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SUMMARY

The objective of the proposed research is to solve unusual training behaviors of Genera-
tive Adversarial Networks (GANSs), including mode collapse and cycling, by using online
kernel-based non-parametric classifiers. One of the major breakthroughs in machine learn-
ing over the past several years has been GANSs, a neural network-based implicit generative
model which aims to mimic some underlying distribution given a dataset of samples. In
contrast to many supervised problems, where one tries to minimize a simple objective
function of the parameters, GAN training is formulated as a min-max problem over a pair
of network parameters. GANs have shown impressive empirical success in some domains
in the following sense: samples produced by the trained model do appear (subjectively) to
fall within the support of the target distribution. But in prior work, researchers have been
puzzled by aforementioned unusual training behavior, including cycling and so-called mode
collapse, and almost all prior work has avoided careful analysis of whether the estimated
distribution does actually match the target in a quantitatively measurable sense. Thus, in this
work, we propose (a) new metrics to evaluate the performance of implicit generative models
and (b) a new framework for training such a model using kernel-based non-parametric
classifiers instead of the typical neural network discriminators. We call this the Online
Kernel-based Generative Adversarial Networks (OKGANs), and we emphasize that it can
be trained efficiently. We show that using classical results from online learning with kernels,
OKGANSs are guaranteed to match the target distribution under certain oracle guarantees on
the generator family. Empirically, our models do a much better job of minimizing a reverse-
KL-divergence between the trained model and the target distribution, and as expected from
the theory, OKGAN does not exhibit mode collapse or cycling and performs dramatically
better than many of the classical GAN formulations on low-dimensional synthetic data. We
also compare performance on classical vision datasets such as MNIST, SVHN, CelebA, and

CIFAR-10, and show comparable performance.
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CHAPTER 1
INTRODUCTION

Generative Adversarial Networks (GANs) [1] frame the task of estimating a generative
model as solving a particular two-player zero-sum game. One player, the generator G,
seeks to produce samples which are indistinguishable from those generated from some true
distribution p,, and the other player, the discriminator D, aims to actually distinguish
between such samples. In the classical setting each of these players is given by neural
networks parameterized by 6, and 0;, respectively. For a random input seed vector z
sampled from a base distribution p., the generator outputs a synthetic example » = Gy, (z),
and the discriminator returns a probability (or score) according to whether the sample is
genuine or not. In its original formulation, a GAN is trained by solving a min-max problem,

ming, maxg, V (64, 04):=

Eaopea 108 Do, ()] + Eorop. [log(1 — Dy, (Go, (2)))] (L.1)

From a theoretical perspective, this framework for learning generative models has two
very appealing qualities. First, in a setting where V' is convex in ¢, and concave in 6, a true
equilibrium point of this game could be readily obtained using various descent-style methods
or regret-minimization [2]. Second, it was observed in [1] that, given an infinite amount of
training data, and optimizing over the space of all possible discriminators and all possible
generative models, the equilibrium solution of (1.1) would indeed return a generative model
that captures the true distribution pey. [3, 4] also claim that their GANSs can learn the true
distribution based on this strong assumption.

The challenge, in practice, is that none of these assumptions hold, at least for the way

that the most popular GANs are implemented. The standard protocol for GAN training



is to find an equilibrium of (1.1) by alternately updating ¢; and 0, via stochastic gradient
descent/ascent using samples drawn from both the true distribution (dataset) and generated
samples. It has been observed that simultaneous descent/ascent procedures can fail to find
equilibria even in convex settings [5, 6, 7], as the equilibria are “unstable” when traversal
through the parameter landscape is viewed as a dynamical system; one might even expect to
see cycling around the min-max point without progress [8].

[9] raise another issue involving the capacity of the discriminator network. In the
thought experiment from [1] we summarized above, the discriminator must have “enough
capacity” to produce a suitably complex function. In practice, however, GANs are trained
with discriminators from a parametric family of neural networks with a fixed number of
parameters k. [9] observe that if the generator is allowed to produce distributions from
mixtures of O (6%) base measures then the generator can fool the discriminator (up to €) with
the appropriate choice of mixture that differs substantially from pe,. Authors of this work
have suggested that this issue of finite capacity explains GAN mode collapse, a phenomenon
observed by practitioners whereby a GAN generator, when trained to estimate multi-modal
distributions, ends up dropping several modes.

We have found a useful way to visualize the dance performed between D and G. While
it is hard to observe cycling behavior in the high-dimensional parameter space of 6,, we
can take a natural projection of the discriminator as follows. Let 0;1), 9&1), e QC(lT) be the
sequence of parameters produced in training the GAN via the standard sequential update
steps on the objective (1.1), and let z4, . . ., x,, be a random sample of examples from the
training set. Consider the matrix M = [D(z;; Héi))]ie[n jeim)» Where each row represents the
function value of the discriminator on a set of key points at a fixed training time 7. We can
perform a Principal Component Analysis (PCA) of this data, with two components, and
obtain a projected version of the data M € RT*2_ 50 each row is a 2-dimensional projection
of the discriminator at a given time. We display this data in Figure 1.1 (Left graph), where

light pink nodes are earlier training time points and dark red are later rounds of training. The
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Figure 1.1: Qualitative Comparison of Vanilla GAN (Left) and OKGAN (Right, proposed)
on Cycling Behavior on 2D-Grid Synthetic Dataset.

observation here is quite stark: the discriminator does indeed cycle in a relatively consistent
way, and suggests that training may not always be highly productive.

In this research, we propose a GAN formulation that relies on a non-parametric family
of discriminators, kernel-based classifiers, which can be efficiently trained online; we call
this OKGAN (the Online Kernel-based Generative Adversarial Network). OKGANSs exhibit
several benefits over previous GAN formulations, both theoretical and empirical. On the
theoretical side, the non-parametric nature of the family of functions helps avoid the two
negative results we highlighted above: the limited-capacity challenge raised by [9] and
the numerical training issues described by [5]. Given that the kernel classifiers can grow
in complexity with additional data, the discriminator is able to adapt to the increasing
complexity of the generator and the underlying distribution to be learned!. Furthermore,
the discriminator formulation is now a convex problem, and we have a wealth of results on
both the computational as well as statistical properties of kernel-based predictors. Kernel
classifiers also allow additional flexibility on data representation through the choice of
kernel, or combination of kernels. Moreover, Implicit Kernel Learning (IKL) [10] allows us
to get proper kernels based on each dataset via implicit generative models parameterized by
neural networks.

What is quite clear, empirically, is that OKGANs do not suffer from mode collapse,

'Our kernel classifiers do require a limited budget size for the number of examples to store, but this is
mostly for computational reasons, and the budget size can be scaled up as needed



at least not on any of the low-dimensional synthetic examples that we have tested. On
simple problems where the target exhibits a density function, we show OKGAN not only
achieves high sample quality but also outperforms prior methods when it comes to capturing
the target distribution via reverse KL-divergence. Additionally, when we include the use
of an “encoder,” we qualitatively demonstrate OKGANs work well on classical image
datasets, including MNIST, SVHN, CelebA, and CIFAR-10. We observe the discriminator
of OKGANSs adapts in a more aggressive fashion, and the discriminator does not appear to
exhibit cycling behavior, a common phenomenon for other GANs using neural net based

discriminators.

1.1 Related Works

Many theoretical works have aimed at understanding GANs. [9, 11] study the general-
ization properties of GANs under neural distance, [12] study the convergence properties of
GAN:Ss via “adversarial” divergence. [13] assert that the diversity in GANs can be improved
by letting the discriminator class get strong distinguishing power against a certain generator
class. [14, 5, 6, 15, 16, 17] consider a range of questions around GAN dynamics. Addition-
ally, there are interesting works on analyzing the GAN dynamics such as [14, 5, 6, 15, 16,
17].

Mode collapse and cycling behavior are two of the main issues raised about GAN
training. [18] observes the cycling behavior of the generator’s output in an experiment
with a 2D synthetic dataset when mode collapse occurs. [19] propose a new visualization
technique called path-angle to study the game vector field of GANs and shows cycling
behavior empirically with this technique. [7] try to improve GAN training via so-called
“optimistic” mirror descent. [20] propose a mathematical definition of mode collapse and
gives an information-theoretic analysis. Bourgain Theorem mentioned in [21] use metric
embeddings to construct a latent Gaussian mixture, a direct approach to solve mode collapse.

Moreover, Prescribed GANs [22] mitigate mode collapse by adding an entropy-regularized



term. Additionally, there are several other interesting works about solving mode collapse
[23, 24, 25, 26, 27].

Our work is not the first to implement kernel learning ideas into GANs. A statistical
hypothesis testing framework called Maximum Mean Discrepancy (MMD) introduced by
[28], which aims to compare two different distributions, provides researchers an intuition to
apply the kernel method to GANSs. [29, 30] propose Generative Moment Matching Network
(GMMN) with a fixed Gaussian kernel for the MMD statistical testing. [31] introduce
MMD GANs which improve GMMN by adding an injective function to the kernel and
making the kernel trainable. [32] demonstrate the superiority of MMD GANSs in terms of
gradient bias, and [33] improve MMD GANSs with a repulsive loss function and a bounded
Gaussian kernel. Additionally, instead of using MMD, [34] integrate noise to smooth the
Jensen-Shannon Divergence and use kernel density estimates for the true and the generator
densities. However, in this thesis, we apply online kernel learning to the discriminator to get
an approximately optimal discriminator in every discriminator update, which finally enables

the generator to match the true distribution.



CHAPTER 2
ONLINE KERNEL GANS

2.1 Online Kernel Classifier

In the classical formulation of a GAN, the discriminator can generally be regarded as a
classifier that aims to distinguish between data in the training set, sampled from p,,;, and
so-called “fake” data produced by the generator. The original GAN formulation of [1], and
nearly all other generative models [35, 36, 37, 38, 39, 40, 41] inspired by this work, the
discriminator is a finitely-parameterized neural network with parameters 6, € R¥. What
we argue in this thesis is that one can instead use a non-parametric family of discriminator
functions, a Reproducing Kernel Hilbert Space (RKHS) [42], and obtain both an efficient
algorithm as well as a provable guarantee that the learned distribution will converge to the
target under reasonably-mild assumptions.

Let us begin by recalling the formulation of the Wasserstein GAN [43]. Given two
distributions p, ¢ an some input metric space X, we can define any number of distance

measures between p and ¢, but let us focus on one formulation of the Wasserstein distance'

A(p,q) = IS:}P} E(y,x)~pvg[Y f(X)],
ip

where the supremum is taken over all 1-lipschitz functions f, and where the distribution
pV gon XY is taken as follows: Y is sampled uniformly at random from {—1, 1}, and if
Y = 1then X ~ p and otherwise X ~ g¢.

Let us consider modifying this notion of distance in two ways: first, we can incorporate

a hinge loss ¢(z) := max(0, 1 — z), and second, we can take the supremum over a restricted

IThis isn’t precisely the definition of Wasserstein distance, but is equivalent up to a factor of 2 via
Kantorovich-Rubinstein duality [44]



class of functions . We may now define the distance

Ay i(p, q) == igﬁg By, x)~pvell = €Y f(X))]. (2.1)

Claim 2.1.1. Let ¢, ¢9, . . . be a sequence of distributions on &', and let H be a family of
functions that are dense in the space of all 1-lipschitz functions on X'. If Ay 4(p, q:) — 0 as

t — oo then ¢; — p.

We omit the proof of this claim as it is straightforward. Restricting to a dense subset of
functions does not affect the supremum, and since 1 — ¢(z) = z for all z € [—1, 1] function
doesn’t have a significant effect since it coincides with the identity function in the interval
[—1,1].

But this observation highlights one of the key points of this thesis. Whereas [43]
argued in favor of the Wasserstein GAN by suggesting that it is effectively minimizing
Ay (p, ), where H is a parameterized family of neural networks. But this choice of H is
not dense in the space of lipschitz functions. Given an appropriate choice of kernel, such
as the Gaussian/RBF, the associated RKHS is dense in this space [45]. Moreover, we have
efficient algorithms to estimate functions in an RKHS as the problem can be posed in a
convex fashion. In this work, we utilize online training methods for kernel classifiers, which
ensures that they exhibit vanishing regret, a fact that ensures our convergence result under

an assumption on the generator class.

2.1.1 An Overview of Kernel Learning Methods

We now review the basics of kernel-based learning algorithms, and online learning with
kernels; see [28, 46, 47, 48, 49] for further exposition. Let X be some abstract space of data,
which typically, although not necessarily, is some finite-dimensional real vector space. A
kernel k : X x X is called positive semi-definite if it is a symmetric function on pairs of

examples from X', and for every positive integer d and every set of examples x4, ...,z € X



the matrix [k(z;, 2;)]ic(q,je(q 1S positive semi-definite. Typically we view a PSD kernel as a
dot product in some high-dimensional space, and indeed a classic result is that for any PSD
k there is an associated feature map ¢ which maps points in X to some (possibly infinite
dimensional) Hilbert space for which k(z,2") = (®(x), ®(z)) [49]. Given a kernel k, we
can consider functions of the form f(x) := ", a;k(x;, x), where the o;’s are arbitrary

real coefficients and the z;’s are arbitrary points in X. The set of functions of this form can

be viewed as a pre Hilbert space, using the norm || f||y = \/ZZ > ik(zi, x;), and
when we complete this set of functions we obtain the Reproducing Kernel Hilbert Space H.
Again, this is a very brief survey, but more can be found in the excellent book of [49].

Let us give an overview of learning in an RKHS associated to some kernel k. First,
imagine we have a sequence of m examples S, := {(x1,v1), -, (Tm, Ym)} sampled from
some distribution p on X x ), where ) = {—1,1}. Our goal is to estimate a classifier
f: X — RinH. Assume we the convex loss £ : R — R, where ¢(yf(x)) is the cost of
predicting f(z) when the true label is y; typically we will use the hinge loss or the logistic
loss. In a batch setting, we may estimate f given S, by minimizing the regularized risk

functional R, » defined as follows:

Riegalf5 Sm] = = 300 Lyif () + 51 F 113 (2.2)

Assuming that the loss function satisfies a simple monotonicity property, as a result of
the celebrated representer theorem [49] we may conclude that a solution to the above
problem always exists in the linear span of the set {k(z;,-) : © = 1,...,m}. In other
words, estimating a function in an infinite dimensional space reduces to find m coefficients

aq, . . ., Q,, Which parameterize the resulting solution fm =0 k().



2.1.2  Online Training

Researchers have known for some time that training kernel-based learning algorithms
can be prohibitively expensive when the dataset size m is large; the problem is worse when
the dataset is growing in size. Solving (2.2) naively can lead to computational cost that is at
least cubic in m. A more scalable training procedure involves online updates to a current
function estimate. A more thorough description of online kernel learning can be found in
[46] and [48], but we give a rough outline here. Let f; be the function reached at round ¢ of

an iterative process and p; be the offset of f; at round ¢.

f( )—PHrZ 1041 (3717 ) (2-3)

A simple gradient update with step size 7, using the instantaneous regularized risk [;eg »

with respect to a single example (x4, y; ), leads to the following iterative procedure:

ft+1 - ft - ntaereg,A [f: ($ta yt)”f:ft (24)

= (L= mN) fe = neyel (ye fo () )R (4, ) (2.5)

Here, ¢'(yz) := 0.¢(yz). The algorithm at time ¢ maintains a set of points x1,...,T; 1
and corresponding corresponding coefficients o, . . ., ;1 and offset p;, and when a new

example x; arrives, due to (2.5), the coefficient o is created, and the other «;s are scaled

down:

ap = —nl'(yfi(x)), fori =t (2.6)

— (1 —=nN)ay, fori <t 2.7

In our implementation, we add n multiple examples at once as a minibatch at every

round. For example, at round ¢, the input is not a single example (x;,y;) but n exam-



ples (Tn—1)+1, Ynt—1)+1), * * > (Tnt, Ynt). Thus, we change (2.6) and (2.7) as below. Also,

pr 1s updated as an average of n new coefficients.

a; = =yl (ye fe(z;)), for n(t —1) < < nt
a; + (1 —n\)ay, for i < n(t—1) Py = %Z?in(t—l)—i-l a;

One may note that the above algorithm scales quadratically with ¢, since after a given
number of ¢ rounds must compute k(x;, x;) for all ¢ < t. But this can be alleviated with a
careful budgeting policy, where only a limited cache of x;’s and «; are stored. This is natural
for a number of reasons, but especially given that a’s decay exponentially and thus each «
will fall below e after only log(1/¢)/(n)\) updates. The issue of budgeting and its relation
to performance and computational issues was thoroughly explored by [48], and we refer
the reader to their excellent work. In our experiments we relied on the “Remove-Oldest”
method akin to first-in-first-out (FIFO) caching. Then, at round ¢, let’s say a fixed budget
size of our online kernel classifier is B, and w,;_ g1, Wpi_pio, - , Wy are key examples

saved in the budget. As the result, after we finish training on the minibatch at round t, we

will get a classifier function f as following.

fi(x) = pr + Z;‘int—BH aik(w;, x) (2.8)

2.2 Objective Function and Training

In OKGAN, the discriminator in the original GAN formulation (1.1) is regarded as the
online kernel classifier, and it is obtained not from a parametric family of neural networks
but from RKHS . The goal of the online kernel classifier is to separate the real data and
the fake data. When we obtain the classifier function after each batch, its value of real data
and fake data is respectively positive and negative. That’s why we use a hinge loss while

formulating a min-max objective of OKGAN. If the generator G is parameterized by ¢, and

10



makes the fake distribution p¢, the objective of OKGAN is

max min E Y f(X))] (2.9)

eg JeH (Y:X)Nprcal\/pG

We recall from the previous section that p., V pg is the distribution which first samples
a uniformly random Y from {—1, 1} and then samples X ~ p., if Y = 1 or X ~ pg if
Y = —1. Notice that this objective is exactly 1 — Ay ¢(Preal, Pi;) as defined in (2.1).

We obtain the online kernel classifier f through the process in 2.1 after training one
batch of the dataset. Then, we use the objective function of the generator G as:

min {V(eg) —E.., [max(0,1 — f(Ggg(z)))]} (2.10)

Og

We use (2.10) as the loss function for the generator rather than —IE. ., [max (0, 1+ f(Gy, (2)))],
which is the second term in (2.9) with opposite sign. It is the same reason that non-saturating
loss is preferred than minimax loss [50].

OKGAN has superior performance on low-dimensional data such as 2d synthetic datasets
(See Table 4.1). But without additional representation power, it struggles to generate high-
quality images that have been the hallmark of other GAN architectures. Thus, we add an
encoder layer and let the online kernel classifier trained in a reduced feature space similar to
amethod in [31]. The objective function of OKGAN with encoder and the specific algorithm

is shown in the following subsection.

2.2.1 Objective Function of OKGAN with Encoder

The encoder F enables us to calculate the kernel with high dimensional data such as
complicated image datasets. I is also a neural network and trained in a way that separates
real data(x,.,) and fake data(zry.) because the online kernel classifier should recognize
E () as real and F(zgy.) as fake. From the perspective of OKGAN with the encoder, a

combination of the encoder and the online kernel classifier is considered as the discriminator.

11



Thus, when G is parameterized by ¢, and E is parameterized by 0., we acquire an minmax

objective of OKGAN as:

max min By, [max(0, 1 = £ (Eo, ()] + Euvp. [max(0, 14 f(Ep (G, ()] @11

There are 3 steps to train OKGAN with the encoder. First, 2N samples(zy, - - - , o), Where
N samples are real and others are fake, after passing the encoder become F(z1), - - - , E(xan),
and we get an online kernel classifier f from these. Second, the generator GG is updated
based on a generator objective function with the updated f and the existing £. Finally, the
encoder F is updated based on a encoder objective function with the updated f and G. The

objective function of GG and E is shown as below.

min {V(6,) =E...,. [max(0, 1 ~ (55 (Ga, ()]} 2.12)

min {V(6.) =Eqmp,y [max(0, 1 = f(Ep, (2)))] + Ecnp. [max(0, 1+ £(Ep, (Go,(:))))] |

(2.13)

The entire process of training OKGAN with encoder is summarized in Algorithm 1.

2.3 Flexibility on Data Representation through Kernels

OKGAN successfully generates classical image datasets (see Chapter 4) by achieving
flexibility on data representation through the choice of kernels. We implement commonly
used kernels and mixtures of them in the online kernel classifier, which are Gaussian
kernel(k:™"), linear kernel(k"**"), polynomial kernel(kY), rational quadratic kernel(k}?),

mixed Gaussian kernel(£™"), and mixed RQ-linear kernel(k™*) [32].

12



Algorithm 1 OKGAN with encoder
Input: « learning rate, 7y learning rate decay, /N, batch size, n;, batch size of mini-batch,
B budget size, n, number of iterations of generator per discriminator update.
while not converged do
Sample {2}, ~ pren & {2}y ~ p-
if not first iteration then
0. Vo5 2oty max(0, 1= (B, () + 5 Yoy max(0, 1+ f(Ey, (Ga, (2:))))

0. < 0. — o - Adam(0., gs,)
end if
2N, inputs for the online kernel classifier are FE(x;),---,E(zy,) and
E(G(=1)),---  E(Glzn,)
For the classifier, consider 2V, as a total size of data and n; as a batch size.
f+p+ Ziil a;k(w;, x) {refer to the process in Section 2.1}
a;s and w;s are respectively coefficients and key examples saved in the current budget
fort=1,--- ,n,do
Sample {zj}jy:”l ~ D,
90, Vo, 3 >y max(0,1 — f(Ep, (Go,())))
0y < 0, — a - Adam(0,, go, )
end for
a— vy
end while

13



krbf(ZL‘ ZL’/) = exp (_,YH:L, —ZL’/||2) qu(x I,) — <1 + Hl’ — x’H2>a
T o 20
klinear _ <LL’,3§'/> qu*(l',l'/) _ klinear + Z k'gl(ﬂf,.%/)
acA
kPN (2,27) = (y(w, 2) + 1) R (2, a') = exp (—yllz — 2|
vel

Furthermore, we use an IKL method [10] that enables neural networks to learn the base
kernel. First, by the Bochner’s theorem [51], when a kernel function £ is continuous, real

valued, symmetric, and shift-invariant on R, the fact that there exists a Py (w) s.t.

k(x — ') = / ei“’T(x_xl)dIP’k(w) =E,p, [ewT(“”_“},)}
R4

is equivalent to the positive definiteness of k. Let’s say IP(v) is a base distribution, and we
sample v from this distribution. Then, we can model P, (w) through an implicit generative
model hy(v) : R® — R This indicates that we indirectly sample w from the base
distribution P() by using the relationship w = hy(v) rather than directly sampling from

P,.. Thus, the above equation is changed into the following equation.

ky(z,2') =E, [eihw(”)T(”‘x/)]

We approximately compute the above kernel through random Fourier features [52]. Let’s
draw D iid samples vy, - -+ ,vp € R% from P(v). Then, we define z(x) : R% — R2P and

compute the kernel with this.

z(x) = %[cos(hd,(yl)Tx) -+ cos(hy(vp) x) sin(hy(v)T2) -+ sin(hy(vp) T2)]"

= k(z, 1) = 2(x) " 2(2)
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CHAPTER 3
THEORETICAL ANALYSIS

We will now turn our attention to showing that the procedure described in the previous
chapter allows us to provably estimate the target distribution py,. Our results rely on the
use of regret minimizing algorithms over the RKHS, and are related to existing results that
use online learning to guarantee convergence [53, 2], yet our results hold in a broader set of
circumstances under a “generator oracle” assumption.

Let us recall the problem we aim to solve. Assume we have some family of distributions
D C Ay, which represent the “generator space”. We are also given akernel k : X x X — R

and associated RKHS H, our goal is to solve the following objective

sup inf {9(¢, /) = By x)mpeaval (Y (X)) }

qeD

We recall that for any distribution ¢ € D we have that inf rey; (¢, f) = 1 — Agy o(Prea; 9),
and it is easy to see that inf ;3 g(q, f) < 1 since we may always choose f = 0. Now, if
we can find a sequence of distributions ¢, 2, . .. € D such that inf ey, g(q;, f) — 1 then
Agq 0(Preat, @) — 0 and by Claim 2.1.1 we have that ¢; — prea as desired.

To obtain a provable guarantee, we need one algorithmic assumption on how efficiently
our generator training is, and another on the size of the largest || f;||2; we will be observed in

training.

Assumption 3.0.1. 1. We have an oracle which, given any f € H as input, can return a

q € Dsuchthat g(q, f) > 1

2. Let f := argmingey > ., g(qs, f). Then there exists U > 0s.t. || filla, | il < U

for all ¢.
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The first of these requirements states that, given a discriminator f, we may always
train our generator g in order to “fool” this given f. This has proven to be true in practice,
and simply relies on our ability to construct a generator (or space of distributions) which
are suitably complex. The second assumption is somewhat stronger, as it states that the
functions returned by our discriminator training algorithm must not grow too large with
respect to the RKHS norm. This has proven to be true in practice, but it does depend on the
complexity of the distribution p.,. We note that this assumption can be weakened to allow

that U = o(+/t) without hurting our asymptotic convergence.

Algorithm 2 Sequential Training Protocol
fort=1,...,T do
Update: f; < fi1 — m-1V9(qe—1,)|p=1,
Update generator: select ¢; such that g(q, f;) > 1
end for

Return: ¢ := %Zle QO

What follows is our main result. All proofs of following theorems and lemmas are

elaborated in the following sections.

Theorem 3.0.2. Let gr be the output of Algorithm 2, and that Assumption 3.0.1 holds. Then

we have that limy_,. inf req g(Gr, f) > 1. It follows that
(jT — Dreal GS T — 0.

This theorem relies on two key lemmas. First we show that the “quality”” of ¢, can be
controlled in terms of the average regret of the online learning algorithm. Then we show

that the average regret vanishes as 1" — oo.

Lemma 3.0.3. Let’s define I, as I, = g(qy, -). Then, infreqy g(Gr, f) > 1 — w

Lemma 3.0.4. Assume that k is a kernel with bounded norm ||k(x,-)|| < X. Since ( is hinge
loss, there exists ¢ which satisfies |0'(yf(x))| < cforall x € X,y € Y. The learning rate is

n = nt~2. Then, we have Regret,(1y, . .., lr;H) < 1(2nX? + —(UJF”J;;H”)Q)T% - —ﬂHfiHQ .
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3.1 Proof of Lemma 3.0.3

T T T
Regret(ln,. ., lrsH) = Y _L(fe) = inf 3 L(f) =D glaw, fi) — inf Zg (ae, f
t=1 t=1 t=1
- mf Zg at, f 9(a, fr) > 1)

1—1nf qut, >T1—1Hfg(QT,f))

The last inequality comes from concavity of g(g, -) on ¢. Therefore, we conclude that

Regrety(ly,...,lr;H)
T

. .
J}g?f{g(%f) >1

3.2 Proof of Lemma 3.0.4

The proof is closely followed by [46].

1fe = Frll3 = Nl fern = Frl1%

= —forr = fill3 = 2 < forr = fu fo = f7 >n

= =1V r9(qe M p=p 1+ 200 < Vy9(a0; =g, fr = 7 >n

> =071V rg(aes ) p=p 3 + 2m9(as, fr — f7) (. convexity of g(-, f) on f)

= —n;|| E Vel f@)l=p 3 + 2mg(a fe = f7)

(yvr)’\‘prealvqt

> V@)l + 2mglan i — 1)

(yvm)"’preal\/%

=—ni B [0f(@)k(, )l + 2mg(a fo — f7)

(yvx)’\‘prea] Vat

> =X+ 2mg(qn fr = f1) (o 10 f(@)] < e & flk(z, )]l < X)
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Let’s change the form of the above inequality. Since V¢, || |l < U.

1 * 1 *
—|\fe = f2ll3 — — | ferr — 715
ur Me+1

1 . . 1
= = Sl = i = 5180+ (5= =) s = fl
Tt U
« . 1 1
> X 4 2000 50 - 2000 57) + 0 + Filh0? (- 1)
Nt N+
By telescoping,
L = Filld o N = Fille N = Fi
n B Ui Nr+1
T T T
> (—mc?X?) + 2 (Z 9(a, fr) — ZQ (q:, f7) )
t=1 t=1 t=1
1 (T+1)z
FUHI? (- S
’ 1 1
Also from 7, = nt_%, we get
T T
_1
> ne=n(1 +Zt ’)
t=1
2
n(l+
Z NEN =Y
=n(l+ Z 2VE—VE—1)) =n2VT — 1) < 29T
t=2
Finally, since f; = 0, (T +1)2 —1 < Tz, and 1, < 272
T T
Regret, (I1,...,lr; H) = Z (qe, fr) — Z (q, fT)
t=1 t=1
* |2
< 1 (27] 2x2 4 (U + ||fT||’H) )Té + ||fT||H
2 U U

18



3.3 Proof of Theorem 3.0.2
By the results of Lemma 3.0.3 and Lemma 3.0.4,

Regret, (l1,...,lr;H)

lim inf g(gr, f) > 1— lim

T—oo feEH T—o00 T
1 * 2 | *||2
>1— lim (_(gnczszrM)TQ N ||fT|IH)
1 407 1 2
>1— lim —<2nc2X2+£)T2 _|_U_
=1

By Assumption 3.0.1 (inf e g(g, f) < 1) and Theorem 3.0.2,

lim inf g(q =1
8, Jui, o(ar J)

We recall that for any distribution ¢ € D we have that inf rey; g(q, f) = 1 — Ay o (Prear, q)-
Let’s consider a sequence of distributions ¢y, G2, ... € D such that inf ey g(Gr, f) — 1.

Then, we obtain

lim A’7'-l,f(preala CYT) =0
T—o0

By Claim 2.1.1, we finally conclude that

lim 4T = Preal
T—o00
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CHAPTER 4
EXPERIMENTS

In this chapter, we provide experimental results of OKGANS in both quantitative and
qualitative ways. We quantitatively compare OKGANs with other GANs on 2D synthetic
datasets and show how well OKGANS solve the mode collapse problem, using quantitative
metrics proposed earlier in [24, 20, 21]. Also, we compute Dy (Piake||Prear) [54] of OKGANSs
and other GANs on MNIST and our new dataset called “Poisson Digits”, where pi, 1s a real
distribution and py,. is a fake distribution. These quantitative analyses validate our claim
that OKGANSs are good at matching the target distribution. For the overall evaluation of
OKGAN:Ss, we use standard metrics such as Inception score [35] and FID [55] on CIFAR-10.
Moreover, we analyze OKGANs qualitatively on 2D synthetic datasets and classical image
datasets and observe that OKGANs do not suffer from cycling behavior on 2D synthetic

datasets, shown through our novel visualization technique.

4.1 Experimental Setup

4.1.1 Datasets

We use 2D synthetic datasets for the quantitative analysis on mode collapse, specifically,
we use 2D-grid, 2D-ring, and 2D-gmm. The 2D-grid and 2D-ring datasets are Gaussian
mixtures with 25 and 8 modes, organized in a grid shape and a ring shape respectively. The
specific setup of these two datasets is the same as [20]. The standard deviation of each
Gaussian in 2D-grid is 0.05, and a grid value of four edges is (-4, -4), (-4, 4), (4, -4), (4, 4).
In the case of 2D ring, the standard deviation of each Gaussian is 0.01, and the radius of a
ring shape is 1. Since we regard 2D-grid and 2D-ring as discrete distributions in our analysis,

we further experiment on one of the continuous distributions, 2D-gmm, a mixture of 5
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Gaussian distributions with different means and covariances. Each mean of the Gaussian
mixture is (-3, 3), (0, 0), (2, 3), (5, 1), (7, 3), and we choose each Gaussian with a different

ratio [1, 2, 2.5, 1, 1] to get samples. The corresponding covariance for each mean is

0.83 0.5 0.83 —0.5 0.77 0.57 1.17 0.83 0.70  0.002
0.5 0.83 —-0.5 0.83 0.57 0.77 0.83 1.17 0.002 0.70

We use other 2D synthetic datasets such as 2D-circle, 2D-swissroll, and 2D-2spirals for the
qualitative analysis. For 2D-circle, we follow the experiment setup in [21]. 100 Gaussian
distributions are on a circle with a radius 2, and three identical Gaussians are located at
the center of the circle. The standard deviation of each Gaussian is 0.05. The geometric
structures of the 2D-swissroll and the 2D-2spirals datasets can be found in Figure 4.1. Also,
we do further quantitative analysis on MNIST and Poisson Digits. Each image of Poisson
Digits dataset is 28 x 84, which consists of three horizontally connected MNIST images.
The number in this dataset follows the Poisson distribution whose mean is 100. Additionally,
SVHN (Street View House Numbers), CelebA, and CIFAR-10 are all used for the qualitative

analysis.

4.1.2 Neural Network Architectures

For the quantitative analysis and cycling behavior on 2D synthetic datasets with OKGAN,
we need a neural network architecture only for the generator, since the discriminator is
formed by the online-kernel classifier. The generator architecture of OKGAN is the same as
one of PacGAN [20], and we use the online kernel classifier instead of the discriminator of
PacGAN. In terms of the quantitative analysis on MNIST and Poisson Digits, we use a pre-
trained autoencoder and train the fully connected generator in the code space with a reduced
dimension [29]. By means of the pre-trained autoencoder, we do not need an additional
encoder to train our GAN model, which is necessary for more complicated datasets. In

experiments with classical image datasets for the qualitative analysis, we use DCGAN [56]
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architecture to the OKGAN. The generator of OKGAN is the same as that of DCGAN, and
the encoder of OKGAN is a reverse architecture of the generator. The output dimension of

the encoder is 100 for SVHN, CelebA, and CIFAR-10.

4.1.3 Kernel Choice

The appropriate choice of a kernel is an essential part of the online kernel classifier. Since
all 2D synthetic datasets are a Gaussian mixture distribution, we choose Gaussian kernel for
experiments on 2D synthetic datasets. When it comes to learning a real distribution of the
2D synthetic datasets, it is significant to set the value ~y in the kernel. Empirically, v should
be larger when modes become closer. The « value for 2D-grid, 2D-ring, and 2D-gmm is
respectively 1, 16, and 10, which is constant during the training.

We use the IKL method [10] with one hidden layer neural network on MNIST and
Poisson Digits dataset, which enables neural networks to learn the base kernel. For the
qualitative analysis on classical image datasets, polynomial kernel (v = 0.01,7 = 0,d = 3)

works well on SVHN dataset. For CelebA and CIFAR-10 dataset, we use the mixed gaussian

kernel, where I' = {525, 5255, 5 L <57} [32]. All coefficients of kernels

1
1027 2x2027 2x4027 2x

in these experiments are constant during training.

4.1.4 Evaluation Metrics

The evaluation metrics for 2D synthetic datasets such as 2D-grid and 2D-ring are also
previously proposed by [24, 20], which are # of mode, percentage of high-quality samples(%
of high quality), and reverse Kullback-Leibler(KL) divergence. Let’s say a standard deviation

of Gaussian is o, and a set of generated samples is {x1,--- , 2y} = X. An entire set of
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modes is C' = {cy,- -, cpr}. Then, # of mode, % of high-quality is defined as:

M
# of mode = z; ﬂ[l{}}lelé{fl llei — z||] < 30]
100 w
% of high-quality = ~ Z ]l[Igleiél |z — ¢||] < 30]

i=1

We calculate reverse KL divergence [54] by considering real and fake distributions as
discrete distributions. GAN with high # of mode, high % of high-quality, and low reverse KL
divergence is regarded as good at solving mode collapse and learning real distribution well.
For 2D-gmm, by means of a method in [57], We estimate reverse KL divergence of two
distributions from their samples via k-nearest-neighbor(k-NN) since we regard distributions
as continuous densities. In this case, we do not consider # of mode and % of high-quality. Let
{X1, -+, X,}and {Y3,- - ,Y,,} be d-dimensional samples respectively from distribution
p and g. If the Euclidean distance between X; and its £-NN in {X,};.; is px(¢) and the

distance between X; and its k-NN in {Y } is v (¢), the estimator for KL divergence becomes

Dx(pllg) ~ Zlo

When computing reverse KL divergence on MNIST and Poisson Digits, we use a pre-
trained LeNet-5 MNIST classifier [58] and classify each generated number based on this
classifier. For example, when we do experiments on Poisson Digits, we determine three
digits respectively in one image of Poisson Digits through the LeNet-5 classifier and form
a discrete distribution with the generated fake samples. Then, we compute reverse KL
divergence of the real and fake discrete distribution on MNIST and Poisson Digits, where
real MNIST and Poisson Digits respectively follow the uniform distribution and Poisson
distribution. We consider MNIST a uniform distribution because a training set of MNIST
contains the same amount of examples from O to 9. Finally, we use the Inception score and

FID to measure the performance of OKGAN on CIFAR-10.
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Table 4.1: Quantitative Results on 2D Synthetic Datasets. The max # of modes of 2D-grid
and 2D-ring is respectively 25 and 8.

2D-grid 2D-ring 2D-gmm

#modes high quality(%) reverse KL #modes high quality(%) reverse KL reverse KL

PacGAN 23.8 91.3 0.13 7.9 95.6 0.07 -
BourGAN 24.8 95.1 0.036 7.9 100.0 0.019 0.066
GMMN 25.0 88.2 0.005 8.0 93.8 0.001 0.007
OKGAN 25.0 94.3 0.005 8.0 96.2 0.002 0.009

4.2 Quantitative Analysis

4.2.1 2D Synthetic Datasets

For 2D synthetic datasets, we compare OKGAN with the three powerful unconditional
GANs on solving mode collapse, called PacGAN [20], BourGAN [21], and GMMN [29].
We apply neural network architectures of PacGAN [20] to OKGAN, BourGAN, and GMMN
for the fair comparison. The quantitative performance of these four GANs on 2D-grid,
2D-ring, and 2D-gmm is summarized in Table 4.1. Our results are averaged over 10 trials.

As you can see from Table 4.1 and Figure 4.1, 4.2, OKGAN and GMMN show a way
better performance than other GANSs in terms of mitigating mode collapse. In contrast
with other GANs, OKGAN and GMMN capture all modes for 2D-grid and 2D-ring. The
remarkable point is that reverse KL divergence of OKGAN and GMMN are much lower
than other GANSs for all three datasets. This indicates that OKGAN and GMMN not only
produce all modes but also match the target distribution. Since OKGAN and GMMN both
take advantage of a kernel method, these two GANSs increase the diversity of generated
samples. However, as GMMN does not have any discriminator and overly focuses on
reducing Maximum Mean Discrepancy (MMD) of the target and fake distribution, the
percentage of high-quality samples of GMMN is lower than that of OKGAN. On the other
hand, due to the high discriminative power of the online kernel classifier as the discriminator,

OKGAN achieves both diversity and high sample quality.
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Table 4.2: Quantitative Results on Poisson Digits Dataset

reverse KL

VGAN 2.269
GMMN (rbf) 0.126
OKGAN (rbf) 0.291
OKGAN (IKL) 0.054

4.2.2 MNIST & Poisson Digits

We evaluate OKGAN and Vanilla GAN (VGAN) on MNIST how much generated
distributions match the true uniform distribution. We train OKGANSs by using IKL and a
pre-trained autoencoder. However, since VGAN fails to generate MNIST images with the
pre-trained autoencoder, we compare reverse KL-divergence of OKGAN to that of original
VGAN without the pre-trained autoencoder. The reverse KL-divergence of OKGAN is 0.01,
and this value 1s lower than 0.015, which is the reverse KL-divergence of VGAN. Moreover,
we measure reverse KL-divergence of VGAN, GMMN, and OKGAN on Poisson Digits. The
Gaussian kernel is used for GMMN, and Gaussian kernel and IKL are used for OKGAN. We
train all GAN models with the same fully-connected generator architecture and a pre-trained
autoencoder for Poisson Digits. From the quantitative results shown in Table 4.2, we can

conclude that OKGAN with IKL is the best at matching Poisson distribution.

4.2.3 CIFAR-10

The Inception score (IS) and FID are the most widely used quantitative metrics for
GANSs. As we use DCGAN architecture for CIFAR-10 training, we compare OKGAN to
other GANs whose models are based on DCGAN. When it comes to comparing OKGAN to
other kernel-based GANs, OKGAN performs much better than GMMN and Kernel-GAN
[34] but shows a slightly lower score than MMD GAN [31].
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Table 4.3: Inception Scores(IS) and FID

IS FID

GMMN [29] 3.47 -
WGAN-GP [38] 5.99 -
DRAGANY [2] 6.11 -
MMD GAN [31] 6.17 -
Kernel GAN [34] 4.22 -
SN-GAN [41] 7.42 293

OKGAN(ours) 5.98 41.2

4.3 Qualitative Analysis

4.3.1 Generated Image Quality

Initially, we engage in a qualitative comparison of images generated by the OKGAN
method against those produced by the BourGAN and GMMN techniques, using 2D synthetic
datasets (See Figure 4.1, 4.2). The comparison also includes the original images, providing a
comprehensive evaluation of the respective methods’ performance and capabilities. As you
can observe in Figure 4.1, BourGAN sometimes fails to capture all modes in 2D-grid and
the center in 2D-circle. Overall, only OKGAN achieves high sample quality and diversity at
the same time. Then, we check each image quality of VGAN and OKGAN for MNIST, as
in Figure 4.3. We do further qualitative analysis on Poisson Digits. We compare VGAN,
GMMN with the Gaussian kernel, and OKGAN with IKL. In Figure 4.4, we can easily
observe that GMMN and OKGAN generate various numbers, while VGAN only generates
a few numbers. To qualitatively measure how much the true Poisson distribution and each
fake distribution is close, we represent distributions by using histograms, as in Figure
4.5. Finally, We qualitatively compare OKGAN with DCGAN for SVHN, CelebA, and
CIFAR-10. From Figure 4.6, 4.7, and 4.8, we observe that OKGANSs successfully generate

high-quality samples for all image datasets.
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Figure 4.2: Qualitative comparison on the 2D-gmm dataset.
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4.3.2 Cycling behavior

In Figure 1.1(a), we can clearly observe that Vanilla GAN (VGAN) shows the cycling
behavior during training, which means the discriminator does cycle and fails to give mean-
ingful information to the generator. In a parameter-based alternative update framework such
as VGAN, it is challenging for the discriminator to chase the transitions of the generator
with a slow pace of parameter updates. However, in the case of OKGAN, by obtaining
a closed-form discriminator with a non-parametric kernel method, the discriminator is
updated in a more aggressive fashion and separates real and fake data more effectively at
every update. As you can see in Figure 1.1(b), the discriminator of OKGAN tends to find
the optimal discriminator with no apparent cycling behavior, which also leads to solving the

mode collapse problem in the end.
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CHAPTER §
DISCUSSION

In this work, we propose OKGAN, a new type of GAN whose discriminator contains
the online kernel classifier. We provide a novel method for visualizing the cycling behavior
of GANSs and empirically show that OKGAN does not suffer from this issue. Moreover,
with a kernel-based non-parametric discriminator, OKGAN successfully learns 2D synthetic
data with no mode collapse and generates high quality samples in image datasets. In
future, the deeper theoretical understanding on dynamics of GANs with the non-parametric

discriminator can be discussed.
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