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SUMMARY -

Th13>diesertation iStconcerned with the prcblém ef estimafing

.:a 31gnal contained in n01sy dlscrete measurements The signels con-
5.: 1dered are those which may be expressed .as the sum of a random nolse
c:7laccmponent'and a nonrandom:component. The nonrandom componentrls assumedﬂ'

to con’s-i.‘e.t of the sum _o'f-known_.-funct_iéns ‘of time with unknown coeffi-

 c1ents. 'Thefrendcﬁ compohent'of the Signai and the measurement nolse :

- are assumed to have autocerrelatlon and crcss-correlatlon functlons'”

.Whlch are known ‘at the sampllng instants. Thls study is restrlcted to:

'the conszdevation of linear realizable discrete estimators Particuler'

:';dempha31s is-on'the,sen81tiv1ty of linear estimators to enrors in'the;

asSumed;model ofjthe_nenranddﬁ_Component of the;signal..*ﬁgnew estima-.

ticn'technique is preeented which is showﬁ to haﬁe'a COmbination of

._mean-square error and modellng error sen81t1v1ty properties which -

'-"r'epresent an 1rnprovement over cu.r'r'ently available metheds

: The:dlscrete Kalmanﬂestlmator 1s-known to.mlnlmlze-mean-square;

-'esfimation error-for the_clase of signals-considered-in thie disserta~ R
_fioh, A detalled dlscu331cn of the -Kalman estlmator is given, with
eempha51s on the sens;tlvlty of the estlmates to errors 1n the medel ef

-the npnrandcm characterzstlc of the 51gna1. Varlous modlflcatlons ef

the Kalman estimator which attack the sensit1v1ty problem are dlscussed.

_'-An 1nterpretat10n of the Kalman estlmator as a welghted least squares

curve fitting procedure 15 used to relate the 31gnal model of the -

Kalman;estlmator_tc an alternat;ve model;ng technique whlch;ls more

[ pp— e ————r—r S P L —




l'sditable-for implemepting'a fixed memory estimator. The-fixed.memory
-estimator computes estlmates based on. data obtalned over a fixed length.
-of time 1mmed1ately precedlng the most recent measurement. It is shown.

; that -the flxed.memory estimator has an advantage'over the.Kalman»_

estimator in its relative insensitivity to errors in the signal dynamical

~ model. .

A new estimation techniQue; called the augmented mémory. estima-

tor, is'fdrmulated with:the abjective-of-computing'estimates which are

jrelatlvely 1nsen51tlve to errors in the 31gnal dynamlcal model whlle-

maklng use of -all avallable data. The-augmented'memory estlmator uses-

a cemputational ‘structure similar to that .of the fixed memory estlmator,

'but wlth a flxed number of past estlmates retalned rathen than past

measurements. The resultlng estlmate 1s llnear in all past data but

'has sen31t1v1ty propertles comparable to those of the fixed memory
' estlmator. The mean-square error which results from the use of an
'3accurate elgnal model lzes between that of the Kalman -and the flxed

”7'memory estzmators.

The mean-square error and the sensitiv1ty propertles of .the aug—

mented memory estimator are illustrated by dlgltal computer 51mu1at1ons;

' Linear models f0r nonllnear signals are included in the examples.

cen e e b e e s .




" CHAPTER I
INTRODUCTION -

The purpose ef ‘this research is to develop a new. technlque for

:.-eestlmatlng 31gnals contained in discrete noisy measurements. The=o1ass"
- gf signals considered con51sts of signals contalnlng both a nonrandom S
. component“and-a,random n01se oomponent.. A subopt1mal linear estimator.n;
7:structure is used 80 as to obtaln estlmates whlch are- relatlvely
' selnsen31t1ve to errors in the assumed model of the signal: dynamlcal |
.characterlstmes.__The'un1queness~of the technlquerto-be;developed.ls-in3
'futhe method used toﬂoombine aii-availahle-measurement data'in'suchfa say;
"that errers due to an 1naccurate slgnal model do not accumulate.-,
;Subject to the constraznts 1mposed by the structure of the estlmator
:-and the unb;ased property imposed on the estlmate the estzmator |
f-sigd'varlables are chosen to mlnimize mean- square estzmatlon error.uo;"
Signals and measurements hav1ng the assumed propertles arlse in f'
_controls and communioations applicatlons. For example,uthe trajeetory __'
';of_an airborne vehlole has a determlnlstzc nature-whioh may:be_alteredt
.-..hyhrandoﬁ.noise forcing.funotiOns or disturbanoes; -Disorete_time radarj
_fmeasurements of'Such.a trajeetoryreontain an“additiona;:randon'noiSe_..
-hoonponent_due-to the'limitations“of,the'equipment.ﬂ-The.problensthen
-hay:censistcof”estimating'theﬁtrue}position_of-the vehicle at the time
of the most recent . measurement. o | | : |

thle methods exlst for 0ptimally comblning all past measurementi

—_




"data.ss}as to.giteiestimates mhich'minimize m&mrsquare'error'for'a.
'large class of'signals, the additional oon51deration of the. sen81t1VLty
_ of the estimates to errors in the assumed model of the nonrandom com-

o uponent of the signal may be very important. In faet, 1n”thelpresenoe_.
-of errors in the.signaludynamloal model, a-suboptimal:method'of comur
iputing estimates can give oonsiderably improved performance over the
htheoretioally optimum method for the ‘model ueed . The errors in the

..i-signal dynamioal model may be of an unknown nature or may be intentional

1naoouraoies imposed to reduoe the oomplexlty of the model.

Statement of the Problem

The 51gna1 estimation problem oonsists of determining methods

for- comhining measurements to obtain an éstimate of the desired signal

_jln a way that will extremlze some criterion of - effeotiveness, or cost
_function The estimate oomputed is an estimate of . the signal at the.

. time of the most. recent measurement. In.additlon to. cost functlon

E to satlsfy certaln performance criteria.

' Various types of disorete estimators differ primarily wlth

' respeot to four initial assumptions. the.model used by the estimatorj

for the struoture-of the-signal generetor,Iinformation]asSumed“known

' about.the statiStics of noise'sources in the;signal and meaSurement

models the cost funotion to be minimlzed, and assumptions or con-

straints on the structure of the estimator An estimator which ‘is

'-_optimum-with respect to one combinationlof-these four 1n1tial assump-f

tions is not.in_general.optimum,with'respeot to any_other'oombination,'

=m1n1mizat1on, other constralnts nay - be imposed on . the estimator in order';"

=+



 The eiass of 'signals considered in -.t_his' di_s'.sertation_'oons:ists-o_f.
signais whiqh oontéin the Som of-andeterministio,forlnonrandom;-oom-
ponent and:a fandom'noise-component.. Tﬁeononrandon-componeﬁt'13.- |
assomed;to;bénei?réésiblo ss-an unknown linesr combinafion of knoﬁn

functions of“timeg_as'fol;ows:'
Cxk(t) = fp_(t)'er(t)’ ' | (1.1)

where a is'an n—vector of unknown. coefflclents Ejt) 1s ‘an n-vector of

'known functlons of tlme and r(t) is the random noise - component of the'

81gnal x(t)- The Eﬁt) vector of time funotlons constltutes the model

 of the dynamic characterlstlcs of the signal._ Measurements are assumed;
to conslst_of dlScrete-samples-of the signal wlth_addltlve measurement'

neise, as follows:

: Y(kf) = x(kT) + v(kT) '.. ' _. s: '  (1.2)'

where T is the sample perlod k is the sample number, and v(kT) is

3 random measurement noise, ‘It is assumed that the autocorrelatlon fune-.

tions‘and.the erossrcorrelationlfunct;on of-r(t)_and v(t).are knoWn at

the  sampling instanfs.'-Stationarity is not a requirement for either

noise process.

The cost functionnUSéd'in this Study-is_hesn-squsre-eStimation

error taken at.the time of the .estimate, so. the problem consists of -

minimizing




kD) =BG - XGDID (1.8)

for each succeed;ng value of ks, where x(kT) is the . estimate of x(kT).
Estlmatars considered in this dlssertatlon are assumed to be
llnear_and'nealizeble, meanipg thet_each.estlmate is a llnear combina-
tieﬁ’ef-ﬁeetlahd'pfeseﬁf ﬁeésufeﬁents'on1Y} It is deéirable to inclﬁde
fﬁe:reqeiremeet=that7thqieetimate is an uqbiased estimete of-g(kT), so -

that
Elx(kT) - R(kT)] = 0 - - Caw

It will he.Shownhthat additional constraints on the linear estimator
strueture willeieed.tb'an.estimation procedure which is less sensitive'-'
. to errors in the .model of the signal.dynamic charécteristics than the

optimm, unbiasedQ;uhconetrained.linear estimator,

Hlstory of _the Problem:

The estlmation of a. slgnal 1mbedded in meaeurement n01se has

| beeﬁ a subject of research for many years. The most well kncwn of the - ;
early work 1s that of Wiener (l) s Who derlved mlnimum meanwsquare -error |
contlnuous filters for smoothing, estimatlng, and. predlctlng a 51gnal |

in a noisy measurement. Both 51gnal and-measqrement-nolse.are assumed;

to be sample functhns of stationary random pfoeesses with both auto- - .

il [ ~ correlation functions and the cross-correlation function known.

Numbers in parentheses following a citatien refer to items in-
_the Bibliography..




The resulting estimator is the output*of'a.lineaf system described by

its transfer function_or”impulse response. Wiener's methods have also

‘been extended to diSCreté signal estimation, as in-Freeman's (2) work.

The 51gna1 estlmatlon problem was .solved by state varlable

technlques by Kalman (3) and Kalman and Bucy (4) In ‘the state varlable

fovmulatlon the S;gnal is a state vector whlch is describable-és the

K

output of a linear system forced by a white noise input. Measurements
are deécpibed by the sum of a_lineaf trahéformation-oh_the signal state

vector and a measurement noise vector. The signal noise and measurement

noise processes are assumed to be independent zero mean white Gaussian
noise processes with known variance.- The state variable'formulation can

be used to descrlbe 31gnals contalnlng both random and nonrandom com= .

ponents, 80 the Kalman estlmatcr is appllcable to a large class of

SLgnals. The Kalman.estlmator for-dlscrete measurements.and dlscrete

_tlme slgnals contalnlng a nonrandom component is of prlmary 1mportance

in thls dlsSertatlon and is dlSCUSSed in mere detall in Chapter II,

- par*!::.cularly w:.th r-espect ‘I:o 'I:he sens:.t:.v:l.ty of the est:l.mates to errors

in the 31gnal dynamlcal model.
Both ‘the Wiener and Kalman estlmators are grcw1ng memory llnear
estimators, in the sense that as new estlmates are;generated they are

expreSsibie as ‘a linear combination of an increasing quantity_bf

_ measurement data. Much'research has also been done with finite, fixed

memory linear estimators which generate estimates expressible as a

linear combination of measurement data .taken over a_fiked peﬁiod of
time up to and:including the time at which the estimate is being

computed, . Thié.type of estimator is useful for the estimation of:




31gnals contalncng a nonrandom component because it tends to be less
sensitiVe to errors in the model of the nonrandom component than 1s a
growing memory estlmator,: |

A Fixed memory. llnear éstimator for the estlmatlon of a signal =
contalnlng a nonrandom component was derived by Zadeh. and Ragazzinl (5).
They derived equatlons_for obtsining,the trensfer-functlon of a fixed
meﬁory continnOUS.filter which minimizes mean?Square'error. The fllter
input is continuous and conslsts of the 31gnal -and measurement noise,
The signal is assumed-to consist of the sum of a random noise component_.
and a polynomial_of known_degree with unknown.coefficients. Blum (6)
extended'Zadeh and Régazzini's nethod to include.a nonrandom signait
:.comoonent.consisting of an unknonn lineer combination of-eny finite
set of-known_functions-of tine._ With the seme gignal modei as that of -
Zadeh'andrRagazzini, Lees (7) and-Johnson (8)-each extended the |
oontinuons filter to the.discrete]measnrement case. Blum {9) andf
Hsieh (lO)teach extended the discrete fixed memory estimator to include
s:Lgnals with a nonrandom 'cotnponentl oon;s:.j"..st_ing of an unknown. 'li'n_'ea.r‘ |
combinetiOn'of eny,finite-set of known; linearly independent, functions”.
.of.time;..Each of these_soiutions to the fixed memory discrete estima-
tion probiem consists of determining weights for the mest recent
meesurement"and the:mEasnrementsicontainedﬁin the fixed.length time
' intervallimmediately.preceding tnefmost_recent meesurement. The-neightst
- are chosen to minimize'meen4sqnare.error in the estimate of the signal
atﬁthettimeiof_the_most.recent messurement._ The weights also must.

satisfylconstraints‘imposed-by_reQuiring the estimate to be unbiased.
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._Attempté at usiﬁg'fixed-memory,éstimators to estimate signals

'havipg-both'random'and nonrandom components_haye not been limited to

the use of the meah¥square error cost function. For example, Jochanson
{11) derived équatioﬁs for computingﬂthe'xransfér function of “a contin-

uous fixed memory estimator which minimizes the maximum expected squared .

" error. - The signal is assumed to consist of the sum of a noige ‘com-

ponehf.and-a;polynomial_of'known degree, with a known bound on the

.highest order nonzero derivative of the.pqunomial, The estimator in

this method is éonstvained to be distortionless, meaning_that'for'

noise-free measurements of a polynomial signal only, the estimate is
- without eprdﬁ; Zahl (12) derived equations for computing weights for a

- fixed memory linear discrete signal estimator which minimizes the maxi-

mm exﬁected'squared error. In this method, the signal model is the .

‘sum of a random_ccmponent'and a nonrandom component which is any known

function of a vector of unknown constants. The vector of unknown con-

"stants is assumed to be QOntained in a known set of vectors, which
l d6ﬁiH'Beieitﬁer'a fihité.Grfah-infinite'sef, “This approach results in

‘a quédratic-prégramming-pfoblem which generally must be -solved by

iterative mathods.

'-_'.The linear-discrete-signél estimators.described abové, and others

‘in the literature, all result in an estimate which is expressible as a

. wéighted sum-of past and present measurements.' The various methods

mentioned .arve separated as to growing memory or fixed memory estimator

”Structures.i This separation is exploited in later chapters bf this

diaservteit_ion as a means of comparing sensitivity of various. discrete
estimation techniques to errovrs in the .assumed model of the nonrandom




characteristic of the signal. Existing approaches to this sehsitivity

problem are discussed in detail in Chapter II.
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CHAPTER II

OPTIMUM DISCRETE SIGNAL ESTIMATION—

" THE KALMAN ESTIMATOR

In Chapter I it was stated that Kalman (3) presented a par-

~ticularly compact sdlutioﬂ to the signal estimation préblem for a large
"elass of,signals. This chapter will examine the discrete Kalman

- estimator in more detail. Of particular importance in this disserta-

tion is the behavior of the Kalman estimator in the presence of

inaccuracies in the assumed model of signals having a nonrandem com-

~ ponent, Various techniques for correcting the adverse effects of such

errors will be presented and discusSed.

The emphasis df-this'chapter-on.the Kalman estimator as'opposed

to other estimation techniques is warranted for several reasons.

First, the Kalman estimator minimizes mean-square error for a larger ..

ciass of signals than most methods. Also, state variable formilations

. of discrete signal systems are compact and especially.suitabie for

digital Sigﬁal.pfbceésiﬁg..'The assumptions regabding knohledge.af
noise séatistics in theTKalman-eétimatdr'correspond to”thoée of most
other linear estimators, including the.new méfhod pfésented in fhis-
disserfatioﬁa. Finallyg Since.thére is only one linear estimate which
minimizes mean—sqﬁéﬁe ervor for a given class éf:signals, thé?é;timam
tion error behavior.of.the_Kalman-estimator_willlbe the same as the

error behavior of any other method which minimizes mean-square error

subject to the same assumptions.

s
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10.

The-Kalman Estimatdruﬁquetiens

In the Kalman estimator formulation, the signal to be estimated

is described recursively by

- x(kT) =&(kT, (k-1)T)x{(k-1)T) + -G((k--le)ﬁ_t(k—l-)T')l (2.1). |

where x(kT)'is-the signal state vectof‘of dimeﬁsion n, ¢(kT (k-l)T} is_

the state transition matrlx, G((k-l)T) is a known multiplying matrlx,

u((k 1)T) is a zero mean white nOlBe process with a known covariance

matrlx and T is the sampllng perlod. Measurements eonslst of the sum

of measurement noise and a 1inear product of the state vector: .

(kD) = HCKT)x(KT) + v(KT) B

. where zﬂkT) is the measurement vector of dlmen51on m, H(kT) is a known.

measurement matrlx, and v(kT) is. zero mean whlte noise wlth ‘a known

s covarlance matrlx ' In the remalnder of - thls d;ssertaticn, At w;ll bel

assumed that the sampllng perlod is normallzed.tO'T=l_se¢oﬂd, §0 that

the signal énd-meaSurementtmodels_beeomef

x(k) = '«p(k_,-i'c-:l-)_@(k-l.) +.G(k-Lulk-1) - - (2.9)
g0 = HOOxGO + v(k) (2.4)

The white noise covariance matrices are given by
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| S ROO, k= | |
ELu(oOu ()1 = | - (2.5)
R | [0l , k#j
. V{k),; k=3 -
RGOV = [

(0], Kk#]

The measurement noise and signal noise are assumed to be uncorrelated,

'_so;thati

Elo (v (1 =0  en

-

:for all k, j,'iggand q. 'BrySOn;and Johansbn'(13)_ha§e'd§riygd.a méthod
_.fof=hand;ipg colored'néise prdcesées with.tﬁe Kalman estimator, but the.
 white noisé.festriCtipn'is-not important to'thg.Prleem considereduin'
“this diéserta_ti_on. . |

S g prcblem solved by’ the Kalman sstimator consists of deter:

mining the linear estimator which minimizes mean-square error P(k) at

time k, based on measureméhta-up=tb'énd including yik). Hean-Sqﬁare” 

error is minimized for the entire state vector, so

PO = Ex() - 00Tx() - 20017 = minimm  (2.8)

where gﬁk)'is the estimate of x(k). Kalman sh0wed that the eétimate

_ which'minimizes-meah-square.errof for signals representable in the form -

(2.6)




12

of Equations .'(2.3--,_ 2.4), ..when:g(k) and v(k) are white'Gaﬁ_s_éian 'noi_se

processes, can be written in the form .

£00 = 00Gk-DRG-D  (2.9)

o+ KOOTE0 - HOORGek-DRK-1T

The: ma_‘-tﬁi:_;: Kk, defined as the "gain" of the estimator, is computed

3 ."by .

K(k) = B* GORTGOTHAOR (ORT G0 + vaOT™ 1 (2.10)

and |

-~

P'(k) = 8(k,k-1)P(k-1)8 (k;k-1) . '.: .(2.1;);'

4 G- DRGK-1E (k1)

_ P(k) é.[I—K(k)ﬂfkij'(k)[I-K(k)H(k)JT L (23125-'

sxoovoota)

o where_I.ié the unit'matfi£,:P'(kj fs.considered-defined by Eqpation'_

{(2.11), and the .othe_r' ‘terms are as_ﬁreviouély_'giefined_. Equations

(2.9) through (2,12) constitute the Xalman estimator for the signal

' and-'meaéuf_ement models -o_f.'Equations (2.3) thfqugh (2.7). inspectien of

Equation (2.9) shows that 'th_e ‘Kalman . estimator generaté's the opti'mum_;

el
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estimate-as_the'sum“of WO terms. fThe:firét'term,'é(k,k4;)§ﬁk—1), is

..the;best estimate of ggk) based on all measurements prior to zﬂk). The

second term consists of the product of the gain K(k) and the diffefence,

of the latest measurement xﬁk) and the best estimate of y(k) before 1t
_ is obta.'Lned. Another' way ‘to 1nterpret 'the estlmator is as'a we:l.ghted
sum of the latest measurement zﬂk) and the previous estimate x(k 1).
‘These interpretatlons wlll_be dlSCUSSed 1n greeter detail in Chapter '
mr. | o | | |

The_Kalmen estimator must be initialized by using a priori

information te_ass;gn valees to x(0) and P(0). These qﬁantities'shoubdel

be chosen to be .

x0) = Elx(®)1 . (2.13).

- - P(0) = E[g(-o)it__T(o)] B (2.1

r't‘?"'.ih'sﬁ're OPt:.mum Pe'r"f'or'ma'nce R

A block diagram representatlon of the signel and estimator equa-.

tlons is shown. in Flgure 1. Thls flgure 1llustrates the feedback 3
'str'ucture of the estlmator', the pr-esence of the s:.gnal model in the
estlmator,.and the presence oftthe gain, K(k), 1n_the estlmator

structure .

The -,Seﬁsitivity Problem

-As shown in Figure - 1, the Kalman estlmator structure contalns a

:model of the SLgnal generating system. When the signal-has a_nonrandom
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Figure 1, The Kalman Estimator
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compbnént} ¥hat damédﬁehtiis_dgsgfiﬁed By the state.tranSition matrix,
'@(k;k;l),-'gfrérs.in'fhe assuﬁed nature of the éignal.dyﬁamics-are 
thérgforé'chafactépized b& érfovs in the stafe_tranéition ﬁatrii._ The
seﬂéiti;ity of _the estimate to such errors is of primary COhcerﬁ in
.thié dissertafion.' | | |
Huch gf1the7recent'literafﬁne has been concerned.witﬁ_the:ﬁéusésf'.
:.aha natﬁre'of'thé Kalﬁén-eétimatbr sehsifivify prdblem.r if.isfgeheréliy'
.known_that;the'actualfesfimat§0n'error, or,thé aCtual"éerr'véviénce;
: fcén divergeJﬁhén aﬁ_inacéurétéfstafe_tranSitidﬁ matrix is used in the:;
'Kélman;estimétbv eQuaﬁions._ Fagin (lujjhas determined expressions for
fhéﬂaCtﬁal errop_vapiance-resultihg wﬁen:aniiﬁaccuﬁate sfaté'trénéition
Imatrix is.uéed iﬁ tﬁe}Kalman-estimator equatiops.. Griffin and Sagg (15)
haﬁe;defifed ilgorithms-fov~¢ompﬁting.sgnSitivity-¢o¢fficiehts.agsdéi—*
étéd.ﬁifhferfbrs infthe;éfate'tranSition matrix;  Similar eipressioﬁs
_wére'deri§ea by.Pfice-(lﬁ), whb'included sﬁfficiéncy'conditioné:for
'_unlform asynptotic stablllty in the 1arge of the actual error covarlance
. 'T ?f?%matr1x. These contrlbutlons are useful for ' analyzing the behavior of
the estimate when an approximatibn_to-a kngwn state transition matrlx
ljpfﬁpevty is ﬁsed,:bﬁf thg&xdo hot.give;any alferﬁatiVe=estimation.
techniques to ﬁse.in the presence of unknown errors in the signal:
.dynamical;modél. i . ._ _ |
;Errér;divepgénce-in.the Kaiman estimafor_caﬁ-be reiated to the
-behaﬁior of'thé.compﬁted'erﬁbr cd&ariaﬁée P(k}'and théaéStimatov gain-
.-K(k). For slgnals which contain no random noise (u(k)‘o and R(k)_o),

~ the galn and the computed error cavarlance both tend to vanlsh as k

- gets large_ 0'Donnell(17) has proven-thls.for scalar signals and

e T e
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.'_Serenson (18) has - derived suffic1ency conditlons for the vanishlng of
"the gain and. computed error covarlanoe matrlx. The vaulshlng of the

: gain matrlx means that new measurements are ignored in favor of the

. f
past estlmates.. After a large number of noisy measurements of a

deterministic 31gnal (no slgnal nolse component), the estimator has

'.r“effectlvely matched the data wlth the assumed model and therefore
.-computes each new estlmate by u31ng only the precedlng estimate and
:_the assumed state- transition matrlx. Thls behav;or corresponds.to

.-_:open loop operation in the block dlagram of. Flgure 1, as the feedback_

flloop has no effect when the galn vanlshes. 'Slnce-the gain and the

computed error covarlance are proportlonal, the vanishing of the galn-

| ,corresponds to the fact that after a large numher of n01sy samples .
of & no;seless slgnal ‘the error covariance computed using the assumed,.
Imodel becomes ambitrarily small. .'Therefore;,the estlmator_oan be
'_"computlng_est}matesahav1ng s-computed error.covariance-which'decreases;

B nithﬂtimesﬁhile the actual error corariance is'diverging;m

- Thé literature contaiQSQmeny exemples_of:the behavior of the

' Kalman-estimetor-in_thezpresence of.an_insccurete.signal_dynamical

mo’dell. .Schlee, Standish -and Toda (1%) showed that error divergence-

'can oceyr in a Kelmen estzmator used for autonomous nav1gat1on using
' known landmark tracklng in a low earth orblt. The error sources whlch..

'they.shewed-can cause error dlvergence_are small_errors:in drag

.aocelenation and computetionellerrors due te finite word'lengthgcomputer_'
computations, ‘Brogan and LeMay (20)_e1so.illustreted error divergence'

in a-similar orbit.navigation_system. Error divergence:can-also result

~when ground radar range measurements of an earth orbit trajectory are .
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'.processed with an.lnaccuréte model. Jﬁzwiﬁski (21)'éhowed-th$f-err§r.
'Jdlvergence can occur in thlS preblem due to small errors in the assumed .
“fgravity constant. | |
To illustrate error.dlvergence in a Kalman estlmator; con51der
-the problem of estlmatlng a nonrandom slgnal hav1ng the form
i

- x(t) = a, +la2t_+-a3t,.'. D - (2.15) _

“are ‘unknown constants.: Discrete measurements have

Where.a,, 3, and a,

the form

_y(k)_= x(k).+._§(kj_. : _ (2.16)

_ﬁhéfg ﬁ(k)ﬁié?éfwhité-GaJSSian noiée_séquénég:ﬁith unitivarléncg; 'Thei
!;lsignaliéfiﬁquatienl(2.15)'maY répfeéentfthe range'oflan airﬁorhelvehiéle
having constant acceleratlon._ If dlscrete tlﬂE state variables are )
'“"""f_""-'_aefinea by x: (k) = x(k), ENOER (k), xy (k) = X (k), then the.

1
accupate mgdel for_the Kalman estlmatar-would be

x(k+1) = |0 1 1] xk) - (2
z;k) :[1 0 e] x(k) +va) (2.18) -

e

This model.used in the Kalman'estimator equétionsfwould result in the
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' mlnimum mean-square error estlmate of x(k) Now suppose that the

o signal of Equatzon (2 15) is modeled by assumlng that x(k) 13 a poly-

"_nomial signal hav;ng constant ve1001ty.

'xm(t) ;.c’.+-c t | : ;_'(2_._19) -

:.jwhere X (t) is the assumed model for x(t), and c; and c2 are unknown

1

o cons_tants._ ThlS model has a state var-:r.able formulatlon g:.ven by

; ....P].gur‘e 2 :Lllustr'ates the er'ror' d:wergenoe result:.ng fr'om the use. of the

- gﬁ(k-i-l_):_

T

-model” of Equations (2 20 2 16) for the szgnal and measurement of

flnEquations (2 15 2. 16) For clavity, only every tenth errop value is:

: shown on the curve. The constants used to generate the sxgnal for

Fzgure 2 are a. ;0.0,. = —Otls, and-a. = 0. 0008, so that x(k) is a

1 2 " ag

_parabollc arc of“magnitude-ten at k = bzand k = 200, with a mlnlmum -

i value of two at k 100.

As another example of the Kalman estimator- behav1or, conslder '
~the problem of estlmatlng the altltude of an object re-enterlng the
Vearth's atmosphere.' Heasurements consist of . noisy slant range radar

.outputs as shown in Flgure 3.

{-x 06 oo
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Figure 2, Kalman Estimator Error, Second Degree Polynomial Signal
| with First Degree Polynomial Model
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Altitude = x,(t)

: radat‘/|' - 105 feet ——

'Filgum-.':i.'-..'Configurfatio'n'for- Re-entry Tracking Problem.

The _traject_or'y.'is described by a nonlinear state variable differential

-.équationlof the-form_-'

x(t) = £(x(£)) L (2.2D)

wh__e_re ._ -
R (t)] [altitude (feet) |
x(t) = |x,(t)] = |velocity (feet/second) | (2.22)
_ xe-"(_'l; a constant ballistic parameter|
and
1 : -Yxi(t) g

E(x(t) = [x2(e)uy (e (2.23)

o

For purposes of simulation, the drag constant’_‘r is chosen te be 0.000050
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' where in- thls example gﬁx(k))

21
- and the initial state vector is given by
300,000] o
x(0) = | 20,000| S (2.24)
0.001]. | |
.Radar renge-meesurementS'are taken each second; 30_7
Ly = gx) +vk)y (2.25)

r(k) =f1019 + xi(k) and v(k) is white
2 ' '

' _n01se wlth variance V(k) 10 feet . - The resulting eltitﬁde and range
. are shown in Figure 4, The-abeve'model and numbers coincide with-those o

r.used by Athans, Wishner, and Bertellnl {22) in thelr recent contrlbutlcn

to ‘the appllcatlon of the’ Kalman estlmater to. nonllnear 31gna1 est1ma~-

_'tion.--They showed that the'inclusion of seccnd order as well as flrstf
5ﬁ;order terms in a Taylor expan51on llnearlzatlon of a nonlinear estlma?.
"tion problem ceuld result in estlmates whlch are better than those
..cbtained u31ng only the flrst order terms. They webe not concernedf'

1w1th the senaitlvity preblem being . considered in thls dlssertatlcn

In the absence of accurate 1nformat10n about the mdel of

' :Equatlon (2 23), orie . approach to the altltude estlmetlon problem mlght_
be teo apply a Kalman estlmater by assuming that the range varlable

- r(ko_is_a seccnd degree polyncmlal with unknown coefflclents.

rm(k)-='a + a.k + a k2 

1t 3 (2525)_
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'modellfor-r(k) Then the Kalman estimator, u51ng the tran51tlon matrix

'-of Equatlon (2. 17), Wlth T (k), r (x), and ¥ (k) as the state variables,:

feltitude couldfthen be_estlmated-by

B ~i The resultlng error dlverges, as shown in Flgure 5. “For elarity, the
"error values are. shown for even sample numbers only ‘The initial
estimate used.to obteln the data for Flgure 5 was accurate, $o the

divetgence'results becauee of the inaccurate model of the dynamics of

the accurate model can be used in a variation of the Kalman. estimator.
'Thle method, common in the llterature, is dlscussed by Sorenson (25)
“”Schmidt (24), Athans (22), and’ others The signal-and-measurement are

: flrst linearized for small variations by takihg énly the:firsteorder

23

where theeeub5cript'm indicates that Equation (2.26) is the'assumed

weuld .generate estimetes r (k) of r (k).  Frem. these estlmates, the

8, = Jig 0o1? - 100 (2.27)

the range variable._

If the accurate model of Equatlons (2.21 through 2,25) is known, B

terms in a Taylor series expansion. The variations are then described

by

SR(t) = Asx() o (2.28)

Sy(t) = Hox(t) + v(t) L (2.29)

with 8x(t) and 8y(t) defined by T | ;
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Altitude
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= H(k)-ﬁl(k)
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Figure 5, Kalman Estimator Error, Re-entry Prajectory
with Polynomial Range Model
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Csx(t) & x(o) - ﬁo(t) o '-.‘(2.30)
89(t) 2 y(t) - glx (£)) (2.31)

A and H are found from EQuafions (2.21, 2.25) by

_ Af(x) o
A= . (2.32)
— ®EW
- -0
'33_(5) '
H = T (2.33) '

where Eo_is\the value of the reference trajectory. -In the case of.

estimation; x, is the most recent estimate of the state vector, To

ﬁ .
apply the.discretejKalmgn-estimator technique, Equations'(2.28,'2.29).

mist be written in.terms of their equivalent discrete system:

e0Gk-L)dx(k-1) | (2.8

Sx(x) =
Sy = HOBx(K) + v(k) | (2.35)

Once this is accomplished, a quification'of the Kalman estimator is

applied by computing the estimate of Sx(k) by

RGO = 8K+ KOOLEGO - KOO 8001 (2.36)




" where Gﬁf(k) is the estimate of Gx(k) obtained from ﬁg(k-l) by : H

‘and the Sighél'vafiations are adequately'small'between'samples so that.

‘can be illustrated by examining the altitude error behavior resulting’

~ values are shown for even samples oﬁiy. ¥While the error does not’

26

numerically 1ntegrating Equatlon (2 28). Cbmparison of Equation-(2 36) - ]
with Equatlon (2.9) shows that 6x (k) merely replaces . ¢(k,k-l) Gx(k—l)
as the estimate of Gx(k) obtalned without the use of the measurement
y(k). The gain K(k) in Equatien (2:36) is computed by Eqpatlons (2 10,
2. il 2.12), where R(k):o and ¢(k,k-l) and H(k) are the discrete ver-
sions of Equations.(2. 32 2. 33). :The'estimete of the Signallfﬁk) is

obtalned from 8x(k) by :

i(-k),?ﬁi(k)-& x () . (2.37)

where EQ is the reference:tfajecfery'vaiﬁe.:'In the:estimaﬁion problem

X, is nbf.knowh_exactly_bﬁt is replaced b&lthe best estimate of x(k)

prior to receiving y.(k). ThlS best estimate is obtained by 1ntegrat1ng.__
Equatiqn_(2;21) initialized by x(k-1). Thls technlque applied to non-

linear signals gives excellent results when an accurate model 1s.known

Equations (2.28, 2.29) are good approximations. Athans (22) illustrated
the behavior'of_this method with the re-entry body tracking problem.
The sensitivity of “this method to errors. in the nonlinear signal model, -

which corresponds to errors in the linearized state transition matrix,

when the drag constant is. inaccurate. Figure 6 illustrates the altitude.
error behavior when the drag constant used by the Kalman estimator is -

'in errcr by 10 per.ceht_of the actual value. For eclarity, the erroff
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" and this bias is not detectable by inspection of-the'estimator_equa--

28

diverge in.this case, a considerable bias is present in the estimate

T

‘tioms. -

Modifications.of the Kalman Estimator

The-examoles discussed'above serve to point out some results of

frthe sen31tiv1ty problems encountered in the applloatlon of the Kalman

estlmator. Hany of the recent publlcatlons on the sen31tlv1ty problem

have suggested modlflcatlons of the Kalman estlmator 1ntended to make

it less sensltlve to errors 1n the 31gnal dynamlcal model. * One of the \

most-common of.these_methods, as presented in Sorensonﬂ(23) and Schmidt:

(24)ffor example, is the method of'state augmentation. This:method-

.COHSlStS of includlng unknown parameters in- the state vector 80 that
'.they-are estlmated'along with the desired slgnal. The augmented system"
_will'have'the'Same form-as Equations (2:3,2.4) but the state vector

~ will have s larger number-of terms. 'The'Kalman-eStimation equations

k"

'-';.gretaln the form of Equatlons (2 9)through(2 12), but the augmented
estlmate 1ncludes estlmates of the unknown parameters. In order to use

T 'this method, the state tr5n51tlon propertles for the unknown parameters

-

must be known.

" A method»whieh ig similar to the state augmentation method is’

'_giren.by:sohmidt (24). "In this method.the state vector tofbe estimated

_ and-the_HEasurements are described by

xk) = fb(k,k;l)i(k-:l') + Uk k-1)uk-1) | _' (2.38)
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Cy(k) = HOOx(K) + FOOu(k) + v(k) - (2.39)
'whefé"gﬁk) is é:veCtor of unknown parameters described by.
CE(K) = ¥OGk-Lulk-1) - (2.40)

v(k) is white meésurement'ndiseTwith.knowh covariance matrix:V(k), and
¢(k k-l) U(k,k 1), H{k) F(k), and ?(k,k l) are known matrlces. This

method has an advantage over the state augmentatlon method in that the

unknown parameters are not- estlmated. The state vector estimate is.

COmputed by

200 = 80k k=1)E(k-1) + KUOLy(k): - B0 k-1E(K-1)](2.81)

- whlch 1$ the same as. Equatlon (2 9) To compute the gain K(k), first

deflne. the followlng matriceS’ |

P(k) £ E(Cx00) - 200MxK) - 2007 - (2.2)
cl) 4 E{[x(k) - x(k)]u Gwr (2.53)
D(k) L Blutcn’ 1 o (2)

The gain is then coﬁputéd by




K() = [P*OOR (k) + €T (OFT () JTHAOP! (kR (k)

V() + FUODOOFT (k) + HOOE GOFT (k)

+

+

Qe (O (k)]

where P'(k) and C'(k) are defined by

k) = 00k k-1)C-10¥ (kjk-1) -

+ U(k,k—l)D(k-l)?T(k,kel)

- P¥(k) -@(k,k4l)P(k-1)¢T(k,k-l) x

N

80k k-1)C(k-1)U (ke k-1)

+ .

u(k,k-l)cT(k-1)¢Ttk;k-1) 

U(k,k-l)b(k-l)UT(k,k-l)

o

P(k) = [I-K(OHK)D PM)-KOE(KIC (k) -

'

€0 = [I-KOOHK) T ' (k)-K(kF (B k) -

,——--.- ——— o - | ——— - m———— 30 L = R el —— e

and-'P('k),' C{k}), and D(k)} are updated for the next's'aamﬁle_- by

30 -

(2.88)

(2.46)

(2.47)

(2.49)




DOX) = ¥, k-1)D(k-1¥ (ke ok-1)  (2.50)

Anothen approadh to the problem of estimating signals by using
an 1naccurate state transition matrix was présented by Neal (25) In:

his nethod, the actual 313nal and ‘measurement have the: form h

Cx(k) = [80kk-1) + 880k, k-1)T x(k-1) + u(k-1)  (2.51)

Yk = HOOx() C(2.52)

where u(k) is a white noise process having known covariance matrix

i

R(k). -The mode 1 x (k) assumed for the signal is

x,(k) = 00, k-1)x (k-1) +u(k-1) =~ (2.53)

and the .estimate has the form

This is the form of the Kalman estimator obtained by usipg-@(k;k-l) as

-_anlapproxiﬁatian'to the-adtual'transition matrix-é(k,k?l) + 6¢(k;k-l);

~ Neal presehted eqﬁations for'COmputing the.gain K(k) in Equation-(? Su)

in such a way that the. result;ng estlmate is closer to the optimum -

" estimate than that which would. be obtalned by u31ng the model of Equa-.

..tlen (2 53) in the: Kalman estlmator equatlons.' Thls-procedure is

equivalent to making the 31gnal noise. covarlance R(k) larger than its

31

x(k) - 0 (k k- l)x(k 1) + K(k)[z_(k) - H(k)@(k,}c l)x(k-l)] (2. 54)'_-_'_'




_actual]ﬁalue; a tqchniquéﬂto be described below.
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:

Neal's method and the

other modifications diécu&sed,above.all require that the sources of

errprzin,fhe signal dynamical model beé known and haﬁe'a,knowg model.

. Therefore, these models do not represent useful modifications to the

.KalmahJestiﬁator'gpplied to3signals;with'an unknown model or unknown

' erroy source behavior.

A modification of the Kalman estimator which does not assume

_'knowinge of all error sourceé_was.givenﬁby Schmidt (26),-.This.méthpd,

. referred fo:hefe aé thefé-method,_has_the effégt_of'preéenting thé_

estimator gain and error covariance matrices from losing numerical

significance. The Kalman éstimator for a noiseless signal can be

- weitten in the form

- x(k) ='..'¢.(1_j<,k.—:l;)3__(k'.-]_.) f 8200 (2.58)

wheré

85 = PrOORTUODHGOR GORTG) + VOOTY  (2.56)

[y(o - H{k) Uc,k-DE(-1)1 .

 The terms in:thé abovefeqﬁations are the same as those ‘in Bquationé__
(2.9, 2.10). Rather thah-ﬁsipg Equation (2}56), theqé*ﬁethod compufeé _

A_&(k) as the sum of ._-jﬁg_l(k ) and A_i_i_é(k ), where

&, G0 = PrOoRTOR0OPTaORT () +veOTTE .S




C B = 0080 k-1)2(k-1)]

. égé(kji;_EHT(k)[H(k)P'(k)HT(k) + V007t

Lyt - KOO 80ck-DERK-DT

The ﬂéi(k)_cbmponent is thé'same as the-Aiﬂk) coﬁpﬁted.for'the Kalmah-
estimator_aﬁd-the'Aég(k)'éOmponent is proportional-to the gain fbria 3
Kalm&ﬁféstimétor for which no a priQri information is.availableQ~.The

'estimatof=cdmpufed'by the e-method can then be written

R0 = 8l k-DR01) + (21 00B (o)

4 enT GO IHOPT GOHT ()

S+

'.v'(}é)l‘:_l-'tx(k)”- H(k) @0k ,k-1)%(k=1)]

Thé_équatibns'fpm updating the_P‘(k)_matrix,become-

BT = 80kka1)P(k-1) 070 kal)
T P(K) = P'(K) - B OOHNKOTH(KIE (BT (k)

F V00T BOOP ()

-1 T

+ LHOORT GO () + V()T B GOBG)

m

o (2.80)
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. (2.58)

_(2.59)

(2.61)




‘above equations can be shown to bé equivalent to the Kalman estimator

~ The variance in the estimate of [H(k)gjk)],.given by

has the property that in the limit of an infinite number of measurements

. the e-method gives

34

where P(k) is defined as in Equatien (2.8). For the case of £=0, the.

of Equafions (2.9).thfough'(2.12)’with R(k) =.[0] (no signal noise).

The 52 term in Equation (2.61) has the effect of increasing the-eigen- . !

values of P(k) over their optimum values. The value of ;”wouldgbe a
choice of the user of the e-method. If & were chosen to be NV(k), then
N repreéents the fraction of the variance of an individuallmeasurement

within which one can. expect to estimate the signal after a very large

number of measurements. The advantage of the e-method is that.it allows

the use of .a bound on acceptable accuracy computed by the estimator.

B

E{[H(K)x(k) - HOOROO)HGOX(O) - BOORGDTTY (2.62)

=:H(k)Ptk)HT(k)

1im[H(k)P(k)HT(k)] =e - (2.63)
ko A . . :
if the model is.éccurate,_ This limit would be zero for the Kalman
estimatdr applied teo a_noiseless.signal.:_The e-method has the.effect '
of keeping the gain, [P'GOHT(K) + eHT () IHGOPT GORTG) + VOOT L,
nonzero fegardlesé of ‘how léng ﬁeasurements ére taken,- Since this-

means that new measurements will never be ignored, the e~methed is less
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sensitive to dynamical medel errors than is the Kalman estimator.

However, Schmidt has shown that an inaccurate transition matrix used

- with the e-method can result in a steady-state bias when the Kalman

estimator would diverge}
.Any'modification of the Kalman estimator which preserves the _
form of Equation (2.9) and produces a gain or computed error covariance

.larger than the optimum values results in an estimate which 'is less

sensitive to modeling errors than is the Kalman estimator. As mentioned

above, the e-method.computes a gain larger than that computed by the
Kalman-estlmator equatlons. Other methods of computing larger than
optimum gainé have also-béen-useda Schmidt (26), Schlee 519), and
Brogam (20) éach oﬁow fhat_on'effectiveimodifioafion of'the‘Kalman
estimatom equations is to multiplf the éiagonal terms of the.errbr B

covariance matrix by (1 + €) after each computation of P(k), where ¢

ié choseﬁ by the user of .the method. This teChnique'tends.to keep

P(k) nonnegatlve deflnlte while making the gain larger than the

optimum. Another method is to 1mpose predetermlned lower beunds . on
the’ galn or the dlagonal terms of the error covarlance matrix.

A commen method of keeplng the estlmatorfgaln_from vanishing is

'to include in the signal model a noise component which does not

actually exist, or increase an existing signal noise covariance matrix.

Inspection of Equations (2.11, © 2.12) verifies that this procedure will -

ihcrease_the eigenvalues of the cemputed error.covariance matrix and

therefore increase the gain. The'choice.of the artificial:signal-

noise covariance matrix can be. made éxperimentally by .simulating the '
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types of sigﬁals-éxpected, as discussed by Brogan (20) and Neal (25).

The technique of introducing an artificial signal noise component can !

be related to the magnitude of estimation error expected. Te illustrate

this relationship, first.combine Equatﬂiﬁ (2.11) and (2.12) to cbtain

P(K) = [I-KGOHOOT 80k,k-DR(k-1)_ 8T k-DIT-KGORGDT  (2.6%)

-

[1-KGOHGK) T G(k-1R-1)6" (k-1 I-K(IOH)TT

+

KOOV (OK (k)

i Suppose that in computing the @(k5k—l)£ﬁk-l) term in Equation (2.9), an.

1B - error is introduced. This error is described by a zero.mean process

n., so the actual #(k,k=1)x(k-1) term is replaced by #(k,k-1)x(k-1) +
o The estimate computed usipg.fhé-Kalman:eStimator equations then
.. becomes
x(k) = #(c k-1)x(k-1) | (2.65)
+ KGOLy (k) - 80k k=1)H(K)x(k-1)]
LI - K(x)H(k) In,
d The ervror COvériance resulting from this estimate - is given by'
P(k) = E{[x(k) - x(x)I[x(k) - x(x)1") (2:86)
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ASsuming”that o, is independent of %ﬂk-l) and zﬁk); the error covariance - X

" resulting from the estimate of Equation (2.65) becomes

P(k) = [I - K(KH(K)T $0ck-1)P(k-1) 87 (k,k=1)[T = XGIHGOTT  (2.67) |
+ [T = KOOH(OT R [T - K(OHGK)T
+ KKV (kKT (k)

where.Rx is the covariance;métrix of thé-gx'noise process. Comparison

 of Equation (2.67) with Equation {2.64) shows that Rx_dcntributes to
'the'enrdr covgriance matfix in fhe same manner:as~the covariéncé.of a
signal noise component. . The_-terms:_in-Rx can'be.choéeh-by simulation or
by a knowledge of the round-off errof in the_computingisYQtem. |
Aﬁ'additional.methdd for preventing error divergence in the
Kalman estimator is to "resét" the estimatqr'befére the erfor_bEComés
--w[tpq 1arge}. Such aTmethod_was.proposed'by:Jaﬁwinski_(Ql).-_His method
coﬁsistéiof.usiﬁé_éhe Kéimén.estiméfor_for Qﬁ:s;mplés; then‘recpmputing .
‘new initial conditipﬁs.based on the -last N ﬁeasureménts, where N is.a.
fixed intgger; This teéhnique'results_ih-a finite-memorj‘estimatar
-whose.ﬁenbry varies from_ﬁ.to 2N. The error reéulting from the use of
.this'methOd;will.remain rélatively small if the asSumed'signallmodel_
is an adequaté_approximation to the actual_signallovef time periOds of
2N samples. Data collected more than 2N samples in'the_péét.is iépored.
It is evident frem the above discussion-that-fhe desigﬁér of a

signal estimator has & wide selection of available modifications to the
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Kalman.é§timator. Each ofzthe techniques available will feSult in_a
suboptimal estimator which is less sensitive than the Kalman estimator
to ervors in the-signal-dynamical model. ChaptefLIII wi;l donta;n.a
useful interpretation of the Kalman estimator, which will imply an.
alternafivelsignal mddeliﬁg technique. Cbmparison of the stﬁuctufe énd

modeling techniques available for fixed memqry.estimaters and the

Kalman estimator will lay the framework for a new estimation technique -

presentedﬁin Chapter IV,
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'CHAPTER III .
INTERPRETATIONS OF DISCRETE SIGNAL ESTIMATION

In Chapter II the Kalman estimator was discussed in terms of its

techniques. for modifying the estimator were described. In this chapter

thefKalman-esfimator.will be interpreted as a curve fitting algorithm

which'minimizés a deterministic least sqQuares cost function. In addi-
tion to providing more insight into the sensitivity problem discussed

in the previous chapter, the curve fitting interpretation verifies that

" the Kalman:estimator equations represent a. computational simplification

of a growing memory éstimator which computes estimates which are
expressible as weighted sums' of all availablé measurements. The compu-

tational simplification is a result of the.recﬁrsive signal model used.

“ih.thg Kalman:estimatorfequations. The curve fittiné'interpretation of

the Kalman estimator also serves as motivation for the use of an

alternative signal quel.preseﬁted_in thiS'qhaptef._.The alternative

éignal model will belshown to reéﬁlt in computational simplicity when:

a fixed memqr&.estimatOr is formilated. It will be éhown that the fiked
memofy estimator:using.the:alternative signal model is also interfret-
able as.a least squareé curVe.fitfing Procedure, but'with the_least 

squares cost functicn depending only on. errors at sampling instants.

"contained in a time interval of fixed length. :Thq curve fitting

_ iﬂterpretations.of the Kalman estimator and the fixed memory estimator
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I

- will be shown to imply_anuadvantagé of the fixed memory estimafor'in

‘its relative insensitivity to errors in the. signal model.

‘The results of ‘this chapter will be used in Chapter IV to postu-

late an estimator which will be shown to have properties which represent

" the desirable features of the Kalman and fixed memory estimators.

_ Least Squafes.Curve.Fifting_and the Kalman'Estimator

As_désaribed in Chapter'II; the Kalman.estimator minimizes mean-

-squarerérror when the signal and'measurenent_are_describéd by Equations.

(2.3) and (2.4%) and the noise-proceSSes are white and Gaussian. When

-.the.signal-is_deterministid; so that.u(k)=0 in Equation (2.3), the R

Kalmanqestimator-is also obtained by minimizing a deterministic least
squares cost function rather than mean-square errvor. The Kalman' -
estimator is therefore ihterprétable'as a curve fitfipg_algorithm,

This.felationship was_pfoven by Sage'and Masters'(27), and a different

~ proof is given below..

. Consider a dynamic signal described by

x(k) =.¢(k,k—1)5ﬁk;1) SR _ f_(Swl)

o

with discrete measurements . given by

y() = HOOR() + v, k=0,1,2,... (3.2)
where v(k) is white noise with covariance matrix V(k). The problem is.

to compute a linear estimate x(k) which minimizes the cost functien

' giveﬁ_by _

e




I(k) = [gpl) - B 0020017 Vi Ly (06) - B GORKOT
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(3.3)

 This coest function is a weighted sum of the squares .of deviations.

between all past measurements and the estimates of the measubemeﬁts;

The terms in J(k) are defined by

y) |
pAS I
NS E

P

gp(k)

-
»

y )|

H(6(L,KT)
- (H(2)9(2 k)
Hy (k) & H(3)0(3,k)

- [HOOGK)Y|

whefe x(3) and zT(k)'can be written as

x(3) = (3 k)x(k)

Lg(k) = BpQO() + va(Kk)

and v (k) is defined by

(3.4)

(3.5)

{3.86)

(3.7)
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|
v{0)
. v(1) . _
w0 & vy G z
gfk)
with -c&r%&rimce -'fﬁatﬁix-_vf(k_)_- given by
[F@ o o e 07
IR 0 V(1) 0 v 0 |
o VT(k) = ~E e Y E o (3.9)
0 0 0 e V(X)
To ninimize J(k), set 330k) 0, giving - | ’
o= -2 0ov e0ly 00 - K000 (3.20)
which_.:'giv'es as ‘the est_imate.
A ', T -1 -1 T .j -1 oy N
&) = L 0OV 00m 00T HEOOVEH 00,00 (3an

In this form, th'e__ es‘t‘imat.e_ is expressed as a weighted sum of . all
measurement. data. - To obtain a recursive form for the estimate, con-
sider the addition of a new measurement , y(k+1). Equation (3.7) can

then be. replaced by
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xqck) O Eoetoknd] e
iy SRR PPrq YT T pe o (3.12)
L H(k+1) | v (k+1) o

‘Then the estima‘t'e'_of‘_}f_:_(ki-l),_ given by Equation (3.11) evaluated at

(k+1) becomes

HT(k)¢(k,k+1 HEACIEC A
. H(k+1) > T}v(-k 1) y(k+13f.

Equafibn (5;133 can be reduced to

RO =[0TG DHI GOV GORL(ORK KD) (3.14)

HT'(k+1')v;1(k+1)H(kfl)]‘l
T T -1
[k ?kfl)HT(k W (k)gq (k)

H (k1 WL (k+1 )y (k#1)]

+

A.property'of the state transition matrix is that ¢(k;k+l) = @fl(k+L,k),

so that gfk+l) can also be written
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ap ol g |
x(k+1) = FOOLO™ (el JOHL (kW (g (k) - (3.15)
+ H (k+1)V “(k+1l)y(k+1)]
where F(k) is defined by
NN 2 SR S U | '
F(k) = £0°  (krl,kHp (kV, Ut (k)9 “(ktl,Kk) (3.16)
+ H (e LV et DH(+1) 17

It is now ‘useful to apply - the _following-Matrix Inversion Lemma. (27):

(™t + BTcte)™t = a - aBTceaB” + 0)7ea (3.17)

[

After applying the Matrix Inversion Lemma to Equation (3.16),F(k)

becomes

F(k) = ¢(k+l;k)[H$(k)V;l(k)HT(k)]-l¢T(k+l,k) (3:18) .

- B0+ JOTHL GOV 00RO T 20T (kL k)
W (k41) {H(k+1)¢(k+1,k)[u$(k)v;1(k)HT(k)]‘l
d (k+l,k)H {k+1) + V(k+1)} H(k+l)¢(k+l,k) -

T/ vl vl LT
CH, (KO, (k)HT(k)] ¢ (ktl,k)-

)

e
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Now define two new mtrices., P(k) and P'(k+l), by

PO & [H 00V oR 0077 (3.19)

P (k+1) & @(kfl,k)P(k)éT(k+l,k) T (3.20)

It will be verified below that P(k) and P'(k) are the same as defined
for the Kalman estimator in Chapter II. Substituting Equations (3.18),

(3.19), and (3.20) in Equation (3.15) and rearranging gives

1

C R = ek LMLV IO GOT e (k) (3.21)

R S ;1 o :
T Ol O ROV L)y + (BT (k41

P'(k+1)ur(k+1)[H(k+1)Pf(k+1)HT(k+1) + V)T

HGRLP! (L) T G LV L (e L)y (k1)

[P (k+1JHT (ke 1)LH(K+1)P ' (k41T (k#1) + V(k+1)T L

H(1)8Cke 1 kOTHL (VT GO (k) TR0 (et 1K)

. - l . - .
T T, yy=1
¢° (kAL IOHZ OV () dyp (k)

Using ﬁqﬁation (3.11) to substitute in Equation (3.21) gives.

R(HD) = QUG LIOR(O) + (P1(k#1) - PUODAT (A (3.22)
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'[ﬁ(k+1)P'(k+1)uT(k+i) + VK1) T (1P (k1)
e 1 Leke 1)} y
1V '} y(k+1) : ‘_ y
= P (1 )HT (k1)L H(KHLP? (k+1)HT (k#1) + V(k#1)T1

,H(k+1)¢(k+1,k)} x(k)

The coefficient of y(k+l) in the above"equati_on can be written

FOORT (et LV R (k#1) = PO RN (er1) (V7L 0ke1) (3.23)

- [H(k+1)P'(k+1)HT(k+i)_+ Vi) 1
H(k+1)P* (ke 1)HT (ke 1)V L (el )}
= P (kt1)H (e LLH(RHL)PT (ke 1)HT (K+1) + V(k#1)T 7T

Combining Eqi.xa_ticns (3.22, 323) gives

x(k+1) = §(k+1,k)x(k) Gy

+ {P'(k+1)HT(ktl)[H(k+l)P'(k+l)HT(k+l) + V(k+l)]'1}

[y(k+1) = H(k+1)o(k+1,k)x(Kk)]

..Defini:ng the gain as-the coefficient of y{k+1),

1,_:_
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A3 .
i K(k+1) & PO RN RDIHGHDP (e 1E (1) + VODTE 0 (3.25)
i .
! ‘the estimate becomes !
EOD) = A(k+LJOR(K) | C (3.26) |

+ K(k+1)[y(k+1) - H(k+1)8(k+1,k)x(k)]

Equatiohs,(3.25, 3.26) have thé-same-fofm.as:the'Kalman estimétor, but
it remains to derive equations for computing P(k) and P'(k+1) recur-
sively. By Equafipn (3.19), and using'the results of Equations (3.13 _

through 3.16), P(k+l) has the form

. ' . b . T-l -1, «.=1 .
! ) | P(k+t1) = [ (k+1,k)P “(k)® ~(ktl,k) - (3.27)

+ HT(k+i)V(k+l)H(k+l)]”;

which by the Matrix Inversion Lemma of Equation (3.17) becomes

PUHD) = 0(k+LI0PGOST (ke1,k) - ENCRTN

v _ | - @(k+l,k)P(k)¢T(k+l,k)HT(k+l)
[H(k+i)¢(k+},k)P(k)¢Ttk+1,k)HT(k+1) 4 vik+1)1™t

HOHL)O (41, k)P ()8 T (k+1,k)
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= PY(k#1) - P* (et 1DH (k1) [HORHLIP! (k#1DHT (k#L)

+-V(k+l)]"1H(k+l)P'(k+l)

where P'(k+L) is defined by Equation (3:20). The matrix P(k+1) can be.
written in a diffevent form by adding and subtracting an additional

- term, as follows:

P(HT) = PT(k#LY = PO (kel)  (3.29)
FHCK+1)P* (k#1)HT (k1) + V(c+1) T TH(K#1)P T (k1)
+ P'(k+l)HT(k+l)[H(k+l)P'(k+l)HT(k+1) £ V)T

{[H(+1)PT (R+1DHT (k#1) + V(kflj][H(k+i)P'(k+l)

- B (k+1) + V(k%l)]“l.—'I} H{k+1)P'(k+1)

= P'(k+1) - K(k+1)H(K+1)P' (k1)
+ K+ 1 [H(K+1 )P (k4 1)HT (k4 1)K (k+1)

# VDK (L) = H(K+L)P! (k+1)]

i

[I - K(k+1)H(k+1)JP' (k+1)[I = K(ict1)H(k+1)]%

+ K(k+1)V (k+1)KT (k+1)
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Equations (3.25, 3.ﬁ5, 3.20; 3.29) constitute a complefe fecuréive
allgor‘-ithm for cbmputip’g the estimate which minimizes the. J(k) cost
function given by Equation (3.3), and this algorithm is identical to
%hatrof_tﬁe Kalman estimator of Equations (2.9 through 2.12) for a

deterministic signal. The equivalence of the Kalman estimator equations

~and Equat:.on (3 11) verifies that the recursive s:l.gnal model used by the

Kalman estlmator results in: r'ecursn.ve estimat:.on equations which compute

" est_:l.ma't_es which are expres_s:l.ble as welghted sums of all past measure—

- ments.

The P(k) and P'(k+l) matrices defined by Equatiens (3.19, 3.20) -
can be ‘shown to have the same meaning as in the Kalman.estimator. The

mean-square error of the estimator in the :forrﬁ'_ of Equation (3.11) is

‘given by

- E{[x(k)

20OILx(K) - x(k)1'} s . (3.30)

[E

ST ST PRI, BN =1
EBx()x" (k)] - _{[HT(I; W (H (k)]

HR OOV 00} Elgp(0xT (0]

B0y (k)1 (Vo 0By () LHL VS OB () T

Ria (k)v'l(k)u ()18 vy Yayy ‘

+ .

E[xT(k)xT(k)] (v oou (k)[HT(k)V oHg 017

Using Equation (3.7), E[y,(k )z'ickij','stx.TWiffk)L and E[x000gy ()1




=l

. |
- can pe3ﬁfiften.és
g 0ayi007 = HOOEx(OK (0T BN + Voo (3.31)
B_ty_T(k._)_;c_T(k)]_g HT(k.)E'[gt_(_k')g_T(k)]- - (3.92)
E[x(k)y3 ()] = E[x(k)x (k)]H o DR C I

Substltutlng the three above equatlons in Equatlon (3. 30) and comblnlng

the terms anOlVlng E[x(k)x (k)] glves.

EIxGO-200 1x00-20017) = THIGOVT 0OH 00T (3.aw)

_ﬁhith*isﬁfhé expressidﬁ“ﬁéfined as P(k) in Equation (3. 19)
The 81gn1f1cance -of . the P‘(k+1) matrix deflned in- Equatlon (3 20)'.1

can be shown by computlng the mean-square error of @(k+l k)x(k) as an

”'eatimate of x(k+1) Thls mean square error is glven by
E([x(k+1) - 00ct1,I0R00) Hxeb1) - 8011020017 (3.38)
= B0t 1 P (OOT (k1K)

'where.thé_rééult.is-cbtainéd-by repiacing x(k+1) by Q(kfl,k)jﬂk)w

- Comparison of Equations (3.20, 3.35) shoiis thét.PT(k+l)_represénts'the*;

mean-square error in.the_estimafe of §§k+1) obtained by QSing_meaSUre-

ments through y(k} only. In Equation (3.35), if x(k+1) is repiaéed by

[ = -



o_ it were defined by

- with P(k) defined as the mean-square errop of x(k). Comparing Equafioh

bl

@(k%l,k)gﬁk) +.G(k)ygk); represonting a aighal ﬁith-a'white noise term

as treated in Chapter II, then P'(k+l) would have . the same meaning if .

L

CPU(k#1) = B(k10PO)OT(keL,K) + BUORG)ET(R)  (3.36)

(3.36) with Equation (2.11) shows that the least squares curve fitting
'inteppretatioﬁ of the'KalmanaeStiﬁator is élso valid_when,a signal

nolse term ig: present.

The above 1nterpretation of the Kalman estimator also provides

another 1nterpretatlon of the sen31t1v1ty problem dlscussed in Chapter

'II. The Kalman estlmator computes an estimate which represents a

wéighted_least-squares curve-fit-of the;assumed model to.all past data.

7if'the'ﬁodel'is inaocurate;'error'divergenoe=can result as the curve -

' f1t becomes progre351vely worse as more’ data is taken. One way to.

'f'avoxd error dlvergence is to use a fixed memory estlmator, which com—

~ putes eaoh estimate as a we;ghted-sum of data taken-over a fixed;periodl

" of time immédiatély preceding the most recent measurement. This par-.

ticular approach is easily implemented by using a signal model which

" has a differenf form than'the-model_used'in ‘the Kalman estimafor

'_ equations. ;This alternative model is discussed below, and the}résuiting

'estimafor is discussed in'fetms-of-a curve fitting interpretation.

&
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An Alternative Model Approach
"The state'variable'repreeentation of a signai=is not-a_unidue

model. The transition matrix and choice of state variables for a

gignal with a nonrandom. component requires some knowledge of the formf -

'of".th'e-‘s'ighél. This knowledge can also be used to express the s:.gnal

'modei in other forms. In the particular case of scalar measurements
' being:iinearly_coﬁbiﬁed-to estimate a scalar signal, the.followlng

| model ié -Iuseful:_

o x(k)

'_ y(k) x(k) + vik) : - '(3.38)

_ In these equatlons x(k) represents the signal to be estimated y(k) is
- the measurement, k) and v(k) are 51gnal -and measurement noise

- processes, a is an n—vectqr of unknown constants,

[ ]

a= 1 o _(3.39)

I eee

and

alpto +r) - (3.37)
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5L07

Efk)'=

is a vector of known functions of time, representing thé model of the

signal dynamics. In an exémple in Chapter II, the_Kalmén estimator was -

'gapﬁlied to a signal- -of the above,form.' The'signai, represented by

x(k) = a ¢ + a2k + a3k2 required the three-state Kalman. estlmator model

.Iglven by Equatlons (2.17, 2 18).

With the model of Equatlons (3. 37 1 3.38), the estimate of »(k)

' 'can.be-wrltten

x(k) = gT(k)g_(k) | O (a.m)
. where .
[y() ]
o [YGe-D) T
m(k) £ | (3.42)
ly(k-L) ]

is a vector of past measurements.and

(3.40)
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~ (37
o o ce(k)
’ o _ e, (k) R |
L clk) = | SR _ (3.43)
cL(k)

is a vector of coeffic1ents to be. computed by the estlmator equatlons..

Then x(k) is a welghted sum of past measurements, as is the Kalman

estlmator in- the form of Equatlon (3. ll) The-parameter L called the

"memony" of the estlmator can be either flxed or- 1ncreasing wlth time.

If L increases w1th tlme, say L = k, then the estlmator is a growxng

memory estimator, computlng each estlmate as a weighted sum of -all past g

data.. If L is a~f1xed integer, then the-eetlmator is a flxed-memory
"estimator which computes each estlmate as a weighted sum of .data taken

-over a fixed: tlme interval of length L 1mmed1ately preeedlng the latest

' measurement y(k). _The~flxed memory estimator is often referred to as'a .

It"mevingQWindaw' or "slldlng-arc estlmater,: 3 the cross-eorrelatlon
and autecorrelatlon functlons of r(k) and- v{k) are known, then the
minimum_mean-éqﬁare etror growing memory estimator must be equivalent
to the:Kalmanaestimator (with;zeroha.priori information), sinee both
-woﬁld'minimize mean-square ‘errer qnder the same assumptions. The fixed
ﬁemory_estimator is a suboptimal.structure, so that its minimum mean-
square error estimate would have a larger mean—Square errortthathhe
Kalman_estiﬁater. |

The equations for computing c(k) se as to minimize meanésquare
error were derived by Bium (9). The estimate is coﬁputed_by_Equatign

{3.41), with

BT e S Pt el et i
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ct) = @Yy {0 + 20027006 G0D6) T2 (3.4n)

[po - DT ) Y1

where
1play |
Tk . S
D(k) 4 . - o (3.45)
2?(k-L)
| 200+ 2w
xﬁk) E[r(k)m(k)] g [FU0rGe1) + rldvle-1) (3.46)
1 (k)r(k-L) + rk)v(k-L)]
.and
200 v ] 00 v 1)
A o(k-1) + v(k=1)| |p(k-1) + v(k-1)| | : %,
Q(x) = E ., ' . : (3.47)
let-r) + vae-u)| |poe-r)+ vae-n)]

* : - ’ ) . I .
_ Equation (3.47) represents a slight.extension to Blum's method..
Blum assumed that the signal and measurement noise sequences were inde- -

pendent:and’ stationary, which are- net necessary assumptions in- the -
above equation.
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A ﬁseful'interpretatioﬁ'of,the estimator.of Equations (3.41,

' 3.44) can be obtained by considering the estimation of_a.deterministic

signal. This requires r(k)so, so Equation (3.44) becomes

e =¥ L0 ()T 0D p) T (3.48)

~where V(k) is the covariance matrix given by

Roo R 17 -
vik-1)|lv{k-1)

Vik) de . . L (3.49) -
ve-1){ [y |
L —-= - )
_The-estimafé-then‘becomes
&) = praorp” aovraopa)1™ pTaov o). (3.50)

This estimate can now be related to a curve fitting algorithm_fer'the'””
samé_signal'by determining the estimate a(k) of a which minimizes the.

weighted least sqﬁares.éost functiOn_f
L . 1 - SO _ o
3G) =} Wla Goplk-i) « y(e-1)1° (3.51)
©i=0 ' : ' o

'

where the W/ coefficients are weights given to the squareé.of devia-

tions between measurements y(k-i) and.estimates.é?(k)Egkvi). Equation

(3.51) can also be written as
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3k} = (D00 - )T WEOIDGZM) - mi))  (3.52)

| where D(k) and ﬂik‘) are as previously definéd and W(k) is defined by. _

L 0
o Far - |
H(k)'é. e b (8.83)
_-0 ' wk-ll;'
Choosing the A(k) which makes 22K) = g gives
o o . : da(k)- L
ak) = [T0OREODOI T DT aONGOmMK) ©(3.54)
. The resﬁlti'__ng estilﬁa_t'e of x(k) '=-;i_TE_(k“) becoués'
. " _. ,_"T N _ T. e _ _ L
Cx(k) = a (k)p(k) = p (k)a(k) - (3.85)-
AT .
= pT 0T GOWGODK) T b GOWGOmK)

Cémparison_of;Eqﬁatiohs (3.50, 3355)-3h0ws'théf.the miﬁimﬁm'meanasquare-
error ésfimaﬁe-énd-the.wéighteﬁ-least §quares5curve-fit estimate afe'.
jidenfical if_theﬁléas{_aquares.COst.funcfioh.is=weighted;by Wik} =

| V'-']'(k) and-v(k) is a _w_hite noise sequence. In this (:aé_e,'-ﬁ?' =

A/VELVe(k)). This result corresponds-fo‘that:proéén earlier in this
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chapter for-the,Kalman'estimator.:
The curvelfittipg'interpretation'discussed above for the. esti-

mator'of'ﬁquation.(Suul) is valid for both the growing memory estimater

(L=k) and the fixed memory estimator (L=constant). As discussed above,

the:growing memsry.estimator_is-equivalent.to-thenKalman estimator'uith'

" no a priori information, and each is interpretable as acurve fitting

"pfoeedure:whichufits-the-assumed-signal model to all'past data in a

least squares sense, The flxed memor'y estlmator, 1nterpreted as a
curve fittlng technique flts the assumed_51gnal model to only- those

measu_r__ements contained.in-a fixed length time interval -J.uunedia-tely

- preceding the most reeent'measurement.. In this case the signal mpdel

is used only'dver the latest time interval cf length L sample periods,

and information obtained by measurements more than L samples in the

past.isﬂignored.. The bias resulting in an. estimate due te an inaccurate
signal model,is'only-a function of the.accuracy of the model over the
_ 1ast L sample periods. ‘Therefore, 'the fixedimemory.estimater is not-as.

'sensitive te errors in the signal model as is the Kalman op. growing

memery estlmatori_ Also, since the.fixed.memory estimator is computed_

by.usimg fewer~measurements-than-the_Kalman or growing-memery'estimatof,

its resulting mean-square error will be larger.than-the bptimum-when-

an-accurate signal model is used.

‘The curve fitting interpretation of the;fixed'memory;estimator_

illustrates the dependence:of‘the estimator;errer behavior on the choice

of the memory length L. The-value used for L'éetermines the mean-

square error of the estimates when an accurate 31gnal model is used and :

determlnes the amount of bias in the estimates when an 1naccurate signal
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" model is used. 'In order to make the estimates felatively,inSensitive
. to errors in thé.signal-modei, the user of the fixed memory estimator

. 'must_choose:a'valué'for“L 50 that-the'assumed;model is an adequate

-approximafigﬁ-of_thé signal over time periods of length.L sample periodél
.'Smgll_vaiues'pfgL imply less sénsitivity tb'signél.mcdeling errors, at a

cost -in mean-square estimation error over periods of, time when the model

| iﬁlaccﬁrété};
'Thefconclusionsiobfained in thié cﬁapfer will be used in Chaptéb':
Iv to poét@late anlestimator-wﬁich will be shown to'havé megn-sﬁu&re- 
efror_and'mOdeling evfor'senéitivity properties which bepfesent a_comf
. prOmise.ﬁetwéen fhosg'ofithe“Kalman-;nd fixéd-memorj estimators. That
ig, thq éstimat6r.wiii be less senéitiﬁe to modeiihg'érrors.than the'”“
 Ka1m§h'e§£imat§r, whilé.résultiﬁg:in.smallér mean-sqgére_éfror_thaﬁ fhe' _

fixed membry'estimator<when-éh:accurate_signal-model is used.

—— et T ey e
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.. CHAPTER IV

. THE AUGMENTED MEMORY.APPROACH.TO

" DISCRETE SIGNAL.ESTIMATION

- Previous chapters have contained discussions of the gromihg

:fmemory or Kalman estimator and the fixed memory estimater wlth respect
_te mean—square error and varleus 1nterpretat10ns of the sen31t1v1ty
- prcblem. It was pointed out in Chapter III that'while the. Kalman

'estimator results in-minimum mean—sqnare error when an. accurate model

ig used, the,flxed memery estlmator_has an advantage ;n its gelatlve-

‘insensitivity to signal modeling errors.

_This;chaﬁter.will present a development of:equaticns for a dif--

ferent linear discrete estimator, which will be shown to have mean-
' square error and modeling error sensitivity properties which vepresent
e atééﬁprémiae'betWeeﬁ those-of-the Kalmanfand'fixed-memery estimators;

'Interpretatlons of- the new - estlmatlen technlque developed .in. this chap-

ter. and- the numerlcal results presented in Chapter v w111 be ahemn to.

imply that the mean—square error resulting when an accurate model is -

used will be smaller than that of the comparable fixed memory eetlmator,

. and.the estzmatlon errorgW1ll be relatively insensitive to modeling

errors when compared with the:Kalman-estimator._

' The procedure.used in this.chapter to develop the new estimation

'teChnique is to firet:postulate an estimator structure based on intui-.

"tive arguments supPOrtedzby-the results of the previous chapter. After.
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the estimator7éQuations are developed, the resulting estimator will

then be interpreted in: terms of an-equivalénf constrained.growing |

memory estimator and in terms of the semsitivity ofrthe'estimates to:

errors in.the'siéhal model: The sensitivity properties of thelestimafor

‘will be interpreted by considering the bias which results in the esti~

_mates when ah-inacéurate signal modeliisiused.

The ‘Augmented Memory Estimator
_The linear discrete estimator developed below,.designated the "
"augmented memory estimator," assumes . a signal'mpdelfand'estimator,

computational structure similar to that of the fixed memory estimator

discussed in the previous chapter. The signal and measurement models

‘have the form

x(k) = a'p(k) + o(k) | (1)

fl

'y(k) g(k) + vik) - ;. R i. C(4.2) -

"~ where, as.for the fixed membry estimater, a is an unknown. vector of n

constants -and p(k) is. a vector.of known, liﬁearly independent, functions.

of time:

;gk)’= (4.3)

——— A e R b oo i .
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The noise" sequences r(k) and vik) may be zero mean colored nolse

' 3processes with a nonzero cross-correlation function. The n01se
_processeés are not required to be stationary, It is assumed that the

ucgrrélatiohﬁfuﬁdfions defined below are known at all sampling

instants:

06 BEGORGT )
old) BEvawy (4.5)
03y RGN . (4.6)

| bn_e-- ;dciitibnél'assump;tion'mst be ﬁ;ade_on the natt_ire of,thé cqr-relafioﬁ

| functibnsfiﬁ Ordér.to.assﬁre that?thefaugméhted:méﬁorj-éétimatdr will-
'_lnof féqﬁire ah ihcreasing-nﬁmbér of compufatibns as. k increases3 This '
-';assumptlon 13 that the correlatlon functlons deflned by Equatlons |
 7(4 u, y, 5 4, 6) are zero when the noise product terms are. separated in

' time'by'more ‘than M. That is, D(k ), alk,3), and ¢(k, 3) are’ all zero, _.

fer all (X,3) such that |k-]] > M, Thls-restrlctlon becomes;nece&sary_
in the derivatlon of - equatlons glven in the Appendix .

The augmented memory estimater computes an estimate of x(k) by

R0 =wl0om) )

" where w(k) is a vector of L + 1 weighting coefficients which must be

'#omputed,
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wky = | 4| - S w.e)

and m(k) is a vector containing the latest measurement and the last L

estimates:

(k) ]
x(k-1)
-2 gy

ne

m(io)

R (k-1)

Equatidns.(u.l,-u.2 Ju;?, 4.9) shom:that with L constént-the
augmented memor'y estimator uses the szl.gnal ‘medel and computatlonal
'structure of the flxed memory . estlmator d15cussed in. Ghapter II1. ihe
1mpertant'differgnce is that the Egk) vectot“ef Equatipn (u.g) contains -
' a fixed- nur_l_lber-. of ‘past estimates where the fi:ted memory estimatbr' ﬁsed
_past measﬁrementsl. 1f past estimates are better statlstlcal approx;ma-
tions to. past values of the signal than are past measurements, then the -

_ augmented memery estlmator with an accurate slgnal model should produce_
r'  estimates,hav1ng'sma11er mean-sqnére-error than those-computed by”the
fixed-memory éétimatbr., Also, the computat;onal structure of the AU~
' mented est:.mator' 1mplles error' senszl.t:wlty properties couparable to o

those of the fzxed-memorylestlmatet. The use .of paat'estlmates-lmproves
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~ the information in the}time-_interval- over which the signal model is to

‘be used3'but the:time'interval remains fixed in length. At :this point:

in-the.devélopment, these-cbnciusiohs are based on intuitive arguments.

o Latér'ih-this-chapter the gugmented memory estimator will be inter-.

:preted ih.greafer detail in:termslof'ité $tructure and sensitivity:to-

. éignél.modeling errors.

‘The constant parameter L in Equation (4.9) is analogous to
the;memorj iepgth in.the.fixed.memo?yfestimator, but for_the'aUgmeﬁted;

memory estimator L will be defined as the "interval of confidence." - .

" Later in3thiszchapter, it will be .shown that L can be interpreted as

- a parameter which is qhosen,to-pePreéent-the-number.of'sample-periOds '

‘over which the a@sumed model can bé-used,with;donfidehcé;

M

Subjectftogthe assumed- estimator structure.of-Equétion.(#.?),

the weighting coefficients.gﬂk)_are_chdsen so as to minimize mean-

. sqﬁare_estimatioﬁ'érror3defined by

P(k) & BLIx(k) = %(k)1?}

_An-additiénal constraint is imposed on the choice of w(k) by requiring -

.the resu;ting-esfimate to be unbiased, so that:
CELx(k) = (k)= 0 (s

This requirement insures thdt the estimator give perfect estimates of

'fhe;signalzwhen.thé r(k) and v(k) noiae.pfocesses are identically_zero.

(4.10)
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Eqﬁations=forﬁchoosing the.ﬁeighting coefficients which minimize
P(k) subject té'the-gonstraint,qf Equation (%.11) are derived below.
~ Interpretations of the augmented memory estimator,will'thén.be-pﬁe—:

S . S . _ o [
. sented to illustrate its properties and.compare its structure to that

'of.thé:grcwipg memory;and fixed memory estimators. .

"hCQmputatibn of Weighting Coefficients |

fConsider.firétfthg_cbnditions imposed on the weighting coeffi-

-éienfs-by_the réqﬁirément fhatithe:estimate be unbiased. Cbmbining_

Equations (4.1, 4.7, 4.11) results in a constraint of the form

B 0OmOO) = w000l (wi12)
=w (k)D(k)a.
= g?DT(kJﬁ!k)
- _'wh"eéé e
e o
R0
Cpeey 4R D) S (#.13)
prk-L)| -
' Combining Bquaﬁions (4.12, ugiz) gives ’
g'_TDT_'(k (k) = a'p(k) _(4.iu) |
S SO
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5 E§ﬁatidn (ﬁ.lklfmuét'bé tnue for any-véctorng, so the resulting con-
;stréinf'felatipn is |
PloOw) =py o (4.15)
' The weighting #oeffidientslgjk) mist be computed so as to mini-.
mige_the mean-square erﬁbp of Equation (4.10) while éatisfyipg_:he~ _
cdhstraints;of EQuation-(ugls). Expanding EQuation,(u;lo) with x(k)
) lnean-square error having the form

]

i. B o and'ﬁ(k)'ih the forms givqn.by Equations (4.1, 4.7) results in the
]

i

'|

! ) =00 EmGORTO WO (w.16)

. 2a7p(k) ELm (kw(k 3]

2E[rGOR ()] w(k) + [alp(k)1?

- '-2E-[-r'(k)jg_Tp_(l-<) + E[rz('k_)']: :

Using the—éSsumedxpfaperfies-ef the noise process v(k) andzthe.cqn-:

'_éfraints;ef'ﬁquation (4.15),.the.terms'in_Equaticn_(4.16) can be . - -

written -

wTGOELROOR () Ju(k) = ' (ODG)aa D (G w(k)  (w.17)

o+ g‘T'(k)s(k)g(k) |
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a'pk) ELn’ (w001 = [a'p01?

ELr(0m () Teck) = y 0wl

E(r(07aTp00 = 0.

where S(k) and y(k) are defined by

[Ba) +
| Ge-1)
st 8 £ [|rk-2)

|01

v
+

+
.
-

+

(k)
n{k-1)

- nlk- 2_)'

&) + \_r"(k')

.U(].(I-L)_

r(k-1) + n(k-1)

N

r(k-2) + nlk-1) ||

L 00 FExGOmo]

A

" and n(j) is defined as the estimation error by

a2 RG) - x(9)

r(k-L) + n(k-L)] ]

87

 (4.18)
(u.19)
w20y

(4.21)

(.22).

(4.23)

' '._.S_ﬁbsti‘-_:uting_.'fquationé (417) through (4.-20)_ in Eqi.l_ation (4.16) gives .

P = W IOSO0NGO - 2T W0 + e,k - (R2w)

in_ order t-o:miﬁimize P(k) subject to tHe constraints of Eq'l.l_a'l_:i.on‘ (4.15),

o
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the constféints are adjoined to P(X) by a Lagrange multiplier vector '

2A(k), producing a function P'(k) defined by

BLK) = Wl (SOOW(K) = 2y (k) + plkk) ¢ (§.25)
+ [0 (k)u(k) = p(k)I"[2A(k)]

The. funetion P'(k) is minimized with respect to y_(k). 'by computing the

Eﬂk) and i(k) which give

Bk -= 0 ) o (4.26)
an&
B AIC N | . .

Subsfituting Equation {(4.25) in Eqﬁations (u.26, 4;27) gives:
80Ow(k) - [y(k) + DAOAGK)T = 0 C(s.28)
pO) - DTowto =0 29

Combining Equafions-(4.28,-4.29) to eliminate w(k) gives.
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At = ©Tws oopa) T [pt) C (4.30)
- DTS y (k)]

Substituting Equation (4.30) for A(k) in Equation (4.28) gives the .

desired equation for gﬁk):

w(o) = 5700 {700 a1

-+

p(k) (TGS DGO T Hptk)

DT (k)8 k)y (k) ¥

; Thié_véer of gﬁk)lis used iﬁ'Equatﬁxl(u.?)‘to produce the augmgnted
memory . estlmator | | |

_ _ | The above derivatlon does not include equations for computing
'”either S(k) or Iﬁk) _ Inspectlon of Equations (4.21, 4. 22) shows that -
._S(k) and'ltk) requine'correlatlon terms ;nvolv1ng the error n(k-j)
for j=1 2,...,L The evaluation of S(k) and y(k) is accompliéhed.b?
a recursive algorlthm which computes the necessary error ‘correlation N
tepms. Thls algorlthm_ls derived and related to d1g1tal qomputen_
imbleméntatioﬁ in fhe'Appeﬁdix. The recursive algorithm is.entenea
after L measurements have.been,taken, with the first'L.measureﬁents_
being censidered to be the first'i_estimates. If measurements;étart-
with y(0), this means that the recursivelalgorithm is first used to

compute X(L), with m(L), y(L), and S(L) initialized by
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_ (L)
m(r) = |1 (4.32)
(0) '

| P + e,

(@) = Ele(un(r)] = [P{DEmL)  e(DLm1) (4.33)
(L,0) + ¢(L,0)

;I ] r . . T\

g 1 e(L) + v(L} r(L) + v(L)

§ _'"S(L).=TE (£(1=1) + v(-1) P(L-%) * V(i) (4.34)
| £(0) +v(0) _lr0) + v(0)

CFor k 2 L, the vector gﬁL)_stores;the.esfimates_ﬁ(k) rather than meas-
premenfs”y(k); and the'récursive algorithm is used to compute S(k) and

The procedure for computing estimates by the augmented memory

:eStiﬁator method is summarized by the flow diagram of Figure 7. This.
_ diagram_is especially suitable for implementation of the augmented .

memory estimator by'a.digital computer program. The necessary equations

and- procedures are referenced on the diagram.

Interpretations of the-&ugpgntéd Memory Estimator
The augmented memory estimator expreséed by Equation (4.7) and
 computed by the above proceduré insures a fixed number of computations

_after each éample. However, the above representation of thke augmented




_ﬁl'
71
| MEASUREMENTS y(k)
ﬁ (Bquation 4.2§
.STORE y(k)
. > R(x)
SET x(k) = y(&) for k<L

COMPUTE S(k) AND ¥(k)
~ Bee Appendix)
UPDATE m(k)

(Bquation 4.9)

INITIALIZE B(L), ¥(L), S
(Equations_ 4.32' 4¢35. 405"")

INITTALIZE STORAGE MATRICES

‘A(L), B(L), WM(L), VN(L)
(See Appendix)

%‘

COMPUTE  w (k)

(Bquation #.31)

COMPUTE %(k)

(Egyation 4,7)

| UPDATE STORAGE MATRICES

(See Appendix)
1)

Figure 7. Plow Diagram of the Augmented Memory Estimator

aCk), BQk), WMCk), YN(E)|

> 2(k) for k2L




—thj

72

memory estimatob'only_partially explainsg its advantages or justifies its
'-_QSe-asfépposed to the.fixed.ﬁemory or Kalman estimator. It remains to.

interpret the augmented memory estimator in ways which will pefmif an

evaluation of its perfermance_with'reépectfto mean-square error and

sensitivity to efrors:in fhe.dynamical model of the signal.

‘nBecausefcf.its dependénce_cn past estimafes.éontained in m(k),

tﬁe-éugmented_memory estimator may be'interpretedtin terms of an

' eqﬁivalénf_growing memory eétiﬁgtor._'The natﬁre of the equi?alent.i
'growing'memory estiﬁator can be illustrated:by considering the épgmehted'
memory_estimétor with an interval of confidence of L.= 3. Theh the. |
augmented memory estimator cémputes 200 by

x(k) = & (K)y(e) + 7 (n(k-1) (4.35)"
# 7 0O0%(K=2) + ity 0OR(k-3)

iwhere ;D(k)’ ﬁl(k),_ﬁszl, and_ia(k) are coefficients computed:after

the-ﬁeasurement:y(k) is cbtained. The estimator is initialized by
‘using the firdt L measurements as the first [ estimates, so

-
. -

%(0)

-3(1)

il

y(O)

y(1)

(4.36)

C(4.37)

. are predetermined.

" : ~— - -
_ The bar over a coefficient in this and later equaticns repre=~
sents a coefficient which is cemputable.

All other terms which appear




+ 15 (3)3(0) = W (3)y(3) + W (3)y(2)

+

W, (3)y (1) + ,(3)y(0) N

by the fixed memery, unbiased, minimum'mean-square error estimator with:
‘a memery of three samples. However, the fixed memory estimator and the
. augmented.memory estimator cease to be equivalent for k > L. For the

| case.being_considered,_i(u) has the form
R = E (Y () 4 F (RE) (ko)

+ R R(2) + Fy()x1)

Substituting Equations (4.39, 4.38, 4.37) for %(3), %(2), and %(1) in

'Equation (4.40) gives

R = 0y + [ G @) el

73
R = () O (5.38)

Then %(3) has the form
%(3) = 7, (3)y(3) + ¥, ()(2) + Wy (3IR(1) (4.39)

This estimatg,ﬁ(S) is identical to the estimate which would be computed -
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+ [7, (1w (3) + 5, Iy(2)
# Doy (0,(3) + Ty () ()
D )uy () Iy (0)

Continuing the process of substituting for past estimates in Equation

;f4,35) to prdduce estimates as_weighted;sums‘pf past-méasuﬁements B

results in

() = T8y (5) + 7 (S)ACH) + #,(8)R() + Wy (S)R(2) (wa2)
= GO(Siy(S) +.FG1(55w0(u)]y(4)
+ [il(5)wi(u.}.w0(3) + ﬁé(S)WO(S)J?(Q-)_
+_tﬁi(5)wl§4)§i23§ +1§l(55w2(4)'f-;g(ﬁ)ﬁl(af
|  + ;;3'("5‘-)_1;:.(?'1)_ + _-[Glcs)wl(u)wz'(a)' + ﬁl'(sa)ws(#).

T + L (5D i () + Ty (g (D)

L Rg :
i _ :
L "

1]

T (603(6) + F OIS + F(OR) + Hy (IR ()

75(637(6) + [ (6w (5)1y(5)
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'_'+ £Gi(65Ql(55w0(u)'+.62(6)w0(4)]y(#)
f Eﬁl(s)wi(s)ﬁl(u)wo(3).+.ﬁlce)wé(s)wo(s).
+§2(6)Wl;4)w0(3)+ ;3(6)w°(3)JY(§)

.if tai‘?’f;(5?"i‘“’“1‘3)'* al§s>alts>w2tu)
 f:a1‘6)*2F§’“1(3) ; ;lcé)wé(s) + azgs)wl(u)wl(aj -
 j+ ﬁé(ein(u)-+.§3(s)wl§35]yf2)
+ [élcg)wics)ﬁicu)wzga) + al(é)wlts)wégu)
_+ §i(6)g2§5jw2(éi +_Gé(6)wl(g)ﬁ2(§)

"if'iziéiw;cu) +'ﬁé(s)w2€é>jyti>

o+ [ﬁl(s)wics)Ql(u)wa(a).+ ;l(s)w2f5)wé(a)
' Gé(s)ﬁl(u)ﬁa(aﬁ * 5 6y (1 (0

ﬁsipg théwqbovg procedurg, tﬁe.éugmented memery estimgtbf fof Lg3 can .-

be expressed as a growing memery estimator which computes estimates

having the form |




-
RO = R 00300 + G 0Oow (DI k-1 (was)

+ [;1(k)"1(k%1)"0(k'2i + 62(k)w0(k-2)]y(k_2)

+

'[‘-'i(k)‘jila(k)_: +w, ()d, 4 (k) +-_G3(k)d33(1_<)]y_(1_<—3.) |

+

;taiﬁk)dlg(K)-+ Wy 000d,, (k) + W (dg, () Ty (k-4)

il

+

[W (k)d (k) + w (k)d (k) + w (k)d (k)Jy(O)

The - d (k) coefficients in the above equatlon r'epresent number*s which

ave cemputed prlor' to the kth sample. Ther-efore, as -far as the kth .
est:l.mate is concerned, ‘the 4, (k) terms are predetermined constants..

Inspection of Equatlon (l+ u) leads to an- interpretatlon of the

”augmented mememy estimator in terms of an equivalent growing memory-

'estimatof._ The augmented memory estlmator is expressed as a welghted

sum of - all past data in the same for'm as the optimum growing memor'y
estimator described earlier namely
k. . A
)= Te, (k)y(k-l) T (4.45)
i=0 : :
With beth types.df éstimatofs,required-to be unbiased, the only dif- -

ference is in the values-ofithe c (k)-coefficients-ﬁsed in.EqUation

(4 45). For either estlmator the ¢, (k) coefflclents must satlsfy the.'

constralnt relation represented by an extension of Equatlon (u.ls)
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cbtained by replacing w(k) in that equation by c(k), the vector of the. - By
_ci(k)zcaeffidienté, and allowing the DT(k)'matrix to include the model.

over the entire past.  The censtraint relation becemes

DRtk )e(k) = é(k_) T (R
‘with Dy(k) defined by -
E_T(k)
_ . p_ T(x-1) . -
Dotk & p_(k 73] I (0
E?(Q} J.

k The difference between'the augmented memory estimator and the

9

optzmum growxng memory estimator is evident in Equatlons (u Lu, U, 45)

-vuyOnly the four ccefficients in the w(k) vector are computed by the

estlmator equatlons, Fhlle;there are k+l measuremgnts to be linearly -
jwéigh;ed; The-estimatdr_has four degrees_of_freedoﬁ cqrfespdnﬁipg_to
fhe.foﬁf boefficiénts to'§e'comphted. Thése féur degreeé-offfreedem
@an be_interpreted as~the:freedom to choose the cpefficiéntg-ef'the-
' _four.ﬁos£ recent_meésﬁrementa, énd once these four coefficients are _
: choaen-ail”thé.other k—3ICOéfficiénts are fixed. In general, for any
-1nterval of confidence L the augmented memory estimator has L+1
degrees of freedom, correspond;ng to the cheoices ef values for the

coefficients of”the_mostirepent.L+l measurements. . The optimum growing

e o S S ..
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memqry'estimator_has-k+lﬁdggrees of.freedom, corresponding td;fhé free-

.. dom to Chdése the coefficients of-all k+lfmeasurements. Therefore, the .

'augmented memory estimator is suhoptlmal with respect to mean- square

error mlnlmzatlen. A later 1nterpretat10n and examples will be used

'-tofshgw:fhat-it;haS'advantages-over.the.eptlmal growlng memory .

estimatdr ih its‘sensitiﬁity"to signal modeling-errors;

The- augmented MeMOTY - estlmator in the: form of Equatlons (4 by,

) L. 4s). :|.s equ:l.va].ent to an unbiased gr'OW1ng memory est:.mator which

) mlnlmlzes mean—square a2rror sub)ect to an 1ncre331ng number of con-

s‘tr'aints on the ceeff:.c:.ents of past measurements. These constr'alnts .
'are-the result of;the decrease in the number of degrees of freedom as

described above: .The additional constraints can be written in the

form.
ZGde®) =0 (4.48)

o ﬁheféfgﬁk) ié:%he-véétor of caefficients_in-ﬂ@ﬁaﬁion (4,45), z(k) is-

defined by
0 zli= ' 299 1'213 | 1 0. 0 400 0
1° %31 %32 A3, O 0 0 7l
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and the'zij.terms caﬂ.bétCOmputed”from thegfelationshipB given by Equa-

tion-(u G4 ). The above Z(k) matrix represents the L=3.case.._Iﬂ-

.general Z(k) is a (k L) by (k+1) matrix and- Equation (4.48) represents

a set of k=L equatlons whlch the c(k) vector of coeff1c1ents must

sat;sfy in additien to the.unblased_constraints impesed by Equatlon-

“The-equivalence of'the'augmented memory estimatortand a. con-.

' stralned growxng memery estlmator only serves to show that the fermer _

is different from the optlmum grewlng memory estimator._ The original

form for the augmented memory estlmator, given by Equatien (4. 7), is

the-sxmplest way to implement the estimator.because its computational

eomplexity dees:net.depend-on K.

An additianal—interpretaticn of the-éugmented memOry estimator

© can be used te illnstrate the sen51t1v1ty ‘of the error to 1naccurac1es

1n the signal dynamical medel. ThlS 1nterpretat10n is-obtalned by

-_-_cemputing equatlons for the error blas resultlng from the use of an

' 1naccurate sxgnal dynamlcal medel. Cons;der a signal hav1ng the

ferm_of Equation (4.1). The augmented memory estlmator assumes ‘a

eignel model xm(k) of the form,
y S - ' o
xm(k? =3 2.(k) + r(k) E (4.59)

where the m.subscript emphasizes that this is a modei'of the actual

 signal. Suppese .also that the noise and measurement models_are'

accurate., The-augmentedqmemory-estimator computes an estimate of
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x(k) by Equation (4.7), répeated'here for convenience:
x(k) = w Gmk) 3 (4.51)
The error bias resulting when (k) is not the same as p(k) is given
ECn(k)] = Wl OOEL T o
Eln(k)] = w OE[m(k)] - 2’ p(k) . C (4.52)
| S with_.n(k) ‘defined by Engtioh' (4.23),  But E[m(k)] can be 'expmééed;as '
| Em(k)] = D(k)a + E[N(x)] | (4.53)
1 R |
E'I | " Where D(k) is defined by Equation (4.13) and N(k) is defined by
" - . R B0 + v
1 ' S L L ri(k-1) + n{k-1) | _
S © NGO # pte-2) ¢ nik-2) L (wsw)
| r(k-L) + n(k-L)|
I If a fixec_l.memorvy estimator is used instead of the augmented memory
estimator, g(k) contains ;only.measur’e'ments, all of the n(k-i) terms .
in Equation (4.54) are "r-epiaced by v(k-1i), and the e:ipecte.d value of '
.N.(k) becomes zerc. . In this caée,- the -r*ésulting bias, defined as b(k),
would be given by

I"-"_._' e e e e e wome m—m oo < mmom oo m o
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B = W 00D(K)a - alpl) (4.55)

_Theréfemé;-b(k).can be considered a measure of the accuracy of'the
*ﬁodelzovef'the time interval (k—L,k)  The bias resultihg in the aug-

mented memory eatlmator can now be written 1n terms of present and

':past values cf b(k)

Nlth x(k) y(k) for k < L, the bias is zero for k < L.  For
k = L theuaugmented memqmy estimator is equ1valent to the fixed memory.

estimator, so

E[n(L)] = B(L) o (4.58)

*Cemblnlng Equations (u 52 u, 53 U, 55) gives the bias in the augmented

uanmry estlmator for k > L in the form

CE[aG01 =bGO + W OOEINGOT 0 (wsT)

-0
E[n{k-1)]
Eln(k-2)]

E[n(k—L)]

= b(k) +w (k)

_Thefefére;"thé error bias in the augmented memory estimator for k>L ig
- the sum of b(k) gnd a weighted sum of .past error biases: To illust?ate;

. the nature of the bias, it is helpful to carry out some of the error




biaS-expfeSaions, using Equations (4.56, 4.57) as follows:
Eln{k)) =0 for k=0;1,2,...,L=1"

E[n(L)] = b(L)

E[n(L+1)] = b(L+1) + w,(L+1) E[n(L)]
= Db(L+l) + Wy (L+1)b(L) |
E[a(42)] = B(L#2) + wy (L+2)E[n(L+1)]

¥ w2(L+1)E[n(L)] = b(L+2)
+ wl(Lf2)b(L+1) + [wy (L+2)w) (L+1)

+ W (Lr1)Ib(L)

ELn(L+3)] = b(143) + w, (L+3)E[n(142)]

+Iw2(L+3)E[n(L+1)] + Wé(L+3)E[n(L)]

© = bLL#3) + w (L+3)b(L+2)

+

[wl(LtS)wi(L+2) + w2(L+3)]b(L+l)

.- 82 B

(4.58) -

(4.59)

© (4.60)

(4.61) "

(4.62)

—
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o+ [wl(L+3)wl(L+.25wl(L+1) + wi(n+3)w-2(L+1) '
+ ) (143w, (L41) + wy (L+3) Ib(L)

Continuing this procedure results in a bias of the form

-
L

E[n(k)] = b(k) +
: ' ' i=1

q; (k)b (k-1) (4.63)
where the qi(k)-are cbefficients-which are sums of prodﬁcts of.eiements
in w(k), Eﬁk-l),...,ﬁﬁL+l). Equations (4,55, 4.63) can be qsed-tof-
defermine-whethep-an unacéeptableferrof bias results when an approxima-
tien to a correct-signal;model:is used. The corréct-medél_must be known
to.obtain numerical bias.results.fbom EqUationé (u.ss, 4,63). However,
Eqﬁation (4.63) does show that the error bias in ‘the augﬁented memery

estimator is a weighted sum of b(k~1i) bias terms, each of which is a-.

- measure of fhe,inaccuraﬁy-of,the gignal model only over a_tiﬁé peridﬂ '
ldf'L.samPie.periodé.' R o | N

| The intérprétatiens_ef-the_augﬁented Meme Ty estimator'discusse&
above .provide soﬁe insigﬁt inte the structure of the estimator. Thé"
interprefétion of the augmented memery estimator as a copstrainQQ‘

_ growing memory estimator shews:that-the augmented memory éstimator.is
suboptimal with respect to mean-square ervor minimization. However,
the mean-square efror 6f the augmented memery estimatqr is smaller thah
that obtained by the.comparable-fixed memefy estimator when.fhe_signal
medel . is éccurate, as Qill be iilustrated-in_the folleﬁing chapter fér-

the case of'pelynomial signals. 'Equations developed for the bias -
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resulting from the use of an -inaccurate signal model in the}augmentéd :

: ”'memory estimator equations show that the bias is-a ﬁeighted sum of :

terms which"déﬁénd:bn'the.accqracy of the signal .model only over past

III show that the l(a'.iman estimator fits the as_sumed-modéi to the Fl'ata
:-oﬁef_the ehtire}pésf; the#e biés.equationé imply sensifivity-advﬁntages
over fhe Kalman-estimator_whenfthe aSsumed mﬁdel is an adequaté'aﬁpfoxi—
mation of the signal-aver all-ﬁan time periods of-length_L sample
fpgrio&s. This-conclusiqn.muét.be vérified by nﬁmérical_résults, which -
céuld bé.ebtained-by.using the ﬁias equations of this chaptéb.of by .
simulatiné various bémbinations'cf signals and inaccurate models. The’
following chapter uses. the latter appfoach, preseqtiﬁg tﬁe.results of
digital:éomputer,simu;atiéns of vérioué.signais ﬁith'inaccurate poly-

nomial;mbdels.

time periods of léngth L'samplé'periods;_ Since the results of Chapter -
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CHAPTER V
' NUMERICAL COMPARISONS AND EXAMPLES.

In-Chapter IV the'éugmented memory estimator was proposed and .

Cits equations were derived. The estimator structure was interpreted in

_terms of an equivalent.growing.ﬁemofy estimator and in terms of the

bias_resﬁlting from the_ﬁse ef an. inaccurate dynamical medel. This
chapter will consist of numerical results of digital computer simula-

tions which illustrate the behavior of the augmented memory estimator

' with“respéct;to mean-square-errer when an accurate model is used and

the sensitivity of the estimator to errers in the signal dynamical
model. .

_ Asvstated_in:Chapfet'Ivg-the ﬁurpdse.for using the augmented

- memery éstimater-is\to obtain;an estimate which has two desirable-

.zgppbpeffiésg'ffiféf,ifhé-meén?équafé arror afifhe'éugméﬁted“memery

eétimatef should be smaller than that of the fixed memory estimator
with a memery of L samples. - Also, the'estimater:efror should be less

sensitive to dynamical modeling errors than is the estimation error’

. of the ‘growing memory or Kalman estimater. The numerical results :

presented'bélew will venify‘tﬁatgthe augmented_memopj_estimatdr hés*
these propertiés for_examﬁles considered iﬁlthiszchapten._ Each §f 
these examples consists of a- deterministic signal ceﬁfuptéd by;white
éaussian- measurement noise of censtant variance, In'eac_h case fhg

augmented memery estimator is used with a model which assumes a

" . noiseless polynomial'sigpal._
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To illustrate mean-square error behavior whén'an;accurate mbdél
is uéed; consider a polynomial signal of the form x(k) = g?ﬂﬂk) with

plk) given by

(5.1)

ﬁeasurémeﬁts.are define&-by Eéuatidp (4.2), with.v(k) a white-Gaussiém,
_ﬁbise process:with3zero.mean}and constant variance.. For this gignal;
the fixed-melhery:.estimator has . a me.an.-squar'e.e'rro-r which is _constaﬁt. '
for al; k_5 Lm'.Tﬁe'Kalmah-gstimator_has.a meaneSqUaré error which is
asymptetic to zero. fﬁé-meén-Squére'efrer of the.aUngntédtmenmmy |

estimator is the same:as thatﬂ6f the fiked memqry'estimator.fof k= L,

', but decreases for k >'L until a steady-state value is cbtained. Figure

Bgillustrates;the mean-square error.improvement obtainéd by_uéing the

:'Iaugmented memery eétimator'with an interval of confidence L.as'opPOSed

to the .fixed memory.éstimator'wifh é memefy length L. Thggmean~§quare
érror'improvement is.cemputed:by.subtracting the'mEan-squaré error in
the aﬁgmentéd memery estimater'at.k :'10L'from'the.mgaHPSQuare errqr 
of the fixed-meméry.estimator énd expressing the difference'as a per-
centage of.the-mean-sqﬁare_errer ofsthe'fixed memory gsrimaterf. |
Figure é-shows.the meah-square'error improvement computed in the same
'manner_fof a pelynomial signal of the form x(kj = g?gﬁk).with Eﬁk)

 givén_by
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Figure 8. Mean-Squaré Error Improvement in the Aﬁgﬁénted
Memory Estimator with Second Degree Polynomial
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Figure 9, Mean-Square Error Improvement in the Augmented

Memory Estimator with First Degree Polynbmial
Signal
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_Figuves.a-andlg show that-the'imprqvement:in'mean~square ervor increases -

‘as the interval.of confidence L increases.-

the true-signal. The flrst example uses .a signal which is a polynomial

examplee consist of signals which are generated ashsolutions-to nonlinear

. differential equations; Pofceach-example-the.efror at each sampling

;'blae 1n the errer wlll be relnforced and the random compenent of the
'show-fhe error bias behavier. In-addition the average error and

'averages of these quantitlee are computed. The-averaged error is

~defined as u and averaged sample'error_varlance,by 82, Twe values for

Ay ——— 17

88 .

py = | | sy

- In order to illustrate-theceensitivity-cf theﬂaugmented memory . .
estimator to dyﬁamical modellng errors, three examples are presented
below; In each example the augmented memery estlmator assumes a noise-

1ess polynom131 signal, model which is- not a correct representatzon of

of higher degree than that of the;assumed model, and the last two
inetant-is:avefaged over 30:ceﬁputer runé; each run with a different.
measuremcnt noise Sequence._ By averaging_d?er 30 computer runs, any
errer will be’ reduced. The errox. averages_are pletted versus time to -
sample error variance are computed for each computer run, and the 30 run
the interval of confidence L are used fer_each\signaleedelsin_crder“

te illustratefthe;dependence-of{the error bias-on-L;_'

Censider-first a ﬁoiseless pciyncwial signal described by
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x(k) = 100 - 0.4k + 0.005k> S (5.3)
._This-signal has . the form ETE!k) with
- plk) =.f x- (5.4)

‘This aignal-is identica1 to that used to illystrate Kalman estimator
error divergencé in:Chaptgf'II; except for a difference in sampling

rate. . The signal is é.parabola_with-valug ten at k = 0 and k = 80 and

with'é_minimum value ‘of two at k ;'40._ Assume the measurement y(k) is

given by

g = ) + v (5.5)

."with-v(kj-white'Gaﬁésian noise having a conStantivarianée_6f'one.

-Pjgure.lﬂ'showéathe result of applying the augmented memory estimator
to this signal with an inaccurate signal dynamical model. The esti-

mator assumes the signal.has the form x(k) = E?Em(k)'with'ﬂm(k) given

by

. . ] : | N
Botk) = K o S FS.G)
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Figure 10. Average Error of Augmented Memory Estimator, Second Degree
| Polynomial Signal with First Degree Polynomial Model
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~ The curveS'of'Figure 10 represent the errors averaged over 30 runs as

- previously diecussed, with curves for L = 5 and L = 8, For clarity,

'only the.errorS'fer aven valuee of k are ehown; Random effette are not-

cempletely eliminated by the averaglng precess but a. blas is v151ble

over. certaln ranges of time; such as over the -range 40 £ k £ 60. The

magnltude of the average error is . conflned to less than one—third the

"”value of the measurement neoise- varlance for both values of L. . The_
- averegeeerror'for L =8 has a larger range of veluee-than_fer-L =5

becaise the inaccurate model.results in larger biases as L increases.

Theferfor which results when the Kalman estimator is applied to the

. same eignal.with:the-same'inaccurafe.model, as shown'in,Figuref2, is .
" also shown in Figure 10. The Kalman_estimator'error diverges. in this

‘case. .

As a second illustration of error behavior in the_apgmented

memory-eStimator, ceheidef the problem of-estimafing-the-altitude of an

Q'abject 1n an elliptlcal earth orbit.- The poeltlon vecter x(t) of such

o an ebject is . determlnlstlc, eatlefylng the nonllnear dlfferentlal

equation -

E(t) + [33 ]gtt):é_ . G
E ()T T - o

-where gﬁt) can be expressed as

ey L

x(t) = x(t)e (5.8)
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- Qitﬁ:x(t) and B(t)nthe mignitude and angle.of_gﬁt) in polar coordinates..
| '_Snbstituting Eqﬂation (5;8) into Equation (5.7) gives the following

simultanecus nonlinear differential_equations:

() - xR v =m0 (5.9)
LT x2(6) s

x(DB(E) + 2k(06(E) =0 . (5.10)

'_'In the digital computer simulation, the units of x{t) are earth radii,
| abbrsviated er, and 8(t) is in radians. The gravity -constant B used in

~ the simulation is 8 = 19 9094165 Heasufements‘are“aSSumed.to'censist

'of discrete. samples of x(t) taken once every 15 minutes, with addltlve

Gaussian measurement n01se hav1ng a. constant variance-of 0. Ol\erg.'

: Then 1f k represents the sample number, wlth k. =0 for t = 0, measure~

' mants are descrlbed by-

y(k) = x(k) + vik) | | (5.11)

" For simnlatian'purpdses x(t), x(t), and 8(t) are-initialized by x(0) =
' 2 D.er, x(o) = 0 o} er/second, and 8(0) = l 8 radlans/secend. The-.-'

resultlng altltude x(t) is shown in Flgure 11. In_Flgure 11, time in

minutes is-obtained by multlplylng the value of .k by 15
In erder te use the augmented MemoTy estlmator to estlmate orbit.
altitude, a llnear model_must be assumed for x(k). One possibility - 1s

to. assume x(k) has the Form. of a noiseless second-degree polynom1al

r_-,_m__'_un______'___. .
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o9 :
"so.that:xfk):='E?Eﬁ(k)iwithlpm(k)-given_hy
OO IS - (5.12)
s L k2: _ _ ' - o

The interval of confldence L is then chesen s0 that the assumed mcdel
.of x(k) is a reasonably accurate approximatlon of the true s;gnal cver
:.itime pericds of length. L sample 1ntervals Figure 12 shows the results
of computer Simulations using the mcdel of Equation (5 12) with L=

. jand-L 03' As in the previous example the awerage eyror is the result,

'_of averaglng the errcr fcr each sample .over 30 . computer runs and average
error. is shown for even samples only. Again, larger biases result when-
:.the larger value of L is used because cf the inaccuracy of the model.
Cemputer simulation has also shown that the Kalman estimator whlch uses |
'_che second-degree polynomial model for x(t) has an error larger than

el 5 earth radii fcr all k > 20.. | o
Figure 13 shows ths average error ‘in the.augmented memory

estiuatcr when the altltude mcdel is a n01se1ess flrst-degree polyncmial-
| .of.the form x(t) =z a Bm(k) with Em(k) given by Equation (5.6). Simular
tion results are given.fcr L.= 3 and L = 6. In the L=6 case the mcdel .

is a worse appreximatlon to. the signal over the interval of ccnfidence

;than is the seccnd-degree pelyncmlal apprcxlmatlon ag evidence by the o

L larger error. biases. . : .

Fcr the last example, consider the prcblem of estimating the

' ;altitude of . an cbject.re—entering the earth's atmosphere. Thxsaproblem
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. was. d1scussed in detall in- Chapter 11, The determlnlstlc 51gnal and

'dlscrete no;sy measurements are desorlbed in Bquations (2. 21) through

'h (2 25) and Figure 3 wlth the resulting signal shown in Figure 4. -The'

311near range model of Equatlons (2 26 5.12) can be used wlth the _

- augmented memory estlmator to oompute r(k), with the altitude. estlmate

lefk).then-belpg computed.by~Equatlon (2.27). Thls.model-corresponda

to the:assuﬁptioﬁathat;the rahge,variable,Can be approximated.by'a

" noiséless second-degree polynomial over time intervals of L sample

-pefiods.f FigoreTlh shows the average altitude error cbtained by;hsing

'the second-degree polynomlal range model. Results are. shown for L=

and L .6 w1th the average error for only the even values of k shown ono

_the.f;gure;_ For both values of L, a blas 1s evident between k .10 and

. k =j20._ Inspectlon of Flgure L shows that these values of k- are in the,

- time 1nterval in whlch the slgnal is most nonllnear, S0 that the model _

' is-lesS'accurate. For k > 30 the'range varlable appears to have a form

- ;whmch the model can flt well, as verlfled by the lack of error. blaS for

hk.> 30. The most 31gn1f1cant result obtalned from thls example is that

the relatively large biases pﬁesent in the altltude estlmates for k < 20

do not prevent the estlmator error from being relatively unbiased in

_the k > 30 range.'

Flgure iy also shows the result of applylng the Kalman estimator

to'the re*entry problem with the=nolseless second-degree polynomlal |

pange model. The-result;]alsohshown'in Figure 5, is a divepging alti-

tude estimation ervor. -

Figure_ls-shows the average altitude estimation'Errop.obtained:

5

whepﬂ_the f'irs.t-dlegfee polynomial medel of Equation (5 6) is assun_ied-_for- _'
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Estimator, Re-entry Signal with Second
Degree Polynomial Model
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the-range;variable;_ This model is even less accarate.that thefseeonde

degree'polynomial model ferak < 20, sotthe resulting biases are larger

* than thoae of Flgure 1u Simulation results are'ah0wn in Figure 15 for

.-_L ._2 and L Agaln it is 31gnif1cant to note that relatively
largelbiaaes for-k < 20 do not prevent acceptable_error_behaV1er for
k > 30, where the model is mere accurate. _

The examples descrlbed above show that the augmented memory

j-eatlmator w1th a pelynemlal 31gnal model demonstrates the de31red

' propertiea.eutllned at the;beginning of this chapter;. Flgures 7 and'é

a verify'that.the;augﬁented memory estimator with accurate polynomial -

-;medela of.noiseless pélyndmial"signals'results"in a smaller_mean-aquare_“

';errar than-the;fiXEd memonyjestimator'withathe same mcdels aﬁd,memory

'~fleagth_L.e_The'ether ekamﬁléa presented in this chapter illustrate that

athe‘augmented memory estimator with a polynomial signal model is less
'-.senSitive'to signal modeling errors thanfis-the Kalman-eetimater They

o ;_:also shew that the cho:l.ce of the J.nterval of conf:.dence L. can be of _

"_'primary ;mportance.' Toe large a value of L can result in cens:.derable

blas when the asaumed model 13 very 1naccurate over time periods of

'1ength L:sampleslntervals.erﬁ a;gnlflcant_result of,the examples is

that a large-bias in estimates computed over one peried of time do net:

necessarily cause biases. in estimates in later time ihtervalaa'
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CHAPTER VI..
- CONCLUSIONS AND RECOMMENDATIONS

Conclusions
This dissertation contains a. detailed discussion of the problem
'ofgestimating sxgnalS'whlch contaln a nonrandem component. Attention
'.is restricted te dlscrete measurement systems and:linear estlmators
i-Partlcular empha31s in this dissertation is on the sen51tivity of .
:linear_estlmators_to errers in the assumed modei of the nonrandem__e
s:com@bnent'df'theisignslf_ After'existing discretefestimatien_techhiqnes
o sre:discﬁssed'snd eempared inltermssoflmesn-Square error and sensi-
' tirity te-sighsl_modeliné errors, a new-discrete estimator is derived.
.Tﬁe:new estimater.satisfies ths ebjective'of computing'estimates which

have mean—square error. and sen31t1vity properties representing an

.“31:G1mprevement over the existing methods.

In.Chapter IIqthe Kslman estlmater-equationS'are discﬁssed; It

._is,shesn there-thst'errors.in.the signal dyﬁamiCal_ﬁodel, Oristate
!transitiOn matrix,.can result in.censiderable'error bias'or_even;errer

A diVergence wﬁen ssed-in the!Kalman-estimator equations. Error. diver-.

gence -is related to the loss of significance of the gain and computed

error covariance matrix, resulting in decreased dependence of estimates .

‘on the. most recent measurements. -
X Varieus-modificatisﬁs ofltheekalman estimator are also discussed

in.Chapter II, These mOdified_Kalmah estimaters are each intended to
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.reouoe the senslt1V1ty sf.the.estimates to signal dynamlcal modeling
:errsrs. Common among. theSe estimators is the requirement of—a ‘known
.'model for the error souroes in. the signal model, or the use- of assumed
- _bsunds on, the gain er error covarlance. Only_the-limited memory method
f(21) aliows direct use of a model ‘which is enly intended~to represent}
' an-approximation to'the;signal over limited periods.of timezchosen_

'by the user.

In Chapter IIT it is shown that the Kalman . estimator can. be

'-__interpreted as'a weighted;least-squares;curve fittlng procedure.which

fits all past data with the assumed model of the signal. This inter-

_pretation”further;ekplains the'error sensitiuity prcblem in the Kalmant '

.-estimator. It also ]ustifles the use of the alternative signal model

'of Bquations (3 37 3 33) when the measurement vector is first order.

'-.The alternative slgnal model leads directly to the flxed memory estl- E
' mator which-uses only the-measurements obtalned-durlng the most-recent
'.;"fixed period of tlme.. The flxed memsry estimator has an advantage over

'the Kalman estimator in 1ts relative lnsen31tiv1ty to msdellng errors,

but it achlsves this advantage by dlsregardlng all data taken earlier

' .than a f:l.xed amount of time in the past.

The augmented memory estimator equations are derived in Chapter

v and-in theﬁﬁppendix. Thegaugmented nemery estlmator structure.has:a

form similar to the fixed memory:eStimator, but uith oast measurements
;_replaced by past eStimates. sThis difference means. that. the augmented

B memory estimator depends on all past data;'and in fact it is shswn to.

be equivalent to a growing memory estimatoér which minimizes mean-square

‘error subject to an. 1ncrea31ng number of constraints: An- 1nterpretation
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,; of the sensitiv;ty of the error in the augmented memory estimator to.

'.errers in the 31gnal medel is also presented in Chapter IV This

”_interpretatien proves that the bias-in annestimatepie expressible as a.
weightedﬂsnm.ef separate bias'terme,'each ef-whieh-is,a measure of the

' ;aecuraqf of thelsignal.cnly.ever-a peried.of time of length L-sample.

. per'"ieds.'- I

Illustratlens of the error behav1or in ‘the augmented memery

"estimater which uees a polynomial -signal model are presented in Chapterl

'V. -It ie ehown-that the use*cf an-accurate-polynomial eignal model
| .resulte in a mean—equare error . imprevement over the comparable fixed

' memory estimator. The percentage of mean—square error improvement

increases as the interval of cenfidence L increases. The results of -

.siuulation Btudies of particular examplee are also preeented in: Chapter
- V in order to 111ustrate the érror bias resulting from the ‘use: of
:”:1naccurate'polynom1al 51gnal medels.. These examples 1nd1cate'that the
'i,augmented memory estlmator error is less sen31t1ve to. modellng errors
.-;than 1s the Kalman estimator. The amount of biae resulting from the

: use.ef an inaecuratefsignal model in the augmented memery-estimator

-inereaeesfwithithe;value-chosen for the.interval,of confidence,ﬁ.l

l Therefere,-L muet.be choeen to satiSfy.a trade-off between the criteria-
of meanéequarererror_and eensitivity of.estimator érroer to eignal

| medeling.errors. The examples aleo. indicate .that relative’ly' 1arée-'

biaees 1n astimatee over. a period of tlme do not necessarily prevent

unbiased estimatlen at later times when the signal model . is more

accu rate .
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-
In addltlon to its seneit1v1ty advantages, the augmented memory _
estlmator has other advantages over the Kalman eetlmator. The presence

'of.celored no;se_seqcences_ln_the signal and measurement, with'eznenﬁ_.

" zero. créss-correlation function, requires no changes in the estimator
"equatiene'er'the signal'medela_-ﬁlso;_the acgmented.necery estimator

'-ie-easily'reset when it;isndesirable to eliminate any effect of biases

in past estlmates. 'ﬂll'thet-is required is to store L measurements and'

-re-enter the estlmator algorlthm with new initialized storage matrices. .

_ Recommendations for Furthef Research

' There are eeverel'peesible'ekfensionE.cf the augmented.ﬁemoryf

- esfimeeof presented'in fﬁis dieeertation. These 1nclude extensions’ of -
~the class of 31gnals to be- estlmated and- modlficatlone of the estl—-
.mator to incorpcrate addltlonal information about the 31gnal to be

"festimated or to allow it to change itself adaptively Some of the

pOSSible-extenslens are_the.followlng:

JI'Q-Tﬁe3aﬁgmented'memonfestimetof sfructure,'er some variatien -

_ef it, mlght be applled to the estimation ef arbltrary funetlons cf the.
fsignal in addition to the signal 1tse1f.. This extension might 1nclude
' the smeothlng and predlctlon problems, -in whlch estlmates are’ computed _

"for the 31gnal or functlons of the elgnal at time instants: prler to

and 1ater than the most recent measurement
2. Althcugh th;ssdlssertatlonaxs concerned;with-signals con=

taining a monrandem compenent, the augmented memory estimator structure

: might.be-éPPliedtto'fhe problem ef'eetimeting-randem sign&ls_withgkncﬁn

power spectrum or autocérrelation function. Decreased-sensitiﬁity'ef

[ i e A e £ e T e e\ e s —
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eetimates to errors in the autocorrelation function would be an objeg-

tiVe‘of this-appreach. In this case, the signal'model of Equation -

' (4 ,1) may be used with a.Ejk) 0, or the random signal may be expanded.

' _in a eeries with some of its terms descrzbed as’ the a Eﬂk) term in-

Equation (4.1) and the remainder descrlbedrby the r(k) term.

3. A logical extenelon ef the augmented memery estimator is o

_ determlne a. methed of u31ng vector measurements Iﬂk) rather that scalar

measurements to estlmate a'31gna1; "For example, in an orbit. determina--

.t:.on prohlem llke the one presented in Chapter V, no:Lsy measurements of

~ both range and range rate may be availab;e at eaph-sampl;ng 1nstant.

| ‘4. 'The form of the signal model used by the augmented memory.

'eetima'tbr_pemits ;s‘imple_mathenlati_cal _de's'.criptn_'.ons' of known bounds on -
.the eignalaer'fnnctiene:ef tneneignal. 'Such-known.beunde?might be
L incereorated in theiequatiens'ef-the augmented HEmMOTY . estimater. 'This-
_ _procedure sheuld have the effeqt ef llmitlng the biases which occur when
'-;an 1naccurate slgnal model is used -in- the estlmator equatlons W1theut ,1

'fthe consideration of knewn beunds.

o The augmented memory-estlmator might be made adaptive by

- .'caus:l.ng it to automat:.cally adjust :|.ts own structure. Adjustments
-could. take the form of 'changes in the J.nterval ed:' conf:.dence or in the
'degree of“a_polynomlal\signal model. ' To determine when and how to-make'
“such adjustments, an error sensor consiating of observations of the,

‘differences between measurements:and estimates might be used.




~ are derived. The result1ng equation for the welghting coefficients

where p,¢, and ¢ are correlation functions defined by Eqﬁations'

(4.4, 4.5, 4.6) and (1t and s are error correlation functions defined by

106 i

'.AP.PENDIX s - ' . | :‘

DEVELOPMENT OF COMPUTATIONAL ALGORITHM FOR

- ERROR CORRELATION TERMS
In Chapter Iv the equations for the augmented memory estimator
invelves two matricea, S({k) and_y(k), which contain correlation termg

involving the estimation error n(k) and the noise seduences in the sig-

nal aﬁd'measurement. In this appendix the derivation of a compdtatiohal

algorithm for recursively campﬁting the error correlation terms needed
in S(k) and'1(k) will be presentéd. The.aléqrithm will.befdescribed in
a fqrm which CQn be directly implemented by é digital computer ﬁrogram.
Hethodé for initializing and updating requifed étorage matrices will-
also be presented. | | .

The:matrix S(k) is &efiﬁed by Equ;tion 4.21), Inspectiﬁn of
Equation (4. 21) shows that S(k) is symmetric with the first row and

column containing the terms

E([10) +v®1% = pl,k) + 20 (k1) + 0l k) .1)
CE([r@®) + o (0] [x(k-1) + n(k-1]} |
= plk, k-1) -La(k,-k-i) + s(k, k1) | : (A.2)
+ ¢(k-1,k) for i = 1,2.,.._..,L

L
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ok, 3) = E [r(kIn(j)] A |
sk, S [v@on®] (A
.witb n(j) defined By Equation_(ﬁ;ZB). fﬁe seéonq row, coluqﬁs two
; thrduéhi(L+1); of-S(k)-Contains ﬁe;ms of the form
o E ([r(k-l) +. n(k-l)] [r(k-i) +al-0) (A.5)
. p(k 1 k-l) + a(k 1 k-i) + alk-1, k-1) + p(k- 1 k-l)
| Cfor 1 =1,2,...,L
wifh u{k, ) the error gutq#drrelatibn function deﬁined by
_u(k,J) = E[n()n(3)] - | (4.6)

In addition to the terms of the form of Equations (A 2 A, 5) the last

_(L-l) rows of S(k) contain terms having  the forms

CE (s + n.(k—i)].[r(k-;j) + n(k-j)]}- | @
'_=p(k St ke3)  QCet, k-3) +aed, kel + pke, k-3) |

for 1-a 2 3,...,L and § =2, 3, 00,1

héplac;ﬁg.k'in EqdationS'(A.ﬁ, 4.7) by k-l'reveéié Ehat_the_terms'

. in S(k) héving thé-form oflﬁquation (A,7) can be obtained di?ecfly'from |
tﬁrms-in'thé S(k-l)”matrix. The matrlx remalnlng after deletlng the
_first two TOWS and columna of S{k) is identical to the matrix remaining o

- after deleting.the-fzrst and last rows and,columns of S(k-l)._ This _

-léaﬁesﬁbnly'the first two rows and columns of S(k) to be determined. All

terms.inﬁolﬁing_the correlation functions p, ¢, and ¢ are assumed known,

" leaving onlj'the terﬁs involving the error n(k-i) in the_first'two rows
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and columns to be computed These terms conSist ofoive gypés of
,exp:easiona 80 it is convenient to deflne the following five forms.
Form 12, 'E[r(k)n(k-i)] = a(k,k-1) for i = 1,2,...,L - (A.8)
" Form 2: E[r(k-l)n(k 1)] = cz(k Lkei) for i =1,2,.000,1 (A.9)
‘Form 3: E[r(k- i)n(k-l)] = a(k-1,k-1) for i = 2,3,...,L (A.10)
Form 41 E[v(k)n(k-i)] = s(k -4 1 for i =1,2,...,L (A1)
Form 5: 'E[n(k-l)n(k-1)] u(k -1, k- i) for is= 1,2,..., - (4.12)
: -_Algorithms'fof qomputing these terms will be derived below. " After -
_thésé'ﬁenmg.arelconﬁuted, the first two rows and-coldmnslof the S(k) .
matrix are compietély'detefmined by'uging Equations (A.1, A.2, A.5).
' The y(k) Vector defined by Equation (4.22) can be written .
Tl k) otk ] @y

ok, k-1) + a(k, k-1)

)= Erm] = | ek, k-z) + alk, k-2)

p(kk -L) + a(k, k- L)J'

' Thi;_teéult_is'obtainéd-by-using-EquatiOns'(4;1, 4.23) to rgplace'the_'

eétimatésngtk-i) in‘g(k) by

. ;(k;.j_:):' = ET_E (k-1) + t(k-i). +.n(k-1) ._ : o (A.ill).

Equation'(a.13)_ahowanthat'y(k) can be déte:mined.after'the Forn_l terms -

~of Equation (A.8) are dete:mingd. 
 In order to'comﬁutefthe error correlation terms of ‘Equations

.~ (A.8-A,12) by a récu:sive algorithm it is necessary to store a fixed
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amduht'of-paSt-1nfotm§tion; It is conveniént to summarize this infor-

fak1,k-2)

400 2 atenkn

L
L]

' -l.l'(.k"zs k-Z) .
- pee2,ke3)

B0 2 [uk-2,k8)

#(k-i:kPL)

W (K)

o

ke, k-1-1)

b " l .

‘ Fs(kAI,k-Zf

w>

or(k-2,k-2)

k=2, k-3)

0

L p(k-3,k-3)

L ulk-3,k-4)

(-3, kL)

Rkl p(ked keLe1)

e (k1)

1l

s(k-1,k-3)

-
-

| stkel, k1|

k-2, k-1-1)

‘mation storage requirement Sy-défining the storége matricés below:

cer Qk-L-1,k-2) | (A.15)

L O!(k-L-l, k-3) I

veo Q(k-L-1,k-L=1)

o 0 ... O
0‘ ) 0 O‘... 0

u(k-a,k-A)'o' cee O

u(k-6,k-L) ... p(k-L,k-L)

i (k-4,k-L-1).. p(k-Lk-L-1)

(A.16)

(A.17)

(A.18)

‘These storage matrices aré considered to be available for the computa-

tion of tﬁe errat-gorrelation-terhs of_EquatiOns (A;B-AQIZ),- After the

.

be-derived;

' algorithms-fot;éomputing thé error correlation terms are derived below,

 1the:ptocedufe'f6r initialiéing and updating the storage matrices will
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- 'Coﬁpqtation_of-Form 1 Tetgg
Defipg.thé.vector El(k)'containiﬁg the Form'1 terms by
| | Te(k, k-1) . (a9
TR 2 [ak,k-2)
| ok, k-1) |
' Equé;ioﬁ”t&}lh)'sal?ed.fof-n(kqi)'gives
n(kfi) = -a p(k-1) - r(k-1) + x(k-1) (A,20)
Then by EQﬁations (A}B, A,20, 4.7) the last term of F1(k) can be
'-written as ' |
alk,k-L) = E (r(k)[-a p(k-L) - r(k-L) ' (A.21)

+ T (k-Lym(k-L)])

= -p(k, k-L) + @ (k-L)E[ r (k)m(k-L)]

N $qbs;;tgtinngqqa£iona_(4,9;'A.14)_ﬁpr m(k-L) in Equation'(A.Zl) gives_

ok, k-L) .'.'p(k','k{x;.) S (a.22)

ok, k-L) + ¢(k,k-L) |
p(k,k-L-1) + a(k, k-L-l)

: +HT(k-L)_' 1 ok, k-1-2) + a(k, k-L-2)

' p(k,. k-2L) + a(k,k-2L)

‘Each of the'a(k;k-L-i)'terms in the above equation could row be
expanded in the same manner as O(k,k-L). In order to keep the number of

computations constant for any value of k, it is necessary to make the

8
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Iassumpﬁion_that nonzero.correlation ;ime is bounded for the noise ée- 
quences in the-éigﬁal'and meaauiemeut.' A reasonable assumption is
. tha£'n6 cbrrelsfion_eﬁists.beﬁween samples from elther noise.process

_ ﬁhich are sépérated ih time by more than L sample pefidds,.where L is
thé'intérval"df{ﬁoufidence, This qssumpti§n means that p(k,j), c(k,j);
and 6(k,j) are zero’f&r all (k,j) such that ]k-jt>L.' Since n(k-j) for
j> 0 depénds'onlylén'tetma'oBtained'no léter than the Kkth sample, if

':fdllqwg that.a(k,k-j) énd's(k,k-j) are also zero for ali J> Lf'

With the sbove assumption on the noise processes, Equation (A.22)

'_becdmes_
Calk,k-L) = -p(k,k-L) f | O (A.23)
| ok, keL) + 0 (k, kL)’
| 0
“_'+ gr(ka) )  0_
L. 0 . A

- Using the éamg:procedure'for_expénding d(k,k-L)'to.ekpgnd ok, k-1L+1)

R gives

a(k,k-n+1) = -p(k,k-1+1) _ _ : | (A.28)
| Mok, k=L+1) + ¢ (k, k-L+1) ] o

o+ w11y | PUe kL) + alk,k-1)

e e D

The a(k,k-t) term in ;he'above equation is known from the immediately
- preceding computation of Equation (A,23)., Expanding a(k,k-L+2) in the

same manner gives

e e e
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Lk, keL+2) = -p(k, ke1+2). A - (4.25)
[ ik, k-L+2) + o (k,k-L+2)]
ok, k-L1+1) + a(k, k-L+1)| -

+ wT(ke142) ok, k-L) + ok, k-L)

.OI"'D_

”-The a(k k-L+1 and a(k k- L) ‘terms in the above equation are known from

: Equations (A 23 A. 24) continuing in this manner, all terms in Fl(k)

are computed in sequence from a(k k= L) to ok, k- 1) which has the form.

- a(k k- 1) = -p(k - 1) ' - ' (A.26)
(k k1) + 6k, k-l)" | |
| p(k,k-2) + alk,k-2)
+ @ (k1) | ol k-3) + ik, k-3) | -
bk, k-L) + ar(k, k-L)
0. - -

. Summarizing the procedure described above F1(k) is computed

term by term by the follow1ng equations which must be used in the

order given-'- N |
Fl (k) = afk,k-1) = -p(k,k-L) - a2
+w (k-L) [ p(k,k-L) + &(k, k-L)]
F1, (k) = alk,k-1) = -p(k,k-1)
+ v, (k-1) [p(k,k-1) + o (K, k-1)]
LH1-1 -
+ Z‘ {3y (k1) [ p(k, kt1-4-3)
B |
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+ ok, k+l-i-§)]} for i=L-1,L-2,...,1

E' : .'In terms of the storage matrix NM(k) defined by Equation (A.17), Equa-

: tion (A 27) becomes

FL () = alk, k1) = -o(k, k- S (A.28)
4+ "“L 1 @) [plk, k-1) + ok, k-L)]
Fli(k) =-_a(k’k'i-) = -p(k,k-l). _
| + W l(k)[p(k,kQJ,) + ¢(k_,'k-1)]
o+ Z (GO oGk, kHL-i-5)
- |

' +_1?1'i+3_1(k')]_, far-1=L-1,L-2,_...,1_

Comgutation of Form 2 Terms

Define the vector FZ(k) contain1ng ‘the Form 2 terms by

' O:(k-l k- 1) S - (A.29)

o @ |wenin]

 or(kc-1, k-L)

All but the first term of F2(k) are available as values in the'fi:ét
columh-of the A(k)_storage matrix défined.by Equation (A.15). The
a(k;l;k?l).tetm of-§g(k)'cah be expanded by the same procedure used for

the Form 1 terms in the precediﬁg'~discussion. The result is

F2, (k) = ae-1,k-1) = =p(k-1,k-1) " O (A30)

13
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" o(k-1,k-1) + ¢ (k-1,k-1) . o
| otk-1,k-2) + ar(k-1,k-2) "

p(k-1,k-3) + a(k-1,k-3)

+ Wl (k1)

plk-1,k-L) ¥ a(k-1,k-L) ~

| o(k-1,k-1-1) + a(k-1,k-L-1)|

: Tﬁe.d(k-l kui) terms of the above equétion are all contained in the

first column of A(k) .The wT(k-l)'vector is the first row of the WM(k)

. matrix defined by Equation (A, 17) Thé.proceduré for chputing.FZ(k)
 is summarized by the_fqllow1ng equations: '

P2 (k) = a(k-L,k-1) = -p(k-L,k-1)  (A31)

+ l(ki[p(k-i,k-n + o(k-1,k-1)]

L+
z {m: (k)[p(k Lk-1) + 4 -1,100)
F2 (k) - a(k-l k- 1) =Apg O for 192,3,...1

~ Comp j utation of Form 3 Terms S _ o

Def ine the_vebtor F3(k) containing the Form 3 terms by

(o1 (k-2,k-1)] o o (A.32)
P3G a |23, k-1)
(k-1 k-1) |

qung Equations.(A.S, A,ZO,'h.?), the first term in F3(k) can be

‘written
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k-2, k-1) = -p(k-2,k-1) A
| 'p(k;_z,k-l) + 0(k-2,k-1) |
- o(k-2,k-2) + a(k-2,k-2)
| 4w k1) olk-2,k-3) + a(k-_z,k-a)

| p(k-2 k-L) + ak-2, k-L)

| p(k-2, k- L- ) + q(k=-2,k- L-l)

.The a(k 2, k 1) terms in the above equation are identical to the terms

in the.second column of A(k) By the same procedure used to obtain

Equation (A}33);'the secnnd.texm in Eg(k)-can be written as

a3, k1) - Coke3,kel) - A3
p(k3k1)+¢(k3k1)' o
| o(k=3,k-2) + a(k-3,k-2)

+ 9 (k-1) | p(k-3,k-3) + q(k-3,k-3)

o(k-3, kL), + ai(k-3,k-L)

| p(Kk=3,k-1-1) + oi(k-3,k-1-1)

The a(k-3, kLi) terms in the above equatidn are identical to the terms'in

. the third column of A(k) Continuing the above procedure, each term in .
_F3(k) can be written 1n ‘terms of values in the first row of WM(k) and
QOIUmns of A(k) The algorithm for computing F3(k) is aummarized by the

'following equations.

(k) =q(k- i,k-1) ' - (A.35)

= -p(k~1,k- 1) + WMI l(k)[p(k-i k-1)
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S 1
+ 0 (k-1,k-1)] '+Z (W G pCk-1,k-3)
-] _

'+_éj-l,i(k)]] fér i=2,3,...,L

 Computation of Form & Terms

'  Défine the vector F4(k) containing the Form 4 terms by

ra(k,k-l)“ - ' _ = (A.36)
o & |2
_;(k;k-Ljd

Coméariéoﬁ of Equatiqna.(A.19, A,36) and the definitions of Equations
(A.3, A,A)hleadé to the conclusion.that Fé(k)*ﬁan be'computed in.thé |
: saﬁe m;hner as-FI(k) The procedure is to start with the last term in
' 'F4(k) and work up to the s(k k-l) term. Again, the assumptions re-
garding-the-correlatipn times described in the discussion-qf the Form 1
' if;;ﬁg'éféi;éééiéaf;fébziﬁéufg's'fiﬁed“campﬁtgtigﬁal procedure. The

résultiﬁg éigorithm is sdmmarized by the following equations:

ra (k) = s(k k-L) = - (kL k) o BT 7)
s "“L L0OLe (kLK) + ok, k- 1]
Fﬁi(k) - s(k,k-i)_= -¢(k~i,k)
W L0011 + ok, k-1)]
Ltl-1
z (e, jck>[¢<k+1-i 3K) Bl lckm
j=2

for. i = L-I,L-z, h ey 1




- at kel:

" 4.7) to obtain

-Iﬂgthe above equati

- Computation of Form 5 Terms o ,

 Define the Vector F3(k) containing Form 5 texrms by

-

[ueel, ke1)

E(k) é p(k-1,k-2)

|k (kzl,k-L)J

" Since the first term of Eg(k) s just the mean-square error of the

estimate f;(k-l),_if can_bé'computed by Equation (4.24)'expresaed ~

This term is cdeu_

: ’The sécond t

B, = ik

= E[.n

= -g(k-1,k-2) +

FS; (k) = p(k-1,k-1)
- _ET(k}l)'s'(k--l)__q(k-l)_

= 2IZ?(k;1)E(k;1)\+.p(k-l;k;l)_

ed after %(k-1) is obtained.

L) |
(k-2)[ -a"p(k-1) - £-1) + ¥ k-Dage-1])
[otke1,k-2) + sCk-1,k-2)
_ 'a(k-z,k-é_) + u (k-2,k-2)
Wl (k-1) k=3, k-2) + (k=2 k-3)

-
-

'a(k_L__l, k-2) + u(k=2,k-L-1)|

. the first row of th

n all of the d(k-i,k-2)7terms are available from

A(k) stdrage matrii, the s(k-1,k-2) term is

e B
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| (A.38)

(A.39)

erm of F5(k) can be expanded by Equations (A.6, A.20,°

(.40)




--118

the firat term in the VN(k) storage vector, and all of the p(k-z,k-i)
‘terms are availablé from the first column of the B{k) storage matrix.

Expanding the third term of F5(k) in a similar manner gives

S B350 = u(ke1,k-3) " | @A
L = E(n(k-3)[-a'p(k-1)-r(k-1) + ¥ G-1m(k-1)])
| | - C q(i-1,k-3 + s(k-1,k-3)

| Q(k-2,k=3) + p(k-2,k-3)

o -q(k-1,k-3) + w (k-1) d(k_-Sl,k-S). + u(k=3,k3)

Q(k=4,k-3) + i (k=3,k=4)

| Q(k-L-1;k-3) + p(k-3,k-L-1)|

ihe d(k-i;k53) tefms.ih fﬁg abﬁve.equation are availlable in;tﬁe.second
“ " bow of A(k), énd s(kwl,k-B) is the second ﬁerﬁ 1a.!§(k), The p(k-i,k-3)
cerms.'afe'in_ the second row of B(k) and the u(k-3,k-1) terms are in the
second #olumn'of B(k). ':COutinuing the same procédure of expanding terms

in Eé(k)_results in a-generél expression of the form

| _Fsi('k) = g(k.-1,'k-1) | o ) | (A.42).

= E(n(-)[-a'p(k-1) -7 (k-1) + wl (k-Dm(k-1)])

ak-1,k-1) + s(k-1,k-1)

k-2, %-1) + p(k-2,k-1)

‘a(k-3,k-1) + jp(k-~3,k-1)

- -a(ke1,ke1) + ¥ (ke1)

alk-1,k-1) + p(k-1,k-1)

Q(k-i-1,k-1) + p(k-1,k-i-1)

| c(k-L-1,k-1) + p(k-1,k-L-1)




-Thé_a(k-j,k-i) terms in the above equation are available from row

 for determining S(k) and ¥ (k), the storage matrices defined by Equations

compute S(k+1) and Z(k+1). Substituting k+1 for k in the definitioné
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i-1 of A(k), and the s(k-1,k-1) term is available as the value of

-~

VNi_l(k).1_Thé plk-j, k=-1) terms are availabie from row i-1 of B(k)

and the u(k-i,k-j),terms are available from colpmn.i-l of B(k).

| The above'pfOCedure for computing Fi(k) is implemented by

the following equations:

CF5 (k) = P(k-1) . | (A.43)

= W' (k-1)S (k-1 (k-1)

.%ZT(kFilg(k-lj + o(k-1,k-1)

F3 (k) = -A () f"'ml,'l(k)[Ai-i,l(k)_ + V(9]
+ Z‘ (Wt (GO[A_) (00 + B, (0]

j=2 -

A .
o+ Z (M, (GRQLA; Ly () + By oy (O]

qmitl

for i = 2,3,...,L

Procedure for Updating and Inftializing the

Storage Matrices

. After the above procedures are used to compute'the;térms needed
(3;1594.18) must be updated to k+l so that they contain terms needed to-

of the'storage mat:ices gives

e
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‘éx(k' k-n |-d(k41 k-1) | @(k-2,k-1) ... a(k-L,k-1) ] (A.44)

A(k+1):a-' ak,k-2) | a(k-1,k-2) | a(x-2, k- 2) ... a(k-L k-2)
- :ja(k,; L) I ar(k-1, k- L) | o(k-2,k-1) ... a(k-L, k-L) |
_ | (A.45)
'ﬁ(‘i-l,-k-.i) | 0 o __o _.._,E _ _‘1
[ule-1,k-2) | plk- -2,k 2) 0 0 ... 0
Bty = [BGELED | a2l k3 0 L0

A

pCee1,k-1#1) | [ (k-2,k-L+1) ju(k-3,k-L+1) ... p(k-L#1,k-L+1)

(A.46)

WM(kH) =

ek, k-1) 1 ' ' (&.47)
8 (k, k-2)

"
-

';Jgg(k+1),§ '

| 8(k, k-L41)]

}

‘The partitionihg of A(k+l) and B(k+l) shown above is to clarify the

following updating procedure. The first column of A(k+1) is equal to

Fl(k) defined by Equation (A. 19) The second column of A(k+l) is equal
to F2(k) defined by Equation (4.29). The first row, columns three
through L+1 of'A(k+1) is equal to the transpose of F3(k) defiued by
Eﬁuatioﬁ-(A.BZ)._ Only tﬁe submatrix obtained by deleting thg.fifstlrow_

and first two columns of A(k+1) remains to be updated This submatrix

is equal to. the submatrix obtained by deleting the last row and the flrst

w-1,k-L) | p(k-2,k-L)  p(k=3,k-L) ... pCk-L+l, kL) _




121

-and last columns of ‘the A(k) matrix defined by Equation (A 15).
The first column of B(k+1) is equel to F5(k) defined by Equation

(A.38). The submatrix obtained by deleting the first row and first

_ coluﬁn of_B(k+1)'is'equal toithe'submatrix obtained by deleting the
" last row and the last.columniof the B(k) matrix defined by Equation
:(A;lﬁ), | _. | |
| The updated matrix HM(k+1)'of Equation (A. 46) is obtained by
-shifting each of the firot L-1 TOWS of WM(k) down by one row and setting
" the. first tow of WM(k+l) equal to the trenapose of w(k) computed by
Equation (4. 31)
_ The updated VN(k+1) of Equation (A. 47) is equal to the first
L-1 terms of F4(k) defined by Equation (A.36).

The above procedure completes the updating of the storage e

| -.g,fere given in Equations (4 32 -4, 34) ]he~storage matrices of_Equationo

matrices, As mentioned in Chapter IV the sugmented memory estimator
.is initialized by storing the first L measurements and starting the

'recursive procedure at k=L. - The initial values of m(L), (L), and S(L)

(A.15- A.18) must elso be initialized for k=L. Since x(k) = y(k) = x(k)
o+ v(k) for k__<-L, the error n(k) for k 2 L becomesg n(k) = v_(k)_. . Th.e'n-tl_ie

correlation functions involving the error become

ok, k-i) = E [rGv(-D] = 0l ke) O a48)
ek, k-1) = E [v()v(k-1)] = o(k, kei) |
gk, k-1) = E [v(k)v(k-1)] = o(k,k-1)

'for k< L and {> 0. - Then for k=L the initialiZed storage matrices are

” giéen by
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L [@e1,1-2)  #(1-2,L-2) ... 0(-1,1-2)] = (A.49)
A = [PA-LIS3) e@-2,1-3) .. ¢(-1,L'-_3)

0@-1,-1)  6(-2,-1) ... 6(-1,-1) _
fo@-22-20 0 -~ 0 0 .. 0 | s0)
_a(L'-z,L-sj a(i.-s;_L-s) 0 0 ... 0 |

L) _ |o@-2,1-4) .o(L-3,L'-4) -. g(L-4,1-4) 0 ... ©
Cp@e2eD) 03,51 o@ed,eD)  een 0(0,-1))
1 0 0 ... 0] ) | (A.51)

100 .. 00

) = [0 |

oo ...o0o]

[o(L-1,1-2)] | - (A.52)

o - [T

| o@-1,0) |
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