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SUMMARY 

Mass-transfer coefficients for two-phase annular flow are analyt­

ically determined for the laminar and turbulent flow situations. 

The differential equations for three cases of laminar flow mass 

transfer, namely, gas-phase controlled, liquid-phase controlled, and 

interphase mass transfer, are solved by the method of separation of 

variables. The eigenfunctions are represented by inĵ inite power series. 

The results show that Nusselt numbers for two-phase, gas-phase controlled 

mass transfer lie between the Nusselt numbers for single-phase mass 

transfer with parabolic and flat velocity profiles, 3-657 â d. 5.775; 

respectively. Nusselt numbers for two-phase, liquid-phase controlled 

mass transfer lie between 2.k'J0 and 3•919' These are the Nusselt numbers 

for the falling film types of flow with flat and linesar velocity profiles, 

respectively. Nusselt numbers for interphase mass transfer are practical­

ly constant for a certain range of the gas-liquid ratio. Within this 

range of gas-liquid ratios, the additivity-of-resista,nces principle is 

valid. However, the Nusselt numbers of interphase mass transfer are 

lower than this constant both below and above this critical range of gas-

liquid ratios. Asymptotic solutions for the entrance region for these 

three cases are obtained by the method of combination, of variables. 

They are in good agreement with the exact solutions in the entrance 

region. 

For the case of turbulent two-phase, gas-liquid, annular flow, 

the mathematical model is set up by assuming the liquid film is 
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symmetrical and smooth and there is no effect of the entrainment on the 

flow. The overall effective diffusivities are expressed as 

D,. = 6D. + e_. 
ti '̂  1 Di 

i = A, B. 

where p is a correlating constant, D. is the molecular diffusivity and 

e . is the eddy diffusivity proposed by Kropholler and Carr (29). The 

effects of the entrainment and the interface instabilities on mass trans­

fer are correlated by p. This mathematical model is solved also by the 

method of separation of variables. Eigenfunctions and eigenvalues are 

obtained numerically by use of a digital computer, p obtained by trial 

and error to fit the experimental data of Anderson (2) and Bollinger (9) 

is 

p = 7.^ X 10^ Ĥ -̂ 1 (f) 
0.83 

It is found that the Nusselt number resulting from this calculation can 

be expressed as 

Nu 
,Z^N^ ,APN^ _ d „ e +f +i 

= ̂  (̂) (̂) "̂A ^̂ B \ V 

in which a is a function of oi and H, and the exponents b, c, d, e, f, 

and g vary significantly only with oi. When CD is small, b, e, and g 

are zero. When o) is large, d and f are zero. 



IX 

Since the experimental data available for correlation are for 

horizontsLl pipes only, the results for turbulent flov mass transfer 

are applicable only for horizontal annular flow. 
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CHAPTER I 

INTRODUCTION 

Two-phase, gas-liquid flow occurs frequently in engineering 

practice. The importance of this subject has stimulated considerable 

research effort in the past thirty years; over 5,000 articles have 

appeared in the literature (11,20,21,27,^8). The flow pattern of gas-

liquid cocurrent flow in a pipe depends on the flow rates of each phase, 

the physical properties of the fluids and the pipeline geometry (20,^^). 

For high mass flow rates of gas and relatively low liquid mass 

flow rates, the flow pattern established, both in horizontal and vertical 

pipes, is called annular flow. This type of flow is (Characterized by the 

gas flowing as a high speed core while the liquid flows as an annular 

film around the pipe wall and in most cases as drople":s entrained in the 

gas core. 

The purpose of this dissertation is to determine analytically, 

mass-transfer coefficients for annular cocurrent two-])hase flow. It is 

divided into two parts: laminar flow mass transfer and turbulent flow 

mass transfer. 

For the case of laminar flow, it is assumed thc.t there are no 

liquid droplets in the gas core and that the annular liquid film is 

symmetrical and smooth. It is also assumed that the laminar velocity 

distributions of both phases are fully-developed and steady. Three 

cases of mass transfer are discussed: gas-phase controlled mass 



transfer, liquid-phase controlled mass transfer, and interphase mass 

transfer. The gas-phase controlled mass transfer is a moving interface 

Graetz problem (l9)' The liquid-phase controlled mass transfer is 

similar to a falling-film tower problem. The interphase mass transfer 

is a two-region Sturm-Liouville problem. 

Theoretical prediction of the mass-transfer coefficients by 

assuming laminar flow will provide a basic understanding of the mass 

transfer mechanism. The most probable case in which stable, laminar, 

annular flow will exist is the falling film case. However, it has been 

shown that a falling film is not in laminar flow even for Reynolds 

numbers as low as 300 (^l). For gas-liquid cocurrent flow, the flow 

rates of both phases are veiy high when the flow pattern is annular. 

Mass-transfer coefficients for turbulent annular flow are desirable for 

practical designs. 

Mass transfer between gas and liquid in annular flow has been 

shown to be of practical significance (9). However, very little work 

has been done in this area. In 1959 Anderson (2) reported a study on 

gas-phase controlled mass transfer in two-phase annular flow in horizon­

tal pipes. Data on mass-transfer coefficients for the absorption by 

water of ammonia from ammonia-air mixtures were presented. Another 

experimental study on liquid-phase controlled mass trajisfer performed 

in the same laboratory was made by Bollinger (9) the f(Allowing year. 

The solute used was carbon dioxide. Later, Hughmark (23) proposed that 

the momentum-mass transfer analogy be used to calculate mass-transfer 

coefficients in horizontal annular flow. The results check fairly well 

with the CO -water data of Bollinger and the M^-water data of Anderson. 



Mass-transfer coefficients for physical and chemical absorption of 

carbon dioxide in annular and dispersed horizontal flow have also been 

measured by Wales (̂ 5)* These are the only investiga.tions concerning 

mass transfer in two-phase annular flow found in the literature. 

For the case of turbulent flow, a model is proposed to calculate 

over-all mass-transfer coefficients in gas-liquid annular flow. In this 

model, the effects of the entrained liquid droplets and the interface 

ripples on the mass transfer are included by an effective diffusivity. 



CHAPTER II 

LAMINAR FLOW CASE 

1. Velocity Profiles 

The velocity profile for laminar, two-phase, [liquid-liquid) 

annular flow has been derived by Russell and Charles (3?) assuming the 

two liquids have equal densities. For the case of gas-liquid annular 

flow treated in this chapter, consider the gas as ph£-se A and the liquid 

as phase B each flowing laminarly in a vertical pipe of radius R with 

constant axial pressure gradient. Assuming that the properties of the 

fluids are constant, that the liquid forms a symmetrical annular film 

with the interface at kR and that the flow is fully developed and steady, 

the equation of motion can be written as 

dE. + 
dz 

1 d dV_. 
li. - ~ (r --^) + p . g = 0 i = A, B, 
1 r dr ^ dr 1 

(2.1.1) 

The boundary conditions are 

r = R 7 = 0 
B 

(2.1.2) 

r = kl̂  \ = ̂ B (2.1.3) 



r = kH 
dV^ dV, 

•̂A dr~ ^ ^B dr" 
B 

(2.1. i^) 

r = 0 
dr = 0 ( 2 . 1 . 5 ) 

I n t e g r a t i n g Eq. ( 2 . 1 . 1 ) g ives the v e l o c i t y d i s t r i b u t 
ions 

V 
2 2 

k R /ZliP 
A 

, - £ _ (i^) (rp ^ JO X 
4LI W / -̂̂ 1 p—o) 
^^A ^ A 1 k^ ^2 

(2.1.6) 

V. 
2 p 

R /APx , r rx 
B ^ ^^\ (1 - ^ ^ E3 .n I) R' ( 2 . 1 . 7 ) 

where 

^AL^^ dz P i ( 2 . 1 . 8 ) 

E : ^ = 14 - ( - i -1 \ 2 
M, Â fe)^ 

1 ) — x ^ + — ^ 

(AP) 

B 

L 

(AP) 

A 

^n k ( 2 . 1 . 9 ) 



E 3 = 2 k 

(AP) 

1 -

^AL^ 
B 

( 2 . 1 . 1 0 ) 

The a v e r a g e v e l o c i t i e s a r e 

< ^ > 

. kR 

2 TT V. r d r 

^ o  
^kR 

2 TT I rdr 

-^o 

2 2 
k R /APN /TJ, 2 . 

THI^ fe)^ ( \ - ̂ -5) 
(2 .1 .11 ) 

< V > B 

r ' 
2 TT I V r d r 

"^kR  

r ' 
2 TT I r d r 

^ k R 

^ (3) 5 ^ 7 ^ ' ^ B 
( 2 . 1 . 1 2 ) 

where 

E = 1-k k 

1-k 

( - ) 

1 -
(AP) 

B 

-1 

( l -k^ + 2 k^ in k) ) ( 2 . 1 . 1 3 ) 

Defining the dimensionless v e l o c i t y as 

V, 

i < V >^ ^ A, B. (2 .1 . l i f ) 



gives 

% = 

^1 " "2~~2 
k R 

^ 2 

\ - 0.5 

(2.1.15) 

ĝ  = Ê  (1 - ~ + Ê  in I) 
B̂ R R' 

(2.1.16) 

2. Gas-Phase Controlled Mass Transfer 

In 1885 Graetz (19) published an analytical investigation of heat 

transfer to a fluid in fully developed laminar flow in a round tube of 

constant wall temperature. Since then^ the so called "Graetz Problem" 

has been discussed in detail by a number of workers and an excellent 

review is given by Jakob (2i+). 

The subject considered in this section will be the system in 

which a gas and a liquid, of constant properties, flow in steady laminar 

motion in a round tube. The flow pattern is annular and the velocity 

profile is fully developed. Up to a point along the t;ube (z = O), the 

concentration of the gas phase is uniform. After this point a constant 

concentration is assumed at the interface, and it is desired to find the 

concentration distribution in the gas core and the mass-transfer coeffi­

cient. Although many extentions of the classical Graetz problem have 

appeared in the literature (l6,39)^ none has considered the problem with 

a moving interface. 



The differential equation which describes this cage is 

Sc 1 a_ , ^ ^ 
.r Sr ^ Br ' 

(2.2.1) 

with boundary conditions 

z = 0 
A AO 

(2.2.2) 

r = 0 t^ 
"dr 

= 0 (2.2.3) 

^ = ^ ^ ^A = ^AS 
(2.2.ii.) 

Defining the dimensionless variables 

Y = 
c - c 
A AS 
c - c 
AO AS 

(2.2.5) 

X = kR 
(2.2.6) 

Tl = 
^A^ 

2 2 
k'̂  R < V^ > 

(2.2.7) 

and substituting Eq. (2.1.6) into Eq. (2.2.1) yields 



, 2 2x 

^\ ~ "" ^ ^ = 1 L. (x ^ ) 
(E^^ - 0.5) ^^ "̂  ^"^ ^"^ 

(2.2.8) 

Using the method of separation of variables, let 

Y = X t (2.2.9) 

where X is a function of x and t is a function of T], 

Substituting Eq. (2.2.9) into Eq. (2.2.8) gives 

d̂  ^ 1 1. / dX^ 

t (E^^ - 0.5) dn ' X {^^ - x^) X ^^ ^ 
(2.2.10) 

which must be valid for all values of x and T]. Therefore, each side of 

2 
this equation must equal a constant, say -X . This y:.elds 

I = - (B,̂  - 0.5) .^ (2.2.11) 

and 

d X ^ d X ^ , 2 ,_2 2>,„ _ 
X ?7 + -r- + A. X ( E T - X ) X = 0 

^2 dx ^1 ' 
dx 

(2.2.12) 

Integrating Eq. (2.2.11) gives 



10 

t = C exp [- X^ (E^^ - 0.5) Tl (2.2.13) 

where C is a constant of integration. 

The solution of Eq. (2.2.12) is given by the power series 

where 

•T^ 

X = A î 
2i 
X 

i=0 

(2.2.llf) 

a = 1 
o 

\ = -

„ 2 , 2 

a. = —55- (a. „ - Ê  3" n)y i > 2 
X , .2 "̂  x-2 1 X-!''•' —. 

4-1 

(2.2.15) 

In order to satisfy Eq. (2.2.4), the constant X must be the root of the 

following equation 

y a. = 0 
i=0 

(2.2.16) 

Thus, the complete solution of Eq. (2.2.8) is 
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^ - I 'n\-^ [- ̂ ' (̂l' - |) ̂  ; (2.2.17) 

n=l 

where X is the eigenfunction that satisfies Eq. (2.2.12) which in turn 
n 

corresponds to the eigenvalue X = X , the nth root oj' Eq. (2.2.16). 

Because of the orthogonal property of eigenf unctions 

X (E. X ) X X dx 
m n 

= 0, when m / n (2.2.18) 

and the coefficients C can be determined by a procedure similar to that 

of a Fourier analysis by introducing the initial condition^ Y = 1 at 

T| = 0. C then becomes 
n 

n ^1 

1 

r X (E^ 
^0 

P P 
- X ) X dx 

^ n (2.2.19) 

r X (Ê ^̂  . ,2^ ̂ ^2 

J n 
dx 

It is interesting to point out here that any given symmetric 

function of c. at z = 0 will give the same eigenvalues and eigenfunctions, 

the only difference being the coefficients C . 
n 

The average concentration is defined as 
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<c^> = 

kE 

2 TT ĉ  V« rdr 
A A 

^kR 

2 IT I V^ rdr 

-̂  0 

(2.2.20) 

Substituting Eq. (2.1.8) in Eq. (2.2.20) yields 

< y > = 
< c > - c 

A AS ̂  
ÂO ' ̂ AS E^^ 

^T' I ^ ^̂ 1̂  " ̂^̂ ^ ^ ^^ (2.2.21) 
"2 Jo 

From Eq. (2.2.17), 

< Y > = 

00 

-r-T I ^n -^ [- K^ (̂ i' -1) ^ ] r 
\ " 2 n=l J C 

2 2 
X (E, - X ) X dx 
^1 ' n 

(2.2.22) 

The l o c a l gas-phase c o n t r o l l e d mass - t r ans fe r c o e f f i c i e n t , K., i s 

defined by 

K^ 2TT k-R dz [c^g - < c^ > ] = TT k^ R < V^ > d < c^> 
A 

Sc 
D^ 2rr kR dz ^ r=kR 

(2.2.23) 
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The Nusselt number may be expressed as 

2 k"R K, 
Nu, 

D A 

d < Y > 

d l _ 
- < Y > 

(2.2.2lf) 

Substituting Eq. (2.2.22) into the expression above, the Nusselt number 

becomes 

»"A = 

00 1 

(E/- 0.5) I C^ X / exp [- X / (E/- O.5)l0jrx (E^^. ̂ 2^ ̂  ^ 

n=l -̂ 0 

ŷ  C^ exp [- X^^ (E^^- 0.5)'n_ X (ET - X ) X dx 
^ 1 ' n 

n=l 
(2.2.25) 

When z is very large, the above equation gives 

^V = ^\ - ̂-5) h^ (2.2.26) 

Nu. is shown in Figure 1 and Table 1 as a function of E^ . When the 
A°° 1 

2 
interfacial velocity is zero, i.e. E^ = 1, this protilem is exactly the 

one investigated by Graetz (l9). Therefore, this gas-phase controlled 

mass-transfer problem may be considered as an extension of the classical 

Graetz problem. 



ih 

E: 

Figure 1. Nû oo as a Function of E^ 



Table 1 . Nu and X as Funct ions of K 
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E 
1 Nu 

Aco 

1.00 

1.05 

1.10 

1.30 

2 .00 

3.00 

5.00 

2.70^^ 

2.621^-

2 .5^9 

2.305 

1.800 

1.4i+l 

1.100 

3.657 

3.786 

3.900 

il .251 

If. 858 

5.193 

5.ifi+l 

Asymptotic Solution for Large Eigenvalues 

The calculation of terms with large eigenvalu€!S in these eigen-

functions, X , although straightforward, is time-conturning even by an 

electronic computer. Furthermore, the roundoff errors of the computer 

become so serious that the accuracy of the coefficients is poor. It is 

therefore desirable to have an asymptotic solution for large eigenvalues. 

Using a technique similar to that of Sellars, et al. (39); the 

following asymptotic solution for large values of n is obtained. 

X 
n 

1 - 1 

( IT) ' (\'- -') ^ 
n 

cos t-i^-R - X + E. sin 
X N IT 

E^) "IT J 
(2.2.27) 



The boundary condition X (l) = 0 gives the eigenvalucjs 

16 

2 n (n - |) 

n 1 
/'tP 2 T N 2 _̂  _ 2 . - 1 1 
(Ej_ - 1) + Ej_ sm g-

1 

(2.2.28) 

Comparison of the eigenvalues calculated from this asymptotic 

solution with those from Eq. (2.2.l6) is shown in Tab;Le 2. 

Table 2. Comparison of Eigenvalues for Gas-Phase Controlled 
Mass-Transfer Calculated From the Asyriptotic Solution 
Eq. (2.2.28), With Those From the Exact Solution 
Eq. (2.2.16). 

E^ = 1.05 ^1 = 3 

Eq. ( 2 . 2 .16 ) Eq . ( 2 .2 .28 ) Eq. (2 .2 .16 ) Eq. ( 2 . 2 .28 ) 

h 2.624 2.870 1.441 1.445 

^2 6 . if 48 6.697 3.369 3.372. 

S 10.29 10.52 5.297 5.299 

\ 
14.12 14.35 7.224 7.226 

s 17.96 18.18 9.152 9.153 

Asyn ip to t i c So lu t ion for the Entrance Region 

In the entrance region, where z is small, the S(jries of 

Eq. (2.2.17) does not converge rapidly. Therefore, an asymptotic solu­

tion for small z is desirable. For mass transfer during brief exposure 
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of a gas and a liquid in confined flow, it is permissible to consider 

only the region very near the interface and to neglect the effect of the 

confining wall upon the mass transfer process. 

For the problem under consideration, Eq. (2.2.1) reduces to 

N ̂  ^A ^ ^A 

( \s^^'^)^r- = ̂ A —2-
(2.2.29) 

with the boundary conditions 

Y = 0, 
Â "̂ AS 

(2.2.30) 

Y = 00̂  
"A = "AO (2.2.31) 

z = 0, 
Â ÂO 

(2.2.32) 

where a is the slope of the gas velocity profile at the interface. 

This problem has been solved by Beek and Bakker (7) using the 

Laplace transformation. They found two asymptotic solutions for local 

mass-transfer coefficients based on the initial driving force. Their 

'A^/^i 
2 "-̂  

solution for short exposures (a D.z/v.^ *̂*̂  l) is 

K ( 
\s \ 

2 ^ 
a D. z 

(2.2.33) 
V 
AS 
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2 '̂  
While for long exposures (a DA^/V,C >^ l)^ their solution is 

/ \ 
K 

\s\ 
= 0.538 

a D^z 

1 

3 
AS 1 

1 1 

51 7 
1 + 0.375 AS 

a" D. z 
(2.2.3if) 

Since it is the entrance region that is being considered, Eq. (2.2.3U) 

has no meaning here. 

Bayer and King (lO) obtained a numerical solut.ion for this problem. 

An analytical solution for this problem can be: obtained by the 

method of combination of variables. Defining 

C = \ B -̂  ^y 

(9 â  D^ z)3 

and substituting in Eq. (2.2.29) gives 

(2.2.35) 

i-l + 3 C^ ^ = 0 
dC^ ^̂  

(2.2.36) 

The boundary conditions are 

V 
C = AS 

1 ' 
Y = 0 

(9 â  D^ z)3 

(2.2.37) 
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C = " , Y = 1 (2.2.38) 

The solution of Eq. (2.2.36) with the above boundary conditions is 

exp (-C-̂ ) dC 

AS 
1 

Y = 
^^ ̂  ^A z)3 

(2.2.39) 

exp (-Ĉ ) dC 
V 
AS 

1 

(9 a^ \ z)3 

Since < Y > is approximately unity when z is small, the Nusselt 

number can be expressed as 

-V 
2 kR a exp AS 

3Y 
Nu, = 2 kR ~ 
A by 

9 D^ a z 

y=0 
1 

(9 D^ a^ z)3 

(2.2.1̂ 0) 

exp (- Q^) dC 
V 
AS 

1 

(9 D^ a^ z)3 

Since 

V 
{\ -i)<v^> 

^^ E^^ - 0.5 
(2.2.41) 
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a = 
2 < V ^ > 

kR (E^ - 0.5) 
i2.2.k2) 

the Nusselt number for small T] can be written as 

k exp 
- ( • / • •' H - 1 

Nu^ = 
36 (E^ - 0.5)T1 J 

36 (E^^ - 0.5)Tl] 
x(|) 

- I 

2 
^1 - 1 T 

36(Ej_ - 0.5)T1 

(2.2.1+3) 

in which 

X 

I (x) = exp (- C^) dC (2.2.1+4) 

This integral has been tabulated by Abramowitz (l). 

Furthermore; the penetration model, which assumes a flat velocity-

profile near the interface, yields 

A 
^ i\ - 1) 

rr (E^^ - 0.5)T] 

-J 

(2.2.1+5) 
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As shown in Figure 2, the asyniptotic solution for the entrance 

region^ Eq. {2.2.k3), together with the solution for very large z, 

Eq. (2.2.26), represent the complete solution, Eq. (2.2.25) very well. 

Beek's solution, Eq. (2.2.33), and the solution of penetration model, 

Eq. (2.2.î -5), are good only when z is very small. 

2 
When the interfacial velocity equals zero, i.e. E- =1^ 

Eq. (2.2.ij-3) becomes 

Nu^ = 1.71 T] (2.2.1̂ .6) 

This is the same result derived by Leveque (2̂1-) for single-phase mass 
-i 

transfer. Eq. {2,2.k'^) shows that Nu. is proportionej. to T] 2 
-i 

rather than T] 3 at very small T]. 

3. Liquid-Phase Controlled Mass Trar.sfer 

When the solubility of the solute in the liquid phase is small, 

or when the gas phase is a pure gas soluble in the liquid, the process of 

mass transfer is liquid-phase controlled. Previous workers dealing with 

this subject considered only cases in which curvature effects were 

negligible (l7,26,i^2). 

The equation of mass transfer for this problem is 

B Bz B Lr 3r ^ Sr ' (2.3.1) 
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LTN 

H 

C\J 
r-i 

H 

<+H 

CM 

bD 
•H 
P^ 



•with the boundary conditions 
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z = 0 ^B B̂O (2.3.2) 

r = R B 
hr 

= 0 (2.3.3) 

r = kR ^B ^BS (2.3A) 

Defining the dimensionless variables 

= ̂ B " ̂BS 

B̂O " ̂BS 
(2.3.5) 

X = 

1 - ̂  
2 R 
1 - k 

(2.3.6) 

and subst i tut ing in to Eq. ( 2 . 3 . I ) , gives 

0) 
^B STi = 1 - ( l -k ) X S7 I 1^ - (^"^) ^J Bl J (2.3.7) 

where g and T] are defined by Eq. (2.1.li^-) and Eq. (2.2.7) respect ively 

and 

0) = 
( l -k ) < Y E > D ^ 

(2.3.8) 
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By the method of separation of variables, set Y = X(x). ijf (T]) 

and obtain 

1 n r ^^'^ 
^ =C e x p L " — J 

(2.3.9) 

The eigenfunction X i s given by 

d^ 
dx {[1 - (l-k)x] g } +xHl- (1 - k)x •J 3̂ ^ = ° (2.3.10) 

with the boundary conditions 

X' (0) = 0 (2.3.11) 

X (1) = 0 (2.3.12) 

Since there is a logarithmic term in Eq. (2.3.IO), it is difficult 

to approximate X by a power series and therefore the "perturbation 

method" (3^) will be used. 

Let u(x) be the solution of the problem assuming ideal flow, i.e. 

let u be the solution of the following equation 

d_ 
dx 

{ [1 - (l-k) x] g } + v^ [1 - (l-k)x] u = 0 (2.3.13) 

with the boundary conditions that 
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u' (0) = 0 (2.3.lî ) 

u (1) = 0 (2.3.15) 

The function of u is found to be 

"= I b. X 
J 

J=0 

where b-̂  = 1, b = 0, bp = - y /2 and 

(2.3.16) 

^ j = j i k y [( i-^)(a--i) '^ ,_i-v^(i-^)^, .3] (2.3.17) 

for j > 3 

The eigenvalues Y are the roots of 

I 
J=0 

b. = 0 (2.3.18) 

Now, set X = 
' n 

) a .u. 
Z..J n i 1 

i=l 

(2.3.19) 

where u. are functions shown by Eq. (2.3.16) with y. corresponding to 

th 
the i root of Eq. (2.3.18). By doing this, X will satisfy the 
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boundary conditions Eq. (2 .3 . I I ) and Eq. (2,3.12) . Substi tuting 

Eq. (2.3.19) and Eq. (2.3.13) into Eq. (2.3.IO) yields 

Y 

I \ i [1 • (1-k) ]̂ % \ =1 \± :hb - (i-̂ )̂ j \ (2.3.20) 
i=l i=l n 

When this equation is multiplied by u and integrated from 0 to 1 with 
K. 

respect to x, i t yields 

y a._. P, 
Y k 

•ni ^ki . 2 \k ^k 
1=1 n 

(2.3.21) 

In which 

. =y [1 - (l-k)x]"g3U.Uj^ dx (2.3.22) 

\ = 1- ( l -k) xj u^2 dx (2.3.23) 

Here the orthogonal relation that 

J 1 - (l-k) X u u dx = 0 when m 7̂  n (2.3.2lf) 

has been applied, 
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When the infinite series in Eq. (2.3.21) is truncated to a finite 

number of terms, it yields a homogeneous set of linear aJ-gebraic equa­

tions with a . as unkno-wns. This set of equations is then solved to 

ni ^ 
2 

obtain a . and X as the eigenvectors and eigenvalues. The complete ni n ^ t> jr' 

solution of the concentration profile is 

Y = I 
n=l 

C X exp 
n n -̂  

2 
-X T\ 
n 
O) (2.3.25) 

where X is given in Eq. (2.3.19) and 

1 - (l-k) X % \ d^ 

n̂ = TT 
h - (l-k) % \ ^^ 

(2.3.26) 

The average concentration is 

< Y > 2^ 
1+k L-j n exp 

^ 2*" 
: -X 11 

n 
CD 

n=l 

[l - (l-k) x ̂ B\ ^ 
(2.3.27) 

If the liquid-phase controlled local mass-transfer coefficient, K_, is 

defined as 
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re__ - < Kg 2rT kR dz I c ^ - < Cg > ^ = TT (1-k^) R^ < Vg > d < Cg > (2 .3 .28 ) 

then the Nussel t number i s 

Ni ^ 

( l - k ) R K_ - a)( l -k) d < Y > 
d'n 

2 k < Y > 
(2.3.29) 

Substi tuting Eq. (2.3.27) into the above equation gives 

m^ = 

00 2 x 1 

n=l ^0 
% \ ^^ 

2k X 
J^B \ ^ 

n=l 

(2.3.30) 

When T] is very large. 

Lim NUg = NUg ̂  

Th CO 

(1+k) X^' 

2k (2.3.31) 

Figure 3 shows Nu^ as a function of k and E^. 

In a manner similar to that used in deriving Eq. (2.2.27), the 

asymptotic solution for large eigenvalues of the liquid-phase controlled 

mass-transfer problem can be obtained. The result is 



F i g u r e 3« ^^-ROO ^^ ^ F u n c t i o n of k and Eo, 
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[ 
X =i 
n 

1 
^2 

—r-^ r̂  
TTX^ I l-(l-k)x 

2(l-k)x-(l-k)^x^ + E^n [l-[l-k)x ] 

1 
IT 

cos l-( 
X 1 

2 _, TT 
ST. dX -

] 

'B 12 
(2.3.32) 

This asymptotic solution gives 

^ = 5 (n - TI) 
n ^ 12' 

(2.3.33) 

where 

n 

I 
1 1 

2 . 
gg dx 

(2.3.3^) 

5 is plotted in Figure k. 

Comparison of values of X calculated from Eq. (2.3.21) and 

Eq. (2.3.33) is shown in Table 3. 

At the entrance region, where T] is small, the Nusselt number will 

approach the result obtained by Beek and Bakker from iihe penetration 

model (7) 

1 _ 1 

Nu^ = cp 0) T] (2.3.35) 
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3-3^ 

3.25 
0.9 1.0 

k 

Figure ^, I as a Function of k and E^, 
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9 

0.80 

0.79 

0.78 

0.77 

0.76 

0.75 

0.7^ 

Eo = 0 . 0 

0.73' J L J I L J L 

0.9 1.0 

F i g u r e 5« CD a s a F u n c t i o n of k and E-:̂ , 
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Eq.(^!.3.30) 

Eq.(2.3.3l) 

Eq.(2:.3.35) 

10 

NUg 

10 -4 10 -3 10 

Tl 

-2 10 -1 1.0 

Figure 6. Nu^ as a Function of T] at k = ().9j CD = 1 

and Eo = 1. 
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Table 3. Comparison of Eigenvalues for Liquid-Phase Controlled 
Mass Transfer Calculated From the Asymptotic Solution 
Eq. (2.3.33), With Those From the Exact Solution, 
Eq. (2.3.21), at k = O.9 and E = 1.2. 

Eq. (2.3.21) Eq. (2.3.33) 

1.880lf 

5.1606 

Q.k3h2 

11.706 

lk.9Q2 

1.91^0 

5.1952 

QM^h 

11.658 

15.039 

where 

9 
^ E^ (1-k + E^ in k) -, 

(2.3.36) 

cp is plotted in Figure 5. 

Typical curves of Eq. (2.3.30), Eq. (2.3.31) and Eq. (2.3-35) are 

shown in Figure 6. 

k. Interphase Mass Transfer 

Interphase mass transfer in two-phase cocurren': laminar flow in 

a rectangular channel has been investigated by Byers and King (lO) and 

Apelblat and Katchalsky (5). The present study is concerned with the 

case of annular flow in a round duct. Considerations are restricted to 

low concentrations and low net fluxes of mass. Physical properties are 
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assumed constant. It is also assumed that the concen'srations at the 

interface are in equilibriiim and that the laminar velocity profiles are 

fully developed. The equation of mass transfer is 

V • ^ = ^• 1 oz 1 

B c 
r h (^"^) ] ' i =A, B. (2.1̂ .1) 

The boundary conditions are 

z = 0, A "-AO 
(2.U.2) 

z = 0, ^B ^BO (2A.3) 

r = 0, 
S c. 

"TF = 0 (2.U.Î ) 

r = kR, Â = ̂  ̂ B (2A.5) 

r = kR, 
^ Â ^ ""B 

D =̂  = D 
A Sr B ̂ r 

(2.i+.6) 

r = R, 
S c, 

B 
Br 

= 0 (2.1+.7) 

where a is the equilibrium constant. 

When the method of separation of variables is applied to this 

problem^ a two-region Sturm-Liouville system results. Stein (Uo) has 

successfully extended the conventional mathematical teî hniques to solve 
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this type of problem for the double pipe heat exchange^r. As will be 

seen^ these techniques are equally well applied to thi.s mass-transfer 

problem. 

In order to render the variables dimensionless; define 

A a c - c 
" B O AO 

(2.1^.8) 

cc c^ - c % ' AO 

•̂  ^ "BO " "AO 
Y^ = (2.if.9) 

X kR 
for phase A (2.i|-.10) 

X = 

1 - ^ 
R 

1-k 
for phase B (2.1^.11) 

Tl = 
D. z 
A 

2 2 
k R < V^ > 

(2.i|.12) 

Thus Eq. (2.ij-.l) becomes 

^ ^ A 1 7 ^ ^ ^ A 
5A - ^ = - ^ (^ - ^ ) f o ^ phase A '̂A BT] X Sx dx ' (2.i^-.13) 



37 

and 

3 Y. 
0) g. B 

•B 3T] 1 - (i-k)x sl J [i " (1-̂ )̂ ] -^Tj ^°^ P̂ ^̂ ^ s 
(2.if.li+) 

The boundary conditions are 

where 

Y^ (x,0) = 0 (2.1^.15) 

Y^ (x,0) = 1 (2.1^.16) 

B Y^ (0,11) 
= 0 (2.if.l7) 

S Yg (0, T]) 

Sx 
= 0 (2.i|.l8) 

Y^ (1,T1) = Yg (1,T1) (2.if.l9) 

S Y (1,11) S Y^ (1,T1) 
<t 4;; + g_ = 0 

Sx Sx 
(2.1+.20) 

a (1-k) D 
A 

k D, 
B 

(2.1+.21) 
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/ : <\^ = M Â̂ A ̂ ^ (2.if.22) 

< Y > 
B 

2 
1+k % B̂ b - (l-k)x] dx (2.1^.23) 

The overall mass balance yields 

< Y^ > = H (1 - < Y^ >) (2.U.2if) 

When z -> c°, phase A and phase B are in equilibriiim, 

Lim 
z-»o° A 

Lim 
z -»° "B 

H 
1+H 

(2.i|.25) 

where H = r— and 
u-Q! 

(2.4.26) 

G and L are total volumetric flow rates of phases A and B. 

G = TT k^ R^ < V^ > (2.1+.27) 

L = TT (1-k^) R^ < V^ > 
JD 

(2.i|..28) 
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The mass-transfer coefficient, K, is defined as 

2 T T k R K ( < Y ^ > - < Y > ) d z = G d < Y > (2.1̂ .29) 
H A A 

Thus, the Nusse l t niimber becomes 

Nu = 
2kRK dTl 

3 Y, 

hx x=l 
D 
A 1 - i±S < Ŷ  > 

H A 
1+H 

H Â 

(2.1^.30) 

Applsdng the method of separation of var iables , set 

Y. = 
1 

r § - + Y C X. exp i-X ^ Tl), i = A, B. 
1+H Z_i n m -̂  ^ n '^ ' 

n=l 

Substituting this into Eq. (2.if.13) and Eq. (2.̂ 1.1̂ +) yields 

(2.^.31) 

An , An , , 2 
X 7^— + —r + A X g. X. 

^2 dx n ^A An 
dx 

= 0 (2.if.32) 

i\l^- (̂ -̂ )-; 
d X 

An 
dx 

+ X CD 

n 
1 - (l-k)x] gg X^n = 0 (2.if.33) 

The boundary conditions become 



'̂  = 0. ~ ^ + y c x , = 0 
' l+H Z_i n An 

n=l 

ko 

(2.4.3^^) 

Tl = 0, I 
n=l 

l+H "̂  L n̂ ̂ Bn = 1 (2.i+.35) 

X = 0, 
d X 

An 
dx 

= 0 (2.if.36) 

X = 0, 
^ ^ n 

dx 
= 0 (2.i+.37) 

X = 1, X, - X^ = 0 
An Bn (2.i|.38) 

X = 1, 
d X, d X^ 

An . Bn 
' i. i - 1 + — — — 

dx dx 
= 0 (2.i+.39) 

The coefficients C of Eq. (^..k.Sl) can "be determined by the 
n 

boundary conditions, Eq. (2.i+.3^) and Eq. (2.i|-.35), such that 

H 
1-fk 

1 - (l-k)x ^B^n dx 

C = 
n 

(2.if.1+0) 

^ % \ n ^ ITk [l - (l-k)x]g3 X J dx 

Here in determining C j the orthogonality condition 
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0 \ >' 

w.ien m ̂  n 

has been applied. 

Note that X = 0 with the corresponding X.^ = !L must be included. 

The corresponding C^ is H/(1+H). 

Now the problem remains to solve the differential equations 

Eq. (2.i|-.32) and Eq. (2.i|.33) with the boundary condi-:ions Eq. (2.ij-.36) 

through Eq. (2.^.39)» Since the logarithmic term in g^ for laminar 

Newtonian flow makes it difficult to approximate X^ by use of poly-
j3n 

nominal approxljnations, the case of ideal flow that g,̂  = g_, = 1 will be 

solved first. And then, by use of the perturbation mtithod similar to 

that used in the previous section, the solutions for the case of laminar 

velocity profiles for Newtonian flow will be approximated by the solutions 

for the ideal flow case. 

The Ideal Flow Case 

When g. = g,, = 1, the solution of Eq. (2.^.32) with boundary 
A B 

condition Eq. (2.if.36) is 

X. = C, J^ (X x) 
An 1 0 ^ n ' 

(2.1|-.if2) 

The solution of Eq. (2.if.33) with boundary condition Eq. {2,k,3l) is 

•Sn = C, l\^' (2.kM) 
i=0 
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C and Cp here are arbitrary constants, J^ is the zero order Bessel 

function of the first kind, b^ = 1, \ = 0 , b^ =-0) A /2 and 
^ 0 ' 1 ' 2 n ' 

b. = . r - , \ [(l-k) (i-l)^ b. , - CD X ^ b. ^ -H (l-k) CD X ^ b. , 
1 i(i-l; I 1-1 n 1-2 ^ ' n i-3 J 

{2.kM) 

for i > 3« Set the constants 

^1 = i b, 

i=l 

{2.k.k^) 

2 n 1 ^ n' {2.hM) 

so that Eq. (2.î •.39) is satisfied. According to Eq. (2.i^-.38), the eigen­

values X are the roots of 
n 

0̂ K^ I 
i=l 

i b. - <D X J, 0^ ) 1 n 1 ^ n' 
V 
L 
i=0 

b. = 0 (2,kM) 

The Newtonian Fluid-Velocity-Profile Case 

For the velocity profiles where 

Â " _ 2 

T, 2 2 

E^ -0.5 

(2.1]..1̂ 8) 
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g^ = E^ I (1-k) X [2 - (1-k) x] + E &n [1 - (1-k) x {2,k.k9) 

the perturbation method is applied to solve differential equations 

Eq. (2.i+.32) and Eq. (2.̂ 4-.33) with boundary conditions Eq. (2A.36) 

through Eq. (2^.39). Set 

u. = (2.^.50) 

V. = ^^J 1̂ (̂ j) 1 \^' 
i=0 

(2.^.51) 

th 
That is, set u. and v. equal to the j eigenfunctionf; of the ideal flow 

case, which are shown in Eq. (2.̂ .̂ 4-2) and Eq. (2.if.^3); respectively. 

Y- are the eigenvalues of the ideal flow case. Then represent the 

eigenfunctions of the laminar Newtonian flow case as £. linear sum of the 

ideal flow eigenfunctions 

X 
An = 1 a . u. nj J 

J=0 

(2.if.52) 

X. Bn 
V 
/^ 
J=0 

a . V. 
nj J (2.î .53) 
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Using similar arguments discussed in the previous section, substitute 

Eq. (2.i+.52) and Eq. (2.if.53) into Eq. (2.U.32) and Eq. (2.if.33) 

respectively to give 

V 2 2 
) a . (X g A - Y . ) u . = 0 
L nj ^ n ^A 3 ^ 3 d=o 

I \j K^ % - ̂ /) ̂j = "^ 
j=o 

The orthogonal relation for the ideal flow casei is 

i^.k.^h) 

(2.^.55) 

ri 
{x u u + -~r- \l - (l-k) X V v f dx = 0 when m 7̂  n (2.̂ .̂56) L m n 1+k L ^ ' J m n J ^ v ^ / 

Taking advantage of this relation, multiplying Eq. (2.k.^k) by xu^/X 

and Eq. (2.if.55) by H [l - (l-k) x v /(l+k) X^ , adding them together 

and then integrating from 0 to 1 with respect to x, yields 

I Y, 
a . R . = —7^ a , K 
nj kj y 2 nk k 

j=0 n 

(2.if.57) 



where 

1̂5 

kd = / {̂  SA \ "j ̂  I^ b- (1-̂ ) ̂ ] SB \ ĵ } ̂  (2.̂ .58) 

and 

\=j K' + 
H 

1+k 
[l - (1-k) X ] Y^^ I dx (2.if.59) 

Note that y^ = 0 with the corresponding eigenfunctions u^ = v^ = 1 

should be included. Once again the series in Eq. (2,^.57) is tiruncated 

to a finite number of terms and the resulting set of algebraic equations 

2 
is solved to get a . and X . Thus the complete solution is 

nj n ^ 

H 
1+H + I *̂ n ̂ in exp (- X^^ Tl), i = A, B. (2.k.6o) 

n=l 

where 

X 
An y - • 

U nj 
0=0 

I 
i=l 

i b. 
1 ^0 ^- "'̂  

(2.ii..6l) 

X_ = ). a . 0 Y. J, (Y.) y b. x̂  
3n Zij nj J 1 J Z- 1 

r̂  

I 
J=0 

i=0 

(2.1^,62) 
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C^ are expressed by Eq. (2.U.î -0), J^ and J are Besse;! functions of the 

first kind, "b. are indicated by Eq. {2.h,kk)j y. are the eigenvalues for 
•'- J 

the ideal flow case and a . and X are the eigenvectcrs and eigenvalues 
nj n ° '=' 

of Eq. (2.1^.57). 

According to Eq. ( 2 . ^ . 3 0 ) , the Wusselt number i s 

H 

Nu = 

0° /I 

I °„ K^ -^ (- K^ )̂ j 2x ĝ  X̂ ^ dx 
n=l 0 

,1 

(1+H) Y C ^ e x p ( - X / T l ) j 2xg^X^^^ 
n=l ^0 

dx 

(2.4.63) 

When 11 is very large, the above equation becomes 

H X. 
Nu„ = 
~ 1+H 

{2.k.6k) 

Nu^ is presented in Figure 7 as a function of five variables, 0, 

2 
H, k, E^ , and E^« Some data are also given in Table k and Table 5 to 

show the effects of different velocity profiles, i.e. the effects of E ' 

and E^ on Nu . 
3 °° 

Asymptotic Solution for the Entrance Region 

Again when T] is small, the series in Eq. (2.U.63) does not 

converge rapidly. Because of the brief contact of the gas and the 

liquid in the entrance region, an asymptotic solution for small T| for 

the interphase mass-transfer case can be obtained by assuming that the 

two phases are two semi-infinite media with a moving interface. 
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Figure ?. Nuoo as a Function of H, k and ̂  at E. = 3 and 
E^ = 1.4. 
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Table h. Effect of Ê  on Nu at k = O.9 £:.nd E^ = 1 . 4 . 
1 00 ^ o 

h' Nu^ 00 
Nu 

00 
Nu 

00 

H=100, 0 = 0 .1 H=l, $ = 10 H=0.1, 0 = 0 . 1 

1 2.^57 0.5i|.8o 1.026 

2 2M9 0.5637 1.102 

3 2.1^92 0.5665 1.139 

k 2.l+9ii- 0.5677 1.158 

5 2.1^9!^ 0.5683 1.169 

6 2.i|-95 0.5687 1.176 

Table 5. Effect of E^ on Nu at K = O.9 aad Ê  = 2 . 
3 °° 1 

^3 0 0 0 0 Nu«, 

H=100, 0 = 0, .1 H=l^ $ = 10 H= =0, . 1 , $ = 0 .1 

1.2 2.507 0.57if3 1.102 

1.3 2.if 99 0.5699 1.102 

l\k 2.if89 0.5637 1.102 

1.5 2,k^k o.55if6 1.102 

1.6 2 . if 56 0.5352 1.102 
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Apelblat, et al. (5) obtained a solution using this method and assuming 

Couette flow velocity distributions. Unfortunately i;hey made a mistake 

in the calculation which led to an invalid solution. 

The differential equations under these conditions are 

d c 

(\s^^y) Bz 
A 

a ^ c 
D A 
A 3y 

(2.^.65) 

ÂS bz -^3^2 
Sy 

(2.I1..66) 

where y is distance from the interface. The boundary conditions are 

z = 0, 

z = 0, 

y = 0, 

\ ÂO 

c 
B = c 

BO 

Â = a ĉ  

(2.i]-.67) 

(2.1+.68) 

(2.it.69) 

y = 0, 
a c 

D A 
S c 

= D, B 
A Sy B dy 

(2.î -.70) 

c = c 
A AO (2.^.71) 

c = c 
B BO 

(2.ij-.72) 



Defining the dimensionless variables 
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Y = ^A " ^AO 

^ ^ ^BO " "̂ AO 
(2.U.73) 

^ " ̂  ^BO " ^AO 
(2.U.7i].) 

^A = 
2 i 

(9 D^ a a)3 

(2.1^.75) 

^B = 

ÂS 

(2.^.76) 

and substituting into Eq. (2.^.65) and Eq. (2.1+.66), gives 

II O ' 

Y, + 3 C, y„ = 0 
A ^ ^A A (2.1^.77) 

" 2 ' = 0 
Y + 2 C Y 
B ^B B 

(2.I1..78) 

The boundary conditions are 

r = 0 0 
^A ^ 

Y« = 0 
A (2.U.79) 
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r = - 00 1^ = 0 (2.1^.80) 

V 

CA = 
AS 

T '̂̂ 'J ^B = ° ' \ = ^B * 1 

(9 a^ D^ z)3 

(2.4.81) 

V 
^A = AS _ and C3 = 0, 2 a | ; ^ ^ - % - l 1 Y / == Y. 

(9 a^ D^ z)3 
181 V D B 

(2.1^.82) 

Integrating these equations and using the above bounc.aiy condition gives 

3 
exp (- Cfl ) d C 

\ = 
=A 

exp(-c/)dC^ ^ ' M S B 3 V 3 
D . ^ a ^ z \ t / - V . 3 \ 

e3?p AS 
T̂  2 
V ^ / 

1 

(9 D^a^z)^ 

exp (- Cg ) d. C-g (2.if.83) 

Consequently) the Nusselt number i s 
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Nu = 
2kEK 
D A 

dTl 

= 2a 

2 1 
Tr(E^ - f ) D̂ T] 

1 
,^2 

(E, - 1 ) D 
L -L B 

9(^^-1)^^^ 
l6 

r(|) 
- I 

\ ^ - \ 

\ [36(E/- i )Tl]3/ 
^ 

r 
v-l 

exp 
36(E^^- |)T1 

(2.1i-.8î -) 

Here l(x) is the function defined by Eq. (2.2.i^-i+). 

The system of Eqs. (2.U.65-72) has been solved by Byers, et 

al. (10) using the Laplace transformation which leadjs to the Nusselt 

number for very small Tj, k ("R ^~ 0 ^) Vi 

( • 

(E^^- ! ) • 

« 1 ) 

Ku = 

QJCTT-) + 1 

B 

\ -1 

I Tr(E^ - 0.5)^1 
+ 

(E,^-l) cc {% 2+ 1 
. B 

^ 2 
(2.i+.85) 

Typical curves of Eq. (2.4.63), Eq. (2.i^•.6i^), Eq. {2,h,Qk) and 

Eq. (2.if.85) are presented in Figure 8 for comparison. 

5. Discussion 

(a) Studying mass-transfer problems by assumirg laminar flow 
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Nu 

F i g u r e 8 . Nu a s a F u n c t i o n of T l a t k = 0 . 9 , H = 1 , 
«> = 1 0 , E 2 = 1.05 and E^ = l.k. 
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conditions makes it possible to get exact solutions for theoretical 

models. These solutions yield basic details of the transfer mechanism. 

It should be noted that studies have shown that the most probable 

laminar annular flow, a falling film, is not laminar even for Reynolds 

numbers as low as 300 (^l). The question of interfacial instability 

has not been considered in this chapter concerned witih laminar flow. 

The solutions given are applicable only so long as the interface is, in 

fact, stable. Wallis has pointed out that a falling film is always 

unstable (̂ 7)» However, disturbances may be very small at low Reynolds 

numbers. 

(b). In the problem concerned with gas-phase controlled mass 

transfer, the solution of Eq. (2.2.12) would be 

X = JQ (XX) (2.5.1) 

when E-. is very large, i.e. when the velocity profile is flat. In 

this case, Nu.^ will equal 5.775^ the square of the first zero of J^. 

2 
Figure 1 shows that Nu.^ will approach 5*775 when E^ is large. When 

2 
E = 1 , Nu.^ equals 3«675 as in the classical Graetz problem. The 

conclusion is that the value of Nu. lies between Nus{3elt numbers for 
A°° 

the single-phase Graetz problem with a parabolic velocity profile, 3,675^ 

and a flat velocity profile, 5•775' 
(c). The velocity profile of the liquid phase is similar to the 

2 
velocity profile of single-phase flow when E^ = 0. Wk.en E^ = 2k , it 

is identical to the velocity profile of a free-falling cylindrical film. 

Results of the liquid-phase controlled mass transfer presented in 



55 

drops from 3-919 at k = 1 to 3.589 at k = O.9 when E = 1.5. This 

Figure 3 show that NIL^ will decrease when E increases. Galiullin^ 

et al. who neglected the effect of the curvature of tlie pipe wall, have 

reached similar conclusions that the flow with a more concaved velocity 

profile will result in more intense mass transfer (l7)» The effect of 

the pipe wall curvature is not negligible, however, l̂ igure 3 shows that 

Ni 

effect will decrease when E^ decreases. When k approaches 1, Nu^ for 

all values of E^ approach 3»919» This is the value 0;.' Nu^^ for a linear 

velocity profile without curvature effect, which was JU-SO calculated by 

Galiullin, et al. (l7)' 

(d). The Nusselt number of interphase mass transfer for large 

2 
Graetz number, Nu^, is a function of Ê  , E^, k, H, and ^, The effects 

2 
of velocity profiles and film thickness, i.e. the effects of E , E^, 

and k, on Nu^ are small in comparison with the effects of H and $. Nu^ 

is proportional to H when H is small and is inversely proportional to H 

when H is large. Nu^ also is inversely proportional 1:o $ when $ is 

large, but it is independent of ^ when 0 is small. These characteristics 

are clearly shown in Figure "J. 

(e). Figure 2 shows Nu as a function of the Graetz number, T], 
XI. 

2 
for E-, = 1.05. The poor convergence of the series in Eq. (2.2.25) .̂t 

low values of T] is demonstrated by the two curves givem in this figure. 

One curve uses six terms in the series and the other curve uses four 

terms. However, it also shows that the applicability of the asymptotic 

solution, Eq. (2.2.^+3), is excellent at low values of T|. Figure 6 and 

Figure 8 give similar comparisons for Nu^ ̂ ^^ ̂ '̂ ' The asymptotic 

solution for the entrance region for liquid-phase coni;rolled mass 
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transfer derived by the method of combination of variables is similar to 

that derived by the Laplace transformation. Both solutions indicate that 

NUp is proportional to the -l/2 power of Tj as shown in Eq. (2.3.35). 

Figure 6 shows that this result is in good agreement with the exact 

solution, Eq. (2.3.30), when T] is small. For the cass of interphase 

mass transfer, the asymptotic solution for the entrance region derived 

by the method of combination of variables, Eq. (2.ij-.8̂ ), is in better 

agreement with the exact solution than the result derived by the Laplace 

transformation, Eq. {2.k.Q^). This comparison has been presented in 

Figure 8. 

(f). Results of the asymptotic solution for large eigenvalues are 

excellent for the case of gas-phase controlled mass t:ransfer and the case 

of liquid-phase controlled mass transfer. Comparisons of the eigenvalues 

calculated from the asymptotic solutions with those calculated from exact 

solutions are shown in Table 2 and Table 3. It can be seen that the 

asymptotic solutions are in good agreement with the exact solutions 

even to the first eigenvalues. The case of interphase mass transfer is 

so complicated that no asymptotic solution for large eigenvalues has 

been found. 

(g). The equation of the additivity of individual phase resist­

ances in mass transfer derived from the two-film theory is 

Nu Nu 
A 

2 Nu, 
(2.5.2) 

B 

This additivity principle should be valid for cocurrent flow mass transfer 
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in the entrance region, since Nu, Nu and Nu all vary directly with 

_ 1 

T] 2" for very small values of H. Actually when the asymptotic solu­

tions for the entrance region, Eq. (2.2.i4-3), Eq. (2.3.35), and 

Eq. (2.î -.80), are substituted into Eq. (2.5.2), this equation holds 

exactly. When T] is large, the gas-liquid ratio H becomes the 

controlling factor in interphase mass transfer. But both the gas-phase 

controlled mass transfer and the liquid-phase controU.ed mass transfer 

are independent of H because of the assumption of constant interfacial 

concentrations. Thus the additivity principle is no 3.onger valid. For 

2 
example, when E = 3, E^ = 1.^, k = O.97 and ^ = 1000, Nu^ calculated 

from the additivity principle is 0.0077* Figure 7 shows that Nu^ = 

0.0077 only when 0.001 < H < 0.1. Nu^ is proportional to H when H is 

small and inversely proportional to H when H is large. For a certain 

range of value of H in between, Nu is a constant. This is the range 

where the additivity principle is applicable. 
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CHAPTER III 

TUKBULEJW FLOW CASE 

It is desired to predict the interphase mass-transfer coefficients 

for two-phase gas-liquid annular flow. Because of ths limited avail­

ability of experimental data, the calculations presented will be 

applicable to horizontal pipes only. 

For stable, turbulent, fully developed, annula]? flow, the gas flow 

rate is very high. There are waves on the gas-liquid interface (^^^^7)* 

The liquid film is continuously impinged by liquid droplets while new 

droplets are being generated from the liquid film (38). Therefore, both 

phases of two-phase annular flow are most likely turbulent. Unlike the 

laminar flow case discussed in Chapter II, which was devoted to the basic 

understanding of the mass transfer mechanism across a moving interface, 

the investigation of the turbulent flow case in this chapter will be of 

more practical significance. 

Turbulent mass transfer in a circular tube with single-phase flow 

has been well investigated (6,8,28,29,36). In the case of two-phase annu­

lar flow, Hughmark (23) estimated gas and liquid phase mass-transfer co­

efficients in horizontal annular flow usin^ momentum-mass transfer analogy. 

No other attempts to calculate interphase mass-transfer coefficients were 

found in the literature. The difficulty lies in setting up an applicable 

model. 
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1. Flow Characteristics 

Certain characteristics of flow must be known before the mass 

transfer rates can be predicted. Because of its practical importance, 

two-phase flow has been attracting a great deal of research effort in 

recent years. Although more efforts are necessaiy fcr better under­

standing of the flow properties, some useful analyses have been made. 

Pressure Drop 

In the analysis of two-phase annular flow, the Martinelli (32) 

correlation method still provides good results in comparison with other 

methods of analysis. After some comparison, Wallis's suggestion {k6) is 

chosen for the calculation of pressure drops. That is 

WPF ^̂ ^ 
(1^X^-572)3.5 (3.1.1) 

where the parameter X for t u r b u l e n t - t u r b \ i l e n t two-phase flow i s def ined as 

X = 

1 

( ^ ) 
1 

^AL^ 

= (,^ (r̂ ) k^ M̂-A A 
•V >• 

A 

( 3 . 1 . 2 ) 

(rrr) is the pressure gradient that would exist if the gas flows alone in 
g 

the pipe and (~) is the pressure gradient that would exist if the liquid 

flows alone in the pipe. 

Film Thickness 

Some existing methods of measuring the film thickness have been 
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given by Collier ajid Hewitt (l3)» Possibly because of the asymmetric 

film thickness (38) in horizontal annular flow, most the available 

experimental data on film thickness measurements are for vertical annular 

flow. A few studies on the prediction of the film thickness are avail­

able in literature (30,^7). Again, the empirical correlation proposed by 

Wallis (k6) for the prediction of the void fraction of horizontal annular 

flow will be used to calculate the average film thickness. The equation is 

k = (1 . x^-8)-0.l87 (3.1.3) 

Since the velocity of the entrained liquid is much greater than the 

velocity of the film, calculating the average film thickness from the 

void fraction will not lead to significant errors when the percentage of 

the entrained liquid is low. However, Eq. (3.1.3) wlLl be applied through 

this work because the effect of the entrainment on mass transfer is 

included in the effective diffusivity. 

Liquid Entrainment 

Liquid entrainment is another important characteristic of two-

phase annular flow. In comparison with others (22,30,33)^ the correla­

tion on liquid entrainment proposed by Wicks and Dukler (̂ 9) is considered 

to be the most successful. This can be expressed as 

R = 200 X' 2.1 (3.1.î ) 

for X < 0.008. The parameter R is defined as 



6i 

R = 
L We E 

(3.1.5) 

where We is the critical Weber number and E is the ].iquid entrainment 

in Ib/hr. 

Eddy Diffusivity and Velocity Profiles 

Velocity and eddy diffusivity distributions ai-e essential in calcu­

lating mass-transfer coefficients. However, very little work has been 

done in this area. Although the flow mechanism of horizontal annular flow 

is quite complicated, approximate relationships for e:ddy diffusivity and 

velocity profiles can be obtained under the following: simplifying assump­

tions: 

i. Neglecting gravity effects, the flow is sj/mmetrical and the 

shear stress distribution is 

T = - r (3.1.6) 

where T is the shear stress on the pipe wall. 

ii. Since the behavior of the entrainment and the interfacial 

wave motion in annular flow are not clearly understood and the velocity 

distributions do not have a significant effect on the mass transfer, it 

is assumed that the gas-liquid interface is smooth and that the velocity 

profiles are not influenced by the entrainment. 

iii. Assume the flow pattern is fully developed and steady. Note 

that it is doubtful that the flow can even reach a fully-developed state 



62 

because of the unavoidable axial pressure drop (i+,l8). 

Film thickness is small in ccanparison with the diameter in two-

phase annular flow. Generally^ investigators assume the gas phase is 

flowing in a rough pipe with the liquid film as rouglnness to get the gas 

core velocity distribution (li+^22,35)' Under this assumption, the gas 

core eddy diffusivity will be the seune as that of a single-phase flow 

because the eddy diffusivity is independent of the roughness (28). 

DhansLk (ik) has indicated that the eddy diffusivity remains fairly 

constant at its maximum value in the main portion of the turbulent core. 

Therefore, the modified universal profile of eddy diffusivity proposed 

by Kropholler and Carr (29) is chosen to be the eddy diffusivity profile 

for the gas phase. It gives a constant diffusivity ia the main portion 

of the turbulent core and has been successfully applied to single-phase 

mass transfer. The eddy diffusivity, e, is defined as 

(e + v) ̂  = L 
dy p (3.1.7) 

The equations are 

+ for 0 :̂  y ^ 5 , 

for 5 < y < 33^ 

for 33 < y"*" < R V ^ , 

for Y^ > R V 5 , 

^ = (y7l^-5)-

V = | - - 0.959 

V " 2.5 ^-^ " R̂  

V 

+ 
R 

==li^.i^ 

(3.1.8) 

(3.1.9) 

(3.1.10) 

(3.1.11) 
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where y -f-.l — is the dimensionless distance from zhe interface, vj p 

The velocity profile of the gas core can be obtained by integra­

ting Eq. (3.1.7)' The boundary condition is V = V at y = 0. V is the 

interfacial velocity which will be given by the liqui.d film velocity 

distribution. An example of the velocity profile is shown in Fig. 10. 

Most of the studies on annular flow assume an eddy diffusivity 

profile for the liquid film as if it were only a portion of a single-

phase flow (3,15). This always results in eddy diffiisivities near the 

interface being much higher than experimental values (9^Ul). Because of 

the discontinuity of properties at the interface, the flow mechanism of 

the liquid film should be similar to that of Couette flow. That is, the 

gas core of annular flow is acting like a moving soli.d with respect to 

the liquid film. This argument has been supported hy Hughmark (23). He 

applied the momentum-mass transfer analogy to calculs.te mass-transfer 

coefficients in horizontal annular flow by the method, of Kropholler and 

Carr. This implies that there is a laminar sublayer close to the inter­

face. Kropholler and Carr's Eqs. (3.1-8-11) are applied to both sides of 

+ 
the liquid film. The dimensionless distance, y , is measured either from 

the pipe wall or from the interface. These two eddy diffusivity profiles 

starting from different sides of the liquid film will meet at the center 

as shown in Figure 9« These equations are then substituted into Eq* 

(3-1.7) s-iid. integrated to yield the velocity profile. 

2. Interphase Mass Transfer 

Entrainment is unavoidable in horizontal annular flow. New drop­

lets are continuously being generated at the gas-liquid interface while 

droplets which have been in the gas core return to the film. Since the 
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Figure 9, Liquid Film Velocity and Diffusivity Profiles. 
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Figure 10. Gas Core Velocity and Diffusivity Profiles 
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droplets may travel across the gas core and since the; impinging droplets 

may penetrate into the liquid film a significant distance, the net effect 

of the entrainment on mass transfer can be considered as a rise in the 

molecular diffusivity. Therefore, the overall diffasivity of mass trans­

fer in annular flow including the effects of entrainment can be 

expressed as 

ti '̂  1 Di 
i = A, B. (3.2.1) 

In which p is a correlating constant, D. is molecular diffusivity and 

Sp̂  is the eddy diffusivity for mass transfer which is assumed to be 

equal to the eddy diffusivity for momentum by Kropholler and Carr (29). 

Other factors that influence the mass-transfer process, such as 

the effective interfacial surface area and the wave motion of the liquid 

film, are also included in the correlation of p. 

It seems reasonable to expect p to be a function of the flow 

rates, the entrainment, and H. 

p = p (G, L, E, H) (3.2.2) 

According to Eq. (3.1.^)^ the entrainment, E, is roughly proportional 

to — (-r=-) . Therefore, the following form is suggested for p. 

/APN 
P = ̂  (̂ ) Ĥ  

H, 
(3.2.3) 
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where a, b, and c are constants. 

Under the assumptions made in the previous section, the differen­

tial equations for mass transfer can be written as 

V. 
d c. '^ Be. 

. -—=• = i ^ (r D. . -T~^), i = A, B, 1 dz r dr ^ ti dr ' ' (3.2.ii-) 

The boundary conditions are 

z = 0 c = c 
A AO (3.2.5) 

z = 0, c = c 
B BO 

(3.2.6) 

r = 0, 
B c 

A 
dr 

= 0 (3.2.7) 

r = kR, 

r = kR, 

c = Q; c 
A " B 

a c, 
D == D, 'B 
tA Br tB Br 

(3.2.8) 

(3.2.9) 

r = R, Br 
= 0 (3.2.10) 

Defining dimensionless variables 

O — P 

Y = A AO 

^ ^^BO '^AO 

(3.2.11) 
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05 C - C 

"̂  B AO 
"B a c - c 

BO AO 

Y^ = (3.2.12) 

X = rr=r for phase A 
kR (3.2.13) 

1 -

X = 
R 

1-k 
for phase B (3.2.li|-) 

Tl = 
PD^z 

2 2 
k R < V^ > 

(3.2.15) 

and using the method of separation of variables, the solution of 

Eq. (3.2.i+) should be of the following form 

Y. = r — + y C X. exp (-X ^ T1) 
1 1+H L n m ^ ^ n ' 

n=l 

(3.2.16) 

Here, X. (x) should satisfy the following equations 

^ [x f ^ 1 + X 2 X g, Y =0 
dx L A dx J n Â An 

(3.2.17) 

• i i b - (l-k)x] f̂  ^ } . X / 0. [ l - (l-k)x] g^ X̂ ^ = 0 (3.2. .18) 
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dX 
X = 0, "An 

dx 
= 0 (3.2.19) 

dX. 
X = 0, Bn 

dx 
= 0 (3.2.20) 

X = 1, ^An-^En =° (3.2.21) 

X = 1, 0 ^ + ̂  = 0 
dx dx 

(3.2.22) 

In the differential equations. 

f. =1 + - ^ i p D. (3.2.23) 

C are s i m i l a r t o those given by Eq. (2 . i f .4 l ) 

H 
1+k 

[ l - (l-k)x] g^ Xĝ  dx 

C = -̂  2 
n / I 

(̂  SA \ n ' ^A[^- (l-'̂ )̂ ] SB ^n" } ^ 
ir\ 

(3.2.2if) 
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Niamerical solutions of X and X. were obtained with the aid of 
n m 

a digital computer. Computer programs are presented in the Appendix of 

this work. 

The mass-transfer coefficient, K, is defined "oy Eq. (2.if.29). 

The resulting Nusselt number is 

Nu 
2kRK P dll 
D 
A 

1 _ 1±S 
H Â 

(3.2.25) 

According to the definition in Eq. (2.2.20), the average concentration is 

< Y, > = - ^ + 2 
Â 1+H 

~ rl 

I n̂ -P (-C^)/ -%\n^^ 
n=l '0 

(3.2.26) 

The series in this equation converges very rapidly. For mass transfer 

in annular or annular mist flow, the summation of the terms after n = 1 

is less than two per cent of the total when the lengi;h of the pipe is 

20 feet or more. Therefore the mass-transfer coefficient can be 

approximated as 

K = 
D^to P D^ H X^ 

2 V = 2 m (xm) (->20ft) (3.2.27) 

Comparing the values of mass-transfer coefficients calculated 

from the above equation with the experimental data of gas-phase 
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controlled mass transfer obtained by Anderson (2) and data of liquid-

phase controlled mass transfer obtained by Bollinger (9), the best 

fitting function of p was found by trial and error to be 

P = 7.^ X 10^ (^) 
^/SL^ 

0.83 

£ 
H 
,0.21 

(3.2.28) 

Figure 11 and Figure 12 compare the values of mass-transfer 

coefficients obtained from these calculations with the experimental data. 

These calculated values show an average absolute deviation of 15*3 per 

cent from Anderson's data and 19.2 per cent from Bollinger's data. 

3. Results and Discussions 

These calculations were applied to the whole region of horizontal 

annular and annular mist flow for all gas-liquid systems. The Nusselt 

number is a function of ten variables 

PHX 

^^ = U r = ̂ ^ (̂ ĝ̂  ^^^ \ ' ""B' PA^ PB^ ^̂  \ ' ^B' ^) (3.3.1) 

where Re and Re. are superficial Reynolds numbers. Since the inter-

facial velocities are small in comparison with the gas core velocities 

and since the velocity profiles have little effect on the mass-transfer 

coefficients, the interfacial velocity may be arbitrarily assumed equal 

to zero in the calculation of the gas core velocity profiles. By doing 

this, the Nusselt number can be rearranged to become a function of eight 

variables 
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Figure 11, Comparison of Anderson's Data (2) of KQ with 
Caloulated Values. 
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Figure 12. Comparison of Bollinger's Data(9) of K, with 
Caloulated Values, 
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Nu 
,AP' /AP + +. Nu (c, H, (̂ ) , (̂ ) . Sc^, Sc^, R̂ , R^) (3.3.2) 

nr" 
o where R. - -— — 

1 V. p. 
1 \ ^1 

and Sc is the Schmidt number. 

The following ranges of values of these variables will cover most 

gas-liquid systems in two-phase annular flow mass transfer 

0): 

H: 

(^): 

(^): 

Sc^: 

Sc^: 

+ 

+ 

0.05 ?« 10 

0.01 f^ 5 

8 X 10^ « 10^^ 

7 f 
I}- X 10' « l̂- X 10 

0.5 ^ 2.5 

300 « 1200 

3000 f« 8000 

10- 10 
k 

Nusselt numbers calculated for the range described above are 

presented in Figure 13 through Figure 20. 

The equation of resistances-additivity-principle is 

JL= -i- + ^ -i-
Nu Nu^ H NUg 

(3.3.3) 

This equation shows that the process of mass transfer is gas-phase 

controlled when CD/H « 1. When CD/H » 1̂  the process is liquid-phase 

controlled. The results presented in Figure 13 show that Nu is 

independent of CD when CD/H is small. When CD/H is large, Nu is inversely 
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proportional to o). This is a natural conclusion because neither Nu^ 

nor Nu is a function of CD, which is defined by Eq. (2.3.8). However, as 
B 

was discussed in Chapter II, Eq. (3.3.3) is valid only under certain 

conditions. 

Figure 1̂+ indicates that Nu increases when H increases. It 

approaches a limiting value of about 1200 when H is very large. 

+ 

The effect of the other variables, (^) , (^) , Sc,, Sc^, R^, 

and R , on the Nusselt number are comparatively small. The almost-

linear curves on the log-log plot in Figure 15 through Figure 20 

indicate that Nu is a power function of these variables. 

^„ b ^„ c 

^̂- ̂  fe) fe) 
g ^ 

(3.3A) 

The exponents in this equation, b, c, d, e, f, and g., are slopes of the 

curves in these figures. It is found by inspection that these exponents 

are almost independent of any variable except o). Furthermore, it is 

also found that when the liquid flow rate is relatively small, CJD is 

/AP- + small, and Nu is independent of (-r=-) , Sc^ and R^ . When the gas flow 
ALi o; £5 i3 

rate is relatively small, CJD is large, and the Nusselt number becomes 

independent of Sc. and R. . For example, when o) = 5, 

Nu = '^.k X 10"'̂  H^-^ (^) 
-0.31 0.9^ 

g 

( f ) / Sc3°-^5 ^.0.91 (3.3.,) 

When 00= O.O5 and H = 5, 
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.. = 0.0X36 ( f i r ' Se/-« H/°-^S (3.3.6) 

These results are in good agreement -with the data reported by-

Wales (U5) at low gas flow rates. However, Wales* data show that the 

overall mass-transfer coefficient decreases when the gas flow rate 

increases. The calculations of this study on the same system 

(desorption of CO from water into air) indicate that the mass-transfer 

coefficient increases slightly when the gas flow rate is increased. 

Bollinger (9) has reported that the mass-transfer coefficient for this 

system is independent of the gas flow rate. Jepsen (25) also concludes 

that mass-transfer coefficients in two-phase flow will increase when 

the flow rate of either phase is increased. Therefo.Te, it must be 

concluded that the effect of the gas phase flow rate on the mass-

transfer coefficients is uncertain at the present time. 
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Figure 13. Nusselt Number for Turbulent Two-Phase 
Annular Flow as a Function of a:, and H 

at (•g)g = 2x10^, (f^ = ̂ 0^ Sô  = l, 
Sc^ = 700, R^ = ̂ 000 and R;!" = 2000. 
B ' ' A B 
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Figure 1̂ , Nusselt Number for Turbulent Two-Phase Annular 
Flow as a Function of H and o) at Sĉ ^ = 1, 

SOB = 700. (f )g = 2xl09. (f )^ = lo8, 

R^ = 4000 and Rg = 2000. 
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Figure 15. Nusselt Number for Turbulent Two-Phase 
Annular Flow as a Function of H, o) and 

Ap. .8 
^AE^g ^^ (̂ 'i = 10^ R^ = /.000, Sc^ = 1,̂  

.+ R^ = 2000 and SCg = 700, 
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Figure 16. Nusselt Number for Turbulent Two-Phase Annular 

A P 
Flow as a Function of (̂ )-|j H and coat Sc^ = 1, 
Sc^ = 700, (#?) = 2xl09, R+ = 4000 and 
B ' AL g ' A 

R^ = 2000. 
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Figure 1?. Nusselt Number for Turbulent Two-Phase 
Annular Flow as a Function of Sc^, H 

and ooat i-^)^ = 2x10^, (^;)^ = 10^, 

Rt = 4000, at = 2000 and Sc^ = 700. 
'B B 
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Figure 18. Nusselt Number for Turbulent Two-Phase 
Annular Flow as a Function of So-o, H 

and 00 at (|£)g = 2xlo9, (|P)^ = lo^, 

R^ = 4000, B1 = 2000 and Sô ^ = 1. 
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Figure 19. Nusselt Number for Turbulent Two-Phase 
Annular Flow as a Function of RI", H 

' ^ A.P, ,8 and coat {^)^ = 2x10% (;g£)^ = 10° , 

.+ R_ = 2000, So. = 1 and Sc._ = 700. 
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CHAPTER IV 

CONCLUSIONS 

1. Flatter velocity profiles result in greater gas-phase control­

led mass-transfer coefficients for laminar annular flow. 

2. Less convex velocity profile and thinner film thicknesses 

give a greater liquid-phase controlled mass-transfer coefficient for 

laminar annular flow. 

3. Nusselt numbers for interphase mass transfer for laminar 

annular flow are constant for a certain range of values of H. Within 

this range, the additivity principle of resistances is valid. The 

Nusselt numbers are smaller for values of H outside this range. They 

are also inversely proportional to $ when * is large, but are independ­

ent of 0 when 0 is small. 

k. The effects of entrained liquid droplets and interfacial wave 

motions on mass transfer in turbulent two-phase annular flow can be 

correlated as a function of molecular diffUsivity. 

5. The Nusselt number of gas-liquid two-phase annular flow in a 

horizontal pipe can be expressed as 

b c 
/APN /APN „ d „ e „ +f ^ +f 

I'" = ̂ ( ^ ) (^\ Sc so E E^^ 

Where a is a function of OD emd H, and the exponents b, c, d, e, g, and 

g vary significantly only with o). 
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APPENDIX 

COMRJIER PROGRAMS 

The calculations in this study were made on a Burroughs B-5500 

Computer operated hy the Rich Electronic Computer Center of the Georgia 

Institute of Technology. The Programming language was B-5500 ALGOL (ks)» 

The first three programs following here calculate Nusselt numbers 

for the three cases of mass transfer in laminar flow discussed in 

Chapter II. The fourth program calculates Nusselt numbers for the case 

of mass transfer in turbulent flow discussed in Chapter III. Statements 

of input data follow immediately after declaration statements in each 

program. Eigenvalues are calculated by trial and error to four signifi­

cant figures. Outputs are presented following each program respectively. 
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BURKOUGHS B-5b00 ALGOL COMPILtR LEVEL 6 FRIDAY* 5/ l/70# 

«CnHPlU: bIN0295/GA& *ALGOL ,065800006 *0295 WU 0 C 

00000020nOB 00000010, XPP0CESS= 
XDATA. 
X 

% 
% 
% THIS PROGRAM CALCULATES LOCAL N U S S E L T NUMBER F O R G A S P H A S E - C O N T R O L L E D 
% MASS TRANSFER FOR LAMINAR ANNULAR FLOW* Nu a NU(El)* AS SHOWN IN 
% SECTION 2 OF CHAPTER II, 
% 
BFGIN % 

F l i F O U T L O N E 6 ( 3 * 1 5 ) ; % 
F O R M A T FMlC^'WHEN El r« « , F 5 , 2 * " T H E N " ) * F M 2 (//" I L A M E D A C O E F F I C I E N T " ) * 

F M 3 ( I 2 * F V . 3 # E l f t . 3 ) * F M 4 ( / / x 8 , " r T A « * X 1 0 # " N U " ) * F M 5 ( « 
F M 6 ( E 1 1 » 3 , L 1 2 , 3 ) ; % 

INFINITY"'E12.3)* 

REAL E 
REAL A 
DFFINE 

PFPCEO 
B F G i N 

LAREL 
F1>1. 

Ml J R1 
IF FL 
IF FL 
MA: D 
M7: 0 
M10I 
Ml2t 
M14I 
PFGiN 
S T Y ] * 
FPR Y 
FOR Y 
RKK-4X 

cm* 
FHR F 
BFGiN 
Fl «-EL 
WRITE 

1*ER, 
RRAY 
07 = 
08 s 

09 a 
URE W 
AtJ] 

M1*M2 
05; w 
• Rl + 1 
xFR < 
xFR > 
E*DE + 
E<-DE + 
DE*DE 
nE<-DE 
09 Ml 
EL^l 

YXCEI 
• 1 ST 
• 2 ST 
pN + 2x 
C[nx 
«.0t00 
EL<-E 

+ C[13 
(LONE 

DE*EL*RN*F 
A[0»1003*R 
RN<-DE*2; 
ER«-FE; Y* 
EL«-FE; Y* 

U; B E G I N A 
«-RNx(At J-2 
* M 3 * M A * M 5 * 
R I T E ( L O N t * 
;RN*RIXRI; 
0,0 THEN 
0,0 THEN 

0,1; 07 M5 
O.Oi; 07 M 
+0 f 0 0 i ; 07 
-0.0011; Y 
3; Ml5» 1* 
; FOR vi<-l 
-(Y/40)*2) 
EP 2 UNTIL 
Ep 2 UNTIL 
EL; cm*R 
RN; IF I < 
01*0.00031 
R«.0; FOR I 
XT[I]/EXP( 
* F M 5 * T i n ) 

E*R1*E*NU 
*St0lA0l* 
WU; IF Y 
i; IF ELx 
0; IF FLx 
Cl]«--ElxR 
]-ElxAtj-
M 6 * M 7 » M 8 ' 
FM1,E1 ) ; 

wu; IF 
GO TO M3J 
GO TO Mi; 
;D6 M6;GO 
8108 M9;G 
MU; 08 

•EL*0; Ml 
I + U T C n * 
STEP 1 UN 
xEL/AO; R 
39 00 BE 
38 00 BE 

N/(4xFF+2 
6 THEN G 

62*0.001* 
•1 STEP 1 
ExTCl]) E 
ENO, 

*FL*F 
C*TtO 
a 1 T 
FR < 
ER > 
N/4; 
!])/( 
M9*Ml 
X«-I«-R 

X = 
GO TO 
M3t 
TO M 

n TO 
Ml2; 
3i DE 
(El-0 
TIL 8 
fY3<-S 
GIN R 
GIN E 
xER); 
0 TO 
0,003 
UNTI 

ND;NU 

R ; INTEGER 
i n i; % 
HEN GO TO # 
0 THEN GO T 
0 THEN GO T 
FE«-l+ACn; 
4xjxj); FE* 
0*M11*M12*M 
U F L * O ; WRI 
1 THEN GO T 
Ml; M2I FL 

DE<-RI-I.I;E 
4;M5t 09 M4 
M 7 ; M 8 I 09 M 
GO TO MlO; 
•DE+O.OOOl; 
.5)XRN; FOR 

0 DO EL«-EL + 
CYjxEL E N D ; 
N4.RN + SCY3; 
L<.EL + S I Y ] ; 

WRITE(L0NE 
M l ; WRITE(L 
1 6 2 * 0 . O l ' O t 
L 6 DO B E G I 
•EL/ER;WRIT 

x * Y * i * j ; % 

* % 
0 # * S 
0 # ; 8 
FOR J*2 
FE+ACJ] 
13*M14J 
TE(LONE 
0 M 2 ; F 
• FE;X*CI 
L<-o,o;v 
IM6I D E 
7;M9t D 
Mll» 0?' 
D7 MI< 
Y*l ST 

A [ J ] X ( Y 
RN4-FE4 

F £ * F E + R 
E R ^ E R + F ' 
* F M 3 , I J 
ONE*FM« 
03162*0 
N ER«.EF' 
E ( L O N E J 

STEP 
END 

M15; 
* F M 2 ) 

R*FE; 
;z 
4-0;x 
• OE-O 
E*OE-
Mio; 

; o8 
EP 1 
/40)* 
EL<-ER 
[Y3 E 
CY] E 
DE,CC 
) ; % 
• 1*0. 

•ctn 
F M 6 * E 

1 U N T I L 8 0 DO 
END; 

; A[0]*i; 
x«-i; * 

, 1 1 ; Y«-EL*0; 
o , o i i ; Y«-EL«-o; 

% 
M15;G0 TO Ml3; 
UNTIL 39 00 
(2XJ); 

•o; 
ND; 
N D ; % 
I]); 

3162 DO 
/ExP(ExT[I]); 
*NU) END; 
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LAMBDA 
2,624 
6,44rt 
10.285 
14,12? 
17.958 
21.801 

CCJEFFiClENT 
1 , 4 6 5 ^ + 0 0 

- 8 . 2 b 0 i ^ - 0 1 
6 . 1 0 7 ^ - 0 1 

- 4 , 9 V 2 ^ - 0 l 
4 . 2 V 2 ( ? ' - 0 1 

- 3 . 6 1 ^ ^ - 0 1 

KTA 
1 . 0 0 0 ^ - 0 4 

1 . 0 0 0 ^ - 0 3 
3 , l 6 2 i ? ' - 0 3 

NU 
t .261i? + 01 

3 . l 6 2 & ' - 0 4 1.260<? + 0 1 
1 .POOiJ' + Ol 
1.046«? + 0 1 

1 .000(1̂ -0? 7.623^-»-00 
3.162^-02 ^•457(?' + 00 
l.OOOe'-Ol 4,141^ + 00 
3,162^-01 3.791^+00 
INFINITY 3.786i?' + 00 
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BURHOUGHS B-5bOO ALGOL COMPILER LEvEL THURSDAY* b/ 7/70# 

X C O M P I L E bIN10?2/LI«UI0 * A L G 0 L 06S800006 *1022 WU 0 C 

XPRUCFSS= 
XDATA. 

OOOUOO20;lOi 00000010 

% THIS PROGRAM CALCULATES LOCAL N U S S E L T NUMBERS FOR L I Q U I D P H A S E -
% CONTROLLED MASS I R A N S F E R pOp L A M I N A R A N N U L A R F L O W * Ny » NUCK*E3)* 
% AS SHOWN IN SECTION 3 OF CHARTER II. 
% 
HEr,lN % 

FII F OUT LINE 6 C 3 M b ) ; X 
FORMAT FMIC'WHEN K =''>F5.2,«» AMD E3 ='»,F5.2*'» THEN E2 st,tl0.3#'' A N D " ) * 

FM2(/X4*''PHI s-'^tH.^^XlO^^FRnM £0.(2.3.36)'')*FM6(//X7,''ETA"*Xi5*'*NU'')' 
FM3C/X5, "XI =''/t:n.^^XlC'FRnM £Q. ( 2 . 3 , 3 ^ ) " ) , FM/( flO, 3* EI7 . ̂  i' 
FM/I(//" 1 GAMhA LAMBDA COEFF X INTEG")* FM5CI2#2(F9,3)*E15.3)# 
F M 8 ( " INFINITY^'EI/.A); % 

REAL RN*K'Ft*EL'FR*FL*FR*Rl*DE,E2/E3>lNT*t*NU*W*Pl; % 
iNTEfiER L W > J * X * Y > 2 * M H ; 9! 
REAL ARRAY H * F * V t 0 : I 0 1 ] * T * T P # N > C t 0 I 1 1 ] * U * X N C 0 J 11 * 0 | 1 0 1 ] * A A # B B / * 

PtoJiwonn; % 
U E F I N F L U Z = FOR L*-\ STEP 1 UMTIL I DQ » f % 

L l U = FUR L*-l STEP 1 UMTiL 100 DO # ' X 111 FUR J<-1 STEP 1 UNTIL 100 DO # * X 
jllM = FUR J«-l STEP 1 UNTIL MR DO # ' X 
jiiH a FUR ,j«-i STEP 1 U N T I L MR D O * ^ « 
l U M = FUR I«-l STEP 1 UNTIL MR DO # ' X 
07 = RN«.UE*2; wUj IF Y = 1 THEN GO TU # * X 
08 = E R + F F ; Y * U IF E L ^ F R < O THEN GO TO # , j; 
D9 = EL4-FE; Y*0; IF E L X F R > 0 THEN GO TO # ; | PPnCEDLlRE 

VALUE 
U ' T E G F R 

AhRAY 

JACHHI(0PT#N*A,8') ; % 
O P T ^ N ; % 
OPT^N ; % 
A ' B t U / 0 ] }% 

% THIS pROCtUURE RtpLACFS THE N - T H ORDER, REAL* SYMMETRIC 
% MATRIX A[*l WITH A DIAGONAL MATRIX SUCH THAT T H E E L E M E N I S A [ U I ] , 

* I = W 2 * 3 # . . # N * CONTAIN THF EIGENVALUES OF At*] ARRANGED I N Dt-
% CREASING ORDER Of MAGNITyDF. THE EIGENVECTOR ASSOCIATED WITH THE 
% I-TH EIGENVALUE IS STORED TN THE I-TH COLUMN OF fhE M A T R I X B C * ] , 

% THE O H E R A T I D N PERFORMED D E P E N D S UPON THE OPTION PARAMETER OPT AS 
% FOLLOWS! 
% 
% IF GPT s 1* BOTH EIGENVALUES AND EIGENVECTOR'S ARE PRODUCED. 
% 
% I F O P T S 2* ONLY EIGENVALUES ARE PRODUCED. HFGIN 
INTEGER I*K*L/M*KL*KM ; X 

REAL 
ARRAY 

0*R*S'T»V*W*Z*ML»MM ; % 
MX[OJN] ; % 

U I T E G F P A R R A Y KXtOJN] J % 
O F F I N E TUOl = FOR I <- 1 STEP 1 UNTIL N DO # * X 

lUo2 = F O R I <•• 1 STEP 1 WHILE I < N D Q * * » 
IU03 = FOR I «• 1 STEP 1 WHILE I < L DO # * X 
lUO^ = FOR I «• L + 1 STEP 1 WHILE I < M Q O I ' X 
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lUClb * FOR I «• M + 1 STFP I WHILE I S N DO # # X 
IU06 = FOR I • 1 STEP 1 WHILE I < N DO * * » 
KUOO 

KU02 

FOR K <• 1 STEP 1 UNTIL N DO # ^ * 
KUOl « FOR K • I+l STEP 1 UNTIL N DO # * X 

FOR K 4- I + l STEP I WHILE K S N DO # ^ » 

IF OPT * 2 AND QPT * 3 THEN % 
lUOl » 

B E G I N % 
B t l M J * 1,0 ; % 
KUOl BtI,K] • B C K * I ] • 0 J * 

END ; X 
Q 0 ; L • 1 j « 
IDU2 * 

H L Q I N % 
MK <- 0 J KM <• N } X 
KU02 IF CW «- A 8 S ( A C I ' K ] ) ) > MM THEN X 

B E G I N % 
MM • W ; X 
KM •• K j X 

END ; X 
MXCI 1 <• MM ; KXCT ] <• KM ; X 
If- MM > Q THEN BFGIN Q «• MM ; L <• I END ; X 

END ; X 
M *• KX[L.l X 
R *• AdSCACL^L]) + ABSCALM^MI) ^ X 
Q <• « + R ; X 
WHILE R J« Q DO X 

BEGIN X 
Q 4 AtL^M] + ACL>M3 f % 
R • ALL*L] - AtM,M] ) X 
S «• 2xSyRTCRxR + QxQ) ; X 
T «- SURT(0,5 + ARS(R)/S) } X 
S *r «/(SxT) ; X 
IF R < 0 THEN BEGIN Z < - T ; T < - S ; S « - Z END ; X 
U OPl * 2 THEN X 
ID02 * B E G I N % 
Q «lI*L3 f R • Bt I'M] I % 
BII*LJ • TxQ + SxR f % 
BLI'MJ «• TxR - SxQ j X 

END ; X 
ML <• MM <• 0 ; K L <• KM * N j X 
1003 % 

BEGIN X 
Q *• AlI'L] ; R • ACI'M] ; % 
AlI'LJ «• V <• jxQ + SXR j X 
ALI'MJ <• Z «• TxR - SXW ; X 
Z *• ABSCZ) i V • ABS(V) ; w • MXtlJ ; X 
If Z > W OR V > W THEN X 
II- Z > V THEN BEGIN MXCI] *- I f KXtl] *• M END % 

ELSE BEGIN MX[i] «. V ; KXEI3 «• L END X 
END ; X 

I U 0 4 % 
BEGIN X 

Q «• A L L * n I R • Ari*M] j X 
A t L M ] <• V • TxQ + SxR ; I 
ALI/M3 «- Z <• TxR - Sxy ; X 
If A H S ( V ) > ML THEN BEGIN ML • A8S(V) ; KL • I ENU i X 
If A B S C Z ) > MXCll THEN BEGIN M X t U • ABS(Z) ) % 

K X C n <• M END i X 
END 
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IDDb % 

B L G I N % 
Q *• AIL*I] ; R *• A C M ' I ) } % 
AtL*lJ • V • jxQ + SXR ; % 
AtM>IJ • Z <• TxR - SXU } % 
If- A B S ( V ) > ML THEN BEGIN MU • ABSCV) ; KL * I ENU } % 
U A B S C Z ) > MM THEN BEGIN MM • ABS(Z) ; KM • I ENU ; % 

END ; % 
MXIL] *• ML ; KXCL] <• KL J « 
MX[M] «• MM ; KXCM] • KM ; X 
Q «• A L L * L ] ; R • ACM^M] ; Z • ACL'M] ; % 
V <• Txs j T «• TXT ; s «• sxs ; X 
ALL*MJ * Zx(T-S) * VX(R-Q) i * 
V <• 2x ( 2 x v ) ; a; 
AIL/LJ <• TxQ + SxR + V ; « 
AtM^MJ • TxR • SxQ - V j X 
Q <• ML ; X 
IL)06 IF (R <• MXCT3) > Q THEN BEGIN Q <• R ; L <- i ENU ^ % 
M <• KXtLl J X 
R • AbS(A[L*L]) + ABSCA[M*M]) ) % • «+R ; X 

ENo ; X 
KUOO 1001 IF I / K THEN ACI/KJ • 0 J X 

ENn JAC03I ; X 

PpncEDURE wU; BEGIN FE«-1 J B[2]<--RN/2; FOR L«-3 STEP 1 UNTIL I UO 
B[L]<-C(l-K)x(L-l)*2xB[L-n-RNxBCL-2]+RNxCl-K)xfc([L-3])/(Lx(L-UJ; L U Z 
FF4-FF + BCI-] E N D ; X 

PRncEDURE DCj BEGIN EL<-ER<-0; FHR L * 1 STEP 2 UNTIL 99 DO EL^-EL + F l L J ; FOR 
L<.2 STEP 2 UNTIL 95 DO ER<-ER + ir[ L I ^ IN T«-C F C U ] + ^ x E L + 2;<ER + F t l 00 J ) / 3 0 0 END; 

LARpL M l * M 2 ' M 3 * M ^ ' M b * M 6 # M 7 * M 8 M v l 9 f M l O * M t l > M l 2 * M l 3 ' M l 4 . » M 1 5 ; X 
F i ^ f l . O ; K4-0.9J MR4-6; Z«-90; P U 3 . l 4 l 5 9 2 6 5 3 ! j y ; 8 t O ] « - l J B f l K - V C O J ^ - F L O I ^ O ; 
X « - I < - R I < - F L « - O ; E 2 * ( I - K X K ) / 2 - E 3 X C I - K X K + 2 X K X K X L N C K ) ) / C 2 X : I - K X K ) ; ; W * I ; 

HI; Rl<-Rl + URN<-RlxRlj WU; IF X = 1 THEN GO TO Mg; rR«-FE;X«-l; X 
IF FLxFR < 0.0 THLN GQ TO M3;G0 TO Ml; M 2 : FL*-!-E; X<-0 ; X 
IF FLxFR > 0.0 THEN GO TO MIJ M 3 J DE«-R1 - 1 .1; E L * 0 . O ; Y«-0; X 
M^j DE«-DL+o.i; 07 Mb;D8 M 6 ; G 0 TO M ' * ; M 5 J 09 M 4 ; M 6 J O E « - D E - O . I I ; r^-EL^o; 

M7: DFi-OL + U . O l J or M 8 I 0 8 M9;Gn TO M 7 ; M 8 ! D 9 M 7 ; M 9 : n E * n E " 0 , O l U Y*EL«-0 ; 
MIOJ DE«-L>E + 0 . 0 0 1 ; 07 M U j Dfl M l 2 j GO TO M l U ; M i l l U9 H I O ; % 
M12J D E < - U E - 0 . 0 0 i n Y«-EL«-0j M ^ : DE«-DE + 0 , 0 0 0 1 ; U7 M l ' H 08 M15;GU 10 M l 3 ; 
K H J 09 M l 3 j M15J 1 * 1 + 1 ; T [ I ] « - R N ; J i l l BEGIN U t I / J ] « i - i ; L U Z X 

ur I* J]<-u[ i * j ]+B [L ]x ( j / i oo ) *L FNO; I F I < MR THEN GO TO MU X 
L l U VtLJ«-(l-(l-K)XL/100)xC2x(t-K)xL/100-CCl-K)xL/l()0)*2 X 
+ F3xt-NCl-Cl-K)xL/100)); IllM ,J It M BtGIN L U l F t L ]<-V r L ] xU t I * L I XUC J* L ] ; 
Dc; Pt I'J]<-PC J M J<-iNT/E? E N D ; W R I T E ( L I N E ' F M l > K * E 3 * l / E 2 ) ; FL0]«-1; H I M 
BEGIN Llll FCL]<-(l-Cl-K)xL/l0n)xU[I#Ll*2; UC) N[I]<-[NT END; IllM J U M 
Aft[I*J]<-AA[ J * n < - H U * Jl/SQRTcTriJxTC J I x N C l J X N C J ] ) ; JACORI C1 * MR* AA>HB ) ; 
| - R < - S 0 P T ( { 1 - K X K + E 3 X L N ( K ) )/(E2xpi))j WRI TE ( L INE * F M 2 , FR ) ; Ft0 3«-o; 

1.111 F[LJ<-SQRT(2X{1«K)XL/100-<'(1-K)XL/100)*2 • E 3 X L N C 1 - ( 1 "K ) xL/1 00 ) ) ; 

OC; FL «-PlxSQRTcE2)/INT; WR I T E f L I N E # F M 3 > FL) ; WRI TE ( L ]! NF , FM4 ) ; IllM BEGIN 
JllM BBt J* I3<-BBt J.l J/SQRT(T[ JlxNt J ] ) ; TP C I ] <-1/S«RT ( A A I J > U ) ENU; 
n i M BEGIN Llll BEGIN XNCI#L]«-0; JllM XN C I ' L ] •XNC I M. I + RBI J> I J xU[ J/L ] 
E N D ; J i l l K J K - V L J J X X N I i # j ] ; n c ; DE«- iNT* i?; J i n E [ j : i « - F [ j ] x x N t i ' J 3 » o c ; 
C t l ] « - D E / 1 N T ; W H l T E l L l N E . F M 5 , I , S Q R T ( T t I ] ) / T P t I ] / C [ n ; i E N D ; X 
> V R I T E ( L I N E ' F M 6 ) ; FUR E<-0. 0 0 0 U 0 . 0 0 0 3 1 6 2 / 0 . 0 0 1 # 0 . 0 0 3 1 6 2 , 0 . 0 1 * 0 . 0 3 1 6 2 * 0 . 1 
Dn BFGIN FL«.FR<-0> i l l M BEGIN FL ••FL + C t I ] / C A A L I * I J xEXP CE/AA [ I , 1 ] i ) ; 
FR«-FR + CC n / E X p C E / A A [ I , n ) FNO» NU«-FLx ( 1+ K ) / C F R X 2 X K ) ) X 
W R I T E ( L I N E * F M 7 / E , N U ) E N D ; N U * ( 1 + K ) / C A A 1 1 , 1 I x2xK ) ; W R I T F ( L I N E , F M f l / N U ) 
E N D * % 
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WHEN K « 0.90 AND ^3 = l.̂ Ô THEN L2 = 2,264P + 0t AND 

PHI 5 7.8101^^-01 FRUH tQ,(?,3,36) 

XI = 3.?870P-»00 FROM LQ.C2,3,34) 

GAMMA LAMBOA COtPF x INTEG 
!,538 1-P99 3.263^-02 
4.702 5.191 a.285^-03 
7,848 8»480 1.594^-03 

7 . 4 2 0 ^ ' " 0 4 
2 . 6 0 5 ^ - 0 4 

1 7 . 2 7 6 2 6 . 7 8 0 6 . 6 8 1 ^ - O b 

1 0 . 9 9 1 n « 7 9 4 
1 4 . 1 3 4 15*628 

ETA 
l,000P-04 
3, 162(8-0-̂  
l,000(S-03 
3,l62P-03 
1.0000-02 
3,162P-02 
1.000^-01 
INFINITY 

NU 
1 ,4822^1 + 01 
3 . 4 4 6 1 ^ + 01 
1 ,3496^-^01 
1 . 1 4 9 1 ^ + 01 
8 . 5 2 9 1 ^ + 0 0 
5 . 6 7 4 6 ^ + 00 
4 . 1 1 7 9 ^ + 0 0 
3 . 8 0 4 7 ^ + 0 0 
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BURROUGHS B-5!>00 ALGOL COMPILtR LEVEL 6 FRIDAY* 5/ 1/70* 

XcnMPILE BIN0825/INTER *AL60L ,065800006 *0825 WU 0 C 

00000020JIOB 00000010, 

THIS PROGRAM CALCULATES LOCAL N U S S E L T NUMBER FOR INTERPHASE MASS 
TRANSFER FOR L A M I N A R ANNULAR FLOW, NU • NU(K*H#PHI#E1*E3)# AS SHOWN 
IN SECTION 4 OF CHAPTER lit 

XPROCFSSs* 
»OATA, 
% 
X 
% 
% 
% 
X 
X 
B E G I N % 

FliE OUT L I N E 6C3*15)JX 
FORMAT FMIC/Z^XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX"//), 

FM2('*K a"*F6.3*X3*''PHI «"# E91 2* X 3'"H a"* E9 . 2# X3'"El »"* F6. 3*X3/»'t3 s«* 
F6.3) , FM3(//« I GAMMA LAMBDA COEFFICIENT")* FM6(t10.3#t 12 , 3 )# 
F M 4 ( I 2 * 2 ( F 9 . 3 ) * E 1 4 , 3 ) * F M 5 ( / / X 7 # " E T A " * X 1 0 * " N U " ) * F M 7 ( " I N F I N I T Y " # E l 3 , 5 ) ; 

REAL E/F*ti*DP,W*H*K*VS*K0,KH,El,E2,E3,E4,M*S,R,0A,V*j0*jl*SS,SN#FN,HN*U# 

Er#TAU*DK, 
INTEGER 
REAL ARRAY 
AA'8B*P[0| 

DEFINE IlM 
jlM 
YlM 
Jl« 
Yl4 
DDl 
DD2 
DD3 

PROCEDURE 
VALUE 
INTEGER 
ARRAY 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
BEGIN 
INTEGER 
REAL 

TH 
MATRIX 
I s 1'2 
CREASlN 
I-TH El 
THE OPE 
FOLLOWS 

IF 

BN^EO* 
I*J>X* 
BCOilO 
11*011 
« FOR 
s FOR 
« FOR 
« FOR 
s FOR 
= V4-BN 
= EO<-F 
= EF*F 

JAC 
OPT 
OPT 
A*B 

Is PRO 
Ac*] W 
*3* , ,* 
G ORDE 
GENvAL 
RATION 
i 

t T * E S * 
Y * ^ * L * 
1 ] * N * T 
n * A C o 
U l ST 

P H I I 
MR*XX 
*SD* J 
1 4 1 * 0 

J f l 
Y * l 
J4-1 
Y * l 

ST 
ST 
ST 
ST 

; w u ; 
N ; XX* 
N ; XX* 
OBiCOP 
*N ; X 
*N j X 
[ 0 * 0 3 
CEUURE 
I T H A 
N* CON 
R Up M 
UE IS 

PtRFO 

EP 
EP 
EP 
Ep 
EP 
IF 
i; 
o; 
T*N 

X 
)% 
I'TP*C 
|4t]*o 
UNTIL 
UNTIL 
UNTIL 
UNTIL 
UNTIL 
a 1 T 
EOxEF 
EOxEF 

*B) ; 

F*CPC0|in*>J0*8XC0|ll*0|4l3, 
*Q*D[0i41]j X 
MR 
MR 
MR 
40 
40 
HEN 
< 
> 

DO 
DO 
DO 
DO 
00 
GO TO 
THEN 
THEN 

«* 
GO 
GO 

% 
TO 
TO 

«* 
«; 

X 

n 
REPLACES T 

DIAGONAL MA 
TAIN THE EI 
A G N I T U D E , T 
STORED TN T 
RMED DEPEND 

HE N-TH O R O E R * REAL* SYMMETRIC 
TRIX SUCH THAT T H E ELEMENTS A [ I * n * 
G E N V A L U E S OF A[*3 ARRANGED IN DE-
HE EIGENVECTOR ASSOCIATED WITH THE 
HE I-TH COLUMN Op THE MATRIX B t t ] . 
S UPON THE OPTION PARAMETER OFT AS 

IF 

OPT = I* BOTH EIGENVALUES AND EIGENVECTORS ARE PRODUCED, 

OPT a 2* ONLY EIGENVALUES ARE PRODUCED, 

I*K*L*M*KL*KM % 

Q*R*S*T*V*W*Z*ML,MM t % 
ARRAY M X [ 0 : N ] ) % 
INTEGER ARRAY KXCOtN] f % 
U F F I N E 1001 « FOR I 

ID02 = FOR I 

«• 1 STEP 1 UNTIL N DO # * X 
<• 1 STEP 1 WHILE I < N DO # 

IU03 s FOR I • 1 STEP 1 WHILE I < L DO # * * 
ID04 = FOR I • L+1 STEP 1 WHILE I < M DO # * X 
IU05> = FOR I «• M + 1 STEP 1 WHILE I S N DO # * « 
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ID06 « FOR I • 1 STEP 1 WHILE I < N DO # # X 
KUOO « FOR K *• 1 STEP 1 UNTIL N DO # # X 
KOOl • FOR K «. U l STEP 1 UNTIL N DO # A I 
KD02 » FOR K • I+l STEP 1 WHILE K S N DO # i X 

IF OPT # 2 AND OPT / 3 THEN % 
IDOl * 

BLGIN % 
B t l * n • 1,0 ; X 
KUOl b[I#K] • B C K * n <• 0 I X 

END } % 
• 0 J L • 1 I X 

ID02 X 
BLGIN X 

MM • 0 J KM • N I X 
KU02 IF (W • A8S(AtI*K])) > MM THEN % 

BEGIN X 
MM <• rt j X 
KM • K J X 

END I X 
MXtll • MM ; KXCI3 • KM ; X 
If MM > « THEN BEGIN Q • MM i L • I END i X 

END ; X 
M • KxcL] ; X 
R «• ABSCAtL#L]) + ABS(AtM#M3) ^ X 
Q <• « + R J X 
WHILE R ?• Q DO X 

BLGIN X 
• A t L / M I + A C L i i M ] ' X 

R • A £ L * L ] - A C M , M l f X 
S <• 2 x s e R T ( R x R • Q x Q ) j X 
T <• S t l R T C O . 5 + A B S ( R ) / S ) ) % 
S <• W / C S x T ) J X 
I F R < 0 THEN B E G I N Z • T J T <• S J S 4- 2 END t X 
I F UPT »» 2 THEN % 
I U 0 2 X 

B E G I N X 
Q <• 8tI*L] J R • BCI'M] i % 
BlI^L] • TxQ + SxR ; X 
Btl/MJ • TXR - SxQ ; X 

END t X 
ML * MM «• 0 j K L • KM • N J X 
IU03 X 

BLGIN X 

END } % 

Q • AtI*Ul I R • ACI'M] ; X 
ACI^LJ <• V • jxQ + SXR ; X 
AtI#M3 • Z «- TxR - Sxa ; x 
Z • ABS(Z) J V • ABSCV) ; W • M X C U f % 
IF Z > W OR V > W THEN X 
IF Z > V THEN BEGIN MXCI] «• Z ; KXCI] • M E N O % 

ELSE BEGIN M X C U • V ; KXtl] «• L END S; 

IU04 » 
BEGIN X 

Q • A t L » n ; R • ACI*M] I X 
ALL/IJ • V • TxQ + SXR ; X 
A[I*MJ • Z <• TxR - SxO ; X 
IF ABS(V) > ML THEN B E Q I N ML • ABSCV) j KL <• I ENL> ^ X 
IF A8S(Z) > M x C n THEN BEGIN M X C U • ABS(Z) ) % 

K X t n • M END ^ X 
END ; X 

IDOb » 
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BLGIN X 
Q 4- A l L M ] i 
ACLM3 • V «• 
A [ M * n • 2 • 

R «• A C M ^ n J % 
Txfl + SXR i % 
TxR • SX« ; X 

END i 

END f 

If AHbCV) > ML THEN BEGIN 
IK ABi>(Z) > MM THEN BEGIN 
X 
MXtL] • ML t KXCL] <• KL i 
MXtMl • MM ; KXtM] • KM ; 
Q <• AlL/L] i R • ACM»M] j 
V «• TXS ^ T • TXT f S «• 

ML 
MM 

X 
X 

z 

ABS(V) 
AB5(Z) 

KL 
KM 

ENU 
ENU 

• A[L*M3 
SXS f * 

AtL*M] • ZxCT-S) • VX(R-Q) ; X 

; X 

ACL^LJ • TxQ + SxR + V j X 
AIM^MJ • TxR + SxQ - V j X 
Q 4- ML J X 
ID06 IF CR *- MXtl]) > Q THEN BEGIN Q • R | L «• I END ) X 
M • KXtLl ; X 
R • A t l S ( A [ L # L 3 ) • A B S ( A I M * M ] ) ; X 
Q • Q*R ; X 
X 
KUOO IDOl IF I >« K THEN Afl^K] • 0 i S 

ENn JACOB! ; X 

REAL PROCEDURE U E R C M ; X 
RFAL ARRAY FCOjj BEGIN REAL A,BJ INTEGER U A*B*0; FOR U l i>TEP 2 

UNTIL 39 00 A«-A + K 1 ] ) FOR 1*2 STEP 2 
DFR<-(FC0J + 4xA+2xB + FC403)/120 ENOi X 

UNTIL 38 UO B « B * F [ n ; X 

PRnCE 
DfJ] 
SN*-l 
B[L3 
FOR 
FN«-S 

1-ABEL 
WRIT 
KH4-H 
W<.KO 

vs«-( 
TAU<-
BtOl 

LI , H 
IF E 

L3j E 
L4: B 
XX«-E 
BN<-8 
LI 1 I 
Y14 
U«-U + 
nrj3 
FOR 
DA<-Y 
S<-KH 
DCY] 
pri' 
11 M 
orvi 
E N D ^ 

DURE 
• SINC 
f Bt2 
«• (( 1 -

L*.2 S 
SxjO-

Ll' 
E (LI 
/(1+K 
XKxH/ 
El-1) 
( 1-Kx 
••SD[0 

N«-HN + 
SxET 
T«-FN; 
N«-BN+ 
F«-o;L 
N-0,0 
D03 

A[J*Y 
RtYlx 
• A[ J ' 
I<-0 b 
xF^xC 
x ( i - t 
• DA + S 
J3«-Pt 
BEGIN 
«-f 1-C 

N [ n 

wu; 
J x M / 8 
3<--(W 
K ) x ( L 
T E P 1 
KOxVx 
L 2 * L 3 

NE*FM 
U E2 
( 1 + K) 
/ ( ( ! / 
K)xVS 
]«-T[0 
O . U V 
< 0 , 0 
X4-0H 

o.oi; 
71 BN 
OllJ 
Lio; 
3«-C0S 
(J/40 
Y];jo 
TEp 1 
El-CY 
1-K)x 
XC(1-
J M l * 
KOR 
1-K)x 
• UERC 

BEGIN 
0)xsiNCVx 
xVxV)/2; 
-l)*2x8CL 
UNTIL Z 

SNxjl END 
*L4*L5*L6 
D ; K4-0.9 
«-(I-KXK)/ 
; UP«-1-E3 
K*2-i)/np 
x E 2 x L 4 / ( K 
]« -J l tO I« -0 
• HN^WUHF 

THEN GO 
F ESXET > 
DDl L6f 

<-BN + 0.001 
XX4-EI-4-0I 
Ll2l I4-I + 
(VXYXSIN( 
)*Yj BXCI 
[I*YJ<-DER 

UNTIL MR 
/A0)*2)xS 
Y/40)XT[I 
K)xYx(2-( 
2xDER(0) 
Y*0 bTEP 
Y/4n)xslD 
D)X2;CFCI 

SIN(Jx 
FOR L<-

-n-wx 
DO BEG 
}% 

* L 7 * L 8 
IPHI4.1 
2-E3x( 
/(2xKx 
+ 2x(i/ 
*4xHxD 
co]4-i; 
X s 1 

TO L2J 
0 . 0 T 

DD2 L5 
) DDl 
L l O t B 
I J T t n 
J x M / 8 0 
*J]«-U 
( 0 ) EN 

DO FO 

O t n x J 
i x j i c i 
l - K ) x Y 
END; X 
1 UNTI 
rY]*-(s 
3<-2xHX 

J14 BEGIN 0 [J ]< -C0S(VxS lN( jxM/80 ) ) ; 
M/80) ) E N D ; J O 4 - D E R ( 0 ) ; J U D E R ( D ) ; SS«-O; 
3 STEP I UNTIL Z DO X 
V x V x B C L - 2 ] + ( l - K ) x W x V x V x B t L " 3 3 ) / ( L x C L - l ) ) ; 
TN SS4-SS + L x B [ L ] ; SN«.SN+BtL3 END) 

* L 9 * L 
0 ; H* 
1-KxK 
K ) ; E 
O P - 1 ) 
P ) ; 0 

x * i * 
THEN 
GO T 

HEN G 
IGO T 
L8J U 
N<-BN + 
• V ; S D 
) / 4 0 ) 
END; 
n ; j i [ 
R J<-I 
n t i # Y 
IxBXt 
/ 4 0 ) / 

1 0 * L 1 
1 ; E l 
+ 2XKX 
4«-2 / ( 
XLN(K 
R«-KOx 
X X < - D [ 

GO T 
0 L I 
0 TO 
0 L 4 ; 
02 L9 
0 . 0 0 0 
t I 3 * S 
;u«-u 
Y i 4 B 
I ]< -J1 

STEP 
] X S D [ 
I ^ Y l x 
40 + E3 

1*L12; 
4-1.05; 
KXLNCK 
2XE1-1 
));WRI 
K/((l-
0]*Bll 
0 L 3 ; E 
; % 
L i ; L2 
L6I D D 
; GO T 
i; 001 
s;jon 
FOR Y* 
EGIN J 
xKo; I 

1 UNT 
JJxJOC 
TCJ3XJ 
x L N ( l -

1 8N« .hN-0 .1 l ;XX«-EF<-0 ; 
3 L 4 ; L 5 I B N * B N - O . O U ; 
0 L 7 ; L 8 I DD3 L 7 ; L9» 

L l l ; DD2 L 1 2 ; GO TO L I O ; 
* 0 ] * B > C I * 0 ) * U J 1 4 BEGIN 
2 STEP 1 UNTIL I UO 
O t O ^ Y J ^ B X t O ^ Y J * - ! ; J14 
F I < MR THEN GO TO L U 
I L MR DO BEGIN Y l 4 BEGIN 
J * Y ] / t o ; X 
T C J 3 x E i X [ J # Y 3 / E 2 ; 
( l - K ) > : Y / 4 0 ) ) END;i>«-R4.0,0; 

L 40 DO BEGIN S4-T I U x J I [ 1 ] xBX[ I , Y J ; 
D C I 3 X J O C I * Y ] ) * 2 X Y / 4 0 + K H X ( 1 - C 1 - K ) X Y / 4 0 ) X S X S 
D E R ( 0 ) / ( N [ n x ( K + l ) ) E N D ; I 1 M FOR J ^ l STEP I 
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UNTIL MR DO BEGIN AA[ I, j]4.( p[ I, j]-Pt 0, I ]xPt 0# J ]/(1 + H) )/SQRT(NU 3xN[ j] ); 
A A C i # j ] * A A r i , j ] / c n n x T [ j ] ) ; A A t j * n < - A A [ i # j J E N D ; J A C O B H U M R ^ A A ^ B B J I 
I lM JIM bBCjMl^BBtJ^n /CTtJ lxSQRTCNtJDJ^ES + H / d + H ) ^ DCO]*OC 0 J«-«CO]<-OI 
I tM BEGIN T P C I U l / S Q R T C A A C I ^ i n n 
F«.O.OjJlM F<.F + B B [ J M ] x P C O * J ] ; j l M BBC J , l U - B B t J# U x ( 1>H ) / r ENO; 
I tM BEGIN Y14 BEGIN S*R*1,0;J1M BEGiN S*S+B8[J* iJxSDCJ3xjO[J ,Y j ; 
R<.R + BB[ J M 3 x T C J 3 x j i [ J ] x B X C J , Y ] ENOj 01 Y 3 * Y x E 4 x ( E l - C Y / 4 0 ) * 2 ) x 5 / 4 0 i 
r « . ( l - ( l - K ) X Y / 4 0 ) x c C l « i K ) x Y x ( 2 - ( l - K ) x Y / 4 0 ) / ^ 0 + E 3 x L N ( l » n - K ) x Y / 4 0 ) ) X R / E 2 l 
n r Y U E ; Q t Y U O [ Y ] x s + KHxExR f N O l CPt n«-KHxDER( 0 ) / O E R ( Q ) ; X 
N t n « - C P U ] x D E R ( 0 ) x 2 J W R I T E ( L l N E # F M 4 M # T t n # T P C n > C P t I ] ) ENDJ % 
W R l T E ( L l N E * F M 5 ) i X 
rnR E « - 0 . 0 0 1 * 0 . 0 0 3 1 6 2 ^ 0 . 0 1 * 0 , 0 3 1 6 2 ^ 0 . 1 , 0 . 3 1 6 2 DO BEGIN S«-R*Oi IlM BEGIN 
S«.S + N t I ] / ( A A t I * n x t X p C E / A A t I * I ] ) ) ; R « - R + N t n / E X P ( E / A A t l # I ] ) END^U4-ESxs/Ri 
W R I T E ( L I N E * F M 6 / E M J } ENDI E T < - E S / A A 1 1 , 1 ] I WRI TE ( L I N E * FH7#ET ) E N O . 

x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x y x x x 

K = 0 . 9 0 0 PHT - i.OOi^ + Oi l .OOP+00 t l = 1 .050 E3 = 1 .400 

GAMMA 
0.900. 
2.18? 
3.410 
4.013 
5.094 
6.371 

LAMBDA 
1.049 
2.302 
3.41^ 
4. 154 
5.326 
8.607 

CJEFFICTF'NlT 
6 . 7 4 6 i S - 0 2 

- 5 . 6 9 8 0 - 0 2 
2.29/4 3 - 0 2 

- 3 . 9 6 4 6 - 0 3 
-1 ,763«s-02 

1 . 2 6 5 3 - 0 2 
ETA 
- 0 3 1 . 0 0 0 a -

3 . l 6 2 ? - _ 
1 . 0 0 0 ^ - 0 2 
3 . 1 6 2 3 - 0 2 
i.oaoi?-oi 
3 . J 6 2 P - 0 1 

NU 
1 . a 2 3 a + 00 

03 l . ? 7 1 ^ + 0 0 
1 . 6 3 1 ^ + 0 0 
1 . 3 4 5 3 + 0 0 
9 .719^^-01 
6 , t i88 l*-01 •J » I •J C ^ - W I U . U U U l - W l 

INFINITY 5.49/283-01 
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BURROUGHS B-S5S0 ALGOL COMPILER LEVEL 6 TUESDAY* 5/12/70# 

• ¥ C 0 " M P T L E ' B I N 0 5 O 9 / T U R B * A L G 0 L .065800006 *0509 WU D C 

XPROCESS« ^00000020110« 00000010, 
*QAT A • 
% 
% 

"% 
% THLi_PRMRA^ CALCULATES THE NUSSELT NUMBER FOR TURBULENT TWO-PHASF 
% ANNULAR FLOW AS A FUNCTION OF THF FOLLOWING EIGHT VARIABLESi 
% W a PARAMETER DEFINED BY FQ.(2,3.8) 
% H a PARAMFTFR DEFINED BY EQ.(2.4,23) 
% P_G = PRESSURE (iRADlENT WHICH WOULD EyisT IF GAS FLOWS ALONE 
% PL a PRFSSURF GRADIFNT WHICH WOULD EXIST IF LIQUID FLOWS ALONE 
% SCI 9 SCHMIDT NUMBFR IN THF GAS PHASE 
% SC2 a SCHMI'DT NUMBER IN THF LIQUID PHASE 
X YRl a REDUCED RADIUS FOR GAS PHASE 
X" Y R Y " a "REDUCED RADIUS FOR LIQUID PHASE 
%_ 
'BEGTN'"* FILE OUT LINE 6(3#15);t; 
FORMAT FMlCX7*'»H«/y7v'*W«#X6»'»PG'»#X6*''PL'*'X5*»»YRl»»*X5*''YR2'»#X5»'»SCl''»X5. 

-SC2''* XI 3, - _B V „ X 9 A ' ' L A M 8 D A % X12, '• H[}^)P F M 2 ( 8 ( E 8 .1 )# 3 (E15. 4 )) I % 

» % 
% 

% 
0 # 
TO 
TO 

« P% 

# »% 
ELSE IF YC < 33 THEN 

REAL YC*TR>JL>K*JR*TK>HR»HL>W»FF#FK#FL*FR*FR*PG*PL»YR1»YR2»SC1>SC2>H<XX* 
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EC 1 0 0 0 - L ] < " U t r i 0 0 0 - L ] x ( 1 0 0 0 - L ) / 5 0 0 END) DC| L 

EN BEGIN J R < - ( J L + Y C ) X P - 0 6 | 

x T K + Y C ) / l , 5 ? + 0 6 J HR*TR+JRI 
H R / ( E 2 [ L ] X ( 1 - ( 1 - K ) X L X ? - 0 3 ) ) 

] | IE I a 0 THEN BEGIN 
SE BEGIi^ 1 * 0 ; % 
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