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SUMMARY

The objective of this Ph.D. study was to develop an experimental approach that
would allow the investigation of the causes of detrimental combustion instabilities (CIs)
that often hinder the development of various propulsion and power generation systems
(e.g., rockets, ramjets, air breathing engines, and gas turbines) irss@lallrigs that can
simulate the flow, thermal, and acoustic environments inside thedalé engines. The
availability of such capabilities would significantly reduce the cosinaof time required
for developingstablepropulsion systems.

The onset ofCIs has hindered the development and performance of combustion
systems employed in industrial, power generaind proplsion systems for many
decades In an effort to solve thigproblem, many investigations to date sought to
elucidate thdeedbackmechanismshat drive these Clsldeally, the experimental setup
used insuch studies should simulatBe operating conditions (e.gcombustor and
reactant supply systegressurs and temperatuie and acoustic environments
geometry and scale of thenstablesystem in order to properly reproduicethe smakl
scale rigthe combustion process and acoustic oscillations that occur in the unstable full
scale engine This, in turn, wold assure that all the parameters affecting the feedback
mechanism are reproduced in the laboratory @gearly, investigating the instability in
an unst-abbhkedfeaehffine would satisfy these r
Cls in full-scaleengine tests is not practical because of the exorbitant cost of such tests,
the large space required to house the-dizléd engine, and the inability to equip {ull

scale engines with diagnostic systems that could measure, e.g., the temporal and spatial

XVii



dependence of the mean and acoustic pressures, velocities, temperatures, compositions,
and reaction rates. Because of these difficulties, most studies of CIs to date were
perf or medscian efs nseeltlups t hat were gedhemetri ceé
full-scale engines combustors. While testing with these swalk setups reduced the
cost of testing and produced important results, the acoustic modes excited in the small
scale setups hadonsiderably higher frequencigbat did not simulate theower

frequency oscillations that are excited in the unstablestidle engines.

The above discussion indicates that in order to study the driving of Cls-n full
scale engines in smadkale rigs, the lattenust simulatehe acoustic environmentshe
combustion processeand the interactions between these proceasst® unstable ful
scale engine. This study has investigated the ussmb#scale rigequipped with aeal
time active acoustic boundary control(see figure below) to simulate the castic
environment of the fulscale engine in the smaltale rig. The proposed approach, for
the study of the driving mechanism lohgitudinal Cls, is described in the figure below.

It describes the proposed approach for experimentally studying the processes taking place
in region (1)~(Il) of an unstable fullicale engine in a smadtale rig. To attain this goal,

the active control system (A} needs to generate an acoustic impedance at location (Il)

of the smakscale rig that equals to the acoustic impedance at the corresponding location
in the fulkscale unstable engine. If this is accomplished, the acoustic oscillations in the
region betveen locations (1) and (ll) in the smaitale rig and the fubcale engine would

be identical.
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Description of the proposed experimental approach that allows an actively controlled smadtale rig
to simulate longitudinal combustion instability in the full -scale combustor

As described in Chapter 2, this study has developed an ACS that enables a small
scale rig to simulate the acoustic oscillations in -$athle engines experiencing
longitudinal Cls. It consists of the following three modules: 1)wave separation
modulethat usesneasured acoustic pressures amelal timewave separatiomlgorithm,
developed using theethod of characteristicio determine the properties of the right
and left going waves in the actively controlled, sprsakile rg; 2) A simulation module
that numerically determines neal timethe properties of the right and left going waves
in the AmMmi ssi nasgale prainet (gee fgdre abdved, uding ingut from the
wave separation modylend determines ireal timethe acoustic boundary condition
(BC) that must be established at location @ifi)the smaliscale rigin the above figure;
and 3)An actuator (speaker) modul¢hat uses input from th&mulation moduleand
determines the control current to the actuatdratc at i on (I 1) that fAge:
acoustic BC at that location in the smsdhle rig This is accomplished by determining

the control current to the actuator (a speaker in this study) by modelling the speaker as a

XiX



mechanical springmassdamper system forced by theacoustic pressureand the
electromagnetically induced force by the input current

The perfomance of the developeACS was successfully demonstrated in
numerical simulations and experiment3he experimental efforts developed a dmal
scale, actively controlled, rig equipped with speakers on its left and right hand sides. The
left speaker was used to generate acoustic oscillations in the rig that simulated the driving
of the CI by the combustion process, and the right speaker washacontrolled to
simulate the acoustic field in the fidtale system. This experimental setup was used to
demonstrate that the ACS could excite a travelling acoustic wave CI within the small
scale rig by act ieflecting acdugi® a thearight pogndarygll) n o n
of the rig. Thisrig was also used tdemonstrate that the developed ACS could simulate
a standing acoustic wave CI in a fattale engine (i.e., the longer tube in the figure above)
within the smallscale rig. Additionally this rig was used to demonstrateat standing
acoustic waves ClI in fubcale engines having different lengths could be simulated in the
developed, actively controlled, smaktale rig.

Finally, as discussed in Chapter 3, this study also developed a theoretical model
that determines imeal timethe acoustic BC that must be generated by the ACS at the
boundaries of a smadicale rig that simulatesansverse(tangentia) Cl in an annular
combustor similar to those used in gas turbines and jet engines. In this case, the small
scale rig consists of a smal/l section of
thefulscal e engine consists of whseale sebt@ig been
has been removed from the annular combustorfigere below). The developed model

assumed that reactants are supplied to the annular combustor by several nozzles (injectors)

XX



t hat stabilize a fconcent r anitg caid thatotiheb u st i ¢
combustion products leave the combustor through exhaust nozzles located downstream of

the combustion regions. The developed model accounts for the presence of a tangential
mean flow in the annular combustor. To determine the BCs éealedl to be established

at the boundaries of the actively controlled, srsallle rig, the developed model

accounts for the effects of the periodic combustion processes and flows through the
reactants supply and exhaustengmeg and lfoeteke i n t

presence of a tangential mean flow in the annular combustor.

Full-Scale Annular Combustor

Combustion Process
- Injector
- Exhaust Nozzle

Acoustic Waves

Small-Scale Rig

I (1)
Tangential  ~~~T——- e
Mean Flow “Missing Part” _

N Active
"| Control

Description of the proposed approach that allows an actively controlled smadicale sector rig to
simulate tangentialcombustion instability in the full-scale annular conbustor

The developed model was numerically validated and used to investigate the
effects of the exhaust nozzle, combustion process, and tangential mean flow component
upon the characteristics ¢dngential Cls in an annular combustorSpecifically, he
numerical simulations studied the interactions of initial travelling and standing acoustic
waves disturbances with the exhaust nozzle and combustion process, and the effect of the
tangential mean flow upon the characteristics of standing and travadowgstic modes

Cls.

XXI



Initially, numerical solutions of the developed modkkd light onthe damping
and drivingof the oscillationgprovided bythe exhaust nozzle flownd a combustion
processhats only fisensitiveo t o, redpectivdlypamcathe pr e s
dependence of these processes upon the presence of a tangential mean flow in the annular
combustor They showed that in thabsenceof the tangential mean flow, initially
travelling or standing acoustic wave disturbances are damp#te exhaust nozzle until
a standing acoustic wave with its pressure node aligned with the exhaust nozzle is
established in the annular combustdihis studyalso showdt hat a fApressur e
(only) combustion process would amplify an initiallyavelling or standing wave
disturbance, resulting in the establishment of a standing acoustic wave whose pressure
antinode is aligned with the combustion region. The amplitude ofChtontinues to
grow (to infinity) in the absence of nonlinear anddamping processes that woduihit
the growth of wave.

It was also shown that when a tangential mean flowrésentin the annular
combustor, initial disturbances are continuously damped by the exhaust nozzle until their
amplitudes are reduced to zerdlowever, when the driving by the pressure sensitive
combustion process exceeds the exhaust nozzle damping, all initial disturbances are
continuously amplified until, eventually, their amplitudes go to infinity, when there is a
tangential mean flow in thennular combustor.

The developed model was also used to study how a combustion process that
depends upon the steady (tangential) flow velocity componen{audistic)velocity
perturbation affects the characteristics (e.g., temporal variations of the spatial waveforms)

of the ensuing Cls Numerical solutions of the developed model showed when an initial

XXii



disturbance is introduced into the annular combustor iraltisere of a tangential mean
flow, the (nonlinear) dependence of the combustion proggss the acoustic velocity
magnitudeproduces a higher fregacy component in the develop&d that oscillates

with twice the frequency of the initial disturbanc&hey als showed that thpresence

and direction of the mean tangential flow component critically affect the characteristics
of tangential(spinning instabilities, due to the nonlinear dependence of the combustion
process upothe acoustic velocity and the tangiahmean flow. Specifically, this study
showed that when a tangential mean flow compongmesentin the annular combustor,

an initially standing wave disturbance gradually transforms itself irgpirmningwave

that rotates around the annular combugt the direction of the tangential mean flow
component. This finding is in agreement with previous experimental observations that

have not been explained to date.
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CHAPTER 1.

INTRODUCTION

The objective of thistudywas to develop a real time, aa boundary control
approach hat would allow simulations of longitudinal and tangentc@mbustion
instabilities (CIs) in fullscale engines in smadtale laboratory rigthat could be used to

study these Cls more thoroughly and at significantly lowest.c

1.1. Background and M otivation
The onset of combustion instabiliti€€ls) has hindered the development and
performance of combustion systems employed in industrial, power generating and
propulsion systems for many decades, shortening components lifetime and causing
systens failures. C$ manifest themselves as organized, laegeplitude pressure,
velocity, and reaction rate oscillations ihe combustion systerfil, 2]. An example of
pressure oscillationsieasuredn an unstable combust@ shownin Figurel.

Limit Cycle Oscillations\
0.015

0.01 Growth of Oscillations \
0.005
0

-0.005

T

Stable Operation
-0.015 ‘ ‘

0 500 1000 1500 2000 2500

-0.01

Normalized Pressure (p'/p)

Number of Cycles

Figure 1. An example of pressure oscillations in amnstable laboratory combustor, from Lieuwen
and Zinn [3, 4].



Cls are driven byfeedback processas which the combustion process and flow
oscillatiors (e.g., vortex sheddingand acoustic ogtlations) interact with each other
Figure2 presents an example of such a feedback prdg2g¢ssviore specifically,Cls are
excited whencombustion proceskeat release oscillations drive acougiressure and
velocity oscillations These acousticoscillationsmay, in turn produce, e.g periodic
vortex shedding, mixing and reactants flow rates oscillations that enhance the combustion
process heat releasscillations, thus producing feedback process that supplies energy
to the acoustic oscillationsSimultaneouslyacousticenergy is lost from the oscillations
by, for example,convection of acoustic energy out of tbembustor (e.g., through the
nozzle) viscous dissipation, and heat transfetf the magnitude of th fdrivingo
processs exceeds the magnitude of teefidamping®  p r as cthe sesergy of the
oscillationsincreass with time. In this casethe oscillations are amplified until constant
ampitude, limit cycle, oscillations are established in the comby8tod] as shown in
Figure 1. At the limit cycle the time averagesf the acoustic energies supplied and
removed bythe driving anddamping processegespectivelyare equal and no net energy

is added to the oscillains

Heat Release
Oscillations

Flow and
Mixture
Perturbations

Acoustic
Oscillations

Figure 2. An example of a feedback cycle responsible fodriving combustion instability, from
Lieuwen and Yang[2].



The driving effectiveness of théeedback procesgenerally depends upon two
characteristic time constantthe period of the oscillations and the characteristic time
constant of the feedback proceds a typical feedback processach plgsical process
affects another process aftetime delay e.g., the time lag of the combustion process,
the relaxation time of the injecot system, the chamber pressure relaxatime and so
on. The sum of the time delays for the involved physical processes provides the total
time delay for the complein of one feedback cycle, which represatgsharacteristic
time constant. The feedback process drives CI only when the period of the instability is
related to the time constant of the feedback process by a specific relationship as
demonstrated by thexample below. Notably, Glgenerally excite a natural acoustic
mode of the combustor whose period satisfies the reqgiiited me r el at i onshi p¢

To illustrate the importance of the magnitude of the characteristic time constant of
the feedback process, cder the simple combustor shown kigure 3. It shows a
combustible mixture of fuel and air injected into the combustor at its left boundary by a
constant pressarsupply system, thus generatianmean flow through the combustor
For simplicity, it is assumed that a concentrated combustion process occurs near the
injector, sed-igure3-(i). Supposehat oscillations witra frequency,Q , occur near the
injector that produe local chamber pressure oscillations as showrigure 3-(ii). This
producesinjector pressure drop oscill@ns that experiene a minimum when the
chamber pressure is at a maximum and vice versa. The oscillatory pressure drop across
the injector produces an oscillatory injection rate after a certain time delay (i.e., the line
relaxation time). The injection rate oscillations produce burning rate oscillations after a

combustion time lag and, finallghe combustion heat release rate oscifaiproduce



pressure, temperatyrand velocity oscillations in the chamber aftermae delay, which
approximately equaldie chamber relaxation timeThe sum of the line relaxation time,
the combustion time lagind the chamber relaxation time providesharacteristic time
constant for the feedback proceks,, which is the total time delay for the completion of

one feedback cyclelf in the example shown iigure3-(ii) the sum of theetime delays

is close to a half period of the local chamber pressure oscillations; i.e.,-"Y

-—, the combustor oscillations are amplified (drivéay) the energy supplied by the

oscillatory combustion procesdlf this condition is satisfied, wheme local tamber

pressuras at its minimumthe reactantsnjection rateis at its maxmum. At this instant,

the injector supplies@ ma x i energgpacke ¢ of tharaeclteaasndgess it s Am
e n e ragdy thus, creates maximum drivingtbé combustor oscillations about a half a

period of the oscillations later when the local chamber pressure is at its maximum, see
Figure 3-(ii), thus enhaning the combustor oscillations This example shows that a

feedback process havirggime constant} , can drives the combustor oscillationisly
at selectedrequencies; i.e’Q  -—. If the frequency of one of the natural acoustic
modes of the combustor satisfies this condition, &., 'Q  -—, the combustion

process (through the feedback process) may excite large ampigadiations of ths

naturalacoustic mode of the system
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Figure 3. An example of time and spatial relationships for driving combustion instability; (i) an
example of an unstablecombustor, (ii) a schematicof the time dependence of the various oscillating
quantities, showing relevant time delays from Crocco and Cheng[l], (iii) locations of the
combustion process relativeo the structure of the excitedacoustic pressurenscillations: (a) maximum
driving, (b) driving, (c) no effective driving bythe concentrated combustigmocess

The driving of Cl also depends upon the location of the oscillating combustion
process relative to the structure of the excited acoustic mode pressure oscillations as
shown inFigure3-(ii). Let 0 s a sashatured acdustia madoscillations with a

frequency,;, and a feedback process having time constdnt, of the concentrated

combustion process satisfy the above discussed time aondig.,”Q;, "Q -—. If

the concentrated combustion process occurs at a node of the natural acoustic mode
pressure oscillationdpcation (c) in Figure 3-(iii), this mode cannot be driven by the
feedback process because the combustion préegpsriencé no pressurescillations at

the node, thuéipr eventingo the excitation of the

natural acoustic mode of the combustor with a different frequégcy((Q; "Q;), may



be excited, if the oscillatory combustion process is not located at a the presserefn

this mode and the above discussed time condition is satisfied. On the other hand, when
theconcentrated combustion process is located at a pressur®dafii.e.Jocation(a) in
Figure3-(iii) , maximumdriving of thepressure oscillations through the feedbpakcess

may occur A combustionprocess located between a node andantinode of the
acoustic pressure oscillatioresg.,location(b) in Figure3-(iii), maystill interact withthe
combustion procesa a manner that will drive an instability.

The above discussion shows tha onset of Cl and its frequencies depend upon
the temporal and spatial conditionfor driving the oscillations througla feedback
process The temporal conditionrelatesthe time delays of the involved physicahd
combustionprocesssand theperiods & the naturalacoustic modes dhe system The
spatial conditionrelatesthe location of the combustion procéssat releasé r el at i ve o
the structure of the unstable mode. These conditions depend upon the design and
operating conditions of the comhasand the characteristics of the unstable mddeus,
combustion systems with different configuratiorend operating conditionsare
susceptible taCl having different frequenciesnd mode structures (e.g., tangential or
longitudinal modes), because thgyarametersthat affectthese temporal and spatial
conditions depend upon the system design and operating conditidfts. example
changing the igction systemdesignchanges the line relaxation tinaad danging the
fuel changes the time lag the combstion process as different fuels (e.g., solid, liquid
and gasousfuels) have differentcharacteristic combustiotimes. Also, reducing the

size of the combustion chamhecreases the frequencies of its natural acoustic modes.



All of these modifications alter the feedbatliechanismand may excitedifferent ClI
modesat different frequencies

Investigations of the mechasims that drive Clgenerally consisted of
combinatiors of experimental, theoreticahnd numericaktudies These gnerally gek
to elucidate the feedback process that drives the CI,Fsgre 2. Ideally, the
experimental setigpused in such studies should be capable of sinmglaéll the
phenomena, e.g., thermodynamic operating conditions, mixing processes, combustion
processand acoustic oscillations that occur in the unstablesttdle enginéo assure that
all the parameters affecting the feedback mechanism are reprodubedaboratory rig.
Clearly, investigating the instability in the unstalfidl-scaleengine, would satisfy these
requirements. However, investigating CI in the-Bdhle engine tests is not practical
because of thexorbitant costs of such teqts] and the inability to equip fukcale
engines with diagnostic systems that could measure, e.g., the temporal and spatial
dependence of the mean and acoustic pressures, temperatlmegies and reaction
rates.

Because of the above described problems of investigating Cl iaclié engine
combustors, most studies of Cl to date were performesniallscalesetups that were
geometrically similar to but smaller than the fedlde engine combustor. While testing
with these smaltcale setups reduced the cost of testing and produced important results
[6, 7], the acoustic modes excited in the srsadlle setups habigher frequencies and
could notsimulate the lower frequency oscillations that are excited in the unstable full

scale engines.



Next, we will discuss the problems associatgth smallscalerigs that are used
to study longitudinal and transverse (tangential) Clee former involvesxcitation of
oscillations whose properties vary along the direction of the axis of the combustor and the
latter involves the excitation of oscillations in transverse planes of the combustor whose
properties varynplanessper pendi cul ar aki® ThHelpreblemsassbalmed or 0 s
with the study of these €Wwill be discussed with the aid &igure4-(a) for longitudinal
Cl and Figure 4-(b) for transversdtangential)Cl. Figure4-( a ) shows ahedf ul
combustor that experiences longitudinal Cl on amgl a smallscale rigthat is used to
study this CI on the bottom. Such a snsalale rig is geerally developedy reducing
the length and diameterof the fullscale engine whilemaintaining otherdesign
parameters, such as mean flach number (i.e.nozzle area ratjo injectors design
reactants combinatiomnd fuel/air mixture ratio the same as in the fstlale engin®n
top of Figure4-(a). The frequencies andriding/dampng of the modes excited in the
full-scale engine and the smadale rig are determined tiye combustion prossesthe
c o0 mb u denhgthiard slianeter (because it affects dampinghe gas temperatureand
the acoustic boundary conditio(BCs)at t he combustor s inl et
fuel nozzles are located) and the outlet (where the exhaust nozzle is locé&ted).
discussed ahe, since Cls are excited when acertain relationship (e.g.,the
temporal/spatial conditions) satisfied between the characteristic combustion time and
the period of the acoustic mode, this relationship may be satishiedifferent
mechanisms adifferent modesn the smallscale rig and fulscale engine For example,
since the smalscale rigis shorterthan the fulscaleengine the natural acoustic modes

of the smaliscale rig have higher frequeasiand shorter walengthsthan the fullscale



engine; ie., & o and _ j _h
Consequentlythe CiI® f e e d b a c ik thgpamalsceale rgg earsd the fullcale rig

should satisfy the following temporal conditiors: "Q; Y and

RO~ -—— . However,sincethe natural acoustic modes of the small
h

scale rig and the fubicale rig are differenthetime constants of thieedback pocesses

of the oscillaory combustion processes msaignificantly differ from one anothe(i.e.,

Tt t i ). Additionally, the fundamental mode.g.,"Q; )

may be excited in the smadtale rig while the first harmonic of the fundamental mode
(e.0.,'%, ) will be excited in the fullscale engine because the frequencies of these
two modes are closge.g.,"; " ). However, since these modes
have different spatial structures, their interactions with the oscillatory combustion
processes may be significantly differentvhen these occuthe results obtained in the
smalkscale rigstudy may not elgidate the physicef the instability in the fullscale
engine. This discussiomdicates that in order for amallscale rig to simulate
(longitudinal) instabilities in afull-scale engine, it must simulate the acoustic
environment experienced by the damstion process in the fuficale engine. As
discussed below, this could be achieved by active control of the-sngalh | eacousticg 6 s

boundary conditiofBC).



(a) Longitudinal instability (b) Tangential instability
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Figure 4. Descriptions of full-scale combustos and smallscale rigs: (a) case of longitudinal
instability, (b) case of tangential instability.

Similar problems are encountered when attempting to simulatesciil
tangential instabilities, similar to those encountered in annular gas turbine comfgjstors
9], in a smalscale laboratory rig, seleigure 4-(b). In this case, the direction of the
acoustic motions is normal to the direction of the miaw from the injectors to the
combustor 6s exi t .-scalefEambustoreemplogsrseveral fuél eozzies: | |
while the smabscale rig may havenly one (as Bown inFigure4-(b)), two or threduel
nozzles. Clearly, as in the above discussed longitudinal instability case, thescaall
Atangenti al 0 r ihg acousin enaronmesti iMmihd @nstable -faidle
engine because of its smaller dimensions, addlitionally,the need to account for the
driving provided by all the fuel nozzles in the fattale engine Specifically, the onset
and frequency of Cl inhee full-scale engine depend on tieenporal and spatiafariations
of the state variablesncountered by the multiplicity of combustion processes generated
by all the fuel nozzles Furthermore, the onset of Cl in the fstlale engine and small
scale rigdepends upon the acoustic damping in each systenstudy tangential CJshe

smallscalerigcouldc onsi st of a A s e gFigeredibg thaticsformédu st or ¢
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by At r un c a-4{sdaleapmulartomlgustof. uCohsequently, the sradble rig
would | ikely have a single fuel nozztl e who
with acoustic oscillations excited by one or more natural acoustic mode whose
frequencies are most likely much higher than the frequency of the instability in the full
scaleannularcombustor. Inthissmai cal e r i g, t he drisingle ng i s
combustion processn contrast to the driving provided by the system of fuel nozzles in

the fullscale combustor. Therefore, the srsalhle rig cannot simulate the driving
provided by all the injectors in the fidtale engine. Figure 4-(b) describes these
problems. It indicates that the smsdiale rig could simulate the CI of the fasliale

engine only if the effects of the phenomesaurringi n t h eg Apnéshoism im
Figure4-(b)) of the annular combustor could be simulated in the sseale combustor

by active control of the acoust®Cs at both ends of the sthacale rig. Specifically, the

actively controlledBCs at the both ends of the smsdlale rig vould have to account for

the effects of acoustic wave propagation/reflection and combustion processes in the

Ami ssing parto of the engine.

1.2.Si mul arull-So g | ®robuston Instabilities
in Small-ScaleL aboratory Rigs
The above discussions indicatet in order to study the driving of CI anfull-
scale enginen a smaliscale rig the lattermust simulatehe acoustic environmenthe
combustion processnd the interactions between these proceasescountered in the

unstablefull-scale engine.
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1.2.1. Simulating Longitudinal Combustion Instabilities in Small-Scale Rigs

To demonstrate how to attain these goatsng active acoustiBC control we
will first discuss the case of longitudinalsG¥ith the aid ofFigure 5, which showsa
schematiof the fullscale engine on top and the actively controlled sselle rg on the
bottom. To illustrate how a smaltale rig might be able to simulate the acoustic
environment in the unstablkelll-scale engine, we drea vertical line i(e., thethick
dashed lingll)) at the location wherethe ftdlc al e engi nefWwoul ¢¢ lbe dié
construct the sma#cale rig. An acoustic wave generated in the combustion region in the
unstable fulscale engine would propagate to the right, past the dashedl)in@Vhen
this wave reaches the exhaust nozéart of the wave will be transmitted through the
nozzle anda fipard will be reflected off the nozzle and propagate back into the
combustion chamber. Consequently, incident and reflected acoustic waves will be
present at the location of the dashed (e The properes of these waves determine
the magnitude and phase of the acoustic imped@ecgr 1 T0eat that location. This
acoustic impedance represents the effect of the acoustics in the combustor section to the
right of the dashed line and the nozéle., theregion between the dashed lines (Il) and
(1I1)) upon the oscillations in the combustor section to the left of the dashgddinéhe
region between the dashed lines (I) and.(IPpnsequently, if the acoustic impedances at
the location of thelashed lingll) in the fullscale engine and the smadale rig are the
same, the acoustic environments to the left of the dashedlliria bothsetups will be
thesame Finally, to assure that the smadlale rig simulates the driving in the fsliale

engine,the smalscale rig mustlso simulate the mean flow Mach number in the -full

12



scale engine and e mpl opyopellahtgandsrexiure raticas jne ct or s

the full-scale engine.
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Figure 5. Proposed approah for using asmall-scale rig with real time active boundary control to
simulate the acoustic environment in an unstable fulkcale engine experiencing an axia
(longitudinal) combustion instability.

It is proposedhat thesmallscale rigemployactively controlled actuators (e.g.,
speakers) installed &b (right) exitto generate the acoustic impedance that is present at
that location in the fulkcale engine (i.e., the dashed line (IlJFigure5). Such actuators
could be installed on the sidewalls of grmaallscalecombustorig near the exit plane to
allow the combustion products to flow out of the rig.

In order todeterminethe acoustidBC (e.g., acoustic pressure and velogityr
impedancept the boundarypf the smalscale rig (i.e., location (ll) ifrigure 5), which

needs toequal e.g.,the acousticpressure and velocityor the ratio of them, i.e.,
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impedance)at the corresponding location in the falale enginethe proposed active

control system (ACSWill have toperform the following tasks:

i. Determinetheright and leftgoingwaves in the smaliscale rig(i.e., regon (I)~(I1) in
Figure 5) usingthe measured acoustic pressut®g performingfiwave separation
This determine the right going acoustic wave arriving at thight boundary of the
smallscale rig (i.e., location (ll) ifrigure5).

ii. Numerically $mulatein real timethe acoustic wagepropagadn andreflection in the
fimissing pam of the fulkscale enging(i.e., region (I)~(Ill) in Figure 5), and
determine theroperties of the reflectetgft goingacaustic wave arriving aiocation
().

iii. Using thedetermined properties of thight and left goingacoustic wavesgobtained
in stepd. andii. above) detemine the acoustipressure and velociit the boundary
of the smallscale rig(i.e., location (ll) inFigure5).

iv. Usethe actuator (e.g., speakat)the boundary of the smaitale rigto generatehe
determined acoustiBC, i.e., acoustigpressure and velocity at the smsllc al e r i g6
boundary(determined irstepiii .).

Such aractive control system (ACSyas developed as part of this study andissussed

in detail in Chapter 2.

1.2.1.1. Related Studies
The developmets and applications ofiact i v e contoyrwhich appr o
manipulatethe acoustic impedance at the boundary of the rigausictively controlled

actuatorwere studied bgeveralresearchers. Guicking and Karcl#@] first suggested

14



this concept to generate nogflecting (or fully absorbing)BC at theterminationof an
impedance tubandimplemented an ACS faroise absorption purpasePaschereit at al.
[11-13] investigated the application of a relat@isnpedance tuning approadh t o a
combustionsystem under noereactng and reacting flow conditions Other related
studies dealing with, e.g., noise absorption and resonata smwlation, also showed

that impedance tuning approache&sn be used to control the impedance at a given
location in a smalkcale rig to create nemeflecting BCs that simulate anechoic
terminations[10, 14] or maintain a predetermined reflection coeffici¢hl-13, 15]
Among these, the studies by Guicking and Kar¢h@} and Paschereit at 4lL1-13] are
discussed herein as theyluencedthis study.

Guicking and Karchef10] demonstrated active control af onedimensional
acoustic wave reflection o boundary Specifically, the objective of their study was to
dewelop a methodologfor manipulating the acoustic impedanceadfoundary using an
actuator(e.g., a loud speaker in their study) establish a fully absorbing (or, non
reflecting) acousti®C.

Their experimental setup is shown kigure6-(a). It consisted o&n impedance
tube equipped witha loud speaker at each entdhe speaker at the right boundary was
used to excite a harmonic sound wava given frequency in the tube, and the speaker at
the left boundary actively controlled the acoustic impedance (and, thus, the reflection
coefficient) there.In orderto generatehe control signal, d@iwave separatar algorithm
was developed and firsteidd t o A mthe acqusti€ preéssues measured by two
microphones(by adding, subtractingand timedelaying, t o i $he acoustic wave

field into incident and reflected wavedor pure harmonic excitations A signal
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describing thencident wavewasthen fedinto the amplifier (for the speakem@nd the
gain and phase of the amplifier signal wéraanually tuned until a nonreflecting
acousticBC was establishedat theleft boundarywhere theactively controlledspeaker
was installed Notably,thisfi ma n u a | processvasnngcessary becauser ACS
couldn ot det e mif n eacdusticimgpédanceand did not havea speaker
modelthat could be usetb determine the command sigrialspeakeras was done in this
study(and discussenh Chapter 2)

This A e mp i ACS; wsingd awave separatprwas applied to generate non
reflecting acousti@C for harmonic oscillatios at different frequenciesThe result of
their study is shown ifrigure6-(c). It shows the frequency dependencehef obtained
reflection coefficientd s (i.e., the ratio of the amplitude of the reflected wave to that of
the incident wave)n the 100~800 Hz figpuency rangesge thesolid line). Notably, it
was close to zero over the investigated frequency ratiges demonstrating the
effectiveness of the developed ACS for this specific applicationestablishing se 1
at a boundarywhiled s Tmattheidealinaref | ect i n.glo thelr studp tha r y
use of thewave separator allowed the ACS tse the incident waveonly without
Al nt er ffrem then flected wavewhich was generated by the speakdtus
preventingunstable operatioaf the ACS (i.e., rapid amplificatioof the reflected wave)
which could bedrivenby afeedbackpathinvolving the measurement system, the control
system, and the speakelt should be also noted that when the control was attempted
without the use of a waveegaratoywith the use obnly one measured acousficessure

(seeM; microphonein Figure6-(b)), theif e e d b a ¢ k hecamd sigbificdnti ahdy 0
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the ACS was not ableo establishnonreflecting BCat frequencies abovd00 Hz as

described by the dashed limeFigure6-(c).
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(c) Reflection Coefficients
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Figure 6. Active impedancecontrol for one-dimensional sound, from Guicking and Karcher [10]:
(a) experimental setup, (b active impedance control with two feedback ricrophones @nd a wave
separator), (c) reflection coefficients obtained for harmonic excitations, with the wave separator
(with two-microphones - solid line) and without wave separator (with onemicrophone - dashed line)
These resultsuggesthat itshould bgyossible tcactivelymanipulate the acoustic
BC (or, acousticimpedance)by actively controllingan actuator (e.g., speaker) tite
boundary of the rig Also, awave separatqrwhich identifies theight and left going
wavesfrom two measured acoustic pressunesthe rig, is crucial tothe successful
operation ofsuch an active control approachThis study suggested th&dr an active

control of an acoustic BC in a rig, the ACS would require capabilities for deterngihing

the properties of the rightward and leftward moving waves in thgir)jgthe acoustic

presure and velocity at the actively control
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determines the required command <current t
acoustic BC.

Paschereit at a[11-13] also used an active control scheme to manipulate the
acousticBC in a swirl stabilized, lean premixed, combustsee Figure 7-(a). The
objective of their studiesvas to investigate whether longitudinal Cls full-scale
combustorsaving differentengthsmaybe investigatedn the same test riguring early
enginedesign phasebeforethefinal design andabricationof thefull-scale combustor

To actively control the acoustic BChéy measuredicoustic pressures using
microphonedocatedat several locationalong the rigandusedafiwave seppar at or
characterize theight and left going wavem the combustor. This wave separator was
developed ifrequency domainbased orthe fiwave separatar algorithm developethy
Guicking and Karchefl0]. The commands for the acousticpedancgi.e.,&> 0Fw)
atthe reference planghere the actidg controled actuators, i.e., speakers,revéocated,
as shown inFigure 7, were fipredetermined using pre-calculated frequency domain
solutiors of theacoustic motions in thiull-scale combustor at each frequendg order
to apply this approach to general acaugpressure signals consisting of several
frequenciexomponentsthe measured sigrsalveredecomposedandthe wave separator
was separatelyapplied to each frequency component. These results tvenaised to
determine acoustic BC at each frequencyhatreference plane (i.e., the location of the
actuators), and the results wagsmthesized to generate the time varying control signal to
the actuator.Their study demonstrated that the ACS was abfgeteerate fully reflecting

and nonreflecting acousticimpedancesat the boundary of the combustor (i.¢he
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location of the actively controlled actuatprsnder reacting ah nonreacting flow

conditions.

(a) Schematic set up of the atmospheric test rig

preheater

reference plane B speaker
burner flame
reference plane A 4 >
'
B l | l
1
|
|
3 ]
SRR S ARES -M'H
/ g
/ ¢ S8S S
v [—" microphones r—
photomultiplier
speater speaker

flow

open end

anechoic end

saliiaics pliie —
Figure 7. Impedance tuning of a premixed combustor using active control, from Bothien, Moeck
and Paschereit[11-13]: (a) schematic set up of the atmospéric test rig, (b) application of the active
control scheme
Paschereit at . §11-13] resultsalsosuggest that it should be possible to use an
active control approacto manipulate the acoust®C of a smallscale combustarg in
order toallow it to simulate longitudinal Cls in different lengéhfull -scale combustors
Not abl vy, Pascher ei twagtsepadtoandl§ a pArCiSeterahésl 0 U s e ¢
the actively controlledacoustic impedance Bid frequency domain Additionally, their
ACS could actively controlmulti-frequencies oscillations by employing signal
decompositionand synthesis processes, which require relatively la@oghputational
periods and compk algorithms This suggest thatthere is a need foanother signal

analsis approachhatwould enableactive controlof acoustic B&i n fir e &lso, t i me 0 .

since their studiesimulated only longitudinal Cls infull-scale combustsr it has been
19



assumedthabh o combusti on process i s pcombgss®mMt i n
which allowedfiapriorio determiration of the actively controlledcoustic impedance at
the boundarysingthe solutions of the fulbcale combustérs a c.oNbwllyi this
approach would notwork f combusti on i s ptroe scefn-sdale en ftihlel
engine and should be considered in the determination of the actively controlled, acoustic,
(impedanceBC. Additionally, to simulatetangential Cls ima full-scale engine (where
combustion occsi N t he fAmi ssi rsepk gngine seéFigud4-(by)imea f ul |
smallscale rig, it may not b@ossible tofi a p r idetermirte the actively controlled
aoustic impedanc8Cs at the boundariesf the smallscale rig usindrequency domain
solutionsthat accounfor the effects otthe acoustic oscillations, tangential mean flow,
and combustion i n t hescale mombustorrDgterngning thé o f t
actively controlledacousticBCs in ths case would require a model thascibes the
interactions amonthe combustion process, tangential mean flow, and acoustic waves in
t he Ami ssi ng-sqala comidustar, fand tcduld befsolved in real time. The
development of such a model is deised in Chapter 3 of this thesis.

As discussed in the previous studies, to identifg rightward and leftward
moving acoustic waves in themallscalerig from the acoustic pressures measurements
in real time, ail wa v e i®m® pnadula thatusestwo (or more) acoustic pressure
measurements is required. Analysis of the acoustic field usoogistic pressures
measureddy two or nore acoustic pressursensors distributed along the hgs been
extensively studied. For example, Chung d@ldser [16, 17] devebped a transfer
function method that determines the acoustic properties of a duct. They successfully

decomposed a broadband stationary random acoustic wave in a duct into its complex
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incident and reflected components (for a complex reflection coefficisinty a transfer
function relationship between the acoustic pressures atlda@tions in the tube.
However, h order to develogii r e a |l ACS, theenave separator needs to rapidly
identify the rightward and leftward moving acoustic waves at leastdéfie right going
wave arrives at the reference plane (i.e., the boundary of the-stabdl rig where the
actively controlled actuator is installed), thus requiring a very short calculation Eare
this reasonthe transfer function method developbg Chung and Blasdd6, 17]is not
directly applicableto the present studyecause t uses a relatively 0fAs
the measured acoustic pressure sigiisls 19] This indicates that in ordéo develop a
Areal t,jamdid eACS ti meodo approach for deter mir
and leftward moving waves using two measured acoustic pressures will have to be
developed.The development of such an approach is described in Chapter 2 of this thesis.
The general features dfa@active controbpproaches used BRaschereit at aJ11-
13] and Guicking and Karchdi0] aredescribed inFigure 8. It shows that the ACS
uses two (or more) transducessmeasurehe acoustic pressuraa the smaklscale rig.
Next, the frequency spectra tfet measured pressure signalsdetermined anded into
an array of theiwave separatoosthat determine the properties of the rightward and
leftward moving waves at each frequencyhese solutions arémodifiedd to satisfy
A a p r ideterminied acoustic impedasdalat must be established at the srsahle
rigébs boundary by each frequency dlemponen
determinedmpedance BCat the various frequeres are then synthesized to determine
the acoustic BC that needs to be established bgdtieely controlledspeaker. Finally,

to determine the control current to the actively controlled speaker, the ACS requires the
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use of aispeaker modelthat relates he acousti c pressure and
diaphragm to the control current to the speakétotably, the ACS developedby
Guicking and Karcher did not have such a model and they accomplished their objective
by fAmanual 0 c ontdtothe spdakemwhiieePaschereitracdli.s A€ S

employed a speaker modeihich is shown irFigure8.

Approach used in Previous Studies of Active Impedance Tuning

Active Control

Wave Separator || Apriori determined
» | - freq. domain Impedance, f, Synthesis
of Signal
Wave Separator || Apriori determined 3
- freq. domain [ {~ Impedance, f,
P - Speaker
P : Model
Source Driver Ve - ¥
|
& Small-Scale Rig _>'6M|ssmg Part—> Control Signal

'<— Full-Scale System —>'
(I) (I (III)

Figure 8. A schematic of the a&tive control system used byprevious investigators (Guicking and
Karcher [10] and Paschereit at al[11-13]) to simulate longitudinal oscillations infi f tslcla | e 0
in a smallscale rig

As discussed above, tHeCS used in thesarlier studies describedn Figure 8)
used wave separatofsrmulated infrequency domaimo characterize the acoustic field
inside the rigand i a p r idetermiedthe acoustic impedance at each frequency
component present in the rig Such frequency domainapproaches are useftibr
developinga stableACS because selective suppression of noise in unwanted frequency
ranges can be attainedAlso, as shown irFigure 8, the ACSfip r e s ¢ \pridrie d 0

determinedacoustic impedances at the location of the control actsttomwn as the red

dashed circlethat weredeterminedusing frequency based analysafsthe wll-scale
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systemacoustics (for example, sebered colored solution of the pressure amplitude near
the boundary Thus, before the operation of the AG®d the smalbcale rig the
frequency domain solution of the fitdtale system acoustitsrequired and the acoustic
impedances at the control actuator of the smadlale rig need to be determinagriori

using this solutiorof the fullscale system acoustics

1.2.1.2. Active Control Approacbevelopedn this Study
Since, as discussed above, the active acoustic BC conpmamhes that have

been developed to date, dagure8, do not meet the performance goals of the ACS that

would be required to simulate ftdcale engingsCls in a snall-scale rig, this study has

developed a new ACS that is showrFigure9. It consists of:

1. Two transducers to measure heoustic pressures twolocations inthe smalscale
rig,

2. A fiwave separatiod modulethat determins the properties of theightward and
leftwardmoving acoustic waves inthayii n fir eal t i meo

3. A simulation moduleg h a 't determines in Areal ti meo
and leftward moving waves in themi s s i naj thefudl-scal® combustoand
determineghe acoustic BG@Q h a't mu st baethe bguedarg of the sailb
scale rig(i.e., location (1))

4. A speaker model module that determines therob current tahe speaker that would
generate the required acoustic BEhd

5. An actuatori(e., a speakein this study that activelygenerats the requiredacoustic

BC at the boundary of the smaltalerig (i.e., location (Il))
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Approach of this Study
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Figure 9. A schematic of the ative control approach developedin this study to simulate full -scale
engine$) longitudinal, combustioninstabilities in a smallscale rig.

To identify the rightward and leftwardnoving acoustic waves in themallscale
rig from the two acoustic pressuresieasuremest i n r e al t i meno
modulewasdevelopedn this study To meet the objectives this studythe developed
wave separain modde needs to identify the rightward and left@amoving acoustic
wavesin a time shorter thrathe time required fothe right going waveo arrive at the
boundary of thesmaltlscalerig where the actively controlled actuatierinstalled In
addition, since theright going wavedentified by the wave sepaiah moduleis usedas
an input toa fireal time simulation that determins the subsequenbehavior of the
combustion and acoustic processes t h e A maf thesfulkscgle qorabugtoéhe
wave separation module must uaditime domaid formulation which significantly
differs from thei f r e g u e n capprodahes ased biye previous investigatorsFor
these reasonghis studyhas develope@nd useda relatively simplewave separatn
algorithmthat analyzes themeasuredacoustic pressursignak without the use ofe.qg.,

FFT, coherence calculatignetc.that require significant computation timeTherefore
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the wave separatioalgorithmdeveloped in this studfy o p e riratime domain which
requires short calculation time and thus, provide ir e a | ti meo activ
Additionally, the developetime domainwave separation algorithm c®mpatible with
the real timefit i me maimuatidrsrofghi combustion andcousticprocesses in
thedl mi s s i ofghefpllescaleedginet hat are performed by the
seeFigure.

Also, thedevelopedime domainwave separation algorithliminates the need
for thetime consuminglecompogion andsynthesis processes that have been employed
in the previousstudies Therefore, the developdine domainbased ACS camhandle
active control scenarios involvingeneral time varying signals; i.e., transient or
stationary oscillating signals.

In summary, the main difference bewewethe active control approadevelope
in this study andhe previously used approaches to determine the actively controlled
acousti¢ BC in the smallscale rig is the approach used to characterize the acoustic
processes in the {acae sombustaySpecificalty,dhe pevioustyh e f ul
developed approache a p r i determided theacousticimpedance that must be
satisfied at the boundary ofthesmalc al e ri g by analyzing the
part o) estale tadmbustaoi. u In Icontrast, this study determines the actively
controlled, acoustic, BE€by analyzing the oscillations in thenall-scale rig and the
Ami ssi ng p ascale@ombustor udmegrarfeuall | simulatior. s shown in
Figure9 and discussed in ChaptertBe simulation moda numerically simulates in real
time the acoustic processes in filissing paw o f -schle corhbustalsee the red

dashed circle) and determinin acoustic BC at the actively controlled boundary of the
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smaltlscale rig When combustion processescurs in théimissingpat o f -schle f ul |
combustoythe simulation module of the AG8ust simulatehe combustion and acoustic
processesnd their interactions in thmissing pai of the fulkscale combustor in real

time using an appropriat@odel(whichwas alsadeveloped in this studgnd discussed in

Chapter 3.

1.2.2. Simulating Tangential Combustion Instabilities in Small-Scale Rigs

This study also investigated the possible usasmalis c al e At angenti a
investigatingtangential C¢ in full-scale engines The proposed approach is described in
Figure 10. It showsa smallscale rig consigtg of a sector of the fulscale annular
combustorlocaked in the spacebetweenthe two dashedines (I) and (lI). When a
tangential Cloccursin the full-scaleengine,it excitestwo travellingacousticwavesthat
move inoppositedirections across the dashed lifgsand (II) that enclose a smadkcale
segnent of the full-scale engine ifrigure 10. In this casethe wavethat movesn the
clockwise direction across the right dashed I{He would move around the annular
combustor before rentering the segment across the left dashed(line As the two
waves move around the engine, outside the
viscous and heat transfer procesand exhaust nates and amplified by interactions
with the combustion processes associated with the different fuel nozhiethis case,
actively controlled actuatofecatedat the two endsi.e., at the locations of thedashed
lines (I) and (I)) of the smaHscalerig would need to simulate the effect of all the
processes taking place in the fAremovedo ¢

processes in the smatale rigbetween the two dashed lin@} and (1l). Specifically,
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these actuators willctively geneate acoustic impedanceslatations(l) and (Il) of the
smallscale rig that would equal to the acoustic impedances atcdahesponding

locations of théwo dashed lined) and (lI) in the fullscaleannular combustor

Tangential Instabilities

Full-Scale Annular Combustor Small-Scale Rig

Combustion Process (1) (I
- Injector
- Exhaust Nozzle

Acoustic Waves -
R Active

Control

Figure 10. A schematic of the proposed smalkcale rig with activdy controlled acoustic boundary
conditions (on the right) that simulatesa tangertial combustion instability in the full -scale annular
combustor (on the left)

Notably, in the case of tangential Cls in a-sdlale annular combustor (e.gee
Figure 10), multiple driving/damping sources (i.e., combustion processes, exhaust
nozzles, and fuébxidizernozzles) and propagating acoustic waves are present in the full
scale combustomwhich differsfrom the scenarios encountered when trying to simulate
axial (ongitudina) Cls in a smaHscale rig asdiscussedn Section 1.2.1 Clearly, the
acoustic i mpedances that wild!l h atloeationso b e
() and (Il) of the smalscale rig will have to account for tlagoustic wavepropagation
andthedamping and drivingf the wavedy the combustion poesses, exhaust nozzles,
andfuelloxidizernozzlest h at o c c ur pardof thérfellsdalencomimistonAg
discussed in Chapter 3i$ studyhasdevelogd a real time approach for determining

these actively controlledimpedancesthat usesa model that describes the acoustic
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motions and their interactions with the combustion proce@eekiding injectors and
exhaust nozzles flowgnd a tangential mean flown t h e pérndf thesfullacgle

annular combustor

1.2.2.1. ProposedActive Contrd Approachfor Simulating Tangential Cl in a Small
Scale Rig

Figure 11 describesthe approachproposedin this study for simulating the
tangential Cl imafull-scaleannularcombustoin a smalscale rig It consists of a small
scale sector combustor rig equipped with an AHalled at itdoundaries at location (1)
and (Il). The waveseparabn modulediagnoseshe acoustic field inside themallscale
rig and identifieghe properties of thevavescrossingthe boundaries of the smaitale
rig (i.e., at the dashed lines (I) and (lI)) Using a developed model, the real time
simulation module estimates thehangesexperienced by theutgoing wavesas trey
propagate through t hsealefamulas sombusgtreptherrégon of t h
enclosed byed dashed lines iRigure11) and interact wth the ®ncentrated combustion
regions, exhaust nozzlesand fuel/oxidizer supply systems For example, a wave
crossing the left dashed line (I) iRigure 11 and mowng in the counterclockwise
direction will interact withseveralconcentrated combustion processdaust nozzles
and fuel/oxidizer supply systembefore crossing the dashed line (lI) on the right.
Similarly, a wave travelling in the clockwise direction will experience sinmi@ractions
The simulationmodulealso estimatethe acoustic impedances at the boundaries of the
smaltscale rig(i.e., the locations (I) and (Iysing the information provided by the wave

separabn moduleand the simulatiomodulethat determine the properties of the waves
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leaving and resntering the smakcale rig at locations (I) and (Il) at all times. Once
determired, these acoustic impedances will have to be establisited Bbundaries of
the smallscale rig (i.e.thelocations (I) and (l) by actuators (g., speakerghat will be
driven bycontrol signals generated by models of these actua#gplying this approach,

it would be possible to simulate in the sadhle rig the acoustic environment occurring

atthe dashed lines (I) and (ll) in an unstable -fdale, annular combiags.

Approach for Small-Scale Rig Simulating Full-Scale Annular Combustor
* Full-Scale Annular Combustor
Combustion Process

- Injector
- Exhaust Nozzle

Acoustic Waves
- Propagation/Reflection
- Interaction with Combustion

“Missing Part”

« Small-Scale Rig i Active Control

- ] Simulation
Wave Separation | |\ Simulate Missing Part
» -timedomain =  Acoustics, Combustions

- Inside Rig - Determine BCs at (1), (1)
- »

-

(III)» - Speake'r Model |
I I |

Figure 11. Description of a proposed ative control approach for simulating a tangential combustion
instability in a full -scale annular combustor ina small-scalerig.

A)

1.3. Objectives of this Investigation
The overall objective of thisstudywas to develop a real time, active boundary
control approach thatould allow simulations ofongitudinal andtangential CI infull -
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scale engines in smadkale laboratory rigsThe following goals will have to be met to

attain the overall objective of thstudy:

a. Develop a real time actv control system (ACS) thatonsiss of: (i) a wave
separation module thatdetermine the properties of the rightward and leftward
propagating waves in the smaltale rigby analyzing (at least) two measured
acoustic pessures (ii) a simulation module thasimulates the propagation,
amplification and damping of thacoustic wave# the fimissing pam of the fulk
scale enginé€e.g.,seeFigure5 andFigure10). This information isused to determine
the acoustic BCs that need to be establistiédeaboundaries of the smaktale rig;
and (ii) an actuator module thatses the output of the simulation modulg.e., the
acoustic BC) andnodek of the actuat@ (e.g., speaksJ to determine the control
signals to the actuators. These efforts dacribed in details irfChapter 2 of this
thesis.

b. Develop the proposeACS and investigate its performange a smahscale rig tha
simulates the acoustics of longitudinal Cls in ftdtale engines (e.g., s€eureb).
These effort are also described @hapter 2 of this thesis.

c. Develop a model that could be used to deteentie time dependence of actively
controlled BCs of a sma#icale rigthat simulatesangential Cls in &ull-scale annular
combustor(e.g., sed-igure10). Additionally, use the developed model to investigate
the dependence of tangential Cls upondharacteristics of the combustion process,
exhaustnozzle dampingthe impedances of the reactants supply systamd the
presence of a mean tangential flow componeiiese efforts are described in

Chapter 3 of this thesis.
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d. Propose follow up researdfforts that will further expand the work performed under

thisstudy These arelescribed in Chapter 4 of this thesis.
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CHAPTER 2.
DEVELOPMENT OF A REAL TIME ACTIVE ACOUSTIC

BOUNDARY CONTROL APPROACH FOR SMALL -SCALE RIG S

As discussed in Chaptér in order tostudy the causesf combustion instabilities
(Cls) in a fultscale engine in a smadtale rig, thecoustic environmenia the unstable,
full-scale, engine combustor must be reproduced in the-soad rig. However, since
the smallscak rig and the fulkcale engine havdifferent dimensions, the frequencies
and amplitudes of the acoustic modes excited by Cls in these facilities are different. This
chapter describes the results of a study that investigated the use of an active control
system (ACS) to resolve this issue. Specifically, the objective of tilnly fias been to
determine whether actively controlled acoustic boundary conditions (BCs) could be
applied to excite axial oscillations in a smstlle (short) rig that simulate the acoustic
oscillations excited in a longer, ftdcale, engine that expenices axial Cls. These
efforts involved development of the necessary rigs, and the hardware and software of the

ACS. The results of these studies are described in the remainder of this chapter.

2.1. Problem Statement
2.1.1. Simplified Problem
Since the objective of this study was to develop a specific active control system
(ACS), this resear ch wa s-dinpeasiofab golthbod, seiup, a s
which was developed for this purpose. The investigated problem is describiggiia

12. Figure12-(a) describes a fulicale engine experiencing an axialtafslity that is
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driven by an oscillatory combustion process, which is described as a red ball near the left

end of the combustor where the reactants are supplied. As stated earlier, the goal of this

study is to determine whether the unstable oscillatinrtbe fullscale engine could be

simulated in the shorter rig shown kingure 12-(b). To accomplish this, the shorter rig

has been retrofitted with an ACS at iight boundary (i.e., at location Il). The objective

of this ACS is to reproduce the acoustic impedance at location Il in thechl# engine

shown inFigurel2-(a) atthe right boundary ahe smalscale rig

(a) Full-Scale Engine
1]
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1

.Combustion f
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Figure 12. Schematics of the fullscaleengineand the smalls c a | e
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unnecessary complexities into this stud\tso, an exhaust nozzle (segure12) will be

t he

required to discharge the generated combustion products, which, in turn, will create a

mean flow in the rig. These exhaust nozzle flow and mean flow will affect the acoustic

bounday conditions(BCs)t h a t
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Finally, the presence of an exhaust nozzle flow and mean flow will require the
devel opment of tliatwillmavée te beshieldadietg.uiastlaied or cooled)
from the hot mean flow.However, for the purpose of investigating whether the ACS is
able to simulate the oscillations in the fstlale engine in a smadtale rig byactively
controlling the acoustiBCsof the smallscale rig, the incorporation of an exisanozzle
would introduce unnecessary complexities into this study.

The above observations suggested that the objective of this study could be
pursued using the cold flow setups describdéigure13. I't shewal ehengf o
on top and the actively controlled smsdlale rig on the bottom. The objective of the
study is to demonstrate that the actively controlled rig could simulate the longitudinal
acousic resonances of the fudicale engine on top in the smsadlale rig on the bottom;

i.e., the acoustic field in the actively controlled rig of length(ile., region I~Il) would

be identical to the acoustic field in region I~1l in the fsdiale engineseeFigurel3.

“Full-Scale Rig” |(1) L, (2)
<

T Ca| 1
1 : L S5l

i f~=3 E fin ;
' | <oo-g ' Gout / Full-Scale B.C.

Driving Speake'r
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Small scale rig Missing part

1
I
1
I
1
1

1
[}
l
1
Small-Scale Laboratory Rig with Active Control !

I 1
: —» Active :
Control !
: '—:—D ontro! :

%7

% f :
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B = || Il

Figure 13. Description of the simplified onedimensional cold flow setup used talevelopthe active
control system.
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To achieve this objective, t&CS should be able to simulate both travelling and
standing wave type ClIs that are encountered in unstablescal#, engines in the small
scale rig. This could be accomplished by experimentally demonstrating the developed
ACS can determine the acoustic BC that must be established at the actively controlled

boundary (at location Il) of the smadtale rig that properly accounts for the effects of the

acoustic oscillati ons -3caleenhgme (i.efnmagiensii-litg par t
seeFigurel3).

[ for exampl e, such capabsdalte® serm@iun
having different | engths (and, t hus, havin
engine), thel ongi tudi nal res onan eseae engines abhuld Hee r e n t

simulated using the same srstlale rig, as demonstrated later in this chapter. It is also
noteworthy that, the ACS should be abl e t
standng wave oscillations in the fuicale engine within the smaltale rig. For

example, as shown frigure13, the ACS should be also able to simulate the oscillations
between, e.g., locations (1) and (2) in the-falhle engine (note that the distance between

locations (1) and (2) also equals, the length of the smadicale rig), in the smalcale

rg.

2.1.2. Description of the Developed Active Control System (ACS)

Tomeet this studyo6s o bicalergiwaseguipped iite d e v ¢
a speaker at its left boundary and an ACS employing a speaker as an actuator at its right
boundary, se€igurel4. The objective of the speaker on the left boundary is to drive an

oscillation at a r esoalaemd dmgique n(ciy. eo.f, tthhee
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of Figure13 andFigurel4) in the smalscale rig, thus simulating the combustion process
that drives resonant acoustic oscillations in usistafull-scale, engine (as shown in
Figure12). The objective of the ACS is to establish the acoustic BC at location Il of the
smallscale rig that is the same detacoustic condition (e.g., acoustic pressure and
velocity, or impedance) at location Il in the fgltale rig ortop, seeFigure14 . If this
would be accomplishedhe acoustic fielglin region I~Il in the smalkcale and fulkcale

rigs would be the same.

“Full-Scale Rig”
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1 B 1
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Figure 14. Schematics of the developed, actively controlled, smaitale rig simulator (bottom) and
the corr es palerdiigng (Atf aud )l .

To achieve these objectives, the ACS must first diagnose the acoustic field inside
the smallscale rig (i.e., region I~Il irfFigure 14). To accomplish this, the acoustic
pressures inside the smatiale rig are measured with pressure transducers, which are
installed on the wall of the rig. The ACS analyses the measuredtac@ressures
(minimally at two locations) and characterizes the properties of the acoustic waves
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leaving and entering the rig; i.e., it perforfhsva v e s e pnalysia that deteiinines
theright going wave™Q , and thdeft going wave'Q , of the excited acoustic field, see
Figure14. The right going waveéQ , propagates toward the right boundary of the rig
(i .e., | ocat i on the fig) sed@hreFigare 14.t Thus,It eheev efswpa v e
separati on mo d &iguedddaermineshtreprope@es ofQ nandQ and
provides this infor matoftkelACS o t he fAsi mul at.

Next, the ACS must simulatth e acousti c wavesO propage
Ami ssi ng p ascaecngineni.et region H~Ul iRigure14. In the fultscale
engine, the right gng wave,Q, continues to propagate int
Afslclal e engineo until it arrives at the ri
se€’Q in Figurel14. This right going wavéQ , is then reflected off the boundary at
location IIl to generate the left going wav@, . This left going waveQ , propagates
back towards location Il, s€é@ on top ofFigureld. The ACS si mul ates tl
propagation and reflection processes in region lltdlliii e st i mat ed0 t he prop
left going wave;Q at locaton Il in the fulkscale engine that equal® j at location Il
at the right boundary of the smaltale rig; i.e.;Q  is the estimation ofQ, see
bottom ofFigurel4. This anal ysi s is performed by the 7
in Figurel4.

Next, the ACS derrmines the acoustic BC at the location of the actuator (i.e.,
location 1) by using the results provided by the wave separation and simulation modules.
At location 1l in the fultscale rig (see top dfigure 14), the acoustic pressunggeand

velocity, beeare related to the right going wav@, and the left going wavéQ ; i.e.,

n "Q "Q andvu — "Q "Q [20-22]. On the other hand, the ACS determines
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the acoustic BC at the righbundary (location Il) of the smadicale rig by combining the

right going wave;Q, and the estimated left going wal®, ; to obtain i.e.) Q
"Q  andu — Q "Q j , see bottom ofFigure 14. Notably,; andbL are

the acoustic pressure and velocity at location Il in thesidle engine whil§ and

U are the acoustic pressure and velocity e

ACS to determine the fineededo0 -seatedgiwhich ¢ BC

is also determined by t heFigireldmul ati on modu
Finally, the actuator (i.e., a speaker in this study) of the ACS is used to establish

the estimated acoustic pressuie, , and velocityb , at the right boundaryfahe

smaltscale rig. To accomplish this, the actuator must receive a control command from

the ACS that describes the time dependence of the input current to the speaker. The

model of the speaker that was used to calculate this input current to tkergpeag the

estimated acoustic pressure and velocity &

Figurel14, will be discussed later.

2.2. Development of theActively Controlled Small-Scale Laboratory Rig Simulator
Theroles of the modules dhe ACS (i.e,theiwave separationo, f
and fANspeaker aedbseribéd theopeviodusesection arfdigurel4. In

this section,lie developmentf these moduless discussed.

2.2.1. The Wave Separation Module
This section describes haive wave separatiomodule determines the properties

of the right andthe left going waves innhe smallscale rig from measured acoustic
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pressures.A onedimensional acoustic field can be represeriigch combination o&
firight going wave anda fileft going wave. By determining the properties die right
and the left gmg waves, the acoustic field in the smadtale rig can be chaiterized.

As discussed in Chapter 1, Chung and Blagd#, 17] showed that one
dimensional acoustic field can be accurately analyzed by a transfer function method
employing FFT and coherence analysétowever, this and related approaches require a
relatively @Al ongo p efanalgéa lardearraysoffsamptedbdatdi c ol | e
[18, 19] For example, in this study, the ACS meadutiee acoustic pressures and
performed the required calculations (using the three modules dis¢usSection 2.1.2.)
to determine the control signal at a sampling frequeiety,p TQ O¢or with a sampling
time,t p¥Q mai QoIf a FFT aalysis is used to determine the frequency
content of the signal ithel Hz to 5 kHz ( "QI¢) range with resolution of 1 Hz, 1 sec
period of time is required to collect 1000
is necessary to integrate 10000 samples of the data at each freqii¢vecguration of
these processes is too long (i.e., enttran 1 sec) for the proposed real time active control
approach (that requires a computation time less than 0.1 m3$beyefore a different
signal analysis approach was developed in this stadgduce the measured acoustic
pressures analysis period.Specifically, the developed wave separation algorithm
employs simple formulas whose solution requires relatively small amount of data and
very short fAcalculation timed compared wit
coherence calculationsThis aproach allows the wave separation module to rapidly

identify the right and the left going waves in the srsalile rigbeforethe right going
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wave arrives at theight boundary of the sma#icale rig where the actively controlled

actuator is installed (i.elocation Il inFigurel4) , t hus enabl ing dreal
In this study, @ime domain approach was useddevelop thevave separation

algorithmrather than a@requency domain approathat has been used in related studies

[10-14]. This approach allows the wawseparation algorithm to handf a |time

varying signalsjncluding transient andtationary oscillatorysignals. Thedeveloped

wave separation algorithmas been also incorporatétto the simulation modul¢hat

analyses thacoustis in the missing parf the engingi.e.,the module that performs the

real time numerical simulation of the acoustics in the missing part of the engine using a

Ati me mappodch.ngo

2.2.1.1. The Wave Sepation Algorithm

The wave separation algorithessentially employs the wédhownfi met hod o f
char act [@l 22k Therglst and the left going waves propagations are described
usingi c har act e inithe thb plané, asrsleosmiRigurel15, where the abscissa
is the space ardinate,y and the ordinate is the time coordinate|n thischaracteristic
plane ofd , waves propagating at a constant speed of saindre represented as

straight lines. For example, when the medium is stationary (i.e., the mean flovtyveloci

isw ), aright going wave is represented as a line having a positive s|@e] a left

going wave is represented by a line having a negative stepee.g., see the

characteristic lineRR1 and L1 inFigurel5.
The objective of the wave separation module is to determine the properties of the

acoustic pressures and velocities at any location in the -soa# rig from the
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measurements of acoustic pressures at (a minimum of) two locations in the rig. For
examplethe wave separation moduteay needo determine the properties of the right
going wave,Q at locationw from the two acoustic pressur@sgandrnae measted at

locationsw andw , respectively, seEigurel15.

t line L1 1 p'1 P2 D3
1 1
1 1
1 1
1
1
1
1

line R1 line R3 line R2

Figure 15. Characteristics of acoustic waveand the wave separationalgorithm.

An acoustic pressure measured at a certain location and time can be represented
by the sum of a right going wave and a left going wave at that location and time. For
example, the acoustic pressumggmeasured at locatiab at timeodandrnsmeasured
at locationw at timeo T, are described by the expressions in @€l) below, whered
is the current time antlis the time required for an acoustic wave to propagate from

locationw to locationw , seeFigure15.

pi(t) = f,() +g,(V)

(2-1)
pi(t-7) = f,(t- £)+g,(t- 1)

whereNee 6 T was measured earlier (i.e., at time 1) and stored by the ACS.
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The properties of the right and left going waves are constant along their
corresponding characteristic lines; i/, @wé¢ ¢ | @RISR andQ € &€ i dAE O
line L1. Using these properties aRdjure15, the following relationships are obtained:

f(t+20) = f,()
£,(t) = f,(t- t) 2-2)
g.(t) =g,(t- ¢)

The first relationship in Eq(2-2) states thathte right going wave alocationw and
timeo ¢OF"Q0 ¢OF, is equal to the right going wave at locationand timeo,
"Q 0, since the right going wave is constaiting the characteristic line R1; Séigure
15. Similarly, the second and third relationships in &32) can be derived using the
characteristic lines R2 and L1, respectively.

Using Egs.(2-1) and (2-2) and Figure 15, the change in magnitude of the right
going wave between the characteristic lines R1 and R2, can be derived. Specifically,
subtractingi@ 0 1t fromree 0 provides the following expren for the change in

magnitudeYr , of the right going wave:

pi'(t)' pi(t' [) = fl(t)"'gl(t)' fz(t' t)' gz(t' t)
= fi(t)- f(t-¢7) (2-3)
1 Dp,

becauséQ 6 "Q 0 T from the last relationship in E(R-2).
Substituting the first and second expressions in B€) into Eq. (2-3) and
manipulating the resulting expression yields the following relationship:

Dp; = pi(t) - pi(t- )

) (2-4)
fo(t+20@) = f,(t) + Dp,
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where tke value,”Q 0 , of the right going wave at locatiab and timeois known
because it has been determined at earlier dime Of. Equation(2-4) essentially shows
that using the two measured acoustic pressures at locati@ml® and timesoand
o0 T, respectively, and the stored value of the right going wave '@.@.), the right
going wave at locatio» at¢ttime later (i.e.;Q 0 ¢ 3t ) can be obtained.

While Eq.(2-4) is general and can be used wifien o n t i desciptioasoof the

measured pressures are available, in practice theuneelagressures are discretized at a

certain sampling rate given by, ey, —, where'Qis the sampling frequency. The

ACS measures acoustic pressures and performs the required operations (e.g., wave
separation, simulation, etc.) at every digeest time instantf . In this case, the current
time 6 can be described by a time ind@kat satisfies the relationship, "t , and the
next time ste@  is given byo ot ‘Q p OF, wherels an integer. In
the devebped ACS,hefi t i nneEs).¢2-4) arereplacedby theirii d i g desciptians
using thetime index'asshownin Eq. (2-5) below, wheréh is the number of digital time
steps required for an acoustic wave to propagate from loaatitin locationw ; i.e.,
t 1 34, whered is a positive integer.

Dp; = pj(i @,)- pi(i @, - £, Qn)

£,(i @, +20, Gn) = £,(i @)+ Dp, 9
Omitting, for conveniencd; from the above equations yields the following simplified
expressionsimafi di s foorm&t e

Dp; = pi(i)- pii - m)

fa(i +20n) = f,(i) + Dp,

(2-6)
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While on the surface either Eq-4) or (2-6) could be used to perform wave
separation, the application of these equations in practice is problematic because of
numerical stability issuestErom a numerical point of view, these equatiars similar to
those obtained when applying the fisstler upwind scheme (using the spatial dfial
and the temporal gridfo) with 6 "00 ¥SIYew pto the solution of 4D convection
equations, which also describes the wave equafi®8s 24] Equation (2-7) below
provides an example o& 1-D convection equationa first-order upwind scheme
(ForwardTime BackwardSpace (FTBS) [24]) for its numerical slution, and the

definition of the CFL number

LU

Z 4=
Mt X

f(x,t+Dt)= f(x,t)- c%(f(x,t)- f(x- Dxt)) (2-7)
where,CFL:cE
Dx

Figure 16 below describes the relationships between the used (known) data and
the estimated datetermined byhe wave separation algorithm (using E2t6)) and the
first-order upwind scheme shown in Hg-7), respectively, by showing the domains of
dependence of both scheni@8-26]. Specifically, he wave separation algorithm uses
theknown values ofji2 "Q e "Q a , and'Q "Q(shown as blackoints) to calculatean
fiestimaé d 0 v dQ @ € Jho (Bhown asaredpoint). On the other hand, thédt-
order upwind scheme uses town values ofQ®m  Yafo and™Qad (shown as black
points) to calculatéQafd Yo (shown asared point), which describeshe wave at the

next time step.It can be shown thaf the wave sparation algorithm is applied to solve
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the 1-D convection equatioto determine the propagation afly right goingwaves the
algorithm becomes equivalent to the fiostier upwind schemeith 6 "O0 p.

For numerical stability, this numerical scheme requirgs "@0 p (note that
0 "O0 pis only marginally stable[24, 25] The numerical scheme with "O0 p
employs agrid size,Ya and atime step sizeYo, that satisfy the relationship, "00
WYoFYo p; see the shaded triangle Fiigure 16-(b). To assure numerical stability, it
requires thab "O0 p. This, in turn, requires that the time step s¥®,be reduced to
yield 8 "00 oYofY® p for the given grid sizeYa Thus, a stable firstrder upwind
scheme (Forwardime BackwardSpace (FTBS)) determines the estimated data point at
the next time stepQafo Yo , inside the shaded triangular region or on the line
betweedQafd Y0 (whend "O0 p and shown as a red point), abfd (shown as a
black point); sed-igure 16-(b). Similarly, & shown inFigure 16-(a), the data points
needed for applicatiorsf the wave separation algorithm are located nthé boundaries
of the domains of dependence (shaded regiom$)ich results ind "O0 p and a
marginally stable algorithm Notably, a numerical scheme haviagOU0 p is stable
because amrror introduced at a certain time stés subsequently suppressed by the
numerical scheme. On the other hand, wihé®0 p, an error introduced at artan
time stepdis not amplified nor suppressed as the calculation proceHuss,sinceerrors
are continuously introduceid experimentsthey are accumulated and amplified as the
calculation proceedshend "O0 p. ConsequentlywhenEq. (2-6) is applied to analyze

noisy experimental data, this algorithm becomes unstable, and the solution diverges
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(a) Wave separation algorithm: original & relaxed

t time index
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Figure 16. Domains of dependence;(a) original (Eg.(2-6)) and relaxed (Eg.(2-8)) wave separation
algorithm, (b) first-order unwind scheme (Eq.(2-7)) (Forward-Time Backward-Space (FTBS)) for
solving 1-D convection equation wih CFL=1 and CFL<1.

To illustrate this pointEq. (2-6) was appliedo analyze the behavior af given

t

(b) First-order upwind scheme (Forward-

Time Backward-Space): CFL=1 & CFL<1
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for the pressuresjeeandne, the right going wave at locatiah was estimated and

compared with the exact valygpeovided by the known (assumed) travelling wavée

results are shown iRigurel7. Figurel7-(a) shows that the solution (described by the

red curve) becomes unstable and slowly diverges from the exact solution (represented by

the black curve This example shows that the wave separation algorithm employing Eq.

(2-6) produces erroneous solution wherO0 p, even though the schemenmargnally

stable in this case
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(a } Estimated Wave vs Exact Wave
2 T T T T T T

pressure

Estimated Wave 7 sk
m— Exact Wave

0.005 m 001% 002
time time

Figure 17. Example of numerical test (with 100 Hz right going travelling wave) othe original
algorithm (Eqg. (2-6)); (a) whole result: exact wave (black line) and estimated wave (red line), (l
result shortly after the start of the calculation, (c) result near 1.5 sec.
Also, as shown in Eq2-6), the information at each time step does not depend on
the i nformation at "Gg@.dipfadt Eq2-6pshdws thettiordyt e p s (
depends on the informatiaat time indices located 3 time steps apart; e.gQ "Q ¢ O
a depends ofiQ Q. In the domain of dependence kigure 16-(a), the value of
"QQ ¢ 3 (depicted asm red point depends o “Qbut noton the values ofQ O at
any intermediate time steps such'@sQ p, "™@"Q ¢33 p (depicted asopen
circles). Specifically Q" Q ¢ 31 depends ofiQ Q, "Q "Qdepends ofiQ 'Q ¢

and’Q"Q ¢ depends ofiQ"Q 1T 34 , etc. On the other han®Q™Q ¢ p
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depends onQQ p , " QQ ¢ p, QQ 1 p , etc. Consquently, he
estimations at adjacent time steps, e®,Q ¢ and QQ ¢ p (or,
equivalently’Q '‘Qand™Q "Q p ), do not depend upoeach other. As the calculation
proceeds, estimations at adjacent time steps accumulate errors indeperashehtihe
estimated signal eventually has higher frequency oscillation errors that are refated to
This growth of high frequency oscillations errors in time is showfigare17-(b) (in the
initial period) andrigure17-(c) (near the end of the calculation).

The discussedalgorithm can be stabilized by addirgfi r e | eanxda tthe
numericalscheme. Equation(2-6) shows that the magnitude of the right going wave at

locationw ¢ h an g e sexdsty amdifinbetween the time stef@ndQ ¢ b .

This fexacd difference, ¥} , could befrelaxed using an approximated slopey?,

representing the chand® between the time stef@ndQ ¢ 2, seeFigure 15 and
Figure 18. If the distance between the two acoustic pressure sensors is sufficiently
smaller than the excited acoustic wave length F®L. _), as required for proper use of

the two microphones technique, then the actual right going wave (the red ckigare

18) and its linear approximation (the dasHee in Figure 18) arevery close to each

other.
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i+1

1 line R3 line R2

Figure 18. Relaxation of the rigorous algorithm using theapproximated sIopeS’.lT o .

Using theapproximatedlinear) slope % the right going wave at time sté@ p, rather

than at time stefQ ¢ 3%, can be estimated, whilstill applying the method of
characteristicsas shown b¥eq. (2-8) below.
Dp; = pj(i) - pi(i - m)

Dp; (2-8)
20n

i+ = (i) +

Notably, he relaxed or approximatedlgorithm given in Eqg. (2-8) does not
experience the numerical stability problems associated with the use (2-8q. The
relaxed or approximatea@lgorithm issimilar to a first-order upwind scheme for-D
convection equation with "O0 p. Thus the estimationQ 'Q p (shown as a blue
point in Figure 16-(a)), by the wave separation algorithm is within the domain of
dependence (i.e., inside the shaded region between the characteristic lingsefi@to
"Q"Q ¢ca and fromNe™Q a to"QQ), as is the case with the firstder upwind
scheme wittd "O0 p whose solution at the next time st&ofo Yo (shown as a blue
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point in Figure 16-(b)) is al® within the domain of dependence (i.e., inside the shaded
triangular region). Thus, the algorithm described irEq. (2-8) provides the wave
separation module of th&CS with anumerically stablsolution approach

Additionally, theuse of Eq(2-8) eliminatesthe high frequency oscillatioresrors
that are related to the sampling peribd, Using this schemehé¢ information at each
time step depends on the previous tirrepsand the information aretrors propagate to
the next time step, ndd time steg severaltime steps apare.g, Q 'Q p depends on
"Q"Q. As thecalculation progresses, the estimatioas adjacent time steps dwot
accumulate errors independenthnd errors ifiQ "Qaffect errors iINQ 'Q p . Due to
this dependence between the adjacent time stiepsagorithm estimatespproximated
travelling wave slutionsdevoid of highfrequency oscillationsrrors. Thus, introducing
relaxation to the originalrigorous algorithm not only stabilizes the wave separation
algorithm but als@rovides afistepto-ste solution dependence, which was lackiimg
therigorousalgorithm and caused diverging solutions with high frequency errors

While the relaxedor approximatedalgorithmdescribed irEqg. (2-8) is stable, it
introduces errors because it is an approxi
(2-6). These errors could be studiggevaluatingheal gor it hmés frequenc
comparing the frequency dependence of its prediction for the amplitude and phase of a
wave with known exact solutionsTo investigate this problem, the develomdgorithm
(Eq. (2-8)) was used to predict the propagation of a kndwarmonic right going wave
having a specific frequency anghit amplitude The amplitude and pise of the
calculated/estimated wave was obtained and compared with the unit amplitude and the

phase of the givemarmonic travelling wave. This numerical test was performed at each
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frequencyin the 0 Hz to 1 kHzfrequency range usingq. (2-8). The calculated
frequency dependences of thplitude and phasof the estimated wavase shown in
Figure19. It shows, br examplethatwhen the algorithmsi applied to d@armonic300
Hz right going wave with unit amplitude, the estimated right going wave h& ~O.

amplitude and ~6.Rad phase leh seethe dashed lines at 300 Hz kigure 19-(a) and

(b), respectively
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Figure 19. Frequency responsesf the approximated wave separdion algorithm; (a) amplitude vs
frequency, (b) phase vs frequency, (c) time lead (negative time delay) vs frequency.

The amplitude plot irFigure 19-(a) shows that the amplitude of the estimated

wave (red curve) is close to the exact solution (black line) at low frequencies. As the
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frequency increaseshe amplitude of the estimated waslecreases and the deviation
from the amplitude of the exact solution increaseésr example, at 100 Hz and 300 Hz,
the estimated amplitude is ~0.95 and ~0.9, respectively, while the amplitude of the exact
solution is 1.0.Also, the decrease the ampliude of the estimated wavenearly linear
in the highfrequency regiorfi.e., 600 Hz ~1000 Hz range)and its slope is larger than
the slope of the decrease in the estimated amplitude in the low frequency region (i.e., 100
Hz ~ 300 Hz range).This featire helps to stabilize the algorithm as it suppresses high
frequency noise.Figure 19-(a) alsoshows thatn the frequency range of intergse.,
100 Hz ~ 300 H2, the algorithmproducs reasonably accura@mplitudesand the
calculated amplitude does not vary rapidly with the frequency. The phasa pigure
19-(b) showsthat the algorithm introducesphaselead error that linearly increases with
frequency.

Notably, oth the amplitude and phase errors carmcdreected in practice Since
the amfitude of the frequency responsetb& approximated algorithin the frequency
range of interestl00 Hz~ 300 H2 does not vary rapidly with frequengyarying from
~0.95 to ~0.9),the amplitude error can be minimizedy multiplying the calculated
solution bya ficorrecton factoo . x&mple, thes correction factar, , could be

chosen using an average value (e.g., 0.925) of the estimated amplitudes at 100 Hz and

300 Hz, by lettingpA =0. 925pK( s @& e Figure 19-(a)). Multiplying this
correction factor, , with the estimated amplitude could minimize the amplitude error,
and this fAcorrected amplitudeodo using this

~1.03 t0~0.97 from 100 Hz to 300 Hz.

52



Also, the phaséead error shown ifrigure 19-(b) could be corrected for because
the phase at the current time was estimated by tlogithlign at earlier time, which allows
the ACS to store the history of the solutions up to the current state (or time).
Consequently, the correct phase of the current state could be provided by one of the
stored solutions. dditionally, sincethe phase eor of thecalculated solution linearly
depends wupon the frequency, it can be c¢om
Figure 19-(b) shows thathe phasdead of the estimated wave (red linejativeto the
exact wave (lack line) is a straight line that linearly varies witte frequency. The
time-lead of the estintad wave, which is obtained kdividing the phaséead by the
frequency, is a constant, ~0.3 msec; Biggire 19-(c). Thus, since (in this example) the
wave separatn algorithm provides theaveestimation ~0.3 msec earlyis phase error
can be accounted for dime ddaying the solution by ~0.3 msdor all the frequency
components.

The developedapproximated wave separation algorittimat includes corrections
for theamplitude and phasarrors is given in Eq2-9) below,where™Qis the corrected
estimatedright going wave alocationw, | is the amplitude arrection and¢ is
the time delaygorrectionthat compensat®r the phaseerror.

Dp; = pji(i)- pi(i- m)

Dp,
20n

%-B(I) :acorrfs(i - N

f,(i+D = f,(i)+ (2-9)

corr

Notably, the developed wave separation algorithm described i(22)does not
depend on the frequency of the oscillations; it only depends on the time dependence of

the measured acoustic pressures (i@, Qande 'Q a in Eg.(2-9) above).
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2.2.1.2. Investigation of the Developed Wave Separation Module

The developedwave separation algorithm has been tested both numerically and
experimentally. In the numerical test of the algorithm, the propagation ofDa1B0 Hz
right going travéing wave was analyzed by the developed wave separation module.
Using the pressureggeandnee, provided by the known (assumed) properties of the
wave, the wave separation module calculated the right going wave at labatidrnis
estimated righgoing wave was compared with the known exact solujamat location
. This numerical test is describedRigure20-(a), and the calculated and known exact
solutions are compared in the plot kigure 20-(b). The black line is the exact wave
solution the ral line is the estimated wawdgthout phaseand amplitudecorrectians, and
the ble line is the estimated waweith phase correctioni.€., time delay) without
amplitude correction Figure 20-(b) shows thathe wave separation algorithm estimates
the right going wave with reanable accuracy. The developed wave separation
algorithm successfully captures the harmonic behaviorhef éxact solution. The
amplitude errors of the estimated waves with and without phase corrections are within 10 %
of the exact solution, and this amplitude error could be compensated for by introducing
the amplitude correction factor (i.e., in Eqg. (2-9)). The estimated wave without
corrections (i.e., E(2-8)) is shownas a red line ifrigure20-(b). It phasdeads (time
leads) the exact solution that is described by the black line, as discussed above in
connection with the resulfgresented irFigure 19-(b) andFigure 19-(c). Correcting for
this phasdead error using timealelay,¢ in EQ. (2-9), the wave separation algorithm

successfully estimates the phase of the exact solution; i.e., see thenahesdetween
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the estimated solution (i.e., the blue line) and the exact solution (i.e., the black line) in

Figure20-(b).

(a) Setup of Numerical Validation (b) Acoustic Pressures at Location x3
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Black line ; Exact Right going wave
Red line ; Estimated (without phase correction)
Blue line ; Estimated (with phase correction)

Figure 20. Numerical results of the evaluation of the performance of the developed wave separati
algorithm; (a) setup of numerical validation, (b) comparisonbetween the estimated wave and thi
exact wave.

The performance of the wave separation algorithm was experimentally studied in
the impedance tube shownhigure21-(a). A 190 Hz right going travelling wavesld
wase st abl i shed bythespeakesat bbtly endistofuteitubey @Jsing the
measured acoustic pressumggandnzag, the developed wave separation module (i.e., Eqg.
(2-9)) estimated the right going wave at location The estimated right going wave was
then compared with the measured acoustic presgegaf locationw . Figure 21-(b)
shows thathe measurednd the estimatedght going wave (shown ablack and blue
lines, respectively) at locatico are reasonably matcheihdicating that the developed
wave separation algorithm can successfully estimate the behavior of harmonic travelling
waves. It also shows that the estimated right going wave is in phase with the measured
right going wave and that its amplitude is resdady close to the amplitude of the
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measured right going wave. The amplitude errors of the estimated waves are within ~7 %
of the measured wave. As previously discussed in connection with the results presented
in Figure 19-(a), since the amplitudes dhe high frequency noise&omponents are
damped by the algorithnthe estimated signal is smoother than the measured ;signal

the blue curve describing the estinthtgght going wave is smoother than the black curve

that describes the measured right going acoustic wavéigee 21-(b). Significantly,

this characteristic makethe developed wave separation algorithm (and ACS) less
susceptible to high frequency noise in applicationsadditional tests, not discussed here,

it has also been shown thaetdevelopedvave separation algorithm also works well in
applications invtving standing wave acoustields where the presence of the left going

wave does not reduce the algorithmbés effec

(a) Setup of Experimental Validation (b) Acoustic Pressures at Location x3
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Figure 21. Experimental results of the evaluation of the performance of the developed way
separation algorithm; (a) setup of experimental validation, (b) comparison between the estimate
wave and the measured acoustic pressure.
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2.2.2. The Simulation Module

As discussedn Sections 2.1.2. and 2.2.1., thbjective of the wave separation
module is to detenine the properties of the right and left going waves in the ssoalé
rig from the measured acoustic pressures. This determines the properties of the right
going wave arriving at the right boundary of the srsallle rig (i.e., location Il ifrigure
14). In the fullscale engine, this right going wave passes through location Il and
propagates towards the right boundary of thedoélle engine (i.e., location Ill), where it
is reflected off the boundary. The reflected, left going, wave propagateddveaids
location Il (seeFigure14). The right and left going waves at location Il determine the
acoustic pressure and velocifigandugeat location Il in the dll-scale engine. These
acoustic pressur@ga and velocitybae at location 1l in the fulscale engine must be
Ageneratedd by the active control -ssaestem (
rig (i.e., location Il inFigure14). When the acoustic pressure and velocity at location Il
in the fulkscale engine and the smadale rig are the same, the oscillations in region I~Il
in the fulkscale engine andh¢ smalscalerig would be the same. Thus, to determine the
characteristics of the acoustic conditions at location Il of the sspalé rig, the
Asi mulation modul eo of the ACS must simul a
Ami ssi ng efulkgcdledoengmé; i.et, im region lI~lll of the fidtale engine in
Figure14. The acoustic boundary conditions (BCs) at location Il of the ssnalé rig
are tlen determined using the right going wave provided by the wave separation module
and the left going wave provided by the simulation module at the boundary of the small

scale rig (i.e., location Il ifkigure14).
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The remainder of this section describes how the simulation module of the ACS
performs the following tasks:
I. Simulates the acoustics in the missing part (i.e., region lI~Figare14) of the fult
scale engine using the right going wave (at location Higure 14) provided by tle
wave separation module, and
ii. Determines the acoustic pressure and velogiggnd vae at the boundary (i.e.,

location 1) of the smalkcale rig inFigure14.

2.2.2.1. Simulation of thé\coustics in the MsingPart of the FultScale Engine
As discussed earlier and shown kigure 22, the fAwave separat
determines the pperties of theright going waveand theleft going waveinside the
smalktscale rig and calculates thght going wave™Q, at the boundary of the smaitale
rig (i.e., location II). Using thisight goingwave™Q, as an i npumqgdulheo fis
of the ACS numerically simulagén real time the propagations and reflection of tight
going wave'Q, in the missing part of the fuficale engine and determsthe left going
wave ‘Q  , at the right boundary of the smaltalerig, (i.e., an estimation of thieft
going wave'Q , that propagates back to location Il in the-dhle engine); see waves,

"Q,"Q,andQ § in Figure22
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Figure 22. Acoustic wave phenomena in the fulscale system and the smaéicale rig.

In Figure22, theright going wave™Q at the boundary of the smatale rig (e.,

location 1), would propagat@o theright boundary of the fulkcale engingi.e. location

[l) during the time; , where®is speed of sounds described iEq. (2-10) below.
— A I—removedé
fu (t) = f, &' o (2-10)
(s: C =
Whenthis right going wavearrives at location lll, i.e’Q , it is reflected offthe

boundaryas aleft going wave'Q . The relationship between the incident wave and the
reflected wave is determined by tB€ at location Il in the fullscde engine In the
Afully abs o-retectingy boundaofor amimfinitely long tube)case no
reflected wave is generated. On the other hand, when the boundary at location Il is a
rigid wall, the reflected wave has the same amplitasthe inddent wave ands in phase

with it. For the open end cadée reflectd wave has the same amplitudetzes incident

wave, butit isp  Todt of phase The time domain representations of these BCs are
given in Eg.(2-11). In the more general case, the BCs are given by specifying the

impedanceBC, ¢ 0¥, whered andw are the complex amplitudeof the acoustic
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pressurd) and velocityy at the locatiorof interest. For exampléor a travelling wave,

& " gforarigid wall, & Hb, and foranopen end® T These complex impedance

BCs need to be Atransformedo into time don
module to calculate the reflecteddave at the boundary at each time step itinae
marchingapproach The generaBCsin time domain can be representedaslationship

betweenthe incident wavegQ , and the reflected way& , as shown inEq. (2-11)

below.

nonreflecting boundary; g,, =0
rigid wall boundary g, = f,

(2-11)
open end boundary g,, =- f,

generaboundary F(f, ,g, ,..)=0

=]
=]
(72]
@D

where"OE is a functional relationship betwe&@ and™Q obt ai ned i
analysis and/or experiments.

The reflected waveqQ) , reaches location (i.e.,dashed lindl in Figure22) after

a time delay , resulting in the following relationship between the reflected wave,

"Q , and the wave arriving at location ' :

2L ~
off (t) = Ou %' %18 (2-12

Equations (2-10), (2-11), and (2-12) describe the relationships between the
propagating waves (i.€Q,"Q ,"Q , and'Q) in the missing part (i.e., region lI~IIl) in
the fullscale engine; see the top ligure 22. For the smalkcale rig, shown at the
bottom of Figure 22, the simulation module of the ACS numerically simulates these
relationships using theight going waveat the boundary of the smatale rig,’Q

(provided by tle wave separation module) and estimatedatiegoing waveat the right
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boundary of the sma#licale rig,’Q  , where'Q  is the estimated value f6Q
(Q 7 Q)

Notably, F acoustic sourcethat add/remove energy from the acoustic field, such
as combustion processes and acoustic liners, respectively, are presentissing part
of the fullscale engine (as shown HKigure 10 in Chapter 1)their effectsupon the
acoustic wave propagations and reflections in the missing part massdaetermined
by the simulation moduleof the ACS. An analysis describing how the effects of
combustion processes amgector and exhaust nozzle flows in the missing part of the

engine might be accounted for is preseme@hapter 3.

2.2.2.2. Determination of th&oundaryCondition of theSmall-Scale Rig

The wave separatiomodule determinesthe right going wave™Q, and the
simulationmoduledeterming theleft going wave™Q j , at the boundary of the small
scale rig. These can be used by the simulation module of the ACS to establish the
required acoustic BC at the right boundary of the sstlle rig by actiely controlling
an actuator, which was a speaker in this study.

The aoustic pressure andelocity at location Il in the fullscale engine
(corresponding tdahe right boundaryof the smalscale rig) are given by the following

expressions

p* = fll +g|l
v = fo o9 (2-13)
rc rc

For the smalkcale rig the simulation module calculates the acoustic BC of the

smalktscale rig using theght going wave™Q, and thdeft going wave™Q | , which are
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obtained by the wave separation and simulation modules of the ACS, respectively; see Eq.

(2-14) below.
ﬁi = fll +gsim|l
\7I :i_ gsimll (2-14)
“rc rc

Thesepressure and velocity at the right boundary of the sstalle rg are needed
to reproduce the acoustic field of the fasttale enginevithin the smaliscale rig If the
wave separation module accurately identifiesrtgbt going waveQ at the boundary of
the smaliscale rig (location Il), and the simulation module accurately determindsfthe
going waveQ "Q at location Il, then the acoustic pressure and velocity, Eq.
(2-13), at location Il in the fullscale engine and the acoustic pressure and velocity, Eq.

(2-14), at the boundary of the sithacale rig (location II) would be close to each other;

i.e., feehee neehbee . In this case, the acoustic oscillations in the sswle rig
would be close to the acoustic oscillations in the region I~l in theséalle engine.

In summary, the developed simulation module of the ACS simulates the acoustics
i n the fAmi ssi-scgeepgne during thef propobed expedirhehts in real time.
Notably, it employs a time domain analyses in the simulation in contrast to qoerficy
domain representations that have been employed ireltited studies (Paschereit at al.
and Mongeau at af11-13, 15). These appuxhes prealculated the acoustic fields
the onedimensional fulscale engine andpriori determiné the impedance BC at the
boundary of the sma#cale rig which was subsequently used by their frequency domain

basedACS.

62



2.2.3. The Actuator (Speaker) Module

This section describes the development and application of the actuator (speaker)
model, which was used by the ACS to determine the control current to the actuator (a
speaker in this study)Figure 14 (in Section 2.1.2.fescribes the manner in which the
three developed ACS modules interacted with one anothet. s hows t hat t h
separation modul e dQ (tharight goingawawes locationdl) thabid ue o f

used by the #Asimulation modul edo to detern

pressuref)e, and velocitypae, at the right boundary (at location 1) of the snsdhle
rig that i cr@eranda@® ptolotatia dl oftthe fullscale engine. The
calculatedjee ( nee) andvee( VL) are then supplied to the
uses these inputs to determine the command signal, which is a controlled electric current,
‘Oto the speaker. Thiswgentif or c e s 0 tb beeerate phe eefjueed acoustic
pressure and velocity at location Il of the snsalhle rig.

This study employed speaketo actively control the acoustic BC and a current
mode amplifierto ensure thathe command andjeneatedelectric current match well.
The use of the current mode amplifreducesthe influence of bacEMF (backwards

electromotive force) and makes the model of the speaker more reliable.

2.2.3.1. Modelling the Speaker
The dynamics of the speaker énmassahingemp hr ag m
system[20, 21] Asshown inFigure23, the diaphragm is forced by the acoustic pressure

and the force electromagnetically induced by the current:@and™Q, respectively.
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Diaphragm

Figure 23. Speakermodel; a moving diaphragm describedas a springmassdamper system forcel
by the acoustic pressurend driven by the force induced by theelectric current.
The springmassdamper systemmodel for the speakeés described by Eq2-15)

below.
mG#+cC+k&- F =-F (2-15)
where

F=a0, F,=A®i
®= Vi

(2-16)

and & , & Q andd are the mass, damping constant, spring constant, and area of the
diaphragm (speaker), respectively.is a constant that relates the electric curfénip
the electromagnetic forcé&), via the relationshipgO | 30

The diaphragm of the speakisrsubjected to aacoustic pressure forc®), and
an electromagnetidorce induced by the currentO. These set the diaphragm in motion
with a welocity, w(wis the diaphragm displacement), that must be equal tadbestic
velocity, beeat its faceseeFigure23 and Eq.(2-16) above Substituting Eq(2-16) into

Eq. (2-15) yields in the following expression:

Mm@ +cQi+kFyi- Api+ad =0 (2-17)
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Notably, the acoustic pressure and velocity in @¢l7) above are provided by
the simulation module of the ACS; see E2t14). The coefficientsd , ) 'Q0, and in
Eq.(2-17) have beemxperimentallydeterminedu si ng di fferent | engt hs¢
equipped witithe speaker at one end @maliingopen or closeddundares at their other

end; sed-igure24.

P'o = Re[Pe™1]
p'y = Re[Pe™'¢]
Tube P2= Re[pze_[:wt]
- Different Lengths p's = Re[P;e~'¥t]
% I = Re[le~'®!]
0
Boundary Condition Speaker
- Open End | P and 7 at the Speaker |
- Closed End

- Calculated using Py, Py, P,, and Py

, and », of the

Figure 24. Experimental setup for the determination of he coefficientsJ , 4 &
speaker model

For harmonic excitation at frequengy, the acoustic pressure and velocity, and
the electric current in E@2-17) can be expressed by the following relationships:

pi = Re[IEe'i”*] A Re[\%‘”‘]

| = Re[fe "] 19

where,0, ®, and’'Gare the complex amplitudes of the acoustic pressure and velocity at the
diaphragm of the speaker, ati@ electric current to the speakexspectively
Substituting Eq(2-18) into Eq.(2-17) and manipulatinghe resultingexpression

yields the following relationship:

(-im5®1+(\5®+(%/\56k- A+ E =0 (2-19)
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As shown inFigure 24, the speaker was driven by a harmonic electric curi@nt,
a frequency] . The acoustic pressures in the tube were measured by the equally spaced
pressure transducers (i.e., 0 , 0 , andd ) to determine the complex amplitudes of the
pressure and velocity0(and @) at the speaker face Substituting thee complex
amplitudesp, ®, and’Q and the frequency,, into Eq.(2-19) provides a relationship
between coefficients , @ 'Q0, and .

Performing such experimemnithd i f f er ent | engt hsé tubes
a the left boundary of the tuband dfferent frequencies, the following system of

algebraicequations for the five unknowns,, ) 'Q 6, and , was obtained:

(- i) Gn+ (B @+ (— VD &- O+ it =0
(- 1upB) n+ (B) G+ (— B - B+ B =0
- iy (2:20)
1

(- 1B Gn+ (B) &+ (—\B) G- BEOA+ EGr =0

- ”/,/3
4
Applying aleast squars methodinto theabovefioverdetermined system of linear

equatios OEq. (2-20), the coefficientsd , & ‘Q 06, and , of the speaker model were

obtained.

2.2.3.2. Command Signal Calculation
It is convenient to rewrite Eq2-17) in a form in which the acoustic properties
serve as inputs, and the electrical current appears as an astphbwn byEq. (2-21)

below.
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| =- g(mc'\'ﬁ+cc'i)i+ki‘ﬁ/i- AC"Di) (2-21)
Since the acoustic pressure and velocity

simulation module of the ACS (i.é)2 ( nee) andvee ( L&) at the boundary of the

smallscale rig, see Eq(2-14)), the command signal for the electric current (i.e.,

O ) can be expressed as follows:
= L + o +k i - ACI)
Icommand__ g M +C(vll +k(?VIl - A@Il (2-22
Notably, since the command signé@, , is determined by a linear model of

the speaker and duct acous{i28, 21} it would have to be modified for the applications
in which nonlinearities become significant. hi3 linear model was used ithis study

because its main objective was to investigageperformance dhedeveloped ACS.

2.3. Investigation of the Performanceof
the Actively Controlled Small-Scale Cold Flow Rig

This section describes the results of ekpents whose objective was to
determine whether the developed ACS can be used to simulate the acoustic environments
in unstable, fullscale, engines in a smaltale rig. This study employed the actively
controlled, smalkcale, rig shown irFigure 14 whose ACS executes the following
sequence of steps in real time:
i. Uses he wave separatiomodule to estimatéhe right going wave in the rig at the

current time step.

il. Uses he simulatioomodule to simulatéhe acoustisin the missing parof the fulk

scale engine and calculatiee acoustiBC that must be established at the actively
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controlled boundary of the smatale rig setup dhe next time step usirgjoreddata
history.
iii. Uses he speakermodel to generatehe required command sign@urrent) to the
speakethat generates th@operacousticBC for the next time step.
For the ACS to function propethall the estimationand calculationsieed to be
completed withina time step, and the command signal shoulcabailableat the next
time step. To accomplish theseal time operationsthe ACS was operated using the

real timeoperation systendSPACE DS1103 boayadhown inFigure25.

2.3.1. Experimental Setup

The performance of the developed ACS was investigated using the setup shown in
Figure25. The objective of this study was to determine whether the ACS could simulate
onedimensional acoustic fiekd encount er ed i ns claolneg eern g(iin.ees.o,
in the devedaped mMisgnal |

The developed expenental setup consisted of a 4 inch diameter tube equipped
with an acoustic speaker having 8 ohm impedance at each end. The speaker at the left
end was used to generate an acoustic field in the tube that simulated the sound generated
by, e.g., a combusin process, and the speaker at the right end was actively controlled by
the ACS. The objective of the control speaker was to excitediomensional acoustic

oscillations in the rig that simulated those encountered in a longer, unstable, combustor.
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Figure 25. A schematic of the developedxperimental setup.

Experiments were performed overfraquency rangef 100 ~ 400 Hzthat was
higher than the resonant frequency of the spesgk&0 Hz) and lower tharnhe first cut
off frequency (4960 Hz) of the tube to avoid interference from speaker resonances and
transverse acoustic modescillationsduringthe experiments

Four pressure sensors (Ketltype 211B5), installeéqual distance(~12 cm)
apart onthe wall of the tube, were used nteasue acoustic pressureand wo of them
supplied the signals tthe ACS. The measured signals and command signals were
conditioned by analog filters (KroRdite model 3364). The developed ACSwas
implemented with aeal timeoperation systenrdSPACE DS1103 boaydising al0 kHz
sampling rate. A voltage mode amplifier (Samson servo200) and a function generator
(Tektronix AFG3022) were usdd drivethefi d r ispeakely at t he | eft end
and acurrent modeamplifier (AE Techron LVC608) was used to provide the command

current signal to thécontrol speakér at t he right end of the 1t

2.3.2. Using the ACSto Simulate Travelling WaveFields
Initial experiments investigated whethdretdevelopedACS could exciteone

dimensionatravelling acousticwaves in the smaliscale rig setup In these experiments,
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the driving speaker i(e., the left speaker ifrigure 25) generated 420 Hz sinusoidal
signal, and théCS was set taestablisha right goingtravelling wavein the smaHscale
rig that may simulate a travelling, od@nensional, acoustic wave thanight be
encountered in a fullcale (longer) rig having a naeflecting BC at its right endSince
in this casethe incident waveQ , is not reflected at theght boundaryof the fullscale
rig (seeFigure 14 or Figure 22), the simulation module of the A0S c a | ¢ wkesot e d 0
amplitude reflected wave; i.€Q T

The measured acoustic pressuaesvenly spacedbcatiors are shown idrigure
26 for tests conducted with twemallscale tube rig having lengths 0f38.5 inch(case
(@) and ~55 inch(case (b). Note that the 55 inch tube has a nata@bustic mode
whosefrequencyis close t0120 Hz, whichis the frequencyat whichthe systemwas
driven by the source speaker.

Figure 26 shows the time dependence of the acoustic pressure oscillations
measured by the red, blue, and black colored transducEigure25. The nearly equal
time (or phase) shifts between the wave forms measured by the equally spaced
transducers indicate that the ACS excited a traveling wave in both sélopsver, the
amplitudes measured by the differentgducers slightly differed from one another, in
contrast to the theoretical requirement that the amplitudes measured by the transducers at
different locations equal one another.The differences between the determined
amplitudes could have been caused hyrs introduced by, e.g., pressure transducers
calibrations, signal conditioners, amplifiers, real time data acquisition system components,
and inadequacies of the models used in the wave separation, simulation, and speaker

modules (such as inaccuraciestloe assumed speed of sound and the approximations
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used for algorithm).The sensitivity of the accuracy of the amplitudes determination upon
these factors needs to be further studied.

To det er mi ne thh teavefird evave acoustio freléxcitedby the
ACS fromfAi deal 0 &avwestheerdfléciion goeffisiest of the excited acoustic

waveswerecalculated using Eq2-23) below.

grig
f

_ amplitudeof theleft goingwave

R= =
amplitudeof theright going wave

(2-23

rig
Using the measudeacoustic pressurethe complex amplitudes were calculated using
FFT analysis. Using the complex acoustic pressures at different locations, the amplitudes
of the right and left going wavesQ and "Q , in Eq. (2-23) above were calculated
and used to determirke reflection coefficienty, for the two experimental setups.

The reflection coefficientdor the two setus (hote thatY mforanii deal 0o
travelling wave) wee found to bé&y x 1@ tfor case (a) an& x 1@ Xfor case (b).
These results show that whitbe incident ght going waves were not completely
fiabsorbed kkhe actively controled BC the resulting acoustic fieddshow the
characteristics of travelling wave. Notably, in spite of the fact that irase (b) the
system wa dri ven near t h e modeb feequency tha ACSr a | ac
accomplished its goalithout the amplification of the excited wave in time due to
resonance effects. These tests demonstrated that the developed ACS could excite
acousic oscillations closely approximating a travelling wave acoustic field in the small

scale rigs even near the tubebs natur al ac
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Figure 26. Experimental results showing the simulations of 120 Hz travellingacoustic waves in
longer full-scale tube rigs in actively controlled smaiscale rigs (a) 38.5 inch tube, R=0.10, (~129 dt
incident wave to the control speaker), (b) 55 inch tube, R=0.17, (~129 dB incident wave to the cont
speaker).

2.3.3. Using the ACS to Simulate Standing Wave Fields

In follow up tests, the application of the developed ACS to excite one
di mensional, standi ng, asccoaulsetoi c( iwaev.e, elnocnogue
developed smakcale rigs was investigated Specifically, we investigated whether
standingwavesacousti c oscill ati-onasl enemnginhed eldavi
wall BC at its right end can be reproduced in a sisedle rig using the developed ACS.

Figure27 describesthe x per i ment al setupofwit hhet Aheuli
scal e r i gtike dashedine nubebeytensionvith a rigid wall boundaryi., a
Avirt ual)oonthe right side. M@ driving speaker (the left speakerFigure 25
and Figure 27) was supplied with al20 Hz sinusoidal signal, and t&€S was seto
excite a standing acousticave oscillations consisting of equal amplitude right and left

going waves in theii f wicla | e eSpegificallg the ACS was seto simulatea

(standing) acoustic wave oscillatiomsa f-$ & ll e e n glongee(on the hightt i s
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side) than the smaficale rig byd and ha a rigid wall atits right boundary,
see Figure 27. In this study, the simulation module of the ACS used the length
0 ,o0f t he A mi sarigich\all refeectianBC (@etdohg™Q  "Q
seeFigure 14 and Figure 22) to determin€éQ  ( "Q),nae( nx), andvae ( LX)

at theright boundary of the sma#cale rig.

> Active
o PP P > Control
B
U i % _____ e Virtual
% _______ Rigid Wall
Function 1 sl N| S
Generator ! Ax Ix 0. 1'22 m X \Lmissing part

Figure 27. A schematic of the actively controlled smalscale rig setup with a virtual tube extension
on its right side.

Figure 28 showsacoustic pressureaseasuredt evenly spacedbcatiors in tests
performed intwo different smakhscale rigconfigurations consisting of &38.5 inch tube
with a 160 v ktensionmimadase (afseeFigure28#a)) dandae-55 inch tube
with a 10. 70 virtioease (bYsearigute28l@)l The Boatiomsn s i o n
and color/location relationships of the acoustic pressures measurements are described in
Figure27. Figure 28 shows that the waveforms measured at four different locations in
the smallscale rigs are Hphase or oubf-phase each other. IRigure 28-(a), the
measured acoustic pressuneg, (measured by the red colored transducer shown in
Figure27) has the smallest amplitude and is-ofsphase with the acoustic pressurgs,
andra, measured by the blue and black colored transducers, respectively. These results
indicate that gressure nodevas located between the red and blue colored traessiu

(i.e., the locations aljaeandrad and close to the red colored transduycer, the location
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of nag). Figure 28-(b) shows that the acoustic pressfee (measured by the green
colored transducer) is cof-phase with the acoustic pressurgeg, nee, andnee,
measured by the red, blue, and black colored transducers, respectively. In this case, a
pressuranodeis located between the green and red ealdransducer§.e., the locations

of neeandnagd). Generally, ami i d e al 0 wawvd aoustifieldgshowst brp ¢ T J
phasedifferencesbetweenthe acousticmeasurementst differentlocationsand has
pressure nodes kitcations where leftward and rightward moving waves having the same
amplitude cancel one anotheTlhe resultan Figure 28 agree reasonably well with the

expectedehavior of standing waves.

The reflection coefficienty Y ) for the two

experimentsriote thatY pforan A i stamding wave) we found to beY *x @& v

for case (a) ant¥ x p8t Uor case (b). While the incident right going waaed the

reflected left going wave do not have the same amplitudes’Y p, the excited

acoustic fields exhibit all the characteristics of stanawages. Notably, in case (b), the
smallscale rig € 55 0 was brieenat 120 Hz, which isn e ar the tubeods
acoustic mode frequency, yet the A@@sable to simulate thetanding wave acoustic

field of t h e 1) fallasgake regine ¢f length ~5 5 0 + ) (hstead ofexciting

oscillations at the natural acoustic mode frequencythef smalscale rig without
experiencing Aampl i tude amplificationo d t
demonstrated that the ACS can simulate standing wave acoustic fieltlseegci i-n A f ul

scal e engisoaesigs. i n small
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Figure 28. Experimental results showing the simulations of 120 Hz standing acoustic waves in long
full -scale tube rigs in actively controlled smalkcale rigs (a) 38.5 incht u b e, 160 vil
extension, R=0.85, (~132 dB incident wave ti
rigid wall extension, R=1.05, (~132 dB incident wave to the control speakerWwhere the location of
each colored pressure trarducer is shown inFigure 27.

2.3.4. Using the ACS to Simulate Standing Waves in FulBcale Engines

To get further insight into the performance of the developed,ehgtoontrolled,
smallscale, rigs, their ability to simulate standing, longitudinal, acoustic waves CIs in
ful-scal e engines (or |l onger tubes, i n this
experiments whose configurations are described on the batfofigure 29. Of
particular interest is the fArelationshipo
by the ACS in the shorter, smaltale, rig and the oslktions in the longer, fulscale
engine (or rig). As shown inFigure29, these experiments used the previously discussed
~38.50 and ~550 e x nhseerigs ofexperiménts, she AGSpwas.settol n e
simulate, within the smalcale rig, the oscillations in longer tubes whose length was
equal to the length of the smailtale rig plus an additional, virtual, length on its right side
t hat variedobel@®eeda, ~&s 49 hbigue29olmall bfthese bot t o

experiments, 120 Hz acoustic oscillations were excited in the -soeé rig by the
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speaker on its lefend, and the speaker on the right was actively controlled to simulate

the oscillations in the longer, fedicale, tube The determined spatial dependences of the
acoustic pressure amplitudes in the investigated configurations are shown on the top of
Figure29 where the vertical dashed (on the left) and solid (on the right) lines describe the
locations of the right terminations of the investigated3 ~35 06 and ~550 tu
respectively, where the actively controlled speakers were installed.

Figure 29 describes the spatial dependences of the amplitudes aicthestic
pressures (i .e., the Aacoustic press-ures m
scale rig and the -dficdlIsesithgbedartio. e.f, tthtee AV
the smaliscale rig). Each plot shows the amplitudes of tr fmeasured acoustic
pressures (shown as circles) superimposed upon the calculated pressure mode shape
(shown as a dashed or a solid curve) in the actively controlled-soaddl rig and its
Avirtual extensionodo that wa swalla Slsewloie oh t o b
Figure29-(a) andFigure29-( b) descri be the results obtai
actively controlled smélscale rigs, respectively, for each of the investigated
configurations, which are shown below each figure. The measured acoustic pressures
amplitudes, shown as circles in the figures, were obtained by applying FFT to the four
acoustic pressure measuretsens that are related to their (complex valued) amplitudes,

0, by the following relationship:
pii:Re[FEe‘i”], i=0,,23(see transduEigmred)s (229

where, pj; acoustic pressure measured at location

9

F'1:-; complex acoustic pressure amplitude at location
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The FFT analyses also showed that the phase differences between the (complex valued)
acoustic pressure amplitudes at different locationsrate p ) 11 INotably, pressure
amplitudes havingp Y 1pbase difference with respect to other measured pressures (on
the same plot) are presented as fAnegativeo
Figure29. Using the four measured complex valued pressure amplitudes (that describe

the amplitude and phase), the complex amplitudes of the right and left going waves were
calculated. At the location of transdut®@the complex amplitudes of the righnd left

going wavesp and®, respectively, and the measured complex pressure amplitude,

satisfy the following relationship:
R+ e = Bx) =, i =01 2 3 (seeFigure27) (2-25)

where, E; complex amplitude of the right going wave

i, complex amplitude of the left going wave
X ; locationi

By solving Eq.(2-25) above, the complex amplitudes of thghti and left going waves,
and0, were obtained. Using these, complex valued, right and left going waves, the
acoustic pressure mode shape in the domain of the actively controlleessadallig and
t he fAmissi ng-scplatube wereodetairted (asind Eg(2-26) below), and
are describetly the dashed and solid curvedrigure29-(a) and (b), respectively.
B x) = A + e (2-26)
These calculations were performed for all the experimentally investigated cases (i.e., the
actively controlled smaidcale rigs and virtual extensions) shownFigure 29. The

investigated test matrix consisted of thetwosmatl al e ri gs having | eng
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~550 with each setup-scfalacrtriwgebegioagntvi oltluea

four | engths of ~5.40, ~10.70, ~160, and -~

(a) 38.5” Tube + Virtual Rigid Wall Extensions (b) 55” Tube + Virtual Rigid Wall Extensions
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Figure 29. Measured acoustic pressure amplitudes (depicted as open circles) and calculated acou
pressure mode shapes in the domain of the fuicale tubes (depicted as dashed and solid curves f
cases (a) and (b), respectively)(a) 38.5 inchtubewi t h ACS setups of ~5.¢
virtual rigid wall extensions, (b) 55 inch tubewi t h ACS setups of ~5. 4
virtual rigid wall extensions, (from ~125 dB to ~ 139 dB incident wave to the control speaker).

Each of the calculated acoustic pressure mode shd&pgure29 covers a domain
that starts athe left side of the smadicale rig where the driving speaker is located and
ends at the location of the right boundary of the simulatedséalle, tube where the
Avirtual 6 rigid wall of t heFigireR9-&@sanch(g) par t «
show that as the length of the virtual extension (i.e., the distance between the locations of
the right termination of the smadkale rig and the virtual rigid wallf ¢he virtual tube

extension) increases, the acoustic pressure nodej(i.e.1t) moves to the right towards

the boundary of the smadkale rig in each of the investigated, srsakle, configurations.
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This occurred because mirmacri engs ipnagsdatéhuee f | e nhget
while keeping the properties of the virtual rigid wall termination of the virtual tube

extension on the right and the driving frequency of 120 Hz unchanged required that

wavelength of the oscillations and the Ttacoustic BC at the rigid wall on the right

side remain unchanged for all the investigated cases. This, in turn, required that the
excited acoustic mode shape shift to the r
of the virtual, rigid, wall bounds location Consequently, as location of the virtual rigid
wal | moved to the right, the acoustic pres
its pressure node, also moved to the right as showfigare 29-(a) and (b). These
results show that the developed ACS can simulate;domensional, standing wave,
acoustic oscillations that occur in longer fstlale tubes having different lengtimsan
actively controlled, smakcale, rig.

The analysis performed in this study al
shaped in domains consistiscaglefrtbeaadtithe
part 0 odcalettubeeusifiglE2i27) below. These spatial profiles are described

by the dashed and sollthe curves inFigure 30-( a ) and (b) for the -

actively controlled rigs, respectively, f o
~10. 70, ~160, and ~18. 70.
re@x) = ke - e (2-27)

where, r ; density of the air,c; speed of sound

As the acoustic pressure mode shape, the acoustic velocity mode shape plots in
Figure 30 show that as the location of the virtual rigid wall moved to the right, the
acoustic velocity mode shape and its -atile (i.e., where— ) locations also shifted
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to the right, to assure that its acoustic velocity node {i.e., 1) remained adjacent to the

virtual rigid boundary that shifted to the right, as showRigure30-(a) and (b).

(a) 38.5” Tube + Virtual Rigid Wall Extensions
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Calculated acoustic velocity mode shapes in the domain of the fsltale tubes (depicted as

dashed and solid curves for cases (a) and (b), respectivelyja) 38.5 inch tubewith ACS setups of

Figure 30.
~5. 40,
~5. 40,

~10. 70,
~10. 70,

to the control speaker).

~160,
~160,

and ~18.53inch

and

wbewithuAE$ setups gfi

~ ({ré8m ~125 dB/td + 13udB Inciderit vgaie

To gain additional insight into the results presente#igure 29 and Figure 30,

t hese

resul

ts

ar

e

redr awn

iFigure 81, wheré thee r e n t

virtual, rigid, wall boundaryf each of the tested configurations is set at the right end of

t he

i coor diNotadyeall theytesstececondigurations are shown on the bottom

of Figure 31, and the acoustic pressure and velocity modes shapes obtained in the tests

using

respect.i

t he ~3

vel y.

8.50

It

and ~550

shoul d be

tube ri ar

gs

noted that t

(consisting 6the length of the sma#icale rig and the virtual tube extension) shown on
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the bottom ofFigure31lincreases as one moved from the top to the bottom configuration.

Consequently, the locations of the left terminations of the configurations and the acoustic

pressurd)aand velocitybaezno d e s
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Figure 31. Collections of the calculatedacousticmode shaes aligned at the virtual rigid walls; (a)
(b) acoustic velocity mode shapes, (from ~125 dB to ~ 13¢
incident wave to the control speaker).

acoustic pressure mode shapes,

An examination of the acoustic pressup@and velocityDaamodes shape@

Figure 29 through Figure 31 shows that the developed ACS generated acoustic

oscillations

satisfied t he

t hat

properly

ac c oscatetrigahd f or

Ar i guoad mand | 1) atdhe oghtsend of theB C

virtual tube extensian Additionally, Figure 31 shows that the acoustic mode shapes
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excited in all the investigated -scatengsi gur at

being fiextendedod by four | engths fhymthe AC

and acoustic velocity antiodes (i.e., the maximums;- 1) approximately at the same

locations.

Theseraand Laglots also show that the magnitudes thie acoustic pressure

gradient—, acoustic velocitygeand its gradient—ne xt t o t he | ocati ons:s

speakers at the left ends of the srsathle rigs varied from one investigated configuration

to anothereven though theinpt vol t ageso6 amplitudes to th
tested configurations were the sameThis happened because for each tested
configuration the driving speaker was located at a different location on the structure of

the excited oscillations; i,eat a di fferent distance from t
pressure node or afiibde (recall that the wavelength of the oscillations was fixed at all

tests while the distance of the driving speaker from the virtual rigid wall on the right side
variedform on test to anotherBecause the location of the driving speaker relative to the
structure of the excited acoustic oscillations varied from one configuration to another, the
effectiveness of the speaker 60s dectedvtheng wa:
magnitude of the acoustic field excited at each configuration. Thus, as the location of the
driving speaker got close to the location of the maximum amplitude oscillations (in this
study, it occurred when the length of tested configurationhef full-scale engine
approximately equaledhalf the wavelength of the driven 120 Hz oscillations), the
speakero6s driving effectiveness increased

the actively controlled smaéicale rig increased as showrFigure29 throughFigure31.

82



Figure 29 through Figure 31 also show that # excited acoustic pressure and
vel ocity amplitudes were maximum in-the ¢
scale tube rig (virtually) extended by ~5.

curves. An analytical investigation of the reaph frequencies of this tube, which

included the application of an fAempirical
for the presence ofamullii mensi onal acoustic fiPR0d near
showed that the effective fHnacoustic | engt|

configuration e@uaxlveud x b8 6 1 deda;erie. . h,e subtr a
(40 is the diameter of the tube)caldulatont he ab
also showed that the driving 120 Hz frequency equals one of the resonant frequencies of
t he (effectively) 60. 40 l ength configura
oscillations. Thus, the largest amplitude acoustic oscillations exicit¢de actively
controll edcabBotemel Fig (virtually) extend
standing wave acoustic field in a ~60.40 t
its boundaries.

It is, however, noteworthy theaat resonance,for a givenfenergyinputd, the
maximum amplitude oscillations arexcited in the system Furthermore, when the
system idinear, finfinite amplitud® o0 s c i | lex@itedfar ansnfindesimal enay
supply at resonanceén this study, it washown that forthe same amplitude voltage input
to the driving speaker, the amplitude of the excited oscillations dedepdn the length
of the simulated fulscaletube (or engine) andhat maximum amplitude oscillations
were excitedvhen theresonantirequencyof the simulated fullscale tubgi.e., sum of

the smalscal e ri g and df the fullfscale subkiwag cloge rtca thed
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frequencyof the driving voltage However,to rigorouslydeterminewhether the actively
controlled smaliscale rg simulated a resonance of the fedlale tube, théiacoustic
power inpud through the driving speakéor all the investigated configurationgeckdto

be determined in order to show that the energy input to the driving speaker was
minimized when a resonae of the fullscale engine was simulated. While this writer
believes that this was the case, this fact regretidlynotbe proved because the power
input to the driving speaker was not measured in these experiments.

Notably, the smalkcale rigs ulized in the above discussed experiments, each
equipped with a driving speaker and an actively controlled speaker on their left and right
boundaries, respectively, could only simulate the oscillations in the portion of the
wavelength of the fulscaletue 6 s (or engineds) oscillation
driving speaker at the left end of the rig. This scenario is descrildgdune32-(a) and
(b) below whereFigure 32-( a ) descr i-beasl etoh et ufbfeul ((or en
oscillations are simulated in the smsdlale rig shown irFigure 32-(b). The latter
consists of the smaéicale rig equipped with a driving and an actively controlled speakers
at its left and right ends, respectively. In this arrangemeatsitimliscale rig can only
simulate the oscillations in the section between locations | and Il of thechl# engine

on top, as was done in the studies described in this chapter.
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(c) Small-Scale Rig with Active Control
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Figure 32 Simul ating Adihfef easemitl |paoctrstaleesigise wotlhie smiadk

scal e rigsscal e ar)i ghstale Irid with active coattollsetup 1, (c) smakcale rig with
active control setup 2.

Next, we would like to provide some suggestions fature research One
interesting study wouldonsider how to modify the smadtale rig if we wanted to
simulate the oscillations in a section between locations (1) and (2) in Hsediél engine
shown inFigure 32-(a); note that the distance between locations (1) and (2) also equals
Lo, the length of the smadicale rig. To accomplish this, we will have to equip the small
scale rig with actively controlled speakers athbends as shown figure32-(c). In this
case, the left and right speakers will use ACSs to generate the acoustic impedances at
locations (1) and (2) in the fuflcale engine (on top) at the left and right ends of the

smallscale rig, respectively. In this experiment, the ACS of the left speaker will
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simulate in real time the oscillations in region I~(1) and the ACS of the right speaker will
simulate in real time # oscillations in region (2)~Ill of the fuicale engine,
respectively. This, in principle, will assure that the sraedlle rig will simulate the
oscillations in the section between locations (1) and (2) of thesdale engine above.
Furthermore, tld smaliscale rig would enable experimental simulations in the small
scale rig of oscillations in any section of lengthih the fullscale enginenvestigating

the performance of the rig shown Kigure 32-(c) provides a very interesting future
research topic that may significantly improve existing capabilities for experimentally

investigating fullscale, axial, Cls in smaHlcale rigs.
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CHAPTER 3.
SIMULATION OF
TANGENTIAL COMBUSTION INSTABILITIES

IN ANNULAR COBUSTORS

As discussed in Chapter 1, the objective of this thesis éevtelop a real time,
active boundary control approach thabuld allow simulationsof longitudinal and
tangential combustion instabilities (Cls) that ocaurfull-scale engines in smadkale
laboratory rigs seeFigure 5 and Figure 10 in Chapter 1. To achieve this objective,
capabilities for performing real time simulations of the acoustic and combustion
processes i n the RBoaeéengineonbusioranudt lie devdéloped,basg f u |
it is one of the three modules (i .e., t he
mo d el 0 )mofdahe active sontrol system (AC8jat determine the control signal for
the actuator.In Chapt er 2, t he A sACB widlyasimulatathemo dul e
acoustic waves propagations/reflections in the missing part of the combesturse the
study in Chapter 2 focused on the simulation of longitudinal Cls when no combustion
generally occurdn the missing partseeFigure 5 in Chapter 1. In contrast, when
tangential Clsare excited in an engineombustion processea tangentiaimean flow
and inflowsand outflows through injectors and exhaust nozzles, respectarelypresent
in transverse planes of the combusé&d interact with theacoustic motions there.
Therefore, the simulation module of the ACS needs to account for all of these
interactionsm t he fAmi ssi ng speriguredO iroGhapterhleThus,mag i n e ;

discussed in Chapter 1, the use of ACS to simulatesfalle, tangential, Cls in a small
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scde rig will require development of capabilities for simulating the interactions of the
tangenti al mean f 1l ow, combustion process,
outfl ows with the acoustics in the udhmi ssin
capabilities is described in this chapter.

The interactions between combustion (flame) and the flow and acoustic
disturbancesand their effects on the longitudinal and tangential (transverseh&vis
beeninvestigated in several studies-or examge, the detail unstable thermecoustic
modes structures associated with flow instabiliied their responses to the acoustics in
swirl stabilized combustor have been studj2d]. The flame response to transverse
acoustic excitation has been analyzed in d¢€2&]) 29] In this study,¢ per for m Ar
t i merdrol, ¢the developed Cl model must simulate the important physics of the
problem and be simple enough to allow rapid computational solution of the problem.

The developednodel describetangential Cl in an annular combustor, segure33. It
simulates the essential features of tangential Cls; i.e., periodic combustion, acoustic
waves, the axial infout mean flows through the injectors and exhausésiazdpectively,

and a tangential mean flow component, $eégure 33. The developed model was

numerically solved, and the results are described at the end ofdpieich

3.1. Problem Statement
Tangential Cls, whose acoustic motions are perpendicular to the direction of the
mean flow from the injectors to the exhaust nozzles, are often encountered in liquid
rocket motors and annular gas turbine combustorskigeee 33-(a). It shows a liquid

rocket motor that employs a large number of injectors on a circular injector plate and an
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annular gas turbine combustor that employs several fuel nozzles on its inlet plane. Such
tangential Cls may manifest themselves as large amplitudes, standing or spinning,

acoustic waves, which may travel in the clockwise or counterclockwise direction, see

Figure33-(a).

This study developed a #dAsimplifiedo
combustor because this geometry (showirkrigure 33-(b)) can be considered to be an
el ement éscale tircular cémbdstor (shown as an annular region within two

black circular boundaries iRigure33-(a)) or a representation of a fgtale annular gas

turbine combustor (shown in the bottomFagure33-(a)).

(a) Rocket Engine and Annular Combustor

(b) Simple Annular Combustor
for Model & Active Control

RD-0110 Injector Layout
91 swirl coaxial injectors

Active Control

With Simulation

Figure 33. Examples of fullscale combustors experiencing tangential combustion instabilities: (e
rocket engine and annular gas turbine combustor, (b) simple annular combustavith several fuel
nozzles (injectors), and exhaust nozzles.
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The annular combustor modeled in this study is describeBigure 33-(b).
During unstable operationacoustic wavesmay propagate in the clockwise or
counterclockwise direction and interact with combustion processes anchored to the fuel
nozzlesin the presence o& tangential mean flow component in the clockwise or
counterclekwise direction. In such a combustor, thieilel nozzles(injectors) supply
streams ofiquid or gaseous fuel and oxidizer that subsequenty vaporize mix, react
and release heattus generating dlow of hot combustion producthat is discharged
through theexhaust nozzles.All of these processes must be simuldtgdthe model,

since they affect the driving/damping of the Cls throudgealbackprocess.

3.1.1. Simplified Problem

This section describes the development of a model of tangential Céinthddites
the interactions of the acoustic waves with the combustion processes, injectors and
exhaust nozzles flows, and the tangential mean flow in an annular combustéigwsee
34. Thedevelopednodelassumed that the reactants are gabesmiing processes are
infinitely fast the medium behaves as a thermally perfect gas, and the tangential
component of the mean flow moves in the clockwise direction,Fsg@e 34. This
tangential mean flow is shown to move from left to right as it crosses the combustion
region in the top schematic gure34.

We further assumed th#te annular combustor volumeould be separated into
two types of regions . e., smal | Afconcentrated comb

combustiono r egi &iguse 34 nFor xamplee ena pof the several
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Aconcentramed regmlbhwst iicc shown as a red da

combustiono regions is BbBiduen as a bl ue das

Specifically, it was assumed that tkembustion process is concentrated in a
small region whose scale is much smaller than the excited acoustic waveldingth
gaseous fuel and oxidizer enter the combustion regions through fuel nozzles (or injectors),

mix, and react to release heat. Theegas combustion products are discharged through

exhaust nozzleseet he A c o mb u s tFigureB40 These gombuation processes

inflows, andoutflows interact with the mean flow arttie travelling acoustiavaves that
enter and leave the combustion regions through their right antddeftdaries seethe

interfaces between ficombustFgme3d and fAno co

3
N> S , g ' /s N
N ‘(—/\gl ! o Eg: e/\
Mean Flow _ _  ____ __ __ _ __ ____________. Nozzle
Injector _\/
@, S
In “No Combustion” Region

b . Acoustic Waves
-“No COITI.bUStIOH - Propagation/Reflection
Region
At the Interfaces
- Interaction between
Combustion and Acoustic Waves

In “Combustion” Region
Concentrated Combustion

- Combustion
- In Flow (Injector)
- Out Flow (Nozzle)

_______

Figure 34. Simplified problem; annular combustor with concentrated combustion regions, linear
acoustic waves propagations, injectorand exhaust nozzles, and tangential mean flow.
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It has also been assumed that no combustion occurs in the regions outside the
concentrated combustion regions, implying that no acoustic sources that drive the waves

are present in these regions; seeftheo c ombu st Figue3l. r egi on i n

3.2. Derivations of the Model Equations
The modeled, concentrated, combustion region is describédgure 35. It
shows that the incoming acoustic wal®and’Q enter the control volume through the
control surface s1 and s2, respectively. As these waves cross the volumaietaet
with the combustion process, which amplifies or damps the waves, to produce the

outgoing acoustic waveéQ and’Q In this onedimensional description, the tangential

mean flow in the clockwise directiodg, is aligned with thev direction It affects the
propagations of the right goingQ, "Q) and the left going 'Q2, Q) waves and their

interactions with the combustion process.

- ﬁ Out flow through nozzle

)
| : 5{1 s4 Combustion
S M : _
1 | —
Area A [ | S ! Mean Flow V'
1 ]

In flow through injector
Ax kAx <<1

Figure 35. Interaction between acoustic waves and combustion process at the acoustically comp
combustion region.

The fuel/oxidizer mixture is supplied by the injector at the bottom wall (s3 in

Figure35), the combustion process (red balFigure35) occurs in the space enclosed by
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sl, s2, the injectqs3), and the exhaust nozzle (s4), and the gaseous combustion products
are discharged through the choked nozzle in the upper wall (Bdgume 35). The
objective ofthe developed model is to describe the interaction of these processes with the
incoming("Q "Q) and outgoing'QR, Q) acoustic waves.

To simplify the presentation of the derivation of the model equations, only key
steps of the derivation are prased in this discussion. A detailed derivation of the
model is presented IAPPENDIX A, and the definitions of the various variables are
listed in NOMENCLATURE athe beginning of the thesis.

We start the development of the model by considering the following, general,

threedimensional, integral forms of the conservation equations for a reacting3@w

31]:
Mass
o=Ham & N N CAEdS
= NOAVHR Y C
Momentum:
. C H C C . .
8 Foena= S AR AV + 7, fir V)VAEDS+ 7 ppids 32
where, § E;xternal is the sum of theexternal forces acting on tt
control volume.
Energy:

C . C .
G- Vi = & fi fiefidV+ i fpr VAEIS+{_ fpV AdS (3-3)

where,d,
the shaft work;e=u+ p.e +k.e whereu, p.e, andk.e are

is the external heat added to the control voluvteis

xternal

the internal energy per unit mass, potential energy per
mass, and kinetic energy per unit mass, respectively.
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Species:
M =K & mverdv+ - ARdS (3-4)
= NV VR Y
where, M, is the mass production rate of speciesn the control
volume; i.e., N = i GrfidV = /i g MR it dv

where MW is the molecular weight o$peciesl; # is the molar

production rate okpeciesl per unit volume. Additionally

C_¥.\Y : : : v

Vi =V +V 4isior 1S the velocity of species| and V and
-

V giusior @re the mass averaged flow velocity and the diffus

velocity of specied, respectively.

Next, we derive the mean and sradirturbation conservation equations
assuming thab Tt (adiabatic system)p 1 (no shaft work), ang/&B 1
(negligible potential energy). We also assumed that all the propeatidse expressed as

a sum of a steady state property and a spaaturbation; e.gy A/ ne’ " "e
€ wh ertﬁ—és L p. The assumed expressions for the properties are then substituted

into the above conservation equations, and the resulijugtiens are separated into the
following steady state conservation equations and speallrbation conservation

equations.

I Steady state (or mean) conservation eqguations:

Mass 0=
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Energy: o:ﬂ 8 A ﬁ* dv - Hx ~ pﬁlv+ A j‘ﬁt F)\%A«Eds (3-7)

o AN AV-- A PV
L — o - L -
Species: (M) =&n A fzi dv + noﬁ 7 v, AdS (3-8)
1 Smalklperturbation conservation eqguations:
_ Mo o ~

Mass 0= E [/-] v + JT VIA:EdS+ ncsrr iV AIEdS (3-9)

C

; C
Momentum: (a Fexternak)lzﬁﬁcﬁ_ﬁ V+nc5rP”EdS+_n m/’ﬂ/ dv
C c Mt c (3-10)
+ﬁC FVi+ri\ﬂVAtEdS+ﬁcf{F\ﬂviA|EdS

oA Al T )av- g e
Ht (3-11)

+ncﬁn 7 v.A:Eds+an{h[ ri+hir) VQArEdS

=

Energy: 0=

Species: (M)i=
(3-12)

Next, we manipulate the mean (steady state) and smglérturbation energy
equations to obtain equations that would all@amderivean integral form of the nen
homogeneous wave equatithrat includesan acoustic sourdermrepresenting the effect
of the heat release by the combustioocessupon the acoustic motiong he derivation
of the mean and smaberturbation energy equations with source terms describing the
effect of the heat release by the combustion process is presented in Section A.1.3. of
APPENDIX A, where Eqs(A-32) and(A-34) describe the mean and smpdirturbation

chemical heat release termslhese expressions were subtracted from the mean and
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smaltperturbation energy equations (i.e., E(7) and(3-11)) to obtain the following

expressions (see Section A.1.3. for the details of the derivations of(&®&) and

(A-37)):

'éhm( |)
=§ﬁ firf, +ke)av- &ﬁ i RV (313
i J"‘(‘(ﬁs+_e)\§:ArEdS

'ahf,|(|\#|)l
=M sl +ke)ri+(hj+ke)rfdv- B/ & oV
wncm{(ﬁ+ e)é”’(hé” e')f} mncmpﬂ’ (3-14)

A, i (. +ke)viakds

A € .

+ ﬁc_f{(hS + k.e)r i+ (hj+ k.e.i)F}V AlEdS

Notably, the left handides (LHSSs) of the above equations describe the mean and
smaltperturbation heat releases due to chemical composition changes. Since, a
discussed in Section A.1.2t has beerassumed that the specific heag;, of all species
eqgual to one another, the smpdirturbation sensible enthalp@aefor the gas mixture (in
Eq. (3-14) above) varies only as the temperature perturbatiéevaries; i.e.”Qee 0 "Ye
(where® is the specific heat of the gas mixture, see(EeR7)).

Also, to derive a nofhomogeneous wave equation havihg effects of all the
relevantacoustic sourceappearing as inhomogeneous terthe effects by the in/out
flows through the injectors and exhaust nozzles have been separated out and expressed as
source terms in the smaderturbation conservation equation¥he derivations of these

equations are in Section A.1.4., yielding the following expressions:
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Mass
IJ ~ A~ A ~ A~ C ~ ~ o~ € -
En CmrIrﬂV+nc.fn’V|AJEdS+ nC.En’N ARdS
= I\#ii]jector- '\#riozzle (319

where,

U e ~ o~ e
Miecor = - P, £, 7 VIAEDS- {71V AEdS

R e (3-16)
Mo, = fi. f1,7 ViAEdS+ . £, 7iV ARdS
Momentumin @ direction (i.e., tangential direction)'
Encmfﬁ|dv+nc!p|l’n_:ds+ N mrﬁ/ dv
+R FV'+r'\ﬂVArEdS+” f{r_\ﬂ\?‘AEdS
c nc . : : nc . : (3-17)
(a externajﬁ )I
Sforcexl
Energy
M~ ~ H v ~
il m{(ﬁ+k e)f|+(m+keg rhav- o N D PV
+i_ 7, +kejviagds
S c .
+ ﬁcﬁ(hS + k.e)r i+(hj+ k.e.i)F}V AfdS (3-18)
_a . I\#é{l-#lé#-l-#}#}
_ée a hf,l( |)|9+ ( s+ 'E')ilnjector ( s+ 'E')I‘]ozzl
| -
! §energy
where,
(@hen*)i t- al hf,l (|\#|)i (3-19
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(H, + RE iy - L 1.7 (. +ke)ViAEdS

4, c .

- A AdR +ke)r i+ (hy + ke v akds

o o . (3-20

(Hf, + KEjoret A, 1,70+ k-e)ViAkdS
ST c
+f, AR +ke)r i+ (hy+ ke v akds
For simplicity, the control surface descriptibnC . & thé integrals on the LHS

of the Eqs(2-1), (3-17), and(3-18) denotes the control surfaces s1 and s2 only (i.e., it
does not include control surfaces s3 and s4 Fggpare 35)). Since it is assumed that no
external fore in tangential direction (i.ew direction) is present, i.e.B™® R
®, it follows that the acoustic source term in the sypatturbation momentum equation
in @ direction (i.e., Eq(3-17) above) is also zero, i.6Y T

Notably, the terms on the LHS of the above equations describe the acoustic
motions with the presence of a (tangential) mean flow while the terms on theaight h
side (RHS) of these equations describe the
and remove acoustic energy from the acoust
Asinkso include the acoustic endeaousticuppl i
energy added and removed from the system by the injectors and the exhaust nozzles,
respectively.

As shown in Section A.1.4., Eg&-1), (3-17), and(3-18) can be manipulated to

obtain the following integral formf the nonhomogeneous wave equation:
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_D g
Dt ass (3-21)
~ € -
B DA{SforceE -V CSmass}
200 (oK A5
* gﬁz E{Senergy' (hS + ke') Smass- \% A(Sforceﬁ -V CSmas
where,
D <
= E +V A (3-22)
Dt ut
Smassz '\#iiljector '\#Aozzk
gfme%o =0 (3-23

Srerey= @i +{(F + RE - (H +E),)

The LHS of Eq.(3-21) is the integral form of the wave equation with mean flow
(d), and the RHS describes the effects of the acossticces,Y ,°Y  , and
Y , that amplify/damphte oscillations within the combustion region. These acoustic
sources describe the effects of the in/out flows through the injector and exhaust nozzle,
respectively, and the chemical reactions, and are described {8-E8). above (with the
definitions in Eqs.(3-19) and (3-20)). The term 0 aglescribes the chemical heat
release perturbation. The ternse and 'O 0v88e are the perturbed
mass flow rate and energy fluko t he fuel / oxi dizer mixture A0
respectivelyand the term§ a and O 08B are the perturbed mass flow
rate and energy flux of the gaseous combus
nozzle respectively; see E§3-16), Eq.(3-20), andFigure35.

As discussed in Section 3.1.1. amekcribed inFigure 34, the CI problem in the

annular combstor will be investigated by solvirthe norhomogeneous wave equation
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with mean flow @), i.e., Eq.(3-21), i n the fAno combustiond re
regions separately and then matghthe obtainedsolutions at the interfaces between
these regions.The solutionsof Eq. (3-2) i n t he fAno combusti ono

regions are described in the following Sections 3.2.1. and 3.2.2., respectively.

321.Acoustic Waves Propagationoess in the HANo (
Since there are no combustion processes and no in/out flows through injectors and

exhaust nozzIl es i n t heFigira3d, alctieraboustourcen 6 r e ¢

terms on the RHS of E®-21) are zero in these regions, yielding the following integral

form of the homogeneous wave equation that describes the acougitiesanmegions:

1
M figio; PV - fi diepepdy =0 o

Assuming that the oscillations are edienensional (in the tangential direction),
the solutions of E((3-24) are given by the following expressioj28-22]:

f(x- (@a+V)@) = const
L (3-25
g(x+(a-Vv)Q@) =const
where,"Qand "Qare the clockwise and counterclockwise moving waves, respectively.
These acoustic wave¥Qand"Q are shown as the right and the left going waves,
respectively, as they cross the left and right boundaries of the combustion region in the

top schematics Figure34 andFigure35. The acoustic pressure and velocity are related

to "Qand"Qby the following expressior{20-22]:

pi=f(x- (@+V)@)+g(x+(@-Vv)d

1 (3-26)
V'=F f(x- (a+V)CD)-—g(x+(a V)®)

SDI
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Whil e the acoustic waves propagate in the
amplitude, their propagation velocities are affected by the tangential meac.flavhe
propagation velocities of the right going waves'Q, 'Q) and the left going avesQ

(Q,"Q) are® wandw , respectively, see E(B-25).

Using the following normalization expressions:

CE= g=T (327

p’ p

F](
= Iv.
o | c

the solutions of Eqg3-25) and(3-26) can be expressed in the following form:

ﬁx— (a+V)@) = const
5 . (3-28)
#{x+(a- V)@ =const
fi= F(x- @+V) &)+ @x+(@- v)d)
(3-29

K== E(x (a+V)@)-—@x+(a V) ®)

Equationg3-28) and(3-299 above describe the acoustic
combust i on wil be esgd to determinedthe properties of the wa¥eand™Q,
(seeFigure35) t hat enter the concentr atQaaddQficombu:
will be used by the equations that describe the processes taking place within the
concentrated Afcombustiono region (describ

properties of thavaves,Qand’Q t hat | eave the concentratec

3.2.2. Interaction between the Combustion Process and the Acoustic Waves in the
ACombusti ond Regions
The physics of the acoustically compact combustion region are described by Eq.

(3-21). |t describes the acoustic wavesd int
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in/out flows through the injector and exhaust nozzle, and the mean flow. The LHS of Eq.
(3-21) describes acoustics of the system, and the RHS describes the source terms that
generate or remove acoustic energy from the oscillafg#i84].

To predict the effect of these acoustic sources and the mean flow upon the
acoustic oscillations, the following expressions were substituted into the LHS of Eq.
(3-22).

pi=f+g; pi=f+g,, pi=f,+g,

1 1 1 (3-30)
i=— (f - Dovj=—(f, - , Vi =——(f, -
Vi 75.( g); Vi ,__a( 17 Oy Vi 75.( 2= 0)

Next, the values of the integrals on the LHS of the equation were evaluated in the
limit when the width of the combustion region goes to zero:¥®@2 1 This procedure
is justified because the combustion region was assumed to be acoustically compact; i
‘oL p[21, 22, 31] The details of this analysis are described in Section (82 Eq.

(A-85)) where the following equatiois derived:
\7 ~ o — \7 ~
~ron UCRUOS oy CICRERD)

1& ener ass é. €~ 3356 52 S assﬂ
-%’—_2 o (f, +Ic) S g Vel B S
(; -

Equation (3-31) shows thatt h e i unk n o@am Q,whalvlease, the
combustion region depedahdQ that entertthe eombuktiono wn 0
region and the acoustic sources on the RHS that describe the processes within the
combustion region that add/remove acoustic energy from the osadlatio

Since the combustion region is acoustically compact and the acoustic sources on
the RHS of Eq(3-31) are monopole sourcg®l, 33, 34] the acoustic pressure across the

combustion region is continuous, implying that the pressures at tlaeessig1l and s2 are
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the same. However, the acoustic velocity is not continuous because the heat added by the
combustion process and the mass and energy added/removed by the in/out flows produce
an acoustic velocity | uni, 22]cThus thevariatioref i c o mb
the acoustic pressure across the combustion reigiotescrited by the following

expressions

pi(t) = pi(t)
(332
fi (1) + gy (t) = f,(1) + 9, (1)
Equationg3-31) and(3-32) can then be solved to determine the two unkno@rend’Q
(i.e., the outgoing acousticaves).
It is shown in Section A.2. (see H#§\-89)) that substituting the expressions for
the acoustic source term¥, and"Y in EqQ. (3-23), into the RHS of Eq(3-31)

yields the following expression:

f(t)- f(t)}+5‘é“—v a.()- g,()

=3 ) (3-33)
8Z[((§Chem)| (Snjector)l (Swzzlg|]

OPT&

where,

(Snjector)i = (I-#s + ll# E) i.hjector - (ﬁs + G') I\#ii‘ljector

ada? g € C (3-34)
+ %—g\#iiﬂector +V A/ I\#iiljector
(;‘ T L
(Snozzlgi = (I-#s + I(’E'E')j'uozzle_ (ﬁs +E’) '\#riozzle
(3-39

aa’ g € <
+%¢ o0tV AVNE|
g _ 1§|\#r‘ozzle dozzle
As noted before, the RHS of E(R-33) describes the acoustic sources produced

by the chemical reaction® gthe inflow through the injectof’Y gand the

outflow through the exhaust nozzle/ & To solve EQqs(3-32) and (3-33) and
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determinethe el at i ons hi ps b eoutgom@ atoudtihveave®)) andon o wn o
andt he fAgiveno i nc o@and'®, (francttbheuns tombustienaregi@rs |,
theacoustic source terms need to be calculated.

As discussed above, the nozzle has been assumed to be short and choked
implying thatd ~ p at the throat, and thaté distance from the combustion chamber to
the nozzle throat is much shorter than the acoustic wavelength. Since the time scale of
the short nozzle is much shorter than the time scale of the acoustic motions, the flow in
the nozzle can be assumed to bagjateady. In this case, the stagnation conditions in
the combustion region (withh  p at the nozzle throat) determine the mass flow rate and
energy flux through the nozz85].

These stagnation conditions can be expressed in terms of the acoustic pressure
and velocity inside the combustion region. Since the condyustgion is assumed to be
acoustically compact, the acoustic pressure inside the region is the same as the acoustic
pressures on the surface sl and s2; see the red dashedHigar@36. On the other
hand, since the acoustic velocity across the region is discontinuous, the velocity inside
the region is assumed to be the average of the velocities on the surfaces s1 and s2; see the

blue dashed line iRigure36.
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Area A4

Figure 36. Description of the acoustically compact combustion region having a constant acoust
pressure and an acoustic velocity jump.

Thus, the acoustic pressure and velocity inside the combustion region can be
expressed in terms of the acoustic properties at the control surface s1 and s2 as shown
below:

pi=fi+g="1f+0,

vitvi 1 1
Vij= 12 i:E/Ta{(fl' 9,) +(f,- gz)}

(3-36)

The above discussed, shohtoked, nozzle assumptions were used to model the
flow through the exhaust nozzl e, whi ch hac:c
(i.e., Y gin the derived equationse., Eqs.(3-33) and(3-35)). Specifically, the
exhaust nozzle affects the physics of the problem by allowing acamstigy to be
convected and radiated through the nozzle and be reflected back into the no combustion
region, see Eqg3-33) and (3-35). The development of the model that describes the
effect of a shorthoked exhaust nozzle is presented in detail in Section A.3.1.

As shown in Section A.3.1. (see E@-130), using the expression for the
exhaust nozzle source/sinKY &EQqs.(3-32) through (3-36) can be solved to obtain

the following expressions for the outgoing wavesand™Q in terms of the incoming
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waves,"Qand"Q and the source/sink terms that drive/damp the acousticlabsrik

within the combustion region:

af. 0 1 &189-1614 e10
i, 2[,]: %%g_a (ﬁcherr)l (Snjecor )
iy 1lte;c2¢ a +A+ |1y (337
N 1 e 1 -6 2 @ f, u e M e' 1 lzef U
lte; & 6 1 UI gzy "Tve & 1 1U| sz

where,

(ﬁef) = (écherr) + (I-#s + |‘#'E')injector = (I—#s + I{'{:'E')nozzlt (3_39)
The parameter, , in Eqgs.(3-37) and (3-38) describes the effect by the exhaust
nozzle. As shown in Sectioh.3.1.4, the parameter, , is a nordimensional number.

Also, using the assumptions that the nozzle throat afeés much smaller than the cross
sectional area of the annular combusﬂbr(i.e.,—z L p) and that the tangential mean
flow is subsonic (i.ey) p), it can be shown that L p, implyingthat- O L p; see
the discussions in Secti#n3.14. It, thus, folows that

O<eg; <4
. (3-40
O<g,M< 4

Using the above order of magnitudes expressions, the following relationships can

be derived:
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1
1+¢e;

(3-41
e

1+¢e;

=e,(1- eM+%e,fA3 )° e

Finally, substituting the above expressions into BeB7) yields the following,

simplified, expressions for the outgoing wav€sand 2

%9;1871@( (@ o)+ (Sijecor) )elu

|1y

\efzc'
u-—
91y

24

Ve

(3-42)
&l O0gf, 0 &0 1mfu 1mfA

M)&l ,_ MgI.O U(M )gl-

|92y

Applying the normalization expressions in E&:27) to the above equation, the

following relationship between the acoustic waves entering and leaving the compact

combustion region can be obtained.

where,

(3-44)

(Sn ecto r) | 1
( % Jector . J
&) @)

[+ RE)j oo - (R +KE)M

ihjector

(3-49

+ %ﬁ_zlgu (g-9 I\Wz)hﬁigjectoé

Equation(3-43) provides a relationship between the unknown outgoing wales,
and’Q, and the known incoming wave®and™Q. The incoming wavesQand™Q, are

given by Eq.(3-28) that describes the acoustic waves propagation in the no combustion
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regions. The outgoing waves) and "Q, are the Aunknowno of
determined by the model equations (i.e., £E§<13), (3-44), and(3-45)) that describe the
processes taking place within the combustion region.

Notably, the term- in Eq. (3-43) describes the effect by the exhaust nozzle.
Since the term is always greater than zero (see 8340)), theacoustic oscillations
the combustion regioare damped \pthe exhaust nozzle as indicated by the minus sign
in front of the term in Eq. (3-43). Also, when an acoustic wave interacts with the
exhaust nozzle, reflected and transmitted waves are generated.

The term Y an Eq. (3-43) describes the acoustiriving/damping by the
massand energy flugs (i.e., sensible enthalpy and kinetic enerdgsgnsported through
the injector (see the definition ofY &¢Eq. (3-49)). Since the inflow through the
injector depends on the injection system, the spetfiurbations of the mass flow rate,
the sensible enthalpy flux, and the kinetic energy flux can be refatdte operating
conditions of thenjection system (i.e., the fuel and oxidizer, mass flow rate, temperature,
pressure, fuel/oxidizer ratio, flow velocities, etc.), which can be used to calculate

Y aeising Eq.(3-45).

The term 0 an Eq. (3-43) describes the acoustic driving/dampibg the
combustion process heat release perturbation. As shown ((3-Bd), this heat release
perturbation depends on the perturbation of the rate of change o€h#mical
compositions, which is due to the reaction rate perturbation. Since this reaction rate
perturbation depends on the flow condition within the combustion region, it is

undoubtedly affected by the acoustic oscillations in the combustor.
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Briefly, the system of equations, Eq8-43), (3-44), and (3-45), describes the
driving and damping of the osci lrébcessesons i
involve the arrived waves'Q and "Q at the concentrated combustion region, their
amplification and damping by the chemical reactions and the in/out flows through the
injector and exhaust nozzle, and the generation of the outgoing Wasad Q

In summary the developed model equations consist of equations describing the
physics in the fino combustiono and Acombus

APPENDIX A.

3.3. Numerical Solutions of the Developed Model Equations

The developed model was numerically solved to validate the model and
investigatethe effects of the combustion process, injector and exhaust nozzle flows, and
the tangentiamean flowupon the characteristics of tangential .Cls

The method of characteristi¢®@3, 25, 36]was usedto calculatethe acoustic
wave®b ehavi or in the #Ano c¢ @28 and 3-2YP,nand ar e gi o n
numerical algorithn{26] was usedo solve the equations thaimuate the interactions
betweenthe acoustic waves anthe processes aki ng pl ace in the Ac:
(see Eqs(3-43), (3-44), and(3-45)).

Acoustic waves propagating the counterclockwise and clockwise directioms
t he fino c o ohsuestér/ieavehe comlaustion regian Upon enteringa
Aicombust i onsewaveg affecothe physidaleemical processes taking place
there while being affected by the processes taking place in the combustion.refjion

each Atime stepo of the numerical cal cul at
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entering and leaving he fAno combusti ono aenobtainBdcamdnb u st i

ifimatchedo at t he i nt e rTheaeqwnericad smulatmrswerde h e s e

performedusingthe followingsequence ddteps:

At the sart of the numerical simulatiomn initial condtion (e.g.,the presence of a

travelling orstanding wave oscillations) &et in the entire computational domain of

the combustor; i.e., the incoming2@nd’Q) and outgoing "R and™Q) waves in the
Acombustionod regi on aneabcityihne tahceo ufsrtd cc @miet
region.

I n the Ano combustionodo r egaredeterminddsEngac ou st
Egs. (3-28) and (3-29). The outgoingwaves "Q and™Qat the present time st@p

leave theficombustiold region and propagate into theljacentfino combustioa

regiors at the next time step Yo. The aoustic waves n t he fAno combt
region at the present time steprriveattheboundaries of thécombustion regiodat

the next time step Y¢; i.e., the incoming wave®and"Q (seeFigure 35) enter

the ficombustiond regbon at the next ti me
The model equations that describe the processes withoothec e nt r at ed fAcom
region(i.e., Egs.(3-43), (3-44), and(3-45)) are solved to determirtbe effects of the

acoustic sourcethere (generated by the combustion process, injectorgexrnaust
nozzle)upon the waves entering this Acombust
region.  Specifically, these solutiondetermine how the waves entering the
Acombust i 6Qaod Qr(vhigh areprovidedby the solutions

combusti onstepiy e gircen modi fi ed as they pass
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region. These solutions determine fire@perties of he outgoing wavesQ and™Q,
that enter the adj aaehenextiimestgc ¥mbusti onodo r
iv. Thesestepsdetermine the solutions at the next time step, the acoustic wave¥X)
Q,"Q, and™Q) at t he ficombus acoustiowavesr eigm oh h@an é n
combustiono r egi o rsolution @ppreackaeh siep &~ stem@ii3is r i b e d
repeated at eadhme stepto determine the time dependence of the solutions
Someof the result®btained using this approaahe described ithe remainder of
thissection. They describe tle#fects of theébasic driving/damping processes that control
the investigated Cls. They also show that the presence and directiontahgeatial
component of thenean flow critically aflect the characteristics @&pinning tangential

instabilities,[37-39].

3.3.1. Utilized Numerical Simulations

To investigate the dependence of tangential Cls upon design parameters and
operating conditions, the developed model was numerically solved to deteths
characteristics of tangential Cls in annular combustors with and without the presence of a
tangential component of the mean flow assuming that combustion occurred in a single
combustion region having a single injector, a single exhaust nozzle, amadgla
concentrated chemical reaction region, as shovwkigare37. These computations were
repeated using different assumptions about the conditions within thieustion region
(e.g., with/without the effects by the exhaust nozzle, the combustion process, and the
tangential mean flow) and using different models to describe the unsteady combustion

process.
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NIl

Nozzle
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Mean Flow

Figure 37. A schematic of an annularcombustor with a single concentrated combustion region.

Since the characteristics of tangential acoustic waves in large radius of curvature
annular combustors could be approximated by the behavior edior@nsional acoustic
waves, the investigated annular combustor was approximated by-dinoesional
straight duct, as shown ifrigure38. In order to simulate the wave propagations in the
closed annular tube, the boundaries of the straight domain were virtually linkethd.e
right going waves leaving the domain through the right boundary enter the domain
through the left boundary, and the left going waves leaving through the left boundary
enter the domain through the right boundary. To perform the numerical compajtation
the straight domain was discretized uniformly, and the concentrated combustion region

was located at the poirif) , Shown on the bottom éfigure38.
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Figure 38 Computational domain for the numerical simulation of onedimensional annular
combustor with a single combustion region.
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3.3.2. Exhaust Nozzle Damping
3.3.2.1. Exhaust Nozzle Damping Without a Tangential Mean Flow

In this section, the results of a study of the effect of an exhaust nozzle upon
acoustic waves in an annular combustor without a tangential mean flow are discussed.
To meet this objective, the model equations that accounted for the effect of the exhaust
nozzleonly were numerically solved. Specifically, it was assumed that the oscillatory
heat release by chemical reactions was zero and that there were no fluctuations in the
inlet flow through the injector. Consequently, the following values of the model

parameers:

M=0, g =01< 4, (&.)i=0, (§..)i=0 (3-46)
were substituted into the model equations; i.e., E&28), (3-29), (3-43), (3-44), and
(3-45). It was also assumed that a traveling wave prdpagdérom left to right was
initially (i.e., atd 1) present in the combustor atltht the exhaust nozzle was located

at the center of the combusts shown irFigure38.
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Figure39 describes the calculated spatial dependence of the acoustic pressures in
the annular combustor at several time steps. To trace the evolution of these waves, the
pressure maxima at differetiine steps were connected by blue dashed lines that describe
the wave front motion. Thégureson the left inFigure 39 showthe evolution of the
waves shortly aftean initial travelling wave was introduced into the combustor. It
shows that initially the wave is a travelling at the speed of sound from left to right, the
propagation direction of the initial disturbance. The figures on the righktgure 39
show the behavior of the wave a long time thereatfter (i.e., 18.75 cycles later; one period
of the oscillations equals 1 in this example). The plots on the right show #rasa@fte
time has elapsed, the initially travelling wave has transformed into a standing wave

whose pressure node is aligned with the location of the exhaust nozzle.
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Figure 39. Result of a numerical simulation investigating theeffect of the exhaust nozzle flow upor
an fiinitialo travelling wave in an annul ar ¢
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The result above shows that in the absence of a tangerzal flow, a initially
spinning wave, rotating at the speed of sound, gradually transitsgifanto a standing
wave. The initial travelling waveexcitedthe oscillations in the combustion region that
generated the mass flow rate and the energy flux fluctuations throughithest nozzle
which interacted with thescillations in the combustorThe expressions describing the

interactions of the acoustic waves with the exhaust nozzle can be dayigetstituting

~

0 mand Y & T1intot he A c o mb u snodel equations.e,dq. o n

(3-43), which yieldsthe following expressian
+&)- (a,M)(E- &) .
+B)- (6, M(E- &)

&m e
4 »—\-n'l(

|‘-'ﬁ.|‘ I\J-rn(

@
The above equations show that when only a right going Vaaeives at the combustion

region (i.e.,Q ), the amplitude othe transmitted ave Qis smaller than that of the
incoming wave (i.,e;Q "Q - p 0 "Q "Q. Equation(3-47) also shows that the
interaction of the incident wav@with the exhaust nozzle generates a reflected Vave
(i.,e.,,Q - p 0 Q) that propagates in the opposite direction (i.e., leftward);
notably, the reflected wav@ is p Y 1out of phase with respect to the incident w&ye

as"Q and"Qhaveopposite signs.lt should bealsonoted that the effect of the tangential

mean flow on the interaction between the exhaust nozzle and the acoustic waves in the
combustion regio is described by the last teim Egs. (3-47) and(3-43), which is very

small because 0 is even smaller than (i.e.,- 0 - L p). Notably, thisterm

was zero in this example because it has been assumed that there was no tangential mean

flow in the annular combustathus requiring that  mand- 0 T
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The discussion showed that the interaction of the initial, right going, Vive,
with the exhaust nozzle damped the initial wave and generated a smaller amplitude
transmitted wave)Q, and a reflectedvave,"Q havingp  todt of phase(with the
incident waveQ) that propagated in opposite direction¥o elucidate the physics of
these waes and exhaust nozzle interactions, we ddéhote the waves involved in this
Afirsto interacti oMpwQphandthpe. Seoeeltharevastno no z z |
mean flow in this example, the dampeght going waveandreflected left going wae
propagatd around the annular combustaet the same speeaf sound without
experiencing amplitude changes. These waves returned to the combustion region and
interacted with the exhAtustheoitgéeorddd iantdn
the edhaust nozzle, the right going wa¥e ¢ arrived at the combustion region with an
amplitudeQ¢ Qp "Qp - "Qp and the arriving left going wav@ ¢ had
an amplitudeQ ¢ "Q p - Qp. After compl eting the fis

with the exhast nozzle, the amplitudes of the outgoing righing and left going wave

were: Q¢ Qp - Qp - Qp ¢ Qp and Q¢ - Qp

- Qp ¢ "Qp , respectively, see E(q3-47) above. An examination of the

above expressions shows that the interactions of the waiksthe exhaust nozzle
damped the larger amplitude, right going, waves and amplified the smalletua®pl

(p W Tout of phased), left going wave€onsequently, the amplitudes of the right going

and left going waves decreased and increased, respectively, as they continued to interact
with the exhaust nozzle. Eventually, the amplitudes of the righteihgoing waves

became equal and a standing wavas establishedn the combustor Notably, as the
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results ortheright of Figure39 show, the pressure node ofthee sul t i ng fAf i nal
wave field is aligned with the exhaust nozzle (depicted as red line at center of the

combustor) because thmagnitudes of the amplitudes of tiecoming right and left

going wavesverethe saméb ut had fioppos iotwavesexsdtlyfoarsel The:

one another at theresulting, standing wavegressure node where the exhaust nozzle is
located i.e., i  Tmat the exhaust nozzlélVhen the pressure node of the standing wave

in the combustor was aligned with the exhaust nozake the flow fluctuations through

the exhaust nozzle stopped and the exhaust nozzle could no longer affect the standing
wave acoustic field in the combustor.

Figure40 describes the time dependence of the right and left going waves and the
acoustic pressure waveform at a specific location in the ancaalbustor It shows that
interactions of the waves with the exhaust nozzle damped the right going wave (described
by blue curve) and amplified the left going wave (described by green curve) until their
amplitudes was equal to one another and a standing waveiadmidtwas established
in the combustor. As discussed above, the pressure node of the resulting standing wave
was aligned with the location of the exhaust nozzle (j.e., at the exhaust nozzle),
and the exhaust nozzle stopped affecting the acauaties in the annular combustor.

Notably, Figure 40 shows that the amplitude of the acoustic pressure at the
indicated location (described by the dkacurve) remains constant throughout the
duration of the process that results in the transition of the initial travelling wave into a
final standing wave as shown Higure 39 above. This observation may (erroneously)
suggest that the interaction of the exhaust nozzle with the acoustic oscillations did not

damp the acoustic oscillations in the combustor, which is not the Tageacoustic field
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produced by the Ai ni ©i mlcansisted rmostly ofbaaright goingd ne ar
travelling wave, while the acou®tcijmwasfi el d
a standing wave acoustic fiettiat consisted of right and left going waves havingagq
amplitudes. In order to investigate whether the acoustic oscillations in the combustor
were damped by the exhaust nozzle during the transition from a travelling wave field into

a standing wave field having t hheinisabante a mp |

final oscillations in the combustor were evaluated.
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Figure 40. The right going wave, the left going wave, and the acoustic pressure in the annul
combustor (at x=0.25, see the figure on the tdp

In order to clearly demonstrateetle x h a u s t nozzI|l e dfnempi ngo

averaged acoustic energig?0, 21] of the oscillations in the annular combustor at the
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initial state (i.e., oscillations described on the lefFigure39) and at the final state after
the transition to standing wave oscillations (i.e., oscillations described on the right in
Figure39) were calculated and compared each otfiéxe time averaged acoustic energy,

@ , in a onedimensional duct of lengtly, is shown as below:

.2

pi
ra®

W, = F VP +

I CB_OI

l\)ll—‘

rj >dt (3-48

Sm
i

—|

where, W, : time averaged acoustic energy in a-diraensional duct

T : period of the oscillations
L : length of the onelimensional duct

The time averaged acoustic energy of t he

annular combustor , having the normalized acoustic pressure amplitude,
0 T, can be calculateoly integrating Eq(3-48) as following.
2 - —2 ~
Wavinitial = | _Itlil| L = — I__z l%ﬂtial i = 0 0 p 8 (3'49)
’ 27 a’ 2ra c2ra’ =
where,

> iat - @mplitude of the initial acoustic wave;j,.., = Re[R nItIaIe "1

I%]itial: normalized amplitudeﬁ1itia| = Re[lfﬁmale "
ﬁwitial = p|i1itial / r) I:%‘Iltléﬂ |n|t|a|/ p

Af ter a sufficient ti me of the transiti on

standing wave acoustic field in the annular combusior; , having the normalized
acoustic pressure amplitude, T, can bealso calculatel using Eq.(3-48) as
following.
_ ‘Pﬁnalz | = p°L IE 2 _%é p°’L & 3.50
avfinal = o2 =T g2 nall T, éf%?g (3-50
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As shown in Eqs(3-49) and (3-50), the acoustic energy in the annular combustor after
the transiti on ingmwave acoustie field fsismader than shat amtloke
Ainitial o righty; god ng )wandieindicates that the acoustic
energy was lost (or discharged) through the exhaust nozzle. Thus, the exhaust nozzle
Adampso the acoustic oscillations (energy)
To further investigate the effect of the exhaust nozzle upon taalgés in an
annular combustor, the above described calculation was repeated for the case when the
initial disturbance in the annular combustor was a standing wave acoustic oscillation,
assuming that all ot her par amatonwas squattthat de
those used in the above example, see(&46). It was also assumed that the pressure
node and antnode of the initial standing wave acousticitdation were not aligned with
the location of the exhaust nozzl&he result of this computation is describedrigure
41 where the spatial dependences of theahdisturbance at different times shortly after
the introduction of the disturbance into the combustor are shown on the left, and the
spatial dependences of the oscillations at later times (18.75 cycles later; one period of the
oscillations equals 1 in ilhexample) are shown on the rigfthe vertical red lines on the
left and right ofFigure41 describe the locain of theexhaust nozzle. In order to trace
the evdution of the standing wave, the maxima of the oscillations (i.e., the acoustic
pressure antnodes) at different time steps were connectebdlbgydashed lines.
The figures on the left dFigure 41 show the evolution of the initial, standing
wave disturbance shortly after it was introduced into the combustoshows that
initially the pressure node of the standing wave disturbance was not aligned with the

exhausinozzle (i.e., its location is identified by the vertical red lin€he figures on the
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left of Figure41l also show that the antiode of the initial standing wave disturbance,

which had a value of 0.2, was located slightly to the left of the location of the exhaust
nozzle. The figures on theght of Figure41 show that during a period of 18.75 cycles

the standing wave acoustic oscillation fAsh
was aligned witithe location of the exhaust nozzle (i.e., as denoted by the vertical red

line). Furthermore, the calculations show that the exhaust nozzle damped the initial
disturbance, reducing its amplitude to a value of Olibderestingly, these two examples

(shownin Figure 39 and Figure41) show that in the absence of a tangential mean fl
component in the annular combustor, initially travelling or standing acoustic wave

di sturbances are damped by the exhaust no
oscillations, whose pressure node is aligned with the location of the exhaust nezzle, a

established in the combustor.
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Figure 41. Result of a numerical simulation investigating the effect of the exhaust nozzle flow upc
an fiinitialo standing wave in the annul ar <co
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To gain insight that control the wave phenomena discussed above and described
in Figure41,i t was assumed that when the Ainitia
the combustor, the right and left going wavesp and™Q p , respectively, arrive at the
combustion region and Afirsto interact wit
waves, Q p andQ p . These waves propagate at the same speed of sound around the
annular combustor and return to the combustigiorewhere they interact again with the
exhaust nozzl e. These protche® sent earractri eome
incoming wavesQ ¢ and™Q ¢ , with the exhaust nozzle, the outgoing wavas;

andQ ¢ , are generated. The latter dam expressed in the following form (using Eq.
(3-47)):

E(n) = £n)- 6, (K +&(n)

G(n) = E(n)- g, (&(n)+ F(n) o
Using the expressions for the travelling acoustic waves provided i(8£4d) above, the
acoustic pressure in the combustion region (i.e., the exhaust nozzle) eqpréssed in
the following form (using E(.3-36)):

i) = () + &(n) = B+ &(n)

=1 &) () + &) oo

The fact that the outgoindgght going waveQ ¢ and left going wavéQ & propagate
around the annular combustor and return to the combustion region as incoming right

going wave Q¢ p and left going wave™Q € p , respectively, can be

mathematically expressed as follows:

En+1 = £n)
& (n+1) = d;(n)

(353
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At t het Mid nkrkd) eracti on between the acousti
relationships between the incoming and outgoing waves are described by the following
expressions:

Em+1) = En+1)- e, (Kn+1)+&E(n+D)
G+ = EM+D)- g, (E(n+1)+ En+1)

(3-59)
At thisha(hmfilpraction, the acoustic pressu

exhaust nozzle) can be expressed as follows:

Bi(n+1) = En+1) + E(n+1) = E(n+1) + G (n+1)
=(1- g, )(E(n+1) + & (n+1) (359

=(1- &,)1- ) (Fn+&m)
By comparing Eq(3-52) and Eq.(3-55), it can be shown that the magnitude of the
acoustic pressure oscillations at the exhaust nozzle gradually decrease as the interactions
between the acoustic waves and the exhaust nozzle are repeated. In fact, u¢Bi§Zrgs.
and(3-55) it can be shown that
Bi(n+1) = (1- &;) Bi(n) (3-56)
Applying Eq.(3-56) abovet 0 t he acousti c pr etshsourien toesrcaicltl

and the #Ai ni tiasdillationsresoltsis the falowmg relaienship:e

Bi(n) = (1- &,)" Fi(0) = Fi(0)e"" %" Fi(0)e " (357
Al so, by expressing the argumento) iim. Eqdit!l
(357above in ter ms f dakpheentallydeeayinjarmpd b It es,d ef®d
the acoustic oscillations in the combustion region (aéthe exhaust nozzle) can be

expressed as follows:

B(t)° Bi(0)e @/ (359
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The above Eq93-56), (3-57), and(3-58) show that the acoustic pressure at the exhaust
nozzle keeps decreasing exponentially luetrentually, it becomes zero and a pressure
node of the standing wave is established at the exhaust nozzle.

Figure41 shows that the exhaust nozzle damps thélasans in the combustion
region until t he standi ng,whenusepresseweanodeéss it s
adjusted to the location of the exhaust nozztethis case, the exhaust nozzle damping
reduced the amplitude of the initial standingvevalisturbance from 0.2 to 0.14 (see
Figure4l).

We also investigated the time evolution of an initial standing wave disturbance
whose pressure amnode was aligned with the location of the exhaust nozzle by
numerically solving the model equatiofi., Eqs.(3-28), (3-29), (3-43), (3-44), and
(3-45)), assuming that alll ot her parameters th
equal to those used in the previously discussed examples, s¢8-48). Figure 42
describes the results of this calculation. It shows tmainitial standing wave acoustic
oscillation was damped until its amplitude eventually became zero; the amplitude was

reduced from 0.2 to 0.003 as shown in the figures on the left and rigigure42.
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Figure 42. Result of a numerical simulation investigating the effect of the exhaust nozzle flow upc
an Ainitiald standi ng wav eabsence of A mngentiahniehnaflow; c¢he
pressure antinode of the initial standing wave was located at the exhaust nozzle.

In order to investigate the effect of the location of the exhaust nozzle relative to
the acoustic pressure node and-aotie ofthe initial standing wave oscillations upon the
exhaust nozzle fAdampingo effect, t he above
Aserieso of standing waves initial condi t
different distances from the locatiai the exhaust nozzleln all the cases, the initial
standing waves oscillations in the annular combustor were damped as their pressure
nodes moved toward the location of the exhaust nozzle

Figure43descri bes the dependence ofsolid he di
l ine) and Afinal o (described by the red da
distancebetweent he i ni t i apressirenedeand thealocatientosthe exhaust

nozzle where this distance was measured in the wavelengththe oscillations.Figure

43 shows that the damping of the initial standing wave disturbance increased as the
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distance between its pressure node and the exhaust nozzle incrdashstcussed above,

Figure43 also shows that complete damping of the initial disturbance occurred when this

distance was_ and the initial disturbanéegressure anthode was aligned with the

location of the exhaust nozzleNotably, when this distance was zero atm initial

di

sturbanceds

pressure node

wa s

aligned

initial disturbance did not occur (sdegure 43), and the initial disturbance was not

affected by the exhaust nozzleThis occurred because the initial disturbance did not

Wi

excite flow fluctuations through the exhaust nozzle because the exhaust nozzle was

aligned

W i

pressure fluctuations.

t h t he

Standig WWave Damped by the Exhaust Nozzle

Figure 43.
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3.3.2.2. Effect ofa Tangential Mean Flow upon the Exhaust Nozzle Damping

In this section, the results of a study of the effect of an exhauzienapon
acoustic waves in an annular combustor in the presence of a tangential mean flow are
discussed. When a tangential mean flowy, is present in the annular combustor, the
propagation velocities of the right going wave and the left going wavey ar&and
@ & respectively; se€igure 37 and Figure 38. Consequently, when right and left
going waves leave the combustion region after auang with the exhaust nozzle they
do not return to the combustion region (i.e., exhaust nozzle) at the same time, as was the
case when we studied these interactions earlier assuming that there was no tangential
mean flow in the annular combustdn addtion, the dependences of the model equation
(i.e., Eq.(3-43)) and its parameter (i.e., Eq.(3-38)) upon the tangential mean flow
Mach number( , indicate that thenteractions of thexhaust nozzlaith the oscillations
inside the combustor &ffected by the tangential mean flow.

In order to investigate the effect tfie presence o& tangential mean flow
component orthe interactions of the acoustic waves with the exhaust naheeabove
described calculatianwere repeatedassuming that a tangential mean flow component
was present in the annular combustor anddhdhe other operating conditions were the
same with the previous cases (these are described in the examples disc&sseubn
3.3.21. whose results are shown kgure 39 throughFigure 43). Specifically it was
assumed that the oscillatory heat release by chemicalomsetas zero and that there
were no fluctuations in the inlet flow through the injector. The sexim®ust nozzle
parameter was usedvhile assuming thahe tangential mean flow Mach number was

not zero. Specifically, the following model parametengere employed:
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M =01, g, =0.1< 4, ((Ehen)i:o, (& e0)i=0 (3-59

It was also assumed that the exhaust nozzle was located at the center of the
annular combustor agas assumeih the solvedexamplesn Section3.3.21.; seeFigure
38. It was also assumed that thwtial conditions (i.e., the acoustic oscillations in the
combustor ab ), consisted of either wraveling acoustic wavthat propagatéfrom
left to rightwith a velocity that equals the sum of the mean flow velocity and the speed of
soundor a standing acoustic wave thvaasconvected byhe tangential mean flaw

The results of these computations are describ&igure44 andFigure45 where
the spatial dependergef the initial disturbancet differenttime instantsshortly dter
the introduction of the idturbance into the combustor asbown on the left, anthe
corresponding spatial dependences at different time instants after some time has elapsed
(about 18.77 cycles later; one period of the oscillations equals 1 inxiduispée) are
shown on the rightThe plots on the left dfigure44 showthatan initial travelling wave
disturbancepropagagd to the right at a speed that equals the sum of the speed of sound
and the (tangential) mean flow welty. In this case, thenitial travelling wave
disturbancevasfi ¢ o mp | darhped uptibits amplitude eventually became Zerahis
example,the ampikude ofthe initial wave was reduced from 0.1 to ~0.@s shown in
the figures on the right The plots on the left dfigure45 showthataninitial, standing
acaustic wavedisturbance moveslowly to the right, suggesting thiatvasconvected by
the tangential mean flow velocityAs in the case of an initial travelling wave disturbance,
the plots on the right side show that timtial standing wavedisturbancewas also
i c o mp | dampedtoynearly zercamplitude (in this example the amplitude of th

initial standing wavelisturbancevas reduced from 0.2 to 0.014
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Figure 44. Result of a numerical simulation investigating theeffect of the exhaust nozzle flow upor
an fAinitialo travelling wave in the annul ar

The two exampledescribedn Figure44 andFigure45 show that in the presence
of a tangential mean flow component in the annular combuistitiglly travelling or
standing acoustic wave disturbances are o mp | damped lydthe exhaust nozzle
(essentially reducing their amplitudes to zer8)nce in these examples the right and left
going waves had different propagation velocities dubégresence of a tangential mean
flow, the transmitted and reflected waves leaving the combustion region, after their
interaction with the exhaust nozzle, did not return to the combustion region at the same
ti me, and the repeatied ioft evmayetsi avid hoft hteh a
not occur (which is different from the previous examples in the absence of the tangential
mean flowin Section3.3.21.). Therefore, the transition from the initial travelling wave

di stur bance t oavefokcillatian$ did nst bcaur. dSimilayly, thie pressure
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node of an initial standing wave disturbance did not move toward the location of the

exhaust nozzle when the tangential mean flow was present in the annular combustor.
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Figure 45. Result of a numerical simulation investigating the effect of the exhaust nozzle flow upc
an fAinitiald standing wave in the annular <co

However, as shown in the model equation (E&43)) and in the previous
examples describeid Figure 39 throughFigure 43, some ofthe acoustic energgf the
wavesin the combustor was loshrough the ex&ust nozzlgvia sound radiation and
convection by the flow through the exhaust nozalelil the oscillations in the
combustion region erecompletely damped Thus, in the presence of a tangential mean
flow in the annular combustor, initidavdling or standing acoustic wawdisturbances
arecompletelydampedoy the exhaust nozzle

It should be also noted that additional studies, whose details are not reported here,
showed that when the exhaust nozzle parameterwas increased, the exhaust nezzl

Adampi ngo al so i ncreased. Thi s was ac
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amplification of the transmitted and refl ¢
respectively. Also, as the exhaust nozzle parametemnyas increased in the absence of

a tangential mean flow, the transition period from an initial travelling wave disturbance to

a fAfinal o standing wave oscillation whose

nozzle became shorter.

3.3.3. Driving of Combustion Instabilities by a Pressure Depenent Combustion
Process
In this section, the results of a study of the effect of the characteristics of the
unsteady combustion process upon the stability of an annular combustor operating with
and without a tangential mean flow are discussed.

This requred that the dependence of the perturbed heat release by the combustion

process (i.e.,0 gupon the conditions in the combustion region be modeled. In this
study, we used an empirical model used in related previous sfudig], that used the

following expression to describe the dependence of the chemical heat release perturbation

0 apon the mean velocity and the velocity and pressure perturbations in the

combustion region:

((gchen)i=kpcﬁ+kv%£+ﬁ- f\ﬂﬁ (3-60)

The terms’Q andQ in Eq. (3-60) abovear e empi ri cal constants
chemical heat release perturbation to a@leeustic pressure and velocity perturbations in

the combustion region; i.@)sandva Notably, the acoustic pressure and velodjsand

g in the Acombustiond region can be obtai

obtained from Eq(3-36):
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Notably, the second term in the expression for  ain Eq.(3-60) describes the effect
of the tangential mean flow on the interaction between the combustion process and the
acoustic waves in the combustionioey

First, the stability of the annular combustor was studied assuming that the

combustion proceskeat releaséi.e., 0 an Eq. (3-60)) only dependedipon the
pressure oscillations in the combustion region (ijgewhile neglecting theffects of the

mean and perturbegelocity componentgdescribed by the second term e RHS of

Eq. (3-60)) upon the combustor stabilityFurthermore, to investigate the effect of the
pressure dependence of the combustion process, it was assumehletlepirical
constanfQ wasa large numberthus assuring that the heat addition process that drives
the instability ismuch larger than thédamping provided byhe exhaust nozzle (whidk
discussedn Section 3.3.2.). This assumption was used beaaube exhaust nozzle
parameter; , cannot be set to zero because it
of the combustor. It can be set, howeverhéwve a nonzero, but small value; see
discussionsin Section 3.2.2. and SectioA.3.14., and Hs. (A-125 and (A-126).
Therefore, instead of using zero valued exhaust nozzle parametehe empirical
constanfQ was assumed to be large to allow the study of the effect of the pressure

dependence of theombustion process.

132



3.3.3.1. Combustor Stability in the Absence of a Tangential Mean Flow

The stability of the annular combustor under the conditions discussed in the
previous section and when there is no tangential mean flow in the annular combustor was
studied by numerically solving the derived model equations (i.e., Be&3), (3-29),

(3-43), (3-44), (3-45), and(3-60)). This solution was obtained by also assuming that the
flow through the injector did nanteract with the oscillations in the combustor.o
satisfy these assumptions, the following model parameters were employed:

M =0, g =01< 4, k,=18, k, =0, (§,.)i=0 (3-62)
It was also assumed that a traveling wave propagating from left to right was initially (i.e.,
ato 1) present in the annular combustor ahdtthe concentrated combustion region
was located at theenter of the combustas shown irFigure38.

Figure46 describes the calculated spatial dependence of the acoustic pressures in
the annular combustor at several time steps. As was done in the examples presented in
Section 3.3.2 thewave frontsmotions are described tjue dashed lines, and the plots
on the left ofFigure46 showthe evolution of the waves shortly after the initial travelling
wave disturbace was introduced into the combustor. These plots show that the initial
disturbance is travelling at the speed of sound from left to right, the propagation direction
of the initial disturbance. The plots on the rightradure 46 show the characteristics of
the waves some time thereafter (specifically, 23.60 cycles later; one period of the
oscillations equals 1 in this example). They show that the wave front isnst3i
indicating that the initially travelling wave has settled into a standing wahese plots
also show that the amplitude of the initial disturbance increased from an initial travelling

wave amplitude of 0.fo astanding wave amplitudef 2.3 after~24 cycles. Notably, the
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pressure artnode of the developed standing wave was aligned with the location of the
combustion region. This is described by the plots of the standing acoustic wave pressure
profiles on the right ifFigure46 whose pressure maxima/minima are aligned with the red

vertical line that describes the location of the combustion region.
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Figure 46. Result of a numerical simulation investigating the effect of the combustion (pressur
dependence) upon an Ainitialo travelling we
tangential mean flow.

The resulipresented ifFigure46 above shows that in the absence of a tangential
mean flow, an initially spinning wave, rotating at the speed of sound, gradually
transforms itself into a standing wavé&igure 46 also shows thathe amplitude of the
oscillation in theannularcombustolincreased in time due to the driving provided by the
pressure dependent combustion protesd addition. In fagthe time dependence of the

combustorodés oscillations depends wupon the

the exhaust nozzle and the driving provided by the combustion process. Specifically, the
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amplitude of the combustor @Bations increases/decreases when the combustion process
driving is | arger/smaller than the exhaust

In the discussed example, the initial travelling wave disturbagxeted
oscillations in the combustion region tledtected the combustion process that produced
interactions between the combustion proces
acoustic energy from the combustion process into the oscillatibmgfact, using the
derived model equation (i.e., E(-43)) and the assumed combustion model.(Egs.

(3-60) and(3-62)), it can be shown that a combustion process amplifies the oscillations in
the combustor.These equations show that when only atrigping waveéQarrives at the
combustion region (i.e’Q m), the amplitude othe transmitted ave™Qis largerthan

that of the incoming wave (i.e’Q "Q and a reflected wav® is generated. In this
case the reflected wavé is in phasewith the incoming wavéQ (becauseQ has the
samesign withQ), while in the examplesnvestigating the effect of exhaust nozzle
(describedn Section 3.3.2.)the reflected wave ig Y Tout of phase with the incoming
wave.

Thus, the interaction ofhe initial, right going waveQ, with the combustion
process (whiclonly depends upon the pressure in the combustion region) amplified the
initial wave and generated a larger amplitude transmitted vi@vand a reflected wave,

"Q that is in phase ith the incident wav&Q) Notably, since the combustion process is a
monopole acoustic source and the combustion region is acoustically compact (i.e.,
‘oL p), the acoustic pressure across the combustion region is continuous; i.e.,
nee nebk(see EQ.(3-32)). When the initial, right going wavéQ, arrives at the

combustion region, t hi scande expresded interms cF thes ur e
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incoming and outgoing right and left going waves(as "Q "Q sinceinitially there is

no left going wave(i.e., "Q ) entering the combustion regio.hus, the combustion
driving at this instant increases the amuléwf the incident wav&by an amount equal

to the difference between the incident and transmitted right going vi@aes™Q, (i.e.,

by'™Q "0Q). In additions, the combustion process supplies the energy needed to generate
the reflected, left goingvave™Q. Notably, equal amounts of energy are added to the

generation ofQ and amplification of i.e.,’"Q "Q "Q Since there was no mean
flow in the annular combustor, the amplified right going wave and reflected left going
wave propagated ahé same speed of soumdound the annular combustasithout
experiencing amplitude changes. These waves returned to the combustioratehmsn
same time, after propagating once around the annular combastbinteracted again
with the combustion prossethere This interaction, again, added the same amount of
acoustic energy to the outgoing right and left going waves through the amplification and
reflection processes. These propagation/amplification processesntinual until,
Aevent ual | wave havng alargemachplitude (than the initial disturbanees)
establishedn theannularcombustor Notably,the results otheright of Figure46 show
thatthe pressurantinode of the resultingtanding wave fieldfter the passage of 23.60
cycles wa centered inthe combustion regior{depicted as red line #e center of the
combustor) because the incoming right and left going waves have the samedasplitu
and signs (phases) dte combustion region and each has been amplified by the same
amount by the combustion process. Since the location of the pressureodmti
coincided with the location of the combustion process, the driving provided by the

combustion process was maximized according to the-kmmtwn Rayleigh Criteriofd1,
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42]. It should be also noted that the amplitude of the oscillation&igare 46
continuously increased with time. This is a welbwn feature of linear stability
probl ems (whi ch i nclude al |l t he exampl es
amplitudes grow to infinity if left unchecked.

The results presented iRigure 46 clearly show that the combustion process
driving increases the amplitude of the <coc
aoustic energy.The amount of energy added to the oscillations may be determined by
comparing thefitime averaged acoustic enerdiesf the oscillations in He annular
combustowhen the #Ainitialo travelling wave di
(described by the plots on the left &ligure 46) and t he, sthngingpwavef i e d 0
oscillations at a later time af ¢ t(described by the plots on the right Eijure 46).

These time averaged acoustic energies were calculated and compared to each other
following the approach presentedSection3.3.21. The time averagedcaustic energy

of the #Ainitial o right goingwtiravhainga ng wa
normalized acoustic pressure amplitude, T, can be calculated using the

following expression:

aplLao
529

2 =2
Wa\/,initial = |Rnitial| L = p L

2
=0.0
2ra*  o2ra’ c2r

(3-63)

As time passed, the initial travelling wave disturbance has transformed itself into a
standing acoustic wave whosiene averaged acoustic energy, 5 , is calculated
below at timed ¢ 1 when thenormalizedamplitude of the standing wave oscillations

was equato 0 C®.
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Comparing Egs.(3-63) and (3-64) shows that the acoustic energy in the annular
combustor after the transition into the standing wave acoustic field is larger than that of
the Ainitial o ringht @ i n}P indicatimgethat( acausic ,
energy was supplied by the combustion process to the oscillations.

Figure47 describes the time dependence of tigatrand left going waves and the
acoustic pressure in the annular combustor at location T@® as shown on the top and
bottom of the figure.Figure47 shows that tb amplitudes of the right going wave (the
blue curve) and the left going wave (the green curve) increased in time. These plots also
show that the amplitudes of the two oppositely propagating waves approached one
another as time increased, thus establghin standing wave within the annular
combustor. Notably, the pressure amide of this standing wave was located at the
combustion region, and the acoustic pressure amplitude in the combustor exponentially
increased with time as described in the acougt&ssure plots irFigure 47. The
exponential pressure growth is due to the fact that the driving of the oscillations by the
combustion process was larger in thisugple than the damping provided by the exhaust
nozzle, and both are linearly related to the local pressure oscillations, as shown by Egs.

(3-43) and(3-60).
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Figure 47. The right going wave, the left going wave, and the acoustic pressure in the annul
combustor (at x=0.5, see the figure on the tgp

To further investigate the effect of this combustion process upon tangential Cls in
an annular combustor, the above described calculation was repeated for the case when the
initial disturbance in the annular combustor was a standing wave acoushtiatioag
assuming that al/l ot her parameters that de
same as in the above example, see (B€2). It was also assumedhdt neither the
pressure node nor the antde of the initial standing wave disturbancerslocated at
the combustion regionThe results of this computation are describeBigure48 where
the spatial dependences of the initial disturbance at different time instants shortly after

the introduction of the disturbance into the combustor are shown on the left, and the
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