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FOREWORD

This thesis, being concerned with some aspects of stability in
structural and mechanical systems, naturally divides into two sections.
The first of these, Chapters I through III, is concerned with the
development of a non-destructive method for evaluating the stability
of non=-circular cylindrical shells. Chapter I describeslan investi-
gation made on the simplest non-circular body - a cylindrical shell of
elliptical cross-section. This section is chosen because the usual
circular cylinder is a natural limiting case. The study progressed
to the stiffened body of circular cross-section. Such bodies in some
respects may be regarded as a conglomeration of struts, interlocked
by the thin skin which acts in unison wiﬁh the more robust stringers.
Thus, a consideratioﬁ of partially restrainéd columns under axial
compression became pertinent, and this issue is reviewed, studied, and
clarified in Chapter II. Thus, in straight forward manner the questions
of Chapter III were raised, and when these were resolved the founda-
tions of a truly non-destructive test technique or stiffened shells
were thoroughly laid.

In the final chapter of the thesis, the design of a device of
importance to the survival of human beings exposed to adverse acceler-
ation environments is considered. This device is the prime component
of a facility for the investigation of human response to virtually
instantaneous and very high "g" accelerations. Two feasible designs

are outlined. The study indicates that the more promising of these is



iv

one which depends upon the use of & mechanical system displaced from a

position of unstable equilibrium.
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SUMMARY

This thesis divides naturally into two ssctions. The first
is concerned with non-destructive evaluation of the stability of
shells, and the second with the use of an unstable mechanical device
in the design of an ultra-high g crash simulator.

The investigation of the structural problem begins with an
experimental study of elliptical shells under axial compressive load.
It turns then to the non-destructive evaluation of rotationally |
restrained columns, and culminates in the development of a general
method of non-destructive evaluation of shells.

The study of elliptical shells indicates that such bodies
are imperfection sensitive for major-to-minor-axis ratios (B/A) as
small as 0.5, and that significant postbuckling strength is present
for B/A less than 0.7. As with circular shells it was found that the
width of buckles is dependent upon the length and thickness of the
shell as well as the radius of curvature. Detailed examination of the
test data reveals that the local behavior of elliptical shells is
comparable to that for equivalent (i.e. equal curvature) circular
shells. 1In all, 21 steel specimens were tested and L2l data points
generated.

The emphasis in the non=-destructive colum testing study is
concentrated on a demonstration that various semni-empirical relation-
ships previously known can be derived from the zoverning equations by

a consistent approximation method. As a result of this study a new,
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accurate, non-destructive technique for the investigation of the
stability of shells is suggested, and its applicability to a stringer-
stiffened plexiglass circular cylinder under axial compression is
demonstrated.

In the final section the design of a prine mover for an
instantaneous 200g crash simulator is discussed. Two feasible design
approaches are outlined. The first 1s based on the use of momentum
transfer, and the second on direct force generation. The study
indicates that the latter has greater potential. It obtains its
characteristics from the use of a mechanical system displaced from a

position of unstable equilibrium.



CHAPTER I

AN EXPERIMENTAL INVESTIGATION OF

THE BUCKLING OF ELLIPTICAL SHELLS

Introduction

The literature on the behavior of shell bodies under various
types of loading is voluminous. Nash (1,2) listed some 1U455 papers
and books on the subject published prior to 1954, and 884 between 1954
and 1956. In the light of space and weapons system applications,
it is logical to assume that this accelerating growth has continued.
Still it is only recently that the subject of the instability of
elliptical cylindrical shells under axial compression has received
attention. A literature search disclosed less than a dozen papers
published. Of these only three have included experimental results,

a total of 59 non-circular shell bodies having been tested (3,4,5).

It is unfortunate that the study of the elliptical shell has
been neglected. The behavior of such a body, especially under axial
compression, is wvery intéresting. Where the circular cylinder is
extremely imperfection sensitive, the initial theoretical studies
of Kempner and Chen (6,7) indicated that, for sufficient eccentricity
of 1ts section, the oval shell might be quite imperfection insensitive.
Later, Hutchinson's (3) analysis of imperfection sensitivity showed
that even for highly eccentric cross sections, the elliptical shell re-

mained imperfection sensitive. Oubsequent papers by Kempner and Chen



(8), Tennyson, Booton, and Caswell (4), and Feinstein, Erickson, and
Kempner (5) have confirmed this result. In any case, it is agreed
that although elliptical shells of low eccentricity collapse upon
reaching their critical load, more eccentric shells have significant
post-buckling strength. What is not known, however, is the value of
B/A at which this affect becomes noticable. Here more experimental
information would be helpful.

Some years ago Zahorski (9) discussed the segmental buckling of
a cylinder, and drew attention to the possible relationship between
the behavior of a compressed thin-walled shell and its behavior under
a concentrated radial load. Starting from the work of Bijlaard (lO),
he computed the size of buckles due to normel loading. It is inter-
esting to note that Zahorski's predictions bear a strong resemblance
to the experimental results of Komp (11) for thin shells in axial
compression. Figure (1) demonstrates this point.

There is excellent agreement between the two studies for R/t
values less than 1000. Although the agreement for R/t = 1000 is not
as good, we note that Zahorski's calculations were made for a constant
length cylinder, and thus his L/R values varied from 7 to 16. The
L/R's in Komp's studies were, in general, much less. Komp showed,
however, that for L/R values above 10, the influences of this parameter
are small. This may in some way begin to explain the discrepancies
between the two studies.

There are other significant features of Komp's work which have
not been mentioned thus far. To summarize triefly, Komp demonstrated

that the size of the buckles produced on thin-walled cirecular cylin-
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drical shells by an axial compressive load does not depend upon the
quality of the shell tested, the material from which it was made,

or the force regquired to cause collapse. 1t is a function solely

of the shell geometry. Furthermore, he showed that, for a constant
R/t, the number of buckles required to fill the circumference decreases
(buckle size increases) with increasing L/R until this quantity reaches
a value of approximately 10, after which the effect of L/R is small.

As R/t increases, the number of buckles increases (their normalized
size decreases), the relationship being linear over the range studied.
Test machine stiffness effects were also examined, and were found

not to be an influential factor.

The question is, then, whether the cobservations of Zahorski
and Komp are applicable only to the circular body, or whether they
have a2 more general significance. To resolve this issue, at least
partially, and to form a basis for later studies, a series of tests
was made on elliptical shells. This program sought to ascertain
the nature of the buckles produced when such & body is compressed
to the point of instability.

Hoff's (12) suggestion that critical compressive stress could
be computed from & consideration of buckle geometry led Komp (11) to
use buckle size as a measure of the effect on the buckling process
of changes in the dimensions of circular cylindrical shells. Komp's
scheme offers a great advantage to the elliptical shell experimenter.
Horton and Cox (13) showed that buckling is essentially a local
phenomenon, occurring when the local stress reaches the critical level.

In an elliptical shell the radius of curvature varies continucusly



around the circumference. Thus, if we use buckle size as a measure
of the effect on the buckling process of changes in shell geometry,
each buckle on an elliptical shell is an individual data point. This
means that it is not necessary to test a great many specimens, but
only to measure a great many buckles. In tae study reported here 21

specimens yielded 42k data points (buckles).

Qutline of the Experimental Program

Komp (11) demonstrated that, for a large sample of nominally
identical circular cylindricel shells buckled under axial compression,
the circumferential dimension of the buckles is aormally distributed.
He then investigated the effect of variations in radius to thickness
ratio (R/t), length to radius ratio (L/R), and Young's modulus on
the "Buckle Number" (BN), which he defined as the ratio of the
circumference of the shell to the mean buckle width.

The study reported in this chapter builds on that foundation.
Accepting Komp's coneclusion regarding ncrmal distribution, experiments
were conducted to determine the effect of variations in L/R, L/t, and
R/t on the buckle number. For elliptical shells buckle number is re-
defined to be the ratio of the circumference of & circle with radius
equal to the local radius of curvature, to the buckle width. That is,

i = S0
where R = local radius of curvature at the center of the buckle, and

circumferential dimension (width) of the buckle.

-
Il



Three families of specimens were constructed, each having a
characteristic L/t. Members of these families varied in eccentricity
of eross section. One of the families consisted of two sub-families
which had different length and thickness dimensions but the same L/t.
A single specimen of higher L/t was tested in an effort to increase
coverage of the L/T vs R/t plane.

Since the radius of curvature at the buckle varied with the
buckle location, each buckle on a given specimen yielded data on the

effect of changing L/R and R/t for a constant L,/t.

SEecimens

Test vehicles for this study were constructed from steel
shimstock. Some dimensional limitations were imposed by the choice
of this material: maximum unpotted specimen height was 12 inches
(the width of commercially available stock), and minimum usable
thickness was .003 inches. Thinner shimstock tran this was damaged
in packaging. Although these characteristics severely curtailed
the program, they were accepted since the cost cf any other
construction method would have been prohibitive.

The specimens were constructed with a soldered lap joint
parallel to the axis. The lap joint was located at or near the semi-
minor axis of the finished cross section. This location was chosen
to minimize the curvature at the joint, thus facilitating construction.

Manufacture was accomplished in five steps:

1l. Three exterior templates of the desired elliptical cross

section were cut from medium-weight illustratior board. The circum-


file:///aried

ference of the ellipse was measured.

2. Shimstock of the desired thickness was squared and cut
accurately to the required length and width, including a 1/8th inch
allowance for seam overlap. Outer edge location for the overlap
was measured and marked.

3. Soldering flux was applied to the inner seam overlap area
and the seam was clamped between a steel U-section and an extruded
aluminum angle. The seam was soldered.

4, The seamed cylinder was inserted intc the elliptical
templates, which were positioned near the L/8, L/2, and TL/8 axial
stations along the shell.

5. The shell was potted into aluminum endplates with an
EPON 826/DTA epoxy system to hold the elliptical shape. Alignment
of reference marks on the endplates and templates ensured that the
axis of the shell passed through the centerline of the ball-joint
seat in the upper endplate. The templates were removed after potting.

Angular orientation marks were made every lOo around the
shell in three bvands at L/4, L/2, and 3L/L.

To ensure that specimen dimensions used ian calculations were
actually those of the specimen tested, each specimen was measured
accurately after removal from the end plates following testing.
Length measurement was taken to be the free length between the epoxy

end castings.

Test Procedure

Tests were conducted in a standard Instron Model TT-D Universal



Test Instrument. The specimen was mounted on the test machine cross-
head, and a ball joint centered on the upper endplate to transmit
purely axial load. ILoad measurement was accomplished using the internal
strain-gage load cell and chart recorded of the TT-D Instrument.

Tests were conducted at a test machine end-shortening setting of
0.020 inches per minute between buckling events. The occurrance of a
buckling event was readily apparent to the test operator: a character-
istic and plainly audible noise was heard, accompanied by a sudden
departure of the recorded load trace from its smoothly increasing
path. At each buckling event the test machine and load recorder were
stopped while new buckles were measured and markzd. The test was
continued until the cross-head of the test machise could no longer
keep up with the end displacement; i.e. until load decreased with
increasing end shortening.

The width of each buckle was measured to the nearest 0.005
inches with a steel rule. Circumferential location of the buckle
center was estimated to the nearest five degrees using the ten-degree

reference marks.

Results

Load Behavior

All specimens exhibited a marked change in buckling load be-
havior with a change in eccentricity of the elliptical cross section.
Specimens of least eccentricity (B/A = 0.85) behaved much like circular
cylinders: after initial buckling they were able to carry only &

fraction of their initial buckling load; i.e. "eritical" and "collapse"



loads coincided. An increase in eccentricity to B/A = 0.7 brought
dramatic changes in the character of the bucklinz process. An average
of two buckling events preceded collapse, and in some cases two or
more buckling events took place at or very near the collapse load.
A further increase in eccentricity to B/A = 0.55 increased the average
number of pre-collapse buckling events to about 2.6, and again multiple
buckling events at or near collapse load were noted.

Figures 2, 3, and 4 are typical load versus time traces
(at constant end-shortening rate) from the Instron recorder. In
general character they support the theoretical predictions contained in
Hutchinson's paper. It is noted that although Hutchinson's experiments
demonstrated no difference between critical and collapse loads until
B/A was reduced to 0.333, the work reported here shows a marked differ-
ence in every test for B/A = 0.7 or less.

Buckle Geometry

Komp showed by testing 64 shells of identical material and
geometry that the distribution of the circumferential buckle number
is normal for a constant radius of curvature. Thus, the mean buckle
number at a given radius of curvature has much more significance
than do the individual buckle numbers from which it is computed.

Some difficulty in elliptical shell testing is caused by the fact
that buckles occur at different local radii of curvature over a given
shell. However, there seems to be no reason why Komp's conclusions
regarding buckle number distribution should not apply equally to
elliptical shells. Thus, it seems logical to group the buckle number

data on local radii of curvature and compute a "mean buckle number"
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for each group. This was done.

Data recorded during elliptical cylinder testing, together
with computed radii of curvature, are presented in Appendix B, Tables
23-43. Table 1 shows mean buckle width (X) and mean buckle number
(ﬁﬁ) computed from this data grouped on local radius of curvature.

Figures 5 through 9 are graphical represerntations of the
data in Table 1, each figure depicting BN vs R/t for a given L/t
family. 1In each case the data points are virtually colinear. (Data
points "x~-ed" out are those determined from only one or two buckles,
and are thus lightly weighted).

Figure 10 shows the relationship between the BN vs ﬁ/t lines
of the several families. An increase in L/t results in a decrease in
slope. It is notable that the plots for the two L/t = 2315 sub-
families are exactly parallel, but their magnitude differs. This
would seem to indicate that L/t is not sufficient in itself to char-
acterize the elliptical shell families.

Figure 11 shows the data from Table 1 in the three non-
dimensional coordinates L/ﬁ, ﬁ/t, and BN. Sections of constant
L/R and R/t cut from this figure were compared with corresponding
figures from Komp's paper. Figure 12 combined Komp's circular
cylinder data and the elliptical shell data. Figure 13 includes
Zahorski's theoreticel predictions as well. For a constant R/t = 400
the two sets of information are consistent (Figure 12). Likewise
for an L/R parameter of 3.82 there is good agreement between the
elliptical and circular results (Figure 13). The double values of

buckle number for L/t = 2315 are, of course, evident here also.



Table 1. Elliptical Cylinder Test Data Grouped on Radius of Curvature
wsoohwﬂmwmﬁwmnow. 0.5-1.0  1.0-1.5 1.5-2.0 2.0-2.5 2.5-3.0 3.0-3.5 3.5-4.0 L.0-4.5 14.5-5.0 5.0-5.5 5.5-6.0 6.0-6.5 6.5-7.0
| Ho. of Data Pts 2 8 9 12 2k 12 21 5 7 o 5 0 1
|+ 3 L/ R 10.1 6.05 L, 3.36 2.75 2.3 2.02 1.78 1.59 1.4k 1.32 l.21 1.12
m B i/t 150 250 350 450 550 650 750 850 950 1050 1150 1250 1350
3 w.,, = 0.92 0.95 1.48 1.60 1.60 1.79 1.87 1.97 2.07 2.15 2.2
B w, Buckle No. 5.10 8.28 i 8.85  10.80 1.k 12.6 13.56  1k.41 16.80 19.3
N No. of Data Pts 2 7 15 11 17 1k 7 10 13 1 2 1 ¢
o o_ L/ R 15.4 9.25 6.61 5.15 b.21 3.56 3.08 2.72 2.44 2,20 2.01 1.95 1.71
& o B/t 150 250 350 L50 550 50 750 850 950 1050 1150 1250 1350
m, & s 0.65 1.0k 1.36 1.71 1.66 1.96 1.96 2.14 1.96 2.65 2.3 3.25
. m Buckle No. 7.56 8.1 8,27 10.41 10.bk1 12.0 12.48 15,22 12.43 15.75 12,1
4| No. of Data Pts 2 8 9 14 21 13 10 6 9 2 L 3 1
A 8 L/ R 12.37 T.42 5.30 bz 3.37 2.86 2.47 2.18 1.95 1.77 1.61 1.43 o3
m s B/t 187.5 312.5 437.5 562.5 687.5 812.5 937.5  10&.5  1187.5  1312.5  1b37.5  1562.5  1657.5
3 &3 by 0.725  1.19 1.37 + 1.67 1.70 2.00 1.86 2.23 1.98 1.78 2.4 2.23 2.25
@ H Buckle Fo. 6.5 6.6 8.03 8.48 1008 10.21 1268 1200 15.08 1855 16,88 17.62 18,38
w No. of Data Pts 0 10 12 10 17 10 9 6 8 9 3 1 2
i i T/ 8 15.4 9.25 6.61 5.15 .21 3.56 3.08 2.72 ERn 2.0 2.0L l.o5 1.71
M tJ R/t 187.5 312.5 437.5 562.5 687.5 812.5 937.5 10&2.5  1187.5  1312.5  1Lk37.5  1582.5 1657.5
m, ﬂ X 1.03 1.275 1.5 1.66 1.8 1.85 1.99 1.77 2.12 1.97 1.5 2.25
o ﬂ..r Buckle No. T.64 8.63 9.43 10.k2 11.06 12.75 13.43 16.9 15.6 18.37 26.2 14.9
w; No. of Data Pts 1 9 6 3
. L/ R L.21 3.56 3.08 2.72
Y e R/t 916.7  1083.3  1250.0  1M6.T
5 H A 1.56 1.67 1.8 2.05
al .v_.h Buckle No. 11.1 12.23 13.0 13.05

7T
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Figure 5.
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Radius to Thickness Ratio x 107>
Buckle Number vs Radius to Thickness Ratio - Elliptical Cylinders with L/t = 151k.
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Figure 6.

Radius to Thickness Ratio x 102
Buckle Number vs Radius to Thickness Ratio ~ Elliptical Cylinders with L/t = 2315,
(L = 9.27 in., t = 0.004 in.).
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Redius to Thickness Ratio x 1072

Figure 7. Buckle Number vs Radius to Thickness Ratio - Elliptical Cylinders with L/t = 2315,
(I, = 11.57 in., t = 0.005 in.).

LT



20

15

Buckle Number

10

Figure 8.

T T BES T T T T T T T T N § T T

1
5 10 15
Radius to Thickness Ratio x 1072

Buckle Number vs Radius to Thickness Ratio - Elliptical Cylinders with L/t = 2893.
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Figure 9.
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Buckle Number vs Radius to Thickness Ratio = Elliptical Cylinders with L/t = 3855.
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Comparison of BN vs R/t Curves for Different Values of L/t Elliptical Cylinder Tests.
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Figure 11. Elliptical Cylinder Test Data, Buckle Number vs Length, Radius, and Thickness.
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Figure 12. Comparison of Komp's and Elliptical Shell Results -

Buckle Number vs L/R for Constant R/t.
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Figure 13. Comparison of Results - Buckle Number vs R/t
for Three Values of L/R.
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Conclusions

The results of this study of elliptical shells lead to the
following conclusions:

1. Elliptical shell buckling differs from cylindrical shell
buckling in that, for sufficient eccentricity of the cross section,
initial buckling is not catastrophic, and that tuckling events may
take place subsequent to the initial at the same or higher loads.

This effect becomes noticable somewhere between B/A = 0,855 and
B/A = 0.7.

2. Mean buckle number is a function of ithe local radius of
curvature, the thickness, and the length of the shell.

3+ The non-dimensional parameter L/t seems to define a family
of elliptical shells insofar as the rate of charge of buckle number
is concerned. However, L/t is not sufficient to completely characterize
the buckle number behavior of the shell.

In addition, this research shows the conjectures of Zahorski
and the studies of Komp, both based on the circular shell, to be
entirely consistent with the observed behavior ¢f a buckled elliptical
shell. Thus, it is demonstrated that the local buckling character-
istics of the elliptical shell under axial compression are the same as
those of an equivalent (i.e. equal curvature) circular cylinder.

This being the case, non-destructive testing techniques applicable to
circular shells should be applicable to elliptical shells, if they are

such as to focus primarily on local rather than general behavior.
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Figure 1hk. Buckle Patterns on Elliptical Shell 020 -
Bf& = 0.510, L/t = 2315.



Figure 15. Buckle Patterns on Elliptical Shell 009 -
B/A = 0.704, L/t = 2315.
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Figure 17.

Elliptical Shell and End Plates.
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CHAPTER IT

RELATTONSHIPS BETWEEN BEHAVIORAL CHAFACTERISTICS

OF A BEAM WITH ROTATIONAL END RESTRAINT

Introduction

In Chapter I it was demonstrated that the buckling behavior of a
non-circular cylindrical shell is the same, in a given locality, as
that of a circular cylinder with equal radius of curvature. Thus,
it was suggested that an experimental technigue which produces infor-
mation on the buckling of a circular shell uader axial compression
could be used to investigate the behavior of a non-circular shell under
the same loading, if the technique used gave local rather than general
information.

Unfortunately, there are few techniques fcor non-destructive
evaluation of structures in which stability is an issue of concern.
This is especially true of shell bodies, in which almost any applied
loading may be destabilizing. However, for design purposes at least,
the stiffened cylinder under axial compression may be regarded as &an
array of columns (14), each stringer with an "effasctive width" of skin
belng considered as a member of this array. When circumferential
frames are added as is usual in aircraft construction, the stringer
length between frames becomes, in effect, a rotationally restrained
column. Thus, it was deemed advantageous to consider methods pertinent

to the rotationally restrained strut.
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Historical Note

The problems which result from boundary restraint in struts
have long been recognized (15). Nevertheless the mathematical treat-
ments of the subject have been concerned, more often than not, with
the extreme cases, i.e. pinned or fixed boundaries, and the experi-
ments which have been made frequently have striven to accomplish a
restraint corresponding to these extremes. A review of the numerous
devices developed in such attempts over the years is given in
reference (16). Some 50 years ago, Salmon (17), in his classic treat-
ment of columns, stated the need quite clearly when he wrote,

The most pressing point for future research on the subject of
columns is undoubtedly the degree of imperfection common in
practical fixed ends; in short, what value of K(c) should be
assumed for such ends? A complete answer to this question is
difficult, but at present the designer has nc real data whatsocever
regarding practical end conditions.

Nevertheless, in the years which followed this remark no concert-
ed effort was made systematically and thoroughly to resolve this ques-
tion. Admittedly, Newmark (18) gave, on the basis of numerical
analysis, a simple formula connecting the rotaticnal restraints at
the ends of a column with the critical load Zor the perfect body.
However, this work does not appear to have receivad much attention.
Hoff (19,20) derived critical loads as functions of end restraint
using a Rayleigh-Ritz procedure, and presented his results in graph-
ical form. Stephens (21) presented an approach which tied the natural
frequency of the column to the instability load, and Masonnet (22)

wrote a treatise on vibrations and buckling loads. However, it is

only recently that a serious effort has been made to interrelate
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critical loads, natural frequencies, and deformations under lateral
load, and to use the laws so established as the basis of a non-
destructive method of column evaluation. This work has been done pri-
marily by Horton and his collaborators (23,24,25,26). They have
chosen to relate instability under axial load with deformations and
with displacements under lateral loads using numerical correlation
procedures. At the same time, Baruch (27) wrote an analytical-paper
on the same topic, and Pierce (28) presented a correlation between
critical lcad and natural frequency.

The recent development by Horton (29} of 2 scheme for the
approximate representation of solutions to complicated equations
permits a synthesis of the results given by thess wvarious authors.
In doing so a systematic procedure will be ceveloped which might be

extendable to allied problems.

Summary of Previous Results

The simple formula given by Newmark (18) f'or the critical load

of a uniform column with rotational restraints at its ends is

. = l’-na + e + BT TPET (1)
er L2 o LF 25_1 B

where @ and P are non-dimensional stiffness coefficients for the
rotational end restraints, and E, I, and L have their usual signifi-
cance. This is a remarkably good approximation; the maximum error is U

per cent when the lateral supports at the ends of the column are rigid.



This formula has recently been derived analytically by Hanagud,

Chaudhari, and Horton (30), and a similar form, viz.

P = (3n'+ hoof 3T o+ LB ﬂ2§I (2)
cr 3T 4 204L3m + 2f L)

has been developed by Horton and Singhal (31). This result is'slight_
ly more accurate than Newmark's earlier expression.

The empirical formula given by Hortor, Struble, and Craig (23)
and further developed by Struble (24), which relites the instability
load for a column with rigid lateral end constraints and partial

rotational end restraints is

w

T

(3)

A

Pcr 6 = constant =
where Pcr is the critical load for the uniform column assumed
perfectly straight and centrally loaded, and & 1s the maximum trans-
verse deflection produced by a concentrated lateral load applied at the
point of maximum compliance.

Horton, Iwamoto, and Rehfield (25) gave a formula, later ex-
panded and amplified by Iwamoto (26), relating critical load and in-

flection point separation:

P1 i 2'?;3 1 )
2B = ()
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where Pcr is the critical load as defined above, and £ 1is the
distance between the inflection points of the seme member when sub-
Jjected to a uniformly distributed lateral load. This formula is, in
essence, a relationship between maximum slopes under uniform lateral
load and critical load, as is shown fully in reference (26).

Pierce (28) suggested a relationship between the critical load

for a uniform column and its first natural frequency:

r L2
er

oA
mr— = 0.2 u3 (5)

where Pcr is the critical load as previously d=fined, and up 1is the

natural frequency parameter defined by

Method of Attack

It is accepted that the conditions of resftraint at the boundaries
of a given structure determine its flexural, buckling, and Vvibrational
characteristics. Hence, it would seem possible ©o interrelate these
characteristics through their mutual dependence on end restraint. This
approach will be taken.

First it will be necessary to establish approximate formulae

as functions of the rotational end restraint stir'fness coefficients
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for the several parameters involved; i.e. to write

Pop = Pop (B) = Ppg (6)
6 = & (aB) = byq (7)
o = o (&B) = wy (8)

where Pcr is critical load, ©& dis deflection due to a unit concen-
trated load at the point of maximum compliance, and @ is the natural
frequency of vibration, and « and £ are rotational end-restraint
coefficients, all for the uniform column and with the restrictions
previously mentioned. Having found such formulae, the manner in

which these functions of & and B are related will be established.

Relation Between Buckling and Deflecticn Parameters

According to Horton and Singhal (31), the critical load for the
column with unequal rotational end-restraint coefficients, « and £ ,

may be approximated as

3ﬂ + Lo 3m o+ hB n°EL
E L5 2a}L3n + 26, " (9)

It is immediately apparent from this expression that

R & : (10)



Table 2. Accuracy of anwum = HUQD.W@W
Errors in Percent

o}
0.2 0.5 1.0 2.0 5.0 10 20 50 100 200 500 1000
0 .07 .35 1.0 2.3 L1 L.7 L.6 L.5 L.b Lyl L.L Lob
0.2 0 A1 Sk 145 3.1 3. 3.2 2.9 2.8 2.8 2.8 2.8
0.5 0 s 5 .83 1iG 2.0 1.6 1.2 iR 1.0 .96 .95
1.0 0 25 .86 .68 08 -.52 0 -uTh =85 =092 -.9k4
2.0 0 A1 -.30 =1.0 -1.9 =-2.2 =-2.3 =2.k -2.h
5.0 0 =-.2h =-.88 -1.6 =-1.9 =-2.1 =-2.2 -2.3
10 0 =.21 =.67 =.90 =1.0 =1.1 -1.1
20 0 =.13 =.24 -,32  -.37 -.38
50 Symmetric 0 =-.02 =-.04 -.06 -.07
100 0 -.005 =~-.01 -.02
200 0 =-.002 -.003
500 0 =-.0003
1000 0
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i.e. that the critical compressive load for the column with non-
symmetric rotational restraints, & and B , is the geometric mean
of the critical loads for the two related symmetric cases. The
accuracy of this result is excellent, as is shown in Table 2.

Next, let us consider the deflection, &8, vhich results from a
unit concentrated load applied at the point of maximum compliance.
When O = B = A, it 1s obvious that the maximum-compliance load
location is the center of the beam, and it can be demonstrated from

Euler-Bernoulli theory that the deflection under a unit central locad is

il

S LA 2] 192) EI (10
Using the method of approximate solution developed in reference

(29), it is assumed that, regardless of the relative magnitudes of

the rotational end-restraints, the greatest deflection due to a unit

concentrated load applied at the point of maximum compliance can be

given by an equation of the form

2 _80B + bla+B) +ef 1LNTL
8 = T elad + B) + f\192) [EIJ T (12)

where € dis the error involved in the approximation. Equating this
expression to the exact form, equation (11), yields after appropriate
algebraic manipulation,

of + B(ouB) + 64/ 11O 31 2
of + 2(wp) + L \192 ik (13)

(850)° =


file:///192J
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ar

2._3.2
2 _ a+8 B+8 10 I_-_ [
()" = %me}%&a}(ma) BTy

A comparison of this result with equation (11) leads to the conclusion
that

(8 )2 =8 b, + € (14)

ap oo’ BB |

and it remains only to establish the magnitude of e. The results of
a numerical determination of € are shown in Table 3. The error in
(SGB)Q is some 12.7 per cent for the fixed-pinned case (@ = 0, B = =),
but, of course, this means an error of 6.15 per cent in GaB. This is
within normal engineering tolerance. Morecver, in any practical
structure there is a certain amount of rotational. restraint at any
realizable joint. As seen from Table 3, the addition of a small

amount of restraint at the pinned end makes the relationship virtually

exact. Hence, the approximate relationship
6 = [§_58 15

is accepted without reservation. Thus, the greatest deflection result-
ing from a concentrated load applied at the onoint of maximum compliance
of a beam with rotational end restraint coefficients & and B is

the geometric mean of the similarily obtained deflections for the two
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related symmetric cases. It is evident from equations (10) and (15)

that

= ) 6
(Poplor) = /(Ponban) (Paalep) (16)
The individual terms of this expression are now examined. It is
clear from equations (9) and (11) that
ucx) PRI o + 8 1 L3

p 5 = |37+ . J (17)

eae'e! L3ﬁ+ea) Le_J a+2\19) T

2

Ct[(96 21}7)(1 + (96.“._ '(‘1‘;2)] .

P_ 06
+ (l2ﬂ+8)a2 + (9n +2h o + 16 2

oooot 1921”

TL [ i
_ T Ly L
Pouw’lg:a)t*‘“ |

where € is small, as is demonstrated in Table 4. Then by virtue of
equation (16) the more general form may be written, viz.

ﬂEL

Pap 6&8 = constant = —x (18)
Thus the result has been synthesized that the product P& is approx-

imately constant, as was stated in references (9) and (10).

Relation Between Buckling and Inflection Point Paramefers

Using the same procedure, the relationship between the critical



Table 4. Accuracy of Pwéw ==

o Pm 60:05 Pméou Er;or
0 9.870 0.021 0.206 0
o 10.654 0.019 0.207 ~-.584
.5 YL PTE 0.018 0.208 -1.38
1.0 13.ko2 0.015 0.211 -2.53
2.0 16.463 0.013 0.21k -4.26
5.0 22.670 0.0097 0.219 -6.64
10 28.168 0.0078 0.22¢ -7.02
20 32.782 0.0066 0.217 -5.68
50 36.51% 0.0058 0.212 -3.16
100 37.947 0.0055 0.20¢ -1.78
200 38.701 0.0054 0.207 -0.94
500 39.16k 0.0053 0.20€ -0.39
1000 39.321 0.0052 0.20€ -0.20

= 0.2056 L

Lo
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load, P_,., and the distance between inflection points under uniformly
distributed lateral load will now be investigated. It is well known
that the critical load is inversely proporticnal to the square of the

effective length, i.e. that

2 P
o/
Pop = =L, or L - (19)
(1) (Igg)™ mEI |
where Léa is the distance between inflection points on the buckled

deflection curve when rotational end-restraint coefficients are o and

B. By virtue of equation (9), for the equal end-restraint case,

1 _ 1 3m+ P 1

(Lgﬂ)e = L3m + 20 -

(20)

Using elementary beam theory it has been demonstrated (26) that, for

"exact" distance

the case of symmetric rotational restraints, the
between inflection points on the beam under uniformly distributed
lateral load is

2

Yoo = [.3(2 : ’?5] L5 (21)

It follows then, from equations (20) and (21) tha%

Yoo ] - 1 f5hﬂ2 + (1hhm + 9n2)a + (96 + 243)&2 + 1633]
ST (3m + 2a)L 187 + (12 + 9m)a + o

(22)


file:///~5kn2
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To achieve the simplest form possible, the rumerator of this expression
is taken in the form of a linear function of @ multiplied by the

denominator, plus some error term € , viz.

skt &+ (14bkm + 9T)a + (96 + 2hm)oF + 1605 = (23)
2
= (n + m)[18m + (12 + 9mM)at + 60 ] + ¢
Values of m and n must be chosen which will cause this
expression to be of acceptable accuracy. To do so the coefficients
of like powers of « are equated indicating suitable ranges of the

constants, and them m and n are adjusted appropriately. Equality

0
of the @ terms (constants) leads to the result that

m = _igﬁ = T (2”)

If m is chosen thus, the al, O?, and o terms show that n must lie
between 2.67 and 2.86. A single value of n is required, so for

convenience a value near the midpoint of the rang:= is chosen:

n=2.73=1+/3 (25)

Substituting equations (24) and (25) into equation (23), the

representation for the numerator of the approximate form becomes

[(1 + /3)a + 3m][18m + (12 + 9m)a + Zh?] + e (26)



Nunerical conparison of this expression to that of equation (22) shows
that the maxinumvalue of . is less than 2.5 pe.? cent of the product

term (see Table 5); thus, it is neglected. Theii equation (22) "becones

r W (1+/3)a + 3n (27)

] 2a + 31T
LL*
ca

At this stage the fornula of reference (26) is recapitul ated,

.3
ak r"" al
2; T
Bl U, * J (4
and it is recalled that
2
3 =" H (19)
(L f

It becones apparent that to progress further in the verification of

this rule, I> nust be evaluated. Folloving what by now is usual

procedure,, it is assunmed that | may be witten in the form
| aa +Db"
Ica_: Leet + dj L +e (28)

where e is an error term Evaluating this equation for the limting

cases when a =0 and a =», and taking e to be zero, the foll ow ng



