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SUMMARY

The last decade has seen an unprecedented level of new space activities, including in-space

servicing, active debris removal, satellite mega constellations, in-situ monitoring of resident space

objects, and lunar payload delivery services. Many of these activities require an in-space infrastruc-

ture in which multiple assets must be coordinated to ful�ll their collective purpose. For terrestrial

and in-space applications alike, one of the most fundamental and primary considerations in infras-

tructure design is the optimal placement and allocation of assets to demands.

This thesis is centered on in-space facility location problems (FLPs). The FLP provides a gen-

eral framework to consider the placement and allocation of in-space assets for various applications,

ranging from in-space servicing to cislunar space situational awareness. In-space FLPs require

considerations of the underlying orbital mechanics and the associated nonlinear, potentially time-

varying performance metrics. This thesis presents general considerations to determine whether a

static or a time-expanded FLP formulation is appropriate for the application at hand; both a static

and a time-expanded in-space problem are treated. With the time-expanded FLP, where the prob-

lem dimension becomes particularly large due to the time dependency of performance metrics and,

consequently, of the allocation decisions, a customized Lagrangian relaxation algorithm together

with a set of specialized heuristics is proposed. Overall, the in-space FLP formulations enable

decision-makers to explore the variation of the optimal placement and allocation of assets to uncer-

tain infrastructure parameters such as the frequency of demand or hardware performance.

In the context of cislunar infrastructures, libration point orbits (LPOs) provide relatively stable

and geometrically diverse orbits for assets to be located. Motivated by the signi�cantly lower num-

ber of existing missions in cislunar libration point orbits (LPOs), this thesis also provides orbital

validation of LPOs in a high-�delity ephemeris model (HFEM). The validation process consists

of two steps: �rst, the nominal ballistic and quasi-ballistic design problem is considered through

an optimal control approach. Then, station-keeping along the designed baseline in the presence

of realistic uncertainties and operational constraints is studied. A targeting model predictive con-

trol scheme, suitable for both ballistic and quasi-ballistic baselines, is devised and demonstrated

to provide satisfactory station-keeping performance, both in terms of cumulative cost and tracking

deviation, over extended durations.

xviii



CHAPTER 1

INTRODUCTION

1.1 Background and Motivation

The last two decades of space exploration have been transformative for humankind. Two major

themes driving the space arena forward are the surge of the private sector in increasingly diverse

in-space activities and the international interest in returning to the Moon.

With SpaceX's success with the Falcon launch vehicle family, access to orbit became signif-

icantly more affordable, paving the way for a boom in for-pro�t commercial space applications.

These include remote sensing and telecommunication with satellite constellations, in-space servic-

ing, assembly, and manufacturing (ISAM), as well as space tourism, to name a few.

In parallel, the international community has been gearing towards returning to the Moon, spear-

headed by efforts such as the Artemis program led by NASA and the International Lunar Research

Station (ILRS) program led by CNSA. Commercial players' participation, motivated in part by

NASA's Commercial Lunar Payload Services (CLPS) program and other similar efforts, has also led

to several private robotic lunar expeditions. Examples include ispace's Hakuto-R, Astrobotic's Pere-

grine, and Intuitive Machines' IM missions. The projected increase in cislunar traf�c has prompted

interest in lunar navigation satellite systems (LNSS) and architectures that provide space situational

awareness (SSA) in the cislunar domain.

While traditional space exploration, such as the Apollo missions, involved a one-shot, “carry-

along” approach, “new space” applications often involve multiple in-space cooperative agents per-

forming their individual functions towards a common mission. Examples include mega-constellations

providing worldwide connectivity, SSA constellations tasked to monitor large volumes of interest,

or in-space servicing involving in-orbit depots and servicer spacecraft.

Challenges associated with these in-space infrastructure that are beyond the scope of traditional

mission design and spacecraft engineering, and fall within the realm ofSpace Logistics[1]. A subset

of applications studied in previous Space Logistics literature includes multi-mission exploration

campaign [2, 3, 4, 5, 6, 7, 8, 9, 10], ISAM [11, 12, 13, 14, 15, 16], and Earth-orbiting satellite
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constellation design [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29]. See [1] for a thorough

review and categorization of these works. In many of these works, a recurring challenge revolves

around accounting for nonlinear and often non-explicit cost metrics and constraints associated with

the underlying orbital mechanics within the typically large-scale optimization problem.

The placement and allocation problem of assets within an in-space infrastructure is central to

many of these applications. It may be seen as a generalization of the Earth-orbiting constellation

design problem, where we no longer require the assets to be located with any prescribed symmetric

structure. Asymmetrically located infrastructure becomes bene�cial when the demand to be ful�lled

by the infrastructure possesses, for instance, asymmetry or variability in time, unlike in traditional

constellations required to provide global coverage of the Earth's surface. The general placement

and allocation problem, without any prescribed symmetry, applies to a broad range of in-space

applications but has remained underexplored to date, making it a central focus of this thesis.

1.2 Research Objectives

This dissertation aims to (1) provide a systematic framework for solving the placement and allo-

cation problem of distributed in-space assets, and to (2) validate the dynamical feasibility of the

designed infrastructure on cislunar libration point orbits (LPOs).

1.2.1 AssetPlacementwithin In-SpaceInfrastructure

The �rst objective is studied through the perspective of thefacility location problem(FLP). The

FLP is a corner-stone formulation in terrestrial logistics that dates back to the mid20th century [30,

31, 32, 33, 34, 35, 36], which aims to �nd the optimal placement of “facilities” and allocation

to “clients” that minimizes some function of deployment and allocation costs while meeting the

clients' demands. Figure 1.1a illustrates the facilities, clients, and their allocation within an FLP.

The FLP has seen a wide range of applications, including emergency services [37], telecommuni-

cations [38], healthcare [36], waste disposal management [39], and disaster response [40].

Extending the FLP for in-space applications requires considering assets and/or clients residing

in orbit, as shown in Figure 1.1b. When considering an in-space FLP, attention should be paid not

only to how the orbital mechanics are being incorporated but also to the ratio between the time
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(a) Classical Facility Location Problem

(b) In-space Facility Location Problem

Figure 1.1: Illustration of classical and in-space Facility Location Problem

scale of the interaction between facilities and clients and the orbital time scale. This timescale

ratio has implications for the resulting formulation. If the interaction timescale is much larger than

the orbital timescale, the phase within the orbit has a negligible impact on the placement problem,

resulting in astaticFLP. In contrast, if the two time-scales are comparable, the phase of the asset

must also be selected along with its orbit, and the allocation between a facility and a client becomes

time-dependent, resulting in atime-expandedFLP.

Prior to the works presented in this thesis, the FLPs for in-space applications have been lim-

ited to static formulations with simple orbital cost models. For example, McKendree and Hall [41]

studied a single-facility variant of the FLP to locate an interplanetary manufacturing plant; Dorring-

ton and Olsen [42] applied a variant of the FLP to the asteroid mining problem. Zhu et al. [43]

considered the FLP for OSAM depots in Sun-synchronous orbits (SSO).

3



1.2.2 Orbit Validationfor AssetsonCislunarLibrationPointOrbit

In light of the smaller number of missions to date on cislunar LPOs, the second research objec-

tive centers around demonstrating the dynamical feasibility of placing an asset on a given LPO, as

dictated by an FLP instance that assumes simpli�ed dynamics, in high-�delity ephemeris model

(HFEM) dynamics. Speci�cally, we propose a reliable optimization-based scheme for designing

ballistic and quasi-ballistic orbits in which assets may be placed, and a versatile station-keeping

algorithm formulated as a targeting model predictive control (MPC). The nominal trajectory design

and the station-keeping scheme provide means to evaluate the dynamical feasibility and running

propellant cost necessary to maintain infrastructures on LPOs designed with the FLP in simpli�ed

dynamics. The focus on LPO-based infrastructure for orbit validation is motivated by the scarcity

of legacy systems on LPOs compared to Earth-orbiting constellations.

1.3 Thesis Organization

The organization of this thesis is illustrated in Figure 1.2. First, in Chapter 2, we present the back-

ground mathematics and logistics frameworks relevant to this thesis. These include spacecraft or-

bital dynamics models, mathematical programming — speci�cally integer linear programs (ILPs)

and optimal control problems (OCPs) — and the FLP. The subsequent three chapters are organized

by contribution, re�ecting the research objectives on static FLP, time-expanded FLP, and orbit vali-

dation for assets in cislunar LPOs.

Chapter 3. In-Space Static Facility Location Problem [44]: This chapter proposes an adaptation

of the FLP for the optimal placement of in-orbit servicing depots for satellite constellations in high-

altitude orbit. The high-altitude regime, such as medium Earth orbit, is a unique dynamic environ-

ment where low-thrust propulsion systems can provide the necessary thrust to conduct plane-change

maneuvers between the various orbital planes of the constellation. As such, in-orbit servicing ar-

chitectures involving servicer spacecraft that conduct round trips between servicing depots and the

client satellites of the constellation may be conceived. To this end, a new orbital FLP formulation

is proposed based on binary linear programming, in which the costs of operating and allocating the

facility(ies) to satellites are optimized in terms of the sum of the effective mass to low Earth orbit

(EMLEO). The low-thrust transfers between the facilities and the clients are computed using a par-
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allel implementation of a Lyapunov feedback controller. The total launch cost of the depot, along

with its servicers, propellant, and payload, is taken into account as the cost to establish a given de-

pot. The proposed approach is applied to designing an in-orbit servicing depot architecture for the

Galileo and the GPS constellations.

Chapter 4. In-Space Time-Expanded Facility Location Problem [45]: Driven by the surging

interest in dedicated infrastructure in cislunar space, this chapter considers the satellite constel-

lation design for cislunar space situational awareness (CSSA). We propose a mixed-integer lin-

ear programming (MILP)-based formulation that simultaneously tackles the constellation design

and sensor-tasking subproblems surrounding CSSA. Our approach generates constellation designs

that provide coverage with considerations for the �eld-of-view of observers. We propose a time-

expanded FLP variant, coined as the time-expandedp-Median problem (TE-p-MP), which considers

the optimal placement ofp space-based observers into discretized locations based on orbital slots

along libration point orbits, simultaneously with observer pointing directions across discretized

time. We further develop a Lagrangian method for the TE-p-MP, where a relaxed problem with an

analytical solution is derived, and customized heuristics leveraging the orbital structure of candidate

observer locations are devised. The performance of the proposed formulation is demonstrated with

several case studies for CSSA constellations monitoring the cislunar Cone of Shame and a periodic

time-varying transit window for low-energy transfers located in the Earth-Moon L2 neck region.

The proposed problem formulation, along with the Lagrangian method, is demonstrated to enable

a fast assessment of near-optimal CSSA constellations in the circular restricted three-body problem

(CR3BP), equipping decision-makers with a critical technique for exploring the design trade space.

Chapter 5. Orbit Validation for Cislunar Libration Point Constellation [46]: The orbit vali-

dation for assets in cislunar LPO is done in two steps. First, we consider the design problem for

long-duration ballistic and quasi-ballistic baseline trajectories in the HFEM in a deterministic sense.

A key design challenge is to ensure that the generated LPO in the HFEM retains the desirable geo-

metric properties exhibited by its counterpart LPO in simpler dynamic models, such as the CR3BP.

Another hurdle lies in generating fuel-optimal, long-duration LPOs, where small maneuvers are

necessitated to maintain the orbital regime over extended periods of time. To address both the geo-

metric preservation and fuel optimality, we propose a nonlinear programming (NLP)-based shooting

approach for generating LPO in HFEM. We adopt sequential convex programming to solve the NLP
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due to its theoretical guarantee of convergence to a local optimum. We demonstrate our approach

by constructing 9:2 resonant L2 near rectilinear halo orbits, the proposed orbit for the Gateway, and

1:1 resonant L1 Lyapunov orbits, which appear in multiple solutions from the CSSA constellation

in Chapter 4.

The second step involves assessing the cost incurred for station-keeping. We develop a target-

ing model predictive control (MPC) policy, which achieves full-state tracking of a reference LPO

by considering a planning horizon that includes both the immediate and future maneuvers. The

maneuvers within the planning horizon are spaced at a cadence that abides by typical operational

requirements on LPO. The proposed MPC is unique due to its superior tracking performance, en-

abled by the recovered full-state controllability, compared to single-maneuver control schemes such

as thex-axis crossing control proposed for the Gateway, while also being a scheme that abides with

the typically low maneuver cadence requirement imposed by mission operation, an assumption that

is often discarded by control-theoretic station-keeping algorithms. We compare the MPC against

thex-axis crossing control in recursive Monte-Carlo simulations along LPOs in the HFEM under

uncertainty.

Finally, we provide concluding remarks, summarize the contributions of this thesis, and suggest

directions for future research in Chapter 6.
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CHAPTER 2

MATHEMATICAL BACKGROUND

This Chapter provides background on the spacecraft dynamics model and optimization theory used

throughout the remainder of this dissertation. First, Section 2.1 describes the various spacecraft

dynamics models used throughout this thesis. Then, Section 2.2 provides a brief overview of op-

timization theory relevant to this work, particularly surrounding optimal control problems (OCPs)

and integer linear programs (ILPs). Finally, in Section 2.3, we present an overview of the FLP.

2.1 Spacecraft Dynamics Models

Consider a statex (t) 2 Rn and controlu (t) 2 Rm . The general nonlinear dynamics is given by

_x (t) = f (x (t); u (t); t): (2.1)

The state-transition matrix (STM)�( t; t 0) 2 Rn� n , mapping an initial linear perturbation� x (t0) 2

Rn to timet as

� x (t) = �( t; t 0)� x (t0); (2.2)

is propagated by the initial value problem

8
>><

>>:

_�( t; t 0) =
@f
@x

�( t; t 0);

�( t0; t0) = I n :
(2.3a)

In this thesis, we are concerned with the translational motion of spacecraft. Thus, the state is in

n = 6 dimensions. Control inputs are due to thrusters affecting the spacecraft's acceleration, with

controls inm = 3 dimensions. The dynamics (2.1) thus becomes control-af�ne, and is given by

_x (t) = f (x (t); t) + B (x (t); t)u (t); (2.4)
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where expressions forf and B depend on the choice of the state representation and dynamics

model.

2.1.1 ReferenceFramesandTransformationMatrices

Several reference frames are considered in this work. The inertial frameF Inr is one in which

Newton's second law of motion holds. The radial-tangential-normal (RTN) frameFRTN is de�ned

by the instantaneous position and velocity vector of a reference spacecraft,r 2 R3 andv 2 R3, as

i RTN =
r

kr k2
; j RTN = kRTN � i RTN ; kRTN =

r � v
kr � vk2

(2.5)

The Earth-Moon rotating frameFEMrot is de�ned by the instantaneous Earth-Moon direction,r EM ,

and the velocity vector of the Moon with respect to an observer collocated with the Earth,vEM ,

such that

i EMrot =
r EM

kr EM k2
; j EMrot = kEMrot � i EMrot ; kEMrot =

r EM � vEM

kr EM � vEM k2
(2.6)

The Sun-Earth rotating frameFSErot is de�ned similarly, replacingr EM andvEM by the Sun-Earth

direction and velocity vector of the Earth with respect to an observer collocated with the Sun. The

origin of FEMrot andFSErot are collocated to the Earth-Moon and Sun-Earth system barycenters.

A transformation matrix from frameA, FA , to frameB, FB , is denoted byT A
B 2 R3� 3, and is

given by

T A
B =

2

6
6
6
6
4

i T
B=A

j T
B=A

kT
B=A

3

7
7
7
7
5

; (2.7)

wherei B=A , j B=A , andkB=A are the bases ofFB resolved inFA . The full Cartesian state with both

r andv can be transformed fromFA to FB via the full-state transformation matrixSA
B 2 R6� 6,

2

6
4

r B

vB

3

7
5 = SA

B

2

6
4

r A

vA

3

7
5 ; SA

B =

2

6
4

T A
B 03� 3

d
dt

�
T A

B

�
T A

B

3

7
5 : (2.8)
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2.1.2 RestrictedTwo-BodyProblem

The restricted two-body problem is the simplest nonlinear model for studying the translational dy-

namics of spacecraft in orbit [47]. Under small perturbations and/or the presence of low-thrust

control, the Gauss planetary equations provide a set of differential equations de�ned in terms of or-

bital elements, denoted byx 2 R6. For a generic set of elementsx , the Gauss variational equations

are given by

_x (t) = B (x (t); t)p(t) + D (x (t)) : (2.9)

The expressions of the matrixB 2 R6� 3 and vectorD 2 R6 depend on the choice of orbital

elements, and are given in Appendix A.1 for Keplerian and Modi�ed Equinoctial elements. The

vectorp 2 R3 is the radial, tangential, and normal components of the perturbing force acting on the

spacecraft's motion.

2.1.3 RestrictedThree-BodyProblems

In spaces where more than one celestial body exerts considerable force on the spacecraft, restricted

three-body models may offer better insight into natural motions compared to using the restricted

two-body problem with a third-body perturbation. In particular, the circular-restricted three-body

problem (CR3BP), which considers the motion of a spacecraft of negligible mass under the in�uence

of two co-rotating primaries, is widely used for preliminary assessments of transfers and periodic

orbits in three-body systems such as the Earth-Moon system [48].

In the CR3BP, the two celestial bodies are assumed to follow a circular orbit about their common

barycenter. Following standard notation, we consider the CR3BP dynamics represented in the Earth-

Moon rotating frame, de�ned with its center at the barycenter, thex-axis along the Earth-Moon

direction, and thez-axis aligned with the angular momentum vector of the Earth and the Moon. Let

x 2 R6 denote the state of the spacecraft, composed ofx = [ r T ; vT ]T , wherer 2 R3 denotes the

position of the spacecraft,v , _r 2 R3 denotes the velocity of the spacecraft in the rotating frame.
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The CR3BP equations of motion are given by [47]

_x (t) =

2

6
4

_r (t)

_v(t)

3

7
5 =

2

6
4

v(t)

�
� 1

kr 1(t)k3
2
r 1(t) �

� 2

kr 2(t)k3
2
r 2(t) � ! � (! � r (t)) � 2! � v(t)

3

7
5 ;

(2.10)

wherer 1 2 R3 andr 2 2 R3 are position vectors of the Earth and the Moon with gravitational

parameters� 1 and� 2, and! = [0 ; 0; ! ]T is the angular velocity vector of the Earth-Moon rotating

frame. Making use of canonical scales such that the Earth-Moon distance, assumed to be constant,

is 1, and the combined standard gravitational parameter of the Earth and the Moon is1, ! = 1 ,

� 1 = 1 � � 2, andr 1 andr 2 are given by

r 1 = [ x + � 2; y; z]T ; r 2 = [ x � 1 + � 2; y; z]T : (2.11)

2.1.4 High-FidelityEphemerisModel

Beyond preliminary studies, spacecraft trajectories must be veri�ed in dynamics models that include

the exact ephemerides of celestial bodies as well as various non-autonomous perturbations. Such

a model is commonly referred to as the high-�delity ephemeris model (HFEM). To simplify the

de�nition of the equations of motion, we consider the spacecraft motion in an inertial frameF Inr .

Let r 2 R3 denote the position vector inF Inr , andv , _r 2 R3 denote the velocity inF Inr . Let

x = [ r T ; vT ]T 2 R6 represent the spacecraft state. We consider the natural dynamics given by

_x (t) =

2

6
4

_r (t)

_v(t)

3

7
5 =

2

6
4

v(t)

�
�

kr (t)k3
2
r (t) +

P
i aN i (t) + aSRP(t) + aJ2(t)

3

7
5 ; (2.12)

whereaN i (t) is the third-body acceleration of bodyi with gravitational parameter� i and position

vectorr i with respect to the central body,

a i (t) = � � i

�
r (t) � r i (t)

kr (t) � r i (t)k3
2

+
r i (t)

kr i (t)k3
2

�
; (2.13)
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aSRP(t) is the perturbation due to solar radiation pressure given by

aSRP(t) = PSun

�
kr Earth (t) � r Sun(t)k2

rSun(t)

� 2

Cr
A
m

r Sun(t)
rSun(t)

; (2.14)

andaJ2(t) is the J2 perturbation of the central body,

aJ2(t) = T PA
Inr (t)

0

B
B
B
B
B
B
B
B
@

�
3�J 2R2

Moon

2r (t)5

2

6
6
6
6
6
6
6
6
4

�
1 � 5

z2
PA

r (t)2

�
xPA (t)

�
1 � 5

z2
PA

r (t)2

�
yPA (t)

�
3 � 5

z2
PA

r (t)2

�
zPA (t)

3

7
7
7
7
7
7
7
7
5

1

C
C
C
C
C
C
C
C
A

; (2.15)

whereJ2 is its J2 coef�cient,R is its equatorial radius,(�)PA denotes a position vector compo-

nent in the time-varying principal axes frameFPA of the central body, andT PA
Inr (t) 2 R3� 3 is

the transformation matrix fromFPA to F Inr . The HFEM 2.12 provides adequate �delity for val-

idating spacecraft motion along a cislunar libration point orbit (LPO); additional terms, such as

higher-order spherical harmonics terms, atmospheric drag, or relativistic effects, may need to be

incorporated depending on the application [49].

2.2 Mathematical Programming

A brief overview of optimization problems and approaches that pertain to the work in this thesis is

presented. First, we introduce optimal control problems to study optimally controlled trajectories.

Then, we consider linear and integer linear programs (LP, ILP). Finally, we introduced two solution

algorithms for ILPs: branch-and-bound (B&B) and the Lagrangian method (LM).

2.2.1 OptimalControlProblem

An OCP consists of computing an optimal sequence of control inputs that minimizes an objective

function subject to dynamics, state and control admissibility, boundary conditions, and path con-
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straints. Consider a generic �xed-time OCP [50]

min
u (t )

� (x (t f ); u (t f ); t f ) +
Z t �nal

t init

L (x (t); u (t); t)dt (2.16a)

s.t. _x = f (x (t); u (t); t) (2.16b)

x (t init ) 2 X init ; x (t �nal ) 2 X �nal (2.16c)

h(x (t); u (t)) � 0 (2.16d)

x (t) 2 X (t); u (t) 2 U(t) (2.16e)

Objective (2.16a) is expressed inBolza form, where it contains both theMayer cost � (�) and

the LagrangiancostL (�) [50]. Constraints (2.16c) enforce boundary conditionsXinit � Rn and

X�nal � Rn , constraints (2.16d) are path constraints, and (2.16e) ensures the state and controls

remain in admissible setsX (t) � Rn andU(t) � Rm . Note that the OCP (2.16) is a functional

optimization problem with variablesx (t) andu(t) de�ned continuously in time.

Assuming impulsive control, problem (2.16) can be discretized intoN nodes, resulting in the

parameter optimization problem

min
x 1 ;:::;x N
u 1 ;:::;u N

� (x N ; u N ; tN ) +
NX

k=1

L (x k ; u k ; t) (2.17a)

s.t. x k+1 = x k + B ku k +
Z tk +1

tk

f (x (t); t)dt 8k = 1 ; : : : ; N � 1 (2.17b)

x 1 2 X init ; x N 2 X �nal (2.17c)

h(x k ; u k ) � 0 8k = 1 ; : : : ; N (2.17d)

x k 2 X (tk ); u k 2 U(tk ) 8k = 1 ; : : : ; N (2.17e)

where constraints (2.17b) enforce the continuity of the dynamics in a multiple-shooting formal-

ism, assuming a control-af�ne dynamics. In the discretized form, the path constraints (2.17d) and

admissibility constraints (2.17e) are enforced at the discretized nodes.
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2.2.2 LinearandIntegerLinearPrograms

A linear program (LP) is one in which both the objective and constraints are linear functions,

max
z

f T x (2.18a)

s.t. Ax � b (2.18b)

x 2 R� 0 (2.18c)

Since the development of the simplex method by Dantzig in 1947, coinciding with the development

of electronic computers, LP, along with the simplex method, played a central role in optimization

theory as well as in industry practice [51].

An integer linear program (ILP) extends LP by restricting the decision variables to integers.

Integer decision variables can not only model discrete quantities such as the number of crew or

propellant tanks but also categorical choices, such as choosing one policy among a few. A generic

ILP is given by

max
z

f T z (2.19a)

s.t. Az � b (2.19b)

z 2 Z � 0 (2.19c)

with an optimal solutionZ � . For the sake of clarity and conciseness, we do not provide a general

overview of mixed-integer linear programs (MILP), which additionally include continuous variables

with associated linear costs and constraints. The integer variable constraint, in general, signi�cantly

increases the problem complexity; ILPs are NP-complete, while the computational time required to

solve an ILP depends on the problem formulation[52].

Branch-and-Bound

One popular approach for solving (2.19) is branch-and-bound (B&B) [53, 54, 55, 56]. B&B is a non-

heuristic algorithm for nonconvex global optimization, where the algorithm iteratively tightens a

provable upper and lower bound,Z lb andZub , to the optimal solutionZ � of (2.19). In essence, B&B
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is a divide-and-conquer scheme, where the original problem is iteratively divided into subproblems

via branching, each time computing a candidate for an upper-bound by solving a relaxed,bounding

problem. Generic B&B algorithms such as CPLEX [57] and Gurobi [58] are designed to be suitable

for generic ILPs (2.19), leveraging LP-relaxation along with a suite of branching strategies and

pruning rules, making them a particularly popular option for tackling complex ILPs. It is noted that

B&B can take signi�cant computational times with excessively large problem instances.

Lagrangian Method for Integer Linear Program

An alternative approach to solve complex binary and integer linear programs (ILP/BLP) is the LM,

which uses Lagrangian multipliers to relax the original problem and iteratively update the mul-

tipliers. The LM relaxescomplicatingconstraints, typically those that couple multiple variables,

with Lagrange multipliers, and solves the relaxed problem to obtain an upper-boundZub ; at the

same time, a feasible lower-boundZ lb is heuristically recovered, and the Lagrange multipliers are

updated. Compared to B&B, LM requires a problem-speci�c de�nition of a relaxed problem and

heuristics. Meanwhile, this procedure also enables devising an LM that leverages the particular

structure of the ILP in question.

Consider constraint (2.19b) from the generic ILP (2.19) rewritten as

A sz � bs; (2.20a)

A cz � bc; (2.20b)

where constraints (2.19b) has been separated intosimpleconstraints (2.20a) andcomplicatingcon-

straints (2.20b). Determining whether a given constraint is simple or complicating is problem-

speci�c and requires careful judgment about the problem at hand. The fundamental intuition behind

LM is to remove complicating constraints by adjoining them using Lagrange multipliers into the

objective, in such a way that the original ILP may be decoupled into smaller subproblems that are

easier to solve. Let� � 0 denote Lagrangian multipliers for each complicating constraint. The

relaxed problem is given by

max
z

f T z � � T (bc � A cz)

s.t. (2.20a), (2.19c)
(2.21)

15



whose solution is denoted byZrelax . Since problem (2.21) is a relaxation of (2.19), the solution

to (2.21) serves as an upper-bound to the original ILP (2.19), which however may not be a feasible

solution for (2.19). Thus, simultaneously, a feasible lower bound solution is reconstructed from

Z feas leveraging problem-speci�c heuristics, such that

Z feas � Z � � Zrelax ; (2.22)

whereZrelax � Z feas represents the optimality gap.

At each iteration, the LM iteratively updates� to solve for

min
�

problem (2.21) (2.23)

Since (2.23) is a piecewise linear concave function with respect to� [52], a commonly adopted

approach to solve for iterates of� is the subgradient method [59]. At a given iterationh, � is

updated with

� (h+1) = � (h) + s(h)
�

bc � A c�z (h)
�

; (2.24)

wheres(h) is the step-size given by

s(h) =
� (h)

�
Z (h)

relax � Z (h)
feas

�

P
max(0; bc � A c�z (h) )

: (2.25)

In equation (2.25),� (h) is a hyperparameter for scaling the step-size, which is reduced if no reduc-

tion of the gap between the lower-bound and upper-bound solutions is observed; initially,� (0) = 2 :0

is typically chosen when employing the subgradient update, with a step reduction factor of 0.5 [52].

2.3 Facility Location Problems

There exist many �avors of FLPs, notably with the distinction between discrete and continuous for-

mulations. In the discrete case, a discrete set of potential locations is considered, with a �exible

number of facilities. In contrast, in the continuous case, facility locations are considered in continu-

ous space, but the number of facilities must typically be prescribed [60]. Laporte et al. [60] provides

16



an excellent introduction to the various types of FLPs that exist in the terrestrial logistics literature.

Discretized FLPs fall in the class of ILP, speci�cally binary linear programs (BLP).

Within this thesis, Chapter 3 studies the FLP for GNSS servicing depots with low-thrust trans-

fers based on Shimane et al. [44], and Chapter 4 considers the extended formulation for a cislunar

space situational awareness constellation based on Shimane et al. [45].

We will now look at two standard discrete FLP formulations, namely thep-Median problem and

the capacitated FLP (CFLP), which are the bare-bone form of formulations leveraged and extended

in subsequent Chapters. Then, we make a distinction betweenstaticandtime-expandedFLPs, and

their connection to space-based FLP applications.

2.3.1 DiscreteFacility LocationProblems

In a discrete FLP, the optimal solution consists of selecting the appropriate locations, and possibly

the number of facilities, from a pre-de�ned set of candidate locations.

p-Median Problem

One variant of the discrete FLP is thep-Median problem, where the number of facilities to be

deployed is prescribed. Letj = 1 ; : : : ; n index candidate locations where a facility may be built,

andi = 1 ; : : : ; m index the clients to be serviced. In the classicalp-Median problem, letX 2 Bm� n

andY 2 Bn denote

Yj =

8
>><

>>:

1 facility locationj is used;

0 otherwise;
(2.26a)

X ij =

8
>><

>>:

1 client i is allocated to facility locationj;

0 otherwise:
(2.26b)

Let f 2 Rn represent the deployment cost corresponding to each candidate facility location, and

c 2 Rm� n correspond to the allocation cost between clienti and candidate facility locationj . Then,
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thep-Median problem is given by

min
X;Y

nX

j =1

f j Yj +
mX

i =1

nX

j =1

cij X ij (2.27a)

s.t.
nX

j =1

X ij = 1 8i = 1 ; : : : ; m (2.27b)

nX

j =1

Yj = p (2.27c)

X ij � Yj 8i = 1 ; : : : ; m; j = 1 ; : : : ; n (2.27d)

X ij ; Yj 2 f 0; 1g; 8i = 1 ; : : : ; m; j = 1 ; : : : ; n (2.27e)

The objective (2.27a) is based on the cumulative sum of the deployment costs of thep facilities and

the total allocation cost; constraints (2.27b) ensure each client is serviced by exactly one facility;

constraint (2.27c) ensures exactlyp facility locations are used; constraints (2.27d) ensure if at least

one client is allocated to facility locationj , then there is a facility atj ; �nally, constraints (2.27e)

ensureX ij andYj are binary.

Capacitated Facility Location Problem

The CFLP provides a more realistic and �exible modeling framework than thep-Median problem,

where the number of facilities to be located is freed, and a capacity constraint is introduced instead.

Let D 2 Rm denote the “demand” to be supplied by each client, andM 2 Rn denote the capacity

that each candidate facility location can provide. Using the decision variables as de�ned in (2.26)

and retaining the same de�nitions for cost parametersf andc, the CFLP is given by

min
X;Y

nX

j =1

f j Yj +
mX

i =1

nX

j =1

cij X ij (2.28a)

s.t.
nX

j =1

X ij = 1 8i = 1 ; : : : ; m (2.28b)

mX

i =1

D i X ij � M j Yj 8j = 1 ; : : : ; n (2.28c)

X ij � Yj 8i = 1 ; : : : ; m; 8j = 1 ; : : : ; n (2.28d)

X ij ; Yj 2 f 0; 1g 8i = 1 ; : : : ; m; j = 1 ; : : : ; n (2.28e)
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Problem (2.28) resembles (2.27), with the exception of constraint (2.27c) being replaced by (2.28c),

which ensures the capacityM j of the j th candidate facility location is not exceeded by the total

demandD i of all clients allocated toj . It is noted that while (2.28) offers a greater modeling

�exibility than (2.27), it is not necessarily always preferable to adopt (2.28); indeed, being able

to modela given problem scenario as an ILP (or more speci�cally a binary LP here) does not

necessarily mean that reasonably good, if not optimal, solutions to the resulting ILP can be obtained

within realistic computational time and resources. At the expense of reduced modeling �exibility,

thep-Median problem formulation (2.27) provides structure that may be leveraged in, for example,

the Lagrangian method.

2.3.2 IncludingTime in theFacility LocationProblem

The inclusion of the time dimension into FLP is traditionally coinedmulti-periodFLP (MPFLP) [61,

62, 63], where each “period” corresponds to the so-calledplanning horizonabout which allocation

decisions are to be made. In the context of space-based applications, the term “period” is unfor-

tunately overloaded, as it could also denote, for example, the period of an orbit or the synodic

period of the Earth-Moon-Sun system. To avoid confusion with these de�nitions, we refer to for-

mulations with the time dimension within this dissertation as time-expanded FLPs. The naming

convention adopted in this work is also motivated by the fact that even though the MPFLP and the

time-expanded FLPs have a mathematical resemblance, the physical meaning of a decision time step

is drastically different: following the de�nition of strategic, tactical, and operational level decisions

from Hax and Candea [64], the time-step in a time-expanded FLP is at the operational level (on the

order of hours), while the time-step in the MPFLP is at the strategic or tactical level (on the order of

months). The MPFLP has been developed in large parts for supply chain and inventory management

applications, where demands of commodities typically have predictable, seasonal �uctuations [63].

Meanwhile, examples of time-expanded FLPs include the author's works on cislunar SSA [65, 45]

and cislunar communication relays [66].

2.3.3 Staticvs. Time-ExpandedIn-SpaceFLP

We present a set of assumptions that aid in determining whether a placement and allocation problem

in orbit should be modeled as a static or a time-expanded FLP. First, to avoid confusion, we provide
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Figure 2.1: Distinction between position and location of in-space asset

de�nitions for thelocationand thepositionof an asset in orbit.

De�nition 1. The “position” of an asset corresponds to where it resides in 3-dimensional space at a

given timet, expressed asr (t). Due to dynamics in orbit, an asset's position is always time-varying.

De�nition 2. The “location” of an asset corresponds to its allocated slot along periodic orbits,

de�ned in terms of the asset's initial statex (t0) 2 R6 at an initial reference timet0. An asset's

location does not vary over time unless the asset is relocated from its initially assigned location.

Once the asset's location is chosen, its position (and velocity) are well-de�ned for any timet by

solving an initial value problem using its location as initial conditionsx 0 = x (t0) at t0. Figure 2.1

illustrates the distinction between an asset's position and location.

In general, due to the time-varying position of assets in orbit, the optimal allocation between

facilities and clients, in whatever these may represent, may vary over time. In such a case, a time-

expanded FLP, where the allocation decisions are made for each discretized time step, is necessi-

tated. As an exception, we may consider a static FLP where the optimal allocation between facilities

and clients is valid for any time, if the following assumptions hold:

Assumption 1. A candidate location lies on a periodic motion with periodP > 0, such that

r (t + P) = r (t) 8t.

Assumption 2. The time scale involved in the interaction between a facility and its client is much

larger than the typical orbital periodP of facilities and/or clients.
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Assumption 1 ensures that the assets remain on the same periodic motion over extended pe-

riods of time. While an exact periodic motion is not feasible in HFEM, orbit maintenance and

station-keeping maneuvers are typically incorporated to maintain the geometry of the infrastruc-

ture, justifying the use of this assumption at the stage of asset placement.

We further describe assumption 2 through examples. Consider a placement problem for ISAM

depots in Earth orbit with low-thrust servicer vehicles; the transfers may take several weeks to

months to travel between depots and client satellites, while the orbital period is on the order of a

few to tens of hours, thus satisfying the assumption. In contrast, consider a CSSA problem, where

multiple observer spacecraft must be assigned to targets to be observed; the observation assignment

would vary over time along the orbital motion, thusnot satisfying the assumption.

In cases where assumptions 1 and 2 hold, the phase angle along the periodic motion does not

impact the allocation decision. Thus, the location decision to be made within the FLP can discard the

phase information for each asset to be placed. The problem considered in Chapter 3 is an example

of the static FLP, where the asset locations are de�ned in terms of four out of the �ve slow orbital

elements. In Chapter 4, we revert to studying the time-expanded FLP, where at least one of either

assumptions 1 or 2 does not hold, and allocation decisions are made for each discretized time step.

To the best of the author's knowledge, the number of past works adopting an FLP framework

for space-based applications is limited. Besides the works associated with this thesis, these include

McKendree and Hall [41], who studied a single-facility variant of the FLP to locate an interplanetary

manufacturing plant; Dorrington and Olsen [42] applied a variant of the FLP to the asteroid mining

problem; �nally, Zhu et al. [43] apply the FLP for ISAM depots in Sun-synchronous orbits (SSO).

All of these works are examples of what we de�ne asstaticFLPs.
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CHAPTER 3

IN-SPACE STATIC FACILITY LOCATION PROBLEM

This chapter treats static FLPs for in-space applications. In situations where assumptions 1 and 2

from Section 2.3.3 hold, a static FLP formulation similar to the traditional CFLP (2.28) or thep-

Median problem (2.27) may be conceived. In contrast to terrestrial applications, the deployment

and allocation costs of in-space facilities depend on the underlying orbital mechanics, which must

be taken into account appropriately. The development of such an in-space static FLP is considered

through an example involving the placement problem of servicing depots to service global naviga-

tion satellite system (GNSS) constellations.

3.1 Motivation for In-Space Servicing Depots

In-space servicing, assembly, and manufacturing (ISAM) is a key piece of technology gaining at-

tention from both commercial and governmental players alike [67, 68, 69]. Examples include the

Robotic Servicing of Geosynchronous Satellites (RSGS) program by the Defense Advanced Re-

search Projects Agency (DARPA) [70] and Lockheed Martin's subsidiary SpaceLogistics [71] for

servicing geostationary orbit (GEO) satellites, or NASA's ISAM-1 [72] that focuses on polar low-

Earth orbit (LEO). The primary motivation for ISAM has been the cost reduction that comes with

extending the lifespan of satellites [73, 74, 75, 13]. It is also possible to recognize the possibil-

ity for ISAM to contribute to a more sustainable practice in the space sector, both in terms of the

orbital environment and the environmental impact of rocket launch [76]. Conceptualized ISAM

needs span multiple activities, including refueling, spearheaded by private entities such as Orbit

Fab [77] and Astroscale U.S. Inc. [78], repair/refurbishment/mission extension by retro�tting ad-

ditional modules [79], inspection, assembly, or end of life (EOL) services, typically consisting of

de-orbiting or tugging to graveyard orbits [67, 68]. A detailed review of the robotics technology

that will enable future ISAM activities is provided by Flores-Abad et al. [80] and more recently by

Moghaddam [81].

To date, multiple studies on ISAM applications for GEO and low-inclination geosynchronous
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orbit (GSO) satellites have been conducted, driven by the relatively high cost of assets lying in

these orbits [82, 83, 84, 85]. A particular convenience of GEO servicing comes from the fact

that all potential client satellites lie on the equatorial plane; hence, the servicer simply needs to

conduct a phasing maneuver to deliver the service. Sarton du Jonchay and Ho [86] studied servicing

architectures including both MEO and GEO satellites but assumed these to be coplanar. Meanwhile,

studies for LEO have also been considered by Luu and Hastings [87, 88, 89] and Sirieys et al. [90].

Luu and Hastings [88] also provide a review of ongoing work on ISAM for LEO constellations.

Converse to GEO constellations, LEO constellations exist across multiple orbital planes, but strong

J2 perturbations may be leveraged to use differential drift to the servicer's advantage.

A substantially different scenario from an astrodynamics perspective arises when servicers must

navigate between orbital planes of the constellation by primarily utilizing their own propulsion sys-

tem. Such maneuvers are commonly prohibitively expensive for chemical thrusters, thus requir-

ing the use of low-thrust propulsion with high speci�c impulse. This scenario is relevant when

the constellation to be serviced is at high altitudes, such as Medium Earth Orbit (MEO) or high-

inclination GSO. Fortunately, if the servicing is limited to a single constellation, certain features

such as the semimajor axis, inclination, eccentricity, and argument of perigee are commonly shared

among the constellation �eet. Furthermore, ISAM needs such as refueling, retro�tting, and orbit

alteration, which are the primary ISAM needs that have recently occurred from both private and

governmental players [78, 91, 92, 93], can be planned well in advance. This gives the servicing ve-

hicle enough time to carry out an economical transfer with a longer duration to reach its clients. Hall

and Papadopoulous [79] have previously reported on the hardware considerations, while Leisman

et al. [94] conducted a systems engineering study for servicing the GPS constellation.

This chapter proposes a method to identify optimal combinations of facility locations where the

servicing depots are to be placed for an ISAM architecture of a particular satellite constellation. This

is done by adopting the FLP to the in-orbit servicing depot of high-altitude satellite constellations;

the proposed formulation is coined as the Orbital Facility Location Problem (OFLP). The OFLP is

able to simultaneously �nd the optimal number of facilities, their orbital position within a discretized

set of candidate slots, as well as the optimal allocation of each client to the appropriate facility. The

formulation is agnostic to the speci�c type of servicing and is compatible with any service that

involves a mass drop-off to the client satellite, such as in-orbit refueling [95] or retro�tting of a
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module [79].

The two key modi�cations of the OFLP come from (1) the formulation of the allocation cost,

and (2) the formulation of a facility's usage cost. As is the case in terrestrial logistics, the optimal

location(s) to place facilities depend on some form of a “distance” metric between the facility and

the client(s) it must service. Furthermore, the use of an additional facility has associated incurred

costs, which must also be taken into account. However, in the context of space-based facilities, the

“distance” cannot be simple Euclidean norms or Manhattan distance, but must rather account for

the cost of the trajectory to be taken by the servicer. In this chapter, a Lyapunov feedback controller

known as Q-Law [96, 97, 98] is utilized to compute the cost associated with conducting a return trip

between a facility and its client satellite using low-thrust propulsion. The total propellant required

for these two maneuvers is used as the “distance”. To the best of the authors' knowledge, this

chapter is the �rst attempt at considering low-thrust transfers in an FLP framework.

The costs incurred in building a facility at a given location in space are considered on the basis

of the launch and orbit insertion cost of the depot carrying with it its servicers, propellant, and

payload. In order to coherently consider the orbit transfer costs between the facilities and clients, as

well as the facilities' building cost through a single objective function, this chapter formulates the

optimization problem in terms of effective mass to LEO (EMLEO).

The proposed OFLP framework enables the non-trivial, optimal placement of depots for ISAM

of spatially distributed clients such as for satellite constellations. By leveraging the discrete version

of the FLP, the number of facilities does not need to be predetermined, thus allowing parametric

studies in terms of high-level parameters of the architecture, such as the dry mass of the depot or

the number of trips to be made to each client.

Once an architecture design is obtained by the OFLP, this chapter further proposes a re�nement

scheme whereby the location of each facility is re-optimized in continuous space, while freezing the

allocations determined by OFLP. This increases the �delity of the designed ISAM architecture as

the facility location is no longer restricted by the coarseness of the discretized orbital slots.

The remainder of this chapter is organized as follows. In Section 3.2, the design of low-thrust

transfers and the associated approach for estimating the rendez-vous cost for a given pair of orbital

elements is introduced. Then, Sections 3.3 and 3.4 discuss the FLP along with its adaptation to

the ISAM case. Section 4.6 presents numerical results applying the formulation to service a com-
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bination of the GPS and Galileo constellations. Finally, Section 3.6 provides a conclusion to this

chapter. The content of this chapter has been published in [44].

3.2 Astrodynamics Background

Typical in-orbit servicing demands are well-known in advance; this results in phasing maneuvers

having little impact on overall transfer costs, as arbitrarily long phasing maneuver times may be

utilized to minimize propellant expenditure. As such, when considering the transfer cost in the in-

orbit servicing context, the primary propellant expenditure comes from the orbit transfer cost, i.e.

the cost associated with modifying the orientation and shape of the orbit in 3D space. To this end, a

Lyapunov feedback controller for spacecraft trajectories, commonly referred to in the astrodynamics

literature as Q-law, is employed.

3.2.1 Orbit Transfervia Q-Law

The orbital transfer is conducted using Q-law, a Lyapunov-function-based feedback control law

�rst introduced by Petropoulos [96, 97, 98]. Despite its sub-optimal nature, its ability to rapidly

compute multi-revolution low-thrust transfers has made it a popular tool, particularly for large-scale

preliminary transfer designs [99, 100, 101, 102, 103]. The feedback law consists of determining the

optimal thrust direction given the current and target orbital elements. Among the target elements,

only the �ve slow variables are used for the transfer, as the considered problem does not necessitate

rendez-vous.

In Q-law, the dynamics of the satellite are considered in terms of GVE (2.9). While the original

Q-law has been developed in terms of Keplerian elements, the well-known singularities ati = 0

and e = 0 are problematic, as these are typical orbital elements in which a spacecraft may be

placed. For this reason, the use of alternative element sets, such as the modi�ed equinoctial elements

(MEE) MEE is particularly bene�cial as the singularity is moved toi = � . The map between

Kelperian elements and MEE is given in Appendix A.1. In the context of Q-law, the use of the MEE

with the semi-parameterp replaced by the semimajor axisa has been previously reported to yield

convergence bene�ts [104], and is employed in this chapter as well. Note that the perturbationp

in (2.9) can be due to any form of perturbing acceleration, such as propulsive force, atmospheric
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drag, third-body attraction, or non-spherical gravity. The acceleration due to the propulsive force,

which is to be determined to guide the spacecraft to its target orbit, is given by

p(t) =
�

pr pt pn

� T

=
T

m(t)
[cos� (t) cos� (t); sin � (t) cos� (t); sin � (t)]T ; (3.1)

whereT is the maximum thrust,m is the spacecraft mass, and� and� are the in-plane and out-of-

plane angles, respectively.

Denoting the osculating slow elementx œ 2 [a; f; g; h; k ] and the corresponding targeted ele-

ments asx œ
T , the Lyapunov function is given by

Q = (1 + WpP)
X

œ

SœWœ

�
œ� x T

_œxx

� 2

; œ= a; f; g; h; k: (3.2)

In essence,Q penalizes the difference between� œ and x œ
T through the subtraction term in the

summation.Sx is a scaling factor given by

Sœ =

8
>><

>>:

�
1 +

�
ja � aT j

�a T

� � � 1=�

; œ= a;

1; otherwise;

(3.3)

where� , � and � are scalar coef�cients, which prevents non-convergence ofa ! 1 . This is

necessary as whena ! 1 , the _x xx terms also tend to1 , and thusQ is reduced. However, this is

not a physically useful solution.W� œ are scalar weights that may be assigned to different elements

if one is to be favored for targeting over another.P is a penalty term on the periapsis radius, given

by

P = exp
�
kr p

�
1 �

rp

rp min

��
; (3.4)

whererp is the current orbit's periapsis radius given by

rp = a(1 � e); (3.5)

andrp min is a user-de�ned threshold. Here,kr p is also a pre-de�ned constant on this penalty term

and represents the gradient of this exponential barrier function nearrp min . Wp is a scalar weight

to be placed on the periapsis penalty term. The_x xx terms represent the maximum rates of change
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of a given orbital element with respect to the thrust direction and true anomaly along the osculating

orbit and are given in the Appendix.

Through the application of Lyapunov control theory, the Q-law strategy consists of choosing the

control angles� and� such that the time rate of change ofQ is minimized at each time step

min
�;�

_Q; (3.6)

where _Q can be expressed using the chain rule as

_Q =
X

oe

@Q
@x oep = D1 cos� cos� + D2 cos� sin � + D3 sin � ; œ= a; f; g; h; k; (3.7)

where

D1 =
X

oe

@Q
@x oe

@_x oe

@pt
; D2 =

X

oe

@Q
@x oe

@_x oe

@pr
; D3 =

X

oe

@Q
@x oe

@_x oe

@pn
: (3.8)

The choice of� and� based on condition (3.6), given by

� � = arctan( � D2; � D1); � � = arctan

 
� D3p

D 2
1 + D 2

2

!

; (3.9)

ensures the fastest possible decrease ofQ, thereby providing the best immediate action for the

spacecraft to take to arrive atx œ
T . Note that while_x consists simply of the �rst 5 rows of the VOP

given in expression (A.3a), the expression for@Q
@� œ

is cumbersome to derive analytically. Instead, a

symbolic toolbox is used to obtain these expressions. Finally, it is noted that there are several works

in the past that extended the Q-law scheme to include a mechanism for coasting [98, 102] as well as

other perturbing forces such as oblateness or three-body effects [104, 99, 101]. While these variants

are not considered in this chapter, they may be used in place of the basic controller in the OFLP,

which will be presented subsequently.

3.3 Building Blocks of In-Orbit Servicing Depot Location Problem for MEO Constellations

The FLP model for the in-orbit servicing problem necessitates de�ning a discretization for candidate

facility locations and developing cost models for deploying facilities and allocating them to clients.

The former is done by discretizing slow orbital elements, while the latter cost models are based on
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orbit transfers.

3.3.1 Discretizationof CandidateFacility Locationsin OrbitalElementsSpace

In the FLP, candidate facility locations must be represented as a discrete number of options in setN .

As such, when formulating the OFLP, it is necessary to discretize locations along an orbit intoslots.

To avoid combinatorial explosion, it is necessary to reduce the dimensions of the discretized space.

Firstly, the anomaly-like variable of the facility is omitted; as discussed earlier, this is a common

assumption for multi-revolution low-thrust transfers (see more details in the Q-law literature [96,

97, 98]). In our case, the transfers between facilities and clients involve changing any combination

of the energy, orbital shape, and orbital plane, within which phasing maneuvers are comparatively

inexpensive, especially if the phasing maneuvers can take place over a long time horizon (e.g.,

when refueling demands for a client satellite can be predicted months in advance). As such, the

transfer cost between the facilities and the clients may be modeled as an orbital transfer rather

than a rendez-vous problem. Second, if the constellation shares the same inclination among all of

its �eet members, the facility's inclination may be set to match this value. Finally, Earth-based

constellations are typically near-circular. Then, under the assumption of pure two-body dynamics,

the transfer cost from a facility orbit to a client's orbit is negligibly affected by the argument of

perigee of the initial departure orbit.

Hence, making appropriate assumptions that depend on the distribution of the clients, the dimen-

sion of the discretization would vary between three and �ve, among the semimajor axis, eccentricity,

inclination, RAAN, and argument of perigee. For example in Zhu et al. [43], the client satellites are

distributed on the same inclination and are near-circular; thus, only the semimajor axis, eccentricity,

and RAAN have been considered. In the numerical example studied in this chapter, the client satel-

lites are near-circular but on varying inclinations; therefore, the facility locations are discretized in

terms of semimajor axis, eccentricity, inclination, and RAAN.

3.3.2 AllocationCost:Low-ThrustRoundTrip Model

The allocation cost matrix~cij has as entries the propellant mass required to allocate clienti to

facility j . This mass is computed by considering the return trip consisting of (a) the outbound trip

traveling from the facility to the client satellite, (b) depositing the payloadms;L to the client, and
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(c) the inbound trip returning from the client satellite back to the facility, as illustrated in Figure 3.1.

Since the overall mass of the spacecraft affects the attainable acceleration and, consequently, the

trajectory as well, the propellant mass expenditures are computed backward in time. Note that the

mass deposit in step (b) models the unspeci�ed servicing activity, such as a propellant deposit for

refueling, or retro�tting an extension module to the client satellite. The allocation cost is given by

~cij = ms;1 � ms;dry � ms;L ; (3.10)

wherems;1 is the servicer's wet mass before departing from the depot, andms;dry is the servicer's

dry mass. To obtain the wet mass, the inbound transfer (c) is �rst solved backward in time, to obtain

ms;dry = ms;2+ � � mc; (3.11)

wherems;2+ is the mass of the servicer when it leaves the client, and� mc is the propellant expen-

diture on the inbound transfer. Then, the outbound transfer (a) can be solved backward in time, such

that

ms;1 = ms;2� + � ma = ms;2+ + ms;L + � ma; (3.12)

wherems;2� = ms;2+ + ms;L is the mass of the servicer when it arrives at the client, and� ma is

the propellant expenditure on the outbound transfer. The propellant expenditures in (a) and (c) are

computed through Q-law

� ma = _m� tOT;ji ; � mc = _m� tOT;ij ; (3.13)

where� tOT;ji is the time taken by the Q-law controller to transfer from facilityj to clienti , � tOT;ij

is the time taken by the Q-law controller to transfer from clienti to facility j . Note that� tOT;ji 6=

� tOT;ij since the mass of the spacecraft during phases (a) and (c) are different. Using� ma and

� mc, we may also express�ci j = � ma + � mc.

It is also possible that the return trip from a particular facility slot to a client is infeasible due

to a time of �ight that is prohibitively long. In such case, the entry~cij can simply be set to a high

value. Alternatively, it is also possible to eliminate the variableX ij by freezing its value to0. This
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Figure 3.1: Return trip conducted by servicer between facilityj and clienti . Once the servicer
arrives at the clienti , the payloadms;L is deposited.

has the added advantage of reducing the model size and is therefore done in this chapter.

3.3.3 Facility Cost:LaunchandInsertionModel

The launch and insertion cost of a given depot depends on the mass of the depot and its servicer(s)

as well as its orbital elements. In the context of constellation servicing, the depots are to be placed

in an orbit sharing the same inclination as the constellation �eet. Hence, out of the six Keplerian

elements, only the semimajor axis and eccentricity have an effect on the launch and insertion cost.

In order to place the depot into its desired orbital slot, the launch vehicle must �rst lift off the

depot from the launch pad and place it into a transfer orbit, and the depot must then conduct an

insertion maneuver upon arrival at its desired orbit. Both the insertion cost into the transfer orbit,

and the insertion cost to the depot's desired orbit depends on the choice of the orbital slot; as such,

this chapter considers the effective mass to LEO (EMLEO) as the standardized metric for evaluating

the depot's equivalent, total insertion cost as a standardized mass. EMLEO is the hypothetical mass

the depot would have if it were to �rst be placed into a circular LEO on the same orbital plane as the

transfer orbit rather than into the transfer orbit itself by the launch vehicle. It thus gives a consistent

cost to compare depots that have differing transfer orbit insertion costs.

In this chapter, we assume a coplanar Hohmann transfer to deliver a depot. With the afore-

mentioned de�nition, the EMLEO of a given orbital slot can be found by calculating the propel-

lant mass needed to perform a Hohmann transfer from a (hypothetical) LEO with radiusr0 to the

desired orbital slot. The �rst impulse of the Hohmann transfer corresponds to the transfer orbit
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insertion, which is (hypothetically) carried out by the launch vehicle, while the second impulse of

the Hohmann transfer is carried out by the depot itself. Using the rocket equation, the combined

mass-ratio� is the product of the mass-ratio due to the �rst burn by the launch vehicle� (l ) and the

mass-ratio due to the second burn by the depot itself� (d) , and can be expressed as

� = � (d) � (l ) = exp
�

� V2

g0I sp;d

�
exp

�
� V1

g0I sp;l

�
; (3.14)

where� V1 and� V2 are the impulsive burn magnitudes of the two maneuvers,g0 is the standard

acceleration due to gravity,I sp;d is the speci�c impulse of the depot, andI sp;l is the launch vehicle.

To compute the� V magnitudes, the perigee and apogee are �rst computed from the Keplerian

elements of thej th depot via

rp = a(1 � e) ; ra = a(1 + e); (3.15)

To transfer from a circular orbit to an elliptical orbit via a Hohmann transfer, the elliptical transfer

orbit would have a periapsis at the radius of the initial circular orbit and an apoapsis at either the

�nal orbit's perigee or apogee. SinceI sp;d andI sp;l are not necessarily the same, both options are

considered, and the strategy resulting in a smaller mass-ratio for thej th depot,� j , is chosen. In

each case, the� V 's are given by
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(3.16)

Then, the mass-ratio for� j is the combination of� (d) and� (l ) that results in a smaller value

� j = min f � p;j ; � a;j g; (3.17)
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where

� p;j = ( � (d) � (l ) )p = exp
�

� Vp;2

g0I sp;d

�
exp

�
� Vp;1

g0I sp;l

�
;

� a;j = ( � (d) � (l ) )a = exp
�

� Va;2

g0I sp;d

�
exp

�
� Va;1

g0I sp;l

�
:

(3.18)

Finally, note that since both� (d) and � (l ) are ratios that do not depend on any mass; hence,� j

can be pre-computed once for a given orbital slot and reused regardless of the facility's mass. By

multiplying the depot's mass at the start of its operation after the arrival insertion burn with� j , the

EMLEO of the depot is obtained.

3.4 Orbital Facility Location Problem

We consider variablesX andY with the classical FLP de�nitions (2.26). The orbital facility location

problem (OFLP) is a modi�ed instance of the CFLP (2.28), given by

min
X; Y

nX

j =1

md;dry� j
| {z }

f j

Y j +
mX

i =1

nX

j =1

D i ( ~cij + ms;L )� j| {z }
cij

X ij (3.19a)

s.t. md;dry�
(d)
j Y j +

mX

i =1

D i (~cij + ms;L )� (d)
j X ij � ml;max 8j 2 N (3.19b)

eqn. (2.28b)� (2.28e)

Here,md;dry is the dry mass of the depot,ms;L is the payload mass to be delivered upon each trip

to the client satellites, andD i is the number of trips to be made to each client over the operation

period of the depot.� j is the mass-ratio of launching the depot to the facility sitej , computed by

equation (3.17), and the entries of~cij are the propellant mass required to conduct a return trip from

facility j to deliver the payload to clienti . The resulting objective (3.19a) corresponds to the sum

of the EMLEO of each facility.

The OFLP takes the same constraints (2.28b) - (2.28e) as the original FLP, with an additional

constraint (3.19b) that ensures the wet mass of a given depot does not exceed the maximum launch

mass of the launch vehicleml;max . Note that the wet mass of the depot is computed by multiplying

only the mass ratio of the depot's burn,� (d)
j , while the EMLEO in the objective is obtained by

multiplying both mass ratios� j = � (d)
j � (l )

j .

In effect, the OFLP formulation optimizes both the number of facilities as well as their spatial
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Figure 3.2: Approximate lifetime of currently active GPS Block IIF (blue/red lines, circle markers)
and III (green lines, square markers)
A lifetime of 15 years from launch is assumed, except for Block IIF-2 (red line), which experienced a clock anomaly on
10 July 2023. RAAN corresponds to TLE values queried in December 2022.

con�guration simultaneously through a cost-metric that is standardized in terms of mass. The choice

of the spatial con�guration of a facility results from the trade-off between the cost of establishing it

into a particular orbit and the total costs of accessing the allocated clients from it.

Note that the formulation in (3.19) assumes that the servicer only conducts dedicated servic-

ing round-trips between the depot and a single client satellite, and excludes servicing round-trips

that visit multiple client satellites that are “close” in orbital elements space, where “closeness” is

dictated primarily by the orientation of the orbital planes. This choice is made to re�ect in-orbit

servicing needs that occur infrequently within the constellation but with high priority, making the

feasibility of servicing multiple client satellites within the same time frame unlikely. Typical MEO

constellations such as GPS and Galileo fall into this category, as these are expensive assets with life-

times extending to 15 years. For the most recent GPS Block IIF and III, new constituent satellites

have been launched at intervals spanning multiple months to a few years within each orbital plane,

as shown in Figure 3.2. Especially for the refueling servicing case, it is thus unlikely that servicing

needs would arise at similar time-frames, for example, within a time frame of a few weeks, for two

or more client satellites that share a similar orbital plane. To avoid having a scenario where a client

satellite must wait to be serviced for other nearby client satellite(s) to also require servicing, the

depots should be optimally placed considering only dedicated servicing round-trips to one client at
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a time.

To consider the off-nominal case where multiple demands on satellites sharing similar orbital

planes occur at similar times, we conduct an a posteriori analysis on the cost-effectiveness of

“bundling” multiple servicing needs to a single round-trip; this process is further discussed in Sec-

tion 3.4.2. Finally, while beyond the scope of this chapter, a constellation with a faster technology

refresh rate, typically in LEO, may bene�t from servicing round-trips that bundle multiple clients

and would pose a variant of the problem studied in this chapter.

3.4.1 Re�nementProblem

In OFLP, the orbital slots had to be discretized to ef�ciently optimize the number of facilities and

the allocation of clients to each of them. Thus, given the number of facilities and the allocation of

clients obtained from the OFLP solution, we re�ne the facility locations further in continuous space

by formulating a continuous nonlinear programming problem (NLP). Unlike OFLP, the re�nement

problem is solved for each facility separately. Speci�cally, by collecting the variables dictating the

location of a facility into a vector@, the re�nement problem aims at adjusting the facility's location

to minimize its EMLEO and is given by

min
@

md;dryZ (@) +
X

i 2M a

D i [~ci (@) + ms;L ] � (@) (3.20a)

s.t. md;dry� (d) (@) +
X

i 2M a

D i [~ci (@) + ms;L ] � (d) (@) � ml;max (3.20b)

whereM a is the set of indices of clients that are allocated to the given facility. Note also that now,

the transfer costs from the facility to each client~ci as well as the facility's mass ratios� and� (d)

are all functions of variables@, and must, therefore be computed online. This online computation

of ~ci involves calling Q-law during the optimization, which may result in numerical dif�culties

if gradient-based algorithms are applied to solve (3.20). To circumvent this issue, gradient-free

metaheuristic algorithms are employed in this chapter.
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3.4.2 Multiclient ServicingTrip

As discussed in Section 3.3.2, servicing round-trips that visit more than a single client is not included

as part of the OFLP (3.19). Nevertheless, the cost for such a servicing trip, coined as a “multiclient

servicing trip”, is evaluated to study the feasibility should such an off-nominal need arise. For this

portion of the analysis, the facilities' locations are assumed to be �xed from solving the OFLP (3.19)

and the re�nement problem (3.20).

When considering a multiclient servicing trip, the servicing sequence must be determined. This

is akin to the traveling salesman problem (TSP), where the initial and �nal node of the travel loop is

the facility. In the context of low-thrust propulsion, the problem is further complicated by the fact

that the required propellant mass, corresponding to the edge costs of the TSP, is path-dependent.

Meanwhile, since MEO constellations have a relatively small number of satellites, and multiclient

servicing needs are unlikely, the TSP instance consists only of a small number of nodes, so it may

be solved directly by exhausting all permutations of visits.

Similarly to the single client-servicing trip, the propellant mass required for a multiclient ser-

vicing trip is computed backward in time. For a given servicing sequence ofq satellites given by

i = [ i 1; i 2; : : : ; i q], the arc from the facilityj to client i q is solved backward in time using Q-law,

starting with the spacecraft dry mass. This is followed by a payload deposit of massms;L to clienti q

(corresponding to a massgainof the servicer backward in time). Thus far, the computation follows

exactly steps (c) and (b), respectively, in Figure 3.1. Then, this step is repeated by replacing the arc

to go fromi q to i q� 1, i q� 1 to i q� 2, and so on, until the �rst clienti 1 is reached. At the end of each

arc, the servicer gains the payload massms;L . Finally, the outbound trip between the facilityj and

the �rst client i 1 is computed backward in time. The resulting cost for the trip is given by

~ci j = _m
�
� tOT;i q j + � tOT;i q� 1 i q + : : : + � tOT;i 1 i 2 + � tOT;ji 1

�
: (3.21)

For a given set of clientsI = f i 1; i 2; : : : ; i qg, the solution of the TSP is the sequence that minimizes

the cost (3.21), denoted asi � , and the corresponding cost is given by

~ci � j = min
i 2 I

~ci j ; (3.22)
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Figure 3.3: Distribution of GPS and Galileo satellites in inclination and RAAN

whereI is the set of permutations ofI , consisting ofq! elements.

3.5 Numerical Results

The proposed formulation is applied to design a depot �eet servicing (i) the GPS constellation, (ii)

the Galileo constellation, and (iii) these two constellations altogether. Both the GPS and Galileo

constellations are located on Medium Earth Orbits (MEO), at similar ranges of inclination around

53� to 57� , and a radius of about 26 560 km and 29 600 km, respectively. The GPS constellation

consists of 31 satellites on six orbital planes, and the Galileo constellation [105] consists of 28

satellites on four orbital planes. Figure 3.3 shows the distribution of the clients in inclination and

RAAN.

The OFLP is implemented in Julia and solved with CPLEX 22.1 [57], a commercial B&B

algorithm. Table 3.1 lists the problem parameters used in the numerical experiments. The launch

vehicle's maximum payload mass capability of12; 950 kgcorresponds to the sub-GEO transfer orbit

capability of the Ariane 64 [106], used here as an example launch vehicle constraint. The servicer

vehicle's thrust andI sp;s are taken from Sarton du Jonchay et al. [84]. Parameters for Q-Law are

based on the work by Petropoulos [98].

Detailed analysis of the numerical result is provided in the accepted JSR paper. Here, we provide

an excerpt of this analysis.
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Table 3.1: OFLP and Q-Law parameters for Numerical Experiments

Parameter Value(s)

Maximum launch massml;max , kg 12,950
Launch vehicle parking orbit radiusr0, km 6,578
Launch vehicleI sp;l , sec 457
Payload massms;L , kg 100
Number of tripsD 1 / 2
Servicer dry massms;dry, kg 500 / 1,000
ServicerI sp;s, sec 1,790
Servicer thrust, N 1.74
Depot dry massmd;dry, kg 1,500 / 2,000 / 2,500
DepotI sp;d, sec 320
Maximum transfer time, days 300
Minimum transfer radiusrp min , km 6,878
Wp 1
W� œ [1,1,1,1,1]
� 3
� 4
� 2
kr p 1

3.5.1 DepotsPlacementsvia OrbitalFacility LocationProblem

The candidate orbital slots for the depots are discretized in the four slow Keplerian elements ex-

cluding the argument of perigee,[a; e; i; 
] , as summarized in Table 3.2, resulting in 23,868 slots.

As previously mentioned, the! is not discretized because both the GPS and Galileo satellites are

at very low eccentricities. While a constant! = 0 deg is assumed for all orbital slots, the result-

ing solution would be unaffected for any other choice of! , assuming the transfer cost does not

change either. In total, the problems has dimensionsX 2 B31� 23;868 andY 2 B23;868, resulting

in 763,776 variables when considering the GPS constellation,X 2 B28� 23;868 andY 2 B23;868,

resulting in 692,172 variables when considering the Galileo constellation, andX 2 B59� 23;868 and

Y 2 B23;868, resulting in 1,432,080 variables when considering both constellations.

Figure 3.4 shows the contour of facility mass-ratio toZ for the orbital slots in the semimajor

axis-eccentricity space, and the contour of allocation cost~cij , corresponding to the servicer propel-

lant mass, from the discretized orbital slots to a hypothetical client lying on the same orbital plane,

on a circular orbit with a semimajor axis of1:0 DU. The missing entries in~cij are due to locations

resulting in infeasible transfers forrp min = 6878 km. As expected, the orbital slots closer to the
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Figure 3.4: Contour of mass ratio� for candidate orbital slots (left) and of transfer propellant mass
~cij corresponding to round trip between candidate orbital slots and hypothetical client satellite on
circular orbit witha = 1 :0 DU and identical orbital plane (i and
 ) as the depot (right)

facility yield a lower servicer propellant mass but tend to come at a largerZ , which translates to a

larger launch cost. The trade-off between these two factors is taken into account by the OFLP.

Table 3.2: Candidate depot orbital slots

Orbital element Value (min:increment:max) Number of slots

Semimajor axisa, DU (1 DU = 26; 560 km) 0.3:0.05:1.1 17
Eccentricitye 0:0.05:0.6 13
Inclinationi , deg 50:1:58 9
RAAN 
 , deg 0:30:330 12
Argument of perigee! , deg 0 1
Total - 23,868

The effect of varying the demandD, the servicer dry massms;dry, and the depot dry mass

md;dry are investigated by constructing and solving OFLP instances for all possible combinations of

these parameters and all three scenarios (i) through (iii). Table 3.3 summarizes the performance of

CPLEX solve time on a computer with 8 core i7-10700 CPU and 32 GB computer memory as well

as the totalEMLEO and the number of depots from the optimal solution, againstms;dry. Looking

at the solve times, in general, larger problem instances (in increasing order, (ii), (i), followed by

(iii)) lead to longer computation time. The spike seen in solve time for scenario (iii),D = 2 , and

ms;dry = 1 ; 000kg on the top left window is due to the launch mass constraint (3.19b) that prohibits

a solution akin to the optimal solutions in the other OFLP instances. The full results are reported in

Appendix B.1.

The trend in the totalEMLEO is monotonic and nearly linear againstmd;dry, as well as a

monotonic increase for larger constellations, for largerms;dry, or more demandD; this is a direct
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Table 3.3: CPLEX solve time, total EMLEO from optimal solution, and optimal number of de-
pots from for OFLP instances for depots servicing (i) GPS, (ii) Galileo, and (iii) GPS & Galileo
constellations

(a)ms;dry = 500 kg

D = 1 D = 2

md;dry (i) GPS (ii) Galileo
(iii) GPS &
Galileo
(% change)

(i) GPS (ii) Galileo
(iii) GPS &
Galileo
(% change)

Solve
time, sec

1,500 113.61 45.90 655.93 58.17 42.06 174.51
2,000 75.96 52.93 155.64 71.38 44.47 119.20
2,500 82.88 43.85 156.42 85.25 39.09 133.75

Total
EMLEO, kg

1,500 26,290 20,148 38,079 (-18.0%) 38,410 32,465 59,833 (-15.6%)
2,000 29,584 22,704 42,294 (-19.1%) 43,618 35,054 65,431 (-16.8%)
2,500 32,095 25,183 45,287 (-20.9%) 48,451 37,694 70,865 (-17.7%)

Number
of depots

1,500 5 3 6 6 3 6
2,000 3 3 5 6 3 6
2,500 3 3 3 6 3 6

(b) ms;dry = 1 ; 000kg

D = 1 D = 2

md;dry (i) GPS (ii) Galileo
(iii) GPS &
Galileo
(% change)

(i) GPS (ii) Galileo
(iii) GPS &
Galileo
(% change)

Solve
time, sec

1,500 71.55 50.87 295.82 56.53 38.55 257.04
2,000 127.40 63.08 461.12 63.66 61.41 281.12
2,500 66.84 42.66 787.71 70.55 53.93 2709.11

Total
EMLEO, kg

1,500 32,010 26,641 47,019 (-19.8%) 45,817 42,632 74,732 (-15.5%)
2,000 37,564 29,336 53,192 (-20.5%) 52,263 46,573 81,195 (-17.8%)
2,500 42,730 31,996 58,786 (-21.3%) 58,377 50,257 90,427 (-16.8%)

Number
of depots

1,500 6 3 6 6 4 6
2,000 6 3 6 6 4 6
2,500 6 3 6 6 4 6

All problems are solved to optimality with an optimality gap of0:0. The % change in total
EMLEO compares case (iii) against the sum of cases (i) and (ii).
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consequence of the objective function (3.19a) being monotonic to the aforementioned parameters.

Of particular note is the combined totalEMLEO from scenario (iii), which is less than the combined

total EMLEO from scenarios (i) and (iii) by around 15% to 20%. This is indicative of the fact that

the difference in semimajor axes between the two constellations is small enough that launching

depots servicing both GPS and Galileo satellites simultaneously leads to savings inEMLEO .

Finally, for solutions involving GPS (scenarios (i) and (iii)), all cases except for scenario (i)

D = 1 , md;dry = 1500 kg and scenario (iii)D = 1 , md;dry = 2000 kg involve 3 or 6 depots; these

get allocated to the constellations spanning 6 orbital planes as shown in Figure 3.3, where clients in

either 1 or 2 orbital planes are allocated to each depot. The two aforementioned solutions involving

5 depots consist of a combination of 1 depot allocated to clients over 2 orbital planes and 4 depots

each allocated to clients on respective orbital planes. The solutions from scenario (ii) consistently

involve either 3 or 4 depots; the Galileo constellation spans four orbital planes, but two among these

planes are relatively close to one another, with a difference in RAAN of about60� ; thus, as long

as the wet mass of each depot is not prohibitively large (as is the case forms;dry = 1000 kg and

D = 2 , which results in 4 depots), the optimal solution bundles these two orbital planes to a single

depot.

Due to the relative complexity of the OFLP instance arising from a larger number of client satel-

lites, as well as the ef�cacy of utilizing depots for both constellations simultaneously, the subsequent

analysis is based on scenario (iii) for depots catering to both GPS and Galileo �eets. Figures B.1

and B.2 show the distribution of facilities in semimajor axis-RAAN space. Figures B.3 and B.4

show the orbits of the facilities in each on their perifocal frame rotated about thez-axis by 
 .

The full orbital elements, wet mass, and number of clients allocated to each depot are provided in

Tables B.1 and B.2.

Some intuitions can be obtained from these results. Firstly, as expected, facilities tend to align

with the clusters of clients, located at 6 distinct regions in
 -space, as shown in Figures B.1 and B.2.

The slight misalignment between the facility and the centroid of the cluster is an artifact of the

discretization of orbital slots.

Also, as it is visible in both Figures B.3 and B.4, orbits of facilities can be categorized into

ellipses with low eccentricities of around0:2 to 0:35 and ellipses with higher eccentricities of0:5

or higher. For the same semimajor axis, the former type requires a larger facility location mass ratio
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Z but the servicer transfer cost is lower, while the latter type has a lowerZ and higher servicer

transfer cost. Notably, facilities servicing multiple locations in RAAN, namely facility 4 inD = 1

andmd;dry = 2 ; 000kg as well as all three facilities inD = 1 andmd;dry = 2 ; 500kg, have relatively

high eccentricities.

Finally, Figure B.2 immediately reveals a noteworthy allocation forD = 2 andmd;dry = 2 ; 500

kg to facility 6 at 
 = 330 deg, stretching a client in the cluster close to
 = 30 deg. This is

due to the maximum launch mass constraint (3.19b) which restricts the wet mass of the facility

from exceedingml;max . Indeed, facility 1 at
 = 30 deg has a wet mass of12; 653 kg, which is

very close toml;max = 12; 950kg. As a result, facility 6 takes up an additional8th client, as seen

in Table B.2. It is also noted that this solution with a divided allocation of clients in a cluster to

multiple facilities is more challenging to CPLEX, and requires a longer solve time of approximately

45 minutes, compared to the other solutions which are found in up to around 10 minutes, as indicated

in Table 3.3b.

Effect of Facility Dry Mass

An increase in facility dry massmd;dry means an increase in facility launch cost; two things are

noted with respect to increasingmd;dry. Firstly, looking at facilities located at the same RAAN, an

increase inmd;dry is seen to result in some cases to a decrease ina and an increase ine, provided

that the same clients are still allocated to the speci�c depot. This is due to the lowerZ that can

be achieved when increasinge, as visible from the contour ofZ in Figure 3.4. While decreasing

a would also decreaseZ , decreasing the energy of the facility leads to a more signi�cant penalty

on the transfer cost~cij than the penalty associated with increasinge of the facility. This is seen

for example in Figure B.1 for the depot at
 = 30 deg for D = 1 , or the depot at
 = 330 deg

with D = 2 . However, more commonly, the depot locations are observed to be mostly unaffected

by an increase inmd;dry. This variability of behavior can be attributed to the discretization of the

facility slots; if the bene�t of moving a depot is too small to be captured by adjacent facility slots,

the optimal solution would not move the depot. It can thus be discerned that the corresponding trend

is relatively weak for the chosen coarseness of the facility slots.

Secondly, an increase inmd;dry is also observed to occasionally alter the distribution of the

clients among the depots as well. Optimal solutions bundling two clusters of clients into a single
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facility begin to appear, as long as the facility mass does not exceed the maximum launch mass, and

the required number of return trips dictated byD does not increase. This is observed forD = 1 ,

where the clusters of clients in the fourth quadrant of
 are bundled when increasingmd;dry from

1500 kg to 2000 kg, and the other four clusters are also bundled when increasingmd;dry further to

2500 kg.

It is also noteworthy that in these cases, a facility that services multiple clusters of clients is

consistently located at an inclination of53 deg or lower, despite the fact that all clients except for

one have inclinations of53 deg or higher. This is a result of the transfer cost involved when the

servicer has to make signi�cant changes in RAAN during the round-trip; a lower inclination is

more bene�cial for such a maneuver providing a larger “lever-arm” to rotate the orbital plane, even

though there will be added cost for having to adjust the inclination to match the clients'.

Effect of Demand

The demandD re�ects the number of round trips to be conducted between a depot and its clients.

While this does not affect the cost of the transfer itself, the additional round trip requires additional

propellant and payload to be brought and stored at the depot. As such, asD increases, the saving

in propellant mass resulting from placing the depot closer to the client increases. For the depots at

the same
 betweenD = 1 andD = 2 , the orbits of the facilities are generally moved “closer”

to the clients, by either increasinga, reducinge, or both. Examples of such depots include the one

at 
 = 30 deg in all cases except formd;dry = 1 ; 500kg andms;dry = 1 ; 000kg, as presented in

Tables B.1 and B.2. The existence of some depots remaining in the slots despite the increase inD

can again be explained by the coarseness of the discretization of the facility slots.

Effect of Servicer Dry Mass

Increasing the servicer dry massms;dry increases the required propellant mass because the acceler-

ation of the servicer decreases for a given propulsion system of �xed thrust, resulting in a longer

transfer. As such, similarly to the effect ofD , an increase inms;dry would move the design towards

bringing the depots “closer” to the clients. This effect is most pronounced for facilities servicing a

larger number of clients; when the optimal solution uses 6 depots, the facilities located at
 = 30 ,

150, and270deg servicing 16, 14, and 13 clients respectively tend to reside at highera and lower
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Figure 3.5: EMLEO contour of facility 1 formd;dry = 1500 kg, ms;dry = 500 kg, andD = 1 , with
inclination and RAAN �xed to the solution of OFLP (left) and inclination and RAAN �xed to the
re�ned solution (right)

e comparing the solutions fromms;dry = 500 kg in Table B.1 to the solutions fromms;dry = 1 ; 000

kg in Table B.1.

3.5.2 DepotsLocationRe�nements

Fixing the number of depots and the allocation of clients to those obtained from the OFLP solution,

the depots' locations are re�ned in continuous space using metaheuristics. The re�nement decision

vector consists of the four orbital elements that have been discretized for OFLP,@= [ a; e; i; 
] , and

this step is performed for each depot separately. For this demonstration, the facility locations for

the three OFLP results withD = 1 andms;dry = 500 kg are re�ned. The optimization is done using

Differential Evolution [107], with a population size of 50 with a mutation scale factorF = 0 :9.

Table 3.4 shows the re�ned locations of the facilities forms;dry = 500 kg andD = 1 . The

re�ned results include both facilities that have been re�ned within the grid of the OFLP and ones

that have moved outside in terms ofa ande. On the other hand, re�nements ini have mostly been

within the grid except for facility 1 in themd;dry = 1 ; 500 kgandmd;dry = 2 ; 000 kgcases, and the

re�nements in
 have strictly been within the grid, to optimally align each facility with the cluster

of clients. The occasional �uctuation ina, e, andi beyond the grid is an artifact of the discretization,

where previously in OFLP the transfer costs have been traded-off up to the precision limited by the
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coarseness of the grid as shown in Figure 3.4. The resulting reduction in total EMLEO is within

7% for all tested cases. For individual depots, the largest reductions are observed for facility 1 in

md;dry = 1 ; 500 kg andmd;dry = 2 ; 000 kg, where the reduction is within 15%. To understand

this �uctuation, taking this facility 1 as an example, Figure 3.5 shows the contour of the objective

(3.20a) in semimajor axis and eccentricity space, while freezing the inclination and RAAN to the

values found by the OFLP or by the re�nement NLP, respectively. It is possible to observe that the

local minimum of EMLEO clearly shifts as the inclination and RAAN are adjusted, resulting in a

noticeably different facility orbit. Overall, the results demonstrate the value of the re�nement step

by further improving the OFLP results.

Note that these re�ned solutions are assuming a �xed servicing allocation based on the OFLP

results, and so could not have been obtained without �rst formulating and solving an OFLP instance.

Speci�cally, concurrently optimizing the number of facilities, their locations, and the allocation of

each client to each speci�c facility altogether is prohibitively dif�cult in a traditional nonlinear

global optimization method because it would require large numbers of both binary and continuous

variables, which would severely degrade the performance of any global optimization algorithm. In

contrast, the proposed scheme combining the OFLP and the continuous re�nement problem lever-

ages the strength of both formulations, enabling the design of complex ISAM depot placements.

For the re�ned depot location solutions, Figure 3.6 shows the time of �ight and propellant mass

of the outbound and inbound transfers. As previously highlighted, the outbound trip requires a

longer time and more propellant due to the additional mass to be carried. Also, the time of �ight

and propellant mass consumption are proportional, as the transfers are assumed to use maximum

thrust at all times. Across the three cases, there are roughly three groups of transfers that can be

identi�ed:

(a) The �rst type is the cheapest and fastest, with a time of �ight of around 2 days, with propellant

consumption of less than 20 kg; this corresponds to transfers from facilities with a relatively

large semimajor axis and low eccentricity servicing clients in close-by orbital planes, such as

facility 1 for D = 1 with md;dry = 1 ; 500kg andmd;dry = 2 ; 000kg.

(b) The second type of transfer has a time of �ight of around 7 to 20 days, and a propellant

consumption of around50 to 100 kg; this corresponds to transfers from facilities with a
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Table 3.4: Summary of re�ned GPS & Galileo servicing depots withms;dry = 500 kg andD = 1

md;dry

kg
No. a, DU e i, deg 
 , deg

md;wet, kg
(% change)

Depot EMLEO,
kg (% change)

Total EMLEO,
kg (% change)

1,500

1 1.0488 0.0325 56.98 19.39 5,037 (-19.41%) 8,136 (-14.09%)

35,621 (-6.90%)

2 0.5606 0.5375 54.62 90.59 2,728 (-1.10%) 4,187 (-2.89%)
3 0.5812 0.5661 54.67 139.74 4,571 (-6.01%) 7,106 (-6.19%)
4 0.5110 0.4936 54.56 202.21 2,461 (-1.62%) 3,663 (-3.59%)
5 0.5571 0.5009 54.91 260.28 4,579 (-2.24%) 6,976 (-4.69%)
6 0.6122 0.3192 54.72 324.97 3,676 (-0.31%) 5,552 (-0.90%)

2,000

1 0.9782 0.0391 56.42 19.54 5,883 (-14.45%) 9,376 (-11.09%)

40,397 (-4.70%)
2 0.5382 0.5187 54.79 90.62 3,278 (-13.67%) 4,966 (-1.10%)
3 0.5813 0.5661 54.77 139.79 5,074 (-5.64%) 7,889 (-5.85%)
4 0.6218 0.5829 51.84 243.28 7,501 (+0.38%) 11,871 (-0.86%)
5 0.4831 0.4770 54.18 325.73 4,306 (-0.74%) 6,295 (-1.24%)

2,500
1 0.8762 0.5199 52.68 1.99 10,781 (+0.53%) 18,116 (-0.31%)

45,008 (-0.62%)2 0.6285 0.5871 52.42 120.60 8,967 (+0.27%) 14,232 (-0.67%)
3 0.6204 0.5818 51.51 243.56 8,004 (+0.30%) 12,659 (-0.99%)

relatively low semimajor axis and high eccentricity, also servicing clients in similar orbital

planes.

(c) The third type of transfer has higher times of �ight as well as propellant consumption than the

previous two types; this corresponds to transfers to clients in signi�cantly different RAAN.

Figure 3.7 shows examples of each of these types of transfer for the outbound leg. Type (a) has a

time of �ight of 1.17 days with a propellant consumption of 9.99 kg, type (b) has a time of �ight of

7.93 days with a propellant consumption of 67.95 kg, and type (c) has a time of �ight of 26.86 days

with a propellant consumption of 230.06 kg.

Noting the GPS Block III launch mass of 3.880 kg or the Galileo launch mass of 700 kg the

mass of the depots are of similar scales to a single GPS satellite, and up to a few times heavier than

a single Galileo satellite. However, a single facility is able to service and hence extend the lifetime

of multiple satellites, hence reducing the overall cost of the programs. Taking for example the

servicing architecture withmd;dry = 1 ; 500 kgandD = 1 , the total architecture mass is23; 052kg,

while replacing all 31 GPS satellites and all 28 Galileo satellites would require launching139; 880

kg.
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Figure 3.6: Transfer time and propellant mass of outbound and inbound trips used by re�ned solu-
tions withms;dry = 500 kg andD = 1

Figure 3.7: Examples of the three transfer types observed in the re�ned solutions withms;dry = 500
kg andD = 1
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3.5.3 A PosterioriAnalysiswith Multiclient trips

The effect of conducting multiclient servicing trips is considered based on the allocation from the

OFLP and the re�ned facility locations. Speci�cally, we focus the analysis on:

1. depot number 1 fromms;dry = 500 kg and D = 1 with md;dry = 1500 kg, with orbital

elements[a; e; i; 
] = [1 :0488 DU; 0:0325; 56:98� ; 19:39� ] allocated to 16 clients,

2. depot number 5 fromms;dry = 500 kg and D = 1 with md;dry = 1500 kg, with orbital

elements[a; e; i; 
] = [0 :5571 DU; 0:5009; 54:91� ; 260:28� ] allocated to 13 clients, and

3. depot number 1 fromms;dry = 500 kg and D = 1 with md;dry = 2500 kg, with orbital

elements[a; e; i; 
] = [0 :8762 DU; 0:5199; 52:68� ; 1:99� ] allocated to 23 clients.

All three depots are allocated to both GPS and Galileo satellites; the �rst two cases are representative

examples of depots that are located on similar orbital planes as its allocated client satellites, with

near-circular or elliptical facility orbits; the third case is a representative example of depots placed

in an orbital plane between two orbital planes of its allocated client satellites, as shown for example

on the bottom left window in Figure B.1.

We limit the analysis to up to3 client satellites to be serviced in a single trip, keeping in mind

the aforementioned infrequent technology refresh rate for MEO constellations. For each selected

facility, the optimal cost (3.22) is computed for all combinations of two or three of the allocated

client satellites. The trade-off between conducting multiclient trips or separate, dedicated trips

comes down to whether it is worth carrying the additional payload and propellant necessary to visit

multiple clients instead of returning to the depot after each service. In Figure 3.8, each data point

corresponds to the propellant mass used from performing a multiclient trip (3.22) to a set of two

(left column) or three (right column) clients against the sum of the total propellant masses used to

perform single client trips to each of these clients. The dotted lines denote the break-even cost,

above which conducting dedicated trips is more propellant-effective, and below which conducting

a multiclient trip is more effective.

Firstly, for case 1) shown in Figure 3.8a, the ef�ciency of multiclient trips depends on the clients

that are bundled. For multiclient trips involving Galileo satellites only, multiclient trips are found to

be always more ef�cient; this can be explained by the separation in the semimajor axis between the
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Galileo satellites (ata � 1:114DU) from the depot; hence, bundling the orbit-raising effort into a

single trip reduces the total propellant necessary for servicing. In contrast, since the GPS satellites

are ata � 1:0 DU, the bene�t of bundling the clients is diminished. The fact that the depot resides

at a semimajor axis between the two constellations makes a 2-client multiclient trip to both GPS

and Galileo clients inef�cient, as visible from the green markers, as the servicer effectively “passes

through” the depot's orbit anyway during the transit between the clients. Meanwhile, for 3-client

multiclient trips, there is a trade-off depending on whether the 3 clients consist of 2 GPS satellites

or 2 Galileo satellites.

Secondly, from Figure 3.8b, both 2- and 3-client multiclient trips are consistently more ef�cient.

Due to the construction of the objective in the OFLP (3.19a) as well as in the re�nement problem

(3.20a), the optimal solution strikes a balance between the effort necessary to launch a given mass

into the depot's orbit and the round-trip costs between the depot and its allocated clients; two viable

strategies are to either launch a largerEMLEO into orbit such that the depot is placed closer to the

constellation(s) it services, as is the case for the depot from case 1) shown in Figure 3.8a, or launch

a smallerEMLEO into a depot orbit that is further away from its allocated constellation(s), as is the

case for the depot from case 2) shown in Figure 3.8b. If the latter strategy is adopted, multiclient

trips may lead to propellant savings, as exempli�ed by the studied case shown in Figure 3.8b: for

the speci�c servicer and servicing hyperparameters chosen, the signi�cantly large maneuver to bring

the servicer from the depot's orbit to the clients' has a stronger dependency on the number of round

trips the servicer must do than on the mass it has to carry through. This effect is more pronounced

for visiting Galileo clients than GPS clients since the former constellation is at a higher altitude,

making them even more distant from the depot. Thus, when both strategies provide comparative

performance, the expected servicing frequency may play a decisive role in deciding which type of

depot orbit to employ.

Finally, for case 3) depicted in Figure 3.8c, all 2-client multiclient trips with clients residing on

a single orbital plane are found to be more ef�cient than their dedicated trip counterparts, while all

2-client multiclient trips with one client on each orbital plane are found to be less ef�cient; in the

3-client multiclient trips, since at least 2 clients are collocated on the same orbital plane, multiclient

trips are found to be more ef�cient in all cases. When 2 clients are located on the same orbital plane,

the dominant cost arising from the orbital plane change to be conducted by the servicer dictates the
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(a) Depot 1 for ms;dry = 500 kg, D = 1 , and md;dry = 1 ; 500 kg, at [a; e; i; 
] =
[1:0488 DU; 0:0325; 56:98� ; 19:39� ]

(b) Depot 5 for ms;dry = 500 kg, D = 1 , and md;dry = 1 ; 500 kg, at [a; e; i; 
] =
[0:5571 DU; 0:5009; 54:91� ; 260:28� ]

(c) Depot 1 for ms;dry = 500 kg, D = 1 , and md;dry = 2 ; 500 kg, at [a; e; i; 
] =
[0:8762 DU; 0:5199; 52:68� ; 1:99� ]

Figure 3.8: Propellant consumption comparison between a multiclient trip and the sum of dedicated
trips, computed for all combinations of 2 (left column) and 3 (right column) clients allocated to each
depot

ef�cacy of bundling the servicing; this is akin to case 2), where bundling the maneuver to adjust

the semimajor axis and eccentricity from the depot's to the clients' was found to be advantageous.

Interestingly, even when the clients are on two different orbital planes, the 2-client multiclient trips

do not incur a signi�cant increase in propellant cost compared to their dedicated trip counterparts.

This can be attributed to the fact that orbital plane change cost is much lower at higher radii from

the Earth; hence, the propellant cost for traversing from one client orbital plane to the other is

signi�cantly reduced when the servicer does not need to lower its semimajor axis down to the

depot's in between.
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3.6 Conclusions

This chapter studies the optimal placement of in-orbit servicing depots for satellite constellations at

MEO or higher altitudes. The number of servicing depots as well as their placement(s), from which

servicing vehicles �y to rendez-vous with the client satellites, are simultaneously optimized by

modifying the facility location problem to formulate the Orbital Facility Location Problem (OFLP).

Potential locations for placing the depots are considered in a discretized design space consisting of

orbital slots. The combinatorial nature of the orbital slots results in large numbers of transfers to

be computed; this is done by using the Q-law backward in time to obtain the return trip propellant

mass expenditure. The cost associated with assigning a facility on a particular orbital slot to a

client satellite, as well as the cost of establishing this facility, is combined to form a single objective

based on the sum of each facility's EMLEO. Once a solution for the OFLP has been obtained, the

facility locations have been re�ned using a continuous global optimization scheme while keeping

the allocations of clients to each facility �xed to that of the OFLP solution.

The resulting OFLP still retains the form of a binary linear program, which can be solved ef�-

ciently even with a large number of variables. The formulation is applied to a scenario for placing

depots to service the GPS constellation, Galileo constellation, and the two constellations simulta-

neously. Multiple instances of the OFLP have been solved with different values for the depot and

servicer parameters, and the signi�cant variation in number, as well as the locations of the depots,

have been observed. Intuitive design features, such as allocating clients in similar orbital planes to

a single depot, have been con�rmed to be advantageous by the OFLP, while less intuitive results,

such as placing the depot at a slightly lower inclination than the clients to reduce the propellant cost

of traversing in RAAN, have also been discovered. An a posteriori analysis based on servicing trips

visiting multiple clients has revealed supplementary insights on the type of depot orbits as well as

their associated servicing trips; it has been found that servicing trips visiting multiple clients in a

single round trip is particularly advantageous for depots located on elliptical orbits, both in the case

of depots allocated to clients on a single orbital plane as well as depots located to allocated clients

residing on two separate orbital planes.

The methods presented in the chapter, along with the analyses based on GNSS constellations,

enable feasibility studies of in-orbit servicing architectures of high-altitude satellite constellations.
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As in-orbit servicing technology matures in the GEO market, the MEO and GSO markets would

present a natural extension of such service and high-level design of such architecture may be con-

ducted with the OFLP.
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CHAPTER 4

IN-SPACE TIME-EXPANDED FACILITY LOCATION PROBLEM

This chapter treats time-expanded FLPs for in-space applications. In contrast to Chapter 3, we now

consider a scenario where assumption 2 from Section 2.3.3 required for considering static FLPs does

not hold. When the time-scale of the facility-client interaction and the orbital period are similar,

the optimal allocation of facilities to clients becomes inevitably time-dependent. Equivalently, if

a suitable time-expanded FLP can be formulated and solved, one may simultaneously obtain the

optimal locations of facilities as well as an allocationschedule, extending the scope of the traditional

FLP. We explore an example of the time-expanded FLP with an example involving the design and

sensor-tasking for a cislunar space situational awareness (CSSA) constellation. An inevitable issue

with time-expanded FLPs is the rapid growth in problem dimension due to the introduction of

discretized time. This chapter thus also develops a customized Lagrangian method (LM) for the

CSSA problem.

4.1 Motivation for Cislunar Space Situational Awareness Constellation

Cislunar exploration is one of the de�ning themes in space exploration of this decade. Spearheaded

by programs such as Artemis and the Commercial Lunar Payload Services (CLIPS), there is a

growing number of public and private sector missions to both the lunar surface and various lunar

orbits. The growing traf�c in cislunar space leads to an increasing need for a dedicated cislunar

space situational awareness (CSSA) infrastructure - one that can detect and/or monitor the motion

of both cooperative and uncooperative assets [108, 109, 110, 111, 112, 113]. In contrast to Earth

orbits, CSSA is complicated by two de�ning characteristics: the vastness of the volume of interest

to be monitored, and the higher nonlinearity of objects in cislunar vicinities. Past works have

either considered monitoring a general volume of interest [114, 115, 116, 117, 118, 119, 109, 120],

or focused on monitoring speci�c translunar and cislunar trajectories of interest [121, 122, 123,

124, 125, 126, 127]. The �rst characteristic renders certain parts of the volume poorly observable

from Earth-based observers, thus requiring observations to be conducted from dedicated satellite
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constellations. The second characteristic necessitates more frequent observation and/or information

of higher quality to be provided to prediction algorithms to compensate for the higher nonlinearity.

These de�ning features of CSSA drive the need for a dedicated constellation infrastructure. For a

comprehensive review of the CSSA problem, see the review paper by Baker-McEvilly et al. [113]

and references therein.

At its core, the CSSA problem comprises two major problems: constellation design [108, 109,

110, 111, 112, 113, 114, 115, 116, 119, 120, 121, 122, 123, 124, 125, 126, 127] and sensor-

tasking [117, 118, 128]. Constellation design consists of �nding the optimally distributed network

for performing SSA, while sensor-tasking consists of solving for an optimal schedule for each seg-

ment within the network to maximize some monitoring performance metric. Due to their com-

plexity, each of these problems is commonly tackled individually: constellation design typically

assumes volumes of interest can be simultaneously observed at any time as long as it is visible

from an observer, while sensor-tasking assumes an already “�xed” constellation, and solves for the

optimal observation schedule.

Future activities in cislunar space remain dif�cult to predict with certainty, and so is the exact

demand for CSSA. Observer parameters, such as sensor speci�cations or the number of assets to

be deployed, also remain uncertain. To explore the vast trade space for CSSA infrastructure across

different combinations of demand and observer parameters, a mathematical framework to ef�ciently

assess the performance of a given constellation is necessitated.

4.1.1 Overviewof ExistingApproachesfor CislunarSpaceSituationalAwarenessProblems

Previous works tackling either the constellation design or sensor-tasking problems can be cate-

gorized into either nonlinear programming (NLP)-based or linear programming (LP)-based ap-

proaches.

In an NLP-based approach, a simulation environment is used for parametric studies [114, 109,

129, 124, 112] or as part of an objective function for algorithms such as evolutionary algorithms

(EA) [120, 130], Monte Carlo tree search (MCTS) [118, 131, 132], or machine learning (ML) [133,

134, 135, 136], to name a few. Due to EA and MCTS handling the objective function as a black box,

any arbitrary level of �delity may be incorporated into the simulation environment without altering

the algorithm used. Meanwhile, the typically high-�delity nature of such simulation environments
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results in objective functions that are computationally expensive, thereby prohibiting extensive pa-

rameter trade-off studies. Furthermore, the curse of dimensionality renders NLP-based approaches

ill-suited for problem formulations involving large numbers of variables, thus necessitating alterna-

tive formulations that avoid extensive combinatorial decisions to be made.

In an LP-based approach, an LP model, commonly involving binary or integer variables, is con-

structed and solved [65, 128, 137, 127]. Nonlinearities surrounding either the constellation design

or sensor-tasking, are precomputed to form objectives and/or constraints to the model. Mixed-

integer LP (MILP) and binary LP (BLP) are well-suited for encoding combinatorial decisions, and

a careful formulation can lead to problem formulations that can be ef�ciently solved by specialized

algorithms such as branch and bound (B&B) [53, 54, 55, 56], Lagrangian method (LM ) [138, 139,

140], or column generation [141, 142, 143]. Additionally, LP algorithms provide an optimality gap,

which corresponds to the worst-case degradation of a prematurely terminated suboptimal solution

from the predicted optimal solution. Such a gap is not readily available in NLP-based approaches

such as EA, MCTS, or ML. Notable challenges surrounding LP-based approaches include the need

for a reasonable discretization scheme to approximate the continuous decision space in observer

placement and sensor tasking, and devising an appropriate formulation that is tractable.

4.1.2 ProblemDe�nition andProposedApproach

The constellation design and sensor-tasking subproblems of CSSA are fundamentally coupled. The

sensor-tasking schedule depends on the architecture, while the actual performance of an architecture

is the result of the sensor-tasking schedule. To go beyond the approximation of simultaneously

monitoring an arbitrary region of space and instead consider observations restricted by the sensor's

�eld-of-view (FOV), one must combine the sensor-tasking of each observer into the constellation

design problem.

In this work, we propose a logistics-inspired formulation to simultaneously solve the constel-

lation design and sensor-tasking problems. Our formulation takes inspiration from thep-median

problem, a classical formulation for studying the placement problem of facilities in terrestrial lo-

gistics. We consider the placement of observer spacecraft into orbital “slots” along libration point

orbits (LPO) and their allocation to a pointing direction along which the observers monitor. To

accommodate for the time-varying position of observers along their respective orbits, we augment

54



the allocations with a time index, such that the observers are prescribed a speci�c pointing direction

for each time step. The resulting formulation is referred to as the time-extendedp-median prob-

lem (TE-p-MP). To the best of the authors' knowledge, time-expandedp-median formulations as

applied to space problems are limited to previous iterations of this work [65, 66]. While this work

concerns CSSA, an appropriately modi�ed TE-p-MP formulation can be employed for various other

applications, such as communication relay, planetary defense, or in-orbit servicing, to name a few.

While generic B&B algorithms are known to adequately tackle classicalp-median problems

of moderate size, we also propose a custom LM to compute an approximate solution rapidly. LM

consists of iteratively solving for an idealized optimal solution to a relaxed problem and a heuristics-

based feasible solution, each time updating Lagrange multipliers used to construct the relaxed prob-

lem. In this paper, an LM with a purely analytical solution to the relaxed problem is derived by

decoupling the observer-wise sensor-tasking decision. Custom heuristics for the feasible solution

are designed to leverage the orbital structure of candidate observer locations. We note that the

large number of variables, in the order of106, of the TE-p-MP prohibits the use of EAs. An NLP-

based approach for tackling both constellation design and sensor-tasking problems could consist, for

example, of formulating a black-box constellation design problem in the outer loop, with sensor-

tasking handled in the inner loop by a pre-trained neural network (NN), or a policy chosen from

a prede�ned set by the outer loop. We however opt for the proposed LP-based approach in favor

of its ease in constructing a tractable formulation that encodes decisions surrounding the observa-

tion schedule. With an NLP-based approach, a policy-based approach would result in a limited

performance due to the inherently enforced structure by the pre-de�ned set of policies, while pa-

rameterizing the policy to be optimized by an outer loop is non-trivial. Recently, Patel et al. [127]

also proposed a framework for concurrent CSSA constellation design and sensor-tasking. Their

approach is a hybrid between NLP and LP, where an outer-layer NLP optimizes the phasing of

satellites along pre-de�ned orbits, and an inner-layer LP assigns discrete targets to observers. This

work differs from [127] in the following ways: our formulation optimizes not only for the phasing

but also the orbits of observers from a discrete set of options; we also consider target observation

by considering a sensor FOV, rather than assuming a one-to-one assignment between observers and

targets; �nally, our formulation is a single-layer MILP that does not rely on a black-box NLP solver.

Through the proposed TE-p-MP together with the LM, our approach can produce a feasible candi-
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date CSSA constellation design together with a pointing direction schedule for each observer that

provides adequate coverage to a given set of demand and observer parameters.

The remainder of this chapter is organized as follows: in Section 4.2, we provide background

information on the astrodynamics model within which the TE-p-MP is considered. This is followed

by Section 4.3, where the static and dynamic SSA demands are de�ned, along with the observation

model adopted in this work. Respectively, Sections 4.4 and 4.5 are used to introduce the various

TE-p-MP instances and their Lagrangian relaxation schemes. Numerical experiments using the

proposed approach are shown in Section 4.6. Finally, Section 4.7 provides conclusions to this work.

4.2 Libration Point Orbit as Observer Locations

A periodic orbit is a path in state space where for some periodT, x (t) = x (t + T) 8t. In the context

of CSSA, periodic orbits about the �rst and second libration points (L1 and L2), known as libration

point orbits (LPOs), are of particular interest due to their motion residing in the cislunar region of

interest.

Multiple known families of LPOs exist in the vicinity of L1 and L2; among the members of

each family, a discrete subset of LPOs have periods approximately equal to an integer ratio of the

synodic periodTsyn, the duration between two consecutive Sun-Earth-Moon alignment. We denote

anM :N LPO as an orbit with periodT = ( N=M )Tsyn. In this work, we focus on a subset of such

M :N resonant LPOs as part of the candidate observer orbits, following previous works reporting

their favorable illumination conditions for CSSA applications [109, 120]. We note that this choice is

reminiscent of opting for designing Earth observation constellations with repeating Low-Earth orbits

that exhibit repeating ground tracks [144]. An actual spacecraft deployed in a cislunar constellation

will be subject to full-ephemeris dynamics subject to various perturbations. Furthermore, due to the

Moon's and Earth's eccentricities,Tsyn is not constant. Thus, in reality, theM :N resonance is only

an approximation. Nevertheless, we assume the spacecraft will be actively controlled via occasional

station-keeping maneuvers to remain in the approximate vicinity of the quasi-periodic LPO that

geometrically resembles the CR3BP LPO. In this work, we thus assume the illumination conditions

afterM revolutions for a givenM :N resonant LPO are perfectly repeating. The interested reader

is pointed to Klonowski et al. [132] for an analysis of performance variation due to this drift.
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This work considers the synodic-resonant LPOs in the L1/L2 Lyapunov, Southern and Northern

L2 Halo, Southern and Northern Butter�y, Distant Prograde Orbit (DPO), and Distant Retrograde

Orbit (DRO) families, with synodic resonances 1:1, 3:2, 2:1, 9:4, 5:2, 3:1, 4:1, and 9:2. This

selection results in 40 LPOs, as shown in Figure 4.1. The parameters of these LPOs are given in

Appendix C.1. Each LPO is constructed via a �xed-time variant of the single-shooting differential

correction approach [48], using the LPO entry in the JPL Three-Body Periodic Orbit Catalog1 with

the closest period to the sought resonant period as an initial guess. The choice of which resonant

LPOs to include as candidate orbits matters if the relative positions of member satellites within

a constellation must be repeated over aNsyn-multiple of the synodic month, whereNsyn is the

smallest integer such that the productNsynM=N is an integer for all consideredM :N ratios. This

translates to whether the sought observer location and pointing schedule are only required to be

transient, or if a repeating, steady-state solution is sought. With our choice of resonant LPOs, the

constellation returns exactly to its initial con�guration every four synodic months. We note that the

TE-p-MP formulation developed in later Sections does not explicitly depend on theNsyn-month

repeating pattern of candidate LPOs, and thus one may instead choose to use an arbitrary set of

candidate observer LPOs. However, the number of discretized time steps necessary to solve a CSSA

constellation and sensor-tasking over an extended duration, for example, lasting multiple years, can

be reduced by several folds.

For each LPO, candidate observer locations, denoted by setJ , are de�ned by discretizing the

orbit into b slotsequally spaced in time, whereb denotes the number of slots along a given LPO.

We choosebvia

b = ceil
�

P
� tb

�
; (4.1)

whereP is the period of the LPO, and� tb is the temporal spacing between each slot.

When designing a constellation on LPOs, each member spacecraft's operational cost should also

be considered. The operational cost is a nontrivial quantity that may include various aspects such

as station-keeping cost, navigation requirements, and uplink/downlink frequency; the development

of a unifying metric is beyond the scope of this work. Instead, assuming the primary driving cost

1https://ssd.jpl.nasa.gov/tools/periodicorbits.html
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Figure 4.1: Synodic-resonant LPOs considered as candidate observer orbits, showing only Southern
branch for Northern/Southern symmetric LPOs

comes from station-keeping activities, the linear stability index� , de�ned by

� =
1
2

�
�
�
� � max +

1
� max

�
�
�
� ; (4.2)

where� max is the largest eigenvalue of�( T; 0), provides insight into the station-keeping maneuver

� V ; Folta et al. [145] demonstrated a monotonic relationship between� and� V on a per-LPO-

family basis. In the context of this work, the operational cost merely serves the purpose of a sec-

ondary metric, used only if two different constellations provide the same coverage capability; thus,

using� as a proxy to represent operational cost is deemed suf�cient.

4.3 Demand and Visibility De�nitions

We introduce the demands considered for the CSSA problem. Speci�cally, we �rst distinguish

betweenstatic anddynamicdemands; the former consists of coverage requirement that spans the

same volume over time, while the latter consists of time-dependent coverage, either to keep custody

of known targets or to monitor transfer corridors that are time-dependent. In both cases, demands

are de�ned by considering a �nite set of targets distributed in space, which approximates a volume

of interest for monitoring. In the static case, the demand for all targets is assumed to be always

active, while in the dynamic case, the demand is activated only at time steps when the target exists.

Considerk = 1 ; : : : ; q targets andt = 1 ; : : : ; ` time steps; we de�ne the demand matrixD 2 B` � q
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(a) Static target in cone of shame (b) Dynamic target in low-energy transfer window

Figure 4.2: Cislunar observation targets for persistent monitoring of volume of interest (red shaded
volume), shown in Earth-Moon rotating frame centered at the Earth-Moon barycenter

as

D tk =

8
>><

>>:

1 targetk exists at timet;

0 otherwise:
(4.3)

Note that in the static case,D tk = 1 for all t andk, while in the dynamic case, entries ofD tk

depend on the target motions considered. Once the targets are introduced, this Section introduces

the visibility model used to determine whether a given target is visible from an observer with a given

solar phasing angle.

4.3.1 StaticDemand:Coneof Shame

A static demand is de�ned by a set of targets distributed in space that remain stationary. While in

reality, an object cannot remain at a �xed location in space, each “target” in this scenario may be

understood as a placeholder for de�ning a volume of interest. Then, the coverage of such a static

demand translates to perpetual coverage of the volume that is spanned by the spatial distribution of

these static targets.

The static demand considered in this work is the so-calledcone of shame, coined by the Air

Force Research Laboratory (AFRL) to designate the lunar exclusion zone, within which tracking

objects with Earth-based sensors is particularly challenging [146]. In this work, we consider a set

of target points distributed in a cone between twice the GEO altitude and Earth-Moon L2, with a

cone angle of30� , as shown in Figure 4.2a, consisting of 304 targets.
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4.3.2 DynamicDemand:Low-EnergyTransferTransitWindow

A dynamic demand may be de�ned by a variable number of targets distributed in space for any given

instance in time. This formalism may be used to model the observation requirement of a speci�c

trajectory of interest, such as that of the Lunar Gateway, or to monitor a time-varying region of

interest. In this present work, we focus on the latter case, speci�cally looking at the persistent

coverage of low-energy transfers (LETs).

LETs are translunar trajectories that leverage the weak stability boundary of the Earth-Moon-

Sun system to reduce the arrival speci�c energy with respect to the Moon at the cost of longer times

of �ight [147, 148, 149]. A sample set of LETs computed with the bi-circular restricted four-body

model is shown in Figure 4.3 in the Earth-Moon rotating frame. The left pane in the Figure shows

the entire trajectory from perigee to perilune at 100 km altitude; the center and right pane shows the

portion of each LETs in the lunar vicinity. Due to their high apogee of around1:5 million km, LETs

are particularly hard to monitor during the majority of their transfer, even with the existence of an

in-space SSA network capable of observing areas such as the lunar SOI or the cone of shame. One

strategic location to monitor LETs is the neck region around Earth-Moon L2, where trajectories

pass through before entering the cislunar vicinity. The center and right pane in Figure 4.3 shows

this behavior. We consider monitoring a volume corresponding to this neck region-based transit

window, centered at L2 and spanning 20 000 km along thex-axis and 100 000 km along they and

z-axes of the Earth-Moon rotating frame.

The volume of interest is represented by an orthogonal grid of 675 targets, as shown in Fig-

ure 4.2b. Since LETs leverage the Sun's tidal effects, they are inherently tied to a speci�c time

of the month when they cross the neck region and arrive in the lunar vicinity. Thus, while this

orthogonal grid remains static in space, persistent coverage of LETs can be achieved by providing

coverage at each time step to portions of the grid where at least one LET transits through. With a

pre-computed database of LETs developed by the authors [65], we de�neD tk such that the exis-

tence of the targetk at a given timet is based on the existence of a LET that passes near targetk at

this given time. Figure 4.4 shows the sparsity pattern ofD over four synodic periods, which repeats

every synodic month, as indicated by the red lines marking the end of each month.
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Figure 4.3: Sample LETs in the Earth-Moon rotating frame centered at the system barycenter. Grey
markers indicate transit window monitoring targets.

Figure 4.4: Sparsity of demand matrixD 2 B` � q for LET transit window over 120 time steps
corresponding to4 synodic months
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4.3.3 Metric for ObservationCondition

The observation of a target by an observer must take into account the relative range, illumination

conditions as well as the properties of both the sensor and the target. We �rst present the illumination

model that computes the apparent magnitude of a target within the FOV of an observer, given the

positions of the observer, target, and the Sun, as well as the physical properties of the target. Then,

we introduce the notion of pointing directions, which considers the FOV of the observer's sensor.

Finally, the above two conditions are condensed into a Boolean visibility �ag.

Sun Illumination Model

Let mS = � 26:74 denote the apparent magnitude of the Sun,r k denote the position vector of a

target,r j denote the position vector of an observer, and let� S denote the solar phase angle given

by

� S = arccos
�
l T
jk l Sk

�
; (4.4)

wherel jk is the unit line-of-sight vector from slotj to targetk, andl Sk is the line-of-sight vector

from the Sun to targetk. The apparent magnitude of a target object is given by [150]

�mtarget (r j ; r k ) = mS � 2:5 log10

"
R2

targ

kr k � r j k2

�
Cdi� pdi� (� S) +

1
4

Cspec

� #

; (4.5)

whereCdi� is the diffuse re�ectance coef�cient,Cspec is the diffuse re�ectance coef�cient,Rtarg is

the target's radius, andpdi� (� S) is the diffuse phase function given by

pdi� (� S) =
2

3�
[sin(� S) + ( � � � S) cos(� S)]: (4.6)

In this work, we consider targets ofRtarg = 2 m, approximating a medium-sized, robotic lunar

spacecraft, withCdi� = 0 :2, andCspec = 0 . Values forCdi� andCspec are according to [109], and

correspond to a Lambertian sphere model. An object may exhibit a higherCdi� , for example within

the range[0:1; 1] as stated in [113], and the selected value serves as a conservative estimate, which

results in dimmer targets. Figure 4.5 shows the contour of�mtarget centered at the observer with

� S = 200� ; the contour demonstrates the strong variation of�mtarget with respect to� S, and the
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Figure 4.5: Example visibility magnitude contour with� S = 200� , with Sun illumination direction
aligned with orange arrow

weaker variation with respect to the distancekr k � r j k as the latter increases.

In this work, the line of sight to the Sunl Sk is assumed to lie on the Earth-Moon orbital plane,

rotating clockwise at a constant angular velocity! S about thez-axis of the Earth-Moon rotating

frame. This assumption is based on the small,� 5� difference between the Sun-Earth and Earth-

Moon orbital plane, making a relatively small impact on the illumination conditions. Adopting this

assumption, the illumination condition is exactly one synodic month-periodic, thereby making a

given CSSA architecture and the corresponding sensor-tasking schedule an approximate solution

for any epoch. Note, however, that this assumption is not a necessary ingredient to the subsequent

development of the TE-p-MP; if one opts to incorporatel Sk with z components, the TE-p-MP

solution becomes epoch-speci�c.

Pointing Direction

Instead of allocating observers to look at a speci�c target, the TE-p-MP will optimize for allocations

of observers to a particular pointing direction; whether a target is visible to an observer will then

depend on whether the target is within the observer's �eld of view. We consider a discrete set of

m pointing directions, indexed byi = 1 ; : : : ; m, which divides the sphere surrounding an observer

into m directions, parameterized in terms of azimuth and elevation angles.
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