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SUMMARY

Complexities in time-dependent real-world systems pose several dif�culties when fore-

casting their future dynamics. Advancements in the �eld of meteorology, with the purpose

of improving weather forecasting (which behaves chaotically), over the last few decades

have led to the development of data assimilation, which is a technique that combines pre-

dictive numerical mathematical models with real measurements, or observations, to form

more re�ned estimates of system states over time. As reconstruction of chaos in the tissue

of the heart presents a similar forecasting problem, we apply data assimilation to the car-

diac domain in this thesis. Within the assimilation algorithm, we use three widely-known

mathematical cardiac models tuned to produce speci�c types of complex cardiac electrical

dynamics, including stable spiral waves and spiral wave breakup, corresponding to tachy-

cardia and �brillation, respectively. We generate synthetic observations from each model

by subsampling their solutions in space and time and restricting utilizing only one vari-

able representing voltage, then adding Gaussian noise, and use the resulting datasets to

test our implementation. By leveraging the public availability of data assimilation �ltering

algorithms (primarily Kalman �lters) through the Parallel Data Assimilation Framework

(PDAF) and adding extensions necessary for the cardiac setting, we present how two-

dimensional chaotic electro-cardiac voltage behavior can be reconstructed with ensemble-

based data assimilation in the presence of several experimental conditions including noise,

sparse observations, and model error. This thesis presents the �rst application, to our

knowledge, of ensemble Kalman �ltering to the reconstruction of complex cardiac elec-

trical dynamics in the 2-D domain. We found that the Error-Subspace Transform Kalman

Filter (ESTKF) we used is sensitive to model error and the frequency at which states are

assimilated (assimilation interval). We also propose several possible improvements that

can be made to our assimilation system so that it may improve state reconstruction accu-

racy. These preliminary �ndings suggest promising future experimental results, both using

xii



synthetic observations (with different model dynamics initialization) and with true experi-

mental data.
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CHAPTER 1

INTRODUCTION

The forecasting of complex real-world systems is a dif�cult task, as such systems typically

contain several components that interact with each other and cannot be simply be reduced

to mathematical laws to be modeled accurately. Phenomena linked with complex systems

include non-linearity, adaptation, and deterministic chaos. As an example, weather exhibits

not only complex, but chaotic dynamics, such as tidal waves and hazardous convective con-

ditions. Over the last few decades, the challenges of weather forecasting have led to the

�eld of meteorology's development of data assimilation (DA), a technique that combines

noisy atmospheric data with numerical predictive models to create more accurate predic-

tions of complex behavior. The use of DA has drastically improved the accuracy of weather

forecasting. In the �elds of bioscience and medicine, the prediction of chaotic cardiac

behavior, such as �brillation, presents a similarly complex—and important—forecasting

problem.

Cardiovascular disease is responsible for more than 15 million deaths per year globally,

consistently outpacing the death rate of cancers and other non-communicable diseases [1].

More than 10% of those deaths in the United States are caused suddenly by ventricular

�brillation, a disruption in the heart's rhythm (arrhythmia) during which the chambers in

the lower heart contract rapidly and cause irregularity in the heartbeat [2], causing blood

pressure to plummet. The heart's regular muscular contractions are typically smooth and

predictable, as a single electrical excitation wave propagates through the muscle to initiate

each contraction. However, in the case of ventricular �brillation, this smooth electrical

wave is interrupted by the presence of circulating spiral waves—which can break up and

lead to the formulation of more spiral waves—leading to uncoordinated and mistimed con-

tractions. At the cellular level, �brillation effects include the increased frequency of cardiac
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action potentials, which describe the sharp increase in the electrical membrane potential of

a cardiac myocyte (cell) in response to an electrical stimulus, followed by a decrease in rest-

ing potential. The mechanisms underlying the dynamics of these spiral waves have been

dif�cult to analyze clinically and experimentally since their discovery, due to noisy and

sparse experimental data.Ex vivoexperiments use optical mapping measurements, which

typically only provide information on transmembrane potential (voltage) and possibly one

other physiological quantity, such as the intracellular calcium concentration.

Although models describing cardiac cellular electrical activity vary widely in com-

plexity, some of the simplest models, developed by FitzHugh and Nagumo (derived from

Hodgkin and Huxley's model of the neural action potential), Mitchell and Schaeffer, and

Corrado and Niederer, are two-dimensional and describe the cardiac action potential in

terms of ionic (sodium, calcium, and potassium) currents. However, these models are

simpli�cations and do not describe the dynamics of every cardiac cell with quantitative ac-

curacy. Parallels can be drawn between numerical weather forecasting and cardiac arrhyth-

mia prediction: both involve complex, possibly chaotic, spatiotemporal dynamics along

with limited real-world observations. Thus, we apply data assimilation, in this work, to

the cardiac domain. Noisy and sparse experimental data combined with these simpli�ed

(but complex in their dynamics) cardiac predictive models open the possibility to use data-

assimilation methods to better understand the patterns and mechanisms of spiral waves at

the cellular and tissue scales of the heart.

In this thesis, motivated by experimental setups in which observations of cardiac tissue

are not available throughout the domain, we aim to take advantage of the increasing acces-

sibility to tools administering the implementation of complex data-assimilation algorithms

to reconstruct the present states of 2-D cardiac systems. In this context, data assimilation

is used to estimate a system's states by frequently updating the previous time step's state

estimate with new observations (when available) to create a new, improved estimate of the

state at the current time step. The model is then restarted with the new state estimate and

2



propagated forward to create a new forecast of the future state, which is then updated it-

eratively with new observations. Each state is updated with observations through a �lter.

Since our implementation uses synthetic observations and relatively low dimensionality,

we choose an error subspace transform Kalman �lter (ESTKF) implementation for each of

the cardiac models due to its lower computational overhead and runtime when compared

to other �ltering algorithms. Since we hope that these methods can eventually be applied

to real optical-mapping experiments, program execution speed is important. To couple

each of the cardiac models with a data-assimilation system, we build on the Parallel Data

Assimilation Framework (PDAF) by extending it to �t the requirements of cardiac electro-

physiology problems. We present our “cardiac extension” to PDAF in this work. While

data assimilation has been previously applied to cardiac dynamics [3, 4], this is the �rst

successful implementation we have seen in the two-dimensional space which uses Kalman

�ltering.

The remainder of this document is organized as follows: In Chapter 2, we present an

overview of data assimilation and discuss the �ltering algorithms and components of the

process, as well as provide more information about PDAF. In Chapter 3, we introduce

the numerical cardiac models we use for assimilation in this work, namely the FitzHugh-

Nagumo, Mitchell-Shaeffer, and modi�ed Mitchell-Schaeffer models; the dynamics of spi-

ral waves including spiral wave breakup; and our data-assimilation implementation for each

case considered. Our results are presented in Chapter 4, where we demonstrate that our im-

plementation can handle different spatial distributions of observations and model error for

both stable spiral waves and spiral wave breakup. We review the challenges and limitations

of our work in Chapter 5 and address its potential signi�cance. Finally, in Chapter 6, we

discuss the implications of our results more deeply and suggest possible continuations of

our work.
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CHAPTER 2

OVERVIEW OF DATA ASSIMILATION

In this chapter, we introduce the main concepts of the Kalman �lter and data assimilation

and also introduce the Parallel Data Assimilation Framework (PDAF), a Fortran program

which we adapt for use in the cardiac setting.

2.1 Origin and Cardiac Application

Data assimilation (DA) is a method for state estimation that combines the theory of dy-

namical systems (numerical mathematical models) with real observations (recorded data)

at sequential time steps to enhance the state prediction and forecasting performance of

those dynamical systems. This set of algorithms is typically used (and was pioneered) in

the �eld of geosciences for numerical weather prediction; however, it has been generalized

for use in other disciplines. In addition, DA can be used for state reconstruction, such as

by estimating unobserved variables or higher-resolution system states [5, 6].

Weather and atmospheric condition data assimilation synthesizes the information gained

from a predictive weather forecast model with available observations—which typically

come with varying degrees of noise—of the atmosphere. This process, in turn, creates an

“analysis” (posterior) of the atmosphere. DA is then performed sequentially, having sev-

eral assimilation “steps” occurring at speci�ed time points, integrating the forecast model,

and correcting the predictions made by the model through the observations. The short-term

forecasts (called the “background” in DA, or prior in statistics) created by the model are

updated with new sets of observations (through an ensemble-based Kalman �lter) as they

become available over time. These updates then propagate through time with the model,

creating new background data for the following assimilation steps. This combination of

measurements from the real atmosphere with complex weather forecasting models forms a
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more holistic view of abnormal weather patterns [7].

The prediction of cardiac arrhythmia presents a similar forecasting problem: complex

patterns (e.g., spiral waves), which represent chaotic electrical activations in the tissue, in-

teract with the physiology and electro-chemical properties of the heart, which are highly

sensitive to changes in those electrical signals. Two-dimensional models like the FitzHugh-

Nagumo and Mitchell-Schaeffer models, which are discussed later in Chapter 3, have

proven useful in the qualitative prediction of cardiac activity with minimal features and

dimensionality; however, they in general are not capable of producing quantitatively ac-

curate representations of the true system. Additionally, measurements of these systems in

clinical applications are often sparse and noisy. DA can be applied in this setting, following

the same process as in numerical weather prediction, to reconstruct real cardiac states at

improved spatial resolution and including state variables not observed directly from noisy

experimental data and cardiac models [3].

2.2 Data Assimilation Terminology

In this section, we de�ne some of the key terminology associated with data assimilation.

2.2.1 StateandObservationVectors

State vectorx is de�ned as the collection of values that represent the state of the system

within the model at a particular time step. This is different from thetruestate of the system,

which typically is too complex to represent. The state vector can take one of the two forms

described above: the estimate of the true state (background) before the analysis step and

the analysis.

Each set of measurements of the true system is represented by an observation vector

zk , the dimension of which is the total number of observations available at that time step.

Observations are compared with the state vector through the use of the observation operator

H , which maps the model from state space to observation space.H (x) generates the values
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from the state estimate that correspond to the observation locations and is implemented as

a set of interpolation operators. Departures from observation points (difference between

forecast and observations) are given by

y � H (x); (2.1)

using the notation from Bouttier and Courtier [8]. Theinnovationis computed whenx

is the background state vector, and theresidual is computed whenx is the analysis state

vector—these values are used in the determination of weights in DA �ltering algorithms.

2.2.2 Errors

Uncertainty (e), or error, in the background, is computed simply by taking the difference

of the background state vector and the true state vector, when it is known (such as when

synthetic data are used). Similarly, the error in the analysis is the difference between the

analysis state vector and the true state vector. The observation error is computed by Equa-

tion 2.1, wherex is the true state vector [8].

2.3 State Estimation Methodologies

In this section, we discuss different techniques for state estimation based on the Kalman

Filter.

2.3.1 KalmanFilter (KF)

The Kalman �lter is a sequential (forward time model integration) �ltering method that

was developed to solve the general problem of estimating the statex of a discrete-time

controlled process. When real measurements (observations) are available, they are used to

reinitialize the model before continuing the integration. This re-initialization is given as

the weighted linear combination of the model forecast and its covariances (each of which

6



are mapped to a unique observation set). Weights are determined by the projection of the

forecast onto the observations, the error covariance of the observations, and the innovation

(difference between the forecast and the observations). Essentially, the KF is a predic-

tion/correction estimator that minimizes error covariance.

Following notation from Welch [9], we can write a general process as a linear stochastic

difference equation:

xk = Ax k� 1 + Buk + wk� 1; (2.2)

wherewk is a random variable representing the model noise (observation noise is denoted

by vk), the matrixA relates statex at time stepk � 1 to the current time step (k) without the

presence of noise or a driving function and the matrixB maps control inputu (optional) to

statex.

Observationzk at time stepk is given by

zk = Hx k + vk : (2.3)

Noise is assumed to be independent, white, and Gaussian. The observation operator (or

matrix)H is assumed to be constant; however, it may change at each time step or with new

observation availability.

The forecast and analysis error estimatese�
k andek , and their covariances,P �

k andPk ,

respectively, are given by

e�
k = xk � x̂ �

k

ek = xk � x̂k

(2.4)
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P �
k = E[e�

k e� T
k ]

Pk = E[ekek
T ];

(2.5)

wherex̂ �
k andx̂k are the background and analysis states at time stepk, respectively.

Using the combination of these functions and real observations at each time step, the

Kalman �lter recursively estimates the mean (x̂k) and error covariance (Pk) of the system

in two steps: the time update step, which contains the “prediction” equations, and the

observation update step, which contains the “correction” equations.

Time update step:

x̂k = Ax̂k� 1 + Buk� 1 (2.6)

P �
k = APk� 1AT + Q (2.7)

Observation update step:

K = P �
k H T (HP �

k H T + R)� 1 (2.8)

x̂k = x̂ �
k + K (ẑk � H x̂ �

k ) (2.9)

Pk = ( I � KH )P �
k (2.10)

The matrixR represents the observation error covariance andK , the Kalman gain ma-

trix, minimizes the analysis error covariance. This matrix favors the residual less heavily

when the observation error approaches0 (observations are more trusted) and more heav-

ily when the background estimate error covariance approaches0 (state prediction is more

8



trusted) [9, 10].

These update steps, done in pairs, are repeated iteratively, using the previousn forecasts

to predictn new analysis estimates. Figure 2.1 demonstrates this cycle.

Figure 2.1: Complete time and observation update cycle of the Kalman Filter.

2.3.2 EnsembleKalmanFilter (EnKF)

Many of the most commonly used DA methods implement ensemble-based Kalman �lters

(EnKFs). Derived from the Kalman �lter (KF), they introduce a Monte Carlo-based ap-

proximation to the original KF update step. While the mathematics are essentially identical

to that of the standard Kalman �lter, the key difference is that EnKFs use an ensemble

(sample) of vectors representing the state distribution rather than the entire state distribu-

tion itself, signi�cantly reducing the size of the system. This ensemble of forecasted states

is used to estimate background error covariances without the assumption that background

error is known, making it possible to more optimally update background steps with ob-

servations. EnKFs have proven to be robust when used in nonlinear and non-Gaussian

data assimilation applications—hence its use in this thesis, as we deal with chaotic cardiac

systems—and is actually the only feasible method available to approximate realistic and

highly complex models.
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Assume that an ensemblêx1
k� 1; :::; x̂n

k� 1 is sampled from the �ltering distribution at

time t � 1. The forecast step, similar to the standard Kalman �lter, is achieved by applying

Equation 2.2 to each member in the ensemble:

~x(i )
k = Ak x̂(i )

k� 1 + wk
(i ) : i = 1; :::; n: (2.11)

The forecast ensemble is then updated and shifted based on the difference between real

observationzk and simulated observation~z(i )
k at each time stepk:

x̂(i )
k = ~x(i )

k + K k(zk � ~z(i )
k ): i = 1; :::; n: (2.12)

The covariance and Kalman gain matrices are then computed, similar to the standard KF,

giving the �nal update step, where the analysis mean is then added to eachx̂(i )
k to generate

analysis ensemble members which become initial conditions for the next forecast step [5,

11, 12]:

x̂(i )
k = ~x(i )

k + K k(zk � H t ~x
(i )
k ): i = 1; :::; n: (2.13)

2.4 Measures

When all truth states of the system are available, the assimilation's effectiveness can be

quanti�ed by taking the difference of the analysis states (assimilation reconstruction) or

forecast ensemble mean from the truth (x0
k) and expressing the vector difference as a single

value by computing its root-mean squared (RMS) value:

ek = jxk � x0
k j (2.14)

eRMS
k = ( jqj � 1

X

i 2 q

e2
i;k )1=2; (2.15)
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Figure 2.2: Full EnKF process visualizing all steps and cycles.

whereek is the observation or analysis error at timek, i is the state vector index, andq is

the set of indices of valid observations (jqj is the number of observation times in the series)

[3].
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2.5 Parallel Data Assimilation Framework

The Parallel Data Assimilation Framework, or PDAF, is a software tool that allows for

ensemble-based data assimilation of one, two, and three-dimensional models and can be

scaled to large parallel computers for “operational” applications.

Published in 2005, PDAF was developed as an alternative to the data assimilation facil-

itation systems SESAM– which is shell script-based and does not allow for parallelization–

and PALM– which requires �lter algorithms to be assembled from separate methods. PDAF

takes a different approach, in which a DA system is created by attaching �lter algorithms

to the model source code. This requires users to write several routines, however, it al-

lows the control of the assimilation to be in those user-supplied routines. The framework

is a community open-source Fortran project whose contributions are most typically from

meteorology researchers [13].

PDAF is comprised of two modes, by which a user couples their model with the

framework—of�ine coupling and online coupling. In of�ine-coupled DA, independent pro-

grams are used for the model and the assimilation, leading to two main drawbacks. First,

it requires users to transfer data between the two programs. Second, the model must be

started and stopped so that its �les can be transferred to PDAF. Online-coupled DA uses in-

memory data transfer (in which the model code is imported into PDAF), which circumvents

the need to transfer disk �les altogether. Concisely, PDAF offers researchers a streamlined

DA process—it provides a standardized interface that contains fully implemented EnKFs

and nonlinear �lters so that they may focus on theapplication, rather than the implementa-

tion, of DA. Figure 2.3 illustrates the three separate components of an assimilation system

within PDAF [14].

For the purposes of this thesis, online coupling is implemented, providing three key

bene�ts in code ef�ciency. First, model initialization is only required to be executed once.

Contrarily, in of�ine mode, the model must be run as many times as the size of the ensem-
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ble dimension in the forecasting phase, as each forecast is initialized by the state of each

ensemble member. Second, the number of output �les is signi�cantly decreased. Output

is limited to essential data in the forecast, analysis, and ensemble states, whereas in of-

�ine mode restart �les are written foreachassimilation step. Third, online mode makes

use of the large parallel processing power made possible by PDAF because it executes

one program that contains the entire DA system. In of�ine mode, the model integration,

forecasting phase, and assimilation steps are run individually, each typically using fewer

processors and requiring more run-time.

Figure 2.3: Typically in a DA system, the model, �lter, and observations are separate from
each other. PDAF provides the base �lter component, while the user supplies the model,
observations, and �lter con�guration. To combine the model and observations, the user
needs to specify the type of observation (exact, complex, etc) in relation to the model, as
well as the locations of the observations in the space of the model �elds (there are times
when observations do not lie on exact grid points—in these cases interpolation would be
required). To combine the model and �lter, the user needs to de�ne a state vector-holding
all model �elds that will be passed through the chosen Kalman �lter [15].
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CHAPTER 3

METHODS AND IMPLEMENTATION

This chapter describes the mathematics and dynamics of the cardiac models used in this

thesis as well as the steps taken to implement these models within the PDAF framework.

We discuss the modi�cations made to the PDAF code to successfully incorporate these

coupled 2-D models.

3.1 Models

In this section, three cardiac models– the FitzHugh-Nagumo, Mitchell-Schaeffer, and Mod-

i�ed Mitchell-Schaeffer models– are described in terms of both biology and mathematics.

Spiral wave and spiral wave breakup (and their corresponding dynamics and impact on the

physiology of the heart) are also introduced.

3.1.1 FitzHugh-NagumoModel

Origin

The FitzHugh-Nagumo (FHN) model [16] is a 2-D simpli�cation of the 4-D Hodgkin-

Huxley (HH) model (1952) [17], which describes the dynamics of action potentials in neu-

rons and is still considered one of the most in�uential works in the biosciences. The model

quanti�es the excitability of a single cell in terms of the probabilities that its ion channels

(gates) are open or closed. Precise measurements of sodium (Na+ ) and potassium (K + )

ion movement (through ion channels) were taken with a patch-clamp (on a squid giant

axon) and used to derive a system of ordinary differential equations (ODEs) that can be

solved analytically to predict the voltage waveform kinetics of action potentials (APs) [18,

19].
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It was demonstrated that the net current through the axon was comprised of a rapid

in�ux of sodium ions, followed by a sloweref�ux of potassium ions, through proteins em-

bedded in the membrane calledion channelswhose conductances vary over time and with

changes in membrane potential. Mathematically, this dependence is written as

I (t) = C
dV
dt

+ I i : (3.1)

Here,C represents the membrane capacitance,V is the transmembrane potential, andI i

represents the total current coming from ion movement, including sodium and potassium

ions as well as a `leakage' current representing current arising from all other ions. Each

current can be written as the product of each ion's constant conductance (g), constant equi-

librium potential for each ion speciesx (Vx ), and probability (bounded by 0 and 1, denoted

by m, n, andh for sodium, potassium, and leakage, respectively) of sub-unit activation.

Altogether:

I i = I N a + I K + I L = gNa m3h(V � VNa ) + gK n4(V � VK ) + gL (V � VL ); (3.2)

wherem, n, andh are determined by the system of differential equations:

dm
dt

= � m (V)(1 � m) � � m (V)m; (3.3)

dn
dt

= � n (V)(1 � n) � � n (V)n; (3.4)

dh
dt

= � h(V)(1 � h) � � h(V)h: (3.5)

The voltage-dependent rate constants� and � were determined based on empirical data

�tting (in exponential form) done by Hodgkin and Huxley. The full 4-variable system is
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constituted by Equation 3.3, Equation 3.4, Equation 3.5, and Equation 3.6.

C
dv
dt

= � gNa m3h(V � VNa ) � gK n4(V � VK ) � gL (V � VL ) (3.6)

Due to the model's complex characteristics, researchers sought to isolate its key features

and reduce its dimensionality.

Formulation

For simpli�cation, the HH model was cast into 2 dimensions by approximate projection,

creating the FHN model:

_v = v �
v3

3
� w + I; (3.7)

_w = � (v + � � � ); (3.8)

wherev is the membrane potential,w is a recovery variable,I is the magnitude of the

applied current. Within this thesis, the remaining parameters are set to the commonly used

values� = 0:7, � = 0:8, and� = 0:08.

Solution

Using Euler's method—discretizing the time derivative over a small interval (~x(t+ �t )� ~x
�t )—

and maintaining the system under an external stimulus yields the approximate solution

(propagating forward in time) for the membrane potential shown in Figure 3.1. The action

potential in this model is represented by a sawtooth-like wave with a long refractory period

(delayed upstroke).
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Figure 3.1: General action potential trace plotted against against time for the approximate
solution of the original FHN model using the forward Euler method [16].

3.1.2 Mitchell-SchaefferModel

While the FHN model signi�cantly decreases computational model solving time, it is at

times too simple, as it cannot fully capture some essential features of ventricular APs. For

example, FHN action potentials show limited adaptation to rate, where they become shorter

at faster rates to accommodate states like exercise or fright. Mitchell and Schaeffer (2003)

[20] reduced an ionic model of the ventricular AP so that it consists of two currents:Jin ,

which represents the in�ux of all ions contributing to the increase in membrane potential

(primarily sodium and calcium ions), andJout , which represents the out�ow of all ions

contributing to the decrease in membrane potential (primarily potassium) [21].

The Mitchell-Schaeffer (MS) model contains two state variables:v(t) andh(t), repre-

senting the voltage (transmembrane potential) and the gating variable, respectively. Fol-
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lowing the notation from the original paper [20], the system is written withJstim as an

applied external stimulus current:

dv
dt

= Jin (v; h) + Jout (v) + Jstim (t): (3.9)

Jin andJout are written as

Jin (v; h) =
hv2(1 � v)

� in
; (3.10)

Jout = �
v

� out
; (3.11)

wherev2(1 � v) is a voltage dependence term, which was adopted and modi�ed from

the Fenton-Karma model [22].� in is a time constant andh represents the gate behavior

(varies between 0 and 1—0 if the gate is closed and 1 if the gate is open), according to the

following equation:

dh
dt

=

8
>><

>>:

1� h
� open

if v < v gate;

� h
� close

if v > v gate:
(3.12)

This model captures the true physiology of the heart more so than the FHN model

because it does not exhibit voltage hyperpolarization (whichis seen in neural cells butis

notseen in cardiac cells) and because it contains four time constants (corresponding to each

of the phases of an action potential) versus the FHN model's two time constants [20].

Solution

The solution for voltagev using the forward Euler method is depicted in Figure 3.2. The

action potential, in this case, is represented by a sawtooth wave with a slightly diagonal

upstroke ranging between 0 and 1 volts.
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Figure 3.2: General action potential trace (voltagev vs. time) representing the solution of
the original MS model using the forward Euler method.

Pacemaker Behavior

In some cases, the MS model suffers from ”pacemaker cell behavior”, which occurs when

the transmembrane potential repeatedly depolarizes and repolarizes (creates new action

potentials) without an applied external stimulus. This unwanted behavior is unrealistic and

inhibits parameter estimation, especially in the context of data assimilation.

To make the MS model robust to pacemaker behavior, Corrado and Niederer introduced

a modi�cation which they call the modi�ed Mitchell-Shaeffer (mMS) model. The mMS

represents the system such that ifv < v gate, it evolves towards the rest condition (rather than

producing an AP as can occur in the original MS model). Because the �ux of potassium

has no effect on the system whenv � vgate, it is written as such:
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Jin (v; h) = h
v(v � vgate)(1 � v)

� in
;

Jout = � (1 � h)
v

� out
;

(3.13)

dh
dt

=

8
>><

>>:

1� h
� open

if v � vgate;

� h
� close

if v > v gate;
(3.14)

where now, the voltage-dependence term takes the outward current into consideration. This

addition prevents unwanted pacemaker behavior—speci�cally, whenh = 1, the AP thresh-

old value isvgate and at the end of the upstroke phase,v = 1 [23]. The full system is given

by Equation 3.14 and the voltage equation combiningJin , Jout , and external stimulusJstim

below:

dV
dt

= Jin + Jout + Jstim = h
v(v � vgate)(1 � v)

� in
� (1 � h)

v
� out

+ Jstim : (3.15)

3.2 Spiral Waves and Breakup

Excitable media are dynamical systems characterized by their “excitability” threshold,

which is the level of excitation required to be applied to a system for it to reach an “excited”

state and generate propagating excitation waves, as well as their capability to maintain the

propagation of those waves [24]. Reentrant (to the cardiac tissue) electrical waves that cir-

culate at a higher frequency than the heart's pacemaker can prevent its regular functions

and are the cause of the most dangerous cardiac arrhythmia. These waves can break and

form new waves repeatedly and often appear in the form of spiral waves.

Spiral waves play an integral role in excitable media in physiological and biological

systems, representing and providing insight into self-organizational phenomena. These
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spiral waves occur due to dynamic instability or heterogeneity in excitable tissue. Modi-

�cations to simple ionic models of cardiac APs (such as in the FHN model) can allow for

the explanation of the different mechanisms creating spiral wave dynamics in the cardiac

tissue. One aspect of spiral wave dynamics analysis used to differentiate true state and

forecast/analysis states in this thesis is the tip trajectory, which can follow several different

paths, ranging from circular to linear trajectories with turns [25, 26].

To initiate a spiral wave, initial conditions are set such that the upper half of the grid is

excited (requiring a largev and unchangedh) so that it starts the propagation of a wave.

The lower left corner of the grid is then set to be refractory (requiring a largev and smallh)

so that it cannot support a wave. Thus, when the upper half of the grid begins to propagate

the wave, it can only propagate downwards into the lower right corner. However, as the

lower left quarter recovers, the wave curls around into that region.

Mathematically, the models are extended to represent tissue by incorporating a diffusion

term in V. Speci�cally, a typical equationCdV=dt = � I i (where the details ofI i are

given by the choice of model) becomesC@V=@t= D� V � I i , whereD is the diffusion

coef�cient. No-�ux boundary conditions are used and are implemented using second-order

centered �nite differences, and the system is integrated in time using Forward Euler.

Table 3.1 lists the parameter values and diffusion coef�cient used in this thesis to

achieve a stable spiral wave for the FHN model, and Table 3.2 lists the parameter val-

ues and diffusion coef�cients to achieve a stable spiral wave in the MS model and spiral

wave breakup in the mMS model. In our implementation for each model, we use a “cold

start” initialization, which does not give the system any prior information about the cur-

rent model state— the assimilation relies on the observations to estimate the true initial

conditions of the dynamics.
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Table 3.1: FHN Parameter Values

Parameter Value
� -1
� 0.8
� 0.02
I 0.5
D 0.04

Table 3.2: MS and mMS Parameter Values

Parameter Value
� in 0.3
� out 6

Spiral Wave � open 80
� close 50
vgate 0.13
D 0.001
� in 0.3
� out 6

Breakup � open 120
� close 200
vgate 0.13
D 0.001
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3.3 Assimilation of 2-D Cardiac Models

The FHN model, which is dimensionless, is run on a numerical grid with size 51 x 51 (2601

total points) with grid spacing�x = 0:25spatial units for 500 time units. The initial states

of v andh are subject to spiral wave initial conditions as discussed in section 3.2, and then

are propagated through time using a simple forward-Euler update with time step�t = 0:25

units. For the parameters used, the domain can accommodate around one arm of a spiral

wave and the time covers around �ve rotations.

The solution of the truth model exhibits (after initiation) a stable circular spiral wave

after the top portion of the grid is initially excited and the bottom left region is “in recov-

ery”. The wave rotates clockwise with a cycle of� 100 time units. These dynamics are

shown in Figure 3.3.

Figure 3.3: Spiral wave dynamics of the FHN model in a 51x51 grid space over 500 time
units.

The forecast ensemble is initialized using uniformly time-spaced noisy “snapshots” of

the model. Mathematically, this is given asxn
forecast = x i

truth + w for i 2 0; N
K ; 2N

K ; 3N
K ; :::; N ,

whereK is the dimension of the ensemble,n is the ensemble member (n 2 1; 2; :::; K ), N

is the number of total model steps (model end time
�t ), andw represents random Gaussian white
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noise with mean� = 0 and standard deviation� = 1. With this ensemble generation strat-

egy, each member of the ensemble is a noisy version of a valid model state and the initial

ensemble covariance is large, indicating high initial uncertainty. This is a desirable exper-

imental setup, as the initial conditions of a true biological system are typically unknown.

An example initial ensemble with sizek = 5 is shown in Figure 3.4 for the FHN model.

Figure 3.4: Example of an initial ensemble for the FHN model withk = 5.

At each assimilation step, observations are taken from the true state. In experiments, the

frequency, spacing, and availability of observations is varied and random Gaussian white

noise is added.

When used, model error is introduced in the form of constant mismatch between the

numerical model and the ensemble and observations. For the FHN model, we alter the

value of parameter� to investigate this implementation's robustness to tracking spiral wave

thickness and tip trajectory differences. Using� = � 1 in the “truth” model produces a

thin, non-concentric spiral wave with circular tip trajectory in the bottom half of the grid.

This value is used for the ensemble and observations (both of which contain added random

Gaussian white noise). Using� = � 0:7 produces a thicker, more compact spiral wave

with circular tip trajectory (see Figure 3.5) in the middle and upper portion of the grid.

This value is used in the model during assimilation to simulate model error.

The MS and mMS models are both run on numerical grids with size 200 x 200 (an

increase in grid size was required to capture the full dynamics of these models) with grid

spacing�x = 0:05cm, corresponding to a domain of size of 10cm x 10cm, for 2000 ms and

4000 ms, respectively. Similar to the implementation of the FHN model, the MS and mMS

models are propagated using a forward Euler update with time step�t = 0:25 ms. The
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Figure 3.5: Spiral wave dynamics of the FHN model in a 51x51 grid space over 500 time
units with model error (� = � 0:7).

initial ensembles are generated the same way as in the FHN model, as shown in Figure 3.8

and Figure 3.9.

The true states of our implementation of the MS model, as shown in Figure 3.6, exhibit

a tight stable spiral rotating counterclockwise with a circular tip trajectory. In the mMS

model, the true states show a longer wavelength and spiral wave breakup begins after the

tip stalls (see Figure 3.7). Spiral wave dynamics begin at250ms (1000th time step) in the

MS model and1000ms (4000th time step) in the mMS model (breakup occurs at� 2000

ms). Observations in our experiments are taken from the truth with variability similar to

the FHN model.

Model error is also implemented as model parameter mismatch in the MS and mMS

models, in which the time constant values are hyper-sensitive to �uctuation. In both the

MS and the mMS systems, we use the original parameter values for the ensemble ini-

tial states and observations, while in the model used for the assimilation, we set� close =

� open = 50ms� 1 (MS) and� close = 150ms� 1 (mMS). With the original constants, the MS

model exhibits a thin, concentric, spiral wave, as seen in Figure 3.6. Our altering of the

time constants forces the spiral wave to become thicker and less uniform, as seen in Fig-

ure 3.10. The original constants in the mMS model produce sustained breakup after� 2000
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Figure 3.6: Spiral wave dynamics of the MS model in a 10cm x 10cm domain over 2000
ms.

Figure 3.7: Spiral wave breakup dynamics of the mMS model in a 10cm x 10cm domain
over 4000 ms.

Figure 3.8: Example of an initial ensemble for the MS model withk = 5.
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