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SUMMARY

We study the properties of applying stochastic algorithms to solve optimization prob-

lems in model estimation. In particular, we investigate the statistical properties of estima-

tors that are based on some stochastic algorithms in Chapters 2, 3, 4, and 5; we propose a

new stochastic algorithm and study its optimization property in Chapter 6.

We summarize the main contents in each chapter as follows. In Chapter 2, we explore a

directional bias phenomenon in both stochastic gradient descent and gradient descent, and

examine their implications for the resulting estimators. We would argue that the outcome

from the stochastic gradient descent may lead to a better generalization error bound. In

Chapter 3, we study a property of implicit regularization by a variance reduction version of

the stochastic mirror descent algorithm. The phenomenon of implicit regularization by ap-

plying certain algorithms has attracted a lot of attention, and its existence with the variance

reduction based stochastic algorithm is new. In Chapter 4, we establish the equivalence

between the variance reduced stochastic mirror descents with a technique that has been

developed in information theory – variance reduced stochastic natural gradient descent.

The purpose of establishing such an equivalence is that the properties of both problems

can automatically be shared with each other. In Chapter 5, we study a recent algorithm –

ROOT-SGD – for the online learning problem, and we estimate the covariance of the esti-

mator that is computed via the ROOT-SGD algorithm. Our covariance estimators quantify

the uncertainty in the ROOT-SGD algorithm, which are useful for statistical inference. In

Chapter 6, we study a constrained strongly convex problem – the entropic OT, and we pro-

pose a primal-dual stochastic algorithm with variance reduction to solve it. We show that

the computational complexity of our algorithm is better than other first-order algorithms

for solving the entropic OT.

xvii



CHAPTER 1

INTRODUCTION

In statistics and machine learning, empirical risk minimization (ERM) is widely used in

model estimation, which corresponds to the following optimization problem:

min
θ

{
F (θ) :=

1

n

n∑
i=1

f(θ;xi)

}
, (1.1)

where {xi}i=1,...,n are the observed samples and θ is the parameter to estimate. For sim-

plicity, we further denote f(θ;xi) as fi(θ).

Many optimization algorithms have been proposed to solve (1.1). There are two main

categories of algorithms: stochastic algorithms and deterministic algorithms. The most

popular stochastic algorithm is Stochastic Gradient Descent (SGD), which updates the pa-

rameter estimation as follows:

θt+1 = θt − ηt∇fit(θt).

And a deterministic algorithm is the Gradient Descent (GD):

θt+1 = θt − ηt
1

n

∑
i

∇fi(θt).

Each step of the deterministic algorithm requires calculating the gradient of the summa-

tion, while each step of the stochastic algorithm only uses the gradient of one term in the

summation. The computation for each step of the stochastic algorithm is only a fraction of

that of the deterministic algorithm, so the stochastic algorithm can be advantageous for a

large-scale problem.

Chapters 2, 3 and 4 analyze the properties of applying stochastic algorithms to solve

1



optimization problems under the framework of empirical risk minimization. The details

about them are presented below.

In Chapter 2, we analyze the point estimator from the stochastic gradient descent (SGD)

applied to the nonparametric regression model, the kernel regression in particular. We show

that SGD has a solution path biased towards a certain direction that is different from that

of the gradient descent (GD). We further use this phenomenon to explain why the SGD

estimator has a better generalization performance. Our results extend those in the current

literature for the linear regression model, and are supported by numerical experiments using

simulated and real data sets.

In Chapter 3, we analyze the properties of variance-reduced stochastic mirror descent

(VRSMD) applied to a finite-sum objective function. We prove the convergence rate of the

VRSMD and show that it converges to an implicit regularized solution in linear regression.

Our finding covers both overfitting and underfitting scenarios in linear regression; note that

the latter case is not included in the current literature. We also show the implicit regularized

solution from VRSMD can find a sparse ground truth with a small error. Such a theoretical

guarantee for the sparsity of the mirror descent solution is also new to the literature.

In Chapter 4, we compare the variance-reduced stochastic natural gradient descent

(VRSNGD) and VRSMD algorithms for estimating parameters in a statistical model and

show that the two algorithms are equivalent under suitable conditions. The equivalence

allows one to generalize the understanding of one algorithm to the other; for example, in

Chapter 4 we prove the convergence rate of VRSNGD based on the convergence rate of

VRSMD, and show the parameterization invariance of VRSMD based on such property of

VRSNGD. Based on the implicit regularization property of VRSMD studied in Chapter 3,

one may investigate if a similar property holds for VRSNGD.

We also study the model estimation problem in an online setting, which leads to a differ-

ent formulation than the empirical risk minimization formulation in (1.1). This is reported

in Chapter 5. In online learning, the data points come in a sequence, and we are not able
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to store the data due to its large size. In this case, a stochastic algorithm updates the pa-

rameter estimate using only the most recent (one or two) estimate(s) and the current data

point. In particular, we analyze a stochastic algorithm in online learning: the ROOT-SGD

algorithm. The ROOT-SGD is a stochastic gradient-based algorithm with fast convergence

and asymptotic normality. Our goal is to estimate the covariance of the estimator that is

computed via the ROOT-SGD algorithm. For a general online convex learning optimiza-

tion problem, we provide two covariance estimators for the estimate from the ROOT-SGD

algorithm. Our first estimator uses the stochastic Hessian. This estimator converges to the

true asymptotic covariance at a rate that is faster than those in the literature. Our second

estimator is purely based on the parameter estimates from ROOT-SGD. We show that the

second estimator is also an asymptotically consistent estimator. Our covariance estimators

can be used for statistical inference in ROOT-SGD. For example, the covariance estimator

can facilitate hypothesis testing in this setting; it can help build confidence intervals as well.

We perform numerical studies to support the asymptotic consistency of our estimators.

Besides the empirical risk minimization problem, the stochastic gradient descent meth-

ods can be applied to other problems that have the summation structure (i.e., the objective

function in the optimization problem is a finite sum; and the gradients can be computed for

each term in the summation). In Chapter 6, we study a constrained optimization problem:

Optimal Transport (OT). In particular, we propose a primal-dual stochastic algorithm with

variance reduction for solving it, and we study the optimization property of our algorithm.

We show that the computational complexity of our algorithm is the best among the state-

of-the-art algorithms, that is, the convergence rate of our algorithm is better than all other

first-order algorithms. We further speed up our stochastic algorithm by a mini-batch algo-

rithm that enables parallel computing. There is a sublinear speed-up in the batch version of

our algorithm. Numerical experiments support our theoretical findings.

In summary, we studied stochastic algorithms and their applications in machine learn-

ing. Various properties of stochastic algorithms are analyzed. For some ERM problems,

3



we provided a theoretical guarantee of the generalization error of the model estimate that

is based on a stochastic algorithm. And for the online learning problems, we proposed

new estimators of the covariance of the output of a stochastic algorithm. Furthermore, we

showed that we can achieve consistent statistical inference in the online learning using our

covariance estimators. For a particular constrained problem, we improved the stochastic

algorithm to solve the optimization problem faster than the existing algorithms.
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CHAPTER 2

THE DIRECTIONAL BIAS HELPS STOCHASTIC GRADIENT DESCENT TO

GENERALIZE IN KERNEL REGRESSION MODELS

We study the Stochastic Gradient Descent (SGD) algorithm in nonparametric statistics:

kernel regression in particular. The directional bias property of SGD, which is known in

the linear regression setting, is generalized to the kernel regression. More specifically, we

prove that SGD with moderate and annealing step size converges along the direction of

the eigenvector that corresponds to the largest eigenvalue of the gram matrix. In addition,

the Gradient Descent (GD) with a moderate or small step size converges along the direc-

tion that corresponds to the smallest eigenvalue. These facts are referred to as the direc-

tional bias properties; they may interpret how an SGD-computed estimator has a potentially

smaller generalization error than a GD-computed estimator. The application of our theory

is demonstrated by simulation studies and a case study that is based on the FashionMNIST

dataset.

2.1 Introduction

The Stochastic Gradient Descent (SGD) is a popular optimization algorithm that has a wide

range of applications, including generalized linear model in statistics and deep Neural Net-

work in machine learning. One main advantage of the SGD is the computational scalability

due to the low cost per iteration. Recent work also indicates that the SGD might also lead

to outcomes that possess nice statistical properties under the linear regression framework,

see [1].

In this chapter, we study the statistical properties of the SGD under nonparametric

regression models. We focus on the Reproducing Kernel Hilbert Space (RKHS) model,

which is popular in both statistics and machine learning communities and is often simply
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referred to as the “kernel trick”, see [2, 3]. The kernel method can be applied in various

domains such as image processing [4] and text mining [5].

Our main approach is to analyze the directional bias of the SGD algorithm under the

RKHS model, which can help us to explain why the outcome of SGD has good generaliza-

tion properties. Directional bias, also referred to as implicit bias, means that an algorithm

generates a solution path that is biased towards a certain direction, and it is also closely

related to implicit regularization in deep learning [6]. Directional bias also means that the

algorithm prefers some directions over the others even though they may have the same ob-

jective function value. For example, [7] shows the directional bias of SGD and GD in the

linear regression model, and analyzes the relationship between the directional bias and the

generalization error in such a setting. There is no directional bias result in kernel regres-

sion, but one may expect it to exist and to explain the generalization performance of the

outcome of SGD in the kernel regression model.

The state-of-the-art result on the directional bias of SGD can be divided into two cat-

egories, based on their underlying techniques, mostly under the linear regression model.

The first category is the stochastic gradient flow method where one assumes an infinites-

imal step size in SGD and thus the parameter dynamic follows a stochastic differential

equation, see [8, 9, 10]. The second category is to analyze the discrete SGD sequence,

which in general requires a moderate step size such that the algorithm converges, see [7]

for an example in linear regression. Our approach belongs to the second category.

We want to point out that there is more research to study the directional bias of the

Gradient Descent (GD) than for the SGD. For instance, for Neural Networks in the ‘lazy

training’ regime, [11] shows that GD converges in the direction of the smallest eigenvalue

of the Neural Tangent Kernel; for high-dimension regression, [12, 13] shows that GD finds

a sparse estimation.

Our contributions are two folded. First, we study the directional bias of (S)GD in

a nonparametric regression model. Though the nonparametric regression is well studied
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in statistics, the directional bias is a relatively new concept [7]. Second, we unify the

conditions to guarantee the directional bias of GD and SGD sequences. The main condition

is the diagonally dominant gram matrix, which covers a large class of kernel functions. To

the best of our knowledge, our findings and techniques are not yet discovered in the current

literature.

Our result can shed new light on deep learning [14]. By the state-of-the-art mathemat-

ical theory of Neural Networks (NN), kernel and/or nonparametric methods can approxi-

mate the functional space of neural networks, see for example the NTK theory [15], and

the Radon bounded variance space description for ReLU NN [16]. These phenomena can

lead to interesting future research.

Organization. The rest of this chapter is organized as follows: In Section 2.2, we

give problem formulation, formalize the algorithms and state our assumption; In Section

2.3, we state our main theory, including the directional bias result and its implication for

generalization; In Section 2.4, we perform numerical experiments; The detailed proof and

experiments are deferred to Section 2.5, the technical details of this chapter.

2.2 Problem Formulation

In Section 2.2.1, we define the kernel regression; in Section 2.2.2, we present the SGD

and GD algorithms; in Section 2.2.3, we state our assumption for later analysis. We also

provide a simple example to justify the assumption.

2.2.1 Kernel Regression

Suppose we have n data pairs {xi, yi}ni=1 generated from an unknown model y = f(x)+ξ,

where xi ∈ X ⊂ Rp, yi ∈ R and ξi’s are i.i.d. noise. The goal is to estimate the unknown

model f from the data. One solution is to minimize the empirical risk function

min
f

1

n

n∑
i=1

ℓ(yi, f(xi)), (2.1)
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where ℓ is the loss function. A popular choice for regression task is the squared loss

ℓ(y,x) = 1
2
(y − f(x))2.

One can see that problem (2.1) is not well-defined, as there are infinitely many solutions

to ∀i : f(xi) = yi, and some of them do not generalize for new test data. One way to

fix it is to restrict f ∈ H and penalize ∥f∥H for smoothness, where H is a RKHS with

reproducing kernel K(·, ·) and ∥ · ∥H is the Hilbert norm. Adding these restrictions and

applying Representer Theorem, problem (2.1) with the squared loss becomes

min
α∈Rn

1

2n

n∑
i=1

(yi −KT
i α)2 =

1

2n
∥y −Kα∥22, (2.2)

where KT
i is the ith row of K := K(X,X) = (K(xi,xj))i,j . For a parameter α, the

corresponding estimator inH is f(·) =
∑n

i=1 αiK(xi, ·) := αTK(·, X).

Now when K is invertible, it is trivial that any algorithm on objective function (2.2)

converges at the unique minimizer α̂ = K(X,X)−1y, so the RKHS functional estimator

is

f̂(x) = K(x, X)TK(X,X)−1y, (2.3)

where K(x, X)T = (K(x,x1), . . . , K(x,xn)). Estimator (2.3) is the minimum norm

interpolant, i.e.,

argmin
f∈H
{∥f∥H : f(xi) = yi, i = 1, . . . , n},

whose properties are studied in [17].

In this chapter, we compare the convergence direction of SGD and GD to α̂. Specif-

ically, we consider a two-stage SGD with a phase transition from a larger step size to a

decreased step size. Note that this matches the training scheme people always use in prac-

tice for SGD algorithms: decreasing the step size after training for a few epochs. For that
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purpose, in the following sections, we define the one-step SGD/GD update and state our

assumptions and notations for analysis.

2.2.2 One step SGD/GD update

For objective function (2.2), denote the parameter estimation at tth step as αt, then SGD

update αt+1 as

αt+1 = αt − ηt(KT
itαt − yit) ·Kit , (2.4)

where it is uniformly random sampled from {1, . . . , n}.

The GD update αt+1 as

αt+1 = αt −
ηt
n
KT (Kαt − y). (2.5)

2.2.3 Assumptions and Notations

We state our assumption on the gram matrix as follows:

Assumption 2.1 (Diagonally Dominant gram matrix). Denote by K = K(X,X) the gram

matrix, we assume thatK is diagonally dominant. Specifically, suppose w.l.o.g. thatK1,1 ≥

K2,2 ≥ . . . ≥ Kn,n > 0, then we have for a small value τ that

|Ki,j| ≤ τ ≪ Kn,n,∀i ̸= j.

Remark 2.1. A diagonally dominant gram matrix is common in kernel learning. Mathe-

matically, one can justify that a gram matrix is diagonally dominant by imposing proper

assumptions on the kernel function K(·, ·) and the data distribution. As an example, we

show diagonal dominance for the bilinear kernel. One can check that other popular ker-

nels can have diagonally dominant kernel matrices too.
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Remark 2.2. Thinking of the kernel function as the inner product of high-dimensional fea-

tures, the resulting gram matrix is diagonally dominant when the high-dimension features

are sparse. This happens in a lot of practical problems [18, 19], for example, linear or

string kernels being applied to text data [5], domain-specific kernels being applied to im-

age retrieval [20] and bioinformatics [21], and the Global Alignment kernel being applied

to most datasets [22, 23].

Proposition 2.1 (Lemma 1 in [7]). Consider the bilinear kernel K(x,x′) := ⟨x,x′⟩. As-

sume the data xi, i = 1, . . . , n, are i.i.d. uniformly distributed on the unit sphere Sd−1,

where d ≫ n. When d ≥ 4 log(2n2/δ) for some δ ∈ (0, 1). Then with probability at least

1− δ, we have

|Ki,j| = |⟨xi,xj⟩| < τ̃ := Õ(1/
√
d)≪ Kn,n = 1, ∀i ̸= j.

Though commonly exists, the diagonal dominance is undesired in classification and

clustering tasks. It indicates that the data points are dissimilar to each other, which means

not enough information for classification/clustering. There are some efforts for solving the

issue of diagonal dominance in these cases, see for example [5, 24]. But for the regres-

sion task, the diagonal dominance, in other words, the dissimilarity of data points, may

have benefits. One can find similar conditions such as Restricted Isometry Property and s-

goodness that describes linearly dissimilar features in a regression literature [25, 26]. Such

conditions are required for proving minimax optimality or exact recovery of a sparse signal

in many settings. In our case, we adopt the dissimilarity concept and apply it to data points

in high-dimensional nonlinear feature space. Later we will see that in our case, the direc-

tional bias drives SGD to select a good solution that generalizes well among all solutions of

the same level of empirical loss. In this way, our SGD estimator benefits from the diagonal

dominance.

Notations. We use the following notations throughout this chapter. For the gram matrix
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K, let Ki,j denote its (i, j)th element. Denote λi = Ki,i = K(xi,xi), and assume w.l.o.g.

that λ1 ≥ λ2 ≥ . . . ≥ λn. Denote the ith column of K as Ki, let K−1 = [K2, . . . , Kn].

Denote P−1 the projection onto column space of K−1, and P1 = I − P−1. And denote

γ1 ≥ . . . ≥ γn > 0 the eigenvalues of K in non-increasing order.

2.3 Main result

The main results are presented in two subsections: Section 2.3.1 states the directional bias

results of SGD and GD estimators, respectively; Section 2.3.2 shows that certain direc-

tional bias leads to good generalization performance, and applies this result to show that an

outcome from SGD potentially generalizes better than an outcome from GD.

2.3.1 Directional bias

By our assumption, K will be full rank, (S)GD on (2.2) converges at α̂ = K−1y. We are

interested in the direction at which αt converges to α̂, i.e., the quantity

bt := αt − α̂.

With assumption 2.1 that the gram matrix is diagonally dominant, we prove that a two-

stage SGD has bt converge in the direction that is aligned with the eigenvector associated

with the largest eigenvalue of the gram matrix K.

Theorem 2.1 (directional bias of an SGD-based estimator). Assume Assumption 2.1 holds,

run a two-stage SGD with a fixed step size for each stage: stage 1 with step size η1 for steps

1, . . . , k1, stage 2 with step size η2 for steps k1 + 1, . . . , k2, such that

2

λ21 − C1

√
nτ

< η1 <
2

λ22 + C2

√
nτ
,

η2 <
1

λ21 + C3

√
nτ
,
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where C1, C2, C3 are constants. For a small ϵ > 0 such that nτ < poly(ϵ) there exists

k1 = O(log 1
ϵ
) and k2 such that

(1− 2ϵ)γ1 ≤ E[∥KbSGDk2
∥2]/E[∥bSGDk2

∥2] ≤ γ1.

That is, bSGDk2
is close to the direction of eigenvector corresponding to the largest eigenvalue

of K.

Remark 2.3. One should assume τ in Assumption 2.1 to be small enough for ϵ to be very

small if one would like the resulting estimator bSGDk2
to have the direction that corresponds

to the largest eigenvalue of K. Later we will see that if one only wants different directional

bias of SGD and GD estimators, a moderate ϵ is allowed, the assumption on τ is not that

strong.

Next, we see the different convergence direction of GD.

Theorem 2.2 (directional bias of a GD-based estimator). Assume Assumption 2.1 holds,

run GD with a fixed step size η such that

η < n/(λ1 + nτ)2.

For a ϵ′ > 0, let k = O(log 1
ϵ′
), we have the GD estimator after k steps satisfying:

γn ≤ ∥KbGDk ∥2/∥bGDk ∥2 ≤
√
1 + ϵ′γn.

That is, bGDk is close to the direction that corresponds to the smallest eigenvalue of K.

Remark 2.4. The assumption (on τ ) is mild for differentiating the directional bias of SGD

and GD. Comparing Theorem 2.1 and 2.2,when γn < (1 − 2ϵ)γ1, taking k large enough

we have
∥KbGDk ∥2
∥bGDk ∥2

<
E∥KbSGDk2

∥2
E∥bSGDk2

∥2
.

12



Figure 2.1: Kernel regression on synthetic data. The first plot shows directional bias by
Rayleigh Quotient(RQ):= ∥Kb∥22/∥b∥22. The SGD indeed converges in the direction of
a larger RQ, which matches our Theorems 2.1 and 2.2. In the third plot, we show the
prediction error of the solution paths, and the SGD does have a lower prediction error than
GD, even though GD has a smaller training loss than SGD. This supports Theorem 2.4.

That is, one may expect bSGDk2
to be in the direction of larger eigenvalue compared with

bGDk . In the following subsection, we will see that the directional bias towards a larger

eigenvalue of the kernel is good for generalization. That is, directional bias helps an SGD-

based estimator to generalize.

Though assumption 2.1 appears in Theorem 2.2, it is just used to bound the step size so

that GD converges; the diagonally dominant structure of K is not required. Moreover, the

choice of ϵ′ is independent of τ , then for an arbitrarily small ϵ′ > 0, run GD long enough

then the theorem will apply. The estimator bGDk can be arbitrarily close to the eigenvector

that correspond to the smallest eigenvalue.

2.3.2 Effect of directional bias

In this subsection, the estimator that is biased towards the largest eigenvalue of the Hessian

is shown to be the best for parameter estimation, see Theorem 2.3. Later we define a

realizable problem setting of kernel regression where the generalization error depends on

the parameter estimation error, and in this way, the directional bias helps an SGD-based

estimator to generalize.
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Theorem 2.3. Consider minimizing the quadratic loss function

L(w) = ∥Aw − y∥22.

Assume there is a ground truth w∗ such that y = Aw∗. For a fixed level of the quadratic

loss, the parameter estimation error ∥w −w∗∥22 has a lower bound:

∀w ∈ {w : L(w) = a} : ∥w −w∗∥22 ≥ a/∥ATA∥2.

Moreover, the equality is obtained when w −w∗ is in the direction of the eigenvector that

corresponds to the largest eigenvalue of matrix ATA.

Remark 2.5. Theorem 2.3 implies that the directional bias towards the largest eigenvalue

is good for parameter estimation. As discussed in Remark 2.4, the SGD-based estimator

is biased towards a larger eigenvalue compared to the GD-based estimator, by Theorem

2.3 the SGD estimator potentialy better estimates the true parameter and thus generalizes

better, which we will formalize later.

Suppose ∃f ∗ ∈ H such that y = f ∗(x). Consider the generalization error LD(f) :=

∥f − f ∗∥2H. For an algorithm output falg, we decompose its generalization error as:

LD(f
alg)− inf

f∈H
LD(f)

=LD(f
alg)− inf

f∈Hs

LD(f)︸ ︷︷ ︸
:=∆(falg), estimation error

+ inf
f∈Hs

LD(f)− inf
f∈H

LD(f)︸ ︷︷ ︸
approximation error

,

whereHs is the hypothesis class that the output of the algorithm is restricted to. By formu-

lation (2.2), we haveHs:

Hs = {f ∈ H : f = αTK(·, X),α ∈ Rn}.
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We define the a-level set of training loss:

νa = {f ∈ Hs : f = αTK(·, X),
1

2n
∥Kα− y∥22 = a},

and denote ∆∗
a := inff∈νa ∆(f).

Note that the approximation error can not be improved unless we change the hypothesis

class, which is, changing the problem formulation in our case. So we just minimize the

estimation error for estimators that are in the a-level set. One can check the estimation

error is given by

f ∈ Hs : ∆(f) = bTKb,

where b = α − α̂. Similar to Theorem 2.3, the estimation error is minimized when b

is in the direction of the largest eigenvalue of K, so the directional bias towards a larger

eigenvalue helps to generalize in kernel regression. We compare the estimation error of

SGD and GD in following theorem.

Theorem 2.4 (Generalization performance). Follow Theorems 2.1 and 2.2, we have the

following:

• The output of SGD has E[∆1/2(fSGD)] ≤ (1 + 4ϵ)(∆∗
a)

1/2, where a is such that

E[∥KαSGD − y∥2]2 = 2na and ϵ could be any positive small constant;

• The output of GD has ∆(fGD) ≥M∆∗
a, where a is the training loss of GD estimator,

and M = γ1
γn
(1− ϵ′) > 1 is a large constant.

Remark 2.6. This theorem indicates that E[∆1/2(fSGD)] ≤ ∆1/2(fGD) when 1 + 4ϵ ≤

M1/2. Taking ϵ < (
√
γ1/γn−1)/4 in Theorem 2.1 and combining with Theorem 2.2 which

states that ϵ′ k→∞−→ 0, we will have 1 + 4ϵ ≤ M1/2 holds. In this way, ∆(fSGD) < ∆(fGD)

with high probability. This finishes our claim that SGD generalizes better than GD.
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(a) Relative Rayleigh Quotient. (b) Test accuracy

Figure 2.2: The experiment of a small ResNet on FashionMNIST. In (a), we follow [7]
to use the Relative Rayleigh Quotient(RRQ) as the measurement of the convergence di-
rection. The SGD with a moderate step size has a higher RRQ than the GD with either a
moderate step size or small step size, which supports the theory in Theorems 2.1 and 2.2.
It is interesting to observe that SGD with a small step size has a different directional bias
compared with SGD with a moderate step size, indicating that the directional bias studied
in this chapter does not hold for a general SGD. In (b), we plot the testing accuracy from
20 repetitions of experiments, the test accuracy (inside bracket) of SGD with moderate step
size is higher than the other cases, and we have Wilcoxon signed-rank test to confirm that
the difference is significant at 0.01 level. The test accuracy validates Theorem 2.4.

2.4 Numeric Studies

Simulation. We simulate data from a nonlinear regression model with Gaussian additive

noise as yi =
∑100

j=1 sin(xi,j) + ϵi, where xi,j ∼ N(0, 1) and ϵi ∼ N(0, 0.01). We fit kernel

regression using the polynomial kernel K(x1,x2) = (⟨x1,x2⟩ + .01)2 on 10 training data

and test the estimator on 5 testing data. We run both SGD and GD for two step size

schemes: small step size, and moderate annealing step size. The results are in Fig. 2.1.

Real data experiment. We run a 6-layer ResNet [27] on FashionMNIST. The network

structure is

Input ⇒ 7× 7 Conv ⇒ BatchNorm⇒ ReLU

⇒ 3× 3 MaxPool ⇒ ResBlock1⇒ ResBlock2

⇒ Global AvePool⇒ FC⇒ output.
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We run SGD and GD for two step size schemes, similar to our simulation. There are

1, 500 training data and 10, 000 testing data in our experiment. The details of the data and

algorithm implementation are deferred to Section 2.5.8.2. The result is in Fig. 2.2.

Remark 2.7. The purposes of experiment using a Neural Network (Fig. 2.2) are: first, the

Neural Network results support our finding on kernel regression, since Neural Network is

related to kernel regression through NTK theory [15]; second, our experiment indicates

that our result may be empirically true for the more general deep learning framework [14].

Proof Sketch for Theorem 2.1

We show the proof sketch for a special case, the proof for general case is similar subject

to some modifications. Consider the case when K = diag(λ1, . . . , λn) where λ1 > λ2 ≥

. . . ≥ λn, the first stage of SGD with step size η1 ∈ ( 2
λ21
, 2
λ22
) will have for the direction of

the first data point:

(αt+1)1 = (αt)1 − η1λ1(λ1(αt)1 − λ1(α̂)1).

Thus

(αt+1 − α̂)1 = (1− η1λ21)(αt − α̂)1

=⇒|(αt+1 − α̂)1| = |1− η1λ21||(αt − α̂)1| > |(αt − α̂)1|,

while for the other data points, we have:

|(αt+1 − α̂)i| = |1− η1λ2i ||(αt − α̂)i| < |(αt − α̂)i|.

That is, the first stage of SGD does not converge in the direction corresponding to λ1 and

converges for other directions. After run the first stage long enough, we will have all

directions sufficiently fitted to data except the first eigenvector. Now in second stage, we
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decrease the step size so that the first eigenvector direction is fitted. Since it is the only

direction that remains to be fitted, the estimator will converge in this direction.

Proof Sketch for Theorem 2.2

Denote the eigen decomposition of K:

K = GΓGT ,Γ = diag(γ1, . . . , γn), G = [g1, . . . , gn].

Denote wt := GT (αt − α̂), we can rewrite GD update in wt:

wt+1 = wt −
η

n
Γ2wt = (I − η

n
Γ2)wt

=⇒(wt)i = (1− ηγ2i /n)t(w0)i.

So, for η < n
γ21

, we have |1 − ηγ21/n| ≤ . . . ≤ |1 − ηγ2n/n|. The direction corresponding

to larger eigenvalue is fitted faster, leaving the direction of smaller eigenvalue to be fitted

later, which is the direction of convergence after several steps of GD.

2.5 Technique Details for Chapter 2

In this section, we give technique details for Chapter 2.

2.5.1 Background on RKHS

This section details the background on RKHS in two subsections. The first subsection

includes notations, theorems, and an example of RKHS, the second section reduces the

kernel regression in RKHS from infinite dimension to finite dimension, which gives our

objective function (2.2) .
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2.5.1.1 Nonparametric model in RKHS

In this subsection, we give the definition and notations for our model in RKHS, and its

associated norms, basis, etc. The definitions are similar to those in [28].

Given n data pairs {xi, yi}ni=1, where xi ∈ X ⊂ Rp and yi ∈ R, assume that yis are

associated with xis through f(xi), where f(·) is some unknown function in the reproduc-

ing kernel Hilbert space (RKHS) of functions X → R, our goal is to estimate the function

f(·) from the data.

Denote the RKHS where f lives asH, with reproducing kernel K : X × X → R+ (which

is known to us). And we associate the functions in H with probability measure Q, assume

w.l.o.g. that
∫
Rp f(a)dQ(a) = 0. By Mercer’s theorem, K has eigen-expansion:

K(a, b) =
∞∑
j=1

γjϕj(a)ϕj(b)

Where {ϕj}∞j=1 are orthonormal basis in L2(Q), w.r.t. the usual inner product in L2(Q) as

⟨g(·), h(·)⟩L2(Q) =

∫
X
g(a)h(a)dQ(a)

Now for any f ∈ H, we can expand f(·) =
∑∞

j=1 cjϕj(·), where cj = ⟨f(·), ϕj(·)⟩L2(Q).

And for f(·) =
∑∞

j=1 cjϕj(·), g(·) =
∑∞

j=1 c
′
jϕj(·), by Parseval’s theorem

⟨f(·), g(·)⟩L2(Q) =
∞∑
j=1

cjc
′
j

And we have another inner product that is defined for RKHSH as

⟨f(·), g(·)⟩H =
∞∑
j=1

cjc
′
j

γj
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The reproducing property of RKHS says that ∀f ∈ H, we have

⟨f(·), K(·,x)⟩H = f(x)

Cubic Splines Formulate a RKHS. We go over an example of RKHS for better under-

standing. Consider the cubic spline of one dimension, we can show that the space of cubic

splines is a RKHS. One can also find the cubic spline example in [29]. For more details on

the relationship between polynomial smoothing splines and RKHS, one can check Section

1.2 of [3] .

Assume w.l.o.g. that xi ∈ X = [0, 1] ⊂ R. The cubic spline f on X is continuous,

has a continuous first-order derivative and square integrable second order derivative. By

Taylor’s theorem with remainder, we have

f(t) = f(0) + tf ′(0) +

∫ t

0

(t− u)f ′′(u)du

= f(0) + tf ′(0) +

∫ 1

0

(t− u)+f ′′(u)du

where (t− u)+ = max{0, t− u}. Let B be the set of cubic splines f on [0, 1] that satisfies

the boundary condition f(0) = f ′(0) = 0, then for f ∈ B

f(t) =

∫ 1

0

(t− u)+f ′′(u)du

Let G(t, u) = (t− u)+, then we claim that B is RKHS with reproducing kernel

K(s, t) =

∫ 1

0

G(s, u)G(t, u)du

and inner product

⟨f, g⟩B =

∫ 1

0

f ′′(u)g′′(u)du
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as one can check the reproducing property

⟨f(·), K(·, t)⟩B =

∫ 1

0

∂2K(u, t)

∂u2
f ′′(u)du

=

∫ 1

0

(t− u)+f ′′(u)du = f(t)

2.5.1.2 Optimization problem considered

This subsection gives problem formulation of kernel regression. Given data pairs {xi, yi}ni=1

and RKHSH, consider a loss function ℓ which is selected according to how y is connected

with f(x), we may estimate the model by

min
f∈H

1

n

n∑
i=1

ℓ(yi, f(xi)) (2.6)

=min
cj

1

n

n∑
i=1

ℓ(yi,
∞∑
j=1

cjϕj(xi))

Example for ℓ includes

• Squared error loss ℓ(y, f) = (y − f)2, which is usually used in regression;

• 0-1 loss ℓ(y, f) = 1(y ∗ f > 0), for binary classification;

• Logistic loss ℓ(y, f) = log(1 + exp(−y ∗ f)), also a loss function for classification,

can be considered as a surrogate function of 0-1 loss, and is the same as negative log

likelihood function in logistic regression.

Let us come back to the nonparametric model part, to control the model smoothness, the

usual practice is to add a penalty to objective (2.6), result in

min
f∈H

n∑
i=1

ℓ(yi, f(xi)) + λpen(f)

A popular choice of pen(f) is ∥f∥2H, or any strictly increasing function of ∥f∥2H. Such

method is explicitly controlling the model smoothness, and by Representer Theorem, it has
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solution of the form

f(·) =
n∑
i=1

αiK(·,xi) (2.7)

Plug equation (2.7) into objective (2.6), we have the problem becomes

min
αi′

1

n

n∑
i=1

ℓ(yi,
n∑

i′=1

αi′K(xi,xi′))

Which gives the formulation (2.2) under loss function ℓ(y, f(x)) = (y − f(x))2/2.

2.5.2 Diagonal Dominance of Some Popular Kernels

In this section, we justify Assumption 2.1 by figuring out a problem setting where some

popular kernels give a diagonal dominant gram matrix. For simplicity, we assume the

following data distribution throughout this section:

xi ∈ Rd, i = 1, . . . , n, are normalized such that ∥xi∥22 = 1; (2.8a)

The direction of xis are i.i.d. uniformly distributed on the unit sphere Sd−1; (2.8b)

d≫ n (overparameterized setting). (2.8c)

Given assumption set (2.8), we can bound the inner product of data ⟨xi,xj⟩ with high

probability as follows:

Lemma 2.1 (Lemma 1 in [7]). Under assumption set (2.8), let d ≥ 4 log(2n2/δ) for some

δ ∈ (0, 1). Then with probability at least 1− δ, we have

|⟨xi,xj⟩| < τ̃ := Õ( 1√
d
),∀i ̸= j

Proof. See proof of Lemma 1 in [7].

The bound on the inner product ⟨xi,xj⟩ induces bound on K(xi,xj) for some popu-
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lar kernels. We show the diagonal dominance for two groups of kernels in the following

propositions, and list some examples for kernels in each group.

Proposition 2.2 (Inner product kernel). The inner product kernel is defined as a smooth

transformation of inner product. We can write it as:

K(xi,xj) = g(⟨xi,xj⟩)

Assume assumptions (2.8) hold, and assume the function g : [−1, 1]→ R satisfies:

g is convex; (2.9a)

g is L−smooth, that is,∇g is L−Lipschitz continuous; (2.9b)

|g(0)| ≤ cτ̃ for a constant c, g′(0) ≥ 0. (2.9c)

we will have with probability 1− δ

|Ki,j| ≤ (c+ g′(0))τ̃ +
L

2
τ̃ 2 for i ̸= j (2.10)

where δ and τ̃ the same as in Lemma 2.1.When g′(0)τ̃ + L
2
τ̃ 2 ≪ g(1) for a small enough

τ̃ , the gram matrix is diagonal dominant.

Proof. We have the following with probability at least 1 − δ by Lemma 2.1. For any off-

diagonal elements of K:

Ki,j = g(⟨xi,xj⟩)

≥ g(0) + g′(0)⟨xi,xj⟩

≥ −(g′(0) + c)τ̃
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and

Ki,j = g(⟨xi,xj⟩)

≤ g(0) + g′(0)⟨xi,xj⟩+
L

2
⟨xi,xj⟩2

≤ (c+ g′(0))τ̃ +
L

2
τ̃ 2

Thus |Ki,j| ≤ (c+ g′(0))τ̃ + L
2
τ̃ 2.

Remark 2.8. We list some examples of inner product kernels that give diagonal dominant

kernel matrices:

• Bilinear Kernel: K(x,x′) = ⟨x,x′⟩, then

|K(xi,xj)| ≤ τ̃ ≪ K(xn,xn) = 1.

• Polynomial Kernel: K(x,x′) = (⟨x,x′⟩ + c)m for m ∈ N and c ∼ O(τ̃), then by

Proposition 2.2

|K(xi,xj)| ≤ (1 +m)τ̃ +
m ∗ exp((m− 1)τ̃)

2
τ̃ 2

when (1 + m)τ̃ + m∗exp((m−1)τ̃)
2

τ̃ 2 ≪ (1 + c)m, we have diagonal dominant gram

matrix.

• Hyperbolic Tangent Kernel (Sigmoid Kernel): K(x,x′) = tanh(α⟨x,x′⟩ + c),

where α > 0, c ≥ 0. Note that Hyperbolic Tangent Kernel does not satisfy all the

assumptions in Proposition 2.2, one can still calculate

|K(xi,xj)| ≤ tanh(ατ̃ + c)

and

K(xk,xk) = tanh(α + c)
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When tanh(ατ̃ + c)≪ tanh(α + c) (which is the case when α is large, and c, τ̃ are

small enough), we have |K(xi,xj)| ≪ K(xn,xn) and the gram matrix is diagonal

dominant.

Proposition 2.3 (Radial Basis Function (RBF) kernel). Radial Basis Function kernel de-

pends on two data points through their distance, which is of following form

K(xi,xj) = exp(−γ∥xi − xj∥22), γ > 0

Assume assumptions (2.8) hold, when γ = −c0 log(τ̃) for a constant c0, we have with

probability 1− δ

|Ki,j| ≤ τ̃ 2c0(1−τ̃) ≪ Kn,n = 1, for i ̸= j

where δ and τ̃ the same as in Lemma 2.1. That is, the Gram matrix is diagonal dominant.

Proof. Bound off-diagonal terms of K by Lemma 2.1:

Ki,j = exp(−γ∥xi − xj∥22)

≤ exp(2γτ̃ − 2γ)

= τ̃ 2c0(1−τ̃)

Remark 2.9. We note some popular kernels that are related to Radial Basis Function

kernel, and show that they lead to diagonal dominance:

• Gaussian Kernel: K(x,x′) = exp(−∥x−x′∥22
2σ2 ). One can see that Gaussian Kernel

is reparameterizing RBF Kernel by γ = 1/(2σ2). Thus Gaussian gram matrix is

diagonal dominant when σ2 ∼ O(− 1
log(τ̃)

).

• Laplace Kernel: K(x,x′) = exp(−∥x−x′∥2
σ

) for σ > 0. The Laplace Kernel is
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very similar to Gaussian Kernel, and one can check by similar steps that when σ ∼

O(− 1
log(τ̃)

), Laplace gram matrix is diagonal dominant.

2.5.3 Lemmas

This section includes two useful lemmas for characterizing the eigenvalues of a symmetric

matrix.

Lemma 2.2 (Gershgorin circle theorem, restated for symmetric matrix). Let A ∈ Rn×n be

a symmetric matrix. Let Aij be the entry in the i−th row and the j−th column. Let

Ri(A) :=
∑
j ̸=i

|Aij|, i = 1, . . . , n

Consider n Gershgorin discs

Di(A) := {z ∈ R, |z − Aii| ≤ Ri(A)}, i = 1, . . . , n

The eigenvalues of A are in the union of Gershgorin discs

G(A) := ∪ni=1Di(A)

Furthermore, if the union of k of the n discs that comprise G(A) forms a set Gk(A) that is

disjoint from the remaining n − k discs, then Gk(A) contains exactly k eigenvalues of A,

counted according to their algebraic multiplicities.

Proof. See [30], Chap 6.1, Theorem 6.1.1.

Lemma 2.3 (Cauchy interlacing theorem, restated for symmetric matrix). Let B ∈ Rm×m

be a symmetric matrix, let y ∈ Rn and a ∈ R, and let A =

B y

yT a

. Then

λ1(A) ≥ λ1(B) ≥ λ2(A) ≥ . . . ≥ λm(A) ≥ λm(B) ≥ λm+1(A).
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Proof. See [30], Chap 4.3, Theorem 4.3.17.

2.5.4 Spectrum of gram matrix

This section analyzes the eigen structure of the gram matrix.

Lemma 2.4 (Characterizing K2). Under Assumption 2.1, we have

⟨Ki,Ki⟩ ∈ [λ2i , λ
2
i + (n− 1)τ 2] (2.11)

|⟨Ki,Kj⟩| ≤ [2λ1 + (n− 2)τ ]τ, i ̸= j (2.12)

Proof. For ⟨Ki,Ki⟩

⟨Ki,Ki⟩ = K2
i,i +

∑
l ̸=i

K2
l,i

∈ [λ2i , λ
2
i + (n− 1)τ 2]

And for ⟨Ki,Kj⟩, i ̸= j

|⟨Ki,Kj⟩| = |
n∑
l=1

Kl,iKl,j|

= |Ki,iKi,j +Kj,iKj,j +
∑
l ̸=i,j

Kl,iKl,j|

≤ |Ki,iKi,j|+ |Kj,iKj,j|+
∑
l ̸=i,j

|Kl,iKl,j|

≤ [λi + λj]τ + (n− 2)τ 2

≤ [2λ1 + (n− 2)τ ]τ

Lemma 2.5 (Eigenvalue of K). Under Assumption 2.1, we have

γ1 ≤ λ1 + nτ (2.13)
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γn ≥ λn − nτ (2.14)

If we further assume λj + nτ < λj−1 − nτ , we will have

γj−1 ≥ λj−1 − nτ > λj + nτ ≥ γj.

Proof. Use Gershgorin circle theorem, calculate

Ri(K) =
∑
j ̸=i

|Ki,j| ≤ nτ

then

Di(K) ⊂ [λi − nτ, λi + nτ ].

By Gershgorin circle theorem, the lemma claim holds.

Lemma 2.6 (Characterize P1K and P−1K). Recall our definition: P−1 is the projection on

column space of K−1 = [K2,K3, . . . ,Kn], and P1 = I − P−1. We claim the following

hold

P1K = [P1K1,0, . . . ,0] (2.15)

P−1K = [P−1K1,K2, . . . ,Kn] (2.16)

Assume τ is small enough that nτ ≤ O(1), λn − nτ ≥ c1 > 0 and λ1 + nτ ≤ c2, let

c3 :=
c2
c21

, then we have the following:

∥P−1K1∥2 ∈
[
0, c3(2λ1 + (n− 2)τ)

√
nτ
]

(2.17)

∥P1K1∥2 ∈
[√

λ21 − c23[2λ1 + (n− 2)τ ]2nτ 2, λ1 +
√
nτ

]
. (2.18)
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Proof. For i ̸= 1, we calculate

P−1Ki = Ki

P1Ki = Ki − P−1Ki = 0

thus we have equations (2.15) and (2.16).

For ∥P−1K1∥2:

∥P−1K1∥2

=∥K−1(K
T
−1K−1)

−1KT
−1K1∥2

≤∥K−1(K
T
−1K−1)

−1∥2∥KT
−1K1∥2

where

∥KT
−1K1∥22

=
n∑
i=2

(KT
i K1)

2

(2.12)
≤ (n− 1)[2λ1 + (n− 2)τ ]2τ 2

≤[2λ1 + (n− 2)τ ]2nτ 2

and KT
−1K−1 has all eigenvalues in [γ2n, γ

2
1 ] by Cauchy interlacing theorem (Lemma 2.3),

that is, all singular values of K−1 are in [c1, c2] by our assumption. Then

∥K−1(K
T
−1K−1)

−1∥2 ≤
c2
c21

:= c3

So we have

∥P−1K1∥2 ≤ ∥K−1(K
T
−1K−1)

−1∥2∥KT
−1K1∥2
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≤ c3[2λ1 + (n− 2)τ ]
√
nτ.

For ∥P1K1∥2:

∥P1K1∥2 ≤ ∥K1∥2

≤(λ21 + (n− 1)τ 2).5

≤λ1 +
√
nτ

and

∥P1K1∥22

=∥K1∥22 − ∥P−1K1∥22

≥λ21 − c23[2λ1 + (n− 2)τ ]2nτ 2.

Lemma 2.7 (Spectrum of H−1 := P−1KK
TP−1). Assume

c23[2λ1 + (n− 2)τ ]2nτ 2 + 2[2λ1 + (n− 2)τ ]nτ ≤ λ2n

We have the following:

• 0 is an eigenvalue of H−1, corresponding eigenspace is the column space of P1;

• Restricted to the column space of P−1, the eigenvalues of H−1 are all in the interval:

(
λ2n − [2λ1 + (n− 2)τ ]nτ, λ22 + [2λ1 + (n− 1)τ ]nτ

)
.

Proof. The first claim is by construction of P1 and P−1.
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For the second claim, note that H−1 has the same eigenvalues as

H ′
−1 = (P−1K)TP−1K

Now the diagonal entries of H ′
−1 are:

(H ′
−1)ii = ∥P−1Ki∥22 =

 ∥P−1K1∥22 ≤ c23[2λ1 + (n− 2)τ ]2nτ 2 , i = 1

∥Ki∥22 ∈ [λ2i , λ
2
i + (n− 1)τ 2] , i ̸= 1

And the off-diagonal entries of H ′
−1 are:

|(H ′
−1)ij| = |⟨P−1Ki, P−1Kj⟩| = |⟨Ki,Kj⟩| ≤ [2λ1 + (n− 2)τ ]τ

To use Gershgorin circle theorem, calculate

Ri(H
′
−1) =

∑
j ̸=i

|(H ′
−1)ij| < [2λ1 + (n− 2)τ ]nτ

Thus the Gershgorin discs:

D1(H
′
−1) ∈ (∥P−1K1∥22 − [2λ1 + (n− 2)τ ]nτ, ∥P−1K1∥22 + [2λ1 + (n− 2)τ ]nτ)

Di(H
′
−1) ∈ (∥Ki∥22 − [2λ1 + (n− 2)τ ]nτ, ∥Ki∥22 + [2λ1 + (n− 2)τ ]nτ)

when c23[2λ1 + (n− 2)τ ]2nτ 2 + [2λ1 + (n− 2)τ ]nτ ≤ λ2n − [2λ1 + (n− 2)τ ]nτ , the first

Gershgorin discs does not intersect with the others, so we have n− 1 nonzero eigenvalues

in

∪ni=2Di(H
′
−1) ⊂

(
λ2n − [2λ1 + (n− 2)τ ]nτ, λ22 + [2λ1 + (n− 1)τ ]nτ

)
.
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2.5.5 Directional bias of SGD with moderate step size

This section gives formal proof of Theorem 2.1 and specifies the constants. The proof is

done in four steps: Lemma 2.8 analyzes one update of SGD; Lemma 2.9 uses Lemma 2.8

to bound the first stage updates of SGD with moderate step size; Lemma 2.10 again uses

Lemma 2.8, and bounds the second stage updates of SGD with small step size; finally,

Theorem 2.5 combines Lemma 2.9 and Lemma 2.10 to formalize the directional bias of

SGD, it is the same as Theorem 2.1, but restated using the constants defined therein.

Lemma 2.8 (One step update of SGD). Under Assumption 2.1, denote At := E[∥P1bt∥2],

Bt := E[∥P−1bt∥2], fix a constant c4 ≥ (λ1 +
√
nτ)(2λ1 + (n− 2)τ)c3, then we have:

At+1 ≤ q1(η)At + ξ(η)Bt (2.19)

At+1 ≥ q1(η)At − ξ(η)Bt (2.20)

Bt+1 ≤ q−1(η)Bt + ξ(η)At (2.21)

where

q1(η) =
n− 1

n
+

1

n
|1− η∥P1K1∥22|

q−1(η) =

√
1 +
∥KP−1bt∥22
n∥P−1bt∥22

[η2(λ22 + (n− 1)τ 2)− 2η]

ξ(η) = c4ηn
−1/2τ.

Proof. One step of SGD update is:

bt+1 = bt − ηKiK
T
i bt = [I − ηKiK

T
i ]bt

where i is uniformly random sample from [1, . . . , n].

32



For inequalities (2.19) and (2.20), check

P1bt+1 = P1[I − ηKiK
T
i ]bt

= P1bt − ηP1KiK
T
i (P1 + P−1)bt

= [I − ηP1KiK
T
i P1]P1bt − η[P1KiK

T
i P−1]P−1bt

where P1Ki and P1bt are in the same 1 dimensional linear space, thus

P1KiK
T
i P1P1bt

=∥P1Ki∥2∥P1bt∥2sign(⟨P1Ki, P1bt⟩)P1Ki

=∥P1Ki∥22P1bt

⇒ [I − ηP1KiK
T
i P1]P1bt = [1− η∥P1Ki∥22]P1bt

and

∥[P1KiK
T
i P−1]P−1bt∥2

≤∥P1Ki∥2∥P−1Ki∥2∥P−1bt∥2.

Then

E[∥P1bt+1∥2|bt] ≤ E[|1− η∥P1Ki∥22|]∥P1bt∥2 + ηE[∥P1Ki∥2∥P−1Ki∥2]∥P−1bt∥2

(2.22)

E[∥P1bt+1∥2|bt] ≥ E[|1− η∥P1Ki∥22|]∥P1bt∥2 − ηE[∥P1Ki∥2∥P−1Ki∥2]∥P−1bt∥2

(2.23)

where

E[|1− η∥P1Ki∥22|]
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=
1

n

n∑
i=1

|1− η∥P1Ki∥22|

=
n− 1

n
+

1

n
|1− η∥P1K1∥22|

:=q1(η)

and

ηE[∥P1Ki∥2∥P−1Ki∥2]

=η
1

n

n∑
i=1

∥P1Ki∥2∥P−1Ki∥2

=
η

n
∥P1K1∥2∥P−1K1∥2

≤η
n
(λ1 +

√
nτ)c3(2λ1 + (n− 2)τ)

√
nτ

≤η
n
c4
√
nτ := ξ(η) (2.24)

where the first inequality by upper bounds (2.17) and (2.18), second inequality by nτ ≤

O(1). Plug the term (2.24) into inequalities (2.22) and (2.23), take expectation on both

sides, we get claims (2.19) and (2.20).

For inequality (2.21), check

P−1bt+1 = P−1[I − ηKiK
T
i ]bt

= [I − ηP−1KiK
T
i P−1]P−1bt − η[P−1KiK

T
i P1]P1bt

Then we have

E[∥P−1bt+1∥2|bt]

≤ 1

n

n∑
i=1

∥[I − ηP−1KiK
T
i P−1]P−1bt∥2 + ηE[∥P−1Ki∥2∥P1Ki∥2]∥P1bt∥2

34



(2.24)
≤ 1

n

n∑
i=1

∥[I − ηP−1KiK
T
i P−1]P−1bt∥2 + ξ(η)∥P1bt∥2

where

1

n

n∑
i=1

∥[I − ηP−1KiK
T
i P−1]P−1bt∥2

=
1

n

n∑
i=1

√
∥[I − ηP−1KiKT

i P−1]P−1bt∥22

=
1

n

n∑
i=1

√
∥P−1bt∥22 + η2∥P−1KiKT

i P−1P−1bt∥22 − 2η⟨P−1bt, P−1KiKT
i P−1P−1bt⟩

=
1

n

n∑
i=1

√
∥P−1bt∥22 + η2(KT

i P−1P−1bt)2∥P−1Ki∥22 − 2η(KT
i P−1P−1bt)2

=
1

n

n∑
i=1

√
1 +

(KT
i P−1P−1bt)2

∥P−1bt∥22
(η2∥P−1Ki∥22 − 2η)∥P−1bt∥2

≤

√√√√1 +
1

n

n∑
i=1

(KT
i P−1P−1bt)2

∥P−1bt∥22
(η2∥P−1Ki∥22 − 2η)∥P−1bt∥2

where the last inequality from Jensen’s inequality. Now the term

1

n

n∑
i=1

(KT
i P−1P−1bt)

2

∥P−1bt∥22
(η2∥P−1Ki∥22 − 2η)

(2.11)
≤ 1

n

n∑
i=1

(KT
i P−1P−1bt)

2

∥P−1bt∥22

[
η2(λ22 + (n− 1)τ 2)− 2η

]
=
∥KP−1bt∥22
n∥P−1bt∥22

[
η2(λ22 + (n− 1)τ 2)− 2η

]
Let

q−1(η) :=

√
1 +
∥KP−1bt∥22
n∥P−1bt∥22

[η2(λ22 + (n− 1)τ 2)− 2η]

combine all three inequalities above, take the expectation w.r.t. bt, we have claim (2.21).

Lemma 2.9 (Long run behavior of SGD with moderate step size). Assume b0 is away from
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0, λ2n > (2λ1+(n−2)τ)nτ+c4
√
nτ , λ22+c6

√
nτ < λ21−c5

√
nτ where c5, c6 are constants

such that

c5 ≥ c23[2λ1 + (n− 2)τ ]2
√
nτ + c4

c6 ≥
√
nτ − c24n−.5τ/[λ2n − (2λ1 + (n− 2)τ)nτ ] + λ22c4/[λ

2
n − [2λ1 + (n− 2)τ ]nτ ]

1− c4
√
nτ/[λ2n − (2λ1 + (n− 2)τ)nτ ]

Consider first k1 steps of SGD updates with step size η:

2

λ21 − c5
√
nτ

< η <
2

λ22 + c6
√
nτ

Fix a β0 ≤ A0, then for 0 < ϵ < 1 and 0 < β < β0 such that
√
nτ ≤ poly(ϵβ), there exists

k1 = O(log 1
ϵβ
) satisfying:

• Bk1 ≤ ϵβ

• Ak1 ≤ ∥b0∥2 ∗ ρk11 + ϵβ/2 for some ρ1 > 1

• Ak > β0 for k = 0, . . . , k1.

Proof. For this choice of η, denote q1 = q1(η), q−1 = q−1(η), ξ = ξ(η). By Lemma 2.4,

we have

Ak ≥ q1Ak−1 − ξBk−1Ak
Bk

 ≤
q1 ξ

ξ q−1


Ak−1

Bk−1


Decompose the coefficient matrix as

q1 ξ

ξ q−1

 =

cos θ − sin θ

sin θ cos θ


ρ1 0

0 ρ−1


 cos θ sin θ

− sin θ cos θ


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Assume w.l.o.g. that sin θ ≥ 0 ( since otherwise we can take θ → θ + π), then we have

Ak
Bk

 ≤
q1 ξ

ξ q−1


k A0

B0


=

cos θ − sin θ

sin θ cos θ


ρk1 0

0 ρk−1


 cos θ sin θ

− sin θ cos θ


A0

B0


=

A0(ρ
k
1 cos

2 θ + ρk−1 sin
2 θ) +B0(ρ

k
1 cos θ sin θ − ρk−1 cos θ sin θ)

B0(ρ
k
−1 cos

2 θ + ρk1 sin
2 θ) + A0(ρ

k
1 cos θ sin θ − ρk−1 cos θ sin θ)


=

 A0ρ
k
1 + (ρk1 − ρk−1) sin θ(B0 cos θ − A0 sin θ)

B0ρ
k
−1 + (ρk1 − ρk−1) sin θ(B0 sin θ + A0 cos θ)


≤

 A0ρ
k
1 + |ρk1 − ρk−1| sin θ

√
B2

0 + A2
0

B0ρ
k
−1 + |ρk1 − ρk−1| sin θ

√
B2

0 + A2
0


=

 A0ρ
k
1 + |ρk1 − ρk−1| sin θ∥b0∥2

B0ρ
k
−1 + |ρk1 − ρk−1| sin θ∥b0∥2


We claim the following holds:

0 < ρ−1 < 1 < ρ1 ≤ q1 + ξ (2.25a)

ρk1−1∥b0∥2 ≤ ϵβ/2 (2.25b)

ρk11 ∥b0∥2 sin θ ≤ ϵβ/2 (2.25c)

(B0 + ϵβ0/2)ξ < (q1 − 1)β0 (2.25d)

which we check later. Using inequalities (2.25), we can upper bound Bk1 as

Bk1 ≤ B0ρ
k1
−1 + (ρk11 − ρ

k1
−1) sin θ∥b0∥2

≤ ∥b0∥2ρk1−1 + ρk11 sin θ∥b0∥2
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(2.25b),(2.25c)
≤ ϵβ

In addition, for k = 0, . . . , k1

Bk ≤ B0ρ
k
−1 + (ρk1 − ρk−1) sin θ∥b0∥2

≤ B0 + ρk11 sin θ∥b0∥2
(2.25c)
≤ B0 + ϵβ/2

We now lower boundAk by mathematical induction. We haveA0 ≥ β0, assumeAk−1 > β0,

then

Ak ≥ q1Ak−1 − ξBk−1

≥ q1β0 − ξ(B0 + ϵβ/2)

(2.25d)
> q1β0 − (q1 − 1)β0 = β0

For upper bound Ak1 , check

Ak1 ≤ A0ρ
k1
1 + (ρk11 − ρk1−1) sin θ∥b0∥2

≤ ∥b0∥2ρk11 + ρk11 sin θ∥b0∥2
(2.25c)
≤ ∥b0∥2ρk11 + ϵβ/2

We have all lemma claims proved. Now it remains to check inequalities (2.25). First note

that our choice of the upper bound on η guarantees that q−1 < 1.

For inequality (2.25a): By Gershgorin circle theorem, it suffices to show q−1 + ξ <

1, q1 − ξ > 1, then we have ρ1 ≥ q1 − ξ > 1 and ρ−1 ≤ q−1 + ξ < 1. In addition,

we need the matrix to be positive definite so that ρ−1 > 0, we just need q1q−1 > ξ2 to make
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the matrix p.d..

q−1 + ξ < 1

⇐⇒

√
1 +
∥KP−1bt∥22
n∥P−1bt∥22

[η2(λ22 + (n− 1)τ 2)− 2η] < 1− c4ηn−1/2τ

⇐=∥KP−1bt∥22
n∥P−1bt∥22

[
η2(λ22 + (n− 1)τ 2)− 2η

]
< c24η

2n−1τ 2 − 2c4ηn
−1/2τ

Lemma 2.7⇐= 2c4ηn
−1/2τ ≤ c24η

2n−1τ 2 +
λ2n − [2λ1 + (n− 2)τ ]nτ

n

[
2η − η2(λ22 + (n− 1)τ 2)

]
⇐⇒λ2n − [2λ1 + (n− 2)τ ]nτ

n

[
λ22 + (n− 1)τ 2

]
η − c24n−1τ 2η

≤ 2
λ2n − [2λ1 + (n− 2)τ ]nτ

n
− 2c4n

−1/2τ

⇐=η ≤ 2
1− c4

√
nτ/[λ2n − [2λ1 + (n− 2)τ ]nτ ]

λ22 + (n− 1)τ 2 − c24τ 2/[λ2n − [2λ1 + (n− 2)τ ]nτ ]

⇐⇒η ≤ 2

λ22 +
(n−1)τ2−c24τ2/[λ2n−[2λ1+(n−2)τ ]nτ ]+λ22[c4

√
nτ/[λ2n−[2λ1+(n−2)τ ]nτ ]]

1−c4
√
nτ/[λ2n−[2λ1+(n−2)τ ]nτ ]

which is true by our choice of η.

q1 − ξ > 1

⇐⇒n− 1

n
+

1

n
|1− η∥P1K1∥22| − c4ηn−1/2τ > 1

⇐⇒1 + c4η
√
nτ < |1− η∥P1K1∥22|

⇐=η∥P1K1∥22 − 1 > 1 + c4η
√
nτ

⇐=η > 2

∥P1K1∥22 − c4
√
nτ

(2.18)⇐=η > 2

λ21 − c23[2λ1 + (n− 2)τ ]2nτ 2 − c4
√
nτ

which is true by our lower bound on η.

q1q−1 > ξ2

⇐=q2−1 ≥ ξ
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⇐⇒1 +
∥KP−1bt∥22
n∥P−1bt∥22

[
η2(λ22 + (n− 1)τ 2)− 2η

]
> c4ηn

−1/2τ

⇐=1− 2η
λ22 + (2λ1 + (n− 1)τ)nτ

n
> c4ηn

−1/2τ

⇐⇒η < n

2λ22 + 2(2λ1 + (n− 1)τ)nτ + c4
√
nτ

which is true.

For inequality (2.25b): It suffices to take

k1 =
log(ϵβ/(2∥b0∥2))

log(ρ−1)
= O(log 1

ϵβ
)

For inequality (2.25c): We just need to show sin θ < (ρ−1/ρ1)
k1 . Calculate that ξ/(q1 −

q−1) =
cos θ sin θ

cos2 θ−sin2 θ
, then

sin θ < (ρ−1/ρ1)
k1

⇐=ξ/(q1 − q−1) < 0.9(ρ−1/ρ1)
k1

⇐=ξ < 0.9(q1 − q−1)(
q−1 − ξ
q1 + ξ

)k1

⇐=ξ < 0.9(q1 − q−1)(ϵβ/(2∥b0∥2))
1− log(q1+ξ)

log(q−1−ξ)

⇐=ξ < (q1 − 1)poly(ϵβ)

⇐=
√
nτ ≤ poly(ϵβ)
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For inequality (2.25d): Suffice to show

ξ <
(q1 − 1)β0
B0 + ϵβ0/2

⇐=
√
nτ ≤ O(1)

Lemma 2.10 (Long run behavior of SGD with small step size). Under the same notations

and assumptions as Lemma 2.9 unless otherwise specified. Consider another k2− k1 steps

of SGD update with step size

η′ <
1

λ21 + c7
√
nτ

where the constant c7 ≥
√
nτ + c4. Then we have for k > k1:

• Bk ≤ ϵβ

• Ak ≤

 qAk−1 , Ak−1 > β

β ,Ak−1 < β

where q := q1(η
′) + ξ(η′)ϵ < 1.

Proof. Denote q′1 = q1(η
′), q′−1 = q−1(η

′), ξ′ = ξ(η′), then q = q′1 + ξ′ϵ, denote B =

∥b0∥2 ∗ ρk11 + ϵβ/2. We have by proof of Lemma 2.9 that q′−1 + ξ < 1. We claim the

following holds:

q < 1 (2.26a)

ξ′B ≤ (1− q′1)ϵβ (2.26b)

Check inequality (2.26a):

q′1 + ξ′ϵ < 1

⇐=n− 1

n
+

1

n
|1− η′∥P1K1∥22|+ c4η

′n−1/2τ < 1
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⇐⇒|1− η′∥P1K1∥22| < 1− c4η′
√
nτ

⇐⇒c4η′
√
nτ < η′∥P1K1∥22 < 2− c4η′

√
nτ

⇐⇒

 c4
√
nτ < ∥P1K1∥22

η′ < 2
∥P1K1∥22+c4

√
nτ

⇐=


√
nτ < O(1)

η′ < 2
λ21+nτ

2+c4
√
nτ

which are true by assumption.

Check inequality (2.26b):

ξ′B ≤ (1− q′1)ϵβ

⇐⇒c4η′n−1/2τ(∥b0∥2 ∗ ρk11 + ϵβ/2) ≤ (1− n− 1

n
− 1

n
(1− η′∥P1K1∥22))ϵβ

⇐⇒c4η′
√
nτ(∥b0∥2 ∗ exp(k1)log ρ1 + ϵβ/2) ≤ η′∥P1K1∥22ϵβ

⇐=
√
nτ ≤ poly(ϵβ).

With (2.26) we can prove the lemma by mathematical induction. Suppose Bk−1 ≤ ϵβ and

Ak−1 ≤ Ak1 ≤ B, then check

Bk ≤ ξ′Ak−1 + q′−1Bk−1

≤ ξ′B + q′−1ϵβ

(2.26b)
≤ ϵβ

and

Ak ≤ q′1Ak−1 + ξ′Bk−1

≤ q′1Ak−1 + ξ′ϵβ
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≤ (q′1 + ξ′ϵ)max{Ak−1, β}

≤

 qAk−1 , Ak−1 > β

qβ < β ,Ak−1 < β
.

We recap Theorem 2.1 using our notations in previous lemmas as follows:

Theorem 2.5 (Directional bias of the two-stage SGD). Use the two stage SGD scheme as

defined in Lemma 2.9 and 2.10. Assume nτ < poly(ϵ), then there exists k1 = O(log 1
ϵ
) and

k2 such that

(1− 2ϵ)γ1 ≤
E[∥Kbk2∥2]
E[∥bk2∥2]

≤ γ1

where γ1 is the largest eigenvalue of K.

Proof. In Lemma 2.9 let β = β0, then for k1 = O(log 1
ϵ
) we have Bk1 ≤ ϵβ0. For the 2nd

stage, by Lemma 2.10 we can early stop at k2 such that Ak2 ≥ β0 and Ak2+1 < β0. We then

have

Bk2 ≤ ϵβ0 ≤ ϵAk2

Then we check

E∥Kbk2∥2
E∥bk2∥2

=
E
√
∥KP−1bk2∥22 + ∥KP1bk2∥22 + 2⟨KT

1 P−1bk2 ,K
T
1 P1bk2⟩

E∥bk2∥2

≥E
√
∥KP1bk2∥22 − 2∥P−1K1∥2∥P1K1∥2∥bk2∥22

E∥bk2∥2

≥E
√
∥KP1bk2∥22 −E

√
2∥P−1K1∥2∥P1K1∥2∥bk2∥22
E∥bk2∥2

=
E∥KT

1 P1bk2∥2 −
√

2∥P−1K1∥2∥P1K1∥2E∥bk2∥2
E∥bk2∥2
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(2.17),(2.18)
≥

√
λ21 − c23[2λ1 + (n− 2)τ ]2nτ 2

E∥P1bk2∥2
E∥P1bk2∥2 +E∥P−1bk2∥2

−
√

2(λ1 +
√
nτ)(c3(2λ1 + (n− 2)τ)

√
nτ)

≥
√
λ21 − c23[2λ1 + (n− 2)τ ]2nτ 2

β0
ϵβ0 + β0

−
√

2(λ1 +
√
nτ)(c3(2λ1 + (n− 2)τ)

√
nτ)

(2.13)
≥ (γ1 − nτ − c3(2λ1 + (n− 2)τ)

√
nτ)(1− ϵ)

−
√
2(λ1 +

√
nτ)(c3(2λ1 + (n− 2)τ)

√
nτ)

≥γ1(1− ϵ)− γ1ϵ (By nτ < poly(ϵ))

=γ1(1− 2ϵ)

And the upper bound in the theorem is by definition of γ1.

2.5.6 Directional bias of GD with moderate or small step size

This section includes the proof of Theorem 2.2. We first rewrite the GD updates as linear

combination of eigenvectors. Then the theorem is proved using the transformed variables

and finally transformed back to original parameters.

The directional bias of GD does not require diagonal dominant gram matrix.

Reloading notations Denote the eigen decomposition of K:

K = GΓGT ,Γ = diag(γ1, . . . , γn), G = [g1, . . . , gn]

where the eigenvectors gi’s are orthogonal. The GD update as

αt+1 = αt −
η

n
K(Kαt − y)

Denote wt := GT (αt − α̂), we can rewrite GD update in wt:

wt+1 = wt −
η

n
Γ2wt = (I − η

n
Γ2)wt
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We recap Theorem 2.2 to make reading easier as follows:

Theorem 2.6 (Direction bias of GD). Assume α0 is away from 0, λn + 2nτ < λn−1, GD

with step size:

η <
n

(λ1 + nτ)2

For a small ϵ > 0, take k = O(log 1
ϵ
), we have

γn ≤
∥K(αk − α̂)∥2
∥αk − α̂∥2

≤
√
1 + ϵγn

Proof. For i = 1, . . . , n, we have

w
(i)
k = (1− ηγ2i /n)kw

(i)
0

Denote qi = 1− ηγ2i /n, then 0 < q1 ≤ . . . ≤ qn < 1 since

0 < η <
n

(λ1 + nτ)2

(2.13)
≤ n

γ21
≤ n

γ2i

Since λn + nτ < λn−1 − nτ , we have γn < γn−1 by lemma 2.3, it follows that qn > qn−1.

Denote q = qn−1/qn < 1, then

∑n−1
i=1 (w

(i)
k )2

(w
(n)
k )2

=

∑n−1
i=1 q

2k
i (w

(i)
0 )2

q2kn (w
(n)
0 )2

≤
∑n−1

i=1 q
2k
n−1(w

(i)
0 )2

q2kn (w
(n)
0 )2

=q2k
∑n−1

i=1 (w
(i)
0 )2

(w
(n)
0 )2
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Let q2k ≤ γ2nϵ(w
(n)
0 )2

γ21
∑n−1

i=1 (w
(i)
0 )2
⇐⇒ k ≥ 1

2

log
γ2nϵ(w

(n)
0 )2

γ21
∑n−1

i=1
(w

(i)
0 )2

log q
= O(log 1

ϵ
), we have

∑n−1
i=1 (w

(i)
k )2

(w
(n)
k )2

≤ γ2nϵ

γ21

Thus

∥K(αk − α̂)∥22
∥αk − α̂∥22

=
∥Γwk∥22
∥wk∥22

=

∑n
i=1(w

(i)
k )2γ2i∑n

i=1(w
(i)
k )2

=
(w

(n)
k )2γ2n∑n

i=1(w
(i)
k )2

+

∑n−1
i=1 (w

(i)
k )2γ2i∑n

i=1(w
(i)
k )2

≤ γ2n +

∑n−1
i=1 (w

(i)
k )2∑n

i=1(w
(i)
k )2

γ21

≤ γ2n + γ21
γ2n
γ21
ϵ = γ2n(1 + ϵ)

thus
∥K(αk − α̂)∥2
∥αk − α̂∥2

≤
√
γ2n(1 + ϵ)

The lower bound of the theorem holds by definition of γn.

2.5.7 Effect of directional bias

In this section, we provide the proof for theorems in Section 2.3.2. There are two theorems

there, so we split this section into two subsections. Section 2.5.7.1 proves Theorem 2.3,

for a general problem setting of squared error minimization, it provides a straightforward

understanding for why directional bias towards the largest eigenvalue of the Hessian is good

for generalization. Section 2.5.7.2 proves Theorem 2.4 by giving concrete generalization

bounds of SGD and GD estimators in kernel regression.
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2.5.7.1 Proof of Theorem 2.3

Denote v = w −w∗, rewrite the objective function as

min
v

∥v∥22

s.t. ∥Av∥22 = a

Denote the eigen decomposition of ATA = QΓQT where Q = [q1, . . . , qn], QQT =

QTQ = I and Γ = diag([ρ1, . . . , ρn]), ρ1 ≥ . . . ≥ ρn ≥ 0. Then

∥Av∥22 =
n∑
i=1

ρi(q
T
i v)

2

So

∥Av∥22 ≤ ρ1[
n∑
i=1

(qTi v)
2] = ρ1v

TQQTv = ρ1∥v∥22

The equality is achieved when v is in the direction of q1, and ρ1 = ∥ATA∥2. Take L(w) =

∥Av∥22 = a then the theorem holds.

2.5.7.2 Proof of Theorem 2.4

Calculate ∆∗
a: Denote f ∗ = α̂TK(·, X)+ f̃ , then we have for a f ∈ Hs, f = αTK(·, X),

let b = α̂−α, then

∥f ∗ − f∥2H

=∥bTK(·, X) + f̃∥2H

=∥bTK(·, X)∥2H + ∥f̃∥2H + 2⟨bTK(·, X), f̃⟩H
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where we can check

⟨bTK(·, X), f̃⟩H =
∑
i=1

bi⟨K(·,xi), f ∗ − α̂TK(·, X)⟩H

=
∑
i=1

bi[⟨K(·,xi), f ∗⟩H − ⟨K(·,xi), α̂TK(·, X)⟩H]

=
∑
i=1

bi[f
∗(xi)− α̂TK(xi, X)](By reproducing property)

=
∑
i=1

bi[yi − yi] = 0

And we further calculate that

∥bTK(·, X)∥2H = ⟨
n∑
i=1

biK(·,xi),
n∑
j=1

bjK(·,xj)⟩H

=
n∑

i,j=1

bibj⟨K(·,xi), K(·,xj)⟩

=
n∑

i,j=1

bibjK(xi,xj) = bTKb

That is,

LD(f) = bTKb+ ∥f̃∥2H

and

inf
f∈Hs

LD(f) = ∥f̃∥2H

It follows that

∆(f) = LD(f)− inf
f∈Hs

LD(f) = bTKb
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We claim that

∆∗
a = min

b: 1
2n

∥Kb∥22=a
bTKb =

1

γ1
∥Kb∥22 = 2na/γ1

where the equality is obtained when b is in the direction of the largest eigenvector of K.

To see this, we check ∥Kb∥22 ≤ γ1b
TKb. Recall the eigendecomposition of K = GΓGT

where G = [g1, . . . , gn] has orthogonal columns and Γ = diag(γ1, . . . , γn). Then

∥Kb∥22 =
n∑
i=1

γ2i (g
T
i b)

2

and

bTKb =
n∑
i=1

γi(g
T
i b)

2

So we have

∥Kb∥22 ≤ γ1[
n∑
i=1

γi(g
T
i b)

2] = γ1b
TKb

This finishes our claim on ∆∗
a.

SGD output: By Theorem 2.1, the SGD output has

(1− 2ϵ)γ1E[∥bk2∥2] ≤ E[∥Kbk2∥2]

Thus

E[∆1/2(fSGD)] = E

√√√√ n∑
i=1

γi(gTi b
SGD)2


≤ √γ1E[(

n∑
i=1

(gTi b
SGD)2)1/2]

=
√
γ1E∥bSGD∥2

≤ √γ1E[∥KbSGD∥2]/[(1− 2ϵ)γ1]
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=
√

2na/γ1/(1− 2ϵ)

=
1

1− 2ϵ
(∆∗

a)
1/2

< (1 + 4ϵ)(∆∗
a)

1/2

last inequality by let ϵ < 1/4.

GD output: By Theorem 2.2, the GD output has

∥KbGD∥22
∥bGD∥22

≤ (1 + ϵ′)γ2n

Thus

∆(fGD) =
n∑
i=1

γi(g
T
i b

GD)2

≥ γn

n∑
i=1

(gTi b
GD)2

= γn∥bGD∥22

≥ γn∥KbGD∥22/[(1 + ϵ′)γ2n]

= 2na/[(1 + ϵ′)γn]

=
γ1

(1 + ϵ′)γn
∆∗
a

>
γ1
γn

(1− ϵ′)∆∗
a

:=M∆∗
a

where M > 1 by taking ϵ′ < 1− γn/γ1.
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2.5.8 Experiments

We list the implementation details of the experiments in Section 2.4 and include more

experiment results. For better presenting, we split into two subsections: Section 2.5.8.1

includes the details of simulation; Section 2.5.8.2 is about the NN experiment on Fashion-

MNIST, including the data description, network structure, and algorithm details. We defer

experiment results to Section 2.5.8.2.

2.5.8.1 Simulation

This subsection is corresponding to Figure 2.1.

Data Generation. The training data is simulated as follows: Set n = 10, p = 100,

simulateXn×p where elements ofX are i.i.d. N(0, 1); denote ith row ofX as xi, normalize

xi such that it has squared ℓ2 norm in [.49, 1]; set yi =
∑p

j=1 sin(xi,j) + ϵi where ϵi
i.i.d.∼

N(0, .01). The testing data is simulated in exactly the same way, except that we only

simulate n = 5 testing data.

Kernel Function. We set the kernel function to be the polynomial kernel

K(x1,x2) = (⟨x1,x2⟩+ .01)2

SGD and GD implementation. Both SGD and GD is run for small and moderate

step sizes. The moderate step size scheme for SGD is: η1 = .1 for the first 50 steps, and

η2 = .01 for the next 1000 steps; for GD is: η1 = .5 for the first 50 steps, and η2 = .05 for

the next 1000 steps. The small step size scheme for SGD is η = 0.01 for 1050 steps; for

GD is η = 0.05 for 1050 steps. Note that the step size for SGD is a fraction of that for GD,

this matches our Theorem 2.1 and 2.2 that the step size of GD is of magnitude n/2 times

that of SGD.
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2.5.8.2 Neural Network on FashionMNIST

This subsection is corresponding to Figure 2.2.

Dataset. The original FashionMNIST consist of 60, 000 training data and 10, 000 test-

ing data. We randomly sample 1, 500 data from original training data for training, and use

all 10, 000 original testing data for testing. All data entries are normalized to [0, 1].

Network structure. we use a 6-layer ResNet-like [27] Neural Network, and the struc-

ture is as follows

Input ⇒ 7× 7 Conv ⇒ BatchNorm⇒ ReLU⇒ 3× 3 MaxPool

⇒ ResBlock1⇒ ResBlock2⇒ Global AvePool⇒ FC⇒ output

The Residual Blocks are as Figure 7.6.3 in [31] (without 1×1 convolution). Note that each

residual block contains two 3 × 3 convolutional layers, thus total number of layers is as

stated.

Algorithm. We minimize the Cross Entropy Loss objective L(w) = 1
n

∑n
i=1 li(w),

where li(w) is the loss function at ith sample. One step SGD is as follows:

wt+1 = wt − ηt
1

|I|
∑
i∈I

∇li(wt)

where I is a randomly sampled subset of {1, . . . , n} (uniform random sample without

replacement). We choose the batch size |I| to be 25.

One step GD is as follows:

wt+1 = wt − ηt∇L(wt)

Both SGD and GD are run using two settings of step sizes ηt. The moderate step size
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setting is as follows:

ηt =


0.2, t = 1, . . . , 5000

0.02, t = 5001, . . . , 20000

And the small step size setting has ηt = 0.02, t = 1, . . . , 20000.

Comparison of convergence direction. Since the loss surface is nonconvex and the

Hessian varies, we follow [7] to measure the convergence direction by Relative Rayleigh

Quotient(RRQ), which normalizes the Rayleigh Quotient by the maximum eigenvalue of

the Hessian as follows

RRQ(w) =

∇L(w)⊤

∥∇L(w)∥2 · ∇
2L(w) · ∇L(w)

∥∇L(w)∥2

∥∇2L(w)∥2

where L(w) is the loss function on the whole training set. A high RRQ indicates that the

convergence direction of w is close to a larger eigenvector of the Hessian.

Comparison of test accuracy. We set 20 different random seeds. For each random

seed, we run: SGD with moderate step size, GD with moderate step size, SGD with small

step size, GD with small step size. For each algorithm, we evaluate its test accuracy once

every 500 steps, and use the average of the last 5 values as its test accuracy. We list the test

accuracy in Table 2.1.
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Table 2.1: Test Accuracy

Experiment #1 #2 #3 #4 #5 #6 #7 #8 #9 #10

SGD + moderate LR 83.69 82.95 82.37 82.05 83.4 83.16 83.72 83.29 83.28 83.23

GD + moderate LR 80.93 80.79 80.79 81.80 81.68 81.12 82.43 81.63 80.94 81.54

SGD + small LR 82.00 81.72 81.34 81.92 82.63 82.67 82.99 82.22 80.78 82.10

GD + small LR 78.88 78.71 78.49 79.3 80.45 79.78 80.15 79.66 79.54 79.68

Experiment #11 #12 #13 #14 #15 #16 #17 #18 #19 #20

SGD + moderate LR 83.12 82.92 83.58 83.47 82.35 83.57 83.59 82.43 84.21 83.12

GD + moderate LR 82.41 81.56 81.42 80.86 81.23 81.25 81.82 80.42 81.80 82.12

SGD + small LR 82.62 80.66 82.01 81.01 81.32 81.66 82.12 80.78 82.28 82.48

GD + small LR 80.08 78.29 79.93 79.36 78.9 79.69 80.2 79.62 79.98 79.69

We also use one-side Wilcoxon signed-rank test to check if the test accuracy of dif-

ferent algorithm are significantly different, the result is in Table 2.2. All the p-values are

significant at 0.01 level, so we reject the null hypothesis and conclude that the SGD with

moderate step size has test accuracy significantly higher than all other algorithms.

Table 2.2: Wilcoxon signed-rank test result

Null Hypothesis on Test Accuracy p-value

SGD + moderate LR ≤ GD + moderate LR 9.54× 10−7

SGD + moderate LR ≤ SGD + small LR 9.54× 10−7

SGD + moderate LR ≤ GD + small LR 9.54× 10−7

Additional experiments. We conduct more experiments using different step sizes.

The initial step size is taken in {1, 0.5, 0.2, 0.1, 0.02, 0.01, 0.005, 0.001}, and the step size

is divided by a factor of 10 after 5000 steps. The test accuracy is in Figure 2.3, where

we see that SGD with step size 0.2 has the best test accuracy, and GD with step size 0.5

performs better than GD with any other step sizes, but is still worse than the best SGD.
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Figure 2.3: Use more step sizes in SGD/GD. The test accuracy is evaluated once every 500
iterations, and inside the bracket is the average of the last 5 test accuracy values.
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CHAPTER 3

IMPLICIT REGULARIZATION PROPERTIES OF VARIANCE REDUCED

STOCHASTIC MIRROR DESCENT

In machine learning and statistical data analysis, we often run into objective function that

is a summation: the number of terms in the summation possibly is equal to the sample size,

which can be enormous. In such a setting, the stochastic mirror descent (SMD) algorithm

is a numerically efficient method—each iteration involving a very small subset of the data.

The variance reduction version of SMD (VRSMD) can further improve SMD by inducing

faster convergence. On the other hand, algorithms such as gradient descent and stochastic

gradient descent have the implicit regularization property that leads to better performance

in terms of the generalization errors. Little is known on whether such a property holds

for VRSMD. We prove here that the discrete VRSMD estimator sequence converges to

the minimum mirror interpolant in linear regression. This establishes the implicit regu-

larization property for VRSMD. As an application of the above result, we derive a model

estimation accuracy result in the setting when the true model is sparse. We use numerical

examples to illustrate the empirical power of VRSMD.

3.1 Introduction

In statistics and machine learning, it is common to optimize an objective function that is a

finite-sum. SMD efficiently optimizes such an objective by using a subset of data to do one

step update of the variable/parameter. Further adopting the variance reduction technique to

SMD, we get the VRSMD algorithm that enjoys fast convergence [32, 33].

The implicit regularization is a relatively new concept [2] that explains why a result

of an algorithm generalizes well in some overparameterized models [2, 6]. It refers to the

fact that an algorithm can automatically select a minimum norm solution, which is not ex-
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plicitly induced by the objective function. There are works on implicit regularization for

Gradient Descent [12, 13, 34, 35], Stochastic Gradient Descent [9, 36, 37, 10], and Stochas-

tic Mirror Descent [38]. Considering the computational advantage of VRSMD compared

to all the algorithms above, it would be even better if VRSMD also has the useful implicit

regularization property.

From technical point of view, our work contains the following two results:

• In linear regression (including underfitting and overfitting), we show that the solution

sequence of VRSMD converges to the minimum mirror interpolant, which is the

implicit regularization property of VRSMD, and we also specify the convergence

rate.

• In sparse regression, by choosing a proper mirror map, we show that the implicit

regularization estimator finds the sparse true parameter with a small error. Moreover,

compared with the deterministic algorithms in [12, 13], our algorithm is equally

good in estimating a sparse truth while computationally faster, as supported by our

experiments.

From the broad application point of view, our result shows that the Mirror Descent

and its variants are useful to explore the low dimensional geometric structure from high

dimensional data, which leads to nice generalization properties.

Notation. The following notations are used throughout this chapter. For a matrix X ∈

Rn×p, we denote by col(X) := {u ∈ Rn : ∃v ∈ Rp,u = Xv} the column space of

X , and we denote by N (X) := {v ∈ Rp : Xv = 0} the null space of X . For a vector

v ∈ Rp, we use the definition of ℓp norm of v that ∥v∥p = (
∑

i |vi|p)1/p for p ≥ 1

and we denote the number of non-zero elements in v as ∥v∥0. For a subset of indexes

I ⊂ {1, . . . , p}, we define vI := (vi)i∈I , and denote the cardinality of I as |I|. For a set

X ⊂ Rp, define PXv = argminu∈X ∥u − v∥2. For two non-negative-valued functions

a(x) and b(x), we denote a(x) ∼ O(b(x)) if there exists an absolute constant C such that
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a(x) ≤ Cb(x); and we denote a(x) ∼ Θ(b(x)) if there are absolute constants c, C such

that cb(x) ≤ a ≤ Cb(x).

Organization. The rest of the chapter is as follows: In Section 3.2, we describe our

problem formulation and algorithm; Section 3.3 states the main theory on the implicit reg-

ularization; Section 3.4 develops insight into the implicit regularization and establishes

the sparse recovery property; Section 3.5 supports the theory on implicit regularization by

simulations and experiments; The technique comparisons between literature, proofs, ex-

periment details, and more experiments are included in Section 3.6.

3.2 Formulation and Algorithm

To better present the material, we split this section into two subsections. In Subsection 3.2.1

we formulate the optimization problem motivated from linear regression. In Subsection

3.2.2, we present the Variance Reduction Stochastic Mirror Descent (VRSMD) algorithm

for solving such an optimization problem.

3.2.1 Formulation

Assume we observe data pairs {(xi, yi) ∈ Rp ×R}ni=1, the goal is to predict the response

y based on x. Under the empirical risk minimization framework, we consider the general

optimization problem of the form

min
β
F (β) =

1

n

n∑
i=1

fi(β; (xi, yi)), (3.1)

and we shorten fi(β; (xi, yi)) as fi(β) to simplify the notation.

As a concrete example, for the linear regression model, the classical least squares

method is to find coefficient β that minimizes the objective function

min
β
F (β) =

1

2n

n∑
i=1

(
xTi β − yi

)2
=

1

2n
∥Xβ − y∥22, (3.2)
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where we denote X = [x1, . . . ,xn]
T ∈ Rn×p, and y = [y1, . . . , yn]

T ∈ Rn.

When problem (3.2) has non-unique solutions, it is important yet nontrivial to find a

solution that has nice generalization property. It is well known that when running Gradient

Descent algorithm with initialization β0 = 0 on (3.2), the corresponding solution is the

minimal ℓ2 norm solution among all solutions of (3.2), see [7]. Also, the properties of

SMD are studied in [38]. It is unknown what happens to the solution if we run variants of

SMD, for example, variance reduced SMD.

3.2.2 VRSMD Algorithm

Let us now present the main idea of the variance reduced stochastic mirror descent (VRSMD)

algorithm as follows.

To understand why we need variance reduction, consider the Stochastic Mirror De-

scent(SMD) algorithm using a strictly convex and differentiable mirror map ψ(·). At step

t, the SMD updates βt+1 such that

∇ψ(βt+1) = ∇ψ(βt)− ηt∇fit(βt),

where it is randomly sampled from {1, . . . , n}. Now the term∇fit(βt) has E[∇fit(βt)] =

∇F (βt), so SMD has unbiased update compared to Mirror Descent, where the update is

∇ψ(βt+1) = ∇ψ(βt)− ηt∇F (βt). However, in general Var[∇fit(βt)] ̸= 0 for any βt, so

we need ηt → 0, which may lead to slow convergence.

Variance reduction addresses the issues above by replacing∇fit(βt) with term At such

that

• E[At] = E[∇fit(βt)] to keep unbiased update;

• Var[At] < Var[∇fit(βt)] to control variance.

One choice of At is At = ∇fit(βt) − Bt + E[Bt], where Bt and ∇fit(βt) are posi-

tively correlated with correlation coefficient r > 0.5 and Var[Bt] ≈ Var[∇fit(βt)]. For
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this At one can check that E[At] = E[∇fit(βt)] and Var[At] = Var[∇fit(βt) − Bt] =

Var[∇fit(βt)] − 2r
√
Var[∇fit(βt)] Var[Bt] + Var[Bt] < Var[∇fit(βt)]. For a proper Bt

such that Var(At)
t→∞−→ 0, the algorithm converges for a fixed η.

For illustration purpose, we use the variance reduction technique in [39] to get the

VRSMD Algorithm 3.1. However, one should note that this framework applies to other

variance reduction methods such as SARAH [40] and SPIDER [41].

Algorithm 3.1: Variance Reduced Stochastic Mirror Descent (VRSMD)
Input: An objective function F (·) = 1

n

∑n
i=1 fi(·), and a strictly convex and

differentiable mirror map ψ(·);
Initialization: Initialize β̃0. Choose the step size η, outer iteration number S,
inner iteration number m. Denote the estimator at tth inner iteration of sth outer
iteration as βst . Set β1

1 = β0
m+1 = β̃0;

for Outer iteration s = 1,. . . ,S do
Calculate∇F (β̃s−1);
for Inner iteration t = 1,. . . ,m do

Randomly sample it from {1, . . . , n}, calculate

vst = ∇fit(βst )−∇fit(β̃s−1) +∇F (β̃s−1), (3.3)

and update βst+1 such that

∇ψ(βst+1) = ∇ψ(βst )− ηvst . (3.4)

Set β̃s to be a uniform random sample from {βs1, . . . ,βsm};
Option I: Set βs+1

1 = βsm+1;
Option II: Set βs+1

1 = β̃s;

Option I: Output βa chosen uniformly random from {{βst}mt=1}Ss=1;
Option II: Output βa = β̃S .

Remark 3.1. We note the complexity of VRSMD as follows: The total number of stochastic-

first-order calls (i.e. SFO complexity) of Algorithm 3.1 is O(nS +mS). A popular choice

of the inner loop number m is Θ(n), which leads to O(1) SFO complexity per inner loop.

The variance reduction component of VRSMD is vst in (3.3). Note that it is equivalent to

the variance reduction scheme we talked above by takingBt = ∇fit(β̃s−1). The conditions
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we list there on Bt hold when βst and β̃s−1 are close, which happens by taking moderate

values of the inner iteration number m and the step size η.

We show that the VRSMD algorithm is a generalization of the SVRG algorithm in [39,

42]: For the special case of ψ(·) = 1
2
∥ · ∥22, we have ∇ψ(β) = β, then (3.3) updates βst+1

as:

βst+1 = βst − ηvst ,

which is the SVRG update, and VRSMD reduces to SVRG.

3.3 Implicit Regularization

In this section, we present the implicit regularization property of the VRSMD solution. To

do so, it is necessary to first show that the VRSMD converges.

To begin with, we introduce some definitions that will be useful in our theory.

Definition 3.1 (L-smoothness). f is L-smooth with respect to ∥ · ∥ norm if there exists a

constant L > 0 such that

∥∇f(u)−∇f(w)∥∗ ≤ L∥u−w∥,∀u,w,

where ∥ · ∥∗ := maxy:∥y∥=1⟨y, ·⟩ is the dual norm of ∥ · ∥.

Definition 3.2 (α-strongly convex). f is α-strongly convex with respect to ∥ · ∥ norm if

there exists a constant α > 0 such that

f(u) ≥ f(w) +∇f(w)T (u−w) +
α

2
∥u−w∥2,∀u,w.

Definition 3.3 (Quadratic Growth (QG)). LetX be the set of all minimizers of f . f satisfies

QG condition w.r.t. ∥ · ∥ if

µ

2
∥u− PXu∥2 ≤ f(u)− f(PXu),∀u. (3.5)
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Definition 3.4 (ϵ-solution). For the optimization problem

Opt = min
x∈B
{f(x) : gi(x) ≤ 0, 1 ≤ i ≤ m}. (3.6)

xϵ ∈ B is called an ϵ-solution to (3.6) if

f(xϵ)−Opt ≤ ϵ,

gi(xϵ) ≤ ϵ, 1 ≤ i ≤ m.

Definition 3.5 (Restricted Eigenvalue (RE)). X satisfies (s, γ)-RE condition if for any β

such that ∥β∥0 ≤ s we have

1
n
∥Xβ∥22
∥β∥22

≥ γ.

Definition 3.6 (s-good). A matrix Xn×p is s-good if ∃κ < 1
2

such that ∀u ∈ N (X) ⊂ Rp

and ∀I ⊂ {1, . . . , p} with |I| ≤ s, we have

∥uI∥1 ≤ κ∥u∥1.

Next, let us present the convergence result of VRSMD:

Proposition 3.1. Assume F (·) = 1
n

∑n
i=1 fi(·) has every fi(·) convex and L-smooth w.r.t.

an arbitrary norm ∥·∥, and ψ(·) is α-strongly convex w.r.t. ∥·∥. Denote β∗ = argminF (·).

(a) Run Option I of Algorithm 3.1 on F with η < α
24L

, then we have

E[F (βa)− F (β∗)] ≤ α

(αη − 24Lη2)T
×[

Dψ(β
∗, β̃0) +

12Lη2m

α
(F (β̃0)− F (β∗))

]
,

(3.7)

where T = m ·S, andDψ(β
∗, β̃0) := ψ(β∗)−ψ(β̃0)−⟨∇ψ(β̃0),β∗− β̃0⟩ is the Bregman

divergence.

(b) If we further assume that F (·) satisfies the QG condition in (3.5) with constant µ,
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and that ψ(·) is ℓ-smooth, all w.r.t. ∥·∥, and also suppose that we run Option II of Algorithm

3.1 with a large enough m such that

τ :=
12Lη2/α + ℓ/(mµ)

η − 12Lη2/α
< 1, (3.8)

then the VRSMD has a stronger linear convergence rate:

E[F (βa)− F (β∗)] ≤ τS[F (β̃0)− F (β∗)]. (3.9)

Remark 3.2. We analyze the computational complexity implied by Proposition 3.1: In (a),

let m = n and take η = α
48L

, then we have

E[F (βa)− F (β∗)] ≤ 96L

αT
×[

Dψ(β
∗, β̃0) +

αn

192L
(F (β̃0)− F (β∗))

]
.

In this case, the number of gradient computations for achieving an ϵ-solution isO(L
ϵ
+ n

ϵ
).

Remark 3.3. The assumption in (b) is moderate. Take m = 110Lℓ
αµ

and η = α
36L

, we have

τ < 1. This choice of m does not violate the O(1) SFO comlexity per iteration – take a

good mirror map so that ℓ/α = O(1), and consider the most indicative case [39] where

the condition number L/µ = n, we have m = Θ(n).

Our results in Proposition 3.1 are consistent with those for SVRG. In part (a), the

O(1/T ) convergence rate matches the rate in [42]; in part (b), the linear rate matches

the rate in [39], while we reduce their strong convexity assumption to quadratic growth.

Finally, we are ready to present our main result on implicit regularization. In the follow-

ing theorem, we show that VRSMD finds an ϵ-solution of the minimum mirror interpolation

problem.

Theorem 3.1. For the objective function in (3.2), assume ψ(β) is α-strongly convex w.r.t.
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∥ · ∥2, denote L = maxi ∥xi∥22 and let sm be the smallest nonzero singular value of X . The

VRSMD algorithm converges to the minimum mirror map interpolant

βψ := argminβ ψ(β)

s.t. F (β) = min
β′

F (β′).
(3.10)

We describe the convergence by the following ϵ-solution:

(a) Run Option I of Algorithm 3.1 with choice η < α
24L

and initialization β̃0 such that

∇ψ(β̃0) ∈ col(XT ), assume that the output βa satisfies ∥∇ψ(βa)∥2 ≤ B, then we will

have

E[ψ(βa)− ψ(βψ)] ≤ B

sm

√
α

(αη − 24Lη2)T
×[

2nDψ(β
ψ, β̃0) +

24nLη2m

α

(
F (β̃0)− F (βψ)

)].5
,

(3.11)

which describes how far is the objective value at βa away from the optimal solution to

(3.10). Moreover, we have

E[F (βa)− F (βψ)] ≤ α

(αη − 8Lη2)T
×[

Dψ(β
ψ, β̃0) +

12Lη2m

α

(
F (β̃0)− F (βψ)

)]
,

(3.12)

which characterizes how much does βa violates the constraints of (3.10). They together

show that the VRSMD algorithm finds an ϵ-solution to (3.10) for T = O(1
ϵ
+ 1

ϵ2
).

(b) Further assume that ψ(·) is ℓ-smooth w.r.t. ∥ · ∥2 and

τ ′ =
12Lη2/α + ℓn/(ms2m)

η − 12Lη2/α
< 1. (3.13)

Run Option II of Algorithm 3.1, we can show that:

E[ψ(βa)− ψ(βψ)] ≤ B(τ ′)S/2
√
2n

sm

√
F (β̃0)− F (βψ),
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E[F (βa)− F (βψ)] ≤ (τ ′)S
(
F (β̃0)− F (βψ)

)
. (3.14)

Remark 3.4. We need to point out that the assumptions in Theorem 3.1 are moderate. For

instance, for the assumption that ∇ψ(β̃0) ∈ col(XT ), we can take β̃0 = (∇ψ)−1(XTa)

for any a. One feasible choice is a = 0, resulting in β̃0 = argminβ∈Rp ψ(β). Since ψ is

strongly convex, this minimizer is not hard to calculate, for example: we have

·ψ(·) = ∥ · ∥qq or ψ(·) = ∥ · ∥2q for q > 1⇒ argminψ(·) = 0;

·ψ(β) = βTHβ for a positive definite H ⇒ argminψ(·) = 0;

·ψ(β) =
∑p

i=1 βi log(βi)− βi⇒ argminψ(·) = 1.

Remark 3.5. As for the assumption in (b), we can take m = 110Lℓn
αs2m

and η = α
36L

to get

τ ′ = (1 + 108/110)/2 < 1. Take a good mirror map such that ℓ/α = O(1) and assume

L/s2m = O(1), we further havem = Θ(n), so the algorithm can be implemented efficiently.

It is useful to provide a high level understanding of Theorem 3.1. It implies that the

discrete update of the VRSMD Algorithm on the unregularized objective (3.2) is an ϵ-

solution of the regularized optimization problem (3.10), so it is an implicit regularization

result. Furthermore, since (3.10) minimizes a strictly convex function over a convex set,

the solution will be unique, thus the estimator from VRSMD must converge to this unique

solution. The finding in Theorem 3.1 can be extended to other variants of SMD, which we

omit here.

3.4 Further Understanding of Implicit Regularization

In this section, we provide a deeper understanding of our theoretical results in the previous

section by analyzing two special mirror maps for linear regression model: one is ψ(β) =

∥β∥22/2, the other is ψ(β) = ∥β∥1+δ1+δ for small δ > 0.

Let us first consider ψ(·) = ∥ · ∥22/2, where VRSMD reduces to SVRG algorithm in

[39]. In this case, we further show that ∥βa − βψ∥22 linearly converges to 0, where βψ is

the minimum ℓ2 norm solution βψ = (XTX)+XTy = X+y:
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Corollary 3.1. Denote L = maxi ∥xi∥22, take ψ(·) = ∥ · ∥22/2, let β̃0 = β0
m = 0, ηt = η <

1/(24L), and assume

τ ′′ =
12Lη2 + n/(ms2m)

η − 12Lη2
< 1. (3.15)

Run Option II of Algorithm 3.1 on (3.2), we have

E∥βa −X+y∥22 ≤
(τ ′′)S

s2m
∥Pcol(X)y∥22. (3.16)

Next, let us consider the mirror map ψ(β) = ∥β∥1+δ1+δ for a small δ > 0 in VRSMD,

which leads to a sparse solution. Assume that ∥βst∥∞ ≤ K for a large enoughK throughout

the updates, we then have ψ(βst ) is (1+δ)δ
K1−δ -strongly convex and ∥∇ψ(βa)∥2 ≤

√
p(1+δ)Kδ.

By Theorem 3.1 we have the estimator sequence converges to the penalized solution

β(δ) = argminβ

{
∥β∥1+δ1+δ : Xβ = Pcol(X)y

}
. (3.17)

This choice of mirror map has limδ→0 ∥β∥1+δ1+δ = ∥β∥1 and the solution β(0) := argminβ{∥β∥1 :

Xβ = Pcol(X)y} is sparse. Thus we expect that for small δ, β(δ) is close to β(0) and recov-

ers a sparse true parameter.

We now provide a rigorous argument for the sparse recovery. Assume that the data is

generated by y = Xβo for a sparse βo. In the following theorem we have β(δ) accurately

recovers βo when the design matrix X satisfies some proper conditions.

Theorem 3.2 (Sparse Recovery). Under the sparse setting defined above, denote s =

∥βo∥0. Assume that the design matrix X satisfies (s, γ)-RE condition and is s-good with

constant κ < 1
2
. For any ξ > 0, if we choose

δ ≤
log
(
1 +

(1−2κ)
√
nγ√

s∥y∥2 ξ
)

log p− log
(
1 +

(1−2κ)
√
nγ√

s∥y∥2 ξ
) , (3.18)
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Figure 3.1: Run VRSMD Algorithm on simulated noiseless data. (a) the squared error
objective function converges quickly to 0. In (b), the ℓ1 estimation error converges to a
smaller value for smaller δ, indicating the nearly exact recovery of the sparse signal, which
supports Theorem 3.2. In (c), for ψ(·) = ∥ · ∥1.051.05, the VRSMD estimator converges to the
true parameter values. In (d), for a smaller δ, the convergence value of VRSMD estimator
is closer to ground truth.

we have

∥β(δ) − βo∥1 ≤ ξ. (3.19)

By Theorem 3.2, the estimator β(δ) estimates the sparse truth with a small error ξ. In

this way, VRSMD algorithm 3.1 achieves near sparse recovery via implicit regularization.

3.5 Numerical Experiment

Simulation. We generate data by a sparse model as follows: Set n = 1000, p = 5000 > n

for the design matrix X. Simulate X = Σ1/2W where the entries of W are i.i.d. N(0, 1)
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and Σ = 0.5 ∗ diag(1n) + 0.5 ∗ 1n×n. The true parameter βo ∈ Rp has its first 30 entries

sampled from i.i.d. N(0, 1) and the rest entries set to 0. Compute responses y = Xβo.

We then run VRSMD on objective function (3.2) for this simulated X and y. For a

range of δ, set the mirror map asψ(·) = ∥·∥1+δ1+δ, and run VRSMD with initialization β̃0 = 0,

step size η = 0.0002, outer iteration number 50 and inner iteration number 1000 = n. The

result is in Fig. 3.1.

Experiment on RNA dataset. We use the gene expression cancer RNA-Seq data set1

for experiment. The data consists of 801 observations, each of dimension 20, 531. Ran-

domly split the data into 600 training data and 201 testing data. Run VRSMD algorithm

on training data using mirror function ψ = ∥ · ∥1.11.1 where initialization β̃0 = 0, step size

η = 0.015, inner iteration number 400 and outer iteration number determined by 5-fold

cross validation (i.e. early stopping). We also compare VRSMD with the Hadamard GD

[13, 12], which also has implicit regularization for sparsity. The result is in Fig. 3.2.

Proof sketch for Theorem 3.1

It is easy to check that vst ∈ col
(
XT
)
. Then by∇ψ(β̃0) ∈ col(XT ), we immediately have

∇ψ (βa) ∈ col
(
XT
)
. Combine this key observation with the fact that

ψ(βa)− ψ(βψ) ≤ ⟨∇ψ(βa),βa − βψ⟩,

we have

E[ψ(βa)− ψ(βψ)] ≤ E⟨∇ψ(βa),βa − βψ⟩

≤BE∥Pcol(XT )(β
a − βψ)∥2 ≤

B

sm

√
E∥Xβa −Xβψ∥22

=
B

sm

√
2nE(F (βa)− F (βψ)). (3.20)

1https://archive.ics.uci.edu/ml/datasets/gene+expression+cancer+RNA-Seq
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Figure 3.2: Run VRSMD Algorithm on RNA dataset. In (a), we plot the solution path
of the first 100 entries of β, and it shows that the early stopped estimator is sparse. In
(b) and (c), we compare the performance of VRSMD with Hadamard GD. Plot (b) shows
that VRSMD trains faster than Hadamard GD, which is tested significant by one-sided
Wilcoxon signed-rank test (p-value = 9.77× 10−4). Plot (c) shows that the two algorithms
have same prediction error on testing data, for which we test by two-sided Wilcoxon signed-
rank test (p-value = 0.56).

Apply Proposition 3.1 to (3.20) we have the desired inequalities.

3.6 Technique Details for Chapter 3

In this section, we provide the technique details in Chapter 3.

3.6.1 Comparison with the VRSMD work [32]

Besides the implicit regularization property that is emphasised in this chapter, the variance

reduced stochastic mirror descent (VRSMD) itself is an algorithm of independent interest

to the optimization community. We notice a concurrent work that also applies variance

reduction to SMD [32]. Our work is independently done without been affected by their
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work, and we have different focuses. The high level difference of their work and this one is

that: their main goal is the convergence analysis, while this work focus on the interesting

implicit regularization property and its implication of VRSMD. Nevertheless, we can com-

pare the overlapping part of our work with theirs, which is the convergence analysis. Here

we do it from three perspectives: assumptions, measurement of convergence, and the the

number of stochastic gradient∇fi(x) (i.e. SFO calls) required to achieve a ϵ convergence:

Difference in assumption: There are 4 main difference in assumptions:

1. They assume their objective function to be min 1
n

∑
i fi(x)+g(x), where g is possibly

non-smooth but convex and fi is possibly non-convex but smooth. Our formulation does

not have the non-smooth component, and we assume fi to be convex. In their work, they

assume the proximal operator in g can be efficiently solved to handle the non-smoothness.

And they use different measurement for convergence compared to our work due to non-

convexity.

2. Their assumptions on the strong convexity of mirror map and the smoothness of

the objective fis are with respect to ℓ2 norm. Our assumptions of the strong convexity

and smoothness are for an arbitrary norm. Considering that the mirror descent is a nonEu-

clidean variant of gradient descent, assume a nonEuclidean norm would be more suitable.

3. They assume that the fi has bounded variance asEi[∥∇fi(x)−∇f(x)∥22] ≤ σ2. This

assumption is not required in our work.

4. They assume the PL inequality (w.r.t. the ℓ2 norm) holds to achieve a linear conver-

gence rate. We prove the same rate, but under Quadratic Growth (QC) condition (w.r.t. an

arbitrary norm). When considering the ℓ2 norm, the PL condition implies the QC condition

[43], thus their assumption is stronger than our assumption here.

Difference in measuring convergence: Since the objective in [32] is nonconvex, the

convergence is evaluated for the stability gap E[∥∇f(x)∥22]. Our works applies to a convex

objective, so the convergence is evaluated for the optimization gap E[f(x)]−minx f(x).

Comparing the SFO complexity: Unify all other notations and conditions in our
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work and theirs, we compare the SFO complexity required to achieve a ϵ stability gap,

i.e. E[∥∇f(x)∥22] ≤ ϵ:

For the general case, our SFO is O(1
ϵ
+ n

ϵ
), and theirs is O(min(n

ϵ
, σ

2

ϵ2
) + 1

ϵ
). Ignoring

the bounded variance assumption by taking σ =∞, then their rate is the same as ours;

For the special case where we have linear convergence rate, our SFO is O(n log 1
ϵ
+

1
µ
log 1

ϵ
), and theirs is O(min(n, σ

2

µϵ
) 1
µ
log 1

ϵ
+ 1

µ
log 1

ϵ
). Again taking σ = ∞, our SFO

complexity is better than theirs, possibly because the difference in problem setting.

3.6.2 Lemmas

We first list some lemmas that will be used in the proof. For each lemma, we either give its

reference or show the proof.

Lemma 3.1 ([44]). For a L-smooth function f with respect to ∥ · ∥, we have:

f(u)− f(w)−∇f(w)T (u−w) ≤ L

2
∥u−w∥2. (3.21)

Lemma 3.2 (Theorem 2.1.5 in [45]). For a L-smooth function f with respect to ∥ · ∥, we

have:

∥∇f(u)−∇f(w)∥2∗ ≤ 2L[f(u)− f(w)− ⟨∇f(w),u−w⟩]. (3.22)

And especially, when∇f(w) = 0:

∥∇f(u)∥2∗ ≤ 2L[f(u)− f(w)]. (3.23)

Lemma 3.3. For the problem minβ F (β) =
1
n

∑n
i=1 fi(β), suppose all fis are convex and

L−smooth w.r.t. norm ∥ · ∥, denote β∗ = argminβ F (β), then for i chosen uniformly

random from {1, . . . , n}, the term v = ∇fi(β)−∇fi(β̃) +∇F (β̃) have:

E∥v∥2∗ ≤ 12L[F (β)− F (β∗) + F (β̃)− F (β∗)]. (3.24)
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Proof.

E∥v∥2∗ = E∥∇fi(β)−∇fi(β̃) +∇F (β̃)∥2∗

≤ 3E∥∇fi(β)−∇fi(β∗)∥2∗ + 3E∥∇fi(β∗)−∇fi(β̃)∥2∗ + 3∥∇F (β̃)∥2∗

= 3E∥∇fi(β)−∇fi(β∗)∥2∗ + 3E∥∇fi(β∗)−∇fi(β̃)∥2∗ + 3∥∇F (β̃)−∇F (β∗)∥2∗
(3.22)
≤ 6E{L[fi(β)− fi(β∗)− ⟨∇fi(β∗),β − β∗⟩]}

+ 6E{L[fi(β̃)− fi(β∗)− ⟨∇fi(β∗), β̃ − β∗⟩]}

+ 6{L[F (β̃)− F (β∗)− ⟨∇F (β∗), β̃ − β∗⟩]}

= 6L[F (β)− F (β∗)] + 12L[F (β̃)− F (β∗)]

≤ 12L[F (β)− F (β∗) + F (β̃)− F (β∗)]

Lemma 3.4. For the linear regression objective function F (β) = ∥Xβ − y∥22/(2n) =

1
n

∑n
i=1 fi(β) where fi(β) =

(
xTi β − yi

)2
/2, the term v = ∇fi(β) −∇fi(β̃) +∇F (β̃)

is in col(XT ).

Proof. Check

∇fi(β) = xi(x
T
i β − yi) = XT


0i−1

1

0n−i

 (xTi β − yi) ∈ col(XT ).

And ∇F (β̃) = XT
[
1
n
(Xβ̃ − y)

]
∈ col(XT ). Thus v = ∇fi(β) −∇fi(β̃) +∇F (β̃) ∈

col(XT ).

Lemma 3.5. For a matrix X ∈ Rn×p, for any u ∈ col(XT ), we have

∥Xu∥22 ≥ s2m∥u∥22 (3.25)

72



where s2m is the smallest non-zero eigenvalue of XTX .

Proof. Consider the SVD of XT = QΣV where QTQ = QQT = Ip and V TV = V V T =

In

Σ =

diag(s)m 0m×(n−m)

0(p−m)×m 0(p−m)×(n−m)


p×n

with s = [s1, . . . , sm], s1 > . . . > sm > 0. And write Q = [q1, . . . ,qp], then for any

u ∈ col(XT ), we can write u =
∑m

i=1wiqi for some w1, . . . , wm, and ∥u∥22 =
∑m

i=1w
2
i .

Then

Xu = V TΣTQT (
m∑
i=1

wiqi)

= V TΣT



w1

...

wm

0

...

0



= V T



s1w1

...

smwm

0

...

0


.
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Thus

∥Xu∥22 = ∥V T



s1w1

...

smwm

0

...

0


∥22 =

m∑
i=1

s2iw
2
i ≥ s2m

m∑
i=1

w2
i = s2m∥u∥22.

Lemma 3.6. If f is α−strongly convex w.r.t. ∥ · ∥, then

f(u) ≤ f(w) +∇f(w)T (u−w) +
1

2α
∥∇f(u)−∇f(w)∥2∗. (3.26)

Proof. Consider g(v) = f(v)−vT∇f(w), then g is also α−strongly convex, and it’s easy

to check that g has a unique minimizer w.

Next, by α−strong convexity of g, for any u we have

g(v) ≥ g(u) +∇g(u)T (v − u) +
α

2
∥v − u∥2. (3.27)

Minimizing both side of (3.27) w.r.t. v, we have

g(w) = min
v
g(v) ≥ min

v
g(u) +∇g(u)T (v − u) +

α

2
∥v − u∥2

≥ min
v
g(u)− ∥∇g(u)∥∗∥v − u∥+ α

2
∥v − u∥2

≥ g(u)− 1

2α
∥∇g(u)∥2∗.

That is,

f(w)−wT∇f(w) ≥ f(u)− uT∇f(w)− 1

2α
∥∇f(u)−∇f(w)∥2∗.
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Rearrange the terms we get (3.26).

Lemma 3.7. If f is α−strongly convex w.r.t. ∥ · ∥, then

[∇f(u)−∇f(w)]T [u−w] ≤ 1

α
∥∇f(u)−∇f(w)∥2∗. (3.28)

Proof. Apply (3.26) twice to get:

f(u) ≤ f(w) +∇f(w)T (u−w) +
1

2α
∥∇f(u)−∇f(w)∥2∗, (3.29)

f(w) ≤ f(u) +∇f(u)T (w − u) +
1

2α
∥∇f(u)−∇f(w)∥2∗. (3.30)

Sum (3.29) and (3.30) we have:

0 ≤ (∇f(w)− f(u))T (u−w) +
1

α
∥∇f(u)−∇f(w)∥2∗

=⇒[∇f(u)−∇f(w)]T [u−w] ≤ 1

α
∥∇f(u)−∇f(w)∥2∗.

Lemma 3.8 ([43]). If f satisfies PL inequality with respect to ℓ2 norm ∥·∥2, then f satisfies

the Quadratic Growth (QG) condition w.r.t. ∥ · ∥2 for the same constant µ.

3.6.3 Proof for Proposition 3.1

Proof. Consider the Bregman divergence

E[Dψ(β
∗,βst+1)]

=E[ψ(β∗)− ψ(βst+1)−∇ψ(βst+1)
T (β∗ − βst+1)]

=E[ψ(β∗)− ψ(βst+1)− [∇ψ(βst )− ηvst ]T (β∗ − βst + βst − βst+1)]

=E[ψ(β∗)− ψ(βst ) + ψ(βst )− ψ(βst+1)−∇ψ(βst )T (β∗ − βst )

+∇ψ(βst )T (βst+1 − βst ) + (ηvst )
T (β∗ − βst+1)]
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=E[Dψ(β
∗,βst )−Dψ(β

s
t+1,β

s
t ) + (ηvst )

T (β∗ − βst+1)]. (3.31)

The last term in (3.31):

E[(vst )
T (β∗ − βst+1)]

=E[(vst )
T (β∗ − βst + βst − βst+1)]

=E[E[(vst )
T (β∗ − βst )|βst ]] +E[(vst )T (βst − βst+1)]

=E[(∇F (βst )T (β∗ − βst )] +
1

η
E[(∇ψ(βst )−∇ψ(βst+1))

T (βst − βst+1)]

≤E[(F (β∗)− F (βst )] +
1

η
E[(∇ψ(βst )−∇ψ(βst+1))

T (βst − βst+1)]

(3.28)
≤ E[(F (β∗)− F (βst )] +

1

ηα
E[∥∇ψ(βst )−∇ψ(βst+1)∥2∗]

=E[(F (β∗)− F (βst )] +
η

α
E[∥vst∥2∗].

Thus we have

E[Dψ(β
∗,βst+1)]

≤E[Dψ(β
∗,βst )]−E[Dψ(β

s
t+1,β

s
t )] + ηE[F (β∗)− F (βst )] +

η2

α
E[∥vst∥2∗]

(3.24)
≤ E[Dψ(β

∗,βst )]−E[Dψ(β
s
t+1,β

s
t )]

+ (η − 12Lη2

α
)E[F (β∗)− F (βst )] +

12Lη2

α
E[F (β̃s−1)− F (β∗)]

≤E[Dψ(β
∗,βst )] +

(
24Lη2

α
− η
)
E[F (βst )− F (β∗)]

+
12Lη2

α
E[F (β̃s−1)− F (β∗)]− 12Lη2

α
E[F (βst )− F (β∗)]. (3.32)

Sum (3.32) for t = 1, . . . ,m, we have

E[Dψ(β
∗,βsm+1)] ≤E[Dψ(β

∗,βs1)] +
m∑
t=1

(
24Lη2

α
− η
)
E[F (βst )− F (β∗)]

76



+
12Lη2m

α
E[F (β̃s−1)− F (β∗)]− 12Lη2

α

m∑
t=1

E[F (βst )− F (β∗)].

(3.33)

For option I, βs1 = βs−1
m+1, β̃s is a uniform random sample from {βs1, . . . ,βsm}, (3.33)

becomes:

E[Dψ(β
∗,βsm+1)] ≤E[Dψ(β

∗,βs−1
m+1)] +

m∑
t=1

(
24Lη2

α
− η
)
E[F (βst )− F (β∗)]

+
12Lη2m

α
E[F (β̃s−1)− F (β∗)]− 12Lη2m

α
E[F (β̃s)− F (β∗)].

That is,

(
η − 24Lη2

α

) m∑
t=1

E[F (βst )− F (β∗)]

≤E[Dψ(β
∗,βs−1

m+1)] +
12Lη2m

α
E[F (β̃s−1)− F (β∗)]

−E[Dψ(β
∗,βsm+1)]−

12Lη2m

α
E[F (β̃s)− F (β∗)]. (3.34)

Thus we can define Lyapunov function

P s := E[Dψ(β
∗,βsm+1)] +

12Lη2m

α
E[F (β̃s)− F (β∗)] ≥ 0.

Then

E[F (βa)− F (β∗)] =
1

T

S∑
s=1

m∑
t=1

E[F (βst )− F (β∗)]

(3.34)
≤ 1

T

S∑
s=1

1

η − 24Lη2

α

[P s−1 − P s]

≤ α

(αη − 24Lη2)T
P 0
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For Option II, βs1 = β̃s−1, (3.33) becomes:

E[Dψ(β
∗,βsm+1)] ≤E[Dψ(β

∗, β̃s−1)] +
m∑
t=1

(
24Lη2

α
− η
)
E[F (βst )− F (β∗)]

+
12Lη2m

α
E[F (β̃s−1)− F (β∗)]− 12Lη2m

α
E[F (β̃s)− F (β∗)]

=E[Dψ(β
∗, β̃s−1)] +m

(
12Lη2

α
− η
)
E[F (β̃s)− F (β∗)]

+
12Lη2m

α
E[F (β̃s−1)− F (β∗)]. (3.35)

Since ψ is ℓ−smooth and F satisfies QG condition, β∗ is any minimum point of F , we can

take β∗ as required by Lemma 3.8 to get

Dψ(β
∗, β̃s−1) = ψ(β∗)− ψ(β̃s−1)−∇ψ(β̃s−1)T (β∗ − β̃s−1)

(3.21)
≤ ℓ

2

∥∥∥β∗ − β̃s−1
∥∥∥2

QG of f
≤ ℓ

µ
[F (β̃s−1)− F (β∗)]. (3.36)

Plug (3.36) into (3.35) we have

0 ≤ E[Dψ(β
∗,βsm+1)] ≤

(
12Lη2m

α
−mη

)
E[F (β̃s)− F (β∗)]

+

(
12Lη2m

α
+
ℓ

µ

)
E[F (β̃s−1)− F (β∗)].

That is,

E[F (β̃s)− F (β∗)] ≤
12Lη2

α
+ ℓ

mµ

η − 12Lη2

α

E[F (β̃s−1)− F (β∗)]

= τE[F (β̃s−1)− F (β∗)].
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Thus,

E[F (β̃S)− F (β∗)] ≤ τSE[F (β̃0)− F (β∗)]

and by βa = β̃S we get the desired bound.

3.6.4 Proof for Theorem 3.1

Proof. We first check that every fi is L−smooth w.r.t. ∥ · ∥2.

∥∇fi(u)−∇fi(w)∥2 = ∥(xTi u− yi)xi − (xTi w − yi)xi∥2

= ∥xTi (u−w)xi∥2

= |xTi (u−w)| ∗ ∥xi∥2

≤ ∥xi∥2∥u−w∥2∥xi∥2

≤ (max
i
∥xi∥22)∥u−w∥2.

First, we prove part (a) of Theorem 3.1. When ψ(β) is α−strongly convex w.r.t. ∥ · ∥2, we

can apply part (a) of Theorem 1, take β∗ = βψ to get

E

[
1

2n
∥Xβa − y∥22 −

1

2n
∥Xβψ − y∥22

]
≤ α

(αη − 24Lη2)T

[
Dψ(β

ψ, β̃0) +
12Lη2m

α

(
1

2n
∥Xβ̃0 − y∥22 −

1

2n
∥Xβψ − y∥22

)]
.

(3.37)

For the L.H.S. of (3.37) we have

∥Xβa − y∥22 − ∥Xβψ − y∥22

=∥Xβa −Xβψ +Xβψ − y∥22 − ∥Xβψ − y∥22
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=∥Xβa −Xβψ∥22 + ∥Xβψ − y∥22 + 2⟨Xβa −Xβψ, Pcol(X)y − y⟩ − ∥Xβψ − y∥22

=∥Xβa −Xβψ∥22 + 2⟨X(βa − βψ),−PN (XT )y⟩

=∥Xβa −Xβψ∥22 = ∥Xβa − Pcol(X)y∥22.

Thus (3.37) becomes

E[∥Xβa −Xβψ∥22] = E[∥Xβa − Pcol(X)y∥22]

≤ α

(αη − 24Lη2)T

[
2nDψ(β

ψ, β̃0) +
12Lη2m

α

(
∥Xβ̃0 − y∥22 − ∥Xβψ − y∥22

)]
.

(3.38)

Since ∇ψ(β̃0) = ∇ψ(β0
m) ∈ col(XT ), by Lemma 3.4 we will have ∇ψ(βst ) ∈ col(XT )

for all s and t, thus

∇ψ(βa) ∈ col(XT ). (3.39)

Then

E[ψ(βa)− ψ(βψ)]

≤E⟨∇ψ(βa),βa − βψ⟩
(3.39)
= E⟨∇ψ(βa), Pcol(XT )(β

a − βψ)⟩

≤E[∥∇ψ(βa)∥2∥Pcol(XT )(β
a − βψ)∥2]

≤B ∗E∥Pcol(XT )(β
a − βψ)∥2

(3.25)
≤ B

sm
E∥XPcol(XT )(β

a − βψ)∥2

=
B

sm
E∥Xβa −Xβψ∥2

≤ B

sm
(E∥Xβa −Xβψ∥22)1/2

(3.38)
≤ B

sm

√
α

(αη − 24Lη2)T

[
2nDψ(βψ, β̃0) +

12Lη2m

α

(
∥Xβ̃0 − y∥22 − ∥Xβψ − y∥22

)]
.
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Thus the βa from SMD will have

E[ψ(βa)− ψ(βψ)]

≤ B

sm

√
α

(αη − 24Lη2)T

[
2nDψ(βψ, β̃0) +

12Lη2m

α

(
∥Xβ̃0 − y∥22 − ∥Xβψ − y∥22

)]
(3.40)

E[∥Xβa − y∥22 − ∥Xβψ − y∥22]

≤ α

(αη − 24Lη2)T

[
2nDψ(β

ψ, β̃0) +
12Lη2m

α

(
∥Xβ̃0 − y∥22 − ∥Xβψ − y∥22

)]
.

(3.41)

Set the R.H.S. of (3.40) and (3.41) to ϵ to get an ϵ−solution, we can solve

T ≥ B2

s2mϵ
2

α

(αη − 24Lη2)

[
2nDψ(β

ψ, β̃0) +
12Lη2m

α

(
∥Xβ̃0 − y∥22 − ∥Xβψ − y∥22

)]
T ≥ 1

ϵ

α

(αη − 24Lη2)

[
2nDψ(β

ψ, β̃0) +
12Lη2m

α

(
∥Xβ̃0 − y∥22 − ∥Xβψ − y∥22

)]
.

That is, T ∼ O(1
ϵ
+ 1

ϵ2
).

For part (b) of Theorem 3.1, we first need to show that F (·) satisfies PL inequality w.r.t.

∥ · ∥2. Remember F (β) = 1
2n
∥Xβ − y∥22, then

1

2
∥∇F (β)∥22 =

1

2
∥ 1
n
XT (Xβ − y)∥22

=
1

2n2
∥XT (Xβ − Pcol(X)y)∥22

(3.25)
≥ s2m

2n2
∥Xβ − Pcol(X)y∥22

=
s2m
2n2
∥Xβ − y + PN (XT )y∥22

=
s2m
2n2

[∥Xβ − y∥22 − ∥PN (XT )y∥22]

=
s2m
n
[F (β)− F (βψ)].

Thus F (·) satisfies PL inequality with constant s
2
m

n
. By Lemma 3.8, F (·) satisfies QG with
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the same constant, so part (b) of Theorem 1 applies here, and we get

E[F (βa)− F (βψ)] ≤ (τ ′)S[F (β̃0)− F (βψ)].

where

τ ′ =

12Lη2

α
+ ℓn

ms2m

η − 12Lη2

α

,

By the similar statement as the first part of the proof, we have

E[ψ(βa)− ψ(βψ)]

≤ B

sm
[2nE[F (βa)− F (βψ)]].5

≤B
√
2n(τ ′)S/2

sm
[F (β̃0)− F (βψ)].5.

Thus

E[ψ(βa)− ψ(βψ)] ≤ B(τ ′)S/2

sm

√
∥Xβ̃0 − y∥22 − ∥Xβψ − y∥22

E[∥Xβa − y∥22 − ∥Xβψ − y∥22] ≤ (τ ′)S
(
∥Xβ̃0 − y∥22 − ∥Xβψ − y∥22

)
.

3.6.5 Proof of Corollary 3.1

Proof. For the specific choice of ψ(·) = 1
2
∥ · ∥22, we have

∇2ψ(·) = I.

That is, ψ(·) is 1−smooth and 1−strongly convex, for

τ ′′ =
12Lη2 + n

ms2m

η − 12Lη2
< 1,
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we can apply part (b) of Theorem 2 to get

E[∥Xβa −Xβψ∥22 ≤ (τ ′′)S
(
∥Xβ̃0 − y∥22 − ∥Xβψ − y∥22

)
= (τ ′′)S

(
∥y∥22 − ∥PN (XT )y∥22

)
= (τ ′′)S∥Pcol(X)y∥22.

Then since ∇ψ(βa) = βa ∈ col(XT ) and βψ = (XTX)+XTy = XT (XXT )+y ∈

col(XT ), we have

E∥βa − βψ∥22
(3.25)
≤ 1

s2m
E∥Xβa −Xβψ∥22 ≤

τS

s2m
∥Pcol(X)y∥22.

3.6.6 Proof of Theorem 3.2

To prove Theorem 3.2, we will need a few preliminaries.

Lemma 3.9. Denote β(0) = argminβ{∥β∥1 : Xβ = Pcol(X)y} and β(δ) = argminβ{∥β∥1+δ1+δ :

Xβ = Pcol(X)y}, we have

∥β(δ)∥1 ≤ p
δ

1+δ ∥β(0)∥1 (3.42)

Proof.

∥β(δ)∥1 =
p∑
i=1

1 ∗ |β(δ)
i |

≤

(
p∑
i=1

1
1+δ
δ

) δ
1+δ

∗

(
p∑
i=1

|β(δ)
i |1+δ

) 1
1+δ

= p
δ

1+δ ∥β(δ)∥1+δ

≤ p
δ

1+δ ∥β(0)∥1+δ

≤ p
δ

1+δ

(
p∑
i=1

∥β(0) ◦ ei∥1+δ

)
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= p
δ

1+δ

(
p∑
i=1

|β(0)
i |

)

= p
δ

1+δ ∥β(0)∥1

where the first inequality holds by Hölder’s inequality, the second inequality follows from

β(δ) minimizes ∥β∥1+δ1+δ thus minimizes ∥β∥1+δ among all β ∈ B := {β : Xβ = Pcol(X)y},

and the third inequality follows from triangle inequality.

Lemma 3.10. Assume y = Xβo where βo ≤ s and X is s−good with parameter κ < 1/2.

Use the notation in Lemma 3.9 that β(0) = argminβ{∥β∥1 : Xβ = y}, we have β(0) = βo.

Proof. βo is a feasible solution to minβ{∥β∥1 : Xβ = y}. Denote û = βo − β(0), we

have

(
∥β(0)

S ∥1 + ∥β
(0)
Sc ∥1

)
= ∥β(0)∥1 ≤ ∥βo∥1 = ∥βoS∥1

=⇒ ∥β(0)
Sc ∥1 ≤ ∥βoS∥1 − ∥β

(0)
S ∥1 ≤ ∥βoS − β

(0)
S ∥1

⇐⇒ ∥ûSc∥1 ≤ ∥ûS∥1. (3.43)

On the other hand,

Xû = Xβo −Xβ(0) = y − y = 0.

That is, û ∈ N (X), then by X is s−good, we have for κ < 1
2

∥ûS∥1 ≤ κ∥û∥1

=⇒∥ûS∥1 ≤
κ

1− κ
∥ûSc∥1. (3.44)

Combine (3.43) and (3.44) we get

∥ûSc∥1 ≤ κ
1−κ∥ûSc∥1
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=⇒ ∥ûSc∥1 = 0

(3.44)
=⇒ ∥ûS∥1 = 0.

Thus û = 0, β(0) = βo.

Lemma 3.11. Assume X ∈ Rn×p is s− good with parameter κ < 1/2, then ∀β ∈ Rp and

I ⊂ {1, . . . , p} with |I| ≤ s we have

∥βI∥1 ≤
√
s+ κ

√
p

sm
∥Xβ∥2 + κ∥β∥1

where s2m is the smallest nonzero eigenvalue of XTX .

Proof.

∥βI∥1 ≤ ∥(Pcol(XT )β)I∥1 + ∥(PN (X)β)I∥1

≤
√
s∥(Pcol(XT )β)I∥2 + κ∥PN (X)β∥1

≤
√
s∥Pcol(XT )β∥2 + κ(∥PN (X)β + Pcol(XT )β∥1 + ∥Pcol(XT )β∥1)

(3.25)
≤
√
s

sm
∥XPcol(XT )β∥2 + κ

(
∥β∥1 +

√
p

sm
∥XPcol(XT )β∥2

)
=

√
s+ κ

√
p

sm
∥Xβ∥2 + κ∥β∥1

where the first inequality holds by triangle inequality, the second inequality holds by Cauchy-

Schwartz inequality and s-goodness of X , the third inequality again uses the triangle in-

equality.

Theorem 3.3. [Theorem 1.3.1 in [46]] Consider the following optimization problem with

any norm ∥ · ∥

β̂ = argmin
β

∥β∥1

s.t. ∥Xβ − y∥ ≤ ∆

(3.45)

85



Assume ∃α ≥ 0 and κ′ < 1/2 that ∀β ∈ Rp and ∀I ⊂ {1, . . . , p} with |I| ≤ s:

∥βI∥1 ≤ α∥Xβ∥+ κ′∥β∥1

Suppose β̃ is an approximate solution to (3.45) such that

∥β̃∥1 ≤ ∥β̂∥1 + ν

∥Xβ̃ − y∥ ≤ ∆+ ϵ.

Then for any nearly s−sparse and feasible β′ for (3.45), where near s−sparsity means ∃

s−sparse βs such that ∥β′ − βs∥1 ≤ v, we have

∥β̃ − β′∥1 ≤
2α(2∆ + ϵ) + 2v + ν

1− 2κ′
.

We are ready to prove Theorem 3.2.

Proof for Theorem 3.2. By Lemma 3.9 we have

∥β(δ)∥1 ≤ ∥β(0)∥1 +
(
p

δ
1+δ − 1

)
∥β(0)∥1

And by Lemma 3.11

∥βI∥1 ≤
√
s+ κ

√
p

sm
∥Xβ∥2 + κ∥β∥1

Thus we can apply Theorem 3.3 by setting ∆ = 0, and ∥ · ∥ = ∥ · ∥2, then β̂ = β(0). Take

β̃ = β(δ), β′ = βo, then ν =
(
p

δ
1+δ − 1

)
∥β(0)∥1, ϵ = 0 , v = 0, α =

√
s+κ

√
p

sm
, κ′ = κ,

then we have

∥β(δ) − βo∥1 ≤

(
p

δ
1+δ − 1

)
∥β(0)∥1

1− 2κ
=

(
p

δ
1+δ − 1

)
∥βo∥1

1− 2κ
(3.46)

86



where the equality is from Lemma 3.10.

We can further bound ∥βo∥1. By (s, γ)−RE condition we have

∥βo∥22 ≤
∥Xβo∥22
nγ

=
∥y∥22
nγ

.

Thus

∥βo∥1 ≤
√
s∥βo∥2 ≤

√
s

nγ
∥y∥2. (3.47)

Plug (3.47) into (3.46), we have

∥β(δ) − βo∥1 ≤

(
p

δ
1+δ − 1

)
1− 2κ

√
s

nγ
∥y∥2

≤

(
p

log

(
1+

(1−2κ)
√
nγ√

s∥y∥2
ξ

)
log p − 1

)
1− 2κ

√
s

nγ
∥y∥2

=

(
1 +

(1−2κ)
√
nγ√

s∥y∥2 ξ − 1
)

1− 2κ

√
s

nγ
∥y∥2 = ξ.
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CHAPTER 4

INFORMATION GEOMETRY OF VARIANCE REDUCED STOCHASTIC

NATURAL GRADIENT AND MIRROR DESCENT

In this chapter, we propose two algorithms for estimating parameter in an exponential fam-

ily. To accommodate the nonEuclidean structure that naturally exists in parameter estima-

tion of exponential family, we closely investigates the Natural Gradient Descent and Mirror

Descent algorithms. A stochastic version of these two algorithms are analyzed in spirit of

fast computation, and variance reduction technique is applied to achieve convergence. Our

finding reveals that the two algorithms are essentially equivalent. This allows us to gen-

eralize the properties of one algorithm to the other. Based on this, we prove the linear

convergence of variance reduced stochastic natural gradient descent (VRSNGD) using the

convergence rate of variance reduced stoachstic mirror descent (VRSMD) that is available

in literature. We also get thorough understanding for VRSMD such as parameterization

invariant as a direct consequence of such property in VRSNGD. In this way, we can make

our VRSMD algorithm robust. Experiments are done to support our theorems. Keeping our

finding in mind, more research could be done along this line for understanding the proper-

ties of nonEuclidean variance reduced algorithms, for example for understanding the role

of mirror map in VRSMD and the choice of Riemannian metric in VRSNGD.

4.1 Introduction

A lot of parameters estimation problems can be considered as estimating the parameters

from an exponential family. In this draft we analyze the batch learning problem for the ex-

ponential family under the empirical risk minimization framework, where the loss function

we considered is the negative log likelihood loss. Specifically, we use generalizations of

the stochastic gradient descent method to accommodate the special geometry structure of
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the exponential model. In the mean time, the variance reduction technique is applied to our

stochastic algorithm to speed convergence.

As mentioned above, the algorithms studied in this draft include variance reduced

stochastic natural gradient descent (VRSNGD) and variance reduced stochastic mirror de-

scent (VRSMD). Both the variance reduction technique and mirror descent/ natural gra-

dient descent are well used in practice, yet the properties of the algorithms have not been

fully discovered. Mirror descent and natural gradient descent have different origins and

show different ideas to accommodate the geometry structure, but [47] finds that they can

be essentially equivalent. It is interesting yet unknown to us whether or not the equivalency

also holds for the variance reduced stochastic versions of these two algorithm. Note that

the variance reduced algorithms consists of inner and outer loops, and is more complicated

to analysis compared to the vanilla stochastic versions. In this chapter we carefully inves-

tigates both inner and outer loop of VRSMD and VRSNGD, and figure out the conditions

under which they are equivalent.

The equivalency result is useful in at least two perspectives: First, it allows us to gen-

eralize our findings on one algorithm to the other, for example, we show the linear con-

vergence of VRSNGD as a consequence of the linear convergence of VRSMD, and the

parameterization invariance of VRSMD as a consequence of VRSNGD, both are desired

properties in learning. Second, though the VRSNGD algorithm naturally accommodates

the nonEuclidean structure of a statistical problem, it requires computing the inverse of the

metric tensor for each update, which is expensive in both computation and space. Using

its equivalent form of VRSMD we can replace such matrix inversion by approximately

solving the proximal step in VRSMD, thus is more efficient while still enjoy the advantage

of properly accommodates the nonEuclidean structure. Such kind of computational advan-

tage can also be observed for VRSMD compared with the Iteratively Re-weighted Least

Squares (IRLS) when applied to a Generalized Linear Model (GLM). One can check the

details in Section 4.
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4.1.1 Exponential family

Consider a parameter estimation problem as follows: we have data {zi}i=1,...,n from a

natural parameter exponential family with density

p(z|θ) = h̃(z) exp(⟨θ, z⟩ −G(θ)). (4.1)

One can check that for a random variable Z from the density (4.1), one has E[Z] = ∇G(θ)

and Var(Z) = ∇2G(θ). The parameterization problem is formulated as Maximum Likeli-

hood Estimation (MLE):

θ∗ = argmaxθ

n∏
i=1

p(zi|θ), (4.2)

or equivalently, the Empirical Risk Minimization (ERM) using negative log likelihood loss:

θ∗ = argminθ

1

n

n∑
i=1

[− log p(zi|θ)] :=
1

n

n∑
i=1

li(θ). (4.3)

We list some common distributions that belong to the exponential family, in their natural

parameter form, as given in Table 4.1. One may find a thorough explanation and more

examples for exponential families in [48, 49]. Next, the Generalized Linear Model (GLM)

Table 4.1: Exponential Family

Family Natural parameter G(θ)
Normal(θ, Ip) θ ∥θ∥22/2
Bernoulli(p) θ = log

(
p

1−p

)
log (exp(θ) + 1)

Poisson(λ) θ = log λ exp(θ)
Beta(α, β) θ = (α, β)T log Γ(θ1) + log Γ(θ2)−

log Γ(θ1 + θ2)

Multinomial(π),
where π ∈ ∆m

θ =

(
log

(
πi

1−
∑m−1

j=1 πj

))
i=1,...,m−1

log(1 +
∑m−1

i=1 exp(θi))

comes from the exponential family. To begin with, consider the linear regression model
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(LM) where data is generated by

y = ⟨x,α⟩+ ϵ, (4.4)

where ϵ ∼ N(0, σ2) for a known variance σ2. Denote θ = ⟨x,α⟩, then [y|θ] is the normal

distribution and belongs to the exponential family.

The GLM generalize LM as follows: consider the conditional mean µ of y given x and

γ, where γ are unknown parameter, assume that we have an invertible response function h

such that

µ|x,γ = h(⟨x,γ⟩), (4.5)

and [y|µ] is from an exponential family with mean µ. In GLM literature, it is common to

define the link function as g := h−1. We further denote the dependency of µ on the natural

parameter θ as µ(θ), then we have

⟨x,γ⟩ = g(µ(θ)) := q−1(θ). (4.6)

Note that the link function g in (4.6) is not uniquely determined, and one should select a

proper link function for GLM. One choice of link function is the canonical link function

g = µ−1, or equivalently, the canonical response function h = µ. When using the canoni-

cal link, one has θ = ⟨x,γ⟩. In Table 4.2 we list some GLMs, their associated exponential

families, and the canonical response function µ, one can refer to [50] for more details and

examples on GLM. Then given data {(xi,yi)}i=1,...,n, the MLE/ERM of GLM is given by

minimizing the negative log-likelihood as:

argminγ(−ℓ(γ)) :=
n∑
i=1

[
G(q(⟨xi,γ⟩))− ⟨yi, q(⟨xi,γ⟩)⟩ − log(h̃(yi))

]
. (4.7)
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Table 4.2: GLM from Exponential Family

GLM Exponential Family µ(θ)
Logistic
Regression

Bernoulli 1/(1 + exp(−θ))

Multinomial
Regression

Multinomial

((
exp(θi)

1+
∑m−1

j=1 exp(θj)

)
i=1,...,m−1

, 1
1+

∑m−1
j=1 exp(θj)

)T

Poisson
Regression

Poisson exp(θ)

4.1.2 Gradient Descent and the Generalization

Although the main purpose of this draft is to discuss the usefulness of two algorithms in

the exponential family, the first-order methods introduced in the following apply to more

general objective functions other than negative log likelihood, and may be of independent

interest. To avoid confusion, we rewrite the objective function as a finite-sum problem as

follows

.F (θ) =
1

n

n∑
i=1

fi(θ) (4.8)

When taking fi = li where li as in (4.3) the negative log density w.r.t. sample zi, we have

the objective function become the negative log likelihood function.

A popular way to minimize (4.8) is Gradient Descent, the parameter is updated as:

θt+1 = θt − ηt∇F (θt), (4.9)

where (ηt)∞t=0 is the step size sequence. The Gradient Descent update (4.9) is in the steepest

descent direction when the parameter θ is in the Euclidean space. However, in many ap-

plications, the space of parameters is non-Euclidean, and the GD direction is no longer the

steepest. To make the updates more efficient in existence of the non-Euclidean structure,

generalizations of GD have been developed, and we go over two of the main generalizations

in the following subsections.
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4.1.2.1 Natural Gradient Descent

The Natural Gradient Descent, developed by Amari [51], is the generalization of Gradient

Descent when the parameter lies in a Riemannian manifold. It selects the steepest descent

direction along the manifold and thus updates efficiently in the non-Euclidean space.

Consider a p-dimensional Riemannian manifold (M,H), where M ⊂ Rp is the pa-

rameter space, i.e., θ ∈M. H(θ) is a positive definite metric tensor that may depend on θ,

and we denote hij(θ) be the ith row jth column of H(θ). For a point θ ∈ M, the squared

length of an infinite-small incremental dθ from θ to θ+ dθ along the Riemannian manifold

is given by

|dθ|2 =
p∑

i,j=1

hij(θ)dθidθj. (4.10)

By Theorem 1 in [51], the steepest descent direction of a function F (θ) :M → R along

the Riemannian manifold is given by:

−∇̃F (θ) := −H−1(θ)∇F (θ). (4.11)

Using this steepest descent direction, we have the Natural Gradient Descent updates as:

θt+1 = θt − ηt∇̃F (θt) = θt − ηtH−1(θt)∇F (θt). (4.12)

Note that for (M,H) = (Rp, Ip×p) the Riemannian manifold reduces to the Euclidean

space and the Natural Gradient Descent reduces to GD.

The statistical model such as the Exponential family naturally forms a geometric man-

ifold. When the parameter space of θ is geometrically regular (see definition in [52]), the

Riemannian metric tensor of the parameter space is defined by the Fisher information ma-

trix [53, 52]. This indicates that we can apply Natural Gradient Descent to optimize the

statistical model in the steepest direction.

It is worth noting that, in practice a statistical model may be formulated such that the
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parameter is not homeomorphic to a Rp space, thus is not geometrically regular. For exam-

ple, when θ ∈ Sp−1 the unit sphere inRp or when θ is in other (essentially) low dimensional

space such as the Swiss roll. Then in this case one should reparameterize θ into low dimen-

sion, then apply the Natural Gradient Descent algorithm.

4.1.2.2 Mirror Descent

Another popular generalization of Gradient descent is Mirror descent developed by Ne-

mirovski and Yudin [54]. It takes into account the non-Euclidean structure of the parame-

ter space by replacing ℓ2 distance, which is a good measure of distance in Euclidean space,

by some other proximity function that implies non-Euclidean geometry, with details as

follows:

Note that the Gradient Descent update (4.9) can be rewritten as following:

θt+1 = argmin
θ

{
⟨θ,∇F (θt)⟩+

1

2ηt
∥θ − θt∥22

}
, (4.13)

which is an ℓ2 penalized problem. Now in a non-Euclidean space, the distance between θ

and θt maybe not properly measured by the ℓ2 distance. To solve this issue we may replace

the ∥ · ∥22 term by some proximity function. A standard choice is the Bergman divergence

Dψ of a differentiable convex function ψ, resulting in proximal updates

θt+1 = argmin
θ

{
⟨θ,∇F (θt)⟩+

1

ηt
Dψ(θ, θt)

}
, (4.14)

where the Bregman divergence:

Dψ(θ, θ
′) = ψ(θ)− ψ(θ′)− ⟨∇ψ(θ′), θ − θ′⟩. (4.15)

We note that the Bregman divergence corresponds to the Kullback-Leibler divergence be-

tween two distributions in an exponential family, thus may work well in dealing with the
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non-Eudlidean structure in parameter estimation for an exponential family. For more de-

tails on the connection between Bregman divergence and exponential family, see [55, 56,

57].

Go back to the MD update (4.14), we observe that when ψ is strictly convex, ∇ψ is

uniquely defined, and we can rewrite (4.14) as

∇ψ(θt+1) = ∇ψ(θt)− ηt∇F (θt). (4.16)

Note that for ψ = ∥ · ∥22/2, we can calculate ∇ψ(θ) = θ, and D(θ, θ′) = ∥θ − θ′∥22/2, in

this case Mirror Descent reduces to Gradient Descent.

4.1.2.3 Connection between Natural Gradient Descent and Mirror Descent

Though seems to be different in updating formula, the Mirror Descent is shown to be equiv-

alent to Natural Gradient Descent by [47, 58]. Concretely, the equivalency result is as

follows:

Theorem 4.1 (Theorem 1 in [47], equivalence for any step size). The Mirror Descent step

(4.14) with parameter space Θ is equivalent to the Natural Gradient Descent (4.12) step

along the dual Riemannian manifold (Θ∗,∇2ϕ), where Θ∗ is the dual space of Θ and

ϕ(·) := supθ{⟨θ, ·⟩ − ψ(θ)} is the dual function of ψ.

Theorem 4.2 (Section 12.1.6 in [58], equivalence for infinitesimal step size). Consider

the step size η → 0 in (4.14), then the Mirror Descent step is equivalent to the Natural

Gradient Descent (4.12) step with metric tensor∇2ψ.

4.1.3 Stochastic Gradient Descent and Variance Reduction

The Gradient Descent and its generalizations in the previous section all require calculating

∇F (θt) =
1

n

n∑
i=1

∇fi(θt) (4.17)
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at each step, and the computation cost is O(n) times the cost for calculating each ∇fi(θt).

When n is large, each update is expensive. To reduce the computation per step, the Stochas-

tic Gradient Descent is widely used in place of Gradient Descent, where the update is:

θt+1 = θt − ηt∇fit(θt), (4.18)

where it is uniformly random sampled from {1, . . . , n}. Note that each SGD step (4.18)

performs an unbiased update compared to GD update (4.9) in the sense thatE[∇fit(θt)|θt] =

∇F (θt), while the SGD step only requires O(1) calculation of∇fi.

Similar to the Stochastic Gradient Descent, we can write the Stochastic Natural Gradi-

ent Descent:

θt+1 = θt − ηt∇̃fit(θt) = θt − ηtH−1(θt)∇fit(θt), (4.19)

and the Stochastic Mirror Descent:

∇ψ(θt+1) = ∇ψ(θt)− ηt∇fit(θt). (4.20)

Despite its fast computation per step, the stochastic algorithm may converge slowly, which

negates its overall performance. We now get an intuitive reason for the slow conver-

gence. In general, θ∗ = argminF (θ) does not simultaneously minimize all fi’s, and

V ar(∇fi(θ)) ̸= 0 for all θ, where we consider randomness w.r.t. the index i. In this case,

we need ηt → 0 to make the stochastic algorithm converge, which slows the convergence.

The variance reduction is a useful technique to accelerate convergence for SGD [39].

We briefly introduce the idea of variance reduction here and leave the formal variance

reduced stochastic natural gradient descent and variance reduced stochastic mirror descent

algorithms to the next section. Now let us see how variance reduction works: for a fixed

step size ηt = η, variance reduction method replaces∇fit(θt) by a term At such that

• E[At] = E[∇fit(θt)] = ∇F (θt) to keep unbiased update;
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• Var[At] < Var[∇fit(θt)] to control variance.

To satisfy the conditions above, one method is to takeAt = ∇fit(θt)−Bt+E[Bt], whereBt

and ∇fit(θt) are positively correlated with correlation coefficient r > 0.5 and Var[Bt] ≈

Var[∇fit(θt)]. Using this At, we can check E[At] = E[∇fit(θt)] − E[Bt] + E[Bt] =

E[∇fit(θt)] and Var[At] = Var[∇fit(θt)−Bt] = Var[∇fit(θt)]−2r
√
Var[∇fit(θt)] Var[Bt]+

Var[Bt] < Var[∇fit(θt)]. Such replacement of At for ∇fit(θt) can be done for stochastic

mirror descent (4.20). For stochastic natural gradient descent (4.19), the idea of replacing

∇̃fit(θt) for variance reduction is nearly identical by comparing the formula in (4.18) and

(4.19), therefore, we omit the details.

4.2 Main Algorithm

In this section, we provide two variance reduced algorithms: the variance reduced stochas-

tic natural gradient descent (VRSNGD) and variance reduced stochastic mirror descent

(VRSMD). In these two algorithms, we use the variance reduction term similar to that

in [39], but one should note that the variance reduction terms in SARAH [40] and SPI-

DER[41] also work.

The variance reduction components of VRSNGD and VRSMD are ṽst in (4.21) and vst

in (4.23), respectively. Take vst as an example, we can see it reduce variance using variance

reduction scheme we talked above by taking Bt = ∇fit(θ̃s−1). To satisfy the conditions

we list there on Bt, we may expect that θst and θ̃s−1 are close, which happens if we take the

number of inner iterations m and the step size η to be not too large such that the parameter

estimator does not change too much within one inner loop. In this case, ∇fit(θst ) and

∇fit(θ̃s−1) are highly positively correlated and have similar variance. This explains how

the variance reduction in VRSMD works. For VRSNGD, the explanation is nearly identical

and we omit the details.

Just as Gradient Descent is a special case of Natural Gradient Descent and Mirror De-

scent, the VRSNGD and VRSMD can reduce to the Gradient Descent version of variance
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Algorithm 4.1: Variance Reduced Stochastic Natural Gradient Descent
(VRSNGD)

Input: An objective function F (·) = 1
n

∑n
i=1 fi(·), the metric tensorH(θ) of the

Riemannian manifold;
Initialization: Initialize θ̃0. Choose the step size η, outer iteration number S, inner
iteration number m. Denote the estimator at tth inner iteration of sth outer
iteration as θst . Set θ1

1 = θ0
m+1 = θ̃0;

for Outer iteration s = 1,. . . ,S do
Calculate ∇̃F (θ̃s−1) = H−1(θ̃s−1)∇F (θ̃s−1);
for Inner iteration t = 1,. . . ,m do

Randomly sample it from {1, . . . , n}, calculate

ṽst = ∇̃fit(θst )− ∇̃fit(θ̃s−1) + ∇̃F (θ̃s−1)

= H−1(θst )∇fit(θst )−H−1(θ̃s−1)∇fit(θ̃s−1) +H−1(θ̃s−1)∇F (θ̃s−1),

(4.21)

update θst+1 as
θst+1 = θst − ηṽst . (4.22)

Set θ̃s to be a uniform random sample from {θs1, . . . ,θsm};
Option I: Set θs+1

1 = θsm+1;
Option II: Set θs+1

1 = θ̃s;

Option I: Output θa chosen uniformly random from {{θst}mt=1}Ss=1;
Option II: Output θa = θ̃S .

reduced stochastic algorithm, namely the SVRG in [39], as follows. In VRSNGD, when

the metric tensor is Ip×p, we have ṽst = vst for vst defined in (4.23), and the algorithm is the

same as SVRG. In VRSMD, for the choice of mirror map being ψ(·) = 1
2
∥ · ∥22, we have

∇ψ(θ) = θ, then (4.24) updates θst+1 as:

θst+1 = θst − ηvst ,

which is the SVRG update, and VRSMD reduces to SVRG.
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Algorithm 4.2: Variance Reduced Stochastic Mirror Descent (VRSMD)
Input: An objective function F (·) = 1

n

∑n
i=1 fi(·), and a strictly convex and

differentiable mirror map ψ(·);
Initialization: Initialize θ̃0. Choose the step size η, outer iteration number S, inner
iteration number m. Denote the estimator at tth inner iteration of sth outer
iteration as θst . Set θ1

1 = θ0
m+1 = θ̃0;

for Outer iteration s = 1,. . . ,S do
Calculate∇F (θ̃s−1);
for Inner iteration t = 1,. . . ,m do

Randomly sample it from {1, . . . , n}, calculate

vst = ∇fit(θst )−∇fit(θ̃s−1) +∇F (θ̃s−1), (4.23)

and update θst+1 such that

θst+1 = argmin
θ

{
⟨θ,vst ⟩+

1

η
Dψ(θ,θ

s
t )

}
. (4.24)

Set θ̃s to be a uniform random sample from {θs1, . . . ,θsm};
Option I: Set θs+1

1 = θsm+1;
Option II: Set θs+1

1 = θ̃s;

Option I: Output θa chosen uniformly random from {{θst}mt=1}Ss=1;
Option II: Output θa = θ̃S .

4.3 Theoretic Result

In this section, we analyze the properties of VRSNGD and VRSMD, especially for ERM

objectives in the exponential family. Those properties could explain from an optimization

perspective for why the algorithms are desired for parameter estimation in the exponen-

tial family. To begin with, we build the equivalence of the two algorithms, which helps

understanding both algorithms.

4.3.1 VRSNGD and VRSMD are Equivalent

Similar to the equivalence of MD and ND, we have the equivalence of VRSNGD and

VRSMD divided into two regimes: one for an arbitrary step size, in this case we show in

Theorem 4.3 VRSMD is equivalent to VRSNGD in the dual space; another for an infinites-
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imal step size, for which we show in Corollary 4.1 VRSMD is also equivalent to VRSNGD

in the original space.

We first review the concept of convex conjugate function, which is the key to the main

result. For a function G(x) : X → R, the convex conjugate on the dual space X ∗ is defined

as:

G∗(x∗) := sup
x
{⟨x, x∗⟩ −G(x)}. (4.25)

By Fenchel–Moreau theorem, for a convex and lower semi-continuousG, we have (G∗)∗ =

G. If we further assume that G is strictly convex and differentiable, denote g = ∇G and

g∗ = ∇(G∗), for x∗ we have the supremum of (4.25) obtained at x such that g(x) = x∗,

similarly, we have g∗(x∗) = x, that is, g−1 = g∗. We denote by x∗ = g(x) the dual

coordinate system to x.

Theorem 4.3 (Equivalence of VRSMD and VRSNGD, arbitrary step size). Assume in the

VRSMD algorithm 4.2 we have the objective function F : Θ → R and a strictly convex

twice differentiable mirror map ψ. Denote by Θ∗ the dual space of Θ and by ϕ the convex

conjugate of ψ, then Algorithm 4.2 is equivalent to VRSNGD algorithm 4.1 along the dual

Riemannian manifold (Θ∗,∇2ϕ).

Proof. For the VRSMD update (4.24), we can write it in the dual variable θ∗ = ∇ψ(θ):

(θst+1)∗ = (θst )∗ − ηvst , (4.26)

where

vst = ∇θfit(θ
s
t )−∇θfit(θ̃

s−1) +∇θF (θ̃
s−1). (4.27)

Now for∇θfi, we have by chain rule that:

∇θ∗fi(∇ϕ(θ∗)) = ∇2ϕ(θ∗)∇θfi(∇ϕ(θ∗))

⇒∇θfi(∇ϕ(θ∗)) = (∇2ϕ(θ∗))
−1∇θ∗fi(∇ϕ(θ∗)) = ∇̃θ∗fi(∇ϕ(θ∗)).
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Similarly, we have for∇θF :

∇θF (∇ϕ(θ∗)) = ∇̃θ∗F (∇ϕ(θ∗)).

I.e., we can rewrite vst as

vst = ∇̃θ∗fit(∇ϕ(θst∗))− ∇̃θ∗fit(∇ϕ(θ̃s−1
∗ )) + ∇̃θ∗F (∇ϕ(θ̃s−1

∗ )). (4.28)

The updating scheme by (4.26) and (4.28) is VRSNGD algorithm 4.1 in the dual Rieman-

nian manifold (Θ∗,∇2ϕ). Or equivalently, rewrite gi(·) := fi(∇ϕ(·)), then G = 1
n

∑n
i=1 gi

is defined on Θ∗. One can consider the VRSMD on F as a VRSNGD algorithm for mini-

mizing G(·) = 1
n

∑n
i=1 gi(·) along the dual Riemannian manifold (Θ∗,∇2ϕ).

Corollary 4.1 (Equivalence of VRSMD and VRSNGD, infinitesimal step size). Assume in

the VRSMD algorithm 4.2 we have a strongly convex twice differentiable mirror map ψ.

Consider the step size η → 0, then Algorithm 4.2 is equivalent to VRSNGD algorithm 4.1

where the Riemannian metric is∇2ψ.

Proof. We rewrite the VRSMD update (4.24) as follows to simplify notation:

∇ψ(θt+1) = ∇ψ(θt)− ηvt, (4.29)

where

vt = ∇θfi(θt)−∇θfi(θ̃) +∇θF (θ̃). (4.30)

Since ψ is strongly convex,∇ψ is invertible, and one has

θt+1 = (∇ψ)−1(∇ψ(θt)− ηvt)

= (∇ψ)−1(∇ψ(θt))− η∇((∇ψ)−1(θt))vt +O(η2)

= θt − η(∇2ψ(θt))
−1vt +O(η2)
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= θt − η(∇2ψ(θt))
−1(∇θfi(θt)−∇θfi(θ̃) +∇θF (θ̃)) +O(η2)

= θt − η(∇2ψ(θt)
−1∇θfi(θt)−∇2ψ(θ̃)−1∇θfi(θ̃) +∇2ψ(θ̃)−1∇θF (θ̃))

− η(∇2ψ(θt)
−1 −∇2ψ(θ̃)−1)(∇θF (θ̃)−∇θfi(θ̃)) +O(η2)

= θt − η(∇2ψ(θt)
−1∇θfi(θt)−∇2ψ(θ̃)−1∇θfi(θ̃) +∇2ψ(θ̃)−1∇θF (θ̃)) +O(η2)

η→0
= θt − η(∇2ψ(θt)

−1∇θfi(θt)−∇2ψ(θ̃)−1∇θfi(θ̃) +∇2ψ(θ̃)−1∇θF (θ̃)),

which is the VRSNGD update with metric tensor∇2ψ(·).

4.3.2 Consequence of equivalence

In this section, we discuss some consequences and implications of the equivalence result.

The implications are bidirectional: on the one hand, in Subsection 4.3.2.1, we use the

convergence rate of VRSMD to induce the convergence rate of VRSNGD; on the other

hand, in Subsection 4.3.2.2, we use parameterization invariance of VRSNGD to derive the

condition for VRSMD to be parameterization invariant.

4.3.2.1 Convergence Rate of VRSNGD

In Chapter 3, we show that VRSMD converges linearly under suitable conditions, where

the conditions on the objective function and mirror map are easily quantified. Using the

equivalence result, we can translate the conditions to VRSNGD and show its linear conver-

gence, which may be not that easy by directly studying VRSNGD.

Before going to the result, we review some necessary concepts.

Definition 4.1 (L-smoothness). f is L−smooth if there exists a constant L > 0 such that

∥∇f(u)−∇f(w)∥2 ≤ L∥u−w∥2,∀u,w.

Definition 4.2 (α−strongly convex). f is α−strongly convex if there exists a constant α >
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0 such that

f(u) ≥ f(w) +∇f(w)T (u−w) +
α

2
∥u−w∥22,∀u,w.

Definition 4.3 (PL inequality). f satisfies the Polyak-Łojasiewicz (PL) inequality if there

exists µ > 0 such that for u∗ ∈ argmin f(u)

1

2
∥∇f(u)∥22 ≥ µ[f(u)− f(u∗)],∀u. (4.31)

We recap the convergence rate of VRSMD in the following lemma.

Lemma 4.1 (Convergence rate of VRSMD). Assume F (·) = 1
n

∑n
i=1 fi(·) has every fi(·)

convex and L−smooth, and denote θ̂ a minimizer of F (·); suppose ψ(·) is α−strongly

convex.

(a) Run Algorithm 4.2 using Option I on F (·) with η < α
8L

, the output θa will have:

E[F (θa)− F (θ̂)] ≤
α

(αη − 8Lη2)T

[
Dψ(θ̂, θ̃

0) +
4Lη2m

α
(F (θ̃0)− F (θ̂))

]
, (4.32)

where T = m · S, and Dψ is the Bregman divergence.

(b) If we further assume that F (·) satisfies the Polyak-Łojasiewicz (PL) inequality in

(4.31) with constant µ, and that ψ(·) is ℓ−smooth, run Algorithm 4.2 using Option II and

further assume that m is large enough such that

τ =
4Lη2/α + ℓ/(mµ)

η − 4Lη2/α
< 1, (4.33)

we can prove a stronger linear convergence rate:

E[F (θa)− F (θ̂)] ≤ τS[F (θ̃0)− F (θ̂)]. (4.34)

As a consequence, we have the convergence rate of VRSNGD, but before that we list

two key identities that will be useful. First, for dual Bregman divergence DG∗ we have its
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relationship with the primal DG as the following lemma.

Lemma 4.2 (Duality of Bregman divergence). Assume G is strictly convex and differen-

tiable. For the dual Bregman divergence

DG∗(x∗, x
′
∗) = G∗(x∗)−G∗(x′∗)− ⟨∇G∗(x′∗), x∗ − x′∗⟩, (4.35)

we have

DG∗(x∗, x
′
∗) = DG(g

∗(x′∗), g
∗(x∗)), (4.36)

DG(x, x
′) = DG∗(g(x′), g(x)). (4.37)

Proof. Notice that

G∗(x∗) = ⟨x, g(x)⟩ −G(x). (4.38)

We can check (4.36):

DG∗(x∗, x
′
∗)

=G∗(x∗)−G∗(x′∗)− ⟨g∗(x′∗), x∗ − x′∗⟩
(4.38)
= ⟨x, g(x)⟩ −G(x)− ⟨x′, g(x′)⟩+G(x′)− ⟨x′, g(x)− g(x′)⟩

=G(x′)−G(x)− ⟨x′ − x, g(x)⟩

=DG(x
′, x) = DG(g

∗(x′∗), g
∗(x∗)).

(4.37) can be checked in the similar way.

Next, the curvature of G and its conjugate G∗ are related as follows.

Lemma 4.3 (Fenchel duality for strong convexity and smoothness [59]). For a closed

α−strongly convex G, the conjugate G∗ is 1/α−smooth; and for a convex and L−smooth

G, the conjugate G∗ is 1/L−strongly convex.
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Corollary 4.2 (Convergence rate of VRSNGD along dual Riemmannian manifold). Under

the same set of assumptions as Lemma 4.1, denote ϕ the convex conjugate of ψ and the dual

coordinate θ = ∇ϕ(θ∗), run Algorithm 4.1 along the dual Riemannian manifold (Θ∗,∇2ϕ)

we have:

(a) Use Option I with η < α
8L

, the output θ∗
a will have:

E[F (∇ϕ(θ∗
a))− F (∇ϕ(θ̂∗))]

≤ α

(αη − 8Lη2)T

[
Dϕ(θ̃

0∗, θ̂∗) +
4Lη2m

α
(F (∇ϕ(θ̃0∗))− F (∇ϕ(θ̂∗)))

]
,

(4.39)

where T = m · S.

(b) Assume that F (·) satisfies the Polyak-Łojasiewicz (PL) inequality with constant µ,

and that ψ(·) is ℓ−smooth, use Option II and further assume that m is large enough such

that

τ =
4Lη2/α + ℓ/(mµ)

η − 4Lη2/α
< 1, (4.40)

then we have a linear convergence rate:

E[F (∇ϕ(θ∗
a))− F (∇ϕ(θ̂∗))] ≤ τS[F (∇ϕ(θ̃0∗))− F (∇ϕ(θ̂∗))]. (4.41)

Proof. The corollary holds by the equivalence result in Theorem 4.3, after plugging the

dual coordinate and Bregman divergence duality in Lemma 4.2 into Lemma 4.1.

We can rewrite the conditions of Corollary 4.2 in terms of the dual coordinate to get a

simplified form as follows.

Corollary 4.3 (Convergence rate of VRSNGD in a different form). Consider the objective

function G(·) = 1
n

∑n
i=1 gi(·), given a strictly convex and twice differentiable function ϕ,

run Algorithm 4.1 on G where the metric tensor given by ∇2ϕ (which is a valid positive

definite metric tensor for Riemannian manifold by strict convexity of ϕ). Denote by ψ the

convex conjugate of ϕ, assume gi(∇ψ(·)) are convex and L−smooth and suppose ϕ(·) is
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1/α−smooth. Denote θ̂∗ a minimizer of G(·), we have the following

(a) Using Option I with η < α
8L

, the output θ∗
a will have:

E[G(θ∗
a)−G(θ̂∗)] ≤ α

(αη − 8Lη2)T

[
Dϕ(θ̃

0∗, θ̂∗) +
4Lη2m

α
(G(θ̃0∗)−G(θ̂∗))

]
,

(4.42)

where T = m · S.

(b) If we further assume that G(∇ψ(·)) satisfies the Polyak-Łojasiewicz (PL) inequality

in (4.31) with constant µ, and that ϕ(·) is 1/ℓ−strongly convex, run Algorithm 4.1 using

Option II and further assume that m is large enough such that

τ =
4Lη2/α + ℓ/(mµ)

η − 4Lη2/α
< 1, (4.43)

we have a linear convergence rate:

E[G(θ∗
a)−G(θ̂∗)] ≤ τS[G(θ̃0∗)−G(θ̂∗)]. (4.44)

Proof. Denote fi(·) = gi(∇ψ(·)) and F (·) = G(∇ψ(·)), the dual coordinate implies that

fi(∇ϕ(·)) = gi(·) and F (∇ϕ(·)) = G(·). Thus the VRSNGD algorithm on G(θ∗) is

equivalent to VRSNGD on F (θ) along the dual Riemannian manifold θ = ∇ϕ(θ∗).

By corollary assumption, fis and F satisfy all assumptions in Corollary 4.2. By Lemma

4.3, ϕ is 1/α−smooth implies that ψ is α−strongly convex, and the 1/ℓ strong convexity of

ϕ implies ℓ−smoothness of ψ, all assumptions of Corollary 4.2 hold. Rewriting Corollary

4.2 we get the corollary claims.

4.3.2.2 Parameterzation invariance of VRSMD

Parameterization invariance property is one of the main selling property of Natural Gra-

dient Descent. It is not hard to conjecture that the same property holds for VRSNGD. In
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this subsection, we first extent the parameterization invariance result of Natural Gradient

to VRSNGD. We then show that the VRSMD for the exponential family is also parameter-

ization invariant by its equivalence to a VRSNGD.

Proposition 4.1 (Parameterization Invariance of VRSNGD). Suppose we have a change

of variable θ = ζ(γ) where ζ is a smooth invertible function with upper bounded Hessian

norm, denote by Jζ(γ) be the Jacobian of ζ . Suppose we have

JTζ HθJζ = Hγ,∀θ, (4.45)

then the VRSNGD updates in θ using metric tensor Hθ is approximately equivalent to the

update in γ using metric tensor Hγ . Furthermore, for an infinitesimal step size η and a

fixed inner iteration number m, the smooth path of updating in θ and γ are equivalent.

Proof. For ease of notation, we can express one-step update of θ as following without

confusion:

θ ← θ + dθ

dθ = −η[H−1
θ ∇fi(θ)−H

−1

θ̃
∇fi(θ̃) +H−1

θ̃
∇F (θ̃)],

and update of γ:

γ ← γ + dγ

dγ = −η[H−1
γ ∇γfi(ζ(γ))−H−1

γ̃ ∇γfi(ζ(γ̃)) +H−1
γ̃ ∇γF (ζ(γ̃))].

We can check

ζ(γ + dγ)

=ζ(γ) + Jζ(γ)dγ +O(∥dγ∥22) (Since the Hessian of ζ is upper bounded)
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=ζ(γ)− ηJζ(γ)[H−1
γ ∇γfi(ζ(γ))−H−1

γ̃ ∇γfi(ζ(γ̃)) +H−1
γ̃ ∇γF (ζ(γ̃))] +O(∥dγ∥22)

=ζ(γ)− η[Jζ(γ)H−1
γ Jζ(γ)

T∇fi(θ) + Jζ(γ)H−1
γ̃ Jζ(γ̃)(∇F (θ̃)−∇fi(θ̃))] +O(∥dγ∥22)

(4.45)
= ζ(γ)− η[H−1

θ ∇fi(θ) +H
−1

θ̃
(∇F (θ̃)−∇fi(θ̃))

+ (Jζ(γ)− Jζ(γ̃))H−1
γ̃ Jζ(γ̃)(∇F (θ̃)−∇fi(θ̃))] +O(∥dγ∥22)

=θ + dθ +O(ηm∥dγ∥2 + ∥dγ∥22) = θ + dθ +O(η2).

That is, ζ(γ+dγ) ≈ θ+dθ. For the infinitesimal step size η, we can ignore the second order

term in η, i.e., O(η2), and conclude that the solution path in θ and γ are equivalent.

Remark 4.1. Note that we require the step size η to be infinitesimal to get the exactly

equivalent path result. When the step size is small, we can only show that the trajectories

under different parameterizations are close. This is reasonable, as in the original work

of [60] the exact parameterization invariance of Natural Gradient Descent is subject to

infinitesimal step size.

Remark 4.2. We also require a specific formulation of the Riemannian manifold as in

(4.45), which is satisfied by Fisher Information metric for a statistic model [60].

Next, we show that when using a proper mirror function, the VRSMD is equivalent to

VRSNGD where the metric tensor is Fisher Information. This indicates that if we adopt a

corresponding mirror map after reparameterization, the solution path of VRSMD is essen-

tially invariant.

Corollary 4.4 (Parameterization Invariance of VRSMD). Consider the exponential family

in natural parameters where the density is given by

p(y|θ) = h̃(y) exp(⟨θ, y⟩ −G(θ)), (4.46)

whereG is a strictly convex differentiable function. Suppose we have observations {y1, . . . , yn}

from the exponential family and want to estimate θ via maximum likelihood estimation, or
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equivalently, minimizing the negative log-likelihood function

l(θ) = −
n∑
i=1

[log h̃(yi) + ⟨θ, yi⟩ −G(θ)]. (4.47)

Consider the VRSMD Algorithm 4.2 on (4.47) using mirror map G(·), where the step size

η → 0 and the inner loop size m is a fixed constant, we have the VRSMD equivalent to

VRSNGD where tensor metric is the Fisher Information in θ.

Furthermore, the VRSMD is invariant to reparameterization as follows: consider repa-

rameterization γ such that g(γ) = θ, where g is an invertible function with invertible

Jacobian ∇g. Denote the inverse of g as g−1. Then run VRSMD in γ with mirror map ψ

such that

∇2ψ(γ) = ∇g(γ)T∇2
θG(γ)∇g(γ) (4.48)

is equivalent to run VRSMD in θ with mirror map G.

Proof. Denote by Iθ the Fisher Information in θ. For first part of the theorem, by Corollary

4.2 we need to check

∇2G(θ) = Iθ. (4.49)

We can verify (4.49) as follows:

Iθ = −E
[
∂2

∂θ2
log p(y|θ)

∣∣∣∣ θ]
= −E

[
∂2

∂θ2
[⟨θ, y⟩ −G(θ)]

∣∣∣∣ θ]
= −E

[
∂

∂θ
[y −∇G(θ)]

∣∣∣∣ θ]
= ∇2G(θ).

(4.50)

For second part of the theorem, we need to show that the claimed VRSMD in γ is also

equivalent to a VRSNGD where the tensor metric is the Fisher information. Once the above

is checked, the parameterization invariance property automatically holds by Proposition
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4.1. Again by Corollary 4.1, the goal is to show

∇2ψ(γ) = Iγ. (4.51)

Check

Iγ = −E
[
∂2

∂γ2
log p(y|γ)

∣∣∣∣ γ]
= −E

[
∂2

∂γ2
[⟨g(γ), y⟩ −G(g(γ))]

∣∣∣∣ γ]
= −E

[
∂

∂γ
[∇g(γ)Ty −∇g(γ)T∇θG(g(γ))]

∣∣∣∣ γ]
= −E

[
⟨∇2g(γ), y −∇θG(g(γ))⟩ − ∇g(γ)T∇2

θG(g(γ))∇g(γ)
]

= ∇g(γ)T∇2
θG(g(γ))∇g(γ)

(4.48)
= ∇2ψ(γ).

So the parameterization invariant of VRSMD holds.

Remark 4.3. Similarly, for GLM model in (4.7) where yi ∈ R, treat yi as a random

variable Yi in the likelihood, one can check the Fisher Information in γ

Iγ = Var(
∂ℓ(γ)

∂γ
|γ)

= Var(
n∑
i=1

[
(yi −G′(q(xTi γ)))q

′(xTi γ)xi
]
|γ)

=
n∑
i=1

[
G′′(q(xTi γ))(q

′(xTi γ))
2xix

T
i

]
.

Thus for the GLM with link function g, the VRSMD using mirror map ψ such that

∇2ψ = Iγ =
n∑
i=1

G′′(q(xTi γ))q
′(xTi γ)

2xix
T
i (4.52)

is equivalent to VRSNGD with Fisher information metric, where we note that ψ is implicitly

determined by g through q = (g ◦ µ)−1. When subject to this choice of mirror function, the

VRSMD has its solution path essentially invariant to a smooth invertible change in the link
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function. We note two link functions such that the mirror function in (4.52) has closed form

solution:

• The link function such that G′′(q(·))q′(·)2 ≡ 1, then ψ(γ) =
∑n

i=1(γ
Txi)

2/2. Note

that for this choice of link function, the asymptotic variance of γ̂MLE is (
∑n

i=1 xix
T
i )

−1.

This constant variance is appealing;

• The canonical link function such that q is identity map, then ψ(γ) =
∑n

i=1G(γ
Txi).

4.4 Simulation Study

In this section, we run simulation study on Poisson regression. There are two goals: first,

show the computation advantage of VRSMD algorithm compared with the Natural Gra-

dient Descent (also called Iteratively Reweighted Least Squares (IRLS) method) that is a

standard method for GLM; second, check the invariant property of VRSMD to the change

of link function as mentioned in Note 4.3 for Corollary 4.4.

Our data simulation is as follows: For sample size n and parameter size p, we simulate

the design matrix X ∈ Rn×p where all elements of X are i.i.d. N(0, 1), except the first

column, which is vector of 1s. We simulate γ∗ from N(0, Ip), and calculate θ = Xγ∗.

Finally, for i = 1, . . . , n, we simulate yi from Poisson(exp(θi)).

The VRSMD and NGD(IRLS) are compared for minimizing the negative likelihood

objective function with canonical link function for Poisson GLM, which is

argminγ

1

n

n∑
i=1

[exp(⟨xi,γ⟩)− yi⟨xi,γ⟩] . (4.53)

First, we compare VRSMD and IRLS for underparameterized case (n = 400, p = 10) and

overparamterized case (n = 10, p = 15), respectively. We run VRSMD and IRLS using

the same initialization γ = 1p. The result is in Figure 4.1. In first plot we compare the

algorithms for underparameterized case. The VRSMD is run for 100 outer loops times 100

inner loops with step size 5 ∗ 10−6, where the mirror function in VRSMD is set to ∥ · ∥22/2.
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For IRLS we use the closed form update as γt+1 = γt − I(γt)
−1∇F (γt). The IRLS is

updated 100 times. One can see that IRLS converges faster than VRSMD, which is not

surprising by the IRLS nature. However the IRLS takes about 0.09 seconds for 100 updates,

while VRSMD takes about 0.42 seconds for 10000 updates, thus the per step computation

of VRSMD is faster. For the overparameterized case, IRLS could not be applied since the

Fisher information matrix is not invertible, while the VRSMD still converges to an optimal

value as shown by the second plot in Figure 4.1. This illustrats the computation advantage

of VRSMD over IRLS.

Figure 4.1: Compare VRSMD and IRLS

Next, we check the equivalency of VRSMD and VRSNGD. The metric tensor in VRSNGD

is set to be the Fisher information and step size is chosen to be 5 ∗ 10−5. In first plot the

mirror map in VRSMD is chosen according to Corollary 4.1 and the step size the same as

VRSNGD; in second plot the mirror map in VRSMD is set to be ∥ · ∥22/2 and step size is

set to 2 ∗ 10−7 to make the convergence speed comparable. We are not able to show the

exact parameter vector sequences in a plot since it is high dimension, so we observe the

path of the negative log likelihood instead. We conclude from first plot of Figure 4.2 that

the likelihood path of VRSMD and VRSNGD are almost equivalent to each other when

Corollary 4.1 assumptions are satisfied, which indicates that the solution paths should also

be equivalent. On the contrary, the second plot in Figure 4.2 indicates that VRSMD with
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an arbitrary mirror map is not equivalent to VRSNGD, no matter what step size we choose

since the shape of the likelihood paths are very different.

Figure 4.2: Equivalency of VRSMD and VRSNGD

Finally, we check that VRSMD is invariant to the link function by comparing the con-

vergence of the likelihood function. We consider two link functions: canonical link func-

tion and the link function such that G′′(q(·))q′(·)2 ≡ 1. That is, q(·) = 2 log(·/2). We call

the link function for this case by special link function. The results are listed in Figure 4.3.

We can see that when VRSMD has mirror map adjusted to link function, the convergence

in the negative log likelihood and thus the solution path are closer than when VRSMD just

use a fixed mirror map regardless of the link function. Note that even we adjust the mirror

map according to link function, the solution path are not exactly the same since we cannot

take step size to be infinitesimal in practice.
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Figure 4.3: Change the Link Function
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CHAPTER 5

COVARIANCE ESTIMATORS FOR THE ROOT-SGD ALGORITHM IN ONLINE

LEARNING

Online learning naturally arises in a lot of statistical and machine learning problems. The

most wildly used family of methods in online learning is the stochastic first-order algo-

rithm. Among this family of algorithms, there is a recently developed algorithm – Re-

cursive One-Over-T SGD (ROOT-SGD). ROOT-SGD is advantageous over the previous

algorithms in that it converges at a non-asymptotically faster rate, and its estimator further

achieves an asymptotically normal distribution so that one can calibrate its uncertainty.

However, the uncertainty measurement, in particular the covariance, in the ROOT-SGD

depends on the unknown population risk function and thus cannot be directly applied to

measure the uncertainty. To fill this gap, we develop two estimators for the asymptotic

covariance of ROOT-SGD. Using our covariance estimators, one will be able to conduct

statistical inference for the ROOT-SGD estimator. Our first estimator is based on the idea

of plug-in. For each unknown component in the asymptotic covariance, we estimate it by its

empirical counterpart. The plug-in estimator converges to the true asymptotic covariance at

a rate O(1/
√
t), where t is the number of data samples. Despite its quick convergence, the

plug-in estimator has the limitation that it relies on the Hessian of the stochastic loss func-

tion, which might be unavailable in some cases. Moreover, the computation of the plug-in

estimator is expensive. Our second estimator is a Hessian-free estimator that overcomes

the above disadvantages. The Hessian-free estimator uses the technique of random-scaling,

and we show that it is an asymptotically consistent estimator for the true covariance. Ob-

servations in our numerical experiments are consistent with our theorems.
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5.1 Introduction

In statistics, a parameter estimation problem often leads to an optimization problem. Let

θ∗ be the true model parameters. In many widely-adopted models, θ∗ is the minimizer of

a convex population risk function F := Ex∼Pf(θ;x), where x ∈ Rd denotes the random

sample from distribution P , and f(θ;x) is the loss function at x. This is the assumption

that we uphold throughout this chapter. Mathematically, we have that

θ∗ = arg min
θ∈Rp

F (θ). (5.1)

In offline learning, one is given a fixed number of samples x1, . . . ,xt, for parameter

estimation. In general, the population risk function F is unknown, so people use the em-

pirical risk function as an estimate for F . This gives us the Empirical Risk Minimization

(ERM) objective:

argmin
θ

1

t

t∑
i=1

f(θ;xi). (5.2)

Despite its popularity in statistics and machine learning, it is clear from (5.2) that when the

data size is large, working with ERM will be both computational and memory expensive.

In this case, the online learning framework can be considered.

In Online learning, one has i.i.d. data samples {xi, i = 1, 2, . . .} come in a sequence.

Given the data stream, one need to sequentially update the current parameter estimate θ̂i

based on the past estimate θ̂i−1 and the incoming data sample xi. The goal is that the

parameter estimate will approximate θ∗ in (5.1) more accurately as we get more and more

data.

The most well-known algorithm in online learning is the Robbins-Monro algorithm,

also known as the Stochastic Gradient Descent (SGD) [61]. The SGD algorithm updates
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the parameter estimate as follows:

θ̂i = θ̂i−1 − ηi∇θf(θ̂i−1;xi), (5.3)

where ∇θf(·; ·) is the first-order derivative of f(·; ·) with respect to the first argument; we

also simplify ∇θf(·; ·) as ∇f(·; ·) in the rest of this chapter. And ηi is the step size. In

general, one needs to take a diminishing sequence of step sizes such that ηi
i→∞→ 0 to make

SGD converge. Note that the SGD updates the parameter estimate using only the first-order

derivative of the stochastic risk function, i.e., ∇θf(θ̂i−1;xi). One refers to the algorithms

that only use the stochastic first-order information for parameter update as stochastic first-

order algorithms.

In the family of stochastic first-order algorithms, a lot of advancements have been made

over the SGD algorithm by using the techniques such as averaging [62], acceleration [63,

64], and variance reduction [39]. There are two main goals in those algorithms: the value

of the objective function converges to the minimum quickly, as illustrated by a tight upper

bound of the quantityEF (θ̂t)−F (θ∗), where θ̂t is the estimator from the algorithm given t

data samples; the estimator θ̂t converges in distribution, and one can develop the theoretical

expression of such a distribution. Recently, there is a new algorithm — ROOT-SGD [65]

— that achieves both goals. We will discuss ROOT-SGD in the following.

Here we review the properties of ROOT-SGD. The non-asymptotic and asymptotic con-

vergence of ROOT-SGD has been established for a strongly-convex population risk func-

tion in [65]. The non-asymptotic convergence result says that the value of the objective

function in (5.1) converges at rate O(1/t) for the sample size t, which matches the optimal

statistical error up to a constant factor. The asymptotic convergence result says that the es-

timator θ̂t converges in distribution to a multivariate normal distribution. In particular, one

has
√
t(θ̂t−θ∗)

d→ N (0,Σ), where the theoretical expression of the asymptotic covariance

Σ has been derived.
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The asymptotic covariance of the ROOT-SGD estimator Σ is unknown since it depends

on the unknown data distribution P and the unknown population risk function F . However,

the asymptotic covariance is important for uncertainty quantification. We develop two

estimators for the asymptotic covariance, Σ, in ROOT-SGD. We show that our estimators

are consistent. Using our estimators, one has reliable uncertainty measurement. With such

uncertainty measurement, one will be able to conduct statistical inference, e.g., hypothesis

testing for the true parameter θ∗, or constructing confidence intervals.

We now give a high-level summary of the two estimators and discuss their pros and

cons. Our first estimator uses the plug-in technique. For each component in Σ, we plug

in the data samples to get the empirical version of it. We also made several adjustments to

the empirical estimator so that it is well-defined and can be computed in an online fashion.

Our final plug-in estimator converges to the true asymptotic covariance at rate O(1/
√
t),

where t is the number of data samples. The plug-in estimator has the advantage of quick

convergence. However, it has the limitation of high computation burden and requires the

stochastic Hessian. Thus the plug-in estimator might be hard or even impossible to com-

pute in some cases. Our second estimator uses the random-scaling technique from the

martingale theory. It only requires the ROOT-SGD point estimator sequences, so the esti-

mator is Hessian-free. We call it a Hessian-free estimator. The Hessian-free estimator can

also be computed in online way and is asymptotically consistent. When compared with

the plug-in estimator, the Hessian-free estimator has the advantage of lower computational

cost. However, the convergence rate of the Hessian-free estimator is unknown. Thus there

is no guarantee of a quick convergence.

5.1.1 Existing Covariance Estimators

There is no work for estimating the covariance of the ROOT-SGD algorithm. But for

other online stochastic algorithms, such as the Averaging SGD (ASGD) algorithm, there is

some literature on covariance estimation. In this section, we review the existing covariance
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estimation techniques. We also review the covariance estimators for the ASGD algorithm

in detail.

We first quickly review the ASGD algorithm and its asymptotic distribution. Then

we summarize the techniques in the current literature for covariance estimation in online

stochastic algorithms and their detailed application in ASGD algorithms. These techniques

motivate us to develop covariance estimators for ROOT-SGD.

The ASGD estimator is as follows. Recall that SGD updates as

θ̂i = θ̂i−1 − ηi∇θf(θ̂i−1;xi),

then ASGD estimator, denote θ̄i’s, initialize as θ̄1 = θ̂1 and update as

θ̄i =
i− 1

i
θ̄i−1 +

1

i
θ̂i. (5.4)

One may notice that such update is equivalent to θ̄i = 1
i

∑i
j=1 θ̂j , i.e., the ASGD esti-

mator is the averaging of all past SGD estimators. In equation (5.4), the ASGD estimator

is updated recursively: the current estimator θ̄i only depends on the most recent estima-

tor θ̄i−1 and the current SGD estimator θ̂i. Such recursive update avoids storing all past

SGD estimators, so the ASGD is memory efficient and compatible with the online learning

scheme.

The asymptotic distribution of the ASGD estimator is established for a special decreas-

ing scheme of step size as follows. When ηi = ηi−α for α ∈ (1/2, 1), Theorem 2 of [62]

shows the asymptotic distribution of ASGD estimator as:

√
t(θ̄t − θ∗)

d→ N (0,ΣASGD), (5.5)

where the asymptotic covariance matrix ΣASGD = A−1SA−1 for A = ∇2F (θ∗), S =

Ex∼P [∇f(θ∗;x)∇f(θ∗;x)T ].
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In the current literature, there are two classes of estimators for the asymptotic covari-

ance based on the information required. We review these two classes for the ASGD algo-

rithm.

The first class is the plug-in estimator [66, 67], which requires computing the stochas-

tic Hessian ∇2
θf(·; ·). The plug-in estimator estimates each component in the asymptotic

covariance by their empirical counterparts. For example, in the asymptotic covariance

ΣASGD = A−1SA−1, the plug-in estimator replaces A and S by their estimators. Since

ΣASGD includes A = ∇2F (·), the plug-in estimator then requires ∇2
θf(θ̂i−1;xi) to com-

pute the empirical counterpart of A.

The plug-in covariance estimator for the ASGD is as follows. For ΣASGD = A−1SA−1,

[66] estimates A and S by their empirical counterparts as:

Ât = (1/t)
t∑
i=1

∇2f(θ̂i−1;xi), Ŝt = (1/t)
t∑
i=1

∇f(θ̂i−1;xi)∇f(θ̂i−1;xi)
T . (5.6)

Note that Ât and Ŝt plug in the estimator sequence θ̂i’s from SGD, instead of the ASGD

sequence θ̄i’s. The plug-in estimator for ΣASGD is Σ̂t,ASGD = (Ât)
−1Ŝt(Ât)

−1. Both Ât

and Ŝt can be constructed in an online fashion, so this plug-in covariance estimator is an

online estimator. Paper [66] further shows that the plug-in estimator Σ̂t,ASGD converges to

ΣASGD as

E∥ΣASGD − Σ̂t,ASGD∥2 ≲ t−α/2. (5.7)

Since we have α ∈ (1/2, 1), the convergence rate is strictly slower than O(t−1/2).

The second class is the Hessian-free estimator [66, 68, 67, 69, 70, 71] which does not

use the stochastic Hessian ∇2
θf(·; ·). The Hessian-free estimator can be computed purely

based on the estimator sequences (θ̂i’s or θ̄i’s in the ASGD algorithm). The idea is similar

to that of sample covariance: Suppose ai, i = 1, . . . , t are i.i.d. samples from a distribu-

tion with finite second moment, then (1/t)
∑t

i=1(ai − āt)(ai − āt)
T is an asymptotically

consistent estimator for the population covariance, where āt = (1/t)
∑t

i=1 ai is the sample
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mean. Then, for θ̂i (or θ̄i), one can also construct a sample covariance estimator by treating

each θ̂i (or θ̄i) as a sample. However, since θ̂i and θ̂i−1 are highly correlated, a vanilla sam-

ple covariance as (1/t)
∑t

i=1(θ̂i − θ̄t)(θ̂i − θ̄t)
T will not be asymptotically consistent. To

solve this issue, certain modifications will be required. We review them in the following.

There are two types of Hessian-free estimators for ASGD, which use different ways to

deal with the autocorrelation structure in the {θ̂i} sequence.

The first is the batch-mean estimator that uses batch mean as decorrelated samples in

place of the SGD estimators θ̂i’s to calculate the sample covariance [66, 68]. The idea

of batch-mean originates from the covariance estimation for time-homogeneous Markov-

chain, which is an auto-correlated sample sequence [72, 73]. The batch-mean estimator is

constructed as follows: Divide {θ̂i}i=1,...,t in to m batches as θ̂1, . . . , θ̂b1︸ ︷︷ ︸, θ̂b1+1, . . . , θ̂b1+b2︸ ︷︷ ︸,
. . . , θ̂b1+...+bm−1+1, . . . , θ̂b1+...+bm︸ ︷︷ ︸ where bj > 0 is the batch size of the jth batch, and∑m

j=1 bj = t. Denote the batch mean for jth batch as θ̄♭j := (1/bj)
∑b1+...+bj

i=b1+...+bj−1+1 θ̂i.

Finally, the batch-mean covariance estimator is calculated as the (weighted) sample covari-

ance of batch means θ̄♭j’s, denote Σ̂t,BM . When the batch size is large enough, the batch

means are sufficiently decorrelated, thus the Σ̂t,BM will be a consistent estimator of ΣASGD

as shown by [66, 68].

The second is the random-scaling estimator that uses the estimators θ̂i’s (or θ̄i’s for

ASGD algorithm) to calculate sample covariance, but carefully analyze how the sample

autocorrelation affects the asymptotic distribution [67, 70]. The random-scaling technique

is also referred to as robust testing [71, 74]. For the ASGD algorithm, [70] computes a

random-scaling estimator as V̄t,RS = 1
t2

∑t
i=1 i

2(θ̄i − θ̄t)(θ̄i − θ̄t)
T . Compared with a

consistent covariance estimator Σ̂t for ΣASGD such that
√
t(Σ̂t)

−1/2(θ̄t − θ∗)
d→ N (0, I),

one instead has that
√
t(V̄t,RS)

−1/2(θ̄t − θ∗) converges in distribution to another random

variable. [70] further shows that such random variable is well-defined and independent of

the specific optimization problem (i.e., does not depend on f(·; ·) or P ). In this way, one

can construct a consistent covariance estimator of
√
t(θ̄t − θ∗) using the random-scaling
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estimator V̄t,RS .

5.1.2 Overview of ROOT-SGD Algorithm

In this section, we review the ROOT-SGD algorithm and the asymptotic distribution of the

estimator from the ROOT-SGD algorithm.

The ROOT-SGD algorithm [65] applies the idea of variance reduction [39, 75, 40, 41]

to online learning, so it converges fast for a fixed step size. The ROOT-SGD algorithm is

given in Algorithm 5.1.

Algorithm 5.1: ROOT-SGD [65]

Initialization: θ̂0; set v1 to be∇f(θ̂0;x1); choose a step size η and burn-in period
B;

for i = 1,. . . ,B-1 do

vi = ∇f(θ̂i−1;xi) +
i− 1

i
(vi−1 −∇f(θ̂i−2;xi)),

θ̂i = θ̂i−1.

for i = B,. . . ,t do

vi = ∇f(θ̂i−1;xi) +
i− 1

i
(vi−1 −∇f(θ̂i−2;xi)),

θ̂i = θ̂i−1 − ηvi.

Output: θ̂t.

We explain why ROOT-SGD is a variance-reduced algorithm. In Algorithm 5.1, the

intermediate quantity vi serves as a variance-reduced estimator of the population gradient.

The estimator vi is developed as follows. One starts with an estimator v′
i of∇F (θ̂i−1) such

that the error v′
i−∇F (θ̂i−1) is the average of the errors {∇f(θ̂j−1;xj)−∇F (θ̂j−1)}j=1,...,i.

Mathematically,

v′
i −∇F (θ̂i−1) =

1

i

i∑
j=1

(∇f(θ̂j−1;xj)−∇F (θ̂j−1)). (5.8)

Then the term v′
i is an unbiased estimator of∇F (θ̂i−1). Moreover, assume the conditional
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covariance Cov(∇f(θ̂j−1;xj)|θ̂j−1) ≺ Σ′ almost surely, then Cov(v′
i) ≺ Σ′/i, which is a

reduced covariance. One can further rewrite (5.8) so that v′
i −∇F (θ̂i−1) only depends on

v′
i−1 −∇F (θ̂i−2) and ∇f(θ̂i−1;xi)−∇F (θ̂i−1) as follows:

v′
i −∇F (θ̂i−1) =

1

i
(∇f(θ̂i−1;xi)−∇F (θ̂i−1)) +

1

i

i−1∑
j=1

(∇f(θ̂j−1;xj)−∇F (θ̂j−1))

=
1

i
(∇f(θ̂i−1;xi)−∇F (θ̂i−1)) +

i− 1

i
(v′

i−1 −∇F (θ̂i−2)). (5.9)

Since ∇F (θ̂i−1) and ∇F (θ̂i−2) in (5.9) are unknown, [65] replaces them with the unbi-

ased estimators ∇f(θ̂i−1;xi) and ∇f(θ̂i−2;xi), respectively. This gives us the gradient

estimator in the ROOT-SGD algorithm that

vi = ∇f(θ̂i−1;xi) +
i− 1

i
(vi−1 −∇f(θ̂i−2;xi)). (5.10)

Then the ROOT-SGD performs update on parameter θ̂i using vi.

We now review the asymptotic distribution of ROOT-SGD in [65]. Our covariance

estimators are all based on this asymptotic distribution. Under certain regularity conditions

(see details in Lemma 5.4), for a proper step size η and burn-in period B, [65] proves that

√
t(θ̂t − θ∗)

d→ N (0,Σ) (5.11)

for Σ = A−1(S + E[Ξx(θ
∗)ΛΞx(θ

∗)])A−1, where Ξx(θ) = ∇2f(θ;x) − ∇2F (θ), A =

∇2F (θ∗), S = Ex∼P [∇f(θ∗;x)∇f(θ∗;x)T ] and Λ is by solving the following matrix

equation in Λ (a.k.a. modified Lyapunov equation):

ΛA+ AΛ− ηE[Ξx(θ
∗)ΛΞx(θ

∗)]− ηAΛA = ηS. (5.12)
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5.1.3 Convergence of ROOT-SGD for Two Examples

In this section, we explain the convergence property of the ROOT-SGD algorithm for two

learning examples: the normal mean estimation and the natural parameter estimation for

the exponential family model.

Normal Mean Estimation. We now describe the normal mean estimation problem and

show the convergence of the ROOT-SGD for the normal mean estimation.

Consider the problem of estimating the mean vector of multivariate normal distribution.

Suppose the data xi
i.i.d.∼ N(θ∗; Ip), let the loss function be the negative log-likelihood:

f(θ;x) =
1

2
∥θ − x∥22.

Then ∇f(θ;x) = θ − x. It is not hard to check that the ROOT-SGD update is:

θ̂t = θ̂t−1 − η(θ̂t−1 −
1

t

t∑
i=1

xi) = (1− η)θ̂t−1 +
η

t

t∑
i=1

xi. (5.13)

We now compare the ROOT-SGD estimator with the common estimator of sample mean

x̄t =
1
t

∑t
i=1 xi, which is a consistent estimator for the true mean vector θ∗. Then (5.13)

can be rewritten as:

θ̂t − x̄t = (1− η)(θ̂t−1 − x̄t). (5.14)

Thus, for the step size η ∈ (0, 1], the current estimator will be closer to the sample mean

than the last estimator. When the sample mean x̄t is close to the true parameter θ∗, we

will have nearly linear convergence of the ROOT-SGD estimator θ̂t. Our calculation above

explicitly shows that the ROOT-SGD converges fast.

Exponential Family Model. We now describe the problem of parameter estimation in

the exponential family model and show the convergence of the ROOT-SGD algorithm in
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this case.

Consider estimating the natural parameter θ ∈ Rp in an exponential family model,

where the probability density function is given by:

L(x;θ) = h(x) exp[⟨θ,T (x)⟩ −B(θ)].

Let the risk function be the negative log-likelihood f(θ;x) = −⟨θ,T (x)⟩ + B(θ), then

the gradient is∇f(θ;x) = −T (x) +∇B(θ).

Then we write the ROOT-SGD update for the exponential family model. For the inter-

mediate quantity vt, we can solve its recursion relationship to get:

vt = ∇B(θ̂t−1)− T (xt) +
t− 1

t
(vt−1 −∇B(θ̂t−2) + T (xt))

= ∇B(θ̂t−1)−
1

t
T (xt) +

t− 1

t
(vt−1 −∇B(θ̂t−2))

= ∇B(θ̂t−1)−
1

t

t∑
i=1

T (xi),

The parameter update using such vt is

θ̂t = θ̂t−1 − ηvt = θ̂t−1 − η

(
∇B(θ̂t−1)−

1

t

t∑
i=1

T (xi)

)
. (5.15)

Finally, we compare θ̂t with the maximum likelihood estimator (MLE). The MLE is

equivalent to the estimator in (5.2), and it is asymptotically efficient. In particular, the

MLE converges to the true parameter at rate O(1/t). For exponential family model, the

MLE θ∗
t satisfies

∇B(θ∗
t ) =

1

t

t∑
i=1

T (xi).

Thus the ROOT-SGD update in (5.15) can be rewritten as

θ̂t = θ̂t−1 − η
(
∇B(θ̂t−1)−∇B(θ∗

t )
)
.
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Under some regularity conditions on B(·), we have Proposition 5.1 holds. By Proposition

5.1, when the MLE θ∗
t is close to the true parameter θ∗, we will have nearly linear conver-

gence of the ROOT-SGD estimator. In this way, we have a straightforward explanation for

the convergence of ROOT-SGD that could not be applied to SGD.

Proposition 5.1. When B(θ) is µ-strongly convex and l-smooth for 0 < µ < l, we can take

η ∈ (0, 2µ
l(µ+l)

], so that ∃α ∈ (0, 1/η) s.t.

∥θ̂t − θ∗
t ∥2 ≤ (1− ηα)∥θ̂t−1 − θ∗

t ∥2. (5.16)

The proof for Proposition 5.1 is in Section 5.5.1.

Notations and Organization. We define some notations that we will use throughout

this chapter. For matrices X ∈ Rn×o, Y ∈ Rp×q: let X ⊗ Y denote the standard Kronecker

product; let ∥X∥2 be the operator norm of X and ∥X∥F be the Frobenius norm of X;

denote the vectorization of X as Vec(X) = (X11, ..., Xn1, X12, ..., Xn2, ..., X1o, ..., Xno)
T .

For two nonnegative real values a(t) and b(t), denote a(t) ≲ b(t) if ∃c1 > 0 such that

a(t) ≤ c1b(t).

The remainder of this chapter is organized as follows. In Section 5.2, we propose

our plug-in estimator for asymptotic covariance and show the convergence of the plug-in

estimator to the true covariance. In Section 5.3, we propose our Hessian-free estimator

for the asymptotic covariance and prove its asymptotic consistency. In Section 5.4, some

numerical experiments are reported.

5.2 A Plug-in Estimator and Its Convergence

In this section, we describe our plug-in covariance estimator in the ROOT-SGD algorithm,

and we prove the convergence rate of the aforementioned plug-in covariance estimator.
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5.2.1 A Plug-in Estimator with Thresholding

Our goal is to provide an online estimator for the asymptotic covariance of ROOT-SGD.

Recall that the asymptotic covariance is Σ = A−1(S + E[Ξx(θ
∗)ΛΞx(θ

∗)])A−1. For

the plug-in estimator, we assume that we have access to the stochastic second order term

∇2f(θ̂t−1;xt).

There are two steps in the plug-in estimator: plug-in and thresholding. The plug-in

step approximates each component in Σ by its empirical version, that is, estimate A, S

and E[Ξx(θ
∗)ΛΞx(θ

∗)] using the parameter estimates and data samples; the thresholding

step performs spectral thresholding on the empirical estimators. We will explain spectral

thresholding in detail later in our thresholding step.

Plug-in Step. For A, S,E[Ξx(θ
∗)ΛΞx(θ

∗)] in the asymptotic covariance, we approxi-

mate them by their empirical counterparts as follows. For

A = ∇2F (θ∗),

we approximate it by

Ât =
1

t−B

t∑
i=B+1

∇2f(θ̂i−1;xi). (5.17)

For

S = Ex∼P [∇f(θ∗;x)∇f(θ∗;x)T ],

we approximate it by

Ŝt =
1

t−B

t∑
i=B+1

∇f(θ̂i−1;xi)∇f(θ̂i−1;xi)
T . (5.18)

For

E[Ξx(θ
∗)ΛΞx(θ

∗)] = E[∇2f(θ∗;x)Λ∇2f(θ∗;x)]− AΛA
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we approximate it by

1

t−B

t∑
i=B+1

∇2f(θ̂i−1;xi)Λ∇2f(θ̂i−1;xi)− AΛA. (5.19)

In the estimator (5.19), we need to further estimate Λ. Since Λ is the solution of (5.12),

we can replace each unknown term in (5.12) by their empirical estimators, and solve the

“perturbed version” of (5.12) in Λ as:

ΛÂt + ÂtΛ− η
1

t−B

t∑
i=B+1

∇2f(θ̂i−1;xi)Λ∇2f(θ̂i−1;xi) = ηŜt, (5.20)

and we denote the solution as Λ̂t. Vectorize (5.20) we have

ηVec(Ŝt) =(Ât ⊗ I)Vec(Λ̂t) + (I ⊗ Ât)Vec(Λ̂t)

− η 1

t−B

t∑
i=B+1

∇2f(θ̂i−1;xi)⊗∇2f(θ̂i−1;xi)︸ ︷︷ ︸
:=P̂t

Vec(Λ̂t).

That is,

Vec(Λ̂t) = η{Ât ⊗ I + I ⊗ Ât − ηP̂t}−1Vec(Ŝt). (5.21)

Using the estimators Ât,Ŝt and Λ̂t in equations (5.17), (5.18), (5.21), the plug-in estimator

of the asymptotic covariance Σ = A−1(S+E[Ξx(θ
∗)ΛΞx(θ

∗)])A−1 = A−1( 1
η
ΛA+ 1

η
AΛ−

AΛA)A−1 is

Σ̂t = Â−1
t

(
1

η
Λ̂tÂt +

1

η
ÂtΛ̂t − ÂtΛ̂tÂt

)
Â−1
t . (5.22)

We add notes on the computation of the plug-in estimator as follows. First, the plug-in

estimator is an online estimator. Since each of Ât, P̂t, Ŝt can be computed in an online

fashion, the estimator Λ̂t in (5.21) is also an online estimator. The plug-in estimator in

(5.22) then can be computed with the online estimators Ât and Λ̂t. The plug-in estimator is

thus online. Second, among all components in the plug-in estimator, the term Λ̂t in (5.21) is
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most heavy in computation. Luckily, there are some cases in that we can avoid computing

Λ̂t. For example, when Ξx(θ
∗) = 0 (which holds for the exponential family model), one

has Σ = A−1SA−1. In this case, the plug-in estimator is simply Σ̂t = Â−1
t ŜtÂ

−1
t . Avoiding

computing Λ̂t can reduce the computational burden for those cases.

Thresholding Step. Note that in equations (5.21) and (5.22) we need to invert Ât ⊗ I +

I⊗ Ât−ηP̂t and Ât, which are random quantities that might be poorly conditioned or even

non-invertible. To solve this issue, we do spectral thresholding for Ât and P̂t.

We briefly explain the spectral thresholding technique as follows. For a positive semi-

definite matrix M , spectral thresholding involves two steps. First, one performs eigen-

decomposition on M , denote M = UDUT . Second, depending on whether one needs

upper thresholding or lower thresholding on the matrix M , one performs upper or lower

truncation on the diagonal matrix D. For example, when upper thresholding using the

threhold value C, one computes a diagonal matrix D̃ such that (D̃)i,i = min(C,Di,i). On

the contrary, when lower thresholding using the threhold value c, one computes a diagonal

matrix D̃ such that (D̃)i,i = max(c,Di,i). The thresholded matrix is M = UD̃UT .

For our case, we do lower thresholding for Ât using threshold value δ and denote the

thresholded matrix as Ãt. We do upper thresholding for P̂t using threshold value δ′ and

denote the thresholded matrix as P̃t. The choice of thresholding parameters δ, δ′ will be

discussed in Theorem 5.1.

With the thresholded estimator for A and P , we now give the thresholded plug-in co-

variance estimator. Similar to equation (5.21), we first develop the thresholded estimator

for Λ:

Vec(Λ̃t) = η{Ãt ⊗ I + I ⊗ Ãt − ηP̃t}−1Vec(Ŝt).

Then the thresholded plug-in estimator for the asymptotic covariance is

Σ̃t = Ã−1
t

(
1

η
Λ̃tÃt +

1

η
ÃtΛ̃t − ÃtΛ̃tÃt

)
Ã−1
t . (5.23)
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The thresholding is usually not required in practice, as Ât and P̂t are close to A and P with

high probability. The thresholding is just a theoretical guarantee that the matrix inverse in

our estimator is doable.

5.2.2 Convergence of Our Plug-in Estimator

In this section, we show that the thresholded plug-in estimator is consistent. In particular,

we bound E∥Σ − Σ̃t∥F and show that it converges to 0 as t → ∞. We also specify the

convergence rate in t. For a specific problem, such as linear regression, one can further

analyze the dependence of the convergence rate on the dimension of the problem.

To establish the consistency of the plug-in estimators, we need some regularity condi-

tions on the objective function. These conditions are mild, as we show that some common

learning examples, such as linear regression, logistic regression, and exponential family

model, all satisfy those conditions; see details in Section 5.5.3. We now define these con-

ditions.

Assumption 5.1 (γ-strong convexity and L1-smoothness). Assume that F (θ) is twice con-

tinuously differentiable, γ-strongly convex and L1-smooth:

F (θ1) ≥ F (θ2) +∇F (θ2)
T (θ1 − θ2) +

γ

2
∥θ1 − θ2∥22,∀θ1,θ2;

F (θ1) ≤ F (θ2) +∇F (θ2)
T (θ1 − θ2) +

L1

2
∥θ1 − θ2∥22,∀θ1,θ2.

Assumption 5.2 (Finite covariance at optimality). Assume ∇f(θ;x) is unbiased and has

finite covariance at θ∗ (w.r.t. randomness in x) as follows:

Ex∼P [∇f(θ;x)] = ∇F (θ),

Ex∼P [∥∇f(θ∗;x)−∇F (θ∗)∥22] = σ2
1 <∞.

130



Assumption 5.3 (Lipschitz stochastic noise). Denote δ(θ;x) := ∇f(θ;x)−∇F (θ). As-

sume that

E∥δ(θ1;x)− δ(θ2;x)∥22 ≤ L2
2∥θ1 − θ2∥22,∀θ1,θ2. (5.24)

Assumption 5.4. Assume the smoothness of stochastic gradients and moments as: ∀θ ∈

Rp, we have

E∥∇2f(θ;x)−∇2f(θ∗;x)∥22 ≤ L2
3∥θ − θ∗∥22,

and

E∥∇f(θ∗;x)∥42 ≤ l44,

E∥∇2f(θ∗;x)∥42 ≤ L4
4.

Assumption 5.5 (L5−smoothness). Assume that ∇f(θ;x) is mean-squared Lipchitz con-

tinuous:

E∥∇f(θ1;x)−∇f(θ2;x)∥22 ≤ L2
5∥θ1 − θ2∥22,∀θ1,θ2.

Remark 5.1. Assumption 5.5 is implied by Assumptions 5.1 and 5.3. When Assumptions

5.1 and 5.3 hold, we must have Assumption 5.5 hold for L2
5 = L2

1 + L2
2. See the proof in

Section 5.5.2.

Assumption 5.6. Assume the Kronecker product of the Hessian is continuous and smooth

around θ∗:

E∥∇2f(θ;x)⊗∇2f(θ;x)−∇2f(θ∗;x)⊗∇2f(θ∗;x)∥2 ≤ L6∥θ−θ∗∥2+L′
6∥θ−θ∗∥22,

and has bounded covariance at θ∗:

E∥∇2f(θ∗;x)⊗∇2f(θ∗;x)−E[∇2f(θ∗;x)⊗∇2f(θ∗;x)]∥22 ≤ L7.
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Remark 5.2. Assumption 5.6 is implied by Assumption 5.4. When Assumption 5.4 holds,

Assumption 5.6 also holds for L6 = 2L3L
2
4, L

′
6 = L2

3 and L7 = L4
4. See proof in Section

5.5.2.

We show that the thresholded plug-in estimator is consistent in the following theorem:

Theorem 5.1 (Asymptotically consistent estimator for Σ). Under Assumptions 5.1 to 5.6,

there exists constants c1, c2 such that run ROOT-SGD for η < min
(
c1(

γ
L2
2
∧ 1

L1
∧ γ1/3

L
4/3
4

),

2δ/L2
4

)
, burn-in period B =

⌈
c2
γη

⌉
and take the thresholding parameter in Σ̃t be such that

δ < λmin(A) and δ′ = L2
4, we have

E∥Σ− Σ̃t∥F ≲
[
∥S∥FC2

p +
√
pC4

p

]
/
√
t,

where Cp ≲ max{σ1/γ, L3,
√
L4, l4,

√
L5, L6}. Thus, for a fixed Cp, when sample size

t→∞, we have E∥Σ− Σ̃t∥F → 0.

Remark 5.3. In Theorem 5.1, we can further analyze how the upper bound depends on the

parameter dimension for a specific learning problem.

For example, consider the linear regression model. We have data xTi = (aTi , bi), where

ai’s are the vectors of explanatory variables, and bi’s are the responses. Assume ai
i.i.d.∼

N(0, Ip), and there is a true parameter θ∗ such that bi = aTi θ
∗ + ϵi for ϵi

i.i.d.∼ N(0, 1).

Here the additive noises ϵi’s are independent of ai’s. Use the squared loss

f(θ;x) =
1

2
(aTθ − b)2.

As shown in Section 5.5.3.2, we have Cp ≲
√
p and ∥S∥F =

∥∥E[ϵ2aaT ]∥∥
F
= ∥Ip∥F =

√
p. Thus the bound in Theorem 5.1 becomes

E∥Σ− Σ̃t∥F ≲ p5/2/
√
t.

The proof of Theorem 5.1 is in Section 5.5.4.
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By Theorem 5.1, our thresholded plug-in estimator Σ̃t is asymptotically consistent.

Combined with the asymptotic distribution of the parameter estimator θ̂t in (5.11) that
√
t(θ̂t − θ∗)

d→ N (0,Σ), we can build asymptotically exact confidence interval. We sum-

marize this result in the following corollary:

Corollary 5.1 (Asymptotically exact confidence interval). Under assumptions of Theorem

5.1, when the parameter dimension p is fixed and sample size t→∞, we have

P
(
(θ̂t)j − zq/2 ∗ (Σ̃t)

1/2
j,j /
√
t ≤ θ∗

j ≤ (θ̂t)j + zq/2 ∗ (Σ̃t)
1/2
j,j /
√
t
)
→ 1− q.

With our plug-in covariance estimator proposed and the asymptotic convergence proved

in this section, we compare our plug-in covariance estimator with that for the ASGD algo-

rithm. The comparison details are in Section 5.5.7.1. To summarize the comparison, our

plug-in estimator has faster convergence than that from the ASGD algorithm. However,

the computation of our plug-in estimator is heavier than that of the ASGD, except for the

special case that∇2f(θ∗;x) ≡ ∇2F (θ∗).

5.3 A Hessian-free Estimator and Its Asymptotic Consistency

In this section, we propose a covariance estimator for ROOT-SGD that uses only the param-

eter estimation sequence. The plug-in estimator in the previous section uses the stochastic

Hessian, which is unknown or hard to compute for some practical problems. Our covari-

ance estimator in this section does not have this issue: it uses only the parameter estimation

and thus is Hessian-free.

5.3.1 A Hessian-free Estimator

Our Hessian-free estimator uses the random-scaling technique. In this section, we review

the random-scaling technique in the ASGD algorithm and discuss the covariance estimator

derived by the random-scaling technique. We further propose a random-scaling estimator
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for the ROOT-SGD algorithm.

The random-scaling technique, when applied to the ASGD algorithm, gives the follow-

ing result. For the ASGD estimator θ̄t, [70] shows that

√
twT (θ̄t − θ∗)√

wT V̄tw

d→ W1√∫ 1

0
(Wr − rW1)2dr

, (5.25)

where w is any given direction satisfying w ̸= 0, Wr is the standard Wiener process and

V̄t = 1
t2

∑t
i=1 i

2(θ̄i − θ̄t)(θ̄i − θ̄t)
T . The term V̄t is similar to a (weighted) covariance

estimator when we treat θ̄i’s as samples, so we refer to it as the random-scaling estimator.

And we refer to the L.H.S. of (5.25), i.e. the
√
twT (θ̄t−θ∗)√

wT V̄tw
, as the random-scaling quantity.

Now the random-scaling quantity converges in distribution to W1√∫ 1
0 (Wr−rW1)2dr

for any given

direction w. Then Var

(
W1√∫ 1

0 (Wr−rW1)2dr

)
∗ V̄t is an estimator for the asymptotic covari-

ance of
√
t(θ̄t − θ∗), and we refer to such an estimator as the random-scaling covariance

estimator.

The random-scaling technique can be applied to other online algorithms. For example,

a similar result as (5.25) has been proved for the zero-order Kiefer-Wolfowitz algorithm by

Theorem 4.4 of [67]. These results indicate the usefulness of the random-scaling technique

in different algorithms. For the ROOT-SGD estimator, the random-scaling technique may

also apply.

We now follow the random-scaling quantity in (5.25) to propose a random-scaling

quantity for the ROOT-SGD algorithm. Observing (5.25), the random-scaling quantity

essentially treats the averaging sequence θ̄i’s as samples and calculate the sample covari-

ance. The asymptotic distribution in (5.25) relies on a substantial extension of the asymp-

totic normality of the averaging sequence
√
t(θ̄t − θ∗) in [62] to the random function of

√
t(θ̄[rt] − θ∗) for r ∈ [0, 1]. Back to the ROOT-SGD algorithm, [65] shows that the

asymptotic normality holds for the estimators θ̂t, instead of the averaging estimator. Then

ROOT-SGD counterpart of (5.25) should treat θ̂i’s as samples instead of the average θ̄i’s.
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Thus, the random-scaling quantity for the ROOT-SGD is given by:

√
twT (θ̂t − θ∗)√

wTVtw
, (5.26)

where Vt = 1
t2

∑t
i=1 i

2(θ̂i − θ̂t)(θ̂i − θ̂t)
T . We refer to Vt as the random-scaling estimator.

In the next section, we prove the asymptotic distribution of (5.26) and explain how to use

it to develop an asymptotically consistent covariance estimator for θ∗.

5.3.2 Consistency of Our Hessian-free Estimator

In this section, we prove the asymptotic distribution of the random-scaling quantity in

(5.26), develop an asymptotically consistent covariance estimator based on the random-

scaling quantity, and explain how to use the random-scaling estimator to conduct statistical

inference for the ROOT-SGD algorithm.

The asymptotic distribution of (5.26) is proved in the following theorem:

Theorem 5.2. Suppose Assumptions 5.1 to 5.4 hold. Then there exists constants c1, c2, take

the step size η ∈
(
0, c1(

γ
L2
2
∧ 1

L1
∧ γ1/3

L
4/3
4

)

)
and burn-in periodB =

⌈
c2
γη

⌉
in the ROOT-SGD

algorithm, we have for any given direction w ̸= 0 that

√
twT (θ̂t − θ∗)√

wTVtw

d→ W1√∫ 1

0
(Wr − rW1)2dr

, (5.27)

where Vt = 1
t2

∑t
i=1 i

2(θ̂i − θ̂t)(θ̂i − θ̂t)
T , and Wr is the standard Wiener process (i.e.,

Wr ∼ N(0, r)).

The proof of Theorem 5.2 is in Section 5.5.6.

Remark 5.4. We add a note on the computation of the random-scaling quantity in (5.27).

The random-scaling estimator Vt = 1
t2

∑t
i=1 i

2(θ̂i − θ̂t)(θ̂i − θ̂t)
T can be efficiently com-
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puted online. To see this, consider the following decomposition.

Vt =
1

t2

t∑
i=1

i2θ̂iθ̂
T
i −

1

t2
(

t∑
i=1

i2θ̂i)θ̂
T
t −

1

t2
θ̂t(

t∑
i=1

i2θ̂Ti ) +
t(t+ 1)(2t+ 1)

6t2
θ̂tθ̂

T
t ,

in which 1
t2

∑t
i=1 i

2θ̂iθ̂
T
i and 1

t2

∑t
i=1 i

2θ̂i are efficiently computed online without requiring

storing all past estimators θ̂i’s. In this way, the random-scaling quantity
√
twT (θ̂t−θ∗)√

wTVtw
can

be computed online.

Remark 5.5. We explain how to drive a consistent covariance estimator from Theorem

5.2 and how to use it for statistical inference as follows. Denote the asymptotic limit

W1√∫ 1
0 (Wr−rW1)2dr

as Xrs. Then Xrs is a universal random variable that does not depend

on the optimization problem we study. We refer to Xrs as the random-scaling variable. Us-

ing this notation, Var (Xrs) ∗wTVtw is an estimator for the variance of
√
twT (θ̂t − θ∗),

and Σ̂t,rs := (Var (Xrs)) ∗ Vt is a random-scaling covariance estimator for the covari-

ance of
√
t(θ̂t − θ∗). By Theorem 5.2, Σ̂t,rs is asymptotically consistent. When calcu-

lating the random-scaling covariance estimator Σ̂t,rs, we can use the estimation in [76]

that Var(Xrs) ≈ 11.177513184. Moreover, [76, 74] compute the quantiles for the ran-

dom variable Xrs =

(
W1/

√∫ 1

0
(Wr − rW1)2dr

)
based on direct integration. Using their

computed quantiles, one can develop asymptotically consistent statistical inference for the

parameter estimation, for example, do statistical testing for θ∗ or build the confidence

interval.

We compare our random-scaling estimator with that from the ASGD algorithm. The

comparison details are in Section 5.5.7.2. The computation costs of the two estimators are

the same. Both estimators are asymptotically consistent, but the convergence speed is not

proven. Since the ROOT-SGD converges faster than ASGD, there might be an advantage

to use the random-scaling estimator from the ROOT-SGD in practice.
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5.4 Numeric Studies

In this section, we perform numerical studies using synthetic data and a real dataset. In par-

ticular, in Section 5.4.1, we show the performance of the confidence intervals constructed

based on our covariance estimators for linear regression and logistic regression; in Section

5.4.2, we visualize the confidence intervals based on our covariance estimator using the

hand-written digit image example.

5.4.1 Simulation

In this section, we simulate some examples of linear regression and logistic regression and

compare the confidence intervals of these examples based on the plug-in and Hessian-free

covariance estimators. The goal is to check if the confidence intervals have the coverage

probability converging to the nominal value as the sample size increases.

Models. In linear regression model, we have data xT = (aT , b) ∈ Rd × R, where a is

the vector of explanatory variable and b is the response variable. The data is generated by

the true parameter θ∗ as b = aTθ∗ + ϵ, where ϵ is a zero-mean r.v. that is independent of

a. We use the squared loss for the linear regression task

f(θ;x) =
1

2
(aTθ − b)2.

In logistic regression model, we have data xT = (aT , b) ∈ Rd × {−1, 1}. The data

is generated by the true parameter θ∗ as P (b = 1) = 1
1+exp(−⟨a,θ∗⟩) . Take the negative

log-likelihood as the risk function

f(θ;x) = log(1 + exp(−b⟨a,θ⟩)).

Data Generation. The linear regression and logistic regression data are generated as

follows. We first set a data dimension d, and let the explanatory variables ai’s to be i.i.d.
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N(0d, Id). For both models, we set the true parameter θ∗ to be d equally spaced values in

[0, 1]. We generate the response variable bi’s based on ai’s for linear regression and logistic

regression cases, respectively. In particular, in linear regression, we let the additive noises

ϵi’s be i.i.d. standard normal random variables.

Algorithm Implementation. We compare the confidence intervals built based on our

covariance estimators for ROOT-SGD with those based on the plug-in covariance estimator

[66], the non-overlapping batch-mean covariance estimator [68], and the random-scaling

estimator [70] for ASGD. So we implement the ROOT-SGD and ASGD algorithms; the

implementation details are as follows. Both algorithms are initialized as θ̂0 = 0 in linear

regression and logistic regression. The total number of samples (i.e., the algorithm updates)

is set to 250, 000. For ROOT-SGD, we take η = 10−3 for linear regression and η = 5∗10−3

for logistic regression. The burn-in period is set to B = 1000 for both cases. For ASGD,

we take η0 = 0.5 and α = 0.505, which are the same as the choices in [68].

Confidence Interval Computation. We compare confidence intervals induced by dif-

ferent covariance estimators. In particular, we compute the 95% confidence intervals for

each dimension of the parameter estimation and check how they cover the true parameters.

For ROOT-SGD algorithm, denote the plug-in covariance estimator as Σ̂t,root−pi and rewrite

the random-scaling estimator Vt in (5.27) as Vt,root to distinguish it with the random-scaling

estimator from ASGD. For ASGD algorithm, denote the plug-in covariance estimator from

[66] as Σ̂t,asgd−pi, denote the non-overlapping batch-mean covariance estimator from [68]

as Σ̂t,asgd−bm, and denote the random-scaling estimator in [70] (i.e., V̄t in (5.25)) as Vt,asgd.

Let θ̂t,root and θ̂t,asgd be the point estimators from ROOT-SGD and ASGD after t updates,

respectively. The 95% confidence intervals based on each estimator are as follows:

• ROOT-SGD algorithm, plug-in estimator: (θ̂t,root)i ± z0.975 ∗ (Σ̂t,root−pi)i,i/
√
t;

• ROOT-SGD algorithm, random-scaling estimator: (θ̂t,root)i ± qrs,0.975 ∗ (Vt,root)i,i/
√
t;

• ASGD algorithm, plug-in estimator: (θ̂t,asgd)i ± z0.975 ∗ (Σ̂t,asgd−pi)i,i/
√
t;

• ASGD algorithm, batch-mean estimator: (θ̂t,asgd)i ± z0.975 ∗ (Σ̂t,asgd−bm)i,i/
√
t;
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• ASGD algorithm, random-scaling estimator: (θ̂t,asgd)i ± qrs,0.975 ∗ (Vt,asgd)i,i/
√
t;

where z0.975 is the 97.5% percentile for the standard normal random variable, and qrs,0.975 is

the 97.5% percentile for Xrs =

(
W1/

√∫ 1

0
(Wr − rW1)2dr

)
, i.e., the limiting distribution

of the random-scaling quantity in Theorem 5.2. By [76, 74], we have qrs,0.975 = 6.747.

Experiment Results. We run 200 repetitions of experiments for each estimator and

compare the average coverage probability and length of the confidence interval from 200

runs. The results of the linear regression experiment are shown in Figure 5.1, where we

have the two dimension settings: d = 5 and d = 20. Comparing the confidence intervals,

we have the following.

• For d = 5, all confidence intervals (CI) have coverage probability converging to

the nominal value of 0.95, except the one corresponding to the ASGD batch-mean

estimator. The coverage probability of the CI from the ROOT-SGD random-scaling

estimator is higher than the counterpart from ASGD and is closer to the nominal

coverage rate. For the confidence intervals from plug-in estimators for ROOT-SGD

and ASGD, we observe that they have the same confidence interval length. However,

the coverage probability of CI from ROOT-SGD is higher than that of ASGD and is

closer to the nominal coverage rate. Thus the CIs from ROOT-SGD are better than

those from ASGD. These observations show that the statistical inference of ROOT-

SGD is more accurate than that of ASGD, possibly thanks to the fast convergence of

ROOT-SGD.

• For d = 20, due to the large computation of the plug-in estimators for both ROOT-

SGD and ASGD, we do not compute them. We compare the coverage of CIs from

different Hessian-free estimators and conclude that the coverage probability of the CI

from the ASGD batch mean estimator does not reach the nominal rate. The coverage

probabilities of the CIs from both ROOT-SGD and ASGD random-scaling estimators

are higher than the nominal rate. However, the CI length of the ROOT-SGD random-
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Figure 5.1: Comparison of the confidence intervals in linear regression. The first row is
the coverage probability against the number of updates, with a red dashed line denoting
the nominal coverage rate of 0.95. The second row is the average length of the confidence
interval. The last row is the total computation time to update the covariance estimator and
the confidence interval.
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Figure 5.2: Density of the Random Scaling Quantity.

scaling estimator is smaller than that of ASGD, which shows the advantage of the

ROOT-SGD algorithm in building the confidence interval.

• In the running time comparison, we can see that the plug-in estimators take more

time than the Hessian-free estimators (including the batch mean estimator and the

random-scaling estimator), which is not surprising due to the second-order nature of

the plug-in estimators. The random-scaling estimators from ROOT-SGD and SGD

take almost the same time, as they have lines on top of each other. The batch-mean

estimator takes slightly more time than the random-scaling estimator.

For the linear regression example, we further check the empirical distribution of the

random-scaling quantity of the ROOT-SGD algorithm (i.e., the l.h.s. of (5.27)) to see if it

matches the theoretic limiting distribution Xrs (i.e., the r.h.s. of (5.27)). In particular, we

let w be the standard basis vectors in the random-scaling quantity. The result is shown in

Figure 5.2. For both d = 5 and d = 20, we can see that the empirical distribution is close

to the theoretical limiting distribution.

The experiment result for logistic regression are in Figure 5.3. For d = 5, all confi-

dence intervals (CI) have the coverage probability converge to the nominal value of 0.95,

except the SGD batch mean estimator – it has a much lower coverage probability than the
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nominal probability. The plug-in estimator and the random-scaling estimator from ROOT-

SGD have better coverage than the SGD counterparts while having the same length of the

confidence interval. For d = 20, the ROOT-SGD random-scaling estimator has a coverage

probability that converges faster to the nominal rate compared to the estimators from SGD.

Furthermore, the ROOT-SGD random-scaling estimator has a higher coverage probability

than the SGD random-scaling estimator, although their CI lengths are comparable after

200, 000 updates. The observations above all show the advantage of statistical inference by

ROOT-SGD.
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Figure 5.3: Comparison of the confidence intervals estimators in logistics regression. The
first row is the coverage probability against the number of updates, and the red dashed line
denotes the nominal coverage rate of 0.95. The second row is the average length of the
confidence interval.
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5.4.2 Hand-Written Digit Analysis

This experiment aims to visualize the confidence interval estimator that is induced by our

plug-in covariance estimator. In particular, we consider the parameter estimation problem

of mean estimation for the MNIST hand-written digit image set.

The data-set description is as follows. There are 60000 training images of dimension

28 ∗ 28, each labeled as a digit between 0 and 9. For each label, we assume that it has a

mean image and that the image instances are samples from a normal mean model.

We apply the ROOT-SGD algorithm to estimate the mean image and use our plug-in

covariance estimator to estimate the covariance for each digit. The implementation details

are as follows. Recall that the risk function for normal mean estimation is f(θ;x) =

1
2
∥θ − x∥22. Under this risk function, a stochastic gradient in ROOT-SGD is calculated by

randomly sampling data from the training set of that digit. When implementing the ROOT-

SGD algorithm, we set the step size η = 0.05, the burn-in period B = 10, 000, and the

number of samples t = 100, 000. We calculate the plug-in estimator for the covariance of

the mean. Note that for this risk function, we have∇2f(θ∗;x) ≡ ∇2F (θ∗) = I . Thus, the

plug-in estimator for the asymptotic covariance of ROOT-SGD reduces to Â−1
t ŜtÂ

−1
t . This

allows a fast computation of the covariance estimator.

Using the mean image estimate and plug-in covariance estimate, we further compute

the confidence interval for the mean image. We show examples of mean image estimation

and the 95% confidence bound of mean estimation of digits 0,1,2 in Figure 5.4. In Figure

5.4, the confidence intervals all look reasonable.

5.5 Technique Details for Chapter 5

In this section, we provide the technique details for Chapter 5.
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Figure 5.4: MNIST example: the mean and confidence intervals are reasonably estimated
in an online fashion.

5.5.1 Proof for Proposition 5.1

In this section, we prove Proposition 5.1.

Proof. We start the proof by writing the equivalent condition for inequality (5.16).

(5.16)⇐⇒ ∥θ̂t − θ∗
t ∥22 ≤ (1− ηα)2∥θ̂t−1 − θ∗

t ∥22

⇐⇒
∥∥∥θ̂t−1 − η

(
∇B(θ̂t−1)−∇B(θ∗

t )
)
− θ∗

t

∥∥∥2
2
≤ (1− ηα)2∥θ̂t−1 − θ∗

t ∥22

⇐⇒
∥∥∥∇B(θ̂t−1)−∇B(θ∗

t )
∥∥∥2
2
− 2

η

〈
∇B(θ̂t−1)−∇B(θ∗

t ), θ̂t−1 − θ∗
t

〉
+ α(

2

η
− α)∥θ̂t−1 − θ∗

t ∥22 ≤ 0

Since B(·) is smooth and strongly convex, by some standard equivalent conditions of

smoothness and strongly convexity (for example, Lemma 2 and Lemma 4 in [77]), we
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have

〈
∇B(θ̂t−1)−∇B(θ∗

t ), θ̂t−1 − θ∗
t

〉
≥µ∥θ̂t−1 − θ∗

t ∥22 ≥
µ

l
∥θ̂t−1 − θ∗

t ∥2
∥∥∥∇B(θ̂t−1)−∇B(θ∗

t )
∥∥∥
2
.

For the convenience of proof, we define a new quantity κ = η(µ+l)
2

. Then by our range of

η, we immediately have κ ∈ (0, µ
l
]. Using this defined quantity, a sufficient condition for

(5.16) to hold is:

∥∥∥∇B(θ̂t−1)−∇B(θ∗
t )
∥∥∥2
2
− 2κ

η
∥θ̂t−1 − θ∗

t ∥2
∥∥∥∇B(θ̂t−1)−∇B(θ∗

t )
∥∥∥
2

+ α(
2

η
− α)∥θ̂t−1 − θ∗

t ∥22 ≤ 0. (5.28)

Take α =
µ+l−
√

(µ+l)2−4µlκ2

2κ
∈ (0, 1

η
), then we have

∥∥∥∇B(θ̂t−1)−∇B(θ∗
t )
∥∥∥2
2
− 2κ

η
∥θ̂t−1 − θ∗

t ∥2
∥∥∥∇B(θ̂t−1)−∇B(θ∗

t )
∥∥∥
2

+ α(
2

η
− α)∥θ̂t−1 − θ∗

t ∥22

=
(∥∥∥∇B(θ̂t−1)−∇B(θ∗

t )
∥∥∥
2
− µ∥θ̂t−1 − θ∗

t ∥2
)

∗
(∥∥∥∇B(θ̂t−1)−∇B(θ∗

t )
∥∥∥
2
− l∥θ̂t−1 − θ∗

t ∥2
)

≤0, (5.29)

where (5.29) by µ∥θ̂t−1 − θ∗
t ∥2 ≤

∥∥∥∇B(θ̂t−1)−∇B(θ∗
t )
∥∥∥
2
≤ l∥θ̂t−1 − θ∗

t ∥2. This con-

clude the proof for Proposition 5.1.

5.5.2 Connections Between Assumptions

In Section 5.2.2, we list several assumptions. Among those assumptions, Assumptions 5.5

and 5.6 are consequences of other assumptions. In this section, we prove such statement.
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Proof. We check that Assumption 5.5 is implied by Assumptions 5.1 and 5.3 as follows.

Assume Assumptions 5.1 and 5.3 hold, then we can bound

E∥∇f(θ1;x)−∇f(θ2;x)∥22

=∥∇F (θ1)−∇F (θ2)∥22 +E∥δ(θ1;x)− δ(θ2;x)∥22

≤(L2
1 + L2

2)∥θ1 − θ2∥22.

Thus, Assumption 5.5 must hold with L2
5 = L2

1 + L2
2.

We check that Assumption 5.6 is implied by Assumption 5.4 as follows. Assume As-

sumption 5.4 holds, then the first inequality in Assumption 5.6 can be derived by:

E∥∇2f(θ;x)⊗∇2f(θ;x)−∇2f(θ∗;x)⊗∇2f(θ∗;x)∥2

≤E∥(∇2f(θ;x)−∇2f(θ∗;x))⊗ (∇2f(θ;x)−∇2f(θ∗;x))∥2

+E∥∇2f(θ∗;x)⊗ (∇2f(θ;x)−∇2f(θ∗;x))∥2

+E∥(∇2f(θ;x)−∇2f(θ∗;x))⊗∇2f(θ∗;x)∥2

=E∥∇2f(θ;x)−∇2f(θ∗;x)∥22 + 2E∥∇2f(θ;x)−∇2f(θ∗;x)∥2∥∇2f(θ∗;x)∥2

≤L2
3∥θ − θ∗∥22 + 2

√
E∥∇2f(θ;x)−∇2f(θ∗;x)∥22E∥∇2f(θ∗;x)∥22

≤L2
3∥θ − θ∗∥22 + 2L3L

2
4∥θ − θ∗∥2. (5.30)

And the second inequality of Assumption 5.6 can be obtained as:

E∥∇2f(θ∗;x)⊗∇2f(θ∗;x)−E[∇2f(θ∗;x)⊗∇2f(θ∗;x)]∥22

≤E∥∇2f(θ∗;x)⊗∇2f(θ∗;x)∥22 = E∥∇2f(θ∗;x)∥42 ≤ L4
4. (5.31)

In this way, Assumption 5.6 must hold with L6 = 2L3L
2
4, L

′
6 = L2

3, and L7 = L4
4.
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5.5.3 Check Assumptions for Common Examples

In this section, we check that all assumptions in Section 5.2.2 hold for the common pa-

rameter estimation problems of exponential family model, linear regression and logistic

regression.

5.5.3.1 Exponential Family Model

We consider the exponential family model with natural parameters, where the likelihood

function is

L(θ;x) = h(x) exp[⟨θ,T (x)⟩ −B(θ)].

Let the risk function be the negative log-likelihood

f(θ;x) = −⟨θ,T (x)⟩+B(θ).

Then

θ∗ = argminF (θ) = −⟨θ,ET (x)⟩+B(θ),

thus ET (x) = ∇B(θ∗). Compute that

∇f(θ;x) = −T (x) +∇B(θ);

∇2f(θ;x) = ∇2B(θ).

∇F (θ) = −ET (x) +∇B(θ);

∇2F (θ) = ∇2B(θ).

Suppose thatB(·) is µ-strongly convex and l-smooth,∇2B(·) is l′-Lipchitz continuous,

and the true parameter θ∗ is taken such that the second and fourth moment of T (x) are

bounded. Then we can check that all assumptions in Section 5.2.2 hold as follows.
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• For Assumption 5.1: ∇2F (θ) = ∇2B(θ), so F (·) is γ-strongly convex and L1-

smooth for γ = µ, L1 = l.

• For Assumption 5.2: It is clear that ∇f(θ;x) is unbiased, and we check its covari-

ance at θ∗

E[∥∇f(θ∗;x)−∇F (θ∗)∥22] = E∥T (x)−ET (x)∥22 ≤ σ2
1

for a σ2
1 <∞ since the second moment of T (x) is bounded.

• For Assumption 5.3: We have δ(θ;x) = ET (x)− T (x), then

E∥δ(θ1;x)− δ(θ2;x)∥22 = 0,

so Assumption 5.3 holds with L2
2 = 0.

• For Assumption 5.4:

E∥∇2f(θ;x)−∇2f(θ∗;x)∥22 = ∥∇2B(θ)−∇2B(θ∗)∥22 ≤ (l′)2∥θ − θ∗∥22,

E∥∇f(θ∗;x)∥42 = E∥∇B(θ∗)− T (x)∥42 = E∥E[T (x)]− T (x)∥42 ≤ l44,

for a l44 <∞ since the fourth moment of T (x) is bounded.

E∥∇2f(θ∗;x)∥42 = ∥∇2B(θ∗)∥42 ≤ l4.

So Assumption 5.4 holds with L2
3 = (l′)2, L4

4 = l4.

• For Assumption 5.5:

E∥∇f(θ1;x)−∇f(θ2;x)∥22 = ∥∇B(θ1)−∇B(θ2)∥22 ≤ l2∥θ1 − θ2∥22.
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So Assumption 5.5 holds with L2
5 = l2.

• For Assumption 5.6: By Remark 5.2, we have

E∥∇2f(θ;x)⊗∇2f(θ;x)−∇2f(θ∗;x)⊗∇2f(θ∗;x)∥2

≤L2
3∥θ − θ∗∥22 + 2L3L

2
4∥θ − θ∗∥2.

And we check that

E∥∇2f(θ∗;x)⊗∇2f(θ∗;x)−E[∇2f(θ∗;x)⊗∇2f(θ∗;x)]∥22

≤E∥∇2B(θ∗)⊗∇2B(θ∗)−E∇2B(θ∗)⊗∇2B(θ∗)∥22 = 0.

So Assumption 5.6 holds with L′
6 = L2

3 = (l′)2, L6 = 2L3L
2
4 = 2l′l2 and L7 = 0.

5.5.3.2 Linear Regression Model

Consider the standard linear regression framework, where data xTi = (aTi , bi). The input

ai ∈ Rp are random samples from the same multivariate distribution, and the response

bi = aTi θ
∗ + ϵi, where θ∗ is the true parameter and ϵi’s are i.i.d. centered random variables

independent of ai’s. In particular, to track the dependence of Theorem 5.1 on the problem

dimension p, we further assume a ∼ N(0, Ip), ϵ ∼ N(0, 1).

Use the squared loss

f(θ;x) =
1

2
(aTθ − b)2.

Then

θ∗ = argminF (θ) = Ex

[
1

2
(aTθ − b)2

]
.

Compute that

∇f(θ;x) = a(aTθ − b) = aaT (θ − θ∗)− aϵ;

∇2f(θ;x) = aaT ;
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∇F (θ) = E[∇f(θ;x)] = E[aaT ](θ − θ∗);

∇2F (θ) = E[∇2f(θ;x)] = E[aaT ] = Ip.

We check assumptions in Section 5.2.2:

• For Assumption 5.1: Since ∇2F (θ) = Ip, F (θ) is γ-strongly convex and L1-

smooth with γ = L1 = 1.

• For Assumption 5.2: It is clear that ∇f(θ;x) is unbiased, and we check its covari-

ance at θ∗

E[∥∇f(θ∗;x)−∇F (θ∗)∥22] = E∥aϵ∥22 = p,

so Assumption 5.2 holds with σ2
1 = p.

• For Assumption 5.3: We have δ(θ;x) = (aaT − Ip)(θ − θ∗)− aϵ, then

E∥δ(θ1;x)− δ(θ2;x)∥22 = E∥(aaT − Ip)(θ1− θ2)∥22 ≤ E∥aaT − Ip∥22∥θ1− θ2∥22,

where E∥aaT − Ip∥22 ≤ 2E∥aaT∥22 + 2∥Ip∥22 = 2p + 2, so Assumption 5.3 holds

with L2
2 = 2p+ 2.

• For Assumption 5.4:

E∥∇2f(θ;x)−∇2f(θ∗;x)∥22 = E∥aaT − aaT∥22 = 0,

E∥∇f(θ∗;x)∥42 = E∥aϵ∥42 ≤ E∥a∥42∥ϵ∥42 = E∥a∥42E∥ϵ∥42 = 3(2p+ p2),

E∥∇2f(θ∗;x)∥42 = E∥aaT∥42 = E∥a∥82 = p(p+ 2)(p+ 4)(p+ 6).

Assumption 5.4 holds with L3 = 0, l44 = 3p(p+ 2), L4
4 = p(p+ 2)(p+ 4)(p+ 6).
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• For Assumption 5.5:

E∥∇f(θ1;x)−∇f(θ2;x)∥22 = E∥aaT (θ1 − θ2)∥22 ≤ E∥aaT∥22∥θ1 − θ2∥22.

So Assumption 5.5 holds with L2
5 = E∥aaT∥22 = E∥a∥42 = 2p+ p2.

• For Assumption 5.6:

E∥∇2f(θ;x)⊗∇2f(θ;x)−∇2f(θ∗;x)⊗∇2f(θ∗;x)∥2 = 0,

E∥∇2f(θ∗;x)⊗∇2f(θ∗;x)−E[∇2f(θ∗;x)⊗∇2f(θ∗;x)]∥22

≤E∥∇2f(θ∗;x)⊗∇2f(θ∗;x)∥22 ≤ p(p+ 2)(p+ 4)(p+ 6).

Assumption 5.6 holds with L6 = L′
6 = 0, L7 = p(p+ 2)(p+ 4)(p+ 6).

For linear regression, we have the constant in Theorem 5.1 is

Cp ≲ max{σ1/γ, L3,
√
L4, l4,

√
L5, L6} ≍

√
p.

5.5.3.3 Logistic Regression Model

Consider the logistic regression model as follows. The data sample xTi = (aTi , bi) ∈ Rp ×

{−1, 1}. Suppose that a ∼ N(0, Ip), and the data pair (aTi , bi) is related by a θ∗ ∈ Rp such

that P (bi = 1) = 1
1+exp(−⟨ai,θ∗⟩) . Then the negative log-likelihood as objective function

f(θ;x) = log(1 + exp(−b⟨a,θ⟩)),

then

∇f(θ;x) = − ba

1 + exp(b⟨a,θ⟩)
,
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∇2f(θ;x) =
exp(b⟨a,θ⟩)aaT

(1 + exp(b⟨a,θ⟩))2
=

aaT

(1 + exp(⟨a,θ⟩))(1 + exp(−⟨a,θ⟩))
.

We check that all assumptions hold for logistic regression example.

• For Assumption 5.1: Calculate that

∇2F (θ) = E

[
aaT

(1 + exp(⟨a,θ⟩))(1 + exp(−⟨a,θ⟩))

]
.

Then by Lemma A.3. in [66], ∇2F (θ) is positive definite; thus F (θ) is strongly

convex.

Furthermore, we have exp(b⟨a,θ⟩)/(1 + exp(b⟨a,θ⟩))2 ≤ 1/4. Thus

∇2F (θ) = E

[
exp(b⟨a,θ⟩)aaT

(1 + exp(b⟨a,θ⟩))2

]
⪯ 1

4
E[aaT ] =

1

4
Ip.

F (θ) is 1/4-smooth.

• For Assumption 5.2: It is clear that ∇f(θ;x) is unbiased, and we check its covari-

ance at θ∗

E[∥∇f(θ∗;x)−∇F (θ∗)∥22]

=E[∥∇f(θ∗;x)−E∇f(θ∗;x)∥22]

≤E[∥∇f(θ∗;x)∥22]

=E

[∣∣∣∣− b

1 + exp(b⟨a,θ∗⟩)

∣∣∣∣ ∗ ∥a∥22]
≤E∥a∥22 = p

so Assumption 5.2 holds with σ2
1 = p.

• For Assumption 5.3: We have δ(θ;x) = ∇f(θ;x)−∇F (θ), then

E∥δ(θ1;x)−δ(θ2;x)∥22 = 2E∥∇f(θ1;x)−∇f(θ2;x)∥22+2∥∇F (θ1)−∇F (θ2)∥22.
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As we have checked in Assumption 5.1,

∥∇F (θ1)−∇F (θ2)∥22 ≤
1

16
∥θ1 − θ2∥22.

Since exp(b⟨a,θ⟩)/(1 + exp(b⟨a,θ⟩))2 ≤ 1/4, we have

∇2f(θ;x) =
exp(b⟨a,θ⟩)aaT

(1 + exp(b⟨a,θ⟩))2
⪯ 1

4
aaT .

Thus

E∥∇f(θ1;x)−∇f(θ2;x)∥22 ≤ E∥aaT/4∥22∥θ1− θ2∥22 = (2p+ p2)/16∥θ1− θ2∥22.

Assumption 5.3 holds with L2
2 = (1 + 2p+ p2)/8, thus L2 ∼ O(p).

• For Assumption 5.4:

E∥∇2f(θ;x)−∇2f(θ∗;x)∥22

=E

∥∥∥∥ aaT

(1 + exp(⟨a,θ⟩))(1 + exp(−⟨a,θ⟩))
− aaT

(1 + exp(⟨a,θ∗⟩))(1 + exp(−⟨a,θ∗⟩))

∥∥∥∥2
2

=E

{(
1

(1 + exp(⟨a,θ⟩))(1 + exp(−⟨a,θ⟩))
− 1

(1 + exp(⟨a,θ∗⟩))(1 + exp(−⟨a,θ∗⟩))

)2

∗ ∥aaT∥22

}

≤ 1

16
E(⟨a,θ∗⟩ − ⟨a,θ⟩)2 ∗ ∥a∥42

≤ 1

16
E∥a∥62∥θ∗ − θ∥22 = [p(p+ 2)(p+ 4)/16]∥θ∗ − θ∥22

E∥∇f(θ∗;x)∥42 ≤ E∥a∥42 = 2p+ p2,

E∥∇2f(θ∗;x)∥42 ≤ E∥aaT/4∥42 = E∥a∥82/256 = p(p+ 2)(p+ 4)(p+ 6)/256.

Assumption 5.4 holds with L2
3 = p(p + 2)(p + 4)/16, l44 = p(p + 2), L4

4 = p(p +
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2)(p+ 4)(p+ 6)/256. So L3 ∼ O(p1.5), l4 ∼ O(p.5), L4 ∼ O(p).

• For Assumption 5.5: Since exp(b⟨a,θ⟩)/(1 + exp(b⟨a,θ⟩))2 ≤ 1/4, we have

∇2f(θ;x) =
exp(b⟨a,θ⟩)aaT

(1 + exp(b⟨a,θ⟩))2
⪯ 1

4
aaT .

Thus

E∥∇f(θ1;x)−∇f(θ2;x)∥22 ≤ E∥aaT/4∥22∥θ1 − θ2∥22.

So Assumption 5.5 holds with L2
5 = E∥aaT∥22/16 = E∥a∥42/16 = (2p + p2)/16,

thus L5 ∼ O(p).

• For Assumption 5.6: By Remark 5.2, Assumption 5.6 holds with L′
6 = L2

3, L6 =

2L3L
2
4 and L7 = L4

4. So L′
6 ∼ O(p3), L6 ∼ O(p3.5), L7 ∼ O(p4).

5.5.4 Ancillary Lemmas and Proof for Theorem 5.1

In this section, we prove Theorem 5.1. We first provide some ancillary lemmas that will be

used to prove Theorem 5.1 in Section 5.5.4.1. Then we give the proof of Theorem 5.1 in

Section 5.5.4.2.

5.5.4.1 Lemmas

We first review some ancillary lemmas that will be useful in proving Theorem 5.1.

Lemma 5.1 (Implication of strong convexity). The following condition is implied by γ−strong

convexity for a differentiable function F :

∥∇F (θ1)−∇F (θ2)∥2 ≥ γ∥θ1 − θ2∥2,∀θ1,θ2.

Lemma 5.2 (Kronecker product rule). We have

Vec(ABC) = (CT ⊗ A)Vec(B).
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Suppose that A and B are square matrices of size m and n, respectively. Let λ1, . . . , λm be

the eigenvalues of A and µ1, . . . , µn be the eigenvalues of B, then the eigenvalues of A⊗B

are

λiµj, i = 1, . . . ,m, j = 1, . . . , n.

Thus

∥A⊗B∥2 = ∥A∥2∥B∥2,

and

∥AB∥F = ∥Vec(AB)∥2 = ∥(I ⊗ A)Vec(B)∥2 ≤ ∥I ⊗ A∥2∥Vec(B)∥2 = ∥A∥2∥B∥F ,

similarly,

∥AB∥F ≤ ∥B∥2∥A∥F .

Lemma 5.3 (Matrix perturbation for inverse, Lemma C.1 in [66]). Let B = A + E and

assume that A,B are invertible. If ∥A−1E∥2 < 1/2, we have

∥B−1 − A−1∥2 ≤ 2∥E∥2∥A−1∥22. (5.32)

Lemma 5.4 (Asymptotic convergence of ROOT-SGD, Proposition 2 in [65]). Suppose that

Assumptions 5.1 to 5.4 hold. Then there exists constants c1, c2, given the step size η ∈(
0, c1(

γ
L2
2
∧ 1

L1
∧ γ1/3

L
4/3
4

)

)
and burn-in period B =

⌈
c2
γη

⌉
we have

√
t(θ̂t − θ∗)

d→ N (0,Σ)

for Σ = A−1(S+ E[Ξx(θ
∗)ΛΞx(θ

∗)])A−1, where Ξx(θ) = ∇2f(θ;x) − ∇2F (θ) and Λ

is by solving the following equation in Λ:

ΛA+ AΛ− ηE[Ξx(θ
∗)ΛΞx(θ

∗)]− ηAΛA = ηS. (5.33)
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Lemma 5.5 (Convergence of ROOT-SGD, Theorem 5 in [65]). Under Assumptions 1,2,3,

take step size η < ηmax :=
γ

8L2
2
∧ 1

4L1
and choose the burn-in time

B :=

⌈
24

γη

⌉
,

then for any iteration t ≥ B, the iterate θ̂t from ROOT-SGD satisfies the bound

E∥∇F (θ̂t)∥22 ≤
2700∥∇F (θ̂0)∥22
η2γ2(t+ 1)2

+
28σ2

1

t+ 1
.

Thus

E∥θ̂t − θ∗∥22 ≤
1

γ2
E∥∇F (θ̂t)∥22 ≤

2700∥∇F (θ̂0)∥22
η2γ4(t+ 1)2

+
28σ2

1

γ2(t+ 1)
.

5.5.4.2 Proof for Theorem 5.1

In this section, we prove Theorem 5.1, the convergence of the plug-in estimator, given

the lemmas in the previous section. Recall that the plug-in estimator has each term in the

asymptotic covariance replaced by their empirical counterparts. We first bound the error

between each term and its empirical estimator in Lemma 5.6. With those bounds, we finally

prove Theorem 5.1. For notation simplicity, we denote Ãt, P̃t, Λ̃t, Σ̃t, Ât, P̂t, Λ̂t, Σ̂t, Ŝt

as Ã, P̃ , Λ̃, Σ̃, Â, P̂ , Λ̂, Σ̂, Ŝ, respectively, (i.e., omit all ts in the notation) throughout the

proof.

Lemma 5.6. Under Assumptions 5.1-5.6, denote Cp ≲ max{σ1/γ, L3,
√
L4, l4,

√
L5, L6},

for step size η < min(ηmax, 2δ/L
2
4) we have

E∥Ã− A∥2 ≲ C2
p/
√
t,

E∥Ã−1 − A−1∥2 ≲ C2
p/
√
t,

E∥Ŝ − S∥2 ≲ C4
p/
√
t,
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E∥Λ̃− Λ∥F ≲ [η∥Λ∥F (L2
4 + C2

p) + η
√
pC4

p + ∥Λ∥2C2
p ]/
√
t.

Proof. First, by Proposition 5.5, we have the following.

t∑
i=B+1

E∥θ̂i−1 − θ∗∥22 ≤
t∑

i=B+1

2700∥∇F (θ̂0)∥22
η2γ4i2

+
t∑

i=B+1

28σ2
1

γ2i

=
2700∥∇F (θ̂0)∥22

η2γ4

t∑
i=B+1

1

i2
+

28σ2
1

γ2

t∑
i=B+1

1

i

≤ 2700∥∇F (θ̂0)∥22
η2γ4

∫ t

i=B

1

i2
di+

28σ2
1

γ2

∫ t

i=B

1

i
di

≤ 2700∥∇F (θ̂0)∥22
η2γ4B

+
28σ2

1 log t

γ2
,

and

t∑
i=B+1

E∥θ̂i−1 − θ∗∥2 ≤
t∑

i=B+1

√
E∥θ̂i−1 − θ∗∥22

≤
t∑

i=B+1

√
2700∥∇F (θ̂0)∥22

η2γ4i2
+

28σ2
1

γ2i

≤
√
2700∥∇F (θ̂0)∥2

ηγ2

t∑
i=B+1

1

i
+

√
28σ1
γ

t∑
i=B+1

1√
i

≤
√
2700∥∇F (θ̂0)∥2

ηγ2

∫ t

i=B

1

i
+

√
28σ1
γ

∫ t

i=B

1√
i

≤
√
2700∥∇F (θ̂0)∥2 log t

ηγ2
+

2
√
28σ1(

√
t−
√
B)

γ
.

Thus

1

t−B

t∑
i=B+1

E∥θ̂i−1 − θ∗∥22 ≲
C2
p log t

t
, (5.34)

1

t−B

t∑
i=B+1

E∥θ̂i−1 − θ∗∥2 ≲
Cp√
t
. (5.35)
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For E∥Ã− A∥2:

E∥Â− A∥2 = E

∥∥∥∥∥ 1

t−B

t∑
i=B+1

∇2f(θ̂i−1;xi)−∇2F (θ∗)

∥∥∥∥∥
2

≤ E

∥∥∥∥∥ 1

t−B

t∑
i=B+1

∇2f(θ̂i−1;xi)−
1

t−B

t∑
i=B+1

∇2f(θ∗;xi)

∥∥∥∥∥
2

+E

∥∥∥∥∥ 1

t−B

t∑
i=B+1

∇2f(θ∗;xi)−∇2F (θ∗)

∥∥∥∥∥
2

≤ 1

t−B

t∑
i=B+1

E∥∇2f(θ̂i−1;x)−∇2f(θ∗;x)∥2

+E

∥∥∥∥∥ 1

t−B

t∑
i=B+1

∇2f(θ∗;xi)−∇2F (θ∗)

∥∥∥∥∥
2

≤ 1

t−B

t∑
i=B+1

L3E∥θ̂i−1 − θ∗∥2 +E

∥∥∥∥∥ 1

t−B

t∑
i=B+1

∇2f(θ∗;xi)−∇2F (θ∗)

∥∥∥∥∥
2

≤ L3

t−B

t∑
i=B+1

E∥θ̂i−1 − θ∗∥2 +

√√√√E∥∥∥∥∥ 1

t−B

t∑
i=B+1

∇2f(θ∗;xi)−∇2F (θ∗)

∥∥∥∥∥
2

2

=
L3

t−B

t∑
i=B+1

E∥θ̂i−1 − θ∗∥2 +
1

t−B

√√√√ t∑
i=B+1

E∥∇2f(θ∗;x)−∇2F (θ∗)∥22

≤ L3

t−B

t∑
i=B+1

E∥θ̂i−1 − θ∗∥2 +
1√
t−B

√
E∥∇2f(θ∗;x)∥22

≤ L3

t−B

t∑
i=B+1

E∥θ̂i−1 − θ∗∥2 +
1√
t−B

(E∥∇2f(θ∗;x)∥42)1/4

≤ L3

t−B

t∑
i=B+1

E∥θ̂i−1 − θ∗∥2 +
L4√
t−B

(5.35)
≲ C2

p/
√
t,

and

E∥Â− Ã∥2 = E[1Â⪰δI ∗ 0 + (1− 1Â⪰δI) ∗ (δ − λmin(Â))]

≲ E[1− 1Â⪰δI ]
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= 1− P (Â ⪰ δI)

= 1− P (λmin(A+ (Â− A)) ≥ δ)

(i)

≤ 1− P (∥Â− A∥2 ≤ λmin(A)− δ)
(ii)

≤ 1

λmin(A)− δ
E∥Â− A∥2 ≍ E∥Â− A∥2,

where (i) by Weyl’s inequality that λmin(A + B) ≥ λmin(A) − ∥B∥2, and (ii) by Markov

inequality. Thus,

E∥Ã− A∥2 ≤ E∥Â− A∥2 +E∥Â− Ã∥2 ≲ C2
p/
√
t.

For E∥Ã−1 − A−1∥2:

Denote dA = Ã− A, then

∥Ã−1 − A−1∥2
(5.32)
≤ 1∥A−1dA∥2≤1/22∥dA∥2∥A−1∥22 + 1∥A−1dA∥2>1/2(∥A−1∥2 + ∥Ã−1∥2)

≤ 2∥dA∥2∥A−1∥22 + 1∥A−1dA∥2>1/2(λmin(A)
−1 + δ−1),

thus

E∥Ã−1 − A−1∥2 ≤ 2∥A−1∥22E∥dA∥2 + P (∥A−1dA∥2 > 1/2)(λmin(A)
−1 + δ−1)

≤ 2∥A−1∥22E∥dA∥2 + 2(λmin(A)
−1 + δ−1)E∥A−1dA∥2

≲ E∥dA∥2 ≲ C2
p/
√
t.

For E∥Ŝ − S∥2:

E∥Ŝ − S∥2 = E

∥∥∥∥∥ 1

t−B

t∑
i=B+1

∇f(θ̂i−1;xi)∇f(θ̂i−1;xi)
T −E[∇f(θ∗;x)∇f(θ∗;x)T ]

∥∥∥∥∥
2

≤E

∥∥∥∥∥ 1

t−B

t∑
i=B+1

∇f(θ̂i−1;xi)∇f(θ̂i−1;xi)
T − 1

t−B

t∑
i=B+1

∇f(θ∗;xi)∇f(θ∗;xi)
T

∥∥∥∥∥
2
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+E

∥∥∥∥∥ 1

t−B

t∑
i=B+1

∇f(θ∗;xi)∇f(θ∗;xi)
T −E[∇f(θ∗;x)∇f(θ∗;x)T ]

∥∥∥∥∥
2

≤ 1

t−B

t∑
i=B+1

E∥∇f(θ̂i−1;xi)∇f(θ̂i−1;xi)
T −∇f(θ∗;xi)∇f(θ∗;xi)

T∥2

+E

∥∥∥∥∥ 1

t−B

t∑
i=B+1

∇f(θ∗;xi)∇f(θ∗;xi)
T −E[∇f(θ∗;x)∇f(θ∗;x)T ]

∥∥∥∥∥
2

≤E

∥∥∥∥∥ 1

t−B

t∑
i=B+1

∇f(θ∗;xi)∇f(θ∗;xi)
T −E[∇f(θ∗;x)∇f(θ∗;x)T ]

∥∥∥∥∥
2

+
1

t−B

t∑
i=B+1

[
E∥(∇f(θ̂i−1;xi)−∇f(θ∗;xi))(∇f(θ̂i−1;xi)−∇f(θ∗;xi))

T∥2

+E∥∇f(θ∗;xi)(∇f(θ̂i−1;xi)−∇f(θ∗;xi))
T∥2

+E∥(∇f(θ̂i−1;xi)−∇f(θ∗;xi))∇f(θ∗;xi)
T∥2
]

≤E

∥∥∥∥∥ 1

t−B

t∑
i=B+1

∇f(θ∗;xi)∇f(θ∗;xi)
T −E[∇f(θ∗;x)∇f(θ∗;x)T ]

∥∥∥∥∥
2

+
1

t−B

t∑
i=B+1

[
E∥∇f(θ̂i−1;xi)−∇f(θ∗;xi)∥22

+ 2

√
E∥∇f(θ∗;xi)∥22E∥∇f(θ̂i−1;xi)−∇f(θ∗;xi)∥22

]

≤E

∥∥∥∥∥ 1

t−B

t∑
i=B+1

∇f(θ∗;xi)∇f(θ∗;xi)
T −E[∇f(θ∗;x)∇f(θ∗;x)T ]

∥∥∥∥∥
2︸ ︷︷ ︸

(1)

+
1

t−B

t∑
i=B+1

[L2
5E∥θ̂i−1 − θ∗∥22 + 2L5

√
E∥∇f(θ∗;xi)∥22E∥θ̂i−1 − θ∗∥22]︸ ︷︷ ︸

(2)

.

Where term (1):

E

∥∥∥∥∥ 1

t−B

t∑
i=B+1

∇f(θ∗;xi)∇f(θ∗;xi)
T −E[∇f(θ∗;x)∇f(θ∗;x)T ]

∥∥∥∥∥
2

≤

√√√√E∥∥∥∥∥ 1

t−B

t∑
i=B+1

∇f(θ∗;xi)∇f(θ∗;xi)T −E[∇f(θ∗;x)∇f(θ∗;x)T ]

∥∥∥∥∥
2

2
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=

√
1

t−B
E∥∇f(θ∗;x)∇f(θ∗;x)T −E[∇f(θ∗;x)∇f(θ∗;x)T ]∥22

≤
√

4

t−B
E∥∇f(θ∗;x)∇f(θ∗;x)T∥22

=

√
4

t−B
E∥∇f(θ∗;x)∥42

≤
√

4

t−B
l44 ≲ C2

p/
√
t,

and term (2):

1

t−B

t∑
i=B+1

[
L2
5E∥θ̂i−1 − θ∗∥22 + 2L5

√
E∥∇f(θ∗;xi)∥22E∥θ̂i−1 − θ∗∥22

]

≤ L2
5

t−B

t∑
i=B+1

E∥θ̂i−1 − θ∗∥22 +
2L5l4
t−B

t∑
i=B+1

√
E∥θ̂i−1 − θ∗∥22

≲L2
5C

2
p log T/T + L5C

2
p/
√
t ≲ C4

p/
√
t.

Thus

E∥Ŝ − S∥2 ≲ C4
p/
√
t.

For E∥Λ̃− Λ∥F :

To bound E∥Λ̃−Λ∥F , we first claim the following hold, which we will check at the end of

this proof:

∥P − P̃∥2 ≲ L2
4, (5.36)

E∥P̂ − P∥2 ≲ (
√
L7 + C2

p)/
√
t, (5.37)

E∥P̃ − P∥2 ≲ (
√
L7 + C2

p)/
√
t. (5.38)

Let us denote

dS = Ŝ − S, dΛ = Λ̃− Λ.
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Define a linear operator LP̃ such that

Vec(LP̃ (Λ)) = P̃ Vec(Λ),

then Λ̃ satisfies the following matrix equality:

Λ̃Ã+ ÃΛ̃− ηLP̃ (Λ̃) = ηŜ. (5.39)

That is,

(Λ + dΛ)(A+ dA) + (A+ dA)(Λ + dΛ)− ηLP̃ (Λ + dΛ) = η(S + dS).

Subtracting (5.12) we have

dΛA+ ΛdA+ dΛdA+ dAΛ + AdΛ + dAdΛ

=ηLP̃ (Λ + dΛ)− ηE[∇2f(θ∗;x)Λ∇2f(θ∗;x)] + ηdS.

That is,

dΛÃ+ ÃdΛ− ηLP̃ (dΛ)

=ηLP̃ (Λ)− ηE[∇
2f(θ∗;x)Λ∇2f(θ∗;x)] + ηdS − ΛdA− dAΛ

:=ϵ.

Consider the eigen-decomposition of Ã = UDUT , we then have

ϵ = dΛUDUT + UDUTdΛ− ηE[∇2f(θ∗;x)dΛ∇2f(θ∗;x)]

+ η(E[∇2f(θ∗;x)dΛ∇2f(θ∗;x)]− LP̃ (dΛ))

=⇒ UT ϵU = UTdΛUD +DUTdΛU − ηE[UT∇2f(θ∗;x)dΛ∇2f(θ∗;x)U ]
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+ ηUT (E[∇2f(θ∗;x)dΛ∇2f(θ∗;x)]− LP̃ (dΛ))U.

Thus

∥ϵ∥F = ∥UT ϵU∥F

≥∥UTdΛUD +DUTdΛU∥F − η∥E[UT∇2f(θ∗;x)dΛ∇2f(θ∗;x)U ]∥F

− η∥UT (E[∇2f(θ∗;x)dΛ∇2f(θ∗;x)]− LP̃ (dΛ))U∥F

≥2dmin∥UTdΛU∥F − η∥Vec(E[∇2f(θ∗;x)dΛ∇2f(θ∗;x)])∥2

− η∥Vec(E[∇2f(θ∗;x)dΛ∇2f(θ∗;x)]− LP̃ (dΛ))∥2

≥2δ∥dΛ∥F − η∥E[∇2f(θ∗;x)⊗∇2f(θ∗;x)] Vec(dΛ)∥2

− η∥(E[∇2f(θ∗;x)⊗∇2f(θ∗;x)]− P̃ )Vec(dΛ)∥2, (5.40)

where dmin is the smallest diagonal element of the diagonal matrix D, i.e., the smallest

eigenvalue of Ã, so we have dmin ≥ δ.

We now analyze the terms in (5.40). We have that

∥E[∇2f(θ∗;x)⊗∇2f(θ∗;x)] Vec(dΛ)∥2

≤∥E[∇2f(θ∗;x)⊗∇2f(θ∗;x)]∥2∥Vec(dΛ)∥2

≤E∥∇2f(θ∗;x)⊗∇2f(θ∗;x)∥2∥dΛ∥F

=E∥∇2f(θ∗;x)∥22∥dΛ∥F ≤ L2
4∥dΛ∥F , (5.41)

where the last inequality is by Assumption 5.4. And we have

∥(E[∇2f(θ∗;x)⊗∇2f(θ∗;x)]− P̃ )Vec(dΛ)∥2

≤∥P − P̃∥2∥Vec(dΛ)∥2 ≲ L2
4∥dΛ∥F . (5.42)
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Thus

∥ϵ∥F ≳ 2δ∥dΛ∥F − ηL2
4∥dΛ∥F . (5.43)

On the other hand,

ϵ = ηLP̃ (Λ)− ηE[∇
2f(θ∗;x)Λ∇2f(θ∗;x)] + ηdS − ΛdA− dAΛ.

So

∥ϵ∥F ≤ η∥LP̃ (Λ)−E[∇
2f(θ∗;x)Λ∇2f(θ∗;x)]∥F + η∥dS∥F + ∥ΛdA+ dAΛ∥F ,

where

E∥LP̃ (Λ)−E[∇
2f(θ∗;x)Λ∇2f(θ∗;x)]∥F

=E∥Vec(LP̃ (Λ)−E[∇
2f(θ∗;x)Λ∇2f(θ∗;x)])∥2

=E∥(P̃ − P )Vec(Λ)∥2

≤(E∥P̃ − P∥2)∥Vec(Λ)∥2
(5.38)
≲ ∥Λ∥F (

√
L7 + C2

p)/
√
t,

E∥dS∥F ≤
√
pE∥dS∥2 ≲

√
pC4

p/
√
t,

and the last term:

E∥ΛdA+ dAΛ∥F = E∥Vec(ΛdA) + Vec(dAΛ)∥2 = E∥(I ⊗ Λ + ΛT ⊗ I)Vec(dA)∥2

≤ (∥I ⊗ Λ∥2 + ∥ΛT ⊗ I∥2)E∥Vec(dA)∥2

= 2∥Λ∥2E∥Vec(dA)∥2

= 2∥Λ∥2E∥dA∥F ≤ 2∥Λ∥2E∥dA∥2 ≲ ∥Λ∥2C2
p/
√
t.
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Thus

E∥ϵ∥F ≲ [η∥Λ∥F (
√
L7 + C2

p) + η
√
pC4

p + ∥Λ∥2C2
p ]/
√
t

≲ [η∥Λ∥F (L2
4 + C2

p) + η
√
pC4

p + ∥Λ∥2C2
p ]/
√
t. (5.44)

Combining (5.43) and (5.44), we have:

(2δ − ηL2
4)E∥dΛ∥F ≲ [η∥Λ∥F (L2

4 + C2
p) + η

√
pC4

p + ∥Λ∥2C2
p ]/
√
t. (5.45)

That is,

E∥Λ̃− Λ∥F ≲ [η∥Λ∥F (L2
4 + C2

p) + η
√
pC4

p + ∥Λ∥2C2
p ]/
√
t.

Check (5.36), (5.37), (5.38):

• For ∥P̃ − P∥2 ≲ L2
4:

∥P̃ − P∥2 ≤ ∥P̃∥2 + ∥P∥2

≤ L2
4 + ∥E[∇2f(θ∗;x)⊗∇2f(θ∗;x)]∥2

≤ L2
4 +E∥∇2f(θ∗;x)⊗∇2f(θ∗;x)∥2

= L2
4 +E∥∇2f(θ∗;x)∥22

≤ L2
4 +

√
E∥∇2f(θ∗;x)∥42 ≤ 2L2

4.

• For E∥P̂ − P∥2 ≲ (
√
L7 + C2

p)/
√
t:

E∥P̂ − P∥2

=E

∥∥∥∥∥E[∇2f(θ∗;x)⊗∇2f(θ∗;x)]− 1

t−B

t∑
i=B+1

∇2f(θ̂i−1;xi)⊗∇2f(θ̂i−1;xi)

∥∥∥∥∥
2

≤E

∥∥∥∥∥E[∇2f(θ∗;x)⊗∇2f(θ∗;x)]− 1

t−B

t∑
i=B+1

∇2f(θ∗;xi)⊗∇2f(θ∗;xi)

∥∥∥∥∥
2
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+E

∥∥∥∥∥ 1

t−B

t∑
i=B+1

∇2f(θ∗;xi)⊗∇2f(θ∗;xi)

− 1

t−B

t∑
i=B+1

∇2f(θ̂i−1;xi)⊗∇2f(θ̂i−1;xi)

∥∥∥∥∥
2

, (5.46)

for which

E

∥∥∥∥∥E[∇2f(θ∗;x)⊗∇2f(θ∗;x)]− 1

t−B

t∑
i=B+1

∇2f(θ∗;xi)⊗∇2f(θ∗;xi)

∥∥∥∥∥
2

≤

√√√√E∥∥∥∥∥E[∇2f(θ∗;x)⊗∇2f(θ∗;x)]− 1

t−B

t∑
i=B+1

∇2f(θ∗;xi)⊗∇2f(θ∗;xi)

∥∥∥∥∥
2

2

≤
√
L7√

t−B
, (5.47)

where the bound (5.47) comes from Assumption 5.6. And

E

∥∥∥∥∥ 1

t−B

t∑
i=B+1

∇2f(θ∗;xi)⊗∇2f(θ∗;xi)

− 1

t−B

t∑
i=B+1

∇2f(θ̂i−1;xi)⊗∇2f(θ̂i−1;xi)

∥∥∥∥∥
2

≤ 1

t−B

t∑
i=B+1

E[∥∇2f(θ∗;xi)⊗∇2f(θ∗;xi)−∇2f(θ̂i−1;xi)⊗∇2f(θ̂i−1;xi)∥2]

=
L6

t−B

t∑
i=B+1

E[∥θ∗ − θ̂i−1∥2] +
L′
6

t−B

t∑
i=B+1

E[∥θ∗ − θ̂i−1∥22] ≲ C2
p/
√
t. (5.48)

Thus, E∥P̂ − P∥2 ≲ (
√
L7 + C2

p)/
√
t.

• For E∥P̃ − P∥2 ≲ (
√
L7 + C2

p)/
√
t:

First, we have

∥P̂ − P̃∥2 = 1P̂⪯L2
4I
∗ 0 + (1− 1P̂⪯L2

4I
) ∗ (∥P̂∥2 − L2

4)

≤ 1P̂⪯L2
4I
∗ 0 + (1− 1P̂⪯L2

4I
) ∗ (∥P̂ − P∥2 + ∥P∥2 − L2

4)
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≤ (1− 1P̂⪯L2
4I
) ∗ (∥P̂ − P∥2 + L2

4 − L2
4) ≤ ∥P̂ − P∥2.

Thus

E∥P̃ − P∥2 ≤ E∥P̃ − P̂∥2 +E∥P̂ − P∥2

≤ 2E∥P̂ − P∥2 ≲ (
√
L7 + C2

p)/
√
t.

With Lemma 5.6, we now prove Theorem 5.1.

Proof. We have

Σ̃ = Ã−1(
1

η
Λ̃Ã+

1

η
ÃΛ̃− ÃΛ̃Ã)Ã−1 =

1

η
Ã−1Λ̃ +

1

η
Λ̃Ã−1 − Λ̃,

and

Σ =
1

η
A−1Λ +

1

η
ΛA−1 − Λ.

Since

E∥Ã−1Λ̃− A−1Λ∥F

= E∥(Ã−1 − A−1 + A−1)(Λ̃− Λ + Λ)− A−1Λ∥F

≤ E∥(Ã−1 − A−1)(Λ̃− Λ)∥F +E∥(Ã−1 − A−1)Λ∥F +E∥A−1(Λ̃− Λ)∥F

≤ ∥Ã−1 − A−1∥2E∥Λ̃− Λ∥F + ∥Λ∥FE∥Ã−1 − A−1∥2 + ∥A−1∥2E∥Λ̃− Λ∥F

≤ (δ−1 + λmin(A))E∥Λ̃− Λ∥F + ∥Λ∥FE∥Ã−1 − A−1∥2 + δ−1E∥Λ̃− Λ∥F

≲ [η∥Λ∥F (L2
4 + C2

p) + η
√
pC4

p + ∥Λ∥2C2
p ]/
√
t+ ∥Λ∥FC2

p/
√
t,
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and similarly

E∥Λ̃Ã−1 − ΛA−1∥F ≲ [η∥Λ∥F (L2
4 + C2

p) + η
√
pC4

p + ∥Λ∥2C2
p ]/
√
t+ ∥Λ∥FC2

p/
√
t,

we have that

E∥Σ− Σ̃∥F ≤
1

η
∥Ã−1Λ̃− A−1Λ∥F +

1

η
∥Λ̃Ã−1 − ΛA−1∥F +E∥Λ̃− Λ∥F

≲ (1 +
1

η
)[η∥Λ∥F (L2

4 + C2
p) + η

√
pC4

p + ∥Λ∥2C2
p ]/
√
t+

1

η
∥Λ∥FC2

p/
√
t

≲ [∥Λ∥F (L2
4 + C2

p) +
√
pC4

p ]/
√
t+

1

η
∥Λ∥FC2

p/
√
t.

Recall that Λ is by solving following equation:

ΛA+ AΛ− ηE[∇2f(θ∗;x)Λ∇2f(θ∗;x)] = ηS.

Thus,

η∥S∥F = ∥ΛA+ AΛ− ηE[∇2f(θ∗;x)Λ∇2f(θ∗;x)]∥F

≥ ∥ΛA+ AΛ∥F − η∥E[∇2f(θ∗;x)Λ∇2f(θ∗;x)]∥F

≥ 2λmin(A)∥Λ∥F − η∥E[∇2f(θ∗;x)⊗∇2f(θ∗;x)]∥2∥Vec(Λ)∥2

≥ 2λmin(A)∥Λ∥F − ηE∥∇2f(θ∗;x)∇2f(θ∗;x)∥22∥Vec(Λ)∥2

≥ (2λmin(A)− ηL2
4)∥Λ∥F .

That is,

∥Λ∥F ≲ η∥S∥F .

To sum up, we have

E∥Σ− Σ̃∥F ≲ [η∥S∥F (L2
4 + C2

p) +
√
pC4

p + ∥S∥FC2
p ]/
√
t
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≲ [
√
pC4

p + ∥S∥FC2
p ]/
√
t.

5.5.5 A Preliminary Result for Proving Theorem 5.2

In this section, we prove a preliminary result for proving Theorem 5.2. The result is given

in Proposition 5.2. It generalizes Lemma 5.4 to a functional form for the random function

Ct(r) := r
√
twT (θ̂[rt] − θ∗), r ∈ [0, 1].

The preliminary result uses the invariance principle of martingale CLT. So we first

review the invariance principle of martingale CLT in the following lemma:

Lemma 5.7 (Theorem 4.4. in [78], rewritten in conditional Lindeberg condition). For

{St,Ft} a zero mean martingale, define Xt := St − St−1, V 2
t :=

∑t
i=1E(X

2
i |Fi−1),

s2t := E(S
2
t ) =

∑t
i=1E(X

2
i ). Assume the conditional Lindeberg condition holds, that is

∀ϵ > 0, s−2
t

t∑
i=1

E
[
X2
i I(|Xi| > ϵst)|Fi−1

] t→∞→ 0.

And assume that

s−2
t V 2

t

p→ η2 > 0 a.s..

Then for the random function defined on r ∈ [0, 1]: ζt(r) := V −1
t {Si+(V 2

i+1−V 2
i )

−1(rV 2
t −

V 2
i )Xi+1} where i is such that V 2

i ≤ rV 2
t < V 2

i+1, one have

ζt(r)
d→ Wr.

With Lemma 5.7, we can develop the functional CLT extension of Lemma 5.4 in the

following proposition:

Proposition 5.2 (Functional CLT extension of Lemma 5.4). Under assumptions of Lemma
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5.4, we have that

r
√
twT (θ̂[rt] − θ∗)

d→ (wTΣw)1/2Wr, (5.49)

Proof. We make use of the martingale decomposition of ROOT-SGD updates. By equation

(42) in [79], the ROOT-SGD has the difference zi := vi − ∇F (θ̂i−1) decomposed as

follows:

zi =
1

i

i∑
s=B

δs(θ̂s−1)︸ ︷︷ ︸
:=Mi

+
B

i
zB +

1

i

i∑
s=B

(s− 1)(δs(θ̂s−1)− δs(θ̂s−2))︸ ︷︷ ︸
:=Ψi

,

where δs(θ) := δ(θ;xs) = ∇f(θ;xs) − ∇F (θ). Then Mi and Ψi are two martingale

sequences. However, it is hard to directly analyze these two sequences. To understand the

behavior of Mi and Ψi, [79] defines two auxiliary processes:

Ni :=
i∑

s=B

δs(θ
∗), Υi := η

i∑
s=B

Ξs(θ
∗)ys−1,

where Ξs(θ) := ∇2f(θ;xs)−∇2F (θ), and ys is a zero-mean Markov process defined as:

yB−1 = 0, ys = ys−1 − η∇2f(θ∗;xs)ys−1 + δs(θ
∗) for s ≥ B.

For the auxiliary processes Ni and Υi, [79] shows that ∥Nt − Mt∥2/
√
t

p→ 0 and

∥Υt − Ψt∥2/
√
t

p→ 0. Then for a r ∈ (0, 1], we have ∥N[rt] − M[rt]∥2/
√
rt

p→ 0 and

∥Υ[rt] −Ψ[rt]∥2/
√
rt

p→ 0. Thus, we must have

supr∈[0,1]∥N[rt] −M[rt]∥2/
√
t

p→ 0, (5.50)

supr∈[0,1]∥Υ[rt] −Ψ[rt]∥2/
√
t

p→ 0. (5.51)

We claim the weak convergence of N[rt] +Υ[rt] is as follows, which we check later:

(N[rt] +Υ[rt])/
√
t

d→ (S +E(Ξx(θ
∗)ΛΞx(θ

∗)))1/2Wr, (5.52)
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where Wr is a p - dimensional random variable with each coordinate independently dis-

tributed as Wr the standard wiener process.

By (5.50) to (5.52), we have

[rt]√
t
z[rt]

=
1√
t
M[rt] +

B√
t
zB +

1√
t
Ψ[rt]

d→ 1√
t
(N[rt] +Υ[rt])

d→(S +E(Ξx(θ
∗)ΛΞx(θ

∗)))1/2Wr.

By [79]
√
tvt

p→ 0 and
√
t∥∇F (θ̂t) − A(θ̂t − θ∗)∥2

p→ 0, we have supr∈[0,1]r
√
tvt

p→ 0

and

supr∈[0,1] r
√
t∥∇F (θ̂t)− A(θ̂t − θ∗)∥2

p→ 0. So

[rt]√
t
∇F (θ̂[rt]−1) =

[rt]√
t
v[rt] −

[rt]√
t
z[rt]

d→ (S +E(Ξx(θ
∗)ΛΞx(θ

∗)))1/2Wr;

[rt]√
t
A(θ̂[rt]−1 − θ∗)

d→ (S +E(Ξx(θ
∗)ΛΞx(θ

∗)))1/2Wr;

[rt]√
t
(θ̂[rt] − θ∗)

d→ (A−1(S +E(Ξx(θ
∗)ΛΞx(θ

∗)))A−1)1/2Wr.

That is,

r
√
twT (θ̂[rt] − θ∗)

d→ (wTA−1(S +E(Ξx(θ
∗)ΛΞx(θ

∗)))A−1w)1/2Wr

= (wTΣw)1/2Wr.

As the proposition claim.

It remains to prove that (N[rt] + Υ[rt])/
√
t

d→ (S + E(Ξx(θ
∗)ΛΞx(θ

∗)))1/2Wr. We

use Lemma 5.7 to prove such statement. To apply Lemma 5.7, we define the quantity Xi

as follows: for a fixed w ̸= 0, let Xi = wTνi where νi = δi(θ
∗) + ηΞi(θ

∗)yi−1. Then
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wT (N[rt] +Υ[rt]) =
∑[rt]

i=BXi.

We now prove the limiting distribution of (N[rt] +Υ[rt])/
√
t in following steps.

We first check s−2
t V 2

t

p→ η2 > 0 a.s.. By [79], 1
t

∑t
i=B E(νiν

T
i |Fi−1)

p→ S +

E(Ξx(θ
∗)ΛΞx(θ

∗)), then

1

t
V 2
t =

1

t

t∑
i=1

E(X2
i |Fi−1) = wT

[
1

t

t∑
i=B

E(νiν
T
i |Fi−1)

]
w

d→ wT (S +E(Ξx(θ
∗)ΛΞx(θ

∗)))w,

1

t
s2t = E

[
1

t
V 2
t

]
→ wT (S +E(Ξx(θ

∗)ΛΞx(θ
∗)))w.

Since C := wT (S+E(Ξx(θ
∗)ΛΞx(θ

∗)))w > 0 is a constant, we also have 1
t
V 2
t converges

in probability implied by comvergence in distribution

1

t
V 2
t

p→ wT (S +E(Ξx(θ
∗)ΛΞx(θ

∗)))w.

Thus

s−2
t V 2

t

p→ 1.

We then check the conditional Lindeberg condition. By [79], one have that as t→∞,

∀ϵ′ > 0, t−1

t∑
i=1

E
[
∥νi∥22I(∥νi∥2 > ϵ′

√
t)|Fi−1

]
p→ 0. (5.53)

To check the Lindeberg condition for Xi sequence for any ϵ > 0, we note that

s−2
t

t∑
i=1

E
[
X2
i I(|Xi| > ϵst)|Fi−1

]
→ 1

tC

t∑
i=1

E
[
X2
i I(|Xi| > ϵ

√
Ct)|Fi−1

]
,

where

1

t

t∑
i=1

E
[
X2
i I(|Xi| > ϵ

√
Ct)|Fi−1

]
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≤1

t

t∑
i=1

E
[
∥νi∥22∥w∥22I(∥νi∥2 > ϵ

√
Ct/∥w∥2)|Fi−1

]
→0

(
By taking ϵ′ =

ϵC

∥w∥2
in (5.53)

)
.

Thus the Lindeberg condition holds.

We now have all the conditions in Lemma 5.7 hold, thus we have ζt(r) satisfies that

ζt(r)
d→ Wr,

where ζt(r) = V −1
t {Si + (V 2

i+1 − V 2
i )

−1(rV 2
t − V 2

i )Xi+1} and i is such that V 2
i ≤ rV 2

t <

V 2
i+1.

On the other hand, V 2
[rt]/V

2
t → r. Thus ζt

(
V 2
[rt]/V

2
t

)
→ ζt(r). That is, V −1

t S[rt] =

ζt

(
V 2
[rt]/V

2
t

)
d→ Wr, then by Slutsky’s theorem S[rt]/

√
t

d→
√
CWr. In this way,

wT (N[rt] +Υ[rt])/
√
t→ S[rt]/

√
t

d→
√
wT (S +E(Ξx(θ∗)ΛΞx(θ∗)))wWr.

Recall that the above holds for any w ̸= 0, so we have

(N[rt] +Υ[rt])/
√
t

d→ (S +E(Ξx(θ
∗)ΛΞx(θ

∗)))1/2Wr,

which is the limiting distribution as claimed.

5.5.6 Proof for Theorem 5.2

In this section, we prove Theorem 5.2 using Proposition 5.2.

Proof. By Proposition 5.2, we have that the random function Ct(r) = r
√
twT (θ̂[rt] − θ∗)

satisfies

Ct(r)
d→ (wTΣw)1/2Wr. (5.54)
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Our statistic is

√
twT (θ̂t − θ∗)√

wTVtw

=
Ct(1)√

1
t

∑t
i=1

i2

t
(wT (θ̂i − θ̂t))2

t→∞→ Ct(1)√∫ 1

0
r2t(wT (θ̂[rt] − θ̂t))2dr

=
Ct(1)√∫ 1

0
(Ct(r)− rCt(1))2dr

.

Now Ct(1)√∫ 1
0 (Ct(r)−rCt(1))2dr

is a continuous function of Ct(·), so by continuous mapping the-

orem (Theorem 18.11 of [80]) we have that

Ct(1)√∫ 1

0
(Ct(r)− rCt(1))2dr

d→ (wTΣw)1/2W1

(wTΣw)1/2
√∫ 1

0
(Wr − rW1)2dr

=
W1√∫ 1

0
(Wr − rW1)2dr

.

This gives us the theorem claim.

5.5.7 Comparison of Our Covariance Estimators with Those for the ASGD Algorithm

In this section, we compare our plug-in covariance estimator and the random-scaling esti-

mator with their counterparts for the ASDG algorithm.

5.5.7.1 Plug-in Estimator Comparison

We compare our plug-in estimator with the plug-in estimator for ASGD in [66] from two

aspects: the convergence rate and the computational burden.

For the convergence rate comparison, our plug-in estimator converges faster to the true

asymptotic covariance of ROOT-SGD compared to the ASGD counterpart. Recall that for

ASGD, the plug-in covariance estimator Σ̂t,ASGD converges to the true asymptotic covari-

ance ΣASGD as E∥ΣASGD − Σ̂t,ASGD∥2 ≲ t−α/2. Since α ∈ (1/2, 1), the convergence rate
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is strictly slower than O(t−1/2). Our plug-in covariance estimator Σ̂t converges to the true

asymptotic covariance Σ of ROOT-SGD asE∥Σ−Σ̂t∥2 ≲ t−1/2. So the convergence speed

of our estimator is strictly faster than that of the plug-in estimator in [66]. Moreover, this

O(t−1/2) rate matches the optimal statistical rate in such a random sampling scheme.

For the computational aspect of the plug-in estimator, both our estimator and that in [66]

can be computed in a fully online fashion. Suppose the algorithm is updated for t steps, and

the parameter is of dimension p. Our plug-in estimator takes O(p6 + tp4) total arithmetic

computation, while their estimator takes O(p3 + tp2) total arithmetic computation. Our

plug-in estimator takes more computation. This is due to the intrinsic structure of the

asymptotic covariance of the ROOT-SGD estimator: the asymptotic covariance depends on

the quantity

E(∇2f(θ∗;x)Λ∇2f(θ∗;x)); (5.55)

moreover, one needs to solve an equation that contains (5.55) in Λ. Thus, in our plug-in es-

timator, we need to evaluate the empirical counter-part of (5.55) for an unknown Λ, which

is P̂ (Λ) = 1
t

∑t
i=1∇2f(θ̂i−1;xi)Λ∇2f(θ̂i−1;xi). To achieve this, we keep an online up-

date of P̂ = 1
t

∑t
i=1∇2f(θ̂i−1;xi)⊗∇2f(θ̂i−1;xi). We further invert P̂ when solving the

empirical counterpart of Λ. Computing P̂ ∈ Rp2×p2 and its inverse then needsO(tp4 + p6)

operations, which dominates the computation. As a comparison, the asymptotic covariance

of the ASGD estimator does not contain any Λ term; thus, its plug-in estimator is computed

with fewer computations.

The computation burden of our plug-in estimator for ROOT-SGD is the same as that

for ASGD for the special case of ∇2f(θ∗;x) ≡ ∇2F (θ∗). Such a special case holds

for the exponential family model. In this case, the asymptotic covariance of ROOT-SGD

reduces to A−1SA−1, and the plug-in covariance of ROOT-SGD is then Â−1ŜÂ−1. Then

the computational complexity of our plug-in estimator becomes O(p3 + tp2).
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5.5.7.2 Hessian-free Estimator Comparison

We compare the computation of our random-scaling estimator with the random-scaling

estimator for ASGD in [70].

Both estimators can be computed fully online. For t steps of the algorithm on a prob-

lem of dimension p, our random-scaling estimator takes O(tp2) arithmetic computations,

which is the same as the random-scaling estimator for ASGD and is less than our plug-in

estimator.

As for the asymptotic convergence of the random-scaling estimators, both our estimator

and that in [70] are asymptotically consistent. Unfortunately, there is no convergence rate

result in either our work or [70]. Though the convergence rates of the random-scaling

estimators are not guaranteed, considering that ROOT-SGD converges faster than SGD,

there is still an advantage to use ROOT-SGD and our random-scaling estimator as compared

to the ASGD counterpart. And we do see such an advantage in our experiment.
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CHAPTER 6

IMPROVED RATE OF FIRST ORDER ALGORITHMS FOR ENTROPIC

OPTIMAL TRANSPORT

This chapter improves the state-of-the-art rate of a first-order algorithm for solving entropy

regularized optimal transport. The resulting rate for approximating the optimal transport

(OT) has been improved from Õ(n2.5/ϵ) to Õ(n2/ϵ), where n is the problem size and ϵ is

the accuracy level. In particular, we propose an accelerated primal-dual stochastic mirror

descent algorithm with variance reduction. Such special designs help us improve the rate

compared to other accelerated primal-dual algorithms. We further propose a batch version

of our stochastic algorithm, which improves the computational performance through paral-

lel computing. To compare, we prove that the computational complexity of the Stochastic

Sinkhorn algorithm is Õ(n2/ϵ2), which is slower than our accelerated primal-dual stochas-

tic mirror algorithm. Experiments are done using synthetic and real data, and the results

match our theoretical rates. Our algorithm may inspire more research to develop acceler-

ated primal-dual algorithms that have rate Õ(n2/ϵ) for solving OT.

6.1 Introduction

The Optimal Transport (OT) [81, 82, 83] is an optimization problem that has been actively

studied. In this section, we review the OT problem. In Section 6.1.1, we review the OT

formulation and its related concepts. In Section 6.1.2, we survey the existing algorithms

for solving OT and summarize our contribution given the literature background.
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6.1.1 Optimal Transport

We review the definition of OT. Given a cost matrix C ∈ Rn×n
+ and two vectors p, q ∈ ∆n,

where ∆n := {a ∈ Rn
+ : aT1 = 1} is the standard simplex, OT is defined as follows:

min
X∈U(p,q)

⟨C,X⟩, (6.1)

where U(p, q) :=
{
X ∈ Rn×n

+

∣∣X1 = p, XT1 = q
}

, and ⟨C,X⟩ :=
∑n

i,j=1Ci,jXi,j .

The ϵ-solution is always used when evaluating algorithm efficiency for solving OT, so

we review its definition as follows. Denote the optimal solution of problem (6.1) as X∗, an

ϵ−solution X̂ is such that:

X̂ ∈ U(p, q);

⟨C, X̂⟩ ≤ ⟨C,X∗⟩+ ϵ.

Note that for a stochastic algorithm, the second condition is replaced by E⟨C, X̂⟩ ≤

⟨C,X∗⟩+ ϵ.

Our chapter adopts a two-step approach [84] for finding an ϵ-solution to problem (6.1).

In the first step, one finds an approximate solution X̃ to the entropic OT problem (6.2).

min
X∈U(p′,q′)

⟨C,X⟩ − ηH(X), (6.2)

where H(X) = −
∑

i,j Xi,j log(Xi,j) is the entropy. In the second step, one rounds X̃ to

the original feasible region U(p, q). By taking proper parameters η,p′, q′ and requiring a

suitable accuracy level when approximating problem (6.2), the work [84] guarantees the

final solution to be an ϵ-solution to problem (6.1).
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Table 6.1: Order of complexity of OT algorithms. We list the year of the relevant publica-
tion, the names of the methods, the simplified version of its computational complexity, and
whether (a

√
sign) or not (an × sign) the method solves entropic OT as an intermediate

step for approximating OT in columns. The bold font indicates a rate that we derive. It is
clear that among the methods that solve entropic OT, our method achieves the lowest rate.

YEAR ALGORITHM COMPLEXITY SOLVES ENTROPIC OT
2013 SINKHORN [85] n2/ϵ2 [86]

√

2017 GREENKHORN [84] n2/ϵ2 [87]
√

2018 STOCHASTIC SINKHORN [88] n2/ϵ3; n2/ϵ2
√

2018 APDAGD [86] n2.5/ϵ
√

2018 PACKING LP [89, 90] n2/ϵ ×
2018 BOX CONSTRAINED NEWTON [89] n2/ϵ

√

2019 APDAMD [87] n2.5/ϵ
√

2019 DUAL EXTRAPOLATION [91] n2/ϵ ×
2019 ACCELERATED SINKHORN [92] n7/3/ϵ4/3

√

2019 DIJKSTRA’S SEARCH + DFS [93] n2/ϵ+ n/ϵ2 ×
2020 APDRCD [94] n2.5/ϵ

√

2021 AAM [95] n2.5/ϵ
√

2022 HYBRID PRIMAL-DUAL [96] n2.5/ϵ
√

2022 PDASGD [97] n2.5/ϵ
√

2022 PDASMD n2/ϵ
√

6.1.2 Literature Review

We review the state-of-the-art algorithms that solve OT by the two-step approach and sum-

marize their computational complexity (measured by the number of numerical operations)

for giving an ϵ-solution to OT in Table 6.1. The computational complexities in Table 6.1

are shown in their order of n and ϵ, where the log(n) term is omitted.

There are four main techniques to solve problem (6.2) in current literature:

• The first technique solves the dual problem of problem (6.2) by the Bregman projection

technique. Specifically, this technique partitions the dual variables into blocks and itera-

tively updates each block. Algorithms that use this technique include Sinkhorn algorithm

[85], Greenkhorn algorithm [84] and Stochastic Sinkhorn algorithm [88].

• The second technique also solves the dual problem of problem (6.2) but uses accelerated

first-order methods. Algorithms that use this technique include accelerated gradient de-
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scent (APDAGD) [86], accelerated mirror descent (APDAMD) [87], accelerated alternat-

ing minimization (AAM) [95], accelerated randomized coordinate descent (APDRCD)

[94] and accelerated stochastic gradient descent (PDASGD) [97]. This technique can

also be combined with the first technique. See, for example, the accelerated Sinkhorn

algorithm in reference [92].

• The third technique solves the dual problem of problem (6.2) by second-order algorithms.

An instance that uses this technique is the box-constrained Newton algorithm [89].

• The fourth technique minimizes the primal-dual gap of problem (6.2). An instance that

uses this technique is the hybrid primal-dual algorithm [96].

Besides works that use the two-step approach to solve the entropic OT first, some works

directly solve the unpenalized OT problem (6.1) by linear programming [89, 90], dual-

extrapolation [91], or graph-based search algorithm [93].

We compare the computational complexity in Table 6.1 of our algorithm with other

state-of-the-art algorithms as follows.

First, our PDASMD algorithm belongs to the second class of algorithms to solve the

entropic OT problem (6.2). All other algorithms in this class reported a rate of Õ(n2.5/ϵ) for

approximating OT, while our algorithm has a better rate of Õ(n2/ϵ). Thus our algorithm

improves the rate for this class. The advantage of our algorithm mainly comes from the

special technique that we use: though all the algorithms in this class use the acceleration

technique, no accelerated variance reduction version of stochastic mirror descent has been

tried in the previous algorithms. We apply those techniques to entropic OT and find that

they lead to a better theoretical rate.

Second, among all algorithms for solving entropic OT, our PDASMD algorithm still

reports the best rate. There is only one algorithm on entropic OT that achieved the same

rate: the box-constrained Newton algorithm. However, we note that the Newton algorithm

is a second-order algorithm, which requires computing the Hessian of the objective func-

tion. By its second-order nature, each step of the Newton algorithm will be expensive in
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terms of computation and memory. On the other hand, our PDASMD algorithm is based

on mirror descent, which is a first-order algorithm. Our PDASMD algorithm is thus easier

to implement.

Finally, the algorithms that directly solve the original OT problem also report the same

optimal rate as our PDASMD algorithm, including the packing LP algorithm, the dual

extrapolation algorithm, and the graph-based Dijkstra DFS algorithm (when ϵ ≳ 1/n).

Compared with those algorithms, we have the extra advantage that our algorithm can not

only approximate the OT problem but also solve the entropic OT. Thus, when one wants to

solve the entropic OT, our algorithm is still preferred.

Our Contribution We summarize two main contributions in this chapter as follows.

• We propose an accelerated primal-dual stochastic algorithm that has computational com-

plexity Õ(n2/ϵ) for solving OT. Every step of our algorithm is defined by simple arith-

metic operations and is counted in the complexity calculation. Thus our algorithm is

practical. Moreover, compared with other algorithms that achieve the same rate for solv-

ing OT: our algorithm has the extra advantage that it can also be applied to entropic OT; it

is a first-order algorithm, so it can be easily implemented without computing the Hessian.

We also propose a batch version of our algorithm to increase the computational power.

• We prove that the computational complexity of the Stochastic Sinkhorn algorithm is

Õ(n2/ϵ2), instead of the Õ(n2/ϵ3) rate in the literature. Our proved rate for Stochas-

tic Sinkhorn matches the state-of-the-art rate of Sinkhorn and Greenkhorn. Moreover,

the provable rate by our accelerated primal-dual stochastic algorithm is better than that

of the Stochastic Sinkhorn, which again illustrates the advantage of our algorithm.

Chapter Organization The rest of this chapter is organized as follows. In Section 6.2,

we present our main algorithm of Primal-Dual Accelerated Stochastic Proximal Mirror

Descent (PDASMD), show its convergence, and analyze its complexity for solving OT;
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as a comparison, we also prove the rate of Stochastic Sinkhorn, which is improved over

the existing result. In Section 6.3, we develop a batch version of PDASMD and show its

convergence and computational complexity. In Section 6.4, we run numerical examples to

support our theorems.

6.2 Primal-Dual Accelerated Stochastic Proximal Mirror Descent (PDASMD)

In this section, we present our PDASMD algorithm for solving a linear constrained convex

problem, which includes the entropic OT as a special case. We analyze the convergence

rate of the PDASMD algorithm, then apply it to OT and derive the computational com-

plexity. As a comparison, we also analyze the computational complexity of the Stochastic

Sinkhorn. Since our algorithm uses the Proximal Mirror Descent technique, we review the

background of such a technique in Section 6.5.1 and briefly explain why it is suitable for

entropic OT.

6.2.1 Definition and Notation

We first introduce some notations that we will use throughout the rest of this chapter.

Notations: For a vector a: let sign(a) be such that (sign(a))i = 1 if ai > 0 and −1

otherwise. For matrices X ∈ Rn×o, Y ∈ Rp×q: let X ⊗ Y denote the standard Kronecker

product; let exp(X) and log(X) be the element-wise exponential and logarithm of X; let

∥X∥2 be the operator norm of X and ∥X∥∞ be maxi,j |Xi,j|; denote the matrix norm in-

duced by two arbitrary vector norms ∥·∥H and ∥·∥E as ∥X∥E→H := maxa:∥a∥E≤1 ∥Xa∥H ;

denote the vectorization of X as Vec(X) = (X11, ..., Xn1, X12, ..., Xn2, ..., X1o, ..., Xno)
T .

For two non-negative real values s(κ) and t(κ), denote s(κ) = Θ(t(κ)) if ∃k > 0 and

K > 0 such that kt(κ) ≤ s(κ) ≤ Kt(κ).

Next, we review some key definitions that will be useful. 1

Definition 6.1 (Strong convexity). f : Q → R is α-strongly convex w.r.t. ∥ · ∥H if ∀x,y ∈
1Our definitions follow those in [33].
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Q:

f(y) ≥ f(x) + ⟨∇f(x),y − x⟩+ α

2
∥x− y∥2H .

Definition 6.2 (Smoothness). A convex function f : Q → R is β-smooth w.r.t. ∥ · ∥H if

∀x,y ∈ Q:

∥∇f(x)−∇f(y)∥H,∗ ≤ β∥x− y∥H ,

where ∥u∥H,∗ := maxv{⟨u,v⟩ : ∥v∥H ≤ 1} is the dual norm of ∥ · ∥H . Or equivalently,

f(y) ≤ f(x) + ⟨∇f(x),y − x⟩+ β

2
∥x− y∥2H .

Definition 6.3 (Bregman divergence). For a mirror function w(·) that is 1-strongly convex

w.r.t. ∥ · ∥H , we denote by Vx(y) the Bregman divergence w.r.t. ∥ · ∥H generated by w(·),

where

Vx(y) := w(y)− w(x)− ⟨∇w(x),y − x⟩.

One can conclude from the definition that

Vx(y) ≥
1

2
∥x− y∥2H .

If we further assume that the mirror function w(·) is γ-smooth w.r.t. ∥ · ∥H , we then have

Vx(y) ≤
γ

2
∥x− y∥2H .

6.2.2 General Formulation and PDASMD Algorithm

In this section, we first state a general linear constrained problem and explain how it in-

cludes entropic OT as a special case. We then propose our algorithm to solve this general

problem. Finally, we show the convergence rate of our algorithm.
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We consider a linear constrained problem as follows:

min
x∈Rm

f(x) s.t.Ax = b ∈ Rl, (6.3)

where f is strongly convex. One observe that the entropic OT (6.2) is a special case of

problem (6.3) with x = Vec(X), f(x) = ⟨Vec(C),x⟩ + η
∑n

i,j=1 xin+j log(xin+j), b =

(pT , qT )T , A =

 1T ⊗ In

In ⊗ 1T

.

A standard approach for solving the constrained problem (6.3) is to optimize its La-

grange dual problem (6.4):

min
λ
{ϕ(λ) :=⟨λ, b⟩+max

x
(−f(x)− ⟨ATλ,x⟩)

=⟨λ, b⟩ − f(x(λ))− ⟨ATλ,x(λ)⟩}, (6.4)

where by F.O.C. x(λ) is such that

∇xf(x(λ)) = −ATλ. (6.5)

Since problem (6.3) is a linear constrained convex problem, the strong duality holds. Thus

solving problem (6.3) is equivalent to solving its dual problem (6.4). In particular, we

develop a stochastic algorithm for the case that the dual is of finite sum form. We further

assume that all terms in the finite sum are smooth for convergence analysis. The conditions

on the dual are formalized as follows:

Assumption 6.1 (Finite-sum dual). Assume that the dual can be written as

ϕ(λ) =
1

m

m∑
i=1

ϕi(λ),

where ϕi is convex and Li−Lipchitz smooth w.r.t. an arbitrary ∥ · ∥H norm.
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Note that the assumption on the dual is reasonable and can be satisfied by some prob-

lems, including entropic OT. We now give a concrete example that the assumption holds.

Consider a primal objective f(x) =
∑m

i=1 fi(xi) where each fi is ν−strongly convex w.r.t.

another arbitrary norm ∥ · ∥E (note that it can be different from the ∥ · ∥H norm). In this

case, we can solve the primal-dual relationship in equation (6.5) to get:

xi(λ) = (∇fi)−1(−aTi λ), i = 1, . . . ,m,

where ai is the ith column of A. As a consequence, the dual problem (6.4) can be written

as a finite sum:

ϕ(λ) =
1

m

m∑
i=1

(⟨λ, bi⟩ −mfi(xi(λ))−maTi λxi(λ))

:=
1

m

m∑
i=1

ϕi(λ),

where bi’s are arbitrarily chosen vectors satisfying the constraint
∑m

i=1 bi = mb. One can

check that∇ϕi(λ) = bi −mxi(λ)ai. By [98], ϕi is convex and Li−Lipchitz smooth w.r.t.

∥ · ∥H norm, where Li ≤ m
ν
∥ai∥E→H,∗.

With the finite sum representation of ϕ, we propose a PDASMD algorithm (Algorithm

6.1) to solve problem (6.3). We add a few remarks to explain the algorithm as follows.

Remark 6.1. One should choose a specific ∥ · ∥H norm and a mirror function w(·) to

run the algorithm. Those choices have a direct impact on the mirror descent step 10 and

proximal gradient descent step 11: if we let ∥ · ∥H = ∥ · ∥2 and w(·) = 1
2
∥ · ∥22, both

steps reduce to stochastic gradient descent, then the algorithm essentially reduces to the

PDASGD algorithm in [97].

Remark 6.2. The primal variables x’s in Algorithm 6.1 are updated by Steps 14 through

16, and we explain those steps as follows: The iterates in Steps 14 through 16 essentially

leads to xS−1 =

(
S−1∑
s=0

x(ỹs)/τ1,s

)/(
S−1∑
s=0

(1/τ1,s)

)
. We express such updates in xs in
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Algorithm 6.1: Primal-Dual Accelerated Stochastic Proximal Mirror Descent
(PDASMD)

1: Initialize l the number of inner iterations; τ2 = 1
2
, y0 = z0 = ṽ0 = v0 = 0,

C0 = D0 = 0; choose a mirror function w(·) that is 1-strongly convex and γ-smooth
w.r.t. ∥ · ∥H , and denote by Vx(y) the Bregman divergence generated by w(·); take
L̄ = (

∑m
i=1 Li)/m, where Li is the smoothness (w.r.t. ∥ · ∥H) for each component ϕi

of the dual function ϕ(·) in Assumption 6.1.
2: for s = 0,. . . ,S-1 do
3: τ1,s ← 2/(s+ 4); αs ← 1/(9τ1,sL̄);
4: µs ← ∇ϕ(ṽs).
5: for j = 0 to l − 1 do
6: k ← (sl) + j;
7: vk+1 ← τ1,szk + τ2ṽ

s + (1− τ1,s − τ2)yk;
8: Pick i randomly from {1, 2, . . . ,m}, each with probability pi := Li/mL̄;
9: ∇̃k+1 ← µs + 1

mpi
(∇ϕi(vk+1)−∇ϕi(ṽs));

10: zk+1 = argminz{ 1
αs
Vzk(z) + ⟨∇̃k+1, z⟩};

11: yk+1 = argminy{9L̄2 ∥y − vk+1∥2H + ⟨∇̃k+1,y⟩}.
12: end for
13: ṽs+1 ← 1

l

l∑
j=1

ysl+j;

14: Cs ← Cs +
1
τ1,s

;
15: Pick ỹs uniform randomly from {ysl+j}lj=1, update Ds ← Ds +

1
τ1,s

x(ỹs), where
x(·) is given by equation (6.5);

16: xs = Ds/Cs.
17: end for
18: Output: x̃ = xS−1.

an iterative way to avoid storing all updates of ỹs’s. In this way, our algorithm is memory

efficient.

Remark 6.3. The dual variables v, z,y’s are updated by Steps 2 through 13. The update

consists of outer loops indexed by s and inner loops indexed by j, which follow Algorithm

5 in [33]. One may refer to that paper for more details on how the outer and inner loops

are designed for the variance reduction and acceleration to work.

We prove the convergence rate of the PDASMD algorithm as follows:

Theorem 6.1. In Algorithm 6.1, we choose a mirror function w(·) that is 1-strongly convex

and γ-smooth w.r.t. ∥ · ∥H norm. Denote the primal and dual optimal solution as x∗ and
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λ∗, respectively. Assume that ∥λ∗∥H ≤ R. We have the convergence of the algorithm as:

∥E[b− AxS−1]∥H,∗ ≤
2

S2l

[
lL̄R + 18L̄Rγ

]
, (6.6)

f(E(xS−1))− f(x∗) ≤ 2

S2l

[
lL̄R2 + 18L̄R2γ

]
. (6.7)

The proof of the theorem is deferred to Section 6.5.2.

6.2.3 Applying to Optimal Transport

In this section, we give the detailed procedure of applying PDASMD to get an approx-

imation solution to the OT. Especially, we consider two cases: in the first case, we use

∥·∥H = ∥·∥2 and PDASMD reduce to PDASGD; in the second case, we use ∥·∥H = ∥·∥∞

and prove an improved computational complexity over the first case. For the latter case, our

algorithm achieves the best possible rate in the current literature. Our algorithm improves

the rate of the first-order algorithms for solving entropic OT.

We apply the PDASMD algorithm to solve the entropic OT (6.2) as follows. Since

problem (6.2) a special case of problem (6.3), we plug A, b, f(·) into the general dual

formula (6.4) to get the dual problem of problem (6.2). With a little abuse of notation, we

split the dual variables as (τ T ,λT )T for τ ,λ ∈ Rn. The dual problem of problem (6.2) is:

ϕ(τ ,λ) = η⟨1n2 ,x(τ ,λ)⟩ − ⟨p′, τ ⟩ − ⟨q′,λ⟩, (6.8)

where the relationship between primal-dual variables is

x(τ ,λ) = exp

(
AT (τ T ,λT )T − Vec(C)− η1n2

η

)
. (6.9)

Moreover, to get a dual with the finite-sum structure, we follow [99] to transfer the dual

objective to semi-dual by fixing λ and solving the first order condition w.r.t. τ in problem

(6.8). With a little abuse of notation, we denote the semi-dual objective function as ϕ(λ).
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Then we have

ϕ(λ) = −⟨q′,λ⟩ − η
n∑
i=1

p′i log p
′
i

+ η
n∑
i=1

log

(
n∑
j=1

exp((λj − Ci,j − η)/η)

)
+ η

=
1

n

n∑
i=1

np′i

[
− ⟨q′,λ⟩ − η log p′i

+ η log

(
n∑
j=1

exp((λj − Ci,j − η)/η)

)
+ η

]

:=
1

n

n∑
i=1

ϕi(λ). (6.10)

We have the relationship between the dual variables:

τi(λ) = η log p′i − η log

(
n∑
j=1

exp((λj − Ci,j − η)/η)

)
.

It is easy to check that each ϕi(λ) is convex. To apply our algorithm, we further check the

smoothness of ϕi(λ) in the following lemma:

Lemma 6.1. ϕi(·) in the semi-dual problem (6.10) is np′i
η

smooth w.r.t. ∥ · ∥2 norm, and is
5np′i
η

smooth w.r.t. ∥ · ∥∞ norm.

Lemma 6.1 is proved in Section 6.5.3. By Lemma 6.1, we can calculate the parameter

in PDASMD Algorithm 6.1 as L̄ = 1/η for ∥ ·∥H = ∥ ·∥2, and L̄ = 5/η for ∥ ·∥H = ∥ ·∥∞.

For these two cases, we can apply Algorithm 6.1 to approximate problem (6.2). We further

round the approximating solution of problem (6.2) to feasible region of problem (6.1).

In this way, we get an ϵ−solution to problem (6.1). The full procedure is included in

Section 6.5.4. We state the computational complexity of the full procedure in the following

theorem:

Theorem 6.2. Set l = Θ(n) in the PDASMD algorithm, the overall number of arithmetic
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operations for finding a solution X̂ such that E⟨C, X̂⟩ ≤ ⟨C,X∗⟩+ ϵ is

• Õ
(
n2.5∥C∥∞(1+

√
γ/n)

ϵ

)
for ∥ · ∥H = ∥ · ∥2;

• Õ
(
n2∥C∥∞(1+

√
γ/n)

ϵ

)
for ∥ · ∥H = ∥ · ∥∞.

The proof of Theorem 6.2 is in Section 6.5.4.

Remark 6.4. The complexities still depend on γ, the smoothness of w(·) w.r.t. ∥ · ∥H . For

example, when taking w(·) = 1
2
∥ · ∥22, we have γ = 1 for ∥ · ∥H = ∥ · ∥2, and γ = n

for ∥ · ∥H = ∥ · ∥∞. The corresponding computational complexity is then Õ
(
n2.5∥C∥∞

ϵ

)
and Õ

(
n2∥C∥∞

ϵ

)
. Now for ∥ · ∥H = ∥ · ∥∞, as long as we choose a proper w(·) such

that γ = O(n), the rate Õ
(
n2∥C∥∞

ϵ

)
is achieved. One may further improve the rate by a

constant by improving the dependency of γ on n. Such improvement is an open question in

optimization; though we make no effort to do it in this chapter, we still note this opportunity.

Remark 6.5. If we choose w(·) = 1
2
∥ · ∥22, we have closed-form solutions for each step of

PDASMD.

• For both settings, step 10 of PDASMD algorithm becomes zk+1 = zk − αs∇̃k+1;

• For ∥ · ∥H = ∥ · ∥2, step 11 of PDASMD is yk+1 = vk+1 − 1
9L̄
∇̃k+1;

• For ∥ · ∥H = ∥ · ∥∞, step 11 of PDASMD becomes yk+1 = vk+1 − ∥∇̃k+1∥1
9L̄

sign(∇̃k+1).

It is clear that in both settings, each step of PDASMD is defined by simple arithmetic

operations and thus is easy to implement. There is no gap between our theory and practice.

6.2.4 Computational Complexity of the Stochastic Sinkhorn

In this section, we prove that the computational complexity of the Stochastic Sinkhorn for

finding an ϵ-solution to OT is Õ(n2

ϵ2
), which is improved over the known rate of Õ(n2

ϵ3
) [88]

and matches the state-of-the-art rate of Sinkhorn and Greenkhorn [86, 87]. Moreover, our

PDASMD algorithm beats the provable rate of Stochastic Sinkhorn. This illustrates the

advantage of our PDASMD algorithm.
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The Stochastic Sinkhorn algorithm is proposed by [88]. One can check Section 6.5.5 for

a full algorithm description. We show the computational complexity of Stochastic Sinkhorn

as follows:

Theorem 6.3. Stochastic Sinkhorn finds a solution X̂ such that E⟨C, X̂⟩ ≤ ⟨C,X∗⟩+ ϵ in

O
(
n2∥C∥2∞ log n

ϵ2

)

arithmetic operations.

The proof of Theorem 6.3 is in Section 6.5.5.

6.3 PDASMD with Batch Implementation (PDASMD-B)

In this section, we propose a batch version of PDASMD, namely the PDASMD-B algo-

rithm. The batch implementation of the stochastic step in PDASMD-B allows parallel

computing. This further improves the computational power of our algorithm.

We give PDASMD-B in Algorithm 6.2 and briefly explain it as follows. As compared

to the non-batch version PDASMD in Algorithm 6.1, Step 8 of PDASMD-B now samples

a small batch of samples and calculates ∇̃k+1 based on the gradient of this small batch.

Other hyper-parameters in the algorithm are changed accordingly to ensure convergence.

We apply PDASMD-B to solve OT. The main steps are the same as those in Section

6.2.3; thus, we omit the details. To compute the computational complexity for giving an

ϵ-solution to OT, one needs the convergence result of PDASMD-B, which we include in

Section 6.5.6. And the computational complexity for solving OT is stated in the following

corollary.

Corollary 6.1. Run PDASMD-B with batch size B, ∥ · ∥H = ∥ · ∥∞ and inner loop size

l = n/B (assume w.l.o.g. that l is an integer), the overall number of arithmetic operations
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Figure 6.1: Computational complexity comparison of different algorithms for finding an
ϵ-solution of OT. The logarithmic of the total number of numerical operations to achieve
a given ϵ approximation error is plotted against either the logarithmic transform of the
sample size n in the PDASMD algorithm (rows 1 and 3) or the batch size in the PDASMD-
B algorithm (rows 2 and 4). The first two rows use synthetic data, and the last two are
for the MNIST data. The relevant discussion can be seen in Section 6.4 Numerical Studies.
The error bars in all the plots come from repeating the experiment using 5 pairs of randomly
generated/chosen marginals. 191



Algorithm 6.2: Batch PDASMD (PDVRASMD-B)
1: Initialize l the number of inner iterations, B the batch size; set τ2 ← 1

2B
,

C0 = D0 = 0, y0 = z0 = ṽ0 = v0 = 0; choose a mirror function w(·) that is
1-strongly convex and γ-smooth w.r.t. ∥ · ∥H , and denote by Vx(y) the Bregman
divergence generated by w(·); take L̄ = (

∑m
i=1 Li)/m, where Li is the smoothness

(w.r.t. ∥ · ∥H) for each component ϕi of the dual function ϕ(·) in Assumption 6.1.
2: for s = 0,. . . ,S-1 do
3: τ1,s ← 2/(s+ 4); αs ← 1/(9τ1,sL̄);
4: µs ← ∇ϕ(ṽs).
5: for j = 0 to l − 1 do
6: k ← (sl) + j;
7: vk+1 ← τ1,szk + τ2ṽ

s + (1− τ1,s − τ2)yk;
8: Pick B samples independently from {1, 2, . . . ,m} with replacement, where

sample i is picked with probability pi = Li/mL̄; denote the sampled index set as
I;

9: ∇̃k+1 ← µs + 1
B

∑
i∈I

1
mpi

(∇ϕi(vk+1)−∇ϕi(ṽs));
10: zk+1 = argminz{ 1

αs
Vzk(z) + ⟨∇̃k+1, z⟩};

11: yk+1 = argminy{9L̄2 ∥y − vk+1∥2H + ⟨∇̃k+1,y⟩}.
12: end for
13: ṽs+1 ← 1

l

l∑
j=1

ysl+j;

14: Cs ← Cs +
1
τ1,s

;
15: Pick ỹs uniform randomly from {ysl+j}lj=1, update Ds ← Ds +

1
τ1,s

x(ỹs), where
x(·) is given by equation (6.5);

16: xs = Ds/Cs.
17: end for
18: Output: x̃ = xS−1.

to find a solution X̂ such that E⟨C, X̂⟩ ≤ ⟨C,X∗⟩+ ϵ is

Õ

(
n2∥C∥∞

√
1/B +Bγ/n

ϵ

)
.

Remark 6.6. Corollary 6.1 shows the speed-up of PDASMD-B from parallel computing.

We analyzed the speed-up for two cases of γ as follows. The first case is similar to the one in

Remark 6.4: taking w(·) = 1
2
∥·∥22, then we have γ = n. This gives us the total computation

of Õ
(
n2∥C∥∞

√
B

ϵ

)
, which is

√
B times that of non-batch version. There are B batches of

parallel computation, so if we ignore the communication time, our batch algorithm enjoys
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a sublinear speed-up of O(
√
B). The second case assumes one can further improve the

rate γ ∼ O(n) to γ ∼ O(
√
n). Then for B ≤

√
n, the number of total computations does

not increase with B, which indicates a linear speed-up of O(B) using parallel computing.

Though such an improvement in γ is still an open question in optimization, this implies a

potentially huge advantage of the batch algorithm.

6.4 Numerical Studies

In this section, we discuss the result of our numerical studies. The goals of our experiment

are to check our theoretical computational complexity of the PDASMD algorithm w.r.t. the

marginal size n in Theorem 6.2, and to check the theoretical computational complexity of

the PDASMD-B algorithm w.r.t. the batch size B in Corollary 6.1. We use both synthetic

and real grey-scale images 2 as the marginal distribution for our experiment. The technique

details as data description and algorithm implementation are deferred to Section 6.5.7. We

have more applications of our algorithm, including domain adaptation and color transfer,

in Section 6.5.8.

Our experiment results are given in Figure 6.1. We now explain the plots and summarize

the results from the plots as follows.

Figures 6.1a, 6.1b, 6.1e and 6.1f check the computational complexity of PDASMD

on the marginal size n. In our experiment, we run PDASMD with w(·) = 1
2
∥ · ∥22 and

∥ · ∥H = ∥ · ∥∞. By Theorem 6.2, for this case, when fixing the accuracy level ϵ, we

should have the computational complexity ∼ O(n2). That is, fixing a ϵ and plotting the

logarithm of computation count versus the logarithm of n, we expect to see a line with

slope 2. Figures 6.1a, 6.1b (using synthetic data as marginals) and Figures 6.1e and 6.1f

(using real data as marginals) have the lines corresponding to the PDASMD algorithm have

slopes that are close to 2, which supports our theoretical rate.

In Figures 6.1a, 6.1b, 6.1e and 6.1f, we also include lines that correspond to other state-

2The MNIST dataset [100].
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of-the-art algorithms. The goal is to compare the practical performance of the PDASMD

algorithm with deterministic algorithms (Figures 6.1a and 6.1e) and other stochastic algo-

rithms (Figure 6.1b and 6.1f). We conclude from the plots that the total computation num-

bers of the AAM, Sinkhorn and Stochastic Sinkhorn are less than that of the PDASMD,

which illustrates the practical advantage of those algorithms. However, such an observa-

tion does not disqualify our PDASMD algorithm since we still have a provable complexity

that is better than those algorithms. Inspired by such an observation, one may further im-

prove the PDASMD in practice. One possible way is to combine the PDASMD algorithm

with the Sinkhorn to take advantage of the better theoretical rate of PDASMD and the good

empirical performance of the Sinkhorn.

Figures 6.1c and 6.1g check the computational complexity of PDASMD-B on the batch

size B. We fix the accuracy level ϵ and run PDASMD-B with w(·) = 1
2
∥ · ∥22. By Corollary

6.1, for a given marginal size n, we have the number of total computation∼ O(
√
B). Thus,

when plotting the logarithm of computation count versus the logarithm of B, we should get

a line with slope 0.5. In Figures 6.1c (using synthetic data as marginals) and 6.1g (using

real data as marginals), we see that for different marginal size n, the slopes are all close to

.5. Such an observation matches our theory.

With such computational complexity of PDASMD-B on the batch size B, if we can

fully parallelize, the running time of PDASMD-B should be ∼ O(B−0.5). To check this,

we plot the logarithm of running time versus the logarithm of B in Figures 6.1d and 6.1h.

The lines fail to have slope −0.5. This is not surprising to see in practice because of the

commutation time and limit in the computational resource. But from the plots, we can still

benefit from the batch algorithm: when the batch size is not too large (<= exp(2.5)), the

running time decreases as the batch size increases. This illustrates the usefulness of the

batch version algorithm in practice.

To summarize, our computational complexity of PDASMD on n and PDASMD-B on

B are supported by numerical studies.
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6.5 Technique Details for Chapter 6

In this section, we provide technique details for Chapter 6.

6.5.1 Proximal Mirror Descent

In this section, we review the technique of stochastic proximal mirror descent.

Let us start with the objective function:

min
x
F (x) :=

1

n

n∑
i=1

fi(x). (6.11)

A popular way to minimize problem (6.11) is the Stochastic Gradient Descent (SGD). At

time t, the SGD algorithm randomly samples it from {1, . . . , n} and updates as:

xt+1 = xt − bt∇fit(xt), (6.12)

where bt is the step size. Note that formula (6.12) is essentially the solution to the following

ℓ2 penalized problem:

xt+1 = argmin
x

{
⟨x,∇fit(xt)⟩+

1

2bt
∥x− xt∥22

}
. (6.13)

The proximal/mirror descent is proposed by Nemirovski and Yudin [54], where they gen-

eralize the SGD by replacing the ∥ · ∥22 term in problem (6.13) by some proximity function.

There are two popular choices of proximity functions, and they lead to stochastic proximal

and mirror descent, respectively. In this chapter, we use stochastic proximal mirror descent

to represent both cases.

The choice of proximity function that leads to stochastic proximal gradient descent is

the square of an arbitrary norm ∥ · ∥H (as compared to the ∥ · ∥2 norm in problem (6.13)).
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This results in the update

xt+1 = argmin
x

{
⟨x,∇fit(xt)⟩+

1

2bt
∥x− xt∥2H

}
. (6.14)

The choice of proximity function that gives stochastic mirror descent is the Bregman

divergence. Recall that for a mirror map w(·), the Bregman divergence is

Vx(y) := w(y)− w(x)− ⟨∇w(x),y − x⟩.

The stochastic mirror descent then updates as:

xt+1 = argmin
x

{
⟨x,∇fit(xt)⟩+

1

2bt
Vxt(x)

}
. (6.15)

Note that the popular KL-divergence KL(x||x′) :=
∑

i xi log(xi/x
′
i) −

∑
i xi +

∑
i x

′
i is

a special case of Bregman divergence by choosing w to be the negative entropy w(x) =∑
i xi log xi.

Recall that the objective is to solve the (entropic) OT, so we explain why the proximal

mirror algorithm might be suitable for optimizing the entropic OT compared with the SGD.

First, the objective function of entropic OT coincides with the proximal mirror descent

formulation in that each step of proximal mirror descent minimizes an inner product term

plus a divergence term other than the ℓ2 norm. In this way, the proximal mirror descent

may help to prove a faster convergence when solving OT.

Second, it is pointed out that the popular Sinkhorn algorithm to solve entropic OT can be

interpreted as a special case of the stochastic proximal mirror descent algorithm [101]. We

briefly summarize their statement as follows. The Sinkhorn algorithm iteratively updates

the dual variables u,v of problem (6.2) by:

uk+1 = uk + logp′ − log(X(uk,vk)1),vk+1 = vk, (6.16)
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and

uk+1 = uk,vk+1 = vk + logq′ − log(X(uk,vk)T1), (6.17)

where the relationship between the primal-dual variables is

X(u,v) = diag(exp(u)) exp(−C/η)diag(exp(v)).

Notice that the dual variables u,v are equivalent to the dual variables λ, τ we use in for-

mulation (6.9) plus constants.

To interpret Sinkhorn as a Stochastic Mirror Descent, one considers the objective func-

tion:

min
X∈Rn×n

f(X) :=
1

2
(f1(X) + f2(X)) (6.18)

f1(X) = KL(X1||p′), f2(X) = KL(XT1||q′). (6.19)

Now the objective function is a finite-sum of two functions: f1(·) and f2(·), then we can

run SMD on it. Suppose that the SMD is initialized at X0 = exp(−C/η), choose the step

size η = 1 and mirror map w(X) =
∑

i,j Xi,j(logXi,j − 1). When the first sample is used

(i.e. the sub-gradient of f1 is used), SMD updates as

∇w(Xk+1) = ∇w(Xk)−∇f1(Xk).

One can check that it is exactly equivalent to one step Sinkhorn update in u as step (6.16).

Similarly, SMD using f2 is equivalent to one step Sinkhorn update in v as step (6.17).

From the above, the Sinkhorn is a special case of SMD, which suggests that mirror-

based algorithms may be proper for solving the entropic OT. Given the success of the

Sinkhorn algorithm, it would be interesting to discover more general stochastic proximal

mirror descent algorithms and study their performance for solving OT.
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6.5.2 Proof for Theorem 6.1

To prove Theorem 6.1, the following lemmas are established:

Lemma 6.2 (Coupling step 1). Consider one inner loop of Algorithm 6.1, where the ran-

domness only comes from the choice of i. It satisfies that for ∀u:

αs⟨∇ϕ(vk+1), zk − u⟩

≤ αs
τ1,s
{ϕ(vk+1)−E[ϕ(yk+1)] + τ2ϕ(ṽ

s)− τ2ϕ(vk+1)− τ2⟨∇ϕ(vk+1), ṽ
s − vk−1⟩}

+ Vzk(u)−E[Vzk+1
(u)].

Proof. Note that the inner loop of Algorithm 6.1 is the same as Algorithm 5 in [33]. We

can take F (·) = f(·) = ϕ(·), ψ(·) = 0 and σ = 0 in Lemma E.4. of [33] to get:

αs⟨∇ϕ(vk+1), zk − u⟩

≤ αs
τ1,s
{ϕ(vk+1)−E[ϕ(yk+1)] + τ2ϕ(ṽ

s)− τ2ϕ(vk+1)− τ2⟨∇ϕ(vk+1), ṽ
s − vk−1⟩}

+ Vzk(u)−E[Vzk+1
(u)].

Lemma 6.3 (Coupling step 2). Using the Lemma 6.2, we further have

αs⟨∇ϕ(vk+1), vk+1 − u⟩

≤αsϕ(vk+1) +
αs(1− τ1,s − τ2)

τ1,s
ϕ(yk) +

αs
τ1,s

(τ2ϕ(ṽ
s)−E[ϕ(yk+1)])

+ Vzk(u)−E[Vzk+1
(u)].

Proof. First compute that

αs⟨∇ϕ(vk+1), vk+1 − u⟩ = αs⟨∇ϕ(vk+1), vk+1 − zk⟩+ αs⟨∇ϕ(vk+1), zk − u⟩
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=
αsτ2
τ1,s
⟨∇ϕ(vk+1), ṽ

s − vk+1⟩+
αs(1− τ1,s − τ2)

τ1,s
⟨∇ϕ(vk+1), yk − vk+1⟩

+ αs⟨∇ϕ(vk+1), zk − u⟩

≤αsτ2
τ1,s
⟨∇ϕ(vk+1), ṽ

s − vk+1⟩+
αs(1− τ1,s − τ2)

τ1,s
(ϕ(yk)− ϕ(vk+1))

+ αs⟨∇ϕ(vk+1), zk − u⟩,

where the second equality by the updating rule vk+1 = τ1,szk + τ2ṽ
s + (1 − τ1,s − τ2)yk,

and the inequality by convexity of ϕ. Next, we apply Lemma 6.2 to get

αs⟨∇ϕ(vk+1), vk+1 − u⟩

≤αsτ2
τ1,s
⟨∇ϕ(vk+1), ṽ

s − vk+1⟩+
αs(1− τ1,s − τ2)

τ1,s
(ϕ(yk)− ϕ(vk+1))

+
αs
τ1,s

(ϕ(vk+1)−E[ϕ(yk+1)] + τ2ϕ(ṽ
s)− τ2ϕ(vk+1)− τ2⟨∇ϕ(vk+1), ṽ

s − vk+1⟩)

+ Vzk(u)−E[Vzk+1
(u)]

=αsϕ(vk+1) +
αs(1− τ1,s − τ2)

τ1,s
ϕ(yk) +

αs
τ1,s

(τ2ϕ(ṽ
s)−E[ϕ(yk+1)])

+ Vzk(u)−E[Vzk+1
(u)].

Lemma 6.4 (One outer loop). Consider the sth epoch, assume that all randomness in the

first s− 1 epochs are fixed, we have

1

τ1,s

sl+l−1∑
k=sl

E⟨∇ϕ(vk+1), vk+1 − u⟩+
τ2

τ 21,s+1

sl+l−2∑
k=sl

E(ϕ(yk+1)− ϕ∗)

+
1− τ1,s+1

τ 21,s+1

E(ϕ(y(s+1)l)− ϕ∗)

≤ 1

τ1,s

sl+l−1∑
k=sl

E(ϕ(vk+1)− ϕ∗) +
1− τ1,s
τ 21,s

E(ϕ(ysl)− ϕ∗) +
τ2
τ 21,s

sl−2∑
k=sl−l

(ϕ(yk+1)− ϕ∗)

+ 9L̄(EVzsl(u)−EVz(s+1)l
(u)),
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where ϕ∗ = minϕ(·).

Proof. Sum up the inequality in Lemma 6.3 for k = sl + j, j = 0, . . . , l − 1, we have:

αs

sl+l−1∑
k=sl

E⟨∇ϕ(vk+1), vk+1 − u⟩

≤
sl+l−1∑
k=sl

{
αsEϕ(vk+1) +

αs(1− τ1,s − τ2)
τ1,s

Eϕ(yk) +
αs
τ1,s

(τ2ϕ(ṽ
s)−E[ϕ(yk+1)])

+EVzk(u)−E[Vzk+1
(u)]

}
=

sl+l−1∑
k=sl

{
αsEϕ(vk+1)−

αs(τ1,s + τ2)

τ1,s
Eϕ(yk+1)

}
+
αs(1− τ1,s − τ2)

τ1,s
[Eϕ(ysl)−Eϕ(y(s+1)l)] +

αsτ2l

τ1,s
ϕ(ṽs) +EVzsl(u)−E[Vz(s+1)l

(u)].

(6.20)

By convexity of ϕ, using Jensen’s inequality, we have 1
l

∑sl−1
k=sl−l ϕ(yk+1) ≥ ϕ(1

l

∑sl−1
k=sl−l yk+1)

= ϕ(ṽs). Thus

αs

sl+l−1∑
k=sl

E⟨∇ϕ(vk+1), vk+1 − u⟩+
αs(τ1,s + τ2)

τ1,s

sl+l−1∑
k=sl

Eϕ(yk+1)

≤αs
sl+l−1∑
k=sl

Eϕ(vk+1) +
αs(1− τ1,s − τ2)

τ1,s
[Eϕ(ysl)−Eϕ(y(s+1)l)] +

αsτ2
τ1,s

sl−1∑
k=sl−l

ϕ(yk+1)

+EVzsl(u)−EVz(s+1)l
(u).

Recall that αs = 1/(9L̄τ1,s), we have

1

τ1,s

sl+l−1∑
k=sl

E⟨∇ϕ(vk+1), vk+1 − u⟩+
τ1,s + τ2
τ 21,s

sl+l−1∑
k=sl

Eϕ(yk+1)

≤ 1

τ1,s

sl+l−1∑
k=sl

Eϕ(vk+1) +
1− τ1,s − τ2

τ 21,s
[Eϕ(ysl)−Eϕ(y(s+1)l)] +

τ2
τ 21,s

sl−1∑
k=sl−l

ϕ(yk+1)

+ 9L̄(EVzsl(u)−EVz(s+1)l
(u)).

200



Deducting ϕ∗ = minϕ(·) from both sides and rearranging terms, we get

1

τ1,s

sl+l−1∑
k=sl

E⟨∇ϕ(vk+1), vk+1 − u⟩+
τ1,s + τ2
τ 21,s

sl+l−2∑
k=sl

E(ϕ(yk+1)− ϕ∗)

+
1

τ 21,s
E(ϕ(y(s+1)l)− ϕ∗)

≤ 1

τ1,s

sl+l−1∑
k=sl

E(ϕ(vk+1)− ϕ∗) +
1− τ1,s
τ 21,s

E(ϕ(ysl)− ϕ∗) +
τ2
τ 21,s

sl−2∑
k=sl−l

(ϕ(yk+1)− ϕ∗)

+ 9L̄(EVzsl(u)−EVz(s+1)l
(u)).

By our choice of τ1,s and τ2, one can check

1− τ1,s+1

τ 21,s+1

≤ 1

τ 21,s
,

τ2
τ 21,s+1

≤ τ1,s + τ2
τ 21,s

.

So we further have

1

τ1,s

sl+l−1∑
k=sl

E⟨∇ϕ(vk+1), vk+1 − u⟩+
τ2

τ 21,s+1

sl+l−2∑
k=sl

E(ϕ(yk+1)− ϕ∗)

+
1− τ1,s+1

τ 21,s+1

E(ϕ(y(s+1)l)− ϕ∗)

≤ 1

τ1,s

sl+l−1∑
k=sl

E(ϕ(vk+1)− ϕ∗) +
1− τ1,s
τ 21,s

E(ϕ(ysl)− ϕ∗) +
τ2
τ 21,s

sl−2∑
k=sl−l

(ϕ(yk+1)− ϕ∗)

+ 9L̄(EVzsl(u)−EVz(s+1)l
(u)).

Finally, we can prove our main Theorem 6.1 as follows.
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Proof. By Lemma 6.4, for s = 1, . . . , S − 1, denote δ(·) := ϕ(·)− ϕ∗ we have:

1

τ1,s

sl+l−1∑
k=sl

E⟨∇ϕ(vk+1), vk+1 − u⟩+
τ2

τ 21,s+1

sl+l−2∑
k=sl

Eδ(yk+1) +
1− τ1,s+1

τ 21,s+1

Eδ(y(s+1)l)

≤ 1

τ1,s

sl+l−1∑
k=sl

Eδ(vk+1) +
1− τ1,s
τ 21,s

Eδ(ysl) +
τ2
τ 21,s

sl−2∑
k=sl−l

Eδ(yk+1)

+ 9L̄(EVzsl(u)−EVz(s+1)l
(u)).

(6.21)

For s = 0, apply similar proof as Lemma 6.4 on inequality (6.20), we have:

1

τ1,0

l−1∑
k=0

E⟨∇ϕ(vk+1), vk+1 − u⟩+
τ2
τ 21,1

l−2∑
k=0

Eδ(yk+1) +
1− τ1,1
τ 21,1

Eδ(yl)

≤ 1

τ1,0

l−1∑
k=0

Eδ(vk+1) +
1− τ1,0 − τ2

τ 21,0
δ(y0) +

τ2l

τ 21,0
δ(ṽ0) + 9L̄(Vz0(u)−EVzl(u)).

(6.22)

Telescope inequality (6.21) for s = 1, . . . , S − 1 and add inequality (6.22), we have fol-

lowing bound:

S−1∑
s=0

1

τ1,s

sl+l−1∑
k=sl

E(⟨∇ϕ(vk+1), vk+1 − u⟩ − δ(vk+1)) +
τ2
τ 21,S

Sl−2∑
k=(S−1)l

Eδ(yk+1)

≤1− τ1,0 − τ2
τ 21,0

δ(y0) +
τ2l

τ 21,0
δ(ṽ0) + 9L̄(Vz0(u)−EVzSl

(u))− 1− τ1,S
τ 21,S

Eδ(ySl).

(6.23)

Now for the term ⟨∇ϕ(v), v − u⟩ − ϕ(v), we note that

⟨∇ϕ(v), v − u⟩ − ϕ(v) = ⟨∇ϕ(v), v − u⟩ − (⟨v, b⟩ − f(x(v))− ⟨ATv, x(v)⟩)

= ⟨b− Ax(v), v − u⟩ − (⟨v, b− Ax(v)⟩ − f(x(v)))

= ⟨b− Ax(v),−u⟩+ f(x(v)).

(6.24)
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Thus

S−1∑
s=0

1

τ1,s

sl+l−1∑
k=sl

E(⟨∇ϕ(vk+1), vk+1 − u⟩ − δ(vk+1))

=
S−1∑
s=0

1

τ1,s

sl+l−1∑
k=sl

E [⟨b− Ax(vk+1),−u⟩+ f(x(vk+1))− f(x(λ∗))]

=

〈
S−1∑
s=0

l

τ1,s
b− AE

[
S−1∑
s=0

1

τ1,s

sl+l−1∑
k=sl

x(vk+1)

]
,−u

〉

+
S−1∑
s=0

1

τ1,s

sl+l−1∑
k=sl

Ef(x(vk+1))−
S−1∑
s=0

l

τ1,s
f(x(λ∗))

≥

〈
S−1∑
s=0

l

τ1,s
b− AE

[
S−1∑
s=0

1

τ1,s

sl+l−1∑
k=sl

x(vk+1)

]
,−u

〉

+
S−1∑
s=0

l

τ1,s
f

(
E

[
S−1∑
s=0

1

τ1,s

sl+l−1∑
k=sl

x(vk+1)

]
/
S−1∑
s=0

l

τ1,s

)
−

S−1∑
s=0

l

τ1,s
f(x(λ∗))

=
S−1∑
s=0

l

τ1,s

[
f(E(xS−1))− f(x(λ∗)) + ⟨b− AE(xS−1),−u⟩

]
,

(6.25)

where the inequality applies Jensen’s inequality on convex function f . Plugging inequality

(6.25) into inequality (6.23) and using the fact that 0 < τ2
τ21,S
≤ 1−τ1,S

τ21,S
, we have

(
S−1∑
s=0

l

τ1,s

)
(f(E(xS−1))− f(x(λ∗)))

≤1− τ1,0 − τ2
τ 21,0

δ(y0) +
τ2l

τ 21,0
δ(ṽ0) + 9L̄(Vz0(u)−EVzSl

(u))− τ2
τ 21,S

Sl−1∑
k=(S−1)l

Eδ(yk+1)

+

(
S−1∑
s=0

l

τ1,s

)
(⟨b− AE(xS−1), u⟩)

≤1− τ1,0 − τ2
τ 21,0

δ(y0) +
τ2l

τ 21,0
δ(ṽ0) + 9L̄Vz0(u)−

τ2l

τ 21,S
Eδ(ṽS)

+

(
S−1∑
s=0

l

τ1,s

)
(⟨b− AE(xS−1), u⟩),

(6.26)

where the second inequality comes from the definition of ṽS and Jensen’s inequality. Recall
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that inequality (6.26) holds for any u, including the one that minimizes the R.H.S.. We can

further upper bound minuR.H.S. by restricting u ∈ BH(2R) := {u : ∥u∥H ≤ 2R}:

min
u∈BH(2R)

9L̄V0(u) +
S−1∑
s=0

l

τ1,s
⟨b− AE(xS−1), u⟩

≤ min
u∈BH(2R)

9L̄γ∥u∥2H/2 +
S−1∑
s=0

l

τ1,s
⟨b− AE(xS−1), u⟩

≤ min
u∈BH(2R)

⟨
S−1∑
s=0

l

τ1,s
(b− AE(xS−1)), u⟩+ 18L̄R2γ

=− 2R

(
S−1∑
s=0

l

τ1,s

)
∥b− AE(xS−1)∥H,∗ + 18L̄R2γ.

(6.27)

Plugging the bound (6.27) into inequality (6.26), we have

(
S−1∑
s=0

l

τ1,s

)
(f(E(xS−1))− f(x(λ∗))) + τ2l

τ 21,S
Eδ(ṽS)

+ 2R

(
S−1∑
s=0

l

τ1,s

)
∥b− AE(xS−1)∥H,∗

≤1− τ1,0 − τ2
τ 21,0

δ(y0) +
τ2l

τ 21,0
δ(ṽ0) + 18L̄R2γ

=2lδ(0) + 18L̄R2γ.

(6.28)

Calculate
∑S−1

s=0
1
τ1,s

=
∑S−1

s=0 (s+ 4)/2 = (2S + 3)S/4 ≥ S2/2, then

f(E(xS−1))− f(x∗) ≤ 4

S2l

[
lδ(0) + 9L̄R2γ

]
. (6.29)
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On the other hand, notice that f(x(λ∗)) = −ϕ(λ∗) := ϕ∗ and

f(E(xS−1))− f(x(λ∗))

=f(E(xS−1)) + ϕ∗

=f(E(xS−1)) + ⟨λ∗, b⟩+max
x

(−f(x)− ⟨ATλ∗, x⟩)

≥f(E(xS−1)) + ⟨λ∗, b⟩ − f(E(xS−1))− ⟨ATλ∗,E(xS−1)⟩

=⟨λ∗, b− AE(xS−1)⟩ ≥ −R∥E[b− AxS−1]∥H,∗.

(6.30)

Plugging inequality (6.30) into inequality (6.28), we have

R

(
S−1∑
s=0

l

τ1,s

)
∥E[b− AxS−1]∥H,∗ ≤ 2lδ(0) + 18L̄R2γ. (6.31)

Thus

∥E[b− AxS−1]∥H,∗ ≤
4
[
lδ(0) + 9L̄R2γ

]
S2lR

. (6.32)

Further check that

δ(0) = ϕ(0)− ϕ∗ ≤ ⟨∇ϕ(λ∗), 0− λ∗⟩+ L̄

2
∥0− λ∗∥2H =

L̄

2
∥λ∗∥2H ≤

L̄

2
R2. (6.33)

Plugging the bound (6.33) into inequalities (6.29) and (6.32), we get the theorem claim.

6.5.3 Proof for Lemma 6.1

Proof. By Proposition 2 of [97], ϕi(·) is np′i
η

smooth w.r.t. ∥ · ∥2. So here we only show the

second part of the statement. That is, prove the smoothness w.r.t. ∥ · ∥∞.

By

ϕi(λ) = np′i

(
−⟨q′, λ⟩ − η log p′i + η log

(
n∑
j=1

exp((λj − ci,j − η)/η)

)
+ η

)
,
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we calculate that

∇ϕi(λ) = np′i

−q′ + (exp((λk − ci,k)/η))k=1,...,n(∑n
j=1 exp((λj − ci,j)/η)

)
 .

The goal is ∀λ, λ′, bound the ∥ · ∥∞,∗ = ∥ · ∥1 of following difference in the gradient:

∇ϕi(λ)−∇ϕi(λ′) = np′i

 (exp((λk − ci,k)/η))k=1,...,n(∑n
j=1 exp((λj − ci,j)/η)

) − (exp((λ′k − ci,k)/η))k=1,...,n(∑n
j=1 exp((λ

′
j − ci,j)/η)

)
 .

Further denote ∆λ = λ′ − λ, then

∥∇ϕi(λ)−∇ϕi(λ′)∥1

=np′i

∥∥∥∥∥∥ (exp((λk − ci,k)/η))k=1,...,n(∑n
j=1 exp((λj − ci,j)/η)

) − (exp((λk + (∆λ)k − ci,k)/η))k=1,...,n(∑n
j=1 exp((λj + (∆λ)j − ci,j)/η)

)
∥∥∥∥∥∥
1

=np′i

∥∥∥∥∥∥ (exp((λk − ci,k)/η))k=1,...,n(∑n
j=1 exp((λj − ci,j)/η)

) − (exp((λk − ci,k)/η) ∗ exp((∆λ/η)k))k=1,...,n(∑n
j=1 exp((λj − ci,j)/η) exp((∆λ/η)j)

)
∥∥∥∥∥∥
1

.

Taking a = (exp((λk − ci,k)/η))k=1,...,n and b = ∆λ/η in Lemma 6.5, we immediately

have

∥∇ϕi(λ)−∇ϕi(λ′)∥1 ≤ np′i5∥∆λ/η∥∞ =
5np′i
η
∥λ− λ′∥∞. (6.34)

Thus, ϕi(·) is 5np′i
η

smooth w.r.t. ∥ · ∥∞ norm.

Lemma 6.5. Consider two vectors a, b ∈ Rd, and let exp(b) be the element-wise expo-

nential of b. When a > 0, we have

∥∥∥∥ a

∥a∥1
− a ◦ exp(b)
∥a ◦ exp(b)∥1

∥∥∥∥
1

≤ 5∥b∥∞.

Proof. Consider two cases:
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First, when ∥b∥∞ > 0.5:

∥∥∥∥ a

∥a∥1
− a ◦ exp(b)
∥a ◦ exp(b)∥1

∥∥∥∥
1

≤
∥∥∥∥ a

∥a∥1

∥∥∥∥
1

+

∥∥∥∥ a ◦ exp(b)
∥a ◦ exp(b)∥1

∥∥∥∥
1

= 2 < 5 ∗ 0.5 < 5∥b∥∞.

Second, when ∥b∥∞ ≤ 0.5:

∥∥∥∥ a

∥a∥1
− a ◦ exp(b)
∥a ◦ exp(b)∥1

∥∥∥∥
1

=
d∑
i=1

|
∑d

j=1 aiaj exp(bj)−
∑d

j=1 ai exp(bi)aj|
∥a∥1∥a ◦ exp(b)∥1

≤
d∑
i=1

∑d
j=1 aiaj| exp(bj)− exp(bi)|
∥a∥1∥a ◦ exp(b)∥1

≤
d∑
i=1

∑d
j=1 aiaj(| exp(bj)− 1|+ | exp(bi)− 1|)

∥a∥1∥a∥1 exp(−0.5)

≤2 exp(0.5)(exp(0.5)− 1)
d∑
i=1

∑d
j=1 aiaj(|bj|+ |bi|)
∥a∥1∥a∥1

≤4 exp(0.5)(exp(0.5)− 1)
d∑
i=1

∑d
j=1 aiaj∥b∥∞
∥a∥1∥a∥1

=4 exp(0.5)(exp(0.5)− 1)∥b∥∞ < 5∥b∥∞.

Combine two cases we have the lemma holds.

6.5.4 Proof for Theorem 6.2

The full procedure for finding an ϵ-solution to OT using PDASMD is given in Algorithm

6.3.

The total computational cost of Algorithm 6.3 is given in Theorem 6.2, and we prove it

as follows:

Proof. We have the convergence result in Theorem 6.1 holds for the dual formulation. To

extend the proof of Theorem 6.1 to the semi-dual formulation for the OT problem, we just
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Algorithm 6.3: Approximating OT by PDASMD
Input: Accuracy ϵ > 0, η = ϵ

4 log(n)
and ϵ′ = ϵ

8∥C∥∞ .
Step 1: Let p′ ∈ ∆n and q′ ∈ ∆n be(

p′

q′

)
=

(
1− ϵ′

8

)(
p
q

)
+

ϵ′

8n

(
1n
1n

)
.

Step 2: Compute X̃ by PDASMD on objective (6.2) long enough such that
f(Ex̃)− f(x∗) ≤ ϵ

4
and ∥AEx̃− b∥1 ≤ ϵ′

2
.

Step 3: Round X̃ to X̂ by Algorithm 2 in [84] such that X̂1n = p, X̂T1n = q.
Output: X̂

need the following equality to hold:

[Ax(v)− b] =

 0n

∇ϕ(v)

 .
One can easily check it is true for the semi-dual of OT. Moreover, chapter [97] shows that

the stopping criteria in step 2 of Algorithm 6.3 guarantees

E⟨C, X̂⟩ ≤ ⟨C,X∗⟩+ ϵ.

That is, the output of Algorithm 6.3 is an ϵ−solution. We now focus on the computational

complexity of Algorithm 6.3.

Case 1: ∥ · ∥H = ∥ · ∥2. By Theorem 6.1 we have

∥E[b− Ax̃]∥2 ≤
2
[
lL̄R + 18L̄Rγ

]
S2l

, (6.35)

f(E(x̃))− f(x∗) ≤ 2

S2l

[
lL̄R2 + 18L̄R2γ

]
, (6.36)

where L̄ = 1
n

∑n
i=1

np′i
η

= 1
η
, and R is an upper bound for ∥λ∗∥2. By Lemma 3.2 in

[87], R = η
√
n(R′ + .5) for R′ = ∥C∥∞/η + log(n) − 2 log(min1≤i,j≤n{p′i, q′j}) ≤

4∥C∥∞ log(n)/ϵ+ log(n)− 2 log(ϵ) + 2 log(64n∥C∥∞) = O(∥C∥∞ log(n)/ϵ).
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Using the bound ∥AEx̃− b∥1 ≤
√
2n∥AEx̃− b∥2 we have the stopping criteria in step

2 satisfied for

S =max

{
O

(√
L̄R
√
n

ϵ′

)
,O

(√
L̄γR
√
n

lϵ′

)
,O

(√
L̄R2

ϵ

)
,O

(√
L̄R2γ

lϵ

)}

=max

{
O

(√
n log(n)∥C∥2∞

ϵ2

)
,O

(√
log(n)γn∥C∥2∞

lϵ2

)
,

O
(
n.5∥C∥∞

√
log n

ϵ

)
,O

(√
n log(n)∥C∥2∞γ

lϵ2

)}

=O
(
n.5

ϵ
max

(
∥C∥∞

√
log n,

√
log(n)∥C∥2∞γ/l

))
=O

(
n.5∥C∥∞

ϵ

(√
log n+

√
log(n)γ/l

))
.

In Algorithm 6.3, step 1 and step 3 has total number ofO(n2) operations, and the algorithm

complexity is dominated by step 2. Now each outer loop of PDASMD has O(n2 + nl)

operations, thus the total number of arithmetic operations of Algorithm 6.3 is

O
(
n1.5∥C∥∞

ϵ
(n+ l)

(√
log n+

√
log(n)γ/l

))
= Õ

(
n2.5∥C∥∞(1 +

√
γ/n)

ϵ

)
.

Case 2: ∥ · ∥H = ∥ · ∥∞. Then ∥ · ∥H,∗ = ∥ · ∥1, and Theorem 6.1 implies that

∥E[b− Ax̃]∥1 ≤
2
[
lL̄R + 18L̄Rγ

]
S2l

, (6.37)

f(E(x̃))− f(x∗) ≤ 2

S2l

[
lL̄R2 + 18L̄R2γ

]
, (6.38)

where L̄ = 5
η
. Now R is an upper bound for ∥λ∗∥∞, and again by Lemma 3.2 in [87],

R = η(R′ + .5) for R′ = O(∥C∥∞ log(n)/ϵ).
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Thus the stopping criteria in step 2 of Algorithm 6.3 is satisfied for

S =max

{
O

(√
L̄R

ϵ′

)
,O

(√
L̄Rγ

lϵ′

)
,O

(√
L̄R2

ϵ

)
,O

(√
L̄R2γ

lϵ

)}

=max

{
O

(√
log(n)∥C∥2∞

ϵ2

)
,O

(√
log(n)γ∥C∥2∞

lϵ2

)
,

O

(√
∥C∥2∞ log n

ϵ2

)
,O

(√
log(n)∥C∥2∞γ

lϵ2

)}

=O
(
∥C∥∞
ϵ

max
(√

log n,
√
log(n)γ/n

))
=O

(
∥C∥∞
ϵ

(√
log n+

√
log(n)γ/n

))
.

Now each outer loop of PDASMD has O(n2 + nl) = O(n2) operations, thus the total

number of arithmetic operations of Algorithm 6.3 is

O
(
n2∥C∥∞

ϵ

(√
log n+

√
log(n)γ/n

))
= Õ

(
n2∥C∥∞(1 +

√
γ/n)

ϵ

)
.

6.5.5 Stochastic Sinkhorn Algorithm and Proof of Computational Complexity

We first describe the Stochastic Sinkhorn algorithm. In the Stochastic Sinkhorn algorithm,

the following definitions are used:

Definition 6.4 (Increasing probability function). An increasing probability function Ψ :

Rp
+ → ∆p is such that

Ψ(h) =

(
g(hi)∑
i g(hi)

)
i

,

where g : R+ → R+ is an increasing positive function.

Definition 6.5 (KL violation). For a matrix M ∈ Rp×p
+ and two vectors p, q ∈ ∆p, define
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the KL violation

ρ(M ;p, q) =

 (KL(pi∥(M1)i))i=1,...,p

(KL(qj∥(MT1)j))j=1,...,p

 . (6.39)

The Stochastic Sinkhorn algorithm for solving problem (6.2) is in Algorithm 6.4.

Algorithm 6.4: Stochastic Sinkhorn
Input: C,p′, q′,Ψ,η
Calculate A = exp(−C/η) where all the operations are element-wise;
Initialize: u0 = v0 = 1;
for k=0,. . . ,K-1 do

Calculate h = Ψ(ρ(X(uk,vk);p′, q′)), where X(uk,vk) = diag(uk)Adiag(vk);
Sample index I with

P (I = i) = hi,∀i ∈ {1, 2, ..., 2n}.

if I ≤ n then
uk+1 = (uk1, . . . , u

k
I−1, p

′
I/(Av

k)I , u
k
I+1, . . . , u

k
n)
T , vk+1 = vk;

else
uk+1 = uk, vk+1 = (vk1 , . . . , v

k
I−n−1, q

′
I−n/(A

Tuk)I−n, v
k
I−n+1, . . . , v

k
n)
T .

end if
end for
Output: X̃ = diag(uK)Adiag(vK).

To find a ϵ-solution to OT, an extra rounding step is required. The full procedure is

given in Algorithm 6.5.

Algorithm 6.5: Approximating OT by Stochastic Sinkhorn
Input: Accuracy ϵ > 0, η = ϵ

4 log(n)
and ϵ′ = ϵ

8∥C∥∞ .
Step 1: Let p′ ∈ ∆n and q′ ∈ ∆n be(

p′

q′

)
=

(
1− ϵ′

8

)(
p
q

)
+

ϵ′

8n

(
1n
1n

)
.

Step 2: Compute X̃ by Stochastic Sinkhorn until ∥X̃1− p′∥1 + ∥X̃T1− q′∥1 ≤ ϵ′

2
.

Step 3: Round X̃ to X̂ by Algorithm 2 in [84] such that X̂1n = p, X̂T1n = q.
Output: X̂ .

We now prove the computational complexity of Stochastic Sinkhorn in Theorem 6.3.

211



To prove it, we first need the convergence of Algorithm 6.4, which we show in following

Lemma.

Lemma 6.6. For a given ϵ > 0, we have that Algorithm 6.4 returns a matrix X̃ such that

E[∥X̃1− p′∥1 + ∥X̃T1− q′∥1] ≤ ϵ

in the number of iterations

k ≤ 2 + 112nR/ϵ.

Proof. Denote (xk, yk) := (log uk, log vk) and the dual function f(x, y) =
∑

i,j Ai,j exp(xi+

yj) − ⟨p′, x⟩ − ⟨q′, y⟩. Denote Ek = E[∥X(uk, vk)1 − p′∥1 + ∥X(uk, vk)T1 − q′∥1]. By

(21) in [88], Algorithm 6.4 has

E[f(xk, yk)− f(xk+1, yk+1)] >
E2
k

28n
. (6.40)

Since Algorithm 6.4 only updates one element in u or v, and the updating rule for that

element is the same as Greenkhorn, we have that Corollary 3.3 in [87] holds. Adding

expectations to both sides, we get:

E[f(xk, yk)− f(x∗, y∗)] ≤ 4REk. (6.41)

Let δk = E[f(xk, yk)− f(x∗, y∗)], then by inequalities (6.40) and (6.41) we have

δk − δk+1

(6.40)
≥ E2

k

28n

(6.41)
≥ δ2k

448nR2
. (6.42)

That is,

δk − δk+1 ≥ max

{
ϵ2

28n
,

δ2k
448nR2

}
. (6.43)

We adopt the strategy in [86] to split the process of {δk} into two halves:
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First, consider the process from δ1 to δt:

δt
448nR2

≤ δt−1

448nR2
−
(

δt−1

448nR2

)2

≤ 1

t− 1 + 448nR2/δ1
⇒ t ≤ 1+

448nR2

δt
−448nR2

δ1
.

Second, consider the process from δt to δt+m:

δt+m ≤ δt −
ϵ2m

28n
⇒ m ≤ 28n(δt − δt+m)

ϵ2
.

So the total number of iterations k = t+m can be optimized over δt, i.e.

k ≤ min
δt∈(0,δ1]

(
2 +

448nR2

δt
− 448nR2

δ1
+

28nδt
ϵ2

)
≤ 2 +

112nR

ϵ
.

Then we can prove Theorem 6.3 as follows:

Proof. By Lemma 6.6, we have E[∥X̃1 − p′∥1 + ∥X̃T1 − q′∥1] ≤ ϵ′/2 for the number of

iterations k = 2 + 224nR/ϵ′. Thus for this k, we also have

E[∥X̃1−p∥1+∥X̃T1−q∥1] ≤ E[∥X̃1−p′∥1+∥X̃T1−q′∥1]+∥p−p′∥1+∥q−q′∥2 ≤ ϵ′.

By Theorem 1 in [84],

E⟨C, X̂⟩ − ⟨C,X∗⟩ ≤ ϵ/2 + 4(E[∥X̃1− p∥1 + ∥X̃T1− q∥1])∥C∥∞ ≤ ϵ,

which is an ϵ−solution.

Now calculate the number of arithmetic operations, step 1 requires O(n); step 2 re-

quires k iterations of Algorithm 6.4, each iteration requires O(n) operation [88]; step 3
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requires O(n2) operations [84]. Thus the total number of operations is

O(n2R/ϵ′) = O(n2∥C∥2∞ log n/ϵ2).

6.5.6 PDASMD-B Algorithm and the Convergence Rate

In this Section, we prove the convergence of PDASMD-B. The convergence rate of PDASMD-

B is in the following theorem:

Theorem 6.4 (Convergence of PDASMD-B). In Algorithm 6.2, assume that the dual opti-

mal solution has ∥λ∗∥H ≤ R. Then we have the convergence of Algorithm 6.2 as:

∥E[b− AxS−1]∥H,∗ ≤
2
[
(1 + (l − 1)/B)L̄R + 18L̄Rγ

]
S2l

, (6.44)

f(E(xS−1))− f(x∗) ≤ 2

S2l

[
(1 + (l − 1)/B)L̄R2 + 18L̄R2γ

]
. (6.45)

The key to prove Theorem 6.4 is to find an analogue to Lemma 6.2, which we do in

following steps.

Lemma 6.7 (Variance upper bound).

E[∥∇̃k+1 −∇ϕ(vk+1)∥2H,∗] ≤
8L̄

B
(ϕ(ṽs)− ϕ(vk+1)− ⟨∇ϕ(vk+1), ṽ

s − vk+1⟩). (6.46)

Proof. Each ϕi is convex and Li-smooth, then by Theorem 2.1.5. in [102] we have

∥∇ϕi(vk+1)−∇ϕi(ṽs)∥2H,∗ ≤ 2Li(ϕi(ṽ
s)− ϕi(vk+1)− ⟨∇ϕi(vk+1), ṽ

s − vk+1⟩). (6.47)

Take expectation with respect to the randomness of index set I , note that all indexes in I
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are independently selected, we have

E[∥∇̃k+1 −∇ϕ(vk+1)∥2H,∗]

=
1

B
E

[∥∥∥∥∇ϕ(ṽs) + 1

mpi
(∇ϕi(vk+1)−∇ϕi(ṽs))−∇ϕ(vk+1)

∥∥∥∥2
H,∗

]

≤ 1

B
E

[
2

∥∥∥∥ 1

mpi
(∇ϕi(ṽs)−∇ϕi(vk+1))

∥∥∥∥2
H,∗

+ 2∥∇ϕ(ṽs)−∇ϕ(vk+1)∥2H,∗

]
(6.47)
≤ 1

B
E

[
4
Li
m2p2i

(ϕi(ṽ
s)− ϕi(vk+1)− ⟨∇ϕi(vk+1), ṽ

s − vk+1⟩) + 2∥∇ϕ(ṽs)−∇ϕ(vk+1)∥2H,∗
]

=
1

B
[4L̄(ϕ(ṽs)− ϕ(vk+1)− ⟨∇ϕ(vk+1), ṽ

s − vk+1⟩) + 2∥∇ϕ(ṽs)−∇ϕ(vk+1)∥2H,∗]
(6.47)
≤ 8L̄

B
(ϕ(ṽs)− ϕ(vk+1)− ⟨∇ϕ(vk+1), ṽ

s − vk+1⟩)

Lemma 6.8 (Coupling step 1, batch version). Consider one inner loop of Algorithm 6.2,

where the randomness only comes from the choice of I . It satisfies that for ∀u:

αs⟨∇ϕ(vk+1), zk − u⟩

≤ αs
τ1,s
{ϕ(vk+1)−E[ϕ(yk+1)] + τ2ϕ(ṽ

s)− τ2ϕ(vk+1)− τ2⟨∇ϕ(vk+1), ṽ
s − vk−1⟩}

+ Vzk(u)−E[Vzk+1
(u)].

Proof. One can easily check that the Lemma E.1. and Lemma E.3. in [33] holds for the

batch version of PDASMD, where ψ(·) = 0 in these two lemmas for our case. Then we

have

ϕ(vk+1)−E[ϕ(yk+1)] ≥E
[
−min

y

{
9L̄

2
∥y − vk+1∥2H + ⟨∇̃k+1, y − vk+1⟩

}]
− 1

16L̄
E[∥∇̃k+1 −∇ϕ(vk+1)∥2H,∗].

(6.48)

αs⟨∇̃k+1, zk+1 − u⟩ ≤ −
1

2
∥zk − zk+1∥2H + Vzk(u)− Vzk+1

(u). (6.49)
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Then

αs⟨∇̃k+1, zk − u⟩ = αs⟨∇̃k+1, zk − zk+1⟩+ αs⟨∇̃k+1, zk+1 − u⟩
(6.49)
≤ αs⟨∇̃k+1, zk − zk+1⟩ −

1

2
∥zk − zk+1∥2H + Vzk(u)− Vzk+1

(u). (6.50)

To bound αs⟨∇̃k+1, zk − zk+1⟩ − 1
2
∥zk − zk+1∥2H , consider the variable v := τ1,szk+1 +

τ2ṽ
s + (1− τ1,s − τ2)yk, then vk+1 − v = τ1,s(zk − zk+1). We have that

E

[
αs⟨∇̃k+1, zk − zk+1⟩ −

1

2
∥zk − zk+1∥2H

]
=E

[
αs
τ1,s
⟨∇̃k+1, vk+1 − v⟩ −

1

2τ 21,s
∥vk+1 − v∥2H

]
=E

[
αs
τ1,s

(
⟨∇̃k+1, vk+1 − v⟩ −

9L̄

2
∥vk+1 − v∥2H

)]
(6.48)
≤ αs

τ1,s

(
ϕ(vk+1)−E[ϕ(yk+1)] +

1

16L̄
E[∥∇̃k+1 −∇ϕ(vk+1)∥2H,∗]

)
(6.46)
≤ αs

τ1,s

(
ϕ(vk+1)−E[ϕ(yk+1)] +

1

2B
(ϕ(ṽs)− ϕ(vk+1)− ⟨∇ϕ(vk+1), ṽ

s − vk+1⟩)
)
.

(6.51)

Take expectation on both sides of inequality (6.50), plug in inequality (6.51) and notice that

E[⟨∇̃k+1, zk − u⟩] = ⟨∇ϕ(vk+1), zk − u⟩ and τ2 = 1
2B

, we get the desired bound.

The rest of the proof for Theorem 6.4 is simply repeating the steps in Section 6.5.2,

except that we replace Lemma 6.2 with Lemma 6.8. So we omit the details of the proof.

6.5.7 Details of Numerical Study

Data description. We use both synthetic and real grey-scale images as the marginal dis-

tribution. For the simulated data, we follow the data generation mechanism in [84, 97]. The

images are generated by randomly positioning a square foreground on a background, with

the foreground occupying about 20% of the space. The foreground has each pixel value

randomly drawn from uniform [0, 3], and the background has each pixel value randomly
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drawn from uniform [0, 1]. Figure 6.2 shows some examples of the generated images.
7 * 7 9 * 9

11 * 11 12 * 12

Figure 6.2: Synthetic image example.

For the real data, we randomly sample from

the hand-written MNIST data set. Then we

downscale the images to adjust the size of the

marginal distribution. We also add a back-

ground with relatively small intensity to the

down-scaled images to avoid numerical issue.

With the marginal distribution determined, the

cost matrix has each element calculated as the

l1 distance between the pixel locations on the

image.

Algorithm implementation. We compare the computational efficiency of the algorithms

by measuring the number of arithmetic operations they use for finding an ϵ-solution of the

OT between two marginal distributions for a fixed ϵ. To achieve this, all the algorithms

are run with a rounding step. Thus for PDASMD, we run Algorithm 6.3. In particular,

for step 2 of Algorithm 6.3, the PDASMD algorithm is run with the number of inner loops

set to the problem size, w(·) = 1
2
∥ · ∥22 and ∥ · ∥H = ∥ · ∥∞. We run the PDASGD

algorithm by changing ∥ · ∥H to ∥ · ∥2 compared to the PDASMD. Note that the PDASGD

algorithm is essentially equivalent to that of [97]. We also run APDAGD [86], AAM [95],

Sinkhorn [86], APDRCD [94] and Stochastic Sinkhorn (Algorithm 6.5) for comparison.

The implementation of all the algorithms above follows their standard definitions; there is

no hyper-parameter to tune.

We also implement experiment for PDASMD-B on both synthetic and real data. For

a fixed pair of marginals, PDASMD-B is implemented for a sequence of batch sizes. The

number of inner loops is set to be the problem size divided by the batch size, which matches

the setting in Corollary 6.1, and we take w(·) = 1
2
∥ · ∥22 and ∥ · ∥H = ∥ · ∥∞, which are the
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same as the experiment of PDASMD. For each batch size, the total number of computations

and the running time are recorded.

All our experiments are run on Google Colab using NO GPU or TPU accelerator. We

attach the full code and data to reproduce our results in the Supplemental Material.

6.5.8 Application of the PDASMD Algorithm to Machine Learning Tasks

The Optimal Transport can be applied to some modern machine learning tasks such as

domain adaptation and color transfer. In this section, we illustrate that our PDASMD algo-

rithm, when applied to OT, can solve those problems.

Domain Adaptation. This experiment aims to show that our PDASMD algorithm, when

applied to OT, can successfully perform domain adaptation. In short, domain adaptation

means transferring knowledge from a source domain to a target domain for which data have

different probability density functions. For more details on the domain adaptation problem

description and its OT formulation, see [103].

We use the two-moons example to illustrate the application of our PDASMD algorithm

on domain adaptation. The two moons example uses simulated data. The source domain

consists of two entangled moons, where each moon represents one class. The target do-

main is built by applying a rotation to the two moons. We sample 150 labeled data points

from each moon as our source domain. The target domain consists of the same number

of samples, where the samples are independent of the source domain and are unlabeled.

We use the labeled source domain data, transfer them to the target domain by OT using

our PDASMD algorithm, and learn an SVM classifier with the Gaussian kernel using the

transferred source data on the target domain. We test the generalization performance on

2,000 samples that follow the same distribution as the target domain.

Figure 6.3 shows the domain adaptation result. In Figure 6.3, we plot the source do-

main, target domain (for different rotation angles), the transformed density, and decision
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(a) rotation = 20◦ (b) rotation = 40◦ (c) rotation = 50◦ (d) rotation = 90◦

Figure 6.3: Two Moons Example

boundaries. From the plots, we see that the transformed density reasonably fits the major

parts of the target domain when the rotation angle is not too large (≤ 50◦). This shows that

the PDASMD algorithm successfully performs the domain adaptation.

We report the generalization performance of the domain adaptation in Table 6.2. We

have three columns: the rotation degree of the target domain in the two moons example,

the mean classification error when the domain adaptation is performed using our PDASMD

algorithm, and the mean classification error of OT-IT in [103] (where they solve entropic

OT by the Sinkhorn algorithm). From Table 6.2, we see that our PDASMD algorithm

performs better than the Sinkhorn when the rotation degree is large (> 50◦).

Table 6.2: Mean Classification Error over 10 Repetitions of the Two Moons Example.

ROTATION DEGREE ERROR BY PDASMD ERROR BY OT-IT [103]
10◦ 0.022 0
20◦ 0.054 0.007
30◦ 0.043 0.054
40◦ 0.169 0.102
50◦ 0.221 0.221
70◦ 0.317 0.398
90◦ 0.488 0.508

Color Transfer. This experiment shows that our PDASMD algorithm successfully per-

forms the color transfer task. The color transfer takes two input images and imposes the

color palette of the first image onto a second one. Color transfer can be formulated as an

OT problem. For more details see references [104, 105].
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Figure 6.4: Color Transfer Example

For an example of the color transfer problem, we apply our PDASMD algorithm to

solve the corresponding OT problem. We show the color transfer result in Figure 6.4.

Though we cannot evaluate the color transfer result quantitatively, one can tell from Figure

6.4 that the color of the target image has been successfully transferred to the source image.

This shows that our PDASMD algorithm successfully performs the color transfer task.
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CHAPTER 7

CONCLUSION AND FUTURE WORK

This chapter discusses the findings of this thesis and proposes some future directions.

In Chapter 2, we show that the directional bias holds to stochastic gradient descent

(SGD) with annealing step size in kernel learning. Specifically, the first stage of SGD with

moderate step size should run long enough; then, in the second stage, by decreasing step

size, we have the directional bias towards the largest eigenvalue of the Hessian, which helps

in obtaining a better generalization error bound. Our result matches a technique for tuning

the step size that people adopt in practice: starting with a large step size, running long

enough until the error plateaus, then decreasing the step size [27]. Although this technique

is always used for speed convergence, we show that it also helps in predictive power, which

becomes even better. Our result applies to kernel learning, and one can consider extending

it to deep learning, since some deep learning tasks can be approximated by kernel learning

[15].

In Chapter 3, we analyze the implicit regularization property of variance reduced stochas-

tic mirror descents (VRSMD), which covers both underfitting and overfitting cases in linear

regression. In particular, our theorem shows that the implicit regularization property can

help VRSMD find a sparse ground truth with a small error. One may further investigate

an early stopped VRSMD estimator to see if it is minimax optimal. Our experiment shows

that VRSMD with early stopping has comparable prediction performance to the Hadamard

GD that is minimax optimal for sparse regression [13, 12]. This leads to the open question

of how to select a good mirror map and an optimal stopping time in VRSMD (or variants of

VRSMD) such that the resulting estimator is minimax optimal and thus generalizes well.

In Chapter 4, we show that the VRSMD and the variance reduced stochastic natural

gradient descent (VRSNGD) are equivalent. Using such equivalence, we can easily extend
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provable results from one algorithm to the other. In particular, we prove the convergence

rate of VRSNGD using the convergence result of VRSMD, and we show the parametric

invariance of VRSMD using such a property of VRSNGD. One may further study both

algorithms in detail for the case where the parameter lies in a Riemannian manifold to

promote further understanding.

In Chapter 5, we provide two online covariance estimators for the Recursive One-Over-

T SGD (ROOT-SGD) algorithm in online learning. Our plug-in covariance estimator con-

verges to the true asymptotic covariance at the optimal rateO(1/
√
t), where t is the sample

size. Our random-scaling covariance estimator is asymptotically consistent. Comparing the

two estimators, the random-scaling covariance estimator has less computation but does not

have a guaranteed convergence rate. Our covariance estimators help to develop asymptot-

ically consistent statistical inference. One may apply our statistical inference method to a

broad range of stochastic optimization problems. One can consider further improving the

statistical inference in a finite learning case. For example, one may debias the point esti-

mator, then use the debiased point estimator combined with our covariance estimators for

statistical inference.

In Chapter 6, we propose a new first-order algorithm – Primal-Dual Accelerated Stochas-

tic Proximal Mirror Descent (PDASMD) – for solving the entropic OT (Optimal Transport).

We achieve a better computational complexity compared to other first-order algorithms

when solving entropic OT. One may apply the acceleration and variance reduction tech-

niques that we use in our algorithm to other first-order algorithms to improve their prov-

able computational complexity. And one may further investigate the batch version of our

PDASMD algorithm to improve the computational power of the PDASMD algorithm by

parallel computing.
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