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SUMMARY

The physics of supercritical combustion is now increasingly relevant to the development

and deployment of next-generation gas turbine power platforms. Some systems are even

able to cheaply incorporate carbon capture within the cycle, which provides the dual bene�t

of high cycle ef�ciency and minimal greenhouse gas emission.

Computational methods can be employed in conjunction with experiments to facilitate

ef�cient design of these systems. The increasing accessibility of powerful computing plat-

forms enables the use of high-�delity techniques such as large-eddy simulation (LES) in

lieu of the cheaper Reynolds-Averaged Navier-Stokes (RANS) approximation. However,

even the LES technique suffers from the classical closure problem of turbulence, and the

accuracy of a given calculation is closely coupled to the performance of the sub�lter models

selected to close the governing system of equations and the �lter cutoff scale selected. Note

that both are equally important. Sub�lter closures historically developed and employed for

LES have been well validated to treat atmospheric pressure �ows of ideal gases, however

their performance within the supercritical regime cannot be taken for granted.

A given pure component supercritical �uid at a thermodynamic state in the vicinity of

its critical point exhibits signi�cant susceptibility to perturbations in the state. The varia-

tion of the thermodynamic and transport properties at these loci are strongly nonlinear as

a result of non-negligible intermolecular forces in the �uid. These nonlinearities stress the

formulations of existing sub�lter closures, which are derived based on assumptions that

break down at these states. The performance of certain sub�lter closures under these con-

ditions is largely unclear and the extension of this argument to multi-component settings

adds further uncertainty.

The research in this dissertation aims to address a judiciously selected subset of these

concerns through a multi-faceted approach based on the joint application of the direct nu-

merical simulation (DNS) and LES techniques. To maintain focus on �ow physics and
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turbulence modeling free of geometric complexities and associated challenges, a canoni-

cal three-dimensional spatial mixing layer con�guration forms the basis for all studies. A

pure component �uid of supercritical CO2 is selected due to its direct relevance to oxy-

combustion supercritical power systems under development. The pure component system

also allows the work to remain free of complexities associated with chemical reactions

and multiple critical points. However, the mixing within the shear layer occurs at ther-

modynamic states that are deliberately selected to maximally expose the thermophysical

nonlinearities. This selection of boundary conditions ensures the research remains focused

on a setting where the sub�lter models are highly stressed. The three-dimensionality of

the computational domain, combined with the high resolution of the DNS data, provide the

basis for unique insights into both fundamental physics and related sub�lter model assess-

ments.

Speci�c outcomes of the research are as follows. First, the one-of-a-kind DNS data set

produced for this work shows that Lagrangian enstrophy is ampli�ed by baroclinicity in an

instantaneous sense, and is likely associated with highly-strained local vortical structures.

At certain times, the baroclinic contribution can be as much as roughly half the domi-

nant vortex stretching contribution. However, the importance of baroclinicity in the mean

diminishes. Enstrophy generation through elemental dilatation is also instantaneously sig-

ni�cant, but diminishes in the mean. A detailed analysis of turbulence anisotropy shows

that some select points within the shear layer are subject to statistically two, or even one-

component turbulence, implying attenuation likely stemming from regions of high density

gradient magnitude which are known to appear in systems at these conditions. This is a

particular manifestation of the thermo-�uid coupling present in such �ows.

Comparisons between three LES calculations indicate that coarser grids result in higher

shear layer growth rates relative to that predicted by the reference DNS data. An evaluation

of turbulent kinetic energy spectra and transport property ratios indicates that this could

be a result of over-active sub�lter models. Mean molecular transport properties are found
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to rival their corresponding turbulent analogs, and this is likely a unique behavior due to

the thermodynamic setting. The rough equivalence of the molecular transport properties to

their turbulent counterparts essentially doubles the action of the diffusive operator in the

�ltered system of equations, thus imparting additional diffusion to the �eld. This helps

correct for ampli�ed �eld anisotropies which likely arise not only naturally from the lack

of grid resolution at the coarse limit, but also from the presence of regions of high density

gradient magnitude which attenuate turbulent �uctuations and inhibit mixing. In this light,

the extra diffusion imparted by the models serves as a corrective mechanism, however, it

appears that in this thermodynamic setting in the coarse grid limit, the speci�c models

employed ought to be attenuated to some level, given the mismatch in shear layer growth

rates.

Finally, to isolate and analyze sub�lter model performance in a rigorous fashion, ana

priori analysis of three classes of sub�lter closures is performed. The results indicate that,

as expected, the dynamic mixed class of closure performs best. However, quantitative data

from this analysis indicates that performing LES using the mixed dynamic closures at grid

resolutions 4-5� coarser in each coordinate direction than the required DNS resolution at a

given Reynolds number yields acceptable performance. At these resolutions, modeled sub-

�lter stresses remain well correlated with the true sub�lter stresses, however, the coarsening

represents signi�cant computational savings which can aid engineering design in practical

settings. The speci�c resolution guideline here in particular represents a novel outcome of

this research in the area of sub�lter modeling for LES.
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CHAPTER 1

INTRODUCTION

This chapter establishes the context behind the work performed for this dissertation. It be-

gins with a high-level description of systems which operate at elevated pressures and their

importance to the implementation of large-scale clean energy infrastructure. This is done

with the aim of contextualizing the work in a broader engineering sense, before speci�c

details are discussed. With this complete, the discussion turns to a brief survey of experi-

mental research performed in the area of high-pressure turbulent mixing. Key �ndings and

observations are summarized, and an attempt is made to maintain chronological ordering

where possible. Given the numerical nature of the work in this dissertation, the survey is

not comprehensive, but instead concisely detailed. For the interested reader, references to

more complete experimental reviews in the literature are made. Last, a discussion regard-

ing research performed in the computational modeling of high pressure �ows is presented.

With the relevant background established in this manner, speci�c research questions and

areas are identi�ed. These are used as a basis to establish a set of thesis objectives in the

�nal part of the chapter.

1.1 Motivation

The increasing rate of climate change, driven by the emission of vast quantities of green-

house gases into the atmosphere, has led to questions regarding the use of hydrocarbon

fuels for power generation and propulsion in the future. Recent decades have seen signi�-

cant progress with regards to the development of completely renewable energy production

platforms which produce minimal environmental impact. These technologies are no longer

in their infancy. They have matured over time, yet remain plagued by high deployment

costs. This results in high per-unit energy costs, ensuring they continue to remain sec-
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Figure 1.1: Phase diagram for carbon dioxide, drawn in pressure-temperature space. The
critical point is identi�ed as well as the relative locations of various thermodynamic
regimes-of-interest to propulsion and power systems.

ondary options to cheaper non-renewable options in many industries around the world.

Further growth is required to lower these expenses and facilitate larger-scale deployment

of renewable energy architectures. As these technologies continue to advance, work is

required to modify existing energy systems to attain higher ef�ciency and minimize their

environmental footprints.

With this in mind, the last several years have seen much research into the develop-

ment and deployment of ef�cient high-pressure gas turbine systems for power generation.

Indeed, some small-scale systems are already deployed [1] and provide foundations for

further research themselves. While this is encouraging, more analysis is required to fully

characterize the operation of such systems in the high-pressure operating regime. This is

primarily due to the multitude of unique physical behaviors induced in the working �uids

under such conditions.

At a speci�c thermodynamic state, a given pure/single component system reaches a

thermodynamic singularity known as the critical point [2, 3]. In its vicinity, the system

ceases to behave ideally and instead unique and perhaps unintuitive physical phenomena
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occur. The critical locus is plotted graphically in Figure 1.1 for pure carbon dioxide. At

this state, the enthalpy of vaporization vanishes [4]. In addition, surface tension diminishes,

two-phase interfaces thicken to the continuum limit, and molecular mean-free-paths de-

crease [5] with the result that the �eld attains homogeneity in its phases. A two-phase sys-

tem is no longer realizable and instead, the single phase attains characteristics of both the

gaseous and liquid phases. For instance, the �uid possesses liquid-like densities (see Fig-

ure 1.1 for an illustration of this behavior in CO2) and gas-like diffusivities. The homo-

geneity in the phases ensures that the �eld evolves in the presence of possibly large, yet

continuous, thermophysical gradients.

This seemingly simple observational characteristic directly impacts the design of com-

bustion chambers at supercritical operating conditions. The absence of a two-phase regime

beyond the critical point implies that processes associated with jet breakup no longer play

a role in governing fuel-oxidizer mixing. Traditional atomization cascades involving lig-

ament formation, primary and secondary breakup, dense spray formation and dilute spray

evaporation and eventual molecular mixing are no longer relevant. These phenomena are

instead replaced by diffusion-dominated effusion of injectant �uid into the surrounding

ambient �uid. A particularly lucid example of the physics associated with each of these

processes is found in the work of Mayer et al. [2]. Figure 1.2 is reproduced directly from

Ref. [2] and is included here for illustrative purposes. The images starkly clarify the dif-

ference in dominant physics found between the combustion chambers in traditional gas

turbine systems and those in high-pressure ones.

Additional physical complexities are encountered when the �uid is supercritical and at

states in the vicinity of the critical point itself. In this neighborhood, thermodynamic and

transport property variations are strongly nonlinear with respect to pressure and tempera-

ture. A visualization of this is shown in Figure 1.3 for density, and Figure 1.4 for eight

additional thermodynamic and transport properties of CO2. In the �gures, each line in each

graph corresponds to a distinct system pressure and the red line indicates the pressure for
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Figure 1.2: Image reproduced directly from Figure 7 in Ref. [2]. The upper image shows
jet breakup and the associated atomization cascade at subcritical ambient pressures, while
the lower image occurs at supercritical ambient pressures. Note the effusive nature of the
mixing at the jet boundaries in the lower image.

which these property variations are most strongly nonlinear for the set of pressures consid-

ered in the plots. The solid black line in each case corresponds to ideal-gas-like behavior

and serves as a reference against which the impact of the �uid supercriticality may be ob-

served. The critical point itself is identi�ed by the �lled black circle in Figure 1.3. The

nonlinear behavior is clearly observed by tracing the 80 bar curve in each graph between

a temperature range of roughly 300 K to 320 K. These nonlinearities are manifested by

the dominance of intermolecular forces in the working �uid at certain states. As either

the pressure lowers, or the temperature increases, the intermolecular forces in the �uid

decrease. This, in turn, relaxes the property variations. Note that this implies that super-

critical �uids do not always behave strongly non-ideally, and that at high temperatures (i.e.

those associated with combustion), the thermophysical variations relax. Nevertheless, all

nine properties shown in Figure 1.3 and Figure 1.4 exhibit the nonlinear behavior near the

critical point. The variations sometimes span many orders-of-magnitude, as seen in Fig-
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Figure 1.3: Density variation as a function of temperature and pressure for carbon dioxide.

ure 1.4a, for instance. Within a given �ow �eld, this implies that gradients associated

with the thermodynamic and transport properties can be very large in local regions of the

�ow. These could then couple with the underlying �uid dynamics to affect their behavior

in manners that require careful attention. The accurate characterization of this interaction

is a fundamental requirement for high-�delity computer modeling of �ows in this regime.

Although the detailed interaction of the nonlinear thermophysics with the underlying

�uid mechanics is not yet well-understood, some property variations are already being ex-

ploited by practical engineering systems. In particular, systems utilizing oxy-combustion

capitalize on some these features. Oxy-combustion is a particularly attractive avenue for

increasing cycle ef�ciency since the system attains a very high temperature. This implies

that a large quantity of chemical energy is extracted from the �uid and is available for ex-

traction as useful work. Additionally, the predominant combustion products are CO2 and

H2O, without the N2/NOx products that would be present were air the oxidizer. This not

only frees the �ue gases of NOx emissions, but it also signi�cantly increases the concen-

tration of CO2 in the stream, which makes carbon capture markedly less intensive [6]. The

parasitic load on the cycle is thus decreased since less energy needs to be diverted for this

purpose. Cycle ef�ciencies can signi�cantly improve in this way, while largely mitigating
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(a) Isothermal Compressibility (� ). (b) Thermal Expansion Coef�cient (� ).

(c) Isobaric Heat Capacity (cp). (d) Speci�c Heat Ratio (
 ).

(e) Sound Speed (c). (f) Dynamic Viscosity (� ).

(g) Thermal Conductivity (k). (h) Prandtl Number (Pr).

Figure 1.4: Thermodynamic and transport property variations as functions of temperature
and pressure for carbon dioxide.
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carbon emissions. Ef�ciencies as high as 40-50% have been reported in the literature [7,

8, 9]. However, the high temperatures encountered within the combustion chamber must

often be modulated to accommodate material constraints. Moderating the turbine inlet

temperature is particularly important, since the rotating machinery is already under high

centripetal force and thermal stress can wear the system substantially [10]. A solution to

this issue is found by directly injecting Supercritical Carbon Dioxide (sCO2) into the com-

bustion chamber. The sCO2 behaves as a diluent species, absorbing thermal energy from its

surroundings. The high isobaric heat capacity (see Figure 1.4c) and high density (see Fig-

ure 1.3) of sCO2 under certain conditions enable positive outcomes in this regard. The

high heat capacity allows a large quantity of thermal energy to be absorbed, while the high

mass density translates to a high energy density in the working �uid. This in turn allows

supercritical turbomachinery to occupy less space than a traditional low-pressure system.

While these power platforms continue to develop, more fundamental work is required to

guide physics-driven design solidi�cation and streamlining.

Signi�cant research and development into fundamental supercritical �uid behavior and

its dynamics has already occurred, with a large proportion of this work taking place in the

last two-to-three decades. Study in this area has largely been motivated by cryogenic rocket

injection applications [11, 12, 13, 14] and/or Diesel engine applications [5, 15]. This is due

to the high chamber pressures found in chemical rockets, in turn due to the desire to max-

imize the speci�c impulse of the engine. Diesel engines do not use spark ignition, and so

rely upon high compression ratios to ignite the fuel. The pressures surpass the critical pres-

sure and so supercritical �uid thermodynamics is relevant in this regard as well. While the

application areas themselves may be distinct, the investigations are fundamental in nature

and are hence relevant to many classes of work, including this one. A brief survey of such

research now follows. Study into these phenomena began via experimentation, therefore

this will be outlined �rst. This is followed by a discussion regarding key computational

work and associated �ndings.
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1.2 Experimental Studies of Supercritical Jet Injection and Shear Layer Mixing

Experimental platforms which can safely handle the high pressures required to study some

of the aforementioned issues are challenging to fabricate. Additionally, the precise imag-

ing of high pressure �ows is dif�cult due to the high density variations, and associated

�uctuations in �uid refraction index. Techniques such as the shadowgraph method are also

integral in nature, and the resulting �elds represent line-of-sight averages through some

portion of the domain. This adds uncertainty with regards to the local characteristics of the

�ow. Despite this, the last few decades have seen the construction of a handful of such test

platforms. Experiments within these systems have provided a wealth of data and key in-

sights with regards to supercritical �uid mixing and the associated governing mechanisms.

Many of these early investigations employed jet or shear layer con�gurations. These se-

tups represent canonical simpli�cations of those found within full-scale combustion cham-

bers. They isolate relevant physics, and in doing so, facilitate detailed analysis free of

geometric complications. One of the earliest works in high-pressure experimentation was

that of Newman and Brzustowski [16]. The work was done by employing the shadow-

graph technique. The researchers injected a CO2 jet into an ambient environment of either

pure N2, or mixtures of N2 and CO2 at various mass fraction ratios. The primary focus of

the study was to assess how chamber condition variations affect atomization and mixing

processes at high pressures. Not only was the chamber varied in chemical composition,

but also in pressure and temperature from subcritical to supercritical values. Through this

study, the researchers discovered a change in the jet spreading angle with density of the am-

bient �uid. They also found that under supercritical conditions, the jet behaves in a manner

analogous to a variable-density submerged gaseous jet. This early characterization showed

the community that supercritical turbulent mixing may be markedly different to subcritical

mixing, and that more work was required to accurately describe the process. As a result,
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further experimental platforms were developed around the world, and produced key results

themselves.

Subsequent data were primarily obtained using two facilities, one in the United States

and another in Germany. In 1998, Mayer et al. [2] studied in detail the differences in at-

omization features as the chamber ambient was taken from a high-pressure subcritical state

to the supercritical state. The work was motivated by rocket applications, and so involved

an array of chemical species and included both cold and reacting �ow results. Their data

con�rmed those of Newman and Brzustowski in terms of the absence of an atomization

cascade under supercritical conditions. This was corroborated by Chehroudi a few years

later [17]. Mixing was found to result from species diffusion from the onset, without prior

atomization. In addition, jet core penetration depths were found to decrease with increasing

chamber pressure. This result was also obtained independently by Mayer [2]. It must be

noted that Chehroudi's work [17] includes a characterization of jet spreading angles and

growth rates as well.

As �rst reported by Newman and Brzustowski, supercritical jet injection is found to

behave in a manner analogous to variable-density gaseous jet injection. Early studies

were able to replicate this behavior to the point where it perhaps seems qualitatively in-

tuitive. Quantitative information, however, proved a little more challenging to obtain.

Chehroudi [17], in 2002, aimed to remedy this, and found quantitative evidence that under

supercritical conditions, mixing is akin to variable-density gaseous mixing. This was done

by comparing jet and shear layer growth rates with the classical gas-based theory of Dimo-

takis [18], those of Papamoschou and Roshko [19] and Brown and Roshko's seminal in-

compressible, variable-density shear layer data [20]. Good agreement between the gaseous

shear layer data and the gas-like supercritical shear layer results was found. Chehroudi

claimed that this was quantitative evidence of the intuitive visual conclusions produced by

previous researchers. This group arrived at the same conclusion from a different angle by

considering the fractal characteristics of the mixing interface [21].
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These works were followed by further quantitative investigations of supercritical �ow

physics by Branam and Mayer [22, 14]. The �rst of these studies (Ref. [22]), involved

a rigorous assessment of the length scale characteristics of turbulent structures within the

mixing interface of supercritical jets. The researchers employed the two-point correlation

for this purpose. They found that axial length scales were larger than radial length scales

throughout much of the mixing interface, but particularly in the vicinity of the jet injection

manifold. However, in the far-�eld, radial length scales were found to grow relative to the

axial scales, to the point where they rivaled axial scales in magnitude. This data was used

to explain that in the near-�eld (relative to the injector), the turbulent structures were ellip-

soidal in nature, while in the far-�eld they took a more spherical character. This effect was

found to be more pronounced at low temperature (i.e. high density). Raising the jet temper-

ature lowered this mismatch in length scales. The second work by these researchers [14]

employed both Raman spectroscopy and shadowgraphy, and represents a more broad as-

sessment of cryogenic injection processes under supercritical conditions. The researchers

studied density pro�les, length scales and jet spreading angles, and compared their experi-

mental results with data from a computational model. They found good agreement in this

regard, achieving agreements between 10-25%.

With some exceptions, the studies reported thus far have predominantly relied upon

the shadowgraph technique to obtain data in the supercritical thermodynamic regime. As

mentioned earlier, this causes some issues, one being that the quantity measured is related

to the gradient of the density and not the density itself. Additionally, large �uctuations in

the index of refraction can make imaging dif�cult. To provide high-�delity data regarding

local �ow behaviors, some works have made use of the Raman spectroscopy technique [23,

24, 25]. These studies include reacting and non-reacting mixtures. They also focused on jet

and mixing layer con�gurations. Characterizations of growth rates and penetration depths

(in the case of jets) were provided in most cases.
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The works of researchers surveyed here provide a detailed understanding of jet and

shear layer dynamics in the high subcritical, transcritical, and supercritical regimes. The

discussion presented above is not intended to be comprehensive, but rather broad, with the

aim being to establish the context for some of the early work in experimental investigations

of supercritical �uids. For more detailed discussion and analysis of experimental results in

this regime, the interested reader is referred to speci�c review articles within the �eld, such

as Refs. [26] and [27], among others.

1.3 Previous Research in the Numerical Modeling of Supercritical Flows

Three techniques are most commonly employed in the computational modeling of �uid

�ows. These are the Direct Numerical Simulation (DNS) and Large-Eddy Simulation

(LES) techniques, as well as the Reynolds-Averaged Navier-Stokes (RANS) approxima-

tion. RANS represents the cheapest calculation method since all �ow scales are modeled

and only the average �eld is calculated. All dynamic interactions between turbulent �ow

scales are lost, hence the method results in limited predictive accuracy. However, this loss

of detail comes with a signi�cant decrease in time-to-solution when compared with higher

�delity techniques, so the method is computationally inexpensive and attractive for itera-

tive engineering design. LES represents the next level up in terms of accuracy. The LES

methodology accurately captures large-scale eddies while small-scale motions are left to

be modeled in some fashion. Hence, although the method does not provide comprehensive

�eld information, dynamic interactions between the energy-containing scales is directly

captured. DNS represents the most accurate solution method available since no modeling

is required and all scales are resolved directly. The large variation in scales in a turbulent

�ow �eld enforce a very �ne resolution requirement for most practical operating condi-

tions. Thus, DNS of most settings remains largely out of reach and will remain so for

the foreseeable future. Powerful computer architectures are becoming more accessible,

hence LES represents an increasingly viable avenue for engineering development, despite
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its sometimes large computational intensity. However, LES has historically been employed

for atmospheric pressure, chemically inert, incompressible �ows and the turbulence models

most commonly employed in the procedure are well-optimized for use in the neighborhood

of such conditions. The extension of the LES methodology to high-pressure, possibly react-

ing, compressible �ow regimes remains an active area of research, and forms a signi�cant

portion of the motivation for the work in this dissertation. With this in mind, much of the

following discussion takes place within the LES context.

An anchoring philosophy of the LES technique is the hypothesis of local isotropy. That

is, the small scales in a turbulent �ow have universal structure independent of the larger

scales, which remain geometry dependent [28]. Physically, this is due to the vast differ-

ence in limiting dynamic spatio-temporal scales in a given high-Reynolds-number turbulent

�ow. In LES, the large scales of the turbulent �ow under consideration are explicitly cal-

culated on a computational mesh, while the resolution of the mesh in theory permits the

small scales to be isotropically modeled. The structure of the small scales themselves is

not modeled, however their dynamic in�uence on the larger scales is approximated and this

information passed on to them. The overarching idea behind the �eld of subgrid/sub�lter

modeling is to capture some universal properties of a given turbulent �ow and use them to

permit accurate calculation of non-universal, practical engineering con�gurations. Given

their central importance to the accuracy of the method itself, and their very nature as nu-

merical models of exact underlying dynamics, the �eld of sub�lter modeling represents

the focus of much early research and has matured signi�cantly since the inception of the

LES method itself. Note that for the remainder of this dissertation, the terms “subgrid” and

“sub�lter” are used interchangeably, since the grid itself behaves as a low-pass spatial �lter

in all work performed here.

The �rst forays into the �eld of LES sub�lter modeling were made in the context of the

atmospheric sciences by Smagorinsky [29]. Deardorff [30] then conducted the �rst LES

calculation of a three-dimensional turbulent channel �ow shortly after. Decent agreement
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between the computational results and experimental channel �ow results was found, given

the small number of grid points used. The level of agreement found in the Deardorff re-

sults may broadly be attributed to the the fact that the LES method explicitly calculates the

energy-containing large scales of a turbulent �ow and thus bulk features are captured to

an appreciable degree. However, a speci�c weakness of the technique is that the subgrid

models are only approximate in nature and often break down in highly anisotropic regions

(close to solid walls, for instance) or in regions where the �uid behaves in a manner not

accounted for by the speci�c model employed. For instance, the highly nonlinear thermo-

physics found in the vicinity of the critical point (see Figure 1.4 for details) can locally

couple with the underlying �uid dynamics. This could result in erroneous predictions in

existing model formulations.

Since its inception, the Smagorinsky model has evolved into one of the most commonly

employed closures across the LES community. The model makes use of the eddy viscosity

hypothesis to approximate the subgrid Reynolds stresses as functions of the LES averag-

ing volume (called the “�lter width”) and the locally averaged strain rate. A constant of

proportionality links the deviatoric part of the subgrid Reynolds stress tensor to the de-

viatoric part of the resolved strain rate tensor. The value of this constant was derived by

Lilly [31] and a host of researchers have contributed to the continual development of the

model [32, 33, 34]. These improvements permit the dynamic evaluation of the model con-

stant as a simulation is running based on local �ow features through what is known as a

“test-�ltering” procedure. These developments gave rise to the “dynamic Smagorinsky”

closure. Parallel to this effort, Bardina et al. [35] introduced the “scale-similarity” model

which uses the assumption of scale invariance to model the effects of the largest unresolved

scales on the resolved scales. This model, when combined with the dynamic Smagorinsky

model, is often employed to provide the required small-scale dissipation up to the resolved

scales which are then explicitly calculated. The combination of the dynamic Smagorinsky

model with the scale-similarity model of Bardina yields the “mixed-dynamic Smagorinsky
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model”. Such models are well veri�ed for treatment of ideal gas phenomena, however the

validity of their application to high pressure, supercritical �ows is still under consideration

by the wider community.

Lack of information regarding the sub�lter scales results in many LES calculations

proceeding under certain assumptions. These are often termed the “LES assumptions”

in the literature. They involve assuming that the �ltered values of secondary quantities

(e.g. the viscous stress tensor, heat diffusion �ux vector, and mass diffusion �ux vector)

can be directly computed from resolved scale quantities. The functional dependency of

the secondary quantities upon the primitive thermodynamic variables are complex in some

cases and this stipulation can break down as a result. For instance, in the presence of

signi�cant real gas effects these secondary quantities all behave nonlinearly with respect

to the primitive variables of pressure and temperature. This in turn produces additional

unclosed terms that represent sub�lter scalar-scalar interactions, which are possibly sig-

ni�cant enough to require treatment. If these terms are of lower order compared to the

leading terms in the LES governing equations, they can be justi�ably neglected. However,

the veri�cation of this assumption remains an open research question within both the ideal

and real gas regimes.

Though often too computationally intensive for direct application to engineering de-

sign, DNS still holds a valued place as a high-�delity research tool and many scientists have

made use of the technique to study the aforementioned issues. Bellan and colleagues [36,

37, 38, 39] have performed multiple DNS studies investigating supercritical �uid dynam-

ics through the medium of a temporal mixing layer. The researchers identi�ed regions of

High Density Gradient Magnitude (HDGM) within the mixing interface. These regions

are initially introduced to the �eld by the initialization of the temporal mixing layer and in

some regards are a manifestation of the anisotropic nature of the shear layer itself. As the

layer develops, these HDGM regions become distorted and are exacerbated by preferential

species diffusion through the layer. This �nding is also corroborated by Zong et al. [40]
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in their numerical work which occurred a little after Bellan and colleagues. The HDGM

regions are found to contribute signi�cantly to the development and maintenance of tur-

bulence anisotropy within the �eld. The regions of high density gradient act akin to local

material boundaries, in a coordinate system de�ned by the local interface normal and tan-

gent vectors. This in turn dampens turbulent �uctuations normal to the high density gradi-

ent region, and the turbulent energy in this component is instead preferentially distributed

to the remaining two. This causes the HDGM regions to act in a positive-feedback loop,

whereby they amplify existing �eld anisotropies. These regions are also known to form in

single-species supercritical shear layers, should there be differences in the stream temper-

atures. Bellan [39] remarks that this renders the study of isotropic turbulence for supercrit-

ical combustion applications largely immaterial. The initial numerical work by Bellan and

colleagues established a detailed database from which further research was conducted.

Selle et al. [41] utilized the database of Bellan and colleagues to perform ana priori

study of the LES assumptions and resulting sub�lter-scale terms. Their work examined the

magnitudes of the terms appearing in the LES governing equations to assess the impact

of the assumptions and their validity when applied at elevated pressures. The study found

that the gradient of the subgrid pressure is non-negligible under supercritical conditions,

but justi�ably negligible for �ows at atmospheric pressure. The same is found to be true

for the divergence of the subgrid heat �ux vector. After identifying these de�ciencies,

Selle et al. proposed a modeling approach for the sub�lter pressure term. Their model was

based on a Taylor series expansion of the cubic Peng-Robinson (PR) equation of state [42]

and was shown to provide reasonable accuracy at small �lter widths. The model breaks

down, however, at more realistic LES �lter widths.

Recent work by Ovais et al. [43] studied the dynamics of sCO2 through the medium

of a temporally evolving mixing layer. They also found that the gradients of the sub�lter

pressure and heat �ux were non-negligible under these conditions. These researchers as-

sessed three closures of interest in this study, namely, the Smagorinsky, gradient diffusion,
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and scale-similarity models. All models were assessed by processing their DNS results

directly, in ana priori assessment of model performance. They found that the gradient

diffusion model generally performed better than the Smagorinsky model. Their work also

assessed closures for the gradient of the sub�lter pressure and heat �ux based on a scale-

similarity model and found improvement over the Taylor series model of Selle et al. [41]

at a lower computational cost. Inherently, all of these models degrade with increasing �l-

ter width. Quantitative guidelines related to the level of spatial and temporal resolution

required for accuracy are still lacking.

Unnikrishnan and colleagues [44, 45] performed further detailed studies with particular

focus placed on the uncertainties associated with �ltering a cubic equation of state. Their

studies were conducted in a two-dimensional spatially-evolving mixing layer con�guration,

and involved multiple chemical species as well as reactions and heat release. They speci�-

cally considered the �ltered density term which arises from �ltering cubic state equations.

In their work, this term was modeled using three approaches; a dynamic gradient model, a

scale-similarity model, and a presumed �ltered-density function. The latter was shown to

perform the best across various �lter widths. Again, their work did not involvea posteriori

analysis of model performance, and all results were obtained by directly processing their

two-dimensional DNS results. The extension of this work to three dimensions will provide

further valuable insight given the inherent three-dimensionality of turbulent �ows.

Further de�ciencies in current LES formulations were identi�ed by Ribert et al. [46].

They carried out low- and high-pressure studies of a one-dimensional methane/oxygen

�ame at premixed and non-premixed conditions. Computing the �ltered pressure directly

from density-biased/Favre-�ltered (see Ref. [47]) species mass fractions and temperature

resulted in signi�cant errors, especially at conditions where real gas effects became sig-

ni�cant. To circumvent this issue, they proposed a correction for the �ltered pressure via

a tabulated framework. However, the one-dimensional nature of their work, coupled with

laminar �ow conditions, limited the utility of the analysis.
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Additional analysis was performed by Lapenna and Creta [48] in 2017. They numeri-

cally analyzed supercritical �ow dynamics by conducting a DNS of supercritical and tran-

scritical temporal jets. They utilized a presumed� -pdf distribution to perform ana pri-

ori analysis of the sub�lter thermodynamic and transport properties. The use of such a

presumed distribution showed good improvement over the conventional “no-model” ap-

proach. However, their studies were limited by an initial jet Reynolds numbers of 1500 and

to single-species �ows. The validity of the presumed� -pdf distribution at higher Reynolds

numbers anda posterioriperformance of these models remains an open question.

Numerical work in the general space of supercritical �uids extends beyond shear and

jet mixing and their modeling. Works span in focus from a consideration of droplet ther-

mophysics [3] under burning and non-reacting conditions, to pseudo-boiling and associated

processes [49, 50, 51]. Other works have focused on interfacial mechanics. For instance,

the numerical work of Dahms and Oefelein [5] established a theoretical basis for the non-

equilibrium gas-liquid interface dynamics exhibited as the critical point is reached. Further

work has focused on real-gas theory and its numerical implementation [52], to data-based

approaches aimed at accelerating real-gas-based property evaluation routines [53]. This

both underscores the activity in �elds related to supercritical �uids, while also hinting at

their complexity and engineering relevance.

1.4 Research Questions

1.4.1 OverarchingGoalsfor thisDissertation

Supercritical �uids are increasingly found in modern-day engineering devices, from high

ef�ciency gas turbines to rocket propulsion systems. This reality underscores the impor-

tance of fully understanding the physical mechanisms governing their dynamics. Especially

in the vicinity of their critical points, and as seen in Figure 1.4, supercritical �uids exhibit

strong nonlinear variations in their thermodynamic and transport properties. Current nu-

merical analysis techniques permit accurate calculation of the nonlinear variations of these
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properties in a computationally tractable manner. In particular, the coupling of cubic equa-

tions of state (such as the PR equation) and sophisticated theoretical frameworks (such as

the extended corresponding states methodology) has yielded adequate accuracy and com-

putational ef�ciency over a wide range of temperatures and pressures [54]. Despite this

accuracy in property evaluation, the character of the coupling between the thermodynam-

ics and a given underlying turbulent �ow �eld remains largely opaque. Further complexity

is introduced when the LES technique is applied to such �ows. Application of the �lter-

ing operation and the usage of subgrid models not optimized for high-pressure conditions

produces uncertainties that still require further investigation. There is also a related need

to understand the local spatio-temporal resolution that these models require to perform

accurately, both for these more challenging conditions and in general.

The work performed for this dissertation is speci�cally targeted at furthering our under-

standing in this space. The work involves both a fundamental study of supercritical �uid

dynamics, as well as a physics-driven assessment of some commonly used LES closures.

A suite of momentum and energy closures are considered. Together they represent a set

of turbulence treatments most commonly used across the LES community. The study is

primarily focused on the close coupling between the thermodynamic and transport nonlin-

earities exhibited in a supercritical �uid and the complex nonlinear exchange processes at

play within turbulent �ow.

To keep the study tractable, all numerical work takes place in a canonical geome-

try. This permits �ne control of grid resolutions and boundary conditions. The study is

performed using joint application of the DNS and LES methodologies. A one-of-a-kind

“benchmark” DNS data set created as part of this dissertation is used as a point of refer-

ence that provides the fundamental data required for the work. The richness of the data

set enables a detailed study of both fundamental physics and quantitative turbulence model

interrogation. Three LES data sets on grids of varying resolution are obtained. A Wall-

Resolved Large-Eddy Simulation (WRLES) calculation is performed, as well as calcula-
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tions on grids with two successive levels of spatio-temporal coarsening. The full suite of

four data sets allows detailed interrogation of LES model performance as a function of:

(1) the prevailing physics, (2) fundamental model assumptions, and (3) spatio-temporal

resolution applied.

All calculations take place using a single component �uid composed solely of carbon

dioxide due to its direct relevance to supercritical ground power systems currently un-

der development. Using a single component �uid eliminates complexities associated with

multiple critical points, multiscalar mixing and chemical reactions, all of which render the

problem somewhat intractable given the current state-of-the-art in the research community.

However, all studies are kept realistically complex by selecting boundary conditions that

bracket the most nonlinear part of the curves shown in Figure 1.4. This allows physics and

model assessments to take place using a “worst-case” scenario and any major deviations

from these conditions ought only to relax the physics and improve model performance. All

quantitative and qualitative comparisons and model performance insights will be deduced

using the DNS data set.

1.4.2 ResearchQuestions

Given the current state of understanding in the application of LES to supercritical �ows,

the work performed for this dissertation seeks to explore the answers to four basic research

questions. Question 1 aims to uncover the analytical impact of the thermophysical prop-

erty variations on the turbulence. Question 2 broadly focuses on mining the DNS data

set in isolation to explore the unique physics of supercritical �uids at the selected oper-

ating conditions. Question 3 is targeted at a rigorous interrogation of local subgrid-scale

model performance as a function of LES grid resolution. This will provide a quantitative

understanding of the distinct and interrelated sources of errors between the numerical im-

plementation and accuracy of the underlying model assumptions. Question 4 will broaden

the impact of the proposed work by de�ning a quantitative measure of resolution adequacy
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for LES at the selected conditions and the corresponding level of model accuracy achieved.

Details related to the scope of these questions are as follows:

1. What is the theoretical impact of the thermophysical nonlinearities found near

the critical point?

• Are there speci�c property variations that may induce unique physical behavior

in supercritical turbulent �ows relative to those of ideal gases?

• Can we causally pair model assumption breakdowns with property nonlineari-

ties and derive modi�cations or quantitative implementation requirements?

2. How do the unique property nonlinearities found in supercritical �uids (see Fig-

ure 1.4) couple with the underlying nonlinear dynamics of a turbulent �ow from

a fundamental perspective?

• Are there leading-order behaviors that can be understood and manipulated?

• How do compressibility and density strati�cation, in particular, alter turbulent

mixing dynamics and level of isotropy at supercritical conditions?

• How do the dynamics found within turbulent supercritical �ows differ from

those of the turbulent �ows of ideal gases and what properties are primarily

responsible for this difference?

• What model improvements are required to accurately capture these behaviors?

3. How do a selection of commonly used sub�lter models quantitatively behave in

a highly nonlinear supercritical �ow?

• Can we delineate regions of good model accuracy from those of poor accuracy?

• Can we identify the reasons for poor model accuracy?

• Can we quantify instantaneous model accuracy in some fashion?
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4. How does model accuracy vary as a function of local grid resolution?

• Can we formulate a measure of model accuracy as a function of grid resolution

(i.e., the range of subgrid-scales the model must operate over) and de�ne a

concrete criterion to guide LES implementation requirements and related grid

optimization?

1.4.3 Objectives

The questions posed above are broad in nature and are likely to have multi-faceted an-

swers. To precisely investigate these issues, the dissertation presents results related to the

following speci�c objectives:

1. Examine the governing equations to deduce the theoretical effects of the ther-

mophysical nonlinearities on certain operators of interest.

(a) Assess the impact of the property nonlinearities on the successful implementa-

tion of the LES method from an analytical viewpoint.

(b) Correlate thermodynamic and transport property variations with the breakdown

of speci�c LES modeling assumptions.

2. Using the DNS data set in isolation, investigate the coupling between the ther-

modynamics and the �uid mechanics found in the �eld.

(a) Analyze the vorticity dynamics within the �eld. Connect property variations to

the development of certain turbulent �ow characteristics.

(b) Investigate the behavior of the anisotropic part of the Reynolds stress tensor

for the whole domain, and for the mixing region only. This analysis aims to

uncover the effects of the density strati�cation and its impact on the turbulence.

3. Perform a quantitative evaluation of the performance of a set of commonly used

LES closures. With these results, we may delineate regions of good model per-
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formance from those of poor performance, and possibly identify causal links

between the LES modeling assumptions and quantitative model performance.

(a) Assess the accuracy of LES, using a set of baseline closures, at high-pressure

conditions by performing a set of LES calculations at a range of grid resolu-

tions. The DNS results serve as a reference.

(b) Evaluate all six independent elements of the turbulent momentum �ux tensor,

on a cell-to-cell basis, using solely the DNS data set.

(c) Perform the same analysis, but for the turbulent heat �ux vector. Again, the

DNS data set will serve as the reference.

4. Characterize the effects of grid resolution on the accuracy of LES at supercriti-

cal conditions.

(a) Formulate a quantitative measure which encapsulates the �ndings of the afore-

mentioned model assessment task to help guide LES grid design for high-

pressure conditions.

(b) Using this metric, quantitatively assess the accuracy of the LES calculations

performed using the DNS data as a reference.
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CHAPTER 2

THEORETICAL FRAMEWORK

This chapter presents the theoretical basis for the simulation work carried out in this dis-

sertation. All equations are presented in their continuous form. The equations are cast in

non-dimensional form according to the conventions stipulated in Table 2.1. In this table,

dimensional quantities are superscripted with an asterisk. Reference quantities used for

non-dimensionalization are identi�ed with the “ref” subscript. The quantity “M” is a ref-

erence Mach number (de�ned asM � Uref =cref ) and “Re” is a reference Reynolds number

(de�ned asRe � � ref Uref � ref =� ref ). Quantities superscripted with the character “i ” identify

properties of thei -th chemical species. Equations governing a general multicomponent

system are presented, for completeness.

2.1 Instantaneous System of Governing Equations

The resolution of the grid created for the DNS calculation removes the need for turbulence

modeling. Hence, the instantaneous compressible �ow equations for a Newtonian �uid

may be directly discretized and solved. Stokes' hypothesis for the viscous stress tensor

is assumed to hold. Note that this approximation represents a possible limitation to this

research, since the bulk viscosity couples with the dilatation rate to in�uence the viscous

stress tensor as a whole [55]. The instantaneous conservation equations that govern the

evolution of the �ow are presented below. These equations are cast in Cartesian tensor no-

tation, with application of the Einstein summation convention for repeated tensor suf�xes.

• Instantaneous Conservation of Mass:

@�
@t

+
@

@xi
(�u i ) = 0 (2.1)
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Table 2.1: De�nition of dimensionless variables.

Spatial Coordinates Time Velocity Density

x i =
x i

�

� ref
t =

t � Uref

� ref
ui =

ui
�

Uref
� =

� �

� ref

Pressure Temperature Internal Energy Enthalpy

p =
p�

� ref c2
ref

T =
T � cpref

c2
ref

e =
e�

c2
ref

h =
h�

c2
ref

= e+
p
�

Speci�c Heat Dynamic Viscosity Prandtl Number Schmidt Number(s)

cp =
c�

p

cpref

� =
� �

� ref
Pr =

� � cp
�

� �
Sci =

� �

� � D � im

Chemical Source Term(s)

_! i =
_! i � � ref

� ref Uref

• Instantaneous Conservation of Momentum:

@
@t

(�u i ) +
@

@xj

�
�u i uj +

p
M2

� ij

�
=

@
@xj

� ij (2.2)

where� ij is the Kronecker delta tensor, and:

� ij =
�

Re

�
�

2
3

@uk
@xk

� ij +
�

@ui
@xj

+
@uj
@xi

��

represents the viscous stress tensor.

• Instantaneous Conservation of Total Energy:

@
@t

�
�e t

�
+

@
@xj

��
�e t + p

�
uj

�
=

@
@xj

�
qe

j + M 2 (� ij ui )
�

(2.3)
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where,

et = e+
M2

2
ui ui

e =
NX

i =1

hi Y i �
p
�

hi =
�
h�

f

� i
+

Z p

p�

Z T

T �
ci

p(T; p)dTdp

represents the total energy, internal energy and enthalpy of speciesi respectively. The

quantity
�
h�

f

� i
represents the enthalpy of formation of speciesi at a given reference

state. The energy �ux from heat conduction and mass diffusion is given as:

qe
j =

�
Pr

cp

Re
@T
@xj

+
NX

i =1

hi qi
j

where,

qi
j =

�
Sci Re

@Yi

@xj

represents the mass diffusion �ux of thei -th chemical species.

• Governing Equation for the Evolution of thei-th Chemical Species Field:

@
@t

�
�Y i

�
+

@
@xj

�
�Y i uj

�
=

@qij
@xj

+ _! i . (2.4)

where _! i represents the chemical production rate of thei -th chemical species.

Equation 2.1 through Equation 2.4, when paired with an appropriate thermal equation of

state as well as laws stipulating the behavior of the thermodynamic and transport properties

as functions of pressure and temperature, form a closed system. This system may then be

discretized and solved for the �ve independent variables.

All simulations considered here involve a �uid composed solely of carbon dioxide.

Hence, only the conservation laws of mass, momentum and total energy need to be solved.
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Further discussion regarding the choice of the thermal equation of state and computation

of the thermodynamic and transport properties is given in Section 3.2.

2.2 Theoretical Impact of Nonlinear Thermodynamics

2.2.1 Formsof Compressibility

The working �uid in all simulations presented in this dissertation is compressible, hence

a brief discussion regarding aspects related to this is provided here. Compressibility adds

complexity to the analysis of �uids and their �ows. It provides additional avenues and

mechanisms through which the exchange of kinetic and internal energies can occur. For

incompressible �ows, this exchange occurs through viscous dissipation, where the kinetic

energy of a given element is converted into thermal energy. Note, however, that unless the

kinetic energy of the motions is appreciably large, the sensible temperature rise is negligi-

bly small. For instance, in low-speed turbulent �ows, the energy equation itself is usually

omitted from any analysis. However, for �ows which are compressible, the potential for

�uid element dilatation implies that energy can be diverted to compression of a given el-

ement (i.e. through pressure work) as well as through viscous diffusion. The setting is

further complicated by the addition of turbulent �uctuations, since now exchanges of en-

ergy between mean kinetic energy, mean internal energy, and turbulent kinetic energy all

have to be considered in a balance of the total energy. A particularly informative schematic

which helps contextualize this discussion is provided by Lele in Ref. [56].

Compressibility considerations are the fundamental reason why the total energy equa-

tion is presented in the instantaneous and �ltered systems. Since kinetic energy can be

exchanged freely with internal energy, both balances are coupled to one another and have

to be treated in unison. Changes in pressure do not simply induce direct changes to the ve-

locity �eld, as in an incompressible �ow. They also possibly induce local density changes

in the �ow, with the state equation describing the relation between, in general, two inde-

pendent properties and a third dependent one, usually the density.
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Much research into the dynamics of compressible �ows is performed using high-speed

settings (Ref. [56] provides a detailed review in this area). As these high-speed �ows

are slowed (e.g. near solid walls), there is an exchange of kinetic and internal energy.

The kinetic energy loss leads to a rise in the local temperature, which in turn results in a

density decrease. The Mach number, de�ned as the ratio of the (local or global) convective

velocity and the (local or global) speed of sound provides a way to characterize the “level

of compressibility” in the �ow �eld. It can be shown [57] that for an isentropic �ow of a

perfect gas, the fractional change in density is:

d�=�
dV=V

= � M2, (2.5)

whereV is the velocity andM the Mach number. The equation shows the close coupling

between the fractional density change and the Mach number, which in turn shows why the

Mach number provides a characterization of the importance of compression in high-speed

�ows.

Nonetheless, �uid element dilatation is not a phenomenon restricted to high-speed set-

tings. Flows considered in this dissertation are at very low speeds compared to the bulk

sound speed, hence are at low Mach number. However, the �uid still experiences signi�-

cant variations in density as a result of its thermodynamic state. Two metrics provide a way

to characterize the density changes brought about by pressure and temperature changes.

They are the isothermal compressibility,� and the thermal expansion coef�cient� , (de-

�ned for a pure component system) as:

� =
1
�

�
@�
@p

�

T

(2.6)

� = �
1
�

�
@�
@T

�

p

. (2.7)
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The property� represents the proclivity of a �uid element to change its volume from a

resulting pressure change, while� represents the tendency for a �uid element to change its

volume from as a result of temperature changes. Both mechanisms are signi�cant in the

vicinity of the critical point, as shown in Figure 1.4a and Figure 1.4b. Later analysis in

the subsequent subsection shows that both terms are directly involved in the modulation of

both the temperature and pressure �eld evolution at supercritical conditions near the critical

point.

Hence, a distinction is drawn here between “aerodynamic compressibility” which fun-

damentally arises from the exchange of kinetic energy with internal energy as a result of

the �uid motion itself, and “thermodynamic compressibility” which fundamentally arises

from the susceptibility of the �uid to signi�cant density changes with small perturbations

to the temperature and/or pressure of the system. Note that this discussion thus draws a dis-

tinction between compressible �ows and compressible �uids. The latter setting is directly

relevant to all simulations performed in this dissertation, hence the compressible equations

are solved, and analysis takes place with compressibility in mind.

2.2.2 Analysis

The nonlinear thermophysical variations shown in Figure 1.4 is closely coupled to the un-

derlying �uid dynamics. This section aims to more clearly expose this coupling by manipu-

lating the governing equations in a certain fashion. The analysis is done by maintaining the

form of the spatial operators in the instantaneous system of equations, so that its response

to the modulation can be most clearly identi�ed.

The analysis begins by �rst de�ning the vector of conserved variables, denotedQ as

per convention, as well as the vector of primitive variablesQv . Both vectors play a central

role to the analysis of course, since the instantaneous governing system presented above is

presented in conservative form, while we wish to uncover the dominant mechanisms which
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govern the evolution of the primitives. These vectors are de�ned as follows:

Q =
�

�; �u i ; �e t ; �Y i

� >

and Qv =
�

p; ui ; T; Y i

� >

. (2.8)

The notation[�]> denotes the transpose of a given vector or matrix. With these vectors

de�ned as such, the governing system presented above (in conservative form), may be re-

arranged. All spatial operators may be moved to the right-hand-side such that the time

derivative of the vector of conserved variables is isolated on the left-hand-side. Note that

the resulting right-hand-side vector can also be written as the matrix product of a Jacobian

and the vector of primitives. The Jacobian is invoked since it can be used to transform

the original system from the space of the conserved variables to the space of the primitive

variables. Formally:

@
@t

Q =
@
@t
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6
6
6
6
6
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7
7
7
7
7
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(2.11)

= T
@
@t

Qv , (2.12)
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whereT represents the Jacobian transformation matrix. This Jacobian can be represented

analytically by taking respective partial derivatives of conserved variables with respect to

the primitives:

T �
@Q
@Qv

(2.13)

=

2

6
6
6
6
6
6
6
4

@�
@p 0 @�

@T
@�

@Yi

ui
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ui
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ht @�
@p+

T
�

@�
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@p 0 Y i @�

@T Y i @�
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@uj

3

7
7
7
7
7
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. (2.14)

In the matrix, Cartesian tensor indices are indicated by subscripts. Only the charactersi

andj are used for this purpose. The quantitycp represents the isobaric heat capacity, and

the subscriptp is not to be taken as a tensor subscript. The quantitiesht andY i respectively

represent the total enthalpy (the sum of the sensible enthalpy and the kinetic energy) and

thei -th species mass fraction. With the transformation Jacobian de�ned in this manner, the

inverse of the matrixT can be applied to the matrix in Equation 2.11 to derive equations

for the time evolution of the vector of primitivesQv :
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From the relation in Equation 2.16, equations describing the time evolution of temperature

and pressure can be obtained. The evolution equation for temperature is:
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(2.17)

The original spatial operators from the respective conservation equations are highlighted

with braces. Terms resulting from applying the inverse Jacobian appear as coef�cients

to these spatial operators. Note also that the total enthalpy does not appear in this equa-

tion because terms related to mechanical energy cancel during the derivation. The equa-

tion indicates that the temporal evolution of the temperature �eld in the mixing layer is

modulated by@�=@pthrough the second term on the right-hand-side, as well as through

c2=(�c p), which premultiplies the entire right-hand-side. This highlights the signi�cant

role that@�=@pplays on the time rate of change of temperature. The strong nonlinear rise

in isothermal compressibility (itself a multiple of@�=@p) at the selected operating condi-

tions seen in Figure 1.4a indicates that the temporal evolution of the temperature �eld in

the supercritical mixing layer varies signi�cantly from that of an ideal gas.
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The temporal evolution of the pressure �eld is also obtained via the analytic manipula-

tions described above. This equation has a similar form to Equation 2.17; i.e.,
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(2.18)

Equation 2.18 is super�cially similar to Equation 2.17; however, here@�=@Tis the dom-

inant modulating parameter. In addition, the term@�=@pstill plays a nonnegligible role

through the coef�cientc2=(�c p). The modulator@�=@Tis a multiple of the thermal ex-

pansion coef�cient, which can be interpreted as the proclivity of a given �uid element to

change its volume at a given pressure with a change in temperature. Hence, the sharp non-

linear rise in the thermal expansion coef�cient near the selected operating conditions (as

seen in Figure 1.4b) has a direct impact upon the temporal evolution of the pressure �eld.

This is in addition to the behavior of@�=@p, and so it becomes clear that an accurate eval-

uation of the variation of both these properties near the critical point is crucially important

for the accurate analysis of supercritical �uid mixing.

2.3 Filtering

A primary advantage of the LES method is that is is typically much cheaper than a corre-

sponding DNS at a given Reynolds number. This ensures that the method remains compu-

tationally tractable. Given the recent rapid advances in computer architectures, the method

is becoming more and more accessible to the wider engineering community. Motivation

32



for the development of the technique itself originally came from the atmospheric sciences.

The very large Reynolds numbers typically encountered in geophysical �ows ensures a

very wide separation between the energy containing range of scales and the dissipative

scales. This scale separation renders the use of DNS computationally intractable. However,

meshes �ner than those required for RANS were still able to provide valuable unsteady �ow

information given their ability to directly capture the largest turbulent dynamics in the �eld.

It is within this framework that the theoretical treatment of LES developed and solidi�ed.

According to Pope [28], a “well-resolved” LES calculation ought to resolve roughly

80% of the energy content in a given turbulent �ow �eld. The remaining 20% are accounted

for through the use of turbulence models. This implies that a given multi-scale �eld needs

to be separated into both resolved and unresolved scales. These are usually referred to

in the �eld as �ltered and residual scales. Formally, this is accomplished by applying a

low-pass spatial �lter to the full turbulent �eld. The �lter has a user-de�ned cutoff beyond

which scales are attenuated and modeled. The mathematical formalism of this �ltering

process was �rst put forth by Leonard [58], and is de�ned to be the convolution of a given

�ow variable of interest with a given �lter function/kernel. Precisely:

� (x; t) =
Z

G(r ; x)� (x � r ; t)dr , (2.19)

where boldface is used to distinguish vectors from scalars. The quantityG(r ; x) is the

user-de�ned �lter kernel and� (x; t) and� (x; t) are a given �ow variable and its �ltered

surrogate. Theoretically, the integration occurs over the entire �ow domain. Practically, the

�lter kernel has compact support, and so contributions from non-local points vanish. The

�lter function is also subject to a normalization condition:

Z
G(r ; x)dr = 1 (2.20)

to ensure that constants remain unaffected by the �ltering operation.
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To proceed with the application of LES, a �lter function must be speci�ed. Many

functions have been presented in the literature, and Pope [28, Chapter 13] presents a good

selection which includes functions that act in physical space, as well as spectral space. The

LES calculations performed for this dissertation work all involve “implicit” �ltering. In

this framework, the spacing of the discrete grid points themselves are assumed to locally

average the �ow variables in some sense. A solution value at the center of a given hexahe-

dral cell is assumed to hence correspond to a �ltered value. Within this paradigm, a speci�c

�lter function need not be speci�ed. Instead, the hexahedral mesh elements are assumed

to behave as three-dimensional top-hat/box �lters in physical space. Formally, this �lter

kernel is de�ned as:

G(r ; x) =

8
><

>:

1
� j r j� �

2

0 j r j> �
2

(2.21)

where the quantity� is the local �lter width, which is de�ned to be the cube-root of the

cell volume in this work. Use of this �lter kernel enables the three-dimensional top hat

�lter to volume-average given �ow quantities over a speci�ed hexahedral volume.

It must be noted that, in general, the �ltering operation does not commute with differen-

tiation. The operation is, however, commutative if the �lter kernel is uniform/homogeneous.

The governing equations for LES are the �ltered system of equations, which are obtained

by systematically applying the �ltering operator to each term in the instantaneous sys-

tem of equations presented earlier. The lack of commutativity with respect to derivatives

hence presents theoretical complexity. This is alleviated in a practical setting, however.

In the numerical treatment of �uid �ows, it is necessary to map the computational grid

and governing equations to computational space, where all calculations occur. The grid in

computational space is uniform in all dimensions. Hence, the �lter width in computational

space is now uniform, ensuring that the �lter kernel itself is homogeneous. In this space,

�ltering and differentiation may commute, and hence �ltering is done in the computational

domain. Conversion of the relevant �ow gradients and quantities to the physical domain is
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then accomplished by incorporating the metrics of the grid transformation. This paradigm

is used in all the calculations within this dissertation.

In the context of compressible LES, it is bene�cial to introduce a density biased �lter,

called the Favre �lter [47]. This �ltering operation is de�ned as:

~� =
��
�

, (2.22)

where an overline represents the standard �ltering operation de�ned earlier,� again repre-

sents a given �ow variable of interest, and~� represents its Favre-averaged analog. Utilizing

this de�nition, the LES governing equations may be cast in a manner directly analogous to

the instantaneous system. This, in turn, allows identical numerical treatments of both sets

of equations. Hence, only one �ow solver is required to perform both DNS and LES, which

is very bene�cial from a practical standpoint. However, it must be noted that careful inter-

pretation of the solution in each case is required. In a DNS solution, the variables stored at

each grid point may be regarded as un�ltered, “true” solutions to the given problem, while

those in a LES calculation represent Favre-averaged, or �ltered quantities. In addition,

introduction of the �ltering operation induces a version of the classical turbulence closure

problem since the �lter itself acts as a local average. The residual motions, which have been

removed by the low-pass �lter have a dynamic in�uence upon the resolved scales which

must be accounted for. This is done via subgrid/sub�lter modeling. The models themselves

directly in�uence the governing equations, hence the solution �eld itself. They also often

depend on the �lter width, rendering the models incomplete [28, Chapter 13]. This adds

further complexity to the interpretation of LES solution �elds. In addition, the �ltering op-

eration thus far has only been described in a spatial sense. The concept of temporal �ltering

is highly relevant to combustion applications, given the vast disparity in chemical and �ow

timescales in typical problems. This gives rise to the concept of sub�lter �uctuations in

time, particularly for quantities such as the �ltered chemical source terms [59, 60]. Given
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these complexities, and the expansion of the LES method beyond academic settings, the

�eld of sub�lter modeling remains very active in terms of research and development.

2.4 Unclosed Filtered System of Governing Equations

The �ltered system, which governs the LES calculations in this disseration, are presented

below. In the equations that follow, application of the standard �ltering operation is rep-

resented by an overbar, while Favre-averaged resolved-scale variables are represented by a

tilde. Subgrid-scale quantities are identi�ed by an accompanying double prime. These rep-

resent the residual quantities removed by the Favre �lter. The unclosed system of equations

is presented here, to keep the framework independent of speci�c sub�lter closures. Note

that the system in this state cannot be solved. Sub�lter models for the unresolved turbulent

�uctuations in momentum, energy and chemical species must be speci�ed. Again, all equa-

tions are cast in non-dimensional form according to the de�nitions presented in Table 2.1.

Similarly, Cartesian tensor notation is employed with application of the Einstein summa-

tion convention. Equations for a general multicomponent reacting system are presented,

in the interest of completeness. Note that all simulations in this disseration use pure CO2,

hence the chemical species equation is not required in practice.

• Filtered Conservation of Mass:

@�
@t

+
@

@xi
(� ~ui ) = 0 (2.23)

• Filtered Conservation of Momentum:

@
@t

(� ~ui ) +
@

@xj

�
� ~ui ~uj +

p
M2

� ij

�
=

@
@xj

� ij �
@

@xj
Tij (2.24)
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where,� ij represents the �ltered viscous stress tensor:
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andTij represents the turbulent momentum �ux tensor, which may be represented as:
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where the Favre-resolved total energy, internal energy, enthalpy and �ltered chemical

energy source terms are, respectively, represented as:
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M 2
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Note that the Favre-averaged total energy includes a kinetic energy contribution from

the sub�lter velocity �uctuations. Energy diffusion due to heat �ux and mass diffu-
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sion is captured in an analogous manner to the instantaneous system:

qe
j =

�
Pr

cp

Re
@T
@xj

+
NX

i =1

hi qi
j ,

with mass diffusion again assumed to behave as a Fickian process, according to:

qi
j =

�
Sci Re

@Yi

@xj
.

Finally, the turbulent enthalpy �ux in the �ltered energy equation,Qj , may be written

as:

Qj = �
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g~h~uj � ~h~uj
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g~hu00
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+ � gh00u00
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• Filtered Conservation of thei-th Chemical Species:
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where the �ltered chemical source term for speciesi is represented as_!
i

and the

turbulent species �ux vector,Si
j , is represented as:

Si
j = �

�
g~Y i ~uj � ~Y i ~uj

�
+ �

�
g~Y i u00

j + g(Y i )00~uj

�
+ � g(Y i )00u00

j .

The turbulent momentum,Tij , enthalpy,Qj , and species,Si
j , �ux tensors are decom-

posed using the de�nition of resolved and sub�lter scales. They contain three terms in each

case. These terms are customarily described as Leonard, cross and subgrid-scale Reynolds

stresses, respectively. The Leonard stresses capture interactions between resolved-scale

eddies that produce net changes between resolved-scale quantities. Cross stresses capture

interactions between resolved and unresolved scales, while subgrid Reynolds stresses de-

scribe subgrid-scale interactions that affect the �ltered �elds.
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The �ltered conservation equations in the form presented above are unclosed. In partic-

ular, the cross terms and subgrid Reynolds stresses contain covariances of unknown quanti-

ties, and so necessitate the use of a modeling procedure. Many models exist to close differ-

ent sets of the unknown covariances. For instance, the covariances present in the momen-

tum equation are closed by a compressible generalization of the Smagorinsky model [29]

combined with a model put forward by Yoshizawa [61]. It must be noted that the most

mathematically consistent closures attempt to account for all three terms produced by the

decomposition ofTij , Qj , andSi
j , but oftentimes closures only account for the subgrid

Reynolds stresses and omit the Leonard and cross-stresses. Ultimately, this is a choice for

the LES practitioner and depends on the balance between computational tractability and so-

lution �delity required for a given application. For the types of compressible reacting �ows

relevant to engineering design, many covariance terms must be closed. The full system

of subgrid-scale (“sgs”) covariances that require treatment in a general multicomponent

system may be described by the variance matrix presented in Equation 2.27,
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(2.27)

For all simulations considered in this work, closures for the momentum equation and the to-

tal energy equation are of particular interest. Hence, only the velocity-velocity covariances,

enthalpy-velocity covariances and temperature-temperature covariance are considered.
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CHAPTER 3

NUMERICAL FRAMEWORK

3.1 Flow Solver

All of the simulations performed in this study is done using the RAPTOR code framework,

which is a massively-parallel combined DNS/LES solver that has been optimized to meet

the strict algorithmic requirements imposed by the LES formalism. The theoretical frame-

work solves the fully-coupled compressible conservation equations of mass, momentum,

total energy, and species for a general multicomponent reacting �ow system. It is designed

to handle high-Reynolds-number, high-pressure, supercritical �uid phenomena and is so-

phisticated in its ability to handle a generalized system of sub-models. Details related to the

formulation and models are given by Oefelein [60]. Representative studies can be found in

Refs. [62, 63]. The code also possesses the ability to make use of heterogeneous comput-

ing architectures, such as the Oak Ridge Leadership Computing Facility (OLCF) “Summit”

platform, which was used for the DNS calculation. Details regarding the porting process

can be found in Ref. [64].

The simulations considered in this study occur at low bulk velocities. This makes ex-

plicit time-stepping computationally expensive. To circumvent this, dual-time-stepping

with generalized preconditioning is employed to perform the temporal integration. Spatial

discretization is achieved using a fourth-order non-dissipative, conservative, kinetic-energy

and entropy-preserving �nite volume formulation. However, to stabilize the calculation in

the presence of exceedingly large thermophysical gradients, some level of arti�cial dissi-

pation had to be employed. Note, however, that an iterative process was used to identify

the minimum level of arti�cial dissipation required to stabilize each calculation. Only once

the bare minimum level which could be used for a particular calculation was identi�ed did
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the simulations proceed and data collection occur. In this way, numerical contamination

of each data set is minimized, allowing the predominant focus to fall on sub�lter closure

performance or physical analysis.

3.2 Real-Fluid Equation of State, Thermodynamics, and Transport

The property evaluation scheme used in RAPTOR is designed to operate seamlessly over

a wide range of pressures and temperatures, including the supercritical regime. Details

related to this scheme are outlined below. Additional details can be found in Ref. [65]. The

formulation is based on the extended corresponding states model as found below. Note that

in this section, unless otherwise stated, subscripts are used to specify the components of a

general multicomponent mixture. The subscripts are not to be confused with the Cartesian

tensor suf�xes used in the previous section(s).

Extended Corresponding States Principle

The law of corresponding states expresses the generalization that intermolecular forces are

related to the critical properties in a universal way. In 1873, van der Waals showed that

this law is theoretically valid for all pure substances whose Pressure-Volume-Temperature

(PVT) properties can be expressed in terms of a two-constant equation of state. In 1939,

Pitzer showed that this law is also valid for substances that can be described by a two-

parameter intermolecular potential function. The corresponding states principle holds well

for multicomponent �uids containing both simple molecules, and upon semi-empirical ex-

tension, other mixtures where molecular orientation and internal degrees of freedom are

important. The theory applies for prediction of both thermodynamics and transport proper-

ties.

The extended corresponding states model [66, 67] is based on three assumptions: 1)

the con�gurational properties of a single phase mixture, denoted by� m , can be equated to
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those of a hypothetical pure �uid by the relation

� m (�; T; X 1; : : : ; XN ) = � x (�; T ), (3.1)

2) the properties of the hypothetical pure �uid obey classical two-parameter corresponding

states formalism given by

� x (�; T ) = � o(� o; To) F� (Wo; Wx ; �hx ; f x ), (3.2)

where� o corresponds to a reference �uid with a molecular weight ofWo, and 3) the refer-

ence �uid density� o and temperatureTo obey the extended corresponding states principle

� o = � �hx , To = T=fx , andpo = p�hx=f x . (3.3)

The termF� in Equation 3.2 is a dimensionless scaling function. This function is gov-

erned by the molecular weight of the reference �uid,Wo, the molecular weight of the

multicomponent mixture,Wx , the equivalent substance volume reducing ratio,�hx , and the

equivalent substance temperature reducing ratio,f x . The volume reducing ratio accounts

for the distribution of energy in the mixture relative to the reference �uid. The temperature

reducing ratio accounts for molecular size differences.

Implementation of the corresponding states methodology requires the selection of a

reference �uid. To apply the model to multicomponent mixtures, analytical expressions for

F� must be speci�ed with: 1) a set of mixing and combining rules for�hx , f x andWx , 2)

an equation of state for the mixture or the selected reference �uid, and 3) relevant property

data for the reference �uid. Following Leland and Chappelear [66], the mixing rules are

�hx =
NX

i =1

NX

j =1

X i X j �hij , (3.4)
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f x = �h� 1
x

NX

i =1

NX

j =1

X i X j f ij �hij , and (3.5)

W n=2
x f 1=2

x �h� 4=3
x =

NX

i =1

NX

j =1

X i X j W
n=2
ij f 1=2

ij �h� 4=3
ij , (3.6)

where the subscriptij is used to denote binary pair parameters. Equation 3.4 – Equation 3.6

were derived using statistical-mechanical theory of radial distribution functions. Using this

theory, Leland and Chappelear [66] were able to rederive van der Waals one-�uid mixing

rules for a multicomponent mixture. Thus, Equation 3.4 and Equation 3.5 are identical

to those proposed by van der Waals and allow for the calculation of the pseudo-critical

constants.

Equation 3.6 accounts for �uids in nonequilibrium due to the presence of shear. Using

guidelines dictated by statistical-mechanical theory, the combining rules for these terms are

�hij =
1
8

�
�h1=3

i + �h1=3
j

� 3
(1 � ` ij ), (3.7)

f ij = ( f i f j )
1
2 (1 � kij ), and (3.8)

Wij =
2Wi Wj

Wi + Wj
, (3.9)

where` ij andkij are binary interaction coef�cients that account for molecular energy and

volumetric effects in the binary system. The quantities�hi , �hj , f i , andf j are the equivalent

substance reducing ratios for the compoundsi andj in the mixture. They are obtained by

assuming a two-parameter functional dependency of the form

�hi =
�

Vci

Vco

�
� i (Vr i ; Tr i ; ! i ), and (3.10)

f i =
�

Tci

Tco

�
� i (Vr i ; Tr i ; ! i ), (3.11)

where the subscriptsc andr denote critical and reduced values, respectively. The functions

� i and� i are shape factors of the form proposed by Leach, Chappelear, and Leland [68] and
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Fisher and Leland [69]. In principle, these functions provide an exact mapping between the

multicomponent mixture and a given reference �uid. They are functionally dependent on

the reduced volumeVr i , the reduced temperatureTr i and Pitzer's acentric factor! i .

Equation of State

In past studies (e.g., Oefelein [70]) modi�ed versions of both the Benedict-Webb-Rubin

(BWR) equation of state (which is a generalization of the Beattie-Bridgeman equation pro-

posed in 1928) and cubic equations of state have been used to evaluate the PVT behavior

of the inherent dense multicomponent mixtures. Use of modi�ed BWR equations of state

in conjunction with the extended corresponding states principle has been shown to provide

consistently accurate results over the widest range of pressures, temperatures, and mixture

states, especially at near-critical or saturated conditions. A major disadvantage of BWR

equations, however, is that they are not computationally ef�cient since they have highly

nonlinear pressure explicit forms that require numerical inversion to obtain density (or the

compressibility factor) as a function of the other state variables. Cubic equations of state,

on the other hand, can be less accurate, especially for mixtures at near-critical or saturated

conditions, but are computationally ef�cient. The most common of the cubic equations of

state are the van der Waals, Redlich-Kwong (RK), Soave-Redlich-Kwong (SRK) and PR.

These two-constant equations provide a combination of theoretical or semi-empirical cor-

rections to the ideal gas equation of state that account for intermolecular forces of attraction

and volumetric effects. The Beattie-Bridgeman and BWR equations of state also provide

these corrections, but with many additional degrees of freedom.

The van der Waals equation is the oldest of the two-constant cubic equations and was

�rst presented in 1873. Research conducted by van der Waals provided the theoretical form

of the corrective constants and also formed the basis of the corresponding states principle.

The RK equation (derived by Redlich and Kwong in 1949) adopted a similar procedure to

that followed by van der Waals to derive semi-empirical corrections to the original con-
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stants. The SRK and PR equations (derived by Soave in 1972, and by Peng and Robinson

in 1976) provided further re�nements by converting the corrected constants to empirical

coef�cients with a functional dependence on the reduced temperature and Pitzer's acentric

factor. Previous work by Oefelein [71, 70] has shown that both the SRK and PR equations,

when used in conjunction with the corresponding states principle, can give accurate re-

sults over the range of pressures, temperatures, and mixture states of interest in the systems

studied here. SRK coef�cients are �t to vapor pressure data of hydrocarbons and provide

a fairly good approximation for these materials. PR coef�cients are derived with four ad-

ditional goals: 1) The parameters should be expressible in terms of the critical properties

and the acentric factor. 2) The model should provide reasonable accuracy near the critical

point, particularly for calculations of the compressibility factor and liquid density. 3) The

mixing rules should not use more than a single binary interaction parameter, which should

be independent of temperature, pressure and composition. 4) The equation should be ap-

plicable to a wide range of �uid properties. The PR equation exhibits performance similar

to the SRK, but is generally superior in predicting the liquid densities of many materials,

especially mixtures with nonpolar molecules.

A summary of the cubic equations of state and form of the respective coef�cients is

given by Reid, Prausnitz, and Poling [72, Chapter 3]. All can be expressed in the general

form

p =
RT

v � bm
�

am

v2 + ubmv + wb2
m

, (3.12)

wherev (= 1 =� ) is the speci�c volume andR is the universal gas constant. An equivalent

form for cubic equations state based on the compressibility factor,Z , is

Z 3 � (1 + B ? � uB ?)Z 2

+ ( A? + wB ?2 � uB ? � uB ?2)Z � (A?B ? + wB ?2 + wB ?3) = 0 ,
(3.13)
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where

A? = am
p

R 2T2
, andB ? = bm

p
RT

. (3.14)

Setting the integers “u” and “w” to(u; w) = (0 ; 0); (1; 0); (1; 0) and(2; � 1) produces the

van der Waals, RK, SRK, and PR equations, respectively. Equation 3.13 can be evaluated

in closed form using (for example) the method outlined by Abramowitz and Stegun [73].

The coef�cientsam andbm in Equation 3.12 – Equation 3.14 account for intermolecular

cohesion and volumetric effects in the multicomponent mixture. The mixing rules for these

terms are derived in a manner consistent with the extended corresponding states principle.

Following Leland and Chappelear [66], the coef�cients for the SRK and PR equations of

state are

am =
NX

i =1

NX

j =1

X i X j aij , andbm =
NX

i =1

NX

j =1

X i X j bij , (3.15)

where

aij =
p

ai aj (1 � kij ), andbij =
1
8

�
b1=3

i + b1=3
j

� 3
(1 � ` ij ). (3.16)

As de�ned previously,̀ ij andkij are binary interaction coef�cients that account for molec-

ular energy and volumetric effects. The termsai andbi are the pure component coef�cients.

These terms share a common form for the SRK and PR equations; i.e.,

ai = 
 a
R 2T2

ci

pci

�
1 + ( c! 2 ! 2

i + c! 1 ! i + c! 0 )(1 � T1=2
r i

)
� 2

, and (3.17)

bi = 
 b
RTci

pci

, (3.18)

wherepci andTci are the critical pressure and temperature of componenti , Tr i is the reduced

temperature, and! i is Pitzer's acentric factor. The terms
 a, 
 b, c! 2 , c! 1 and c! 0 are

empirical constants that differ between the two equations. The recommended values are

summarized by Reid, Prausnitz, and Poling [72, Chapter 3, pg. 43].

For nonideal gases and liquids, calculation of various thermodynamic quantities require

partial derivatives associated with the equation of state.
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Thermodynamic Properties

Evaluation of the properties for a general multicomponent system requires explicit expres-

sions for the constant pressure speci�c heat,Cp, enthalpy,h, and entropy,s. These quanti-

ties are intensive properties based on mass. Entropy is used to calculate the Gibbs energy,

g = h � Ts, which is in turn used to evaluate the chemical equilibrium constants. Expres-

sions for the chemical potentials,� i , and fugacity coef�cients,� i , are also required for both

the equilibrium constants and to construct the mass and energy diffusion �uxes.

Having established an analytical representation for real mixture PVT behavior, the ther-

modynamic properties are obtained in two steps. First, respective component properties are

combined at a �xed temperature using the extended corresponding states methodology to

obtain the mixture state at a given reference pressure. A pressure correction is then applied

using departure functions of the form given by Reid, Prausnitz, and Poling [72, Chapter 5].

These functions are exact relations derived using the Maxwell relations (see for example

VanWylen and Sonntag [74, Chapter 10]) and make analytic use of the real mixture PVT

path dependencies dictated by the selected equation of state.

Departure functions are written in the form� L = L � L o, whereL is the value of

interest at a given pressure, temperature, and mixture state andL o is the value at a reference

state. Respective departure functions for the speci�c heat, enthalpy and entropy are:
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�
�

Cp

R

�
=

T
R

� Z v

1

�
@2p
@T2

�

v

dv �
(@p=@T)2

v

(@p=@v)T

�
� 1, (3.19)

�
�

h
RT

�
= �

1
RT

Z v

1

�
p �

RT
v

�
dv (3.20)

+
1
R

Z v

1

��
@p
@T

�

v

�
R
v

�
dv + ( Z � 1), and

�
� s

R

�
=

1
R

Z v

1

��
@p
@T

�

v

�
R
v

�
dv + ln Z + ln

�
po

p

�
, (3.21)

wherepo is the reference pressure. The reference state values for a given mixture may be

obtained in two analogous ways. The �rst is by selecting a reference �uid (methane for

example) and applying Equation 3.1 – Equation 3.11 directly to obtain the corresponding

reference state for the mixture. The second is by constructing the reference state using

pure species data tabulated at a known reference pressure. Here the second approach is

adopted using the standard-state thermodynamic properties given by (for example) Gordon

and McBride [75] and Kee, Rupley, and Miller [76]. The reference state speci�c heat,

enthalpy, and entropy for each componenti are given in terms of polynomial �ts of the

form

Co
pi

R
=

5X

n=1

an i Tn� 1, (3.22)

ho
i

RT
=

5X

n=1

an i

n
Tn� 1 +

a6i

T
, and (3.23)

so
i

R
= a1i ln T +

5X

n=2

an i

n � 1
Tn� 1 + a7i , (3.24)
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where respective values for the mixture are obtained in a manner consistent with the deriva-

tion of Equation 3.19 – Equation 3.21 by assuming a reference condition that yields perfect

gas behavior. For this situation, the reference state values for a given mixture are

Co
p = R

NX

i =1

X i Co
pi

, ho = RT
NX

i =1

X i ho
i , and so = R

NX

i =1

X i so
i . (3.25)

Note that the constant “a6i ” in Equation 3.23 is the standard heat of formationho
f i

. The

constant “a7i ” in Equation 3.24 is the standard-state entropy.

The chemical potentials and fugacity coef�cients are obtained in a manner similar to

that outlined above. Both can be related to the Gibbs energy. The chemical potentials are

directly related to the partial molal Gibbs functions; i.e.,

� i =
�

@G
@ni

�

p; T; n j ; ::: ( j 6= i )

= Gi , (3.26)

where hereG is the molar Gibbs energy andni is the number of moles of componenti . By

de�nition, the fugacityf i is de�ned by the relation

(dGi )T = RTd(ln f i )T , (3.27)

where a subscriptT denotes differentiation at constant temperature. Furthermore, it is

required that

lim
p! 0

� i = 1, where � i =
f i

X i p
. (3.28)

These properties are related to the Helmholtz function using the relation

� i = ( @A=@ni )v; T; n j ; ::: ( j 6= i ) , (3.29)

whereA is de�ned as the molar Helmholtz energy andv is the molar volume. This relation

can be combined with Equation 3.26 – Equation 3.28 to relate the fugacity coef�cients to
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the equation of state. Integrating the resultant expression from a selected reference state

yields

ln � i = �
1

RT

Z v

1

" �
@p
@ni

�

v; T; n j ; ::: ( j 6= i )

�
RT
v

#

dv � ln Z . (3.30)

Although Equation 3.30 is not strictly a departure function, it is derived in a manner iden-

tical to the way Equation 3.19 – Equation 3.21 were derived.

Viscosity and Thermal Conductivity

The dynamic viscosity,� , and thermal conductivity,� , are obtained in a manner analo-

gous to the procedure outlined for the thermodynamic properties. Respective equations are

constructed as the sum of contributions relative to a �xed reference state; i.e.,

� (�; T; X 1; : : : ; XN )= � o(T; X1; : : : ; XN ) + � � (�; T; X 1; : : : ; XN ), and (3.31)

� (�; T; X 1; : : : ; XN )= � o(T; X1; : : : ; XN ) + � � (�; T; X 1; : : : ; XN ), (3.32)

where� o and� o are standard-state reference values obtained by combining respective com-

ponent properties at a �xed temperature and the standard-state pressure. The terms� � and

� � represent the deviation from the reference state at a given system temperature and mix-

ture state due to pressure.

The standard-state reference values in Equation 3.31 and Equation 3.32 are obtained

using an appropriately selected reference �uid. Deviations from the reference state are

obtained using the extended corresponding states methodologies developed by Ely and

Hanley [77, 78]. Methane was selected as the reference �uid since a reliable database exists

for the equation of state, relevant thermodynamic properties, and transport properties.

Elementary kinetic theory and more rigorous treatments have all shown that viscosity

and thermal conductivity scale with the molecular weight,W, temperature,T, and collision

diameter,� , according to the relations� � W 1=2T1=2� � 2 and� � W � 1=2T1=2� � 2. Using
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this as a basis, Equation 3.1 – Equation 3.11 are evaluated using scaling factors of the form

F� =
�

Wx

Wo

� 1
2

f
1
2

x �h
� 2

3
x , and (3.33)

F� =
�

Wo

Wx

� 1
2

f
1
2

x �h
� 2

3
x . (3.34)

The equivalent substance volume and temperature reducing ratios for each componenti ,

as given by Equation 3.10 and Equation 3.11, respectively, are evaluated using the shape

factor correlations given by Leach, Chappelear, and Leland [68]. These correlations have

the general form

� i (Vr i ; Tr i ; ! i )=[1 + ( ! i � ! o) f � (Vr i ; Tr i )]
Z co

Z ci

, and (3.35)

� i (Vr i ; Tr i ; ! i )=[1 + ( ! i � ! o) f � (Vr i ; Tr i )] , (3.36)

where the subscripto denotes properties of the reference �uid,Z co is the critical compress-

ibility factor of the reference �uid, andZ ci is the critical compressibility factor of respective

components. For methane, the functionsf � andf � have the form

f � (Vr i ; Tr i )= c� 1 (V +
i � c� 2 ) + c� 3 (V +

i � c� 4 ) ln T+
i , and (3.37)

f � (Vr i ; Tr i )= c� 1 + c� 2 ln T+
i + ( c� 3 + c� 4 =T+

i ) (V +
i � V +

o ), (3.38)

whereV +
i = max(1=2; min(Vr i ; 2)) andT+

i = max(1=2; min(Tr i ; 2)). The coef�cients

c� 1� 4 andc� 1� 4 are the correlation constants. Equation 3.35 – Equation 3.38 are used with

the mixing and combining rules given by Equation 3.4 – Equation 3.9 to obtain the equiva-

lent substance volume and temperature reducing rations,�hx andf x , for the multicomponent

mixture. Values ofn = 1 andn = � 1, respectively, are assigned to the exponent given in

Equation 3.6.

51



The methane reference �uid correlations for both viscosity and thermal conductivity are

based on experimental data that covers the entire range of �uid states of interest, including

a pseudo-liquid (low-temperature, high-pressure) regime. These correlations are accurate

to temperatures as low as40K and pressures up to260MPa. The correlation for viscosity

is given by the equation

� o(� o; To) = � ?
o(To) + � ??

o (To) � o + � � o(� o; To)X� . (3.39)

The reference �uid density� o and temperatureTo are given by Equation 3.3,

� ?
o(To) =

9X

n=1

a� n T (n� 4)=3
o , (3.40)

� ??
o (To) = b� 1 + b� 2

�
b� 3 � ln

�
To

b� 4

�� 2

, and (3.41)

� � o(� o; To) = exp
�

c� 1 +
c� 2

To

�
� (3.42)

�
exp

��
c� 3 +

c� 4

T3=2
o

�
� 1=10 +

�
� o

� co

� 1
�

� 1=2
o

�
c� 5 +

c� 6

To
+

c� 7

T2
o

��
� 1

�
.

The correlation for thermal conductivity is similar in form

� o(� o; To) = � ?
o(To) + � ??

o (To) � o + � � o(� o; To)X� , (3.43)

where

� ?
o(To) =

15
4

R
Wo

� ?
o(To). (3.44)

The term� ?
o(To) in Equation 3.44 is given by Equation 3.40. Similarly,� ??

o (To) is ob-

tained using Equation 3.41 with coef�cientsb� 1 ; : : : ; b� 4 , and � � o(� o; To) is given by

Equation 3.43 with coef�cientsc� 1 ; : : : ; c� 7 , as given by Ely and Hanley [78].
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The factorsX� andX� in Equation 3.39 and Equation 3.43 are Enskog correction factors

that account for mixtures of molecules of substantially different size; i.e., when the differ-

ence between two binary species approaches volumetric ratios on the orderVc1 =Vc2 � 6.

When this occurs, the mean density approximation given by Equation 3.1 fails. This failure

has been explained by Evans and Hanley [79] and is caused by molecular interactions that

exhibit nonequilibrium characteristics. Since most thermophysical properties are governed

by relatively short range forces, the properties of the larger component tend to dominate.

To account for this, Equation 3.33 is used in conjunction with Enskog correction factors of

the form given by Ely [80], where

X� =
��

1 � d�
Tx

f x

�
@fx
@Tx

�

vx

�
Z cx

Z co

� 1=2

, and (3.45)

X� =
��

1 � d�
Tx

f x

�
@fx
@Tx

�

vx

�
Z co

Z cx

� 3=2

. (3.46)

The constantsd� = 1:5 andd� = 1:0. The �nal mixture state is obtained by applying the

relations given by Equation 3.1 and Equation 3.2 using Equation 3.33 and Equation 3.34.

Mass Diffusivity

Estimating mass diffusion coef�cients in general multicomponent, multiphase mixtures is

a more challenging task than it is for the other transport properties. Dif�culties arise for

two reasons. There are no theoretical or empirically based correlations that describe a

universally valid mixing rule in the liquid-phase and saturated-vapor regimes, and there are

no general estimation methods for multicomponent diffusion in dense gases and liquids.

The theory that describes mass diffusion in binary gases at low to moderate pressures

has been well developed (e.g., see Reid, Prausnitz, and Poling [72, Chapter 11]). At low-

pressures, the binary diffusion coef�cientsD ij vary inversely with pressure (or density) and

are essentially independent of composition. These terms can be estimated quite accurately

using Chapman-Enskog theory in conjunction with the Lennard-Jones intermolecular po-
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tential energy function given by Wilke and Lee [81]. The working equation is derived

from the Boltzmann equation and employs collision integrals to account for intermolecular

forces. For ideal gases, an equation of the form

D ij = 2:66� 10� 22 T
3
2

pWij � 2
ij 
 D

(3.47)

is obtained, whereWij is the equivalent molecular weight given by Equation 3.9,� ij is

the characteristic collision diameter based on the hard-sphere assumption, and
 D is a

dimensionless collision integral. The collision integral is approximated by the relation


 D =
1:06036

(T � )0:15610
+

0:19300
exp(0:47635T � )

+
1:03587

exp(1:52996T � )
+

1:76474
exp(3:89411T � )

, (3.48)

where

T � =
kT
� ij

, � ij = ( � i � j )1=2, and � ij =
1
2

(� i + � j ).

Herek is the Boltzmann constant and� ij is the characteristic energy. The terms� i and� i

are the collision diameter and characteristic energy associated with individual molecules.

Terms� ij and� ij =k are the Lennard-Jones force constants. A tabulation of these quantities

is given by Reid, Prausnitz, and Poling [72, Appendix B]. Note that the proportionality

constant in Equation 3.47 is given here in SI units.

For gases at high pressures, the productD ij p (or D ij � ) is no longer constant. These

products decrease with increasing pressure (or density) and depend on composition. To

account for this, the binary mass diffusivities given by Equation 3.47 are corrected using

the corresponding states methodology proposed by Takahashi [82]. An expression of the

form

D ij p = ( D ij p)oFD (3.49)
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is employed, where(D ij p)o is the low-pressure value given by Equation 3.47 andFD is

a pressure scaling factor. Takahashi [82] provides a tabulated representation ofFD as a

function of the reduced temperature and pressure.

The effective mixture diffusion coef�cientsD im are related to the binary diffusion co-

ef�cients D ij using the mixing rule derived by Wilke et al. [83, 84, 85, 86]

D im =
(1 � Yi )

P N
j =1
j 6= i

�
X j

D ij

� i = 1; : : : ; N . (3.50)

Here,X i is the mole fraction of the diffusing speciesi andX j the mole fraction of the com-

ponentj . Equation 3.47 – Equation 3.50 coupled with the corresponding states methodol-

ogy proposed by Takahashi [82] have been shown to provide relatively accurate estimates

of the diffusion coef�cients for the systems of interest in typical high-pressure combustion

problems.

3.3 Baseline Turbulence Closures

The turbulent momentum �ux tensor,Tij appearing in Equation 2.24 is closed by using

the Smagorinsky eddy-viscosity model [29] for the deviatoric part and the Yoshizawa

model [61] for the isotropic part. The formulation for the deviatoric part is:

TD
ij = � 2

� t

Re

�
~Sij �

1
3

~Skk � ij

�
, (3.51)

with the resolved strain rate tensor~Sij given as

~Sij =
1
2

�
@~ui

@xj
+

@~uj

@xi

�
. (3.52)
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The quantityReis a reference Reynolds number and is an artifact of the non-dimensionalization.

The Kronecker delta tensor is denoted as� ij , and the turbulent viscosity is calculated as

� t

Re
= �C R � 2

�
~Sij

~Sij

� 1
2

. (3.53)

In Equation 3.53,CR is a dynamically evaluated modi�ed Smagorinsky coef�cient [32, 33,

34] and� the �lter width, taken to be the cube-root of a given cell volume in this work.

The isotropic part is formulated as:

T I
ij =

2
3

CI � � 2 ~Skl
~Skl � ij , (3.54)

where all terms maintain their previous de�nitions andCI is the isotropic Smagorinsky

coef�cient, also computed dynamically. The �nal model form is obtained by summing

the isotropic and deviatoric parts. Energy closure is achieved by employing a dynamic

gradient diffusion model [87]. It assumes the turbulent transport of energy takes place

down a temperature gradient and thus makes use of a turbulent analog of Fourier's law of

heat conduction. The non-dimensional form of the model is:

Qj = �
� t

Re
1

Pr t

@~T
@xj

. (3.55)

The quantity� t=Retakes its de�nition from Equation 6.9, whileP r t is a turbulent Prandtl

number that is modeled dynamically.
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CHAPTER 4

DNS OF A SUPERCRITICAL CO 2 SHEAR LAYER

This chapter characterizes and discusses all aspects of the DNS data set that serves as a

centerpiece of this research. The data set ful�lls multiple purposes. First, it serves as a

rich source of fundamental data which can be used to study some of the driving physical

mechanisms governing supercritical �uid turbulence. This helps to establish some physical

reasons for turbulence model inaccuracy in this regime, and discussion is presented with

this in mind at various points. Further, the data set provides a “ground truth” against which

the performance of LES may be tested from a holistic viewpoint. Last, the data provides a

wealth of information regarding the quantitative nature of sub�lter �uctuations at various

(user-de�ned) �lter cutoffs. This permits a rigorous, local, and quantitative evaluation of

various sub�lter model formulations as functions of grid resolution. In this way, model

performance can be ascertained in isolation, without considering the underlying intercon-

nected factors that could in�uence the holistic DNS-LES comparisons made earlier.

Given the central importance of the DNS data set to the research as a whole, the �rst

portion of this chapter is targeted at precisely discussing various con�gurational aspects

of the simulation itself. First, the computational domain and selected �ow con�guration

itself are discussed and justi�ed. Next, boundary conditions are presented to highlight

the speci�c physical regime isolated for analysis in this work. Grid resolutions, which

depend on these boundary conditions, are presented next. A qualitative look at various

�elds is then provided which helps to establish the general context for some of the more

quantitative data presented throughout the dissertation. Contour visualizations, as well as

instantaneous and mean line plots help achieve this goal. With the details of the data set

established in this fashion, the discussion turns to an assessment of fundamental physical

phenomena found in supercritical shear layers. First, vorticity dynamics are analyzed, given
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their signi�cant in�uence upon the turbulence within the �eld. Vorticity and enstrophy

budgets are produced at various stations through the �eld, and the discussion is carried

out in the context of supercritical thermodynamics where possible. Turbulence anisotropy

is also analyzed within this context. Last, the alignment of the vorticity vector with the

intermediate strain rate eigenvector is analyzed to examine potential implications of the

use of eddy-viscosity-based closures for treatment of supercritical turbulence.

Wherever possible, the results in this chapter are presented in the context of supercrit-

ical thermodynamics. Effort is made to uncover the in�uence of the nonlinear thermo-

physics (shown in Figure 1.4) on the �uid dynamics. It must be noted, however, that the

results presented here are not exhaustive. Many more quantities can, and ought to be, an-

alyzed given the multiple ways the thermodynamic-�uid dynamic coupling can in�uence

system behavior. The results which follow in this chapter only represent a subset of the

possible approaches and techniques which can be applied to this problem.

4.1 Simulation Setup

4.1.1 ComputationalDomain

A spatially evolving shear layer is the con�guration selected for all simulations in this dis-

sertation. This choice is made for a few reasons. First, it acts to isolate physics directly

relevant to the design of gas turbine combustion chambers. Most, if not all, of these systems

use jet injection and shear-induced mixing to initiate the process of molecular mixing be-

tween reactant and oxidizer species. Hence, physical insights drawn from these simulations

can be directly mapped to engineering-relevant geometries. Many researchers, especially

in the early parts of this century, used a temporal mixing layer con�guration in lieu of a

spatial mixing layer. A temporal shear layer provides an excellent way to achieve neces-

sary grid resolutions to perform full DNS in a computationally tractable manner at relevant

Reynolds numbers. This is particularly important given the intensive property evaluation

schemes presented in Section 3.2 earlier, and the availability of computing resources in
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those years. Presently, however, advances in computing architectures make DNS of spatial

mixing layers at reasonable Reynolds numbers realistic. Moreover, spatial mixing lay-

ers represent a physically realizable con�guration, which can be mimicked in experimental

campaigns [25]. Statistically multidimensional �elds naturally occur during the simulation,

and the asymmetric layer growth is also captured. This provides a possible advantage over

temporal shear layer con�gurations which are statistically one-dimensional in the cross-

stream direction [28, Chapter 5]. Last, a spatially evolving mixing layer data set provides

the research with novelty (in a con�gurational sense) and can add to the wealth of data

already established via temporal shear layer simulations.

Fabricating the grid for the DNS requires careful consideration of required resolution

at various sections of the domain. However, this must be done with an eye on the com-

putational resources available for the work. A grid too small (in terms of total number of

grid points) may have inadequate resolution in certain parts of the domain, which might

signi�cantly affect the dissipation characteristics of the �ow in those regions. On the other

hand, a grid too �ne may be intractable to simulate on the available computational plat-

forms. Additional dif�culties with an over-resolved grid arise once archival data storage

and post-processing of results is taken into consideration. The problem is exacerbated by

the need to store a meaningful set of data frames for later statistical analysis. To perform

the DNS, the OLCF “Summit” platform was used. The powerful heterogeneous node ar-

chitecture was greatly bene�cial for the DNS and allowed many grid points to be placed

within the domain. OLCF also provided large-scale archival data storage which alleviates

the data handling concerns. Despite this, however, a careful balance between resolution

and computational intensity had to be struck.

To aid the process of creating a grid with this balance, multiple preliminary grids were

created and used. By sequentially re�ning the preliminary grids, the computational in-

tensity of the associated calculations at various resolutions can be found. This procedure

could then be extrapolated out to grids adequate for DNS calculations, and domain sizes at
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Figure 4.1: Front view (left) and side view (right) of the computational domain used to
perform the DNS calculation. All values given in mm.

these very �ne resolutions can then be iterated upon to arrive at maximally sized domain

given all the aforementioned constraints. This technique eventually converged upon the

domain shown in Figure 4.1, which was used to obtain all the DNS data. As Figure 4.1 in-

dicates, two �uid streams are separated by a splitter plate. The streams are introduced to the

domain through the 12 mm-tall, 6-mm wide inlet channels with rectangular cross-section.

The streams then �ow across the 5 mm-long, 1 mm-thick splitter plate. Mixing between the

streams takes place downstream of the plate tip, and the remaining 35 mm of the domain

provides space for the shear layer to grow, before the �uid exits the domain. The prelim-

inary calculations performed on under-resolved grids indicated that statistical decoupling

occurred within 2 mm of the fore and aft domain walls. Given the under-resolved nature of

these grids, and the desire to be conservative with respect to �ow con�nement issues, the

DNS domain width was set to be three times as large.

In much of the discussion that follows, locations are quoted in terms of axial (x), cross-

stream (y) and spanwise (z) coordinates. The coordinates are presented relative to the

domain origin, which is taken to be the corner formed by the intersection of the lower

domain wall, lower inlet plane, and the aft domain wall — in other words, the “back left

lower corner” of the domain.
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Table 4.1: Channel inlet boundary conditions. The channel half-height is denotedh.

Channel Pressure (MPa) Temperature (K) Bulk Velocity (m s� 1) Reh

Upper 8.0 308.15 0.386 36 700
Lower 8.0 318.15 0.167 12 780

Figure 4.2: Density as a function of temperature and pressure for carbon dioxide. The
variation of the property with temperature for the operating pressure used in this study is
highlighted in red. The critical point is identi�ed by the black �lled circle.

4.1.2 BoundaryConditions

Boundary conditions are carefully selected to expose thermophysical nonlinearities within

the shear layer. The critical point of carbon dioxide is located at a pressure of 7.38 MPa

and a temperature of 308.15 K. With this in mind, the two streams are injected into the

domain at (nominal) pressures of 8.0 MPa. Though the pressures may be identical, there

is a temperature change across the streams, with the upper stream entering the domain at a

temperature of 308.15 K and the lower stream at 318.15 K. These conditions �rmly place

the �uid in each stream at a supercritical state. However, comparing these conditions with

the graph in Figure 4.2 and Figure 1.4 shows that the streams are at thermodynamic states in

the vicinity of the critical point, where signi�cant nonlinear thermodynamic and transport
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property variations occur. Any signi�cant departure in pressure-temperature space from

these selected conditions only acts to relax the thermodynamics and their associated impact

on the �uid mechanics. In this way, the study creates a “worst-case” environment where

both unique physical phenomena may occur and where turbulence closures are perhaps

maximally stressed, given their application in a regime outside of that for which they were

originally designed.

Shear is induced in the �ow �eld by setting an upper:lower velocity ratio of 2.31:1

between the two streams. Bulk velocities are set at 0.386 m s� 1 for the upper stream

and 0.167 m s� 1 for the lower stream. A turbulent in�ow signal is generated using the

“ensemble synthetic eddy method” [88] due to its computational ef�ciency and ability to

reconstruct a correlated, time-dependent in�ow signal which contains realistic turbulent

structures. Once injected into the domain, these structures interact with the solid walls of

the splitter plate and each other before reaching the plate tip. At this location, they signi�-

cantly in�uence mixing between the two streams, and the resultant downstream dynamics.

Hence, accurately constructing these near-wall structures is crucial to achieve an accurate

representation of the �eld and shear layer physics as a whole.

The generation of the coherent in�ow signal relies upon prior knowledge of the mean

velocity pro�le, Reynolds stress pro�les, and integral scales (i.e., the energetic eddy length

and time scale distributions). For all simulations in this dissertation, Reynolds stress pro-

�les are obtained from the DNS data of Moser et al. [89] and the integral scales are obtained

directly from Jarrin [90]. A turbulent signal is generated with a temporal periodicity of �ve

�ow-through-times, which is calculated using the upper channel bulk velocity. Generating

a signal of this length ensures statistical decoupling of the velocity �uctuations entering and

exiting the domain. In all, 200 instantaneous velocity frames are generated for this purpose,

with numerical interpolation between the snapshots accommodating the somewhat smaller

simulation time steps.
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Table 4.2: Resolution data and grid characteristics for the DNS grid.

Resolution Metric Upper Channel Data Lower Channel Data
� y+

w 0.250 0.250
� x+

c 3.89 1.47
� y+

c 6.80 7.82
� z+

c 7.01 2.78
Ny+ � 30 62 48

Table 4.3: Global grid characteristics.

Npts: Nblks: ARmax: SFmax: GRmax:

530� 106 46 620 37.8 0.119 4.

No-slip adiabatic boundary conditions are applied to all the solid walls in the domain.

These are the upper and lower con�ning walls of the domain and the splitter plate itself. A

subsonic outlet boundary condition is prescribed at the exit of the domain, which holds the

pressure constant at 8.0 MPa. The fore and aft walls of the domain are assigned periodic

boundary conditions, thereby enforcing the assumption of turbulence homogeneity in the

span-wise direction. This boundary condition is particularly useful for data reduction and

analysis, since it permits use of techniques such as the Fourier decomposition, which relies

upon domain unboundedness in a given direction. Ensemble averages may also be taken in

this homogeneous direction.

A summary of the boundary conditions applied to each channel is provided in Table 4.1.

Note that the table reports nominal pressures, in addition to temperature, bulk velocity and

Reynolds number, however in practice, only the temperature and velocity components are

speci�ed. The pressure at the inlet is permitted to �oat to accommodate the �uid dynamic

requirements at a given instant in time. The Reynolds number is reported for contextual

purposes only, and is accurate to three signi�cant �gures.
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4.1.3 Grid Resolution

The canonical nature of the computational domain allows the grid generation process to

occur with primary focus on achieving adequate resolution throughout the domain, as well

as an optimal grid topology for the given problem. As mentioned earlier, grid resolution

is of paramount importance to the successful application of the DNS technique, since the

majority of the grid points are devoted to resolving the dissipative scales of motion. In-

accurately resolving these scales can directly affect the energy-containing scales and the

accuracy of the solution as a whole. The lack of necessity for turbulence closure allows

this data set to serve as a reference point for all later analysis.

With the domain sized in the iterative fashion described earlier, the grid itself was orig-

inally fabricated by assuming a one-to-one correspondence between the incompressible

Kolmogorov length scale and the viscous length scale. Though the �ow is compressible,

the lack of chemical reactions and associated heat release mitigates local �uid element

dilatation to some degree, and for initial grid fabrication, equivalence between the incom-

pressible Kolmogorov scale and viscous length scale is assumed to be suf�cient. This

approach is also founded upon the successes of previous works such as those found in

Refs. [91] and [92]. A parametric characterization of the DNS grid created in this manner

is presented in Table 4.2 above. In Table 4.2, the subscriptw indicates a value correspond-

ing to the �rst cell adjacent to the solid walls of the domain, while the subscriptc indicates a

value in the channel core. Given the signi�cant in�uence of the near-wall structures on the

shear layer physics, particular care was taken to �ood the near-wall region with grid points.

This ensures that �ow structures and gradients in this region are suf�ciently resolved, and

their interactions accurately captured. With this in mind, the “off-wall” spacing for both the

upper and lower channels is set aty+
w = 0:250, based on previous studies in the literature.

In addition, solid walls in the upper channel had 62 grid points placed in the region between

y+ = 1 andy+ = 30, while the lower channel had 48. These numbers are signi�cantly

larger than those typically used in WRLES calculations of turbulent boundary layers, in-
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dicating a high level of resolution in spite of the slightly different con�gurations. Channel

core spacings were deliberately maintained under 10 wall-units, to stay within roughly one

order-of-magnitude of the incompressible Kolmogorov length scale and accurately resolve

dissipative motions within these regions of the �ow.

The aforementioned resolutions, while adequate, have signi�cant associated computa-

tional costs. The data in Table 4.3 provides a summary in this regard. The completed DNS

grid contained 530 million grid points. The domain was partitioned into 46 620 blocks, with

one core of a Central Processing Unit (CPU) responsible for the computations associated

with one block. Hence, 46 620 CPU cores had to be used for each run of the calculation.

This corresponds to exactly 1 110 nodes of the OLCF Summit supercomputer. As men-

tioned earlier, a calculation of this size for this class of �ow would have been intractable

if not for the six Graphics Processing Unit (GPU) devices on each Summit node. Most of

the intensive �oating-point operations in each block were of�oaded to the GPU devices,

which signi�cantly accelerated the calculations and rendered the simulations feasible. The

directive-based OpenMP paradigm was used for this purpose, to maintain the overall struc-

ture of the RAPTOR solver and avoid extensive code refactoring. A full discussion of the

porting process is largely outside the scope of this dissertation, but the interested reader

is referred to Ref. [64] for a complete description. Table 4.3 also includes data regarding

maximum aspect ratio (“AR”), skewness factor (“SF”) and cell-to-cell growth rate(“GR”).

The grid includes an 8 mm-long buffer region extending up to the domain exit, to dampen

strong vortices as they advect out of the domain. These vortices can cause �ow re-entry

from the exit plane, so dampening them promotes solution stability. The data in Table 4.3

presents metrics for cells within and without this buffer region, which helps explains the

high maximum aspect ratio reported. In total, the resource allocation provided for these

calculations resulted in 31 terabytes of three-dimensional �ow �eld data. The results were

archived for later analysis on the OLCF High-Performance Storage System.
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The DNS results were generated by �rst establishing a low-order �ow �eld on coarse

grids, to quickly wash transients out of the domain. The solution was then interpolated onto

�ner grids in succession to resolve small-scale motions. The �nal step involved interpolat-

ing results onto the DNS grid itself, then continuing the simulation until the small scales

resolved themselves. With the �eld settled and transient phenomena successfully damped

or washed out, data was collected to verify the grid resolution. The results of one such �eld

interrogation is presented in Figure 4.3 and Figure 4.4.

Figure 4.3 includes four plots. The �rst, Figure 4.3a, shows the variation in incom-

pressible Kolmogorov scale,� k , as a function of the cross-stream coordinatey. The results

indicate that this length scale is largest in the channel core regions, for both the upper and

lower channels. The length scale naturally drops in regions of high shear, where the gen-

eration of vorticity and associated vortex stretching acts to decrease the smallest relevant

length scale in the �ow. The mixing layer is seen to be roughly in the region fromy = 10

mm toy = 15 mm. The remaining three plots show the variation in non-dimensional grid

spacing as functions of the cross-stream coordinate. The grid spacing is normalized by the

incompressible Kolmogorov length scale in each case. To obtain the data, velocity data

and their derivatives were obtained for all computational cells lying at an axial location of

x = 10 mm. To remove dependency on the homogeneous spanwise coordinatez, data was

averaged along this axis. Precisely, the data presented is obtained as:

� k =

* �
� 3

"

� 1
4

+

, (4.1)

where " = 2�S ij Sij , (4.2)

and Sij =
1
2

�
@ui
@xj

+
@uj
@xi

�
. (4.3)

In Equation 4.3 above, all quantities are instantaneously obtained, and angular brackets

denote ensemble averaging in the spanwise direction. The quantitySij represents the sym-

metric part of the velocity deformation tensor@ui =@xj .
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The data in Figure 4.3 hint at their instantaneous nature with the considerable �uctua-

tions or “noise” in each of the plots. They indicate that the grid is �ne enough to resolve

motions to within an order-of-magnitude of this length scale, at least instantaneously. Ben-

e�cially, large swaths of each channel contain resolutions �ner than one Kolmogorov scale.

Of course, the pertinent physics occurs within the shear layer, where the non-dimensional

grid spacings rise to roughly two or three across the three coordinate directions. It is im-

portant to point out that the data indicates that the shear layer is not resolved to within

one incompressible Kolmogorov scale. However, as stated by Moin and Mahesh [93],

the grid only needs to be resolved to within an order-of-magnitude of the incompressible

Kolmogorov scale for incompressible turbulence. These researchers stipulate that the true

resolution requirement is found from the energy spectrum, and that the bulk of the dis-

sipative motions occur at scales larger than the Kolmogorov scale. It must be noted that

the turbulent �eld under consideration is compressible as a result of the thermophysical

nonlinearities. However, the absence of strong dilatation-inducing mechanisms such as

combustion provide at least some level of con�dence regarding the resolution of the com-

pressible �eld to within one order-of-magnitude of the compressible Kolmogorov length

scale.

This �ow compressibility induces coupling between the governing conservation equa-

tions of energy and momentum. The selected boundary conditions prescribe a difference

in temperature between the two streams, hence a thermal gradient exists within the �eld

as well. This presents another resolution requirement, in terms of the smallest relevant

turbulent thermal length scale, the Batchelor scale. This length scale is denoted� � , and is

directly analogous to the smallest relevant dynamic velocity scale� k . Hence, the �eld is

sampled at the same station stated earlier (x = 10 mm) for this purpose, and the results are

shown in Figure 4.4. The scale� � can be estimated from� k as follows:

� � =
D

� kPr� 1
2

E
. (4.4)
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In the equation above, the quantityPr is the local molecular Prandtl number, and angular

brackets once again denote ensemble averaging in the spanwise direction. The estimate

has been used before [94], and is based on the work of Goto and Kida [95]. The equation

implies that at Prandtl numbers larger than unity, the Batchelor scale is smaller than the cor-

responding Kolmogorov scale. As Figure 1.4h shows, the Prandtl number is signi�cantly

larger than one at the conditions selected for the study. Hence, the resolutions required to

resolve the smallest active thermal scale ought to be more strict than those for the smallest

active dynamic scale. The results in Figure 4.4 con�rm this. All three non-dimensional

grid spacings show higher values than their corresponding� k values. Near the upper wall

of the domain, the value of� x1 rises to greater than10� � . This is the only region of the

domain where the grid resolution exceeds one order-of-magnitude of the Batchelor scale,

at least at this instant in time. Encouragingly, however, throughout much of the channel

core and shear layer itself, the grid resolution remains either under or approximately at one

order-of-magnitude of� � . This indicates that the grid is suf�ciently resolved to capture the

smallest active turbulent thermal �uctuations in the most crucial portions of the domain.

4.2 General Flow Characteristics

An instantaneous snapshot of the turbulent �eld obtained via DNS is presented in Fig-

ure 4.5. In the �gure, the translucent blue bounding box indicates the temperature variation

through the domain. To visualize the vortical structures responsible for the mixing within

the shear layer, Q-criterion isosurfaces are generated. The Q-criterion is the second in-

variant of the velocity deformation tensor@ui =@xj , and provides a measure of the relative

dominance of local rotation over strain as a given �uid element deforms. Its original for-
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(a) Kolmogorov length scale. (b) Non-dimensionalizedx-spacing.

(c) Non-dimensionalizedy-spacing. (d) Non-dimensionalizedz-spacing.

Figure 4.3: Kolmogorov length scale and grid spacing normalized by the Kolmogorov
length scale as functions of height above the domain bottom wall for the DNS case. Cal-
culations assume classical Kolmogorov turbulence and involve ensemble averaging in the
span-wise direction for one instantaneous data frame with the mixing layer in a statistically
stationary state. Data is sampled at an axial location 5mmdownstream of the splitter plate
tip.
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(a) Smallest turbulent thermal length scale. (b) Non-dimensionalizedx-spacing.

(c) Non-dimensionalizedy-spacing. (d) Non-dimensionalizedz-spacing.

Figure 4.4: plots showing the smallest turbulent thermal length scale (� � ) in the �ow. Scales
smaller than� � are dominated by diffusive mechanisms. Calculations still assume classical
Kolmogorov turbulence and involve ensemble averaging in the span-wise direction for one
instantaneous data frame with the mixing layer in a statistically stationary state. Data is
sampled at an axial location 5mmdownstream of the splitter plate tip.
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Figure 4.5: Three-dimensional view of the spatially-evolving mixing layer sampled from
the DNS results. The translucent bounding box highlights the temperature variation through
the �eld. Q-criterion isosurfaces are generated to identify vortical structures near the split-
ter plate, and are colored by isothermal compressibility.

mulation is provided by Jeong and Hussain as [96]:

Q = �
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2

�
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�
(4.5)
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(Rij Rij � Sij Sij ) , (4.6)

whereSij retains its de�nition as the symmetric part of the velocity deformation tensor.

The quantityRij denotes the corresponding antisymmetric part of this tensor:

Rij =
1
2

�
@ui
@xj

�
@uj
@xi

�
. (4.7)

To avoid cluttering the image, only those isosurfaces at a threshold ofQ = 110000s� 2

are visualized. Structures not in the vicinity of the splitter plate are also omitted from the

visualization. The metric is used in this case to visualize the coherent structures found

in the shear layer. Two large-scale rollers are found in the �ow, one near the center of
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the image and another just downstream, connected by a braid. The near �eld (i.e. in the

vicinity of the splitter plate tip) also shows the incipient stages of roller and braid develop-

ment. As a whole, the image shows a mixing layer that follows the expected structure �rst

characterized by Brown and Roshko in their seminal work [20].

The uniqueness and scienti�c signi�cance of this shear layer originates from the com-

plex interplay between the thermodynamic and transport property variations found at these

conditions and the underlying turbulence dynamics. With this in mind, the Q-criterion iso-

surfaces are colored by the local �uid isothermal compressibility. This is done to highlight

the interaction between the underlying vortical structures which are ultimately responsible

for convective transport of energy and momentum through the layer, and the aforemen-

tioned property variations. The colorbar in the image indicates that even in the near �eld

where the mixing layer width is comparable to the plate thickness, the turbulence is sub-

ject to an order-of-magnitude rise in �uid compressibility solely due to pressure changes.

The temperature variation shown in Figure 4.5 also causes an order-of-magnitude variation

in the thermal expansion coef�cient through the layer (see Figure 1.4b), which must also

affect the turbulence in some fashion. The analysis presented in Section 2.2 con�rms this

conjecture from an analytic viewpoint. The equations indicate that both the thermal expan-

sion coef�cient, and isothermal compressibility play dominant roles in the modulation of

the temporal evolution of the pressure and temperature �elds. This is just one way in which

the real-gas physics found in the layer shown in Figure 4.5 causes departures from not only

incompressible, ideal gas shear layer physics, but also the variable density gaseous layers

with which this one shares visual similarities. Of course, many more thermodynamic and

transport property variations play roles of varying signi�cance in this �ow, and Figure 4.5

is just one permutation of the many close thermodynamic-�uid dynamic interactions that

can be visualized.

Figure 4.6 shows six contour plots of various thermodynamic and transport properties

as they vary through the �eld. The data for each image is taken from the same instanta-
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(a) Density [kg m� 3] (b) Isothermal Compressibility [Pa� 1]

(c) Thermal Expansion Coef�cient [K� 1] (d) Kinematic Viscosity [m2 s� 1]

(e) Ratio of Speci�c Heats [-] (f) Compressibility Factor [-]

Figure 4.6: Contour plots of selected thermodynamic and transport properties for the DNS
calculation. Instantaneous �elds are shown for a slice taken down the mid-span of the
domain.
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Figure 4.7: Two-dimensional contour graph of the instantaneous vorticity magnitude in the
DNS �eld.

neous snapshot as the one in Figure 4.5 above. All contours are generated by slicing the

domain through the middle in the spanwisez-direction. The images primarily serve to spa-

tially contextualize the property variations shown in Figure 1.4, and justify the selection

of boundary conditions discussed earlier. Note that the maximal and minimal extents of

the color bars do not necessarily correspond to the nominal values of the thermophysical

properties injected into the domain for each channel. Hence, oftentimes the darkest colors

are found within local regions of the shear layer itself. The shear layer shown exhibits sig-

ni�cant gradients across its width in most of the properties plotted. Some properties, such

as the ratio of speci�c heats, show an order-of-magnitude variation through the layer. This

is also true of the two forms of �uid compressibility. Other properties, such as the kine-

matic viscosity, density, and compressibility factor do not exhibit an order-of-magnitude

variation, however the properties themselves show interesting trends in their own right. For

instance, the �eld still shows signi�cant density strati�cation, which directly impacts the

nature of the turbulent �uctuations. As discussed in Chapter 1, the HDGM regions act

akin to local material interfaces, which act to preferentially inhibit turbulent �uctuations
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in the direction normal to the HDGM regions. This behavior can inhibit entrainment of

�uid in the shear layer and the growth of the layer itself. The HDGM regions also act

to amplify �eld anisotropies which can in�uence the mixing signi�cantly. It is also inter-

esting to note the very low values in kinematic viscosity found within the �eld. This is

caused by the dual action of the sharp decrease in dynamic viscosity found at these oper-

ating conditions (see Figure 1.4f), as well as the high density values shown in Figure 4.6a.

The low viscosity values also act to raise the Reynolds number, and increase the separa-

tion in scales in the �ow. Hence, a relatively low bulk velocity results in a relatively large

Reynolds number, as Table 4.1 indicates. The contour in Figure 4.6e re�ects the sharp

increase in isobaric heat capacity shown in Figure 1.4c, and is a signi�cant reason for the

use of sCO2 in next-generation gas turbines as discussed in Chapter 1 earlier. Last, the

contour of compressibility factor in Figure 4.6f is included to show that the entire �eld is

susceptible to signi�cant real gas thermodynamics. Though the mixing layer acts to isolate

the strongest nonlinear behavior in the �eld, the �uid throughout the entire �eld is subject

to non-negligible intermolecular forces, and requires use of appropriate state equations for

accurate treatment in this regard.

A careful examination of vorticity dynamics forms a signi�cant part of this chapter,

given its central role to turbulent �ows in general. With this in mind, Figure 4.7 shows

the vorticity magnitude (i.e.j! i j = j� ijk (@uk=@xj )j, where� ijk represents the alternating

symbol) as it varies throughout the �eld. The data is sampled at the same location and time

as all other visualizations. The �eld shows that the vorticity magnitude is highest near solid

walls, where vorticity is generated, and also within the shear layer. The particularly high

vorticity magnitude near the plate tip appears to diminish with increasing axial distance

away from the plate tip as diffusion begins to settle velocity gradients. The vorticity shown

throughout this �eld has a number of contributing factors and the relative magnitude of

each is studied in subsection 4.4.1 later on. Brie�y, however, contributions to the vorticity

in a �ow such as this one arise from vortex stretching, �uid element dilatation, baroclinic-
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ity, and viscous diffusion. The three-dimensionality of the computational domain creates

a suitable environment for vortex stretching, ensuring that the simulations remain realistic.

The compressible nature of the �ow also ensures that vorticity generation (or destruction)

via �uid dilatation must be considered. The pressure differences arising from the �uid me-

chanics itself can also couple with the density strati�cation in the �eld to induce baroclinic

effects. Fundamentally, this term arises from a misalignment of the density and pressure

gradients. Last, the viscous diffusion of vorticity acts to diminish the vorticity magnitudes

seen in Figure 4.7, which explains the decay seen at large axial distances away from the

splitter plate tip. Further discussion related to vorticity dynamics follows in Section 4.4.

To further contextualize the �elds, line plots showing the property variations are plot-

ted at various stations throughout the domain. The plots are shown in Figure 4.8, and

only include data for three properties, namely the density, isothermal compressibility and

thermal expansion coef�cient. To provide an alternative viewpoint on the data presented

in Figure 4.6, the plots show the variation in the means of each of the properties as well

as the standard deviations. Both quantities are plotted as functions of the cross-stream co-

ordinate,y. Data is included for three axial locations,x = 6 mm, 10 mm and20 mm,

where distances are measured relative to the inlet channels. Data is collected over roughly

four large-eddy turnover times, which introduces some limitation to the statistical analy-

sis. However, this was the maximum possible data collection window, given constraints on

storage and compute time.

The data show the relaxation of the property gradients as the �ow evolves downstream,

which is a natural result of the increasing time over which diffusive mechanisms act within

the shear layer. The asymmetric growth in the stream is also clearly seen in the plots, both

in the mean and the standard deviations. The layer preferentially spreads into the lower

stream, and the standard deviations contain peaks that shift farther to lowery-values asx

is increased. The increase in the width of the standard deviation plots asx is increased

can also be attributed to the shear layer growth. The peak standard deviation values also
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show slight increases with increasing axial downstream distance. Note also that the plots

for each of the three properties shown are nearly identical, indicating that one fundamental

property, likely the temperature, is controlling their variations in this �ow.

4.3 Energy and Dissipation Spectra

The success of the LES technique broadly originates from the fact that the large scales of

turbulence carry the bulk of the kinetic energy in the �eld and are responsible for the bulk

convective transport of mass, momentum and energy. By directly resolving these scales

on a given grid, the method is able to accurately capture the most dominant motions in the

�eld directly. The small, dissipative scales of motion are modeled and are responsible for

extracting energy away from the larger scales. In DNS, however, no sub�lter turbulence

models are employed and all length and time scales in the multi-scale turbulent �eld must

be resolved. This requirement is the origin of the computational cost associated with DNS

and over 99% of the computational effort in such a calculation is attributed to resolving the

dissipative scales [28, Chapter 9].

The characteristics of the kinetic energy spectrum in the �eld are central to the as-

sessment of resolution adequacy in a given DNS calculation. For this reason, an energy

spectrum is plotted and presented in Figure 4.9 as red scatter points. The spectrum is ob-

tained in the following manner. First, an arbitrary location ofx = 25:0 andy = 12:5 mm

is selected for analysis, since it lies within the shear layer and resolution in this region is

critical for the later evaluation of pertinent physics. Next, mean velocity components are

calculated using the 400 archived data frames for each cell in the spanwise direction at this

(x; y) location. An arbitrary data frame is selected, and the corresponding instantaneous

velocity components are gathered for the same cells. The subtraction of these quantities

provides the velocity �uctuations for each selected cell. The �uctuating velocity compo-

nents are then used to calculate the kinetic energy associated with the turbulent �uctuations

at the selected instant in time. This procedure provides a signal which varies with the span-
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(a) Ensemble Averages. (b) Standard Deviations.

(c) Ensemble Averages. (d) Standard Deviations.

(e) Ensemble Averages. (f) Standard Deviations.

Figure 4.8: Selected thermodynamic property variations as functions of height above the
bottom wall. Mean data, in the form of ensemble averages, are presented, as well as stan-
dard deviations from these means. Data is plotted for three axial locations downstream of
the inlet plane.
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Figure 4.9: One-dimensional power spectrum of the turbulent kinetic energy, E(� 3). In the
�gure, � 3 represents the wavenumber in the homogeneousx3 direction, along which the
signal is collected. A quartic polynomial �t is used to visually identify the trend in the
data, once transformation to the log-log space shown in the graph has been performed.

wise coordinate,z. The turbulence homogeneity originating from the enforced periodicity

of the fore and aft domain walls permits use of the Fourier decomposition, which itself

relies upon domain unboundedness to decompose an arbitrary signal into a series of sinu-

soidal functions. The decomposition is applied to the kinetic energy signal to produce data

of the kinetic energy content at a given “spatial frequency”, known more conventionally as

the wavenumber. This data is then plotted, and the results are shown in Figure 4.9.

The energy spectrum graph shows non-zero energy at lower wavenumbers and the char-

acteristic “�attening-out” of the spectrum here is a consequence of the one-dimensionality

of the collected results. This dimension reduction produces aliasing errors, whereby en-

ergy in wavenumbers higher than the given low wavenumber is mapped onto the lower

wavenumbers due to a relative misalignment between the wavenumber vector and the di-

rection of measurement. The problem mostly af�icts the small wavenumbers and not the

larger wavenumbers due to the higher likelihood of small eddies having roughly identical

sizes in each direction [97]. Aliasing is largely a consequence of attempting to represent an
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inherently three-dimensional phenomenon such as turbulence using one-dimensional met-

rics, and the imperfection in this technique manifests itself in this way. Nevertheless, given

the signi�cant relevance and challenge of small-scale resolution over large-scale resolution

in this context, the issue need not be addressed further for the time being.

The results in Figure 4.9 indicate that the DNS grid is suf�ciently �ne to resolve mo-

tions beyond the inertial range of turbulence within the shear layer. The spectrum of the

turbulent kinetic energy shows a near-constant slope in the inertial range, with an increas-

ing spectral drop-off at high wavenumbers. This indicates that even though the grid is (at

times) not �ne enough to resolve motions down to one Kolmogorov scale, it is resolved

enough to capture many dissipative motions. Note that quartic polynomial �ts are applied

to the scatter points and only serve to visually identify the trends and the results should be

viewed in that light. Overall, the results indicate that the synthetically-generated turbulent

signal contains adequate spectral characteristics, and provides further con�dence regarding

the suf�ciency of the grid resolution.

4.4 Vorticity Dynamics

The study of vorticity dynamics has long dominated the analysis of turbulent �ows. Vortic-

ity remains a component in the description of turbulent dynamics, and heavily in�uences

key facets of the physics. For instance, vorticity dynamics partly in�uence the descrip-

tions of turbulence as a three-dimensional, rotational, dissipative phenomenon. Though

fundamental in nature, vorticity dynamics can directly in�uence the design of practical en-

gineering systems. For instance, swirl burners deliberately manipulate the vorticity �eld

to ensure rapid reactant-oxidizer mixing and suf�cient �ame stability [98]. The complex

thermophysics found in reacting �ows induces associated effects on the vorticity �eld, and

much research has been done with this in mind, as well [99, 100, 101].

Variable-density �ows with signi�cant thermophysical property variations such as the

one considered in this disseratation thus exhibit complex vortex dynamics. A characteri-
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zation of such dynamics, especially for �ows within this class, is thin in the literature, so

this section aims to �ll this gap by studying at least instantaneous and mean properties of

certain aspects of the vorticity �eld. This is done in a variety of ways. First, the vorticity

transport equation is presented to identify possible contributing factors which can in�uence

the behavior of the �eld. Following this, instantaneous and mean line plots are presented

to illustrate the relative dominance of these contributions at various positions through the

�eld. Next, enstrophy dynamics are examined. Being a square quantity, the enstrophy more

simply illustrates the behaviors hinted at across the vorticity components. Last, the helicity

density is computed, and its impact on the �eld is discussed.

4.4.1 Vorticity Budget

The �rst step in identifying the key components responsible for contributions to the vor-

ticity dynamics is to derive the vorticity transport equation for a compressible �ow. This

is done by taking the curl (� ijk @=@xj ) of each term in the momentum conservation equa-

tion, Equation 2.2. The resulting equation is presented in Equation 4.8.
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The quantity on the left-hand side of Equation 4.8 represents the Lagrangian derivative of

the instantaneous vorticity,! i . The term labelled “I ” is conventionally called the vortex

stretching term. The term captures the interaction between vorticity and the strain rate,Sij .

The strain-vorticity relation is perhaps clari�ed by recognizing that the velocity deforma-

tion tensor@ui =@xj can be decomposed into its symmetric and antisymmetric parts. The

antisymmetric part,Rij can be re-cast in terms of the vorticity vector itself. With this done,

a recognition that the product of a symmetric and antisymmetric tensor is identically zero
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distills the algebra to the following relation:

! j
@ui
@xj

= ! j Sij , (4.9)

which makes clear the close relationship between the vorticity and strain rate. A full deriva-

tion is readily obtained and so is omitted here for succinctness. From a physical perspective,

strain rates whose principal axes are aligned with the vorticity vector can act to either am-

plify or attenuate the vorticity present in various portions of the �ow. Strain rates which

act to decrease the cross-sectional area of a given �uid element cause an increase in ele-

mental rotation rate, hence an increase in vorticity. This is a direct consequence of the law

of conservation of angular momentum. The converse argument also applies. As described

in Ref. [97], vortex stretching exploits the three-dimensionality of the �eld to bring about

length scale changes in the turbulent �ow. It is thus closely linked to the energy cascade.

Term “II ” in Equation 4.8 is responsible for the component-wise ampli�cation or at-

tenuation of vorticity through elemental dilatation. A �ow such as the one considered here

may have regions where thermodynamically-induced dilatation is large, hence this quantity

likely has a non-negligible role in the evolution of the vorticity �eld.

Term “III ” is conventionally called the baroclinic torque. The term captures the in-

�uence of the density gradient on the evolution of the vorticity. A driving force, in this

case caused by the pressure gradient, acting on �uid elements with different densities will

produce distinct accelerations on each element. This is a result of the variation in inertia

between the elements, itself due to the disparate densities. The difference in accelerations

induces rotation in the �uid, which can be expressed as a generation of vorticity. Note that

this term is void in the event that the density and pressure gradients are aligned.

Last, term “IV ” describes the viscous diffusion of vorticity. Vortex stretching acts to

amplify and concentrate vorticity, while affecting the length scales present in the �ow. This

action continues across various length scales and, as stated in Ref [97], is the mechanism
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responsible for the wide energy spectrum at high Reynolds numbers. As length scales

decrease, however, the action of viscosity grows ever more dominant, until at some stage

the dissipation in vorticity due to viscosity prevents stretching from increasing the vorticity

content in the �ow without bound. In this sense, it acts as a sink for vorticity and removes

it from the �ow where possible.

4.4.2 EnstrophyBudget

Dif�culties arise while interpreting the plots of the vorticity budget and this is primarily a

result of the three-dimensionality of the vector. The possibility of intercomponent redis-

tribution does not necessarily imply that certain phenomena result in gains or losses to the

total vorticity in the �eld. Challenges such as this are perhaps alleviated to some degree by

inspecting the square of the vorticity instead. Strictly speaking, enstrophy is de�ned to be

the mean square of the vorticity �uctuations, i.e.


!

0

i !
0

i

�
, where a prime denotes a �uctua-

tion from the Reynolds average. It plays a role in the dissipation of turbulent kinetic energy

for homogeneous incompressible �ows [97, Chapter 3], and is related to the solenoidal dis-

sipation in compressible turbulent �ows. Here, however, we analyze the instantaneous and

mean nature of! i ! i , which, it must be noted, is not directly linked to the dissipation rate of

turbulent kinetic energy. Instead, it can be related to the instantaneous viscous dissipation

function in the following manner [56]:
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(4.10)

which explicitly shows the in�uence of the square of the vorticity magnitude on the dissi-

pation of kinetic energy in the �ow. Note that Stokes' hypothesis has been assumed while

presenting Equation 4.10. In addition to this connection, analysis of both instantaneous and

mean square vorticity magnitude provides a measure of the rotational energy in the �ow,

and has been interpreted as such in recent research [102]. Analysis of the mean has also
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(a)D! 1=Dt budget. (b) hD! 1=Dt i budget.

(c) D! 2=Dt budget. (d) hD! 2=Dt i budget.

(e)D! 3=Dt budget. (f) hD! 3=Dt i budget.

Figure 4.10: Instantaneous and mean contributions to the Lagrangian derivative of each
vorticity component. All data sampled at an arbitrarily selected location of(x; z) = (20 ; 3).
Taking ensemble-averages of the data appears to be ineffective. This is likely due to the
vector nature of the quantity, which gives rise to the potential for inter-component redistri-
bution.
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been used in the �eld of combustion [101] and has provided valuable insight. Additionally,

contributions to the budget of! i ! i can more readily be assessed as gains to or losses from

the rotational energy in the �ow, since it is a square quantity. The rollers within the shear

layer possess signi�cant quantities of rotational energy and ultimately, the mixing and en-

trainment of �uids from different streams can be attributed to not only the vortical structure

of the �ow, but also more generally the rotational energy in the shear layer. Keeping this

“big-picture” implication in mind, the quantity! i ! i is analyzed. To ensure notational sim-

plicity, the quantity is de�ned as enstrophy for the remainder of this dissertation, with the

understanding that it is instantaneously derived, and is not related directly to the vorticity

�uctuations, as is convention. Nonetheless, it must be noted that this de�nition has been

used in successful works such as Refs. [101, 102].

The enstrophy transport equation is obtained by taking the inner product of the velocity

vector with each term in Equation 4.8. This procedure readily yields the following:
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Each term on the right-hand-side of Equation 4.11 is directly analogous to the terms in Equa-

tion 4.8. The numbering of each term hence follows the same form. Figure 4.11 presents

data showing the contributions of each term (I throughIV ) to the Lagrangian derivative of

the enstrophy. All data is obtained at a locationz = 3 mm, but for threex-stations, namely

x = 10 mm, x = 20 mm andx = 30 mm. Data is presented as a function of the cross-

stream coordinatey. The left column shows instantaneous trends, while the right column

shows ensemble-averaged data. To perform the averaging, each term is computed for each

snapshot in time and then the data is averaged across all snapshots. This technique mimics

that used by Kazbekov et al. [101] in a similar analysis.

The data in Figure 4.11 identi�es a few interesting trends as well as some that are per-

haps expected. First, the instantaneous data atx = 10 mm shows that vortex stretching
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(a) Instantaneous data.x = 10 mm. (b) Ensemble-averaged data.x = 10 mm.

(c) Instantaneous data.x = 20 mm. (d) Ensemble-averaged data.x = 20 mm.

(e) Instantaneous data.x = 30 mm. (f) Ensemble-averaged data.x = 30 mm.

Figure 4.11: Line plots showing contributions to the Lagrangian derivative of the enstrophy.
The left column includes instantaneous data, while the right column presents ensemble-
averaged data, atz = 3 mm. Data is sampled at three streamwise stations.
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dominates the vorticity dynamics even in the near �eld. This is perhaps an expected re-

sult since vortex stretching is the primary mechanism through which the �eld attains its

broadband characteristics. In this regard, the data simply serve to con�rm an expected hy-

pothesis. More interestingly, however, it appears that at least instantaneously, it is possible

for elemental dilatation, baroclinicity and viscous diffusion to all rival one another. The

in�uence of the dilatation is perhaps expected given the analysis conducted in Section 2.2.

That analysis is performed in an instantaneous sense, and connects �uid element dilatation

to the thermophysical nonlinearities found at these conditions. The isothermal compress-

ibility and thermal expansion factors are found to instantaneously modulate the dilatation

�eld and this could be responsible for the high relative in�uence of dilatation shown in Fig-

ure 4.11a. The instantaneous data in Figure 4.11 also contains a subtler trend. The results

indicate that spikes in the baroclinic torque are frequently accompanied by spikes in the

vortex stretching contribution. This is perhaps most clearly seen in Figure 4.11a. Here, the

data indicates that vorticity ampli�cation due to baroclinicity is roughly half the magnitude

of the vortex stretching contribution, highlighting its signi�cance at this location. Note

that the relative importance of baroclinicity decreases with increasing axial distance. This

trend perhaps indicates that baroclinicity associated with small, highly strained vortices

signi�cantly in�uences the �ow at least instantaneously. These vortices and their associ-

ated pressure gradients can couple with the underlying density gradient which results from

the thermodynamic conditions selected, and is a manifestation of the coupling between the

�uid dynamics and thermodynamics. Note that the data indicate that the baroclinic torque

primarily serves to amplify the Lagrangian enstrophy, hence results in greater vorticity

magnitude, and possibly greater entrainment and eventual shear layer mixing relative to a

setting where it were not instantaneously signi�cant.

The graph in Figure 4.11b indicates, however, that in an mean sense, the baroclinic

torque is relatively outweighed by the the dilatation and viscous diffusion terms. Vortex

stretching still dominates the �eld. In fact, it appears as though vortex stretching and vis-
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cous diffusion act in opposition to one another, and this behavior is easily rationalized.

Vortex stretching is the mechanism by which the turbulent kinetic energy works its way

from the large scales to smaller and smaller scales through the energy cascade. Were it

to act unopposed, it will continue to stretch and snap vortex �laments of ever decreasing

size, thereby concentrating vorticity, and thus energy at smaller and smaller scales without

bound. Akin to the dissipation of kinetic energy, viscosity acts to balance this behavior and

bound the vorticity within the �eld. The mean �elds presented in Figure 4.11b is a visu-

alization of this behavior. Interestingly, it appears that dilatation atx = 10 mm is a more

dominant contributor to the Lagrangian derivative of enstrophy than the baroclinic torque

in the mean. Mean baroclinicity is induced when mean density gradients couple with mean

pressure gradients. It is a signi�cant driving mechanism in swirl burners since the swirl in-

duces non-negligible pressure gradients within the �eld, and the �ame induces signi�cant

dilatation. These effects couple with one another and is manifested as the baroclinic torque.

The �eld under consideration here is at high pressure and contains signi�cant mean density

gradients, especially within the shear layer itself. However, it appears baroclinicity is not

a dominant phenomenon in the mean. This implies that despite the high system pressure,

gradients in the same quantity are small. Hence, their coupling with the density gradients is

weak, and this is perhaps the cause of the relatively low in�uence of baroclinicity relative

to dilatation on average. The instantaneous dominance of baroclinicity contrasts with its

diminished in�uence in the mean, and this serves to further strengthen the claim that the

instantaneous baroclinic spikes are associated with local, highly strained vortical structures

in the shear layer, and not a result of large-scale, mean pressure-density coupling.

Farther downstream, atx = 20 mm, it appears that instantaneously the vortex stretching

mechanism still dominates the �eld. The magnitude of the peak vortex stretching contribu-

tion at this station is actually higher than atx = 10 mm. This is seen by comparing Fig-

ure 4.11a with Figure 4.11c. However, the vortex stretching is shown here to not only

increase the enstrophy, but also decrease it sharply. This is physically due to the strain
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rates “squeezing” a given �lament instead of stretching it, thereby decreasing the local

rotation rate (due to angular momentum conservation) and hence the vorticity. Addition-

ally, at the downstream station (Figure 4.11c), the relative instantaneous contribution of the

baroclinicity and dilatation appear diminished with respect to viscous diffusion and vortex

stretching. Note, however, that the absolute contribution of the baroclinicity and dilatation

rival that of the earlierx = 10 mm station. In a mean sense however (see Figure 4.11d),

the relative contribution of both terms appears smaller than atx = 10 mm. At this station,

vortex stretching still dominates the dynamics and is opposed by viscous diffusion. Note

that in contrast to the instantaneous data, the mean data show that vortex stretching largely

acts to signi�cantly increase the enstrophy in the �eld.

The aforementioned trends continue as the �ow evolves downstream. Atx = 30 mm,

vortex stretching is instantaneously dominant and opposed by the viscous diffusion. Baro-

clinicity and dilatation appear negligible in comparison. Mean data (Figure 4.11f) show

that all the previously discussed trends hold. Baroclinicity and dilatation are largely negli-

gible at this location. Contrasting the mean data in Figure 4.11b to Figure 4.11f con�rms

that as the �ow evolves downstream, viscous diffusion acts to smooth out velocity gradi-

ents, which in turn diminishes the relative contributions of each of the four terms identi�ed

in Equation 4.11.

4.5 Turbulence Anisotropy

The research of Miller et al. [36], as well as Okong'o and colleagues [37, 38] identi�ed and

explained the signi�cance of the HDGM regions that occur in supercritical shear layers.

The regions are found to intensify any initial anisotropy in the density �eld. Such regions

are found in both multi-component systems, where they are driven by species diffusion, as

well as single component systems, where a temperature gradient is the driving mechanism.

The latter scenario is directly relevant to the con�guration selected here, so this section aims

to examine the in�uence of the density strati�cation in the �eld on the �uid mechanics.
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The Anisotropy Invariance Map (AIM), also known in the literature as a Lumley trian-

gle, provides a way to analyze the data in this regard and uncover dominant trends. Though

originally developed for incompressible �ow analysis, it has been successfully employed

for compressible �ows in the past (see, e.g. Ref. [103]). The plots locate the invariants

of the Reynolds stress tensor at a given spatial location on the so-called invariant plane. A

schematic is provided in Figure 4.12 and highlights certain points of interest. The schematic

also visualizes the Reynolds stress ellipsoids which correspond to three regions and loca-

tions in the map. Figure 4.13 shows a three-dimensional view of this data, where the third

dimension is used to highlight the variation in ensemble-averaged density, denoted� . The

averages are taken across the 400 saved data frames. Each scatter point in the �gure corre-

sponds to data at one cell within the domain. To further add context to each point, the data

are colored by the cross-stream location at which they are collected. A two-dimensional

view is presented in Figure 4.14. While preparing these results, plots were generated for

all of the thermodynamic and transport properties of interest. However, many plots showed

redundancy in terms of dominant trends. Therefore, only a total of three �gures are shown

here in the interest of succinctness. The remaining plots are presented in Appendix B.

The maps are created by �rst reconstructing the Reynolds stress tensor
�


�u 0
i u

0
j

��
at all

points in the domain. Angular brackets denote ensemble averaging, while primes denote

�uctuations from a Reynolds average. The anisotropic part of this tensor is then isolated.

To provide a level of generality and intuitiveness to their interpretation, the values are

non-dimensionalized using the turbulent kinetic energy at each corresponding location.

Mathematically, the formulation is:
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Figure 4.12: Schematic of the AIM. The envelope of realizability is identi�ed by the red
line, while the three-dimensional greyscale graphics represent the shape of the Reynolds
stress ellipsoids along the right and left limbs of the AIM. An ellipsoid is also included for
the isotropic turbulence limit for reference.

wherebij is the anisotropic part of the Reynolds stress tensor,� ij is the Kronecker delta

tensor and the turbulent kinetic energy,k, is de�ned as:

k �
1
2

h�u 0
ku0

k i . (4.13)

Note the incorporation of the compressible form of the Reynolds stress tensor into the

de�nition of bij . The invariants of the anisotropy tensor provide information that is by

de�nition unaffected by coordinate axis transformation. As a result they remain insulated

from arbitrary selections in this regard, providing valuable objective insight into the �eld

anisotropy. Two invariants may be de�ned as follows:
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(a) Randomly down-sampled DNS data.

(b) Points in mixing layer only.

Figure 4.13: AIMs (Lumley triangles) obtained from the DNS data. Invariants of the
anisotropic part of the Reynolds stress tensor (which itself is de�ned in Equation 4.12)
are plotted as functions of the ensemble-averaged density. Each point is colored by the
height above the lower wall of the domain where the data is collected. The realizability
envelope is enclosed within black dashed lines.
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