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SUMMARY 

The present investigation consists of two parts, one 

experimental, the other analytical 

The experimental program (Part I) is concerned with 

pressure drop prediction in evaporative two-phase flow 

systems. In this program, various pressure drop models which 

are reported in the literature are evaluated against experi­

mental data. The results of the evaluation indicate that 

present models are inaccurate and inconsistent when applied 

to the data obtained from present experiments. In addition, 

the experimental data show an increase of the pressure 

gradient in the region of two-phase flow. 

As is shown in the experimental program, accurate 

prediction of pressure drop is incumbant upon correct 

estimation of vapor void fraction., The analytical program 

(Part II) is concerned with the development of a constitutive 

equation of net vapor generation in subcooled boiling two-

phase flows. It is developed from a model which is 

applicable to steady-state as well as transient flows. 

The analysis yields expressions for the true mixture 

density and the true vapor quality in thermal non-equilibrium 

conditions, that is, for steady-state or transient subcooled 

boiling. A comparison of predicted values with available 

experimental data shows good agreement. 



Part I 

EXPERIMENTAL PRESSURE DROP IN 

EVAPORATIVE TWO-PHASE FLOW 



CHAPTER I 

INTRODUCTION 

1.1 Significance of the Problem 

The occurrence of two phase, single or two-component 

flows in pipelines is characteristic of many processes in 

modern petroleum, chemical, and nuclear systems. Problems 

associated with such flows include the inability to predict 

with accuracy the pressure losses and void fraction in these 

pipelines. This is particularly true for mixtures in thermo­

dynamic non-equilibrium. 

Attempts to predict these quantities to date have 

mainly focused on the collection of wide ranging experimental 

data and the correlation of these data to system parameters. 

Predictions of pressure losses and void fraction for systems 

other than those used in obtaining these correlations are 

questionable since it might be expected that the usefulness 

of the correlations is subject to the limitations of their 

own data. There have been numerous such correlations, some 

of which have been widely used. The subject of Part I of the 

present thesis is to evaluate the results predicted by the 

various pressure drop models reported in the literature 

against new experimental data. 
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1.2 Description of Predictive Methods 

A review of the literature indicates that there is no 

reliable method for predicting pressure loss and void frac­

tion in evaporative two-phase flow systems. Several methods, 

however, have gained widespread acceptance for design 

purposes. Models which are evaluated against experimental 

pressure drops are described below. A review of correlations 

which are based upon these models is given in Appendix A. 

1.2.1 Homogeneous Model 

One commonly used approach is to treat the two fluids 

as if they were one homogeneous mixture with appropriately 

defined mixture properties (i.e., mixture viscosity and 

mixture density). The model is based upon the following 

assumptions: 

i) equal velocities of the vapor and liquid 

ii) thermodynamic equilibrium between the two phases 

iii) the use of a suitably defined single phase 

friction factor for two-phase flow. 

These assumptions imply that the homogeneous model 

might be expected to yield favorable results for a fog or 

spray flow pattern occurring at high void fraction. However, 

it is often applied indiscriminately to problems in which 

other flow patterns, such, as annular flow, would be expected. 

Specific volume of a homogeneous mixture is defined 

[17,20] as the total volumetric flow rate divided by the 

total mass flow rate 
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p W p, p U , X j 

m Kf Ke 

where the equilibrium mass quality is defined as 

Xeq * Ai f g
 > S a CI. 2) 

and where p, and p are the densities of the saturated 

liquid and vapor respectively. Substitution of the above 

into the basic momentum equation for steady, one - dimensional, 

homogeneous equilibrium flow in a duct yields [4,20,21] 

f d p l 
l~5zJ t o t a l 

2 
f T p G p £ G2 p f dx g p £ s i ne 

2p fDh
 L +xeqNT~ J ' p7 P 7 J "dz pT 

1 g r g [1+x (—-11] 
1 eq ̂p * J 

__̂  g 
^2 dp 

1 - x G -~T& 
eq ^~2" dp 

(1.3) 

Equation (1.3) is often simplified with the assumption that 

the fluid densities pr and p remain constant at their inlet 

saturation values. This is justified in the literature by 

reasoning that for the case where pressure drop is small 

compared to system pressure, the values of pr and p change 

very little. The assumption also results in a value of the 
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denominator for (1.3) of unity. Hence, the simplified form 

of (1.3) is 

^oz^tot al 

2 f
T P

G P f G2 P f dx g p f s i n e 
9

T P
n [1 + x ( — - 1 ) ] + — ( — - l ) - r ^ + — ( 1 . 3 a ) 

2prD, L e q ^ p J J Or Q dz p r
 v J 

f h S £ 8 [1 + x ( - ^ - 1 ) ] 
L e q v

P r T 

The result of this assumption is that the momentum equation 

(1.3a) may be decoupled from the energy equation for 

solution. 

Term by term integration of this simplified form 

(1.3a) from the point in the channel where evaporation begins 

(z = 0, x = 0) to some channel location, z, where the K ' eq J 

equilibrium mass quality is x yields 

2 
£TPG Z Xeo pf 

t^fric = &r t1 + -f1 t r - 1 " f1-4? 
£ h Kg 

-(Ap) - = G 2 ( — - — ) x ( 1 . 5 ) 
^ F J a c c e l ^p p / eq J 

(Ap) = g s i n g _ z _ £ n [ 1 + x ( - 1 - 1 ) ] ( 1 . 6 ) 
k F ^ g r a v ,_l_ 1 . L eq v p J J 

l p p £
J e q 8 
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All the terms in equations (1.4) through (1.6) are 

known except for the two-phase friction factor, fTp. Most 

investigators have chosen to attempt a friction factor 

correlation similar to that obtained in single-phase flow 

(in terms of the Moody friction factor and the fluid Reynolds 

number), by specifying artificial definitions of the 

homogeneous viscosity to use in the definition of the 

Reynolds number 

GD, 
R - _Jl 

ym 

Numerous definitions are found in the literature of which 

the most popular are 

(1) ym = y£ , (Owens [17], 1962) 

(2) -1 = il* + -Ji , (Isbin et al. [8], 1957 and 
y m 

Mf yg McAdams et al. [16]) 

(3) ym = (l-x)uf+xur, (Cicchitti et al. [5], 1960) 

(4) ym = y f
[ 1 _ x )u g

X, (Hagendorn [7], 1965) 

These expressions for mixture viscosity are plotted versus 

mass quality in Figure 1 to highlight the large differences 

one could encounter during any analysis involving the 

definition of viscosity. It can be seen from Figure 1 that 



l. OH 

64 

m 

4J 

. 2 

Ci J 

(2} 

(3) 

(l-x)|if + xu 
A. g 

(1-x) x 

2 .4 .6 

Vapor Mass Quality, x 

1.0 

Figure 1. Non-Dimensional Viscosity Ratio Versus Ouality 
for (u /\ir) + = 6. 68 



the values can differ by a factor of 2.5 in the worst case. 

However, one reason for the lack of incentive, so far, to 

establish an accepted definition is that the dependence of 

friction factor on viscosity is small for turbulent flow 

(see Tables 1-28). 

1.2.2 Separated Flow Model 

An alternative model is one which artifically 

segregates the phases into two streams. This model may 

approach physical reality for certain flows (e.g. annular 

flow) just as the homogeneous model does for fog flow. 

Assumptions upon which the separated flow model is based are 

i) constant but not necessarily equal velocities 

for the vapor and liquid phases. 

ii) thermodynamic equilibrium between the phases. 

iii) the use of empirical correlations or simplified 

concepts to relate the two-phase friction 

2 
multiplier, <j> , and the void fraction, a, to 

the independent variables of the flow. 

The basic momentum equation for steady, separated flow may 

be rearranged to give [4] 
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S3z^ t o t a l 

£r G2
 0 0 dx 2x 2 ( l - x ) , (1 -x ) 2 x 2 

f° A 2 ~ 2 e q r r eq e q ' -, da r e q ' eq ,-, 
W7Z7 *£o +G -^[{~ri-pAl-a1

 } + d5T-{ ~ ,2 V 
Kf h ^g ^tK J eq P r ( l - a ) p £ a 

+ g s i n 6 [ p a + p £ U - a ) ] 

~2 2 :r~ ( 1 . 7 ) 
o j (1 -x ) x x ^ dp 

1 + G 2 A - ea^-_e£L_} - - ^ L - ^ ] 
L dp r -, . 2 2 2 dp J 

F p f ( l - a ) p a a p g 

As for homogeneous flow, the compressibility of the vapor 

phase may usually be neglected (in which case the denomi­

nator is unity), and if it is further assumed that the 

densities p£ and p , along with the friction factor, fr , 

remain constant over the length considered, then term by 

term integration of the above equation yields 

f r G z -i e q 9 

(A p) . = tQ — r_i__ j • ^ z dx ] ( 1 . 8 ) 
L p ; £ r i c 2 P f \ eq o ° e q 

? 2 
r2 X " P r ( 1 - X ) 

(Ap) 1 = ^_[-2fl i- + - ec* - 1] ( 1 . 9 ) 
k F ; a c c e l p f a p 1-a 

x 

(Ap) = ^ Z 5 1 - - [ / {pa + pr(l-a)}dx 1 ( 1 . 1 0 ) 
^ ^ ' g r a v x L J g f eq J v 

& eq o c> n 
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Evaluation of the terms in brackets in equations (1.8) 

through (1.10) is the object of the Martinelli-Nelson and 

Baroczy correlations which are reviewed in Appendix A. 

1.2.3 Mixture Model 

In order to account for the relative motions of each 

phase, Zuber [24] developed the mixture field equations in 

terms of the mixture variables. These were used in (10) to 

analyze transient phenomena in two-phase mixtures. By 

neglecting the capillary force, and for steady state flow, 

the time - smoothed and area-averaged equations are 

the continuity equation of the mixture 

^-(p v ) = o (l.H) 
9z K^m mJ v J 

and t h e momentum e q u a t i o n f o r t h e m i x t u r e 

r d p , 8vm fm 2 3 f P f ' P m
 p g p f - 2 , 

^ t o t a l = Vm ~37 + g p m + 2 D ^ p m v
m
 + ^ { ^ ^ , P~~~~ V g j } 

(1.12) 

where the mixture density is 

pm = (1_a)Pf * aPp (1-133 



the mixture velocity is 

(l-a)pfvf+ap v 
v = — S_£ (1.14) 
m p 

Km 

and the void fraction is 

A 
a = ~f (1.15) 

The first and last terms of equation (1.12) are point values 

and may be integrated directly to give 

AP -, = p v (v -v ) raceel Hm mv m m J 

e o 

' ci Ap G t-> \.<> i e 
pf Pm e 

(1.16) 

pf ~"pm pf pg ? 

Ap, = ^ - — - ^ V 4 (1.17) 
d p - p p Sl Hm Kg Mm 5J 

e toe e 

where V . is the weighted mean drift velocity for upward 

bubbly churn flow 

V . = 1.41 [^-P]1/4 (1.18) 
gj n 2 

Pf 
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and where pr and p are the saturation densities corresponding 

to the system pressure of the liquid and vapor phases 

respectively. This is a simplifying assumption which is 

also utilized in the homogeneous, Martinelli-Nelson, and 

Baroczy models, as outlined in Section 1.2.1. 

Integration of the second and third terms is simpli­

fied by the above assumption of constant fluid densities. 

However, additional equations are still required for the 

void fraction, a, and the mixture friction factor, f . The 
' ? ' m 

equations which were used to predict these parameters are 

[12] 

<a> = * _ (1.19) 
P - p V C r^£ + _&i + ' g gJ 

oL pf p£
J G 

and, the mixture friction factor [4] 

P i ? 
f - f _ -B (̂ -') (1.2 0) 
m f p _p 1 - a 

Use of this expression for the mixture friction factor was 

jointly sugguested by Armand, Lottes, and Levy [4]. Their 

method is discussed in more detail in Appendix A. 

Upon substitution of the equations, numerical 

integration of the second and third terms of equation (1.12) 

was accomplished on the Univac 1108 by using the midpoint 
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rule. Integration was obtained by an iteration technique 

which was terminated when successive iterations agreed to 

within +_ 1/2 of \%. 

1.5 Purpose 

The purpose of Part I of this thesis is to obtain 

reliable experimental data on pressure drop in two-phase 

flows with evaporation, and to evaluate the methods of 

prediction which were discussed in the previous section 

against these data. 
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CHAPTER II 

EXPERIMENTAL PROGRAM 

2.1 Method of Experiments 

The apparatus used to obtain pressure drop data is 

the Freon loop in the School of Mechanical Engineering. A 

detailed description of the experimental apparatus can be 

found in [18]. 

The objective of the experiments was to obtain steady 

state two-phase flow data of high voidage (a= . 02->. 50) 

over a significant portion of the test section. Hence, the 

inlet subcooling for all experimental runs was held as low 

as possible. 

For accurate data, it was important to assure that the 

flow at the inlet to the test section was single-phase 

liquid, because at certain pressures it is possible to flash 

the working fluid within the preheaters of the experimental 

apparatus. Single-phase liquid was insured for all experi­

mental runs by a preliminary experiment, the purpose of which 

was to raise the liquid temperature within the test section 

by the application of a wall heat flux. The wall heat flux 

was held below that which would induce evaporation within the 

test section. The measured temperature difference of the 

inlet and exit liquid was then compared to the theoretical 
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temperature rise attributable to the applied wall heat flux. 

AT = * — 
W c 

Pf 

For agreement of the two temperature differences within 

1°F, single phase liquid flow at the inlet was assumed. 

Except for high and low Reynolds number comparisons, 

mass flux for all experiments was set at approximately 

10 lbm/ft -hr, which applies to practical systems [20]. 

Beginning with a low heat flux, steady state flow was 

achieved (as indicated by the constancy of flow meter 

readings, wall temperature measurements, and fluid measure­

ments at the exit). At steady state flow, pressure drop 

measurements were then recorded at one foot intervals along 

the test section. This procedure was repeated for larger 

heat flux application until it was no longer possible to 

sustain steady state flow (as indicated by an oscillation in 

flow meter readings of greater than +_ 5%) . 

Data were obtained at system pressures of 150, 175, 

f\ 7 

and 195 psia for a mass flux of 10 lbm/ft -hr. This 

corresponds to an inlet Reynolds number of 65,000. For an 

investigation of the Reynolds number effect, data were 

obtained at a system pressure of 175 psia and an inlet 

Reynolds number of 115,606, and also at a system pressure of 

195 psia and an inlet Reynolds number of 30,121. It was 

necessary to obtain the low Reynolds number data at the 
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highest system pressure due to flashing of the fluid within 

the preheaters at reasonable subcooling (<80°F) and lower 

pressures. 

2.2 Accuracy of Data 

Detailed description of the Freon Loop of the School 

of Mechanical Engineering can be found in [18] . Accuracy 

of the recording instruments used are 

Flow Meter +_ 0.25% of reading to normal 

maximum rated flow 

Flow Rate Indicator +_ 0.10% full scale 

System Pressure Gage + 0.25% of reading to maximum 

pressure tolerance 

Digital Voltmeter +_ 0.1% of reading 

Ammeter ^ 2 % (2 amps in 120] 

Temperature Recorder +_ 1°F 

In order to assure consistency of data, the runs for 

the high Reynolds number data at 175 psia were repeated. 

These two different runs, at the same experimental conditions 

can be compared in Tables 10 through 19 in Appendix B and 

Figure 10 in Chapter III. It is shown that data repeatability 

of the experimental apparatus is assured. 
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CHAPTER III 

RESULTS AND DISCUSSION 

Figures 2 through 7 summarize the results of the 

homogeneous, Martinelli-Nelson, Baroczy, and Armand-Lottes-

Levy models in predicting the total pressure drop in two-

phase flows. Tables which list all data shown in these 

figures are located in Appendix E. 

For these data, the magnitude of experimental pressure 

drop is indicative of the length of the two-phase flow 

regime along the channel. Hence, the reason for good 

predictive agreement at low levels of experimental pressure 

drop is that the frictional component of the total pressure 

drop is small. From the data, it is readily seen that as 

the heat flux is increased (thereby increasing the two-phase 

flow regime within the channel), the predicted pressure 

drop deviates more from the experimental value. This is 

especially apparent from the high inlet Reynolds number 

runs. Therefore, the data confirm the fundamental deficiency 

of the various predictive methods, i.e., an accurate model 

for representation of frictional losses at the wall is not 

available today. 

Another result which was derived from the experimental 

data is represented in Figures 8 and 9. These are plots of 
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O Homogeneous Model 

• Martinelli-Nelson 

+ Baroczy 

• Armand-Lottes-Levy, Equilibrium Model 

# Armand-Lottes-Levy, Non-Equilibrium Model 
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Experimental Pressure Drop - PSI 

5.0 

Figure 2. Pressure Drop Estimation in Two-Phase Flow 
with Evaporation 
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Figure 3. Pressure Drop Estimation in Two-Phase Flow 
with Evaporation 
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pressure drop between a reference location in the channel, 

one foot downstream of the inlet, and a point in the 

channel, versus axial position. The figures show a constant 

pressure gradient between the reference point and some 

location within the channel where it increases abruptly. 

This pnenomenon is indicative of bubble nucleation at the 

wall, that is, of subcooled boiling, and hence an increased 

friction factor. Also shown on these plots is a prediction 

of the point of net vapor formation from [19] (non-equilibrium 

theory summarized in Appendix A), and the point of initiation 

of two-phase flow as predicted by equilibrium theory. It 

can be seen that the non-equilibrium theory of [19] is in 

good agreement with experimental data, whereas use of the 

equilibrium model for predicting the point of net vapor 

formation is in error. 

Since the two-phase friction factor is greater than 

the corresponding single phase friction factor, due to the 

roughness presented by nucleating bubbles, it is evident 

that use of a single phase friction factor will result in 

an underestimation of frictional pressure drop. Hence, for 

pipes where transition from single-phase to two-phase flow 

occurs, current practice of utilizing equilibrium theory to 

define the point of transition will result in an under­

estimation of pressure drop within the single phase region, 

due to the effects of thermal non-equilibrium. This result 

is verified by the data presented in Figures 8 and 9. 
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CHAPTER IV 

CONCLUSIONS 

The following conclusions are drawn from the experi­

mental data: 

(1) The heretofore proposed correlations to predict 

two-phase flow pressure drop are inaccurate and inconsistent 

when applied to the data obtained from the present experiments. 

(2) The primary reason for inaccuracy of the various 

predictive methods is failure to properly model the fric­

tional component of pressure drop,, 

(3) The equilibrium model of predicting the point of 

net vapor formation is in error for practical applications, 

and results in underestimation of frictional pressure drop 

in the single-phase region as predicted by equilibrium 

theory. 

(4) Hence, a non-equilibrium model for prediction 

of void fraction and mass quality is required. 
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Part II 

A CONSTITUTIVE EQUATION FOR THE 

NET RATE OF VAPOR GENERATION 

IN SUBCOOLED BOILING 
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CHAPTER I 

INTRODUCTION 

1.1 Significance of the Problem 

As was outlined in Part I of the present thesis, the 

ability to predict pressure drop in non-adiabatic, non-

equilibrium flows is incumbant upon the accurate estimation 

of the functional relationship of void fraction with axial 

position. In addition, the rate of vapor formation may 

affect the thermo-hydraulic behavior of the system. In 

particular, the question arises whether the density, velocity, 

pressure, and thermal fields may interact in such a way so 

as to give rise to 

a) excursions in both flow and temperature 

b) oscillations in flow velocity, temperature, density, 

and pressure 

c) choking flows. 

The appearance of any of the above phenomena may 

define the operating limits of non-adiabatic two-phase flow 

systems. It has been shown that the traditional approach 

to the problem (i.e., assumption of thermodynamic equilibrium 

between the phases) may be inadequate for certain operating 

conditions since local vapor void fractions as high as 30% 

have been measured under conditions of thermal non-equilibrium, 
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for example, in the region of subcooled boiling. Hence, a 

general non-equilibrium approach is needed in order to 

properly analyze proposed upratings of such systems. 

1.2 Purpose 

The present analysis has two objectives: (1) to 

consider the general characteristics of thermal non-equilibrium 

two-phase flows, and (2) to develop a constitutive equation 

which specifies the net rate of vapor formation for a 

particular thermal non-equilibrium two-phase flow system, 

that is, for vapor generation in subcooled boiling. 

The analysis will be developed from a model which 

can be applied to transient as well as to steady state 

operating conditions. 
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CHAPTER II 

PRESENT STATE OF THE ART 

In order to discuss both the problems of thermal 

equilibrium and non-equilibrium, it is instructive to 

consider the generalized time smoothed and area averaged 

continuity equation of the vapor [11] 

a! Cap ) • g| (aPgvg) = r. (2.1) 

and the energy equation of the mixture [11] 

3i 3i ai 9i 
(l-a)pf [~^ + v£ --^] + apg[-^- - vg ~^f] 

+ r (i -ij 
g^ g f 

4 v± + iE 
A 3t 

(2.2) 

where the effects of kinetic and potential energies have 

been neglected. 

The first two terms on the left hand side of equation 

(2.2) account for the thermodynamic non-equilibrium of the 

liquid and of the vapor respectively. The third term is the 

energy required to generate a mass of vapor per unit volume 
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per unit time, r . In general, r must be specified by a 

constitutive equation. The first term on the right hand 

side accounts for the power input per unit volume. The 

second term accounts for the effects of system pressure 

variations on the energy content. 

Generally, the right hand side of equation (2.2) is 

known, whereas the left hand side is not. That is, for a 

given energy input to the two-phase mixture, it is not known 

which proportion is utilized to produce vapor, or which 

proportions go to heat the liquid and/or vapor (either of 

which may be superheated or subcooled). 

2.1 Characteristics of Thermal Equilibrium Flow 

For a mixture in thermal equilibrium, the fluid 

enthalpies remain constant at the local system pressure, 

whereas the entire energy input to the mixture is utilized 

without time delay to vaporize the liquid. Furthermore, if 

it is assumed that the pressure drop is small compared to 

the total system pressure, the fluid enthalpies may be approxi­

mated as being constant tliroughout the entire channel, and 

the rate of vapor formation, r , may be computed directly 

from equation (2.2), thus 

*v 
r = TiT— (2.3D 
eq A A l f g 

if the effect of temporal pressure variation is neglected. 
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Substitution of (2.3) into the steady state form of (2.1) 

results in the standard expression, that is, in the defini­

tion of the gradient of the equilibrium quality, thus 

G 3z w g g J G dz dz GAMr lZ,4J 

Since the fluid enthalpies are constant for the 

thermal equilibrium model, there is no time delay in trans­

ferring the energy from the wall to the vapor-liquid 

interface. Hence, no information of the heat transfer 

process from the wall to the interface is required. Clearly 

then, no consideration of the flow regime is necessary. 

The mechanism of heat transfer from the heated solid surface 

to the vapor-liquid interface can be considered only in 

conjunction with the flow regime. This latter point is the 

characteristic of non-equilibrium flows, and is discussed 

below. 

2.2 Characteristics of Thermal Non-Equilibrium Flow 

As stated previously, it is not generally known 

which proportion of the wall heat flux is utilized to produce 

vapor, or which proportions go toward heating the liquid 

and/or vapor (either of which may be superheated or subcooled). 

It has been shown in [22] that the degree of thermal 

non-equilibrium depends on the rate of vapor formation per 

unit volume, r , which must be specified for the various 
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flow regimes by a constitutive equation. In order to 

illustrate this fact (and following reference [22]), three 

cases of thermal non-equilibrium flows will be considered. 

2.2.1 Superheated Liquid Only (a-o, V = o) 

For a flowing superheated liquid in the absense of a 

vapor phase, equation (2.2) shows that the entire energy 

input to the system (due to heat input and/or pressure 

variations) is used to increase the enthalpy of the liquid. 

Hence, any enthalpy increase above saturation will result in 

the storage of energy in a thermodynamically unstable state. 

From this it is evident that, if, at a subsequent time, 

vapor bubbles are nucleated, their rate of growth will depend 

on the amount of liquid superheat, 

2.2.2 Bubbly Flow--Superheated Liquid with Vapor Bubbles 

(q^o, T 7*o, i =constant) 

For the case where the vapor enthalpy remains constant 

at the saturation value, equation (2.2) indicates that part 

of the energy which is transferred to the mixture is used 

to increase the enthalpy of the liquid, ir, whereas the other 

portion, r (i t-ir), is used for vapor generation. Hence, 
& & > sax. r. 

the degree of thermal non-equilibrium depends upon the mass 

rate of vapor formation, r . 

For vapor bubbles in a superheated liquid, r will 

depend on (a) the rate at which bubbles will nucleate, and 

(b) the rate at which bubbles will grow. The latter rate 

depends upon the rate at which energy is transferred to the 
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vapor-liquid interface. Note, that this heat transfer rate 

depends on (a) the geometry of the interface, (b) the 

transport properties of the liquid, and (c) the thermal and 

flow fields in the liquid in the vicinity of the vapor-

liquid interface. 

2.2.3 Bubbly Flow-- -Subcooled Liquid with Vapor Bubbles 

(q^o, r /pj i =constant) 

As in the previous example, equation (2.2) indicates 

that a part of the energy which is transferred to the 

mixture is used to increase the enthalpy of the liquid, i_p, 

whereas the remainder, r (i - i f ) , is used for vapor 
& g y s ax. r 

generation. However, the characteristics of this type of 

flow are different in that bubbles nucleate in a thin layer 

of superheated liquid film near the wall and collapse in 

the bulk subcooled liquid. Therefore, the amount of vapor 

present depends upon the rate of vapor generation, that is, 

heterogeneous nucleation, as well as on the processes of 

evaporation and condensation. 

Flows other than those considered above are discussed 

in reference [22]. However, it can be seen from this brief 

discussion that the rate of vapor generation per unit 

volume, r , determines the degree of thermal non-equilibrium. 

2.3 The Formal Approach 

The formal approach to the problem of thermal 

non-equilibrium flows has been discussed in [3,12,23]. For 
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a bubbly flow through a duct of constant cross section, the 

mass flow rate of vapor passing the axial coordinate z is 

given by 

G
g(z) = | / m(zyz')J(z')dz' (2.5) 

A 

where 

m(z,z') = mass of bubble at z that nucleated at zf, 

and which contributes to the vapor flux 

at z, 

J(z') = rate of bubble nucleation per unit area 

at z' 

Differentiation of equation (2.5) results in the mass rate 

of vapor formation per unit volume r 

dr 7 
r (Z) - - ^ - £ J dm(z.z') J ( z, ) d z, ( 2 6 ) 

ĝ  J dz A * dz v J ^ J 

The main problem associated with using the formal approach 

to the thermal non-equilibrium problem is that there is no 

accurate model available today with which to obtain (a) the 

rate of heterogeneous nucleation, J(z'), (b) the nucleating 

characteristics of the surface which affect J(zf), and (c) 

the bubble growth and/or collapse law, m(z,z'). Because of 

these difficulties, two approximation methods have been used 

in the literature. These are considered below. 
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2.4 Approximation Methods 

For the case of subcooled boiling, and by assuming 

that the vapor is at saturation, that is, in thermal 

equilibrium, equations (2.1) and (2.2) for steady state flow 

reduce to 

aT (<*P„v„) = G fe = r (2.7) 
9Z g g dz g K J 

(l-«)P£v£ -rl
 + r g(i g ; s a t- if) = _ £ - (2.8) 

It is noted that the quality, x, in equation (2.7) is the 

true quality and not that which corresponds to thermal 

equilibrium as defined by equation (2.4). 

It should be noted also that in equation (2.7) 

neither x nor r are known, whereas in equation (2.8) the 

liquid enthalpy, if, and r are unknown. Thus, only two 

equations are available which contain three unknown vari­

ables. The problem could be closed with the specification 

of an appropriate constitutive equation of evaporation, r . 

However, because of the difficulties (noted in the preceding 

section) in specifying r , previous approaches were formu-

lated by assuming either a liquid enthalpy distribution in 

equation (2.8), references [1,12,18] or a quality distri­

bution in equation (2.7), reference [13]. Both of these 

approaches to the problem will be briefly reviewed. 
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By considering the boundary conditions which the steady 

state enthalpy of the liquid must satisfy, that is 

dif i _at-:L Ai, 

at z = X, i, = i and -J- = ~ h**\ ^ = -77 

' ± A dz X -X Al 

di 
at z ̂  », i, -> i r ^ and --3 • o (2 . 91 

1 f,sat dz 

The authors of references [12,18] postulated the following 

axial enthalpy distribution 

if(z)-i, , i(z)-i, 

T T - T ^ T " l - ^ t ' ^ " l-xpf-j- > > (2.10) 
f,sat X £|sat X 

where t h e l e n g t h , A£, i s g i v e n by 

GA i f s a t - i J 
A£ = x -X = ~ *,, £ — ( 2 . 1 1 ) 

From equation (2.10), and the definitions of quality 

i(z)-if (z) 
X = iJz)-L(zJ f2-12^ 

and of equilibrium quality 

i ( z ) - i f s a t 
x = — LfcSat ( 2 . 1 3 ) 

ecl A l
£ g 



40 

the following expression for vapor quality in subcooled 

boiling was derived in [12] 

c AT , x Air 

x + _£ sub {_ eg fg _ } 
Xeq Air P 1 CAT , lj 

x = — *£ L ^ (2-143 
c AT , x Ai 

1 + _2 sub p{__eg^ fg _ 1 } 1 Ai, expt c AT , x* fg p sub 

More recently, Saha [18] derived the following 

expression for the net rate of vapor generation 

rg = m r { 1 - e * p [ - f i i ] } (2-15) 

which was obtained from equations (2.8) and (2.10) by 

introducing the simplifying assumptions 

and 

di^(z) dip(2) 

Air + ir „ + - i1 ~ Ai,^ (2.17) 
fg f,sat A " fg 

This expression for r was successfully used in reference 

[18] to analyze the onset of thermally induced flow 
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oscillations in boiling two-phase mixtures. 

The second approach, that is, of specifying a quality 

distribution was introduced by Levy [13]. In evaluating the 

effects of thermal non-equilibrium, Levy postulated the 

following quality distribution 

c AT , x Air 

e q Alfg cp Asub 

based upon the reasoning that it satisfied the following 

boundary conditions 

at z = A, x = o (2.19) 

at z -> oo x •* x (2.20) 
7 eq 

It is noted that if the denominator in equation (2.14) 

is approximated by unity then equations (2.14) and (2.18) 

become identical. For most cases in practical applications 

this approximation is valid. 

It was shown in [12,18,23] that both approaches, that 

is, equation (2.14) and equation (2.18) when applied to 

subcooled boiling were successful in predicting the steady 

state vapor void fraction. 

As can be seen, the approximation methods discussed 

above can be justified only for the case of steady state flow. 
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For the purpose of analyzing system oscillations, or 

excursions in both flow and temperature, the above approach 

is incomplete since the temporal variation of temperature 

distribution is not known for transient flows. This is the 

basic shortcoming which is common to all previous attempts 

at specifying the constitutive equation of net vapor 

formation. 

2.5 Conclusions 

The following conclusions are drawn from the preceding 

discussion. 

(a) The mass rate of vapor generation per unit 

volume, r , determines the degree of thermal non-equilibrium 

and furthermore, depends upon the flow regime. 

(b) A constitutive equation to predict T is not 

available in the literature. Instead, two approximation 

methods have been used. One is based upon an assumed liquid 

enthalpy distribution, and the other is based upon an 

assumed quality distribution. 

(c) Both approximation methods were based upon 

steady state considerations. 
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CHAPTER III 

FORMULATION 

The purpose of the analysis presented below is to 

develop a model which can be used to predict the net mass 

rate of vapor formation per unit volume in both transient 

and steady-state, thermal non-equilibrium (subcooled 

boiling), two-phase flow. The model is based upon a specific 

constitutive equation of evaporation, r . The selection of 

the particular expression for r is guided by the tradi-

tional approach to chemical rate processes. 

5,1 Model 

The model considered is that for homogeneous flow. 

Hence, the velocities of the vapor and of the liquid are 

equal, and the following set of field equations govern the 

flow 

the continuity equation of the vapor 

a| (PX) • g| (PXV) . rg (3.1) 

the continuity equation of the mixture 
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| f + 3 | ( p v ) = 0 (3.2) 

the energy equation of the mixture 

p{li + v il} = ^LL + i£ (3.3) 
pi3t 3zJ A 3t L J 

and the momentum equation of the mixture 

r 8 v „ 8 v , 9 p 3 T /•? >I ^ 
p { I t + v FF} = • a t ' 37 + g p ( 3-4^ 

where the effects of kinetic energy and potential energy 

have been neglected. In addition, the following definitions 

apply to homogeneous flow 

the density of the mixture 

I = k * -, _Ji (3.5) 
P P£ P 

where the fluid densities are specified by the appropriate 

thermal equations of state 

P£ = P£(P,T£) and p = pg^P'
Tg^ ^3*6^ 

and the enthalpy of the mixture 
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i = (l-x)if + xig (3.7) 

where the fluid enthalpies are specified by the appropriate 

caloric equation of state 

i£ = if(P,T£) and ig = ig(P»Tg) (3.8) 

Finally, the following constitutive equations are required 

in order to complete the system 

the wall heat flux 

4" - 4" (G, ) (3.9) 

the rheological equation of state 

x = T(G, ) (3.10) 

and the constitutive equation for the net rate of 

vapor formation per unit volume 

r - r (i, ) (3.ii) 
g gk ' 

The specific non-dimensional form of equation (3.11) will 

be postulated as 

^ — = i-r+ (3.12) 
di 
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where the dimensionless liquid enthalpy is defined by 

i = , ^__ (3.13) 
1 ^ - 1 , K J 

r J sat A 

the dimensionless net rate of vapor generation by 

r+ * r-£ (3.14) 
eq 

and the rate of vapor formation corresponding to thermal 

equilibrium, r , is given by equation (2.3). The selection eq 

of the form of equation (3.12) was guided by the traditional 

approach to chemical rate processes and corresponds to a 

first order rate equation in that approach. 

Equations (3.1) through (3.10) and equation (3.12) 

constitute a set of thirteen equations in fourteen unknowns 

P, x, v, rg, i, 4"w, p, T, pf, pg, if, ig, T£, Tg 

Hence, the above set of equations is not closed. For the 

particular problem of interest (i.e. non-equilibrium, 

subcooled boiling), the assumption is made that the gas 

phase enthalpy, i , is constant and equal to the saturation 

value, i.e. 

i = i , = constant (3.15) 
g g,sat 
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Although this assumption closes the problem, the system of 

equations remains coupled. 

3.2 Decoupling of the Governing Equations 

For many problems, in particular, subcooled boiling, 

the assumption is made of constant fluid densities, i.e. 

p£ = pf,sat a n d pg = pg,sat (3-16^ 

This simplification is based upon two conditions. Firstly, 

it has been shown in [10,11] that for low frequency oscil­

lations, fluid densities remain approximately constant. 

Secondly, for the case where total pressure drop is small 

compared to the system pressure, the saturation state changes 

very little. Furthermore, the temperature range of interest 

for most operating systems is small enough so that the effect 

of thermal expansion on the liquid is negligible. 

For the above assumption, it can be seen from equation 

(3.5) that the mixture density is then a function of quality 

only since the constituent fluid densities are constant, 

i.e. 

1 = i. 2: +
 x (3 IV) 

^ ^ p£,sat pg,sat 

Furthermore, for small system pressure variations, i.e. 


