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SUMMARY

This dissertation is concerned with a particular type of schedul-
ing problem, one involving a human as well as a machine component. Each
component of the system must process certain operations of some project
but, in addition, there are other operations that can be performed by
either. It is assumed that all operation processing times are sequence
independent but do depend on which component processes the operation.
Precedence constraints, defined as conditional and absolute, are
allowed., A branch-and-bound approach is developed to treat the prob-
lem where minimum total completion time is the measure of performance.
Suitable computational experience is given.

A variation of this problem, called the sequence dependent prob-
lem, is also investigated. In this problem, precedence constraints are
not present, but processing times are sequence dependent. An algorithm,
which minimizes project duration, is developed for this problem, and
computational results reported.

A second variation of the problem is alsc discussed. This
problem has multiple distinct processors and processing times are
again sequence dependent. An algorithm is developed, and computational

experience is given.



CHAPTER 1
INTRODUCTION

The discipline referred to as Operations Research is a relatively
new one. It differs from most other scientific disciplines in that it
is usually prescriptive in nature, rather than descriptive. Moreover,
the impact of the so-called Operations Research approach has been
realized in a multitude of areas, varying from traditional industrial
production environments all the way to more contemporary realms in
health care and social systems.

While it is often the case that one defines the applications of
Operations Research techniques by sectors, e.g., manufacturing, social,
etc., it is also common to identify problem types, which often arise
across such sector boundaries. This research centers about a problem
which belongs to the class of problems usually referred to as combi-

natorial problems. A discussion of these problems follows.

Combinatorial Problems

The problems attacked in this research are of a class referred
to as combinatorial problems. In subsequent chapters, referral to
such problems will be made relative to the systems in which the prob-
lems arise, e.g., scheduling problem, sequencing problem, assignment
problem, and so forth. However, it remains that the models developed
herein deal with, at a basic level, a problem in combinatorics. It is

important to consider some general concepts of combinatorics at this



point, since many such problems have similar theoretical bases, even
though their corresponding models may reflect seemingly different
system applications.

Ryser [16] defines combinatorics as the analysis of the arrange-
ment of elements into sets where the elements are usually finite and
the arrangements are restricted by constraints upon specific problems.
One may conclude that there are four general classes of combinatorial
problems. The classes are: (1) existence problems, (2) evaluation
problems, (3) enumeration problems, and (4) extremization problems.

A problem of the first class above is one of determination of the
existence of an arrangement. If one has ascertained the existence of
an arrangement, then its identification follows. A problem of enumera-
tion is one of determining all existing arrangements, and finally an
extremization problem arises when the "best" arrangement is sought.

The latter problem defines the interest of this research, relative to

a class of combinatorial problems.

Most combinatorial problems can be solved by total enumeration,
since there are usually a finite number of solutions. However, this
number becomes large for even problems with relatively few variables.
Combinatorial problems are infamous for their explosive nature; the
marginal contribution of an additional variable to the computational
effort of solution may be staggering. It is such a property that has
rendered most analyses to practical problems unwieldy.

Consider the celebrated traveling salesman problem. Suppose
that a salesman wishes to start from his home city and visit n other

cities, and then return to his home city. Further suppose that he will



visit each intermediate city exactly once, and that he would like to
minimize the total distance he travels. For this combinatorial prob-
lem, there are exactly (n-1)! possible routes, or tours, satisfying

the above conditions. Thus for a problem with only eight cities, there
are 5,040 possible tours. Adding a single city increases the number of
tours to 40,320,

Another well-known problem is that of job shop sequencing. Con-
sider a batch type shop with J jobs and M machines, where every job is
to be processed once and only once on each machine. There are (J!)M
possible solutions to such a problem. Of course, some solutions may
be infeasible, but the enormity of the problem remains.

There are many other problems of the combinatorial variety. It
is the subject of this research to deal with such a problem, the de-

scription of which follows in the subsequent section.

Problem Description

Consider a job, or project to be completed, which consists of a
set of tasks or operations. In the simple case, suppose there is a
single man and a single machine to complete the job. (Rather than a
man and a machine, one may consider two facilities.) Further, suppose
that of this set of tasks, some must beﬂdone by the machine, others
must be done by the human, and still others, due primarily to the
flexibility of the human, could conceivably be done by either the
machine or the human. The objective then, is to assign those tasks
that can be done by either the machine or the human to one or the
other, and then sequence all tasks for both the machine and the human

in such a manner so as to optimize some measure of performance.



The problem is enhanced by the consideration of constraints on
the scquence of tasks for both the machine and human. Constraints of
this type are called precedence constraints. If task i precedes task j,
then task i must be completed before task j may be started. However,
task j need not immediately follow task i. Precedence constraints are
further complicated by being of two types. One type will be referred
to as unconditional precedence, and must always be satisfied. The
second type, conditional precedence, is dependent upon the assignment
of one or both of the tasks involved in the precedence.

Although the description of the primary problem considered in
this research is man-machine, it should be specified that the system
may not necessarily involve a single man and a single machine. One
may use "machine'' in the sense of a group of machines or a work center,
Similarly, the problem may be one with two men, or only two machines.
While the special case of multiple men systems or crew served systems
is addressed in a later chapter, the primary description of man-machine
will be used continuously to reflect the aspect of a system involving
two, rather different, facilities, where such a system has inherent to
it, a high degree of flexibility with reference to its performance of
certain tasks. It may be of interest to demonstrate a non-intuitive
system involving attributes that would lend itself to the verbal model
above,

Consider an assembly operation that is done entirely by hand.
Let the two facilities be the right and left hand. Certainly, many of
the assembly operations could be done by either hand. There may also

exist different times for doing the task with the right or left hand,



since most people have a dominant hand. Also, it is not inconceivable
that constraints exist on the order in which the assembly is carried
out, some of which would depend on the hand which performed the task,
Recognizable as traditional right hand-left hand analysis in human
factors engineering, such a system fits nicely into the framework of
the problem described thus far.

The last consideration for the problem defined to this point is
the measure of performance. There are several possible measures of
performance which might be used. All relevant data might be converted
to dollars, and then total profit could be maximized (or total cost
minimized). The major drawback of such a measure would be the diffi-
culty in quantifying many of the costs involved. A second measure might
be to minimize the total processing time of all tasks. This could lead
to solutions where either the machine or the human possess large
amounts of idle time. The objective adopted in this research will be
the minimization of project duration, or schedule time {3]. This mea-
sure makes the problem more difficult to solve, since project duration
is the maximum of the completion times for all tasks comprising the
project. Hence the problem becomes one of a min-max nature.

The general problem described above, as well as its specific
extensions, will be treated in detail in subsequent chapters. However,
prior to such developments, work that has been done on similar problems
will be reviewed. Included is an overview of those problems that are
related to the extent that they possess characteristics that arise in

the problem addressed in this work.



Literature Review

The man-machine task allocation problem with sequencing consider-
ations {(MMTAWSC) has four main characteristics. These characteristics
are: (1) minimizing project completion, or makespan; (2) assignment of
tasks to distinct processors; (3) sequencing two interrelated processors;
and (4) the existence of conditional and unconditional precedence con-
straints both across and within processors.

There are several classes of problems which possess similar
characteristics. These classes of problems will now be discussed.

Shop Scheduling Problems

The shop scheduling problem [4], or job shop problem, arises
in the context of scheduling a set of J jobs on M machines, so that
some measure of performance is optimized. Quite often, the measure of
performance is to minimize makespan. In addition, each job consists
of operations which must be done in a specified order on particular
machines. However, the sequence in which the jobs are processed is
not constrained.

The measure of performance is the same as the measure of perfor-
mance used in the (MMTAWSC). The sequencing aspect is also similar to
that of (MMTAWSC}. It differs in that there is really no assignment
to be made, since each job has a specified order of machines by which
it must be processed. The technological constraints are similar to
unconditional precedence, but only apply to operations, and not to jobs.
No form of conditional precedence is considered.

Approaches for solving the shop scheduling problem run the

gamut from single pass heuristics to mixed integer programming



formulations. Single pass procedures are generally based on a priority
for each operation, which may be computed from the processing time, job
completion time, or the machine completion time. The operation with
the best priority is sequenced first on each machine. Giffler and
Thompson [6] were among the first to propose a procedure of this type.

Another approach is to compute priorities that are legitimate
bounds on the measure of performance and then incorporate a backtrack
procedure in a branch-and-bound routine. This procedure will produce
optimal sequences. Ashour and Hiremath [1] have developed such a
procedure,

Conway et al. [4] present a mixed-integer programming model for
the problem. In theory, any shop scheduling problem could be solved
by applying an existing mixed-integer solution technique to this model.
However, the extremely large numbers of variables and constraints re-
quired by this formulation makes this approach untenable,

Assembly Line Balancing Problems

An assembly line is characterized by the workpiece moving from
work station to work station, with each work station performing the
same operations on each workpiece. The assembly line balancing problem
consists of assigning individual tasks to the work stations in such a
way that some measure of performance is optimized. There may exist
precedence relationships for the order in which the tasks are performed.
Usual measures of performance relate to idle time, such as minimizing
idle time or the number of work stations needed.

Obviously, the measures of performance used in the balancing

problem and in (MMTAWSC) are quite different. The assignment decision



exists in both problems, but since all work stations are assumed
"identical,” then assignment in the balancing problem is not made with
respect to distinct processors. The sequencing aspect of the balancing
problem is trivial, since the sequencing of work stations are inde-
pendent. The precedence constraints are similar to the unconditional
precedence pf (MMTAWSC), but conditional precedence is not considered.

Heuristic procedures based upon the precedence relationships
are the most common approach. Kilbridge and Wester [8] proposed a
solution procedure whereby tasks with many successors are placed in
the first available station. After all tasks are assigned to a work
station in this manner, tasks are traded between stations in an attempt
to improve the solution.

Thangavelu and Shetty [17] have developed an integer programming
formulation which minimizes the number of work stations. An adaptation
of Balas' additive algorithm was used to solve this model. Due to the
advantage taken of the structure of the problem, they were able to
solve 50 task problems in a few seconds of computer time.

Parallel Processor Problems

Baker [3] describes the parallel processor problem as the prob-
lem of assigning a set of J single operation jobs to M identical
machines available for processing these jobs so that makespan is
minimized. In addition, there may be precedence restrictions between
jobs.

In this case, the measure of performance is identical to that
of (MMTAWSC), and the sequencing decision is compounded by the assign-

ment. Also unconditional precedence can arise in both problems.



However, in the parallel processor problem, the processors are not
distinct, which makes assignment much easier. Conditional precedence
is not considered in the parallel processor problem. Furthermore, in
all solution procedures, certain restrictive assumptions about the
processing times, precedence constraints, preemption of jobs or pro-
cessor sharing are made.

Hu [7] has presented a labeling scheme which produces minimum
makespan solutions to the problem under certain restrictions. These
restrictions are that the processing times for all jobs are the same,
and that each job precedes at most one other job. A label, which
corresponds to the total time for all jobs which follow the job, is
computed for each job. Then the M jobs with the largest labels are
sequenced on the M machines, then the next M, and so on until all jobs
are sequenced. If either the processing time or precedence assumption
is violated, this procedure may give poor results.

This procedure has been generalized to the case where the pro-
cessing times for different jobs may be different. However, the
generalizations impose other restrictive assumptions on the problem.
Muntz and Coffman [12] have proposed an algorithm for the case where
job splitting or preemption is allowed. They have also developed a
generalization when the machines can process more than one job simul-
taneously [13]. Both of these assumptions are too restrictive to be
usable for (MMTAWSC).

A slightly different definition of the parallel processor
problem was investigated by Marsh [11]. His formulation allowed for

distinct processors, but the processing times were sequence dependent.
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No prccedence constraints were allowed and the measure of performance
was to minimize total processing time. The solution procedure used was
to compute bounds for each job being sequenced on each machine, and
schedule the job with the smallest bound. Included in the algorithm
was a backtrack scheme similar to the one used by Little et al. [10].
This formulation is similar to the formulation of the traveling sales-
man problem with M salesmen.

Project Scheduling with Resource Constraints

Suppose there is a project, which consists of a set of operations,
or tasks, to be completed. Each task requires a specified amount of a
particular resource. In addition, there are limited amounts of each
resource available. Unconditional precedence may exist between tasks,
and it is desired to minimize project duration. This problem is called
the project scheduling problem with resource constraints.

The objective of this problem, and the existence of the uncondi-
tional precedence constraints are the same as those of (MMTAWSC). The
sequencing decision is compounded by the limited resources available,
but is not exactly the same as found in (MMTAWSC). In this case, the
assignment decision is absent, as is the existence of conditional
precedence. Further, each operation of the project scheduling problem
is assumed to have an earliest start time and a latest finish time.
{These may be thought of as arrival times and due dates respectively.)

Many heuristics have been developed for this problem. Most of
them start out by computing the earliest start and latest finish time
for each task. Then, each task that can be scheduled, i.e., each task

whose earliest start time is less than the current time and has all



predecessors scheduled, is placed in a set ST. Then, each element of
ST is ranked. The rank may be determined by processing time, latest
start time, etc. Tasks in ST are then scheduled in rank order until
all the resources are used up, or ST becomes empty. The current time
1s now advanced and a new ST determined. This continues until all
tasks are scheduled.

Pritsker, Watters, and Wolfe [14] have developed an integer-
‘programming model for this problem. The integer variables are of the
form th, where j represents the task, and t the time period. The
variable takes on the value one if task j is completed in period t,
and zero otherwise. The objective is to minimize project duration
subject to the restrictions on the availability of resources. The
earliest start times and due dates are used to reduce the number of
zero-one variables that must be considered, However, the number of
jobs and the number of periods to be considered (called the planning
horizon) greatly affect the number of variables and constraints.

A further extension discussed is substitutability of resources.
That is, if task i requires one unit of resource K, and it is not
available, then some amount of resource j may be substituted for re-

source K in the processing of task i. This can be construed as an

assignment of task i to one of two processors. This will be discussed

further in Chapter II.

Redwine and Wismer [15] have investigated a slight variation of

the above model. Their model allows preemption of tasks (i.e., a task

may be started in period j, nothing done on it in period j+l, and then

11

processing resumed in period j+2). Also, the only precedence relations



that are considered are technological in that operation j+l cannot
start until operation j has started, and the percent of j+1 completed
must be no more than the percent of j completed. They report solving
a problem with 102 orders in ten minutes on an IBM 360/91. The ob-

Jective function was not to minimize makespan.

Scope of the Research

The nature of this work is organized such that each chapter
deals with developments pertaining either to the general problem de-
scribed thus far or with an extension of same. For the most part,
each chapter is self-contained in that algorithmic developments and
respective computational experience are included.

The next chapter is devoted to further definition of the
general problem. A mathematical formulation is given, as is a graph
theoretic interpretation., Finally, a simplification of the general

problem is discussed.

12

Chapter IIT consists of the development of a solution procedure

for the general problem which utilizes the simplification discussed in

the second chapter. A computational algorithm is then stated, and

computational results discussed.

The fourth chapter deals with an extension of the general prob-

lem; namely dropping the precedence constraints, and assuming that the

processing times for tasks are sequence dependent. A solution proce-
dure is developed, stated, and computational results discussed.
Chapter V further extends the problem discussed in Chapter IV

to allow for more than two facilities. Again, a solution procedure



is developed, stated, and computational results discussed.
The final chapter presents an overall summary of the results of
the work. Included in this chapter are conclusions and extensions of

the research.
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CHAPTER II

MATHEMATICAL FORMULATION OF THE MAN-MACHINE TASK ALLOCATION

PROBLEM WITH SEQUENCING CONSIDERATIGONS

The general problem introduced in Chapter I can now be presented
in a quantitative context. Let 0O be the set of operations or tasks
which comprise the project or job in question. Further, the set 0 can

be decomposed into three distinct subsets, OMH’ OM’ and 0“. The set

OMH consists of those tasks which could conceivably be done by either

the machine or the human, while 0,, represents those tasks which can

M
only be done by the machine, and OH those by the human. Let I, IMH’

IM’ and IH denote the cardinality of 0, OMH’ OM‘ and OH respectively.

Then the tasks may be numbered such that

Oy = {1,2, ,IMH}
Oy = {IMI+1’INE1+2""’II\1H+IM}
0, = {1, +I +1,1._+I +2,...,I}

MH "M MH "M

[ e =
Note that OMH < Q, 0M<: 0, and 0, = 0, Moreover, OMH U 0M U OH 0

H

and OM{ N 0M n OH = . It is assumed that each task possesses an

integer valued processing time that is known and deterministic. These

H 3 .
v
M and ti 1€ OH. Tasks in OMH

. . M., . . .
possess two processing times: ti if i is assigned to the machine,

times can be denoted by t? Vieo

and t? if 1 is assigned to the human.
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The final consideration surrounding the problem and the one
contributing most heavily to its computational severity, is that in-
volving task sequencing or specifically, restrictions placed upon such
sequencing. These restrictions, referred to as precedence constraints,
fall into two categories. The first consists of absolute precedence,
which implies that one operation, say i, must precede another operation,
say j. This relationship can be denoted as i +~ j. The following sets

define all such constraints:

M .. . .. .
Gp = {(,3)]i » 3, 1 €0y je ol
H e . .
G1 = {(i,))|i +j, i¢e OH’ j e 0}
R (e 3 I ERE TR I Oyy» 3 € O).

A second form of precedence, conditional precedence, also arises.
Conditional precedence between task i and task j, denoted by i j,
holds only if both tasks i and j are done by the human, or both by
the machine. The following sets define all forms of conditional

precedence considered.

M e e )
Gz = {(1’J)|1"+*Js lE OMJ JE OMH}
Gl = {(i,5)]itrj, i€0,, jeo0.}
2 ’ I H’ MH
ME e oaate .
G2 - {(l,])ll J! 1!.] > OMH}
('.';M={(i iY|i+rj, i€ 0 j e 0.}
2 F ) » M_I, M
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Al e e .
G, = {(i,))|i#ej, i€ Ogp> § € OH}'

Consider an ordered pair (i,j), such that (i,j) € GT u G? U GTH.

In this case, task i must precede task j. However, if (i,j) € Gg, task

i must precede if and only if task j is assigned to the machine. Note

that Gg is similar to Gg except that precedence holds if and only if

task j is assigned to the human. The precedence set G?H represents

precedence which is contingent on both task i and task j being assigned

to the machine, or both to the human. The sets Eg and Eg are analogous
M

to G, and Gg except that precedence holds with reference to the assign-

ment of task i to the machine and human respectively.

Mixed-Integer Programming Model

Using the conventions adopted above, the general problem can
be formulated as a mixed-integer programming model. It should be noted
that the model is conceptually similar to those previously formulated

for related problems [4]. Define

5, = start time of task i
{-1 ifie OMH and task i is assigned to the machine
xX. =
1 LQ otherwise
1 if 1 is sequenced before j
Yij =

0 otherwise

The objective is to minimize project completion time, which shall be

denoted by F. The following formulation can now be given.



Minimize F
Subject to

s, + th. + ta(l - Xx.) <F;
i%i i i’ —

<
s, 0% t1 <F; 1¢ OM
H
<
s1 + ti <F; i€ OH

s;*ty S5y ) ¢ GT

.. H
< .
s, 0+ ‘c.1 __sj ; (1,3) ¢ G1

X, +t, <s.+ Qyij + Q(1

ie0

D ,5) e 6
2

2

(i,j) e oH

s, + th. + tn(l - X,) <s.
i i1 i i’ =75
M .
s, *ty j_sj + Q1 - xj) ; (1,7) € GM
H . H
s * ti < sj + ij ; (1,3) e G
5. + tM <s.,+ Q(1 - x;) +Q(l - x.)
i i—7j i j
S. + tﬂ < 5. + Qx. + Qx
1 1~"] 1 J

M PR =M
Si + ti < Sj + Q(1 - xi) ; (1,3) € G2
H P =H
s; sy Qx5 (5,3) €6
s, + tM <s. +Q(1 -y..) +Qx, + Qx
i i—="j ij i j
M SH
s. +t. < 5. + .ot Q.+ Qx,
I A AR S
s, + thcs, + Q(l - y..) + QL - x.) +Q - x.).
it ij i i\
’ i

xl) + Q(l - XJ)

3 & Oy
<J

17
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Sl+tiisJ+Q(l—yij)
i,jeo0
. M
M 1<)
s, +t, <s. + ..
S ISR TR LT
s, o+t <s v QU - y)
it 23 Yij 1
i,j € 0H
73 < j
s. +t, <5, + L. J
J J - 1 leJ
5, + tM <s,+ Q1 -y..) +Q(l -x.]
i i—73 ij i ieo
MH
M b j e
sj Yy E-Si + Qyij + Q1 - xiJ j M
5. + tu s. + Q1 - y..) + Qx,
i i—7j3 ij i i€ 0
MH
H j g0
sj + tj f_si + Qyij + Qxi H
5. 20 ;1¢0
1._—

X e {0,1} ; i e 0MH

vi; € 0,154,580, 4 <]

Note that Q = I*max{t?,t?}. The above model can be illustrated in a
ie0
specific context by considering a small sample problem.

Sample Problem

Consider the project of constructing an electric generator
unit. The following table can be given which provides operation
breakdown and appropriate processing times, Note in Table 1, that

0 or 0. More-

MH? TM? H

over, the processing times have been scaled by a factor of 1/10.

each operation is placed into one of three sets, 0



Table 1. Generator Assembly Breakdown

Operation Operation Set Processing Time
Index, 1 Description Classification (min/10)
1 Tty . 1
1 Test completed assembly OMH S(OH),Z(OM)
2 Paint the base OM 5
3 Cut channel irons for base 0H 3
4 Drill mounting holes in
base 0 2
H
5 Weld base together OH 2
6 Assemble generator unit on
base OH 30

The constraints for this problem can be specified such that,

oy ]
"

{(3,1),(3,5),(3,6),(4,1),(4,6),(5,1),(5,2),(5,6),(6,1)}

and

The complete model then is given as follows:

Minimize F
Subject to

s, + 3x, + 2{(1 - xl) < F

1 1 -
52+5 <F
Sz * 3 < F
5, + 2 < F
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X; € {o,1}

yije t0,1b = 1,5,4,5, 5 = 2,5,4,5,6

This problem was run on a Univac 1108 using a linear programming
based branch-and-bound mixed-integer code. The solution time was
approximately three seconds. The problem solution is 39 (*10) time

units, and can be depicted by the Gantt Chart in Figure 1.

(33 (5) (4) (6)
Oé L i I —1
0 3 5 7 37
N ) (i)
M 1} —1
0 5 10 37 39

Figure 1. Gantt Chart Depiction of the Generator
Assembly Sclution

It is obvious that the growth in the number of variables and
constraints is rapid enough to make realistically sized problems compu-
tationally prohibitive. Other formulations might be investigated, but
they too exhibit the same growth. For example, the problem could be
formulated as a modification of the Pritsker et al. model discussed
in Chapter I. However, since all tasks are initially available, and
due dates do not exist for any task, the planning horizon becomes
large. (Note that the planning horizon must be at least as large as

the optimal solution.) Thus the number of variables and constraints
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again become excessive. In the sample problem discussed above, there
would be more than 240 zero-one variables and 90 constraints. For
= 50, |0,] = 50, |0

1
rcally large problems (e.g. |0 = 50) there

il ! il

may well be over a half million variables and thousands of constraints
if the Pritsker et al. model is used. (It is true that the number of
variables and constraints can be reduced by computing the earliest
start and finish times for each task, but in the presence of different
processing times for elements of OMH and the conditional constraints,
this may not significantly reduce the dimensions.) Even using decompo-
sition, problems of this size are not easily solved. Therefore, other
approaches are necessary in order to solve large scale assignment/

sequencing problems.

Graph Theoretic Implications

It is of interest to note the graph theoretic construction for
the problem discussed thus far. Consider a graph G(N;A) such that
every i € 0 defines a member of N. TIn addition, consider the set A to
consist of all ordered pairs (i,j) which represent either conditional
or unconditional precedence as well as potential sequencing relation-
ships. The ordered pairs or edges (i,j) € A are of two forms: con-
junctive or disjunctive. Relationships reflecting unconditional
precedence are given by conjunctive or deterministic arcs (edges) as

depicted below.

® a®)
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All arcs of the conjunctive variety are collected in set C. Relation-
ships of conditional precedence are given by the set D' and are de-

picted as follows:

® —0
where (i,j) € D' specifies that i precedes j relative to some assign-
ment. Potential sequencing relationships are denoted by disjunctive

pairs of arcs and are given by the set D'". A typical disjunctive pair

1s depicted below.

where (i,j) € D". It is clear that the general problem can be given
by a graph G(N;C,D';D").
The solution of the problem specifies that a feasible assignment

over 0MH be made and the resulting tasks be sequenced over the updated

!
sets 0,, and Oh such that the completion time of the entire set of tasks

M
in 0 be made minimum or near minimum. Such an objective involves the
synthesis of the initial graph such that all disjunctive relationships
be either made conjunctive or deleted. Of course the maximal length
path through the resulting graph specifies the completion time solution,
while the elements of A* yield the sequential properties of all oper-
ations. Note that A* is the final set of edges after the above
synthesis is completed.

Observe in Figure 2 the initial graphic representation for the

sample problem. The numbers on each arc reflect the processing times
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of the tasks (nodes) from which the arc emanates. The graph in Figure 3
depicts the final solution determined from the integer program. The
numbers below each node reflect the completion time of the respective
task. Obviously node (1) is unsucceeded, and its completion time de-
fines the completion time of the entire set of tasks or operations.

Note that several arcs in Figure 3 are redundant.

Figure 2. Graph Theoretic Depiction of the Generator
Assembly Problem

Unconstrained Problem

A simplification of the general problem can be given such that
all precedence constraints are dropped. The effect of this simplifi-
cation is to reduce the problem to one of assignment only, since the
processing times considered thus far are considered to be sequence
independent. The mixed-integer programming model of the unconstrained

problem is:



(10)

Figure 3. Graph Theoretic Depiction of the Generator
Assembly Problem Solution

Minimize z
Subject to:

. i . i’i
1EOM 1€0MH
z > Z t? - X ts X5
1€0HUOMH lEOMH
x. € {0,1} 1e Oy

where all variables are as previously defined. This problem has more
interest from a theoretical viewpoint than from a practitioner's

viewpoint, since few practical problems will fit this model. Again,



several problems were Tun using the algorithm mentioned above.

tion times for 30-variable problems were under one second.

Solu-

27
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CHAPTER I1II
AN ALGORITHM FOR THE GENERAL PROBLEM

The mixed integer programming formulation of the general problem
introduced in the previous section holds little promise for the solution
of realistically sized problems. The rapid increase in the number of
constraints causes even moderately sized problems to become computa-
tionally untractable. Consequently, an alternative approach which ex-
ploits the special structure of the problem will be explored currently.

The principal factors affecting the difficulty of solution of
the general problem are, of course, the assignment/sequencing decisions,
in conjunction with the conditional precedence constraints. Since the
problem is of a combinatorial nature, a decomposition scheme, whereby
smaller, or less difficult, problems are sclved repeatedly in lieu of
solving the entire problem, would seem to hold promise.

‘If the problem is decomposed into one of assignment and then
sequencing care must be taken to insure that a poor assignment is not
the only one considered. The particular structure of the conditional
precedence constraints causes a sequence to be highly dependent on an
assignment. l!owever, if sequences are constructed for all assignments,
and the best one chosen, such a problem is overcome. However, this
approach is computationally infeasible, since the enumeration of all
assignments is, in itself, an untenable task. The approach to be
pursued herein will be to generate only those assignments which could

possibly yield better sequencing solutions than some incumbent
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assignment, which, hopefully, will drastically reduce the number of
assignments explored.

This approach has several advantages over the mixed-integer
model. First, there is no need to make assignment decisions con-
currently with sequencing decisions. Second, and of more importance,
it is clear that for a given assignment, conditional precedence con-
straints either become unconditional, or drop out of the problem en-

tirely.

Basic Concepts

The above approach can be implemented in one of two ways: either
by branch-and-bound, or by implicit enumeration. These two approaches
are conceptually similar, but differ in their implementation. Branch-
and-bound requires considerably more storage than implicit enumeration.
However, the additional storage allows the branch-and-bound scheme to
be very flexible in the order that candidate problems are explored,
which is not true of implicit enumeration procedures. Since computer
storage does not appear to be a problem, the greater flexibility of
the branch-and-bound approach makes it more attractive than implicit
enumeration.

Branch-and-bound schemes are based on a divide and conquer
strategy. The two important facets of the procedure are separation
and bounding. Since separation depends upon the bounds, bounding will
be discussed first.

Recall that two factors are involved in the determination of
schedule time. One is the actual assignment, while the other is the

precedence relationships., If there are several assignments of equal
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schedule times ignoring the precedence constraints, it is likely that
for one of these assignments, there exists a sequence which satisfies
the precedence constraints, without appreciably increasing the schedule
time. If this is true, ignoring the precedence constraints and obtain-
ing bounds only on the assignment might yield good results.

Ignoring the precedence constraints leaves the unconstrained
problem (UP) discussed in Chapter II. For (UP), a sequence for both
the machine and the human can be constructed such that no starting
time of any task is delayed. Thus, given an assignment, the schedule
time is given by the maximum of the completion time of the machine and
the human. Inclusion of precedence constraints cannot give better
completion times, and may actually introduce idle time and give a
greater schedule time. Therefore the solution of (UP) gives a lower
bound on the solution of (GP). Since (UP) is an integer programming
problem, which is also difficult to solve, a relaxation is used. This
relaxation is to drop the integrality requirements on the xi's, and
replace them by upper bounds of one. The mathematical formulation of

this relaxed problem is

Min Z
(RUP) S.T. z> } tT ) t;dxi (C1)
1eDM 1€0MH
2> 7 dlo oy t?xi (€2)
ie0, U0, 10,0,
0<x, <1 ie0
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At optimality, either (Cl), (C2) or both must hold as an
equality. Assume that (Cl) is satisfied as an equality. Then the

problem can be restated as follows:

Min z, = Z tM + Z t.X.
1580 1 igo, 11
M MH
(RUP1)  S.T. A T D R D
ie0 ico,. Y'Y T ieo Vo, ' ie0. Tt
M MH H™“MH MH
< <
0 —-Xi __1 ie 0MH

Min z, = t? - Loux
1EOHUOMH IEOMH
(RUP2)  S.T. oo 7 e sy My M
ieo U0 ' ieo,. ' * Tifo, ' ifo !
H”“MH MH M MH
0 E_xi f_l ieg OMH

Therefore, if z, and z, are the solutions to (RUP1) and (RUP2), then

1

z = min{z } must be the solution of (RUP). (Note that if either

1°%2
(RUP1) or (RUP2) is infeasible, its solution value is assumed infinite.)

Now note that by combining terms, each problem has the form
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Min Z C. X,
ieo t 1
M
S.T. J a.x, >b
ieo, 1T
MH
0 <x, <1 ie0 s

which i1s the well-known knapsack problem. To solve this problem, one
simply ranks the ratios, ci/ai, in ascending order, Then, selecting
the variable with the smallest ratio, allocate the maximum of the vari-
able's upper bound (in this case one), or the fraction which causes the
constraint to be satisfied as an equality. Thus, only one X4 will take
on a fractional value. This variable also defines all values for the
other variables, since all variables with smaller ratios will have
value one, and all with larger ratios will have value zero.

The problems (RUP1) and (RUP2) can be rewritten as follows:

Min Z tM b ¢
.EO 1 1
R ¥
.T. L X, >
(RUP1) S.T ieg a,x, > b
MH
0 f_xi <1l ,1ice OMH
and
Max Z t? X,
ie0 1
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(RUP2) S.T. I ax, <b

where,
a=tM+tH
i i i
b = ) t?—{t
1€OHU0MH 180M

To solve a maximization knapsack problem such as (RUPZ), simply rank

the ratios in descending order, and allocate as before, except that

now the variable with the largest ratio is taken first, the second

largest ratio next, and so forth. Tied ratios may be chosen arbitrarily.
The coefficients of (RUP1) and {RUP2) are related in such a way

that the two rankings are the same, since t?/(t? + t?) =1 -

[t?/(t? + t?)]. Therefore, the decision variables for the two prob-

lems will have the same values, since b_and all ai's are the same for

each problem. Denote the value of the optimal solution variables by

x;. Thus the solution value is given by

z = min{ ) s ) £t ) ) e - ¥ el p

. i : iti o, i . i1
ie0,, ie0py 180HU0MH ie0yy,
Since all processing times are integer valued, z must be integer

valued, and hence any z which is non-integer may be rounded up. Clearly,

Z is a lower bound on the schedule time.
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Notation used in the branch-and-bound procedure will now be
discussed. If a variable is restricted to take on a particular value,
it is said to be fixed. 1If a variable can take on either of the values
zero or one, it is said to be free. A subset of variables that is
composed of fixed variables is called a partial solution. If x{ is
the solution to (RUP) with some variables fixed, (i.e., a partial solu-
tion}, then xg =1 if x; = 1 and xi = 0 otherwise is called a comple-
tion of the partial solution. A candidate problem is specified by its
partial sclution, its completion, and the index of its fractional
variable, All candidate problems will be stored in a candidate list,
which will be denoted by CL.

For a particular candidate problem, denoted by CPys where
£ ¢ CL, the fixed variables will be denoted by an indicafor F

L,1°’

ie0,. IfF 1; then variable i is fixed in candidate problem

MH 2,i

%, otherwise, if F = 0, variable i is free in candidate problem £.

£,i

The partial scluticen and its completion will be denoted by

1 if x*=1
i

%1 ¢ otherwise

The fractional variable's index is denoted by IFR,, and the incumbent

ﬂ"
solution is denoted by 2.
Denote the procedure for finding a solution for (RUP) using

(RUP1) and (RUP2) by (KP Then for a given partial solution, say

g
the one determined by CPg, the solution procedure will be denoted by
(KPQ). This could be done by setting fixed variables at their

appropriate values, and solving the reduced problem. However, this

is unnecessary.
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Consider a problem where only one variable is to be fixed which
was not previously fixed in another candidate problem CPC. If X = 1
and is free in the solution of (KPC), then fixing X = 1 does not affect
the solution of (KPC). Fixing X, = 0, the new soluticn is readily
found, since the constraint of (KPC) is now undersatisfied by an amount
a - In such a case, simply begin with the fractional valued variable,
and increase the variableg in ranked order until the constraint is
again satisfied. If a variable is free at zerc value, and is fixed at
value one, the constraint is then oversatisfied, and a similar process
1s used, but in this case the variables are reduced until the constraint
15 satisfied as an equality. 1In this case the fractional valued vari-
able is again the starting variable, and the process continues in
reverse ranked order. Thus, starting with (KPm), each time a variable
is fixed, the bound for that candidate problem is readily obtained.

The aim of the branch-and-bound procedure will be to start with
a particular candidate problem, and drive to a feasible assignment. A
feasible assignment is defined as a candidate problem which has

Fm ;= 1Vie OMH‘ The process of fixing variables is accomplished

3

by choosing a separating variable, fixing it at its free value in the
current candidate problem, and then storing a newly created candidate
problem with the variable fixed at the complemented free value, in a
candidate list for later exploration. A bound on each candidate prob-
lem is computed and if the bound is no better than the incumbent
solution, the candidate problem need not be explored further. When a
candidate problem becomes feasible, a sequence for that assignment is

determined. If the new sequence is better than the incumbent, a
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replacement is specified. When a new incumbent is obtained, all candi-
date problems in the candidate list which have bounds that are no better
than the new incumbent are deleted. In any case, a new candidate prob-
lem is chosen, if one exists, such that the new problem is always the
one with the lowest bound. The procedure terminates when the candidate
list is empty.

It should be clear that the determination of bounds is critical.
If good bounds are obtained, many of the possible assignments will not
be explored, since the bounds on such candidate problems will be higher
than the incumbent solution.

These bounds are also used to choose separating variables.
Separating variables will be chosen such that the candidate problems
created will have large bounds. This strategy is suggested by Tomlin
[18], and empirical studies have shown that it is usually a superior
strategy. Intuitively, if the ratio t?/(t? + t?) is small, the value
of tg must dominate that of t?, hence the best policy would be to
assign i to the machine. A similar argument for assigning variables
with large ratios to the human can be made. Also, the size of the
ratio is an indication of how appealing the assignment to either the
machine or the human is. Thus, taking the smallest ratio and assigning
that task to the human should result in a large bound for the candidate
problem created, which, hopefully, will exclude it from further con-
sideration. Therefore candidates for separation will be the free
variables with the largest and smallest ratios. Bounds are computed
(by solving (KPQ)) with each of these variables fixed at their comple-

mented value. The variable which gives the higher bound is the chosen
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as the separating variable.

The nature of the branch-and-bound procedure discussed above
gives rise to a simplification. Since the chosen candidate problem is
kept until it can give no better solution than the incumbent, (or until
it becomes feasible), each separating variable is derived from the same
parent problem. Hence, if the fractional valued variable is the last
variable fixed, only one of the separation candidates needs to be com-
puted, since the one that was not chosen at the previous stage is still
a valid candidate with the same bound as was computed before. Of
course, when a new candidate problem is chosen from the candidate list,
both separating variables must be used to compute bounds.

Finally, the subject of precedence constraints and sequencing
must be explored. For a given assignment, the set of precedence con-

straints, P, which must hold can be defined as:

P=GI‘1"UG}1’UG?*UG?UG};UG‘;HUC?UC*;
where
Gg = {(L,3)[(1,3) € Gy, x; = 1}
Gy = {(i,3)](i,0) € Gy, x; = 0}
G?H = {0, (1,9) € Gﬁ“, x; = x.}
Gy = {(L,3)]0,0) e T, x; = 1}
@=HMH&ﬂ€§Jf0L
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Given the precedence set P, a sequence for the assignment can
be determined. Let S be the set of all tasks which are available for

sequencing on the machine. SM is called the candidate set for the
machine, and a task is included in this set if and only if all tasks
which precede it have been scheduled. SH is defined in a similar
manner for the human. Define CM and CH as the completion times of the
last tasks scheduled on the machine and human respectively. Also, let
6& and ﬁﬁ be the sets of unscheduled tasks for the machine and human
respectively.

For each candidate task i, compute the earliest start time, ESi’
where ESi is the maximum of the completion times of all precedessors
of i, and CM if i ¢ Uh or CH if i ¢ Oé. Note that ES, = CMif 1 € O&

or ESi = CH if i e 0/, unless there exists some (k,i) € P such that

T 3 - 1] LB - 1
kEoHlflEOM,Ol‘kEUlelEOH.

For each candidate task, bounds on the schedule time are com-
puted, and the minimum bound task on the machine and human respectively
are scheduled. The procedure continues until all tasks are scheduled.

Bounds are obtained as follows:

Let T = |0] + 1. Construct a quantified precedence graph with T nodes.
Let node i correspond to task i for all i € 0, and node T correspond
to a terminal node. If (i,j) € P, include an arc from node i to node j

. . M { . .
with a time of t,o=tix o+ tg(l - xi) units. Also include an arc from

node i, for all i € 0, to node T, with a time of t?xi + t?(l - xi).

Let DkT be the length of the longest path from node k to node T. Also
define LPM = max [DkT] and LPH = max [

k k
lower bound on schedule time arises as the maximum of the following

DkT]‘ Then, for i e SM’ the



four bounds.

1) cH+ i
igor *
H

2) CH + LPH

3) ES, + th + max D
1 keo),

k# 1

kT

4) ES. + ot
£

Similar bounds are computed for elements of SH'
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It should be noted that the procedure for solving the sequencing

problem (as outlined above) is considered in a first pass mode. No

backtracking over active schedules [3] is considered. Hence the proce-

dure does not guarantee optimal sequences. A formal statement of the

computational algorithm can now be given.

Computational Algorithm

Consider the following step-by-step statement of the procedure

discussed above.

Step 0: Initialization

M H M .
. o= t. . = . v .
0.1 Compute a, t1 + tl, and let r, ti/a1 , i€ OWi

0.2 Rank the assignment variables in ascending order of the
ri‘s and solve (KPﬂ). Denote the solution by x;, ie0

and let IFR., be the

0.3 Set z' = « and let BND )

= 7z R
1 (KP 4)

index of the fractional assignment. Let

MH"



1 if x; =1
X, . = Vied
1,1 0 otherwise MH
Fl,i = 0 Y i€ 0MH

Step 1: Select a candidate problem
1.1 If CL = ¢, the procedure terminates,

1.2 Let BND_ = min BDND,. CPC is the candidate problem to be

LeCL %
explored.
LU 1 |3 = =
1.3 Let 0} = 0, U {i]i ¢ O Xe i = v Feg 1},
o= 11 = =
0 = 0, U {i]i e Oy Xe i 0, Fc’i 1}.
Step 2: Select a separating variable
2.1 Let Q= {ili e U Fc,i =0,1i#IFR}. IfQ# ¢ go to
2.3, 1If Fc,IFRC = 1, go to step 4.
2.2 Let 1S = lFRC and set
M . .
Z.. = max{ ) £ oM, 7o Ha - x)
15 ic0, - ic0 Y ' ieo, 1 ic0,, 1
M MH H ME
Go to step 3.
2.3 Let rp = min T and Ty = max r..
1eQ ieQ

2.4 Solve (KPC) with variable IF complemented. Denote the
solution by Z;. and let ﬁiF be the index of the fractional

variable. Similarly, find Z . and F

2.5 Let ZIS = max {ZIF’ZIé}'

IB’

40



Step 3:  Update the candidate list jf necessary
*
3.1 If ZIS > Z go to 3.3,

3.2 Let % be an element of the candidate list. Set

iFR, = F

'3 IS
BND2 = ZIS
M x if F =1
c,i c,i
1 -x_ ., if i = I8
c,i
= <
*2,i
1 , 1f F_ . =0 and x¥ = 1
c,i i
)] , 1f F ., =0 and x* <1 .
L c,i i
- L = i
Set Fc,IS 1 and add IS to OM if XC,IS 1. Otherwise,
. . = ., Y i .
add IS to OH Let Fl,l Fc,l’ ie OMH
3.3 If Fc,i = 0 for some i € Oppy» 80 to step 2.

Step 4: Solve the sequencing problem
4.1 Construct P, the set of precedence relationships for the

particular assignment and set

ES, =NP. =0 ,V iego
1 1

M =CH =0
Sy =Sy =@
0y, = o),

=
n
o



4.2

4.4

4.5

max { CH

max{M

4.6
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Let NP, = NP, + 1,V k 3 (k,i) € P. Sett. = t'x, +
1 1 1 11

t?(l - xi), ¥V ie 0. Construct the quantified precedence

graph and determine D ¥V ke 0.

k,T

Determine the candidate tasks for sequencing:

]
[}

{iINPi 0, ic¢€ ﬁ&}

N
1]

0, j e 0t}

{j|NPj b

If SM = SH = ¢, go to 4.8.

Compute the earliest start times such that

V - V -
ES. max{CM, ESk * L, ke (k,i} e P}V 1 ¢ Sy

max{CH, ES, + t,, Vke (k,j)e P}V jes

ESj H

Compute bounds for each candidate task:

+LPH, CH+ ] t,,ES + } t
k60ﬁ keOM

V -
max (ES; + t. + Dk,Tﬂ S

k’ =, M
keOM

+ LPM, CM + Z__tk, ESj + Z_'tk, max (ES, + t. + Dk’Tﬂ\hESH
keOh keOH keOé

Select tasks i* and j* for sequencing such that

B., = min B,

i .S
1€Sy,

Bj* = Win B,
JESH

If B., 2_Z+ or Bj* 2_Z+, delete cP., from CL and return



to step 1.

4.7 Schedule i* and j*. Set

M= ES,, +t

i* i
oY = v oo i *
0, Oy {i*}
O = 0 - 139

NP = NP -1,V k3 (i*,k) € Por (j*K) € P.

Go to 4.3.

4.8 Set Z = max{CM,CH].

Step 5: Replace the incumbent solution, if necessary, and prune the
candidate list
5.1 If Z > 7', delete CP_ from CL and go to step 1.
+ . + .
5.2 Let I =172, x. = xc,i’ Y iceg OMH and ES‘l = ESi, Y iegdo.

5.3 Delete from the candidate list all problems £ such that

BND. > 2"
L 22

5.4 Go to step l.

The computational algorithm can be demonstrated by considering a small

sample problem.

Sample Problem

Consider the problem specified by Table 2. Note that the

problem involves nine precedence constraints, and that the time to

43
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Table 2. Data for Sample Problem 1

Set Task Index i t? t? Precedence
1 3 9 (1,2) € G (1,7) € 6“24
2 5 3 (2,10) € E;'
3 9 9 -
Oy MH
4 5 10 (4,6) € G,
5 10 8 (5,10) € GTH
6 1 3 -
7 15 oo (7,3) € G
Oy
8 10 o -
H
9 o 12 (9,10) € G
. H
0, 10 9 (10,1) € G|
11 w 8 (11,3) € G[—Zl

process some task i, i € OM, on the human is considered to be infinite.
Likewise, the time to process some task i, i € OH’ on the machine is
also infinite.

The algorithm discussed previcusly will now be applied to the

sample problem.

Step 0: 1Initialize the problem

0.1 Variable a. tM/a. Rank
i i’ 71
1 12 .250 1
2 8 .625 6
3 18 .500 4
4 15 .333 3
5 18 .555 5
6 4 .250 2
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0.2 Now [KP¢) is given by
min z

S.T. Z> 25+ 3x1 + 5x2 + 9x3 + 5x4 + 10x5 + x6

Z>71 - 9x1 - 3x2 - 9x3 - 10x4 - 8x5 - 3x6

0 < X,

<1 ie0
1__

MH
For which the two knapsack problems have solution

L e T e e v ok o ok =
x] X3 Xg 1; X3 15/18; X3 = xg 0.

Thus BND min{25+3+5+1+9(15/18) ;

1

71-9-10-3-9(15/18) }
= 42,

Also let IFR1 = 3,

0.3 Also let z = . This gives an initial problem for the

candidate list:

Problem
Candidate Variable Values Fixed Variables Bound
Problem Xl X2 X3 X4 XS X6 Fl F2 F3 F4 FS F6
1 1 0 01 0 1 0 0 0 0 0O 0O 42

Step 1: Choose a candidate problem.
1.1 CL# ¢

1.2 BND1 = min BND
2eCL £

t
1.3 OM

I

{7,8}

1}

0ﬁ {9,10,11}.

Step 2: Choose a separating variable,

2.1 Q=1{1,2,4,5,6}
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2.3 r = r

1F 1
1 T %2
2.4 Zip 45
ZIB = 43
2.5 Zrg = ZIF =1z

Step 3: Add a new candidate problem to the candidate list if necessary.

3.1 z, = 45 >z =

3,2 £ =2
IFR2 =5
Candidate List
Candidate Variable Values Fixed Variables Problem
Problem xl x2 Xz X, Xg x6 Fl F2 F3 F4 F5 F6 Bound
1 1 0 0 1 0 1 1 ¢ ¢ 0 0 0 42
2 0 01 1 0 1 1 0 0 0 0 0O 45

1 =
3.3 0y {1,7,8}

3.4 Go to step 2.

This sequence of steps is repeated until the candidate list consists

of the following problems.

Candidate List

Candidate Variable Values Fixed Variables Problem
Problem Xl X2 X3 X4 XS x6 F1 F2 F3 F4 F5 F6 Bound
1 1 0 01 0 1 1 1T 1 1 1 1 49
2 0 0 1 1 0 1 1 0 0 0 0 O 45
3 1 01 1 0 0 1 0 0 0 0 1 43
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Candidate Variable Values Fixed Variables Problem
Problem X Xy x3 x4 Xg x6 Fl F2 F3 F4 FS F6 Bound
4 1 01 0 0 1 1 0 0 1 0 1 45
5 1 0 01 1 1 1 0 0 1 1 1 44
6 1 1 0 1 0 1 1 1 0 1 1 1 43
7 1 ¢ 1 1 0 1 1 1 1 1 11 43
OQ = {1,4,6,7,8}
0} = {2,3,5,9,10,11}

The algorithm will now proceed again in a step-by-step manner.

Step 4: Solve the sequencing problem.

4.1 ES, = NP, =0 V1e0
i 1

CM=CHs=0

Sy = Sy = 9

0 = {1,4,6,7,8}

6& = {2,3,5,9,10,11}

P=(1,7), (2,10), (4,6), (5,10), (9,10), (10,1), (11,3)

4.2 Task t. NP, D,

1 i iT

1 3 1 18
2 3 0 30
3 9 1 9
4 5 0 6
5 8 0 35
6 1 1 1
7 15 1 15
8 10 0 10
9 12 0 39
10 9 3 27
11 8 0 17



4.5

The steps 4.3-4.7 are repeated until the following earliest start

=1

=1

{4,8}

{2,5,9,11}

0 for every i ¢ Sy U Sy

max{39,49,34,23} = 49

max{39,49,34,28} = 49

max{18,34,49,42} = 49
max{18,34,49,47} = 49
max{18,34,49,47} = 49

max{18,34,49,47} = 49

i1

min B. 49

1€SM

49

min Bj
JESH

o]
+
L
H

5
0+ 3 =23
{1,6,7,8}
{3,5,9,10,11}
0

2

{6,8}

{5,9,11}

times are obtained:
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ESl = 32

E82 = 0

ES3 = 40

ES4 = 0 M = 50
ESS = 3 CH = 49
ES6 = 5

ES7 = 35

ES8 = 6

ES9 = 11
ES10 = 23
ES11 = 32

and the procedure continues.

SteE 5:

4.3 SM = SH = P, go to 4.8

4.8 z = max{50,49} = 50
Replace the incumbent solution if necessary and prune the

candidate list.

5.1 Delete CP, from CL.

1
5.2 Let
2¥ = 50
+ + + + + +
X) = X, = X = 1, X, = x3 = XS =40
Es; = ES, for every i € 0.

5.3 No other CP's deleted

5.4 Go to step 1.

49
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Step 1: Choose a new candidate problem.

1.1 CL # 8
1.2 Let BND, = min BND,
' 2eCL
1.3 0y = {1,3,4,6,7,8}
or = {2,5,9,10,11}

H

Step 2: Choose a separating variable.

2.1 Q= 8, FC,IFRC = 1, go to step 4.

The procedure continues in a similar fashion. The results can easily

be described in the form of a branch-and-bound tree given by Figure 4.

As shown, the final solution is 2 = 44, x; = xz + x; =1, x; = x; = xg
= 0 and

Es; = 25 Es; = 5 Es; = 3

Es; = 0 Esg = 24 E%I)= 15

Es; = 35 Es; = 28 Eﬁ}_: 27

Es; = 0 ESE = 15

It is of interest to note that this solution is the optimal

solution to the problem.

Computational Results

The above algorithm was coded in Fortran and several test prob-
lems were solved on a Univac 1108 computer.
The problems were generated as follows:

All processing times for the machine are random integers in the interval



Figure 4.

Solution Tree for Sample Problem 1

18
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[1,50], while times for the human were in the interval [1,99]. Con-
straints were also generated randomly, but in such a manner that prece-
dence between Oy and 04 occurred about 30 percent of the time.

Several inferences can be drawn from the summary of results
given in Table 3. First, the solution times indicate that problems of
a realistic size can be solved in a reasonable amount of computer time.
The dominate factor in the solution time appears to be the time taken
in step four of the algorithm, which is the solution of the sequencing
problem. It increases with the total number of tasks, regardless of
the number of assignment variables. There are two other factors affect-
ing the time required to sequence tasks. One is the number of tasks
which are candidates for sequencing at a particular time. The increase
in the number of bounds that must be computed is directly related to
the number of these tasks. More important, however, is the number of
precedence constraints across the machine and the human. If no con-
straints exist across the two sets, the sequencing problem is trivial,
since bounds are no longer needed. An improvement in the algorithm
would be to break any ties in bounds by sequencing the task involved
in the most precedence constraints across the two sets.

A second inference that can be made from Table 3 is that stor-
age requirements, which are traditionally high for branch-and-bound
procedures, are not prohibitive. By packing the information needed
for each candidate problem, only five words of memory were required
for each candidate problem. Since there were at most only 53 candidate
problems in storage at any one time, this might not be necessary. For

large problems, an alternative to bit-packing might be to use off-line



Tavle 3. Computational Experience for Branch-and-Bound Algorithm

Time Tine
P;?Ziem ) fpr for Time Total ) )

0. 7040 7 First First Last Last for Number Maximum  Terminal  Scheduling  Scheduling Time for

Problem Mi MJ H Spliu-  Solu-  Solu-  Solu-  Termi- Nodes Nodes Nodes Problems Problens Scheduling

Numbe r /#* Const., tion tion tion tion nation Explored Stored Explored Started Cogpleted Probiens
1 30/10/10/1 637 .076 637 .07 .089 33 29 4 1 i .04 i.
4 30.10/10/20 752 .468 752 .468 .482 31 29 2 1 1 418 l.
3 30/10/10/40 722 LA38 709 1.978 1.989 61 23 26 5 3 1.807 2.
4 30/20/20/1 1228 .097 1228 .097 -109 3 - 29 4 1 1 . 046 1.
5 30/20/20/20 1191 1.430 1191 1.430 1.430 31 29 2 1 1 1.560 1.
G 30/20/20/40 1047 1.059 1047 1.059 1.07% 37 29 8 1 i 1.6a4 1.
7 40/10/10/1 815 L104 Bl19 .154 167 43 19 4 2 2 .Gr2 o
B 40/10/10/30  Bs6 .754 844 3.917 3.934 51 39 12 5 5 3. 700 e
9 40/10/10/50 842 .761 835 1.457 1.483 30 39 1G 2 2 1.372 a.
10 40/20/20/] 1247 133 1236 . 287 L300 48 39 8 3 3 .182 a.
11 40/20/720/30 1201 2.127 1189 3.838 3.853 43 39 4 2z 2 3.716& g.
12 40/20/20/50 1245 1.549 1237 4.717 4.729 45 39 ] 3 3 4.600 J.y
13 50/10/10/1 964 1.410 964 1.410 1.424 51 49 2 1 1 1.293 1.
14 50/10/10/30 1049 1.340 1046 2.602 2.618 58 49 8 2 2 2,473 0.
15 50/10/10/50 1014 .958 994 4.588 4.602 129 53 52 5 4 4,305 Q.
16 50/20/20/1 1387 L1720 1377 . 296 L313 55 49 6 2 2 L1y2 a.
17 50/20/20/30 1281 2.198 1279 4.315 4,329 53 49 4 2 2 4.157 a.
18 50/20/20/50 1341 2.583 1330 5.049 5.067 57 49 6 2 2 4,860 Q.
19 50/25/25/1 1440 L208 144C .208 .225 51 49 2 1 i .109 1.
20 50/25/25/50 1551 2.584 1537 7.615 7.713 36 49 & 3 3 7.337 0.
21 50/25/25/100 1509 2.5359 1498 10.039 10.07¢0 69 49 14 4 4 9.85% Q.
22 50/25/25/200 1533 1.657 1533 1.657 2.963 23 49 4 2 1 2.850 i.
23 50/50/50/100 2539 8.491 2539 8.451 8.505 51 49 2 1 1 3.322 1.
24 50/25/5/30 120G 1.791 1181 5.256 5,283 61 4% 10 3 3 5.1z8 0.9
25 50/25/5/5¢ 1104 1.553 1103 3.o02 3.024 67 49 14 2 2 2. 864 0.
26 50/5/25/30 1272 1,750 1272 1.750 1.765 51 49 2 1 1 1.663 1.
27 58/5/25/50 1276 1.606 1276 1.626 1.622 51 49 2 1 1 1.515 1.
28 50/50/25/50 1792 5,831 1784 11.407 11,421 55 49 ] 2 2 11.281 0.

€S
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storage.

The last inference concerns the appeal of backtracking. Since
the solution procedure used to solve the sequencing problem cannot
guarantee optimality (without some form of backtracking), it may be
unwise to backtrack over the assignments. It was originally felt that
the possibility of vastly differing constraint sets for different
assignments would make a backtrack necessary, but computational experi-
ence does not bear this out. Usually the first solution was very close
to the final solution, and therefore the time spent to obtain a better
solution may not be well spent.

An improvement to the algorithm would be to determine an initial
incumbent solution which would, hopefully, make it unnecessary to store
some of the candidate problems created. A good initial sclution can be
obtained by considering the solution to (KP¢), and computing bounds for
each assignment created by setting the fractional valued variable to
zero and one. A sequence 15 then determined for the assignment with
the smaller bound, and this sequence is then used as the initial incum-
bent solution. At this time, the algorithmic procedure described
previously can be applied to the problem and candidate problems with
bounds no better than this incumbent solution need not be stored, re-
sulting in a savings of computer storage.

A second, and more powerful improvement would be to use penalties,
such as those proposed by Tomlin [18], to strengthen the bounds on each
candidate problem. This procedure uses the linear programming solution
to an integer programming problem {i.e., the solution of the integer

programming problem with the integrality restrictions relaxed) as a
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bound, and then determines a bound on the change in the objective func-
tion brought about by enforcing the integrality restrictions. This
bound on the change of the objective function is called a penalty.
Penalties are computed from the elements of the optimal simplex tableau.
Since (RUP1) and (RUP2) are relaxations of integer problems, it
would be natural to apply the penalty approach to them. However, they
are not solved by the simplex method, and thus their tableaux are not
readily available. Due to the special structure of these problems, i.e.,
a single constraint and upper bounds of one on each variable, the opti-
mal tableaux are easily identified. Then, penalties for both (RUP1)
and (RUP2) can be computed, their objective function values adjusted
accordingly, and the bound for the candidate problem becomes the mini-

mum of these two bounds. The details will be carried out for (RUPZ}.

Let q = |0MH| + 1. Now, recall that (RUP2) has the form
z, = D - max ? C. X,
2 . 171
i=]
(RUP2) S.T. E a.x;, = b
i=1

where xq is a slack variable, with Cq = 0 and aq = 1. Further, let
x; be the optimal solution to (RUP2) found as previously discussed,

and let x; be the fractional valued variable. Using the upper bounded



variable simplex procedure, it is easily seen that the optimal tableau

is given as

- a.fa x* =1
_ i'p i
a. =
i
ai/a otherwise
C. + C_*a, x* = 1
i i i
c. =
i
- C. + ¢ _*a, otherwise
i p i
and
b = x*

Tomlin gives a penalty derived from a Gomory cut as follows:

b c./f, f. <b

1 1 1

| A

P, = min

¢~ "
ifp (1-b)c,/(1-£,) £, > b

where a, =n, + f,, f. > 0 and n, is an integer.
i i i? 71 - i
Consider the example problem discussed previously. (RUP2) is

given as

Z, = 71 - max 9x1 + 3x2 + 9x3 + 10x4 + 8x5 + 3x6 + 0x7

(RUP2) S.T.

X =
12x, gxz + 13x3 + 15X, + 13xs + 4x6 + X, =46

0<x <1 i=1,2,...,6



i i L , = * o ok = oy o
with solution X X3 xg 1, X3 15/18, x5 x5 x7 0, and

z, = 41 1/2. The optimal tableau for this problem is

xl x2 x3 x4 x5 x6 x7 b
28 15 41 L5
T 18 18 18 - 18 18 18
5 1
3 1 0 5 1 1 5 29 1/2

which gives

_ 6 . 8 - -
bt 13 f3°0: £

and the penalty is given by

P :min{_]i l_s_z_soo.l_s_ﬁ}:l_s
G 2 * 8 27 * 14’ 2 14
and
‘- ) L 15, 4 6 _
zy = 71 - (29 3 - 7P = 42 o5 = 43 .

Likewise, an optimal tableau for (RUP1) can be constructed and

zy computed. For this example, z; = 43 and hence z' = 43 which is

'
1
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greater than z = 42, the previous bound, and thus a better lower bound.
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CHAPTER IV

THE UNCONSTRAINED SEQUENCE -DEPENDENT

PROCESSING TIME PROBLEM

Recall the unconstrained variation of the general problem which
was mentioned at the conclusion of Chapter II. It was clear that the
problem was inherently simple since a problem of assignment only, arose.
The reason for the disappearance of the sequencing problem in such a
relaxation is clear since all processing times until now have been
assumed to be sequence independent. However, in the current chapter
such processing times are considered to be, in fact, dependent on se-
quence. Hence, the problem takes on complexity in that attainment of
an optimal solution once again involves assignment and sequencing con-
siderations. The measure of performance remains as minimization of the
completion time of all operations.

The processing times can best be represented by a matrix, g,
where each row and column represents a task, and the element Tij Tepre-
sents the processing time of job j if it follows job i in the sequence.
In addition, there is an extra row added to the matrix which repre-
sents an initial set-up time, and a final tear-down time is represented
by an added column. These may be considered as dummy tasks which must
start and finish the sequence. Furthermore, let Tii = O since a job
cannot precede itself, and Ej =wif ic OM’ j e OH’ or i ¢ OH and
e OM'

It is of interest to note that the current problem leads to an



enormous solution space. In itself such a characteristic is not sur-
prising since the problem, as is the case throughout the entire re-
search, is combinatorial. Nevertheless, one can compute the total

number of solutions to the problem say €, such that

6 = izo (loyl + iyrqloyl « o, - 1)1
Of course, if constraints are imposed on the problem, relative to
sequencing, the number of feasible solutions reduces to something less
than 0. The fact remains, that for even modest increases in problem
size, there results an overwhelming number of solutions.

Prior to examining a potential algorithmic development to solve
the problem at hand, consider a subtlety involving a similar well-
known problem.

The unconstrained sequence-dependent processing time problem
is very similar to the parallel processor problem with two machines.
However, there are at least three differences. First, the parallel
processor problem traditionally assumes identical processors, which is
not the case here. Secondly, the parallel processor problem usually
maintains that processors are initially unloaded, which again differs
from the problem discussed here. The major difference, however, is
in the measure of performance used. As in the previous chapter, this
treatment seeks to minimize maximum completion time over operations
in Oﬁ and Oé, while the parallel processor problem utilizes maximi-
zation of total processing time of all activities, or an analogous

function such as total set-up time. The two measures are not
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necessarily equivalent, as can be demonstrated by considering the
following proposition.

Proposition 1: Minimizing project duration is not equiva-

lent to minimizing total processing time.

Note that project duration is defined as the maximum completion
time of all tasks and total processing time is the sum of T for (i,j)'s
in the sequence.

The proposition will be demonstrated by a counterexample. Let
Oy = {1}, Oy = #, and 0, = {2}. Also let S and T represent the
initial and final operations of any sequence. The processing times

are 1,, = ©, T

11 2 ° 2, Ty = 2, =5, T,, =%, T,..= 3, = 4,

IT T Ts1

«, Total enumeration gives the following assignments

1

T =2, 7T

ST =

and sequences:

52

Project Completion Total Processing
Machine Human Time Time
5-1-T §5-2-T 6 11
- $-1-2-T 9 9
- §-2-1-T 8 8

Thus, the solution which minimizes project completion time is not the

solution which minimizes total processing time.

Basic Concepts

Due to the inconsistency of the measures of performance con-
sidered in both problems, it would seem that traditional algorithms
for the two processor problem would not be useful in the solution of

the problem of the current chapter. Hence, the composition of the
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remainder of this chapter will center around the development of a
suitable procedure.

Prior to discussing the development of an algorithm, however,
it is of interest to note that the graph-theoretic implication of the
current problem differs from that of the so-called general problem
given earlier., Whereas the general problem dictated a mixed type
graph, G(N;C U D),-the problem presently under consideration is com-
pletely disjunctive initially and is denoted by G(N;D). The disjunc-
tive nature of the problem arises from the lack of constraints either
among operations in 0M and 0H (initially as well as in the final solu-
tion) as between such operations. Of course, a final solution will
have all operations fixed in sequence which reflects a synthesis from
a disjunctive state to one totally conjunctive, given by some G(N;A).

As before, one approach to solving the problem would be a de-
composition scheme such that assignment and sequencing decisions are
made in a nearly independent manner. Specifically, the method used is
to enumerate (either explicitly or implicitly) each assignment and
determine the optimal sequence for each such assignment. Inherent in
such a procedure is the requirement that bad assignments be recognized
quickly, so that they not be explicitly enumerated.

Bounds on the solution may be obtained by summing the minimum
processing times for each task to be sequenced. If one has a solution
that is as good as the computed bounds, for a given assignment, there
15 no need to explore that assignment further. Also, if in building
a sequence, it can be shown that the sequence can produce no better

solution than the best solution found thus far, there is no need to
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further pursue this assignment.

The enumeration scheme used herein is a variation of one pro-
posed by Geoffrion [5]. The major difference is that only assignments
that have all tasks in OMH assigned to either the human or the machine
need be investigated. The mechanism for enumerating these assignments
is as follows. Let S be an ordered vector composed of either positive

or negative, and underlined or non-underlined indices of 0 If +i

M
is in S, then task i is assigned to the machine, and if -i is in S,
then J is assigned to the human. If an element of S, say io is under-
lined, then all feasible assignments, with the elements of S to the
left of i, taking on their present values, have been enumerated.

The scheme for generating the assignments, referred to as a
backtrack procedure, can now be given: start with any arbitrary
assignment, placing the indices in S with the proper signs. Initially,
let S be void of underlined elements. The first assignment is then ex-
plored, and S is changed by complementing the last element of S and
underlining it. In general, to change S, complement the right-most
non-underlined element of S, and delete all underlines to its right,
The procedure terminates when all elements of S are underlined.

To show that this procedure is finite, it is both necessary and
sufficient to show that the sequence of S vectors generated is non-
redundant, since there are exactly 2" such S vectors. Consider the
following proposition.

Proposition 2: The backtrack procedure presented above
generates a non-redundant sequence of assignments.
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Proof: To show that the sequence Sj is non-redundant, note that

S, canncot be redundant, and assume that Sl’S .,5, is non-redundant.

1 22 k

Sk+1 is formed by complementing the right-most non-underlined element

of Sy, say io, and deleting all underlines to its right. Therefore,

Sk+1 differs from Sk since 10 is different. Hence, 51,52,..

is non-redundant, and therefore by induction the sequence Sj is non-

055

redundant,

In order to obtain the optimal solution, no assignment may be
overlooked which could give a better solution than the incumbent.
Since every assignment generated by the backtrack procedure is checked
for a possible better solution, and not explored only if it cannot pro-
duce a better solution, it remains only to show that the backtrack
procedure generates all 2" possible assignments. The following propo-
sition does this.

Proposition 3: The backtrack procedure generates all

possible assignments.

Proof: Since the procedure terminates only when all elements
of § are underlined, it will suffice to show that all possible assign-
ments to the right of the underlined variable have been generated.
Since the first element underlined is the last element of S, it is
obvious that, for all elements to the left fixed, all possible assign-
ments have been generated, since there are only two possible assign-

ments. Now assume that this is true for §,,S

1?5755, Suppose 1 is

the left-most underlined element of Sk’ Then all elements to its right
are underlined, and hence all possible assignments for the variables

to its right, and the fixed assignment of variables to its left have



been explored. Thus by induction after all elements of S have been
underlined, all possible assignments have been generated.

The sequencing problems can be formulated as a variation of the
well-known traveling salesman problem. The technique used to solve
these problems is similar to that of Little et al. [10] and of Ashour
et al. [2]. Although not presented here, the procedure is given in
Appendix A. If the sequencing problems are solved exactly, the pro-

posed algorithm will provide exact solutions for the complete problem.
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However, in the current work, only first pass solutions to the sequenc-

ing problems are obtained and hence, exact solutions cannot be speci-
fied. It is worth noting that the method employed in the sequencing
solution procedure has been shown to be efficient in the first pass
mode [2] and is, in addition, easily convertible to an exact method
should optimality be more critical than computational effort.

Bounds on the solution to the operation sequencing problems can
be computed in a rather traditional manner using the reduction coeffi-
cients. Consider, specifically, the set of operations to be performed
by the human and define the following computations.

The reduction coefficients used to compute bounds are found as
follows:

For the human, set

H . )
Ri = még " Tij V ieg OH U OMH
IV MH
L RH Y i.d U
Tij = Tij - R, i,j € OH 0MH
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- l v
Ci = ’Eomag T, Vicec 0H u OMH
I v
and
H .
HBi = Ri + C? Yic 0H u 0MH s

where R? represents the minimum processing time for task i preceding
any other task, while C? represents the minimum processing time for
task i following any other task. Similar reduction coefficients, de-
noted by MBi’ can be found for tasks to be done by the machine.

The concepts given above can now be formalized by the following

alporithmic statement.

Computational Algorithm

Step 0: Initialize the procedure.
0.1 Compute MB, and HB, v ie0.
0.2 Determine an initial assignment which defines S, Oh and

1
DH.

0.3 Set z+ = @,

Step 1: Compute bounds for the sequencing problems for the machine

(Ph) and the human (Pﬁ).

1.1 Let
L igo'MBi
M
Z, = Z HB.
H igor *

H
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+
1.2 If Zy 3_z+ or z,, > 7 go to step 4.

Step 2: Solve P! and Pﬁ.

M
2 1 1 3 1 1
2.1 Let VM and VH be the solutions to PM and PH respectively.
2.2 If Vﬁ_i 2’ or Vﬁ 3_z+ go to step 4.

Step 3: Replace the incumbent solution.
+
3.1 Let z = max{Vy,v!}
3.2 Let

3 3 1
1 ifice QM

[

0 otherwise

Step 4: Perform a backbrack operation.
4.1 Find the right-most non-underlined element of S, say io.
If no such element exists, terminate, the incumbent is
optimal,
4,2 Replace io by its complement, underline it, and delete all
underlines to its right. Update Oﬁ and Oﬁ.

4.3 Go to step 1.

The following section will demonstrate the algorithm by applying

it to a small sample problem.

Sample Prcblem

Consider a problem consisting of eight tasks. These tasks are

given such that 0 = {1,2,3,4}, 0

MH M

that task nine is a dummy task which represents both the beginning

= {5,6,9} and 0H = {7,8,9}. Note

(set-up) and final (tear-down) operations. The times for sequencing



these tasks are given in Table 4.

Table 4. Data for Sample Problem 2

Task 1 2 3 4 5 6 7
1 w 5 3 4 4 6 5
2 5 % 4 5 5 2 8
3 1 5 w0 6 1 6 8
4 6 6 8 % 3 2 1
5 4 3 4 2 o 3 o
6 6 1 6 6 5 w w
7 5 8 9 4 m o w
8 8 6 9 1 m w 2
9 4 6 8 3 2 3 3

The step by step procedure is:

Step 0: Initialize the procedure.

0.1 MB, = 3, MB, =2, MB, =1, MB_ = 2

1 2 3 4
MBg = 2, MB, = 1, MBy = 2
HB, = 3, HB, = 4, HB, = 1, HB, = 1
HB, = 4, HBg = 2, HBy = 3

0.2 8§ ={1,-2,3,-4}

o' = {1,3,5,6,9}

{2,4,7,8,9}

=
-
1

0.3 z =



Step 1: Compute bounds for Pﬁ and Pﬁ.
1.1 Zy = 3+1+42+1+2 = 9
Zy = 4+1+4+42+3 = 14

1.2z, k_z+ and zy k_z+

Step 2: Solve
[}
2.1 VM

'
VH

] ¥
PM and PH
= 15
= 16

2.2 vytz and vyt z

Step 3: Replace the incumbent

3.1 2

+

3.2 xl

SteE 4: Perform

4.1 10

4.2 S
1

Oy

]

%

4.3 Go

Step 1: Compute bounds for P!

1.1 ZM

&3

+
1.2 z,tz and 2z

SteE 2: Solve
]
2.1 VM

= max{15,16} =
+ +
= x3 = 1; xz =

= -4

= {1,—2,3,_4_}

1

{1,3,4,5,6,9}

{2,7,8,9}

to step 1.

M
3+1+2+42+1+2

1]
I}

4+4+2+3

’ ]
PM and PH'

= 18

solution.
16

+

x4 =0

a backtrack operation.

1
and P .
11

13

te

68
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' =
VH 16

2.2 Vﬁ.ﬁ z+, go to step 4.

Step 4: Perform a backtrack operation.

4.1 i =3
o

4.2 S = 1,-2,-3,4

0 {1,4,5,6,9}

L]
M

1
OH

{2,3,7,8,9}

4.3 Go to step 1.

The procedure continues in this manner, with the results given

in Table 5. The optimal solution is

X * Xy = Xg = 1, X, = 0

and the sequence for the human is 9-8-4-7-9 with completion time 11
and for the machine 9-1-3-5-6-2-9 with completion time 14. This solu-

tion is depicted graphically in Figure 5.

Computational Results

The above algorithm was coded in Fortran and several problems
Tun on a Univac 1108 computer. The results have been summarized, and
are presented in Table 6. All test problems were randomly generated;
processing times were uniformly distributed on the interval [3,10] for
tasks belonging to the sets 0MH and OM’ and on the interval [5,10] for

tasks in OH.



Table 5.

Sumary of Solution Procedure Applied

to Sample Problem 2
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Iteration S Qutcome
3 {1,-2,-3,4} vyor Vi 2z
4 {1,-2,-3,-4} Vy ot Vi > 2"
5 {1,-2,-3,-4} vy or V| > zt
6 {1,2, -3,4} vy or Vi >z
7 {1,2,3,4} 2" =15
8 {1,2,3,-4} = 14
9 {-1,2,3,-4} Vpor Vi > ¢
10 {-1,2,3,4} Vi or Vi >z
11 {-1,2,-3,4} V! or Vﬁ.>_2+
12 {-1,2,-3,-4} 2y OT 2, > 2
13 {~13—g!—3,—4} 2y or zH_i z
14 {-1,-2,-3,4} Zy O 2y 3_z+
15 {-1,-2,3,4} 2y OT 7, > 2
16 {-1,-2,3,-4} Zy OT 2, 2_z+




Figure 5.

Graph Theoretic Depiction of the Solution to Sample Problem 2

IL



Table 6. Computaticonal Results for the Sequence-Dependent Set-up Time Problem

ngZiem Sequencing Problems Solution Value
Problem 0. /0 /0 Ratio of Initial Solution Time
Number MH® "M TH Started Completed Initial Final & Final Solutions CPU Seconds
1 2/2/2 6 4 24 22 .916 .137
2 2/2/2 2 12 12 1.000 073
3 4/2/2 - - 16 13 .812 .156
4 4/2/14 - - 43 43 1.000 3,747
5 5/5/5 - - 35 28 . 800 .945
6 6/4/18 64 2 35 35 1.000 31.308
7 6/6/6 66 i4 41 28 .683 2.014
8 6/18/4 14 6 22 21 .954 33.200
9 7/14/8 131 8 39 36 .923 41.501
10 7/7/7 72 11 31 25 . 806 3.091
11 8/4/10 263 14 45 35 .778 17.757
12 8/4/18 234 6 44 40 .909 61.274
13 8/8/8 166 12 32 24 .750 6.727
14 8/10/4 453 200 24 22 916 103.958
15 8/18/4 79 13 25 22 . 880 44,768
16 9/1/1 -- -- 22 11 .500 1.296
17 9/4/18 454 10 41 35 . 854 133.411
18 9/9/9 300 10 35 27 771 8.314
19 9/8/9 292 44 28 33 .820 45.520
20 9/9/9 -- -- 31 28 .903 62.756
21 11/11/11 1,791 25 41 32 .780 146.045
22% 11/11/11 -- -- 33 26 .788 > 180.000
23 15/1/1 10,819 104 20 15 .750 113.242
24* 19/1/1 -- -- 18 15 .833 > 180.000

ZL
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From Table 6, it can be seen that the solution times for the
test problems reflect a high variance. For the most part, this is due
to the problem dependency of the algorithm. Some problems have many
solutions of approximately the same project duration, which causes the
algorithm to investigate many assignments. Problem number 14 in Table ©6
is of this type. Others, such as problem number 13, reflect a large
difference between the final and other sclutions, and, as such, are
solved rather quickly.

The first solution obtained was found by balancing the reduction
coefficients. That is, assignments were made so that the sum of reduc-
tion coefficients for tasks in 0] was close to the sum of reduction co-

M

efficients or tasks in Oﬁ. The ratio of the final solution obtained
to the initial solution gives an indication of the desirability of
backtracking. For the 22 problems of Table 6 which terminated, the
average quality was 84 percent. Again, it should be noted that the
final solutions of Table 6 are not necessarily optimal, since the
sequencing problems are not solved exactly.

A second piece of information contained in Table 6 is the
nunber of sequencing problems attempted, along with the number of
sequencing problems which were completed. A pair of sequencing prob-
lems were considered only if the bounds computed in Step 1 of the
algorithm were better than the incumbent solution. However, once
these problems were considered, the computations need only be con-
tinued as long as there is a possibility that a solution better than

the incumbent can be obtained. Thus, many sequencing problems that

are considered only need a few iterations of the sequencing algorithm



74

before it is obvious that the particular assignment can yield no better
solution than the incumbent.

All solution times are in CPU seconds. Problems were arbitrarily
terminated at the end of 180 CPU seconds. Those problems which were

terminated before completion are marked by an asterisk in Table 6.
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CHAPTER V
TASK ASSIGNMENT AND SEQUENCING OF CREWS

A generalization of the problem presented in the previous chap-
ter (as well as an extension of the general problem} would be to con-
sider more than a single man and a single machine in the system. In
this case, there may be several men and/or machines to be considered.
This problem will be discussed in the context of a crew of men who
must complete a project. As before, the project is comprised of a set
of tasks 0. Certain of these tasks must be done by a particular crew
member, while other tasks form a pool of tasks which could conceivably
be done by any crew member. Let Ok be the set of tasks which must be
done by crew member k, and OMH be the pool of tasks which are to be
assigned to the crew members. The number of crew members will be de-
noted by 2.

If no precedence constraints are allowed, and processing times

are assumed to be sequence independent, a formulation similar to the

formulation at the end of Chapter Il can be stated. The problem is

min. z
s.t. z z_igo T * igo TXin k=1,2,...,%
k MH
ieOMHxik =1 k=1,2,...,k
xsp € 10,1} ie0y o k=12,...,2
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where

1 if task i is assigned to crew member k

>
1]

1k 0 otherwise

If, as in the previous chapter, no precedence constraints are
allowed, and processing times are considered to be sequence dependent,
this formulation is no longer valid. The measure of performance will
be to minimize project duration, which is the maximum completion time
of all tasks.

Analogous to the definitions of Chapter III, define 0p to be
the union of 0, and that sub-set of tasks of 0,, which are assigned to

k MH

crew member k. Let Pi

with tasks O;. Also, letlyi be the processing times of 0.

be the sequencing problem for crew member k,

For & = 2, the above problem is identical to the problem dis-
cussed in Chapter IV. However, the addition of more men and/or
machines makes the problem increasingly complex. Previously, there
were 2IO possible assignments to consider; for the crew served prob-
lem with 2 crew members, there are 2|0MH possible assignments. For

each possible assignment, there are % sequencing problems to consider,

each of which has IOill solutions,

Basic Concepts

As in the previous chapters, the basic approach will be one of
decomposing the assignment and sequencing decisions. An algorithm
similar to the algorithm of Chapter III is developed, since it is felt
that the branch-and-bound approach will give more flexibility than the

enumeration scheme of Chapter IV. Unassigned, or free variables will
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be denoted by the set Oé. If 0; = @, then all tasks are assigned, and
the assignment is said to be feasible. A relaxation of the problem
will be to allow tasks to be unassigned or free, that is, to consider
an infeasible assignment.

Let zi denote the solution to Pi. Also let Lﬁ denote the
largest Tij, for all (i,j) in the sequence determined for Pﬁ. Then
a bound on the completion time of crew member k, if an additional task
i is assigned to crew member k, is given by

B., = z! - L' + min T.. + min

ik k i il L . ,Tji
]EOkUOk je0llo

F7'k
These bounds are used to determine an assignment to fix so that
two new candidate problems are created (and added to the candidate list
if necessary) and are also used as lower bounds on the candidate prob-
lems. If task i is assigned to crew member k (denoted by (i,k)) in
one of the candidate problems, then the bound on that candidate prob-
lem is Bik' The bound on the candidate problem which prohibits this
assignment (denoted by (1,k)) is given by
BND = min B, .
j=1,2,... 0%
ik
The separating assignment is chosen such that the bound on (i,k) is
as large as possible.
The mechanics of the procedure are identical to that of Chapter
ITI, with one exception. Since a solution could be obtained quickly

using the procedure of Chapter III, no effort was made to find a
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starting solution. In this chapter, the difficulty of getting a feasi-
ble assignment makes it desirable to obtain a starting solution. This
is done by starting the procedure in such a manner that the next candi-
date problem chosen is the one which, at the previous iteraticn, made
an assignment, rather than the one which prohibited an assignment.
After an initial solution is found in this manner, candidate problems
are chosen in the lowest bound first order.

As in Chapter IV, the sequencing problems are formulated in a
manner similar to traveling salesman problems. If these are solved
exactly, the procedure used to solve the total problem gives the opti-
mal solution, which can be shown by the following proposition.

Proposition 4: The branch-and-bound scheme outlined above
is finite and terminates with the optimal solution.

Proof: Each task has & possible assignments, and thus, there
are only QIMH feasible assignments. Each of the feasible assignments
will appear as one of the X;f? gt candidate problems. Since each
candidate problem is compared with the incumbent solution, as soon as
the optimal solution is explored, it becomes the incumbent. After
this, no candidate problem will change the incumbent. Candidate prob-
lems not explicitly explored cannot have solutions better than the
incumbent, since the lower bounds on the solution was no better than

the incumbent. Hence, the incumbent at termination is optimal.

A formal statement of the algorithm can now be given.
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Computational Algorithm

Step 0: Initialize the procedure.
S LI -
0.1 Set Op = Oy k =1,2,...,k.

0.2 Solve Pi, k =1,2,...,% Denote the solution values by

Zl

K and the maximum link in each sequence by Li. Set

Z = o,

0.3 Go to step 5.

Step 1: Choose a candidate problem.
1.1 If CL = @, stop, the incumbent is optimal.
1.2 Let CP be the element of CL with the lowest bound.
1.3 1If CP prohibits an assignment, go to step 5.

1.4 Update Op-

Step 2: Solve a sequencing problem.

2.1 Let task i be assigned to processor k by candidate problem

cp.
2.2 Add i to Oi.
2.3 Solve Pi. Denote its solution by zﬁ and the maximum link
1
by Lk.

Step 3: Attempt to fathom CP.

3.1 If 2! < z+, go to step 4.

k
3.2 Delete CP from CL and go to step 1.

Step 4: Check for feasibility.

4.1 If Op = P, go to step 6.
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Step 5: Separate the candidate problem.
5.1 Compute bounds Bik for each free assignment.
5.2 Choose a separating assignment (i,k).
5.3 Determine bounds for both new candidate problems and add
them to the candidate list if necessary.

5.4 Go to step 1.

Step 6: Replace the incumbent solutionm.

max z!
k=1,2,....0 &

6.1 Let z+

Fa
0 =0l , k=1,2,...,2%

6.2 Delete all candidate problems from the candidate list with
bounds no better than z'.

6.3 Go to step 1.
The algorithm will now be applied to a small sample problem.

Sample Problem

Consider a problem involving three crew members and eight tasks
t
such that 0, = {1,2,3}, 0, = {4,5,9}, 05 = {6,9}, and 0} = {7,8,9},
where task nine represents both start-up and tear-down operations.

The processing times for this problem are given in Table 7. A step by

step application of the algorithm to this problem follows.

Step 0: Initialize the procedure.

0.1 © {4,5,9}, 0! = {6,9}, 03 = {7,8,9}.

[

2
L ' =
0.2 2 11 Ll 5
23 = 13 Ly = 9



Data for Sample Problem 3
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Task

SteE 5:

[

Table 7.
2 3
9 5
w© 4
4 o
5 5
2 4
3 5
5 3
6 2
5 2

13
2=

0.3 Go to step 5.

Separate
5.1 By, = 11-5+5+3 =
By, =12
Byz =13
Byy = 11
B,, = 10
B,z = 14
5.2 (1,2)
5.3 CL1(1,2)
CL2(1,2)

the candidate problem.

14

BND

BND

13

13



5.4 Go to step 1.

Step 1: Choose a candidate problem.
1.1 CL # 9
1.2 CP = CL1

1.3 Does not prohibit an assignment

I =
1.4 0F {2,3}

Step 2: Solve a sequencing problem.

2.1 (1,2)
2.2 0y = {1,6,9}

| - | -
2.3 z} =15, Ly = 6

Step 3: Attempt to fathom CP.

3.1 zé < z+ = ®,  go to step 4.

Step 4: Check for feasibility.

4.1 0L = {2,3} £ ¢

Step 5: Separate the candidate problem.

5.1 By =11 By, = 10
By, = 15 By, = 13
B,z = 14 Byg = 11

5.2 (2,1)

5.3 CL; (1,2); (2,1) BND = 15
CL, (1,2); (2,1) BND = 15

5.4 Go to step 1.

82



Step 1: Choose a candidate problem.
1.1 CL# ¢
1.2 CP = CL,
1.3 Go to step 5.

Step 5: Separate the candidate problem.

5.1 B,, =14 B = 11 B

11 21 31
By = 13 B,, = 10 By,
Byz = 14 B33
5.2 (1,3)
5.3 CL, = (1,3)  BND = 13
CL, = (1,1)  BND = 14

5.4 Go to step 1.

Step 1: Choose a candidate problem.

—

.1 CL# 8
1.2 CP = CL2
1.3 Does not prohibit an assignment.

L
1.4 oF {2,3}

Step 2: Solve a sequencing problem

2.1 (1,3
2.2 04 = {1,7,8,9}

= L
2.3 23 13 L3 4

Step 3: Attempt to fathom CP.

3.1 zé <z' = w, go to step 4,

10

11

83
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Step 4: <Check for feasibility.

4.1 0% £ 0.

Step 5: Separate the candidate problem.

5.1 B, =12 By = 10
By, = 11 By, = 8
By, = 16 Byg =13

5.2 (2,2)

5.3 CL, = (1,3); (2,2) BND = 13
CLg = (1,3); (2,2) BND = 13

5.4 Go to step 1.

The procedure continues in this manner until the final solution
is obtained. The steps of the procedure are summarized in Figure 6.
The final solution found is z= = 14, OI = {2,4,5,9}, 0; = {3,6,9},

and 0; = {1,7,8,9}.

Computational Results

The above algorithm was coded in Fortran and several problems
Tun on a Univac 1108. These problems were randomly generated, but the
processing times were generated such that a triangular property heid.

That is, for every i, k € 0, Tik STt Tjk for all j € 6. This was

ij
necessary to insure that the addition of a task to a sequencing problem
would not result in a better solution. A rectangle is Rz, defined by

XMIN, XMAX, YMIN, and YMAX was formed, and for each task in 0, a point,

(xi,yi) in this rectangle was randomly generated. The processing times

are then given by
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Figure 6. Solution Tree for Sample Problem 3
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(yi—YMIN) + (yj~YMIN) + (xj—xi) if X; < xj

> X,
-

T. .
] (YMAX-y;) + (YMAX-y ) + (x;-x) if x;

This method will generate processing times which have the triangular
property, but are not necessarily symmetric,

A summary of the computational experience is given in Table 8.
The primary drawback of this algorithm appears to be the number of
nodes explored. Even though the ratio of the number of nodes explored
to the total number of nodes may be small, the large number of possible
nodes for even moderate sized problems causes the algorithm to exceed
computer memory. Provisions were made to store 5,000 nodes in the
program, and, as exemplified by problems 12, 29, 32, 37, and 39 in
Table 8, such an allotment may not be sufficient. Increasing core
available, or packing words, might alleviate the problem, but a better
solution would be to develop tighter bounds, which would exclude many
nodes from being stored.

Solution times again have high variance. It is clear that one
crew member can dominate the solution if he must do many tasks. A
problem of this type, such as problems 5, 20, 23, and 39, will solve
very quickly. Problems in which the crew members all have about the
same initial loading are much more difficult to solve.

The first solution was obtained quickly, usually in less than
one second of CPU time. The average ratio of the first solution to
the last solution was 96 percent. This may be misleading in that some

problems (marked by an asterisk) were not run to termination, either



Table 8. Computational Results for Task Assignment and Sequencing of Crews

Probiem Size Sequencing Candidate Time
Problem 0.../0./0./.../0 Solution Problems Problems (CPU secs)
Number [ T L AR ) Initial/Final Ratio Started/Finished Maximum/Total Initial/Final
1 2/2/2 72770 .872 6/6 4/7 .1747.201
2 2/6/2 118/118 1.000 4/4 4/4 .148/.154
3 z/10/10 188/184 .978 8/7 7/9 .369/.738
4 5/2/2 84/82 .976 26/17 16/32 .145/.238
5 5/6/2 142/114 . 803 13/13 16/17 .208/.315
6 S/10/10 160/158 .988 40/25 32/55 .714/2.468
7 10/2/2 134/132 .985 321/180 241/473 .314/5.19¢
8 16/6/2 148/148 1.000 470/245 278/675 .437/13.397
9 10/10/2 158/158 1.000 20/20 20/20 .645/.650
10 10/10/10 194/186 .959 4977352 642/920 1.682/6,072
11 15/2/2 142/114 . 804 440/438 1028/1031 .583/13.662
12+ 15/6/2 166/162 -—- --f-- > 5000 .873/160.568
13 2/2/2/2 88/88 1.000 4/4 4/4 .147/.153
14 2/10/10/10 178/174 .978 10/6 9/14 .549/.963
15 2/6/2/2 136/136 1.000 4/4 4/4 .139/.145
16 5/2/2/2 104/104 1.000 40/19 15/59 .149/.366
17 5/6/2/2 110/110 1.000 10/10 10/10 .168/.173
18 5/10/10/10 192/184 .959 15/15 19/20 .870/1.370
19 10/2/2/2 112/94 .839 178/93 110/302 .362/2.183
20 10/10/2/2 1647164 1.000 20/20 20.20 .380/.385
21 10/10/10/10 204/1596 .961 634/454 1211/1508 1.622/71.035
22 15/2/2/2 118/98 .831 2193/1562 3971/5086 .577/58.845
23 15/10/2/2 148/140 .946 61/51 75/101 .653/1.580
24 2/2/2/2 90/90 1.000 6/6 4/4 .132/.138
25 2/10/10/10 172/172 1.000 6/6 474 LAT2] 477
26 5/2/2/2/2 94/80 . 859 14/14 15/20 .211/.290
27 5/5/2/2/2 104/98 .942 191/81 138/366 .272/1.916
28 5/10/10/10/10 176/176 1.000 9/9 10/10 .873/.878
29* 16/2/2/2/2 104/-- - -- > 5000 .279/31.848
20 10/5/2/2/2 108/106 .982 1554/531 758/2722 .293/18.560
31 16/10/10/16/10 153/178 .936 404/179 270/808 1.291/31.281
32* 15/2/2/2/2 116/-- -- -- > 5000 .470/54.916
33 15/7/2/2/2 128/124 .569 1536/440 263/2.694 .643/27.565
34 2/2/2/2/2/2 B88/88 1.000 8/6 5/11 .137/.158
35 5/2/2/2/2/2 94/94 1.000 10/10 10/10 .173/.178
36 5/10/10/10/10/10 160/160 1.000 10/10 10/10 .870/.874
37 10/2/2/2/2/2 110/- - -- -- > 5000 .282/46,046
38 10/10/10/10/10/10 168/158 .941 2637148 317/612 1.455/23.768
39 15/2/2/2/2/2 114/-- - -- > 5000 .492/63.591
40 15/2/2/2/2/2 112/112 1.000 30/30 30/30 .680/686

L8



because of core limitations or time limitations. Also there is a
large number of smaller problems which have a ratio of 100 percent.
Problems 1-12 are the same type problems that were solved in
Chapter IV. By comparing the two sets of problems, one can determine
that the time to solution is about the same for similar size problems

using the two algorithms.
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CHAPTER VI

CONCLUSIONS AND RECOMMENDATIONS

Conclusions

A new problem, the man-machine task assignment and sequencing
problem, has been defined in this research. A mathematical statement
of this problem has been given and validated. A branch-and-bound
algorithm has been developed to solve this problem, and the algorithm
has been coded in FORTRAN, Computational experience was obtained which
indicates that good solutions to large problems are attainable,

A variation on the above problem, formed by ignoring all prece-
dence constraints and assuming that processing times are sequence de-
pendent, was then explored. An implicit enumeration algorithm to
solve this problem was developed and coded in FORTRAN. Computational
results indicate that good initial solutions are obtained, but that
for medium and large problems, attempts to improve this solution may
require large amounts of computer time.

A branch-and-bound algorithm was then developed for a third
problem, the crew served problem. This algorithm was also coded in
FORTRAN and computational experience obtained. As in the previous
case, the initial solution is good, and attempts to obtain a better
solution required much computer time.

All of the algorithms mentioned above decompose the assignment
and sequencing decisions. Each algorithm is exact if the sequencing

sub-problems are solved optimally. However, the major effort expended
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lies in solving the sequencing sub-problems, hence, the algorithms are
used in a heuristic mode., Further, in many cases, the quality of the
first solution is high enough to warrant the elimination of backtrack-

ing over assignments.

Recommendations

Several extensions/improvements to this work have evolved from
the present investigation,

Different Measures of Performance. Several alternative measures

of performance could be implemented. This would necessitate changing
the bounds computed in all three algorithms. However, most other mea-
sures of performance would probably result in bounds that were easier
to compute, and also closer in value to the actual solutionm.

Some of the alternative measures might be to minimize total
processing time, total cost, or to maximize operator disgression.
Total processing time could be handled in much the same way as schedule
time, except that bounds would be computed by adding the machine and
human processing times, instead of taking the maximum. The same would
hold true of costs, unless there was a cost associated with the assign-
ment, in which case the problem becomes similar to a fixed charge
problem. To maximize operator disgression, a measure called overlap
[9] is introduced. Again this could be handled in a straight-forward
manner.

Constraints. There are many constraints other than precedence
constraints which could be considered in the formulations presented

herein. For example, there may be environmental considerations for
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the human that would limit the amount of time he could work without
resting. Constraints of this type would be introduced into the
sequencing procedures of the algorithm.

Bounds. The bounds developed in each algorithm are extremely
important in determining the time required for solving the problem.
Thus, good bounds are critical. Tighter bounds for the crew served
problem may be obtained by somehow allocating unassigned tasks to crew
members on a pro-rata basis, as is done in Chapter III. Other bounding
techniques, such as solving linear programming problems, should also
be explored.

Recursive Solutions to Sequencing Problems. In all algorithms

discussed in this research, the decomposition approach dictates that
several sequencing sub-problems be solved. Since the sequencing prob-
lems are often only slight perturbations of a previously solved
sequencing problem, it would appear that being able to solve one
sequencing problem using the solution to a similar problem would be

helpful computationally,



APPENDIX A

SOLUTION OF THE SEQUENCING PROBLEMS
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APPENDIX A
SOLUTION OF THE SEQUENCING PROBLEMS

The sequencing problems discussed in Chapters IV and V are
solved by a variation of the algorithm of Ashour et al. [2]. If n is
the number of tasks to be sequenced, and T(i,j) is the processing time
associated with sequencing task i before task j, the algorithm is as

follows:

Step 1. Initialize the sequence assignments.
1.1 Set the level index L =1
1.2 Set all the sequence assignments

A(i,j) = 0, i,j = 1,2,...,n

Step 2: Compute the regrets.
2.1 Reduce the matrix such that for each row I,

T(I,j): = T(I,J) - min(1,j)), I =1,2,...,n
j

and then for each column J,

T(I,J): = T(I,J) - minT(i,j)), J = 1,2,...,n
i

2.2 Mark the cells which have zeros in the reduced matrix by
(T,j) and evaluate the associated regrets such that
R(T,H = min(T(I,3)) + min(T(i,T))

JI\ l/\
i#J i#1



step 3.

3.

3.

3.3

SteE 4,

4.

94

Select the 1ink (I*,J*) for possible inclusion in the final

sequence such that

R(I*,J*) = mgng(f.3))

1

2

(I,d)

If a ties does not exist, go to step 4.
If a tie exists and L < n - 1, for each tied link (I*,J*)
set temporarily T(J*,I*) = © and compute the total reduc-
tion such that
D(I*,J%) = §  [min{T(i,j)}] + )}  [min{T(i,j)}]

i j j i

iFI* j4J* JEI* QAT*
and select the link which has the minimum reduction.

If a tie exists and L = n -~ 1, break the tie by any

particular rule.

Check the level index.

1

If L < n, include the selected link (I*,J*) in the final
sequence by setting
A(I*,J*) =1

Exclude the link (k,%) which would join the ends of the
longest connected path involving (I*,J*) and the previously
selected links by setting

T(k,L) = «

Delete row I* and column J* by setting

T(1*,j) = T(1i,J*) =, i,i=1,2,...,n

and set

T(J*,1%) = «

Set L =L + 1 and go to step 2.



4.2 If L = n, include the selected link (I*,J*) in the final
sequence by setting
A(I*,J%) =1

and go to step 5.

Step 5. Evaluate the final sequence.
5.1 Set the sequence of links having
A(I*,J*) =1
5.2 Find the total schedule time such that
z = ] T(I*,J%)
(I*,J%)
The solution will result in a complete sequence which may or may not
be optimal. The procedure can incorporate a backtracking scheme to

insure optimality, but is not used in this research,
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COMPUTER CODE FOR THE GENERAL PROBLEM
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COMPILER (FLD=ABS)

IMPLICIT INTEGER (A=Z)

DIMENSION NDI{4000¢4},NBD(4000)

DEFINE NODINF(I+J)=FLD(0y36,NDI(I,J))

DEFINE NDBNO(I)=FLD{(g,36sNBD(I))

DEFINE XX(IrJ)=FLOlJ=368(J/37)als L rNODINF(I, (J/37)41))
DEFINE FX(IrJ)IZFLD(J=36%(J/37)=1s1+NODINF(I,(J/37)43))
DEFINE NEXT(I)=FLD{18,18)NODINF(I,2))

DEFINE RHSUID)SFLD(18,18,NoDINF(I,4))

DEFINE BND(I)SFLO(O»30+NDBND(I))

DEFINE NINV(I)=FLD{30,6,NDBND(]))

COMMON MHeMST o MEND rHSTrHEND ¢ T+ TMe THe TIME » Xe NPR,FROM» TO, TYPE»
$ SUMMsSUMH» ST LARGE » SCHDTM» ZPLUS» TIMS@» NOSCD o NOF IN
DIMENSION TM(51)»TH(51),TIME{101),X(101),FROM(200),T0(200),
$ TYPE{200)»ST(101)

REAL AMINeHREAL»MREAL ,XREAL/RAT

DIMENSION A(51)rRANK{51),F(51)},RAT{51)

DIMENSION XPLUS(51)

FORMATI( )

READ(5,1) NREAD

READ(NREAU» LYMK Mo H

MST=MH+1

MENDSMH+M

HST=MEND+1

HENDSMEND+H

T=HEND+1

READ(NREAD»2) CTMCI) o THII) ,I=1eMH)

READ(NREAD/2) (TIME(I), I=M5T,MEND)

READ{NREAUL»2) (TIME(I), I=H5T+HEND)
FORMAT(20(1Xe12))

U0 10 I=1+HEND

x(I)=0

LO 20 1=1»MSTeMEND

x(I)=1

READ(NREAD» 1)NPR

50 30 I=1¢NPR

READ(NREAU»1) FROMULI),TO(I)TYPE(T)

LARGE=9999999

TIMS@=0

TERND=0

MOSNOD=Q

TNOD=0

NOF INZ0

NOSCD=0

TIMINSITIME(TMy»TM2)

COMPUTE THE RATIO ANpD RANK OF THE KNAPSACK yARIABLES
MH1=MH=]

MH2=MH=2

ZPLUSTLARGE

ISTOP=0

GO 110 I=leMH

ACL)STM(I)+TH(T)

RAT(L)SFLOAT(TM(I)) /FLOAT (ALI))

D0 130 I=1eMH



120

130

140

150

160

170

180

190
200

2lo
215

220

AMIN=2,0

DO 120 J=1l»MH
IF(RAT(J)+GE,AMIN) GO TO 120
IMINSJ

AMINSRAT{J}

CONTINUE

RANK(I)=IMIN
RAT({IMIN)=2.1

CONTINUE

#»TOT=0

;O 140 I=MST!»MEND
MTOT=MTOT+TIME(]L)
HTOT=0

DO 150 I=1l,MH
HTOTSHTOT+THLI)

00 160 I=HSTeHEND
HTOT=HTOT+TIME(])
BBAR=HTOT=MTOT
HLM=BBAR

MREAL=MTOT

HREAL=HTOT

Lo 190 I=1/MH

J=RANK (I}
IF(BBAR=A{J})170,180,180
XREAL=FLOAT(BBAR) /FLOAT(A(J))
MREALEMREAL+XREAL*FLOAT(TM(J))
HREALZHREAL=XREAL®FLOAT{TH(J))
IFR=V

0 TO 200
MREAL=MREAL+TM{J)
HREAL=HREAL=TH(J)
BBAR=BBAR=A(J)
CONTINUE

NINVIL)IZIFR

Lo 210 I=1sMH
JERANK(I)

IF(JOEQOIFR) 5p TO 215
x({J)=1

xX{1,J)=}

CONTINUE

GD=MREAL+4+ 9999
aD2=HREAL+,999%
1IF{BO2,L.T.BL}) pD=BD2
BND{1}=BD
RHS{1)=HTOT=MTQT
NNOD=4000

K=NNOD=1

D0 220 I=2/K
NEXT(L1)=1+1

NXTAVE2

NXTNOD=(Q

NEXT(1)=0

LSTNOD=3

NXTBND=LARGE
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1000

1010
1015

1020

1030

1040
1045
1050

2000

2005

2009

LSTBND=BD

CURND=1

60 TO 101%

CHOOSE A CANDIDATE PROBLEM AND EXPLORE LR
IF(ISTOP,6T.0+0QRNXTNOD,EG+.0) GO TO €00V
CURND=SNXTNOD

NXTNOD=NEXT (CURND)
IFINXTNOD+NE«O) NXTBND=BND(NXTNOD}
NFIXS0

DO 1010 I=1'MH
X(I)=XX(CURND»T)
FIIY=FX(CURNDr1)
IF(FUI),GT+0) NFIXSNFIX+1
CONTINUE

NRHS=RHS (CURND)
IF(NFIX,EQ,MH1) 60 TO 4000
IFR=NINV(CURND)

MCOST=MTOT

WFIXD=MCOS5T

HCOST=HTOT

pvC 1020 I=1,MH

IFI{XLI},E@.O0) GO TO 1020
MCOSTE=MCOST+TM(])
HCOST=HCOST=TH(I)
IF(F1I1),6T+0) MFIXD=MFIXD+TM(I)
CONTINUE

wiIS==1

A1FREHLM

DO 1030 I=1:MH

IF(X{I),GT.0) AIFR=AIFR-A(I)
CO 104D I=1sMH
IF(IFR.NE.RANK(I)) GO TO 1040
rIFR=1

o0 TO 1045

CONTINUE

HFIXDEHTOT

DO 1050 I=1.MH

CURBND=BND (CURND)

(HOOSE A SEPARATING VARIABLE
IF(MH2 ,NE.NFIX) GO TO 2p0%
IF(WIS.GE-O) GO TO 2005
wls=1l

BBND=1

50 TO 2009

IF(WIS,EQe.0) BRNDz=}
IF{WIS,6T0)FBND==]

50 TO 2600

1S5S0

LF(WIS.GE«0) Ng=}
IF(WIS,EQ«0) 5O TC 2025
IFRONT=0

-0 2010 I=1.MH

JERANK(I)
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2010
2020
2025

2030
2040

2070

2100

2110

2120

2130
2140

2400

IF(F(J),6T.0) 80 TO 2010
IF(J+EQ,IFR) Go TO 2010
IFRONT=J

60 TO 2020

CONTINUE

IF{WIS,6T«+0) 6o TO 2040

1BACK=0

DO 2030 ISMH:1,=1

JERANK(I)

IF(FJ)6T.0) GO TO 2030
IF(J.EQ,IFR) 69 TO 2030

IBACK=J

GO TO 2040

CONTINUE

1S=IFRONT

IF(WIS,EQeD) ISSIBACK
IF(X(IS),GT.0) GO TO 2400

10w SOLVE AN X FROM g TO 3 PROBLEM
MREAL=MCOST+TM{IS)
HREAL=HCOST=TH(IS)
PBND=MFIXD+TM(IS)
BBARZA(IS)=AIFR
IF(PBND,LT+HFIxXD)} PBND=HFIXD

IF (BBAR,GE.0) GO TO 2100
XREAL==FLOAT(BBAR)/FLOAT(A(IFR))
MREAL=MREAL+XREAL®FLOAT(TM(IFR))+,9999
HREAL=HREAL=XREAL®FLOAT(TH(IFR))+,9999
MINFSIFR

60 TO 2140

II1=RIFR=1

DO 2130 I=SIIel,=1

JERANK(])

IF(F(J) ,6T«0) G0 TO 2130
iF(BBAR=A(J)) 2110+2120,2120
xREAL=FLOAT (BBAR) /FLOAT(A(J))
mMREAL=MREAL=XREAL*FLOAT(TM(J) } $.9999
HREAL=HREAL+XREAL®FLOAT(TH(J) } 449999
MINF=J

GO TO 2140

MREAL=MREAL=TM(J)
HREAL=HREAL+TH (J}

BBARSBBAR=A{J)

CONTINUE

I=MREAL

J=HREAL

IFLI«BT,ud) ISJ

IF(PBND,LT.1) PBND=1

0 TO 2450

MREAL=MCOST=TM(1S)

PBND=MFIXD

HREAL=HCOST+TH(IS)
BBAR=SA(IS)+AIFR
ITMH=HFIXD+TH(1S)
IF(PBND,LT.ITMY) PBND=ITMH
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2410

2420
2430
2440

2450

2u60

2470

2600

2610

2620

3000

3005

3010

0O 2430 I=RIFR, MM

JERANK(I)

IFIFLJ).GT.0) 60 TO 2430
IF(BBAR=A(J)}) 2410v2420,2420
XREALZFLOAT (BBAR) /FLOAT (A ()
MREAL=MREAL+XREAL®FLOAT(TM{J) ) ++9999
HREALZHREAL=XREALSFLOAT(TH{J)}) ++,9999
MINF=J

G0 TO 2440

MREAL=MREAL+TM(J)
HREAL=HREAL=TH({J)
BBARSBBAR~A(J}

CONTINUE

I=MREAL

J=HREAL

IF(I+GT,J) k=Y

IF(1.6T,PBND} pPBND=I
IF(IS.EQ,IBACK) GO TO 2460
FBND=PBND

FFRC=MINF

GO TO 2470

8BNDZPBND

sFRC=MINF

NSZNS+1

JF(NS.GT,1) 60 TQ 2600
IS=1IBACK

50 TO 2070

1F (BBND,GT.FBND) GO TO 26310
1SEPSIFRONT

~EWBND=FBND

FMEWFRCSFFRC

wnilsz=l

60 TO 2620

ISEP=IBACK

NEwBND=BBND

wEWFRC=BFRC

w1S=0

WEWRHS=NRHS

IF(X(ISEP) .EGs(g)} NEWRHS=NRHS=~A(ISEP)

ADD A NODE TO THE CANDIDATE LIST IF NECESSARY

F{ISEP)=1

FX(CURND,1SEP}=1

NFIX=SL+NFLX

IF(X(ISEP) +EQeg) HFIXD=HFIXD+TH(ISEP!}
IF{X{ISEP).EQep) GO TO 3005
NRHS=NRHS=A(ISEP)

RHS { CURND ) =NRHSg
MFIXD=MFIXD+TM(ISEP)
IF(NEWBNDLT.ZPLUS) GO TO 3010
IF(NFIX.E@sMH1l) GO0 TO 400¢

60 TO 2000

NEWNOD=NXTAV

TNOD=TNOD+1

IF(NEWNOD+GT.MOSNOD) MOSNQD=NEWNOD

101



102

NXTAVSNEXT (NEWNOD)
Do 3020 I=1lr4
3020 NODINF (NEWNOD!I)=NODINF (CyRNDr1)
IF(IFR,EQ.NEWFRC) 60 TO 3929
IF(X({ISEP).EQ.p) GO TO 3025
1I=NEWFRC=1
Do 3022 I=IFReIl
IF(F{I}),6T.0} GO TO 3p22
XX (NEWNODrI)=1
3022 CONTINUE
G0 TO 3029
3025 II=NEWFRC+J
00 3027 I=1I1I+1IFR
IF(F{1),6T,0} 6O TO 30927
XX (NEWNODr1)=0
3027 CONTINUE
3029 IF(X(ISEP}.GT.0) XX(NEWNODrISEP)}=0
IF(XCISEP) EQe ) XXINEWNOD»ISEP)I=1
aND {NEWNOP ) =NEwBND
NINV {NEWNCD)SNEWFRC
KHS {NEWNDD ) SNEWRHS
NOW FIND THE PQSITION IN THE NEXT BOUND LIST
IF {(NEWBNQR+LT.LSTBND} GO TO 3030
END OF LIST
I1I=LSTNOD
KREXTE(LSTNOD ) SNEWNOD
NEXT{NEWNOD)=0
LSTNOD=NEWNOD
LSTBND=NEWBND
IF(IL.NE,CURND) GO TO 3070
NXTBND=NEWBND
NXTNOD=NEWNOD
30 TO 3070
3030 IF(NEWBND«GT.NXTBND} GO To 3049
c TOP OF THE LIST
NEXTINEWNOD) SNXTNOD
NXTBND=NEWBND
NXTNOD=NEWNOD
0 TO 3070
IN THE MIDDLE oF THE LIST
3040 J=NXTNOD
3050 I=NEXT(J)
IF(NEWBND.LE.BND(I)) GO To 3060
J=1
G0 TO 3050
3060 NEXTINEWNCD)=I
NEXT (J)=NEWNOD
3070 IF(NFIX.NE«MH1l)Y GO TO 2000
FIX THE ONLY FREE VARIABLE
4000 wCOST=MTOT
TERND=TERND+1
HCOST=HTOT
D0 4010 I=1eMH
IF(FLI),EQ,0) IFIX=I
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IF(X(I),EG,0) 80 TO uolo
MCOST=MCOST+TM(I)
HCOST=HCOST=TH(I)
4010 CONTINUE
NEXT(CURND)=NXTAV
NXTAVSCURND
RZERO=MCOST
IF(BZERO,LT+HCOST) BZERO=HCOST
BONESMCOST+TM(IFIX)
HCOST=HCOST=TH(IFIX)
1F(BONE,LT,.HCOST)} BONE=HCQST
IF(BONE ,GE+ZPLUS,ANG ,BZERQ+GE + ZPLUS) GO TO 1000
NS=0
IPROB=1
1F (BONE,GT.BZERO) IPROB=0
IF(IPROB,GT.0) GO TO 4030
4020 SUMM=MCOST
SUMH=HCOST+TH(IFIX)
X(IFIX)=p
GO TO 4040
4030 SUMM=MCOST+TM{IFIX)
SUMH=HCOST
X(IFIX)=1
4080 CALL SCEDLE
NS=NS+1
IF(SCHDTM.LT.ZPLUS) GO TO 5000
4500 IFINS.GT,1) GO TO 1000
IF(IPROB,EQR.0) GO TO 4510
IF(BZ2ERO,BE.ZPLUS) GO TO 1000
50 TO 4020
4510 (F(BONE.GE.ZPLYS) 60 T0 100
G0 TO 4030
REPLACE THE INCUMBENT SOLUTION AND PRUNE THE TREE
5000 ZPLUS=SCHDTM
TIMSLZABS(ITIME(TM1,TM2)=TIMIN} /5
wRITE(6,5001) TIMSL
S001 FORMAT(* SOLUTION FOUND AT'+19,' MILSEC')
-0 5010 I=1MH
5010 xPLUS(I)=X(I)
WwRITE(6,5020) ZPLUS
5020 FORMAT(' THE NEW SOLUTION IS*'+ I10)
wRITE{6»5025) (XPLUS(I)DI.:].JMH)
5025 FORMAT(1X»30I2)
IF(ISTOR,CT.0) GO TO 6000
IF(LSTBND+LTWZPLUS) GO TO 4500
IF (NXTBNDW.GE.ZPLUS} GO TO 5050
JENXTNOD
5030 ISNEXT(J)
IF(BND(I)+.GE.ZPLUS) GO TO 5040
J=1
. 60 TO 5030
5040 NEXT(I)=NXTAV
NXTAVSI
LSTNOD=J
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LSTBND=BND(J)
NEXT(J) =0
60 TO 4500
5050 IF(NS.GT,1) GO TO 6000
ISTOP=1
60 TO 4500
6000 KRITE(6,6001) 2ZPLUS
6001 FORMAT(' THE PROBLEM SOLUTION I5¢,110¢/)
TIMSL=ABS{ITIME(TM1,TM2) =TIMIN) /K
wRITE(6,6002) TIMSL
6002 FORMAT(' OPTIMAL VERIFIED AT*+19¢9¢ MLSECY)
ZPLUS=LARGE
DO 6010 I=1eMH
6010 X{I)=XPLUS(I)
WRITE(6r6011) (X{I)rI=1,MH)
6011 FORMAT{" RHE ASSIGNMENT IS *¢/,3512)
WwRITE(6,6012) TIMS@
WRITE(6,6013) TNOD»MOSNOD, TERND»NOSCP¢NOFIN
CALL SCEDLE
65012 FORMAT (' SCHEDULING TOOK®,I9¢' MLSEC')
6013 FORMAT(1x»215)
WRITE(6,6015)
6015 FORMAT (' TASK',2X, *S5TARTY)
DO 6020 I=1rHEND
65020 WRITE(6,6021) I»STLI)
6021 FORMAT(1xr13¢2xrI6)
END

COMPILER (FLD=aABS)

SUSROUTINE SCEDLE

IMPLICIT INTEGER (A=2)

COMMON MHeMSTrMEND ' HST»HEND » Te TMs TH, TIME » X o NPRyFROMe TO,» TYPE,
$ SUMM,SUMH» STy LARGErSCHDTMe ZPLUS» TIMS@s NOSCD s NOF IN
LIMENSION TM(51)»TH(51), TIME(191),X(101),FROM(200},T0(200),
$ TYPE{200)+5T(101)

DIMENSION PNT(101)»NP(101)¢CC(101)+ES(101),8{101)IPT(101)
DIMENSION IBN(200)rIEN(200)+IND(200) ¢ INTO(200),0UT(200)
$ D(101,101)

SET UP THE PROPER TIMES FOR ASSIGNED TASKS

NOSCDENOSCD+1

TIMINZITIME(TM]1,TM2)

SCHDOTM=LARGE+L

SMALL==LARGE

L0 20 I=1»MH

IF{X(I),£Q.,0) 60 TO 310

TIME(I)=TM(])

GO TO 20

10 TIMELI)=TH(I)
20 CONTINUE



30

40

50

60

70

80
90

100

110

pO 30 I=1+HEND
PNT(I)=0
cC(1)=0
NPII}=0

ICT=0

NCC=0

00 40 I=1+T

DO 40 J=1»T
G(IyJ)==LARGE

SET UP THE PRECEDENCE RELATIONSHIPS FOR THIS ASSIGNMENT

DO 100 IARZ1/NpR

TY=TYPE(IAR)

I=FROM(IAR)

J=TOlIAR)

7Y=0 I5 UNCONDITIONAL PRECEDENCE
IF(TY,EQ,0) G0 TO 90
IF(TY.LT,T) GO TO 50

7Y = LARGE IS I.J ASSIGNED THE SAME
IF(X(I) 4 NE4X{J)) GO TO 100

GO0 TO 90

ATY=ABS(TY)

iIF(I.EQ.ATY) GO TO 70

J IS THE CONDITIONAL VARIABLE
IF(TY.LT,0) GO TO 60

1YPE = +J

IFIX{J),EQ.0) 5O TO 100

50 TO 90

TYPE = =J

IF (X(J},6T.0) GO TO 100

60 TO 90

1 IS THE CONDITIONAL VARIABLE

IF(TY.LT.0) GO TO 80
TYPE = +1

IF(X(I1),EQ.0) O TO 100
G0 TO 90

TYPE = =1

IFtXx(1),6T.0) 60 TO 100

ADD THE PREDEDENCE RELATION
ICT=ICT+1

IBN(ICT)=1

IEN(ICT)=v

IND(ICT)=1

NPIJISNP(J)+1
D(IsJISTIME(])

CONTINUE

NARCS=ICT

DETERMINE POINTERS FOR LIST
I=0

50 110 IAR=1+NARCS
J=IBN(IAR)

1IF(I1.EQ,J) G0 TO 110
PNT(JI=IAR

1=J

CONTINUE
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120

130
140

150

1000

1010

1020

1023

1025

COMPLETE THE LONGEST PATH MATRIX
D0 120 I=1eHEND
D(I,TI=TIME(]I)

DETERMINE THE ORDERED TO=FROM LIsT
11=0

DO 140 J=1vHEND

IP=0

DO 130 I=1.HEND
IF(D(I,J)LT.0) GO TO 130
1I=1k+2

IF{IP.EQ,0) IP=1]

INTOLII )=

ouT(ll)=]

IF(X({I),EQ.X(J)) 60 TO 1390
CC(JI=1

CONTINUE

IPT(JI=IP

CONTINUE

CM=Q

SUMMR=SUMM

SUMHR=SUMH

CH=Q

0O 150 I=1.HEND
IF(CC(I),6T40) NCC=NCC+}
IF(NCC,EQsQ) Gp TO 9000
UETERMINE THE SCHEDULABLE TASKS
NSM=0

NSH=0

i1STAR=O

JSTAR=D

IF(NCC.EQeD) 60 TO 9000

DO 1020 I=1rHEND

IF(NP(I) .NE.O) B0 TO 1020
1IF(X{I},gQ.0) 6O TO 1010
NSM=NSM+}

IF{NSM,GT»1} 60 TO 1030
I1STARRI

60 TO 1020

NSH=NSH+1

1F{NSH,GT+1) Gp TO 1030

JSTARZI

CONTINUE

1F(ISTAR,EG.0) GO TO 1025
ES(ISTAR)=CM

IF(CC(ISTAR) +EQ.0) GO TO 1025
FIN=0

J=IPTIISTAR)

K=0UT{J)

FN=ST(K)+TIME(K)

IF(FIN,LT«FN) FIN=FN

J=J+l

IF(INTO(J) +EQ.ISTAR) GO To 1023
IF(FIN,GT.ES(ISTAR)) ES(ISTAR)=FIN
IF{JSTAR,EQ.0} GO TO 2000
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ES(JSTAR)=CH
IF(CC(JSTAR) +EQ.0) G0 TO 2000
FIN=D
J=IPT{JSTAR)
1027 k=0UT(J)
FN=ST(K)+TIME(K)
IF(FIN,LT+FN) FIN=FN
JEJ+1
IF(INTO(J) .EQ.JSTAR) GO Tp 1027
IF(FIN,GT.ES(JSTAR)) ES(JSTAR)=FIN
IF(NSM,EQsD+AND+NSH.,EQ.0) GO To 9000
60 TO 2000
SOLVE THE LONGEST PATH PROBLEM
1030 DO 1040 I=1»T
DO 1040 J=1.T
IF(D(JeI)LE,SMALL) GD TO 1040
DO 1035 K=1T
IF(D(I/K)-LE.SMALL) GO TO 1035
IWK=D{J,)+D(I,K)
IFCIWK,GTeD(JrK)) DIJpK)=IWK
1035 CONTINUE
1040 CONTINUE
c FIND THE LONGEST PATH FOR M ANp H
LPM=0
LPH=0
00 1060 I=1leMH
IF(NP(I),LT.0) GO TO 1060
IF(X{I) ,EG.0) GO YO 1050
IF(D(I,T)GToLPM) LPM=D(I,T)
60 TO 1060
1050 IF(D(IyT)e6TLPH) LPH=D(I,T)
1060 CONTINUE
50 1070 I=MST.MEND
1F(NP(I),LT.0) GO TO 1070
IF(DUI+T)eGTelPM) LPM=D(I,T)
1070 CONTINUE
L0 1080 I=HST:'HEND
IF(NP(I),LT.0) GO TO 1080
IF(D(I»T)eBTokPH) LPH=D(I,T}
1080 CONTINUE
1I=LPH+CH
JJYSLPM+CM
1IF(I1,GE,ZPLUS,OR,JJ,6E,2PLUS) GO TO 99Y0
COMPUTE THE EARLIEST START TIMES FOR EACH SCHEDULABLE TASK
00 1130 I=1eHEND
IF(NP(I) NE.D) GO TO 1130
IF(cC(1),6T.0) GO TO 11310
IF(X(I)EQeD}) ES{I)=CH
IF(X(I),EQ.0) ES(I)=CH
60 TO 1130
1110 FIN=0
J=IPT(I)
1120 K=OUT(J)
EN=ST{(K)+TIME(K)



1130

1210
1220

1230

1240

1310

1320

IF(FIN,LT.FN) FIN=FN
JaJ+l
IFCINTO(J) JE@sI) GO TO 1120

JF(X(I) 46T 40eANDFIN, LT, CM) FIMSCM
IF(X‘I).E@oOUANDoFIN.LT.CH)FIN=CH

eS(II=FIN
CONTINUE

DETERMINE THE BOUNDS FOR EACH CANDIDATE TASK

BLPM=CM+LPM

BLPH=CH+LPH

BSM=CM+SUMMR

BSH=CH+SUMHR
1F(BSM,LT.BLPM) BSM=BLPM
IF(BSH,LT.BLPH) BSH=BLPH
pO 1240 I=1s/HEND
IF(NP{I),NE.Q) GO TO 1240
IF(X(1),67.0} GO TO 1210
BND=ES (1) +SUMHR

IF (BND,LT+«BSM) BND=BSM

60 TO 1220
gND=ES (1) +SUMMR
IF(BND,LT+BSH) BND=BSH
IF(BND,LT.D(IrT))} BND=D(I,T)
xI=x{(I)

LPI=ES(IY+TIME(I)

MmAX==1

DO 1230 J=1rMEND

IFINP(J) LT.0} GO TO 1239
IF{X{J) NE+X1} GO TO 123p
IF(J.EQ,I) G0 TO 1239
LPJ=LPI+D(J T)
IF(MAX.LT+LPJ} MAX=LPJY
CONTINUE

1F(BND,LT«MAX) BND=MAX

g (I)=BND

CONTINUE

ISTAR=D

JSTAR=D

FIND THE SMALLEST B8O0UND
MINM=LARGE

MINH=LARGE

00 1320 I=1rHEND

IFI(NP{I)} NE.Q) GO TO 1320
IF(X{I),EQ.0) GO TO 1310
IF(B(]I),GE.MINM) GO TO 1320
MINM=B (1)

1STAR=I

0 10 1320
1F(B{I},GE«MINH) GO TO 1320
MINH=B(])

JSTARZ]

CONTINUE

IF (MINM,GE . ZPLUS.AND,ISTAR.GT.0} 60 TO 9990
1F (MINH,GE + ZPLYS.AND,USTAR.GT.0) GO TO 9990
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2000

2010

2020
2030
2080

2050

3000

3010
3015

3020

3025
2030

9000
g010

g020
9030

IF(ISTAR,EQ.0) GO TO 2010
ST(ISTAR)ZES{ISTAR)
CM=ES{ISTAR)+TIME({ISTAR)
NP(ISTAR)==1
SUMMR=SUMMR=TIME(ISTAR}
IF(CC(ISTAR) +6T+0) NCC=NCe=1
IF(JSTAR,EQ,0) GO TO 2020
sT(JSTAR)=ES{JSTAR)
CH=ES(JSTAR) +TIME(JSTAR)
NP(JSTAR)==1
SUMHR=SUMHR=TIME (JSTAR)
IF(CC{JSTAR) +6T40) NCC=NCe=1
NODE=ISTAR

IF(ISTAR,EQ.0) NODEZJUSTAR
J=PNT{NODE}

iF{J.EQ.0) GO TO 2050
I=IEN(J)

NP(I)=NP({1)}=1

IND(J)=0

J=J+l ‘
IF(J.GT.NARCS) GO TO 2050
IF(IBN(J) +EQ.NODE) 50 TO 2040
IF (NODE,.EQ.JSTAR) GO TO 300
IF(JSTAR,EQ,0) GO TO 3000
NODE=JSTAR

0 TO 2030

SET UP NEW LONGEST PATH PROBLEM
DO 3010 I=1»7T

LO 3010 JSL»T

D{I,J)=SMALL

CO 3020 IARS1rNARCS
1IFCIND(IAR) .EQ,0) GO TO 3920
I=IBN(IAR)

J=IEN(IAR)

D(I.JI=TIME(I)

CONTINUE

DO 3030 I=1,HEND
IF{NP{I}),LT.0) GO TO 3025
DII,TI=STIME(DL)

0 TO 3030

D(I,T)=SMALL

CONTINUE

G0 TO 1000

CONTINUE

1PROB=0

50 9050 I=1+HEND

IF(NP{I) NE.D) G0 TO 9050
IFIX{I).6T«0) GO TO 9020
sT(I)=CH

CH=CH+TIMEL]L)

0 TO 9030

ST(I)=CM

CM=CM+TIME(I)

IPROB=1
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9040

9050

9060
9070

9990

NP(I)==]1

JEPNT(I)

IF(J.EQ,0) 60 TO 9050
K=IEN(J)

NP{K)=NK(K)=1

JaJ+1

IF(IBN(J)+EQ,1) 60 TO 9040
CONTINUE

IF({IPROB,6GT,.0) GO TO 9010
CH=p

CM=0

DO 9070 I=1»HEND
II=ST(I)+TIME(])
IF(Xx(I),GT+.0) GO TO 9060
IF(II1.6T,CH} CH=II

60 TO 9070

IF(CM, LT, II) CM=II
CONTINUE

SCHDTM=CM

IF(SCHDTMLT+CH) SCHDTM=CH
NOFIN=NOFIN+1
TIMSG=TIMSQ+ABS (ITIME(TM1,TM2) -TIMIN) /5
RETURN

SCHDTM=LARGE
TIMSG=TIMSQ+ABS(ITIME(TM1,TM2) =TIMINI/5
RETURN

END
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APPENDIX C

COMPUTER CODE FOR THE UNCONSTRAINED SEQUENCE

DEPENDENT PROCESSING TIMES PROBLEM



200

210

215
218

300

310
bGog

419

IMPLICIT INTEGER (A=2)
LOGICAL BKTRK,THRU

COMMON RKTRK s HrHENDsHST,IEQ, IMAX s INDIC, TSTAR, JMAX» JSTAR VL,

112

* LARGE ,MyMAX MEND rMHeMHL g MHP e Mo b1, SHMH, SHMMe Te TCOST , THRUPMS T

* YEG,C(A20152),C05TI62:H2)sR(62:62)05(20) ,UNDER{20) 4X{20)»

* XPLUS(20),xX(62)+B(62),8ND(62) ,BNDi(R2) ,BNDMIB2) » ICIN(62),
* IRIN(62)rLCD{HB2)rLROIABR) ysMRH(62) ,MrM(62) 42T {62} +2C0ST, 7PLUS

THR|J= FALSE.,
BKTRK=,FALSE,
REAN(1I1) MHIMyH
HMST=MH4+1

MEND=uH 4 M
HST=MENT+1
HENDZUEND+H
T=EHENY 41

LARGE za9n9909
ZPLUS=L4RGE
READ(11) CoST

CALL FHOMI

CALL anynDs

CALL sTARTY

1Z=n

PMORH=1
IF{gUuH,5T,5UM) PMORH=Q
IF(pMoRH.EQ.1) GO TO 215
CALL seTUPH
NHS=Mys+1

GO 1O 218

CALL SETUPH
NMS=MNvge

IFIGKTRKY 50 TO %00
CALL <EoNCE
IF{RKTRK) GO TO 400
NSLV=MSLV+1

IF{pMARH.Eq.1)y MEOST=ZCoST
IF(pPMORH . EC.0) HCOST=2CHST

IF(17z.E0.1) Go TO 370
12=y

PMORK=1-PMORH

GO TO 210

IF(MCoST, LT, HCOST) ZPLUS=HCOST
IF (CoST.GELHCOST) ZPLUSZMCOST

WRITE(6»8) 7PLUS

FORuAT (v THE mMEw INCUMBEMT 1S¢,19)

N0 31 I=1,vH
XPLyseriz=x(I)

CALL BAKTRK
IF(THRY)Y GO TO 410
50 1O 200

CALL puTPUT

END



1o
20
30
Lo
50

60

70
80

9o

1g9p
l1g

120

i3p

T

150

lgg
17g

SUBROIITINE BOUNDS

IMPLICIT INTEGER (A=Z)
LOGICAL PB(TRK» THRU

DO 10 I=1r7
BND(1y=0n

DO 10 Jzi1eT
ClL,y=COST(I,H
DO 40 I=1+vEND
MIN=LARGE

D0 20 J=1+MEND
IF{MIN,6T.C(T,J4)
IFIMIN,GTC(I, )
BND(T)=MIN

20 30 U=1eMEND
ClI,Uy=C(I,.)=MIN
c{I,Ty=C(I,T)-MIN
MINZLARGE

DO 50 J=1rMEND
IF{MIn, 6T,.C(T,J))
BNO{T)=MIN

DO 60 J=1sMFNND
ClY, ) =C{T,J)=MIN
DO 80 Jz1eMEND
MINZ|_ARGE

00 70 I=1+'END
IFUMIN,GT.ClT,J))
IF(MIN, GTWc(T,d))
MO (J)y=8MD (J) +MIN
CONTIMUE

MIN=L ARGE

DO g0 I=1rMEND

IF (4IM,6T.Cl1,T))
BND(T)y=aMI(T)Y+MIN
SUMM=AND(T)

DO 100 I=MST,HEND
SUMM=gUMM+AtID L T)
DO 11s I=1,vH
BNDMETy=BND(I)

DO 12 1=1,7

DO 12“ J:lpT
Cll,dy=CosT(I,N
DO 35n 1=1,MH
MIN=| ARGE

DO 13n U=1,MH
IF(MIN,GT.C(I,Jd))
DO 14n J=HSTHT
IF(MIN,GT.CII,J)
AND(I)y=uIN

DO 15n u=1,T
Cll,dy=C(I,J)=MIN
COMTINUE

DO 19n I=HST.T
MINZLARGE

DO 16n J=1,"H
IF{UI, 6T.C(I,Jd))
D0 17 J=HST,T
IF(MIN,GT.C(I,J})

MIN=C(I+u)
MINZC(I,T)

MIN=C (T, )

MINZC (1, g)
MINZC(Te )

MIN=C(I,T)

MIN=C (1,0}

MIN=C (1,4

MIN=C (1,4

MIN=C(T,J)
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lep
19g

-200
219

229

239
240
250
260

270

1o

20

40

50

BND(I)=MIN

D0 180 J=1,7T - -

Cli,Jy=C(I,J)=MIN

CONTINUE

DO p2p uU=1,“H

MINZLARGE

DO 200 I=1,“H
IFCMIN,GT«ClTI d)) MINSC(TI. )
N0 21p I=HST.T
IFAMIN,GT.C(T,J)) MINZC(I,J}
BNU{J)y=pND (J) +MIN

CONTINUE

DO 25p J=HST.T

MIN=L ARGE

no 23n I=1,vH
IF(MIN,5T.C(T,J)) MINZC(Y, )
DO 24p IzZHST,T

IF{uly, 6T.ClT,J)) MIN=C(I,
AHU (DY =RMD (J) +MIN

COMTINUE

00 261 I=1,MvMH
ANJUH(T)=AND (1)

SUMq:n

DO 271 IzHSTT
SUMHzgUMH+3ND (1)

RETURMY

ENU

SUBRONTINE BAKTRK
IMPLICIT INTEBER (A=7)
LOLICAL BKTRKeTHRI)
BKTRK=,FALSE,

00 20 I=MH,1,=1
K=IaBg(S(I))
IF(UNNER(K)Y WNEL0) GO TD 29
Slly=.g(1)

UNDER{K) =1

I1I=144

DO 10 JU=I1,MH
K=lnaBg(g(Jy)
UNDER (1K) =0

30 1O 30

CONTINUE

THRy=, TRUE,

RETyR+

IF{5(1).LT,G) GO TO 4o
KZ5(T)

SUSM =z UMM+ 3MIM ()
SUMHzZqUMH=aMDH ()
X{Ky=1

60 TO 50

KZ=g5(1)
SUMMZC UMY = MDY (<)
SUMHZgUMH+BNDHIK)
X{Ky=n

IF (qumy,GE, ZPLUS) 60 TO 5
YFlgU4H,6E, ZPLUS) GO TO §
RE Ty

END
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10

15
20

26

20

40

50

60

70

SU s Ies SR TURY

TS wT=h

ti=

V- 5 T
IFCA{1y,=0,%) GO To 2n
TLRTT40

aXirry=v

vz

B N A
rletny.ma, ) 60 Th 1)
JJ-'-\J.,I+1

Ty =CatT L, )

S IS S RNIPTS

O gmuS e MR

,'-J;-JJ [

STy =CosT (T, )
CONTInE

NIToaTI

20 49 r=uHLeNL
(1217141

XX(1)=11

=

J 26 Jgmrea
;F(?(Jf.E@.O) 6o To 26
JJd=0d4

UL,y =e0aTeTI,. )
CONTTNYE

Jd=

DO 3¢ J=MH1 Ny
20041
Cll,Jy=COST(TTsJJ)
ClL,ty=COSTIIT,T)
CIN, TYy=COSTI(T,11)
11=r

0 BRE Izt enH
IF(rEI{.EG.O) 60 TO 50
II=1141

Ty =n0sT(Le T
COd1T)Y=COST(TYI)
CONTINE
CANY MY ZLARGE
¥X(v)=T

Ky

J2 £ 1=1ea
TFiviT).FQ,") 6O TO 66
[A=TN |

s Kyzunngl)

COtT Irine

K=%GTay

070 ISMHL MY
LELYE |

AUy =M K)
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BI(Ny=MRM(T)
[p]*) 100 I=1,N

- MIN=B(1)

80
90
loo

119

120
130

149

lo

20
30

40
50
60

70
B0

) =1y MHP
?F(agufGT.C(I.J)) MIN=C(I.,0)
D0 90 JzireN
c{l, y=C¢I,d)=MIN
TCOST=TCOST+MIN
CONTINUE
IF(;COST.GE.ZPLUS) GO To 140
00 13n Jz=i,M
MIN={ ARGE

0 =1,
?F(aig.ér.étt.d)» MIN=C (1,0}
IFiMIn,c0.0) 60 TO 130
TCOST=TCOST+MIN
0 124 IZ1,MN
cll,h=C(I,J)-MIN

ONTINUE
gF(;COST.GE.ZPLUS) GN T0 140
RETURH
AKToK=, TRULC .

RETUR®M
END

SULDRONTINE FMOMIHN

IMPLICIT INTEGER (A=2)

LOGICAL BKTRK»THRU

DO x0 I=1+4H

MINZ=|_ARGE '

1) =MSTrMEND

?F(;gmfs LCO0ST(T,J1)Y MIN=COST (I, )
IF(IN . GT.CcOST(I,T)) MIN=COST(I,T)
MRM{Iy=MIN

MIN:LARGES :

o =H 3

?FlagwaT.EOST(I.J)) MINz=COST(I,J)
MRH(I)=MIN

DO 50 I=MSTrMEND

MIN=LARGE

DO 40 J=MSTIMEND
IFIMIN,GT.COST(T,J}) MINZCOST(I,J)
IF(MT, 6T COSTII»TY) MIN=CosT(T,T)
MRM(I)=MIN

MIN=LARGE

0 =MSTeMEND
?F(S?HfGT.gOST(T.J)) MINZCOST(T,J)
MRM(Ty=MIN

DO ap I=HST.T
MIN=LARGE
DO 70 J=HST»T

IF(uIM,6T.CO8TIT,J)) MINSCOST(I,J)
MRA{T)=MIN
RETi RN
ENG
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10

15
20

25

30

35
40

50

60

70

80

SUSROUTINE SETUPH

IMPLICIT I4TEGER (a=2)
LOGICAL. B« TRXrTHRU

L=G
IT=n

TCisT=n

30 20 Iz1eMH

IF(x(1),67T.0) GO TO 20

11=1141
XX{rIy=1
JJ=n

DO 10 J=1ruit

IF(x(Jy.5T.0) GO TO Lo

NIV NS |
Clitruuy=CosST(1, )
COnNTINUE

DO 15 JzHSTT
NNESNIY]
Cliteu»=CoST(I, D)
CONIIMUE

MISTT4+H

NZrty 49

MH1Z1,4713

‘AHP:I I

| PRSI )

5O 25 =1+
IRIN(T)=1
TCIN(T) =1

LRO(1y=¢

LCO(Iy=p

DO 40 I=MHY M
I1=1141

XX{1)=11

JIZ 48T =]

N0 30 Jz=MH1 N

JIZ I+
cll,y=coST(IT, D)
JIzp

DO A5 JU=1eMH

1F(x{J).56T.0) GO TQ 35

JI=aJ4
Cll,uuy=cosT(1L., )
CONTINUE

CONTINUE

K=U

DO 5O T=1¢MH

IF(X(1),6T.») GO TO 50

KoKl

I{Ky=mrH )
CONTINUE

K=rigTa1

D0 g0 I=MH] N
KeR4+1

BULy=uwRH(K)

00 97 I=1ey
MINZR(1)

NO 70 J=1etHp
IF{MINLGT.ClI,J))
DO 89 Uz1eN

ClI, N =C(I,H-MIN

MIN=C(Y,4)
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90

100

119

12¢

130

10

20

NEWR -

1o

20

ag

tCogT=TCOST+MIN

CO“TINUE

IF{TCosT.GE.ZPLUS) 60 Tg 130
oo 120 J=1.M

MINz| ARGE

o 100 I=1.+N
IFUAIN,GTC (I, J)) MINZC(I, )
IF(aIN,EN.CY 50 TO 120

20 31195 1=1,H
C(I,J):C(Ird)—MIN
TCUST=TCOST+MIN

CONTINUE

IF(TCOST . GE,ZPLUS) 30 To 130
RETYURN

IKTRK=z , TRUE o

RETURN

END

SULRONTIME STARTX
IMPLICIT INTEGER (A=2)
LOGICAL BKTRK:THRU

20 20 1=iei4

IF (UMM, LE,SUMH) GO TO 10
x{iy=p

SUMHZqUMH+3NDH(T)

5{l)=a1

50 10 20

x(1y=y

SUMY=gUMM+TNDM (T )

slly=1

CONTINUE

RETURN

END

SUbROUTINE OUTPUT

FORMAT (v THE PROALEM SOLUTION Ig*,/)
FORMAT (v THE ASSIGN™ENT 1Sv,/,15(1X,12), /)

FORMAT (1 MCOST IS',1IR)

FOR“UAT (v THE SEQUENCE IG%,/,1x0009,915(0=1,12))

FORWAT{* HCOST IS',1R)
WRITE (64 1)

WRITE(692) (XPLUSTI) eI pMH)
DO 10 I=peuM
X{1y=ypLUS(I)

ZPLUS=L ARGE

PMOnrH=

CALL cETHPM

CALL gEQMNCE
IF{pMORH,E3.0) GO TO 30
WRITE(Ry3) ZC95T

WRITE (pen) (ZT(I)eISL,N)
PMOnH=p

CALL SETUPH

GO 1O 25

WRITE (Ae5) 7CNST
WRITE(geu) (ZT(1)rIZ1,M)
RE TR

END
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APPENDIX D

COMPUTER CODE FOR TASK ASSIGNMENT AND

SEQUENCING OF CREWS



lpp

119

2900

300
490
500

501

600
601

6g2

700
701

120

COMMON COST(T7R,75) :
COMMON C(60s60) 1RIADIEC)»ICTIN(6D)»IRIN(EA)LEO16D),LRO(60),ZT(60)
COWa0ry ROUIN(SG,5) P (5D, 5)

COMMON XPLUS(5U),, XX{50),x{50)

COVUON PREJ(S000)»END(SH0N0) »VNISO00)  AM(5000) ¢ BND(5000) »711(500C)
* LN{Sqn0) s NYTRHND (S000) rZP (5} v LP(S)+ZERD(8) yLERO(SY, IST(S},IEN(S)
* ZPL(5) e TEQrIMAY, INDIC ISTAR JMAX s JGTAR, L s LARGE ¢MsMHIN,NL T TCOST,
* 200STZPLUS) LMAYPNPRy N TAY  NHL  NXTCST, IFXeKFX, Z28ND K24 MMH2,D 1,
* LSTRNN.,SEPIT,3XTRKrFEAG e NOENN, oUTRM

COMMON IH(5) yMINREDMAXRED, TNOD, MNONR

COMMON NOLIFO,LEVEL

LOGICAL NOLIFD

TMSITIME(TML,TM2)

NOLIFo=,FALSE,

LEVEL=0

CALL pEADIT

CALL TMITAL

G0 TO 200

IF(MXTCSTLER, 1) 60 TO 600

CALL cHoOOSE

IF{GERPIT.EN,2) 6O TO 190

IF{(cEPIT) 110,200:300

NPRZAN(NXTCST)

NTS5=MTG+1

CALL sEQNCE

IF{BKTRK) GO TO u00p

PCT=(LEVEL41000) /iMH

IF{PCT.6F.750) NOLIFOZ.FALSE.

NFINZNFIN+]

ZNUNXTESTY=2ZCnST

LNINXTCSTI=LMAX

ZP{NPRY=2C0ST

LP{tPRY=LMAX

IF(2BMD,LT,2C05T) ZBND=2COST

CALL FEASBL

IFIFEAS) 69 To 500

CALL poutDs

CALL pICKIT

CALL ADDEM

IF{QUTARM) GO TO 70D

GO 7O 100

CALL NELND

IF(NOEND) 6O TO 100

60 170 60O

CALL NEWINC

THEZARGIITIME(TML» TM2)-TM) /5

WRITE(6¢501) TME

FORMAT({* NEW INCUMBENT FOUMN AT®9119,' MLGECY)

CALL DELND

NOLIFn=,TRUF,

IFU NOT  MOEMD)Y GO TO 600

CALL PRUMIT

IF{MNOEND)Y GC TO 100

WRITE (6,601 MTS,HFIN,"NOD, TNOD

FORVAT (2 MTS*,I4,* NFINw,I5," MNOD',IS, TNGD', 1I5)

TME=ZARS{ITIVE(TML» THM2)-TMY /5

RITE{Rr602) TME

CALL ouTPUT

FORMAT (* OPTIMAL VERIFIED AT',I9¢r MLSECY)

STun

WRITE(6r701)}

FORMAT(* NO RODMY)

END


http://NOT.NOc.MD

log

l1o

120

l2s

12¢

SUSROUTINE CHAOSE
IMPLICIT IiTEGER [A=2)
LOGTICAL BKTRK,FEAS,NOEND, OUTRM
LOGICAL NOLIFO
SEFIT=a1
IF(NXTCST.NE.NNLY GO TO 109
ISV NXTCST)
KSANINXTCST)

x{l)=x

LEVEL ZLEVEL+1

RET1PN

30 11p I=1,"H

X{ly=n

00 11n K=1,M

P(HK):O

20 120 K=1,%

ZP{x) =0

LEVEL=D

I=PREN(NXTCST)
IF(1,nE,1) GO TD 130
28NN

D0 125 I=1,M
ZP(T)=7ERO(T)
IF(ZzBMD LT, 7P(1)) ZBHND=ZP (1)
LPUYy = ERO(I)

I=NyTCST

I1=yN(I}

IF(II,LT.0) Gn TO 126
KKZAN(1T)

x{I1)=KK

LEVEL=LEVEL +1

RETURN

Il=.11

KKZAN({T)

Pll1,kK)=1

I1=13

~J=0

13p

140

isp

leo

179

GO TO 175

11=yN(I)

IF(II,LT,0) 6o TO 150
KK=aN(Y})

YUl1)y=kK

IF{ZPIKK) .6T,0) 60 TO 140
ZPIRKy=zN(T)
LPIkKy=LN(Y)

I=PREN(I)

IF(I.Fa.1) GO To 160

60 10 13p -

1I=.11

KKEAN(T)

PlItykkr=1

I=PRrEN( I

IF{1.F0,1) GO T0 160

GO TO 130

2BND=wt

DO 170 kK=1,™
IF(ZPIK)6T.0) 6O TO 17g
ZP(x)=2ERO(K)
LP(K)=LERO (K)
IF(ZBMD LT ZP(KY) ZBNOZ2P(K)
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IF CYN(NXTCST) LT,0) 60 TO 172
ISVNINXTCST)
K=AN(NXTCST?
_Xtiy=x
60 1O 210

172 I==yN(NXTCST)

J=0
KSAN(MXTCST)
PlI,Ky=1

175 0O 18n K=1l,M™

IF(P(I,K).GT,2) GO TO 130
JeEJdel

IF{y.6T.1) GO To 200

KK=K

lap CONTINUE

IFx=1

KFX=KK

K2=1

IF{<K.EQ,1) K2=2
ROUMD (IFX K2 ) =LARGE
MINR=COST{(I:T)
MINC=COSTI(T,1)

DO 185 Jz=1,MH

IF(X(J) NELKK, ANDX{J)NE,Q) 60 TO 185

IFIP(U,KK),GT,0) 6O TO 185

IF(MINR.GT.COST(IrJ)) MINR=COST(I,Jy
IF(MINC.GT.COSTIJr I} MINC=COgT(J, 1)
- 185 CONTINUE

JUSIST(KK)
JUJ=TEN(KK)
DO 190 J=Jledd

IF(MINR,ST.COST(T o)) MINR=COST(I,N)
1gp IF(AINGC.GT,COSTLUNT))

. BOUND(IFXsKFX)=ZP(KK) =LP (KK)+MINRIMINC
IF(a0UNDCIFXeKFX) LT ZP (KK) ) BOUNDITFX,KFX)IZ2P(KK)

- SEPIT=

IF{g0UNDCIFXskFX) LT, ZPLUS)Y RETURN
CALL DELND
SEP1T=»

- RETUR®M

200 SEP1T=p

- 210 RETURM
END

SUBRDUTINE MEWINC

IMPLICIT INTEGER (A=2)

LOGICAL RXTRK,FEAS,MOEND,OUTRM
ZPLUS==1

DO 10 K=1+#M -
ZPLK)=2P(K)

+-10 IF(ZPL(K).6T,ZPLUS) ZPLUS=2PL(K)

DO 20 1=1+4H

20 XPLySer1y=xX(I)

WRITE (o1} ZPLUS, {XPLUS(1},I=1MH)
WRITEteel) (ZPL(K)K=1rM)

L FORMAT(1Xr1021I5)
RETURM
- END

VINC=COgT(J, 1)
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10

20

30

Lo

SUBROUTINE ADDEM

IMPLICIT IUTEGER (A-2)

LOGTICAL RKTPK,FEAS,NOEMD,0UTRM
LOGICAL NOLIF9

IF{NXTAV.GE,.499a) GO TO 1000
IF(HXTAV,,GT.MHOD) MNOD=NXTAV
NUMAD=2

NN1=MyTAY

NXTAV=PRED (NN1)

PREZ (NN1)ISUXYCST

ENG (MNE)Y O

END{NXTCST)=E

VNIAMNT)YZTFX

ANCr N1 )=KF X

BND (N~ 3 =23MD

TNOD=THOD+ 1
TF(ZEMD LT BOUND (IFX KFX)) aNpINNT) =BoUNN(IFXsKFX)
IF(RoUMD (IFX,Kk2) ,6E . ZPLUS) NUMAD=)
IF (huvaD,E0,1) G0 TO 10
IF(UXTAV,GT«MNOD) MMODENXTAV
NHNE=MYXTAV

NXTAVZPRED (N2}

PRED (NNZ)TNXTCST

ERU(NN2Y =0

ENU(NYTCST)IZ=2

VMN(MMPy==TFX

AMOMND) ZKF X

3NO (M2 )Y=Z3tD

TNO=TNDD +1
IFCQ0UNDCIFX»K2) 6T ZBMDY BHD(NN2)SROUND ¢t IFXsK2)
IF(MXTCSTLNELLSTAND)Y GO To 20
NXTcsT=tM1

LSTaNp=NN1

IF (MUMAD.EG. 1) RETURN

NXTyMp (NN1)=NN2

LSTaNhzNN2

RETURM

IF{(NOLIFO) GO TO 4O

NXTRND (NN Y SNXTBND (NXTCST)
NXTCST=NNI

IF iyU4AD,En, 1) RETURN

NUMFAD:1

NODE=NN2 -

IFCaND ENN2Y LT«8NDILSTENDY)Y Bp 7O 30
HXTIND (LSTRNDYZ=NN2

LSTaNDzMNN2

RETURM

TISnXTEHD (NN

IF (BND (MN2) . 6T.8ND(IT)) 60 TO 9
NXToND(NN2) =TT

NXTAMD (NNL)ZNN2

RETRM

MXTEST=NXTIND(NXTCST)
IF(gND(MNNL1Y ,L,GT.aND (NXTCSTY) 60 TO 69
NXTamMp (MML1Y =M TCST

NXTcsT=NML

IF{nUMAD.En.1) RETURN

T1=MxTBND (ML)

IF(uMD (nN2) W6T«3NDITTY) 6O TO Sp
NXTpND(HH2)=TT

NXTnMD (RNTYTNR2

RETURN
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50

60

65

70

75
80

90

1gp

10p0

NOLE=NNZ

NUMADZ)
IF(BND(NN2) . LT.BND(LSTIND))
NXTRND (L STRMD ) =NN2
LSTAND=NNZ

RETURM

1IF (nUMAD,EQ.1) GO TO 732
IF(QND (MN2) . LT.BND(LSTHYD) )
IFLaND (NMLY L LY. BNDLLSTHND) )
NXTRMD (LSTRND)=NML
LSTaNp=NML

NUMAD=

MXTRND (LSTIMD ) =NN2
LSTaMR=MNE

IF{nUMAD,.En.1} RETURH
NUwAD=Zq

NODZ =My

IF (3N (NML) LLT.SND(LSTRND) )
NXTaND (LSTRHD) =NNT
LSTaNp=NML

RE Ty

JJENXTCST

TI=MXTaND(UJ)

IF (aND (NDDE) .GT,BNDLITI) ) GO
NXTaMD(NODE YT

NX1aND{JJ) =MOnE

60 TO 100

JIZYT

ITESuXTBND (UJ)

GO 1O 82

IF{NUMAD.EGQ.1) RETURN
11=NODRE

NODe=nN2

MUMAD =

GO 71O a0

OUIRM=_ TRUE .

RETURM

- END

SUBROUTINE INITAL
IMPLICIT INTEGER (A-2)
LOSICAL BKTRK,FEAS)NOEMD, QUTRM
LARGE=099999499
DO 19 I=1eMH

ip

Xx(ly=p

ZPLyS=L ARGE
R0 20 MPR=1eM
CALL spaNCE
ZERp(NPRYZ=ZCOST
20 LERD(yPRIZLMAYX
N0 3G NODES=2,4999
30 PRID(MODES)I=NNDES+H]
NXTAV=2
NXTCST=1
LSTaND=y
ZBHnz=a
D0 40 Kzirev
ZP{RI=ZZERO(¥)
LP{)=LERO(K)

40

IF(ZBMD LT ZP(K)) ZBNDZ=ZP(K)

RETURM

Go

Gp

Go

To

170

70
TO

10

Le11)

90

70
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30
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50

SUBROUTINE SETUPM

IMPLICIT INTEGER (A=2)

LOSICAL BKTRK,FEAS.NOEMD,0UTRwM
L=0

TCO05T=0

11z

00 5 T=isMH

xX(IY=0

MSTzIgT(NPR)

MEND=TEN (NPR)

O =1rMH
?F(i?l}.NE.NPR) 50 TO Pg
II=1T41
XX{11)y=1
Jd=A
DO 10 u=1renMH
IF(y () NE.HNPR) 60 TO 1g
NNENNIS!
ClIT,yu)=COST(I )
CONTTIHUE
DO 15 J=MSTIMEND
NNENNFY|
CALlTyguy=CoST(I )
CONTINUE
NESTH(HIPR) +11
FI=NT+1
00 25 1=tieM
ZTi1)1=0
IRIN(I)=]
IClycry=t
LCO(Iy=¢
LRO({1y=0
MHIZTT+1
MHP=T1
Iizvtr-1
DO up I=™H1 N1
II=1T41
XX(1)=11
JJd=p
DO 26 y=z1euH4
IF(y () .NE . NPR) GO TO 2§
JI=gde
cll,dgy=cosT(IT, )
CONTIMNUE
JJZys5T-1
DO 30 J=¥H1 ¢ N{§
NN
ClI,y=CoST(IT U
ClI,N)=COSTI(II'T)
CIN,Iy=COST(T,11)
1I=n

0 =1 ¢ MK
?F‘z?li.uﬁ.mpq) 60 TO Sg
I1=1749
CLlyyny=COGTITIFT)
CIN,IT)I=COSTLT )
CONTIHUE
C(NrN):LARGE
XXt =71
DO 100 1=1,M
MINzLARGE
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anp
90

ipg

110

120
130

14p

1o

20

30

4o

D0 g0 J=1eN
IFLAIN,GT,C(T,d}) MINZC(TI,0)
DO 90 J=1rN

Cll, =C(I,JY=MIN
TCOST=TCOSTHMIN

CONTIMNUE

IF{TCOST.GF.ZPLUS) GO Tn 140
DO 137 Jz=1,N

MINZLARGFE

DO 11n I=1," .

TF (ATt . GTC T 3 ) MINSLUI
IF(MIN,EG.3) 50 TO 130
TCOGY=TCLOST+MIN

DD 12n I=1,M
cli,dy=Cc(1,J)-MIN

CONTIMUE

IF{TCNgT.GELZPLUS) GO T3 140
RE TyUR™H

EKTrK=,TRUL.

RETRY

END

SUsrOUTINE PICKIT
IMPLICIT InTEGER (A=Z)
LOGICAL SKTRK,FEAS,NOEND, OUTRM
MAX:—!

D0 30 I=1,MH
IF(x(r),6T.0) GO TO 30
MIN]=LARGE

MIN2=| ARGE

DO 20 K=1+¢1
IF(p(1,K).6T.0) 50 TO 20
BVAR=AROUND (T »K)
IF(avAR.GT . MIM1) GO TO 10
MIN2=MINI

KKK=K1

MIN1=RYAR

Kl=g

60 TO 20

IF(aYAR.GT.MIN2Y GO TO 20
MIND ZRYAR

KKK=K

COtiTIMDE

IF (41M1,GE,ZPLUS) 60 TO 40
IF (4In2,LE,MAX) 60 TO Zp
MAX=MIN2

1IFX=1

KFA=K)

K2=KKK

CONTIMUE

RETyYRY

BKIRK=, TRUE.

RETYRM

-END
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SUSROUTINE RnUNDS
IMPy TCIT INTEGER (A=2)

LOGICAL AKTRK,FEAS,NOEND, OUTRM

DO 4o 1=1,MH

IF(x(1).,6T,2) GO TO 40

DO 30 K=1aMm

IF(P(TsK}e=0,q) 50 TO 5
BOUMD (T »K) =L ARGE

60 Y0 39

MINR=COST(I.T)

MIhe=CnsST(T,I)

D0 10 Jm1rwH

IFOX () JNELKGAND, X(J} . NE,0) Gp TO 1g
IF(P(U/K)L3T.0) GO TO 19
IF(YTIMR,6T,COST(I+J}) “INR=COST(I,J)
IF(4INC, 6T, COSTUJrT}) MINCZCOGT(J, 1)
COMTINNE

JIZI15T(K)

JIJZIFENIK)

N0 20 U=Jd,JdJdy

IFLAINR.GT,COSTIIrJ}) MINR=AOST(I,J)
IF(4INC 6T, Co5T(UrI)) “INC=COGT(J, 1)
BOUND (T ,K)=ZP (K} =LP (K)+aINR+MYNC
IF{e0onND (I K) LT, ZP(X)) BOUND(I,K)=2P(K)
SONTIMNUE

CONTIMUE

RETRK

ENZ

SUGRONTINE PRUNIT

IMPLICIT INTEGER (A=2)

LOGICAL BKTRK,FEAS,MNOEND, 0UTRM
NOEMND =, TRUE.

IF (ANN(LSTUND)Y o LT+ ZPLUS) RETURN
IF (aNn(NXTCST).GE.7PLUS) 6o Tp 50
ISNyYTaMD(NXTCST)

JENXTEST

IF(aMD(I) «GE.2PLUS) GO TO 20
Jzi

I=NYTaND(J)

60 ¥O 10

1I=1

JJZoRED (1)

PREG(IT)=NXTAY

NXTAV=TI1

END (JJY=END{J.1) =1
IF{=MND(JJ) 5T, 0) GO TO 35
1=,

60 10 ap

IF(1.50.LSTAND) GO TO 4o
I=NxTanntl)

GO 10 2p

LSTaNnzU

RET YR

MOEND=,FALSE,

RETURM

END

127



1o

10

AN
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20

ip

SUSROYTINE DELND
IMPLICIT INTEGER (A=-Z)
LOGICAL BKTRK,FEAS,MOEND,OUTRM
NOEND'=. TRUE .

I=hxTCST
MXTCST=NXTBND(I)
J=PRED(I)
PRED(T)=MXTAV

NXTAvV=1
END(J)=EMD(J) =1
IF(END(J)+GT,0) RETURN
I=J

IF{1.MFE,1) GO To 10
NOEND=,FALSE,

RETUPN

EHD

SUspOOTINE FEASSL
IMPLICIT INTEGER (A-Z)
LOGICAL BKTRK,FEAS:MOEND,OUTRM
FEAG=,  TRUE.

20 10 I=tevH
IF(x(1).,6T7.0) GO TO 1n
FEAS= FALSE.

RETURN

CONTIMIE

RETURHM

EMU

sUorDyTINE DUTPUT

IMPLICIT INTERER (A=2)

LOGICAL BKTRK,FEAS,NOE'D,OUTRM .
FORUAT (v THE PRORALE™ SOLUTIOMN 15t *,/)
FORMAT (Y T4E ASSIGNMENT IS+,/,15(1X,12), /)
FORYAT (1 PROCESSOR'+Inere CosT 15%,1a)
FORu#AT( ¢ THE SEQUENCE IS*,/¢1Xs'0=1¢15(12s1="))
WRITF{6Ha1)

WRITE(R,2) (XPLUS({TI) eI eMH)

DO 10 T=1rMH

x{ly=ypLUSLT)

ZPLYUS=L ARGTE

DO 20 MPR=1'M

CALL sEONCE

WRITE(6r3) MPR»ZCOST

WRITE (st} (ZT(IN 1=,

CONTINUE

RETURM

END

SUopOyTINE READIT
IMPLICTT IMTEGER (A=2)
LO3YCAL BKTRK,FEAS,NOEND,QUTRM
FORJYAT( )

REan5'1) MH ¢ M
REAS(5,1) (IH(K) ,K=1,4)
IST(1)y=mH+y
1EN(1 ) =MH+TIHI(])

NO 10 x=2M

M= ]

IST(K)zIEN(J}4+1
TEN(KIZIEN(JY+IH(K)
T=leMiM) +1

READ(1L1) COST
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30
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SUBROUTINE SEnNCE

IMPLICIT INTEGER (A=2)

LOLICAL RKTRK,FEAS,NOEMND,QUTRM
BKTRK= FALSE,

CALL sETUPM

IF (AKTRK) RFETURN

CALL REGRET

IF(1Eq.EN.1) CALL BRKTIg

CALL FIXONE

IF(L,mQ.N) GO TO 20
IF(IEN_ER.1.,AND ,MINREDEQ,0} 60 TO 10
CALL RrEDUCZ

IF(3KTRK) RETURN

GO 10 10

CALL sOLVED

RETURM

END

SUBRONTIME REGRET

IMPLICIT INTERER (A=2)
LOGICAL 8KTRK,FEASHNOEND,0yTRM
IEG=p

MAX==1

Do 5 I=1:N

no 5 Jz=1¢N

R{X,Jyz==1,

D0 4o 12101
IF(IRINUI).EQ,U) GO TO 40
D0 ap g=1+M

IFCICINGDY EQ,0) B0 _TO 30
TFLCiT, ) «eNE, Q) 60 T2 3
RUL,y=n

MIN=LARGE

00 10 1Iz=t.M
IFCIRINM(IT)LEQ.2Y GO TC 10
IFl11 80.1) 60 TO 10
IFCHIn,6Tec(I1ru)) YINTC(IL,Y)
CONTIIE

R(lrJ)ZMIN

MINzL ARGE

20 20 Jd=1,M

IFCICINGIY) LER.0) GO TO 29
IF(UJ, FG.Jy Go Tn 20
IF(MIN,6T.C(T,J0) ) MINZC({I,. Jd)
COMTIMUIE

RUL, y=R(I,J}+MIN
IF(Q(I!J)-LT.W“X’ G0 TC 30
MAX=R(T,J)

IMAx=y

JMby= ]

CONTINUE

CONTIMUE

IF(L.FQ, Y)Y RETURN

11=q

00 A0 T=1eHd

00 BO JU=1rtl
IF{Rt1,yJ)eEQ. AAX) 1151417
IF(11.67.1) Ifu=1
MAXRENZMAX
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70
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13p

SUBROUTINE REDUCE

IMPLICIT INTEGER (A-2)
LOGICAL BKTRK,FEAS,NOEND,OUTRM
DG 30 1=1rM

IF(IRIN(I).EG, Q) GO TD 30
IF(C{T,JMAX) ,NE,0) GO To 39
MIN=LARGE

DO 19 J=1eN

IF(1CIN(GD) .EQ L)Y GO TO 10
IF(AIN,6T.C(I,J)) MINZC(TI. 0
CONTINUE

IF(uwIn. EQ.C) GO TO 30

DO 20 J=1eN
Cll,d)=C({I,J)~MIN
TCOST=TCOST+MIN

CONTIHUE

IF{TCAST.LT.2ZPLUS) GO To 35
BKTRK=, TRUE,

RET)RH

20 £9 J=ieN

IF(ICINIJY,ER.D) GO TO A0
IF(COIMAX» ) NELD) GO TO 60
MIN=LARGE

D0 up I=1e¢N

IFCIRIN(I}.FQ,0) 50 TO 40
IFCYT . 6T.C(T, 3 MIN=C(I,0)
CONTIMUE

IF(4IN.EQN.0) 6O TO 60

DO 85C I=1v;l
cli,Ny=C(I,H-MIN
TCOGT=TCOST+MIN

CONTIMUE

IF{1CasT.LT.ZPLUS) GO To 70
BKTRK=, TRUE,

RETURM

IFLINNTIC.EQ.0) RETURN

MIN=[ ARGE

D0 80 I=1'N

1F(IRIN(I).ZG,.0) GO TO 5890
IF(MItLGT.C{T,JSTAR)) MIN=Cc(1,JsTAR)
CONTINMUE

IF(MIN.EG.0) 60 TO 100
TCOST=TCOSTHMIN
IF{TCOST,6E.2PLUS) GO To 130
DO g0 I=1+rY
ClI,JsTAR)=C{T1+JSTAR)I=MIN
MIN=| ARGE

DO 1in J=1,M

IF{ICIMNID) .ER,D) GO TH 110
IF(MIN.GT.C(ISTAR ) ) MINSCLISTAR, )
CONTIMUE

IF{uIn, EQ.0) RETURN
TCUGT=TCOST+MIN
IF{TCasT. 6. 2PLUS) G0 Tp 130
DO 120 J=1,M
ClISTAR, ) =CISTARYJI=MIN
RETURM

3KTRK =, TRUE,

RE TURH

END
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SUBROUTINE BRKTIE

IMPLICIT INTEGER (A7)
LOGICAL BKTPK,FEAS,MOEMD,OUTRM
MINREN=LARGE

DO gp I=1'N
IF{IRIN(I).CQ,0) GO TO &0
DO 50 J=isN

IF(R(T,J) «NELMAXRED) GO TO 50
IFCICIN(JY.FO,G) GO TO 50
DlJ=g

JJ=0

NTM=NLL

IFINTM,LE.2) 60 TO 5
KKZLRO (JJ)

IFiKK . EQ.0) GO T0 2

JJZKK

60 10 1

15200

11=%

KK=LCo(II)

IF(KK,EQ,0) 592 TO 4

1IzkK

GO 10O 13

JST11

CTEWP=C(15,J5)

Cllg, s)=LARGE

DO 20 II=1,M
IFCIRIN(IT).En.0) GO TO 29
IF(11,E0.1) GO TO 20

MINzL ARGE

N0 10 JJ=1N

IF{ICIN(JJY EnaQ) GO TO 10
IF(QJ,F0.Jd) Go TO 1D

IF(MIN,GT.C(TTrJ)) MIN=COITrgd)

CONTIMIIE

DIJ=D1 +MIN

CONTIMUYE

IF(ICINGIJYERD) GO TO 4g
IF(JJ, FO,J) 650 TO ub

MIN={ ARGE

DO 30 1I=1,N
IF(YRIN(II).EQepy GO TO 30
IFty1,FQ@. 1) GO TO 30

TF(MIM.GTClITrJddY) MIN=C{ITrad)

CONTIMUE

DIJ=DYJ+MIN

IF(DTIJ.GT0) 60 TO 40
MINRED=n

IF T, 6T.2) CLISHJISI=CTEMP
IMhx=1

JMA =y

RE TRy

COMTINUE

IF(HTM,6T.2) CclISeJS)=CTEMP
IFIMINREDLT.DIJY GO TO 5g
MINREP=DIJ

IMAx=y

JMAix= g

CONTINUE

CONTIMUE

RETURN
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SUSROUTINE FIXONE

IMPLICIT INTEGER (A=2)
LOGICAL BKTRK,FEAS,NOEMD»QUTRM
INDIC=p

LCO(JIMAX)I=IVAY
LRO(IMAX)=UMAYX

L=14L

IFLL.EQ.N) GO To 130
IRIN(IMAX)ZD

ICIN(aMAax) =N

1IF(L,FQ.N1} Gn TN 130
IF(IRIN{JMAX) ,EQ,1) GO TO B0
IF(ICTNC(IMAY)Y ED,L1) BO TO S0
I=IvAy

JELZOT)

IF(J,Fa.0) GO TO 20

I1=J

60 70 10

JSTAR=I

JSUMAY

I=LRO(Y)

IF(I.EQ.0) GO TO HO

J=1

50 10 30

ISTAR=Y

60 TO 120

I=Jdmpy

JELRO (D)

IFty,cq,.,0) GO TO 70

1=J

GO 10 60

1STAR=1

JSTAR=IMAX

GO TO 120
IF(ICTIN(IMAY) EG. 1) GO TO 110
I=InnAy

J=Lco(1)

IFly.£q.0) 60 To 100

1=J

60 TO 90

J5TARZ1

ISTAR=UMAX

60 TO 120

1STAR=JUMAX

JSTAR=IMAX
IF(CI(ISTAR:JSTAR).ED.D) INDIC=R
ClISTAR, JSTARIZLARGE

RETURHM

END
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SUoRONTINE SOLVED

IMPLICIT INTEGER (A=2)

LOGICAL BKTRK,FEAS,NOEND,QUTRY
2C0gTxp

LMAy=_1

11=4

I=N

JELROCT)

ZV(rn=xx(y

II=1T41

1=V

IF(I.,ME.N) BD TO 5

1151

=7

JEIT (1T

ZCOST=7C05T+CAST(I I
IF(COST(I v ) 6T, LMAX) LmAx=COgT(1,J)
i=v

II=11+41

IF(1,NE,T) GO To 10
IF(2C0ST.GE.2PLUS) BXTRk=,TRUE,
RETuRY

END
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