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SUMMARY

Mass-transfer coefficients for two-phase annular flow are analyk-
ically determined for the laminar and turbulent flow situations.

The differential equationsg for three cases of laminar flow mass
transfer, namely, gas-phase controlled, liquid-phase controlled, and
interphase mass transfer, are solved by the method off separation of
variables. The eigenfunctions are represented by infinite power series,
The results show that Nusselt numbers for two-phase, gas-phase contrelled

mass transfer lie between the Nusselt numbers for single-phase mass

transfer with parabolic and flat velocity profiles, 3.657 and 5.775,

respectively. Nusselt numbers for two-phase, liquid-phase controlled
mass transfer lie between 2.470 and 3.919. These are the Nusselt numbers
for the falling film types of flow with fiat and linear velocity profiles,
respectively. MNusselt mmmbers for interphase mass transfer are practical-
ly constant for a certain range of the gas-liquid ratio. Within this
range of gas-liquid ratios, the additivity-of-resistances principle is
valid. However, the Nusselt numbers of interphase mass transfer are
lower than this congtant hoth below and above this critical range of gas-
liquid ratics. Asymptotic solutions for the entrance region for these
three cases are obtained by the method of combinatiorn of variables.
They are in good agreement with the exact solutions in the entrance
region.

For the case of turbulent two-phase, gas-liquid, annular flow,

the methematical medel is set up by assuming the liquid film is
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symmetrical and smocth snd there is no effect of the entrainment on the

flow. The overall effective diffusivities are expressed as

D,. = gD, +e.. i =4, B.

where B is a correlating constant, Di is the molecular diffusivity and

e is the eddy diffusivity proposed by Kropholler and Carr (29). The

Di
effects of the entrainment and the interface instebilities on mass trans-
fer are correlated by B. This mathematical model is sclved also by the
method of separation of variables. ERigenfunctions and eigenvalues are
obtained numerically by use of a digital computer. p obtained by trial
and error to Tit the experimental data of Anderson (£) and Bollinger (9)

is

83

0
_ 6 _0.21 APy
g =74 x10 H (m—)j3

It is found that the Nusselt number resulting from this calculstion can

be expressed as

. _
Nu = (%%) T ch R RBg

a é’i)b
fal 2 1
in which a is a function of w and H, and the exponents b, ¢, 4, e, T,

and g vary significantly only with w. When w is small, b, e, and g

are zero. When o is large, 4 and f are zero.
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Since the experimental data available for correlation are for

horizontal pipes only, the results for turbulent flow mass transfer

are applicable only for horizontal anmular flow.




NOMENCLATURE

a slope of velocity profile hr-l
a constant cocefficient dimensionless
b constant coefficient dimensionless
c constant coefficient dimensionless
¢ concentration lb/ft3
¢ >  average concentration lb/ft3
D diffusivity fte/hr
D, overall effective diffusivity ftefhr
E liquid entrainment 1b/hr
El constant defined by Eq. (2.1.10) dimensioniess
E, constant defined by Eq. (2.1.14) dimensionless
E, constant defined by Eq. (2.1.11) dimensionless
f reduced diffusivity defined by Eq. (3.2.23) dimensionless
G gas volumetric flow rate ft3/hr
g reduced velocity, V/< V > dimensionless
H parameber, L/Go dimensionless
I(x) integer defined by Eq. (2.2.4k) dimensionless
,Jl Bessel functions of first kind dimensionless
K interphase mass-transfer coefficient ft/hr
K, gas-phase controlled mass-transfer coefficient £t/hr
K,  liquid-phase controlled mass-transfer ft/hr
coefficient
dimensionless

k radius fraction of interface position




u

Nu

My

Nu

< ¥ >

liguid volumetric flow rate

function defined by Eq. (2.3.23) and
Eq. (2.4.59)

Nugselt number for interphase mass transfer
gas-phase controiled Nusselt number
liquid-phase controlled Nusselt number
Nusselt nmumber for very large 1)

function defined by Eg. (2.3.22) and
Eq. (2.4.58)

pressure

pressure gradient defined by Egq. (2.1.8)

pressure gradient of two-phase flow

pressure gradient which would exist if gas
flowed alone

pressure gradient which would exist if
liquid flowed alcne

parameter defined by BEq. (3.1.5)
radiug

\ . \ R 0
dimensionless radius, v */p_
radial distance
Schmidt number

function defined by Eq. (2.3. 16) and
Bq. (2.4.50)

function defined by Eq. (2.4.51)
velocity

average velocity

eigenfunction

xi

ft3/hr

dimensionless
dimensgionless
dimensionless
dimensionless

dimensionless

dimensionless

1bf/ft2

3
lbf/ft

3
lff/ft

3
lbf/ft

b/t
Ib_£t7/1b hr
£t
dimensionless
£t

dimensionless

dimensionless
dimensionless
ft/hr
ft/hr

dimensionless




xii

1
AP AP 2

X parameter, [(E)B/ (E)g ] dimensionless
X reduced distance defined by Eq. (2.2.6) and

Eq. (2.3.6) dimensionless
Y reduced concentration dimensionless

<Y> reduced average concentration dimensionless

v distance 't
yﬁ dimensionless distance parameter,

%‘\/ ;-9- dimensionless
Z axial distance _ ft

Greek Symbols

(01 equilibrium constant dimensionless
B correlation parameter defined by Eg. (3.2.1] dimensionless
Y eigenvalue dimensionless
e eddy diffusivity of momentum ft2/hr
e eddy diffusivity of mass transfer fta/hr
G dimensionless variable defined by Eq. (2.2.33),

Eq. (3.4.75), and Eq. (3.4.76) dimensionless
Ll reduced axial distance dimensionless
Y eigenvalue dimensionless
n viscosity 1b/ft br
v kinematic viscosity fta/hr
P density lb/ft3
T shear stress 1b/ft-hr2
o dimensionless parameter defined by Eq.(2.k.21) dimensionless
L} function of T dimensionless

w dimensionless parameter defined by Eg.(2.3.8) dimensionless




xiii

Subscript
A gas phase
B liquid phase
i gas phase or liquid phase
0 initial, z =0

5 interface




CHAPTER I
INTRODUCTION

Two-phase, gas-liguid flow occurs frequently in engineering
practice. The importance of this subject has stimulated considerable
regearch effort in the past thirty yearss over 5,000 articles have
appeared in the literature (11,20,21,27,48). The flow pattern of gas-
liquidé cocurrent flow in a pipe depends on the flow rates of each phase,
the physical properties of the fluids and the pipelins geometry (20,44).

For high mass flow rates of gas and relatively low liquid mass
flow rates, the flow pattern established, both in horizontal and vertical
pipes, is called annular flow. This type of flow iﬁ rharacterized by the
gas flowing as a high speed core while the liquid flows as sn anmmular
film arcund the pipe wall and in most cases as dropleus entrained in the
gas core.

The purpose of this dissertation is to determine analytically,
mass-ﬁransfer coefficients for annular cocurrent two-phase flow. It is
divided into two parts: laminar flow mass transfer and turbulent flow
mass transfer.

For the case of laminar flow, it is assumed thet there are no
liquid droplets in the gas core and that the annular liquid film is
symmetrical and smooth. It is alsc assumed that the laminar velocity

distributions of both phases are fully-developed and steady. Three

cazes of mass transfer are discussed: gasg-phase controlled mazs




transfer, liquid-phase controlled mass transfer, and interphase mass
transfer. The gas-phase controlled mass transfer is a moving interface
Graetz problem (19). The liquid-phase controlled mass transfer is
similar to a falling-film tower problem. The interphase mass transfer
is & two-region Sturm-Liocuville problem.

Theoretical prediction of the mass-transfer coefficients by
assuming laminar flow will provide a basic understanding of the mass
transfer mechanism. The most probable case in which stable, laminar,
annular flow will exist is the falling film case. However, it has been
shown that & falling film is not in laminar flow even for Reynolds
numbers as low as 300 (41). For gas-liquid cocurrent flow, the flow
rates of both phases are very high when the flow pattern is annular.
Mass-transfer coefficients for bturbulent anmular flow are desirable for
practical designs,

Mass transfer between gas and liquid in snnular flow has been
shown to be of practical significance (9). However, very little work
has been done in this area. In 1959 Anderson (2) reported a study on
gas-phase controlled mass transfer in two-phase annular flow in horizon-
tal pipes. Data on mass-transfer coefficients for the absorption by
water of ammonia from ammonia-air mixtures were presented. Another
experimental study on liquid-phase contrcolled mass transfer performed
in the same laboratory was made by Bollinger (9) the following year.
The solute used was carbon dioxide. Iater, Hughmark (23) proposed that
the momentum-mass transfer analogy be used to caleulate mass-transfer

coefficlents in horizontal annular flow. The results check fairly well

with the COe-water data of Bollinger and the NH3-water data of Anderson.




Mass-transfer coefficients for physical and chemical absorption of
carbon dioxide in annular and dispersed horizontal flow have also been
measured by Wales (45). These are the only investigations concerning
mass transfer in two-phase annular flow found in the literature.

For the case of Lturbulent flow, a model is preoposed to calculate
over-all mass-transfer coefficients in gas-liquid snnular flow. In this

model, the effects of the entrained liquid droplets and the interface

ripples on the mass transfer are included by an effective diffusivity.




CHAPTER II

LAMINAR FIOW CASE

l. Veloeity Profiles

The velocity profile for laminar, two-phase, (liquid-liquid)
annular flow has been derived by Russell and Charles (37) assuming the
two liquids have equal densities. For the case of gas-liquid annular
flow treated in this chapter, considef the gas as phesge A and the liquid
a8 phase B each flowing laminarly in a vertiecal pipe of radius R with
constant axial pressure gradient. Assuming that the properties of the
fluids are constaht, that the liguid forms.a symmetrical annulay £ilm
with the interface at kR and that the flow is fully developed and steady,

the equation of motion can be written as

-ﬁ’;*ui%%; (rgi)+pig=o i =4, B, (2.1.1)

The boundary conditions are
r =R vB =0 (2.1.2)
r=kKR V, =V, (2.1.3)




av av
A B
¥ = kR s T Ee
av
_ A _
r=20 I = Q

(2.1.4%)

(2.1.5)

Integrating Bq. (2.1.1) gives the velocity distributions

2.2 2
kR AP 2  pr
V= o ) (B - )
A my AL, Y177 22
R2 AP r T
Ry &), Q- rEmp)

where
AP a
AP AP

w G 2 4 &)

2 1 B A B
E,- =1+ (=% -1 + _ -1

' S 2 I

W ‘AL AL

(2.1.6)

(2.1.7)

(2.1.8)

nk (2.1.9)



AP
&)
E. =2k | 1- A (2.1.10)
3 (g) . L]
&L
B
The average velocities are
kR
2 TT_J; VA rdr k2 Re n )
< > = = —_— -
v, R m (AL) (El 0.5) (2.1.11)
A A
en rdr
O
R
2 rrf V_ rdr
B 2
KR R AP
<y > = = (=) (2.1.22)
B R ll-l.lB E2 AL B
2 rdr
kR
where
2Ly -1
2 2 AL
B o= {1k . .k 1-—2| (2% +2%° i k) (2.1.13)
2 2 2 AP _
1-k &)
B
Defining the dimensionless velocily as
Vi
g: = == i=a4, B, (2.1.14)




gives

2
2 r
E - 22
gy = —F—— (2.1.15)
E" - 0.5
I‘2 ™
gB = E2 (l - ;é- + E3 in E) (2.1.16)

2. Gas-Phasge Controlled Mass Transfer

In 1885 Graetz (19) published an analytical investigation of heat
transfer to a fluid in fully deveioped laminar flow in a round tube of
constant wall temperature. Since then, the so called "Graetz Problem"
hag been discussed in detail by a number of workers and an excellent
review is given by Jakob (24).

The subject considered in this section will be the system in
which a gas and a liquid, of constant properties, flow in steady laminar
motion in a round tube. The flow pattern is anmnular and the velocity
prefile is fully developed. Up to & peint along the tube (z = 0), the
concentration of the gas phase is uniform. After this peint a constant
concentration is assumed at the interface, and it is desired to find the
concentration distribution in the gas core and the mass-transfer coeffi-
ctent, Although many extentions of the classical Graetz problem have

appeared in the literature (16,39), none has considered the problem with

g moving interface.




The differential equation which describes this cape is

dc dc
A _ 13 A
VA 3z DA .r or (x dr ) ]

with boundary conditions

z =0 QA = QAO
Yo
_ _A _
r=0 5o =0
r =kR °a = °ag

Defining the dimensionless variables

“a ~ “ag
Y_c -c
AO AS
= L
* =R
DAZ
N = ke R2 <V, >
A

and substituting Eg. (2.1.6) into Eq. (2.2.1) yields

(2.2.1)

(2.2.2)

(2.2.3)

(2.2.4)

(2.2.5)

(2.2.6)

(2.2.7)



(Ele - <) dY 1 3 dY
—-—————'—-(E > o 5) gﬁ = x = (x 5-}-(-) (2.2.8)
A .

Using the method of separation of variables, let
Y=X% (2.2.9)

where X is a function of x and ¥ is a function of T.

Substituting Eq. (2.2.9) into Eq. (2.2.8) gives

ay _ 1
¥ @°-05) d  x(g° - %)X

gx- (x g;‘-) (2.2.10)

which mist be valid for all values of x and N. Thererore, each side of

this equation must equal a consbtant, say -?\2. This yields

ar _ 2 2
E% = - (B° - 0.5) 2% (2.2.11)
and
2
XQ_)25+§+7&2)((E2—X2) X=0 (2.2.12)
" ax 1

Tntegrating BEq. (2.2.11) gives
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t=cem[-2% (&% - 051 ] (2.2.13)

where C is a constant of integration.

The solution of Eq. (2.2.12) is given by the power series

[-=]
\ 2i
X = a, X (2.2.14)
i=0
where
a =1
0
E12 l2
&7 T
G 2 .
8’1 = E (31_2 El a-i_l), 1 22 (2’2’15)

In order to satisfy Eq. (2.2.4), the constant A must be the root of the

following equation

i a; =0 (2.2.16)

Thus, the complete solution of Eg. (2.2.8) is
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Y = Z C, X, exp [- lne (E12 - —32-“-) "ﬂ] (2.2.17)
=1

where X is the eigenfunction that satisfies Eq. (2.2.12) which in turn
corresponds to the eigenvalue A =X , the nth root of Eq. (2.2.16).

Because of the orthogonal property of eigenfunctions

1
f X (E12 - x2) X, X, dx =0, when m # n (2.2.18)
0

and the coefficients Cn can be determined by a procedure similar to that
of a Fourier analysis by introducing the initial condition, Y = 1 at

N = 0, Cn then becomes

T (2.2.19)

It is interesting to point out here that any given synmetric

function of Sy at 2 = 0 will give the same eigenvalues and eigenfunctions,

the only difference being the coefficients Cn.

The average concentration is defined as




2 'rrj CA VA rdr
o (2.2.20)

1l

< e =0

<y¥>= A AS 5 2 x (312 - ) Y ax (2.2.21)
c -C 1
AO AS £ -5 o

o 1
<Y>=-—2-—2-— chexpl--lne(ElE-;—')ﬂ:lf x(Elz-xe)Xndx
C

(2.2.22)

The local gas-phase controlled mass-transfer coefficient, KA’ is

defined by

K

5 2
- > = < > -
" 2 KR dz [QAS < CA ] Mk R vA 4d< cA

d¢
= - D, 2 kR dz #\L‘ﬂﬂ? (2.2.23)
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The Nusselt number may be expressed as

d< y>
2 >
M, = < = q_ (2.2.24)
A D -<Y> T

Substituting Eq. (2.2.22) into the expression above, the Nugselt number

becomes
2 - 2 2 o
2 ] 2 .2
(E_.L - 0.5) 2 c A exp [- L (El - 0.5)'ﬂ_jx (El -x7) X, ax
- n=1 0
N@A = - T
2 2 :I 2 2
Y o e[ (El-O.'j)'ﬂf x (87 &) X ax
n=1 0
: (2.2.25)
When z is very large, the above equation gives
W, = (E,° - 0.5) A 2" (2.2.26)
Ax 1 1

Nqu is shown in Figure 1 and Table 1 as a function of Ela. When the
interfacial velocity is zero, i.e. E12 = 1, this problem is exactly the
one investigated by Graetz (19). Therefore, this gas-phase controlled

masgs~-transfer problem may be considered as an extension of the classical

Graetz problem.
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Flgure 1. Nu,, as a Function of E%.
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2
Table 1. Nhﬂp and ll as Functions of El .

El2 11 Nukm

1.00 2.70L 3.65T7
1.05 2.62h 3.786
1.10 2.549 3.900
1.30 2.305 h.251
2.00 1.800 4,858
3.00 1.4 5.193
5.00 1.100 5.4h1

Asymptotic Solution for Large Eigenvalues

The calculation of terms with large eigenvalues in these eigen-
functionsg, Xn, although_straightforward, is time-consuming even by an
electronic compubter. Furthermore, the roundoff errors of the computer
become so serious that the accuracy of the coefficients is poor. It is
therefore desirable to have an asymptotic solution for large eigenvalues.

Using a technique similar to that of Sellars, et al. (39), the

following asymptotic solution for large values of n is obtained.

1

K A J/_____'-"
2 2 2 M 2 2,2 _-1X.._m ]
Xn - (ﬂlnx) (El -x) cos [ 2 (= El - Xt El sin g In

1

v o
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The boundary condition Xh(l) = 0 gives the eigenvalues

2m (n - x
A = 0o (2.2.28)

Comparison of the eigenvalues calculated from this asymptotic

solution with those from Eq. (2.2.16) is shown in Table 2.

Table 2. Comparison of Eigenvalues for Gas-Fhase Controlled
Mass-Transfer Calculated From the Asymptotic Solution
Eq. (2.2.28;, With Those From the Exact Solution
Eq. (2.2.16

E, =1.05 E, =3

Eq. (2.2.16) Eq. (2.2.28) Bg. (2.2.16) Eq. (2.2.28)
. 2.62k | 2,870 1.bh | 1.4k
Ao 6.5448 6.697 3.569 3.372.
Ay 10.29 10.52 5.297 5.299
xu 14,12 _ 14.35 7.224 7.226
k5 17.9% 18.18 9.152 9.153

Asymptotic Solution for the Entrance Region

In the entrance region, where z is small, the series of
Eq. (2.2.17) does not converge rapidly. Therefore, an asymptotic solu-

tion for small z is desirable. For mass transfer during brief exposure
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of a gas and a liquid in confined flow, it is permissible to consider
only the region very near the interface and to neglext the effect of the
confining wall upcn the mass transfer process.

For the problem under consideration, Eq. (2.2.1) reduces to

3 ¢ Q

A A
(VAS + ay) az = DA 2 (2.2.29)

with the boundary conditions

Y =0, ¢ = g (2.2.30)
Y =, c = g - (2.2.31)
z =0, ¢y = Sy (2.2.32)

where a is the slope of the gas velocity profile at the interface.
This problem has been solved by Beek and Bakker (7) using the

Laplace transformation. They found two asymptotic solutions for local

mass-transfer coefficients based on the initial driving force. Their

solution for short exposures (aepAz/th << 1) is

1 1
e 3
a D 2z
1 1 A
K (0—2a) = = + (2.2.33)
Vag Dy VG B3
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while for long exposures (aep&z/?Ag >> 1), their solution is

1 L _ 1
2 2 & r‘ 37
: a D =z s 3 ;
K (=5 =058 [—A—| |1+0.375[S ‘ (2.2.34)
AS TA v a” D 2
AS .J
/

S8ince it is the entrance region that is being considered, Eq. (2.2.34)
has no meaning here.
Bayer and King (10} obtained & numerical solution for this problem.
An analytical sclution for this problem can be cobtained by the

method of combination of wariables. Defining

Voo *+ 8Y B
¢ = —A88 (2.2.35)

. (9 8’ D, 2)3

and substituting in Eq. (2.2.29) gives

d L+ 3 ¢ % =0 (2.2.36)
ac
The boundary conditions are
v
g = 25 T’ Y=20 (2.2.37)
(9a D z)3
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(=0, Y =1 (2.2.38)

The solution of Eq. (2.2.36) with the above boundary conditions is

j exp (-';3) ac
Vasg
T
2 L
(92~ D, 3
Y = L z) (2.2.39)
j exp (-¢3) at
Vag
LY
(9 &% p, 2)°

Since < ¥ > is approximately unity when z ié small, the Nusselt

number can be expressed as

. 3
5 AS
kR a exp 5
o 3Y 2Dy a2z "
NuAﬁ2kRé-§ = T =~ (2.2.40)
L ¢ Dy a° 2)° f exp (- ¢3) a
Vag
L
2 N3
(g D, & z)
Since
(E12 - 1)< vy \
Vig = (2.2.41
AS 52 - 0.5
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2<yv, >

a = 5 A (2.2.42)
kR (El - 0.5)

the Musselt number for small 7 can be written as

2 3
- (5,5 1)
4 exp =
3% (8, - 0.5 |
Nu, = —— - 3 (2.2.43)
2 3 [3B) E- -t |
(36 &% -oom® [ -1 .
2 3
B6(&, - 0.5)m]
s
iﬁ which

I (x) = j exp (- C3) aC (2.2.44)

This integral has been tabulated by Abramowitz (1).
Furthermore, the penetration model, which assumes a flat velocity

profile near the interface, yields

e |

v (& - 1)
Ma, = 5 (2.2.45)
it (El - 0.5
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As shown in Figure 2, the asymptotic solution for the entrance
region, Bq. (2.2.43), together with the solution for very large z,
Eq. (2.2.26), represent the camplete solution, Eq. (2.2.25) very well.
Beek's solution, Egq. (2.2.33), and the solution of penetration model,
Eq. (2.2.45), are good only when z is very small.

When the interfacial veloeity equals zero, i.=. El2 =1,

Eq. (2.2.43) becomes

W+

¥u, = 1.71L 1) (2.2.46)

A

This is the same result derived by Leveque (24) for single-phase mass
transfer. Eq. (2.2.45) shows that Nu, is proportionsl to ul3
1

rather than T 3 at very small 1.

3. Liguid-Phase Controlled Mass Trarsfer

When the solubility of the solute in the liquid phase is small,
or when the gas phase is a pure gas soluble in the liquid, the process of
mass transfer is liquid-phase controlled. Previous workers dealing with
this subject considered only cases in which curvature effects were
negligible (17,26,u42)}.

The eguabtion of mass transfer feor this problem is

3

°B =D [1 ] (ra GB)] (2.3.1)

v T o 37

B az
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with the boundary conditions

z =0 ¢y = g (2.3.2)
3 cy
r =R 3T =0 (2-303)
r = kR cy = Cpg (2.3.4)
Defining the dimensionless variables
c - CBS
Y = EE—_—-E—" (2.3.5)
BO BS
T
yn o B (2.3.6)
=Tk 3.
and substituting into Eq. (2.3.1), gives
8L L 1 2 [T .yl
©8p M- T- (1K) % 3x { L1 - (k) x) Bx} (2.3.7)

where g and N are defined by Eq. {2.1.14) and Eq. (2.2.7) respectively
and

(l-k)2<V >D
- B "A
©= ?

Z (2.3.8)
< VA > DB




2k

By the method of separaticn of variables, set ¥ = X(x). % (1)

and obtain

- 2
‘lj s exp L— L{Dﬂ] (20309)

The eigenfunction X is given by
SN aond E) et he 00 g x
=112 (1-Kk)x =St (1 -~ k)x gy X =0 (2.3.10)

with the boundary conditions

(2.3.11)

L
<o

x" (0)

(2.3.12)

"
<

x @)

Since there is a logarithmic term in Eq. (2.3.10), it is difficult
to approximate X by a power series and therefore the "perturbation
method” (34) will be used.

Let u(x) be the solution of the problem assuming ideal fiow, i.e.

let u be the solution of the folleowing equation

(- am &}l panlano o

with the boundary conditions that
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u' (0) =0 (2.3.1k)
u (1) =0 (2.3.15)
The function of u is found to be
o0
u = }E by J (2.3.16)
j:
where b =lb=0b=-\12/2and
0 1A r T2
b, = A= [k) (310 b, ++% Q) b, . | (2.3.17)
P53 736G L Jj-1 J=3 4
for j = 3
, 2
The eigenvalues ¥ are the roots of
o]
EE bj = Q | (2.3.18)
§=0
o
Now, set X = E: 8,5% (2.3.19)

i=1

where u, are functions shown by Eq. (2.3.16) with Yie corresponding to

the 1" root of By. (2.3.18). By doing this, X will satisfy the
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boﬁndary conditions Eq. {2.3.11) and Eg. (2.3.12). Substituting

Bq. (2.3.19) and Eq. {2.3.13) into Ba. (2.3.10) yields

® @ 2

T a_. [l - (1-x%) x] gg W —_-z & ﬁ-é-[l - (1—1:)::] W (2.3.20)

i nil
. . X
i=1 i=1 n

When this equation is multiplied by u, and integrated from O to 1 with

respect to x, it yields

-3 YKQ
Z 8ag Py © T2 Cnk Ny (2.3.21)
i=1 n
In which
1
B, =/ [1-@Kx]eu mu (2.3.22)
0
1
N2
N =[ l:l- (1-k) x|, " dx (2.3.23)
0

Here the orthogonal relation that

1
[ [1 - (1) x] v u dx =0 whenm # n (2.3.24)
0

hag been applied.
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When the infinite series in Eq. (2.3.21) is truncated to a finite
number of terms, it jrields a homogeneous set of linear algebraic egqua-
tions with a4 as unknowng. This set of equations is then solved to
obtain &1 and Rne as the eigenvectors and eigenvalues. The complete

solution of the concentration profile is

-A ’n
Y = Z c, X, e - (2.3.25)

where X is given in Eq. (2.3.19) and

1
f [l - (1-k) x] &g Xn dx
c, = =% (2.3.26)

[ [l - {1-k) x:l &g an dx
0

~ The average concentration is

r

[ 4] |_?,L 'n
<Y > = 1%—; 2 Cnexp g Jr ‘—l-—(l}:) ]gB

n=

(2 3.27)

If the liquid-phase controlled local mass-transfer coafficient, KB, is

defined as
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r. . ]= 2y 2 .
Ky 27 kR dz lcp, - < cp > 7 (1-k") R < Vp>d< ey > (2.3.28)

then the Musselt mumber is

(1-x) R - (1K) T“‘”
Mgy =—75 = ek<§§ (2.3.29)

B

Substituting Eq. (2.3.27) into the above equation gives

w© - 1 .
(1+%) z c, hng exp (-}-;’3——)] [1 - (1-x) x_] gy X, dx

_ n=1 0
oy, = = 5T (2.3.30)
A _
2k z C exp (——-——w )] |-l - (1) x ]gB X, ax
=1 0

When M is very large,

2
(1+k) Ay
Lim Mg = Mg o = 5%
e

(2.3.31)

Figure 3 shows NuB » 88 a function of k and E3.

In a manner similar to that used in deriving Eq. (2.2.27), the
asymptotic solution for large eigenvalues of the liquid-phase controlled

mass-transfer problem can be obtained. The result is




Figure 3. Nqu as a Function of k and EB'
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1 1
2 y
X = 3 2(1-k)x-(1-k)2x? + E3£n [1-(1-k)x ]
A -[l-(l-k)x] B
n
x 1
cos Ay j gBZ dx - l—g (2.3.32)
o]
This asymptotic solution gives
= -2
A, =€ (0 - 7%) (2.3.33)
wheére
£ = — I (2.3.34)
Q

€ is plotted in Figure 4.
Comparison of values of A caleulated from Eq. (2.3.21) and
Eq. (2.3.33) is shown in Table 3.
At the entrance region, where 1 is small, the Nusselt number will

approach the result obtained by Beek and Bakker from the penetration

model (7)




31

3.3%

3.33F

3.32

3.31

3.30

£ 3.29

3.28

_ " )
3.27 Parameter: E3

3026 ™

3.25 | | | | ] 1 1 i -
0.9 1.0

Figure 4, € as a Function of k and E3'




0.80

0.79

0.78

0.77

0.76

0.75

0.74

L ] 1 1 | 1 1

0.73

k

Figure 5. © as a Function of k and Eai.

1.0

32




33

100
i\ Eq.(2.3.30)
. T Eq.(2.3.31)
| \. ——— Eq-(2'03-35)
N\,
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FPigure 6. Nué as a Function of Mat k¥ = 0.9, w=1

and E3=1.
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Table 3. Comparison of Eigenvalues for Liquid-Phase Controlled
Mass Transfer Calculated From the Asymptotic Solution
Eq. (2.3.33), With Those From the Exact Solutiomn,

Eq. (2.3.21), at k = 0.9 and E3 = 1.2.

Eq. (2.3.21) Eq. (2.3.33)

11 1.880L 1.9140
Ay 5.1606 5.1952
13 8.4342 8. 764
Ay 11.706 11.658
15 14,982 15.039
where

iy

2

(2.3.36)

2
E, (1-k" + E, £n k)
- 2 3
? = { i ]

¢ is plectted in Figure 5.
Typical curves of Eq. (2.3.30)}, Eq. (2.3.31) and Eg. (2.3.35) are

shown in Figure 6.

4, Interphase Mass Transfer

Interphase mass transfer in two-phase cocurren: laminar flow in
a rectangular channel has been investigated by Byers aund King (10) and
Apelblat and Katchalsky (5). The present study is concerned with' the

case of anmular flow in a round duct. Considerations are restricted to

low concentrations and low net fluxes of mass. Physical properties are
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assumed constant. It is also assumed that the concenurations at the
interface are in equilibrium and that the laminar velocity prefiles are

fully developed. The equation of mass transfer is

. 9 ¢
d ' .
V, === D, {% S (r =2) ] , i=4, B. (2.4.1)

The boundary conditions are

z =0, ey = g (2.4.2)

z = 0, cp = Cpy (2.4.3)
3¢ :

r =0, =0 (2.k.4)

r = kR, cy =0 cp (2.4.5)

3 ¢ 9
i} A_p. B

r = kR, Dy =35 = Dg=53 (2.4.6)
o} cp

r = R, ST = (2.1-]-.7)

where ¢ is the equilibrium constant.
When the method of separation of variables is applied to this

problem, a two-region Sturm-Liocuville system results. Stein {40} has

succegsfully extended the conventional mathematical techniques to solve




this type of problem for the double pipe heat exchanger. As will be
seen, these techniques are equally well applied to this mass-transfer
problem.

In order to render the varlables dinensionless, define

e, = ¢
YA=H (2.4.8)
BO AO
o -c
3 =7 EB = ﬁo (2.4.9)
BO AQ
x = E% for phase A (2.4.10)
1-z \
x = ——¢ for phase B (2.b.11)
D =z
kTR < VA >
Thus Eq. (2.4.1) becomes
9 Y oY
A _ 1 3 A
& ST ~ % 5% (= = ) for phase A {2.4.13)
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and
9 Y. 3 Y
© gy BT\B = T (i_ij g‘?; { [l - (l-k)x:l —-5;3] for phase B
(2.4.14)
The boundary conditions are
Y, (x,0) =0 (2.4.15)
Y, (x,0) =1 (2.4.16)
3 ¥, (0,1)
—S——=0 (2.4.17)
——— =0 (2.4.18)
Y, (1,Mm) = T (1,M) (2.4.19)
3 ¥, (1,1) 3 Yy (3,M)
0 —Hp—— F —E—— =0 (2.%.20)
wfhere
a (1-k) Dy '
$ = -——}{T (2."1'-21)




The average concentrations are

1l
> =
<YA 2} gAYA xdx
0

1
<Y >=—§-I Y[l-(l-k)xdx
B Tk /J, €3 B

The overall mass balance ylelds
< v >=H(1-<YB>)

A

When z - », phase A and phase B are in eguilibrium.

. H
Lim Y = Lim Y = m—
7 @ A 5 -0 B 1+H
where H = L and
Go

G and L are total volumetric flow rates of phases A and B.

2 2
= -
G TYkR<VA
L=n(bﬁ)f<Vﬁ>
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(2.4.22)

(2.4.23)

(2.h.24}

(2.k.25)

(2.14.26)

(2.4.27)

(2.4.28)



The ms.gs-transfer coefficient, K, is defined as

- I o > = -
2ﬂkRK(<YB T, ) dz Ga<y,

Thus, the Nusselt number becomes

i<y, > , o
T = 2B _ an _ 0 |y
D T L
- — > - — >
A L-5<% 1 T <Y,

Applying the method of separation of variables, set

a” X dX
An An
X dx2 + = + A X gA xAn 0

d X

21 aod 2] 2o 1 - 00 g, -

The boundary conditions bhecome

39

(2.4.29)

(2.4.30)

(e.4.31)

(2.4.32)
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1 = o, e ) e x =0 (2.4.34)
n=1
H
N=o, o+ ) ocx =1 (2.4.35)
n=l
d X
% =0, 2 = o (2.4.36)
a
X =0, -a;cxﬁll = 0 (2.4.37)
x =1, Xy ~Xp, = O | (2.4.38)
dx a X
- An Bn _
x =1, 0 —=E+ — = 0 (2.4.39)

The ceoefficients Cn of Eq. (2.4.31) can be determined by the

boundary conditions, Eg. (2.4.34) and Eq. (2.4.35), such that

1
I TS R PP
c = (2.4.40)

n 1
2§ ( ] >
j {XgAxAn oo |10 Qekdxjey X }dx-

0

Here in determining C n? the orthogonality condition
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1
j { xg X X, 0+ IE'E [1 - (l—k)x] - X.Bn} dx = 0 (2.h.a)
o wien m # n
has been applied.

Note that X o~ 0 with the corresponding XiO = 1 mst be included,
The corresponding C, is H/(1+H).

Now the problem remains to solwve the differentilal equations
Bg. (2.4.32) and Eq. (2.4.33) with the boundary condizions Eq. (2.4.36)
through Bq. (2.4.39). Since the logarithmic term in €y for laminar
Newtonian flow makes it difficult to approximate xBn by use of poly-
nominal approximations, the case of ideal flow that 8, =8z = 1 will be
solved first. And then, by use of the perturbation method similar to
thé.t uged in the previous section, the scolutions folr the case of laminar
velocity profiles for Newtonian flow will be approximated by the solutions
for the ideal flow case.

The Fdeal Flow Case

g = 1, the solution of Eg. (2.4.32) with boundary

condition Eg. (2.%.36) is

When gy =

X0 = €1 JTo (;\nx) (2.h.42)

The solution of Eaq. (2.4.33) with boundary condition Fq. (2.4.37) is

X =G Z b, %+ (2.4.43)




ko

Cl and 02 here are arbitrary constants, JO 1s the 2ero order Bessel

. . . _ _ e 2
function of the first kind, b, = 1, 'bl = 0, b2 == /2 and

_ 1 Y- _ 2 R 2
b; = Dy [(1-1:) (i-1) b, ~®A b, (1-x) ® A, bi_3:|
(2.h.41)
for i1 > 3. Set the constants
c,= ) ib, (2.k.b5)
i=
C, = 9h I, () | (2.1.46)

so that Eq. (2.4.39) is satisfied. According to Eq. (2.4.38), the eigen-

values ln are the roots of

s N -
7, ) E: ib -0 I () ) b =0 (2.4.47)
i= i=0

The Newtonian Fluid-Velocity-Profile Case

For the velocity profiles where

B, - (2.14.48)
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g = E, { (1-k) x [2 - (1-k) x] +E; 4o [l - (1-k) x] (2.4.49)

the perturbation method is applied to =zolve differential equations
Eq. (2.%.32) and Eq. (2.4.33) with boundary conditions Eq. {2.4.36)

through Eq. (2.4.39). Set
u = Y ibv, | a, (v %) (2.14.50)
i=1

_ 3
ety 3 ) E: b, x (2.4.51)
1=0

That is, set uj and vj equal to the jth eigenfunctions of thg ideal flow
case, which are shown in Bq. (2.4.42) and Eq. (2.4.43), respectively.

Yj are the eigenvalues of the ideal flow case. Then represent the
eigenfunctions of the laminar Newtonian flow case as & linear sum of the

ideal flow eigenfunctions

Xgp = EE 85 Yy (2.4.52)
3=0

XBn - E: &3 vj (2.4.53)
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Using similar srguments discussed in the previous section, substitute
Eq. (2.hk.52) and Eq. (2.4.53) into Eq. (2.4.32) and E3. (2.4.33)

respectively to give

o

Loty 07 v w0 (2.4.5%)
J=

2
R SR IRER: (2.4.55)
j=0

The orthogonal relation for the ideal flow casge is

1
J(‘ {x uouo+ i%t [l - (1) x] o vn.} dx =0 whenm# n (2.4.56)
A .

Taking advantage of this relation, multiplying Eq. (2.4.54) by xuk/lne
and Eg. (2.4.55) by H [1 - (1k) x] vk/(l+k) lne, adding them together

and then integrating from O to 1 with respeet to x, yields

- Y
Z a, = —‘;l-{_ a k)
j:

(2.4.57)
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where

1
ij = I {x gy e Y + if_k [l - {1-k) x:l & Vi vj} dx (2.4.58)
0

and

1 .
O e S T
0

Note that Yo T 0 with the corresponding eigenfunctions Uy = Vg = 1
should be included. Once again the series in Eq., (2.4.57) is truncated
fo a finite number of terms and the resulting set of algebraic equations

is solved to get a’nj snd l\ne. Thus the complete solatlion is

where

X = E a_. Z ib, J (yj x) (2.4.61)
J"—'

o .
xBn = L 83 ® yj 5 ('YJ.) 5 bi xi (2.4.62)
J=

j=0 7 i=0




C, are expressed by Eq. (2.h4.40), J, and J. are Bessel functions of the

1l

first kind, b, are indicated by Eq. (2.h.44), Y are the eigenvalues for
the ideal flow casge and anj and kn are the eigenvecters and eigenvalues
of Bq. (2.4.57).

According to Eq. (2.4.30), the Wusselt number is

o 1
2 2
H Z c A~ exp (- Ay ‘ﬂ)j ex gy X, dx
Nu = n=1 — C T (2 .J-I-.63)
(1+H) 51 C_ exp (=X 2 1) 2x g, X, dx
;. n n A TAn
n=l 0

When 1 is very large, the above equation becomes

H xlg
Nu, = T3 (2.4.64)

Nu  is presented in Figure 7 as a function of five variables, 9,

2

H, k, B, and E Some data are also given in Table 4 and Table 5 to

3"
show the effects of different velocity profiles, i.e. the effects of ElE

and E3 on Nuw.

Agymptotic 8olution for the Entrance Region

Again when T is small, the series in Eq. {(2.4.63) does not
converge rapidly. Because of the brief contact of the gas and the
liguid in the entrance region, an asymptotic sclution for small T for

the interphase mass-transfer case can be obtained by assuming that the

two phases are two semi-infinite media with a moving interface.
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Table 4. Effect of E12 on Nu_ at k = 0.9 end E3 = 1.k,

E, Nu,, M, Nu
H=100, & = 0.1 H=l, ¢ = 10 H=0.1, & = 0.1
1 2.457 0.5480 1.026
2 2.489 0.5637 1.102
3 2.492 0.5665 1.139
I 249k 0.5677 1.158
5 2ol 0.5683 1.169
6 2.L%5 0.5687 1.176
Table 5. Effect of E3 on Nu_ at K = 0.9 and E12 = 2.
E3 Nu,, Nu_ Nu,,

H=100, ® = 0.1 H=1, & = 10 H=0.1, ¢ = 0.1
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Apelblat, et al. (5) obtained a solution using this method and assuming
Couette flow velocity distributions. Unfortunately they made a mistake
in the calculation which led to an invalid solution.

The differential equations under these conditions are

2
ac 3% ¢
(Vg + 8¥) "‘a_z'iDi =Dy "_E& (2.4.65)
oy
2
3 cC 3% ¢
B _ B
VAS =7 = DB ayz {(.4.66)

where y 1s distance from the interface. The boundary conditions are

z =0, G = S ' (2.4.67)
z = 0, Gy = Sy (2.4.68)
y =0, C, =0 G (2.4.69)
y =0, D, ‘%} = D, aa;B (2.4.70)
y =, ¢, = %, (2.4.71)
y=-o ¢ =¢ (2.4.72)
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Defining the dimensionless veriables

c. - C
A AD
Y. = = (2.4.73)
A « CBO CAO
a Cg = %
Y = = (2.11-.714-)
B gy~ Gy
V,a T BY
y = A3 T (2.4.75)
{9 D o2 n)3
Cp= —L—7 (2.1.76)
(222
2
Vas
and substituting into Fq. (2.4.65) and Eq. (2.4.66), gives
Y +3C° ¥, =0 (2.k.77)
A A A $Ee
" 2_,.'=0 (2.4.78)
YB + 2 GB YB
The boundary conditions are
=@, Y, =0 (2.4.79)
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QB P 00, YB =0 (2.’-}.80)
Vas
CA - T and C’B = 0, YA = YB + 1 (2.’4-.81)
(9 a2 D, 2)3
1
4
VAS 3-2 DALI- Z [ t
l;A = I and CB =0, 2¢ '8'——*—3———:; YA z YB (2.4.82)
2 3 T Vas™ Dp
(9 a D, 2)

Integrating these equations and using the above bounéary condition gives

o

f exp (- C,AS) 4 ¢,
¢

¢ - 7y
AT - 1
3 DAh a® z [ -vASS
exp (-QA)dQA + 20 -——-—3;—-:? exp_—-—T
Vs _81 D Vyg 9 D8z
i
(9 J:)‘u*a.ez)3
2
J exp (- C ) d s (2.k.83)
0

Congequently, the Nusselt number is
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d<y >
ZXRK A
Nu = =
QA d
1 L
A RN B CC L N N N
Py I o B -
[36(1-"1 - 5)"]:]
-1
(2,°- 1)°

—_— (2.4.84)
2 1
36(E, "~ 5

Here I(x) is the function defined by Eq. (2.2.L44).
| The system of Eqs. (2.4.65-72) has been solved by Byers, et
al. (10) using the Laplace transformstion which leads to the Nusselt

number for very small M, (Ele_ 0.5) M

<< 1)

2_ .33

(®,"- 1)
1
2 2

E -1
Mo = ——2 1 " x (2.4.85)
1 1 2
D, 5 1T(El - 0.5M 5 D, 3
Ot(%) +1 (E,"-1) | (D—I;) +1

Typical curves of Eq. (2.4.63), Bq. (2.4.64), Eq. (2.4.84) and

Eq. (2.4.85) are presented in Figure 8 for comparison.

5. Discussion

(2) Studying mass-transfer problems by assumirg laminar flow




Nu

Bq.(2.4.63) \.

- m————— Eq.(zcu’oéu’) \'\
— === Eq.{2.4.84) \
- Eq-(2a4-85) \
\.
N\
0.1 | | | N
10~% 10~3 1072 107t 1,0
1l
Figure 8. Nu as a Function of T at k = 0,9, H = 1,
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conditions makes it possible to get exact solutions for theoretical
models. These solutions yield basic details of the transfer mechanism.
It should be noted that studies have shown that the most probable
laminar annular flow, a falling film, 1is not laminar even for Reynolds
numbers as low as 300 (41). The question of interfacial instability
has not been considered in this chapter c¢oncerned with laminar flow.
The scolutions given are applicable only so long as the interface ig, in
fact, stable. Wallis has pointed out that a falling film is always
unstable (47). However, disturbances may be very smell at low Reynolds
numbers.

(b). 1In the problem concerned with gas-phase controlled mass

transfer, the solution of Eq. (2.2.12) would be
X = I, (Ax) (2.5.1)

when E12 is very large, i.e. when the wvelocity profile is fiat. In
this case, qum will equal 5.775, the square of the first zero of JO.

Pigure 1 shows that N@Am will approach 5.775 when El2 is large. When

E12 =1, Nu, equals 3.675 as in the classical Graetz problem. The
conclusion is that the wvalue of NuAOO lies between Nusselt nmumbers for

the single~phase Graetz problem with a parabolic velocity profile, 3,675,
and a flat velocity preofile, 5.775.

(c). The velocity profile of the liquid phase is similar to the
velocity profile of single-phase flow when E3 = Q. Wken E3 = 2k2, it
is identical to the velocity profile of a free-falling cylindrical film,

Results of the liquid-phase controlled mass transfer presented in
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Figure 3 show that NuBm will decrease when E3 increasezs. Galiullin,

et al. who neglected the effect of the curvature of the pipe wall, have
reached similar conclusions that the flow with a more concaved velocity
profile will result in more intense mass transfer (17). The effect of
the pipe wall curvature is not negligible, however. Figure 3 shows that
Nan drops from 3.919 at k = 1 to 3.589 at k = 0.9 when E3 =1,5. This
effect will decrease when E3 decreases. When k approaches 1, NuBm for

all values of E, approach 3.919. This is the value o Nqu for a linear

3
velocity profile without curvature effect, which was also calculated by
Galiuwllin, et al. {17).

(d). The Musselt mmber of interphase mass transfer for large
Graetz number, Nu , is a function of Elz, E3, k, H, and ®. The effects
of velocity profiles and £ilm thickness, i.e. the effects of Elz, E3,
and k, on Nu_ are small in comparison with the effects of H and @F N
is proportional to H when H is small and is inversely proporticnzl toc H
when H is large. Nu_ also is inversely proportional to & when & is
large, but it 1s independent of ¢ when ¢ is small. Thesé characterlstics
are clearly shown in Figure T.

(e). Figure 2.sh0ws Nu, &s a function of the Graetz mmber, 1,
for El2 = 1.05. The poor convergence of the series in Eq. (2.2.25) at
low values of T} is demonstrated by the two curves given in this figure.
One curve uses six terms in the series and the other curve uses four
terms. However, 1t also shows that the applicability of thé asymptotic
solution, Eq. (2.2.43), is excellent at low values of M. Figure 6 and

Figure 8 give similar comparisons for Nu, and Mu. The asymptotic

solutien for the entrance region for liquid-phase controlled mags
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transfer derived by the method of ccombination of variables is similar to
that derived by the Laplace transformation. Both sclutions indicate that
NHB is proportional to the -1/2 power of 7 as shown ia Eq. {2.3.35).
Figure 6 shows that this result is in good agreement with the exact
solution, Eq. (2.3.30), when T is small. For the cas: of interphase
mass transfer, the asymptotic solution for the entrance region derived
by the method of combination of variables, Eq. (2.4.84%), is in better
agreement with the exact solution than the result derived by the Laplace
transformation, Eq. {2.4.85). This compariscn has be:sn presented in
Pigure 8.

(f). Results of the asymptotic solution for large eigenvalues are
excellent for the case of gas-phase controlled mass transfer and the case
of liguid-phase controlled mass trensfer. Compariscns of the eigenvalues
calculated from the asymptotic solutions with those calculated from exact
solutions are shown in Table 2 and Table 3. It can be seen that the
asymptotic solutions are in good agreement with the exact solutions
even to the first eigenvalues. The case of interphase méss transfer is
so complicated that no asymptotic sclution for large ecigenvalues has
been found.

(g). The equation of the additivity of individual phase resist-

ances in mass transfer derived from the two-film theory is

1 1 $
— =+ (2.5.2)
Nu NUA 2 NuB

This additivity principle should be valid for cocurrent flow mass transfer
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in the entrance region, since Nu, NQA and NuB all vary directly with
n- % for very small values of 7. Actually when the asymptotic solu=
tions for the entrance region, Eq. (2.2.43), Eq. (2.3.35), and

BEq. (2.4.80), are substituted into Eq. (2.5.2), this equation holds
exectly. When M is large, the gas-liquid ratio H beccmes the
controlling factor in interphase mass transfer. But both the gas-phase
controlled mags transfer and the liquid-phase controll.ed mass transfer

are independent of H because of the assumpticon of constant interfacial

concentrations. Thus the additivity principle is no longer valid. For

2
1

from the additivity principle is 0.0077. Figure 7 shows that Nu =

example, when E, = 3, E3 = 1.4, k = 0.97 and ® = 1000, Nu_ calculated
0.0077 only when 0,001l < H< 0.1. Nu_ is proportional to H when H is
small and inversely proportional to H when H is large. PFor a certain

range of value of H in between, Nu is a constant. This is the range

where the additivity principle is appliecable.




CHAPIER IIT
TURBULENT FLOW CASE

It is desired to predict the interphase mags-transfer coefficients
for two-phase gas-liquid annular flow. Because of th2 limited avail-
ability of experimental datsa, the calculations presented will be
applicable to horizontal pipes only.

For stable, turbulent, fully developed, annulgr flow, the gas flow
rate is very high. There are waves on the gas-liquid interface (L, h7).
The liquid film is continuously impinged by liquid droplets while new
droplets are being generated from the liquid film (38). Therefore, both
phases of two-phase anﬂular flow are most likely tuibulent. Unlike the
laminar flow case discussed in Chapter II, which was {evoted to the basic
understanding of the mass transfer mechanism across a moving interface,
the investigation of the turbulent flow case in this chapter will be of
more practical significance.

Turbulent mesgs transfer in a cirvcular tube with single-phase flow
has been well investigaﬁed (6,8,28,29,36). In the case of two-phase annu-
lar flow, Hughmark (23) estimated gas and 1iquid phase mass-transfer co-
efficients in horizontal annular flow using momentum-mass transfer analogy.
No other attempts to calculate interphase mass-transfer coefficients weré

found in the literature. The difficulty lies in setting up an applic&bie

model .
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l. Flow Characteristics

Certain characteristics of flow must be known before the mass
tranafer rates can be predicted. Becausge of its practical importance,
two-phase flow has been attracting a great deal of research effort in
recent years. Although mere efforts are necessary fcr better under-

standing of the fiow properties, some useful analyses have been made.

Pressure Drop

In the analysis of two-phase annwlar flow, the Martinelli (32)
correlation method still provides good results in comparison with other
methods of analysis. After some comparison, Wallis's suggestion (46) is

chosen for the calculation of pressure drops. That is

Algpp g

&) = & (1 + x0-712)3:5 (3.1.1)

where the parameter X for turbulent-turbulent two-phase flow is defined as

1
2
AP
s A R o
g

G%E) is the pressure gradient that would exist if the gas flows alone in
g .
the pipe and (§§)£ is the pressure gradient that would exist if the liquid

flows alone in the pipe.

Film Thickness

Some existing methods of measuring the film thickness have been
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given by Collier and Hewitt (13). Possibly because of the asymmetric
film thickness (38) in horizontal annular flow, most the available
experimental data on fiim thickness measurements are for vertiecal annular
flow. A few studies on the prediction of the film thickness are avail-
able in literature (30,47). Again, the empirical correlation proposed by
Wallis (46) for the prediction of the void fraction of horizontal annular

flow will be used to calenlate the sverage film thickness. The equation is

K = (1 + X0.8)-0.187

(3.1.3)
Since the wvelocity of the entrained liquid is much grsater than the
velocity of the film, caleculating the average {ilm thickness from the

void fraction will not lead bto significant errors when the percentage of
the entrained ligquid is low. However, Eq. (3.1.3) will be applied through
this work because the effect of the entrainment on mass transfer is
included in the effective diffusivity.

Liquid Entrainment

Liquid entraimment is another important characteristic of two-
phase annular flow. In comparison with others (22,30,33), the correla-
tion on liquid entrainment proposed by Wicks and Dukler (49) is considered

to be the most successful. This can be expressed as

R = 200 2% (3.1.4)

for X < 0.008. The parameter R is defined as
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(3.1.5)

where wec is the critical Weber muber and E is the liquid entrainment
in 1b/hr.

Eddy Diffusivity and Velocity Profiles

Velocity and eddy diffusivity distributions are esgentigl in calen-
lating mass=-transfer coefficients. However, very little work has been
done in this area. Although the flow mechanism of horizontal anmilar flow
is quite complicated, approximate relationships for eddy diffusivity and
veloclty profiles can be obtained under the following simplifying assump-
tions:

1. Neglecting gravity effects, the flow is.symmetrical and the

sheax stress distribution is

-

T =§9- r (3.1.6)

where TO is the shear stress on the pipe wall.

ii. B8ince the behavier of the entraimment and the interfacial
wave motion in anmuar flow are not clearly understoced and the velocliy
Qistributions do not have a significant effect on the mass transfer, it
is assumed that the gas-l1iquid interface is smooth and that the velocity
profilles are not influenced by the entrainment. |

iii. Assume the flow pattern is fully developed and steady. Note

that it is doubtful that the flow can even reach a fully-developed state
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because of the unavoidable axial pressure drop (4,18).

Film thickness is small in comparison with the diameter in two-
vhase ammular flow. Generally, investigators assume the gas phase is
flowing in a rough pipe with the liquid film as roughness to get the gas
core velocity distribution (14,22,35). Under this acsumption, the gas
core eddy diffusivity will be fhe same as that of a single-phase flow
because the eddy diffusivity is independent of the roughness (28).
Dhanak (14) has indicated that the eddy diffusivity remains fairly
constant at its maximum value in the main portion of the turbulent core.
Therefore, the modified universal profile of eddy diffusivity proposed
by Kropholler and Carr (29) is chosen to be the eddy diffusivity profile
for the gas phage. It gives a constant diffusivity in the main portion
of the turbulent core and has been successfully applied to single-phase

mass transfer. The eddy diffusivity, €, is defined as

(e +v) & ='£- (3.1.7)

The equations are

for 0= y' = 5, €= (y'/1k5) (3.1.8)
+ € +

for 5<y < 33 $=& - 099 - (3.1.9)
t e ) ¢ . ¥ ¥

for 33<y <R /5 5= 5% -2 (3.1.10)

€ - B’
v - INK

for y% > Rf/5, (3.1.11)
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=
+
where y = %} 52 is the dimensionless distance from che interface.

The wvelocity profile of the gas core can be obtalned by integra-

3 at y = 0, VS is the

interfacial velocity which will be given by the liquid film velocity

ting Eq. (3.1.7). The boundary condition is V =V

distribution. An example of the velocity profile is shown in Fig. 10.
Most of the studies on annular flow assume an eddy diffusivity
profile for the liquid film as if it were only a portion of a single-
pvhase flow (3,15). This always results in eddy diffusivities near the
interface being much higher than experimental values (9,41). Because of
the discontinuity of properties at the interface, the flow mechanism of
the liguid film should be similar tc that of Couette flow. That is, the
gas core of anmular flow is acting like a moving solid with respect to
the liquid film. This argument has been supported by Hughmerk (23). He
applied the momentum-mass trahsfer analogy to calculete mass-tranasfer
coefficients in horizontal anmilar flow by the method of Kropholler and
Caxr. This implies that there is & laminar sublayer cleose to the inter-
face. Kropholler and Carr's Eqs. {3.1.8-11) are applied to both sides of
the liguid film. The dimensionless distance, y , is measured either from
the pipe wall or from the interface. These two eddy diffusivity profiles
starting from different sides of the liquid film will meet aft the center
as shown in Figure 9. These equations are then substituted inteo Eq. |

(3.1.7) and integrated to yield the velocity profile.

2. Interphage Mass Transfer

Entrainment is unavoidable in horizontal anmular flow. New drop-

lets are contimucusly being generated at the gas-liquid interface while

droplets which have been in the gas core return to the film. Since the
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droplets may travel across the gas core and since the impinging droplets
nay penetrate into the liquid film a significant distance, the net effect
of the entraimment on mass transfer can be considered. as a rise in the
molecular diffusivity. Therefore, the overall diffusivity of mass trans-
fer in anmular flow inecluding the effects of entrainment can be
expressed as

i =4, B. (3.2.1)

Dis =B Dy +epg»

In which B is a correlating constant, Di is molecular diffusivity end

¢, 1s the eddy diffusivity for mass transfer which is asgsumed to be

D
equal to the eddy diffusivity for momentum by Kropholler and Carr (29).

Other factors that influence the mass-transfer process, such as
the effective Interfacial surface area and the wave motion of the liquid
fiim, are also included in the correlation cf g.

It seems reascnable to expect B to be a function of the flow

rates, the entraimment, and H.
p=pg (G L, E, H) (3.2.2)

According to Eq. (3.1.4), the entrainment, E, is roughly proportional

to % q%g)g. Therefore, the following form is suggested for B.

p=a (), ¥° (3.2.3)




where a, b, and ¢ are constants.
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Under the agsumptions made in the previous section, the differen-

tial equations for mass transfer can be written as

% 1 3 o ¢
Vi 32 ° F 5¢r Dy 37) 1=4, B

The boundery conditions are

z2=0 % = %o

z =0 s = %o

r = 0, BB;A =0

r = kR, CA=O:CB

T = kR, Dia aa:A = Dip aa:B
r =R, aazB=0

(3.2.4)

(3.2.5)
(3.2.6)
(3.2.7)
(3.2.8)
(3.2.9)

(3.2.10)

(3.2.11)




“ac. -c
B « BO

kK RR<V, >

and using the method of separation of variables, the solution of

Eg. (3.2.4) should be of the following form

- 2
Y, = l+H z c, X, exp (X "M)
n=l

Here, 'Xin(x) should satisfy the following equations

4 ] -
[x f + l X g XAn 0

{[1 - (1-k)x| £, i‘%‘i} + 1n2aa[1 - (1_k)x:| gy Xy, = O
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(3.2.12)

(3.2.13)

(3.2.14)

(3.2.15)

(3.2.16)

(3.2.17)

(3.2.18)




with the boundary conditions

x =0, djin =0

ax
x =1 Xon "X =0
S & =

In the differential equations,

&

¢, are similar to those given by Eq. (2.b.41)

1
}. EEE' [l - (l-k)x] Bp Xp, &

0

n 1
[feon?e il enrd 57} o
(8]
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(3.2.19)

(3.2.20)

(3.2.21)

(3.2.22)

(3.2.23)

(3.2.24)
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Numerical solutions of kn and Xin were obtained with the aid of

8 digital computer. Computer programs are presented in the Appendix of
this work.
The mass-transfer coefficient, K, is defined oy Eq. (2.4.29).

The resulting Musselt rmumber is

A<y, >
B A
Nu = ____EkRK = dn (3'2 '25)
Dy 1- ey s
H A

According to the definition in Eq. (2.2.20), the average concentration is

@ 1
. Z -2 :
<Y >s 2 .C, exp ( L 'T])/ x g, X, dx (3.2.26)
n=1 0

The sgeries in this equation converges very rapidly. For mass transfer
in annular or annular mist flow, the summation of the tefms after n = 1
is less than iwo per cent of the total when the lengith of the pipe is
20 feet or more. Therefore the mass~transfer coefficient can be

approximated as

D,Ma BD,H klz N
K=55=— = 520 (z > 20 ft) (3.2.27)

Comparing the wvalues of mass-transfer ccefficients calculated

from the above equation with the experimental data of gas=-phase
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controlled mass transfer obtained by Anderson (2) and data of liquid-
phase controlled mass transfer obtained by Bollinger (9), the best

fitting function of B was found by trial and error to be

0.83

B = 7.4 x 100 Q%E) 021

. (3.2.28)

Figure 11 and Figure 12 compare the values of mass-transfer
coefficients obtained from these calculations with tae experimental data.
These calculated values show an average absclute deviation of 15.3 per

cent from Anderson's data and 19.2 per cent from Bollinger's data.

3. Results and Discussions

These calculations were applied teo the whole region of horizontal
annular and annular mist flow for all gas-liquid systems. The Nusselt

number is a function of ten wvariables

BHA ©

1l
NU. = l+H = Nu (Reg! Re’g vA, vB} pAJ pB) a? DA) DB, R) (3'3'1)

where Reg and ReJg are superficial Reynolds numbers. Since the inter-
facial velocities are small in campariscon with the gas core velccities
and since the velocity profiles have little effect on the mass-transfer
boefficients, the interfacial velocity may be arbitrarily assumed equal
to zero in the caleulation of the gas core velocity profiles. By doing

this, the Nusselt number can be rearranged to become a function of éight

variables
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AP + 4
Nu = Nu (o, H, (EL_)g’ (E),e’ Sc,, Sy, Ry, Rp) (3.3.2)
4 R T
where R, = o= 59— and Sc¢ is the Schmidt number.
iy i

The following ranges of values of these variables will cover most

gas-liquid systems in two-phase annular flow mass transfer

we 0.05 a~ 10

He 0.0L ~ 5
EE): 8 x 10° & 10%°
Rk

g

g L] 7 8
({_\L) hx 10" & 4 x 10
SCA: 0.5 2.5
SCB: 300 = 1200

+
RA: 3000 ~s 8000
R-];: . 103 P th

Musselt numbers calculated for the range describved above are

presented in Figure 13 through Figure 20,

The equation of resistances-additivity~principle is

1 1 w 1
e (3.3.3)
Nu N‘uA H N‘uB

This_ equation shows that the process of mass transfer is gas-phase
controlled when ®/H << 1. When w/H >> 1, the process is liquid-phase

controlled. The results presented in Figure 13 ghow that Nu is

independent of @ when w/H is small. When (D/H is large, Nu is inversely
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proportional to @, This is a natural conclusion because neither Nu,

nor Nugp is a function of ®, which is defined by Eq. (2.3.8). However, as
was discussed in Chapter II, Eq. (3.3.3) is velid only under certain
conditions.

Figure 14 indicates that Mu increases when H increases. It

approaches a limiting value of about 1200 when H is very large.

AP AP | +
The effect of the other variables, (E)g, (E)g’ Scy, Sepy Ry,
+
and RB, on the Nusselt number are comparatively small. The almost-

linear curves on the log-log plot in Figure 15 throuzh Figure 20

indicate that Nu is a power function of these variables.

b ¢
Mu=a (%) (%’Li-)ﬂ se, & sc.® g T g8 ‘ (3.3.4)
g

The exponents in this equation, b, ¢, d, e, £, and g. are slopes of the
curves in these figures. It is found by inspection that these exponents
are almost independent of any‘variable.exCept . Purthermore, it is
also found that when the liquid flow rate is relatively small, o is
small, and Nu is independent of q%g)g, Scy, and Rﬁ+. When the gas flow
rate is relatively small, w is large, and the Nusselt number becomes
independent of SgA and 3A+. For example, when w = 5,

3 ok

1 (a_g)o' 6o 0:25 _ + 0.9
ALy

B By

_ -0,
Nu = 5.4 x 1070 gt (f—{l)
g

(3.3.5)

When w = 0.05 and H = 5,
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.26

0
Nu = 0.0136 (i_i)f ScAO‘66 RA+0'78 (3.3.6)

These results are in good agreement with the data reported by
Wales (45) at low gas flow rates. However, Wales' data show that the
overall mass-transfer coefficient decreases when the gas flow rate
increases. The calculations of this study on the same system
(desorption of 002 from water into air)} indicate that the mass-transfer
coefficient increases slightly when the gas flow rats is increased.
Bollinger (9) has reported that the mass-transfer coafficient for this
system is independent of the gas flow rate. Jepsen (25) also concludes
that mass-transfer coefficients in two-phase flow will increase when

the flow rate of either phase is increased. Therefore, it must be

concluded that the effect of the gas phase flow rate on the mags~

transfer coefficients is uncertain at the present time.
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CHAPTER IV
CONCLUSIONS

1. Fiatter velocity profiles result in greabter gas-phase control-
led mags-trangfer coefficients for laminar annular flow.

2. Less convex velocity profile and thinner film thicknesses
give a greater liquid-phase controlled mass-transfer coefficient for
laminax annular flow.

3. HNusselt numbers for interphase mass transfer for laminar
anmilar flow are constant for a certain range of wvalues of H. Within
this range, the additivity principle of resistances is valid. The
Nusselt numbers are smaller for values of H outside this range. They
are alsoc inversely proportional to ¢ when ¢ is large, but are independ-
ent of ¢ when ¢ iz small.

k. The effects of entrained liguid droplets and interfacial wave
motions on masgs transfer in turbulent two-phase annular flow can be
correlated as a function of molecular diffusivity.

5. The Nusselt number of gas-liguid two-phase annular flow in a

horizontal pipe can be expressed as

b ¢
AP AP d e
Nu = a (ZL—') (E)f, SCA SCB RA RB
g

Where a is a function of w and H, and the exponents b, ¢, d, e, g, and

g vary significantly only with o,




APPENDTX
COMPUTER PROGRAMS

The calculations in this study were made on a Burroughs B-5500
Computer operated by the Rich Electronic Computer Center of the Georgia
Institute of Technology. The Programming langusge was B-5500 ALGOL (43).

The first three programs following here calculate Nusselt nmummbers
for the three cases of mass transfer in laminar flow discussed in
Chapter II. The fourth program calculates Nusselt numbers for the case
of mass transfer in turbulent flow discussed in Chapter III. Statements
of input data follow immediately after declaration statements in each

program. Eigenvalues are calculated by trial and error to four signifi-

cant figures. OQutputs are presented following each program respectively.




87

BURHOUGHS B*55%00 ALGOL COMPILER LEVEL 6 FRIDAY, 5/ 1/70»
¥COAMPILE BINO295/GAS *ALGOL ,065800006 w0295 Wy O C
FPROCESS= 00000020310 00000010,

EDATA.

x

} 3

4

¥ THIS PROGRAM CALCULATES LOCAL NUSSELT NUMBER FOR (AS PHASE«CUNTROLLED
g MASS TRANSFER FOR LAMINAR ANNULAR FLOW» MU = NUCEL1), AS SHOWN IN

t SECTION 2 OF CHAFTER 11,

L

BEGIN %

FIIF OUT LONE &(3,15)) %
FORMAT FMLC"WHEN E1 =",FS5,2sn THEN™)sFM2(¢//™ 1 LAMEDA CUOEFFICIENT®™)»

FUACIZsFY. 32 E18,3)sFMAC//XBIMETAYS X102 #NUmD» FH5(" INFINITY™PEL2,43)0
FMECELL1s32E12.3)) 3

REAL E1-ERsDESELARNIFEsRL12EsNU»FLoFRS INTEGER XoYslsu} %
REAL ARRAY A[OtI00I»R,810140)1,C,T10111}3 %
DEFINE D7 = RN«DE#*2S WU3 IF ¥ = | THEN GD TO % » X
0B = ER«FE} Yel3 IF ELXER <« 0 THEN GO 70 # » %
09 = EL4FES Y¢03 IF FLxER >» O THEN GO 70 # 3 X
PRNCEDURE WUJ BEGIN Al1le=E1xRN/43 FE¢1+4al1)3 FOR gez STEP 1 UNTIL 8¢ DU
BEGIN ACJI¢RNX(ALU=2)=E1xAL =1))/¢axuxy)} FE¢FE*AL)] END END}
LAREL M1sM2sMIsMOIMO HEsMT o MBIMI s M1 0sM115M12sM13sH14,M153
F1¢1.05) WRITECLOMNESFML,E1Y} XeTI¢R1eFLe¢0} WRITECLONEsFM2)F A[0)¢1}
Mi: RI«R1+1JRNeRIXRL1} W3 IF X = 1 THEN GO TO M2} FReFEIXe1] %
Ir FLXFR < 0.0 THEN Gf1 TO M33160 T0 M1J M2t FL4FESXe0}X
If FLxFR > 0,0 THEN GO TO M13 M3t DE«R1«1,13EL€0,0)Ye¢03%
Mat DE«DE+0,13 D7 M5;D8 M63G0 TO MAIMS: D9 MAIMEE DEDE=O411} Y¢ELeO)
M7t DE«DE+0,013 D7 MBIDA MGIGN TO MTIMEI D9 MZ7IM9: LE¢RE=0,011} YeEL+D}
M10t DE*DE+0,001} D7 Mit3 DB w127 GO TO M103 mMi111 DS 10} X%
H12t DE¢DE=0,0011) YeEL«O3 M13: DEepE+0,0001) p7 wil4; nB M15;60 TO M13)
Mtas D9 M133 NIST 1eI+13TCY)¢CELI=0+53%RNF FOR Y1 STEP 1 UNTIL 39 DO
BFgIN EL*¢13 FOR vel STEP 1 yNTIL 80 poO EL¢EL+ALJIx(Y /780 )% (2% )}
SrY)eyxC(EI=(Y 0)#2)%EL /803 REYI«SLY)XEL END} RN+FECEL+ER+O}
FAR Yel STEP 2 UNTLL 39 DD BEGIN RN+RN+SLY1} FE¢FE+pLY] END}
FAR Ye2 STEP 2 UNTIL 38 00 BEGIN EL¢EL+SIY13 EReER+RLY) ENDs X
RNeAXRN+2XELS CLID¢RN/CAOXFE+2xERYS WRITECLONESFMI,1,DELCIE))}
Cr1lecclIxRN3 1IF 1 <« & THEN GO TD M1} WRITECLONE ML) %
FnR E«0s000120,0003162,0,00120,003162,0,0120403162,0,1,043162 PO
BFGIN EL¢ERe0) FOR Iel STEP 1 UNTIL & DD BEGIN ER¢EF+CCII/EXPCEXTII))3
FleEL+CT1IXTIIIZEXPCEXTLY]) ENDINUCEL/ERSWRITECLONE s FME2ESNU) END}
WRITECLDONEsFRS5,T(11) END,




WHEN E1 = 1,05 THEN
I LAMBDA COEFFICIENT
1 2.624 1,4858+00
2 6.448 =b.2508-01
3 10,285 6,1078=01
4 14,127 -4,9928=01
5 17,958 Yo2928=01
6 21,801 ~3,8198~01
- ETA N
1.0008=04 1e281e+0)
3al620=04 1.260e+01
1.0008=03 1.20008+01
3,1620¢=03 te0460+01
1.0008=07 7.8238+00
3.1628=02 5.4579+00
1.0008=01 4.5418400
3,162e+01 3.791€+00
INFINITY 3,7860+00
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BURKNOUGHS B=5500 ALGOL CNMPILER LEVEL ] THURSDAY, 5/ 7770

FCAMPILE BINIO22/LIOUID wALGOL . 065800006 #1022 WU D ¢
%PRUCFSS= Go0U0020310= Qouoooto,

XDATA,

*%

}

F4

£ THIS PROGRAM CALCULATES LOCAL NUSSELY NUMBERS FDOR LIgulD pHASE=
% ONTROLLED MASS TRANSFER pOn LAMINAR ANNULAR FLOws NU 3 NUCK:EJ)»
% AS SHOWN IN SECTION 3 OF CHAPTER 11,

3

BEGIN &

FILF OUT LINE 6(3»1%)5 %
FORMAT FMLIC"HHEN K =",F5 2,% Anp) E3 a%,FS5,2+" THEN E2 =7,E£10,3,™ AND®)»

FM2C/XYGrTPHT 2" L1004 X 10sMFRNM EQa (203436 )2 FNO(//7XTsTETAY 2 X152"NY" ),
FM3{/Xx5, "XI =THE11l,4,X10,"FRNM EQ.(2,3,343%)s FMP(E10,3,E17,4),
Fuacs/s™ |1 GAKMA LAMBDA COEFF x INTEG™)s FHMS(I2s2(F9.3)2E15,3)
Fua(™ INFINITY™:ELT+4)} 3

HEAL RNsK*FESELsERsFLAFRsRLIIDESE22EI»INTPEsNUSW,P]; £

INTEGER LrlrJsXaYsZrMR} %

REAL ARRAY HaFaVIO2lO01l)sTsTPaN,CIORI1),Us%XNI0z11505101),AA0HB, &
PrOt11,011113 %

BEFINF L11Z = FOR Lel STEP 1 UNTIL Z DO # » %
L11f = FUR L+l STEP 1 UNTIL 100 0N # » %
wili = FUR J+1 STEP 1 UNTIL 100 DO # » %
J1IM = FUR Je¢i STEP | UNTIL MR DB * » %
JILM = FUR Jg¢@ STEP 1 UNTIL MR DO # » %
I1IM = FUR T¢1 STEP 1 UNTIL MR DO # » %

B7 = RNLUE*Z} wUJ IF v = 1 THEN G0 TO # » %
DY = ER«Fi} Yel} IF ELxFR < O THEN GO TO # , %
D9 = EL+FES Y03 TF ELxFR > O THEN GO TO ¢ 3 g

PRACENURE JACUBL(OPT2N,A,By 3 %
VALUE OFTsN 3 %
INYEGER OPT»N 3 %
ARRAY ArBLUSQ) %
4 THlS PRUCEDURE REPLACFS THE N=TH ORDER, REAL, SYMMETRIC
¥ MATRIX A[s1 KITh A DTAGONAL MATRIxXx SUCH THAT THE ELEMENTS A{I:1],
¥ I = 12223s,02Ns CONTAIN THF EIGENVALUES OF Al2] ARRANGED [N OE=
x CREASLING ORUER UF MAGNITYOF, THE EIGENVECTOR ASSOCIATED wITh THE
b3 T=-TH LIGENVALUE J5 STORED TN THE T=TH COLUMN OF THE MATRIX 6L[21],
¥ THE NRERATION PLRFORMED DEPENDS UPON THE OPTION 2ARAMETER OPT AS
3 FOLLOWS !
%
% 1F OPT = 1» BNTH EIGEMyALUES AND ELGENVECTQIS ARE PRODUCED,
%
) IF OPY = 2» ONLY EIGENYALUES ARE PROOQUCED,
3
HEGIN
INTEGER TrKsLaMoKLOAKM § %
ARE AL QrHIS2TeVINsZoML MM J %
ARpAY MXIOIND § ¥
INTEGFR ARRAY KXLUIN] 3 %
OFEF INE 1501 = FOR T ¢« 1 STEP 1 yUNTIL N DU # » %
JUpZ = FOR I ¢ 1 STEP 1 WHILE I € N DQ # » %
IV03 = FOR T « 1 STEP 1 WHILE I <« L DO % » %
TG4 = FOR I ¢ L+1 STEP t WHILE T < M DO # » &




TUUS = FOR I & M41 STEP | WwHILE I € N DO # » %
IvD6é = FOR I ¢ 1 STEP 1 WHILE ] < N DG # » 3
Kup0 = FOR K ¢ 1 STEP 1 UNTIL N DU # , 3
KbGl = FOR K ¢ 141 STEP 1 UNTIL N DO * » %
Kig2 = FOR K ¢ T+t STEP 1 WHILE X $ N DD # J 3
IfF UPT # 2 AND APT # 3 THEN X
Ibol %

BEGIN %

BlIs1) ¢ 3,0 3 %

KUDY BlI»K) « BIx,1) ¢ 0 3 &%
END } %

Q@ ¢« 0§ L « 1 3 %

1oo2 %
BEGIN &

Mk ¢ 0 ) KM ¢« N ¢ %

KLO2 AIF (W « ARS¢AEL»K))) > MM THEN %
BEGIN %

MM ¢ W

KM ¢ K
END 3 %

MECIY ¢« MM 3 KX[T) ¢« KM 3 %

It MM > 3 THEN BFGIN © « MM 3 L « 1 END 3 %
END § 0B

M+« KX{L) 3 %

R ¢ ABSCALLsL)) + ABSUA[M,MI)Y 3 %

g ¢« & + R %
HRILE R # @ DD &

b %
i %

BEGIN
BELsM)Y & A[L,M] 3 %
ALLAL) = A[M M) 3 %
2XSURT(RXR + OxQ) ; %
S5uRT(0,S + ARSCRI/S5) 3 %
WA(S%T) } &
JF R < 0 THEN BEGIN Z « T 3 T «# S J § ¢« Z END 3 %
I+ OP1 # 2 THEN %
1002 %
BEGIN %
@ ¢ HBLIsL) 3 R ¢ BEIsM] ) %
BLIsL) ¢ TxQ + Sup 3 %
BLIsM] ¢ TxR = Sw@ 3 %
END 3 %
ML # MM & 0 3} KL ¢« KM ¢« N 5 %
10G3 &
BLGIN %
@ ¢ ALI»LY 3 R ¢ ALIXMY ; g
ALIsL) # ¥V & tx0 + S%R § %
ALIsMJ) ¢ Z & TxR = 3xW ; %
Z ¢« ABS(Z) 2 v + ARS(VY } w + MXI1l) } 3
IF £ > W OR Vv » W THEN &

N AN VO E
LN S

It 2 > v THEN BEGIN MXII) ¢ Z } KxU{I) ¢ M END g
ELSE BEGIN MX{I] & V J KX[]) ¢« L END ¥
END 3 0%
1004 %
BEGIN X%

Q@ ¢ ALE,TI1 3 R + AllSM]) 3 %
AlLL»1] ¢ ¥V ¢ TxQ 4 SxR } %
ALl»M) ¢ 7 &« TxR = 5x4 } %
IF ABDEV)I > ML THEN BEGIN ML ¢ ABS{(V) jJ KL ¢« [ ENU 5 ¥
T ABB(2) > MYLI1 THEN BEGIK MXLI] ¢ ARS{(Z) } X%
KX[T) ¢« M END 3 &

ENG 3 %




i

1005 %
BLGIN 2
B +« ALL»T] » R ¢ AlMrI} 3 %X
AlLsI] ¢« ¥V &« Txd + S%R 3 %
ALMrI) ¢ 7 & TxR = §x0 3 %
IF ABSCVY > ML THEN BEGIN ML ¢ ABS(V) 3 KL « I ENOD } %
It ABS(Z) > MM THEN BEGIN MM ¢ ABRSCZ) 5 KM &« | ENV 3 %
END 3 %
MXILY « ML 3 wX(L]1 ¢ KL 3 %
MXTM] ¢« MM } KX[M) & KM 3 &%
Q ¢ ALL»LY 3 R ¢ ALNsM] 3 Z ¢ AlL2M]) 3 %
V ¢« TXS5 2 T « TRT 3 S ¢« Sx$ 3 %
ALLsM] ¢ Zx(T=5) + ¥X{R=Q) 5 &
Vo« 2x(ZxVvY J %
ALLsL] ¢ Txg + Sxp + V 3 %
ALMsM] ¢ TR + 3xg = V ) %
g €« ML } X%
Tvgs IF (R & MX[Y)) > Q THEN HBEGIN Q@ « R 3 L ¢ i END § X
M+ KXILY 3 %
R & ABSCACLsLYY + ABSCALMsM]) 3 %
Q¢ UR 3 ¢
END 3 %
KUQO0 1001 IF T # K THEN ALCT+K1 ¢ O ; &
Enn JacDBI ; 3

PRACEDURE WU3 BEGIN FE«13 B(2)¢=RN/2% FOR L+3 STEP 1 UNTIL £ DU
BELI«CCI=K)nCt =1 )wZxB[L=1 3=ANXBIL=2 )4RNXL1=KIXBEL=31)/CLX{L=1))}} L112Z
FFeFE+BIL) END} %

PRACEDURE DC3 BEGIN EL+ER€O; FNR Le¢l STEp 2 UNTIL 99 DO EL€EL+FLLJS FOR
Le2 STEP 2 UNTIL 98 00 FReER+F(L]1} INTe(FIUI+AXEL+2<xER«FL100))/300 ENDJ

LAREL MEaMZPMIsMAPMIsMEsNT» MB P HI* MLOs ML 1o MI22MLIs ML M155 %

FA¢1.05 KeD.93 MRv6) 7€903 Pled 181592453595 RBLO0Jel?! RLLIeVIQI#FLOI+0S
e TERICFLOUFERC CI"ANKI/2mEIN( I mKXKF2XKXKRLNCKY) /(2R 1=KXK) )} Wel)
Mles RI&R1*+1iRN&#R1XR1} Wy} IF X = 1 THEN GU TO M23 FRe¢FEsXe1; %

IF FLxFR < 0.0 THEN GO TO M3360 TU M1p M2: FLéFE3Xe0} %

IF FLxFR > 0,0 THEN GO TO M1} M3: DEeple=l .13EL€0,03re023

Mat DECDL+0.1; D7 M52D8 MEIGD TO MA 453 D9 MAIME! DIF+DE=CG.11; T+EL#O}
M7: DE+L+UL.015 D7 MBIDA MOIGN TH MZ7IMB: D9 MTIM9: NERE=0.011; YeeLe0)
M1Gt DE€UVE+Q.0013 U7 M11}F DA w123 GO TQ MIU; M113 PO M10; %

M12% DE€DE=0,00113 yeELeD} M13: DE*DFE+0,00013 DY mias N8 MI53;G6U0 0 M13;
M143 D9 M13) MI5t fel+13 TOI1eRNF Jill BEGIN ULI»J)el} L11Z %
UrTsJIetd{ToJI+RILIXCJ 100300 ENDS IF I < MR THEN GO TO M1} %

L1111 VILIe(i=(1=KIXL/100)x(2x¢1=KIXL/100%CC1=KIXL/1000) %2 %
+E3IXLNCL=¢I=K)XL /100333 T11M JriM BEGIN L111 FLLJevrLIxULloLIXULJsL]}
Doy PLI»JYICPLULTI*INT/E? ENDF WRITECLINE>FMYISKPEDSL17E2Y) FiLO1¢13 T1IM
BEGIN L111 FIL)&CI=CI*KIxL /100 xUL T, L1423 DC3 NOTI1e(NT ENDS ILLIM JLtM
AALT s I€AALU»T &P LL,J1/7SQARTCTPLIXTOJIxuC I IXNLJIYS JACDRICLI»MR2AASRH)Y}
FReSORTCCLI=KxK+EIXLN(KIYI/(E2xPTY)} WRITE(LINESFM22Fp)3 FIO1e0)

L1t FLLIeSARY(ZX(1=KIXL /100 ¢ C1"K)XL/100)%2 $E3XLN({I™¢1™KIXL/L100)) }
DC3; FLePIxSQRT(E2)/INT) WRITE(LINESsFMI»FL)S WRITE(L'NFAFMA)s I11M BEGIN
JIIM BHLJ2 [13¢BBLIJs L)/SQRT{T(JIXNIJD IS TPLTI®1/SARTCAALTS1]) END}

T1tM BEGIN L1311 BEGIN XWET»L)e0}3 JLIM XNCIsLDeXN[Is1 )+RBLJsIIxulJsL]
EnD? JILY FEJIeVIJIXXNIT»J]S DCS DEeINT%Z3 J111 FLJI6FLrJIxXXNLE»d}s DCS
CrIN«DEZINTY WRITELLINESFMS,1.8QRTCT{I]Y»TPLIY»CLI ) ENDS %
WRITECLINE*FME)] FUR E€0.0001,0,0003162,0400120.003162,040120.0316250.1
Dn BEGIN FLeFR€0J L11M REGIN FLeFLACLTI/CAALLS I IXEXPCERALL»T 1)}
FReéFR+CUII/EXPCE/AATLSINY ENDY NUCHILX(1+K)/(FR%x2XK); %
WRITEC(LINE,FM7,E»NU)Y ENDINUS (1 +KI/ZCAATE, 1 D%2xK3F WRIYFCLINEFMASNU)

ENDe %




WHEN K & 0,90 AND F3 = 1.00 THEN £2 = 2,2648401 AND
PHT = 7.81018=-01 FRUM £@4(2,3,236)

XT = 3.78708400 FROM LG.(2,3,34)

I BAMMA LAMEDA COLFF x INTEG
1 1.538 1+£90 3:2630~072
2 8,702 5191 44285803
3 7.8488 BelhRO 15948013
4 1n.99¢ 19+704 7420608
S 14.134 154628 2:.6056"04
6 17.276 26+TRO 6+6818=05
ETA Ny
1,0006=04 1.,4822@+01
3,1620=04 1,44618401
1,0008~03 1,349684+01
3,1628=03 1,14918+0])
1.0008=02 8,52916+00
3,1620=02 B.67T468+00
1,0008~01 4,1179@+00
INFINITY 3,68047@400
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BURROUGHS 8=55%00 ALGOL COMPILER LEVEL 6 FRIOAY» 5/ 1/70s
ScouMPILE BINO82S/INTER sALgOL L065800006  +0825 Wy 0 €
YPROCESS: 000000205 10= 00000010,

SDATA.

1

%

f 4

X THIS PROGRAM CALGULATES LOCAL NUSSELT NUMBER FOR INTERPHASE MASS

f TRANSFER FOR LAMINAR ANNULAR FLOWs» Ny ® NUCKsHsPHISE12E3)s AS SHOWN
5 [N SECTION 4 OF CHAPTER I+

b 1

BEGIN %

FI1LE OUT LINE 6(3,13))%
FORMAT FHL1C//70XXXMNXXXH0H NN XXX AAXXKAAXKXKXXXRAXAKKXXNINXLS S/ D »

FM2CK SPoF 6,30 X30"PHL a"3€0.25X30"H w"sEFe2oX 32 EL W F6,32X32"L3 2"

F&.,3), FMIA(//" ] GAMMA LAMBDA COEFFICIENT®™), FMA(ELO,3,E12.3),

FMACT2s2CF943)2EL843)2 FHSC//XTH>"ETAMS X102 "NU")sFNT(™ INFINITY"»E13,5)3
REAL E FoGoUPsHoHrKaVS KD sKHLEY JE2,E3,EA,Ms8sRsDA»V, JO» J1,55,SNsFNaHNS U

EFsTAUSDR,BNSEULLTAESSPHI} &

INTEGER IodrXo¥adslsHMReXX3R

REAL ARRAY B{O3101)sNsTsSDsJIsTP»CPoLPLO11115J0BX(0181,03810,
ARsBByPIOI132081172A00185,0141)>02020[01412) X

DEFINE Il1M = FOR iel STEP 1 UNTIL MR 0O #, 3
JIM = FOR Je¢l STEP 1 {yNTIL MR DD 2 3
yiM = FOR Ye¢l STEP 1 UNTIL MR DO 25 %
J14 = FOR Jel STEp 1 UNTIL 40 DO 2, 3%
Y14 = FOR Y+1 STEP 1| UNTIL 40 0O #, %
DDl = VeBN; wWU3 IF XX = § THEN GO TO #» 3
DD2 = EQ¢FN3 XxXel13 IF EnxEF < O THEN GO TQ 2, %
DD3 = EFeFN3? xx«03 IF EAxEF > 0 THEN GO TQ #5 &%
PRACEDURE JACOBIC(OPTAN,A,B)Y 3 X%
VALUE OFT»N 3 X%
INTEGER OPT»N 3 %
ARpAY AsBLO20) 3X
% TH1S PHOCEWURE REPLACES THE N«TH ORDERs REALs SYMMETRIC
% MATRIX AC»] WITH A DTAGONAL MATRIX SUCH THAT THE ELEMENTS A{I»1),
4 I = 152235,42Ny CONTAIN THE EIGENVALUES OF ALr) ARRANGED IN DE=
5 CREASING DRDER WF MAGNITUDRFE, THE EIGENVECTOR ASSOCIATED WITH THE
% I=TH EJGENVALUE IS STORED IN THE I=TH COLUMN OF THE MATRIX HBL#l,
4 THE OPERATION PERFORMED DEPENDS UpON THE ORTION PARAMETER OFT AS
X FOLLOWS?
%
4 IF OPT = 1» BOTH FIGENVALUES AND EIGENVECTORS ARE PRODUCED,
]
% If OPT = 2» ONLY EIGENVALUES ARE PRODUCED,
%
BEGIN
INTEGER TrKoLaMsKLKM ;3 ¢
RF AL QIR B2 TrVaWsZsMLoMM J %
ARRAY MX{OINY J X
INTEGER ARRAY KX{O:N) } %
DEFINE 100} = FOR I &« 1 STEP 1 UNTIL N DD # » %
1002 = FOR I ¢ 1 STEP | WHILE I € N DO # » 3
1003 = FOR 1 ¢ & STEP 1 WHILE 1 <« L DD # » %
I004 = FOR I ¢ L+1 STEP L WHILE 1 < M 0O 2 » &
IU0S = FOR T ¢ Mel STEP % WHILE I S N DO 2 » %




ol

1006 = FOR I ¢ 1 STEP % WHILE | <« N DO # » %
KDOU = FOR K ¢ 1 STEP 1 UNTIL N DO ¥ » %
KUO1 = FOR K ¢ 141 STEP 1 UNTIL N DD # » X%
KDpZ2 = FOR K ¢ I+t STEP & WHILE K S N DO # ) %
1F OPT # 2 AND OPT # 3 THEN X%
Ipol s

BEGIN ¥

BiIsI) ¢ 1,0 3 &
KODL BEIsK] ¢ BIK,1) ¢« 0 3 2
END } X
A +«0)Le1 3 X
1002 %
BEGIN &
MM ¢« 0 ) KN ¢« N ) %
KUD2 IF (W ¢ ABSCA[I»K])) » MM THEN X
HEGIN %
MM ¢ w
KM ¢ K
END } %
MXLE)Y ¢« MM 3 KX[1] « KM 3 %
IF MM > Q THEN BFGIN @ « MM ) L « I END } %
END } %
M+ KX[L) # X%
R ¢ ABSCALL,LY)Y + ABSCAIMsM]) 3 3
@+ Q¢+ R T
WHILE R # ¢ DO %

} 3
I

dEGIN
« ALLAM] + Af(Leml ) X
¢ ALLsLY = A[MoM] J 3
¢ 2XSURT(RxXR + Qx4 } %
¢ SWURTL0,5 + ARS(RJI/S) ) X
¢« 4/(5%T)y J %
1# R < O THEN BEGIN € ¢« T 7 T ¢ S 3 5 ¢« & ENO ¢ %
IF UPT #4 2 THEN %
1002 %
BEGIN %
Q@ ¢ BLIsLY ) R ¢ BLIWM] 3 %X
BLIsL) ¢« TxQ &+ Sxp 3 ¥
BLIsM] ¢ TR = S%Q 3 3
END 3 %
ML ¢ MM ¢ 0 3 KL « KM ¢ N } %
1003 3
BEGIN %
Q ¢« A{IsL]) 3 R ¢ ALIsM] 3} X
ALIrL] # ¥V & TxQ + S5%XR } %
ALI»M]) * Z € TR = §%Q 3 %
Z ¢ ABS(Z) 3 v ¢ ABS(V) 3 w »+ MXILE) ) %
IF 2 > NOR V » W THEN %
IF £ > VvV THEN BEGIN MX[I] ¢ 2 3 KX[I] &« M END &
ELSE BEGIN MXLI] ¢ V 3 KXLI) ¢ & END %

L NI =

END 3 %
Ivoe »
BEGIN ¥
@ ¢ AlLsI) 3 R ¢ AlIsM] 3 %
ALLs1) ¢ ¥V ¢ Tx0 + 5%R 3 %
ALIsM] ¢ Z & TR =~ 5xQ j %
IF AHB(VY > ML THEN BEGIN ML ¢ ABSC(V) 3 XL &« I ghNbD } X
TF ABS(Z) > My[1) THEN BEGIN Mx{1] ¢ ABS(Z) 3 3
KXLI) ¢ M END ¥ 5

END 3 %
1005 *




BEGIN %
Q ¢ ALL2T) 3 R & AlM2I) 3 %
ALL?»I] # ¥V & TuQ + SXRKR 3 %
AlMaY) ¢ 2 ¢« TR » Sx0 } X
IF AHSCY)Y > ML THEN BEGIN ML ¢ ABS(V) § KL ¢« 1 END } &
: IF ABS(Z) > MW THEN BEGIN MM ¢ ABS(ZY 3} KM « [ END J %
END 3 %
MXIL} = ML } KXEL] « KL 3 X
MXIM] ¢ MM 3 KX{M] ¢ KM } &%
Q@ € ALLsL) 3 R # ALM+MY 3 2 & ALLsM) ; 2
V ¢« TX§ 3 T ¢« 5T 3 5 ¢ §x5 3 %
AlL»oM] & Zx{Tws5) & VYX{(Re@) } %
Vv & 2X(ZIxy) } %
AlLsL] ¢ Tx@ + Sxp + V }
AEMAM] & TxR + Sx@ = V
@« ML 3 %
1006 IF tR « MXE11) > Q THEN BEGIN Q@ ¢« R 3 L ¢ | END 3 %
Mo+ KX[L] } %
R ¢ ABSCALL2LY)Y + ABSCA[MaM])) J %
Q ¢« Q'R J %
END J %
KLDO D01 IF I ¢ K THEN ALTI»K) + O § 3
ENN JACOBL 3 %

REAL PROCEDURE DERCH)S &
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""""" BURROUGHE 6=5S580 aLgnL CNMPILER LEVEL & TUESDAY, £/12/70,
XCOMPILE BINOSO9/TURD  #ALGOL +065A00006  +0509 WU D €
YPROCESS® 000000203 1N~ 00000010,

XDATA. e

g

Z

X THIS PROGRAM_CALCULATES THE NUSSELY NUMBER FOR TURBULENT TWO~PHASE
% ANNULAR FLOW AS A FUNCTION 0F THE FNLLOWING EIGMT VARIABLES)
% W = PARAMETER DEFINED BY FQ,(2,3,8)
H = PARAMETFR DEFINFD BY £Q,¢2,4,23)
_PG__ = PRFSSURF GRADIENT WHICH WOULD EXIST IF GAS FLOWS ALDNE
PL PRFSSURE GRANIENT WHICH wOULD EXTST IF LIQUID FLOWS ALONMNE

b 4

1 H

1 =

% scl = SCHMIDT NUMBER IN THE GAS PHASE
¥ =

X

¥

sC2 SCHMINT NUMBER IN THF LIQUID PHASF
_YRL = REDUCED RADIUS FOR G6AS PHASE

YRZ = REDUCED RADIUS FOR LTQUID PHASE

FILE OUT LINE 6t3,19)3¢
FORMAT FMICX7amH"oXTa"uRsX62PG aX6a"PL s X59mYRIMXS»"YR2"IX5»"SC1"9XSH

_T5L2%aX13, " B X9 MLAMBDAT,X12," NU")s FM2(B(FBe13s3(E15.4))) ¢

REAL YCsTRs JLaKs JReTK2HRaHL>WsFE2FKoFL2FRIER,PGoPLAYRIYR2sSCE2SC25Hs XX
T RsCOSRTSNUS ™ INTPGER LslsXt X
REAL ARRAY EsFsE1sF2sy1,U2+X1sX20011002)3 §
DEFINE LYT1 = FNOR tel STEP 1 UNTIL 1000 DD ¥ » %
L1100 = FOR Lel STEP 1 UNTIL 100 DD 2 ,%
oDy = HLoRthi; WU$ IF X = 1 THEN GN TO # »X%
02 = FReFEY ¥els IF FLXFR < O THEN 6N TO # »%
D03 =z FLeFES Xe0) IF FLXFR > 0 THEN G0 TO # »%
DIF 3 1P Y& < % THEN EILTI€CYC/18.5)43 FLSE 1F Y€ < 33 THEN
_EUL1eY¥C/5%0,959 FLST # 1 %
PROCEDURE WU} REGIN T¢TR¢JLe¢0,0) L111 BEGIN ¢
_XYCe(1l= c1-«)foioon)tuerlxx2tL11 IF T &= 0 THEN BEGIN JRe(JL+YCIxP=045}
Teld3 TKeYC) HReTR4JR END FLSE BEGIN JReCJL4AXTKHYC)/1,504063 HReTR4JR}
CT1403 JLeYCE TR&HR EADS X2IL+316X2{L=1)=HLxWxHR/(E2LIL)IxC1=C1=K)x{ x®=03)}
END? T#TReJLe0, 08 [ 111 BFGIN YoeLxpirLIxX1r ¥ 1IF I = 0 THEN QEGIN
JRECILFYCIXNMaNES Tel} TKeYCH MReTR4JIR END ELSE BEGIN [0} %
JRE(JLFAXTKHYEY)/1,58406) HReTRIJR} JLeYCITReHR ENDJ %
X1[L+t1eX1fLw1Y=HLxHR/(LxE1CLY) ENDS %
CFee(X2010011=X2{ 9991 Ik X1 L1000 T4FKxX2L1000 (X 1999 I*X1[1001]) ENDS
PROCEDMRE HCJ REGIN FLeFReD,0} FOR Lel STEP 2 UNTIL 999 DO FLeFL+FCLJ
FOR Le? STEP 2 UNTTL 998 DD FRerR+FILIJ ERe(FLOI+ANFL+2xFR+FL10001} /3000
ENDS %
LABEL MLsM2M3,MEsMS e ME,M7>MBsMO» M1 DML, M2 X
_____ FRITE(LINE;FH!)J PGe2.08+409) PLed, oo+oa; YRE+40003 YRZ2¢2000) $Clels
xx+(PL/PG).o 5} Kol/(!+XX*0 B340, 1371 Be7,400=06XP #0,B83IXH0,21)
TEOCH/C14HYE FLOYeIT1000YFEI01+0200)+02 L115 AEGIN YCeYR2x(1=K)xL/1000}
DIF ECL)¢YOxCA=C¢I~K)x x#"03)/2,5 ENDJ {115 F{S00+L1eEI500~LI3 11t AFGIN
N2ICTeUZIL™ 1 140t mt 1 mKInCL =13 /0000 /CI+ELLoy IILE2LL1+ETLIXSC2/R +13
FILI€y2ILIxC1=¢1=)xL/1000) ENDJ DCF L1L1 U2ILI€U2[ILIXCL+K)/CERX2)]}
TLITT BEGTIN YCeKxYRIX| /1000JDIF IF | < 200 THEN ELI+YCx{1=Kx|/10001/2,5
ELSE FLLI€YRY /14,8 END}J FL10001e2xU1{00013FKenWx {1 +K)/(HXKISL111 BEGTN
TETIL T EL1000=L1xSC1/8 +1y UL[1000=L eIl 1001=L)+C1001=L)/¢1+ElL=11)
FL1000=L)eytr1000= 1x¢1000~))/%00 ENDS DC2 111 ULE| Jeyley' I1/ERS X
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