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SUMMARY

Classical vertex coloring problems ask for the minimum nandf colors needed
to color the vertices of a graph, such that adjacent vertisesdiferent colors. Vertex
coloring does have quite a few practical applications in wamication theory, industry
engineering and computer science. Such examples can be ifothe book of Hansen and
Marcotte [23].

Deciding whether a graph is 3-colorable or not is a well-kndW,-complete problem,
even for triangle-free graphs. Intuitively, large girthyeelp reduce the chromatic number.
However, in 1959, Erd6s [13] used the probabilistic methmgbrove that for any two
positive integerg andk, there exist graphs of girth at leaggand chromatic number at least
k. Thus, restricting girth alone does not help bound the clatamumber. However, if we
forbid certain tree structure in addition to girth resioat then it is possible to bound the
chromatic number. Randerath determined several suchtttesses, and conjectured that
if a graph is fork-free and triangle-free, then it is 3-calole, where dork is a stark, 4
with two branches subdivided once.

The main result of this thesis is that Randerath’s conjeadsutrue for graphs with odd

girth at least 7. We also give a proof that Randerath’s canjecholds for graphs with

maximum degree 4.
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CHAPTER |

INTRODUCTION

We study colorablility of graphs in terms of forbidden sudggins. In this chapter, we in-
troduce notation and terminology that we use in this thesisl, review several classical
coloring results. We will then discuss the notion\dting bound and state a related con-
jecture of Randerath on 3-coloring. We conclude this chdpyestating our main result,

and outlining its proof.

1.1 Notation and Terminology

We only consider simple graphs unless specified, as mukigdes don’t fect coloring.
Given a finite, simple, undirected gragh we useV(G) to denote the vertex set &, and
E(G) to denote the edge set Gf Also, we usgV(G)| to denote the number of vertices in
G, and|E(G)| to denote the number of edgesGn

Given a grapH, if V(H) ¢ V(G), andE(H) € E(G), thenH is a subgraph o6,
denotedH ¢ G. Given two initial graph$s; andG,, we writeG = G; U G, if V(G) =
V(G;) U V(Gy) andE(G) = E(G;) U E(Gy); G = G1 N G, if V(G) = V(Gy) N V(Gy) and
E(G) = E(G1) N E(Gy). ForS c V(G), let G[S] be the graph with vertex s&, and whose
edges are those &f with both ends ir5, and we call it the subgraph & inducedby S. A
graphH is aninducedsubgraph of a grap®, if there exists a seA C V(G) such thaG[A]
is isomorphic toH. An induced subgraph that is a complete graph is calleliqae We
usew(G) to denote the maximum size of a cliqueGn For convenience a grafghwithout
an induced subgraph is calledH-free.

A pathin G is a sequence of distinct vertices in which consecutivacestare adjacent.
A cycleis a sequence of verticesv, - - - vy, such that consecutive vertices are adjacent.

Let C¢ denote a cycle withk vertices. A cycle with an odd number of vertices is called



odd cycle. Thagirth of a graph is the length of a shortest cycle contained in thplgrand
theodd girthis the length of a shortest odd cycle, denoteolgfG). A cutis a partition of
the vertices of a graph into two disjoint subsets. €dge-cubf the cut is the set of edges
whose end points are inftierent subsets of the partition. Thdge-connectivitis the size
of a smallest edge cut.

Let G be a graph. For any, v € V(G), the distance betweanandv in G is the number
of edges in a shortest path connecting them, and we denagte(ubv). For anyu € V(G),
let Nj(u) = {v e V(G) : d(u,v) = i} for anyi € N. For anyH ¢ G andu € V(G), define
d(H,u) = minfu’ € V(H) : d(u, u)}, letN;(H) = {ve V(G) : d(H, V) = i} for anyi € N. For
any graphH andG, defineG — H as the graph obtained fro@by deletingH N G. For any
u € V(G), G — uis the graph obtained froi® by deletingu and all the edges adjacent to
u. For anye € E(G), G — eis the graph obtained fro® by deletinge. Givenu € V(G),
the degree ofl is the number of edges incident to the vertex, and denotet{)y Define
Vk = {ve V(G) : d(v) = k} for all k € Z. For anyX C V(G), G/X is defined as contracting
all vertices inX.

Let 6(G) denote the minimum degree &f, andA(G) denote the maximum degree of
G. Given two verticess,v € V(G), we useu ~ v denote that is adjacent to/, andu + v
denote that is not adjacent te. Similarly, givenS € G andu € V(G), we useu ~ S to
denote that is adjacent to at least one vertexM(S), and usal » S to denote thati is not
adjacent to all vertices of (S). For terminology and notation not defined here we refer to
[43].

A vertex coloringof G is an assignment of colors to the vertices®such that no
two adjacent vertices share the same color. A coloring uaingostk colors is called a
k-coloring The smallesk such thatG admits ak-coloring is called thehromatic number
of G, and is denoted by(G). We say that the grap8 is k-chromaticif y(G) = k; and
k-colorableif y(G) < k.

Similarly, anedge coloringof a graphG is an assignment of colors to the edgesGof



such that no two adjacent edges share the same color. Ancetty#ig using at mosk
colors is called &-edge-coloring The smallesk such thatG admits ak-edge-coloring is
thechromatic indexof G, and is denoted by’ (G).

A graph is said to beritical, if y(G) > y(H) for every proper induced subgraphof
G. Moreover, ify(G) = kandG is critical, thenG is k-critical.

The line graph-(G) of the graphG is the graph with vertex sé&(G), and two vertices
of L(G) are adjacent if and only if their corresponding edge&iare adjacent. Thus, by
definition,y(L(G)) = x'(G).

Let G be a graph and for eache V(G), let L(v) be a set of colors. Aist coloring
of G is a function that maps every vert&of G to a color in the listL(v), such that no
two adjacent vertices receive the same color. A grapfideoosablgor k-list-colorablg
if it has a list coloring no matter how one assigns a liskajolors to each vertex. The
choosability(or list colorability or list chromatic numbeérof G, denoted bych(G), is the
least numbek such thats is k-choosable. Obviouslgh(G) > x(G), since &-coloring of
G is ak-list-coloring of G such that all vertices are assigned the same liktoofiors.

It is easy to see that a tree has chromatic number at most 2evoya graph may have
large chromatic number even if it locally looks like a treee Will be studying chromatic

number of graphs with certain trees forbidden as inducedrsyin.

1.2 Vertex Coloring

In general, it is NP-hard to deciggG) for an arbitrary grapl, even for triangle-free
graphs. Therefore, mucltfert has been spent on determining boundg @) for various
classes of graphs.

The most well known result on graph coloring is the Four Céleeorem [4, 5, 6, 7] that
every planar graph is 4-colorable. The Four Color Theoremfwst proven by Appel and
Haken in 1976 using computer, anfligient algorithms have been found for 4-coloring

maps inO(n?) time, wheren is the number of vertices. In 1996, Robertson, Sanders,



Seymour, and Thomas found a better proof, and improved ainglalgorithm based on
Appel and Hakens proof [34, 35]. Chudnovsky, Robertsonn®ey and Thomas [11]
also solved the famous conjectugérong Perfect Graph Conjectura 2002: a graplG

is perfect if and only if neitheG nor its complemem‘s_ contains an induced odd cycle of
order at least five.

In 1959, Grotzsch [18] proved that every triangle-freeplegraph is 3-colorable. Later
in 1963, Griunbaum generalized Grotzsch’s theorem by sigpthat if a planar graph has
at most three triangles then it is 3-colorable [19]. Therstexgraphs with four triangles
whose chromatic number is 4, such as the complete gkapmdeed, there exists a planar
graph without 4-cycle whose chromatic number is 4.

From definition, we see thah(G) > y(G) for any graphG. Actually, ch(G) cannot be
bounded by any function of chromatic number. In 1996, Graji&] showed that there
exist graphs withy(G) = 2 and arbitrarily largech(G). However, for a planar grap8,
Thomassen [37, 38] showed tledi(G) < 5, andch(G) < 3 if girth of G is at least 5. Alon
and Tarsi proved thath(G) < 3 if G is a bipartite planar graph [3].

Grotzsch’s theorem cannot be generalized to nonplarenrgie-free graphs. There exist
triangle-free nonplanar grap&with y(G) > 3, such as the Grotzsch graph [42] and the
Chvatal graph [41]. In 1955, Mycielski constructed trilaxfree graphs with arbitrarily
large chromatic number [29]. In 1959, Erd&s [13] proved thaany two positive integers
g andk, there exist graphs of girth at leagand chromatic number at ledst Therefore,
restricting girth alone need not help to bound chromatic Ineinof nonplanar graphs.

Chromatic number is related to other graph invariants. kamgpley(G) < maxds(H)|H C
G}+1, andy(G) < 1+ /2[E(G)| + 1, see [12]. While it's easy to show tha(G) < A(G)+1
for any graph, in 1941, Brooks showed the following (Lovasz [28] and BriyfL0] gave

simplified proof of Brooks’ theorem separately):

Theorem 1.1 (Brooks [9]). If G is neither a complete graph nor an odd cycle, th€8) <
A(G).



Brooks’ colorings can be found in linear time, arfti@ent algorithms are also known
in parallel and distributed computing [16, 22]. Vizing [4&{tended Brooks’ Theorem to
list coloring: ch(G) < A(G) if G is neither clique nor odd cycle. In 1999, Reed [33] proved
that for largeA(G), A(G) — 1 colors stfice to colorG if and only if the given graph is
A(G)-clique free.

The following result on critical graph will be useful:

Theorem 1.2 (Gallai [15]). Let G be a k-critical graph and Lo{@) denote the graph of G
induced by the vertices of G of degree R. Then every 2-connected induced subgraph of

Low(G) either is an odd hole (odd cycle of length greater than 3) @asplete.

While it is difficult to get better bound op(G) for general graphs, Brooks’ Theorem
may be improved by forbidding triangles as subgraphs. Famgte, Brooks [9] showed
that if G is a triangle-free an#, ,-free graph, the is r-colorable unles& is isomorphic
to an odd cycle or a complete graph with at most two verticéso for triangle-free graphs,
or more generally graphs in which the neighborhood of everyex is stticiently sparse,
the chromatic number ©(A/logA) [2].

If we forbid additional structures from the graph, we couttead triangle-free version
of Brooks’ Theorem. Arr-sunshadgwith r > 3) is a complete bipartite grapfy, ; with
one edge subdivided once. The 3-sunshade is celiani and the 4-sunshaaeoss There
are several results proved by Randerath [32].G&.&k a connected and triangle-free graph,
If Gis chair-free, they(G) < 3; and the equality holds if and only@ is an odd hole [31].
If Gis cross-free graph, ther(G) < 3 [32]. If G isr-sunshade free graph with> 3, and
G is not an odd cycle, thep(G) < r; ¥(G) < 2if A(G) > 2r - 3; x(G) <r —1ifr € {3,4}
or A(G) <r -1, see [30].

1.3 Edge Coloring

Although the problem we will work on is about vertex colorioiggraphs, it was motivated

by edge-colorings of graphs. One of the classical theoremedge-coloring is due to



Vizing:

Theorem 1.3 (Vizing [39]). Let G be a multi-graph, then(G) < x¥'(G) < A(G) + u(G).
Here u(G) denotes the maximum number of edges joining two vertices In @articular,

A(G) < ¥'(G) < A(G) + 1if G is simple.

Vizing’s proof provides a polynomial time algorithm to cola graphG usingA(G) +
u(G) colors. If G is bipartite orG is planar with large minimum degree, thgf(G) =
A(G) [1]. However, the general problem of determining chromatidex of a graph is
NP-complete. There are a number of practical applicatidnsdge colorings, such as
scheduling problems and frequency assignment for fibec ojtiworks, see [14].

By the definition of a line graph, we know thet(G) = x(L(G)), andA(G) = w(L(G)).
Thus, Vizing’s Theorem can be reformulated g$L(G)) < w(L(G)) + 1. Therefore, if
x(G) < w(G) + 1 thenG is said to satisfy th&/izing Bound So line graphs satisfying
Vizing bound.

In 1968, Beineke [8] gave an characterization of line graphsrms of nine forbidden

induced subgarphs. (Afiierent characterization is given in [27]).

Theorem 1.4 (Beinek [8]) A graph is a line graph if and only if no subset of its vertices

induces one of the nine graphs in Fig.1.

In [24], it is shown that graphs which akg 3-free and Ks — €)-free satisfy the Vizing
bound. Randerath studied the problem of finding all pat8j of connected graphs, such
that if G has no induced subgraph isomorphidtor B, thenG satisfies the Vizing bound.

Such a pairA, B) is called a Vizing pair.
1.4 Vizing Pair

Let A, B be connected graphs. We say thatB) is agood vizing paiif (A, B) is a Vizing
Pair, and there are graphs that aréree orB-free, but does not satisfy the Vizing bound.

Moreover, a good Vizing-pair isaturated if for every good Vizing-pair &', B") with A c
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Figure 1. Beineke Graphs

A’ andB c B’ we haveA = A’ andB = B’. Those concepts are introduced in [31]. We

summarize some of the results in [31].

Theorem 1.5. If (A, B) is a good Vizing-pair, then A has to be a treecA?, and A# Py,
and Be {Ks — e, HV N, K4, K3, P, D}. See Fig.2.

Let A be a connected graph such that every A-free graph G a(@) < 3 satisfies
x(G) < w(G) + 1< 4. Then Ais an induced subgraph of the chair.

Let B be an induced subgraph of the HVN or the-Ke and let G be a B-free and

chair-free graph, the(G) < w(G) + 1.

In his Ph.D. thesis, Randerath examined good Vizing pairdrfangle-free graphs.
Determine all pairsA, B) of connected graphs such that(Gfis A-free andB-free, thenG
is 3-colorable [32]. The absencelf is a necessary condition for 3-colorability. LBbe
an induced subgraph ¢f;. ThenB = K4, andB = K3 (B = Ky, K5 is not interesting). By
Theorem1.5A must be a tree if4, B) is to be a good pair. Randerath showed tiat P,)

is a Vizing pair that is good and saturated [32].



R KM

HVN Ks—e€ K, Ks
D=K,-¢€ Kis chair P

Figure 2: Extremal Graphs

Thus, the cas® = K, is settled. Randerath proved several results for triafrgke-

graphs, by considering the grapHsSE, fork, and cross, given in Fig. 3.

V2
Vi
U
Uy Uo
V3
V4
H E

fork Cross

Figure 3: Forbidden Graphs

Theorem 1.6 ([32]). Let (A, B) be a saturated pair of connected forbidden induced sub-
graphs implying 3-colorability. Then A {K3, K4} and Bc B’ € {P4, H, fork}. Moreover,

if A = Ky, then B= P,4. In case that A= K3, then B= H or B is an induced subgraph of
the fork.

Theorem 1.7 ([32]). There are four good pai€A, B) of connected forbidden induced sub-
graphs implying 3-colorability(K4, P4), (Ks, H), (K3, E), (K3, Cross.



Vizing bound is a special case pfbound. A familyF of graphs isy-bounded if there
exists a functionf, such that for anys € ¥, x(G) < f(w(G)). Gyarfas [20] and Sumner
[36] independently conjectured that, for every foré€sthe family of graphs which aré-
free isy-bounded. In 1980, Gyarfas, Szemerédi, and Tuza [22jqutdhe conjecture for
triangle-free graphs when the radius of the ffels at most two. Later in 1994, Kierstead
and Penrice [25] proved this Gyarfas-Sumner conjecturalf graphs as long as the radius
the treeT is at most two. Recently, Kierstead and Zhu [26] further edta this result by
proving it for any radius three tree obtained from a radius tee by making exactly one

subdivision in every edge adjacent to the root.

1.5 Problem and main result

To complete the characterization of all saturated pa$) for 3-colorability, one need
to decide if K3, fork) is a good vizing pair. Thus, Randerath proposed the folgwi

conjecture.

Conjecture 1.8 ([32]). Let G be a triangle-free and fork-free graph. Thei®) < 3.

The main result of this thesis is the following which provesgcture 1.8 for grap®

with odd girth no less than 7.

Theorem 1.9. Let G be a fork-free graph such that(@) > 7. Theny(G) < 3.

Let us give an outline of our proof. Suppose there is a minincoomterexampl&.
ThenG is fork-free,og(G) > 7, andy(G) > 4. The main body of work is to show th&
has two subgraphd andK, such thatG = H U K, andK contains a shortest odd cydle
of G with additional propertiesS := H N K, S ¢ C, andS consists of vertices of degree 3
in G. In Chapter 3, we show thé& contains at least one degree 4 vertex. In Chapter 4, we
show that any 4-cycle ifs contains at least two degree 4 vertices. These two results wi
be used in Chapter 5 and 6 to determine the structure arGuigiven any vertexu € K,

the distance fronu to C is at most 2 with some additional conditions. By the miniryali



of G, H has a 3-coloring, which induces a 3-coloring®nin Chapter 2, we show that the
3-coloring onS could be extended tK, which meanss is 3-colorable, a contradiction.

In Chapter 7, we also give a proof of Conjecture 1.8 for grapitis maximum degree

10



CHAPTER |1

WEAKLY DOMINATING CYCLE

Let G be a fork-free graph witleg(G) > 7, and letC = v;...V4v; be a shortest odd cycle
in G. Suppose/(G) = V(C) U N1(C) U N(C), and we say thal is aweaklydominating
cycle inG. Moreover, assume that for amye N,(C) there exist 1< i < g and two paths
uwVvi_; anduuwVvi,,, and we say that is associated with;v All operations in the subscript

are modulay. We derive properties (1)—(7) below about the structur@.of

(1) If u € No(C) is associated with; and ifw € N(u) N N¢(C), thenN(w) N V(C) C
{Vi-3, Vi-1, Vis1, Vis3}

LetuwVi_1, UkVi,q be paths, and suppose there ewist N(u) N N;(C) andv; € N(w) \
{Vi_3, Vi_1, Vi11, Vi;3}. Then sinceog(G) > 7 andC is a shortest cycle i, w # u; and
W+ {Vi_2, Vi, Vis2}. Then eithemwuuwVi,1Viis . . . Vj_1VjW OF WU Vi_1Vi_» . . . Vj41VjW iS an odd

cycle shorter thag, a contradiction.

(2) For eachu € N,(C), if u is associated witlv; andv; for somei # j thenv; e
{Vi—2, Vis2}.

For, suppose is associated witly andv;, and letuthVi_1, Uth Vi1, Uy Vj_1, anduw, Vi,
be paths. By (1)Vj_1,Vj+1 € {Vi_3, Vi1, Vi+1, Vi3}; SOVj € {Vi_2, Vi, Viio}. Thus, ifv; # v; we

havev; € {vi_,, Vi.2}.

(3) Nov; can be associated with two distinct verticeNs(C).

Supposeu,w € N,(C) such thatu # w andu,w are associated witly. Let uwv_g,
UlyViy 1, UWpVi_g, anduwyvi,q be paths irs. Thenu; + wto avoid the fork (;u, usw, usvi_1Vi_»,
U1Vi;1Vis2), andw; »+ u to avoid the fork Wwyu, wiw, WiVi_1Vi o, W1Vii1Viy2). In particular,
u; # wp. Now, using the minimality o€, itis easy to see thawi(1Vi, Vi+1Vii2, Vir1U1U, Vi ;W1 W)

is a fork inG, a contradiction.

11



(4) Letu,w € N,(C) be associated withs, vj, respectively such that # w. Then
Vj € {Vi_2, Vi, Viyo}, and ifu ~ wthenv; € {Vi_s, Vi_1, Vi, Vis1, Vis 3}

Let uthVi_1, UgVii1, UM Vj_1, UMyVj,q be paths irG. By (3), vj # Vi. If vj € {Vi_p, Vis2}
then by symmetry let; = vi,,; nowu; # w; by the minimality ofC, and hence;, 1V, Vi.1Vi.2,
vuu, vwiW) is a fork, a contradiction. So, ¢ {Viip, Vi_p}. Thus, ifvj ¢ {Vi_s, Vi_1, Vis1, Viss},
then it is easy to check that eith&n Vvi_1Vi_5 . . . Vj;2vj 1wiu (Whenj—i is odd) oruu iy Viss - . .

Vj_oVj_1wil (whenj—i is even) is an odd cycle i@ which is shorter tha@, a contradiction.

(5) G[N2(C)] is a linear forest, i.e., each componenGjN,(C)] is a path.

Let xyzbe a path inG[N,(C)], and assume that,y,z are associated witks, v;, v,
respectively. By (4) and by symmetry, we may assume\hat {Vi.1, Vi.3}. Then by (4)
and (3),V € {Vj;1, Vjz3}, and ifv; = viy1 thenvy = viis. If v = viu3 thenvy = vj4; for if
Vi = Vj;3 then letxw Vi1, ZWi Vi1 be paths; NoWuVi_1Vi_s . . . ViV W2 ZY XIS an odd cycle
shorter tharC, a contradiction. So by symmetry, we may asswmne vi,; andvi = Vj,3.

By (3) and (4),y has degree 2 iG[N,(C)]. Therefore A(G[N,(C)]) < 2. It remains to
show thatG[N,(C)] is acyclic.

Suppos is a cycle inG[N,(C)], and letD = X;%oX3. .. %X;. Thent > 4 asog(G) > 7.
By the argument we have fotyz we may assume without loss of generality tkgtx, are
associated withvy, v,, respectively. Then by (3) and (4) and apply the argumenxyato
XoX3Xa, X3, X4 @re associated withs, vs, respectively. It = 4 then letx;u;vy andxsw;v; be
paths; nowx; XsWi, V7Vg . .. VgUp X IS an odd cycle which is shorter th&h a contradiction.
Sot > 5, and by (4) and (3)s is associated withp. Let x;U;Vy andxswvyg be paths. Now

X1 X2 X3 XaXsWV1gV11 . . . VgUp X1 iS @an odd cycle shorter thaly a contradiction.

The argument in the proof of (5) actually proves the follogvin
(6) If X1XoX3...%, t > 3, is a component dB[N,(C)], thent < 4 and (by relabeling
X1X%o ... % If necessary) we may assume that for someil< g, X3, X, are associated with

Vi, Vi, 1, respectivelyxs is associated withi, 4, and ift = 4 thenx, is associated withr, s.

12



Our objective is to produce a 3-coloring Gf with certain vertices o€ pre-colored.

For this, we divide the neighbors of eagmot onC into several groups. Let

Xia=1{ve N(v)\ V(C) : N(v) nV(C) = {vi} andN(v) N N({Vi_3, Vis3}) = 0}

X = (N(V) N N(Vie2) \ V(C), X := (NW) N N(Vi_o)) \ V(C), Xz = X5 U X,
X5 1= {ve N(wi) \ V(C) : N(v) N (N(vi3) \ V(C)) # 0},

X5 1= {ve N(w) \ V(C) : N(v) N (N(vi-3) \ V(C)) # 0},

Let X; := U2, Xi1, X2 := UL, Xi2, andXs := U2, Xi3. Then

(7) X1 N (XU Xg) = 0, and for 1< i < g, N(v;) \ V(C) = Xi1 U Xio U X3, [Xi1| < 1, and
Xifj N X[k =(for j,ke {2, 3}.

It is easy to see from the definition thét N (X, U X3) = 0.

Now letv e N(v;) \ V(C) where 1< i < gsuch that ¢ X; ;. If N(v) " N({Vi_3, Vi;3}) # 0
then by definitiony € X; 3. So assum&l(v) N N({vi_s, Viz3}) = 0. ThenN(v) N V(C) # {v;}
asv ¢ X;. Hence by the minimality o€, N(v) N {Vi_p,Vi;2} # 0; sov € X». Thus,
N(Vi) = Xi1 U Xi2 U Xi3.

If |Xi.1] > 2 then letx,y € X1 be distinct. We see thawik, iy, ViVi_1Vi_2, ViVi;1Vis2) iS @
fork, a contradiction. S¢X; 4| < 1.

Finally, it is easy to check, using the minimality ©f thatX’, N X, =0for1<i<g

andj, k € {2, 3.

Lemma 2.1. Let G be a fork-free graph with §@) > 7, and let C= v;...v4v; be a
shortest odd cycle in G such tha{®) = V(C) U N1(C) U N»(C) and each vertex in §C)

is associated with some \Let S:= V,(G) N V(C) such that

(i) if some vertex in NV;) is adjacent to two vertices inC), one associated with one

of {vi_3, Vi_1} and other associated with one ®f, 3, vi.1}, thenv_1,vi,1 ¢ S,

(i) if Xj1 # 0and v € {vi_1,Vi;1} N S then yis not associated with any vertex in(g),
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(i) if v; is associated with some vertex in(8) which is adjacent to some vertex in
Xiy11 U Xi++1,2 U Xi++l,3 (respectively, X11 U X~ 12 Y X 1,3) theny ¢ Sorv,3 ¢ S

(respectively, vz ¢ S).
Then any 3-coloring of (5] can be extended to a 3-coloring of G.

Proof. Letcs : S — {1, 2, 3} be a 3-coloring of5[S]. We now extends to a 3-coloringc

of G in four steps: colo€ first, thenX; U Xz, thenX;, and finallyN,(C).

Stepl. If S # 0 we simply extenats to a 3-coloringc of C so that each component of
C - S, sayVyVs1 ...\, IS 2-colored and uses at least one of the colofg_1), ¢(Vi,1)}. If
S = 0 then, sinceéC| is odd and by (3), (4) and (6), there exists somguch that_1, vi,1
are not associated with any vertexNa(C). Without loss of generality, we may assume
thatv, is such a vertex (i.ew, vy are not associated with any vertexNg(C)). Letc be the
3-coloring onC such that(v;) = 3 and, for 2<i < g, c(vi) = 1if i isodd, andc(v)) = 2 is

i is even. Thusgis a 3-coloring ofC.

Step2. We extendt to a 3-coloring ofG[V(C) U X, U X3] as follows: for eachv €
X U X5, lete(v) = c(vii1); and for eactv € X, U X5, letc(v) = ¢(Vi-a).

By (7), we haveX; n X;, = 0 for j,k € {2, 3}; socis well defined. We now prove that
cis a 3-coloring ofG[V(C) U X, U X3].

First, we show that for any € X, U X3, if v ~ v; for some 1< i < gthenc(v) # c(v).
Assumev € X,. Thenv € Xis for some 1< j < g. So by definition and by the minimality
of C, N(v) N V(C) = {v;,vj.2} andi € {], j + 2}. Hencec(v) = c(vj.1) # ¢(v;). Now assume
thatv ¢ X,. By symmetry we may further assume that X3 for somej. Thenj =i and
SOC(V) = C(Vj.a) # C(V).

Next, we show that(v) # c(w) for anyv,w € X, U X3 with vw € E(G). First, as-
sumev,w € Xy, and letv ~ Vi, V.~ Vi;o, W ~ v; andw ~ Vj,, such that 1< i <

] £ 0. Sinceog(G) > 7, {Vi,Viso} N {V},Vjs2} = 0. If v; = vi_; thenc(v) = c(Viy1) #
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c(vi) = c(w), and ifv; = vi,1 thenc(v) = c(visz1) # c(vir2) = c(w). Hence we may as-
sume thav; ¢ {Vi_p, Vi_1, Vi, Vi+1, Vis2}. Thenvw,oViis. .. vjsvjwv (when j — i is even) or
VMVi_1...Vj.3Vj.2WV (Whenj — i is odd) is an odd cycle shorter th@n a contradiction.
Thus by symmetry, letv € XJ with w ~ v; andw € N(w) N N(vj3). If v ~ Vj.3

thenv € X133 (sincev ~ w); soc(v) = c(Vj«2) # C(Vjs1) = c(w); and ifv ~ vj; then
c(v) # c(vjs1) = c(w). So we may assume + {Vj.1,Vj,3}. Note thatv + {vj,Vvj,} as
09(G) > 7. Letv ~ vi; SOV, € {Vj,Vj:1,Vjs2, Vjs3}. By symmetry, let I< j+3 <i < g.
Then eithewwvvj_; ... Vi;1viv (Wheni — (j + 3) is even) oMWW Vj,3Vj,4 . .. Vi_1ViV (When

i —(j +3) is odd) is an odd cycle shorter th@na contradiction.

Step3. We further extend to a 3-coloring ofG[V(C) U N;(C)] by coloring vertices
in X;. A bandin G is a maximal sequenc&wsVs,1Ws,1 ... ViW; such thatw, € X, for
i=ss+1,....t,andw, ~ wi,is fori = 5s+1,...,t—1. LetVewWsVs,1Ws,1 ... ViW; be a
band.

If S # 0, then letc(w;) = c(vi_1) (respectivelyc(vi,1)) whenw; is adjacent to some
vertex inN,(C) that is associated with sonve € {vi_s, vi_1} (respectivelyy; € {Vi,1, Vi13}),
and otherwise let(w;) = c(vi_y) fori = s+ 1,...,t, andc(ws) = c(Vs,1) (SO ift = 1
thenc(w;) = c(w,1)). Note thatc is well defined, as by (i) and by the coloring in Step 1,
c(vi_1) = c(viy1) if one of {vi_1,Vvi_3} and one of{vi,4, v;,3} are associated with vertices in
N,(C).

If S = 0thenletc(w) = 3ifi € {2, g}, c(wi) = 1ifi = LandN(w) N (X1, UX 1 5) # 0,
c(wi) = 2if i =1 andN(w) N (X_,, U X, 5) = 0, andc(w;) = c(vi-;) for all otheri. Note
thatw,; cannot be adjacent to two verticesMa(C), one associated wittp, and the other
associated witlvy; for otherwiseG would have a fork using;V,, v;vy and two paths of
length 2 fromv; to N(wy) N Np(C). Hencec is well defined. Also note that with the
possible exceptions aofy, wi, W, all colorsc(w;) alternate between 1 and 2.

We now show that o — N,(C), cis a proper coloring. By (7), ¥; is adjacent to some

vertex inX; then it is adjacent to exactly one such vertex, egyandc(v;) # c(w;) as by
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definitionc(w;) € {c(vi_1), C(Vi;1)}.

Note that if two vertices inX; are adjacent, then they are contained in a band, say
VsWeVs; 1Ws,1 - . . ViWs. We need to show tha{(w;) # c(wi,,). First, assum& = 0. If v, = v»;
thenc(wi 1) = 3 = ¢(v;) # ¢c(wj); and ifvi,; = v, thenc(w)) = 3 = ¢(Vi;1) # c(Wi;1). SO
by symmetry we may assunwe ¢ {Vi,Vi,1, Vi;»}; soc(V;) = ¢(Vi;2), and hence(w,,) =
c(v;) # c(w;). Now assumes # 0. If c(wi1) = c(v;) or c(v;) = c(vi;2) then we see that
c(Wi;1) # c(w;). So we may assume thefw;,;) = c(vi;2) andc(vi,2) # c(v;). Thus by
the definition ofc, wi,; is adjacent to some € N,(C) associated withv,, or vi,4. If Xis
associated withv;,, then by (ii) we havey,, ¢ S, and soc(vi,2) = ¢(Vv;), a contradiction.
Sox is associated withy, 4, and letxu,,Vi,s be a path. Similarly, we may assume that
is adjacent to somg € N,(C) which is associated witly_z, and letyyv;_4 be a path. By
(3), Vi_z # Virg. ThUSXW 1WiYUVi_4Vi_s...Vi;eViisUir1X iS an odd cycle shorter thad, a
contradiction.

Now letw € X, U X3 such thatw ~ w; wherew; belongs to some bandwsvs, 1Ws, 1
... ViWw;. Thenw + {vi_3, vi,3}, as otherwisey, € X3, a contradiction. Thusy ~ {vi_1, Vi;1}
by the minimality ofC and by the fact thatg(G) > 7. By symmetry, letv ~ vi ;. If c(w) =
c(v;) thenc(w) # c(w;). So assume(w) # c(v;). So by definitionc(w) = c(vi,2) # c(v),
andw € X7 ,, UX, 5; and hence by the minimality &, X, ,,UX ;5= 0. Thusvi,; € S,
orS =0 andvy € {Vvi, Vi;2}.

SupposeS # 0. Thenc(w;) € {c(Vi-1), C(Vis1)} If c(wi) = c(viy1) Or c(vi-1) = C(Vis1)
thenc(w;) # c(w). Thus we may assume the(v;) = c(vi_1) # c(viy1). Thus,vi_; € S. So
by the coloring in Step Ig(v;) = c(vi;2) or c(vi_1) = ¢(vi;1), a contradiction

Now assumes = 0 andv; € {Vv;,Vi;2}. If vy = vy thenc(w;) = 1 andc(vi;,) = 2 by
definition; soc(w) # c(w). If vi,» = v; thenc(w) € {1, 3} while c(w) = 2 by definition.

Again, c(w;) # c(w).

Stepd. We extend to a 3-coloring ofG by coloring all vertices ilN,(C). Letu € N,(C)

be associated with). Then by the minimality o€, N(u)NN(vi,3) = 0 or N(u)NN(vi_3) = 0,
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andN(u) N (X1, UXE 13U X 55U X 35) = 00r N(U) N (X, UXZ 3 UXT5,UX 55) = 0.
Moreover, also by the minimality d, if w € N(u) N N(vi.3) thenw € X7 ;, U X, 55, and

if we N(U) N N(vi-3) thenw € X5, U X 55.

Casel. S = 0.

Letu € N,(C) be associated with sonvesuch thatc(N(u) N Ny(C))| is maximum, and
letw € N(u) N N1(C). By (1), N(w) N V(C) C {Vi_3, Vi_1, Vi41, Vis3}.

Supposd = 1. If w ~ vi;3 thenc(w) = 2 by definition ofc. If w ~ vi;; then by
definition ofc, c¢(w) = 3 whenw € X;, andc(w) € {2, 3} whenw € X, U X3. If w ~ vj_3
thenc(w) = 1 by definition ofc. If w ~ vi_; then by definition ot, c(w) = 3 whenw € X,
andc(w) € {1, 3} whenw € X, U X3. SinceN(u) N N(vi;3) = 0 or N(u) N N(vi_3) = 0, and
N(U) N (X1 U X 13U X 55U X 33) =0 0r N(U) N (X, UX 53U X5, U X 55) =0,
we conclude that(N(u) N N (C))| < 2.

Now assume that# 1. By symmetry, we may assume that1 < g — i. By definition
of ¢, if w ~ vi,3 thenc(w) = c(vi;2) = c(vj), and ifw ~ vi,; thenc(w) € {c(v), c(Vi;2)};
hencec(w) = c(v,). Similarly, if vi_, # v; thenc(w) = c(v;) whenw ~ {vi_1,Vi_3}, and we
have|c(N(u) N N1(C))| = 1. So assume_, = v;. Thenc(w) = 3 whenw € X;_1; U Xi_31 U

X, UX”

+
i-1,2 i-1,3 UX

i-3,2

Supposdc(N(u) N N;(C))| = 2 and there is anothetr € N,(C) such thatc(N(x) N

U X33

Sol|c(N(u) N N1(C))| = 1 orc(N(u) N Ny(C)) € {2,3}.

N1(C))| = 2. Theni # 1 by (3) and (4), and we may assume by symmetry that= v,
andx is associated with;_4. By (6),u » x; sou andx are the ends of some component
X1 ... % Of G[N,(C)], with x; = uandx = x. Sinceu » x,t = 3 ort = 4; hence, Sinc{C|
is odd,t = 4. Note thatt(N(u) N N1(C)) = {2, 3} andc(N(xX) N N1 (C)) = {1, 3}. Clearly, the
coloringc can be extended @ by lettingc(x;) = ¢(x3) = 1 andc(x) = ¢(Xs) = 2.

So assumg(N(u) N Ny (C))| = 2 and|c(N(X) N Ny (C))| = 1 for all x € N(c) \ {u}. We
can now extend the coloringto N,(C). LetPy,.. ., Px denote the components Gf N,(C)]
such thatu € P;, and letP; = X;...XUXs1 ... %,. We greedily colorP,, ..., P in that

order. ForP, we greedily colom, Xs,1, ..., %, Xs, Xs_1, - . . » X1 IN this order, and for each
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P; # P, we color the vertices in order starting from one end.

Case2. S # 0.

Let Xy % ... % be a component dB[N,(C)], and assume that; is associated withy;.
Let X,uyVi_1, XUy Vi, 1 be paths irG.

Note that for any 1< j < t, if x; is associated witlv, then by (6),Vi_2, Vi1, W,
Vi1, Vi € S; hencec(Viz) = ¢(W) = C(Vis2). For anyw e N(x;) N N1(C), N(w) N V(C)
{Vk_3» Vi_1, Vks 1, Vie 3} DY (1). So by symmetry and by the minimality 6f we may assume
W E Xir1.1 UXE 15 UXG 13U X1 U X, 3, U X 55- SO by the definition of coloring in Steps
2 and 3,c(w) = c(w). Hence|c(N(x;) N N1(C))| = 1.

We now investigate(N(x;) N Ni(C)). Letw € N(x;) N Ni(C). Then by the same
argument as above, we may assumewhatX;,;; U Xi++1,2 U Xi++1,3 U Xiz31 U Xi;&2 U Xi‘+3’3.
So by the definition of coloring in Steps 2 and 3wife X, U X, 5 thenc(w) = c(vi;2);
if we X1 thenc(w) = c(v); iIf w e Xi‘+3,2 U Xi‘+3,3 thenc(w) = c(vi;2). Thus, since,
N(U) N (X2 U X3 U X5 U Xiigg) = 0 0r N(U) N (X2, U X2, 5 U X5, U X 5) = 0,
we havec(N(x) N N1(C)) < {c(vi), c(Vis2)}.

Thus, ift = 1 thenc can be extended by assignirga color not in{c(v;), c(vi;2)}; if
c(v;) = c(vi42) then by (6), we can extermby greedily coloringx, %_1, ..., X; in the listed

order.

Therefore, we may assune@s;) # c(vi;2) andt > 2. Thenw € X* ., U X*

i+1,2 i+1,3 U Xisz1 U

Xii32 YU X33 andv; € Sorv,; € S. Hence x, cannot be associated with; and, by the
minimality of C, x, is not associated witly_s.

Supposex; is associated witk_;. Then, sincav e X* .  UX*

i+1,2 |+1,3UXi+3,1UX-_ UX~

i+3,2 i+3,3?
it follows from (6) and the minimality ofC thatt = 2, andN(xx) N N(vi_3) = 0; so
Ic(N(x2) N N1(C))| = 1. Thus,c can extended t&; x, by greedily coloringx; and thenxs.
So we may assume thgtis associated witki,3; sovi,» ¢ S andy; € S. By (6), we see
thatt = 2 ort = 3. If t = 2 thenv,3 ¢ S; otherwisew € X! ;, U X/, 5, contradicting (iii).

So assumeé = 3. Then by (6) x3 is associated withi, 4. By applying the above argument
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for x; to X, we may assume thai(N(x;) N N (C)| = 1. Soc can be extended ta X, x3 by
greedily coloringxy, X,, X3 in this order.

Therefore, we can extercto a 3-coloring ofG. O
The proof of Lemma 2.1 in fact implies the following.

Corollary 2.2. Let G be a fork-free graph with ¢@) > 7, and let C= v;...v4v; be a
shortest odd cycle in G such tha{®) = V(C) U Ny(C). Then any 3-coloring of C can be

extended to a 3-coloring of G.
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CHAPTER |11

PROPERTIESOF A MINIMUM COUNTEREXAMPLE

Suppose the assertion of Theorem 1.9 is not true. Then we huse a grap® such that
(1) Gis fork-free andbg(G) > 7,
(2) x(G) > 4, and
(3) subject (1) and (2)(| is minimum.
We will derive useful properties aboGt
Lemma3.1. G is 3-edge-connected.

Proof. Suppose thab has a an edge-c&with |S| < 2. Then we may writé& = G; U G,
such thatv(G;) N V(G,) = 0 andE(G) = E(G;) U SU E(G,). Note that for each, G; is
fork-free andog(G;) > 7. So by the minimality ofG|, x(G;) < 3. Letc : V(G)) — {1, 2, 3}
be a 3-coloring of5;.

We now show that; may be chosen such that if we &t) = ¢i(v) forv e Gjandi = 1,2
thenc is a 3-coloring ofG, a contradiction. This is certainly the cas¢Sf= 0. If S| =1
then letv;v, be the edge iB with v; € V(G;). Now by exchanging color classes if necessary
we may assume thag(vy) # cx(v»), and hence would be a 3-coloring os. So assume
IS| = 2, and letS = {uu,, vaVo} with u;, v; € V(G)). First, consider the casg(u;) = ¢1(vy).
In this case we may exchange color classesf®@o thatc,(u;) ¢ {C>(Uy), C2(V2)}, in which
casec would be a 3-coloring o6. So assume;(u;) # ci(v1). Similarly we may assume
C2(up) # Co(v2). Now it is easy to see that we may exchange color classes fordc, (if
necessary) so that(u;) # cx(up) andcy(vi) # cx(v2), and nowc would be a 3-coloring of

C. O
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Lemma 3.2. G is 4-color critical, every 2-connected induced subgrapsp/;] is either
an odd cycle of length at least 5 or a complete graph, arfd): N(v) for any distinct
u,veV(G).

Proof. By the minimality of G, y(G — v) < 3 for anyv € V(G). But y(G) > 4, soG is
4-color critical. Thus, the second part of the assertioloved from Theorem 1.2. For the
third part, letu, v € V(G) be distinct such thatl(u) € N(v). Now by the minimality ofG,
x(G-v) < 3, and letc be a 3-coloring oG —v. By assigning:(v) to the vertexu, we extend

c to a 3-coloring ofG, a contradiction. |

We may viewu, v € V(G) with N(u) € N(v) as areducible configurationand thus
Lemma 3.2 implies tha® has no such reducible configuration. The next two results ex-

clude two more reducible configurations.

Lemma 3.3. Let wV,, UVo € E(G) such that{uy, vi} N {Up, Vo} = 0, up » Up, and v » V,. If

N(uy) = {vi} € N(u2) = {v2} then Nlv;) — {u1} € N(v2) — {uy}.

Proof. For, suppos@l(u;) — {vi} € N(up) — {Vo} andN(v;) — {u1} € N(v,) — {u,}. LetG’ be
obtained fromG by identifyingu; with u, asu, and identifyingv; with v, asv.

First, we show thabg(G’) > 7. For, supposé& isaCzorCsinG'. If u,v ¢ T then
T is a cycle inG as well, a contradiction. l6,v € T thenuv € T asT is induced; so
T — {u, v} + {Up, Vo, UpVo} + {UpX : ux € T forx € V(T) \ {u,v}} + {woXx : vx € Tforx €
V(T) \ {u,v}} is a cycle inG of length|T’|, a contradiction. So without loss of generality,
we may assumae T andv ¢ T. ThenT —u+ {Up, UpX : uxe T for x e V(T) \ {u,Vv}} is a
cycle inG of length|T’|, a contradiction.

Next, we show tha&’ is fork-free. For, supposé is afork inG’. Thenue Forve F
asG is fork-free. Without loss of generality, late F. If uv ¢ F thenv ¢ F asF is induced;
SO it is easy to show th&t — u + {u,, U,x : ux e F for x € V(F) \ {u}} is a fork inG. Thus
uve F. ThenF — {u,Vv} + {uz, Vo, UpVo} + {UxX, VoY - ux, vy € F for x,y € V(F) \ {u,v}} is a

fork in G, a contradiction.
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Hence, by the choice @, y(G’) < 3. Letc’ be a 3-coloring of5’. Definec by setting
c(X) = (X if x ¢ {u,vi} fori = 1,2, c(X) = c(u) if X € {ug, U}, andc(x) = c(v) if

X € {v1, Vo}. Thenc is a 3-coloring ofG, a contradiction. O

Lemma 3.4. Let vyw € V(G) and Nw) = {v,wy,--- , W}, with k > 3, such thafN(v) n
(N({wy, - - ,wi}) \ (W})] < 1. Then either there exists &« N(V) N (N({w, - - - , Wi}) \ {w})
such thafN(x) N {wy, - -+ , Wi}l < 1, or IN(v) N (N({w, - - - ,wi}) \ {w})] = 0 and for some

X € N({wa, - -, Wich) \ {w}, IN(X) N {w, - - Wi} < k= 2.

Proof. Suppose on the contrary that eitfd(v) N (N({wy, - -- ,wWg}) \ {w})| = 0 and for all
X € N({wy, - -, Wil) \ ((WFUN(V)), IN(X) N {wy, - - - , Wi} = k=1, orif there existx € N(v)N
N({wa, - -+, W) \{w} then|N()N{wy, - -+, Wi > 2. Let{Xq, -+, Xs} = N({wy, - -, Wi)\{w},
G = (G -w)/{wy, -+, W}, and letx denote the identification afy, - - - , Wk.

We claim thatog(G’) > 7. For supposéd’ is a cycle inG’ with |T’| = 3 or 5. Then
x € T asog(G) > 7. So without loss generality, we may assurg, xx € T’. By the
assumption above, there exists samee(1, 2}, such thatN(x;) N {wy,--- ,wg}| > k-1 and
IN(Xs-i) N {wa, - -+ , W} > 2. Hence, there exists somg such thatv; ~ x; andw; ~ X,.
Now T := (T" — X) + {wj, WXy, Wj X} is a cycle inG with [T| = [T’|, a contradiction.

Next we show thaG’ is fork-free. For, letF’ be a fork inG’. Thenx € F’ asG is
fork-free. Ifdr/(X) = 1 then letxx, € F” andw; ~ X;; now F = (F’ — X) + {Wyg, Wy Xy}
is a fork inG, a contradiction. Idr (X) = 2 then letxx, X% € F’, and as in the previous
paragraph, there exists somsuch thatwv; ~ x; andw; ~ Xp; but thenF = (F’ — x) +
{wj, Wjx1, WjXo} is a fork inG, a contradiction. Sdg (X) = 4 and, without loss of generality,
let F = (XX3, XX4, XX1Y1, XXoY>). By symmetry betweer; andx,, we may assumsg, + V.
By the above assumption there exigts sayw,;, such thatw; ~ x; andw; ~ X. |If
X3 ~ Wy thenF = (F’ — X) + {wy, W, Wy X3, Wy Xo, W1 X3, WiW} iS a fork inG. So Xz + wj.
Similarly, x4 » w;. We may assume/, ~ X fori = 2,3,4; soif x3 » vandx, + vthen
F = (F = X) + {V, Wo, W, WoXp, W> X3, WaXg, WoW, WV} IS @ fork inG, a contradiction. Thus,

we may assumgs ~ v, and therefore; + v; so we may assume thap ~ x; fori = 1,2, 4.
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Now F := (F" — X) + {Wa, W, WoXo, WaXq, WoW} IS @ fork inG, a contradiction.

Hence by the choice db, y(G’) < 3. Letc : V(G') — {1,2,3} be a 3-coloring of
G'. Definec : V(G) — {1,2,3} as follows:c(u) = ¢'(u) if ue V(G - Xx), c(u) = c/(X) if
ue {wy,- -, W}, c(u) € {1,2 3} - {c(v),c(X)} if u=w. Clearlycis a 3-coloring ofG, a

contradiction. O

We will show, in the next section, th&[Vs] contains no shortest odd cycle Gf So

we end this section with three lemmas concerning cycl€y\rx].
Lemma 3.5. G[V;] contains no induced even cycles.

Proof. By Lemma 3.2, the 2-connected componentss§¥;] are either odd cycles of

length at least 5 or complete graphs. An induced 4-cycle dvoahtradict this fact. O

Lemma 3.6. Let C be an induced cycle in[&;]. Then for any 3-coloring c of G C and

forany xy e N(C), ¢(x) = c(y).

Proof. Let c be a 3-coloring ofG — C, C = vy ---Vgvq, and{wi} = N(v) \ V(C) fori =
1,---,0. Suppose there exist& i # ] < gsuch thatc(w;) # c(w;). Then there exists
s € {1,---,0g} such thatc(ws) # c(ws,;1). Without loss of generality, we may assume
c(wz) # c(Wy).

Definec’ : V(G) — {1, 2,3} as follows:c’(v) = c¢(v) for all v ¢ C, c'(v») = c(wy), and

greedily colorvs, vy, - - -, Vg, V1 in order. Thert' is a 3-coloring ofG, a contradiction. O

Lemma 3.7. Let C = vy, --- Vv be a shortest odd cycle in G, and assume G[Vs].

Then
(1) (N(v)\V(C) N (N(v)\V(C))=0,forl<i+j<g
(2) UZ,(N(w) \ V(C)) is independent

(3) forl<i<g,G-(C-{v,Vy1}) has a path fromuto v, of length 6.
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Proof. To prove (1), assume there exist j such thaN(v;) \ V(C) = N(v;) \ V(C). By the
minimality of C and without loss of generality, ¢t} = (N(v1) \ V(C)) N (N(vs) \ V(C)).

If v e V3thenvv,vowav is a 4-cycle inG[V3], contradicting Lemma 3.5. So let,v’ €
N(V) \ {vi,v3}. Thenv,v’ ¢ C by the minimality ofC. Hence,{V,Vv’} ~ {Vva4,V,} tO
avoid (v, w’,vWava, VW1Vg). Without loss of generality, we may assume~ vy. By
the choice ofG, G — C has a 3-coloringc’. We can construct a 3-coloring of G as
follows: Letc(x) = ¢'(x) for all x € V(G) \ V(C), letc(vg) = c(v), and then greedily color
Vg-1, Vg-2, - - - , Vo, vy in order. This is a contradiction. So (1) holds.

Next, assume thay? , (N(v;) \ V(C)) is not independent. Then there exist1 # j < g,
x € N(vi) \ V(C), y € N(vj) \ V(C), such thatx ~ y. By the choice ofG, G - C has a 3-
coloringc. However,c(x) # c(y), contradicting Lemma 3.6. So (2) holds.

Now, suppose (3) fails. Then, without loss of generalitguamse thaG—(C—{vy, v,}) has
no path fromv; to v, of length 6. Letw; € N(v;)\V(C) fori = 1,2, and [elG’ = G—C+w;Ws.
Thenog(G’) > 7. Now, if F is a fork inG’ thenwyw, € F; otherwiseF would be a fork in
G. If wy orw, has degree 1 iR, sayw,, thenF —w; + W,V is fork in G, a contradiction.
So we may assund(w;) = 4 anddg(W,) = 2. Letw € F with w ~ w, andw # w;. Now
F —{w, wo} + {V1, Vo, Wy V1, V1Vo} is a fork inG, a contradiction. Sg(G’) < 3 by the choice
of G. Letc’ be a 3-coloring of5’. Thenc' is a 3-coloring ofG — C such that’(w;) # c(w,),

contradicting Lemma 3.6. O
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CHAPTER IV

EXCLUDING CERTAIN SHORTEST CYCLES

The objective of this section is to show tlftVs] does not contain any shortest odd cycle
of G. Along the way we will exclude several more reducible contigions (based 06G,)
from G.

First, we prove a lemma that deals with the case wigs) = 7, which will be used

to deal with the case when identifying two vertices resultaCs.

Lemma4.l. LetC= vV, - --Vv;vq be a shortest odd cycle in G, and assume that G contains
an induced path P= vju; - - -u, such that (P N C) = {v;}, d(u,,C) > 2, and dv;) > 4.
Further, assume that there exists (N(v;) "N(vj.2)) \ V(C) for somel < j < 7 (subscripts

modular?)). Then{vj, Vj.1, Vj.2} € V.

Proof. We choosd so thatP| is minimal (subject to the conditions in the lemma). Without
loss of generality, assume= 1. Suppose for a contradiction that, vj,1, Vj.2} € Vs. Then

by Lemma 3.5y ¢ V3. By symmetry, we may assunje= 4 or j = 5.

Case 1. = 5.

In this caseywVvs\;V is a 4-cycle. We distinguish cases according to the locatian

Subcase 1.Iv e P.

Letv = us. Thens > 2 ands # 3, sinceog(G) > 7. Moreover,us,; is defined as
d(u,, C) > 2. If s> 4 then (v, VUs, 1, VUs_1Us 2, VVZV,) IS @ fork inG, a contradiction. Thus
s=2.

Let u € N(uz) \ N(up) (which is nonempty by Lemma 3.2), such that= uy if uy
is defined. Theru ¢ C. Note thatvy, + {u,u;} to avoidCs. Sov, ~ us to avoid

(V7, VU, VWsV4, VRU). Henceu = uy.
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Let v € N(up) \ N(v7). Thenu ¢ {vs,v4} andu’ »+ vs, to avoidCs. Hence,u’ ¢
C. Moreover,u’ ¢ P asP is induced. Sar ~ us to avoid {,Vs, UxV7, UpUsUy, UpUsU').
Thenus ~ vs to avoid Usus, Usl’, UzV4Vs, UsVVy). Sous exists ad(u,, C) > 2. Therefore

(usU’, Usvy, UsVV7, UsUsUs) is a fork, a contradiction.

Subcase 1.7 ¢ P, butN(v) NP # 0

Let sbe maximum, such thak € N(v).

First, we show thaN(v) N V(P) = {us}. For, otherwise, let < ssuch that € N(v).
Thens =t + 2 > 3 by the choice oP and the assumptioog(G) > 7. If t > 2 thent > 3
(sinceog(G) > 7); SO (ws, VU, VWRV1, VUL,_1) IS a fork, a contradiction. Thus= 1. Letu e
N(u3)\N(uy) such thatl = u, if uy is defined. Thew ¢ C asd(u,, C) > 2. Sincevy + {uy, U}
(to avoidCs), we havev, ~ usz to avoid (/uy, Vv, VVsV4, VgU), which impliesu = ug. Since
Uy + vz andv + vz (to avoidCs), vs ~ Us to avoid {suy, UsU,, UsVVy, UsV4Vz). Therefore us
is defined asl(u,, C) > 2. By the choice oP, v3, V4 € V3. NOw (U3V4, UsUy, UzVV7, UsUsUs)
is fork, a contradiction.

Letw; € N(vi) \ {Vo,v7,ui}. LetV € N(V) \ {vs,V7,Us}. Thenv ¢ C by minimality
of C. Possibly, we have = wy, in which case we have < 3 by the choice oP. Since
09(G) = 7,w; » vy andV + {V,,Vv3}. Note thatvs + {us, V'} to avoidN(vs) € N(v) (see
Lemma 3.2).

Supposes # 1. Thens > 3 sinceog(G) > 7. Note thatus + vy, for, otherwise, by the
choice ofP, v, € V3 andug,; is defined, and hencedls, 1, UsVs, UV, UsUs 1Us ) IS a fork,
a contradiction. First, assume ~ v;; thus we may assume = w;. Noww; ~ Ug ; to
avoid vwy, Vi, VWV, VUsUs 1), and hences = 3 by the choice oP. Letu € N(uz) \ N(w;)
such thatu = u, if u, is defined. Theru ¢ C by the definition ofP, andu # u; since
0g(G) > 7. Hence Yw, vwy, V\sV4, VL) is a fork, a contradiction. Therefore, + v, for
every choice of/. Note thatv ~ us ; to avoid ¢V, vvs, V\WVy, VUsUs 1), V' ~ V4 to avoid
(W, VUs, VW5V, VW5V,). Letu € N(us) \ N(V'). Thenu ¢ C andu + v; to avoidCs. Hence,

(v, v, VW7V, VUSU) IS a fork, a contradiction.
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Therefore,s = 1. Then, sinc®g(G) > 7, u; * {vs, V4} andv, + {Uy, Up, w1} . Moreover,
V' + v, for any choice ofv'. For, otherwise, we may let = w;. Thenw; + v; (to avoid
Cs) andw; + vg (to avoidN(vs) € N(V)), and hence MU, ViWg, V1VoVs, ViV7Vg) IS a fork, a
contradiction.

ThusVv' ~ {v4, Uy} to avoid (V, vz, Vi Uy, VWsV,), andw, ~ {vs, Vg} to avoid (ywy, ViU,
ViVoVs, ViV7Vg). Moreover,u, ~ {wy, Vo). This is clear whemw,; + v as we need to avoid
(VaW1, V1Vo, ViUsUp, ViV7VG). Whenw, ~ vg, thenw; + v by the minimality ofC; sou, ~
{w1, Vo} as we need to avoidi{wy, V1V7, ViUsUp, V1VoV3).

Supposeu, + w;. Thenu, ~ V,; so by the choice oP, v, € V3 andus is defined.
If V. ~ Uy, thenv + v4 (asog(G) > 7), and sov' + C; hence letv’ € N(V') \ N(uy),
then {ug, vv7, WV’ VW&V, is a fork, a contradiction. Thus/ + u,, andv ~ v4. Let
VvV’ € N(V) \ N(v5). Thenv’ ~ u; to avoid (v, vz, ViU, VWV7). Sov’ ~ w; to avoid
(uzUz, UV”, UV, UVaW1), and{uy, wy} + V3 to avoidCs. Sow; ~ V. Moreovery’ ~ uz to
avoid [UyVv’, uyvy, U1VVs, UiUoUg). Hence, Y’ us, VU, V'V'Vy, VW1 V) IS a fork, a contradic-
tion.

Hence,u, ~ wy. If V' + v4thenv ~ up; so lettingv” € N(V) \ N(u;), we see that
(Vug, vy, WV, V\5V,) is a fork, a contradiction. S@ ~ vy.

Assume for the moment + u,. Letv’ € N(V) \ N(vs). Thenu; ~ v’ to avoid
(VV5, V7, WV, VU Up), V7 + Vs, to avoidCs, andv, ~ U, to avoid (v, Uiy, UiVVs, UpViVso).
Hence by the choice d®, v, € V3, anduz is defined. Sarz + wy to avoidN(v,) € N(w;)
and, thusw; ~ vg and (,Us, UpV2, UsW1 Ve, UoUpVs) IS a fork, a contradiction.

Thus,V ~ u,. Thereforew; + vz andu, + v, to avoidCs, which impliesw; ~ ve.

We claim thatv' € V3. For, otherwise, lev” € N(V') \ {up,V, v4}. Note thatv” ¢ C.
Thenv’ ~ w; to avoid (v, V'v4, V'V, VUW;), and sov’ + vz to avoidCs. Hence
(VV7,VUp, VVV7, V') is a fork, a contradiction.

We also claim that,, € Vi. For, if there existsx € N(v4) \ {V,V3,V5}. Thenx ~

Vo to avoid (4%, VaV', V4VsVe, V4V3Vo), and Sox + U, to avoid a 5-cycle. ThusViX, VaVs,
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V4VsVe, V4V Up) IS a fork, a contradiction.
Moreover,u, € V3, as otherwise lat € N(up)\{uy, V', w1}, then (,u, Uuy, UyW, Ve, UsV' Vys)
would be a fork. Sav; ¢ V3 asG[Vs] has no induced even cycle (by Lemma 3.5). Let

w e N(wyp) \ {up, v, Vg}. Then (vyw, wyvy, WiV, WoVgVs) IS a fork, a contradiction.

Subcasd..3.v ¢ P andN(v) n V(P) = 0 for any choice of.

First, assume +» w; for any choice ofw;. LetVv,v’ € N(V) \ {vs,v7}. Thenv; »
V,v'}, v,v/ ¢ CUP, and{ug, vo,w;} » {V,V’} to avoidCs. Sov, ~ {V,V’} to avoid
(W, W', vV, VWsV,). Without loss of generality, le¥” ~ v;. Let v € N(V) \ N(v’).
Thenv* ¢ {v,,Vv3} to avoidCs, andv* + vg to avoidN(vg) € N(V); sov* ¢ C. Hence
(W, w5, VWV, VWV, ) is a fork, a contradiction.

Thus we may choose; so thatv ~ w;. Thenw; + u,, otherwise replacing with
ViWiUs . .. Uy, We get back to Subcase 1.2. Alg@ + {v3,V4} to avoidCs, w; + Vg as
N(Ve) € N(v), anduy ~ {vs, Ve} to avoid 11Uy, ViWs, V1VoV3, Vi V7 V).

Now u, ~ Vp; for otherwise, sincas; + v; or u; + Vg (by the minimality ofC),
(VaWa, V1V, ViVoVs, ViU Up) OF (ViWa, ViVo, ViUiUp, V1V7V) Would be a fork. Hence by the
choice ofP, v, € V3 andus is defined. Letwv € N(w;) \ N(v7); thenw ¢ C. Moreover,
W + {Uy, V3, Vg} t0o avoidCs, andw ¢ P by the choice oP. If w » u; thenu; ~ v to avoid
(VeUg, ViV7, VIWI W, V1VoV3); SOUp + Vg and (1Uy, ViVo, VIWW, V1V7Ve) IS a fork, a contradic-
tion. Thusw ~ u;, and henceav + us (otherwise replacing with uyw;wus - - - u, we get
back to Subcase 1.2). Ul ~ v then (yvy, U;W, U3VgVs, UUoU3) IS a fork, a contradiction.
Sou; * Vg. Thusuy ~ vz, and (s, U, U UoUs, UiV V7) IS a fork, a contradiction.

Case2. | = 4, that is,v;VsVgV is a 4-cycle.

Subcas@.1.ve P,orv¢ PandN(v) n P # 0.

First, supposes € P. Letv = us. Thens = 1 ors > 3 to avoidCs, andus,; IS
defined by the choice dP. Letu € N(us;1) \ N(us_1) such thatu = ug,, if N > s+

2. Thenu ¢ C by the choice ofP, andu ¢ P — ug,, asP is induced. Nows = 1;

otherwise, {V4, VW5, VUs;1U, VUs 1Us ») IS a fork, a contradiction. Thusi, ~ Vv, to avoid
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(Vv4, Ve, VLU, VV1V,), Which implies that,v,avavav, is aCs, a contradiction.

Sov ¢ P, and henceN(v) N P # 0. Letug ~ v with smaximum. Thers > 2 to avoid
Cs. Letu € N(us) \ N(us_2) such thatu = ug; if N > s+ 1. Note thatu ¢ C U P by the
choice ofP.

If v has another neighbor, say, on P, then 2< t < s- 2 (sinceog(G) > 7). If
t = s— 2, then {v4, VW, VUsU, VUU;_1) IS a fork, a contradiction. Otherwise< s- 2, and
(Vv4, VW6, VUsUs_1, VU U;_1) IS a fork, a contradiction.

SoN(V) N V(P) = {us}. LetVv' € N(V) \ {Us, V4, Vs}. Thenv ¢ C U P. Note thatv' + v3
orVv + v; (to avoidCs). Also note thatg + vs; for otherwiseys € V3 andu = us;; (by the
choice ofP), and S0 (IsUs, 1, UsV3, UsUs_1Us 2, UsVVg) would be a fork.

Supposev’ + vs. Thenv; ~ {V,us} to avoid @V, Vus, VW,Vs, VWeV7). Suppose that
V; ~ Us. Then,v; € Vz andu = ug.; by the choice ofP. If s # 2 then (sUs;1, UsV7,
UsUs 1Us 2, UsVVy) is a fork, a contradiction. Se= 2. Letu’ € N(uz) \ N(uy) such thau' =
U if N> 4. Thenu ¢ C. Sou’ ~ vto avoid (,uy, UpV7, UpVVy, UpUsl’), andu’ ~ Vs to avoid
(VU, s, V4V3, VbUy). Hencevs € V3 by the choice oP, and so YUy, ViWy, V1VoVs, V1V7Ve)
is a fork in G, a contradiction. Thusy; = us; hencev; ~ Vv, and so,v3 + V. Then
V' ~ Us 1 to avoid (v, Vs, VV4V3, VUsUs 1), andVv ~ u to avoid (v, Vv, VV4V3, VUsU). SO
s = 2; otherwise Y'u, V'v¢, V'Us_1Us 2, V'VV,) would be a fork. Them; + v; to avoidCs;
sow; ~ V3 to avoid (1w, ViUy, V1V7Ve, V1VoV3). Henceus + {vo, Wy} to avoidCs. But then
(V1Va, VaW1, ViU Uz, V1V7VG) IS @ fork, a contradiction.

Hencev ~ vs. Thenv + v;. Note thatvz + u;; otherwise, replacind® with
V3UiUz - - - Uy, We get back to Case 1. Sg@ ~ w; to avoid {/1Wy, iUy, V1VoVa, V1V7Ve).
Thenw; + up; otherwise replacing® with vaw;u, - - - u,, we also get back to Case 1.
Thenv + u; to avoidCs. Moreover,v + u; fori > 2; otherwise,vV ~ u, by the
choice of P, and replacingP with vsv'u,...u,, we get back to case 1 again. Hence
Us ~ V7 to avoid (v, vy, VW7, VUsUs_1). Thus, by the choice d?, v; € V3 andu = ug,;.

Let v € N(us,1) \ N(us.1) such thaty' = ug, if N > s+ 2. Thenu ¢ C. Now

29



(usUs_1, UgV7, UsUs, 1U', UsVVy) IS a fork inG, a contradiction.

Subcase.2.v ¢ P, andN(v) N P = 0.

Note that{u;, w;} ~ vz to avoid (/1Uq, VaWy, V1VoVa, Va7 Ve). LetVv, v’ € N(v) \ V(CU P).
Then{Vv,Vv’} ~ {v3, v;} to avoid ¢V, W', VWV3, VVsV7).

First, suppose®; ~ u;. Thenvs € V3, otherwise, replacing with vsu U, - - - u,, we get
back to Case 1. Now choosee N(V)\N(V’) orv* € N(V)\N(v’) such that* # v; (which
exists becausH(V') ¢ N(v’) andN(v”’) ¢ N(V')). By symmetry assumé& e N(V') \ N(v").
Note thatv* # vs, as otherwise we would haw(vs) € N(v). Thus, ¢V’, Ve, VWV, VW,V3)
is a fork, a contradiction.

Hence,\vs + Uy, which impliesvs ~ w;. Moreover, we may assumeg + Up; for, other-
wise, replacing? with v;wyu; - - - U, we get back to the situation in the previous paragraph
(with vz ~ ug). Sou, ~ {v,, v7} to avoid (1 Vy, ViWy, V1V7Ve, ViU Uy).

If v3 » {V,Vv’} then as above we may assume there existss N(V') \ N(v’) such that
V' # v7. Now (W7, v, VW4V, VWVY) is a fork, a contradiction.

So we may assume ~ V. Note thatw; + vs sinceog(G) > 7. If u, ~ v, thenv, € V3
(by the choice o), andu, ~ V to avoid {3wy, V3V, VaV4Vs, VaVoUy); but then, replacing
P with vavV'u, - - - Uy, we get back to Case 1. 3B + v, andu, ~ V7, and sov; € V3 (by
the choice ofP). Thus,v; » {V,Vv’}. As before, we may assume that there exists

N(v’) \ N(V') such thav* # vs. Now (W, v, W'V, WsV7) is a fork, a contradiction. O

Corollary 4.2. LetC=v;---vyv; be an odd cycle in G, ¢ V(G) \ V(C),and1 <i <7

such that v~ v, and v~ Vvi,». Then{Vvi, Vi;1, Vi.2} € V3.

Proof. Let T := {u e V(G) \ V(C) : d(u,C) > 2}, and letH denote the subgraph &
obtained by taking the union of all patRswhich are from vertices it to C but internally
disjoint fromC.

Suppos€V;, Vi1, Vi;2} € Va. Then by Lemma 4.1V(H) n V(C) C Vi. LetK :=
G\ (V(H) \ V(C)).
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If T =0, thenV(G) = V(C) U N;(C); sox(G) < 3 by Corollary 2.2, a contradiction.
SoT # 0. Then by the choice dB, y(H) < 3. Letc: V(H) — {1,2, 3} be a 3-coloring
of H. Thenc induces a 3-coloring’ on V(C) n V(H), and clearlyc’ can be extended to a
3-coloring ofC (in a greedy way). Now by Corollary 2.2 agaoimay be extended further

to a 3-coloringc* of K. Thusc* andc give a 3-coloring of5, a contradiction. O

Next we give another reducible configuration that will bedisequently when we look

for a fork.
Corollary 4.3. For any 4-cycle C in GIV(C) N V3| < 2.

Proof. Suppose€€ = v;V,V3V,Vv; IS a 4-cycle inG such thatV(C) N Vs| > 3. Without loss of
generality, lew; € Vafori = 1,2, 3. Thenvy ¢ V3 by Lemma 3.5. LeG’ ;= G/{vy, V3} — Vs,
and letv denote the identification of andvs.

We claim thatog(G’) > 7. For, suppose on the contrary ti&ithas an odd cycl€ with
IC| < 5. Clearly,v € C and|C| = 5, asog(G) > 7. LetC = u;UyUsUsUsuy, with u; = v. If
vy, € E(C) then assume by symmetry thgt= u, andv,us € E(G); SOV;UpUsU4UsV; iS aCs
in G, a contradiction. Sov,; ¢ E(C). Then by symmetry assunwgu,, Vaus € E(G). Now
ViU; - - - UsVaVs IS @ 7-cycle, and,viVoVaVvy is a 4-cycle, contradicting Corollary 4.2.

If G is fork-free theny(G’) < 3 by the choice of5. Let ¢’ be a 3-coloring ofz’. We
may extendt’ to a 3-coloring ofG by coloringv; andvs with ¢’(v), andv, with a color not
used by its neighbors. This is a contradiction.

So letF’ be a fork inG’. Thenv € F’, as otherwisel” would be a fork inG. If v has
degree 1irF’, then letvx € E(F’); by symmetry we may assume thak € E(G), and then
F’'—v+{vy,vix} is a fork inG, a contradiction. Sw has degree 2 iR’. Letvx vze E(F’),
with vix € E(G). If vy = zthenF’ — v + {vi,viX, v1V4} is a fork in G, a contradiction.
So assumesz € E(G). By symmetry, we may assume tlahas degree 1 iR’. Lety €
N(v2)\{v1, v3}. Now, sinceG has ndCs, Xy € F’ as otherwis&’ —v+{vy, Vo, Xvy, V1 V,} would

be a fork inG. Also, F’ — v contains a neighbor of;; otherwiseF’ — v + {vy, V4, XV1, V1V4}
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would be a fork inG. So, sinceG contains noCs, let v e N(v4) \ {vi,Vs} such that
xV € E(F’). Thusz » {V, X, y}.

LetG” := G\ {vi, Vo, V3} + Vuy. We claim thaiG” is fork-free. For, letF” be a fork in
G”. Thenwy € F” as otherwisd=" would be a fork inG. If yis of degree 1 irF” then
x ¢ F”; soF” —y+{vy, a1} is afork inG, a contradiction. Supposgs of degree 2 irF",
and letyy € F” be the other edge d¥” incident withy. Note that ify’ # xthenx ¢ F”.
So, regardlesss” \ {y, Y} + {vi, Vo, V4V, V1Vo} IS a fork in G, a contradiction. Thug is of
degree 4 inF”. Note thatz ¢ F”; for otherwise, sincgz ¢ E(G”), F” has a patlyzz,
which gives the cyclgZzwv,y in G, contradictingog(G) > 7. If v, is of degree 1 irF”
thenF” — v, + {V,, YW} is a fork inG, a contradiction. So letv,v* be a path irfF”. Then
F” —{vs4, V*} + {V2, V3, Yo, VoVi3} is @ fork inG, a contradiction.

Supposeog(G”) > 7. Then by the choice 0B, we havey(G”) < 3. Letc be a
3-coloring of G”. We extendc’ to a coloring ofG by coloringv, with ¢'(v,;), and then
coloringv; andvs greedily.

Soo0g(G”) < 5. Then, sinceg(G) > 7, 0g(G”) = 5 and any 5-cycle iIrc” must
containv,y. LetC := vayywv'v, be a 5-cycle inG”. Then, sinceg(G) > 7, we can show
x,V,z ¢ Candy » V. If y € V3 then we get a contradiction to Corollary 4.2, since in
G, ywV1VaV'WYy is a 7-cyclexywv; X is a 4-cycle, andvy, Vo, y} C Vi, Soy ¢ Vs. Let
Yy’ € N(Y)\ {v2, X,¥'}. Theny” ~ Vv to avoid {y’,yy, ywVs, yxV). Noww + {X,y"} to avoid

Cs. Hence, ¥x yy’, ywvs, YyW) is a fork, a contradiction. O
To prove thatG[V;] contains no shortest odd cycle Gf we need another lemma.

Lemma4.4. Let C:= v;v,---Vyv; be a shortest odd cycle in G such thalQy € V3, and

letwi € N(vi) \V(C)for1<i<g. Thenwe Vzforl<i<g.

Proof. Suppose the contrary. Without loss of generality, we mayrassthatv; ¢ V3. By
Corollary 4.2 N(w;) N V(C) = {v1}. LetN(w1) = {vq, X1, -+ , X}; SOk > 3.

Now {Vy, Vg} * {X1, ..., X} by (2) of Lemma 3.7; s& » N({X1, - -, %)\ {wa}. Thus by
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Lemma 3.4, there exists some& N({Xg, ..., X})\{wz} such thaiN(V)N{Xy, ..., X}| < k=2.
So without loss of generality, assume thiat {x;, Xo} andv ~ x3. Note thatv + v,, since

0g(G) > 7. Hence, 1 X1, W1 X, W1V1 Vo, Wy XaV) IS a fork, a contradiction. O
We can now show thds[V3] contains no shortest odd cycle@
Corollary 4.5. If V(C) = vy - - - vy is a shortest odd cycle, then@®) € V.

Proof. Letw; € N(vj)) \ V(C) fori =1,...,g, and letG’ := (G — C) + w;Ws.

We claim thaiG’ is fork-free. For, lef~’ be a fork inG’. Thenw,w, € F’ asG is fork-
free. By symmetry, assume thatht, the degree olv, is larger than that of,. If the degree
of w, in F”is 1, thenF” —w, + {v;, w1 } is a fork inG, a contradiction. So the degreevef
in F” is 2 and letw be the other neighbor of, in F’. ThenF’ — {w,, W} + {V1, Vo, WyVy, V1Vo}
is a fork inG, a contradiction.

If og(G’) > 7 theny(G’) < 3 by the choice of5; soG - C = G — w;w, has a 3-
coloring ¢ in which ¢’(w;) # ¢/(w-), contradicting Lemma 3.6. Thusgy(G’) < 5. Let
T’ be an odd cycle irG’ such that|T’| < 5. Thenw,w, € T’ asog(G) > 7. Thus
T := (T —wywW,) Uw Vi VoWs is an odd cycle is. HenceT| = 7 asog(G) > 7. So|T’| = 5,
and letT” — wyw, = wyxyzw. Choosen; Xyzw to minimizel{x,y, z} N V3|.

Supposex,z € V3. Then by Lemma 3.2y ¢ V3. So lety;,y, € N(y)\{x,z. Then
{1, Y2} ~ {w1, W} to avoid fyyi, yyz, yXwi, yzws). By symmetry, we may assunyg ~ Ws.
Soy; ¢ {vi,w : 1 <i < n}(by Lemma 3.7(2)). By Corollary 4.3; ¢ V3 (because of the
4-cycley,yxwy,). Thus, the pathv,y,yzw contradicts the choice ot xyzwg.

So by symmetry, we may assumet Vs. Let N(X) \ {wq} = {Xq,..., X}; thenk > 3.

We claim that there is a unique vertgx € N(w;) N N({Xy, ..., X}) such thatiN(y;) N

(X, ..., X} 1. For, otherwise, by Lemma 3.4, for some N({Xq,...,X}), IN(t) N
{X1,..., %} < k—2. Without loss of generality we may assume x; andt + {Xo, X3}.

Now (XX, XXs, XX t, XWy V) is a fork, a contradiction.
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Lety = x. NOw z ~ {xq, X} to avoid xq, X%, XWyVy, Xy2. Thus, by the symmetry
betweerny andN(2) N {X;, X2}, we may assume thgt ~ X;. Theny; » N(X)\{wy, X¢}.

Letu € N(x2)\N(y) andv € N(Y)\N(x2). Thenu ¢ {vi, Vo, W3, W>, X, Y, Y1,2} andv ¢
{V1, Vo, Wi, Wa, X, X1, V1}. Thenx; ~ uto avoid kxg, Xy, XwyVy, XX%U), andx; ~ v to avoid

(XX1, XX, XW1V1, XYV).

Casel. v = zfor anyv € N(y) \ N(x2) and for any choice ofv; Xyzwg.

Theny ¢ Vz; otherwisew;xxzw, contradicts the choice ofyxyzw. Lety,y’ €
N(Y) \ {x,z}. Thenw, ~ {y’,y’} to avoid {y,yy’, yxw;, yzw), and we may assunve, ~ y’
by symmetry. Therz ¢ V3, for otherwise, replacingv; xyzw with w;xyyw,, we see that
X, V,Y'} N Vsl smaller, orv # y', a contradiction.

LetZ € N(2) \ {W», X1,y}. Note thatz ¢ C asz # w; for all i, and thuz + v,. Now
Z ~ y; to avoid @z, zy, zZw\V,, ZxY1), Z ~ uto avoid @Z, zy, zw,V,, ZxU), andz ~ y’ to

avoid @z, zx, zwV», zyY’). Hence, £y, Zu, Zy,wy, ZzZw,) is a fork inG, a contradiction.

Case2. v # zfor some choice of andw, xyzw, andx; ~ z

Theny ¢ V3, as otherwiseN(y) € N(x;). So lety’ € N(y)\N(x;). Note thaty’ ¢
{V1, Vo, Wi, Wa, X, Y, Z, X1, Xo, U, Y1}. Hencew, ~ {v,y’} to avoid v, yy, yxw, yzw). Also,
W, ~ {u, v} to avoid (iU, X;V, X; XWq, X1ZW»). Therefore, since, € Vi, Wo ~ v, Wo + {Y', U}.
Theny + X; to avoid kU, X1y, X1 XWy, XVWs); SOY ~ Xp to avoid KX, XX, XWiVy, XyY),
andz + X, to avoid (U, XY, XoXWy, Xo2ZWh).

Let w € N(y1)\N(X). Thenw » X, to avoidCs; sow ~ {v,z} to avoid &V, X;Z,
X1 XX, X1Y1W), andw ~ {u, z} to avoid Ky U, X1 X, X1ZWs, X1Y1W).

If w » z thenw ~ uandw ~ v. Soy ~ wto avoid fw, vx, vyy,vWV,). Hence,
(wu, wy', www,, Wy W, ) is a fork, a contradiction.

Hence,w ~ z Thenw ~ u to avoid @y, zw, zxu,zwV,), andw ~ Yy to avoid

(zx, ZW, ZW6V5, ZyY). Thus (vu, wy', wzws, Wy, W, ) is a fork inG, a contradiction.

Case3. v # zfor some choice of andw; xyzw, andx; + z

SoX; ~ zto avoid KX, X%, XWiVy, Xy2). Thus we have symmetry betwernandy.
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We claim thatN(x2) \ {u} = N(y) \{v}. For, suppose, by symmetry betwegrandy, that
there existy’ € N(y) \ {v} \ (N(x2) \ {u}). Theny ~ x; to avoid kx, XX, XW;Vy, XyY), and
W, ~ {y', v} to avoid v, yy, yxwi, yzw). By symmetry betweem andy’, we may assume
Y ~Ws. Then kiU, X1V, X1 XWy, X1Y'W») is a fork inG, a contradiction.

Therefore, by Lemma 3.3y(u) \ {X} € N(V) C {y}, andN(V) \ {y} £ N(u) \ {X}. So let
U e N\ (N(V) \ {yD), andv’ € N(V\{YN(N(U) \ {x2}).

Note thatw; ¢ {U,v}asw; € V3, V + X andu » yto avoidCs, V. + X to
avoid (xy, XV, Xxu, Xwvp), andu’ + X to avoid Kx, XU, Xyv, Xwivy). Soy; ~ {U,V'}
to avoid kY1, X1 X, X;uU, X;vv). By symmetry, we may assunye ~ u’. By Corollary 4.3,
{X2,¥,2} £ V3.

First, suppose; ¢ Vz. Letw € N(X) — {X, z}; thenw ~ y by the above claim. W,  w
then, sincen, » uorw = v (asw, € Vs), (YV, YW, YXW, YZW5) OF (XaU, XoW, Xo XWy, XoZW5)
is a fork inG, a contradiction. Sav, ~ w, and we have symmetry betwearandz. Note
thatu’ ~ {w, z} to avoid W, X2z, XoXWy, XUuU). So by symmetry, assumeg ~ w. Then
(Wxo, Wy, WU'Y1, WWLV,) is a fork inG, a contradiction.

Hence x, € V3. Then by the above clainy,e V3, and hence ¢ Vs. Note that, ifw, ~ u
thenu # v, andu + V,; SO UU, UX%, UXV, UWV,) is a fork inG, a contradiction. Hence
W, + U. Similarly, w, + v.

LetZ € N(2 \ {Wz, X,y}. ThenZ ~ uandzZ ~ vto avoid ¢Z, zy, z%u, zZwV,) and
(zZ, 2%, zZyv zZwV,), respectively. Hence ¢ (U, v'}.

We claim that{x, z} C V4. If X ¢ V4 andxs € N(X)\{wy, X1, X2, ¥}, thenxs ~ zto avoid
(XX, XX3, XW1V1, Xy2), and Xz ~ U to avoid Ky, XX, XWiV1, X%U), which impliesN(x,) <
N(x3), contradicting Lemma 3.2. So € V4. Now assume ¢ V,, and letz’ € N(2) \
{Wo, X2, Y, Z}. Then €Z,z2’, zwV,, zyX is a fork, a contradiction. Sbe V,.

Let G = G — {vq, Vo, W1, Wa, X, X2, ¥, 2}. Theny(G’) < 3 by the choice of5. So letc
be a 3-coloring of5’. We extend’ to a 3-coloring ofG as follows. Letc(x) = ¢’(X) for

all x e V(G’) andc(x) = c(x,) for x € {X,,y}. Then greedily colog, w,, v,, vi, Wy, X in this
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order. This is a contradiction, completing the proof of feimma.
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CHAPTER V

STRUCTURE AROUND A SHORTEST ODD CYCLE

In this section we derive certain useful properties aboaisthucture o6 around a shortest

odd cycle.

Lemma 5.1. Let C := v ---Vyv; be a shortest odd cycle in G. Then there exist a vertex

z¢ V(C)UN;(C) and a path Z from z to somesuch that \(Z) nV(C) = {vi}and dVv;) > 4.

Proof. Let T := V(G) \ (V(C) U N1(C)), and letH denote the subgraph & obtained by
taking the union of all path® which are from vertices i to C but internally disjoint
from C. Now T # 0; otherwiseV(G) = V(C) U N3 (C) and sgy(G) < 3 by Corollary 2.2, a
contradiction.

Now the assertion of the lemma fails. The(H) N V(C) C Vs. LetK := G\ (V(H) \
V(C)). By Corollary 4.5V(C) ¢ V(H). SoH # G. Then by the choice @, y(H) < 3. Let
c:V(H) — {1, 2, 3} be a 3-coloring oH. Thencinduces a 3-coloring’ onV(C) N V(H),
and clearlyc’ can be extended to a 3-coloring®fin a greedy way). Now by Corollary 2.2
again,c’ may be extended to a 3-coloringof K. Thusc* andc give a 3-coloring ofG, a

contradiction.

LetC := vy --- Vv be a shortest odd cycle @, such thatV(C) N V| is maximum. By
Lemma 5.1, there exigt e V(G) \ (V(C) U Ny(C)), i € {1,...,qg}, and pathP from v; to
zsuch thatv(P n C) = {v;} andd(v;) > 4. We choose the tripleX P, v;) so that|V(P)| is
minimum.

Without loss of generality, we may assume 1, and letP = v»,u; ... u,, Whereu, = z

Letw; € N(v1) \ {us, Vg, V2}. Note that, by the minimality o, P is an induced path.
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Lemma5.2. Ifu; ~ vg_ptheny » P—vy, andif u ~ vstheny + P —v;.

Proof. Suppose the assertion is false. Then by symmetry, we maynasthatu; ~ Vg1
andvy ~ us for some 1< s < n. Thens > 2 ands # 3 (sinceog(G) > 7), U, is defined
(sinced(u,,C) > 2), vy € V3 by the choice ofP. Sos > 4, as otherwises = 2 and
N(vg) € N(uy), contradicting Lemma 3.2.

Note that, by the choice &, vy_; » P—v; andw; » P—{v;, U,}. Moreoverus + v,; for
otherwise v, € V3 by the choice oP, and henceusus, 1, UsVz, UsVgVy-1, UsUs_1Us ) would
be a fork inG. Hence,v; ~ w; to avoid {/1U1, ViWy, ViVgUs, V1VoVs), anduy ~ {Wy, Vo) to

avoid (w1, VaVo, ViUpUp, V1VgUs). Thus, we consider two cases.

Casel. u, ~ wj.

Letv € N(v») \ N(w;). Thenv ¢ C by the minimality ofC. If v e P thenv # us (as
Us * Vo), V € {Us 1,Us,1} (to avoidCs), v # up (to avoidCs), andv # u, (asv + w;); SO
(VaWy, ViU, ViVgUs, V1V2V) is a fork inG, a contradiction. Hence, ¢ P.

Now v ~ u; to avoid /U1, ViWy, ViVgUs, ViVoV), V + Vg, to avoid the shorter odd cycle
VV; - - - Vg_oV, andu, + Vg as otherwise,bw, Vs - - - Vg_oUs is an odd cycle shorter thdh So
V ~ Uz to avoid (v, UV, UpVg_1Vg-2, Ui UUg). Hencey, € V5 by choice ofP. Therefore, as
ViW1V3VoV; IS a 4-cycle{wy, v3} N V3 # 0 by Corollary 4.3.

Supposew; ¢ Viz. Letw € N(wy) \ {up, vy, Vv3}. Clearly,w ¢ P, andw ¢ C by
the minimality of C. Alsow # v asv » w;. Note thatv; +~ us by the choice ofP.
Sow ~ uz to avoid (viw, wiVs, WiViVg, WilbUs). Sinceu, + v, (to avoid Cs), we have
W ~ V4 to avoid (viw, wilp, WiViVg, WiVaVs). Thereforev, € V3 by the choice ofP; so
(UsUg, Uy, UsWVy, UsVVS) IS a fork inG, a contradiction.

Thus,w; € V3, andvs ¢ V3. Lety € N(W3) \ {Vo, V4, W1}. Theny ¢ C andy # u; (by
the minimality ofC), y ¢ P — u; by the choice o, andy # v asog(G) > 7. Note that
V4 * {Up, v} by the minimality ofC. If y ~ vs theny + {v, u,} by the minimality ofC; so
(VaY, VaVa, VaVoV, VaW; Up) is a fork inG, a contradiction. Sg + v, and hencg ~ u, to avoid

(V3Y, VaVo, V3VaVs, VaWiUp). NOW (Uay, UpWi, UaUsUs, UoUpVg-1) IS @ fork inG, a contradiction.
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Case2. u, + wj.

Hence,u, ~ v,, and sov, € V3 by the choice oP. If w; € V3 thenC’ := viwyvs--- vy
is a shortest odd cycle i@ such thatv(C’) n V3 = V(C) n V3; so C', P, v,) is a triple that
gives the situation in Case 1. Hence, we may assamgVs.

Letw,w” € N(wy) \ {vq, v3} be distinct, and letv € {w,w’}. Thenw ¢ P asw; + Uy,
w; + P—{U,, v;} by the choice oP, w; + u; to avoidCs, andw ¢ C by the minimality ofC.
Sinces > 4 and by the choice d?, w » us. Sow ~ u; to avoid /1y, V1Vy, V1VgUs, VIW; W).
By the minimality ofC, v4 » w. Therefore, (aW, wiw”, wiVava, WiVi V) is a fork inG, a

contradiction. 0O

Lemma 5.3. We may further choose C (while fixing P) so that jfwvs then y + P — vy,

and ifw ~ vg_q theny » P —v,.

Proof. Suppose this is not true. We may assume by symmetrythatvs andv, ~ us for
some 1< s< n. Thens > 2 to avoidC;, ands # 3 to avoidCs. Moreover, by the choice
of P, v, € V3, andug,; is defined.

Note thatw; +» ug, as otherwiseN(v;) € N(w;y), contradicting Lemma 3.2. Moreover,
by Lemma 5.2y, + u, andu; + vs. Thus by the choice d?, we see thafw;, vz} + P —v;.

We claim thats = 2. For, suppose > 4. Thenus + Vg, otherwise,vy, € V3 by the
choice ofP, and S0 (sUs,1, UsVy, UsUs_1Us 2, UsVoV3) would be a fork inG. Also, us » vg_q
to avoidCs. Henceu; ~ Vg1 to avoid /1wy, ViU, ViVols, ViVgVg-1). Thereforeyy + P —v;

by Lemma 5.2. SovVy, Vi1, ViU Uz, ViVoUs) is a fork inG, a contradiction.
Casel. Uy ~ vg_1.
By Corollary 4.3 {uy, Uz} € V3.

Subcasd.l.u; € Va.
Thenu; ¢ V3, and henceyy € V3 by the choice ofC. Letu € N(up) \ {uz, V1, Vg_1}.
Thenu ¢ C U P by the choices o€ andP. Noteu + vg; for, otherwise N(vg) € N(uy),

contradicting Lemma 3.2. Le{i(vg) \ N(u1) = {v}. Sov ¢ C by the minimality ofC, and
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v¢ PbyLemmab5.2.

Thenw; ~ {u, v} to avoid {/1V2, ViWy, ViUiU, VaVgV), U ~ {us, Vg_o} to avoid (su, uyvy,
U1lpUs, U1Vg-1Vg-2), andu ~ {us, wy} to avoid (U, usVg-1, UiUoUs, U1viWg). Hence, since
U+ Wy oru + Vgp (by minimality of C), u ~ uz. Moreover,u ~ {wy,Vy_,} to avoid
(UqU, UgUp, UpVg_1Vg-2, U1V1Wy).

Supposel ~ wy. Thenu » vy . First, assumes ¢ Vs, and letu’, u” € N(us) \ {u, Uy}.
Note thatv » us; otherwise letv # u’, and (sU’, Usu, UsUpVs, UsVg) is a fork in G, a
contradiction. Noww; ~ {u,u”} to avoid (sU’, usu”, UsUyVo, Usuwy). Without loss of
generality, letw; ~ u'. Hencevy_, + {u,u’} by the minimality ofC. Alsou » v4 by
minimality of C. Now u; ~ u" orv ~ wy to avoid {/1Uy, ViVe, Vaw U, VavgV). If U ~ uy then
(UU, U1, U141 Vo, UgVg-1Vg-2) IS a fork inG, a contradiction. So’ + u; andv ~ wy. Then
(WaV, WyVp, WiVaVa, WiULR) iS a fork inG, a contradiction. Henceyz € V3, and sou ¢ Vs
by Corollary 4.3. Letw € N(u) \ {ug, uz,wi}. Thenu # vandu » vy, to avoidCs,
U + Vg_3 by the minimality ofC, andu’ ~ {v4_1, v1} to avoid {;Up, UyVi, UrVg_1Vg_2, Usulr).
If U~ Vg1, then (41U, Vg_1Vy, Vg-1Vg-2Vg-3, Vg-1UiUp) IS @ fork inG, a contradiction. So
U + Vg1, andu’ ~ vi. Then (1U', viwg, ViV, V1VgVg-1) IS a fork inG, a contradiction.

Thus,u » wy, andu ~ vg_,. Hence,vy_, € V3 by choice ofP. Furthermoreps + vu
to avoidCs, souz + C by the minimality ofC and choice ofP. If uz ¢ Vs, then let
U, u” € N(uz) \ {u, Up}; Now (UsU’, UsU”, UsUVg_2, UsUpVo) is a fork inG, a contradiction. So
Uz € V3, and hencei ¢ V3 by Corollary 4.3.

Letu € N(U) \ {ug, us, Vg2}. Thenu' ¢ {v, v,} to avoidCs and, by the minimality o€,
U ¢ C, Uz * Vg3, anduy + {Vg_2, Vg-3}. SOU" ~ {Vgy_1, 1} to avoid (;Up, UVg-1, U1VaWy, Ujulr).

If U » vg1 thenu ~ vq; SO (U, viwsg, ViVoUp, ViVgVy-1) IS @ fork in G, a contra-
diction. Hencel' ~ vg1. Letu” € N(u’) \ N(up). Thenu’ ~ v to avoid {/4-1Vg-2, Vg-1Vg,
Vg-1U1Up, Vg_1W'U”). Sinceu, + Vg3 by the minimality ofC, u" ~ vy4_3 to avoid (/g_1U’, Vg_1Vg,

Vg-1U1Up, Vg_1Vg-2Vg-3). Hence (v, U'vy_s, U'vyy, UW'uug) is a fork inG, a contradiction.

Subcasd.2.u, ¢ Vs.
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Letu e N(u) \ {u1, Us, Vo}. Thenu ¢ C (by the minimality ofC and because af; + by
by Lemma 5.2), and » w; to avoidCs. Letu’,u” € N(uz) \ {u,} such that/ ¢ N(u,) and
u” ¢ N(u). Note thatu’, u” need not be distinc{u’, u”} N {va, Vyg_2} = 0 to avoidCs, and
u,u” ¢ C by the minimality ofC, the choice o, and Lemma 5.2.

Thenu ~ {vg_1, U’} to avoid (U, UV, UpUsl’, UpUpVg_1), U ~ Vg1 OF U” ~ Uy to avoid
(U2U, UpVy, UxUsU”, UpUpVg_1), andu ~ {Vg_1, V3} to avoid (U, UpUs, UpUpVg_1, UpVaVs).

Supposeu * Vg_1. Thenu ~ vz, u ~ U, andu” ~ u;. Sou ~ v3 oru” ~ Vg, to avoid
(UgVy, UgU”, UgVg-1Vg-2, UzUpU), andu ~ vy or u” ~ wy to avoid (;u”, UpVg_1, UyUpU, UyVaWy).
By the minimality ofC, u” + wy or u” + Vg_o; sou ~ vi. This impliesN(vz) € N(u),
contradicting Lemma 3.2.

Thereforeu ~ vg_1; sou » vz by the minimality ofC. Thus,u ~ u to avoid
(U2u, UaUy, UpVoVs, UpUgl’), andug ~ U” to avoid (pu, UsUy, UxVoVs, Upusu™”). Note thatvg +
u”, otherwiseyy € V3 by the choice oP, and soN(vy) € N(u;), contradicting Lemma 3.2.
Thereforeu” ~ vy, to avoid (/g_1Vy, Vg-1U, Vg-1U1U", Vg-1Vg-2Vg-3), and sovy_, € V3 by the
choice of P. Also, U ~ vy to avoid {/g_1U1, Vg-1Vg, Vg-1UU', Vg-1Vg2Vg-3). SOVy € V3
by the choice ofP, andu” + w; by the minimality ofC. Hence,u’ ~ w; to avoid

(VaWa, ViVo, ViVgU', VaUsU”). SO U'u, U'vg, U'usu”, U'w, V3) is a fork.

Case2. u; +» Vg1.
If wy € V3 then, sincev; + P — vq, we see that the assertion of the lemma holds with
ViW Vs - - - Vgvq replacingC. Hence, we may assurmg ¢ Vs. Letw, W € N(wy) \ {vy, v3}.
Supposgw, W} » vg. Thenw ~ u; to avoid (41U, ViVa, ViVgVg-1, VAW W) andw’ ~ up
to avoid /1y, VaVo, ViVgVg-1, ViwiW'). Notevy + us to avoidCs. If vy ~ U, thenvy € Vs
by the choice oP, and hencei; ~ w to avoid (pUs, UpVg, UaVoVs, UpUiW); if vy » Uy then
us ~ {w,w} to avoid (3w, usw’, usUous, U1V1Vg). Hence, by symmetry, we may assume
Us ~ W. Thenw ~ usto avoid (v;W', WiVs, WyViVg, WiWUg). Also, va ~ {w, w'} to avoid
(W1W, WiW', W1V1 Vg, W1V3Vys), and we may assume ~ V4. Thenv, € V3 by the choice of

P, anduz + vy_1 by the minimality ofC. If u, » vy then Uy, Usw, UyW'va, UrViVg) IS @

41



fork in G, a contradiction; and ifi, ~ vy then (aus, UaUus, UpVaVa, UpVgVy-1) IS @ fork inG, a
contradiction.

Therefore, we may assume~ V.

Subcase.l. There exists € N(uz) \ (N(wz) U {Up}).

Thenu # Vg1 asu; » Vg1; sou ¢ C by the minimality ofC. Also, u ¢ P as
P is induced. Nowu ~ vy to avoid {/Wi, ViV, ViUiU, ViVgVg_1), andu ~ vy, to avoid
(VgU, VgW, VgV1Vo, VgVg-1Vg-2). Hence,{u,w} + uz by the choice ofP. By Corollary 4.3,
{Ug, Up} € V3.

First, supposel; ¢ Vi. Letu € N(up) \ {u,up,v1}. Thenu ¢ C U {wy} andu’ ¢
P. Now U ~ {us,wq} to avoid (iU, uu, UjUpUs, U1viwg), andu’ ~ {us,Vvy_o} to avoid
(UU', ugvy, UrUoUs, U1UVy_2). By the minimality ofC, u” » wy or U’ + Vgo; SOU ~ Us.
Hencel' + vy, andu’ # w, by the choice oP. If U » wy then (U, UyUsz, Uy UVg_2, UiViWy)
is a fork in G, a contradiction; and it ~ w; (Wyw, Wiy, Wil'Us, WiVaVy) is a fork, a
contradiction.

Hence,u; € Vs. Thereforeu, ¢ V3, and letu € N(uy) \ {ug, U3, Vo}. Thenu ¢ C by
the minimality ofC and the choice oP, U’ ¢ {w, u} asog(G) > 7, andu’ # w; asw; + U,.
Sinceus + {u, vz} by the choice oP, U’ ~ {u, v} to avoid (,U’, UyUs, UxUgU, UpVoV3).

If U ~ u, thenu” » {vs,vy_3} by the minimality ofC, andu’ ~ w to avoid (U, uw,
VW, UVg_2Vg-3); SO (UzUs, UaUy, UU'W, UpVoVs) is a fork inG, a contradiction. Hence' + u,
andu’ ~ vz. Note thatr’ + vs by the minimality ofC. If U’ + wthen (3Vvs, VaU', VaWy W, VaV,Vs)
is a fork inG, a contradiction. Sa" ~ w. Thenu' ~ v; to avoid {/4u, VgVg-1, VgWU', VgV1Vy).

Now (U'w, U'vy, UW'UaUs, U'VaV,) is a fork inG, a contradiction.

Subcase.2. N(u;) € N(wy) U {u,}, andu; € V3 andu; ~ w.

Thenw » u;. For, otherwiseus ~ Vg1 to avoid (Wus, Wui, WWy V3, WygVg-1). SO by the
choice ofP, v4_1 € V3 andu, is defined. Hencepgua, UsVg_1, UsWwi, UslVy) is a fork inG,
a contradiction.

Let x € N(u3) \ N(u,) such thatx = u; whenevel, is defined. Thex ¢ C, andx # w;
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by the choice oP. Note thatx + vy as otherwis&yx (whenx = uy) or vgXus (whenx # us)
contradicts the choice &f. Sox + w; to avoid {/1U1, V1Va, ViW; X, V1VgVg-1).

Now u, + vy, for otherwisev, € V3 by choice ofP, and hencel,uy, UoVo, UoUsX, UaVaVs)
is a fork, a contradiction. So, » C by the minimality of C and the choice oP.
By Corollary 4.3,u, ¢ V3. Letu € N(Up) \ {u, us,w}. SinceN(us) ¢ N(u), we
may further choosex so that if x # us thenx + u. Note thatu ~ {x, v3} to avoid
(UoU, UoUy, UpUsX, UxVoV3), U ~ {X, W} to avoid (U, UoVs, UpUsX, U,UsW), andu ~ {w, v} to
avoid (UaU, UpUsz, UUg W, UpVoVa).

Supposal ~ X. Thenx = u4 by the choice ok. Sou +» v; by the choice oP. Hence
u~ w, and sau ~ Vg_1 to avoid (vu, Wiy, Wi V3, WygVg-1). Thus,Vvg-1 € V3 by the choice of
P, andx ~ vy, to avoid (Ux, uw, uVv,, uvy1Vy-). By the choice oP again,us is defined.
Hence, (vy-1, UW, ULV, UXWs) is a fork inG, a contradiction.

Thereforeu +» x. Henceu ~ vz andu ~ w; sou » v; to avoid {Uvq, Uw, UlbUs, UV3Vy).

We claim thatu € V3. For, lety € N(u) \ {u,, w, v3}. By the minimality ofC, y ¢ C.
Theny + vg; otherwise Yy, VoW, VgV1Vz, VgVg-1Vg-2) Would be a fork. Alsav; ~ y to avoid
(WWi, WU, WVgVg-1, Wuy). Now (ViUs, ViVo, ViWLY, ViVgVg-1) IS a fork inG, a contradiction.

Now W ~ vg to avoid {Uq, ViVo, VAW W', V1VgVg-1). Hencew' + v, by the minimality

of C, and so W, W, Wiy, WyWU, W1 V3V,) is a fork inG, a contradiction.

Subcase.3. N(u;) € N(wy) U {u,}, andu; € V3 andu; + w.

Then we may assumg ~ w'. Noww’ » vg, otherwise we are back in Subcase 2.2. By
Corollary 4.3,u, ¢ Vs.

We claim thatu, + v4. For, supposelr, ~ v;. Thenv, € V3 by the choice of
P, andus ~ {w,vs} to avoid (aUs, UpVo, UpUW', UpVgVs). If W+ Uz thenvs ~ us; SO
Vs € V3 andu, is defined, and henceifv,, uyvs, UpU W, UpUsly) is a fork, a contradiction.
Hence,w ~ us. Thenusz ~ w to avoid (v;w, WiV, WyVaVs, WiW U3), andus ~ Vs to avoid
(U2U1, UpVy, UaUsW, UxVaVs). Thus, the odd cyclegwusys . . . vy contradicts the minimality of

C.
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Thus, by the minimality o€ and choice oP, u, » CU P. Letu € N(u,) \ {uy, Uz, Vo).
Noteu » {w,w'} asog(G) > 7. Letx € N(uz) \ N(uz) such thatx = u, if u, is defined and,

subject to thisx + uwhen possible. Ther ¢ C by definition, andkx # w; to avoidCs.

(2.3.1). Suppose € {w, w'} for any choice ofx.

SupposéN(uz) = {up, W, W'}. Thenw, € V,; for, if there existsv; € N(wq)\{vi, V3, w, W'}
thenw/, ¢ C (by minimality of C), and so W, w;, wivs, WiWug, Wi V4 Us) is a fork, a contra-
diction.

We claim thatv; € V,. For, otherwise, let; € N(vi1) \ {us, Vo, Vg, W1}. Thenv; ~
{Up, Vg-1} 10 avoid (1Vy, VaWy, ViUilp, ViVgVg-1), andv; ~ {W,vg_1} to avoid {1y, vivs,
ViVgVg-1, iWiW).  SinceN(u1) ¢ N(vy), V; + W Orv; = W; soVv; ~ Vgi1. Thus,
v; + vz by the minimality ofC, and hencer; ~ w' to avoid {;V], V1Vg, ViUiW', V1VoV3).
Then W'us, Wug, WV Vg1, WW; V3) is a fork inG, a contradiction.

Thenu ~ v3; otherwise, letr € N(u) \ N(uz), and then,us, U,u;, Uul’, UyVoV3) would
be a fork.

Suppose there exists € N(u) \ (N(u3) U {v3}). Thenu ~ w to avoid {,us, UyV>,
U W', Upud), and sau » w (asN(uz) ¢ N(u) by Lemma 3.2). Thereforey ~ vs to avoid
(VsU, VaVo, VaW1W, V3V4Vs). NOw (UpUy, UaVa, UUsW, UoUVs) IS a fork inG, a contradiction.

Hence,N(u) € N(uz) U {vs}. SinceN(us) ¢ N(u) (by Lemma 3.2)u + woru + W, so
u € V. In fact,u ~ wto avoid {3u, VaVy, VaVaVs, VW, W); and hencel » w'. Sow' ~ vy to
avoid /3o, VaU, VaVaVs, Vaw;, W), Note thatvy, vy € V3 by the choice oP.

We claim thau, € V,. For, suppose there existse N(uz) \{u, U1, Uz, V2}. Then treating
u, asu, we haveN(u,) = {u,, v, w} = N(u), contradicting Lemma 3.2.

Now w € V,. For, suppose there existss N(w) \ {us, Vg, U, Ww3}. By the minimality of
C,y¢ C,andy » vzory + Vg1. If y » vg_1, then (vy, ww, Wugup, WyyVg_1) is a fork, a
contradiction. Sy + v3; and hencewy, wvy, WusUp, Ww; V3) is a fork, a contradiction.

Moreover,vs € V,; otherwise letv; € N(va) \ {V2,Vvs, Wi, U}, and then \(zv;, Vavy,

VWi W, VaVoUy) is a fork, a contradiction. Finallw' € V4, as otherwise letv’ € N(w') \
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{U1, Uz, V4, W1}, and then\'w”’, w'v,, Wusw, Wws ;) is a fork, a contradiction.

ThereforeG — {v4-1Vy, VaVs} iS not connected, contradicting Lemma 3.1.

(2.3.2)x may be chosen so thate¢ {w, w'}.

Supposeal ~ X. Thenx = uy by the choice ok, u andus are symmetric, an¢l, us} +
{v1, V3, Vg} by the choice oP. Noww ~ {u, us} to avoid (U, UpUs, UxVoV3, UUaW'), and we
may assume/ ~ uby symmetry. Them ~ worw’ ~ v, to avoid (viw, Wy Vy, WiW U, W1V3Vy).
If u~ w, thenvy € V3 by the choice oP, so Ux uw, uwv,, uwy) is a fork, a contradiction.
Henceu » w, andw’ ~ v4. Thenv, € V3 by the choice oP, SO (V' Vs, WUz, WUX, WW;W) iS
a fork, a contradiction.

Sou » X. Thenu ~ vs to avoid (iU, Uxuy, UUsX, UpVoV3). Hence,u + v; to avoid
N(v2) € N(u), andu ~ {w, vs} to avoid {/3u, VaVy, VaWi W, VaVsVs). If U ~ vs thenus + vs by
the choice ofP, so (,uy, UpV,, UUsX, UUs) is a fork inG, a contradiction. Thusy + Vs,
and hencau ~ w. Thenuz ~ w to avoid {i;u, UxVy, UpUsX, UoUW); SO Vg € V3 by the
choice ofP. Noww; ~ x oruz ~ Vg1 to avoid (vu, wwy, WusX, WyyVg-1). If wy ~ X then
(VaUg, VaVo, VIW1 X, V1VgVg-1) IS @ fork, a contradiction. Henog, + X, andus ~ V41. Then

Vg-1 € V3 by the choice oP; so UsX, UsVy-1, UsUaVo, Usww) is a fork inG, a contradiction.

Subcase.4. N(u;) € N(wy) U {up}, andu; ¢ Va.

First, supposen, ~ w. Letw,w’ € N(u) N N(wy). Thenvy » {w,w”’}, to avoid
(VgW, VgW', VgV1 Vo, VgVg_1Vg—2) and {gW, VoW, VgViVa, VgVg_1Vg-2). SOV, ~ (W, W’} to avoid
(WaW', WiW”’, WiV Vg, WiVaVa). Without loss of generality, let, ~ w’. Thenw + v, to
avoid (W, VaW’, VaVaVa, VaVsVs), andus ~ {wW, w”} to avoid (3w, Uy, UW’ Vg, UiUpUs). If
us » W’, thenus ~ w', and (vywW”, wy Vs, Wi W' Us, W1 V1 Vg) is a fork, a contradiction. Sa; ~
w”. Thenv, € V3 by the choice oP, anduz ~ w to avoid (v;W', Wy V3, Wy V1V, WiW’ Us).
Hence,u; ~ w to avoid (v;w, Wiy, WiW Uz, W1VaVs). NOW (UsW, WaW', UsUoVo, UsW'V,) IS a
fork, a contradiction.

Hence,u; ~ w. Note thatu; + vs sinceN(v,) ¢ N(u;) (by Lemma 3.2).

We claim thatuz » w. For, otherwiseus ~ Vg3 to avoid (Vus, Wiy, WVgVg_1, WW4 V3).
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Hencevy, Vg1 € V3 by the choice oP, andu, is defined; soWvy, Wuy, WusUs, W Vs) iS @
fork, a contradiction.

Next we show thati; » w or v, » W. Suppose on the contrary thag ~ w and
V4 ~ W. Letu e N(uz) \ N(u;) such thau = uy4 if uy is defined. Them ¢ C by the choice
of u, u » v4 by the choice oP, anduz ~ vs or u ~ w; to avoid (v'wy, WUy, W'V4Vs, W UU).
If u~ wy then (vyw, wivy, Wiuls, WiVsVy) is a fork inG, a contradiction. So + wy, and
Us ~ Vs. Thenvs € V3 by the choice ofP, and (su, Usvs, UsWWs, UsU,Vs) is a fork, a
contradiction.

Now w + ug; for otherwisev, + W, and so \Wyw, WiVy, WyVaVs, Wi W U3) IS a fork, a
contradiction. Leww” € N(w') \ N(w). Thenw” # us. Moreoverw” ¢ C. For, ifw” € C
thenw” € {vg, v4} by the minimality ofC. If W’ = vy then (gw, VgW', VgV1Va, VgVg-1Vg-2) iS
a fork, a contradiction; and iV’ = v, then {vy, usw, uyUus, UW'V,) is a fork, a contra-
diction.

Supposen’ ~ u,. Thenw” ~ v3 to avoid (LW, UxUs, UUi W, UoVoVs). Hencew” ~
V5 to avoid (W, VaVo, VaWi W, VaVaVs). NOw (UoUs, UoVo, UpUiW, UoWVs) is a fork inG, a
contradiction.

Thus,w” + u. If W ~ vy, thenw” ~ vz to avoid {/1Vy, ViW”, ViW1V3, ViUiUp), and
W’ ~ Vg1 to avoid (4w, viwg, Vil Uy, V1VgVg-1); but then the odd cycles. .. vy 1W'vs
contradicts the choice @&. Sow” + v;. Then (W, uyvy, UiWW’, UUpUg) is a fork inG, a

contradiction.

Now suppos&, P, v; are further chosen to satisfy Lemmas 5.2 and 5.3.

Lemma 5.4. Suppose (@I,,C) > 2and n> 3, u; ~ Vg1, and W ~ v3. Then for any

v e N(V2) N N(Vg), IN(V) N {ug, wa}| # 1.

Proof. First, suppose there existse N(v») N N(vg) such thatv ~ u; andv » w;. Then

vy € V3, as otherwiséN(vq) € N(ui) which contradicts Lemma 3.2. Hence# us by the
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choice ofP. Sou, ~ vy, to avoid {1V, UpVy, UilaUs, UpVg_1Vg-2). Thus,u, + wy by the
minimality of C. Now, (uV, U1Vg_1, U1UpUs, U1ViW,) is a fork inG, a contradiction.

Now suppose there exists € N(vz) N N(vy) such thatv » u; andv ~ w;. Then
Vo, Wy ¢ V3 as otherwiseN(v,) € N(wy) or N(wy) € N(v;), contradicting Lemma 3.2. Let
w € N(wy) \ N(v,). Thenw ¢ C by the minimality ofC, andw ¢ {uy, us} sinceog(G) > 7.
We claim thatw; + u, (SOwW # Uy); otherwise, withvyw; U, . . . n replacingP, we have the
situation in the first paragraph.

Note thatw ~ {uy, vy} to avoid {1y, VaVg, VaUiUp, VaW;W). Supposev ~ u;. Thenu, ~
Vg2 to avoid Uz, U3W, UyViVo, UiVg-1Vg-2), W ~ Uz to avoid (3w, UVg_1, UpVyVo, UzloUs),
andus ~ Vv to avoid vV, wivy, WiVvaVs, WyWWg). Thus by the choice oP, v, € V3, a
contradiction.

Hence,w + uj, andw ~ v LetVv e N(v») \ N(w;), which exists by Lemma 3.2.
Thenv' ~ {ug, va} to avoid V', VoV, VoVaVa, Vovilp), andv’ ~ {uy, Vg} to avoid {/;Vg, Vi,
ViliUp, V1VoV'). Thereforey’ ~ u; by the minimality ofC. So 1V, UpVg_1, UiUpUs, UpVaWy)

is a fork, a contradiction. O

Lemma 5.5. Suppose @1,,C) > 2and n> 3, iy ~ Vg1, and W ~ v3. Then for any

X € N(vg) \ N(up) and ye N(v2) \ N(wy), X~ Vo Ory ~ .

Proof. Suppose there exist € N(vg) \ N(uz) andy € N(v2) \ N(w;) such thatx + v,
andy » vg. Note thatx,y ¢ C, andx,y ¢ P as{v, vy} » P —v; (by Lemma 5.2). Let
u € N(us) \ N(up) such thatu = u4 if n > 4. Note thatu, + v, by minimality of C, and

Up ~ yorw; ~ Xto avoid {/1Us, VaWy, V1VgX, ViVoY).

Casel. wy + U,.

Theny ~ u; to avoid (/Wi V1V, ViUiUz, V1VoY), Y ~ Uz to avoid sy, UiVg-1, U ViWs, UsUpUs),
Uy ~ Vg2 to avoid to avoid 1y, Uy, Uy ViWi, UpVg_1Vg-2), andx ~ wy to avoid {1V, viws,
ViU, V1VgX).

Supposer; ¢ Vi. Letv e N(v3) \ {2, V4, W1}. Thenv ¢ C U {u;} by the minimality ofC,

v ¢ P —{uy, Uy, v1} by the choice oP, andv ¢ {u,, X, y} sinceog(G) > 7. NowvV ~ {y, vs} to
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avoid (aV, vawy, VaVoy, VaVaVs). If v » vs andv ~ y then replacind® with vavyls. . . u,, we
get a contradiction to Lemma 5.3. 8o~ vs. Thenv + {y, u,} by the minimality ofC; so
(VaV, VaV4, VaWoy, VaW; X) is a fork inG, a contradiction.

Sovs; € Vzandw; ¢ Vi. Letw € N(Wyp) \ {vi,vs,X}. Thenw ¢ P - u;, since
w + U, and by the choice oP, w ¢ C by the minimality ofC, andw # y asw; + V.
Note thatw ~ {uy,V4} to avoid (viw, wiX, WiViUs, WiVaVy). If wy ~ ug thenw ~ us
to avoid (3w, UyVg_1, U1VqVo, UrUpUs); SO (UsU, UsW, UgyVs, UsUaVg-») IS a fork, a contradic-
tion. Thusw + u;. Thenw ~ v, and hencev + vy by the minimality ofC. Then
(V1Vg, ViV, VU1 Up, VW4 W) is a fork, a contradiction.

Case2. w; ~ Up.

So there is symmetry between andu;, and we may assum@ ~ y. If u, ~ vy
thenvy_, € V3 by the choice oP, andw; ~ uto avoid {Vvg_2, UoUs, UWi Vs, UoUsu); hence,
(WU, W1V, WiV Vg, WiUpVg») IS @ fork, a contradiction. Thusk, + Vg, and soy ~ U
to avoid (Y, UyVvi, U1Vg_1Vg_2, U1lpUg). Hence,v, € V3 by the choice oP. Therefore, by
Lemma 4.3{wy, V3} € Va.

Supposevs ¢ Vi. Letv € N(v3) \ {V»,vs,Wi}. Then as in Case N ¢ C U {uy},
VéP—{u,u,wl,Vvé{uXyl,V~ Vvs. Thenv » {y,u} by the minimality ofC; so
(VaV, VaV4, VaWbY, VaW; Up) IS a fork inG, a contradiction.

Thus,vsz € Vs andw; ¢ Vz. Letw € N(wy) \ {Up, v1,Vv3}. Thenw ¢ P by the choice
of P, w ¢ C by the minimality ofC, andw # y asw; = y. If w; ~ xthenx ~ uz to
avoid (w1 X, WiV, WilpUs, W1VaVy); SO replacing? with viw; Xus . . . U, We get a contradiction
to Lemma 5.3. Hencew; » X. By Lemma 5.2,u, » {v,Vg}. Hencew ~ {v,, vy} to
avoid viw, Wiy, WiVVg, WiVaVg). If W ~ vy thenw » {ug, vy} by the minimality ofC; so
(ValUg, ViV, VWi W, V1VgX) is a fork inG, a contradiction. Thusy + v, andw ~ vy. So

w + Uz by the choice oP, and (v;w, wyvy, WiUoUs, WiVaVy) is a fork, a contradiction. O

Lemma 5.6. Suppose @,,C) > 2and n> 3, w; ~ vz, and u ~ Vg1. Then(N(v) \

N(wi)) N (N(vg) \ N(uz)) = 0.
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Proof. Suppose on the contrary there exigts (N(v2) \ N(w;)) N (N(vg) \ N(u1)). Then
V # U by Lemma 5.2, and + u, sinceog(G) > 7. Thus, since, ¢ V3, v ¢ V3 by the
choice ofC.

We claim thatu;, w; ¢ N(v). For, otherwise, it follows from Lemma 5.4 thad, w, €
N(v). Thenus ~ vto avoid (V, UyVi, U1Vg_1Vg-2, U1UpUs). Letu € N(uz) \ N(u;) such that
u=uif n>4. Thenu ¢ C. Hence Yu;, Vv, VusU, V\LV3) is a fork inG, a contradiction.

Let v.,v' € N(V) \ {v,,Vg} be distinct. Thenv,v’} ~ {vs,vy1} to avoid v, vV,
VVoV3, VWyVg-1). By symmetry, letv' ~ {v3,V41}. Thenv' ¢ P — {ui, upvi} by the choice
of P. Also note that’ ¢ {u;, w;} asv + {ug, wq}, andVv’ ¢ {uq, Uy, vi} andVv + {uj, w;} as
0g(G) > 7.

We claim thatw; + u,. For, suppose; + U,. By symmetry let/’ ~ vs. Thenu, ~ V' to
avoid {3V, VaVo, VaVaVs, VaWiUp) andv ~ Uz to avoid (pUs, UpWi, UpV'V, UoUgVg_1). Then by
the choice o, {v, vy} C V3. Letu € N(uz) \ N(V') such thau = usif n> 4. Thusu ¢ C
by its definition, andu + {v1, vy} by the choice oP. So (., v, visu, vvyvy_4) is a fork
in G, a contradiction.

Letw € N(wp) \ N(v»). Thenw ¢ C by the minimality ofC, w ¢ P — {uy, Uy, v4}
by the choice ofP, w # u, asw; + U, andw ¢ {u,V,V’} sinceog(G) > 7. Now
W ~ {Uy, Vg} to avoid (1o, VaVg, ViU, VaWiW). If w ~ Uy then, sincew + v,, W ~ Ug to
avoid [w, upVvg_1, U141 Vo, U1UpUs); hence, replacing with viw;wus . . . un, we get back a
contradiction to the claim thaw; + u,. Thus,w » u; andw ~ vj.

Hence, by the choice o€, w » vz andu; ¢ V. Letu € N(up) \ {uz, V1, Vg1}. Then

u¢ CUPU{v,w,w}, by the minimality ofC, the choice oP, and the fact that; + {v, w}.

Casel. u + us.

Thenu ~ w; to avoid (U, UiVg1, UiUoUs, UViW,), andu ~ v, to avoid Uiu, UpVg-1,
UilbUs, U1V1V2). SOU + Vg p by the minimality ofC, andu, ~ vy, to avoid (U, upvs,
U1lpUs, U1Vg-1Vg-2). Hence, by choice o, vy, € Vs. If u; € V3 thenvy; € V3 by the

choice ofC, contradicting Corollary 4.3. Henae ¢ Vs.
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Letu e N(uz) \ {us, Us, Vg2}. Thenu” ¢ CU P by the choice oP and the minimality of
C, U ¢ {u,v,w} sinceog(G) > 7, andu’ # w; asu, + w;y. Letz e N(uz) \ N(u;) such that
z ¢ C. Note that suclz does exist as otherwise is defined an we choose= u,. Note that
z ¢ {v,w,} by the choice oP.

Supposel’ + z. Thenu ~ v; to avoid (U, UxVvg_o, UpUsZ, UoUpVy). SOU” ~ vg_q to avoid
(V1V2, VaWg, ViU’ U, V1 VgVg-1), andu’ ~ wto avoid {/g_1U’, Vg_1U1, Vg-1Vg-2Vg-3, Vg-1VgW). Now
(U'vg_1, U'W, U'V4 Vo, U'LpUg) is a fork, a contradiction.

Sou’ ~ zfor all ze N(us) \ N(u1) such thatz ¢ C. Letu; € N(uz) \ N(U'). Then by the
choice ofz, u; ~ uy or uy = vg_3. If Uy ~ ug then QaU, uyva, UUGUs, UrVg_1Vg-o) is a fork, a
contradiction. Say, + u; andu; = Vg3, and we may let = us. Now U’ is symmetric taus.

So for anyu” € N(u’) \ N(u1), Uu” = vg_3, a contradiction agy_s € V3 (by the choice oP).

Case?2.u ~ us.

Sou andu, are symmetric. Note that + {v,, vy} by Lemma 5.2 (with/;usuus. . . Uy in
place ofP). Hencevy , ~ {u, Uy} to avoid Uy U, Uiy, U1ViVy, UyVy_1Vg-2). By symmetry, we
may assume ~ Vg_,. Then by the choice d?, v4_, € V3. Note thatu » V(C — vg) U {w}
by the minimality ofC, andu + {v,w} asog(G) > 7. If u € V3 thenyy_; € V3 by the choice
of C, contradicting Corollary 4.3. Hence,¢ Va.

Letu e N(u) \ {ug, Uz, Vg-2}. Thenu ¢ C U {v,w,wy}, U # U, sinceog(G) > 7, and
U ¢ P by the choice oP. Letz € N(u3) \ N(u;) such thaz = usif n> 4. Thenz ¢ C, and
z ¢ {uy, v, Wy} by the choice oP. Sou’ ~ {z v;} to avoid (U, uvy_o, UUsZ UULVy).

If U +» z thenu ~ vi. Sou ~» V43 by the minimality ofC, v ~ vy, to avoid
(VaWy, V1V, VaU'U, V1VgVg-1), andv ~ U to avoid {/g_q1U’, Vg-1U1, Vg-1Vg-2Vg-3, Vg-1VgV). Then
(U'vg-1, U'V, U'V1W4, U'UL) is a fork, a contradiction.

Sou ~ z Note thatz + {vi, Vo, V3, Vg_1, Vg} by the choice oP. Letu, € N(uy) \ N(u).
Thenu, ¢ C by the choices o€ andP, U, ¢ {v,w,} sinceu, ¢ {v, w;}, andu, ~ {w, z} since
0g(G) > 7.

Now u, ~ {vi,Vg1} to avoid (U, UyVg_1, U1ViVo, Lilply). If U, ~ vq thenu, ~ vj
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to avoid {1U), ViVg, ViU, ViVoVs); but then ¢swy, vavo, VaUsup, VaVaVs) is a fork, a con-
tradiction. Sou, » v; andu, ~ vg_;. Thenu, » vgs; for otherwise replacind®
with vg_1UiUUs. .. Uy, We get a contradiction to Lemma 5.3. Hengg ~ w to avoid
(Vg-1U5, Vg-1U1, Vg_1Vg-2Vg-3, Vg-1VgW), U+ vy to avoid {/1us, ViVg, ViU'Z V1VoVs), andu’ ~
{Uz, Vg-1} t0 avoid {yUp, UyVg_1, U1V4Vo, Upul). If U” ~ U, thenu” ~ w to avoid (U, Uus,
UpUh V1, UpUW); and so 'z, U'up, W'uvy_», WWYy) is a fork inG, a contradiction. So' + up
andu’ ~ Vg_1. Thenu’ ~ vy_3 to avoid {/g-1U’, Vg_1Vy, Vg-1U1Up, Vg1Vg-2Vg-3). NOw, replac-

ing P with vg_1u1uLs . . . Uy, We get a contradiction to Lemma 5.3.
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CHAPTER VI

FINAL REDUCTION

We now show thati(u,, C) < 1 orn < 2, and then complete the proof using Lemma 2.1 to

derive a final contradiction. First, we need the followinglhaa.

Lemma 6.1. Suppose (lI,,C) > 2and n> 3. If wy ~ {v3,Vg_1} and w + {v3,Vg_1}. Then

Wy + Uo.

Proof. By symmetry assume; ~ vs. Supposeav; ~ U,. We distinguish two cases accord-

ing to whether or notv; € Vs.

Casel.w; ¢ Vs.
Letw € N(wy) \ {uz,v1,Vg}. Thenw ¢ C by the minimality ofC, andw ¢ P by the
choice ofP and the fact thabg(G) > 7.

Subcasd.l.w + us.

Then{w, U} ~ v4 to avoid (viw, Wivy, WilpUs, WiVaVy). First, supposev ~ v4. Then
w + vy by the minimality ofC. Hence,u, ~ vy to avoid (v;w, WiVs, WilpUs, W1V1Vg). SO
Vy € V3 by the choice oP. Now uz ~ vy_; to avoid UpUs, UpUy, UsWi Vs, UpVgVg-1). SOUy IS
defined by the choice d?. Now (U,Vy, UoUs, UoUsUs, UpW1V3) is a fork inG, a contradiction.

Thus,w » v4 andu, ~ v4. Hencev, € V3 by the choice ofP. Supposeu; + Vs,
and letu; € N(us) \ N(up); thenu; ~ w; to avoid (Uy, UpWi, UpVaVs, UpUsUg), and so
(Waw, Wy V1, Wy VsV, WilzUg) is @ fork in G, a contradiction. Hences ~ vs and, by the
choice ofP, vs € V3 andu, is defined. Noww ~ u; to avoid (,Uy, UsVa, UpoUsUy, UsWiW).
Letu € N(up) \ N(wz), which exists by Lemma 3.2. Note thatz C sinceu; + {vs, Vg_1}
and by the minimality ofC, andu ¢ P — {u,, up, v1} by the choice ofP. Nowu ~ uz to
avoid UpWy, UpVy, UpUsUy, UpuiU). Thenuy ~ Vg to avoid (Usug, Usu, UsUaWi, UsVsVg). Hence

Vs € V3 andus is defined; soyzu, UsVs, UsUsUs, UsUaWs) is a fork inG, a contradiction.
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Subcasd.2.w ~ us.

Thenw + v,; for otherwise, replacing with v;w,wus . . . U, We get a contradiction to
Lemma 5.2.

We claim thatu, + vq. For, suppose, ~ v4. Thenyy € Vs by the choice of. Now
Vg-1 ~ Uz to avoid (U, UpUs, UpW1Vs, UxVgVg-1); SO by the choice oP, vy_; € V3 andu, is
defined. Thenuu,, UxVy, UxUsUs, UpW4V3) is a fork inG, a contradiction.

We also claim thati, + v4. For, suppose, ~ v4;. Thenv, € V3 by the choice oP. Let
u € N(uz) \ N(w;) such that = us if n > 4. Thenu ¢ C, andu # u; sinceog(G) > 7. Sup-
poseu ~ u;. Thenu + v, (otherwise withv;u;uls . . . U, replacingP, we get a contradiction
to Lemma5.3). So ~ vy to avoid (11wy, ViVa, Vilh U, ViVgVg-1) and hencey € Vs, sow ~ up
to avoid {/1us, ViVo, ViVgVg-1, Viwa W). But then (U, usw, UiUsva, Usvi Vo) is a fork, a contra-
diction. Henceu » u;, and souz ~ Vs to avoid (pu;, U,Wy, UpUsu, UpVaVs). Then by the
choice ofP, v5 € V3 andu = uy. If w » u; thenuy ~ vg to avoid (zus, Usw, UsU,Uy, UzVisVe)
and, hence, by the choice Bf vs € V3 andus is defined; souzw, UzVs, UsUsUs, UsUoU,) IS @
fork, a contradiction. Thus ~ u;. Letw € N(w)\N(u,) which exists by Lemma 3.2. Then
W ¢ (C\ {v, Vg}) U P by the minimality ofC and by the choice dP. By Lemma 5.2, with
VIWiWLs - - - U, replacingP, we seew’ # V,. Also, W + Vg, as otherwisewusVs . .. VgW is
an odd cycle shorter tha, a contradiction. Sav ¢ C. Now If W + us thenus ~ Vg
to avoid (sUs,, UsUs, UsVsVs, UsWW); SO Us IS defined and usuy, UsVs, UsUsUs, UsWW) IS a
fork, a contradiction. Hencey' ~ us. Thenw =+ {vi,Vv3} by the choice ofP, and so
(Wi, Wy V3, WyWW , W1 V1Vg) is a fork, a contradiction.

Next, we showwv + vy. For, suppose ~ V4. Then by the choice d®, v, € V3. Note that
W » Vg by the minimality ofC; sow ~ u; to avoid §/1us, VaVo, ViVgVg-1, ViwaW). If Uz + Vs,
then letu € N(us)\ N(w;) such thati = uy if n > 4; nowu ¢ C, and (Vuy, Wwy, WusU, WV4Vs)
is a fork, a contradiction. Hencez ~ vs and, by the choice dP, sovs € V3 andu, is
defined. Let; € N(up) \ N(w;) which exists by Lemma 3.2. Thaif ¢ C U P by the

minimality of C and the choice oP, andu; ~ us to avoid (vvs, ww;, WusUs, WupU). Now
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(UsU?, UsUa, UsUus Wi, UsVsVy) is @ fork, a contradiction.

Hence,w ~ vy to avoid (vaw, WylUy, W1VaVa, W1V1Vg); SO Vy € V3 by the choice ofP.
Note thatw + uy; for otherwiseus ~ Vg1 to avoid (Wu, Wus, WvyVg_1, Wy V), and hence
uy is defined by the choice d¥; so fvuy, wvy, Wusus, W, Vs) is a fork, a contradiction. By
Lemma 4.3{Uu,, U3, W} ¢ V3. Letu € N(uz) \ {Up, w} such that = us if n> 4. Thenu ¢ C.

First, supposes ¢ V3, and letu’ € N(us) \ {u,, u,w}. Note thatw’ + wy; for otherwise,
u ¢ Candu ~ v to avoid (viu’, wilp, WiViVg, WiVaVs), and sov, € V3 (by the choice
of P) and (su, usup, UsU'vy, UsWyy) is a fork, a contradiction. Alsa + wy; for otherwise,
U ~ V4 to avoid (viu, Wilp, W1V1Vg, W1VaVa), and So (sU’, UsUy, UsUVa, UsWVg) IS a fork, a
contradiction. Them; ~ {u,u’} to avoid {su, UsU’, UsWvy, UsUaUsq). If Uy ~ uthenu + v,
by Lemma 5.3 (withv/;uiuus.. . . U, replacingP); so {1V, viwy, ViU, ViVgVg-1) is a fork, a
contradiction. Sai; ~ U'. Thenu + v, by Lemma 5.3 (with/;u;U'us. . . u, replacingP);
SO (Vo ViWg, ViU U, V1 VgVg-1) IS a fork, a contradiction.

Now supposeal; € Vz andu, ¢ Viz. Thenu » w; by Lemma 3.2. Lety € N(up) \
{ug, uz, Wwq}. Thenu ¢ C by Lemma 5.2 and the minimality &, andu’ ¢ P by the choice
of P. If U » {vy,v3} thenu ~ w to avoid (v;w, Wiy, WiVaVs, WiUbU') andu’ + u by
Lemma 3.2; soWu’, wvy, Ww; Vs, Wugl) is a fork, a contradiction. 167 » vz andu’ ~ vy
then, sincenv + up, (ViUg, Vil', ViVovs, ViVgW) is a fork, a contradiction. Thusg ~ vs. If
u ~ wthenu ~+ {u,vg1} by Lemma 3.2, and soMU, wwi, WyyVg_1, Wigl) is a fork, a
contradiction. Sa/ + w. Thenu’ ~ vs to avoid (5U', VaVy, VaW W, VaVaVs), andu ~ {U’, U}
to avoid (,uy, Uwy, UU'Vs, UpUsu). If u ~ uy thenu + v, by Lemma 5.3 (withi,upuls . .. 0
replacingP); so {1V, viwy, ViVgVg-1, VaUhU) is a fork inG, a contradiction. Hence + u;
andu ~ U'. Thenu » v, by Lemma 5.3 (with/su'uus . . . nreplacingP), andu ~ v, to avoid
(VaV4, VaVa, VaU'U, VaW;,W). Sov, € V3 by the choice ofP, which impliesN(v4) € N(U'),
contradicting Lemma 3.2.

Thus,up, Uz € Vz andw ¢ Vi. Letw € N(w) \ {u3, Vg, Wi}. Thenw ¢ CU P U {w,}, and

W + Vs by the minimality ofC. Sow' ~ {vs, V4_1} to avoid (WwW, Wus, Wy V3, WVyVg_1).
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If W ~ v3then (W, VsV, VaVaVe, VaWiUp) IS a fork, a contradiction. Hence' + v,
andw ~ vg_1. Thusw ~ u to avoid (vw, wyy, wwyvs, Wugu), andw’ ~ v; to avoid

(Wilp, WiVe, WaWW , Wi VaVs). But thenN(vy) € N(W'), contradicting Lemma 3.2.

Case2.w; € Vs.

Thenv, € V3 by the choice ofC, andvs ¢ V3 by Lemma 4.3. Letk € N(v,) \ {vy, V3}
andy € N(v3) \ {Vo, V4, W;}. Note thatx ¢ C U P U w;} by the minimality ofC and Lemma
5.2; andy ¢ C U P U {wy, X} by the minimality ofC, the choice ofP, and the assumption
thatvs + u;. Letu € N(uz) \ N(up) such thau = us if n > 4. Thenu ¢ C by the choice of
P, andu ¢ {u;, wy, y} asog(G) > 7.

We claim thatu, ~ C. For, suppose, ~ C. Thenu, ~ {v4,Vg} by the minimality
of C. If u; ~ vy thenvy € V3 by the choice ofP; S0 (Uaus, UxVg, UpUsU, UpW,Vs) is a fork,
a contradiction. Sap, * vy, andu, ~ V4. Thenv, € V3 by the choice ofP. Now
Uz ~ Vs to avoid (ouy, UsWy, UoUsU, UoV4Vs). So by the choice oP, vs € V3 andu = u,.
Let z € N(ug) \ {us} such thatz = us if n > 5 (zis arbitrary ifn = 4). Thenz ¢ C,
Z ¢ {uy, Up, Wy} by the choice ofP, andz ~ u, to avoid LUy, UpWy, UpZUy, UpV4Vs). Since
Us ¢ V3 by Lemma 4.3, letr € N(us) \ {Up, Us, vs}. Thenu’ ¢ C U P by the choice ofP
and the minimality ofC. Hencez ~ U’ to avoid {su’, usVvs, UsUsWy, UsUsZ), Z = Us to avoid
N(us) € N(Uu') (by Lemma 3.2 and the fact thats arbitrary whem = 4), andvs ~ {U’, U4}
to avoid (sU’, UsUs, UsVsVs, UsUpWy). By the symmetry betweedl anduy, letu’ ~ vg. Let
u” € N(ug) \ N(u') (by Lemma 3.2). Then” ~ u, to avoid {sU’, UzVs, UgUWy, UsUgU”). SO
(uU”, UpVvy, UoUsU’, UoWy Vp) IS a fork, a contradiction.

Now we showy + vs. For, supposg ~ vs. If u, ~ ythenu ~ y to avoid {,uy, uws,
UxUsU, UpyVs), and henceu # u, by the choice ofP; so yu, yw, yus, yWsV,) is a fork, a
contradiction. Thereforey, + y. Also, u, + Vg, for, otherwisev, € V3 by the choice
of P, and (1huy, UpWy, UpV4Vs, UoUsU) is a fork, a contradiction. Hence,~ {v,, Yy} to avoid
(V3Y, VaVs, VaWi Uy, VaVoX). If X ~ v, then letv € N(y) \ N(V4); now (VaVso, VaVa, VaWq Ua, VaYV)

is a fork, a contradiction. Ik ~ y then letv € N(v4) \ N(y), and {3V, V3Y, VaW; Uy, V3V,V) IS
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a fork, a contradiction.

Theny ~ u, to avoid (Y, VaVo, VaV4Vs, VW1 Up), and x ~ {y, a4} to avoid {4y, vawy,
V3VaVs, VaVoX). If N(Y) = {up, vz, X} for all y € N(vs) \ {Vo, V4, W1}, thenvs € V,, andvs, vy
contradicts Lemma 3.4. So lgtbe chosen so that there exigts N(y) \ {Up, V3, X}. Then
Yy # Vs (Sincey + Vs), Yy +» vq (SOY # vq) to avoidN(w;) € N(y) (by Lemma 3.2), and
Y ~ V4 to avoid (3w, VaVso, VaVaVs, VaYY).

We claim thatx » v4 (and hence ~ y). For, suppos& ~ v4. Thenuz + Y by the choice
of P,y ~ Vg to avoid {4y, VaX, V4VaWs, V4VsVe), andu ~ yto avoid (Upuy, UsWy, UpoUsU, UoyY).
So u, yw, yWaVo, VY Ve) is a fork, a contradiction.

Note thatuz + Xx; otherwise withvsyxws. .. u, replacingP we get a contradiction to
Lemma 5.3. Ify ~ uthenu # u4 by the choice ofP (henceu; + C), y ~ uz to avoid
(YY', yX yvaWi, yuls), andy’ ~ uy to avoid §ry', yu, yVsvz, ylal); SO ('Y, Y'Us, Y VaVs, Y UrV1)
is a fork, a contradiction. S§g + u. Thenx ~ u; to avoid (puy, U;Wy, UpUsU, UpyX).
Moreover,y ~ us; for, otherwise,y’ ~ u; to avoid (,uy, Upwy, Uoyy, UxUsu), and so
(uyvy, U1 X, UrUoUs, UrY'Vy) is a fork inG, a contradiction.

We now show thatl; € V3. For, suppose; ¢ Vs, and letu’ € N(uy) \ {Up, 1, X}. Then,
u ¢ CUPU{wy, Yy} by the choices of andP and the fact thang(G) > 7. Moreovery’ #y
toavoid /'y, Y'Vs4, Y'UsU, Y'Uiv1). Nowu ~ {us, Yy} to avoid (Y, U,wy, UsUsu, Upu W), If U7 ~
us thenu” » v4 by the choice oP; so [UsU’, Usu, UsU,Wy, UsY'Vy) is a fork, a contradiction.
If U ~ ythen {3y, Vawy, VaV4Vs, VayU ) is a fork, a contradiction.

If vi € V4, then we see thaly, v; contradict Lemma 3.4. S, ¢ V,, and letv €
N(v1) \ {V2, Vg, Uy, Wi }. Thenv ¢ CUP by the choice o€ andP, v ¢ {X,y'} sinceog(G) > 7,
andv # y (to avoidN(wz) € N(y)). Now Vv ~ {uy, Vg_1} to avoid {1V, V1Vy, ViU Uz, V1VgVg-1),
andv ~ {up, v3} to avoid {11V, ViVg, VilhUz, ViVoVs). By the minimality ofC, v + v; or
V + Vg_1; SOV ~ Up. Thenv » vs (to avoidN(w;) € N(v)), and S0 (v, UzUy, UaUsU, UpWiVs)

is a fork, a contradiction. O

Lemma 6.2. Suppose i» 2 and du,, C) > 3. If wy ~ {v3,Vg_1} then y ~ {vs, Vg-1}.
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Proof. For, supposev; ~ {v3,Vg_1} andu; + {v3,Vg_1}. By symmetry assume; ~ vs.
Thenw; +~ u, by Lemma 6.1. Sav; » P — v; by the choice of. Also,v, + P — vy by
Lemma 5.3. Thereforey, ~ vy to avoid {12, VWi, ViUiUp, V1VgVg-1). SO by the choice of
P, vy € Vs.

Let u € N(uz) \ N(up) (by Lemma 3.2) such that = uy if n > 4. Thenu ¢ C,
andu # w; sinceog(G) > 7. Letx; € N(wy) \ N(v2), andx, € N(v2) \ N(w;). Then

X1, X2 ¢ CUP. Note thatl; ~ X; to avoid {/1Uq, V1V, V1VgVg-1, ViW1 X1), andu; ~ X, to avoid

(VaU1, VIWs, ViVgVg_1, V1VaX2). SOU & {Xq, X2} asu ¢ N(uy).

Claim 1. N(wi) \ {x1} = N(v2) \ {Xa}.

First, suppose there existss N(V) \ {X2} \ N(w;). Thenu; ~ v to avoid {;uy, viwy,
V1VgVg-1, VaVoV), andvys ~ {Xo, v} 1o avoid (2X2, VoV, VoV Vg, VoVaVa). By symmetry, letr, ~ v.
Note thatuz + {v, X} by the choice ofP. Sov, ~ X, to avoid (yVy, Ui X, UyUoUs, UpVVy).
Now (V4Xo, V4V, V4VaW1, V4V5Vs) IS a fork, a contradiction.

Next, suppose there existss N(wy) \ {X1} \ N(v2). Thenu; ~ v to avoid {;uy, V1Va,
ViVgVg-1, VaWiV), andvs ~ {Xq,V} to avoid (viX1, WiV, WiViVg, WiVsVs). By symmetry, let
V ~ V4. NOow vy + X; to avoid (sXq, V4V, VaVaVa, V4VsVs). SOU3 ~ {Xg, V} to avoid (g X, UV,
UiUoUs, U1WVg). If Uz » vthenus ~ X;; SO (WqV, WiVs, Wi X1Us, Wy V1Vg) is a fork, a contradic-
tion. Henceus ~ v and, by the choice d?, v4 € V3. If uz ~ vs thenu = us andvs € V3 (by
the choice ofP); so (Usus, UsVs, UsUaVg, UsvWy) is a fork, a contradiction. Henceg + Vs.
Thenu ~ w; to avoid /iy, VWi, Vugu, WaVs). Now (Wi X, Wil, WivqVg, Wivy) is a fork, a
contradiction.

By Claim 1 and Lemma 3.3, we haw(x;) \ {wi} € N(X2) \ {vo} andN(x) \ {vo} &
N(x1) \ {wi}. Letx € N(x2) \ {V2} \ N(xq).

Claim 2 x ¢ C.
For, assumex € C. Thenx = v, by the minimality ofC, and sov, + X;. Hence,
Uz ~ {X1, X2} to avoid (U3 X, UgV1, Ug XoV4, UgUoUg), @andus + X; OF Us + X to avoid (su, UzX,

UsXoVa, UslVg). Thenus +» X andug ~ Xp; for, otherwise,us ~ X, andus + X, and
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Vy, V4 € V3 by the choice oP; so (XaV2, XaVa, XoUg X1, XoUsU) is a fork inG, a contradiction.

Next, we showx, ¢ V3. For, assume, € V3. Thenvs € V3 by the choice ofC,
and sov, ¢ V3 by Corollary 4.3. Letv € N(v4) \ {v3,V5,X%}. Thenv » w; to avoid
(W1V, W13, Wi X1 Uz, WiV1Vg), V ~ Uy 1O avoid {/sV, VaVs, VaVaWa, VaXolp), andv + vg by the
minimality of C. Hence, Y4V, V4Xo, V4VsVs, V4VaW;) IS a fork, a contradiction.

Thus, letx’ € N(X%) \ {us, Vo, v4}. Note thatx’ ¢ C U (P — u3) by the choice ofC and
P, andx # x; sinceog(G) > 7, andX ¢ {us, W} Sincex, + {us, W;}. Now X' ~ {U,, V5} tO
avoid (XoX', XoVa, XoVaVs, XoUgUp).

Supposex’ ~ u;. Thenx + {vs,Vg1} sinceog(G) > 7. Now X ~ uorus ~ Vg1
to avoid (X', UpUy, UpUsU, UpVgVg-1). If X' ~ U, then KU, XoVo, XoX'U, XoVaVs) is a fork, a
contradiction. Moreovers’ + u, anduz ~ vg_;. Now by the choice oP, v4; € V3 and
U = Us. Henceu, ~ vy, to avoid QUsus, UsUsz, UsXg Wi, UgVg-1Vg-2); SO by the choice oP, us
is defined. Now (f3Vy-1, UsUp, UsU,Us, UsXy Wy ) is a fork, a contradiction.

Hence X + U, andx ~ vs. Let X’ € N(X') \ N(v4) which exists by Lemma 3.2. Then
X" ¢ C by the minimality ofC, X’ # u, asx’ + U,, X’ ¢ {uy, Us} asog(G) > 7, andx” # uto
avoid (XaVa, XoVa, XoX'U, XoUgUp). NOW X7 ~ {uy, Vo} to avoid Vo, XoVy, XoUgUp, Xo X' X”). If
X’ ~ up thenx” ~ w; to avoid QyUp, Uy X", Ui XoVy, U1ViW,); hencex” ~ v, by Claim 1, and
X"’ + uz by the choice oP. If X’ + u; andx” ~ v, thenx” ~ w; by Claim 1, andx” + uz

by the choice oP. In both caseswi X", WyVs, Wiy Vg, Wi X1Us) is a fork, a contradiction.

Claim3. x ¢ P.

Supposex € P. Thenx = uz; soV, € V3 by the choice o, andw; € V3 by Claim
1. Thenuz + X; to avoid (zu, Usup, UsXoVo, UsX W), andvs ¢ Vs by Corollary 4.3. Let
Vv € N(v3) \ {vo,Vv4,W;} be arbitrary. Therv ¢ C U P by the choices ofC andP, and
V & {X1, X2} sinceog(G) > 7.

If v ~ X then replacing® with vsvxuUs...u, we get a contradiction to Lemma 5.3.
Sov + X. Thenv,; + X;; otherwise,v,; € V3 by the choice ofP, and so X V,, XoV4,

XoUp X1, XoUsUy) is a fork, a contradiction. So~ vs to avoid 3V, VaWy, VaVoXo, VaV4Vs).
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Note thatx; ~ {v, v4} to avoid {3V, VaVa, VaVoXo, VaWi X1). If X3 ~ vthen letv' € N(vg) \
N(V); now (Vawy, V3V, VaVoXo, VaV4V') IS a fork, a contradiction. Sy, ~ vy, and letv’ € N(V)\
N(v4). Thenv ¢ C by the minimality ofC (and sincers ~ Vs); SO (/sWy, V3V, V3VaXo, VaVV)

is a fork, a contradiction.

Claim4. x + vy.
Supposex ~ vi. Thenx ~ Vg1 to avoid (1%, ViVa, ViW; X1, VaVgVg-1), andXx ~ U, to
avoid (1 X, V1V, ViW; X1, VaVgUp). Now, replacing? with viXu, . . . u,, we get a contradiction

to Lemma5.2.

Claim5. X + us.
Supposex ~ U,. Thenx + vs by the minimality ofC, andx ~ u or x; ~ uz to avoid

(U2X, UpVg, UzUsU, Uply Xq).

Casel. u = us andx ~ Us.

Thenv, € V3 by the choice oP, and sow; € V3 by Claim 1. Hencey; ¢ V3 by Lemma
4.3. Letv € N(v3) \ {V2, V4, W1} be arbitrary. Thew ¢ C U (P — u;) U {x} by the minimality
of C and the choice dP, v # u; asvs » U, andv # x; andv +» x sinceog(G) > 7.

Supposev ~ X, for all v.e N(v3) \ {V2,V4,W1}. Thenv ~ X; to avoid oV, XoVs,
XoXUg, XUy X1), @ndv + Vg to avoid (XoVo, XUy, Xo XUy, XoVVs). If v € V3 for all v e N(vs) \
{V2, V4, W1 } thenvs € V, by Lemma 3.2; say, V3 contradict Lemma 3.4. Hence,¢ V3 for
some choice of. LetV' € N(V)\{Vs, X1, X2}. Thenv' ~ v, to avoid {/3Wy, VaVa, VaV4Vs, VaVV).
SoVv + X; otherwisev, € V3 by the choice ofP, and kus, Xy, XX%V>, XV'V4) would be a
fork. Hencev' ~ u; to avoid Vo, XoUg, XoXUWy, XoVV). But then (13, Uy Xq, UpUo X, UyVaVs)
is a fork, a contradiction.

Thus,v + X%, for somev € N(v3) \ {Vv3, X3, Xo}. Note thatv, + x; otherwise\V,; € V3
by the choice ofZ, and .V, XaVa, XoXUs, XoUg X;) Would be a fork. Hence ~ vs to avoid
(V3V, VaWy, V3Up X2, VaVaVs). Thus,X; ~ {V, 4} to avoid (/3V, VaVa, VaVoXo, VaWg Xg). If X3 ~ v,
then letv € N(vs) \ N(v); now (vav, VaWy, VaVoXo, VaVaV') is a fork, a contradiction. So

X1 ~ V4. Letv € N(V) \ N(v4). Thenv ¢ C (sincev ~ vg), and {/3Vs, VaWy, VaVoXo, VaVV) IS
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a fork, a contradiction.

Case2. X + Ug Or U # Ug.

Then we can always chooseso thatx + u; for otherwise,n = 3 andN(us) € N(X),
contradicting Lemma 3.2. Thusg; ~ Us, Up » Vg_p t0 avoid {aVgy-_2, UpX, UaUsU, UpUs V),
andvg_1 ~ {us, X} to avoid UzX, UaUs, UpUsUa, UpVgVg-1).

Suppose/y_1 ~ uz. Then, by the choice d?, vy_; € V3 andu = uy; sou ~ vy, to avoid
(U3Ua, U1, UslpX, UgVg-1Vg-12. HENce by the choice &1, vy, € V3 andus is defined. Thus,
(UsVg-1, UsX1, UsUaUs, UgUoX) is a fork, a contradiction. Hencgy_1 + uz andvg; ~ X. SO
Xp + Vp by the minimality ofC.

We claim thatw; € V3. For, otherwise, letv € N(wy) \ {v1, Vs, X;}. Thenw ~ v, by
Claim 1, andw + uz by the choice ofP. Hence (iw, wyVs, WiX;Us, WiV4Vg) is a fork, a
contradiction.

Thereforey, € V3 by Claim 1. Sovs ¢ V3 by Corollary 4.3. Let € N(V3) \ {Vo, V4, W1 }.

Supposev ~ x, for eachv € N(v3) \ {Vo,Vs,W1}. Thenv ~ x; to avoid &V, XoVs,
XoXVg-1, XoU1 X1). If v € V3 for all v e N(v) \ {v2, Vs, Wy}, thenvs € V, by Lemma 3.2,
and hencev, vz contradict Lemma 3.4. Se ¢ V3 for some choice of/, and letv' e
N(V) \ {vs, X3, Xo}. Now Vv » V5 (SOV' # Vs) by the minimality ofC, andv' ~ v, to avoid
(VaWy, VaVp, V3V4Vs, V3VV). Hencev' + x by the minimality ofC, andv' ~ u; to avoid
(XaV2, XoU1, XoXVy-1, XoVV). But then (iU, Uy Xq, U1V Vs, UsVi Vo) is a fork, a contradiction.

Sov » X, for somev € N(vs3)\{Vs, X1, Xo}. Thenv ~ vsto avoid (/3Ws, VaV, V3VoXa, V3V, Vs),
andx; ~ {V, V4} to avoid 3V, VaVy, VaUaXo, VaWy X1). If X3 ~ vthen letv' € N(v4) \ N(v) (by
Lemma 3.2); now\iV, VaWy, VaVoXo, VaV4V') IS a fork, a contradiction. Ik; ~ v, then let

V' € N(v) \ N(v4) (by Lemma 3.2); nowMzVs, VaWy, VaVoXo, VaVV) IS a fork, a contradiction.

Claim6. X, + Us.
For, suppose, ~ us. Then by the choice oP, v, € V3. Now X ~ U Or uz ~ Xy,
to avoid (X, XoV2, XoUsU, XoUp X1). If X3 ~ Uz then Usu, UsXy, UsXaVa, UsUaVg) is a fork, a

contradiction. Sok; + uz; and hencex ~ u for any choice ofu. Hence,x ~ v to avoid
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(X2X, XUz, X2V2V3, XoUg X1). NOW X ~ Vs; for otherwise {zX, VaVo, VaWg X1, VaVaVis) (Whenu ~
V) or (VaVa, VaWs, VaXU, V3V4Vs) (Whenu + V) would be a fork. Thenxvs, Xu, Xvawy, XXU;)

is a fork, a contradiction.

By Claims 4, 5 and 6x + {u,,vi} andx, +» Us. Sous ~ X; to avoid {;Vvy, Ui Xy,
Uy UoUsz, Up Xo X).

Supposev; ¢ V3, and letw € N(wy) \ {vi, V3, X1}. Thenw ¢ C U (P — {uy, Up}) by the
choices ofC andP, w ¢ {u,, Xo} asw; + {up, X}, andw ¢ {u;, X} asog(G) > 7. Since
w ~ v, (by Claim 1),w + uz by the choice oP. So (v;w, wivs, Wi X1Us, WiVv1Vg) is a fork, a
contradiction.

Thereforew; € V3. Sov, € V3 by Claim 1, and hence; € V3 by Lemma 4.3. Let
v € N(V3) \ {V2,Vs,Ws} be arbitrary. Therv ¢ C U (P — u;) by the choices o€ andP,
V ¢ {X1, Xo} sinceog(G) > 7, andv # U; asu; + Vs.

Supposev ~ x; for all v e N(va3) \ {Vo,V4,W1}. Thenv # xasx + X;. If v+ X
thenv ~ u to avoid (kyV, XgWq, X1U3 %o, X;UsU), V + Vs t0 avoid Uz, XgWy, X1Ug Xo, X1VVE),
Xo ~ Vg4 to avoid {3V, VaWy, VaVoXo, VaV4Vis), andu ~ v, to avoid (/3Vo, VaWy, VaVU, VaVyVs);
SO (V3Wy, VaV, VaVaXo, VaV4Vs) IS a fork, a contradiction. Thuy, ~ X,. If v € V3 for all
Vv € N(va3) \ {V, V4, Wy} thenvs € V4 by Lemma 3.2, and s, vs contradict Lemma 3.4.
Thusv ¢ V3 for some choice of. LetVv' € N(V) \ {vs, X1, Xo}. If v ~ v5 thenv ~ u to avoid
(XaWy, XUz, X1UsU, X3VVs); SO Wk, VU, VX Uy, VV3V5) IS a fork, a contradiction. Hence+ vs
(soV' # vs); and sov' ~ V4 to avoid (/3Wy, VaVo, VaVaVs, VaWV). If V' = {us, us} thenv ~ uto
avoid (x;uz, XgWy, X1UsU, X;vVV), and hencew, vu, vxu;, V\sV,) is a fork, a contradiction.
If V' ~ us then Usu, usV', UsUpVy, Usxg W) is a fork, a contradiction. S@ + uz andv’ ~ u;.
Then (v, up Xz, UUpUs, UVaWy ) IS a fork, a contradiction.

Thusv » x; (possiblyv = x) for somev. If v, ~ X; thenv, € V3 by the choice oP; so
(XqUg, X1W4, X1UsU, X1V4Vs) IS a fork, a contradiction. Henog + x;, and sov ~ vs to avoid

(VaV, V3V, VaWi X1, VaVaVs), andX, ~ {V, 4} to avoid (/3V, V3V, VaVaXo, VaW X3). If Xo ~ vthen
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letv' € N(v4) \ N(V) (by Lemma 3.2); now\iV, VaVa, VaW; X3, VaV4V') is a fork, a contradic-
tion. If X, ~ v4 then letv’ € N(v) \ N(v4) (by Lemma 3.2); NnOWMzV4, VaVo, VaWi X1, V3VV) IS

a fork, a contradiction. O
Lemma6.3. n< 2ord(u,C) < 1

Proof. Supposen > 3 andd(u,, C) > 2.

Casel. wy ~ {3, Vg_1}.

Then by Lemma 6.2); ~ {V3, Vg-1}.

If w; ~ vz andu; ~ vg_1 then by Lemma 5.6,N(vg) \ N(u1)) N (N(v2) \ N(wy)) = 0.
Let x € N(v2) \ N(w;) andy € N(vg) \ N(up); sox # y. By Lemma5.5x ~ vy ory ~ V..
If X ~ vg thenx ~ uy, contradicting Lemma 5.4 (as ~ w;). Soy ~ v,. Hencey ~ vy,
contradicting Lemma 5.4 again.

Similarly, if wy ~ V41 andu; ~ v, we also get a contradiction to Lemma 5.4.

Thus by symmetry, we may assume thigt~ ug, V3 ~ Wy andvg_; » {u;,wi}. Then
V, » P—vy by Lemma5.2. Ifw; + U, thenu, ~ vy to avoid (/3v,, Vaws, VaVaVs, VaUUp), and
Uy * Vg by minimality of C; so /1o, viwa, ViUiUp, V1VgVg-1) is a fork, a contradiction. Thus
w; ~ Uy, and hencel; andw; are symmetric. Leti € N(up) \ N(wy) andw € N(w;) \ N(uy).
Thenu,w ¢ C by the minimality ofC, andu, w ¢ P by the choice oP.

Note thatw ~ {Vy, 4} to avoid {/3Vy, VaUs, VaVaVs, VawaW), andw ~ {v,, Vg} to avoid
(V1V2, ViUg, V1VgVg-1, ViWiW). Hencew ~ vy, sincew = v, or w + Vg (by minimality of C).
Similarly, u ~ v,. Also note thafx, w} ~ {va, Vg} to avoidvou, VoW, VoVaVa, VoViVg). SO by
symmetry lew ~ v,; hencew + vy by the minimality ofC.

Now vy ~ Uy to avoid (viw, Wy Vs, WilbUs, WiViVg). Thus,vy € V3 (by the choice oP),
andus ~ Vg1 to avoid {awy, UxUs, UpUsU, UpVgVg-1). So U, is defined by the choice d?.

Now (uaus, UpVy, UoUsUs, UpWaW) is a fork inG, a contradiction.

Case2. wy * {V3, Vg_1}.
Thenuy ~ {3, Vg_1} to avoid {/1Us, VW, V1VoVa, VaVgVg-1). If Wy ~ U, then by replacing

P with viwi U, . . . u, we get back to Case 1. $9 + U,. By symmetry assume, ~ V1.
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Thenvy » P—v; by Lemma 5.2. Soi, ~ v, to avoid (/1Vvg, Viwa, ViVoVs, ViUpUp). Hence,
V, € V3 by the choice oP, and sauy, u, ¢ V3 by Corollary 4.3. Lets € N(us) \ N(u;) such
thatu = uy if n > 4 anduis arbitrary otherwise. Note that¢ C, andu # w; by the choice

of P.

Subase&.1.u, ¢ Vs.

Letu € N(up)\{uy, Uz, Vo}. Thenu' ¢ C by the minimality ofC, u” # usinceog(G) > 7,
andu’ ~ {u, Vg 1} to avoid (U, UxVo, UpUsU, UpUiVg-1). If U” ~ vg_q then replacing? with
Vg-1U'Uz - - - Uy, We get back to Case 1. $0 + vy_; andu’ ~ u (for all choice ofu). Thus,
U = Uy to avoidN(uz) € N(U).

So we have symmetry betweenandus, and thus we also hawe; + v41. Hence,
vz ~ {U', Ug} to avoid (U, UpUs, UpUpVg-1, UpVoVs). By symmetry, lel’ ~ vs. Thenvs € Vs
by the choice oP; sou’ ¢ V3 by Corollary 4.3.

Letu” € N(U) \ {up, u,v3}. Then by the choices @& andP, u” ¢ CU P andu” # w;.
Let u; € N(uz) \ N(u') (by Lemma 3.2). Then by the choices ©fandP, u; ¢ CUP
andu; # wi. Now u; ~ Uy to avoid (U, UpVa, UpUsUs, UpUpVg-1), andu; ~ wy to avoid
(UgUg, UrVg_1, U1l UsVaWy). But then, replacind® with viwiugus - - - U, we get back to

Case 1.

Subcas®.2.u, € V3 andu; ¢ Va.

Letu € N(up) \ {uz,V1,Vg1}. Thenu ¢ C U P by the choices o€ andP, u' # u as
U~ Uy, U # w asog(G) > 7, andu’ ~ {us, Vg_2} to avoid (1u’, UV, UyUaUs, UpVg-1Vg-2).
Also note that/y € V3 by the choice oC; sou’ + v4 by Lemma 3.2.

Note that’ ~ w; to avoid {/1wy, V1Vg, V1VoVs, ViUsU'). Sou” + ug as otherwise, replacing
P with viwiuus . . . un, we get back to Case 1. Thus,~ vg_».

We claim thau’ € V3. For, suppose there exists € N(U') \ {us, Vg2, W1}. Thenu” # u
sinceog(G) > 7, u” ¢ C by the minimality ofC, andu” ¢ P by the choice o and the
factu’ + us. Note thatu” ~ {vy, Vg_1} to avoid {;vq, UgVg-1, UyUzUs, usu’'u”). If u” ~ v; then

u” ~ Vg_1 to avoid {/1u”, Viwa, VaVoVs, ViVgVg-1); and S0 {g_1U"”, Vg_1Vy, Vg-1Vg-2Vg-3, Vg-1U1Uy)
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is afork, a contradiction. Sa@’ + v; andu” ~ vg_1. Thenu” ~ vy_3to avoid {/g_1u", Vg_1Vy,
Vg-1Vg-2Vg-3, Vg-1U1Up). Now, replacingP with vg_,u; U, - - - U,, We get back to Case 1.

Thusvyg, € V3 as otherwisevs,. .. vy ou'u UV, would contradict the choice of.
Hence,vy, ¢ V3 by Corollary 4.3. Letv € N(vg_2) \ {Vg-1,Vg-3,U'}. Thenv ¢ C U
(P — uy) by the choices o€ andP, v ¢ {u;,w;} sinceog(G) > 7,V ~ {V44,Vy} to avoid
(Vg-2V, Vg—2U', Vig_2Vg-1Vg, Vg-2Vg-3Vg-4), andv ~ {vg, Wi} to avoid g2V, Vg_2Vg-3, Vg-2U'Wa,
Vg-2Vg-1Vg). Hencey ~ vy (for any choice ol); otherwisey ~ vy, andv ~ wy, contradict-
ing the minimality ofC. Thus,vy_, € V4 asvy € V3, andv ~ {u, w;} to avoid {/,Uy, viws,
V1VoVs, V1VgV). Note thatv » u; sinceN(vg-1) € N(v) (by Lemma 3.2). So we hawe~ w;.

If v € V3 thenvy s, vy, contradicts Lemma 3.4. So ¢ V3, and letv' € N(v) \
{Vg-2, Vg, W1}. ThenVv ¢ C U (P — {uy, Up}) by the choices o€ andP, v # u" asog(G) > 7,
andv’ ¢ {uy, Up} asv + {Ug, Up}. SOV’ ~ V3 to avoid (/goU’, Vg_oVg-1, Vg-2VV/, Vg_2Vg-3Vg-4).
Now v € Vy; for otherwise, let” € N(v) \ {vg_2, Vg, V', W1}, then @V, wW’, WyVg_1, vwi L) iS
a fork, a contradiction.

Suppose there existgse N(wy) \ {U,Vv,vi}. Thenw ¢ C U (P - {uy, u,}) by the choices
of CandP, w # u; sinceog(G) > 7, andw # U, asw; + U,. SOw ~ U; to avoid
(V1U1, V1Vg, V1VaVs, ViW W), andw ~ ug to avoid (nw, Ui, uvi Vg, UrUpus). Now, replacing
P with vyw,wus - - - U, we get back to Case 1.

Thusw;, € V. By the choice oG, G' := G — {U', V, Vg_1, V42, Vg, W1 } iS 3-colorable. Let
¢’ be a 3-coloring of’. Letc(z) = ¢'(2) for all z € V(G'); c(vg-2) = ¢'(V'); and greedily
color{u’, v, vg_1} (with one single color for all threeyy, w; in order, we get a 3-coloring of

G, a contradiction. O

Finally, we show thaj(G) < 3, contradicting the assumption thatis a counterex-
ample. LetC = v;...vgv; be a shortest cycle i such that the assertion of Lemma 6.3
holds.

By Lemma 2.2, we see thak(C) # 0. Let T denote the set of verticesn G — C such
that if P is a path inG from u to somev; with V(P) N V(C) = {v;} thenv, € V3, and letH
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denote the subgraph &f obtained by taking the union of all patRrom T to C such that
IV(P) N V(C)| = 1. DefineS = V(H) N V(C); s0S C V. LetK = G — (H = S).

By Lemma4.5S # V(C). So by the minimality of5, y(H) < 3. Letcy be a 3-coloring
of H, which induces a 3-colorings on G[S]. We now use Lemma 2.1 to exteld to a
coloringck of K, and so we need to verify the conditions of that lemma.

By Lemma 6.3, we see that U € N,(C) n V(K) then there is a pathuyv; in K
such thaty; ¢ Vi. Letw; € N(Vi) \ {ug,Vi_1,Vi;1}. Then{u, wi} ~ {Vi_p, Vi,»} to avoid
(Viug, Viwy, ViVi_1Vi_2, ViVi;1Vis2). By symmetry and by the minimality o, assumewn; +
Vieo. If U ~ {Vi_s,Vi;o} thenu is associated withvi_; or vi,;. On the other hand, if
u + {Vi_p,Vi;2} thenu ~ w; to avoid ;wy, ViVi_1, ViVi;1Vis2, ViUU), andw; ~ Vvi_, to avoid
(Viwg, ViVii1, ViUiU, ViVi_1Vi_); SO U is associated witlvi_;. So we have shown that iK,
every vertex inN,(C) N V(K) is associated with a vertex Gf.

Next we show that (i), (ii) and (iii) of Lemma 2.1 holds.

Supposen € Ni(vj) andw ~ X3, % € Np(C), such thatx; is associated with one of
{Vi_3,Vi_1} andx, is associated with one ¢¥,,3,Vi.1}. We show that;_,,vi,; ¢ S. By the
minimality of C and by symmetry we may assumegis associated with;_;. Let x;u,v; be
a path. Ifvi,; € Sthenletv € N(Vi;1) \ {V, Vis2}; now (Viuy, ViVi_1, ViWX, ViVi,1V) is a fork, a
contradiction. Ifv,_; € S then letv € N(vi_1) \ {V;, Vi_a}; NOW (ViUy, ViVi,1, ViWXo, ViVi_1V) iS @
fork, a contradiction. So we hawe 1, Vvi,1 ¢ S.

Now supposeX;1 # 0 andv; € {vi_1,Vi.1} N S. We show thaw; cannot be associated
with any vertex inN,(C). For, assume without loss of generality thvat is associated
with a vertexu € Np(C), and letuwyv; be a path. Leiw € X;;. If vi;; € S then let
Ve N(Vis1) \ {Vi, Vis2}; NOW (ViW, ViU, ViVi_1Vi_2, ViVi;1V) is a fork. Sovi,y ¢ S.

Finally, assume that is associated with some vertexe N,(C) andu ~ w € Xj;11 U

Xt

12 U X 15 (respectively,Xi_11 U X_;, U X_;5). We claim thaty, ¢ Sorvi,z ¢ S

(respectivelyy_s ¢ S). Otherwise, by symmetry assume that w € X, 11UX{; ,UX,1 5,

andv,vi,3 € S. Letv € V(H) \ V(K) such thatv ~ v;. Letuwv,, be a path. Then
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(Vis1U1, VisaW, Viz1VigoVies, Vip1ViV) is a fork, a contradiction.
Hence, by Lemma 2.Ls can be extended to a 3-coloring@f of K. Let c(v) = ¢k (V)
if ve V(K) andc(v) = cq(Vv) if ve V(H). We see that is a 3-coloring ofG, a contradiction.

This completes the proof of Theorem 1.9.
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CHAPTER VII

MAXIMUM DEGREE IS4

In the previous chapter, we finished the proof of our mainltese., Conjecture 1.8 holds
when the odd girth oG is greater than 5. In this chapter we provide further evideioc

Conjecture 1.8 by presenting a proof that Conjecture 1.8dmhenA(G) < 4.

Theorem 7.1. Any fork-free and triangle-free graph with maximum degréenast 4 is

3-colorable.

Let G be a graph. For any € V(G), let S(u) = {ve Nx(u) : [N1(V) N Ny(u)| = 1}.
Suppose Theorem 7.1 fails to hold. Recall from Brooks’ Theothat any grapls

with A(G) < 4 hasy(G) < 4. So there exists a gragghsuch that
(1) Gis fork-free and triangle-free,
(2) A(G) <4 andy(G) =4, and
(3) subject (1) and (2)| is minimum.

7.1 Properties of minimum counter example

By (3), G — vis 3-colorable for any € V(G). Letc be a 3-coloring ofc — v. If d(v) < 2,
there is a color, say, not used by(u) for anyu € N;(v). Now assigrnr to v, we produce a

3-coloring ofG, contradicting (3). Thus we have
Lemma 7.2. The minimum degree of G is at least 3.

Now suppose there exigtv € V(G) such thatN;(v) € N;(u). By (3),G — v admits a
3-coloring. Assigning/ the color ofu, we get a 3-coloring o6, contradicting (3). So we

have
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Lemma 7.3. For any distinct yv € V(G), Ny (u) ¢ Ny(v).
Lemma7.4. G is 3-connected.

Proof. First,G must be 2-connected. For,Gfis not 2-connected, then there are subgraphs
G1,Go of Gsuch thatlGi NGyl = 1,G = G UGy, and|Gj| > 2 fori = 1,2. NowG; are
induced subgraphs @, and hence, are triangle-free and fork-free. Thus, by @h&;

is 3-colorable. Leti denote the vertex i, N G,. We may choose a 3-cloring of G; (for
eachi) such thatc;(u) = c,(u). For eachx € V(G), letc(x) = ¢(X) wheneverx € V(G)).
Thencis a 3-coloring ofG, contradicting (3).

Now supposeG is not 3-connected. TheB@ has a 2-cut, sayu,v}. Let G;,G, be
subgraphs o6 such thaG = G; N G, G; N G, = {u, v}, andE(G; N Gy) = 0.

We claim thatuv ¢ E(G). For, supposev € E(G). ThenG/ := G; +uv,i = 1,2, are
induced subgraphs @. By (3), eachG] is 3-colorable. Let; be a 3-edge-coloring d@5;.
Sinceuv € E(G)), ci(u) # c(v). Thus we may choosg, i = 1,2, so thatc,(u) = c,(u)
andc;(v) = c(v). For eachx € V(G), letc(X) = ¢;(X) wheneverx € V(G;). Thencis a
3-coloring of G, a contradicting (3).

Supposal has at least two neighbors in ea@h sayu;, v;, fori = 1,2. SinceN(u;) ¢
N(v), there is a vertexv, # v such thatw; € N(u) — N(v;) orw; € N(vi) — N(u). We
may assume that the notation is chosen so that N(u) — N(v;) fori = 1,2. Then
(uvy, uvs, UKW, ULbWs) is a fork inG, a contradicting(l).

Sou has only one neighbor i@; for somel € {1, 2}. Similarly, v has only one neighbor
in G; for somej € {1,2}. This implies thatG has a 2-edge-cyx'x”,y’y”’}, with u,v €
{X,X’,y,y’}. SinceG is 2-connected — {X'X”,y'y”’} has exactly two components, say
G’ andG”. By renaming vertices if necessary, we may assuing € G’ andx”,y” € G”.

SinceG’,G” are induced subgraphs 6f G’ andG” are 3-colorable by (3). So let
be a 3-coloring of5” andc” a 3-coloring ofG”. By a simple case analysis, we can choose

¢ andc” so thatc'(x) # ¢’(x”) andc/'(y’) # c¢’(y’). We obtain a 3-coloring of G by
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settingc(x) = ¢'(x) if x e V(G’) andc(x) = ¢’(x) if x € V(G”). This contradicts (3), and

completes the proof of the lemma. O

Lemma 7.5. Let u be ad-vertex in G, and let vand v be two vertices in &) without
common neighbor in (). Then v ~ v,. Furthermore, the vertices of(8) have at most

two neighbors in u).

Proof. Suppose thaN(u) = {uy, Uy, U3, Us}, and suppose by symmetry that ~ u; for
i =1,2. If vy » v,, then there exists a forki(yvy, ubVy, UL, U,). Thereforey;, ~ v,. If
the vertices o5(u) have three neighbors H(u), then the subgraph induced Byu) has a

triangle by the former conclusion. m|

Let u be a 4-vertex ofG. Throughout the paper, we always suppose that) =
{U1, Up, Uz, Ug}. LEtS; = {Up, Us, Ug}.

If |S(u)| > 6, then by Lemma 7.5, the vertices$ifu) have exact two neighbors M(u)
that impliesu is a cut vertex of5, a contradiction to Lemma 7.4.

Suppose thaB(u)| = 5 and letS(u) = {vy, Vo, V3, V4, V5}. Without loss of generality, we
suppose that; /vo/vs ~ Uy andvy/vs ~ Uy, If N(up) N N(uz) = {u} = N(up) N N(us), then
N(us) = N(ug). Otherwise, we may suppose thatanduz have a common neighbor, say
Ve, other tharu, and therN(u,) € N(uz). Both contradict Lemma 7.3.

Therefore, we suppose thakQS(x)| < 4 for each vertex of G.
7.2 |S(u) =0

The objective of this section is to show that for ang V,, we haveS(u) # 0.
Suppose there exists some venex V, such thaS(u) = 0. Let Ny(u) = {uy, Uy, Us, Ug}.
SinceS(u) = 0, each vertex ifN,(u) has at least 2 neighbors My (u). Hence, since
A(G) < 4, 2N, (u)| < 3Ny (u)], which implies|N,(u)| < 6.
On the other hand, we claim thid,(u)| > 4. To see this, assun,(u)] < 3. Then

ds(u) = 3for 1 < i < 4; as otherwise, by Lemma 7.@(u;) = 4 for somel € {1,2,3,4}
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and, henceNy(u) € Ni(u;), which impliesN;(u;) € Ni(u) for all j # i, contradicting
Lemma 7.3. So eacty has precisely two neighbors M;(u). Now there are 6 diierent
pairs{u, u;} (i # j), and there are at most three pairs frdfy(u). By the pigeon-hole
principle, there must be a pdin;, u;} such that;, u; have the same two neighborsNa(u).
This impliesN; (u;) = Ni(u;), contradicting Lemma 7.3.

So we consider the three caséd;(u)] = 4, [N>(u)] = 5, and|N,(u)| = 6. In each case,
we will derive a contradiction.

Case 1:|Ny(u)| = 4.

We consider three subcases according\igu) N V,4|. In each case we force a structure
surroundingu (see Figure 4), and derive a contradiction using that siractLetN,(u) =
{V1, V2, V3, V4 }.

Uy Vi Uz Vi

A\ Vy u4 Va

Figure4: [NL(u)| = 4.

Subcase 1.1N;(u) NV, > 2.

Without loss of generality, lati;, u, € V4. By Lemma 7.3N3(uy) € Ni(up) € Ni(uy);
so by symmetry, we may assume thatv,, vs € Ni(u;) andv,, va, V4 € Ni(Uy). Also by
Lemma 7.3N(u;) ¢ Ny(u) for anyi € {1,2} andj € {3,4}; sovi, Vs € Ny(us) N Ny(us).
Again by Lemma 7.3N;(u3) € Ni(us) ¢ Ni(us); so by symmetry we may assumg €
N1(uz) andvs € Ny (us). See Figure 4).

SinceG is triangle-freeN,(u) is independent is. Let G’ := G — (N1 (u) U Nx(u) U {u}.
If G’ = 0 theny(G) = 2, contradicting (2). S& # 0. Hence by the choice &, G’ admits
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a 3-coloring, say'. Leta, B8,y denote the colors used oy We now have a contradiction to
(2) by deriving a 3-coloring of G as follows:c(x) = ¢/(x) for all x € V(G), ¢(v) € {«a, 5}
(fori =1, 2,3,4) and is diferent from its neighbor i’ (at most one such neighbor exists),

c(u) =vyfori=1,2 3,4, andc(u) = a.

Subcase 1.2N;(u) NV, = 1.

Without loss of generality, lat; € V4, and assume that, v,, v3 € N;(u;). By Lemma 7.3,
we haveN(u) ¢ N(u) fori = 2,3,4; sovs € N(u) for i = 2,3,4. Recall that each
i € {2,3,4}, sincey; has exactly two neighbors N,(u). So by Lemma 7.3 and symmetry,
we may assume thapv;, UsV,, UsVs € E(G). See Figure 4).

SinceG is triangle-freeN,(u) is independent is. LetG’ := G/{uy, Uy, Uz, Usg} — {U, Va},
and letu’ denote the vertex resulted from identification. TI@ris triangle-free and fork-
free (sinceu’, vy, V,, vz all have degree at most 3 &). So by (3),G’” admits a 3-coloring
¢/, using colorsey, 3,v. We now have a contradiction by deriving a 3-colormgf G as
follows: ¢(x) = ¢/(x) for all x € V(G’) — {U'}, c(v4) is a color not used by its (at most two)

neighbors contained i@’, c(u;)) = ¢'(u) fori = 1,2, 3,4, andc(u) = ¢'(v4).

Subcase 1.3N;(u) N V4 = 0.

Then the subgraph @, denoted byH, induced by the edges betwelin(u) andN,(u)
is a 2-regular bipartite graph. H is not connected, then it consists of two disjoint cycles
of length 4; but one easily sees that Lemma 7.3 is violatedd $connected, and hence
H is a cycle of length 8. By renaming the vertices if necessag,may assume that
H = uviUoVousVaUgVaUy. See Figure 4).

Supposev, ~ V4 andvy ~ vi. Then|Ny(u) NV, > 1, for otherwiseV(G) = {u} U
N1(u) U No(u) and hence((G) = 3, contradicting (2). By symmetry, we may assume
thatv, € V4 and letw; € Ni(vi) — ({u} U Ny(u) U No(u)). Thenw; ~ v,, to forbid the
fork (viUoVo, ViVaUy, ViUg, ViW,). SinceG is triangle-freew; + vz andw; + v4. But then
(VoUsVs, VoVaUg, Volo, VoW ) is a fork inG, a contradiction.

So by symmetry, we may assumer V4. Let G’ be obtained fron@ — u by identifying
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u; with u, asu;,, andus with uy asuz4. SinceG is triangle-free and, + vy, G’ is triangle-
free. If G’ is also fork-free then by (3§’ admits a 3-coloring, say. We now obtain a 3-
coloringc of G by setting:c(x) = ¢/(X) for x € V(G) — (Np(u) U{u}), c(uy) = c(up) = ¢'(Uy),
c(uz) = c(us) = C'(uss) andc(u) = c'(v2) (note thatc’(vo) ¢ {C'(Un), C'(Uss)}). But this
contradicts (3).

SoG’ has fork, sayF’, and letx be the center off’. Note thatx ¢ {u;, Uss, V1, v} as all
these vertices have degree 33h Sox € {Vv,, V4} or X € V(G’) — (No(U) U {uyp, Uza}).

Suppose € {V,, V4}. By the symmetry between andv,, we may assume = v,. Note
thatv,us4v4 cannot be an arm d¥’, asuy, ~ V4. Similarly, voup,v4 cannot be an arm d#’.
We now derive a contradiction by producing a forkGn If v,u;, andv,uz4 are arms of’
then replacing them witk,u,, v,uz we obtain a fork inG. If v,u;, andv,uzgvs are arms of
F’, then replacing them byu, andv,uzvs we produce fork irG. If vouss andvouovy are
arms ofF’ then replacing them by,u; andv,u,v; we obtain a fork inG. If v,u;v; and
VoUzgvz are arms of’ then replacing them by,u,v; andv,uzv; we obtain a fork inG.

Sox € V(G') = (Nz(u) U{uaz, Usa}). If Ui, Uuss ¢ F’ thenF’ is a fork inG, a contradiction.
So we may assume by symmetry that € F’. If uss € F’ thenxviu;,, X\sUz4 must be arms
of F’, andv,, v4 ¢ F’; in this case, replacingv;U;», X\sUz4 by Xv; Uy, XV3Uz we produce from
F’ a fork inG, a contradiction. Soz4 ¢ F’. Now the arm ofF’ containingus, is xv;u;, for
somei € {1, 2}, andvs_jv4 ¢ F’. Then replacingvu;, by xviu; we obtain fromF” a fork in

G, a contradiction.

Case 2|Ny(u)| = 5.

Let No(U) = {va,Va, Vs, V4, Vs}). Since|S(u)] = 0, we haveY,(d(u) — 1) > 10; so
INL(U) NVl > 2.

Subcase.l1.|Ni(u) NV, = 2.

Let uy, u; € Ny(u) NV, thenus, us € V3. Without loss of generality, assunNg(uy) =
{u,vi, Vo, vz}, Since|Ny(u)] = 5, we havelN;y(up) N Ny(uy)| > 2; and by Lemma 7.3,

IN2(U2) N Np(ug)l = 3. If [Nz(u2) N Ny(up)] = 3, we may assume by symmetry that

72



u u
V2 V2
u V3 u V3
Vg Vg
u u
Vs Vs
(@ (b)

Figure5: Two graphs.

Ni(u2) = {u, vy, Vo, V4, and then we must hawg ~ us andvs ~ Us; and by symmetry
we may assumes ~ Uz andv, ~ Ug, See Figure &). When|Ny(up) N Ny(up)| = 2, we
let Ny (uz) = {u, vy, Vs, Vs}, and by Lemma 7.3 and by symmetry, we may asswne Us,
V3 ~ Ug, V4 ~ Uz andvs ~ Uy (See Figure @)).

First, we deal with graph in Figure & We have two casess + V4, andvs ~ Vy.

Supposer; + V4. Let G’ be obtained fronG — u by identifying U, with uy) asu;,, and
identifying (us with u,) asuz4. ClearlyG’ is triangle-free. IfG’ is also fork-free, then by
(3), G’ admits a 3-coloring, say, which gives rise to a 3-coloringof G, a contradiction.
So letF’ be a fork inG’. We now derive a contradiction by constructing frétha fork
in G. This is easily done if the center &f is in G’ — {Uyy, Uz, V1, Vo, V3, V4, V5}. NoOte that
Uss, V1, V2, V5 €ach have degree at most 3Gf1 so none can serve as the centeFof If vs
is the center of’, then for some € {1, 2}, vsu;ov; andvsuz,vs are the long arms df’;
and replacing the long arms F with vsu;v; andvsusvs we obtain a fork inG. If vy is
the center ofF’, then for some € {1, 2}, v4u;,V; andv,UssVvs are the long arms df’; and
replacing the long arms iR’ with v4u;v; andv,usvs we obtain a fork inG. Sous; is the
center ofF’. If uouy is a short arm of’ then replacingi,, v4 in F” by ug, us respectively
we obtain a fork inG. SoF’ has a long arnu;vaws. Then (pvawg, UUls, UpVy, UsVs) IS @

fork in G.
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Now assume/s ~ V4. Suppose/; ~ Vs. Thenv, ~ Vs to avoid the fork Q;v;Vs, UiVaVy,
uU, u1Vp). By Lemma 7.4y, € V4 0r vz € V, (to avoid the 2-cufv,, va}). If v € V, let
Wy € Ni(v1) — {ug, Uy, Vs}; then (1vsus, ViUoVg, ViU, VaWg) is a fork inG. If vz € V, then let
Wz € Ni(V3) — {us, Us, Va}; then (3uUsVs, VaVaUs, VaUy, VaWs) IS a fork inG, a contradiction.

Thusv; + vs. By symmetry betweew, andv,, we also have, + vs. So by Lemma 7.3,
there existsv; € Ni(vy) — ({u} U Ny(u) U Np(u)) such thatv; + u,. SinceG is triangle-free,
Wy * V3 OF Wy + Vy; hence (I3viWy, U UUs, UpVa, U1V3) O (UaVa Wy, UoUUs, UoVo, UoVy) IS a fork

in G, a contradiction.

Next, we deal with the situation depicted in Figur®)s(

Vi Vi

u u
Vo Vo
u V3 u V3
Vg Vg

u u
Vs Vs

(@ (b)

Figure 6: Two graphs.

Notice that in this graphy,, vs, v4, Vs are symmetric, alsoy, V), (V4, V) are symmet-
ric. If we can show that at least onegf v3 has degree 3, then by symmetry, at least one of
V4, Vs has degree 3. Then, we can identify u,, us, us asu’, deleteu and all vertices which
have degree 3 i, the new graph is fork free sinaé and the remaining; has degree
at most 3; if we can also show that the new graph is triangle, fileen,G is reducible,
contradiction.

Claim 1. For any vertexw, w cannot be adjacent to four ofy(Vy, Vs, Va4, V5). If wis
adjacent to three ofv(, vy, 3, V4, V5), there are only 2 possible situations: ~ vy, Vs, V4,

W ~ Vq, V3, V5.
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By our assumptiony € V3 or V,. If Ni(w) c N,(u), we can identifyus, up, Us, Us asu’,
deleteu, w, N;(w), u" in order, the new graph is fork free, triangle free, i&is reducible,
contradiction. That means cannot be adjacent to four o¥y( Vv, V3, Vs, V5); and if w is
adjacent to three ofv(, v», V3, V4, V5), W must have degree 4, and the fourth neighivors
not in No(u), we can check that there are only 3 possible such situatns vi, vy, V4,
W ~ V1, V3, V5, W ~ V, V3, V5. Otherwise, for example, W is adjacent twy, v, vz, then there
is afork inG: (wwvyU,, WUy, WVo, WW ), contradiction.

Claim 2: If v, € V4, thenv, + v, i # 2. By symmetry, ifvs/v4/vs € Vg4, then
V3/Va/Vs + Vi, | # 3/4/5.

Here,v, + v;, i # 2,5 sinceG is triangle free. Now supposg € V,, andv, ~ vs, denote
the fourth neighbor of, by w,. Thenw, ~ v, to forbid the fork {,VsUs, VousVa, Vouy, VoWs);
alsow, ~ v; to forbid the fork {>VsUs, VousVa, VoUs, VoW,); alsow, ~ vs to forbid the fork
(VaVsUyp, VU1 Vs, VoUs, VoW,). By Claim 1, it's impossible.

Claim 3: At least one of,, v3 has degree 3.

Suppose not, bott, v3 have degree 4, b€laim 2 v, + vi,i # 2,v3 + V;,i # 3. Then
there are 3 possible cases:

Case 1v,, v3 have the common neighborhoods w,. Thenw; + vy, v4 by Claim 1, by

symmetryw, + Vi, V4. Then there is a forkvpu, vy, VoUsvy, oWy, VoW,) in G, contradiction.

Case 2:v,, v3 have one common neighbas, and the fourth neighbor of is w,, the
fourth neighbor ofvs is ws. Sinew; + vy, v, by Claim 1, w, ~ v; or v, to forbid the fork
(V2UrV1, VoUsVa, VoWo, VoWo).

First, supposev, ~ vi, now let’s prove that in this casg; € V3. Suppose not, if the
fourth neighbor isw, w ~ vy, vs to forbid the fork ¢/, uUovs/Vs, ViU1Vs, VIW,, ViW), but by
Claim 1, it's impossible. Also, byClaim 1, v; = wy, thus, ifvy; € V4, vi ~ Wz, Nnow, we can
identify vy, V», V3 asVv/, deleteu, uy, Uz, Ug in order, the only possible fork in new graph is the
one centered ow, however, we can check that any fork centered’oran be revered to a

fork in G centered omv,/v,/vs. For example, if the new fork is/UyVa, VW, V'W,, V'W3),
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the there is a forkvousvy, Vows #, Vouy, VoW,), contradiction. Thus, we have shown thate
V3. Next, let's show thatv; € V3. Suppose noty; + Vg, Vs by Claim 1, then there is a fork
centered o, with long arms {v;V,Us, W;VsUy), contradiction. Alsow, € Vs, to see that,
we only need to prove, + Vg4, then play the same trick above. Suppose~ v,4, then at
mostv, has another neighbor that is net, ws. We can identifywy, v,, 3, v4 asVv’, delete
U, Uy, Uy, U, Ug, W1, W, in order, now,v' has at most 2 neighbors, we can also delet®
make sure that there is no triangle. That me@amsreducible, contradiction. Now, we have
shown thatv,, w,, v; € V3, then we can identifyy, v, v asVv/, deleteu, uy, Us, Ug, W, W> in
order, the new graph is fork free, triangle free, contradict

Next, suppose that, ~ v4. We have shown that, + vi, by symmetryws + vy, thus
W, ~ W to forbid the fork (1;vowW,, UpVaws, Uy, UsU). Also, Wz ~ vs to forbid the fork
(VaU1V1, V3UgVs, VaWy, VaWs), Sincew; + Vy, Vs by Claim 1, ws + v, by symmetry. Next, let's
show thatw;, Wy, W3 € V3. Supposen, € V4, W, + Wy, Vs Since triangle free, then there
is a fork centered om, with long arms (,V,u;, WoV4Up). Thus,w, € V3, by symmetry,
ws € V3. Now look atwy, Wy + Vy, Vy, Vs by Claim 1, then ifw, € V,, there is a fork centered
onw; with long armsw;V,Us, WiVsUs. Thuswy € V3. Now we can identify,, Vs, Vs, V5 as
V', deleteu, uy, U,, Us, Ug, Wy, W, W3 in Order, thenv' has at most 2 neighbors (the possible
fourth neighbor of,, vs), then we can also deletto destroy the possible triangle. Now

the new graph is fork free, triangle free, contradiction.

Case 3V, v3 have no common neighbor, the neighbors.ofrew,, w,, and the neigh-
bors ofv; arews, w;.

Then there are several subcases depend on the connecti@ebet andw,, W), W, Wy,
first, v must be adjacent to at least onemf w;, ws, w;, otherwise, denote the third neigh-
bor ofv; by wy, thenw; must be adjacent to all af,, w;,, ws, w; to forbid the fork centered
on uy, contradiction to the assumption th&(G) < 4.

Subcase 1. is adjacent to only one of,, w,, ws, W, by symmetry, we can only

consider the case that ~ w,, thenw, ~ ws, w; to forbid the fork centered ow,. Also,
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vi € V3, otherwise, denote the fourth neighbonefby wy, wy ~ W, ws, W, to forbid the
fork centered oy, then there is a fork;uivs, viwiW;, ViU, VaW,, contradiction.

Next, look at the fork\susVs, Vaup Vi, VaWs, Vaws), to forbid this fork,vs ~ ws or wj, by
symmetry, we can only consider the case that w;; also, look at the forkvu; s, VoUsVs,
VoWs, VoW,), to forbid this fork,vs ~ w, or w;,, howevery, ~ w, otherwise there is a fork
(WoVaUy, WoValp, WoW3, WoW5), thUuSv, ~ Wy,

Here,vs » W, by Claim 1, andvs + va4, W, since triangle free.

We also claim thats + ws. Suppose notjs ~ ws, then forws, eitherws; € Vs, orws ~
W, Or W3 ~ Vg, otherwise there is a fork centered wa with long arms (sVsu,, WaW,Vs),
so isw, by symmetry. Then, we can identify, V», V3, V4, Vs asV', deleteu, uy, Uy, Uz, Us, Wo,
notice that after we delets,, ws, W, has at most 2 degree, we can delete them, too. Now,
V' has at most 2 degree, delete it to destroy possible triamgbey, the new graph is fork
free, triangle free, contradiction.

We have shown thats +» Wy, W,, W, W;, Vs, we also claim thavs € Vs, otherwise, de-
note the fourth neighbor of by ws, ws ~ w; to forbid the fork {suavy, VsW,W,, VsUs, VsWi),
then there is a forkvou, Vs, VoW,Ws, VoW,, VoUs) in G, contradiction.

Thus, we can identifyy, u,, Uz, us asu’, deleteu, vy, vs, the new graph is fork free,
triangle free, contradiction.

Subcase 2v, is adjacent to two ofv,, W, Wz, W;. In this casey; cannot be adjacent to
bothw,, w;,, otherwisew,, w,, + vs by Claim 1, then there is a forlt; Uy Vs, ViUpVs, ViWs, VoW,
Thus, there is only one possible case by symmetry, w,, v ~ W3, alsow, ~ w; to forbid
the fork centered on;.

In this subcase, look at,, eitherw, ~ v, or vs, or w, € V3, otherwise, there is a fork
centered omw, with long arms Y,v;iU,, WoVoUs), by symmetry, so isvs. That mean if we
identify No(u), w,, ws can be deleted.

To forbid the fork {,uyVs, VoUsVa, VoWa, VoW,), V4 ~ W, OF W,,; also, to forbid the fork

(V3U1Va, VaUgVs, VaWs, VaWg), Vs ~ Wa OF W, Thus, there are 4 combinations:
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Combination 1.v4 ~ W,, Vs ~ W;. Look atw,, eitherw, ~ vs, orw, € V3, otherwise
there is a fork centered o, with long arms W,v,u;, W,V4U,), by symmetry, so isv;. That
means, after we identifyy, v, v3, V4, Vs asv', we can deletel, uy, Uy, Us, Ug, Wo, W), Wa, W;,
nowV has at most 2 degree(if botlp vs € V,), we can delet&’ to destroy possible triangle,
the new graph is fork free, triangle free, contradiction.

Combination 2v, ~ W, Vs ~ W;. By the similar argument above, we know that either
W; ~ V4, OrW; € V3, i.e, after we identifyN,(u), w; can be deleted.

Now, look atv,, we claim thatv; € Vz. v4 » w,, otherwise it's the case the same
with combination 1,v, » ws, w; by Claim 1 Suppose, the fourth neighbor of is w;,
thenw, ~ vs or w; to forbid the fork (pvaws, uvsWy). If w, ~ w;, then there is a fork
(W5VsUz, WoVaU1, WoW,, WoW,), contradiction; ifw, ~ vs, thenw, € Vs, otherwise there is
a fork centered onv, with long arms Y,V4Us, WsVsUs), thus we can identifyN,(u) asv/,
deletew,, w3, Wy, Wy, the new graph is triangle free, fork free, contradictiohu3v, € V.

That means, after identifyiniy,(u) asv’, we can deletev,, ws, w;, andv’ has at most
degree A{/, and the fourth neighbor ofs), we can delete’, the new graph is fork free,
triangle free, contradiction.

Combination 3.v, ~ W,,Vs ~ Ws. By symmetry, this combination is the same with
Combination 1.

Combination 4.v, ~ W,, V5 ~ W3, in this combinationw,, ws € V, , andw, + Vs,
w3 + V4 by Claim 1 thus, there are 5 possibilities:

1. w, ~ W, Wz ~ W,. Look atw;, eitherw; ~ v, or vs, or w; € V3, otherwise there is a
fork centered o with long arms W,vsus, W,W,V;); by symmetry, so isv,. Then either
this is the grapl@, which is 3-colorable, ovy, vs is a 2-cut set, contradiction.

2. W3 ~ W, the fourth neighbor o, is x. Thenx ~ w, to forbid the fork {,uyvs, vow, X,
VoUsz, VoW,). Then there is a forkwf,wsvi, W,vous, W, X, WoW5) in G, contradiction.

3. w, ~ wj, the fourth neighbor ofv is x. It's symmetric with the previous situation.

4. w3, W, has the common fourth neighbrrThenx ~ w;, to forbid the fork ¢uVs, Vaws X, VoW, Vol
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alsox ~ w; to forbid the fork {/3uiva, VawsX, Vaus, vaw;). Now there is a fork centered on
X (XWoVa, XWaVs, XW,, XW,), to forbid this fork,v, ~ W;, orv, ~ Wy, orvs ~ W, orvs ~ W,
in either case, there is a two cut set,/{s, w,/W;) in G, contradiction.

5. The fourth neighbor ofv, is x;, the fourth neighbor ofvs is X,. Thenx; ~ w,

to forbid the fork {ou;Va, VoWo X1, VoW, VoUs); X2 ~ Wy to forbid the fork {supvs, vawsxs,
V3Us, VaW3); also x; ~ X, to forbid the fork {awaxi, ViWsX, Vi, Vil). For w,, either
W, ~ V4 Or V5, Or W, € Vs, otherwise there is a fork centered wj with long arms
(W,Vols, WoW5V3); by symmetry, so isv;; for x;, eitherx; ~ vs, or X; € Vs, otherwise
there is a fork centered og with long arms g W,Vg, X3 XoWs); by symmetry, so i, either
X1 ~ Vg, OF X1 € V3. Anyway, either this is the grap®, which is 3-colorable; ov,, vs is a
2 cut set, contradiction.

So far, we have shown that Case 3 is impossible.

We have exhausted all the possible neighbors arewng if both of them have degree
4, every case leads to a contradiction. Thus, at least onewafhas degree 3. By symmetry,
at least one o¥,, vs has degree 3.

Now we can identifyuy, U,, Us, Uy asu’, deleteu, and 2 ofv; which have degree 3. Now
the graph is fork free since’ has at most 3 degree. Also, we claim that this graph is
triangle free. Suppose not, then the only possible edgegeket; arev, ~ vs, v3 ~ v,. for
example, if the remaining arevy, V,, Vs, andv, ~ vs, thenv,, vs € V3 by Claim 2 we can
also delete them, then the new graph is fork free, triangle, fcontradiction; also, if the
remainingv; arevy, va, V4, We can apply the same argument.

Subcase 2.2. All olN;(u) has degree 4, then there are three types of graph by symmetry
See Figure 7.

For graph (a), let us play stick trick on the graph: stigki, as on vertexi;,, and stick
Uz, Ug @S on vertexiss. We can check there is no triangles in this new gréphotherwise

it will also be a triangle irG.
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Figure 7. Three graphs.

Next, let's show that there is no fork i@’. If there exits a fork, the fork must cen-
ter onuyy, Uss, V1, Vo, V5, SiNCeVs, V4 has degree less than 4 @i. If the fork centers on
vi,i = 1,2, 5, the only possible fork is the one with long armgu(,Vs, ViUssVs), it’s also a
forkin G centered on;. If the fork centered omy», the long arms must bei{av,V,, UioVsV),
otherwise there will be a fork i centered oruy, or uzs. Now we know that, cannot
be adjacent tws, vs since it's a fork inG’, then we can find a fork centered onin G:
(VaUaVs, VoUgVs, VolUs, VoV5), @ contradiction. We can apply similar argument if the foek-
tered onug,, the long arms must beif;v1vy, UsaVsv;), then we can find a fork centered on
V1 in G: (VaUqVs, VaU3Va, ViU, V1V7).

Thus,G’ has no fork, it's 3-colorable by induction, théhis also 3-colorable, contra-
diction.

HereN;(up) = Ni(uz) = {vi, Vo, Vs}, we have shown that it must be 3-colorable.

For graph (b), we also play stick trick on this graph, but timse, we sticku, uy, U,, Us, Us}
asu’, and deleter,, vo. We can see that in the new gra@h the degrees ofu’, vs, Vg, Vs}
are less than 4, thus there shouldn’t be any forlsinand alsoG’ has no triangles, then
G’ is 3-colorable by induction. Then we can also gwgv, a proper color since, v, has
only 2 neighborhoods i’. Finally, we can get a 3-coloring @, contradiction.

Case 3:|N,(u)| = 6. Since every vertex ih(u) ¢ S(u), No(u) has at least X 6 = 12
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edges connecting witN;(u); on the other handN;(u) has at most & 4 = 12 edges
connecting withN,(u) sinceA(G) < 4. Thus, there are 12 edges betw@g(u) andN,(u),

there is only one graph by symmetry:

Figure 8. IN,(u)| = 6.

Notice that in this graphs, v, are symmetricyy, Vo, Vs, Vg are symmetric.
Claim 1 vs must have degree 3, and be adjaceni,toBy symmetry,v, must have

degree 3 and be adjacentup

Proof. First notice that/; cannot be adjacent t9 (i # 4), sinceG is triangle free. Suppose
the claim is not truey; has another neighber;, w; must be adjacent tq orv;, to forbid the
fork (uyvswa, Ujuug, UgVy, UsVo). However,wz cannot be adjacent to both, v, otherwise,
w3 also need to be adjacent to onewgfvs to forbid the fork (sulp, UsVvawa, UsVs, UsVs),
then we can identify, U,, Us, Uy asu’, deleteu, ws, v, Vo, V3, V5/Vg(the fourth neighbor of
Ws), U in order, the new graph is fork free, triangle free, iGeis reducible, contradiction.
Thusws; must be adjacent to only onewf, v,, by symmetry, suppose thag is adjacent to
V,, thenws must be adjacent te, to forbid fork (U,vaws, UxUus, UoVy, UnVy), alsows must be
adjacent to one ofs, v to forbid the fork (suw,, Usvaws, UsVs, UsVg), then we can play the
same trick as the previous case to show (& reducible, contradiction. Thug must be

only adjacent ta,, have no other neighbor. O
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Claim 2 v; is not adjacent tag, by symmetryy; is not adjacent tws, andv; is not

adjacent toss or V.

Proof. Suppose is adjacent tag, Vs must be adjacent t@ to forbid the fork (13vyVs, UiVaVay,
U;Vy, UpU); alsov; must be adjacent ta; to forbid the fork (14VeVi, UsVaVs, UsVs, UgU); then
V, must be adjacent te; to forbid the fork (3veVs, UsVava, UsVs, Usu). Now all the vertices

are saturated, this graph@s it's 3-colorable, contradiction. O

By Claim 1,2 the third or fourth neighbor of;, v, must be the same, otherwise, if there
exists somav; € Ni(vi), ws ¢ Ni(v2), then there is a forkugviwy, uguug, Uy, UpVs). Then

we can see thall;(v1) = Ni(w) in G, a contradiction to our assumption.
7.3 |S(u) =1
Proposition 7.6. For any ue V,, we havaS(u)| > 1.

Suppose not, then there exists some veuexV,, such thatS(u) = 1. LetN;(u) =
{Uq, Uy, Us, Ug}, V1 € S(U), and assume;, ~ Uuj.

Since|S(u)| = 1, each vertex iMN,(u) — {v1} has at least 2 neighbors kb (u). Hence,
sinceA(G) < 4,u; has at most 2 neighborsp(u)—{v1}. Thus 2N,(u)-1| < 3Nz (u)-1|+2,
which implies|N,(u)| < 6.

On the other handN,(u)| > 4; for, otherwise, sincg; € S(u) andé(G) > 3, we have
N1(up) = Ni(u2) = Ni(uz), a contradiction. In fact, we must ha\,(u)| > 5. For, suppose
No(U) = {Vv1, V2, V3, V4}. Thenu,, us, us € V3(G) sincev; € S(u), andG[{uUy, Uz, Ug, V2, V3, V4}] =
Cs (cycle of length 6). ING" := G/{uy, U3, Us} — U, all vertices in Ny(u) U No(u)) — {v41} are
of degree at most 3; @' is fork-free (and clearly triangle-free), a contradiction

Thus we consider two casddl(u)| = 5 or |N,(u)| = 6.

Case 1|Ny(u)| = 5.

Let No(u) = {Vi, Vo, V3, Vs, Vs}.

Subcase 1:1u,, Uz, Us € V3(G).
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Thenu; € V4(G), and we must have the local structure shown in Figure 9. Nute

symmetry betweer, andvs, and the symmetry betweern andv;.

U4 V5

Figure9: graph 1.2.1

Claim L v, € V4(G) or vs € V4(G).

Suppose otherwise, them, vs € V3(G). There are five cases to consider, and in each
case we will derive a contradiction.

Case 1.V, ~ v4, andvs ~ vs. ThenN(vi) € Ni(v») U Ni(vs); otherwise letv €
Ni(v1) — (N1(V2) U Ny(vs)) then (iuus, upviv, Uy, Uvs) would be a fork inG. Hence
N1(v1) = {uy, V3, V4} sincev; € V3(G). Now all the vertices are saturated, and we can check
that this graph is 3-colorable, contradictory to our asstionp

Case 2.V, ~ V4, and there existais € Ni(Vs) — Ni(u) U No(u) U {u}. Thenws ~ v,
to avoid the fork (;uus, UyVsWs, UiVo, UrVy). Also, Ni(vi) C {ug, Ws, V3, V4}; otherwise let
V € Ni(v1) — {u, Ws, V3, V4} then (U uus, UvyV, UiV, Uivs) would be a fork inG. If v; ~ v
andv; ~ v4 then{vs, ws} would be a 2-cut irG; if v; ~ v4 andvy + v then{vs, ws} would
be a 2-cut inG. Sov; ~ vz andvy + V4. Thenvs € V4(G) or else{v,, ws} would be a 2-cut
in G. Letws € Ny(v3) — {us, v1}. Thenws ~ v, to avoid the fork ¥sv;uy, VaUsVy, VaUs, VaWs),
which implies thafws, ws} is a 2-cut inG, a contradiction.

Case 3v; ~ Vs, and there exista, € N;(V2) — Ni(u) U No(u) U {u}. This is symmetric
to Case 2.

Case 4.v, andvs has the same neighbar. then the neighbor of; must be chosen
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from (w, v, v4), otherwise there is fork centered an If v; ~ w, v3, v4, then there is a fork
(V1V3Uy, V1VaUg, ViUg, VIW). If Vi ~ V3, W, thenw + vz andw + v, (sinceG is 3-connected),
and hencav € V3(G) (to avoid the fork centered ow with long arms \Wv,U,, WvsUy)),
which implies thatvs, v4} is a 2-cut inG. The case whemw, ~ w andv; ~ v, can be dealt
with similarly. If vi ~ vz andv; ~ v4, thenv, must have another neighbay, (otherwise
{w, v3} would be a 2-cut irG), andvs must have another neighbag for the same reason.
Wz + wandws + Wy, otherwise there is a forkigv, Uy, VaWss, VaUy, VaUz). Wy + W, otherwise
there is a fork {4viUz, VaWsaW, V4Us, V4Uz). Hence{w, ws, Wy} is independent, we can apply
Lemma 7.5.

Case 5. The third neighbor ©f is ws, the third neighbor o, is w,, thenv; must adja-
cent tows,, wi to forbid fork centered on; with long arm (1;uus, U3 VoWs), OF (UgUUs, U VsWs).
Here,v; must be adjacent g or v4, otherwise, we can identify;, up, Uz, Us, deleteu, vy, Vs,
the new graph is fork free, triangle freg,is reducible. Suppose thatis adjacent tos, we
will show thatv; has degree 3, then we can we can idendifyu,, us, U4, deleteu, vy, Vs, Vs,
the new graph is fork free, triangle fre@,is reducible. Suppose the fourth neighbor of
V3 is Wz(V3 is not adjacent tav,, ws since triangle free)ws must be adjacent ta, to for-
bid fork (vsviuy, VaUsVy, VaUy, VaWs), andws; must be adjacent ta, or ws to forbid fork
(VavaWs, ViU U, ViWs, ViWs). I W, IS adjacent tavs, w, must have degree 3, otherwise there
is a fork centered on itself with long armaf,u,, WowsV,), also,ws has degree 3, other-
wise there is a fork centered on itself with long arms\vgu,, WavaUy), thenv,, ws is a 2-cut
set, contradiction. Thug has degree 3, i.eG is reducible. By symmetry; cannot be
adjacent tovy, either. This completes the proof Gfaim 1

Claim 2 v, € V4(G) andvs € V4(G).

Suppose not. Because of the symmetry betwgemdvs, we may assume, € V4(G)
andvs € V3(G). Letw,, w, be the other neighbors o, and letws be the third neighbor of
V5. There are six cases to consider.

Case 1vs ~ vz andv, ~ V,.
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Thenv; ~ w, to avoid the fork (g uus, U Vow,, Uy, UpVs). Other neighbors of; must
be from {5, v4), otherwise there is a fork centered onwith long arms Q;uus, UyVy*). In
any event{vs, W} or {v4, W,} would be a 2-cut irG.

Case 2.v, ~ v4 andvs ~ W,. Then other neighbors af must be from W, vs, V).
Vi + Vg, otherwisgvs, w,} would be a 2-cut irs. Thusv; ~ vz andv; ~ w, sinced(vy) < 3.
W, + V3 Or W, + V4 SinceG is triangle-free; sav, € V3(G), as otherwise there would be
a fork in G centered on itself with long armsv{v,u,, WoVsus). Now, if vz € V3(G) and
V4 € V3(G) thenG is 3-colorable, and otherwiggs, v,4} is a 2-cut inG, a contradiction.

Case 3V, ~ V4.

In this case,\bU; Vs, VoVaUs, VoUa, UW,) is a fork inG, a contradiction.

Case 4v5 ~ V.

Thenv; ~ w, andv; ~ w, to avoid the fork centered om. v; + V4, to avoid the
fork (ViVaUs, ViUiVs, VaW,, ViW,); Vi + V3, to avoid the fork supVs, VaUsVa, VaVi, Vavs). Thus,
H = G/{uy, Uy, U3, Us} — {u, Vs, V3} IS both triangle-free and fork-free. By the choiceGf
x(H) < 3, which impliesy(G) < 3, a contradiction.

Case 5v5 ~ W,

If vi ~ vz andvy ~ vj4 then {1Vaus, ViV, ViU, VaW,) would be a fork inG. If vy ~ v;
andvy ~ w, then (1wW,Vs, ViVsUs, ViU, VaW,) would be a fork inG. If vy ~ wj, andvy ~ vy
then (/1VaUs, ViW,Vs, ViU, ViW,) would be a fork inG. Sov; ~ w;,, and other neighbors of
v; must belong tqws,, vs, v4}, andv; € V3(G).

Supposer; ~ Vy. If vq € V3(G) thenH = G/{uy, Uy, Uz, Usg} — {U, Vs, V4} is both triangle-
free and fork-free; hencg(H) < 3 (by the choice ofG), which impliesy(G) < 3, a
contradiction. S, € V4(G). If v4 ~ W, thenw, € V3(G) to avoid the fork inG centered on
W, with long arms (W,V,Uy, WoVaUs) (herew, + vs, for otherwise{ws,, vs} would be a 2-cut
in G), but then{w,, v3} is a 2-cut inG, a contradiction. Thus, + w,, and letw, denote
the fourth neighbor of,. W, ~ vz to avoid the fork Y4viUs, VaUsVa, Vala, VaWa); Wa ~ W,

to avoid the fork Yawax, VaviUs, VaUs, Vals). If Wy ~ W, thenw, € V3(G) to avoid the fork
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(VaWgx, VaV1Ug, VaUs, Vals). Next we will show thatw, also has degree 3, thew(w,) is a
2-cut set. Suppose, € V4(G), and denote the fourth neighborwf by w,. Thenw, + v;
otherwisew, is a cut vertex inG. Thenw, ~ w, to avoid the fork \.w,w;, v»), since
vz + Wo, W, (by 3-connectedness &f). Thenw, € V3(G) to avoid the fork centered om,
with long arms {.VaUp, WoVsU,). But then{vs, wy'} is a 2-cut inG, contradiction.

Sov; + v4. By applying the very similar argument, we can also prové thar Vvs.
Thus,v; ~ W, andw, ~ vz Or w, ~ Vg, or w, € V3(G); otherwise there is a fork centered
on itself with long armswLvou,, WoVsug). Now H = G/{ug, Uy, Uz, Ug} — {U, Vs, Wo, V2} IS
triangle-free and fork-free. Sp(H) < 3 by the choice of5, which impliesy(G) < 3, a
contradiction.

Sovs + W,. Thenvy ~ Wy, W, Ws to forbid the fork centered om, and{vy, Vs, Vs, Va, Vs}
is independent. Letl be obtained fronG — u by identifyingv; andv, asu’ and identifying
V3, V4 andvs asu”. The only possible fork itd must be centered on. However, any fork
onvs gives rise to a fork ir, sincev, ~ Wy, Vi ~ W, the long armvsu’v, is also the long
armvsu,V, in G. SoH is triangle-free and fork-free. By the choice®f y(H) < 3, which

impliesy(G) < 3, a contradiction.

Case 1.V, ~ V4, V5 ~ V3, and the fourth neighbor ok, vs is w, the neighbour of/,
belong tovs, vs, w.

vy + V; fori € {3, 4}; otherwise{v;, w} would be a 2-cut ir. This impliesd(v;) = 2, a
contradiction.

Case 2V, ~ V4, V5 ~ V3, and the fourth neighbor o, vs is w,, ws respectively.

In this case,\sVaUs, VsU;Va, VsWs, VsUy) IS a fork inG, a contradiction.

Case 3V, ~ V4, V, Vs share the same neighbws, the fourth neighbor ofs is ws.

Thenv; ~ ws to avoid the fork centered an, andv; ~ ws, to avoid the fork {,v4Us, Vous vy,
Voo, VoW,). Here,w, + v, (sinceG is triangle-free). Alsow, + vs; otherwiseH :=
G/{ug, Uy, Uz, Ug} — {U, Wh, Vi, V5} IS triangle-free and fork-free; sg(H) < 3 which implies

x(G) < 3, a contradiction. Thus, € V3(G), otherwise there is a fork centered on itself
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with long arms YW,Vous,, WoVsU). Now H = G/{ug, Uy, Us, Ug} —{U, W>, Vo, Vs} IS triangle-free
and fork-free.

Case 4V, ~ v, the fourth neighbor o, is w,, ws, w; are the neighbor ofs.

Thenv; ~ w,,ws, W, to avoid the fork centered on;. However, {,V4Us, VoUiVs,
VU, VoW,) is a fork inG, a contradiction.

Case 5V, ~ Wy, W,, andvs ~ V3, Wo.

Thenvy ~ w, to avoid the fork centered on,. Herevs +» W, to avid the fork
(VaVsUs, VaW,V1, VU, VaUz). Also vz + W, by triangle-freeness. Sa € V5(G), otherwise
there is a fork centered ag with long arms YsVsua, VaUoVo). ThenH = G/{uy, Uz, Us, Us} —
{u, v3, vs} is triangle-free and fork-free, i.€& is reducible.

Case 6V, ~ Wy, W,, V5 ~ V3, and the fourth neighbor of is ws.

Then there is a forkwVsus, VsU; Vo, VsUg, VsWs) in G.

Case 7V, ~ Wy, W,, andws ~ W, Wg.

Thenvy ~ w,, W,, Ws, W in order to avoid the fork centered en. This is impossible
sinced(v;) < 4.

Case 8V, ~ Wy, W,, andvs ~ Wy, W,

ThenN;(vi) € {ug, Wo, W,, V3, Va}. First, suppose; ~ w, andv; ~ w,,. Thenw, ~ vs, to
avoid the fork (WoVaUs, WoVsUs, WoVi, WoVo); Wo + Vg, to avoid the fork \,voup, WoVaUs,
WoVi, WoVs); and hencew, € V3(G) to avoid the fork centered ow, with long arms
(WaVolp, WoVsUs). By symmetry,w, € V3(G). Thenf{vs, vy} is a 2-cut set inG. Hence
Vi + W, OF' Vi + W,

Next, we showv; + V3 Orvy; + V4. Supposes; ~ vz andvy ~ V4. Thenvy € V3(G), to
avoid the fork centered on with long arms 1Vsuy, V1VaUy); alsovs + Wy, otherwisew, €
V3(G) to avoid the fork with long armsw,vsus, Wovsu,) (notice thatw, + vy, otherwise
w, would be a cut vertex 5, and{vs, W,} is a 2-cut inG. Similarly, v ~ w,. Hence
vz € V3(G); otherwise letws denote the fourth neighbor o, thenw; ~ v, to forbid

fork (VaviUs, VaUaVa, VaUp, VaWs), W3 must have another neighbaf, which implies the fork
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(VaVaUy, VaW3W;, VaUs, VaUs) in G, a contradiction.

In this graph, sinces, v, are symmetricw,, w, are symmetric, we only need to show
thatv, cannot be adjacent to both, w,. Suppose not, them cannot be adjacent W,
or v4 by the previous proof. Heray, is not adjacent tas since triangle free, alsa, is
not adjacent tw,, otherwise there is a forkngv,u,, WoV4U3), thenw, must have degree 3,
otherwise, there is a fork centered on itself with long arms/{u,, w,vsu,). Then we can
identify (uy, Up, Us, Ug), deleteu, w,, vy, V3, Vs, Vo in order, the new graph is fork free, triangle
free, i.e.G is reducible. That means; can only adjacent to one vertex afA W;, V3, Va),
i.e. v; has degree at most 2, contradictory to our assumption.

Case 9v, has neighbow,, w,, andvs is adjacent tav,, the fourth neighbor ofis is ws,
herev, must be adjacent t,, ws to forbid fork centered omy, thenv; is adjacent at most
one ofvs, v4 sincededVv;) < 4, by symmetry, we can assume thais not adjacent tes,

then we can identify,, u, asu’, us, us asu”, deleteu the graph is Figure 10:

Figure10: graphH1.2.1

Obviously,H is triangle free; ifH is fork free, therG is reducible. Actually, there are
two possible new fork itH which is not the fork irG:

Potential Fork 1: centered aui, with long arms vy, U'VaWs)(Ws is the neighbor
of v3). Then look at graplG, in G, v, is not adjacent tovs since triangle free; also
we claim thatv, is not adjacent tav,, suppose not, thews is also adjacent tav, to

forbid fork (v4Usvs, V4VilUs, VaWs, V4Us), then we can identify Uy, up, Us, Ug) in G, delete
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U, Wo, V4, V3, Vi, Vs in order, the new graph is fork free, triangle free, i®.is reducible.
Thusv, is not adjacent tev, or ws, thenv, must have degree 3 @, otherwise there will
be a fork centered on itself with long armg\(u,, v4usVvs). Thenv, has degree 2 idl, we
can delete it irH to destroy this potential fork.

Potential Fork 2: centered on, one of its long arm issu'v,, andvsu’'v, cannot be
the long arm, otherwise this fork can be reverted to a for ithat means; is adjacent
to w,. Now let’s look at graplG, w, cannot be adjacent tg, otherwise we can identify
(ug, Up, Uz, Uy) In G, deleteu, Wy, Vo, V3, V4, Vs In order, the new graph is fork free, triangle
free, i.e.Gis reducible. Them, must have degree 3 @, otherwise there is a fork centered
on itself with long armsw,VsUus, W»VsUy), that means iH, Ny(w,) ¢ Ni(u’), thus we can
deletew, in H, destroying this potential fork.

By far, we have exhausted all the possible cases in Figura®eeery case lead to a

contradiction, thus Figure 9 does not exist.

Subcase 1.2u,, Us, Uy} N V4(G) # 0, andu; € V3(G).

Then the local structure @ aroundu is given in Figure 11.

G H
Vi { IRV
u
u
ul
U4 V5 V5

Figure1l: graph 1.2.2

LetH = G/{u,, us, us} —{u, u}, and let’ denote the vertex resulted from identification.

Then by the choice dB, H contains a triangle or a fork.

Claim 1 H is triangle-free. Suppogé has a triangle. Thew, ~ vs. Now v, € V4(G);
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otherwise,H — {v,} is both triangle-free and fork-free, and g(H’) < 3, which implies
x(G) < 3, a contradiction.

Let Vv, € Ni(V2) — {us, Up, Va}. Thenv;, ¢ {vi, Vs, V4} becauses is triangle-freey, ~ vy
to avoid the fork Y,VsUs, VolaVa, VoUy, VoV,), andv, ~ vz to avoid the fork {avsus, VouoVa,
Vol, VoV5). SinceNi(V;,) € Ni(Up), Vv, € Va(G); so letvy € Ni(V;,) — (N2(u) — {v1, vs}). Then

(V5VaUs, VoVala, VoV, V,V5) is @ fork inG, a contradiction.

SoH must contain a fork, saly, which must be centered en If for some permutation
ijk of {2,3,4}, F = (U'viw;, U'V;wj, UV, U'Vs) then (aviwi, Upviwi, upw, Upu) would be fork
in G. So there existg; € Ni(vs) — (N1(u) U N(u)) such thatrvsv; is a long arm of. This
implies thatv; » v; fori = 2,3, 4.

Also, {V,, V3, V4, Vs} C V4(G). For, suppose for somee {2,3,4,5}, v € V3(G). Then
H —v; both triangle-free and fork-free, and heng#l — v;) < 3 by the choice 06G; which
impliesy(H) < 3, a contradiction.

Letwy, W, € Ni(V2) — {ug, Up}. Then by Claim 1wy, w, ¢ No(u).

Claim 2 Fori € {1, 2}, INy(W;) N {V3, V4, V5}| < 1.

It suffices to prove Claim 2 for = 1. First, suppos&; ~ vz andw; ~ v4. Then
Wi € V4(G), as otherwiséN;(w;) € Ni(v»), a contradiction. So letr; € Ni(wi) —{V2, V3, Va}.

If w; # vs then (WiVsUs, WiVaUs, WiVo, WiW)) would be a fork inG; if w; = vs then
(W1V2Uy, WiV3aUs, Wy Vg, Wi Vs) would be a fork inG. Sow; + vz Or wy + Vg.

Now assumev; ~ vz andw; ~ Vs. Thenw; ~ v; to avoid the fork W;Vvouy, WyVsUy,
W1V, WiVy). Let H' = G/{uy, Uy, Us, Us} — {Wy, U, Vo, V3, V5}, and letu” denote the vertex
resulted from identification. Sindg;(w;) c N;(u”), H’ is triangle-free and fork-free, and
x(H") < 3 by the choice of5. Soy(H) < 3, and hencg(G) < 3, a contradiction. So
Wy * V3 OF Wy + Vs.

By symmetry betweems andv,, Wy + V4 Or Wy + Vs.

Claim 3 wy ~ v; Orw, ~ Vvj.
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Supposen; + v; andw, + v;. Then we may assume (by symmetry betwegrand
W) thatw; ~ vz to avoid the fork You,vy, VoUoVs, VoW, VoWs). Then by Claim 2w, + vy.
Sow, ~ V4 to avoid the fork You,Vvy, VoUoVa, oWy, VoWo). The by Claim 2 againw, + va.
ThenF = (U'Vs, Vg, U'VaWs3, U'Vo, U'Vy) OF F' = (U'Vs, Vg, U'VaWy, U'Vo, U'V,), Where (v €
Ni(vs) — {Up, U3, Wq}) andw, € Ni(v4) — {us, Us, Wo}. By the symmetry betweews and
Vs, let F = (U'Vs, Vi, U'VaWa, U'Vo, U'V,). Then (zUoVa, VaUaVs, Vawg, Vaws) is a fork inG, a

contradiction.

By Claim 3 and by symmetry, we may assume that v;.

Claim 4 v; + V3 Or vy + Vj.

Noting the symmetry betweewny andv,, it suffices to prover; + v4. Suppose for a
contradiction that,, ~ v4. Thenvy € V4(G); otherwise H — v, is both triangle-free and
fork-free, andy(H — v4) < 3 by the choice of5; soy(H) < 3 (and hencg(G) < 3), a
contradiction.

Letw, € N(v4)—{Uy, Us, V1}. Thenw, # ws; otherwise by Claims 2 and 3441 U1, VaUoVs,
V4Wa, V4Us) Would be fork inG. Also,w, ~ vz andw, ~ Vs to avoid the forksyvi Uy, VaUoVs,
ValUy, VaWys) and (4Vi Uy, VaUgVs, VaUo, VaWy), respectively.

Now vy + Vs, Or else {¥1V3Us, V1VaUy, V1Ug, ViW;) would be a fork inG. Sov; ~ ws, or
W, ~ V3, as otherwisewpvow,, UoVaVy, UnVs, UpU) would be a fork inG.

Suppose; ~ Wo. Thenw, ~ wy orwy, ~ W, to avoid the fork U U, VaViaWa, ViWy, ViWs,).
By symmetry betweemw; andw,, we may assume, ~ W,. Supposess € V4(G), and let
W3 € Ni(V3) — {Up, U, Wy}, If Wz # wy then (pvaws, UaVavy, Uou, UaV,) would be a fork inG;
and ifwz = wy then (1wyvs, ViVaUs, ViW,, Vi U;) would be a fork inG. Sovs € V3(G). Now
{w1, Ws, Vs} is a cut inG, and is independent (sinGeis 3-connected and triangle-free). This
is a contradiction to Lemma 7.5.

So it remains to considev, ~ vs. Recall definition ofv,. Note thatv, # w; or else
(VaW1Vs, VoloVa, VU, VoWo) Would be a fork inG. Moreover,v, # Wy, v # vy, andv, ~ vy

or v ~ Wo; for otherwiseH’ := H/{va, v4, vs} — {U', W4} is both triangle-free and fork-free,
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and soy(H’) < 3, which impliesy(H) < 3 (and hencg/(G) < 3), a contradiction. So
Vg & Np(U) U No(U) U {u, Wi, Wa, W},

On the other hand, W ~ v; then {1V, Vs, VaVaUs, ViU, Viw,) would be a fork inG; and
if v ~ W, then (LwWovg, Vauovy, Vouy, Vawy) would be a fork inG.

Claim 5 v; » vs. Supposes; ~ Vs. Then possibly; = vi. Sincevy € V4(G), let
Ws € Ni(V5) — {Us, U, V1}. Thenws ~ v to avoid the fork YsviUs, VsUsVa, VsUy, VsWs), and
Ws ~ V4 to avoid the fork Ysv; Uy, VsUsVs, VsUs, VsWs). So by claim 2ws ¢ {wq, ws}.

Recall thatvs, v4 € V4(G). If v3 ~ wy andvy ~ Wy, Orvs ~ W, andvy ~ wy, then by
Claim 3, we see thatl has no fork centered at, contradicting the existence &f So by
symmetry betweem; andvy, letws € Ni(v3) — (Nz(u) U Na(u) U {u, wy, Wo}).

Letwy € Ny(vg) — {Up, Us, Ws}. Clearly,wy ¢ Ny(u) U {u, Vo, V3, V4}. By Claim 4,w, # v;.
Supposen, ¢ {wy, Wy, Ws}. Then sinceG is triangle-free, there is a permutatiojx of
{2,3,4) such thatw;, » wj. Then (pviwi, Upv;wj, Upu, Upvy) is a fork inG, a contradiction.
Sow, € {Wy, Wo, Ws}.

Suppose/, ~ W3. Thenws + vy otherwise Y1WsVy, V1VsUs, ViWy, V1U;) would be a fork
in G. Now H’ := H/{vs, V4, 5} — {U/, W5} is both triangle-free and fork-free; gqH’) < 3
by the choice of5. Hencey(H) < 3, and soy(G) < 3, a contradiction.

Now suppose/, ~ w;. Thenw, ~ ws to avoid the fork Qovaws, UpVaWs, UoU, UpVy).
Now vi € V3(G); otherwise letv; € Ni(vi) — {vi, Vs, Wi} then {1WVa, ViVsUs, ViU, ViV))
would be a fork inG. Thenws € V4(G), as otherwisdd — ws is triangle-free and fork-free,
andy(H —ws) < 3 impliesy(H) < 3 (and hencg(G) < 3), a contradiction. However,
Ws + Wy, otherwisew, € V4(G) (or else{w;, ws} would be a 2-cut irG), and letw, €
Ni(Wo) — {V2, Wa, W} then (Vavauy, WowsVs, WoWs, Wow,) would be a fork inG. Thus there
existswg € Ny(Ws) — Ni(u) U Na(u) U {u, Wi, Wo, Wz}, NOwW (VsV1Uy, VsWsW, VisUs, VsUs) IS @
fork in G, a contradiction.

So we must have, ~ w,. Thenw; ~ ws to avoid the fork (,vowy, UaVaWs, Uou, UnVa).

If {vi, W, Wz} is independent i, thenH’ := H/{vs, vs4, 5} — {U’, W5} is triangle-free and
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fork-free, and hencg(H’) < 3 by the choice o6, which impliesy(H) < 3 andy(G) < 3,
a contradiction. S¢v;, w,, ws} is not independent i®.

Now v, + W to avoid the fork ¥, VsUs, ViWoVy, ViU, ViW;); andv; + Wi to avoid the fork
(V1VsUa, VIW3V3, V1Uy, VIW;). SOW, ~ Wa. Thenw, € V3(G), otherwise letw, € Ny(w,) —
{V1, V4, W} then (voWsvs, WaVala, Wove, Wow,) would be a fork inG. Also ws € V3(G),
for, if wy € Ni(Ws) — {Vva, Wy, Wo} then (vawyva, WaWoVys, WaW;, WaVs) would be a fork inG.
Moreover,wy € V3(G); for if wy € Ny(wy) — {Vi, Vo, Ws} then (vyVous, WyVaUa, WiWsz, WiW, )

would be a fork inG. But this implies that\;, ws) is a 2-cut inG, a contradiction.

From Claims 4 and 5, we see thdf(u) is an independent set {B. Recall thatu'vsv;

is along arm of-. The other long arm oF is U'VoWy, OF U'VoW,, OF U'VaWa, OF U'VaWj.
Claim 6. F # (U'VsVg, U'VoW,, U'Us, U'ly), for p € {1, 2).

Proof. Suppose- # (U'Vsvg, U'VaW,, U'ls, U'Ug) for somep € {1,2}. Thenv; ¢ {wy, Wa).
If vs ~ w; for somei € {1,2} then, sincew; +» v; for somej € {3,4}, (VsWiVy, VsU;jVj,
VsUz_j, VsV) would be a fork inG. So Furtherys » w; fori = 1, 2.

Sincevs € V4(G), let ws € Ni(vs) — {us,Us, V). If ws » vz andws = v, then
(V5U3Vs, VsUaVs, VsVg, VsWs) is a fork in G, a contradiction. So by the symmetry between
vz andv,, we may assume thais ~ v4. If ws = vz thenws ~ w; fori = 1,2, to avoid
the fork (UoVow;, UpVaWs, UoU, UoVa); but then WsVaUo, WsVsUs, WsWy, WsW,) is a fork inG, a
contradiction. Savs + V.

Recall thatvs, v4 € V4(G). So letw; € Ni(vj) — {up, vi, ws} for i = 3,4. If {ws, Wy, Ws}
is independent it thenH’ := H/{vs, V4, 5} — {U', W} is both triangle-free and fork-free,
andy(H’) < 3 by the choice of5; so y(H) < 3 (and hencg(G) < 3, a contradiction.
So {ws, Wy, Ws} is not independent is. SinceG is triangle-free, we must hawgs # Wy
andws ~ ws. Then{w;, w,} # {ws, wy}. Because ofF, w, ¢ {ws, Ws}. So by symmetry
betweernw; andw,, we may assumess_, = Wz. Thenws € V3(G); otherwise letw, €

Ni(Ws) — {V2, V3, W4}, and we see thatngVaUs, WaWaVa, WaVo, WaW,) would be a fork inG.
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This, in particular, impliep = 1.

Sow; ~ Wy, otherwise (,voWy, UoVaWa, UsU, UxVs) would be a fork inG. Alsow, €
V3(G), otherwise let, € Ni(Was)—{Vs, V4, W1} and we see thatWsVs, WaVaUa, WaWp, WsW,)
would be a fork inG.

Moreover,ws € V3(G). Otherwise, letv; € N(Ws) — {v3, V4, Vs}. Thenw; # wy; or
else{vy, vs} would be a 2-cut inG. Then {/3WsW, VaWaWy, VaUs, VaUs) is a fork inG, a

contradiction.

By Claim 6 and by the symmetry betweeyandv,, we may assumeé = (U'VsVg, U'VaWa,
U'Vo, U'Vy), herews is a neighbor ofvs. Sows + {v;,Vs, V4, V5, V), and in particular,
W3 & {wq, Wa}.

Recall that/, € V4(G). We claim there exists, € Ny (Va)—(N1(u) UN2(U) U {u, Wi, Wy, Wa, Vi }.
For, otherwisey, ~ w; andv, ~ W,. Then by Claim 2, for = 1,2, w; + vz andw; + vs. SO
(V4UoV3, V4UsVs, VaW1, VaWs) is a fork inG, a contradiction.

Supposev, + v3. Thenv, ~ w; fori = 1, 2, 3; for otherwise, (VoW UpV4Wy, UoU, UoVa)
(for i = 1,2) or (UVvaWs, UpVaWy, UoU, UpVo) Would be a fork inG. Sincew; + v, some
I € {1, 2}, (UvoW;, UpVaWs, UoU, UoV,) IS a fork inG, a contradiction.

Thuswy ~ v3 for anyw, € Ni(vs) — (N2(u) U No(u) U {u, wy, Wy, wa, vV}, and hence
Wy ~ Vs to avoid the fork Yzu,Vso, VaUsVs, VaWs, VaW,). Hence v, ~ w; for somel € {1, 2}; so
wa_; » Vvj for j = 3,4,5. So by Claim 6ws_; ~ v,. Moreoverws_; ~ ws, to avoid the fork
(UaVaW3-i, UpV3Wa, LU, UpVag).

Supposé = 2. Then (iWava, WiVgVs, WiV, WiV,) is a fork inG, a contradiction. So

I = 1. Then uWoVg, VoUaVs, VoW, VoUy ) is a fork inG, a contradiction.

Subcase 1:3u; € V4(G) andu; ~ vz in G. See Figure 12.

LetH := G/{uy, Uy, Uz, Us} —{U, V3}, and let’ denote the vertex resulted from identifica-
tion. Clearly,y(H) < 3 implies thajy(G) < 3. Therefore, sinc& is irreducible H contains
a triangle or a fork.

SinceNy(v3) € Ni(u), va € V4(G); so letws be the unique member of; (v3) — Ny (u).
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u
u
ul
U4 V5 V5

Figure 12: graph 1.2.3

Claim 1 v, ~ Vs.

Supposer, + vs. First, assumev; ~ vs. Thenws ~ v, to avoid the fork Ysvouy, VisUsVa,
VsUz, VsW3), andws ~ v; to avoid the fork iuug, U;vaws, Uy, UpVo) (Note thatws + v,
sinceG is triangle-free). Thugvi, Vo, V4} is a cut inG, andv, + v andv, + V4 Since
G is triangle-free. So, + vy, as otherwisey, € V4(G) and hencdvy, V,} is a 2-cut in
G, a contradiction. Thus$vi, V,, 4} is an independent set i@; so by Lemma 7.5G is
3-colorable, contradiction.

Sows + V5. Hencews ~ v, to avoid the fork Ysu,VaVaUsVs, Vauy, VaWs).

Next assumevs ~ V,. Thenws ~ v; to avoid the fork YouiVy, VoVsUy, Vols, VoWs).
Hence{vy, V4, , 5} is a cut inG. Moreover,{vy, V4, Vs} is independent ii: v, + Vs sinceG
is triangle-freey; + v, since{vy, vs} is not a cut inG, andv; + Vs since{vy, 4} is not a cut
in G. By Lemma 7.5G is 3-colorable, a contradiction. So we have+ V..

Sincews + V,, Wz ~ vy to avoid the fork (;uuy, UpVaws, Uiy, UiVo). Now ws € V3(G),
for otherwise, letv; € Ni(ws) — No(U) then (WaVaUs, WaVaUa, WaVa, WaWg) would be a fork in
G. Also, Vv, € V3(G), for, letV, € Ny(v2) — No(U) then §UsVa, VoVsVs, Vous, VoV,) would be a
fork in G. Then{vy, v4, vs} is an independent cut iB; and by the same argument as above

we arrive at a contradiction to Lemma 7.5, completing thepod Claim 1.

Claim 2 V1 * Vj.
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Supposey; ~ V. First, assumeavs ~ V4; SOws + Vvp sinceG is triangle-free. Then
Wz ~ Vs to avoid the fork ¥4ViUs, VaUsVs, VaUs, V4Ws), andws ~ V, to avoid the fork
(upuug, U1VaW3, V1, U1Vo). Hence the same argument in the proof of Claim 1 shows that
{v1, V, v} Is independent and leads to a contradiction to Lemma 7.5.

Sows + V4. Thenws ~ vs to avoid the fork Y3U,VaVaUsVs, VaUy, VaWs).

Now assumens ~ Vvy. If vi,ws € V3(G) then{v,, vy, vs} is independent irG, and
we obtain a contradiction by Lemma 7.5. 80€ V4(G) or ws € V4(G). First, assume
Vi € V4(G), and letw; denote the unique memberf(v;) \ (N1(u) U Na(u) U {ws}), which
exists sinces is triangle-free. Themv; ~ vs to avoid the fork Y1VaUy, ViWsVs, iUz, ViWy),
andw; ~ v, to avoid the fork (1uuy, Uvawy, Uv,, UVs). If Wy € V4(G) then letw; € Ny(wy) \
{Ug, V4, Wa} and 1VoUp, WaVsUs, Wivy, Wwiw)) would be a fork inG. Sow; € V3(G). Then
by Lemma 7.5G is 3-colorable, contradiction. Thug € V3(G). Sows € V4(G), and let
Wy € Ni(ws) — {v1, V3, V5}. Note thatws + v, as otherwisgv,, v4, vs} is an independent set
and we derive a contradiction to Lemma 7.5. Thasvguo, WaVsUs, Wavy, WaWS) is a fork
in G, a contradiction.

Sows » vi. Thenws ~ v, to avoid the fork (I;vaWs, UUly, Uy, UsVo). SinceG is
3-connectediv,, ws} cannot be a 2-cut is; SO{V,, V4, V5} € V3(G).

Supposer, € V4(G), and letw, € Ny(v2) \ {ug, Uy, Wws}. Thenw, ~ v; to avoid the fork
(UguUg, U1VoWs, UV, UgVa), andw, ~ Vs to avoid the fork YowWsVs, VoUoVa, Vouy, VoW,). SO
W, € V3(G), as otherwise, letv, € Ny(W) \ {Vi, Vo, Vs} then Wavouy, WoVsUs, WaVy, WoW,)
would be a fork inG. Thenv, € V3(G) for if there existsw, € Ni(V4) \ {Up, Ug, v1} then
(V4V1U1, V4UgVs, V4V1, V4W,) Would be a cut inG. But now {1, ws) is a 2-cut inG, and this
contradiction shows that € V3(G).

Now suppose/, € V4(G), and letw, € Ni(vs4) — {Uz, Ug, V1}. Thenw, ~ vs to avoid the
fork (V4ViUs, VaUgVs, VaWa, VaUp). Hence {vi, Ws, Wy} is a cut inG and is also independent.
So we derive a contradiction by Lemma 7.5.

Thereforeyv, € V3(G). This then implies thats has a neighbows ¢ {us, us, ws}, and
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(VsU4Vs, V5W3V,, V5U3, VsWis) IS a fork inG, a contradiction.

Claim 3 vq + Vs.

Supposev; ~ vs. First, consider the case when ~ vs. Note thatws; + vy since
G is triangle-free. Thenvs; ~ v, to avoid the fork YsviUs, VsUgVy, VsUs, VsW3), W3 ~ Vo
to avoid the fork (uuy, UpVaWs, Uy, UrVo). Now {vi, Vo, V4} IS an independent cut iG,
contradicting Lemma 7.5.

Sows + Vs. Thenws ~ v, to avoid the fork Ysu,Va, VaUsVs, VaWs, VaUy).

If vs € V3(G) thenH — vs is triangle-free and fork-free, and g¢H — vs) < 3 by the
choice ofG; which implies thaj(G) < 3, a contradiction.

So Vs € Vy4(G), and letws € Nj(vs) — {us, Us, V1}. Thenws ~ vy, to avoid the fork
(Vs5V1U1, VisUgVs, VisUs, VsWs). Alsows ~ v; for some € {1, 2}, to avoid the fork yuuy, U;Vaws,
U1V, UrVo). If wa € V4(G) then letw;, € Ny(Ws)—{Vs, Vs, Vi}; NOW W3V3Us, WaVaUa, WaVi, WaW5)
is a fork in G, a contradiction. Sav; € V3(G). Then{vy,Vv,,ws} is a cut inG. By
Lemma 7.5,{vy, Vo, Ws} iS not independent ilG; sov, ~ ws. Theni = 1, otherwise,
{vi, ws} would be a 2-cut irG. Alsows € V4(G), otherwise{vy, v,} would be a 2-cut in
G. So letw; € Ni(Ws) — {us3, Ug, V1}. Then (WsVsUs, WsVaWaWsVo, WsWe) is a fork inG, a

contradiction.

By Claims 1-3, we know thall is triangle-free. Sd1 contains a fork, say. Since
Vy, V3, V4, V5 all have degree at most 3 i, they cannot be the center Bf Also, it is easy
to see that sinc& contains no forkF must center onr'.

Suppose for somee {1,2}, Uvw; is a long arm ofF. Thenw; = ws; for otherwise,
(UzVWi, UUg, UpVa_j, U1V3) would be fork inG. Now (VaU,Vy, VaUsVs, VaUy, VaW;) is a fork in
G, a contradiction.

ThusF = (U'VaWy, U'VsWs, U'Vy, U'V,), Wherew, € Ni(v4) andws € Ni(vs). Now ws ¢
{wy, Ws}; for if ws = wy then (i3uyVvy, VaUsVs, VaUo, VaW,) would be a fork inG, and ifws = ws
then (3UyVy, VaUoVa, V3Us, VaWs) would be a fork inG.

If ws + vi andws + V4 then (/3u;Va, VaUoVy, VaUs, VaWs) would be a fork inG; if ws + vy
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andws + Vs then (/3u;Vy, VaUsVs, VaUs, VaW3) would be a fork inG; if ws + v, andws + Vs
then (3U,V4, V3UsVs, VaUs, VaWs) would be a fork inG.

SO|N1(Ws) N {vy, Va4, Vs}| > 2.

If Wz ~ v; andws ~ vy then (4UnVa, VaWsVa, Valy, VaW,) (Whenws + Vo) Or (V4WaVy, V4UsVs,
VaUp, VaW,) (Whenws + vs) would be a fork inG. Sows + vy Or Wz + V.

Now if wz ~ v; andws ~ vs thenws + v, and hencevgwaVy, VsUs Vs, VsUs, VsWs) IS a fork
inG. SOwsz + V1 Orws + V5. Thenws ~ vy, Wa ~ Vs andws + vi. NowH’ := H/{va, Vs} —Wj3
is triangle-free and fork-free. Sg(H’) < 3. This impliesy(H) < 3, and sg¢(G) < 3, a

contradiction.

Subcase 1.44; € V4(G) andu; ~ vs. See Figure 13.

G H
Vi
u
VZ V2
u
V3 V3
u/

V4 V, A

U4 V5 V5

Figure13: graph 1.2.4

ConsiderH = G/{uy, Us, U3, Us} — {Vs, U}, and letu’ denote the vertex resulted from
the contraction. Sincdl;(vs) ¢ Ni(u), we may letws € N;(vs) — {ug, Uz, Ug}. SinceG is

triangle-freews ¢ {u} U Ny (u) U Ny (u).

Claim 1 vy » V3 0rv + Vy.

Suppose; ~ vz andv; ~ V. If vi has a neighbor, say,, different fromuy, vs, v4, then
(V1VaUs, V1V4Ug, V1Ug, VIW,) S a fork inG, a contradiction. Se; € V3(G).

If ws » vz andws »+ Vg4 then (susvs, VisUsvs, VsUy, Vsws) would be a fork inG. So

Ws ~ V3 OF W5 ~ V4. MOreoverws + Vg Or Ws + Vy; as otherwisejv,, ws} would be a 2-cut
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in G. Then,ws ~ V,; for, otherwise{V,, v4, Ws} Or {V,, V3, Ws} is an independent cut i@,
contradicting Lemma 7.5. Sgs ~ V.

Supposens ~ vs; thenws + v4. Then there existar, € Ni(Ws) — {V2, V3, V5}, Otherwise
{V2, V4} would be 2-cut inG. Now (WsVaVi, WsVsUs, WsV2, WsWy) is a fork inG, a contradic-
tion.

Similarly, if ws ~ v4 thenws » vz, and there existag € Ni(Ws) — {V2, V4, Vs5}; hence

(WsVsV1, WsVsUs, WsV2, WsW) is a fork inG, a contradiction.

Claim 2 v; » vz andvy + Vg.

Note the symmetry between andv,; so it sufices to prover; + vs. Suppose for a
contradiction thav; ~ vs. Thenv; + v, by Claim 1.

First, assumevs ~ vs. Thenws ~ Vv, to avoid the fork ¥zviUs, VaUaVy, VaUs, VaWe).
Moreover, there existar, € Ni(Ws) — Nx(u); otherwiseH — {w;, vs} is triangle-free and
fork-free, andy(H — {wg, v3}) < 3, which impliesy(G) < 3, a contradiction. On the other
hand,w; ~ v, fori = 1,2, as otherwisevgu,V;, VsWsWg, VsUs, VsUs) would be a fork inG.

If w, € V3(G) then{vy, v,, 4} is an independent cut i@, contradicting to Lemma 7.5. So
W € V4(G), and letw; € Ny(Ws) — {V1, Vo, Ws}. Then (Wvousy, WoWsVs, Wovy, WeW ) is a fork
in G, a contradiction.

Sows + V3. Thenws ~ v, to avoid the fork Ysu; Vo, VsUsVs, VisUs, VsWs), andws ~ v, to
avoid the fork ¥sUsvs, VsUsVa, VsUz, VsWs). We may assume that there exigt € Ny(ws) —
N, (u); otherwise H" := H — {ws, v4} is triangle-free and fork-free, and g6H’) < 3, which
impliesy(G) < 3, acontradiction. Nows ~ v; to avoid the fork ¢swsWy, VisUy V1, VsUs, VsUs).

But then (vsW5 V1, WsVsUs, WsVo, WsVy) is @ fork inG, a contradiction.

By Claim 2, H is triangle free. Then by the choice Gf H must contain a fork, say
F. If there exists a permutatioik of {2, 3,4} such thatF = (U'viwi, U'V;w;, UV, U'Vy)
then (rviwi, U'v;w;, Uu'v, u'u) would be a fork inG. So there exists € {2, 3,4} such that
F = (Uvawg, U'Viwi, UV}, U'V), where{], k} = {2, 3,4} — {i}.

Supposa = 2. Thenvs € w, for somep < {1, 2}, to avoid the fork @;vaw;, uVows,
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U1U, UsVs). Then (sUsVa, VsUiVap, VsUs, VsWp) is a fork inG, a contradiction.

Soi # 2. Note the symmetry between andv,. So we may assurnie= 3. If ws = wj,
for somep € {1, 3} then {/5usVa, VsWsWj, VsUy, VsUs) would be a fork inG; sows ¢ {wy, ws}.

If N(ws) € No(u) then letws ~ w, for somep € {2, 3, 4}; and hencéd’ := H — {ws, v}
is both triangle-free and fork-free, apdH’) < 3 impliesy(H) < 3 (and so¢(G) < 3), a
contradiction.

So ws is adjacent to at most two diy, Vo, Vs, Vs If ws + vz andws + vy, then
(Vs5U3Vs, VisUgVs, VsUg, VsWs) would be a fork inG; if ws + v; andws + vz then (/su; vy, VsUsVa,
VsUg, VsWs) would be a fork inG; if ws + v; andws + V4 then {suyVvy, VsUgVs, VisUs, VsWs)
would be a fork inG; if ws + v, andws + vz then (supVy, VsUsVa, VsUy, VsWs) would be a
fork in G; if ws + v, andws + v, then (isupVy, VsUgVa, VsUs, VsWs) would be a fork inG. So
N(Ws) N {V1, Vo, V3, V4} = {V3, V4}. Thenws ~ w; to avoid the fork (;viws, UyVsWs, UpU, UgVs).

But then (vsvaws, WsW1 V1, W5V, WsVs) IS a fork inG, a contradiction. O

If two of uy, U3, Uy has degree 4, the structure betwees) Wz, us) and {, Vs, Vs, Vs) is

fixed, as in Figure 14:

\
Uz

V3
Us

\1
Uy

Vg

Figure 14: graph H 1.2.5

then the degree af; cannot be 3, otherwise we can identify,(us, Us) asu’, delete
u, u; and the another vertex adjacentkq the new graph is fork free, triangle free, i®.
is reducible, contradiction.

Whenu, has degree 4, sineg, Vs are symmetricys, v, are symmetric, there are 3 types

of graph by symmetry:
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Subcase 1:5u; is adjacent tov,, vs in Figure 14: For this graph, we can identify

Figure 15: graph G 1.2.5

Uy, U3, Us asU’, deleteu, denote the new graph by, obviouslyH is triangle free then
the only potential fork irH is the one centered an with long arms ('vow,, U'vsws)(here,
W, is the vertex adjacent t@, ws is the vertex adjacent tas), other forks inH can be
converted to a fork irc. However, this potential fork doesn’t exist, otherwiseréhies a
fork in G: (VoUsVs, VoUoVy, VoUy, VoW,). ThusH is fork free triangle free, i.6 is reducible.

Subcase 1:6u, is adjacent tos, v in Figure 14: In this graph, sindg;(v3) ¢ Ni(u),

Figure 16: graph 1.2.6

N1(V4) € Ni(u), andN;(vs) # Ni(v4), vs must have the fourth neighbwesg, v, must have the
fourth neighbom,, thenv; must be adjacent tai;, wy to forbid fork centered omi; with
one long armu;uu,. Then let’s identifyu,, uz, Uy asu’, deleteu, denote the new graph by,

obviously,H is triangle free, we can see that the potential new forl imust be centered
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onu’, sincev,, vs, V4, Vs have degree at most 3 k.

Claim 1There is no fork centered an in H.

Proof. suppose not, then two long arms of the fork musthbew,, u'vsws(w, is adjacent
to v,, Ws is adjacent toss), otherwise, it's also a fork G centered onu,/us. If two long
arms of the fork arer'v,w,, U'vswi, v; cannot be adjacent ig(herev; has at most one more
neighbor sincalegv;) < 4), otherwise there is a forki{u,Vs, VoUsVs, VoVy, VoW,); also, vy
cannot be adjacent tg@ by symmetry. Thus, if we identifyy, U,, Uz, Uz in G, deleteu, vs, V4,

the new graph is fork free triangle free, i@.is reducible, contradiction.

By Claim 1and previous analysi$] is fork free, triangle free, i.6G is reducible.

Subcase 1:7u, is adjacent tos, vs in Figure 14: For this graph, we can apply exact

Figure 17: graph 1.2.7

same argument witBubcase 2.5

Case 3:INx(U)] = 6, No(Uu) = {vi, Vo, V3, V4, V5, Ve}, Vi € Si(U) then we have several
subcases depending on the degred@ti):

If Uy, U3, Us € V4(G), thenG[{u,, Uz, Ug, Vo, V3, V4, Vs, V6}] IS iSomorphic toH; or H, in
Figure 18. Notice that ii,, v andv, are symmetric, ands andvg are symmetric.

Subcase 3:1G[{Uuy, Uz, Ug, V2, V3, V4, Vs, Ve}] = Hj.

Then, sinceS;(u) = {v4}, Uy ~ v, andu; ~ V. See Figure 19.
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H, H2

Vo V2
Uy V3 Uz V3
Us A Uz V4
Uy Vs Uy Vs
Ve Ve

Figure 18: Two Graphs

Claim 1 v3 + vg, andv, + v5 Note the symmetry between andvg and the symmetry
betweenvs andvs. So we need only proves + vs. Suppose, for a contradiction, that
V3 ~ Vg. Thenvs + vy, to avoid the fork su,Vs, VaVUs, VaUs, VaVy).

Assumevs € V4(G), and letws € Ni(v3) — {up, Us, Vg}. Thenws ~ V,, to avoid the fork
(VaVsUy, V3UoVo, V3Us, VaW3); hencews ~ v; as otherwiseu;Vows, Uy Uk, UiV, UpVe) would be
a fork inG. But then {3VgUs, VaWsV1, V3Up, V3Us) is a fork inG, a contradiction.

Sovs € V3(G). Thenv, + vs, or else there would be a forkifvsvs, UsVsVa, Usu, UzVy) in
G; and hencey; + vs, as otherwiseu;Vy Vs, UpVeVs, UiVo, U U) would be a fork inG. Then,
H := G/{uy, Uy, Us, Us} — {U, V3, V4, V6} IS triangle-free and fork-free, andH) < 3 implies
x(G) < 3. However, the choice @ impliesy(H) < 3, a contradiction.

Now v, + vy, for otherwise YsUsVe, VaUoVo, V4Us, V4v1) Would be a fork inG. Since
N1(Vs) € Ni(u), we havev, € V4(G); so letwy € Ni(vs) — {Up, U, Us}. Then sinces is
triangle-free andry + vy, Vo ¢ Ni(u) U Np(u) U {u}. Sow,; ~ Vs or w, ~ Vs to avoid the
fork (usuuy, UsVaWy, UsVa, UsVs). SO by symmetry betweeny andvs, we may assume that
Wy ~ Vs.

Also w; ~ Vv, or wy ~ Vg, to avoid the fork Y4UoVo, V4UgVs, V4Us, VaW,4). SO by sym-
metry betweens, andvs, we may assum&, ~ Vg. Thenw,; »+ v; to avoid the fork

(VaUpVa, VaWgV1, V4Us, VaUy); hencew, ~ v, to avoid the fork 0y uus, Uy VW, UyVa, UiVo). Now

103



Figure19: graph 1.3.1

H = G/{uy, Uz, Us} — {U, Wy, V4, V5} IS triangle-free {3 + Vg by Claim 1) and fork-free. So

x(H) < 3 by the choice 06, which impliesy(G) < 3, a contradiction.

G

Figure 20: graph 1.3.2

Subcase 3.25[{uy, U3, Us, V2, V3, V4, Vs, Ve}] IS the graph in Figure 20, wherg € V3(G)
andu; ~ Vs.

Notice that there is symmetry betweggf andvs, and betweerv; andv,. Letv €
N1 ({Vs, V4, Vs, V6}) — {V1}. Thenv # v, sinceG is triangle-free.

First, suppose& ~ v; for somei € {5,6}. Thenv ~ v, for k = 5,6, orv ~ v; for

j = 3,4. Otherwise, by symmetry betweeg andvg, we may assumg ~ vs andv ~
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Vs. Thenv ~ v; to avoid the fork suuy, UsVsV, UsVs, UsVg), andv ~ v, to avoid the fork
(UgUU, UgVsV, UgVa, UgVe).

Now supposer ~ Vv; for somei € {3,4}. By symmetry betweens; andv,, assume
V ~ V3. Thenv ~ v, for somek € {5, 6}, to avoid the fork @zuuy, UzVvaV, UsVs, UsVg). SO by
the conclusion in the above paragraph, we HBév) N {vs, V4, Vs, V)| > 3.

From the conclusions of the above two paragraphs, we ddratgN; ({vs, V4, Vs, Vg}) —
{v1}] < 2 andNy({vs, V4, Vs, V6}) — {Vv1} is independent is.

SinceG is 3-connected, lell; ({Vs, V4, Vs, V6}) — {V1} = {Wy, Wo}.

We claim thatN;({vs, V4, Vs, Vs}) must be independent i@. Otherwise,v; ~ v; for
somei € {3,4,5, 6}, andv; sinw; orv; ~ w,. Without loss of generality, assume ~ w;.
Suppose; ~ V3. Thenw; + v3, and hencev; ~ vs andv ~ vg. (More details.)

Now H := G/{vs, V4, V5, Vs} —({U, V2} UNy (U)) is triangle-free and fork-free, andH) < 3
impliesy(G) < 3. But by the choice o6, y(H) < 3, a contradiction.

Subcase 3:35[{u,, Us, Us, Vo, V3, V4, Vs, V6}] IS the graph in Figure 21.

In this caseu; ~ vs. SinceN;(vs) ¢ Ni(u), let w3 € Ny(v3) — Ni(u). SinceG is
triangle-freews ¢ Ni(u) U Np(u) U {u}.

G
Vi

Uy
Ve

Figure 21: graph1.3.3

We claim thatw; ~ v; for some € {1, 2}; as otherwisel;uuy, U;VaWs, Uy Vy, UyV,) would
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be a fork inG. Alsow; ~ v; for somej € {5, 6}; or else (Isuuy, UzVaWs, UgVs, UsVs) Would
be a fork inG. Now w3 ~ V4 or wz ~ Vvq1_j, to avoid the fork Qsuuy, UsVeWs, UsVa, UsVs).
This impliesws € V4(G) andNy(ws) € Ny(u).

Further,ws ~ v;. For, supposeavs + V;. ThenNy(ws) C {vo, V3, V4, Vs, V6}; H =
G/u,, Uz, Ug — {U, W3, V3, Uy, Vo} IS both triangle-free and fork-free. So by the choicezpf
x(H) < 3. However, this implieg(G) < 3, a contradiction.

SoN;(ws) is one of the following{vy, Vs, V4, Vs}, {V1, V3, V4, Ve}, OF {V1, V3, V5, Vg}.

SupposeN; (W3) = {Vi, Vs, V4, V5} Or Ni(Ws) = {vi,Vs, V4, Ve}. By symmetry between
Vs andvg, we only consideiN;(Ws) = {Vvi, Vs, V4, V6}. If V5 » v; andvs + V,, thenH :=
G/{ug, Uy, Uz, Ug} — {U, W3, V3, V4, Ve} IS both triangle-free and fork-free; ggH) < 3 by the
choice ofG, which impliesy(G) < 3, a contradiction. Supposg ~ vs. If v; € V3(G)
thenH := G — Ny(u) U {u, ws, vy, V3, V4, Vg} IS both triangle-free and fork-free; g¢H) < 3
by the choice ofG, which impliesy(G) < 3, a contradiction. S@; € V4(G) and let
Wi € Ni(v1) — {us, Vs, W3}. Thenw; ~ v, to avoid the fork ¥,VsUs, ViWaVy, ViWy, ViU, );
w; ~ V, to avoid the fork ¢ uw, UVaWy, UyVs, UiVs), andw; ~ Vs Or Wy ~ Vg to avoid the
fork (UsUug, UsVaWy, UgVs, UsVe). ThenH = G — Ny(u) U {u, vy, V3, V4, Vg, W3} IS triangle-
free and fork-free; and henggH) < 3 by the choice of5, which impliesy(G) < 3, a
contradiction. So we have shown + vs. Apply the very similar argument we can prove
thatv, + vs.

The caseN;(ws) = {v1, V3, V4, V5} IS similar by the symmetry between andvg

Finally assumeN;(ws) = {vi, V3, V5, V}. We can apply very similar argument above to
show thaiG is reducible, contradiction.

Subcase 3:4u; is also adjacent tes in Figure 20. The graph is in Figure 22.

If one of uy, Uz, uy has degree 3, then there are 2 cases by symmetry.

Subcase 3.5
Lemma?7.7. In this graph, for any vertex x, x cannot be adjacent to fowgivs, v, Vs, Vs).

Proof. Suppose not, then we can identMy(u) asu’, deleteu, x, N;(X) in order. Notice
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Figure 22: graph 1.3.4

Figure 23: graph 1.3.5
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that after we deletg, every vertex irN;(X) has at most degree 2, thus we can delete them.
Now, U also has degree 2, we can delete it to destroy possible keiaflgen the new graph

is fork free, triangle free, i.65 is reducible, contradiction. O

First, notice that in this graphy + vy, otherwise, there is a fotligUus, U;V1Vy, U1Va, UiV
in G, contradiction.

Second, notice that in this graph, Vs are symmetricys, vs are symmetric. Alsoy
has degree 4, angi has a potential long arm which cannot be forbiddejuus, thus we
can start the proof by exhausting all the possible struanomg,(u,):

Case 1V, ~ V5, V3 ~ Vg. It's impossible since there is a forksvs,, UsVeVa, UgVy, UgL).
Notice that hera, + vy, Ve, V3 + V4, V5 Since triangle free.

Case 2:v,, Vg has degree 3, and ~ vs, the third neighbor of is wg, thenwg ~ v,
since hereu;vews is another potential long arm of. Thenwg ~ v, or vs to forbid the fork
(U4V5V2, UgVeWe, UgVa.Ugl).

If we ~ Vs, thenvs has degree 4 and has 3 potential long arnge,(;, VsUsVa, VsUsVs),
W must be adjacent to both, v, to forbid the fork centered ow, i.e. wg must have degree
5, contradiction to our assumption. Thag + Vs.

If We ~ Vs, Wg ~ V3 to forbid the fork (1,vovs, UpvaWe, UpVs, UxU). Then we can identify
U, Up, U3, Uy @SU’, deleteu, Wg, Va2, V3, V4, Vs, Vs, the new graph is fork free, triangle free, i.e.
G is reducible, contradiction.

Case 3:v,, Vs has degree 3, ang ~ vs, the third neighbor of/, is w,. This case is
symmetric with Case 2.

Case 4.v,, Vg has degree 3, and the third neighbongfs w,, the third neighbor ot
is We, thenvy; ~ ws, wg to forbid the fork centered ouw,.

Claim 1: v + v3, by symmetryy; + vs.

Suppose notys must have degree 4, otherwise, we can identifyu,, us, us, delete
u, Vo, V3, Vg, the new graph is fork free, triangle free, i®.is reducible. Denote the fourth

degree ofvz by ws, thenws ~ vy, Vs to forbid the forks {svius, VaUaVa, Vaus, VawWs) and
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(VaV1U1, V3U3Vs, VaUa, VaW3), andws ~ W, or Wg to forbid the fork §/1vaws, vaugu, viwe, Viws).

If ws ~ wg, then let’'s show thag, must have degree 3, + wg since triangle free, and
V4 + Wo, Otherwise there is a forkv{w,vy, V4UsVe, Valy, V4W3); denote the fourth neighbor
of v4 by wy, then there is a forkwguoVso, V4UgVe, V4Ws, V4W,), contradiction. Next, let's show
thatvs also has degree 35 + Wg since triangle free, ang; + w,, otherwise, either there
is a two cut set\y, Wg), or this is the grapks, andG is 3-colorable, contradiction. denote
the fourth neighbor ofs by ws, thenws ~ wg to forbid the fork (14Vsws, UsVeWs, UsVa, UgU),
then (v,, ws) is a 2-cut set, contradiction. Now, we have shown thats have degree 3,
then we can identifyy, up, us, Uz asu’, deleteu, vy, V4, Vs, Ve, U, the new graph is fork free,
triangle free, i.eG is reducible, contradiction. Thug + We.

If ws ~ W, we can apply very similar argument as above, proveuhat have degree
3, andG is reducible, contradiction.

Claim 2: v + vy

Suppose noty, must have degree 4, otherwise, we can identifyu,, us, us, delete
U, Vo, V4, Vs, G is reducible. Also, the fourth neighbor af cannot bew, or wg since triangle
free, then there is a fork centered wywith long arms Y,U,V», V4UsVe), contradiction.

Now we have shown that, vs, v4, Vs are independent. Alsa; must have degree 3,
otherwise, denote the fourth neighbomvpby w;, there is a fork§;uuy, Uyviwy, UpVs, Uy Vg),
contradiction.

Claim 3: v has degree 3.

Suppose not, there are 4 situations:

If v4 ~ Wy, and the fourth neighbor sy, there is a fork {4W,Vy, VaUgVe, VaWa, VaUy),
contradiction;

If v4 ~ W, and the fourth neighbor sy, there is a fork {sWgVy, VaUaVa, VaWa, VaUs),
contradiction;

If v4 ~ Ws, Wg, thenw, or wg must be adjacent 4@, or vs to forbid the fork {/4U,Vs, V4U4Vs,

VaWo, V4We). However, for example, v, ~ vs, then we can identifyN, (u), deleteu, wy, Vs,
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Vs, V4, then new graph is fork free, triangle free, contradictiaiice that we have shown
thatvy, vs, Vg are independent); similarly, W, ~ vs or wg ~ v3/vs, we can apply the same
argument which leads to a contradiction.

Otherwise, denote the third and fourth neighbownayw;, there is a fork\(su, Vs, VaUsVe,
VaWy, V4W,), contradiction.

Thus, in graplG, v, v4, Ve have degree 3, and, vs, s are independent, we can identify
Uy, Uy, Us, Uy, deleteu, vy, V4, Vg, the new graph is fork free, triangle free, i@is reducible,
contradiction.

Case 5V,, Vg € V3, andv,, Vs have a common neighbar.

In this case, th&;(vi) — u; C (vs, Vs, W), otherwise there will be a fork centered on
with long arms @;uws, u;vi*). First, v; cannot be adjacent to all 0¥ vs, w), otherwise
there is a fork {yvaU,, ViVsUs, VIW, V1U;p). That means; € V3, thus there are 2 possibilities:

Subcase 1v; ~ W,V3, Orv; ~ W,Vs. Here,w € V4, otherwiseN;(w) c N;(u;), con-
tradictory to our assumption. However, the fourth neightiow must be one o¥s3, v4, Vs,
otherwise there is a fork centered wnwith long arms WwUu,, wvsUs). Then we can iden-
tify N1(u), deleteu, w, N;(w)(notice that here we can deletgsincev; € Vs), the new graph
is fork free, triangle free, contradiction.

Subcase 2v; ~ vs, V5. Now, let's prove that; € V. Firstvs + w, otherwisew ~ v,
to forbid the fork {3vius, VaU,Vs, V3Us, VaW), but it's impossible by Lemma 7.3. Now let’s
denote the fourth neighbor et by ws, thenw; ~ v, to forbid the fork {3viuy, Vauova,
V3Uz, VaWs); andws ~ Vs to forbid the fork (i3vsvy, UsVaWs, UgVes, UgL); andw ~ v, to forbid
the fork Uxvow, UaVavy, UnVy, Upu). Now, either this is the grap®, which is 3-colorable; or
W3, WIS a 2-cut set, contradiction.

Thus, we have shown theg € V3, we can identifyN; (u), deleteu, v,, v, Vg, vy in order,
notice that after we delet®, v; has degree 2, and can be deleted. The new graph is fork
free, triangle free, contradiction.

From Case I 5, we know that at least one @, v has degree 4.
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Case 6V, has degree 4, ang ~ vs, the fourth neighbor o¥;, is w.

In this casew, ~ vs to forbid the fork {,Vsus, VoUoVa, VoW, VoUy); also, Wy ~ Vg4 to
forbid the fork (/,Vsus, VoUoVs, VoWe, VoUp). Thenw, € Vg4, otherwiseN;(w,) c Ni(up),
contradictory to our assumption. However, by Lemma W3,+ Vs, denote the fourth
neighbor ofw, by w;, then there is a fork centered @n: (WoVaUs, WoVaUa, WoVo, WoW,),
contradiction.

That means, if, € V4, Vo + V5. By symmetry, ifvg € V4, Vg + Va.

Case 7V, € V4, Vs € V3, Vo, Vg has a common neighbars, and the fourth neighbor of
Vs IS Wh.

In this casey; ~ w, to forbid the fork centered om,. Other neighbors of; must be in
(we, V3, V5),(recall thatv; + v,) otherwise there will be a fork centered on

Claim 1: v » wg.

Suppose noty; ~ Wg, thenwg € V4, otherwise Ny (we) < Ni(uy). If the fourth neighbor
of wg is v, then there is a forkwgvsus, WsVsUs, WeVa, WgV1), contradiction; if the fourth
neighbor ofwg is vs, then there is a forkwgvsus, WsVoUs, WgVs, WeV1), contradiction; if the
fourth neighbor ofvs is some other vertex then there is a forkwgVoU,, WeVeUs, WeV1, WeX),
contradiction. Thus, the only possible g ~ v;.

Then, we claim that; + vs. Suppose notw, ~ v, to forbid the fork {/1vaus, ViWeVa,
ViU, VIW,), thenw, ~ vs to forbid the fork {/5U,Vs, V4UsVs, VaWs, VaWe)(NOtice that heravg
is saturatedw, + vs since triangle free). Then we can identiff(u), deleteu, w,, wg,
Vi1, Vo, V4, Vs, Vg IN Order, the new graph is fork free, triangle free, contcdn. Thusy; +
V3, we can apply very similar argument to show that+ vs. That means;,vs, vs are
independent.

Now we can identifyN; (u) asu’, deleteu, we, V, V4, Vs in order, the new graph is fork
free sinceu’ € V3, and triangle free, since, vs, Vs are independent, contradiction. Thus
Vi + W.

By our assumptiony; has at least 3 degree, thusneed to be adjacent to at least one
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of vz, vs. At the same timey; cannot be adjacent to both, vs, otherwise there is a fork
(V1V3Uy, V1VsUg, V1 Uy, VIW,), contradiction. Thus there are 2 subcases:

Subcase 1v; ~ v3,v; € V3. Here,wg + v3, otherwise,vz € V4, and has one long
arm that cannot be forbiddensviu;, and two potential long armsvsu,Vvg, VsUsVs, that
meansng need to be adjacent to boh, vs to forbid the fork centered ow, the degree of
W is 5, contradictory to our assumption. Thag + vs, thenwg ~ v, to forbid the fork
(UaVaVy, UaVoWe, UaVy, UoU).

Next, let’'s show that/; € V3. Suppose noty; + W, since triangle freey; +~ wg by
Lemma 7.3, denote the fourth neighborwgfby ws, thenws ~ v4, Vs, sincevs has one
long arm that cannot be forbiddemzv;u;, and two potential long arms{u,vy, VaUsVs).
Here,w; € V4, otherwise, we can identifijd; (u), deleteu, ws, Vs, V4, Vs, Vg In Order, the new
graph is fork free, triangle free, contradiction. Thendétok at the fourth neighbor s,
ws + Wg Since triangle free. We also claim that +~ w,. Supposev, ~ ws, then either
W, € V3, or the fourth neighbor oiv,, denote byx, is adjacent toss to forbid the fork
(WoW3Vs, WoVhoUa, WoVe, WoX), IN either case, there is a two cut sek(vs/X), or this is the
graphG, but it's 3-colorable. Thusi; + w,. Let’'s denote the fourth neighbor ok by m,
then there is a forkvgvyiu,, Vawsm, VU, V3U3), contradiction.

We have shown thak € V3, then we can identifiN; (u), deleteu, vs, Vg, V4 in order, the
new graph is fork free, triangle free, contradiction.

Subcase 2v; ~ vs. We can apply very similar argument to show thgt ~ v, and
V5 € V3, then identifyN;(u), deleteu, vs, Vg, V1 in order, the new graph is fork free, triangle
free, contradiction.

Thus, Case 7 is impossible.

Case 8V, € Vg, Vs € V3, the third neighbor ot is wg, the third and fourth neighbor of
Vo IS Wa, WS,

In this casey; ~ wg, Wo, W, to forbid the fork centered om, thenv is saturated, i.&;,

i = 1...6 are independent.
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Claim 1: Any vertexx, cannot be adjacent to four dk(u).

Suppose not, we can identify;(u) asu’, deleteu, x, and at least 3 oN,(X).(if v; €
N:(x), we cannot delet®;.) Then the graph is fork free, sineg has at most 3 degree;
the new graph is also triangle free, singare independent. That mea@ss reducible,
contradiction.

Now look atv,, there is a long arm ow, which cannot be forbidden,u,vs; also, there
are 2 potential long arms on, V,U,Vv3/Vs. There are 2 possible ways to forbid the fork
centered ov,. The first way isw, ~ vs, V4. It's impossible byClaim 1. By symmetryw,
cannot be adjacent to bot, v4. The second way i/, ~ V3, W, ~ V,. If SO, Wg ~ V3 Or vy
to forbid the fork {1Wovs, Viw,Va, viug, viwe). (recall thatw, + va, W, + v by Claim 1). If
We ~ V3, We + V4, V5, W, + V5 by Claim 1, w, + wg since triangle free. then there is a fork
(UaVaW,, UsVeWe, UsU, UsVs), contradiction. fws ~ Vi, We, W, + V3, Vs by Claim 1, then there
is a fork (/4UaVs, VaUaVs, VaW,, VaWs), contradiction.

Case 9V, € Vy, Vs € V3, Vg ~ V3, the third and fourth neighbor o is w,, w,.

In this casey, ~ w», W, to forbid the fork centered om,. Here,w, + v;, otherwise
there is a fork {sVeUas, VaWoV1, VaUy, V3Us); by symmetryw, + vz. Then,vs ~ W, W, to
forbid the forks (oVaVe, UsVoWs /WS, UoVa, UpU). Thenw, ~ vs or w, ~ s to forbid the fork
(ValaVs, VaUaVs, VaWo, VaW,).(recall that we have showm,., w, + v3). By symmetry, we can
only consider the cas&, ~ vs, that means after identifij, (u) asu’, we can deletel, w;,

Vy, Vs, Vs, Vg, U’ IN Order, the new graph is fork free, triangle free, contcadn.

From Case 1, and 6 9, we know that both o¥,, vs have degree 4. From Case 6, we
know thatv, + Vg, Vg * Va.

Case 10V, € V4, Vs € V4, and they have common neighbeovsg ws.

In this case, the neighbor of must be invs, vs, Wy, W, otherwise, there is a fork cen-
tered onu;. (recall that there is a potential long atquus, andvy + Vy).

Notice that in this graphv,, w, are symmetricys, Vs are symmetric. Since, has at

least 3 neighbors, there are several possible cases by syyraadollows:
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Subcase 1v; ~ Wi, Wo. Here,wy, W, € V4, otherwiseN; (wy), Ni(wz) € Ni(u;). The
fourth neighbor ofw, /w, must be one of\g, v4, v5), otherwise there is a fork centered on
W1 /W, with long arms (v, /WoVoU,, Wi /WoVsUys). That means, after we identifys, u,, U, Us
asu’, we can delete, wy, W, v, (after deletew, w,, v; has at most degree 2),, v, and
the fourth neighbor ofv, /w,, thenu’ has at most degree 2, we can delete it, too. The new
graph is fork free, triangle free, contradiction.

Subcase 2v; ~ wy. From subcase 1, we know that+ w,. Now we claim that; € Va.
Suppose not, i¥; ~ vz, Vs, there is a fork{;vaUs, V1VsUs, ViWy, ViUy).

Thusv; € V3. Now look atwy, w; € V4, otherwiseN;(w;) < N;(up), contradiction to
our assumption. However, the fourth neighbomgfmust be one o¥s, v4, vs, otherwise
there is a fork centered om with long arms yv;v,u,, WiVsUs). That means, after identify
N1 (u), we can delete, w; andN;(w,), (recall that here; € V3, thus we can delete it.), then
the new graph is fork free, triangle free, contradiction.

Subcase 2 shows thet » wy, by symmetryy; ~ w,. Butv; has at least 3 degree, thus
v, is and is only adjacent to both, vs.

Subcase 3v; € V3, andv; ~ vz, V5. Herew; + vz, otherwise, to forbid the fork
(VaV1Uy, V3U3Vs, VaUp, VaWy ), Wy ~ Vs, but it’s impossible by Lemma 7.3. By symmetwy;, +»

Vs, W + V3,Vs. Thus,wi, W, ~ V4 to forbid the fork (iovow; /W, UaVaVvy, UoVs, Upu). Then
there is a fork {4UyVs, V4UsVs, V4W1, VaWs), contradiction.(recall that hekg,, w, + vs, vs by
Lemma 7.3)

Case 11v, € V4, Vs € V4, and they have one common neighbgn, ~ ws, Vg ~ We.

In this casey; ~ ws, wg to forbid the fork centered ouw,.

Claim 1: v + vs. By symmetryy; + Vs.

Suppose noty; ~ vz, first we claim thaiv + vs. Suppose not, by Lemma 78, + Vs,
then there is a forkvgv; Uy, VaUzVs, VaUy, VaW), contradiction.

Thusw + vs, thenw ~ v, to forbid the fork (I,VsVvy, UpVow, UoVy, UoU).

Next we will show thatvs € Vi. First, vz + Wy, Wg Since triangle freeys » w by
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Lemma 7.3. Denote the fourth neighborwafby ws, thenws ~ vy, vs to forbid the fork
(VaV1Uy, V3UoVy, V3Us, VaW3), and the fork ¥sviuy, VaUsVs, VaU,, Vaws). Here,wsz € V4, oth-
erwise, we can identifyN;(u), deleteu, ws, vs, V4, Vs in order, then the new graph is fork
free, triangle free, contradiction. Also, the fourth ndaghofws can only bew,, otherwise
there is a fork ¥sviUy, VaWsx, VaU,, VaUs), thusws ~ w,. Now there are 4 possible unsatu-
rated verticesw,, w, Wg, Vs. Then look atw,, there are two possible long arms centered on
Wo: WoVbUo, WoWsVs, that means eithew, € V3, or w, share a common neighbor with. If

W, € V3, then eithews ~ wg, Orvs € V3, otherwise there is a forkiu,Vve, VsWsWs,, VsUs, Vs*),
(recall thatvs » w by Lemma 7.3), in each situatiow, wg is a two cut set, contradiction;
if w, share a common neighbor with, denote it byx, thenx ~ wg to forbid the fork
(ViW2X, ViVaUp, Vi Uz, ViWg). Here there are only 3 possible unsaturated vertioes wg,
ws € V3 otherwise there is a forkngvyvs, WeVeUs, WeX, We*), contradiction. That means
X, Wis a 2-cut set, contradiction. Thus, we have shownwhatVs.

Next, we will show thaw, € V3. Firstv, + Wy, otherwise there is forkv{w,v,, v1VaUs,
ViU, V1Wg); alsov, + We, otherwiseys ~ wg to forbid the fork 4UsVs, VaUoVa, VaW, VaWe),
recall that we have proved € Vz andw + vs by Lemma 7.3, then there is a fork
(WeVsUs, WeVaUo, WeV1, WeVe), contradiction. Let’'s denote the fourth neighborngfby wy,
then there is a forkuovawa, UpVavy, UsVo, UoU), @ contradiction.

Now, we have prove thak, v4 € V3, let’s identify N, (u) asu’, deleteu, vs, v4 in order.
Since we have known all the neighbor\af v,, vs, we can see none of them can use as a
long arm for fork centered o, thus there’s no fork centered of the new graph is fork
free, triangle free, contradiction. So far, we have finistiedproof ofClaim 1

Claim 2: For any vertex, x cannot be adjacent to 4 dk(u)

If xis adjacent to 4 oW, vz, V4, Vs, Vs, it's impossible by Lemma 7.3; & ~ v;, and 3 of
Vy, V3, V4, Vs, Vs, We can identifyN; (u) asu’, deleteu, w, andN;(w) exceptv,, by Claim 1,
this graph is triangle free, also it's fork free singes Vs, contradiction.

Claim 3: v € Va.
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Suppose not, the fourth neighbor wf must be one ofz, vs, w, otherwise there is a
fork centered onu;. By Claim 1, the only possibility isr; ~ w. Thenw € V,, otherwise
N1 (W) c Ny(uy); also, the fourth neighbor af cannot be one ofs, v4, V5 by Claim 2, then
there is a fork centered amwith long arms Www,u,, wvsU,), contradiction.

Claim 4: w cannot be adjacent to 2 vk, wg, W.

Suppose noty; has 2 potential long armsv4u,vy, VaUsVvs), then at least one af,, wg, W
is adjacent to 4 oN,(u), by Claim 2, it's impossible.

Claim 5: If v3 € Vg, v3 + any ofw,, wg, w.

Suppose not, there are 3 possibilities@gim 4

1. vz € V4, V3 ~ Wy, and the fourth neighbor ag is ws. Here,ws ~ v, vs to forbid the
fork (VaWovy, VaUpVy, VaUs, VaWs), and the fork YswWovy, VaUsVs, VaWs, VaUy). Now, look atvy,
eitherv, € V3, orv, ~ one ofw,, wg, W, otherwise there is a fork centered wywith long
arms {/4U,Vz, V4UgVe); then look aw, for w, either it's adjacent to one @, vy, Vs, orw € V3,
otherwise there is a fork centered anwith long arms \Ww,u,, W\sUs). That mean, after
we identify N,(u) asv’, we can delet@, N;(u), w», ws, w, since they have at most degree 2;
thenv' has at most degree &g and the fourth neighbor af(recall we have shown thaj
doesn’t have the fourth neighbor other thamws,, wg), then we can delet&, too. The new
graph is fork free, triangle free, contradiction.

2. vz € V4, V3 ~ Wg, and the fourth neighbor ok is ws. It's symmetric with previous
case.

3. v3 € V4, v3 ~ W, and the fourth neighbor of is ws. It's not symmetric with case
1, but we can apply very similar argument, first show that~ vy, vs to forbid the fork
(VaWVg, V3UaVy, VaUs, VaW), and the fork ¥swWve, VaUsVs, VaU,, Vaw). And after identifyN,(u),
we can delete all the vertices with degree less than 2, araifget free, triangle free graph,
contradiction.

Claim 6: w € V3, by symmetryys € Vs.

Suppose not, b€laim 4andClaim 5 we can denote the third and fourth neighbov-pf
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by x4, X2, thenx; or x, must be adjacent t@; to forbid the forkvsusvs, Vauov,, by symmetry,
we can only consider the cage~ vs.

First we will prove thatw, + v4. Suppose not, blaim 2 w, + vs; alsowg + Vg,
otherwise byClaim 2 ws + Vs, then there is a forkVu,vs, V4UsVs, V4Ws, V4Wg), CON-
tradiction. Thenws ~ Vs to forbid the fork (i;vsWs, UsVsWs, UsVs, Ugu)(Notice that here
W, + Wg Since triangle free.). However, Ws ~ vs, thenvy ~ X, to forbid the fork
Vs5U4Vs, VEWgV1, VsUs, VsX1 (Notice that here we have proved thiat- wg). Then we can iden-
tify No(u) asv/, deleteu, N1(u), W, We, X1, V' in order, the new graph is fork free, triangle
free, contradiction.

Second, we will prove that, » v4. Suppose not, then to forbid the fonk{s Xz, UsVs X1,
U4Ve, Ugl), eitherx, ~ Vs, Or X; ~ Vg, Notice that here; + X, since triangle free. However,
if X; ~ v4 there is a forkv4u,Vs, VaUsVe, VaXq, VaXo, cONtradiction, that means ~ vs. Now
we claim thatN;(N2(u)) = Ny(u), Xq, X2, W, We, W.  Actually, we only need to check,,
which is the only unsaturated vertex. If the fourth neighbbw, is wy, then there is a
fork (vaUaVa, V4UsVe, VaXo, V4Wy,), contradiction. Also, fow, eitherw € V3, or three of
Ni:(w) € V,(u), otherwise there is a fork centered wnwith long arms Wv>Uy, WVsUy),
contradiction; similarly, forx,, eitherx, € Vs, or three ofN;(x;) € V,(u), otherwise there
is a fork centered om, with long armsx;Vsu,, X;VsUys, contradiction. That means, after we
identify No(u) asv’, we can delet@, N.(u), w, X1, Xo, V' in order, then the new graph is fork
free, triangle free, contradiction.

Now we have shown thats,, X, + V4, thenw, ~ X, to forbid the fork (lvow,, UxvaXs,
UpVy, UnU).

Next, let's show thak; + ws. If X; ~ Wy, thenvs ~ X, to forbid the fork (vavous, WoXg s,
WoV1, WoXo) (recall that heres + vy by claim 3); also,x; or X, must be adjacent g to for-
bid the fork (Vaviwe, WoVoUy, WaXg, WoXo). If X3 ~ We, then there is a forkxgw,Vvs, X WeVs,
X1V3, X1V5), @ contradiction; ifx, ~ wg, then there is a forkxoWoVa, XoVsUy, XoVa, XoWe),

contradiction. Thus; + ws.
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Now, we have shown that,, X, + V4, X3 + Wy, then to forbid the fork\su,Vva, Vaxows,
V3X1, VaU3), X1 ~ Vq.

Next, let's show thatv + X,. Supposew ~ X, then there are 4 ways to forbid
the fork (eWXo, VeUsVs, VeU, VeWe): Xo ~ W, Xo ~ V5, V5 ~ W, V5 ~ Wg. However,
X2 * Vs, otherwise there is a forkxfvsu,, XoVsUy, XoW, XoW5). If Xo ~ Wg, thenx; ~ wg
to forbid the fork {suyVvs, VaXoWe, VaUs, V3X1), here all the vertices are saturated except
W, Wh, V4, V5, but w cannot have a new neighbor, otherwise there is a fork cehtamev
with long arms Ww,u,, WwsUy), andv, cannot have a new neighbor, otherwise there is a
fork centered onv, with long arms YsUyVo, V4UsVe), that means either this is the graph
G, which is 3-colorable, ows, v5 is a 2-cut set, contradiction. i ~ w, then there is
a fork (Wwuy, , wwsUz, Wvs, WXo), contradiction. Ifvs ~ wg, we can see thall;(N,(u)) =
W, Wg, W, X1, Xo(here, we only need to check the possible fourth neighbey,of, cannot
have a new vertex as its neighbor, otherwise there is a forteoed onv, with long arms
V4UoVo, V4UgVg, Ccontradiction), also, eithev € V3, orw ~ vy or vs, otherwise there is a fork
centered onv with long arms Wwu,, , WwsUs), contradiction. That means we can identify
No(u) asVv/, deleteN,(u), u, X;, w, W, V' in order, the new graph is fork free, triangle free,
contradiction.

So far, we have shown that + x,, thenv,; ~ w to forbid the fork {>uovs, VoWsXo,
VoUy, VW) (recall that we have shown thag, X, + v,).

Now look atw, w must have degree 4, otherwise, we can identifgu), deleteu, w, v,

V4, Vg in order, the new graph is fork free, triangle free, contcdn. Also,w + W,, X;, Wg
since triangle free, and + vs by Lemma 7.3w + X, as we have shown, them must
have a new vertex as its fourth neighbor, denote itbythenw, ~ w' to forbid the fork
(V2UaV3, V2OWW, VU1, VoWs).

Now, look at the fork centered amb: (W,ViWs, WoXoV3, WoW', WoV5), there are 2 ways to
forbid it: wg ~ X5, Orwg ~ W'.

If wg ~ X, thenvs ~ X, or vs ~ wg to forbid the fork {sWeXo, VsUsVs, VW, VgU,),
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however, ifvs ~ wg, then we can identifiN,(u) asVv’, deleteN;(u), u, w, X;, We, V' in order,
the new graph is fork free, triangle free, contradictionydf~ x,, then there is a fork
(V5U4Ve, V5XoWh, V5U3, Vi5X1), contradiction. Thusvg + Xo.

If wg ~ W, now look atx,, X, + W, X' since triangle freex, » wg, otherwise there
is a fork (usuyVa, VaXoWs, V3Xg, V3Us), contradiction; X, + Vs, otherwise there is a fork
(UgVs X2, UgVeWs, UgVa, UgU), Since we have shown that + wg. Thus,x, must have a new
vertex as its neighbor, denote is Ryx ~ x; to forbid the fork {;3u,Vs, V3XoX, VaUs, V3X1),
and thenx ~ w’ to forbid the fork {sww, v4X; X, V4U,, V4Us), NOW there are only 3 unsat-
urated vertices in the graph x,, vs, Wg, but here x, € V3, otherwise the fourth neighbor
of x, must bevs, to forbid the fork centered or, with long arms kws,V,, XoV3Us), then
there is a fork (sVs Xz, UsVeWs, UgVs, Ugl), contradiction; also we claim that € Vi. First
Vs + W, X, Otherwise either this is the grafih or there is a cut vertewg or x in this
graph, contradiction, supposeg has the fourth neighbows, thenws ~ wg to forbid the
fork (usVsws, UsVeWs, UsVa, Ugl), thenws, X is a 2-cut set, contradiction. So far, we have
shown thatss, x, € V3, then either is this the graph, which is 3-colorableywgrxis a 2 cut
vertex, contradiction.

So far, we have finishe@laim 6, v3 € V3, by symmetryys € V3. Then we can identify
N;(u) asu’, deleteu, vs, v, by Claim 3 the new graph is triangle free; then we can check
N1 (v1, Vo, Vg)(sinceN; (v, Vo, Vg) has been fixed), we can see that there is no fork centered
onu’; also there is no fork centered 81 v,, V4, Vs Since their degrees are less than 4. Thus,
the new graph is fork free, triangle free, contradictiom, Case 11 is impossible.

Case 12V, € V4, Vs € V4, and they do not have common neighbors, g~ w,, W,

Ve ~ Weg, W.

This case is impossible sinag ~ w,, W,, g, Wy to forbid the fork centered on;,
contradictory to our assumption thaG < 4.

By far, we have exhausted all the possible situationNg(u,), each case leads to a

contradiction. Thus, this graph doesn’t exist.
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Subcase 3:6

Figure 24: graphl1.3.6

74 |S(u) =4

We useg to denote the family of triangle-free and fork-free graphthwnaximum degree
at most four.

Let G be a graph irg, and letS,, S,, ..., S, be disjoints independent sets\¥G). We
useG(xq, X2, ..., %) = G[S1, Sy, ..., 5] to denote the graph obtained fraggby identifying
the vertices irf5; into a new vertex;, 1 < i < |, and removing all multi-edges. A sequence
of vertices ki, X, . .., X) of G is reducibleif dg(x1) < 2, anddg_(x, x,...x1(X+1) < 2 for
each 1< i < k- 1. We say thaG is reducibleif there exist disjoint independent sets
S1, Sy, ..., S of G such that the graph obtained frd&{x, X,, ..., %) = G[S1, S,, ..., S|]
by removing a reducible sequence is stillgh If G is reducible, a reducible sequence
of G(xg, X, ..., X) is also called a reducible sequencefor convenience, and the new
graph obtained fron® by above procedure is calledeductionof G.

Let G be a minimum counterexample to Theorem 7.1. SupposéS(gt > 1 for each

4-vertex ofG.

Lemma 7.8. G is not reducible.
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Proof. Suppose thab is reducible. LetG’ be a reduction o&s. ThenG’ is 3-colorable by
the minimality ofG, and any 3-coloring’ of G’ yields a 3-coloring of5 by extendingy’
in the reverse order of its reducible sequence. O

Let S(u) = {v1, Vo, V3, V4}. There are two cases by symmetry, one is that,/vs ~ Uy
andv, ~ uU,, and the other is that /vo ~ u; andvs/v, ~ U,.

We consider the former case first. Since each verteX o) \ S(u) has at least two
neighbors inN(u), and sinceN(x) ¢ N(y) for any two verticesx andy, we may suppose
by symmetry thats ~ uy/us, Vg ~ Us/Us, andv; ~ Up/us. Then,us + vs for avoiding
N(uz) € N(ug), andus + v; for avoidingN(us) € N(us).

SinceN(v;) # N(v3), v; has a neighbor, say;, not adjacent tos. Suppose that
w; + V. Then,w; # vs for avoiding (puw, upviwg, UiV, UiVs), Wy # Ve for avoiding
(UzUlp, UV Wy, UpVo, UpVa), andw, # V7 for avoiding (puus, UviWa, UiVo, UgVs). But this
implies thatG has a fork ;utp, U;VaWy, UsVo, UiVs). Thereforew; ~ v,, and thugN(vy) U
N(v2) U N(v3)| < 5 by symmetry.

LetG(u,V) = G[Sy, {v1, V2, v3]. Then,G is reducible asuy, uy, v4) is reducible, contra-

dicting Lemma 7.8.

Now, we consider the latter case. Again, since each vert®k(nm) \ S(u) has at least
two neighbors ifN(u), and sinceN(x) ¢ N(y) for any two verticex andy, we may suppose
by symmetry thats ~ u;/us, Vg ~ Uz/Ug, V7 ~ Up/Us, @anduy + Vs andug + V7.

If vi ~ Vg, then (1ulp, UiV, UiVo, UiVs) forcesv, ~ Vg, and thusN(vy) = N(V,)
contradicting Lemma 7.3. Therefore, we suppose by symntiesitys + vy /V2/Va/Vs.

By Lemma 7.3N(x) \ N(y) # 0 for any two verticex andy. Letw; (resp.w,, Ws, W)
be the vertex ifN(vy) \ N(v2) (resp.N(V2) \ N(v1), N(v3) \ N(V4), N(V4) \ N(v3)). If wy # v7
(resp. Wo # V7), then (U, UViWy, UiVa, UgVs) (resp. (IzUlp, UiVoWs, UgVy, UpVs)) forces
w; ~ V5 (resp.w, ~ Vs). The same argument shows that each vertéwinw,} is adjacent

to v; unless it isvs. We distinguish two cases.

Casel. Suppose thaw, = v7. Then,w, # v;, and hencav, ~ vs. If v5 ¢ {Ws, W}, then
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Wws/Wy ~ V7 contradictingd(v;) < 4. So, we suppose, by symmetry, that = vs. Then,
Wy ~ V7, and (/U U, VoVaWg, VoWs, Vo) forcesw, ~ wy.

If wo € Vy, let o ¢ {V»,Vvs,W4} be a neighbor ofv,, thenx, € {us, us} to forbid
(VaupU, VoWs X0, VoV, VoVy). But this impliesw, € No(u) \ S(u) and thusw, ~ uz/ug, contra-
dictingw, € V4. Therefore, we suppose by symmetry thatw, € V3, and then{us, us}

forms a 2-cut of5, contradicting Lemma 7.4.

Case2. By symmetry, we suppose that # v; # W, andws # Vs # Wy. Then,wy /W, ~ Vs,
andws /Wy ~ V7. Let Gy = G(v;, v3) = G[{vy1, Vo, Vs}, {V3, Va4, V7}]. Then,G is reducible since

(uz, Up, U) is reducible, contradicting Lemma 7.8.
75 |S(uw) =3

In this section, we suppose that for every 4-vertexf G, 1 < |S(X)| < 3. Suppose that
S(u) = {v1, Vo, V3}. We consider two possibilities by symmetry, one is thai,/vs ~ uy,
and the other is that; /v> ~ u; andvs ~ u,. Note that we seB; = {u,, Uz, Us}.

First supposer;/v»/v3 ~ U;. Since each vertex ilNy(u) \ S(u) has two neighbors
in N(u), by Lemma 7.3 we may suppose thgt~ u,/us, Vs ~ Uz/Us andvg ~ Uy/Us.
If up,us,us € V3, let G(U) = G[S;], then G is reducible sinceu itself is reducible,
contradicting Lemma 7.8. Therefore, there are exactly tweHdices inS;. Note that
S(up) = {up, Uz, Ug}. We may suppose by symmetry thgtug, vi, Vo € Vy4, andvs, U, € Va.

Suppose thaty ~ Us/Us, W1 /W, ~ V1/Vo, Wo ~ Vo /V3, @andws ~ Vi /Va. If {wy, W}, Wo, W3}N
{V4, V5, Ve, V} # 0, supposav, = Vv, for instance, leG(U', V') = G[S, {v1, Vo, v3}], thenG is
reducible asy, u;, wy) is reducible, contradicting Lemma 7.8. Therefdu,, W, Wy, ws} N
{V4, V5, Vs, Vg} = 0. Now, {u, Up, Us, Us} N S(v1) = {u}. Since each vertex iB(v;) \ {u} has to

be adjacent to by Lemma 7.5|S(v;)| = 1, contradicting our assumption.

Now, we suppose that /v, ~ u; andvs ~ U,. Without loss of generality, we suppose
that if |S(X)| = 3 for a 4-vertexx, then the three vertices B(x) are not adjacent to a same

vertex iNnN(x). Letw; € N(vp) \ N(v2) andw, € N(v2) \ N(v;). LetS; = {vi,Vvo}. We
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consider two cases dependingadyuy).

Casel. In this case, we suppose € V3. SinceN(x) ¢ N(y) for any distinctx,y, we
suppose that, ~ Up/Uz, V5 ~ Uz/Ug, andVg ~ Up/Us. SinceS(u) = {vq, Vs, V3}, either
Us, Uz € V3, O Us, Us € V4 implying uz andu, that have a common neighbor, sdy other
thanu andvs.

We first consider the situation that,us € V4. Then,u; € S(up) N S(uz) N S(uy),
and thusS(u;) U S(us) U S(ug) € {ug, Vi, Vo} by Lemma 7.5. Letvs andw be vertices in
N(vs) \ N(v;) andN(v;) \ N(vs), respectively. Note thats # w.

We show that
exceptvs nov; can be adjacent to botix, v,. Q)

Since|S(uy)| > 2, there exists at most one edge frop(resp.vg) t0 S,. If Vs ~ Vi /vy,
thenw; ¢ {vi,V,}, and hencev, ~ Ve for avoiding (suuy, UsVEWS, UsVis, UsVe), Wy ~ V4 for
avoiding (suuy, UsVeWg, UaVa, UsVs). Note that ifvs + vi/V,, then its neighbor other than
Uz, U4 andw has to be adjacent t§ andv,. LetG(u', v;,V,) = G[S1, Sz, {4, Vi, V6}]. Then,
G is reducible asy(, us, vs, W, U, v3, V}) is reducible, contradicting Lemma 7.8. The same
happens if7; ~ v1/v,. Therefore, (1) holds.

Note that|S(uz)| > 2. We suppose by symmetry thate S(us). Thenv, ¢ S(us) by
Lemma 7.5 and (1). We consider three possibilities uppen,} N {ws, w;}.

First, supposevs = v; andw, = v, by symmetry. Theny, ~ v, for otherwisev, ¢
S(us), and hencer, € S(us). So,v; ~ Vg for otherwise{uy, vi, Vo} € S(us). But then, both
v; andv, are not inS(u,) implying that|S(u,)| = 1, a contradiction to our assumption.

Next, suppose thats = v; andw; # V.. Sincew; + Vs, Wy ~ Vg for avoiding
(UgUUn, UgVEWE, UgVis, UgVie), @andw;, ~ v, for avoiding (suuy, UsVEWg, UsVy, UsVs). If vo ~ Vg,
thenvy + v; by (1), and hence, can be viewed as;. So, we suppose thag + vg. If
vz ~ Vg, there would be a forkuguuy, UsVVa, UsVa, UsVs). SO, we suppose thad/vs +» Vs/Vg.

If vi ~ Vg, thenv, + vg by (1), and hencéS(us)| = 1 asv, * vs/Vg, a contradiction. Note
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thatvy + vy /Vs andv, + Vs/Vg, Vo ~ Vg implies thatS(us) = {us, v1, 2}, also a contradiction.
Thereforeyvs + v1/Vvo. With the same arguments as used in the proof of (1), one @am sh
thatG is reducible.

The third, we supposfvs, Ww,} N {vi, o} = 0, i.e., each of;, andv; is either adjacent to
bothvs andv;, or adjacent to non of them. Theniz(iuy, UsVsWs, UsVa, UsVg) forcesws ~ vy,
(UgUU, UgVsWs, UgVg, UsVe) forcesws ~ vg, and the similar arguments show tht ~ v,/ Vve.

Thus,v; ¢ S(us), a contradiction.

Now, we suppose thak, us € V3, and distinguish two subcases depending up@g).

Subcasel.1. We first consider the subcase thate V,. Let ws be the vertex in

N(vs) \ {Uz, V1, Vo}. Sincevs ~ Vs producing a fork gouuy, UxVaVs, UpVy, UpVe), W3 # Vs. SO,
W3 & {V1,...,Vs) (2)

asG is triangle-free. Forced byufuu,, uvaws, UsVy, UxVe), We suppose by symmetry that
w3 ~ V4. Then,u € S(v3) andN(u) N S(vs) = 0, and hence each vertex 8(v;) must be

adjacent tas, by Lemma 7.5, and thug € S(v3) by our assumptiofs(vs)| > 2. So,
Ve * V1/V2/Ws. 3)

Sincew; + v, andw, + vy, Wy /W, ~ Ws forced byS(vs). Letws ¢ {U,, Uy} be a neighbor

of Ve. Then,wg ~ v, for avoiding (xuuy, U,VeWs, UoVs, UoVy), and thusss € Vi, and
Vi/Vo # Vg (4)

SinceN(V4) = {Uyp, Uz, W3, Wg}.
If wi = vs, letG(U', vy, V) = G[S1, Sy, {4, V5, V6}], thenG is reducible sincey, u;, U,
Vs, W3, V) is reducible, contradicting Lemma 7.8. Thereforg,# vs # W, by symmetry,

and hence following (2), (3) and (4),

{W1, W3, W3} N {V1,Vo. .., V6} = 0.
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Sinceu € S(v3), N(v1) N S(v3) = 0 = N(v2) N S(v3) by (3). Eithervy, v, € V3, or they
have another common neighbor, s&y, other tharu; andvs. In the former situation, let
G(v) = G[S;], thenG is reducible since; itself forms a reducible sequence, contradicting
Lemma 7.8. So, we suppose the latter occurs. Sigce Vs, w; # Ve. Note thatu,u, €
S(v1) N S(v2). Each vertex in(w;) U N(w;) U N(w.)) \ {v1, Vo, Wz} is adjacent to all of
Wi, Wi, Wo. By letting G(vy, W) = G[S,, {w;, w1, Wo}], one can check thas is reducible.

This contradicts Lemma 7.8 and completes the proof of thisase.

Subcasé.2. Suppose thag € V3. We consider two possibilities depending on whether
there exist edges betwe@n, v,} and{vy, vs}.

First we suppose that there exists no edge betwegn,} and{vy, vs}. If v4 € V3,
letw, ¢ {u,, us} be a neighbor of,. Otherwise, letvs, w, ¢ {uy, us} be the other neigh-
bors ofv,. Then,w, ~ Vg to avoid (puuy, UpVaWa, UpVs, UpVe), andw, ~ Vg by symmetry.
Furthermore, we suppose, by symmetry, that- vs to forbid (VaUaVa, VaUsVs, VaWs, VaW,)
while v4 € V4. Wheneven, € V,, letG(U, V) = G[Sy, {V4, Vs, V6}], thenG is reducible as
(u,uy, U, v3, V1, Vo, Wy, V') IS reducible, contradicting Lemma 7.8. So, we suppose hy sy
metry thatvy, v € V3. Note thatvs € V, implies thatvs ~ w, to avoid the fork with
long armsvsusv, andvsusvg. Let G(u”,Vv”’) = G[S, {V4, Vs, V}]. Then, G is reducible as
(u,uy, U”, vs, Vi, Vo, V') is reducible, contradicting Lemma 7.8 again.

Next, we suppose that there exists edge betwWeerm,} and{v,, Vs}. If v4 ~ v1/V,, then
Wy ~ W, forced by {aviwa, VaVow,, VaUo, V4U3), and hence a forkviu,u, viw,Wa, Vi Vi, ViVy)
occurs inG. Thereforey, (resp.vs) is adjacent to at most one wf andv,. Without loss of
generality, we suppose that ~ v, i.e.,Wy = V4. If v4 € V3, letG(U, V') = G[Sy, {V3, V4],
thenG is reducible as\(, uy, v;, V', U') is reducible, contradicting Lemma 7.8. So, we sup-
pose thav, € V,. Letw, ¢ {u,, Us, v1} be a neighbor of,. Thenw, # v, sincew; + v,. The
fork (V4VviUs, VaUsVs, VaUo, V4W,) forcesw, ~ vs, the fork (ouuy, Upvawy, Usvs, UoVe) forces
Wy ~ Vg. If Vg € Vg, letwg ¢ {U,, Uy, Ws} be a neighbor ofs, then (,uuy, UxVeWe, UoVa, UoVya)

forcesws € {vi1, Vo}. Whateveng € V4 or not, let= G(U', V') = G[Sy, {V4, V5, Ve}]. Then,Gis

125



reducible asy, us, U, vs, vi, Vo, V') is reducible, contradicting Lemma 7.8. This completes

the proof of Case 1.

Case2. Now, we suppose; € V,.

If u; andu, have another common neighbor other thiathen one can check easily that
eitherN(uz) € N(u4) or N(us) € N(us), both contradict Lemma 7.3. Therefore, we suppose
that{u} = N(u1) N N(up), and suppose by symmetry thatanduz have another common
neighbor other than. We discuss in two subcases depending ug@mn) N N(us) = {u} or

not.

Subcase.1. We first suppose th&t(u,) N N(uz) # {u}. Letv, # u be a common
neighbor ofu, andus, vs # u be a common neighbor af, andus. Then, one can check
easily by Lemma 7.3 thak andus have another common neighbor, sgy# u, andu, and

us have another common neighbor, say£ u.
Claim 7.9. Ug * V3.

Proof. Suppose to the contrary that ~ v4. Then,u,, us € S(u;), and any other vertex in
S(u;) should be adjacent to both andu,. Since|S(uy)| < 3, [{wg, Wo} N S(uy)| < 1. By
symmetry, we may suppos® € S(u;) andw, ¢ S(u;) whenever{w;, w,} N S(u;)| = 1.
Then,w, ~ vs5 for avoiding (U, UVoWs, Uivy, UiWe), andwy € {vy4, 7} whenevemw; €

S(Ul).

We considemw; € S(u,) first.

Suppose thatv; = v4. Then (3VaVy, UsVsWo, UsU, UsVe) forces eithew; ~ vg or w, ~
Vg. If the former occurs, ther, ~ vg sincevg ¢ S(uy), let G(u',v) = G[S1,S,], one
can easily check thab is reducible asuy; uy, v4, Ve, V', V3, U') is reducible, contradicting
Lemma 7.8. So, we assume the latter situation, We.~ Vg andv; + Vg. If Vo ~ Vg,
thenv, € S(uy) implying vi ¢ S(us) by Lemma 7.5 and thug; ~ v7, and one can
check easily tha® is reducible by lettings(u, vi, vi) = G[S1, Sz, {Vs, Ve, V7}] and reducing

(U, Ug, Vg, U, V3, V], W, V). SO, we suppose that /v, + Ve. If Vg € Vs, letwg ¢ {us, Ug, W}
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be a neighbor ofs, thenv; ~ wg for avoiding {i;Uuy, UsVsWe, UgVa, UgV7), V3 ~ W for
avoiding (,uuy, Uv7Weg, UV, UoVs), Wo ~ Wg fOr avoiding (/3UnU, VaVoWs, VaVy, VaWg), Vi ~
vs for avoiding (sv4Vi, UsVsWs, UsU, UzVs), and thus{v,, v7} is a 2-cut ofG contradicting
Lemma 7.3. Soys € V3. Then, one sees th@tis reducible by lettings(u’, v') = G[S4, S7]

and reducingy, Uy, V4, Ve).

Next, we suppose that; = v;. We show that
besidess Vs, Vo3, viv; there is no edgey; for 1<i< j<7. (5)

Sincev; = w; € S(up), V7 * Vo/Vs. SinceG is triangle freey, + V3/Vs/Vs/ V5.

Sincev; andv, cannot be adjacent tq both, ifv; ~ v4 thenv, can be viewed as,. By
the above discussion, we may supposevhat v,. If v; ~ Vg, thenv, ~ vg sincevg ¢ S(Uy),
and hencégu, U,, Uz, Us} € S(V») contradictingS(v,)| < 3. Thereforey, + v4/Vs/ V.

If v, ~ V4, NOtevs + v; asvy = wy € S(Uy), a fork Uvyvy, UiVovg, Ugl, UgVvy) occurs. If
Vo ~ Vg, thenvy ~ vg implying {u, U,, Uz, Us} € S(V») contradictingS(v,)| < 3. Therefore,
Vo + Va/Vs/Vs/ V7.

If v3 ~ Vs, thenw, ~ v for avoiding (/svsUs, VsUsVg, VisUy, VsW,), and furthermore either
W, ~ V4 Or W, ~ V7 for avoiding Qsuuy, UgVeWs, UsVs, UgV7). BY discussing ors(u;) and
S(ug), we see thatg € V3 asvg *» vi/V, andv; € V3 whenevew, ~ v,. In both cases,
let G(u', vy, Vi) = G[S1, Sz, {Vs, V6, V7}]. Then,G is reducible asu, us, Vs, U, Vs, Wy, Vi, V;) IS
reducible, contradicting Lemma 7.8.\Jf ~ v, thenw, ~ vg for avoiding (/zu,u, VaVows,
V3Vi, VaVg), and furthermorev, ~ v, or w, ~ v; for avoiding (iU, UsVsWa, UgVa, UgV7),
the same argument as just used on the egse vs yields a contradiction. Therefore,
V3 * Va/Vs/Vs/ V7.

We have proved (5). Letis ¢ {us, Us} be a neighbor ofs. Then,wg # v; for anyi by
(5). Sincews ~ vz producing a fork YsU,U, VaWgVs, VaVi, VaVo), We + V3. Sinceu; € S(Uy)
andwg + u;, W ¢ S(uy) by Lemma 7.5, and henogs ~ v4 or wg ~ Vv, for avoiding

(UgUU, UgVeWes, UgVa, UgV7). If W ~ Vg4, thenwg ~ s for avoiding (/4UoVa, V4UsVs, VaUs, VaWe)
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(notewg + v3), and thus for avoidinguguuy, U VsWe, U1y, U1Vy), eitherwg ~ v producing a
fork (viusU, ViWgVy, V1V3, V1V7), OF We ~ Vo producing a fork U, U, VoWgVy, VoVs, ViW,), both
are contradiction. Otherwise, we hawg ~ v;. Then,wg ~ v, for avoiding (uuy, UpVv7We,
UV, UoVy), furthermorews ~ vs for avoiding (/4UoVs, V4UsVs, ViU, VaWg) (NOteWs + V3),

and thus a forku;uus, U;VsWg, U1V1, UpVo) OCCUTS.

Finally, we suppose that; ¢ S(uy), i.e.,|{wi, Wo} N S(uy)| = 0. By symmetry, we may
suppose further thad(v;) N S(u;) = 0 = N(v2) N S(uy). Then,wy/w, ~ Vs.

If vi ~ v fori = 4,6,7, thenv, ~ v; for otherwisev, € S(u;) contradictingN(vy) N
S(u) = 0. So,vi/Vo + V4. If v ~ Vg, let G(U,V) = G[Sy,S,], thenG is reducible
as {,vs4, Vg, Uy) is a reducible sequence, contradicting Lemma 7.8. The $appens if
Vi ~ V7. Therefore, we suppose that/'v, + V4/Vs/Vs/ V7.

If v3 ~ Vg, then fori = 1,2, w; ~ vg for avoiding (3viw;, VaU,U, VaUg, V3V3_i), contradict-
ing d(vs) < 4. Sincevg, V7 € Ny(V4), V4 + Vg/ V7.

We have shown that

besidessvs, vov; there is no edgeyv; for 1<i<j<7. (6)

Let wg ¢ Uz, Uy} be a neighbor ofs. Then,wg # v, for anyi by (5). Sincews ~ v3
producing a fork {zU,U, VaWgVe, VaV1, VaVo), Wg + V3. TO forbid (Usuuy, UsVeWs, UgVa, UsV7),
Wg ~ V4 OrwWg ~ V7. Butfori e {4,7}, ws ~ v, andwg +» Vvy1; Will produce a fork
(UUUg, UpViWg, Uz, UaVayi). Thereforews ~ v4 andwg ~ V7, and thusvg € Vi. Let
G(U,Vv) = G[S1,S,]. Then, G is reducible as\, uy, V4, Ve, Ws, V7, U, V3, Vs) IS reducible,
contradicting Lemma 7.8.

This completes the proof of Claim 7.9. O

Claim 7.10. ugq + Vs.

Proof. Suppose to the contrary that ~ vs. Sincevs ~ u;/uz/Us, at most one ofv; andw,

may be adjacent ta;, and thug{w;, w,} N S(uy)| > 1. Sinceu, € S(uy), if wy, Wo € S(uy),
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thenu,w;wW,u, is a triangle by Lemma 7.5. Therefore, we may suppose, by strym
thatw; € S(up) andw, ¢ S(u;). Then,w; € {v4,V;} for otherwisew; + u, contracting
Lemma 7.5, ane, ~ vs for avoiding (U Uk, U;VoWs, UiVe, UpVs). By symmetry, we suppose
thatw; = v4. Then,vy ~ Vg, OrWso ~ Vi, Or W, ~ Vg for avoiding (UsvsVy, UsVsWo, UsU, UsVe).

If vi ~ Vg, thenv, ~ vg sincevg ¢ S(uy), Wo ~ V7 for avoiding (UsVsWo, UgVeVy, UgU, UgV7),
andw, ~ vy for avoiding (,uuy, Upv7Ws, UoVs, UoVy,). But then {vs, v7} is a 2-cut contradict-
ing Lemma 7.4. So, we suppose that- v.

If wo ~ vg4, thenw, ~ v; for avoiding puuy, UpVaWo, UpVo, UpV;). Let We ¢ {Us, Ug}
be a neighbor ofs. If wg = v, there would be a forkugVeVs, UsvaWo, Ugu, UgVs).  If
Ws = Vo, there would be a forkuguu,, U;Vove, Ugvy, UsVs) (note thatv; + vg). Therefore,
Ws ¢ {V1,Vo,...,V7}. Then,wg ~ vy for avoiding (UsvaVi, UsVeWe, UsU, UsVs), We ~ V, for
avoiding {;ulp, U;ViWe, UsVo, UpVs), and hence a forkvgvaus, VoWeVe, VoUg, VaW,) OCCUTS.
So, we further suppose thag + V.

The only remaining situationis that ~ vs. Thenw, ~ v; for avoiding {/sUsVa, VsUsV7,
VsUy, VsW»), and thus produces a forkiuuy, u,vaws, UoVa, UoVy). This contradiction com-

pletes the proof of Claim 7.10. O

By Claims 7.9 and 7.1Qu; + V4/Vs. Then,us € V3. We show that

{W1, Wa} N {Va, Vs, Ve, V7} = 0. (7)

SinceG is triangle-freew; # vs # W,. Sincew; = v, producing a fork @;uuw, u;vyVa,
UiV, U1Vs), andw; = Vg producing a fork @;utp, U;VviVe, UiVo, UiVs), we have{w;, w,} N
{V4, V6} = 0 by symmetry.

To prove (7), we need only to show that # v; by symmetry. Suppose to the contrary
thatw, = v;. Then,w, ~ vs5 for avoiding (;uly, U;VoWs, UV, UiVs). Letw, ¢ {up, Uz} be a
neighbor ofv,. SinceG is triangle-freew, ¢ {vs, vs, Vs, V7}. We prove thatv, # vq, Vs.

Suppose thatv, = v;. Then,v, ~ v, by (7). If v; € V3, letG(U, V) = G[S,, Sy], then

Gisreducible asy, v4, V7, Uy, Vs, V', V3) is reducible. Otherwise, suppose thiat V, and let
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w7 # {Uy, Ug, V1} be a neighbor of;. Sincev; ~ vs producing a fork{zvsV,, UzVsV7, UsU, UzVe),
V7 + Vs. Then,wy ~ v3 for avoiding (U, UovaW, UoVs, UoVy), Wo ~ Wy for avoiding
(VsUoU, VaVoWs, V3V, VaWy), and furthermorev, ~ v for avoiding 7w Wo, V7UgVe, V7U, V71 ),

and thugvg, Wy} is a 2-cut, contradicting Lemma 7.4. Therefore,
Ws & {Vq, Vo, ..., V7).

If wy = w,, thenw, ~ v for avoiding (,uuy, uvaws, Uovs, UsV;), and hence forcing a
fork (V7UsVe, V/WoVo, V7UL, V7Vy). SO, we suppose that, # w,. Then, eithem, ~ vz or
wy ~ V7 for avoiding (ouuy, UpVaWy, UoVs, UoV7). In the former casew, ~ vy for avoid-
ing (VaUoU, VaViV7, VaVo, VaWy), andw, ~ wy for avoiding (/5uUpU;VaVoWs, VaVy, VaW,), and
thus a fork (WsV4Us, WaV7Ug, WaVa, WaWo) Occurs. In the latter casey, ~ Vg for avoiding
(V7UaVe, V7V1Us1, V7Uz, VaWy), then by lettingG(vy, Vv)) = G[{va, V2, Vs}, {V4, V6, V7}], ONe sees

thatG is reducible asu, us, Wa, U, Uy, Us, V3) is reducible. This proves (7).

To avoid (;uuy, UViWe, UiVo, UiVs), Wy ~ V5. The same argument shows that ~ vs.
Thus, eitherv,, v, € Vs, or they have a common neighbeft other thanu, andvs. |If
vz € V3, letG(v;) = G[{v1, V2, vs}], thenG is reducible asu, vs) is reducible. Soy; € Va.
Letws ¢ {Uy, Vi, Vo} be a neighbor ofi;. Sincew; = vg impliesw,/w, ~ Vg for avoiding

(VaUoU, VaVaW1, Va3V, VaVg) and (/3UpU, VaVoWs, V3V, VaVe) that contradict(ve) < 4,
W3 & {V1, Vo, ..., V7]

Sinceu € S(v3), Wi, Wo ¢ S(V3), and thusw;/w, ~ ws for avoiding {/suou, Vaviwy,
V3V, VaWs) and (/sUoU, VaVoWs, V3V, VaWs). TO avoid (pUuy, UpVaWs, UoVg, UoV7), Wa ~ Vj4 OF
W3 ~ V7.

If ws ~ vy, then by (7), eithek; ~ vy/V,, or vz € V3 andv; andv, have a common
neighbor other than, for avoiding a fork atu,. In the former case, l&b(u’, v, v,, W) =
G[{S1, S2, {V4, V6}, {W1, W,}], thenG is reducible as ((, v7, us, Vs, U, V3, v, Ws) is reducible.
In the latter case, l&b(U', vy, v, W) = G[{S1, Sy, {Va, V6, V7}, {W1, Wy}], thenG is reducible

as (, ug, vs, U, v3, v}, Ws) is reducible.
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Suppose thati; ~ v;. The same as above, eithgr~ v;/v,, orv, € V3 andv, andv;

have a common neighbor other thanfor avoiding a fork au,, one gets a contradiction.

Subcase?.2. Now, we suppose that(u,) N N(us) = {u}. Letvy # ube a common
neighbor ofu; andus, vs # u be a common neighbor af; andu,, andvs # u be a
common neighbor ofl, andug. If {u,, us,us} ¢ Vs, then eitherd(us) = d(us) = 4, or
d(uz) = d(us) = 4. In the former case, suppose thitis) N N(us) = {u, vs, Vi }. In the latter
case, suppose thhi(uz) N N(us) = {u, e, Vg}.

Sinceu,, uy € S(uy), if |S(uy)| = 3, thenvg € S(u;) by Lemma 7.5. Sinces +» v4 and
Vs ¢ S(Uy), Wy # Vg # Wo.

Suppose thatv; = vg. Then,w, ~ v, for avoiding (U, U3VoWs, UiV, UgVy). I
Up,Us,Us € Va3, let G(U,, vy, Vvy) = G[{Up, Ua}, {V1, Vo, Va}, {Va, Ve}].  If d(uz) = d(us) =
4, by considering the possible forks with centgr one sees that eitheg (resp. V)
has degree 3 or it is adjacent to bathandv,, then letG(u,, V|, V3, Vi) = G[{uy, Us},
{V1, Vo, Va}, {3, 6}, {V5, Vi.}].  If d(up) = d(us) = 4, by considering the forks with cen-
ter u;, one sees that each neighborwfis adjacent tov; or vg, then letG(u;, v;,v;) =
G[{Uo, Ua}, {V1, Vo, 4}, {V3, V6, V}]. In each situation, it is easy to check ti@its reducible.

Therefore, be symmetry, we suppose twat Wo} N {v4, Vs, Vg, Vs, Vg} = 0. Hence
Wi /Wo ~ Vg (8)
for avoiding (U Uk, U;ViWy, UiVo, UpVy) and (Ui Ulp, UgVoWs, UpVy, UgVy), and
eithervy, v, € V3, or they have a common neighbor other thayvs. (9)

If v3 € Vg, letws ¢ {U,, vy, Vo} be a neighbor ofi. If wy = vs, there would be either
a fork (vaUpU, VaviWi, VaVo, VaVs) OF @ fork (/aUzU, VaVoWs, Vavy, VaVs). Then,vs # Wz # Vg
by symmetry. Thereforeys is not adjacent tai,, u; andus. To avoid forks with centevs,
W1 /Wy ~ Ws.

If d(uy) = 4, thenN(uz) N N(us) = {u, Vs, Vv.}. To avoid the fork with one long arm

Uouly, one sees thad(vs) = N(v;), a contradiction to Lemma 7.3.
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So, we suppose thdfu,) = 3. If d(v3) = 3, letG(u', V) = G[S1, S,], thenG is reducible
as (,vs, Uy) is reducible. Ifd(vs) = 4, let G(u, vy, W) = G[{Us, Us}, {V1, V2, Va}, (W1, Wal],
thenG is reducible asus, u, Uy, V3, Ws) is reducible. This contradiction completes the proof

of Section 2.
7.6 |S(u) =2

In this section, we always suppose ti&(tx)| = 2 for every 4-vertex.
Supposes(u) = {vi, V»}. There are two possibilities by symmetry: one is thgt, ~
u;, and the other is that, ~ u; andv, ~ U,. Note thatS; = {u,, Uz, Uy}, andS, = {vy, Vo).

We distinguish two cases accordingly.

Casel. Suppose that; /v, ~ u;.

First, we consider the situation that € V3. Letvs # ube a common neighbor ab
andus, v4 # U be a common neighbor o andu,, andvs # u be a common neighbor o
anduy. If {u,, us, Us} C V3, letG(U') = G[S,], thenG is reducible asy, u,) is reducible. If
there exists a vertex, say, in N,(u) who is adjacent to each vertex$f, one sees th& is
reducible by lettings(u’) = G[S;1]. So, we suppose that each vertexNs(u) is adjacent to
at most two vertices db,. Then,{u,, Uz, Us} £ V4. By symmetry, we suppose that € V3
andug, Uy € Vy. Letv, ¢ {u, v4} be a common neighbor of andu,, letw, € N(va) \ N(v))
andw, € N(v;) \ N(va).

If wy = vy andw; = vy, thenvy ~ vz or v, ~ v3 for avoiding (zvava, UsV, Vs, Usu, UsVs),
andvy ~ Vs or v, ~ Vs for avoiding (avava, UsV,Va, Usu, Usvs). Whatever which occurs, one
sees, by the possible forkswatandu,, that eithen, andv, have a common neighbor other
thanus, U4, or one of them has degree 3 and the other has a common neighbag and
Vs. Let G(U',V},V;,V) = G[S1, Sy, {V3, V5}, {V4, v, }], thenG is reducible asy, u;, U, V) is
reducible.

If wy = v; andw,, # v, thenw, ~ vs/vs for avoiding Usuuy, Usv,W,, UsVs, UsVs) and

(Uguuy, UgVyW), UgVs3, Usvs). Note thatu; € S(us) N S(us) and|S(us)l = [S(us)l = 2, by
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analyzing the possible forks at andus, eithervs,va,Vv,,vs € V3, or there exists a new
vertex adjacent to at least two of them. @&, v;) = G[Sy, {Va, V4, V), Vs}]. ThenG is
reducible asy, u’, u;, w)) is reducible.

Therefore, we assume by symmetry that vo} N {wy, W} = 0. Then,wa/W, ~ V3/Vs
for avoiding forks with centeus; or u,. By lettingG(u', v;) = G[ Sy, {Va, V4, V, Vs}], One sees

thatG is reducible.

Now, we suppose that; € V4. Letvs # ube a common neighbor @f andu,, v4 # u
be a common neighbor of andus, vs # u be a common neighbor of andu,, andvg # u
be a common neighbor @b andu,. Fori = 1,2, letw; € N(v;) \ N(vs_j). We distinguish

five subcases by symmetry.

Subcasd.l. Suppose that; ~ vz andus + v4. Then,us € V3 N S(uy), andu,, Uz ¢
S(uy).

Let S(u;) = {us, X}). Then,x ~ us by Lemma 7.5, and thug € {vs,Vs}. SinceG is
triangle-freeys + V4/Vs/Vs. Sinceu, andus take the symmetric roles, we may suppose that
X = Vs = Wi. Then,w, ~ vz asS(uy) = {Us, Vs}, and thusw, ¢ {vi,Vs,...,Vs}. To avoid
(VsUyVy, V3UoVe, V3Us, VaW,), eitherv; ~ vg or wo ~ Vg. We distinguish two possibilities
accordingly.

(@) vi ~ V. Thenv, ~ vg asvg ¢ S(up), and thus for avoidingvs, V4, Wo} C S(Vg),
V4 ~ Vi /Vp asvy ¢ S(up) that forceqvs, w,} to be a 2-cut, contradicting Lemma 7.4.

(b) Wy ~ vg. Sincew, ~ vs implying S(v3) = {v1}, Wo + Vs, and thussis € S(v3). If w, €
V3, thenw, € S(uz) implying vi ¢ S(uz) asvy + W, and thusy; ~ v, implying v, ~ v4 as
Vs ¢ S(up). LetG(u',vy) = G[Sy, Sy]. ThenG is reducible asuy, va, Ui, V3, U, Vs, Vs, Wa, V)
is reducible. Otherwisey, € V,, thenw, ~ v, for otherwise the fourth neighbor o¥,
together withv; andvs makes|S(vs)| > 3, and sauy € S(W,). Sincevs € S(uy), Vo + Vs

implying vs ¢ S(wW,), and thusS(w,) = {us} contradictingS(w,)| = 2.

Subcasd.2. Suppose thag ~ vz anduy ~ v4. LetG(Uu') = G[S;]. Then,Gis reducible

as (, v4) is reducible.
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After Subcases 1.1 and 1.2, we suppose, by symmetry, that
Us/Ug * V3. (20)

Then,S(up) = {us, Us}, and hencev,/w, ~ v3. Letws # ube a common neighbor of and

Vo.

Subcasd.3.usz, us € Vs.
If {wy, W, Wa} N {Vy4, Vs, Vs} # 0, We suppose, as an instance, that vy, letG(U, V) =

G[S1, Sy], thenG is reducible asy, vs, U;) is reducible. So, we suppose that
{1, Wa, Wz} N {Vy, Vs, V6} = 0.

SinceS(uy) = {us, U}, if v € V4, thenvy andv, have another common neighbor other
thanu; andws, and hencgu} = S(v;) = S(v,) by Lemma 7.5. Thereforey, v, € Va.

If there does not exist edge betwegm, w,} and {v, ve}, thenS(up) = {w;, w,} and
S(v3) = {v4, s}, and hence each neighbor wi other thanv; must be adjacent to,
and each neighbor ofs other thanu, must be adjacent te,. Let G(U',vy,V,,W) =
G[S4, {V1, V2, Va}, {V4, V6}, {W1, W>}]. Then, G is reducible asy, u,) is reducible. So, we
suppose that there must be edges betwegyw,} and{v,, vs}. Without loss of generality,
sSupposev; ~ V.

If Wy ~ v, letG(u', Vi, v,) = G[Sy, {V1, Vo, V3}, {Va4, V6}], thenG is reducible asL, ui, w;)
is reducible. Therefore, we suppose that eaclwodndw, has at most one neighbor in
{V4, V6}, and vice versa. We distinguish two possibilities.

(@) w> ~ v4. Then the two vertices i5(v3), say x; and X,, are adjacent tov; and
W, respectively, and the two vertices 8(u,), sayw, andwg, are adjacent te@, andvg
respectively. Supposg ~ Wiy, Xo ~ W, Wy ~ Vg, andwg ~ V.

If X3 = wy, thenv, € S(w,), andw, € S(w;) asw, + Vg/ X1 /vy, contradictingu, € S(w,)
by Lemma 7.5. By symmetry, we may suppose that X3, W, Wg}| = 4. Then,S(w;) =

{W,, Us}, contradicting Lemma 7.5.
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(b) Suppose that, + vy If W, € V3, let X, ¢ {V,, V3} be a neighbor ofv,. Otherwise,
let xo, X, & {V», v3} be the neighbors of..

If wo € Vaandxy/ X, + wy, thenS(vs) = {Va, Xo, X5} aswy + Vg, contradictingS(vs)| = 2.

If w, € V4 andx, ~ wy, thenS(vs) = {Xo, v4}, and hencer, ~ x, by Lemma 7.5. Since
Us € S(Wy), S(Wr) = {us, vs} and thusss ~ X,. Sincews ¢ S(wy), Wz ~ Vg Or W3 ~ X;,. In the
former situationys ~ v4 asS(u,) = {W,, X}, this forcesS(v,) = {v,, Wy} that further forces
Vs ~ X, for otherwisevs € S(vs4). But then,{x,, X,} is a 2-cut. Therefore, we suppose that
Wz * Vg andws ~ X,. Then, a fork &,vsus, X,W Vs, X,Wo, X,Ws) occurs, a contradiction.

So, we suppose by symmetry that, v4 € V3. Note thatvy € S(v3) asvy + Wy /Ws.
If X, ~ wy, thenx, ¢ S(v3) and thusS(vs) = {v4}, a contradiction. So, we assume that
Xo + Wy. Then,x; € S(vz) and thusy, ~ X, by Lemma 7.5. Nowws, Vg € V3 for otherwise
IS(V3)] > 2 or |S(w)| > 2. LetG(U,V) = G[Sy,{V1, V2, Va}]. ThenG is reducible as

(u, ug, Ve, Vs, W, W, U, V') is reducible.

Subcasd. 4. uz, us € V4. By (10), this happens if and only i; andu, have another
common neighbow; # u. Using the same arguments as that used in Subcase 1.3, one
shows thafwy, Wy, Wa} N {Vy4, Vs, Vg, Vs} = 0, andvy, v, € Va. Let S(uz) = {ug, X}. Then,x €

{V1, Vo, v3} by Lemma 7.5. But this mearis;, Wy, Wa} N {Vy, Vs, Vg, Ve} # 0, a contradiction.

Subcasd.5. The only remaining subcase is tlhigt» vs butu, ~ v4. Using the same
arguments as that used in Subcase 1.3, one showénahat,, ws} N {Vy, Vs, Vg} = 0, and
Vi,Vo € V3. Let S(us) = {ug, x}. Then,x € {vi,V,,v3} by Lemma 7.5. But this means

{Wy, Wo, W3} N {V4, Vs, Ve} # 0, a contradiction.

Case2. Suppose that, ~ u; fori = 1,2. Then,v; ~ v, by Lemma 7.5. Without loss of

generality, we suppose that
(*) for each 4-vertex, the two vertices irf5(x) have no common neighbor.

SinceN(uz) € N(us), IN(u1) N N(up)l < 2, andN(u;) N N(u;) # {u} for somei € {1, 2}

andj € {3, 4}. By symmetry, we suppose that # u be a common neighbor of andus.
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Subcase.1. Suppose thal(u;) N N(up) = {u,V;}. Letvs # u be a common neighbor
of uz andu,, andvs # u be a common neighbor af, andu,. SinceN(u3z) ¢ N(us) and
N(us) € N(us), us » Vs andug + V3. Eitherus, us € V3, or uz andu, have another common

neighbor, say, ¢ {u, va}.

First, we suppose thas, us € V3. Let S(uy) = {ug, X}. Then,x € {v4, vs} by Lemma 7.5,
andv, ~ vz asv, ¢ S(u;). The same argument by discussing3{a,) (noteus € S(u,)), we
havev; ~ vs. If vs ¢ S(uy), thenvs ~ v3 that forcesu, € S(vs), and thusS(vs) 2 {ua, V;, Va}
contradictingS(vs)| = 2. So,S(u;) = {us, vs}. Letw; ¢ {uy, U} be a neighbor of;. Since
w; ¢ S(ug), W, ~ vy orw; ~ va. If w; ~ vy, thenw; = v, for otherwiseS(u,) = {us, W}
asw, + Vs, contradicting Lemma 7.5. Sey; ~ v3. To forbid (3Vaup, VaUsVa, Vauy, VaW)),
Vo ~ V4 orwy ~ Va. If Vo ~ vy, thenu € S(v,) forcing v, w; ¢ S(v») by Lemma 7.5, and
hencev; ~ v, andw; ~ vy that imply{vs, w;} is a 2-cut ofG. If W, ~ v,4, sinceu, € S(v3)
forcesS(vs) = {Up, Vs}, V5 ~ Wy, thenS(ui) = {us, vs} andS(uy) = {us, v3} force either
vy, Vi, Vo € Va that impliesv, is a cut vertex, or they have a common neighbtrat implies

{va4, X} IS @ 2-cut ofG, both contradict Lemma 7.4.

Supposeys andu, have another common neighbor, sgy¢ {u, v4}. Sinceus € S(uy),
S(u;) contains one of,, v), Vs, and thernv, ¢ S(u;) that forcesv, ~ vs. Sinceus € S(uy),
S(up) contains one o¥3, vs4, v, and thenv; ¢ S(u,) that forcesv; ~ vs. If vs ¢ S(uy), then
Vs ~ vz that forceau, € S(vs), contradictingy; € S(vs) by Lemma 7.5. So, we suppose that

S(u;) = {us, vs}. The same arguments as above one can deduce contradictions.

From now on to the end of the proofs, we always suppose that
N(u1) N N(uz) = {u}.

Note that the number of edges betwédfu) andN,(u) \ {vi, v,} is at most 14. Since
each vertex ifN,(u) \ {vq, V»} has at least two neighbors K(u), [N(u)| < 7.
If d(u;) = 4 andN(u;)NN(uz) = {u}, then{u,, us} € S(u;), contradicting our assumption

(*). So, we suppose by symmetry that
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(**) for i €{1,2}, if d(u) = 4 thenN(u;) N N(u;) # fu} for3< j < 4.

Subcase.2. First suppose that each vertexNs(u) \ {vi, V»} has exactly two neighbors
in N(u). Then, 6< |[Nx(u)] < 7. Note thatN(u; N N(u,) = {u}. By our assumption (**),
we suppose thatl(u;) N N(us) = {u, va}, N(uz) N N(u3) = {u, v4}, N(uz) N N(uz) = {u, vs},
N(uz) N N(us) = {u, v}, and suppose th&t(us) N N(uz) = {u, vz} while [N,(u)| = 7.

We show that

there is no edgevj with 3<i < j<7. (11)

SinceG is triangle-free, the only possible edges @ andv,vs. Sincevs ~ vg and
V4 ~ Vs produce a forkif; Vave, U1VaVs, UpU, UgVp), We suppose by symmetry that~ v and
Vs # Vs.

If v ¢ S(up), thenvg ~ v, that forcesus, vs € S(vg), contradicting Lemma 7.5. So, we
suppose thats € S(uy), i.e., S(u;) = {uy, Ve}. Sincev, ¢ S(Uy), Vo ~ V3 Or v, ~ V5. If
Vo ~ Vs andv, » vs, thenS(u,) 2 {uy, vs, Vs} contradicting|S(up)| = 2. So, we suppose
thatv, ~ v3. Thenv, ~ vs for avoiding (/3uU1Vs, VaUsVs, VaVa, VaVe), and S(v,) = {U, Ug},
andv, ~ vy asvy ¢ S(v2) andv, + Vs, but this implies{u,, vs, v4} € S(u;) contradicting
IS(uy)l = 2.

We have proved (11). Next, we show that
there is no edgeyv; for 1<i<2and 3<j<7. (12)

If vi ~ vz, thenS(uy) = {Up, v7} asvy + v3/vs by (11), contradicting Lemma 7.5. The
same happensi ~ v;. So,

V]_/V2 * V7. (13)

To prove (12), we only need to show that+ v, by symmetry.
Suppose to the contrary that ~ v4. Then,S(uy) = {uy, va} or {us, vs}. By rearranging

uz andug, one sees thag andvs take the same roles. So, we suppose
S(up) = {ug, va}. (14)

137



By (11)

V3 ~ Vo, and V5 + Vo, (15)

We further distinguish two possibilities upai(v,).
(a) Assumev, € V4. Letw, ¢ {u,, Uz, 1} be a neighbor of,. Then,w, # v; for any

1<i<7by(11), andvs ~ Vo Orwy ~ Vg aswy ¢ S(Up). Now, we have

S(u1) = {Up, Va). (16)

(a-1) Suppose, ~ V,. ThenS(v,) = {u, Uz}, andvg ¢ S(v,) forcesvg ~ vy Orvg ~ Wy by
(11). Sincevs ~ vy forcesvg € S(uy) contradicting (16)ys ~ W, that forcesS(vs) = {ug, Va}.
Letws # {uy, Us} be a neighbor ofs. Thenws # v; for anyi, andws ~ v; or ws ~ Vs for
otherwisews € S(u,) contradicting (16).

First supposers € Vi. If ws ~ vy, thenS(vy) = {u, us}, andws ~ v3 Or ws ~ W, as
otherwise the third neighbor afis; would be inS(vy). In the former situationws ~ v,
thenS(v3) = {u,, v4} forcingw, ~ ws as otherwisev, € S(vs), and this implies thafive, v;}
is a 2-cut contradicting Lemma 7.4. So, we suppose the lsifieation, i.e.,\Ws ~ W,
andws + v3. Then,ws € V3 as otherwise the fourth neighbor v would be inS(vy)
contradicting Lemma 7.5 as € S(vy). But this forcesv; € V3 as otherwise the fourth
neighbor ofvs would be inS(u;) contradicting (16), and thuse, v;} is a 2-cut again. By
using almost the same argument, one can deduce the samadiction if ws + Vs.

Therefore, suppose € V,. Letw, # {uy, Us, Ws} be the fourth neighbor ofs. Fol-
lowing above analysis, we may suppose by symmetrywhat v; andw; ~ vs. Since
d(ws) > 3, ws ~ wy for otherwise the third neighbor @¥s would be inS(v;) contradicting

Lemma 7.5 asl € S(v1). Then,S(v3) = {U,, Wy}, again contradicting Lemma 7.5.
(a-2) Suppose that, ~ v andw, + Vo. Then,S(v4) = {ug, Va} Or {uy, Vs}.

(a-2-1) Suppose th&(vs) = {u,vs}. Then,vs ~ Wy, V3 ~ Wy asvs ¢ S(v4), and

IN2(u)| = 6 as otherwis®; € S(v,) asv; » vy by (13). By (15),vs * V.
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If vis € Vg, letws ¢ {uy, us, Wy} be the fourth neighbor ofs, thenws ~ v; asws ¢ S(uy),
and thusS(vy) = {u, us}. Let x ¢ {vy, vs} be a neighbor ofvs, thenx ~ v, asx ¢ S(v;), and
thusx # Vg asG is triangle-free. Sinc&(u,) = {uy, va} andS(vy) = {u, us}, Vs, Ws € V3 that
forcesx to be a cut vertex, contradicting Lemma 7.4. The same caotrad would occur

if Vg € V4. Thereforeys, vg € V3 that forcegvy, v»} to be a 2-cut contradicting Lemma 7.4.

(a-2-2) Suppose th&(vs) = {uy, va}. Again, by (15),v5s + V,. Letws ¢ {u;, us} be a
neighbor ofvs. Then,ws ~ v; Orws ~ vz asws ¢ S(uy).

(a-2-2-1) Suppose thats ~ v;. Then,S(v;) = {u, us}. Note thatw, » v,, Wy ~ Ws as
Wy & S(vp).

If IN(u)] = 7, then,v; ~ w; asv; ¢ S(v4) andv; + vy by (13). Thusyvs € S(wy)
by (11). LetS(ws) = {vs,X}. Thenx ~ vs by Lemma 7.5, anc ~ vz or X ~ vz by our
assumption (*). Sinc& ¢ S(uy), X ~ vz, and thusS(vz) = {Up, V4}. If X ~ Vg, thenx € S(uy)
contradicting Lemma 7.5. Ik ~ v, thenws € S(v7). Let S(v7) = {ws,y}. Theny ~ X,
y ~ V, asy ¢ S(v3), andy ~ ws by Lemma 7.5. Thereforgys, y} is a 2-cut, contradicting
Lemma 7.4.

So, we suppose thiil(u)] = 6. If vs € V,, letw ¢ {uy, us, ws} be a neighbor ofrs,
thenw, ~ vs asw; ¢ S(uy), and hences(vs) = {up,va}. Let X ¢ {vs,Vs} be a neighbor
of w,. Then,x ~ v, asx ¢ S(v3), andx ~ Vg asx ¢ S(up), and furtherws ~ x as
otherwiseS(v;) = {u, us, ws}. But thenw; is a cut vertex contradicting Lemma 7.4. The
same contradiction would occuni§ € V,. Thereforeys, Vg € V3, and hences, v5 € Vs for
otherwise the fourth neighbor g would be inS(u,) contradictingS(v;) = {u, us}, and the
fourth neighbor of/, would be inS(u,) contradictingS(u,) = {uy, v3}. Then eithemw, € V3
or w, ~ Vs for otherwise the fourth neighbor @f, would be inS(v;). It is easy to check

thatG is 3-colorable.

(a-2-2-2) We suppose that ~ vz andws + vi. Then,S(v3) = {Up, v4}. Without loss
of generality, we may suppose thate V3 for otherwise the fourth neighbor g must be

adjacent tos;, and thus we reduce it to case (a-2-2-1). Therg V3 also as otherwise the
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fourth neighbor of/; would be inS(u,). Let X ¢ {v4, Vs} be a neighbor ofv,.

If INo(u)] = 6, thenx € S(v4) asw, + V, contradicting our assumption th&(v,) =
{uy, va}. Therefore|N,(u)| = 7. Then,v; ~ wy asv; ¢ S(Va), i.e., X = v7. If wy € V4, the
fourth neighbor ofv, would be inS(v4) again, therw, € Vs.

If v € Vg4, letwg ¢ {up, Uy} be a neighbor ofs. Sincevs ~ vy forcesvg ~ S(up)
contradicting (16)we # v, forany 1< i < 7. Thenwg ~ v, aswg ¢ S(up), andS(v,) =
{u, uz}. To forbidws € S(V»), Ws ~ We. By discussing ors(v,) andS(v3), it is easy to see
thatws, We € V3. Then,v; is a cut vertex. This contradiction completes the proof efdase
(a). So, we suppose thef € V3. Hencev, € V3 for otherwise the fourth neighbor of

would be inS(u,) contradicting (14). But thery7, ws} is a 2-cut contradicting Lemma 7.4.

(b) Assumev, € V3. Sinced(vs) > 3 and the third neighbor of must be adjacent to
V> asS(Up) = {uy, Uz} by our assumption (14), ~ V4. Letw, ¢ {U,, V4, V3} be the fourth
neighbor ofv,. Then,w, # v;for 1 <i < 7 by (11), andwv, ~ vg asv, € V3, andvg € Vs as
otherwise its fourth neighbor would be 8{u,).

First suppose thaiN,(u)l = 6. If vs € V3, let G(U',v)) = G[Sy, {v1,V3}], thenG is
reducible as\, vs, Vs, U1, V5, U, Vo) is reducible. So, we suppose thate V,, let ws, w; ¢
{u1, Uy} be two neighbors ofs. Then,vs € S(vs) forcing S(vs) = {Ve, Wo}. Sincews, W, ¢
S(uy), we suppose thatis ~ v; andw; ~ vz by symmetry. Thu$(v;) = {u, us} that forces
W, ~ Ws asw, ¢ S(vi). Letx ¢ {v3, vs} be a neighbor ofv,. Then,x # w, asw, € S(vs),

X ~ Ws asXx ¢ S(vs). Thereforew, € V3 for otherwise its fourth neighbor would be in
S(vs), and then{w,, x} is a 2-cut ofG.

Next, we suppose thdlil;(u)] = 7, and suppose that € V4. Letws ¢ {uy, Us, o} be
a neighbor ofv;. Then,ws # v; for anyi by (11), S(v3) = {up, V4}, and thusvs ¢ S(vs)
forcingvs ~ wz asvs +» W, by (15), andv; ¢ S(vs) forcingv; ~ ws. By (13) and (15),
Vo € S(Uz). Let S(us) = {V», X}. Thenx ~ v, by Lemma 7.5. Ifx ~ v;, thenx = w, (by
(13)) forcing{us, vi, W,} € S(uz), contradictingS(us)] = 2. Thereforex + v; and thus

V7 € Va. SinceS(v3) = {Uy, V4}, Wo ¢ S(V3) forcing w, ~ ws. Now we consideS(ws).
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Note thatvg € S(ws). Then,S(ws) = {Vs} asVve € Vz andu,, Uy ¢ S(ws), contradicting
IS(ws)| = 2.

Finally, we suppose th#it,(u)| = 7 andvs € V3. Then,vs € V3 for otherwise one of its
neighbor would be irf5(u,) contradicting (16). Letvs ¢ {u,, us} be a neighbor o¥s. Then,
Ws ~ Vi asS(up) = {ug, 3}, andws # V, by (15). ThenS(v,) = {u,us}, ws ¢ S(v,) that
forcesws ~ ws. If v; ~ ws, then{v;, wg} is a 2-cut. Ifv; ~ w,, then{v,, ws} is a 2-cut. So,
V7 + Wo/Ws, and hencel(v;) = 2 or|S(uy)| = 3 asvs, Vs € Va. This completes the proof of

case (b).
We have proved (12).

SinceS(u;) = {Up, Vo} andS(up) = {uy, vi}, for each vertexv € Ns(u), either|N(w) N
Vi, Vo, ..., Vel = 0 Or [IN(W) N {Vy, Vo, ...,Ve}| = 2, and furthefN(w) N {vy, Vo, ..., V6l = 4
if W~ Vy/Vpj_q for some 1< i, j < 3. LetW = {w,,...,w} € N3(u) be set of vertices
that have four neighbof:, v, . . ., v}, and letG(U', v;, v,) = G[Sa, {1, V3, Vs}, {V2, V4, Vs}].

ThenG is reducible as(, uz, wy, Ws, ..., w, U’) is reducible.

Subcase.3. Suppose now thag/vs ~ us. SinceN(uz) ¢ N(us) and vice versa, we

may suppose that ~ u;/us andvs ~ Uy/us. We show that
exceptv,v, there exists no edggyv; forl<i< j<6. a7

If vi ~ vy4, thenv; € V3 as otherwisdu, us, Uz} € S(vi) contradicting|S(v4)| = 2.
Let G(u') = G[S,], thenG is reducible as\ v4, V1, Uy, V3) is reducible. By symmetry, we
suppose that; + v4 andv, + vs.

Suppose that; ~ V. Then,S(u,;) = {uy, s} asvs + V»/V4/Ve, and hencess ~ v, or
Vs ~ V6. If v5 ~ Vg, thenS(us) = {vg} contradicting|S(ve)| = 2. So, we suppose that
Vo ~ Vs. ThenS(uy) = {up, Ve} asvy + Vi/Vs/Vs, andS(Up) = {Uy, Vs} aSVs + Vo /Va4/Vs.
By consideringS(u;), one sees thdt/, v, vz} N V3 = 0 only if vy, v,, v3 have a common
neighbor inNz(u). The same happens ¥, v, andvs. Further more, if a vertex, say €

Ns(u), has neighbors in botfvy, v,, va} and{V,, V4, Vs}, thenw has four neighbors iil,(u).
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It is easy to check th&s is reducible by lettings(u’, v, v;) = G[S1, {V1, V2, Va}, {V2, Va, Ve}].
By symmetry, we suppose further that+ vg andv, + vs.
We have showed that + v4/vs andv, + va/vs. Then,S(u;) = {u,, V»}, and hence

V5 + Vg as otherwises ~ S(up). This proves (17).

By (17), every vertex inN3(u) has at least two neighbors in eith@#, vs, Vis} or in
{V2, V4, Vg}, and if a vertex, say, in N3(u) has neighbors in botfvy, v, vs} and{v,, Vg4, Ve},
thenw has four neighbors ilN,(u). Let G(U',V;,V,) = G[Sq, {1, Vs, Vs}, {Vo, V4, V6}]. It IS

easy to check thas is reducible.

Subcase&.4. Suppose now thag ~ us butv, + us. SinceN(us) € N(us), us has a
neighbor, saws, not adjacent tai;. There are two possibilities: one is thagt~ u, and
the other isis ~ U,. We prove the former one. The latter can be dealt with alntessame

arguments.

(a) Suppose that ~ u;.

First we consider the situation thet ~ vs. If u,,us € Vg, letvg # u be a com-
mon neighbor ofu, and us. Let ws, ws be the vertices ifN(vs) \ N(vs) and N(vs) \
N(v3), respectively. Ifw; = vy, thenvy, ~ v; or v ~ v; as otherwiseS(u;) = {u,}.
Let G(u',vy,V,) = G[Sy,{V1, Vs, Vs}, {V2, V4}] While up,us € V3, and letG(u',vy,Vv;,) =
G[S4, {V1, V3, Vs}, {V2, V4, V6}] While up,us € V4. It is easy to see thds is reducible. So,
W3 # V. The same arguments show that+ v,. Therefore{ws, ws} N No(u) = 0.

If ws ~ ws, then at most one ofi; andws,sayws, may be adjacent te;, and thus
ws € S(u;) contradicting Lemma 7.5 as, € S(u;). So we suppose that; + Wws.
Then,ws/ws ~ v; asws,Ws ¢ S(up), one ofws andws, sayws, is adjacent tov, for
avoiding (UsVvaws, UsWsVs, UsU, UsVs), and thusws ~ v, or ws ~ Vg wWhile d(u;) = 4 as
Ws ¢ S(up). Let G(U,V) = G[Sy,{vs,Vs}] while uy,us € V3, and letG(u’,v;,v,) =

G[S1, {V1, V3, V&}, {Vo, V4, V6}] While up, us € V4. In both cases, one sees tkais reducible.

Next, we suppose that; + vs. There are four possibilities. Lets be a vertex in
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N(vs) \ N(v3), and letws be the fourth neighbor of; while v € V4.

(a-1) Suppose thab, us, Us € Vs.

If ws = v,, thenvy ~ v5 or v4 ~ v; as otherwiseéS(u;) = {up}, and it is easy to
see thatG is reducible by lettingG(u’, v{,Vv;) = G[Sy, {V1, Vs, Vs}, {Vo, Va}]. If W5 = g,
thenv, ~ vz 0rv, ~ Vs Oor v, ~ vy as|S(uy)| = 2, and one sees th& is reducible by
letting G(U', v{, V,) = G[S4, {V1, V3, Vs}, {V2, Va}]. SO,Ws ¢ N»(u). The same arguments show
thatwsnot € Np(u). Thusws ~ v, andws ~ v; Or W ~ Vs, asWs,Ws ¢ S(u;). Let

G(u,V) = G[Sy, {v3, Vs5}. Then,G is reducible asu(, u;) is reducible.

(a-2) Suppose that, andu, have another common neighbor other theandv,. By
using the similar arguments as that used in the case (a-1¢aweshow thatvs ¢ N,(u),
ws ¢ No(u) if it exists, and thusvs ~ v— 1, andws ~ vy Or Wz ~ Vs.

Let ws, W, respectively, be the if(vs) \ N(v;) andN(v;) \ N(v4). By using the same
arguments as that used @8, we can show that,, w, ¢ Ny(u), and thusws/w, ~ Vv
aswy, W, ¢ S(up). By letting G(U', V), v;) = G[Sy, {V2, Vs, V), {V3, V5}], one sees thdb is

reducible.

The remaining two possibilities, one thatandu, have a common neighbor other than
u, and the other that, andu, have a common neighbor other thancan be treated with

the same arguments, and we omit the details.
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