�2�H�B�M�; �i�Q �i�?�2 �H�Q�+���i�B�Q�M �Q�7 �}�`�2 �#�2�7�Q�`�2 �/�Q�m�b�B�M�;�V�X �q�2 �7�Q�`�K�m�H���i�2 ���M�/ �b�Q�H�p�2 �i�?�2 �K�B�t�2�/�@

�B�M�i�2�;�2�` �H�B�M�2���` �T�`�Q�;�`���K �U�J�A�G�S�V �#�2�H�Q�r

�K�B�MC

�b:�i: C � si + di ; 8i = 1; ::; M

sj � si + di + x ij ; 8(i; j ) 2 P

si � x i ; 8i = 1; ::; M

si � si + di + x ji � �p ij ; 8(i; j ) 2 M R

si � si + di + x ij � � (1 � pij ); 8(i; j ) 2 M R

�U�e�X�9�V

�r�?�2�`�2C �B�b �i�?�2 �K���F�2�b�T���M�-si ���M�/di ���`�2 �i�?�2 �b�i���`�i �i�B�K�2 ���M�/ �/�m�`���i�B�Q�M �Q�7 �h���b�Fai �-x ij

�B�b �i�?�2 �i�B�K�2 �`�2�[�m�B�`�2�/ �i�Q �i�`���M�b�B�i�B�Q�M �7�`�Q�Kai �i�Qaj �-pij = 1 �B�zai �T�`�2�+�2�/�2�baj �- � 2 R+

�B�b �� �H���`�;�2 �b�+���H���`�-P ���`�2M ���`�2 �b�2�i�b �Q�7 �B�M�i�2�;�2�` �T���B�`�b �+�Q�M�i���B�M�B�M�; �i�?�2 �H�B�b�i�b �Q�7 �T�`�2�+�2�/�2�M�+�2
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�i�B�K�2 �Q�` �`�2�b�Q�m�`�+�2 �Q�T�i�B�K���H�B�i�v�X

�R�k�R



�e�X�9�X�R���M���H�v�b�B�b�Q�7�h�B�K�2�P�T�i�B�K���H�B�i�v

�q�2 �/�2�`�B�p�2 �b�i�`�B�+�i �#�Q�m�M�/�b �Q�M �i�?�2 �i�B�K�2 �Q�T�i�B�K���H�B�i�v �;���T �Q�7 �b�Q�H�m�i�B�Q�M�b �;�2�M�2�`���i�2�/ �#�v

�.�@�A�h���:�a ���b �K�2���b�m�`�2�/ �#�v �K���F�2�b�T���M�X

�h�?�2�Q�`�2�K �R�6�Q�` �� �;�B�p�2�M �i� �̀��B�i�@�#���b�2�/ �i�B�K�2�@�2�t�i�2�M�/�2�/ �i���b�F ���b�b�B�;�M�K�2�M�i �T� �̀Q�#�H�2�K�- �H�2�iC(� � )

�#�2 �i�?�2 �Q�T�i�B�K���H �K���F�2�b�T���M ���M�/C(�̂ ) �#�2 �i�?�2 �K���F�2�b�T���M �Q�7 �i�?�2 �b�Q�H�m�i�B�Q�M �;�2�M�2� �̀��i�2�/ �#�v �.�@

�A�h���:�a�X �A�7� < 0:5 �B�M �1�[�X �U�1�[�m���i�B�Q�M �e�X�j�V�- �i�?�2�M

C(�̂ ) � C(� � ) �
�

1 � �
(C(� UB ) � C(� LB )) �U�e�X�8�V

�r�?�2� �̀2C(� LB ) ���M�/C(� UB ) ��� �̀2 �2�b�i�B�K���i�2�/ �H�Q�r�2�` ���M�/ �m�T�T�2�` �#�Q�m�M�/�b�- � �̀2�b�T�2�+�i�B�p�2�H�v�- �Q�M �i�?�2

�K���F�2�b�T���M �Q�7 ���M�v �p���H�B�/ �b�Q�H�m�i�B�Q�M�X

�S�`�Q�Q�7 �R�X�R�a�B�M�+�2 ���M�v �2�t�T���M�b�B�Q�M �Q�7 �� �T��� �̀2�M�i �M�Q�/�2 � �̀2�T� �̀2�b�2�M�i�b �i�?�2 ���/�/�B�i�B�Q�M �Q�7 ���M ���b�b�B�;�M�@

�K�2�M�i�- ���M�v �;�B�p�2�M �M�Q�/�2N �B�b �;�m��� �̀��M�i�2�2�/ �i�Q �?���p�2 �K�Q� �̀2 ���;�2�M�i�b ���b�b�B�;�M�2�/ �i�?���M �B�i�b �T��� �̀2�M�i

Np�X �h�?�B�b �Q�#�b�2�`�p���i�B�Q�M�- �r�?�2�M �+�Q�K�#�B�M�2�/ �r�B�i�? �i�?�2 �7���+�i �i�?���i ���/�/�B�M�; ���b�b�B�;�M�K�2�M�i�b �+���M �M�2�p�2�`

� �̀2�/�m�+�2 �i�?�2 �K���F�2�b�T���M �U���b ���/�/�B�M�; ���b�b�B�;�M�K�2�M�i�b �+���M �Q�M�H�v �B�M�i� �̀Q�/�m�+�2 �M�2�r �+�Q�M�b�i� �̀��B�M�i�b �i�Q

�i�?�2 �J�A�G�S�V�- �v�B�2�H�/�b

f nsq(N ) � f nsq(Np) �U�e�X�e�V

�*�Q�M�b�2�[�m�2�M�i�H�v�- �r�2 �+���M �B�M�7�2�` �i�?���i �i�?�2 �L�a�Z �p���H�m�2 �Q�7 ���H�H �M�Q�/�2�b �B�M �i�?�2 �m�M�Q�T�2�M�2�/ �b�2�iU � N

�Q�7 �� �.�@�A�h���:�a �;� �̀��T�? �B�b �H�Q�r�2�` �#�Q�m�M�/�2�/ �#�v �i�?���i �Q�7 �i�?�2�B�` � �̀2�b�T�2�+�i�B�p�2 �T� �̀2�/�2�+�2�b�b�Q�`�b �B�M �i�?�2

�Q�T�2�M�2�/ �b�2�iO � N �X ���b �b�m�+�?�- �i�?�2 �b�K���H�H�2�b�i �L�a�Z �p���H�m�2 �B�M �i�?�2 �m�M�Q�T�2�M�2�/ �b�2�i �K�m�b�i �#�2

�;� �̀2���i�2�` �i�?���M �i�?���i �B�M �i�?�2 �Q�T�2�M�2�/ �b�2�i�,

�K�B�M
N 2U

f nsq(N ) � �K�B�M
N 2O

f nsq(N ) �U�e�X�d�V

�A�`� �̀2�b�T�2�+�i�B�p�2 �Q�7 �i�?�2 �H�Q�+���i�B�Q�M �Q�7 �i�?�2 �M�Q�/�2N � �r�B�i�? �Q�T�i�B�K���H �K���F�2�b�T���MC(� � )�- �i�?�2 �B�M�2�[�m���H�B�i�v

�R�k�k



�B�M �U�1�[�m���i�B�Q�M �e�X�d�V �B�K�T�H�B�2�b �i�?���i

C(� � ) � �K�B�M
N 2O

C(� N ) �U�e�X�3�V

���b �r�2 � �̀2�[�m�B� �̀2 ���M�v �p���H�B�/ �b�Q�H�m�i�B�Q�M �i�Q �b���i�B�b�7�v ���H�H �i� �̀��B�i � �̀2�[�m�B� �̀2�K�2�M�i�b�- �i�?�2 �b�Q�H�m�i�B�Q�M

�M�Q�/�2 �UN̂ �V �r�B�H�H �?���p�2 ���M ���S�_ �p���H�m�2 �Q�7 �x�2� �̀Q�X �h�?�m�b�- �i�?�2 �h�1�h���Z �?�2�m�`�B�b�i�B�+ �U�/�2�}�M�2�/ �B�M

�U�1�[�m���i�B�Q�M �e�X�j�V�V �Q�7N̂ �B�b �;�B�p�2�M �#�v

f tetaq (N̂ ) = (1 � � )f nsq(N̂ ) �U�e�X�N�V

�:�B�p�2�M �i�?�2 � �̀2�H���i�B�Q�M�b�?�B�T �B�M �U�1�[�m���i�B�Q�M �e�X�d�V ���M�/ �i�?�2 �7���+�i �i�?���i �.�@�A�h���:�a �b�2�H�2�+�i�b �� �b�Q�H�m�i�B�Q�M

�7� �̀Q�K �i�?�2 �Q�T�2�M �b�2�i �#���b�2�/ �Q�M �� �#�2�b�i�@�}�`�b�i �b�2��� �̀+�?�- �i�?�2 �h�1�h���Z �p���H�m�2 �Q�7 �i�?�2 �b�Q�H�m�i�B�Q�M �M�Q�/�2

�+���M �#�2 �#�Q�m�M�/�2�/ ���b �7�Q�H�H�Q�r�b

f tetaq (N̂ ) � f tetaq (N ); 8N 2 O �U�e�X�R�y�V

�1�t�T���M�/�B�M�; �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7 �h�1�h���Z ���M�/ �m�b�B�M�; �U�1�[�m���i�B�Q�M �e�X�N�V �H�2���/�b �i�Q

(1 � � )
C(�̂ ) � C(� LB )

C(� UB ) � C(� LB )
� �f apr (N ) + (1 � � )

C(� N ) � C(� LB )
C(� UB ) � C(� LB )

; 8N 2 O �U�e�X�R�R�V

�l�b�B�M�; �i�?�2 �B�M�2�[�m���H�B�i�v �B�M �U�1�[�m���i�B�Q�M �e�X�d�V�- �i�?�2 �#�Q�m�M�/ �B�M �U�1�[�m���i�B�Q�M �e�X�3�V�- ���M�/ �i�?�2 �7���+�i �i�?���i

f apr (�) � 1�- �r�2 � �̀2�r�`�B�i�2 �i�?�2 ���#�Q�p�2 �2�[�m���i�B�Q�M ���b

(1 � � )
C(�̂ ) � C(� LB )

C(� UB ) � C(� LB )
� � + (1 � � )

C(� � ) � C(� LB )
C(� UB ) � C(� LB )

�"�v �b�B�K�T�H�B�7�v�B�M�; ���M�/ �+���M�+�2�H�H�B�M�; �2�[�m�B�p���H�2�M�i �i�2�`�K�b�- �r�2 �;�2�i

(1 � � )(C(�̂ ) � C(� LB )) � � (C(� UB ) � C(� LB )) + (1 � � )(C(� � ) � C(� LB )) �U�e�X�R�k�V

�P�M � �̀2���`� �̀��M�;�B�M�; �i�?�2 �i�2�`�K�b�- �r�2 ���`�`�B�p�2 ���i �i�?�2 �#�Q�m�M�/ �B�M �U�1�[�m���i�B�Q�M �e�X�8�V�X �

�L�Q�i�2 �i�?���i �i�?�2 ���#�Q�p�2 �`�2�b�m�H�i �Q�M �i�B�K�2 �Q�T�i�B�K���H�B�i�v �;���T �B�b �b�2�M�b�B�#�H�2 �Q�M�H�v �r�?�2�M� < 0:5�X

�q�?�2�M� � 0:5�- �i�?�2 �#�Q�m�M�/ �B�M(Equation 6:5) �H�Q�b�2�b �b�B�;�M�B�}�+���M�+�2 ���b �B�i �;�`�Q�r�b �#�2�v�Q�M�/ �i�?�2

�K���t�B�K�m�K �/�B�z�2�`�2�M�+�2 �T�Q�b�b�B�#�H�2 �/�B�z�2�`�2�M�+�2 �B�M �K���F�2�b�T���M �UC(� UB ) �@C(� LB )�V�X

�R�k�j



�h�?�2 �#�Q�m�M�/ �T�`�2�b�2�M�i�2�/ �B�M �U�1�[�m���i�B�Q�M �e�X�8�V �+���M �#�2 �i�B�;�?�i�2�M�2�/ ���7�i�2�` �i�?�2 �2�t�2�+�m�i�B�Q�M �Q�7 �i�?�2

�.�@�A�h���:�a�- �7���+�B�H�B�i���i�B�M�; �T�Q�b�i�@�?�Q�+ �T�2�`�7�Q�`�K���M�+�2 ���M���H�v�b�2�b�X �a�T�2�+�B�}�+���H�H�v�- �B�M�b�i�2���/ �Q�7 �#�Q�m�M�/�@

�B�M�;f apr (N ); 8N 2 O �#�v �R�- �r�2 �+���M �+�Q�K�T�m�i�2 �i�?�2 �2�t���+�i �K�B�M�B�K�m�K �U�K�B�MN 2O f apr (N )�V�X

�6�Q�H�H�Q�r�B�M�; �b�B�K�B�H���` ���H�;�2�#�`���B�+ �K���M�B�T�m�H���i�B�Q�M�b ���b �B�M �i�?�2 �T�`�Q�Q�7 ���#�Q�p�2�- �� �i�B�;�?�i�2�` �#�Q�m�M�/ �+���M

�i�?�2�M �#�2 �/�2�`�B�p�2�/ ���b

C(�̂ ) � C(� � ) �
�

1 � �
(C(� UB ) � C(� LB )) �K�B�M

N 2O
f apr (N ) �U�e�X�R�j�V

�e�X�9�X�k���M���H�v�b�B�b�Q�7�_�2�b�Q�m�`�+�2�P�T�i�B�K���H�B�i�v

�"�2�H�Q�r�- �r�2 �b�?�Q�r �i�?���i �r�2 ���+�?�B�2�p�2 �`�2�b�Q�m�`�+�2 �Q�T�i�B�K���H�B�i�v �U�B�X�2�X�- �i�?�2 �7�2�r�2�b�i �M�m�K�#�2�` �Q�7

���b�b�B�;�M�K�2�M�i�b�V �r�?�2�M� = 1�X

�h�?�2�Q�`�2�K �k�G�2�iR(�� ) = k�� k1 �/�2�M�Q�i�2 �i�?�2 �i�Q�i���H �M�m�K�#�2�` �Q�7 ���b�b�B�;�M�K�2�M�i�b �B�M�� �- ���M�/

�� N �� � �#�2 �i�?�2 ���H�H�Q�+���i�B�Q�M �r�B�i�? �i�?�2 �7�2�r�2�b�i ���b�b�B�;�M�K�2�M�i�b�X �h�?�2�M�- �r�?�2�M� = 1�-

R(�� N̂ ) � R(�� N �� � ) = 0 �U�e�X�R�9�V

�S�`�Q�Q�7 �k�X�R�a�B�M�+�2 ���M�v �2�t�T���M�b�B�Q�M �Q�7 �� �T��� �̀2�M�i �M�Q�/�2 � �̀2�T� �̀2�b�2�M�i�b �i�?�2 ���/�/�B�i�B�Q�M �Q�7 ���M ���b�b�B�;�M�@

�K�2�M�i�- ���M�v �;�B�p�2�M �M�Q�/�2N �B�b �;�m��� �̀��M�i�2�2�/ �i�Q �?���p�2 �K�Q� �̀2 ���;�2�M�i�b ���b�b�B�;�M�2�/ �i�?���M �B�i�b �T��� �̀2�M�i

Np�X ���b ���/�/�B�i�B�Q�M���H ���;�2�M�i�b �+���M �M�2�p�2�` �B�M�+� �̀2���b�2 ���S�_�- �r�2 �?���p�2

f apr (N ) < f apr (Np); 8N 2 N �U�e�X�R�8�V

�h�?�2 ���#�Q�p�2 �B�M�2�[�m���H�B�i�v ���M�/ �i�?�2 �7���+�i �i�?���i �.�@�A�h���:�a �r�B�H�H �Q�M�H�v �+�Q�M�b�B�/�2�` ���S�_ �U���M�/ �B�;�M�Q� �̀2

�L�a�Z�V �r�?�2�M� = 1 �b�m�;�;�2�b�i �i�?���i �.�@�A�h���:�a �r�B�H�H �#�2�;�B�M ���i �i�?�2 � �̀Q�Q�i �M�Q�/�2 ���M�/ �+�Q�M�i�B�M�m�2

���H�Q�M�; �i�?�2 �b���K�2 �#� �̀��M�+�? �m�M�i�B�H �}�M�/�B�M�; �� �b�Q�H�m�i�B�Q�M�- �2�t�T���M�/�B�M�; �Q�M�H�v �i�?�2 �M�Q�/�2�b �i�?���i �/�2�+� �̀2���b�2

���S�_ �#�v �i�?�2 �H��� �̀;�2�b�i ���K�Q�m�M�i�X ���b �b�m�+�?�- �.�@�A�h���:�a �r�B�H�H �i���F�2 �i�?�2 �b�?�Q�`�i�2�b�i � �̀Q�m�i�2 �i�Q �i�?�2

�b�Q�H�m�i�B�Q�M �r�?�2�M� = 1�- �H�2���/�B�M�; �i�Q �i�?�2 �7�2�r�2�b�i ���b�b�B�;�M�K�2�M�i�b �U�B�X�2�X�- � �̀2�b�Q�m� �̀+�2 �Q�T�i�B�K���H�B�i�v�V�X

�

�R�k�9



�q�2 �/�Q �M�Q�i �B�M�+�H�m�/�2 �i�?�2 �#�Q�m�M�/ �Q�M �`�2�b�Q�m�`�+�2 �b�m�#�Q�T�i�B�K���H�B�i�v �B�M �i�?�2 �B�M�i�2�`�2�b�i �Q�7 �b�T���+�2

���M�/ �/�m�2 �i�Q �i�?�2 �7���+�i �i�?���i �i�`�m�2 �`�2�b�Q�m�`�+�2 �Q�T�i�B�K���H�B�i�v �;���T �+���M �#�2 �2�{�+�B�2�M�i�H�v �+�Q�K�T�m�i�2�/ �T�Q�b�i�@

�?�Q�+ �b�B�M�+�2 �.�@�A�h���:�a �i���F�2�b �i�?�2 �H�2���b�i ���K�Q�m�M�i �Q�7 �i�B�K�2 �i�Q �+�Q�K�T�m�i�2 �i�?�2 �`�2�b�Q�m�`�+�2 �Q�T�i�B�K���H

�b�Q�H�m�i�B�Q�M �U� = 1�V�- �B�M �b�i���`�F �+�Q�M�i�`���b�i �i�Q �i�?�2 �i�B�K�2�@�Q�T�i�B�K���H �b�Q�H�m�i�B�Q�M �U� = 0�V �`�2�[�m�B�`�2�/ �i�Q

�+�Q�K�T�m�i�2 �i�?�2 �i�B�K�2 �Q�T�i�B�K���H�B�i�v �;���T�X

�e�X�8�1�p���H�m���i�B�Q�M

�q�2 �2�p���H�m���i�2�/ �.�@�A�h���:�a �m�b�B�M�; �i�?�`�2�2 �b�2�i�b �Q�7 �2�t�T�2�`�B�K�2�M�i�b �B�M �� �b�B�K�m�H���i�2�/ �2�K�2�`�;�2�M�+�v

�`�2�b�T�Q�M�b�2 �/�Q�K���B�M �(�e�y�-�R�j�e�-�R�j�d�-�R�j�8�-�R�9�y�-�8�3�) �B�M �r�?�B�+�? �� �i�2���K �Q�7 �`�Q�#�Q�i�b �K�m�b�i �`�2�b�+�m�2

�b�m�`�p�B�p�Q�`�b�- �/�2�H�B�p�2�` �K�2�/�B�+�B�M�2�b�- �/�Q�m�b�2 �}�`�2�b�- ���M�/ �`�2�#�m�B�H�/ �/���K���;�2�/ �#�m�B�H�/�B�M�;�b�X �q�2 �;�2�M�2�`�@
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