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Abstract
Let Xy, X3, - - be a sequence of i.i.d. random variables with distribution function F(z),
and let Xy 5,..., X, n be the sequence of order statistics of Xy,...,X,. For a sequence

(cn)n>1 of positive constants the smallest fit off-line counting random variable is defined
by Nz(cn) i=max{j <n:Xin+ -+ X;n < cn}. In this paper, an asymptotic joint
distributional comparison is given between the off-line count N¢(c,) and on-line counts N
for ‘good’ sequential (on-line) policies 7 satisfying the sum constraint 2]21 X I(r; <n) <
¢n. Specifically, for such policies 7, under appropriate conditions on the distribution function
F(z) and the constants (¢, )n>1, we find sequences of positive constants (Bp)n>1, (An)n>1
and (A} )n>1 such that N N N

(o (552t (5 ) =y

n Bn

for some nondegenerate r.v.’s W and W'.
Abbreviated Title. Joint convergence of smallest-fit counts

1 Introduction

Let X, X5,--- be a sequence of positive independent, identically distributed random variables
(ii.d. r.v.’s) with distribution function F(z) and denote the order statistics of Xq,..., X, by
Xin<... < Xppm.
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Let (cn)n>1 be a sequence of positive numbers. The smallest fit counting random variable

N¢(¢n) = NE(cy,) is defined by
Né(cp)=max{j:1<j<nand Xi,+ -+ X;n < cn} (1)

if this set is nonempty and = 0 otherwise. In a bin-packing context, the r.v. N¢(c,) is the
maximal number of objects that can be packed into a bin of capacity ¢,, chosen from n objects
with random sizes sampled from the distribution F. This is the largest count obtainable by a
‘prophet’ or individual using an off-line strategy, that is, a strategy which uses knowledge of
all the sizes in the sample, without any order restrictions on the sample values. This off-line,
smallest-fit strategy is denoted by €.

Define a policy T to be any sequence of stopping times (7;);>1 with respect to Xy, Xy, --
with 1 < 74 < 79 < ---. For n objects, the counting r.v. associated with policy 7 is defined
by N := 3751 I(7; < n). For any policy 7 = (7;);>1 satisfying the sum constraint 3,5, X,
I(1j < n) < ¢y, the r.v. N has interpretation in a bin-packing context as the number of objects
that are packed into a bin of capacity ¢,, chosen sequentially under policy 7, without recall, as n
objects with sizes sampled from distribution F' appear in a given order. This N, is an ‘on-line’
count, a count under an on-line policy.

In this paper, a quantitative comparison is made between the off-line count N®(c,) and
on-line count N for ‘good’ policies 7 satisfying the sum constraint. There are several possible
criteria for comparison of such counts. Coffman, Flatto and Weber [5] have used an expectation-
based comparison. Under the hypotheses that ¢, = ¢ and F(z) is continuous, strictly increasing
on the support of F, and F(z) = Az* as ¢ — 0, for A, > 0, they used a ‘Chernoff-estimates’
based approach to show that lim, . EN®(c,)/EN}(c,) = 1. Here, for n objects and capacity
Cn, an optimal on-line counting r.v. N}(c,) is any r.v. satisfying

EN}(c,) =sup ¢ EN] : 7 is any policy such that ZXTJ.I(TJ' <n)<cpyp. (2)
i>1

As in Coffman et al. [5], one can observe that there exist optimal (on-line) policies 7*, i.e.
Ni(cn) = N,’;*, by using a stochastic dynamic programming argument. Under weaker assump-
tions on (cp)n>1 and F, Bruss and Robertson [2] used the same techniques to obtain asymptotic
behavior of EN®(c,), and Rhee and Talagrand [14] used a direct inequality based approach to
obtain asymptotic behavior of EN}(cp).

To fix ideas, consider the following comparison. A manufacturer anticipates production of an
amount ¢, of his product during the next business period. At the beginning of the period, the
manufacturer knows there will be n customers (one order per customer) during the period. The
manufacturer can not fill partial orders. The company requires the manufacturer to fill orders in
such a way that the total customer base for the product is maximized. If the manufacturer has
knowledge of the sizes of all customer orders at the beginning of the business period, then he will
service smallest orders first and thereby fill N¢(c,) orders. If the manufacturer does not know
the sizes of all customer orders at the beginning of the business period, but sees customer orders
one-by-one as they arrive, and must either accept or reject each order immediately, without
recall, then he must establish some criteria and choose a ‘good’ policy for handling orders under
this criteria. Under an expectation based criteria, a best off-line policy would yield EN®(c,)
and a best on-line policy yields EN}(c,), and the manufacturer wishes to compare EN¢(c,) and



EN}(cn). As discussed in [5] and [14], an optimal policy 7* for this expectation-based criteria can
be described through the stochastic dynamic programming approach through certain functions
kj(z), 7 > 1, as the policy 7% = (TJ’-‘)J-Zl with 77 = min{l < j < n: X; < k,_j(cn)} if this set
is nonempty and = oo otherwise, and for k = 2,3,---, 7f = min{l < j<n:7} , <j<n:
X; < Kn—jlen— Zf;ll XTi*)} if 7, < oo and this set is nonempty and = oo otherwise (interpret
ko(z) = 0). However, identification of the functions (k;j(z));>1 and direct analysis using this
policy 7* is difficult, as mentioned in [5] and [14]; and one seeks simpler forms of policies under
which analysis and implementation are possible.

One such policy, the threshold policy t,, with horizon n, used by Coffman, Flatto and Weber
[5], is described by the following procedure. Let (€,)n>1 and (cn)n>1 be sequences of posi-
tive constants. The ¢,’s are used as thresholds and the ¢n’s are used as capacities. For n
objects, accept only objects of size < ¢, and select these only when the sum of the objects
selected is < ¢,. Specifically, t, is the sequence of stopping times (7;);>1 defined by = =
min{l < j < n:X; <e¢,and X; < ¢,} if this set is nonempty and = 00 otherwise, and for
k=23, =min{rp_1 <j<n:X;<epand X, + - +X,_, +X; <cp}if g1 < 00 and
this set is nonempty, and = co otherwise. The counting r.v. associated with this policy, denoted
N'*(cp) = N(ep,cn) := Nf, was shown in [5] to satisfy limerqc liminf,,—,0o ENf(c')/ENE(c) =
1 under the specific hypotheses mentioned above. Another such policy, the stopped threshold
policy s, with horizon n, used by Rhee and Talagrand [14], appears to be a simple, ‘good’ policy
that is more accessible for analysis than ¢,. This policy s, uses the following procedure: accept
objects only of size < ¢, and select these only when the sum of the sizes of objects selected
is < ¢p; if the sum of the sizes < ¢, up to the present exceeds c,, then the present and all
future objects are rejected. Specifically s, is the sequence of stopping times (7;);>1 defined by
7 =min{l < j <n:X; <e¢,and X; < ¢,} if this set is nonempty and = oo otherwise, and
for k=2,3,---, 7 = min{rp_1 < j <n:X; <ée,and 2321 XiI(X; <ep) <cptif e < o0
and this set is nonempty, and = co otherwise. The counting r.v. associated with this policy is
denoted N*"(c,) = N°(ep,cpn) := NS». Note that N**(c,) can be written as

vnlcn)

N(cn) = Z I(X; < en) (3)

where v, (cn,) = max{j : 1 < j <mand 3], X;I(X; < &,) < ¢} if this set is nonempty and
= 0 otherwise (interpret 29:1 as 0). Under appropriate assumptions on the left tail of F' and
on the capacities (¢p)n>1, more general than those of [5], one can use results in [14] to show
limy,— 00 EN**(cn)/EN®(c,) = 1 and give some indication of the rate of this convergence (see
Corollary 3.6 in this paper).

In this paper, the focus is on the asymptotic joint distributional comparisons of the off-
line count N¢(c,) and on-line counts N for ‘good’ policies 7 satisfying the sum constraint.
Specifically, a sequence of policies (77),>1 satisfying the sum constraints 37,54 XT;LI(TJ’-“” <mn)<
¢ for n > 1 is said to be a consistent approximator of the off-line smallest-fit strategy 7¢ if
there exists positive constants (Bp)n>1, (An)n>1 and (A} )n>1 for which

n

(An(%:")—l),A;<%—l>>:>(W,W')asn—>oo, (4)

for some nondegenerate r.v.’s W and W’ (the convergence here, denoted by ‘=, is convergence
in distribution). In Theorems 2.1, 2.5, 3.1 and 4.1, it is shown that the sequence of stopped



threshold policies (s,)n>1 is a consistent approximator of 7°, for appropriate assumptions on
capacities (cp)n>1 and distribution F', and for appropriately chosen thresholds (€5)n>1. Conse-
quences of these consistent approximator results include additional distributional comparisons
and expectation-based comparisons of N¢(c,) and N**(c,), in Corollaries 2.3, 2.6, 3.5, 3.6, 4.2
and 4.3.

In Sections 2, 3 and 4, joint weak convergence results are proved for N¢(c,), the smallest
fit counting r.v., and N°®*(c,), the counting r.v. associated with stopped threshold policy s,
as the sample size grows to infinity. The analysis divides naturally into three subcases: (¢) the
counting r.v.’s have finite limits; (4¢) the counting r.v.’s have infinite limits, and the numbers
selected are small compared to the sample sizes; and (42¢) the counting r.v.’s have infinite limits
and the numbers selected are proportional to the sample sizes. The three subcases are treated
respectively in Sections 2, 3 and 4. The respective techniques used in the three cases are (%)
convergence of point processes to Poisson random measures and continuous mapping theorems;
(it) strong approximation results of Csérgd, Mason, Haeusler, Horvdth, et al.; and (#3¢) results
from renewal theory. In Sections 2 and 3, for the main results it is assumed that distribution
function F(z) is in the domain of attraction for minima for one of the extreme value d.f.’s (see
the Appendix for properties of these classes of d.f.’s). In all cases it is assumed that [z > 0
with F(Ig) = 0, for left-end point [z of the support of F(z). (So the case of F(z) in Case II for
minima does not arise here, since in this case [ = —00.)

Throughout the paper the following notation is used. For a nondecreasing function h(z)
defined on a subset S of IR, the left-continuous inverse of h is defined by A (s) = inf{z € S :
h(z) > s}. For a distribution function F, [ = inf{z : F(z) > 0} denotes the left end point
of the support of F'. The notations op(1) and Op(1) are used to denote sequences of random
variables which are respectively converging to zero in probability and bounded above and below

by a finite constant uniformly for all n large. For twor.v.’s X and Y, X 2 ¥ if the distributions
of X and Y are the same. For a real number z, [z] denotes the largest integer < z, and [z]
denotes the smallest integer > z, and for two sequences (my)n>1 and (Ip)n>1 We write m, =~ I,
if limp oo M /1y = 1.

2 Finite Limit of Numbers Selected

In this section, results are given on the weak convergence of the counting r.v.’s N¢(c,) and
N*n(cp,) to nondegenerate r.v.’s as the sample size n — oo, without normalizations. The setting
is that of classical extreme value theory, and the i.i.d. r.v.’s Xy, X,, - have d.f. F(z) in a
domain of attraction for minima, of Case I or III type. Pertinent definitions and properties of
these r.v.’s are recalled in the Appendix. In particular, since joint convergence results for the
counting r.v.’s are desired, techniques of proof emphasize use of the approach based on conver-
gence of appropriate point processes to Poisson random measure and on continuous mapping
theorems. Specifically, recall that for d.f.’s F(z) in the domain of attraction for minima, there
exist constants a, > 0 and b,, n = 1,2, - -, for which

point process &n = D_E_1 €(k/n,an(Xp—b,)) CONVerges weakly to Poisson random

measure £ on [0,1] x E, with intensity measure d¢ X dv, where £ may be assumed to
have representation & = } ;5 €5; w;) and W1 < W5 < ---in E, with probability one,
and an(X;, —b,) > W, forall j =1,2,---. (see, e.g., [13, Corollary 4.19]). (5)



For F(z) in Case I or III for minima, respectively E = [—00,00) or E = [0, 00) with v[—o00,z] =
e for z € R, or v[0,z] = z* for some a > 0 for 0 < z < co. The constants (an)n>1 and (bp)n>1
are identified in the Appendix; in particular, in Case III, b,, = 0 for all n > 1.

It is straightforward to show that, for these distribution function settings, one can obtain
the desired type of joint convergence results without normalizations only if the distributions
and the capacities (cp)n>1 satisfy either (a) F(z) is in Case I for minima with Iz = 0 and
an(cn — kby,) — v for some positive integer £k = 1,2, -- and some v € IR; or (b) F(z) is in Case
IIT for minima with {r = 0 and a,c¢, — 7 for some 0 < v < co. In particular, it is required
that ¢, — 0 at the rates determined by the two conditions (a) and (). In the cases not covered
under these two conditions one can show that sequence {N®(cy)}n>1 without normalizations has
a degenerate limit, if a limit exists.

For the statement of the Theorem giving the asymptotic behavior when d.f. F(z) is in Case
III for minima with [ = 0 and index a > 0, we introduce r.v.’s N'¢ = N¢(y) and N'* = N*(6,7)
for 0 < 6,7 < oo in terms of the Poisson random measure £ = 3,51 €(; w;) on [0,1] x [0, 00)
with intensity measure dt X dv, where v[0,z] = z* for 0 < z < oo, of statement (5). Define A/
and N by

N¢ =N¢(y):=max{j > 1: W7+ ---W; <~} if this set is nonempty and = 0 otherwise; (6)

and N* = N¥(8,7) = i1 I(p; < 1) where p; := min{0 < 7, < 1 : W < § and Wy < v}
if this set is nonempty and = 1 otherwise; and, having defined p1,...,p;_1, define p; by p; :=
min{p;_1 < 7, < 1: Wi < ¢ and Ej:TjSTk W;I(W; < 6) < 4} if pp_1 < 1 and this set is
nonempty and = 1 otherwise. We have the representation

N = ) I(W;<6) (7

7:71;<v

where v = v(6,7) =max{0 < 7, < 1: )
= 0 otherwise.

W,;I(W; < §) < v} if this set is nonempty and

7:7<Tg

Theorem 2.1 Let distribution function F(z) be in Case III for minima with lp = 0 and with
indez a > 0 and associated positive constants (an)n>1, and let (cp)n>1 and (€n)n>1 be sequences
of positive constants and 0 < 6,y < oo such that a,c, — v and anén, — 6. Then

(N¥(en), N*™(ensen)) = (N4(7), N*(6,7))-

In particular, the sequence of threshold policies (s,)n>1 15 a consistent approzimator of the off-
line smallest fit strategy 7¢.

Proof. Let £ = 37;5 €r;,w;) be the Poisson random measure on [0, 1] x [0, 00) with intensity
measure dt X dv, where v[0,z] = 2% for z > 0, as in statement (5); and let {5 = £|[0,1]x[0,5] denote

the restriction of £ to [0, 1] x [0, §] where & = Ele €(o;,u;) With L == #{(7;, W;) € [0,1]x [0, 6]}.
Without loss of generality, it is assumed that with probability one
(3)1; #0,1forall 7 > 1,0 < Wy < Wy < -+ W; # 6 forall 7 > 1; and
Wi+---+W;#yforall j >1;and
(i) L<oo,and for L>1,0< 01 < <o <land Ui+ ---+U;#7y
forall j=1,...,L. (8)



Thus, with probability one, N'* = N*(§,7) = #{(0;,U;) : 321 U; <~} if this set is nonempty,
and = 0 otherwise.

Also, let &, denote the point process &, = 32 1 €(k/n,a,x,) Of statement (5), so that £, = ¢
in M, = My([0,1] x [0,00)). To prove the conclusion, set up an application of the Continuous
Mapping Theorem, found e.g. in Billingsley [1, Theorem 5.5] or Whitt [15], as follows.

Let 6, = anén and v, = anc, for n > 1, and 6* = sup,, 6,. Define functions A® : M, X
(0,00) — {0,1,---}, Al : Mpx(0,8*] — My([0,1]x[0,8%), and A% : Mp([0,1]x[0,6*])x(0,00) —
{0,1,--} by

k
A(m,n)=#{k>1: Zyj < n} if this set is nonempty, and = 0 otherwise;
7=1

A (m,p) =m, = m|[0,1]x[0,u]» the Testriction of m to [0,1] x [0, ]

for m € M, with representation m = 3} ., €(t;,u7) where 0 < y3 < g2 < .-, 7 > 0 and
p € (0,6%]; and for m € Mp([0,1] x [0, 6*]) with m = Eé-:l €(s;,u;) With 0 < 53 < --- < g for
[ > 1 (interpret m as the zero measure if [ =0) and > 0

k
A2(m,n)=#{k>1: Zuj- < n} if this set is nonempty, and = 0 otherwise.

7=1
Let n > 1 and define Ag, A®: M, — {0,1,---} by Ag(m) = A®(m,7,) and A¢(m) = A®(m,7),
define AL, A' : M, — M,([0,1] x [0,6*]) by AL(m) = ms, and A'(m) = ms, and define A2,

A?: Mp([0,1] x [0,68*]) — {0,1,---} by A2(m) = A%(m,v,) and A%(m) = A%(m,7).

For this application the functionals of interest are (Af),>1 and A®, and (A} )n>1 and A,
where A%, A®: M, — {0,1, -} are defined by A% = A20AL and A* = A20A' for n > 1. Indeed,

observe from the definitions that with probability one

(AL (&n), A (&n)) = (N®(cn), N°"(ep,cp)) for n > 1, and
(A%(6),2°(8)) = (N°(7), N*(6,7))-

For application of the Continuous Mapping Theorem, it suffices to exhibit a set D = D(§,7) in
M, which satisfies

(i) D is a measurable subset of M, and P(£ € D) =1, and
(¢1) for each m € D and each sequence (mp)n>1 C M, for which m,, = m,

it follows that (Af(my), Al (my)) — (A%(m), A*(m)). (9)

Define D = D(6,7) as the set of point measures m in M, satisfying m = 2oj>1 €ty ToT
some {(t;,y;)};>1 with 0 <¢; <1lforallj>1,0<y <yo<---,y;#b6andy +---+y; #7
for all 7 > 1, and either mg = 0, or for some [ > 1, ms = Ele E(rsuy) With 0 <mp <o < <11
and u; +---+u; #vforall 1 <j <I[. One can show that D is a measurable subset of M,
( a set in the o-algebra of Borel sets generated by the vague topology on M,), for example,
by representing D as D = 3215 UpZo NBr+1 Ugeanir,oo) Ui hao Uio D(L, k, K, g, ha, ha, 1)
where the sets D(L, k, K, g, k1, ha, ) have the form {m = 37;51 €, 4,) € Mp: from {(2;,¥;)}i>1,
the points {(¢;,¥;)}1<j<x arein [0,1] X [0, L) and only these points, 0 < ¢; < 1forall 1 < j <k,

6



0<y1 < <Y< L,yn, <6< Ynt1,% + +Yn, <7 <%+ 4 Yn+1 and mo1]x[0,6] =
Ef‘;le(mw) with 0 <7 <---<rp <landup+---+u, <7y < U + -+ Uyy1; and there
are K distinct points from {(¢;,;)};>1 in [0,1] X [0, ¢), each with point mass one } (suitably
modified in ‘boundary index’ cases), and then by using the standard neighborhoods of the vague
topology in M, to show that the sets D(L, k, K, g, k1, ho, i) are open in the vague topology (for
definitions and applications of the vague topology, see Chapters 3 and 4 of Resnick [13]). From
(8), it follows that P(£ € D) = 1.

We sketch a representative part of the proof of the continuity result (9) (¢). For m € M),
denote m, = mljp1]x[o,, 25 before and [, = m,([0,1] x [0,u]). Let m = i1 €tw) €D
with A°(m) = B and A°(m) = C for some B,C € {1,2,---} (the argument for B or C = 0 is
analogous), so that

(a) ooy <v < T4 yj; and
(b) ms = Eé"zl €(sju;) With 0 < 51 < --- < s, and 0 < uj < éfor 1 <j<lUsand
either (7) E?:o u; <y < Z?:"'Ol uj, or (41) E?:o u; <7y andls =C.

Let (mp)n>1 C My with m, % m, and use Proposition 3.13 of [13] to obtain that for all n large
there is a representation m, = 37,5, €M 4™y for which
=0 (&

(a) 0 < y§”) << y,(g”ll < y,(c") forall k > B+ 1, limy, e (tg-"),yg-")) = (t;,y,) for

1<j<B+1,a0d Y24 <y < 2P and

(b) Is,, = s and (ma)s, = T4 €m) ymy With 0 < s << s™ando <l <
A

ls
for 1 < j < ls and either () chzo ug-") <7< Z?:"'(,l ug-"), or (3t) chzo ug-") < v and
ls=0C.

It follows that for all large n, A%(m,) = B and A(m,) = C and thus lim, o, (A% (my), AL(my,))
= (A%(m), A*(m)); and one may apply the Continuous Mapping Theorem to obtain the desired
conclusion. O

Theorem 2.1 can be used to obtain asymptotic bounds on the sequences of expectations
{EN®(cn)}n>1 and {EN**(€pn, cn)}n>1. These asymptotic bounds can then be used as a measure
of comparisogl between the off-line st_ra,tegy 7¢ and the on-line strategies {s,}. To illustrate this,
we first give general bounds for N%(¢,) and N°®*(e,,c,) (used again in Section 3) and then
combine these with the weak convergence result of Theorem 2.1 to obtain asymptotic bounds.

Lemma 2.2 For all nonnegative r.v.’s X1, Xy, - - - and positive constants (cp)n>1 and (en)n>1,
r.v. N¢(c,) satisfies

n

N(ca) < ener' + 65" > (en — Xi)I(X; < &), (10)

=1

and r.v. N°*(e,,c,) satisfies

Flen)E| 30ty Xil(X; < €n) — cn|

ENSn ns Cn >nkF n —-1- H
(€n,cn) > nF(en) EX;I(X; < ¢,) o



Proof. Observe that inequality (10) can be rewritten as

N¢(en) < N) +¢,t (cn — zn:XiI(Xi < gn)> (12)

=1

where N}, = >, I(X; < €,); and inequality (12) is immediate, since, on the set {N,, < N¢(c,)},

Ne(cn) N} Ne(cn)
an Z XZTL_ZXZTL—I_ Z XZTL>ZXIX <5n)‘|’5n( (cn)_Nyl—L)
=1 =1 1i=N/+1 =1

and on the set {N! > N¢(c,)},

n Ne¢(cn) N}
ZX X <£n ZXZTL_ Z X’Ln‘l’ Z X’i,n < cn‘|’£n(N7,—L_Ne(cn))-
=1 1=N¢(cn)+1

To prove inequality (11), use an argument similar to that used by Rhee and Talagrand to prove
inequality (3)in [14]. O

Corollary 2.3 Under the hypotheses of Theorem 2.1

(o 1y /eyt (13)
> EN®(y)= Jim EN®(c,)
> EN*(6,7) = 11m EN°®"(ep,cn)

> () Q) 5 () () e 5,

(with ay = a Vv 0); and

< g(a) (14)

where g(a) = ((a + 2)/2)1/(a+1) ((a+2)/(a+1)), afunction on [0, 00) decreasing from g(0) = 2

to g(o0) = 1

Proof. First, observe that the r.v.’s N/ = >, I(X; < €,), n > 1, in the proof of Lemma 2.2
satisfy lim, .o, EN. = 6% and lim, .o E(N.)% = 6* + (6*)%. Since 0 < N**(en, ) < N¥%(c,) <
cnent + N (from inequality (10)), it follows that each of the sequences {N*"(en,,cn)}n>1,
{N®(cn)}n>1 and {N} }n>1 is uniformly integrable. Furthermore, from Karamata’s Theorem (as
given in the Appendix), E(e;'Y0, X I(X;<en) = nanfy Flen) F=(s)ds =~
nF(en)anen(a/(a + 1)); and so from Theorem 2.1 and inequality (10), one concludes that

0 < EN?(6,7) = Jim EN®"(en,cn) < EN¢(y) = Jim EN®(cn) < Y6t 4 (a+1)716e

Minimization of the right-hand-side function over § occurs at § = ((o + 1)’7/a)1/(a+1) and yields
the first inequality of the conclusion.



Next, let » — oo in inequality (11) to obtain

EN(8,7) > 8 — 1~ ((a + 1)/(5a))E , (15)

ZUi—’Y

since EN*"(ey,,cn) — EN®(8,7), nF(en) — 6% na, EX;I(X; < €,) — (a/(a+1))§**1, and
E37  anXI(anX; < anén) — ancn| — E|Y; U; — 7| (using the Continuous Mapping Theorem
and uniform integrability). Now observe that 61Uy, ...,6 'U; areii.d. r.v.’s given N = [, with
common d.f. F(z)=2z%, 0 <z <1, where N = £([0,1] x [0, 6]) is Poisson (§*)-distributed. Use
this fact and (15) to obtain

9\ 1/2
EN*(8,7) > & -1~ ((a+1)/(6a)) (E (Z Ui — 7) )

(G- () () ey

and so the last inequality of (13) is proved. A simple calculus argument, based on the bounds
n (13), yields (14). O

v

Example 2.4 Let F(z) be the Uniform (0, 1)-distribution function (so that F(z) is in Case III
for minima with @ = 1). By maximizing the right-hand expression in (13), one obtains that for

v>0and §=46(y)=+v37
V21 > EN(y)= lim EN“(cx) (16)
> EN*(8(r),7) = Jim EN*(en,cn) > ((4v3/9)v/7 — (5/3))

where the limits use sequences of positive numbers (e5)n>1 and (cp)n>1 satisfying anc, — v and
anen — 6(7) = v/37. One can then use these bounds to obtain inequality (14) in this case, which
implies that there are constants v and ¢ sufficiently large, so that for these sequences (en)n>1
and (cp)n>1, and for all n sufficiently large, 1 < EN®(c,)/ EN**(en, cn) < 1.838. For this special
d.f. F(z), one can also use techniques of Section 5 of [5] to obtain the bound EN®(y) < (6/5)7,
an improvement on inequality (16) for 0 < vy < 25/18.

Next, let distribution function F(z) be in Case I for minima with [z = 0. In this case, the
convergence result of the non-normalized counting r.v.’s differs markedly from Theorem 2.1 for
F(z) in Case III, due to the necessity here of location scaling in the underlying point process
convergence. In this case, the limiting pair (AV¢, N'*) is defined as follows. Let £ = 221 (3, W;)
denote the Poisson random measure on [0, 1] X [—00, 00) with intensity measure dt X dv, where
v[—oo,z] = e* forz € IR, asin (5). For integers K = 1,2,---and §,7 € R, define N'® = N¢(v; K)
by

_ i K w.
Ne — { g 1 1f 7 < Ez:l W’L (17)

and define N* = N¥(§,7; K) by

if W;<é<Wjyiforj=0,...,K-2
—1 if Wg_1 <6< Wk, orif Wg <éandy< YK, U (18)
if Wx<é6and K, U; <~y

N® =



where Wy = 0, and we have assumed, without loss of generality, that —oco < Wy < W3 < -+ - and
€5 = Eljo,1]x[~00,6] = Ele €(o;,u;) With finite L = #{(r;, W;) € [0,1] X [~00,6]}, and for L > 1,
0 <oy <---<op <1, with probability one.
Theorem 2.5 Let distribution function F(z) be in Case I for minima with [p = 0 and associated
positive constants a, > 0 and b, € IR, n > 1. Let (cp)n>1 and (€n)n>1 be sequences of positive
constants, K be a positive integer and 6§ and vy be constants in R such that an(c, — Kby,) — 7
and an(en — b)) — 6. Then

(N®(cn), N°(en,cn)) = (NS, N?).
Proof. The proof follows along the same lines of that for Theorem 2.1. O

For d.f. F(z) satisfying the conditions of Theorem 2.5, we can obtain from this result that
for appropriately chosen (cp)n>1, (én)n>1 and K, EN®*(en,cy) is close to EN®(c,). This is
illustrated in the following corollary.

Corollary 2.6 Let F(z) be in Case I for minima with [z = 0. Then for each K = 1,2, -,
lim Lim BA(6,7)/EN*(y) =1
and under the hypotheses of Theorem 2.5,
lim lim lim EN®(en,c,)/EN®(c,) =1

Y2500 § r00 N300
where the inside limit is taken over n — oo, with an(c, — Kby,) — v and an(en — byp) — 6, and

lim lim EN;(cn)/EN%(c,) =1

Y—00 N—00
where N}(cn,) was defined through (2) and the inside limit is taken over n — oo with
an(cn — Kby) — 7.

Proof. We have in this case that

K
K—1+4P()_W;>~)and

=1

EN*(y)

=1

K-1 K
EN*(6,y) = Y. je¥lexp(—e®)/j!+ (K — 1)P(Wp < 6) + P(D_U; < )
7=0
where

P( there are K or more points in [0, 1] X [—0o0, §])

MY

< ~
[~
S
(AN
2

~—
Il

X P(Ey+---+Eg>(K§—v)")

=K

and Eq,..., Ex areii.d. Exponential (1)-distributed r.v.’s and Y is a Gamma (K, 1)-distributed
r.v. The first limit result is now immediate (by choosing v sufficiently large, then § suffi-
ciently large); and the other limit results follow from Theorem 2.5 (use the convergence-in-
distribution together with uniform integrability of {N*"(en, cn)}n>1 and {N®(cp)}n>1 to obtain
limy, oo EN*(en,cn) = EN® and lim, 0o EN%(c,) = EN®). O
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3 Numbers Selected Grow to infinity, but are Small Compared
to Increasing Sample Sizes

In this section, settings are considered in which counting r.v.’s N¢(¢,) and N**(c,) / oo, but
N¢(cn)/mn and N°*(c¢,)/n — 0, as the sample size n — oco. Results are proved on the weak
convergence of appropriate normalizations of N¢(¢,) and N*(c,) to nondegenerate random
variables as n — oco.

Specifically, for the settings of this section, the distribution functions F(z) are in Case I
or Case III for minima with [r > 0. For F(z) in Case I for minima the function c(s) is
defined by c(s) = s7! f; udF*~(u); and for F(z) in Case III for minima recall the representation
F<(s) = lp + s7*L(s) where L(s) is a function slowly varying at zero and a = —1/a, for
a > 0. See the Appendix for background results on extreme value theory used in this section,
and in particular, for properties of the functions F* (s) and ¢(s). Observe that for these types
of distribution functions F(lr) = 0.

Given a sequence of positive constants (cp)n>1, define constants (Bp)n>1 and (€n)n>1 by

Bn/n
Cn = n/ F=(s)ds and €, = F(Bn/n). (19)
0

Why is the threshold e, chosen this way? Intuitively, an on-line estimate of Xp, , = F* (U, n)
or U, n is desired; so we use E(Up, n) = Bn/n and compare X,’s to the threshold F* (B, /n).
It would be useful to have a ‘better’ on-line estimator of Xp, , that would still be simple enough
to carry through an analysis of the problem.

Throughout this section, the positive constants (¢, )n>1 and (Bp)n>1 are assumed to satisfy
¢n/m — 0 and B, — 00 as n — 0o. For the norming constants in Theorem 3.1, this implies that
the location parameters (Bn)n21 satisfy B,, — oo but B,, << m, and the scaling parameters
(Ap)n>1, (B711/2)n>1 satisfy An,B,ll/2 << n'/2, B,, as n — oo. So the total number of sizes
selected goes to in_ﬁnity, but remains small in comparison to the sample size n, as n — oo, both
for the off-line smallest fit strategy 7° and for the on-line stopped threshold policies (sn)n>1-
However, as noted in the proof of Theorem 3.1 below, the ‘over-capacity’ r.v.’s (Vn(cn))n21_i11
the representation (3) satisfy v,(c,)/n — 1 in probability as n — oo; so the policies (sp)n>1
view larger and larger portions of the samples before reaching capacity, as n — oo. Observe
also that under this assumption, the following ‘capacities vs. thresholds’ comparisons holds:
¢n = Bpep, for F(z) in Case I, and in Case III for Ip > 0; and ¢, ~ Bréen/(1 + a71) for F(z)
in Case III with [z = 0 and parameter a > 0. Thus, the policies (s,)n>1 are feasible, for all n
large. -

In the main results of this section, it is also assumed that

F(en)
/2 (Z\°n/ N N
B ( N 1) Dasn — oo (20)
and, as n — oo,
B,ll/zc(Bn/n)/F (Bn/n) > o0 for  F(z)in Case I, and (21)

B,ll/z(F(_(Bn/n) —Ilp) > oo for F(z)in Case III with [z > 0.

Condition (20) ensures that the location parameters coincide for the convergence of the on-line
and off-line counting r.v.’s in Theorem 3.1. If d.f. F(z) is a continuous d.f., then F(e,) =

11



F(F=(Bp/n)) = Bp/n for all n > 1, and (20) holds. Also, for all d.f.’s in Cases I or III for
minima with g > 0, it follows that 1 < F(e,)/(Bn/n) < F(en)/F(en—) — 1 as n — oo, for
example, by using Karamata’s Representation for F' (see the Appendix). Thus, condition (20)
is a condition on how fast F(e,)/(Bn/n) — 1. For the types of distribution functions of interest
in this section, those in Case I or III for minima with [F > 0, there are distribution functions
that do not satisfy condition (20) for some sequences (By)n>1 satisfying the hypotheses of this
section and for which Theorem 3.1 does not hold (see Example 3.7). Condition (21) controls
the effect of variations in the off-line counting r.v.’s in the convergence results of Theorem 3.1;
no such additional condition is required when d.f. F(z) is in Case III for minima with {r = 0.
Condition (21) can be thought of as a restriction on the speed of convergence of ¢(s)/F*<(s) — 0
(or equivalently, fJ F* (u)du/(sF*(s)) — 1) for F(z)in Case I, and on the speed of convergence
of F*"(s) — lp = s7%L(s) — 0 in Case III with [r > 0 (see Example 3.8).

The next theorem is the main result of this section. Observe that in this theorem, the case
Ir > 0 is allowed; however, in this case the assumptions on the constants (cp)n>1 and (Bp)n>1
of this section force ¢, — oco. Contrast this to the setting and results of Section 2, in which
¢n — 0 and only g = 0 gives a nondegenerate result. In the case of [ = 0, it is possible in the
next theorem that ¢, — ¢, for any 0 < ¢ < oo (see Example 3.4).

Theorem 3.1 Let F(z) be in Case I or III for minima with lp > 0 and let the positive constants
(cn)n>1, (Bn)n>1 and (€n)n>1 satisfy (19), (20) and (21). Then there ezist positive constants
(Ap)n>1 for which

(471 (V¥(cn) = Ba), By (W (ca) = Ba)) = (N, N)

where (N¢,N*®) = (W1, Wy + (W3 A0)) and W = (W1, W,, W3) is N (0, Zw)-distributed.
For F(z) in Case I, the constants (Ap)n>1 satisfy

2 1 -1
An ~ BY?c(B,/n)/F~(B,/n), and Tw = 1 1 -1
-1 -1 1
For F(z) in Case III, the constants (Ap)n>1 satisfy
A~ B,ll/2 for lp=0
"7\ BYA(F(Bn/n) —Ip) /lr for 0<lp< oo
K: ©% tvm Ko = 1%
andSw=| % 1 -1 flp=0,and=| =% 1 -1 | iflp >0,
a _1 (1—-a)? - 1
1-2a 1-2a l-a

and K2 = 2a?/((1 - 2a)(1 — a)).
In fact, W3 = —W3 in both Case I, and Case III with lp > 0; and W3 = (1 — a)(W; — W3)
in Case IIT with lgp = 0.

12



Note that the inequality N*"(c,) < N¢(¢p) (a consequence of the definitions) carries over
(with probability one) to the limit r.v.’s as N'* < N¢if F(z) is in Case III with I = 0, and as
N¢® < 0if F(z)is in Case I, or in Case III with [z > 0. The latter inequality is clear since, in
these cases, B;l/z(NS"(cn) — By) < 6,41 (N¢(cn) — Bp) where 6, = ¢(Bp/n)/F~(By/n) for
F(z) in Case I, and = (F* (Bn/n) — lr)/lp for F(z) in Case III with [z > 0, and 6, — 0.

The proof of Theorem 3.1 is based on a Brownian bridge approximation to the uniform
empirical process. Before Theorem 3.1 is proved, some lemmas concerning the Brownian bridge
approximations are given. In the sequel we work on a probability space (2,4, P) constructed by
Csorgé et al. [6] carrying an infinite sequence Uy, Us, - - - of i.i.d. r.v.’s uniformly distributed on
(0,1) and a sequence of Brownian bridges U,(s),0 < s < 1,n = 1,2,---such that for the uniform
empirical process an(s) = n'/?(Gn(s) — s), 0 < s < 1, where Gn(s) = n 1 Y, I(U; < )

v |a”(‘9) B Un(3)|
su
1/n§s§11)—1/n (s(1 — s))(1/2)~—»

= O0p(1) (22)

as n — 00, where v is any fixed number such that 0 < v < 1/4. This can be assumed without
loss in generality. Note that for an F-distributed r.v. X; we have X 4 F<(U;), so on this space
we use X; = F(U;) fort = 1,2, ---. Recall that the constants (B, )n>1 and (&n)n>1 are defined
in equation (19). The proofs of the following two lemmas use standard argumex_lts found, for
example, in the papers by Csorgd and Mason [8], Csorgd, Haeusler and Mason [10] and Lo [12].

Lemma 3.2 Let F(z) be in Case I or III for minima with lp > 0 and let (mp)n>1 be any
sequence of positive integers such that m, ~ B,. Then

% Xin = J/" F(s)ds _Jign " UnlS)AF () (1)
== o
nl/er(mn/n) A°(By,/n) P
81/20(8) i Case I

where for 0 < s < 1, A%(s) =
s(/2=aL(s)  in Case III

Lemma 3.3 Let F(z) be in Case I or III for minima with lp > 0, and let 7, := F(ep,) for
n>1. Then

(n7p)~1/2 (i I(X; < en) — mn> = 7.12Un(7a) + 0p(1) = (Bn/n)"Y?Upn(Bn/n) + op(1)
and

Y Xl (X < e) —n Jg™ F(s)ds

(n7)Y2F(13)
™ Un(s)dF (s
T;1/2Un(7n) _ %ﬂ(m)() + op(1) in Case IIT with lp = 0
7_71—1/2Un(7-n) + op(1) i Case I, and Case III with g > 0

13



If, in addition, condition (20) holds as a hypotheses in Lemma 3.3, then the conclusions of
Lemma 3.3 hold with 7,, replaced by By /n.

Proof of Theorem 3.1. Consider first F(z) in Case III with [ = 0. For the convergence
analysis of N°**(c,), use condition (20) to observe that

N°*~(c,) - B, S (X < en) = Flen)) Vn(Cn)
I a— £ (P2 1) ort)

where vp(cn) = max{j : 1 < j < n and 2321 XiI(X; < en) < cp} if this set is nonempty and
= 0 otherwise; and obtain the following representations associated with this sum by using the
argument in the proof of the Doeblin-Ascombe Central Limit Theorem as given in the book by
Chow and Teicher [3, Theorem 1, page 317], the result that v,(c,)/n — 1 in probability, and
Lemma 3.3:

vnlcn)

B/ Z (I(Xi < en) = Flen)) = (Bn/n)"*Un(Ba/n)+ op(1)
and
Yoy XiI(Xi < €n) = lncn/n (Bo/n) Y20, By Jm) — B Un(s)dF () 4 op(1)
n/2(By /) 2P (Bp/n) e (Bn/n)!/?F=(Bn/n)

where I, := [n + (nzz/B,ll/z)] for n > 1, with —00 < 23 < 0. Also define constants m,, :=
[Br + App] for n > 1, with —oo < g < 00, where the constants (4,),>1 are defined in the
statement of the Theorem, and obtain from condition (21) and results on slowly varying functions
in the Appendix that

Mn /N e
cn— M fy F(s)ds ¢n — (lncn/n)
= — 1 d
W2 (Bo /)AL (B T O * M B, iR (B )

= —2z3/(1—a)+ o(1).

Now use these representations and convergence results to obtain the weak convergence

e _ lfn(cn) <L _
b (N (¢n) — By <w S (I(X;f/zgn) F(en)) < 2, BY/? (M _ 1) < z2>

(3

= P XZTL> Cn,

(1’ 1 B71"'/2 =1

mn S (X < ep) = Flen)) | & | )

S5 Un(s)dF=(s) .
(Bn/n)/D=2L(B,/n)

S/ Un(s)dF = (s) 1jag
(1-a) (( S r B~ (Pa/m) 2 Ua(Ban) | <2 | 4 of1)

= PWy <p,Wy<2,Ws< 2z)+0(1)

= P ft, (B /) Y2U,(Bp/n) < 21,
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where W = (W1, W, Ws) 4N (0, Xv) and the covariance matrix Xy is defined in the assertion
of the Theorem.
Hence

Nen—Bn Nsn n_BTL
P( (ciA) SM,(;+/2§7,>:P(W1SM,W2+(W3/\0)S7I)+0(1)

and the Theorem is proved for F(z) in Case III with [z = 0. For the proof of the Theorem in
the other cases, use straightforward modifications of this argument, together with the Lemmas
3.2 and 3.3 and background convergence results from the Appendix. O

Example 3.4 For distribution function F(z) = z71/%, 0 < z < 1, with —00 < a < 0,
and for positive constants (cp)p>1 with ¢,/n — 0 and ¢,n™°
((1- a)cnn_“)l/(l_a) and Theorem 3.1 gives

— o0, it follows that B, =

(B711/2 (% _ 1) B (NT(%) _ 1)) = (Wi, W + (1 — a)(Wi — Wa) A 0))

n n

2q° —a
where (Wy, W3) is N(0, Zyy)-distributed with Yw = ( (1-a)(1-2a) 11“
1-a
In particular, if F(z) is the d.f. of a random variable uniformly distributed on (0,1), so
F(z) = z for 0 < z < 1, then F(z) is in Case III for minima with ¢ = —1. Moreover the

sequences (Ap)n>1 and (Bp)n>1 are given by B, = (2ncn)1/2 and 4, =~ B,ll/2 = (2ncn)1/4, and
(2nen) 7Y% (N(cn) — (2n€0)!/2) = N(0,1/3) and (2ncn) Y4 (Non(ca) — (2nca)V/?) = W, +

1 -1
~1 4/3
variance of the limit r.v. N is given by E(Wy+ (W3 A0)) = —(2/(37))'/? and Var(W, + (W3 A
0)) = 2(1 — 1/7)/3, respectively.

(W3 A 0) where (Wa, W3) £ N (0, (

) ). As a comparison, note that the mean and

Additional asymptotic distributional comparisons between N®(c,) and N*(c¢,) can be ob-
tained from Theorem 3.1, as stated in the following corollaries. Analogous comparisons can be
made between (s,)n>1 and 7° based on Theorem 4.1 (see, e.g. Corollary 4.2). The proof of the
following corollary is immediate.

Corollary 3.5 Let F(z) be in Case I or III for minima with lp > 0 and constants (cp)n>1,
(Bn)n>1 and (en)n>1 as in Theorem 3.1. Then

(i) the sequence of stopped threshold policies (s, )n>1 i5 a consistent approzimator of the off-line
smallest fit strateqy 7¢;

(it) N%(cn)/N**(cn) — 1 in probability as n — co; and

(222) for F(z) in Case IIT with Ip = 0,

B;Y2(Ne(cp) — N*n(cp)) = N — N®

and

(N*(en) — Bn)/(N*(cn) — Bn) = N°/N*

where N and N'* are given in Theorem 3.1.
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Corollary 3.6 Let F(z) be in Case I or Case III for minima with [p > 0 and let the constants
(Bn)n>1 and (en)n>1 be given by (19) and satisfy condition (20). Then

") < lminf B.Y/? (BN (cs) = Bn)
< liminf B;Y? (EN}(cn) — Bn) < limsup B; /2 (EN}(c,) — By) (23)

n— 00

< limsup B;Y?(EN®(cy) — Bn) <0

n— 00

where k(a) = —(1 — a)1/2 in Case III with lp = 0, and = —1 in Case III with I > 0 and
Case I

Proof. Only the first inequality and the last inequality in (23) need some explanation since
EN*(cp) < EN}(cn) < EN¢(cp). For the last inequality in (23) use (10) to obtain
Cn — 'Til:l X’LI(X'L S En)

—1/2 ¢ pare _ =1/2 (ar! _
BV/? (N¥(en) - Ba) < B2 (N, — Bu) + 5%,

(24)

where N}, = Y7, I(X; < €,). Using an argument similar to that in the proof of Theorem
3.3 of Bruss and Robertson [2], and the convergence results from Lemma 3.3, it is easy to
see that B, /> (N, - B,) = N(0,1), B;l/ze,:l (en — 301 XiI(X; <€) = N(0,02) where
02 = (1 —2a)7! in Case III with [z = 0, and = 1 in the other cases, and that the sequences
{B,:l/2 (N) — Bn)} and {B;l/ze,:l (en — >iq XiI(X; < €,))} are uniformly integrable. This
settles the last inequality in (23).

To see the first inequality in (23) use inequality (3) in Rhee and Talagrand [14] to obtain
B'/? (EN®*~(cn) — Bn) > e (B,,LF“_(BW/n))l/2 + o(1). By Karamata’s Theorem
(see the Appendix), the right hand side of the latter inequality converges to —(1 — a)1/2 in
Case III with [z = 0. The other cases follow similarly by the convergence results from the
Appendix. O

Example 3.7 This example shows the necessity of condition (20) for Theorem 3.1. Let F(z) be
given by F(z) = k3 if (k+1)" ' <z < k™!, fork=1,2,--5sod.f. F(z)isin Caselll for minima
with g = 0, for @ = 3 and @ = —1/3. Its inverse function is given by F~(w) = (k + 1)7* if
(k+1)3 <w< k3 k=12 Let k, := [logn] for n > 1 and (Yn)n>1 be constants
0 <9n <1 with 7, T 1, and let (cp)n>1 be the positive constants satisfying

(k'n.+'Y'n.)_3
cn/n = / F(s)ds
0

- i FHI=-1)2 =17 = (ka + )7 (k% = (Bn+ 1m) %)
I=kn+1

= (knt+vn) Y (kn+ 1) = > 17} +1) forn > 1.
I=kn+1

Thus, ¢,/n ~ (3/4)(log n)™* as n — oo. These constants (cn)n>1 were chosen so that the
constants (B )n>1 of (19) are given by B, = n(k, + ») > for n > 1. Thus B, = n/(log n)* as
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n — oo. Also, the constants (e,)n>1 of (19) are given by e, = (k, + 1)7* for n > 1. It follows
that for this d.f. F(z) and this sequence (cp)n>1,

3
n n n

Using the method of proof of Theorem 3.1 and direct calculation, one can show that for this
example both v,(c,)/n — 1 and (F(en)vn(cn) — B,,L)/B,ll/2 — —oo in probability as n — oo,

and so B;l/z(N‘"(cn) — B,) — —o0 in probability as n — oo. In contrast, as in Theorem 3.1,
B;l/z(Ne(cn) — Bp) = N¢, where V¢ is given in the statement of Theorem 3.1, for F(z) in

Case III for minima with {p = 0.

Example 3.8 Consider d.f. F(z) =z — 1 for 1 < z < 2, so that F(z) is in Case III for minima
with [z = 1, and has inverse function F* (s) = 14 s for 0 < s < 1. Let (Bp)n>1 and (cp)n>1
be positive constants for which B, — o0, Bp/n — 0 and ¢, = Bp(1 4 (Bn/(2n))) for n > 1.
If Bg/z/n — 00, then Theorem 3.1 gives that (N®(¢,) — Bn)/(Bg/z/n) = N(0,1/3)-distributed
r.v. However, if Bg/z/n +» 00, no such normal convergence holds, and asymptotic behavior of
{N¢(cpn)} may vary from one subsequence of n’s to another. For example, consider the specific
d.f. F(z) of this example, with B, = n'/2 forn > 1 (so 4, = Bg/z/n = n~1/4), and let u < 0.
If n = m?, for all positive integers m sufficiently large, then P(n'/4(N®(c,) — n'/?) < p) — 1/2;
but for 0 < § < 1 small, and n’s satisfying (m + 6)? < n < (m+ 1 — §)?, for all positive integers
m sufficiently large, then P(n'/4(N®(c,) — n'/?) < u) — 1. To see this holds, use an argument
analogous to part of the proof of Theorem 3.1, together with Lemma 3.2, and careful analysis

of the sequence {(cn — nf(;n"/" F‘_(s)ds)/(nl/z(Bn/n)(1/2)—a)}_

4 Numbers Selected Proportional to Increasing Sample Sizes

In this section, settings are considered in which N¢(c,)/n — 7 and N°**(c,)/n — 7, for 0 <
T < 00, as the sample size n — 0o0. Results are proved on the weak convergence of appropriate
normalizations of N®(c,,) and N**(c,) to nondegenerate r.v.’s as n — oo.

In this section, the sequence of capacity sizes (cp)n>1 are assumed to satisfy the large capacity
property n_l/z(cn —nf) — 0, for 0 < 0 < EX;, where X7, X»,---is the sequence of object sizes
(nonnegative ii.d. r.v.’s with d.f. F(z)). Throughout the section, the constants 7 and ¢ satisfy
6 = [y F(s)dsand e = F (7). The constant ¢ is used as a threshold for the stopped threshold
policy s,. For this theorem, the inequality N**(c,,) < N¢(c,) carries over to inequality N'* < A/®
(this is easily checked from the conclusion, by using 0 < 8 < 7¢).

Theorem 4.1 If F(z) is continuous and strictly increasing on its support, lp > 0 and
EX} < oo, then

(722 (N2(cn) — n7) ,n M2 (N*(cp) — 7)) = (NS, N*)

where (N¢,N*) = (W1, Wy+(W3A0)) and (W1, Wa, W3) s N (0, X(8))-distributed. In fact, W3 =

((1e)/6)(W1—W?>). The covariance matriz 3(6) 1s a symmetric matriz 3(6) = (2(0)i,j);—1 23, j-123
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given by
(B(0))ict jor0s = (03(7)/e2,(1=7)(7 = (8]€)),
07 r(0*(r) /e — (1= 7)(re — ) ;
(B(0))icg,juzg = (T(1—7),=7(1=7));
(Z(0))izg jos = 07272 (02(r) + 26(1—7)8 — e*r(1 - 7)) ; and

T T

o*(r) = (s At — st)dF(s)dF(t).
o Jo
Proof. First, observe that
¥ va(cn)
n~ Y2 (N (c,) — n7) = n~1/? Y (I(Xi<e)-7) +rnl/? ( R 1) .
=1 n

Follow the same lines as the proof of Theorem 3.1 and use standard approximation arguments
(e.g. given by Csorgd, Csorgd and Horvdth [7, Chapter 10]) to obtain

vnlcn)
P (n/ (N¥(en) = mr) < psn 2 Y2 (I(X <€) =) < syt (22E2) 1) )

=1 n

= P (flT/" Un()dE™ (s) < Un(m) < 215

e (r)

g (// Un(s)dF~(s) — FH(T)UH(T)> < zz> +o(1).
1/n

In order to compute the covariance matrix (6), use fy sdF* (s) = 7F(7)— 6. This completes

the proof of the theorem. O

Corollary 4.2 If F(z) is continuous and strictly increasing on its support, lp > 0, and
EX} < oo, then

(1) the sequence of stopped threshold policies (sp)n>1 15 a consistent approzimator of T¢;

(i2) (N*~(cp) — n1)/(N%(cn) — n1) = N¥/N®; and

(111) n=Y2(N¢(cp) — N**(cp)) = Ne — N°*

where (N¢, N'*) is given in Theorem 4.1.

Corollary 4.3 If ¢, = nf for some 8 > 0, and F(z) is continuous and strictly increasing on
its support, lp > 0, and EX? < oo, then

—(2m) 72 (5(8)3,5)"/?

lim n~Y/2(EN*"(c,) — n7)

< liminfn~Y? (ENX(cy) — n7) < limsupn /2 (EN}(c,) — n7)
< lim n"Y2(EN®(cp)—nr) =0

n— 00

and

lim 1 Y2E (N%(c) — N*"(ca)) = (27) 12 (2(6)3 )"/

n— 00

where ¥(0)3 3 is defined in Theorem 4.1.
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Proof. The proof of the corollary relies on the inequalities

nH2 (N (cn) — n7) < 072 (N®(cn) — m7) (25)
< qpl/2 (N] —nr) + n~/2g1 (cn - ZXz’I(Xi < 5))
1=1
where N}, = Y%, I(X; < €). The last inequality in (25) is proved in exactly the same man-

ner as inequality (24). Since n=1/2(N*(c,) — n7) = N*, n~Y2(N%(c,) — n7) = N°® with
(Ne, N'®) from the assertion of Theorem 4.1, EN® = —(2r)~1/2 (2(0)3,3)1/2 and EN® = 0, the
proof of the theorem is completed if it is shown that the sequences {n_l/z (N*"(cn) — nT)},
{n_l/z (N] — nT)} and {n_l/za_l (en — > XGI(X; < 5))} are uniformly integrable. Follow-
ing an argument of Bruss and Robertson (see [2, Theorem 3.3]) it is enough to show that
P(|V,| > v) < Cv~2 for some constant C not depending on n, where {V,,} represents each of
the sequences above. We only consider the case V;, = n=*/2 (N**(c,) — n7) since the other cases
are straightforward.
By Chebychev’s inequality

P(|V,| > v) < v 2E|V,|?

vnlcn) 2
< 2w ?|nlE ( Z (I(X; <e)— F(e))) +nE ((vn(cn)/n) — 1) | =:207%(A + B)

=1

where v,(c,) = max{j : 1 < j < n and 2321 X;I(X; <e€)<cpn} Now

Pnlen) 2 tn(en)  wmlen) |2
A<on™' [ E ( Z X'i) + E ( Z Xi — Z X'i) =:2n" (A1 + 4,)
=1 =1 =1

where x; = I(X; < ¢)—F(e) and #n(cn) = (n(cn)+1)An = min{j : 1 < j < n and 2321 X;I(X; <
€) > ¢, }. Note that 7,(c,) is a stopping time (for (X;);>1) and hence by Wald’s identity (see
[3, Theorem 3, page 139]), A1 = E(im(cn))Var (I(X; < €)) < nr(1 — 7). Tt is easy to see that
Ay <nr(l—7)and thus A <47(1—-7).

Consider B. Define &, = sup{j > 1:3.7_, Z; < n} where Z; = (X,/0)I(X; < €) and observe
that B < n ' E(#, —n)? since ¢, = nf. From renewal theory (see Gut [11, Theorem I1.5.2 (i7)])

it is known that Ev, = & + ”22;52 + o(1) and Varz, = nZ—i + o(n), as n — oo, with 02 = VarZ,
and = EZ; = 1. Hence B < n 'E(i, — n)? = 0% + o(1) < 762/6? + o(1). This completes the

proof of the theorem. O

A Appendix

Recall the following definitions, relations, and results concerned with domains of attraction for
minima.

Let X1, X,, - be iid. r.v.’s with d.f. F. F(z) is said to be in the domain of attraction of
d.f. H(z) for minima if there exists constants (an)n>1, @n > 0 and (bn)n>1, bn € IR, such that

P (a,n ( min X; — bn) < :c) — H(z) for all continuity points z of H. (26)

1<:i<n
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In this setting we say F is in Case I, in Case II with parameter o > 0 or in Case III with
parameter o > 0, if the limit d.f. H is respectively given by Hi(z) = 1 — exp (—e®) for z € IR;
by Hfj(z) =1 —exp (—(—z)™®) for z < 0; or by Hfjj(z) =1 — exp (—z*) for z > 0.

Let Y; = —X, for ¢ > 1, so that ¥3,Y5,- - are i.i.d. r.v.’s with d.f. G(z) =1 - F((—z)-),
and r¢ := sup{z : G(z) < 1} = —lp. F is in the domain of attraction for minima in Case I,
IT or IIT iff respectively G is in the domain of attraction for maxima associated with d.f.’s A,
®,, or ¥,. See Resnick [13] for results on domains of attraction for maxima and definitions of
these d.f.’s. In the following paragraphs we list some properties in each of the Cases I, II, and
IIT which are used in this paper.

o If F is in Case I for minima, then constants (an)n>1 and (b)n>1 are given by
b, = F(1/n) and a;' = g(b,) for n > 1, (27)

for example with g(t) = fl; F(z)dz/F(t). The function F(s) is slowly varying at
zero. An auxiliary function useful in analysis is the function ¢(s) defined on [0, 1] by
e(s) := st ffudF—(u) = F(s) — s~ f§ F~(u)du. As proven by Lo [12], the func-
tion c(s) satisfies the following properties. There exists a finite constant £ such that for
0<s<1/2, F(s) = k+c(s) — [ ule(u)du. The function ¢(s) := f5 F~(u)du can
be written as ¢(s) = s (k ! u_lc(u)du). Also, ¢(s) > 0; ¢(s) is slowly varying at zero;
lim,yoc(s)/F* (s) = 0; and if [p is finite, then lim, o ¢(s) = 0.

e If F is in Case II for minima, with o > 0, and @ = 1/, then

a,' = —F~(1/n) and b, = 0 for n > 1, (28)
lp = —o0 and lim, o nF(ay'z) = (—z)~* for ¢ < 0. The function F(—z) is regularly
varying as ¢ — oo with index —a = —1/a; and F* (s) = —s *L(s) where L is slowly

varying at zero.

e If F is in Case III for minima, with o > 0, and @ = —1/a, then
a;' = F~(1/n) -l and b, = I for n > 1, (29)
lF is finite and lim, .o nF(a,'z + lF) = z* for z > 0. The function F(Ip + z7 1) is

regularly varying as ¢ — oo with index —a = 1/a; and F* (s) = lg + s~ *L(s) where L is
slowly varying at zero.

For definitions and results on Poisson random measures and related material, an excellent
reference is Chapters 3 and 4 of Resnick [13]. In particular, see [13] for definitions and results
on random measures associated with partial maxima. In the following, for use in Section 2 and
for comparison purposes, notation and results associated with partial minima from this theory
are given. For ¢ = I,II,III, let N = N2 denote the Poisson random measure with mean measure
dug = dt X dvf on [0,00) X E; for ¢ = I,1II and IIT where

Er=[-00,00) and wu[-o00,z]=¢" for z € R;
Enp=[-00,0) and wvf[—o0,z]=(—2) % for z <0; and
Emnr=[0,00) and vff0,2] = z* for z > 0,
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for @ > 0. The random measure N takes values in M, = M,([0,00) X E;), the space of point
measures on [0, 00) X E;, and has representation N = P €(T;,2;)> where ¢, denotes point mass
at z, and T and Z; are r.v.’s taking values in [0, 00) and E; respectively. The space M, is given
the usual measurable structure and the vague topology (see, e.g., Chapter 3 of [13]); convergence
in the vague topology is denoted —. The analogue of Corollary 4.19 of [13] for partial minima,
used in Section 2, has the following form:

Let d.f. F(z) be in the domain of attraction for minima of H(z), and with norming
constants of (26) chosen as in (27), (28) and (29). Then
for H = Hy, (26) is equivalent to Ny := 32721 €(j/n,an(X;-bn)) = NI;
for H = Hf}, assume F(0) = 1, then (26) is equivalent to
Ny = 32721 €(i/manx;) = Nif; and
for H = Hpy, (26) is equivalent to Ny := 32221 €(j/n,an(X;-bn) = NI
where the weak convergence takes place in M,([0, 00) X E;)
for 1 = I, II or III respectively. (30)

Finally we state a result concerning functions which are slowly varying at zero, which we
frequently use in this paper.

e (Karamata’s Theorem (see [8, Lemma 1]).) Let L(z) be slowly varying at zero. If § < 1,
then
lim su_ﬂL(u)du/ (sl_ﬂL(s)) = ;
s10 Jo 1-p
e (Karamata Representation (see e.g. [13, Section 0.4]).) For 0 < ¢ < tg, L(t) is slowly
varying at zero if and only if L(t) = ¢(¢) exp (ftto e(u)/u du) for some measurable functions
c:(0,t) — IRy and € : (0,%9) — IR satisfying lim;|q c(t) = ¢¢ for some constant ¢g > 0
and lim; ,oe(t) = 0.
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