A KAM THEOREM FOR HAMILTONIAN NETWORKS WITH LONG
RANGED COUPLINGS

JIANSHENG GENG AND YINGFEI YI

ABSTRACT. We consider Hamiltonian networks of long ranged and weakly coupled oscillators
with variable frequencies. By deriving an abstract infinite dimensional KAM type of theorem,
we show that for any given positive integer N and a fixed, positive measure set O of N variable
frequencies, there is a subset O« C O of positive measure such that each w € O, corresponds
to a small amplitude, quasi-periodic breather (i.e., a solution which is quasi-periodic in time
and exponentially localized in space) of the Hamiltonian network with N-frequencies which are
slightly deformed from w.

1. INTRODUCTION AND MAIN RESULT

Associated with the symplectic structure ) p, A gy, we consider Hamiltonian networks defined
by real analytic Hamiltonians of the form

(1.1) H =375 4+ Valan) + W ({an).

where V,,’s are the on-site potentials satisfying V,,(0) = V;(0) = 0 and V,(0) = 3, #, > 0, and W
is a coupling potential. Hamiltonian networks have been used in solid state physics in describing
the vibration of particles (atoms) in a lattice (see [10, 11, 20]) and also used to model DNA chains
(see [10, 14, 34]). They also arise naturally as spatial discretization of Hamiltonian PDEs such as
nonlinear wave equations.

Among the solutions of a Hamiltonian network, of particular physical interests are the so-
called breathers or quasi-periodic breathers, which are self-localized, time periodic or quasi-periodic,
solutions whose amplitudes decay at least exponentially as |n| — oco. Breathers or quasi-periodic
breathers are often referred to as dynamical solitons or intrinsic localized modes in physics and
they have been largely found via numerics in many physical models (see [10, 29] and references
therein). The existence of breathers in Hamiltonian networks associated with Hamiltonians (1.1)
was rigorously analyzed when (3, = § by Aubry [1, 2], Mackay—Aubry [25] for the inter-particle,
nearest neighbor coupling potential

W{a.}) = Z(Qn-H - qn)2

n

and by Bambusi [3] for the long-range coupling potential
2
{qn} Z m|a - Qm) , > 1.

Like in [25], breathers in the nearest nelghbor coupling case can be studied near a fixed periodic or-
bit of the uncoupled Hamiltonian by certain continuation or perturbation arguments, provided that
the couplings are “weak”, and, no small divisors need to be considered in such perturbation prob-
lems. These perturbation techniques are also applicable in finding quasi-periodic breathers with
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two or three frequencies for certain models with symmetries (see Bambusi—Vella [4], Johansson—
Aubry [19]). Using a modified KAM technique, the existence of quasi-periodic breathers with any
finite number of frequencies was recently shown by Yuan [33] for the higher order, nearest-neighbor
coupling potential

(1.2) W({an}) = D (qns1 — an)*

n

Almost periodic breathers with infinitely many frequencies have also been investigated. Associated
with the potential (1.2), Frohlich-Spencer-Wayne [15] considered the case when the frequencies are
non-negative random variables with smooth distribution of fast decay at infinity and showed that
there is a set 2 C RS® with positive probability measure such that each w € £ corresponds to
an almost periodic breather with infinite many frequencies (see also Pdschel [28] for more general
spatial structures).

In this paper, we will study the existence of quasi-periodic breathers for the Hamiltonian (1.1)
with the following higher order, long-ranged coupling potential

1

(1.3) Wan}) = 3 > e gy — gm)?, > 1,
n#Em
or equivalently the Hamiltonian network
dzqn ! —|n—m|¥ 2
(1.4) a2 + Volan) = — Z e (qn — qm)”
meZ

For a given integer N > 1, we specify N integers {i1,---,in} and let Zy = Z \ {i1, - ,in}.
We treat w = (Bi,, -+, 0iy) as parameters in a bounded closed region O in Rf and assume the

following spectral gap condition:
SG) There exist 1 < d < oo and v > 0 such that

{ﬂn}nGZh = U?ilAl
where Aj, [ = 1,2, -+ are sets satisfying
#(A)) < d, for all [,

and
1B — Bml| >, for all 3, € Ay, B € Aj, 1 # 5.

We will show the following result.

Theorem A. Assume SG) with v sufficiently small. Then there exists a Cantor set O, C O, with
meas(O \ O,) = O(v), such that for any w € O, the Hamiltonian network (1.4) associated with w
admits a small amplitude, linearly stable, quasi-periodic breather q(t) = ({qn(t)}) of N-frequency
w, which is close to w, and moreover, |q,| ~ e~ "I,

The condition SG) clearly holds when 3, = |n|, n € Z;. Comparing with the cases of nonlinear
wave equations [12, 17, 26, 27] in which 8, ~ |n|, n € Z, the validity of Theorem A crucially
depends on the coupling potential or perturbation (1.3) which admits a weaker regularity but a
higher order perturbation.

For the case of nearest-neighboring coupled Hamiltonian networks, breathers were shown to be
super-exponentially localized in space ([33]). This is due to the at most linear growth of the normal
components in the normal form associated with the short-ranged coupling potential (1.2). Our
result only asserts the exponential localization of quasi-periodic breathers due to the exponential
growth of the normal components in the normal form associated with the exponentially weighted,
long-ranged coupling potential (1.3). If the long-ranged coupling potential

Wta)) =5 3 m@n g a1

n#m
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is considered instead, then the normal components in the associated normal form will have a super-
exponential growth and our method will equally applicable to yield quasi-periodic breathers which
are localized like e |a in space.

Theorem A will be proved by using KAM (Kolmogorov-Arnold-Moser) method. In fact, we will
present an abstract infinite dimensional KAM type of theorem from which Theorem A will follow.
Such an infinite dimensional KAM theorem differs significantly from those for Hamiltonian PDEs
like nonlinear Schédinger, wave, beam, and KdV equations studied by many authors using either
KAM or CWB (Craig-Wayne-Bourgain) method (see [5, 6, 7, 8, 9, 12, 13, 16, 17, 18, 21, 22, 23, 26,
27, 30] and references therein). This is mainly due to the fact that, when the normal frequencies of
a Hamiltonian network have linear growth, the perturbation (1.3) admits weaker regularity than
those of Hamiltonian PDEs under KAM or Newton iterations.

Similar to the short-ranged coupling cases considered in [25, 33], it is also important to study
the existence of quasi-periodic breathers for Hamiltonian networks with long-ranged coupling po-
tentials and constant frequencies 3, = 3, n € Z, i.e., those formed by weakly coupled identical
oscillators. As the KAM iteration mechanism and measure estimates for the constant frequency
case significantly differ from the variable ones to be studied in this paper, we will consider the
constant frequency case in a separate work.

The paper is organized as follows. In Section 2 we state an abstract infinite dimensional KAM
theorem and prove Theorem A as a corollary. Sections 3 and 4 are devoted to the proof of the
abstract KAM theorem. More precisely, in Section 3, we give detailed construction of the KAM
iteration for one KAM step. We complete the proof of the abstract infinite dimensional KAM
theorem in Section 4 by showing an iteration lemma, convergence, and measure estimate. Some
technical lemmas are provided in the Appendix.

2. AN ABSTRACT KAM THEOREM

In this section, we will formulate an abstract KAM theorem which can be applied to the Hamil-
tonian networks of long-ranged and weakly coupled oscillators with variable frequencies. Theo-
rem A will be proved by using the abstract KAM theorem and normal form reductions.

2.1. The abstract theorem. We begin with some notations. Let integers N > 1, d > 1, and real
numbers 7, s > 0 be given. We consider the complex neighborhood D(r, s) of TV x {0} x {0} x {0} C
TN x RN x ¢ x ¢* defined by

D(r,s) = {(0, I,w,w) : [Im| < r, |I| < s*, ||Jw|| <s, |o] < s},

where | - | denote the sup-norm of complex vectors and | - || denote the ¢! norm. Also let O be a
positive (Lebesgue) measure set in RY.

Let F(0,I,w,®w) be a real analytic function on D(r,s) which depends on a parameter £ € O,
Cdg—Whitney smoothly (i.e., C? in the sense of Whitney). We expand F' into the Taylor-Fourier
series with respect to 0, I, w, w:

F9,1,w,w) ZFgww

where o = (- ,an, ), 8= (- ,Bn, ), an,ﬁn € N, are multi-indices with finitely many
non-vanishing components, and

Fag= Y, Fuap&)I'd®.
keZN leNN
We define the weighted norm of F' by

1E D)0 = sup > [[Fagll w®]|@”],

flwl<s
loll<s @0
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where
1Fasll = [Friaglos®e®”, [Fuaslo = sup{ max |0¢" Fuiap|}-
) teo m<d

In the above and also for the rest of the paper, derivatives in £ € O are taken in the sense of
Whitney.

For a vector-valued function G : D(r,s) x O — C™, n < 0o, we simply define its weighed norm

)

by

n

||GHD(T,S),O = Z HGiHD('r,s),O-
i=1
For the Hamiltonian vector field

XF = (FI7 _Fea {iFw"}7 {_iF’lD,,L}>

associated with a Hamiltonian function F on D(r,s) x O, we define its weighted norm by
1 1
HXF”D(T,S),O = HFIHD(T,S),O + ?“FGHD(T,S),O + ;(Z ||Fwn D(r,s),0 + Z HF@n
n n

Associated with the symplectic structure dI A df + iz dwy, A dw,, we consider the following

D(r,s),O)'

nez
family of real analytic, parameterized Hamiltonians
H = N+P
(2.1) N = (W&, )+ > Quw,in,
neEZ
P = P(07 I? w7m7£)7

where (I,0,w,w) € D(r,s), £ € O, Q,’s are positive and independent of £, and all £-dependence
are of class C% in the sense of Whitney.

It is clear that when P = 0, the unperturbed Hamiltonians N are completely integrable, admit-
ting a family of quasi-periodic solutions (6 + wt,0,0,0) corresponding to invariant N-tori in the
phase space.

To study the persistence of some of these N-tori, we need the following assumptions on w(),
Q,, and the perturbation P:

(A1) Non-degeneracy of tangential frequencies: There is a constant § > 0 such that
ow

|det(5‘§

)| > 0.

(A2) Gap conditions of normal frequencies: There exist sufficiently small v > 0 and sets Ay,
l=1,2,---, such that

{Qn}nez = U?ilAh
#(N\) < d, for all [,
‘Qn_Qm|Z’Ya ifQHEAl,QmEAJ',Z#j.
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v

(A3) Decay property of the perturbation: P = P+ P+ P, where P = PO, I,w,w¢), P =
.7-/7(9,1',10,@/,5)7 P= P(@, I, w,w,§) are such that

(2.2) P = P(0,1,0,0,)+ > P60, LOuwyrw), P8, 1,9 < eI
antBnz1
(2.3) P = > P (Quirwrwir ol (| Py (&) < e7Im 7
n,meZ,n#m
an+PBn.oam+Bm=>1
an+PBntam+Bm >3
(2.4) P o= > O(uw)
nez

Our abstract KAM theorem states as the following.

Theorem B. Consider the Hamiltonian (2.1) and assume (A1)-(A3). For a fized v > 0 sufficiently
small, there exists a positive constant € = €(0,d,d,N,v,r,s) such that if || Xp|pe.s),0 <€, then
the following holds. There exist Cantor sets O C O with meas(O \ O) = O(y) and maps

\II:TNXO,Y—>D(7“,$), (:J:O,Y—>RN,

which are real analytic in 6 and C’dz—Whitney smooth in & with ||¥ — \IIO||D(%’0)7OW — 0 and
|0 —wlo, — 0 asy — 0, where Vg is the trivial embedding: ™ x O — TV x {0,0,0}, such
that each £ € O, and 0 € TN corresponds to a linearly stable, N -frequency quasi-periodic solution
V(0 + (Ot €) = (0 + (&), I(t), {wn(t)}) of the Hamiltonian (2.1). Moreover, |w,| ~ e~1"!.

Since our perturbation has a weaker regularity, the frequencies of these invariant tori are in
general non-resonant instead of Diophantine.

Comparing with results on quasi-periodic solutions for Hamiltonian PDEs (see e.g. [5, 6, 7, 8,
9, 12, 13, 16, 17, 18, 21, 22, 23, 26, 27, 30]), the above theorem relaxes the linear or super-linear
growth conditions on the normal frequencies 2,,. Indeed, it is easy to see that the gap condition
(A2) above is weaker than the linear or sup-linear growth conditions on the normal frequencies.
The assumption (A3) is new but natural for networks of long ranged and weakly coupled oscillators.

It is not clear whether a Lyapunov center theorem is possible for a Hamiltonian network whose
normal frequencies satisfy the gap condition (A2). At least, the above theorem assert a quasi-
periodic type of Lyapunov center result in the sense of measure.

2.2. Proof of Theorem A. Recall that the Hamiltonian networks of long ranged, weakly coupled
oscillators considered in Theorem A is described by the Hamiltonian

H an+v Qn Ze\n m| _Qm)Sa OZZL

nez n;ﬁm
which, in terms of the Taylor expansion at ¢ = 0, can be equivalently rewritten as

pn ﬁ qn —|n—m|“
H = Z[ §Z€ (@n — Gm +Zo‘qn
nez n#EmM neZ
Let € > 0 be sufficiently small. With the re-scalings p,,, ¢, — €pn, ¢n, the re-scaled Hamiltonian

reads P
pn qn —|n— o
e H(ep.eg) =) [ +3 =S e (g = ) 42> O(al)
nez n#m nez
Let N, {i1, - ,in}, and Zy = Z \ {i1, - ,in} be as in Theorem A. For a given value
a = (a1, - ,an) € Rf, we introduce the standard action-angle-normal variables (I, 6, w,w) =
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(Iaoa {wn}nezp {wn}nezl) S RN x TN x El, ie.,
1
Di; = \/E\/WCOS@, qi; = Fmsinﬁj, 1<j5<N,
i)
VB (Wn + @n) W — Wy,

n = s = ——=, NE 7.
b /2 q /285, 1
Let £ = (&1, ,&n) = (Biys- -+, Bin)- Then in terms of the action-angle-normal variables the
above Hamiltonian becomes
(2.5) H=N+P=(w().I)+ Y Quu,i,+ P(0,1,w,0,8),
neZy
where
UJ(&) = (wl(f)a e a(“‘)N(f)) = (517 e 7§N)7
Qn = 5717 n e Zlv
and 5 o
P=P+P+P
satisfying
P o= P0,1,0,0,)+ Y Pu(0,1.8wirwg,  ||P(6,1,6)] < e < e
T
P o= S Pa@uirawgraln, |[Ba(©)] < e < el

n,meLy ,nEmM
an+PBn,om+Bm>1
an+Bntam+Bm=>3

Po= Y 0w,
nezZy

It is also easy to see that we can choose appropriate r, s > 0 such that || Xp||p(s),0 < €. Hence
the Hamiltonian (2.5) satisfies all conditions of Theorem B, from which Theorem A follows.

3. KAM STEP

In what follows, we will perform KAM iterations to (2.1) which involves infinite many successive
steps, called KAM steps, of iterations, to eliminate lower order #-dependent terms in P. Each KAM
step will make the perturbation smaller than the previous one at a cost of excluding a small measure
set of parameters. At the end, the KAM iterations will be shown to converge and the measure of
the total excluding set will be shown to be small.

To begin with the KAM iteration, we set Q0 = Q,,, n € Z1, ro = r, 59 = s.

3.1. Normal form. We first convert the Hamiltonian (2.1) into a more convenient form in order

to perform the KAM iteration. Let e, ~ 1 and choose a Ko such that Ky ~ |[Iney|. According

to the forms of (2.3), (2.4) in the Assumption (A3), we can make sg smaller if necessary such that
||X15+P||D(T0,so)><(9 < &4

We now treat the term P. According to the form of (2.2) and the definition of the norm, we
have

P=P(0,1,0,0,&)+ Y Pu(0. 1wy wr

an+Bn2>1
= E Pkl]lel<k7a> + E P’r’flanﬁnlleukve) wgnwgn7
k,l nok,l
an+pBn =1

where ] u
HPkl” < e_|k|7‘o’ ||P7Ilclan[3nH < 6_‘k‘r06_‘71|.
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Thus we can make 7o, sg smaller such that

p i BkanBn i on - < Ex.
||XZ\M>K0,|H§1 Pl e .0 37 51y o 5510 Pa®" P eih0) i vagn 101y 0w | < €
an+Bn>1
Let
R = E Pklllel(k,9> + E P,,]fanﬁn el(k,a) wznu—)rﬂln )
0 nis B =
|k|<Ko,|l|<1 In|<Kg,|k|<Kq
1<an+6n<2

We first construct a symplectic transformation ®, = <I>};* defined as the time-1 map of the Hamil-
tonian flow associated to a Hamiltonian F, of the form

F, = E Froolle!™? + E (FFO,, + F501wn)e‘<k79>
0<|k|<Ko,|lI<1 [k|<Ko,|n|<Ko
b (Eww + FP0,0,)0 00
[k|<Ko,|n|<Ko
P g, 0

0<|k|<Ko,|n|<Ko
such that all non-resonance terms Py Ilei™0) 0 < |k| < Ko, |I| < 1, Pkanbneith0) qpongbn
0 < |k| < Ko, o + Bn < 2 are eliminated, and terms Py I, |I] < 1, PO lw,w,, |n| < Ky are added

to the normal form part of the new Hamiltonian. More precisely, let the coefficients of F, satisfy
the homological equation
(3.1) (NFEY+R=> Pul'+ Y P lwyw,.
<1 In|<Ko
It is easy to see that the homological equation (3.1) is solvable on the parameter set
(ko) > 7, 0< k| < Ko
O.=€€0: [(kw) +Q|> g=, [k < Ko n| < Ko
[(k,w) + 20| > 2=, k] < Ko, |n| < Ko
0

Hence we obtain the transformation ®, such that

N, = e+ <W*(£)v I> + Z Q:Lwnu_)n + Z Qpwp Wy,
In|<Kj In|>Ko

where wx = w+]501(|l| =1), Q5 =Q, + PO a1q

nn ?

P, = P*(0,I,Wn(jn|<Ko) Wn(jn|<Ko)» &) + Z Pr(0, 1, win(jm|<Ko)s Om(m|<Ko)s &)W W™
cntpn 21
satisfies

||p:(97 17 Wm(lm|<Ko)s wm(|m|§K0)’ E)” < e*(|n‘*Ko)'
In the above, the first and the second term of P, come from Po®, and Po®, + Po®, respectively.

The decay property of 15,’{ follows from the fact that ®, depends only on I, # and w,,, w,, for
Im| < Ko.
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Next, write

D B0, 1, Wil <o) W] < K)s E) Wi w"
[n|>Kg
an+PBn>1

— Z B0, I, W (| < Ko) s Dm(|m| < Ko) » &) WS D0

|n|>5Kq
an+Bn>1

+ Z B0, 1, W (| < Ko) » Orn(jm| < Ko)» E) WA DH".

Ko<In|<5Kq
an+pfn>1

On the domain D(rg, sg) X O, it is easy to see that the norm of the vector field associated with
the first term above is bounded by £2. To handle the second term above, we note that due to the
gap condition (A2) of normal frequencies, when ,,, ,, belong to the same A;, terms of the form
P 2 Wi Wy, + P mWn W, are not able to be eliminated via solving a homological equation. Hence
they need to be included in the normal form part of the Hamiltonian. More precisely, according
to the assumption (A2), we let Ly be the smallest positive integer such that {€,}, <5k, lie in

Al, e ,ALO. Let ]’?(] = 5K(]. Clearly L(] S K{).

Let
R, = Z p}:l_rleﬂkﬂ) + Z p:ll%amﬁneﬂkﬁ) (wem P + wemawPn)
|k|<Ko,|l|<1 Im|<Kg,|n|<Ko,|k|<Kg
1<am+hn<2
and let
F.,. = Z friooe®? I 4 Z (fE10w,, + fF0l,, )elh:0)
0<|k|<Ko,l|<1 |k|<Ko,|n|<Ko
+ Z ( k20wnwm + kllwnwm + fnm wm)ei(k,9>
|k|<Ko,|m|<Ko,|n|<Ko
+ Z (20w w, + FEO2, 1@, )el k0
|k|<Ko,Ko<|n|<Ko
n Z KL i, 060)
0<|k|<Ko,Ko<|n|<Ko
satisfy the homological equation
(3.2) {No, Pl + Ro= Y Pul'+ > Piwawm + Y, Prntwai,.
<1 Im|<Ko,|n|<Ko Ko<|n|<Ko
It is clear that the equation (3.2) is solvable on the domain
(kw2 2=, 0<|’f\§f<o
(k) + Q) > 7 [kl < Ko, In| < Ko
. o M) +0u = 2. |k|<fco,Ko<|n|sf(o
= S : Kg ~
TN k) + 2 £ Q2 2 K< Kol In] < Ko
O ~ ~
\(kw*>+Q* :EQ|> , ‘k|<KO,|m|<K() K0<\n|§K0
‘<k w*>—|—29 |ZK6, |]€‘<K0,K0<|TL|<KO

Consider the symplectic transformation ®,., = @}D Then

HO = H*O(I)**:NO+PO

No = e+ (wo(¢ +Z A2+ Y Qwamn,

\n|>k0




A KAM THEOREM FOR HAMILTONIAN NETWORKS WITH LONG RANGED COUPLINGS 9

where
0 = e+ P,
wo = w.tPyll=1),
Lo
Z<A?21072?> = | Z Q3w W, + Z (P;L()rzllwmmn+P;2L11wnwm)]v
=1 In|<Ko [m|< Ko, |n|<Ko
o = 9+ Bt
P° = By +PFB+ P,
5 5 _ po = 50 = n g735n
Py = P=P0, 1w, n<iy) Ongui<ito) )+ D PO L W<y Don(mi < ) )00 0
a2
def ~ _ “ | _
= PY6,1,2°2°0)+ > PO, 12020, Qi
|n|>Kq
an+pBn2>1
v _ _ _K ~
||P,S(0,I,ZO7ZO,S)H <e (Im1 0)’ |n| > Ko,
Bo= P= Y A@upralegeal,
n#m
an+Bn,am+Bm>1
an+PBn+tam+Bm=>3
‘o o
120, (&) < eI,
Py = P=) O(uwnl*,
nez
with
0 0 0 0
D= (o wn, Y anen, 22 = (0, 22),

In|<Kg

5
dlam(A?) < d’ and HXPOHD(TO,SO),OO < Eﬁ déf £o-
Suppose that after a vth KAM step, we arrive at a Hamiltonian

H=H,=N+P=N+P+ P+ P,

L
N=N, =&, D)+ (Az,a)+ > Qwyibn,
=1

|n|>K
p:pV:P(evjvzyaZya€)+ Z Pn(07172a27£)wgnw7ﬁln
In|>K
an+pBn=>1
= PY(0,1,2",7",€) + Z PY(O,1,2", 7", &) wim il
In|>Ky,
an+pBn=>1

defined on a domain D(r,s) x O = D(r,,s,) x O,, where K = K, is a positive constant, L = L,,

is the smallest positive integer such that {Q%}\an( liein Aq,---,Ap,
v = SV —
2 =2 :('.'7w’n7"')Qn€A~l7 ZI =% :(...)wn’...)ﬂ’nel\}j
In|<K In|<K
v = v = =
Z=Zz :(Zla"'7ZL)7 Z=z :<Z17"'7ZL)7

P = P¥ for some € = ¢, and
1Pa(0,1, 2,2, prsy0 < e M7Fjn| > K.
It is clear that L < K.

We will construct a symplectic transformation ® = ®,,, which, in smaller frequency and phase
domains, carries the above Hamiltonian into the next KAM cycle. Below, all constants ¢; — ¢qa



10 JIANSHENG GENG AND YINGFEI YI

are positive and independent of the iteration process. The tensor product (or direct product) of
two m x n, k x [ matrices A = (a;5), B is a (mk) x (nl) matrix defined by

anB s alnB
A®B:(aZ]B): . e e
amiB - amnB
We also use || - || to denote the operator matrix norm, i.e., for a matrix M, [[M|| = supy, =1 [[My].

Let Ki = TK + 1Kj. In this KAM step, Q) with K < |n| < K will be added to the new
normal matrix A according to the assumption (A2). In order to have a compact formulation
when solving a homological equation, we rewrite N as

L
N = e+<w(§),l>+Z<Athil>
=1

+ Z Q%wnwnqL Z Qﬂ,wnwn

K<|n|<Ky In|>Ky
Ly
def P _ _
= e+ W@ D+ (At g+ Y Qi
=1 In|>K+
where dim(A4;) < d, L, is the smallest positive integer such that {Qn}n<i, liein Ay, -+ Ap,

(hence Ly < K),
Al:<Al 0 )a QQLEAlaK<‘n|SR+’

0 Qo
Zl—i_:(. 7wn7"')ﬂn€{\z R 2+:(. 7wn7"')ﬂnef\z R
In|<Ky In|<Ky

=G, A, 2= (E A7)

3.2. Truncation. We first expand P into the Taylor-Fourier series
P= Z Pklaﬁei<k,6> Ilza,?ﬁ—i- Z pklna5€i<k’9> Ilzo‘iﬂwf{"wff”,

ka8 k,lin,a,B
[n|>K,an+6n>1

where k € Z,l € NV and the multi-index a (resp. ) runs over the set a = (at,--- ,al,--- ,ab)
for of = ( 5am7"’)3‘7nz‘€/{17am € N(resp' 65 (617"' a/Bla"' 76L) forﬂl = ( aﬂn%"')?m‘ef\_l,
m|<K m|<K

Bm € N). Let R be the following truncation of P:

R(0,1,z,z,w,w) = Z Prooet ) 1!
[kI<K4,|l<1

+ Z ((BF1O 2y 4 (PFO1 5))ei(k0) 4 Z (PR, 4 PEOLG )ei(k:6)
Ikl K i<l |k|<K4,K<|n|<K.

T Z ((f)ﬁ?Ozh Zj> + <pgklllzl, 5]‘) + <153k102217 Zj)ei<k"9>
|k|<K4,L,i<L

T Z (<Pflflzozl7wn> + < urlflllzlfu_)n> + <pl1:111wn,2l> + <Prlfl022lawn>)ei<k’0>
k<K I<LK<|n|<K.

+ Z (p"’fsow”w” + ﬁr]f'rlzlwnwn + pjfgzwnwn)euk’m ’

|k|<Ky, K<|n|<Ky

where K, = %f{ + iKo.
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Remark 3.1. Due to decay property, terms in the Taylor-Fourier expansion of p corresponding
to |k| > K or|n| > Ky are small enough to be postponed to the next KAM step. In addition, due
to the decay property of P and the fact that Py starts from third order terms, there are no coupling

terms of the form Y ntm Wy Wy, in R.If By starts from second order terms, then couplings
R<|nl,|m|<Ky

between different oscillators are so fast that we have to consider all normal frequencies - a case we
are not able to handle with the method in this paper.

According to the normal form N and the assumption (A2), we may rewrite R as

R(0,1,z7,2%) = Ro+Ri+Ry= Y Pugoe™" I'
|k|<K 4 |l<1
+ Z ((R’“O +y <Rk01 . >)€i(k,9)
|[k|<K4 <Ly
* Yoo URRH D) + (R ) + (R 2)e M0
|k|<K4,0,i<Ly
where,
j2raly
k10
Ry :( 510 ) B
n K<|n|<K,
pko1
k01
R = ( plk(n )~ B
n K<|n|<Ky

RE20 _ Pjgclzo Pmo
jl = k20 szo )
nl nn K<|n|<Ky

Rkll B leclll Pkll
jl = Pkt Pkll )
K<|n|<K4

nl nn

pk02  Pk02
RkOQ P Pjn
- k02 Pk02 :
P P,
nn % %
K<|n|<K4

It is clear that R = (R¥20)", REI' = (RK!') " and RO = (RE2) "

Remark 3.2. Note that R is dependent on the former K+ normal components, and independent
of the latter normal components. As a result, in the KAM step, we do not need to consider
small divisors (k,w) + Q0 (k,w) £ Q0 + Q0 | |n| > K, or |m| > K. This enables us to only
consider finite small divisor condztzons at each KAM step. Consequently, the excluded measure is
sufficiently small at each step. As R+ will increase along KAM iterations, we ultimately handle
all small divisor conditions.

Rewrite H as H = N + R+ (P — R). By the definition of norms, we immediately have
||XR||D(’I‘,S),O < HXPHD(’I‘,S),O <e
Note that
P_R: Z pk(1727275)6i<k79> + Z Pn(G,I,z,Z7§)wg”w5" +h0t

|k|>Ky |n|>Ky,an+8n>1

N

where h.o.t. denotes the terms of the form O(|I|> + |I||w|+ |w|?). Let rp = 5+ %, n=c¢
the facts

. Using

1P(8,1,2,2,6)|| < e~ (nI=F), 1Pe(I,2,2,€)|| < eIk,
we have that if
Cl) e K+=" <ef,
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then

33) [ Xp-rll

D(r4 +
VC|>K+

r—ry
< Z —lkl——
+ ns),0 — ¢

JIANSHENG GENG AND YINGFEI YI

+ Z e~ (In1=K) + h.ot. < 015%.
‘Tl|>f(+

3.3. The homological equation. We now look for a Hamiltonian F', defined in a domain D =
D(r4,s), such that the time-1 map ® = ®% of the Hamiltonian vector field X defines a map
from D, to D and transforms H into H; in the next KAM cycle. Let F' have the form

F(G,I,Z+,Z+) = F0+F1 +F2
_ Z Frooe' ™0 1t 4 Z (fF10,, + FROL g, )itk )
0<|k|<K 1, |l|<1 |k|<Ki,|n|<K.
+ Z ( k20wnwm+ k02 wnwm)ei(k,G)
k| <Ky |n|,|m| <Ky
+ Z Rl Gl (:0)
k| <Ky, |n|,lm| <Ky
= 2 Fed®0 I 3 (ER ) (A
0<|k|<K4,|1|<1 |k|<Ky,I<Ly
+ Yo (ERO ) + (B )
[RI<KiLj<Ly
(3.4) + ST (ERR E D
|k|<Ky ,1L,j<Ly
el 412 =10
and satisfy the homological equation
L
(3.5) {N,F}+R = Pooo+ (', 1)+ > (R}, 51,
=1
where

P
ol

-]

d€|z+ z+=0,I1=0-

In the rest of the sub-section, |k| is always bounded by K, |n|, |m| are always bounded by K,

and [, j are always bounded by L.

Lemma 3.1. Equation (3.5) is equivalent to

(k,w)Fraoo = 1Proo,  k #0,]| <1,
(<k, w>[ o Al)Eklo iRklO
((k,w)I + A))F}°r = iRFO
((k,w)I — A;)F?0 — FFO A, = iR,
(3.6) ((k, )T + A Ffi — M A = iR, k[ + 1= j| #0,
(<I€, w)I A )Fk:02 k02A RkOQ.

Proof. 1t is clear that (3.5) is equivalent to the following equations

{N,Fy} + Ry
(3.7)

{N,F,} + Ry =

= Poooo + (', I),

{N,F1} + Ry =0,
Ly

> (Bt ).

=1
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By comparing the coefficients, the first equation in (3.7) is obviously equivalent to the first
equation in (3.6). Since

{N,F,} = Z(< (k, w) F}10 ah) - <Alzl+7fvlk10>)ei(k,9>
k.l
+ (k) P E) + (AFf Bl
k.l
= jz<(<k7w>1_Al)Flk107Zl—i->ei(k,0>
k.l
+ 1D (kW) I+ A)FOY 21 el R0)
]
and,
(N B} = i (k) FEO55 o) — (FEOo Apat) — (Apaft, (FEO)T )l (00)
k1,5
+oi > (e RNt 2h) + (PR, Az — (A, (BT ) el 0
[k|+[1—5]#0
1) (k) B85 2) + (0280 Azl + (g (BT 7))
k,l,j
= (k) FO5 ) — (AGFR0 4+ FiO Azt o))l )
k,l,j
i (kW) FE 5 + (A FR - FE A, 7)) )
[k|+]l—35]#0
+ Z k w Fk02zl+, ]—0—) <(21ij1‘202+F]%O2Al)2f,2j>)ei<k’0>
k5
= Z (k, w) szo flijlQO zczoAl)ZlJr7 j+> i(k,0)
kg
+ i Y (kW) FS A FEY - FRLA 2 el (0)
[k|+]1—35]#0
b Y AR 4 P 2
k5
we see from the second and the third equation in (3.7) that Fl’“w7 Fl’f01, Fﬁ207 ijlll7 FJZ€IO2 satisfy
the respective equations in (3.6). 0
Let

-\ d?
ey < (55) o<l <Ky

- =y d’
Ik T+ At < (55) 7, M<K i< Ly
O+ =£€0: ~ B K g
||(<k7w>I+Al®I+I®A])_1H < (%) ) |k| §K+7lvj§L+
|k| < K+7l7j < L+
The first three equations in (3.6) can be immediately solved on O,. The solvability of the

remaining equations in (3.6) follows from the following elementary algebraic result from matrix
theory.

~ - N\ d?
(k)T + A @I —T®Aj)~Y| < (%) 7
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Lemma 3.2. Let A,B,C be n X n,m X m,n X m matrices respectively, and let X be an n X m
unknown matrixz. The matriz equation

(3.8) AX — XB=C,
is solvable if and only if I, ® A — B ® I,, is nonsingular. Moreover,
IX[| <l(Im®A=B@ L) ' [C]|.

Proof. See [24, 32]. O
By taking the transpose of the fourth equation in (3.6), one sees that (FJ;?°)7 satisfies the

same equation as F/;zo' We have by the uniqueness of solution that F/;zo = (F ﬁzo)—r. Similarly,
F/;H =(F flll)—r and F; l’;m = (Fﬁoz)—r. Hence, the Hamiltonian F' is uniquely determined on O .
We proceed to estimate Xp and ®f. .
Lemma 3.3. Let D; = D(ry + (r—ry), %s), 0<i<4. If
C2) K14 <&,
then there is a constant co > 0 such that

4
| XF| D0, < ey~ (r— ry) Nei,

Proof. By the definition of O, Lemma 3.1, Lemma 3.2 and Lemma 5.5, Lemma 5.6 in the Ap-
pendix, we have

2 v 4 4 v
|Froolo, < [(k,w)| ™ | Proolo, <7~ K3 | Praoolo,, & #0;

N

IE o, < 4T KIRMlo, ;

IEY o, < 4 T KR o, ;

IEE o, < 4T KIIRlo, ;

IE o, < T KR oy, k] + 11— j] # 0;
IEE o, < 4T KIRYlo, -

It follows that
;12||F0|‘D3,O+ < 12(sz|:§1 | Fiagol - s - k| - elF(r=3(r=r))
+ S CUE ) - | - ekl armro)

k,l
+ D CUE - NED - (K] - eMrma e

k,l
N O
+ STUERO - Nz 2] - [k - ko= 3e=re)
k,l,j
Y R N ] (k] M E )
[k|+[1—71#0
DI Ll B g [ MR Sl
k,l,j
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S e . 1
= 72+( Z | Priool - PN k| - elkl(r=3(r=r4))
’ kyll<1
T Z(HRFOH Azt -k elkl(r=1(r=ry))

k,l
_ e Lipey
+ Z(HRQC(HH ' ||Zl+||) : |k" . 6‘k|( 4( +))

+ ZHRMOH ||Zz ||Hz+|| k| - elkl(r=3(r=r4))
k,l,j
O IR U N N [k MR )
[k|+[I—41#0
IR I I - k] - ==
k,l,j
4 4
< ey (=) VKLY Xl
< egy U (r—ry) VR
Similarly,
_l(p 4 .
I¥rllps.0, = Z | Fraoole®! =3 =) < ey =@ (r — py ) Nek,
Il\*l

A

IXmllps.0, < ZIIFlwnHJrZIIFlw" ) < ZIIF1+II+ZIIF1+II

_ Nt _ _N._3
< 057 Pl —ry) NK | X, | < 057 T — ) Ned,

|Xr D50, < Z I F2,, | + Z 2, 1) < Z (| F2 .+ |+ Z [ F2 o )
N oy _ _N .3
< 067_d (r—ry) NK+d 1Xg, || < cov " (r —ry)~Net,

The proof is now completed by adding the estimates above together.
Let Dy, = D(ry + 3(r —74),41s8),0 <i < 4.

Lemma 3.4. If
C3) ey ¥ (r—ry) Vet <1,

then

(3.9) L. Dy, — D3,, —1<t<1,
and moreover,

(3.10) |D®Y — I||p,, < ey~ (r—ry) Vet
Proof. Let

Plil+1l+lal+]8]

Fllp.o,, il + I + |af + 8] = m > 2}.

15

We note that F is a polynomial of order 1 in I and of order 2 in 2T, z*. It follows from Lemma 3.3

and the Cauchy inequality that

e

— 4 —
ID™F||lp, 0, <csy ® (r—ry) Nes,

for any m > 2.
Using the integral equation

t
@}:id+/ X o ®% ds
0
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and Lemma 3.3, we easily see that ®% : Dy, — D3,, —1 <t <1. Since
t t
DL, = Id + / (DXFp)D®% ds = Id + / J(D?*F)D®3 ds,
0 0

where J denotes the standard symplectic matrix. Let ¢; = 2¢g. It follows that

|DPL — I|| < 2| D?F|| < ery~ ¥ (r —ry) Vel

g
3.4. The new Hamiltonian. Let ® = ®}, s, = ¢ns, D, = D(ry,s;), and
Ly
Ny = ey +(we, D+ (AfzH 20+ D Qwnm,,
=1 In|>K
Pt = P+ P+ P,
where
ey = e+ Pooo, wie =w+ Pooo(|l] = 1),
A = A+ R, 1<Ly,
5= (- vwm"')|n\§f(+’ Zh=( ,@n,...)‘nlgk+7
- (zfr’... ’er+)’ st — (51+’... 7511)7
5 1 1 y T
P = /(14){{N,F},F}oc1>}dt+/ {R,F}o@}dt+(P—R)o<I)}+/ (By + Py, F} 0 ®hadt.
0 0 0

Then ®: Dy x Oy — D, and, by the second order Taylor formula,
H = Hod®= (N+R)O<I>+(P—R)O<I>

= N+{N,F} +R+/1(1 —t){{N,F},F}o ®Ldt

1
- / {R,F}o®%dt+ (P — R) o ®hL + (Py + Py) o &}
0

— N4{N,F}+R+P, +P+h
L
= Ny + Pt {N,F}+ R~ Pooo — (', 1) = > _(Ry"' %", ")
=1
= N, +P".
Below, we show that the new Hamiltonian H; enjoys similar properties as H.
By the Assumptions of P, we have that there is a constant ¢y > 0 such that
lwy —wlo, < cge, ||Al+ — f~ll||(9+ < cge.

Denote R(t) = (1 — t)(N4y — N) + tR. We can rewrite Pt as

1 1
Pt = /(1—t){{N,F},F}oCI)§;dt+/{R,F}O(I)%dt-i-(P—R)oq)};
0 0

1
_ /{R(t),F}o@gdH(P—R)o@lF.
0
Hence L
Xp+ :/ (%) X(re),rydt + (Pp)* X(p_R)-
0

By Lemma 3.4, if
C4) cry(r—ry)Net <1,
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then
ID®%lp,, <1+ |ID®% —I|p,, <2, -1<t<1.
By Lemma 5.4 and (3.3), we also have
gt N 2.7
1 X rt), Py Doy < cr07™ " (r—ry) Np~2ed,

5
1 X(p-r)llDs, < 167

Let ¢g = max{ey,- -+, 10,11, C12}, Where ¢11, ¢12 will be defined later, and let
4
er =4coy 4 (r— r_s_)*Ne%.

Then . . .
HXP+ ||D+,O+ < 2c1e1 + 2810’)/7d (T‘ — 7’+)7N€Z
We now exam the decay property of 15+. More precisely, write
Py =PH0,1,2%,2%,6) + oo B0 2 Qugr
In|>Ky,0n+8,>1

< [SES

We show that y i i
HP;(& I7 Z+u 2+7€)”D+,O+ < 6_(|n‘_K+)7 "n| >~K+.

Since F only involves the normal components w,, @, for |n| < K., so does {N,F}. Hence
fol(l — t){{N, F}, F} o ®,.dt only involves the normal components wy, @, for |n| < K,. Recall

that .
Py = ZO(|wn|3)

Hence {PO, F'} only involves the normal components wy,, @, for |n| < f(+, so does fol{Po, F}odl.dt.
Since R is a truncation of P, we only need to consider the terms (P — R) and f01{15+]50, F}odt.dt.

Recall that 5 . 5
P=PO1,z28+ > Pul0.L228uiror,
[n|>K,an+8,>1

1B(8,1, 2,2, &)l p(ray.0, < e M5,

n#m
an+Bn,am+Bm=>1
an+Bnt+am+Bm =3

128, (6
Since R only involves the normal components w,,, @, for |n| < K, the terms corresponding to the
normal components w,, w, for |n| > K, in P — R are just those corresponding for |n| > K in P,
for which we have the decay property

1Pa (0, 1,2, 2, )l Diry s ),0, < e~ 171K < em(nl=FRe),

To prove the decay estimates of f01{15 + Py, F} o ®%.dt, we only need to consider the terms cor-
responding to the normal components wy,, @, for |n| > K;. Since F is independent of normal
components wy,, W, for |n| > K, so is fol{P(H, I,2,2,£),F}o®t.dt. Similarly,

1
/ { > P (&wpraywpr g, Fy o Spdt
0 ~
netm,lnl,lm| <Ky

o +Bn am +Bm >1
an+Bn+am+Bm >3

—|n—m|

D(r,s),04 <e
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is independent of the normal components w,,, w,, for |n| > K +. Thus, it remains to consider terms
1
{ > P01,z 7 & wer i F} o dLdt
‘n|>k7an+ﬁnzl
1

0

S {Pul0,1,2,%,6), F} o @i wfndt

O > Kon+6n>1

1
(3.11) = > (/ {Pu(0.1,2,2,€), F} o ®pdtywprw))”,
n|> R an+6n>1 "0
and
1
50 n a7, Bn m 7,8m t
[€ X Pa@upedugrel Fyothd
0 n#m,|n|>Ky,|m|<K 4
an+PBn,xm+Bm>1
an+Bn+om+B8m >3
1
— A4 ) By (Qupm g, F} o ®Lwym oy dt
In|>K 4 mI<K
an+Bn,cm+Bm =1
n+Bn+om +Bm =3
1 7
(3.12) = > (/A > By, (Qwam il F} o ®pdt)wamwy.
In|>Ky 70 Im|<K
an+Bn,0m+Bm>1
an+Bn+tam+Bm=>3
Let ~
Pn:Pn(gaI;Z+72+,£)+ Z Pgm(g)
Im|<K
an+Bn,am+Bm>1
an+Bn+om+Bm =3

We combine (3.11) and (3.12) to consider decay property of
1
> ([ PRy sanural
|n‘>k70‘n+ﬁn21 0
By relaxing decay properties of e’(‘""f{), e~ In=ml o e*(‘”|*f(+)7 we have by Lemma 5.3 that
HPns FY (o) < e07 (=) Vo s 2ebe (2R,
It follows from Cauchy estimate that
. _
X5, rlD(r—20,15) < 17 (r—ry) T No 25T et (N7 Ky,
Hence by Lemma 3.4, if
C5) ey 4 (r—ry) Ny 2ed
C6) craca(y* (r —14) N
then

IN

1
2
)? <

e

)

N

1
|| / (P F} o @hdt]| p, o)

< {Pu FY o @5 llngry o)

< {Pu, FHnry sy + H{Pa, FY o @ = {Po, FYllp(r )

< P FHp(rysi) + 1X(5, py D2y |12 — il Dy,

< eyt (r =) V2 e MR L ey (370 (r - )Ny 2ed e (=R
< e (nl=Ky),
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This completes one step of KAM iterations. O

4. PROOF OF THEOREM B

Let 7o, s0, 0,7, Ko, Ky, Oy, Hy be given at the beginning of Section 3. For each v =0,1,---, we
label all index-free quantities by v and label all +-indexed quantities by v + 1. This defines, for
all v =1,2,---, the following sequences:

v+1
r, = ro(l—ZQ_z),
i=2
e, = deoy P (rmr — ) Ned_y,
1 v—1 .
Sy = gnuflsufl = 273”(};!) Ei)ZSO, m = 83,
Ku = 4Ku—17
I%y = kufl +KV7
-Dl/ - D(levsl/)a
- 1 1
Dl/ = D(TVJrl + E(TV - TVJrl)’ Znusu)7
Hy = NI/+PI/7
L,
N, = e+ @ (&, D)+ (A7, Z)+ Y Qwnidy,
=1 In|>K,
T d2
(kw7 < (52) 0< kI < K,
- A .
I(so) T+ Ay < (B2) ) k< K, 1< L < K,y
0, = EeO, 4 —— - K" pe
Ik + A7 @I+ T A < (52), K < Kolj< Ly
d2 .
Av—1 _ Av—1y—1 K7 ‘k|+|l_j| #Oa
||(<k7wu—1>I+Al ®I I®A] ) || S ( ~ ) ) ‘k| S Kual7j S Ll/
where L, is the smallest positive integer such that {Q%}ln\gf(u lie in Ay,---,Ag,, and,

NV_ Al/—l O - -
Avt = ( lo Q0 ) D e, K,y <|n|<K,.

4.1. Tteration Lemma. The preceding analysis may be summarized as follows.

Lemma 4.1. If € is sufficiently small, then the following holds for all v =0,1,---.
a) H, is real analytic on D, x O,,

Ll,+1
N, = e+ W (&, D)+ > Ayt ™+ > Qwpw,,
=1 [n|>Kyi1

PV

Pu+p0+j)07
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and moreover,
w1 — wilo, < coew,
1A+ = A lo, < cosu,
[ XprllD,,0, <ev,
P, =P"(0,1,2",7",¢) + > DY, 1,2, 2", &) warwh,
[n|>Ky,cn+0n>1

5 _ E 50 QB Q3
PO - an(g)wnnwnnwmmwmma
ntm
an+PBn,om+Bm=>1
an+Bntam+Bm=>3

Po= " O(lwal*),

with
120,12, 2,6) b0, < M5,
12 ()Ip,,0, <e ™.
b) There is a symplectic transformation
®,:D, x Oy — D,
such that
H,y1=H,09,.
Proof. Tt is sufficient to verify the conditions C1)-C8) for all v = 0,1,---, which are easily seen
to follow from the following conditions
D1) —2 —In%t <K,y <4,

5
Ty —Tuv41 1 I
I E,ﬁle

AN

<

N

D2) cofy_"l4 (r, —ruq1) Ne
forallv=0,1,---.
We first let ¢ (hence g¢) be sufficiently small such that

5d*, 5N
P v 1 )
g0 < ming 29N+6¢3 W (rg)’ 5}7
where
o0
_ 4yi
W(rg) = [l(rim — )~
i=1

which is easily seen to be well-defined. Then
gt Nt 1
oy (ro—m)Neg < 5,

i.e., D2) holds for v = 0. Recall that

8 1 1
—In
To

3 pevrd
0 €o

We see that D1) also holds for v = 0. Now, for any v > 1, we have by induction that

jon

4 _ 1 _ g4 _ g4 _ 1
CoY d (ry —rug1) NEﬁ = CoY d (ry —rug1) N(4CO'7 d (ry—1—1y) N5§—1)4

5

kg4 _ 5 1 _5dt 1(5yv
(2MNF2eBy=5d (o ) TNEE YE < (2426550 (g ) ) 3 (D)

IA

5N
< (R <
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and
2 1 ovfs 1 3.1
——— Ih < —h— < —In— <4K,
Ty —Tu+1 53 To Eél) T0 €0
1 1
:KV-HS (&yr L, < L
505 4rd Eﬁrd
i.e., D1) and D2) hold true. O
4.2. Convergence. Let ¥V = &0 Py 0---0d, 1, v = 1,2,---. Inductively, we have that

U : D, x O,4+1 — Dy and
HyoWU” = H, = N, + P"
forallv=1,2,-
Let O = N2 OO Applying Lemma 4.1 and standard arguments (e.g. [22, 27]) we conclude that
H,,e,, N, P, " DU" w, converge uniformly on D( r0,0) X O, say t0, Hoo, €oo, Noo, P, U,
DU we respectlvely. It is clear that

o0
Ny = €0 + (Woo, I +§ (A7°2°, z1°
=1

Since
4

e, = 4oy 4 (ry_1 — r,,)*Nslal < (4007*d4\11(r0)60)(%)u,
we have by Lemma 4.1 that
Xp<lpg 1ro,0)x6 = 0.
Let ®%, denote the flow of any Hamiltonian vector field X . Since Hyo U = H,,, we have that
(4.1) Yy o =T o By

The uniform convergence of U”, DU” Xy imply that one can pass the limit in the above to

conclude that
(I)i*{o oU® =P>®o ¢§:Ioo’

on D(1ry,0) x O. It follows that
Py, (W(TV x {€})) = U=y (TV x {¢}) = ¥=(T" x {¢}),
for all € € O. Hence \I/oo("JI:N x {£}) is an embedded invariant torus of the original perturbed

Hamiltonian system at £ € O. The frequencies wq, () associated with W (TV x {¢}) are slightly
deformed from the unperturbed ones w(¢), and, the normal behaviors of the invariant tori ¥°° (T x

{¢}) are governed by their respective normal frequency matrices A7®. O
4.3. Measure estimates. For each v =1,2,--- let
v —1 K; d?
RE() =48 €0p-1: [(k,wy—1)” | > (7) ;

RY() = {a € Oy (s} + AV > <I§>}

v T— PRI K] 2
Ris() ={€ Opr: (ko) I+ Ay @ T+ 1@ A7) 7Y > (T)d 2

and,

T

- AV— Av—1\— Ku 2 .
Ri (M) ={€ € Ovr : l((h,wp) T + Ay @ T = T® AT 7| > (T)d b k[0 = g1 # 0.

o, co N\ J miopUe U mruonUc U RGO,

|k|<Ky |k|<K,,I<K, |k|<K,,lj<K,

Then
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for all v =1,2,---. Consider the resonant sets
U =onyde U 16001 O [ O R 61 CO)
[k|I<K, |k|<K, <K, |k|<K,,lj<K,

It is clear that R
cUUr
v>1
Lemma 4.2. There is a constant C1 > 0 such that
meas(Ry(y URM URMJ ) < 01%
forall |k| <K,, 1,j<K,, andv=1,2,---.

Proof. The proof follows from arguments in [31]. For simplicity, we only estimate the measures of
Ry (7). Measure estimates for Ry, Ry, and RZ?} () can be obtained similarly.

We note that
(42) (k,w OV +A @I -I0 AT = (k,w,—1 ()] +diag(Qn, = sy -+, D, = D, ) FW(E),

where Q,,,, Qnyy ooy O, Oy, are unperturbed frequencies independent of parameters, and
dim(Ay ' @ I) =r < d?, and [|[W ()]0, , < o

In the case k = 0 and [ # j, since by assumption (A2) [Q,, — Q| >, j = 1,---,r, we have
by the standard Neumann series expansion that |[AY ' ® I — I ® /1]”»_1)’1” < % < (%)d2 as
e <1, ie., Ryy(y) =0.

In the case k # 0, we have by Lemma 5.7 that

Rify € {€ € Oumn | det((kow, () + A7 T 01— T0 A7) < (=)}

Denote - .
9(&) = det((k,w, A () + Ay @ T —T@ AY7H).
Then it follows from (4.2) that

T

9(6) = [Tk w-1() + Qs = ) + 3 (kw1 (6) + Qu — ),

i=1
where ||aallo,_, < €0, the multi-index « runs over the set a = (g, -+ ,04), @; = 0 or 1, and
>i_a; <7 —1. Due to the choice of ¢, we have that

- — r r— g r
10£9(6)] = TT Ik, Dewn (&) — ol k™" = (5 — o) k" — eolk]" ™" > I

Hence by Lemma 5.8,

7 \d*i v
meas(Rj,;;) < Cl[(ﬁ) " < G

Lemma 4.3. }
meas(O \ O) < meas( U RY) = O(7).
v>1

Proof. By Lemma 4.2, there exists a constant Cy > 0 such that

meas( U RZ?;) < Z (& i

K‘rfl
. . v
[k|<K,,lLi<K, [k|<K,,Lj<K,

A
I
Q2
=
AR )
&

I

V]
=

3
=
B
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Similarly, there are constants C3 > 0, C4 > 0 such that
meas( U Ri(vy) < Cg%b_g,

k<K, Ky
and,
v i
meas( U Rkl(’}/)) S C4W
[k|<K, 1<K, v
Let 7 > b+ 4. We have that
meas(O \ O) < meas( U R")
v>1
= meas[| J(( J ROUC U D10 [GENY Rii5))]
v>1 |k|<K, |k|<K, <K, |k|<K,,Li<K,
Y
= O = O "y .
X7 —o0)

This completes the measure estimate.
5. APPENDIX
Lemma 5.1.
IFGprs),0 < IFllper,s),0lGllpers),0-
Proof. Since (FG)giap = Zk,’l,)a,ﬁ, Fo—p it .a—o’ g—p' Grrirar g, We have

IFGlprs.o = sup > |(FGapls™w|[w’|e*l”

lwll<s
o] <s k.la,B

< sup Y. Y |Fewivia-ansop Grrap s w0 e

fwl<s e—
lol<s kLo, BE U0l 8

A

= ||F||D(r7s),(9||G||D(7‘,s),(9-

Lemma 5.2. (Generalized Cauchy inequalities)

1
1o llD(r—o,5) < ;HFHD(T,S),

4
11l per1s) < S IF I D(rs)s
2 S

IN

2
—||F s
s || ||D(T,b)a

2
;”FHD(T,S)'

||EU||D(T‘7%S)

IN

||F%T1||D(7‘,%s)
Proof. See [27].

Let {-,-} denote the Poisson bracket of smooth functions:
OF 0G oF 0G, . OF 0G OF 0G
(16 = 57 35!~ oo ar) T 2 Gu, 9, ~ 9, 00,

Lemma 5.3. There exists a constant ¢ > 0 such that if
HFnHD(r,s) < 67\n|’ HG”D(T‘,G) <g,

then
1 GHlngr—ogsy < 05 2 Fall sy Gl pirs) < e~ 152217,

23
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Proof. By Lemmas 5.1, 5.2,

IFrs, Golllp(r—o.s) < 40~ s 2I|Eull - G,
(Frg, GDlIp(r—o.3s) < co™'sT?[|Fall - |G,
| Zanm Gonllpertsy < Z [Fn 1D 2 ) Gl D 25
< Han||D(T,%S)||G7—D||D(T‘,%S)
< 457 Fal - NGl
H Z anm Gwm ||D(r,%s) < Z ||anm ||D(r,%s) ||Gwm ||D(r,%s)
< HFnﬁ)||D(T,%S)||Gw||D(T,%S)
< 4s72||Full - G-

It follows that
1P GHlp(r—o30) < €0 5 2 Full prsn I Gll e,y < 025227101,

O
Lemma 5.4. There exists a constant ¢ > 0 such that if
IXFllDers) <€ I XcllDers <&”
for some &',e"” > 0, then
IXtreyllDe—oms) < co™'n%e'e",
orany 0 <o <r and 0 <n < 1. In particular, if n ~ e, e ~e," ~e1, then
Jor any n P U
5
||X{F,G} ||D(T—<7,175) ~ e,
Proof. See [16]. O
The following lemmas can be found in the Appendix of [12, 32]. O

Lemma 5.5. Let O be a compact set in RN for which small divisor conditions hold. Suppose that
w(&) are C¥ Whitney-smooth functions in & € O with derivative bounded by L and f(&) are c?
Whitney-smooth functions in & € O with C{f; norm bounded by L. Then

o(6) f(©)

(k,w(€))

is C% Whitney-smooth in O with
4 4
lglo < ey Ki* L.

Lemma 5.6. Let O be a compact set in RN for which small divisor conditions hold. Suppose
that A;(€), Ri(€) are respectively CT Whitney-smooth matrices and vectors, and w(€) is a C%
Whitney-smooth function with derivatives bounded by L. Then

Fi(§) = M7 Ry(¢)
is 0% Whitney-smooth with
|Fillo < ev " KT L,
where M stands for either (k,w)I + A; or (k,w)[ + A, @ I +1® A;.
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Lemma 5.7. Let M be a v X v non-singular matriz with |M|| < |k|. Then

(€101 > ) € fe s e ar < BTy,

Lemma 5.8. Suppose that g(u) is a C™ function on the closure I, where I C R is a finite interval.
Let I, = {u : |g(u)| < h}, h > 0. If for some constant d > 0, |g\"™) (u)| > d for all u € I, then
meas(I;) < chw, where ¢ =22+ 34 ---+m+d~ ).
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